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Summary 

The objective of this study has been to develop an engineering model, capable of simulat
ing the take-over process in the starting phase of high-pressure discharge lamps. From an 
initial free charge density, created by a breakdown pulse, the discharge will develop into a 
quasi-steady-state glow by the application of the take-over voltage. 

As a basis for the engineering model, a particle-in-cell (PIC) simulation model was used. In 
order to make simulations of the complete take-over process possible on a personal com
puter and within an acceptable computation time, the simulation code was adjusted. A 
rescaling procedure was implemented so that the increase in particles during the take-over 
process did not lead to an uncontrollable increase of simulation particles. Furthermore, 
a variabie time step was implemented in the model. This resulted into a considerable 
decrease in computation time. In the final stage of this study, a numerical sheath with a 
considerably higher density of simulation particles was introduced in front of the cathode. 
Consequently, the secondary emission of superelectrans from the cathode became a more 
continuous process. 

The discharge tube is part of an external circuit, consisting of a voltage supply and an exter
nal resistance. The discharge parameters include the properties of the gas, the dimensions 
of the tube and the secondary emission coefficient. The dependenee of the take-over voltage 
on the initial density of free charges was studied. Simulations show a clear difference in 
the discharge behavior for relatively small differences in the initial densities. The results 
obtained from the simulation model can be understood by using elementary gas discharge 
physics. 

lll 



Contents 

1 Introduetion 

2 Plasmas 
2.1 Introduetion . . . . . . . . . . . . . . . . 
2.2 Quasi-neutrality . . . . . . . . . . . . . . 
2.3 Behavior of electrans in an eleetric field . 
2.4 Production of charged particles ..... 

2.4.1 Tonization by electron impact . . 
2.4.2 The Townsend ionization coefficient 

3 Gas discharge physics 
3.1 Introduetion ........ . 
3.2 General remarks ...... . 
3.3 The self-sustained discharge 

3.3.1 Eleetric Breakdown . 
3.3.2 The Paschen curve . 

3.4 The transition to a stable glow discharge 
3.4.1 Distartion of the external field . . 
3.4.2 Charge multiplication in space-charge distorted fields 

3.5 The stable glow discharge 
3.6 The external circuit .............. . 

4 Computer simulations using partiele models 
4.1 Introduetion . . . . . . . . . . . . . 
4.2 Statistica! equations ....... . 
4.3 The one-dimensional plasma model 
4.4 Discretization of the mathematica! model . 

5 The particle-in-cell simulation model 
5.1 Introduetion ....... . 
5.2 Monte Carlo collisions .. 
5.3 Time integration schemes. 
5.4 Numerical constraints ... 

V 

1 

5 
5 
5 
8 

9 
9 

10 

13 
13 
13 
15 
15 
16 

17 
17 
18 

20 
21 

23 
23 
24 
26 

27 

29 
29 
29 
33 
34 



-----------------------

5.5 Rescaling procedure .. 
5.6 Variabie time steps .. 

5.6.1 General remarks 
5.6.2 Free flight time 

5. 7 The numerical cathode sheath 
5.8 Starting a simulation ... 

6 Analysis of the take-over process 
6.1 Introduetion . 
6.2 Different phases in the take-over process 
6.3 Electron drift phase .... 
6.4 The electron energy .. 

6.4.1 The effect on the current . 
6.4.2 Energy balance equations 

6.5 The ionization phase .. 
6.6 Secondary emission phase 
6. 7 Take-over 

7 Simulating the take-over of discharge lamps 
7.1 Introduetion . . ..... . 
7.2 The effect of free charges on take-over . 
7.3 Determining the take-over voltage . 
7.4 Influence of the external resistance 
7.5 Simulations on a personal computer . 

8 Conclusions 
8.1 The engineering model 
8.2 The simulation results 

A Similarity laws 

VI 

36 
37 
37 
38 
41 
42 

43 
43 
43 
46 
49 
49 
50 
50 
52 
52 

55 
55 
56 
57 
59 
61 

63 
63 
64 

67 



Chapter 1 

Introduetion 

In the development of a modern gas discharge lamp a key problem is the design of a 
suitable power supply. This component of the lamp system must satisfy complex current, 
and voltage requirements necessary to drive the lamp, at an affordable price. Apart from 
providing the correct conditions for maintaining light emission, it must also be capable of 
starting the lamp. 

Inthestarting procedure it is convenient to distinguish three stages. In the first stage, the 
breakdown phase, sudden breakdown is achieved in the discharge gap by a high voltage 
pulse. The pulse causes an initial free charge density to be created. In the second stage, 
the afterglow, the applied voltage is essentially zero and the free charges are redistributed 
uniformly between the electrodes. Finally, by application of the take-over voltage the 
discharge evolves out of this initial degree of ionization towards a quasi-steady-state glow. 

This last stage in the starting procedure, termed take-over, is the main object of this 
study. Insight is sought into the transient development from a set of free charges to a 
steady burning lamp. 

This study was initiateel by a request of Philips to develop an engineering model which 
can run on a personal computer (AT 486-D66). The model should be capable of simulat
ing a variety of discharge lamps, with conditions similar to those found in high-pressure 
discharge lamps, within an acceptable computation time. The motivation for developing 
this engineering model is to gain insight into the take-over procedure in the form of global 
trends, sealing laws and rules of thumb. 

The discharge lamp is part of an external circuit, as can be seen in Fig. 1.1. The cir
cuit parameters include the take-over voltage (Va f'V 200 V) and an external resistance 
(R f'V 10 kO). The input parameters for the discharge include the dimensions of the 
discharge tube (electrode spacing d f'V 0.5-1.0 cm, electrode surface A f'V 1 cm2

), the 
properties of the gas (Argon, at room temperature with a pressure of p f'V 25-100 Torr), 
the den si ty of the ini ti al free charges ( n 0 f'V 108 -109 cm - 3

) and the secondary electron 
emission coefficient (1 ,..._ 0.1). 

1 
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Fig.l.l: Schematic representation of the circuit used in the simulations of the take-over 
process in low dissipation discharge lamps. 

In the modeHing of gas discharges, two different approaches can be distinguished: the 
hydrodynamica! approach on the one si de and a kinetical approach on the other. 

In the hydrodynamica! approach the charged particles are treated as continuous fluids, 
which flow according to the local balance equations for particles densities and fluxes of 
electrons and ions. In the modeHing of high pressure gas discharges, usually with high 
ion and electron densities, this approach is mostly used [16, 17]. However, these kind of 
fluid models suffer from the shortcoming that due to non-equilibrium effects, the electron 
behavior in the cathode fall is not adequately described. 

In the kinetical approach a so-called partiele model is used for descrihing the behavior 
of the electrons and ions in the electric field [18]. The disadvantage of using such a model 
at high pressures is the fact that the calculations, needed for moving and colliding the 
particles are very time consuming. 

Nevertheless, as a basis for this engineering model we have chosen for a kinetical approach, 
namely a particle-in-cell (PIC) model which includes Monte Carlo collisions (MCC). This 
model simulates the behavior of so-called superparticles in configuration and velocity space. 
Superparticles can be considered as dumps of real physical particles, like electrons and 
positive ions. Because these particles interact according to basic laws of physics, only 
elementary physics has to be incorporated in the model. This makes the interpretation 
of the results rather straightforward, because physical meaningful quantities, like partiele 
energies, densities of particles and electric fields, can be directly obtained from the super
partiele properties. 

The study of the take-over process consisted of two parts, as requested by Philips. 

In the first part an existing PIC model was adjusted in order to make it capable of simu
lating the physical system under consideration. 
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In the secoud part simplified analytica! equations were devised in order to understand the 
numerical model results. The purpose of this was to check the simulation results and to 
develop rules of thumb and sealing laws. 

The adjustment of the existing PIC code, the commercial PDPl program which was de
veloped at the "Plasma Theory and Simulation Group" in the University of California, by 
J.P. Verboncoeur, V. Vahedi and C.K. Birdsall [8], can be divided into a number of stages: 

• The existing PIC code was simplified and errors were removed. 

• A rescaling procedure was built in. This worked by increasing the number of physical 
particles per superpartiele instead of increasing the number of superparticles itself, 
in order to account for the production of extra particles in the take-over process due 
to successi ve electron avalanche processes ( cf. sect. 5. 5). 

• An variabie time step was introduced. This can be used to reduce the computation 
time significantly, especially for high pressure situations. 

• A numerical cathode sheath was constructed, so that the density of the superparticles 
in front of the cathode can be chosen independant from that of the main part of the 
discharge. 

In order to derive global trends, rules of thumb, and sealing laws, two approaches are 
followed. 

First of all, the take-over process was divided into three phases. In the first two phases the 
electrous drift towards the anode, thereby creating a sheath of positive charge in front of the 
cathode. In the last phase, the secondary emission phase, avalanches of ionization processes 
are created by secondary electrons, releasedat the cathode due to ion bombardment. 

Secondly, the transient take-over process was analysed in terms of well-known simple gas 
discharge physics. Although this only applies to steady state conditions solely, it turned 
out to be very helpful to use the findings of steady-state discharge physics as a basis for 
the transient take-over process. One should keep in mind that ultimately the take-over 
process must tend towards a steady state situation. 

In camparing the results obtained from the numerical PIC model with the Paschen curve, 
it is found that the minimum take-over voltage is always lower than the breakdown voltage 
predicted by this curve. The reasou for this can be traeed back to the take-over phase 
classification. Due to the drift of the electrous initially present in the gap, we end up with 
a situation in which, due to the builcl-up of space charges, the voltage is applied over a 
much smaller distance, namely the cathode sheath. The conesponding higher electric field 
will now create much more ionization once the secondary emission of electrous by the ion 
bombardment begins. 
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The report is organized as follows: The first chapters of the report are devoted to some 
general features of plasmas and gas discharges. Chapter 2 deals with plasmasin generaland 
treats the behavior of charged particles in a field by using simplified equations. Chapter 
3 discusses the various types of discharges and the processes which play an important 
role. An important part of this chapter is devoted to the stabie glow discharge and its 
interesting features. Although the take-over process is essentially different from a steady 
burning lamp, it prepares the ground for a better physical understanding of the simulation 
results presented at the end of the report. In chapters 4 and 5 the mathematica! model of 
the physical phenomenon of interest is treated. This is cast into a discrete simulation model 
which involves the use of interacting particles, a so called partiele model. In chapter 6 the 
take-over process is divided into several phases, in order to enable a better understanding 
of various processes which play a decisive role in successful take-over. Finally, in chapter 
7 simulation results for several initial conditions are presented, the results of which will be 
discussed at the end of this chapter. This willlead to the conclusions, which are given in 
chapter 8. 



Chapter 2 

Plasmas 

2.1 Introduetion 

A plasma can be defined as a collection of positive and negative charge carriers with a 
net electric charge equal or close to zero. This is referred to as quasi-neutrality. Plasmas 
differ greatly in many aspects according to which they are usually classified. These aspects 
include the pressure, chargecl-partiele densities and temperature, as well as the boundary 
conditions and the presence of an external field. In the next chapter we will encounter the 
negative glow and the positive column of a glow discharge, both of which have properties 
similar to a plasma. 

The quasi-neutrality of the plasma state is responsible for many typical plasma features. 
Since these features are also responsible for many phenomena in gas discharges, we will 
start this chapter with a discussion on quasi-neutrality [1, 2]. One should realize, however, 
that the presence of quasi-neutrality is not essential for the gas discharges which we are 
dealing with in this particular study of take-over. 

In the presence of an external field, the charged particles will start to move under the 
influence of this field, thereby gaining energy. We will conclude this chapter by discussing 
the consequences of this behavior in terms of simplified equations. These will be useful to 
verify the results obtained with the simulation program. 

2.2 Quasi-neutrality 

A plasma can be regarcled from either a macroscopie or a microscopie point of view. The 
electric neutrality of a plasma is only true on a macroscopie scale, because each charged 
partiele is surrounded by an electric field that interacts with the field of the other particles. 
This is called the quasi-neutrality of a plasma. 

In order to achieve quasi-neutrality of the plasma, the field of each partiele must be 
insignificant outside the plasma boundaries. This means that the potential of each partiele 
must be adequately shielded by the ensemble of particles surrounding it. lf we focus our 

5 



6 Chapter 2. Plasmas 

attention on one single charged particle, say a positive ion, its radial field will cause charge 
separation in its vicinity. This means that electrous will be attracted, while at the same 
time other positive ions will be repelled from this particular positive ion. This will result 
in a potential V which is symmetrie around the ion and can be written as 

in which the Debye length 

e 
V= --exp(-r/Àn), 

41l'éor 
(2.1) 

(2.2) 

is introduced. In this Te is the average electron temperature and n0 is the electron density 
at large distauces r where the potential vanishes. 

As r approaches zero, the potential will tend to e / 411' éor, the potential of an unshielded 
point charge. 

Eq. (2.1) shows that the field due to the positive ion under consideration is negligible 
when r ~ Àn. In this case the shielding cloud effectively cancels the charge of the ion. 
However, quasi-neutrality can only be accomplished if there is enough plasma to surround 
the particles. Herree a better definition is that a plasma is an ensemble of positively 
and negatively charged particles for which the Debye length Àn is much smaller than the 
physical size L of the plasma. Mathematically this can he expressed as 

(2.3) 

In order for the above description of the plasma to become statistically meaningful, the 
number of charged particles within the sphere of radius Àn, known as the Debye sphere, 
has to be large enough to account for the shielding. This requirement can be expressed as 

(2.4) 

Due to the shielding effect, a plasma will try to stay globally neutral, even when an external 
charge carrier is introduced into the plasma. This is achieved by an induced electric field 
that will cause charge neutrality to be restored. As a result of these restoring forces, 
oscillations can occur. These plasma oscillations have an angular frequency wp, given by 

ne2 
2 Wp= --

mEo 
(2.5) 

with n the density and rn the mass of the singly charged particle. There are two types of 
oscillations within a plasma: electron oscillations and ion oscillations. In our investigations 
we only need to consider the electron oscillations. Because of the mass difference, electrous 
are so fast that the ions can be considered stationary. 

The above discussion clarifies that in simulating a plasma or gas discharge by using an 
ensemble of particles, a number of requirements have to he satisfied: 
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Fig.2.1: The dependenee of Àn and n(>..v) on the electron density ne and temperature T. 
Lines of constant Àn and n( Àn) are shown. 

• From Eq. (2.3) we read that the plasmas of interest should be many Debye lengths 
across. 

• Eq. (2.4) prescribes that a sufReient number of particles have to be present within a 
collective interaction length Àn in order to account for the shielding effect. We will 
come back to this in chapter 4, where the specific form of this requirement will be 
giVen. 

• The spatial grid should be fine enough in order to make the description of Eq. (2.1) 
within the Debye length possible. 

• The time steps for the integration schemes should be smaller than w;1
. This specific 

condition will be treated in chapter 5, where the Particle-in-Cell (PIC) simulation 
model is discussed in more detail. 

As an example we show in Fig. 2.1 a diagram of electron density ne in cm-3 versus energy 
in eV, with lines of constant Àn and Nv. In a typical glow discharge tube (length 1 cm, 
electrode surface 1 cm2) with ne !"V 1010 cm-3 and Te !"V 1 eV, we see that the plasma 
contains about 1010 particles, where N D !"V 104

. Hence, simulating this system would 
require many orders of magnitude more particles than can be handled by any existing 
computer. 

However, we can still obtain much useful information by making some simplifications. 
First we restriet the simulation to one dimension, where we only need to satisfy the 

one-dimensional requirement 

(2.6) 
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in which n 8 is the one-dimensional density of simulation particles. 
Secondly, we are only interested in the general character of the plasma behavior, on 

length scales in the order of the Debye length. This means that we can alter the simulation 
by using superparticles instead of physical particles. This makestheuse of a smaller number 
of simulation particles possible, as long as N D stays larger than unity. In practice a value 
of N D rv 10 has proven to be sufficient. 

2.3 Behavior of electrons in an electric field 

In the absence of an external field there will be no preferred direction for the motion of 
charged particles. However, if electrades are placed at both sicles of the gas chamber and a 
voltage difference is applied, an external electric field is introduced into the plasma. In this 
section the behavior of a partially ionized gas in a constant electric field will be discussed 
by using simplified equations. Only the electrans are considered here, sirree most of the 
equations also apply to the ions. 

In the interval between two collisions, electrans are accelerated in opposite direction of the 
electric field E. A collisions changes the direction of motion in a random way, after which 
the electron is accelerated again. Thus we can derive a balance equation for the mean 
momenturn of an electron: 

m\r = -eE - mVVm (2. 7) 

where Vm is called the e1fective callision frequency for momenturn transfer. 
At electron energies E rv 1 - 10 eV, typical for discharges, Vm is only slightly less than 

(2.8) 

the elastic callision frequency of electrans with a background gas of density N. In this ac 
is the cross-section of elastic callision and v is the thermal velocity. In high electric fields, 
where electrans are scattered mostly forward, the momenturn remains almost unchanged 
by the collision, and as a result Vm approaches 0. 

Solving Eq. (2. 7) for a partiele with initial velocity v(O) results in 

v(t) = v(O) exp( -vmt) - ( eEjmvm){1 - exp( -vmt) }. (2.9) 

This states that the initially oriented velocity v(O) decays with a time constant Tm = 1/vm, 
whereas the mean velocity becomes 

Va= -eEjmvm. (2.10) 

This is called the drift velocity. 

We can now define the mobility as being the proportionality constant between the drift 
velocity of a charged partiele and the field. The mobility of electrans is given by 

e 
/-le = --, 

mvm 
(2.11) 
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so that 
(2.12) 

Because the callision frequency Vm depends on the electric field strength via the mean 
energy of the electrons, the mobility will depend on the field strength as well. Therefore 
vd is not a strictly linear function of E. 

For constant electron energies, the callision frequency Vm is proportional to the density 
N or to the pressure p of the gas, 1-le ex p-1

. Therefore Vd ex ElP· Because the mean 
electron energy depends only on the combination EI p, the drift velocity is an invariable 
function of the ratio EI p. In Appendix A it is shown that these similarity laws manifest 
themselves in many other charaderistics of gas discharges. 

Because of the larger mass the mobility of ions is normally far less than that for the 
electrons. The contribution of ions to the electric current is thus small, except in cases 
when the ion density ni exceeds the electron density ne considerably. An example will he 
shown in chapter 3, narnely the cathode sheath of a glow discharge. Neglecting the ion 
rnobility, we get for a non-cathode sheath the current density j and conductivity O": 

e2ne 
0' = eflene = --. 

mvm 
(2.13) 

Because Vm "' N, the conductivity of a weakly ionized gas is rnostly deterrnined by the 
degree of ionization ne / N. 

lnelastic scattering events are supposed to he rnuch less frequent than elastic collisions, 
and are therefore negligible on the level of momenturn transfer. However, for the energy 
and partiele balance especially the ionization process is extrernely important. 

2.4 Production of charged particles 

2.4.1 Ionization by electron impact 

In gas discharges the most important rnechanisrn of charge rnultiplication is the ionization 
of atoms by electron impact. The rate of this process is characterized by the ionization 
frequency V i, the nurnber of ionization events per second perforrned by an electron. If f ( E) 
is the electron energy distribution function, and O"i(c) the ionization cross section of atorns 
in their ground state, then 

(2.14) 

with ki the ionization rate constant and N the density of background particles. 

The electron energy distribution function of a weakly ionized plasma in an electric field 
is largely affected by the elastic and inelastic collision processes, and the strength of the 
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electric field itself. To represent the energy distribution of the electrous in a glow discharge, 
we will use the Maxwell-Boltzmann distribution as a reference: 

- 271" 1/2 
f(c)dc- (1rkTe) 312 c exp( -EjkTe)dc. (2.15) 

The Maxwell-Boltzmann distribution applies to an assembly of particles in complete 
thermal equilibrium. By contrast, in situations where inelastic processes occur, there is a 
transfer of electrous from high energy to low energy states. As a result one might expect 
fewer electrans with high energies than predicted by the Maxwellian distribution. In this 
case sametimes the Druyvesteyn distribution [22] is successfully used. This distribution has 
an exponential term which contains the square of the energy. Nevertheless, for simplicity 
we will restriet ourselves to the Maxwellian distribution. 

In general the electron temper at ure in a gas discharge plasma is substantially lower than the 
ionization potential I. Electrans in the high energy tail of the electron energy distribution 
lose energy due to ionizing collisions. A large number of ionization processes already occurs 
when kTe is less than I by a factor of about 3. 

Atoms are ionized by high energy electrans in the tail of the Maxwellian distribution. 
In this energy range, n(c) ex exp( -EjkTe) falls off very steeply, so that a linear function 
can be used for the cross section: 

(2.16) 

This linearity is valid if E is only slightly greater than the ionization threshold I. Substi
tution of (2.14) and (2.1G) in (2.14) will then give us 

00 

vi = N j f(c)vCi(E- I)dc 
I 

NvCi(I + 2kTe) exp(- I/ kTe), (2.17) 

in which v = (8kTe/1rm) 112 is the average electron velocity in a Maxwell distribution. In 
chapter 6 we will compare the numerical results for the ionization process with the theory 
described above. 

2.4.2 The Townsend ionization coefficient 

In cases where the ionization frequency Vi can betaken constant, the electrous will multiply 
exponentially in time and an electron avalanche develops. An electron avalanche generated 
by an electron in a DC field also evolves in space, along the direction of the electron drift 
velocity. Therefore, in gas discharges the rate of ionization is more conveniently charac
terized by the Townsend ionization coefficient a = vi/vd cm-\ the number of ionization 
events per electron in a 1 cm path along the field. 

If we place plane electrades at a separation d, apply a voltage V, and irradiate the 
cathode with UV light, so that an electron current io develops at the cathode, the number 
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of electrons in the avalanche grows towards the anode. The electron current at the anode 
is then given by 

i = i 0 exp( ad). (2.18) 

Because Vi ex pand Vd ex Ejp, a similarity law of the type ajp = f(Ejp) holds. Experi
mentally, therefore, one can vary p together with d, keeping E / p constant. 

For rare gases, a good fit to the experimental data is given by the formula suggested 
by Ward [13]: 

a P 1/2 - = C exp [-D(-) ], 
P E 

(2.19) 

where the constants C and D are determined by fitting experimental curves. For argon 
these coefficients are C = 29.2 cm-1torr-1 and D = 26.6 cm-112torr-112 . In Fig. 2.2 it 
is seen that for argon and neon the agreement with the experimental data is good for 
10 < E jp < 400 V cm-1torr- 1

. 
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Fig.2.2: Variation of Townsend's first coefficient a with field for Ne and Ar according to 
Ward [13] 
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Chapter 3 

Gas discharge physics 

3.1 Introduetion 

In the modeHing of the take-over process, the evolution of a discharge to a quasi-steady
state glow, we are dealing with transient behavior in a gas discharge tube. In order to 
understand the results provided by the model, it is useful to relate them to well-known 
steady-state conditions. In doing so one should realize, however, that the take-over pro
cess is essentially different from a steady burning discharge lamp. Nevertheless, it is still 
instructive and will enable us to get more insight in the take-over process itself. 

3.2 General remarks 

A charaderistic V - i relation for a cylindrical tube with plane electrades at each end, 
fiJled with a gas at a pressure of a few Torr, is shown in Fig. 3.1. This curve represents a 
chain of steady states of a gas discharge. In this section we will briefly discuss the different 
regimes that can be distinguished, starting with low currents. 

When the voltage difference between the electrades is slowly raised, the current increases 
until it reaches a plateau known as the saturation current. At this point, practically 
all the charged particles emitted from the cathode or randomly created in the gas reach 
the electrodes. Increasing the voltage across the gap will not affect the current for some 
time, but beyond a certain point the electron impact ionization of gas molecules starts, 
amplifying the current due to outside sources. 

Further increase of the voltage will lead to an exponential increase in the current of 
several orders of magnitude with almost no increase of the voltage. This abrupt transition 
is known as breakdown. Here the current becomes independent of the external souree of 
ionization, and is thus self-sustained. In this region the discharge is a Townsend dark 
discharge, with little or no visible light emanating from the the discharge tube. 

The electric field distribution between the electrades is homogeneaus at very low values 
of current. However, when the current reaches about 0.1-1 pA, the field configuration 
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Fig.3.1: V- i charaderistic of a typical 
gas discharge between plane parallel elec
trades for a wide range of currents [6] 

begins to change due to the onset of space-charge distortion. As a result the voltage 
across the electrades begins to drop. If the current becomes large enough, space charges 
will collect in front of the electrodes, and a transition from a dark discharge into a more 
complex form, known as the glow discharge, takes place. 

This glow discharge region can basically be subdivided into a normal glow region and a 
abnormal glow region. In the normal glow region we can distinguish a cathode fall, which is 
nearly independent of current. What changes is the area through which the current fl.ows. 
However, in the abnormal glow region the current is increased by increasing the voltage. 
Because there is no more free surface left on the cathode, the cathode fall needs to increase 
in order to supply the additional current. Finally, when i rv 1 A, a phenomenon known 
as the glow-to-arc transition takes place. Since our primary interest goes out to the glow 
discharge, we will not discuss the high current regions any further. 

Next we will discuss the essential charaderistics of the breakdown process and the role 
played by space charge in the transition to a glow discharge. In literature [3, 4, 5, 6] this 
phenomenon is treated in great extent, but almost nothing is reported about the infl.uence 
of initial space charge in the gap on the take-over process. We will come back to this 
problem at the end of this chapter. 
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3.3 The self-sustained discharge 

3.3.1 Electric Breakdown 

The process of the transformation of a non-conducting material into a conductor as aresult 
of applying a sufficiently strong field to it, is called electric breakdown. If the external field 
is applied for a sufficiently long time, the breakdown can start a discharge. 

A very important element of the breakdown process is the electron avalanche. A small 
number of electrans which are formed accidentally are accelerated in the electric field, thus 
gaining energy. If the electrans reach an energy above the ionization potential, they can 
ionize an atom. The electron thereby loses energy, and the result is two slow electrans 
which are accelerated again in the electric field. Like this, an electron which starts at the 
cathode will form an electron avalanche on its way to the anode. 

The positive ions that are formed in the avalanche will start moving towards the cath
ode. When they reach the cathode, each one will have a certain probability of liberating 
a secondary electron. The number of electrans ejected per incident partiele is called the 
secondary emission coefficient, and is given the symbol I· The energy dependenee of 1 
for noble gas ions on tungsten and molybdenum is shown in Fig. 3.2. From this it can be 
seen that 1 can be considered constant, which enables us to derive some basic formulas. 
Assume that an outside souree produces an initial electron current i 0 at the cathode. This 
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Fig.3.2: Secondary electron emission coeffi
cient 1 for nobel gas ions on tungsten and 
molybdenum, as a function of energy [7] 

current will be amplified towards the anode, due to the electron multiplication process. If 
the secondary emission process is taken into account, the steady discharge current is given 
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by 
. . exp(ad) 
z = z0 

1 -1{exp(ad)- 1} 
(3.1) 

In a self-sustained discharge, however, there is no external souree to produce electron 
emission from the cathode. The criterion under which the current becomes self-sustained 
is recognized as the value of a for which the denominator of Eq. (3.1) becomes zero: 

1{exp(ad)- 1} = 1. (3.2) 

In this case current fiows even in the absence of an outsiele souree of electrons, i.e. i 0 = 0. 
Frocesses in the discharge gap ensure the reproduetion of electrans removed by the field. 

3.3.2 The Paschen curve 

The breakdown picture outlined in the previous section leads to very important conclusions 
which govern gaseous breakdown. Here we will derive an expression for the breakdown 
voltage Vt. The breakdown voltage Vt and the corresponding breakdown field Et, depend 
on the gas, the pressure, the material of the cathode, and the discharge gap width. To 
arrive at explicit expressions, we make use of the breakdown criterion (3.2), rewritten as 

ad= ln(1/r + 1). (3.3) 

in which we substitute Eq. (2.19) for a. Doing this we arrive at the following explicit 
expressions, also known as the Fasehen law: 

Et ( D )
2 

p = K +lnpd ' 
K = ln --,--

0--.,
ln(1/r + 1) 

(3.4) 

Here we see another manifestation of a similarity law. The voltage Vt and Etfp depend only 
on the product pd. The calculation of the breakdown voltage Vt by using Eq. (3.4) gives a 
satisfactory agreement with experiments. Some experimental curves of Vt as a function of 
pd, the so-called Fasehen curves, are plotteel in Fig. 3.3. 

As can be seen from this figure a discharge gap has a minimal breakdown voltage for a 
certain value of the product pd. According to Eq. (3.4), the parameters of this minimum 
are: 

(pd)min = (7.39/C) ln(1/r + 1), Vt,min = (D2 /4)(pd)min· (3.5) 

In this minimum the conditions for breakdown are the best, because the conditions for 
multiplication are optimal. 

Fasehen curves are a convenient method of presenting breakdown characteristics of dis
charge tubes, and are particularly useful in the design of cold cathode devices. However, 
we already pointed out that these results are only valiel for uniform field conditions, and 
cannot be directly applied to situations where the field distribution is non-uniform. This 
will be discussed in the following section. 
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Fig.3.3: Experimental curves of the breakdown potentials over a wide range of pd values [4] 

3.4 The transition to a stabie glow discharge 

The main distinction of the glow discharge from the Townsend dark discharge withits very 
weak current lies in a nonuniform distribution of the potential difference applied across the 
discharge gap. 

In this section we will first determine by what mechanism the field is redistributed in 
the inter-electrode gap. After this we will evaluate the effect of space-charge distartion on 
the rnainterrance condition expressed by Eq. (3.3). 

3.4.1 Distortion of the external field 

The spatial field distribution is determined by Poisson's equation 

dE e 
- = -(n+- ne)· 
dx Eo 

(3.6) 

When a multiplication process occurs in a gas and the number of electrous and ions rises 
above a certain value, then the initially uniform field between the parallel plates becomes 
distorted. 

The electron space charge in a Townsend discharge is usually negligible. Sirree in 
most of the discharge gap the current density j is dominated by the ion current density 
j+ = en+tt+E, we see that space charge distortion, caused by an increased ion density, will 
become more significant at higher currents. This effect will become significant at current 
densities in the order of 10-6 A/cm2

• 

In the hook by Raizer 1:4], an expression for the current density at which the field and 
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Fig.3.5: Distartion of the electric field 
distribution between two plane parallel 
electrades as a result of space charge 

discharge structure are considerably modified and which sets the beginning of a dark-to
glow transition of discharge, is deduced. This current density, referred to as the transition 
current density ]T, is given, within an order of magnitude, by the formula 

(3.7) 

For example, for argon at a pressure of 10 Torr and a gap distance of 1 cm, with 1 = 0.02, 
Eq. (3.4) gives the value vt = 381 V. With the positive-ion mobility given by f-L+ = 
1444/p cm2/(V ·sec), withpgivenin Torr, wefindjT/P2 ~ 10-6 A/( cm· Torr) 2

• Numerical 
simulations performed by Ward [13], which are presented in Fig. (3.4), give about the same 
value for the transition current density. 

3.4.2 Charge multiplication in space-charge distorted fields 

Fig. 3.5 shows the potential V and the field distribution E in a discharge tube when the 
net space charge p = 0 and when p of. 0. It is seen that the field E is increased over a part 
of the space under the influence of space charge associated with the current, and decreased 
over the remairring space so that the area under the curve remains constant. Consequently 
a will rise near the cathode and fall near the anode. The question that arises now is 
whether the total ionization will rise or fall. 
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In the case of a non-uniform electric field, Eq. (3.3) can be generalized to give 

d 

j a(E)dx = ln(1 + 1/1)· (3.8) 
0 

Here we have assumed that the field distartion is such that it is permissible to maintain 
the concept of an ionization coefficient. 

In the electron avalanche propagating from the cathode to the anode a specific number 
of new charged particles has to be produced. This number is determined only by the 
secondary emission coefficient and is independent of whether the field is homogeneaus or 
not. 

Let E0 be the field for p = 0. A small space charge will change this field to E0 + ~ and the 
potential between the electrades from V to V+ 8V. Expanding the ionization coefficient 
in a power series, we obtain 

a ( Bp ) p = A exp -- Eo + ~ 

(3.9) 

where a 0 = a for ~ = 0. Here we used for the ionization coefficient the conventional 
formula suggested by Townsend, in which A and B are constants. 

Integrating Eq. (3.9), we find that the change in the total ionization in the gap of length 
d caused by an infinitesimal space charge is given by 

(ja dx) - ( aod) = ao { ~; 8V + ~~ ( ~p - E0 ) l N dx} . (3.10) 

Because ~ 2 is always positive, the integral on the right hand si de is always positive; herree 
the whole last term is positive when E0 jp < B /2, and vice versa. If V = const, i.e. 
~V = 0, the last equation shows that for E0 jp < B /2 the total ionization in a space 
charge distorted field is larger than in a uniform field. 

We can also find the value of 8V for which the ionization in the gap is the same whether 
space charge is present or not. By equating the right hand side of Eq. (3.10) to zero, we 
obtain 

d 

1 (Bp ) J 2 8V = - E 2 2 - Eo ~ dx. 
0 0 

(3.11) 

Thus we find that when the field is below the point of inflection, E0 jp < B/2, the voltage 
V necessary to accomplish breakdown decreases in the case of a space charge distorted 
field. 
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3.5 The stabie glow discharge 

The glow discharge is a self-sustaining discharge in which electrous are emitted from the 
cathode due to secondary emission caused by positive ion bombardment. In a steady glow 
discharge we can distinguish several areas with different characteristics, as represented in 
Fig. 3.6. 
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Fig.3.6: The normal glow discharge in a 
cylindrical tube with plane electrodes [4] 

A layer of large positive space charge at the cathode with a strong field at the surface 
causes a considerable potential drop. This is called the cathode fall. The thickness of this 
layer is inversely proportional to the density of the gas. If the lengthof the discharge tube 
is sufficiently large, an electrically neutral plasma region with a weak field can be observed. 
This relatively uniform part is called the positive column. In contrast to the cathode layer, 
whose existence is vital for the glow discharge, the positive column is not an essential part. 
Also in the take-over process it does not play an important role. 

The positive column is not formed if the cathode layer fills the whole gap. However, 
if the inter-electrode separation is insufReient for the formation of the required cathode 
layer, the glow discharge will not ignite. 
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3.6 The external circuit 

Until now, we supposed that during the breakdown process the discharge develops itself 
along the characteristic curve. When the breakdown voltage is reached across the elec
trodes, a self-sustaining discharge begins to burn. Theoretically this implies that due to 
charge multiplication the current will increase to infinity. 

In practice, however, any real circuit with a discharge gap always has an ohmic resistance 
R which sets an absolute limit to the current produced by the applied voltage Va. This 
resistance can be specially introduced in the external circuit, but can also be the resistance 
of the lead wires and the power supply. 

A simple circuit that can be used to establish a glow discharge is already given in 
Fig. 1.1. In this case the equation for the voltage over a discharge gap in a closed circuit 
is given by 

V= Va-iR. (3.12) 

This equation can be plotted as a straight line in the V - i characteristic, and is known 
as the load line. This line will be steeper if the external resistance is higher. The circuit 
realizes those values of i and V that correspond to the intersection of load line and V - i 
curve ( see Fig. 3. 7). A gradual increase of the current can now be realized by reducing the 
load resistance R or by increasing the external voltage Va. 

V 

Fig.3. 7: V- i characteristic of a discharge between plane electrodes. The cross-section of 
the load line with this characteristic determines the stable discharge current 

During the take-over process, however, the system is not located on the steady-state V - i 
curve. Nevertheless, Ohms law as imposed on the system by the external resistance is 
still applicable. This implies that the take-over process can be simulated as an evolution 
along the straight load line. If a landing on the characteristic discharge curve occurs, the 
take-over is successful, and a transition to a steady-state glow discharge will take place. 
Otherwise the discharge will quench. 
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As the discharge current scale largely determines the discharge type, the resistance R 
imposes the type of discharge that is produced after successful take-over. 

In chapter 6 we will come back to the different scenarios for the evolution of the discharge 
along the load line. We will see that much depends on the number of initial electrans and 
ions in the discharge, created by the start pulse. As an example, we can already point out 
that it determines the resistance of the discharge tube and therefore the starting point on 
the load line. 



Chapter 4 

Computer simulations using partiele 
models 

4.1 Introduetion 

In computer simulations mathematica! models are used for simulating the behavior of 
complex systems. These models have to be sufficiently detailed to reproduce the important 
physical effects but not too detailed to make calculations impracticable. For this reason the 
mathematica! formulation can never be a complete description of the physical phenomenon. 
It is important to know which simplifying assumptions are justified in order to identify the 
regime of validity of the simulation model. 

Physical phenomena which are adequately described by classica! theory can be simulated 
using partiele models. Partiele models is a term for the class of simulation models where 
interading particles are used for a discrete representation of physical phenomena. In most 
applications these particles can be directly identified with physical objects. Each of the 
finite ensemble of particles has a set of attributes, such as mass, charge, position and 
momentum. These attributes determine the state of the physical system. The evolution 
of the system is determined by the laws of interaction of the particles. An interesting 
feature of partiele models is the fact that a number of the partiele attributes are conserved 
quantities and need no updating during the simulation process. 

The correspondence between the physical particles and the particles of the simulation model 
is determined largely by the relevant physical length and time scales. In simulations of 
stellar clusters for example the stars will correspond to particles. It may be clear however 
that this one-to-one correspondence between the physical and computer model particles is 
useless for the simulation of a plasma. The 'electrans' and 'i ons' in a plasma simulation each 
correspond to millions of physical electrans or ions, and are therefore called superparticles. 
These can be regarcled as finite-sized cloucis of physical particles. 

23 
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4.2 Statistica! equations 

In computer simulations of systems, in which there exists a one-to-one correspondence be
tween physical and computer particles, the pathof a system is foliowed in a 6N-dimensional 
phase space r, each of the N particles ha ving 6 degrees of freedom. 
The statistica! mechanics description of these systems is formally given by Liouville's con
servation equation for the probability density p in r space: 

( 4.1) 

where p(x1 ... XN, v 1 ... VN, t)dx1 ... dxNdv1 ••• dvN is the probability that the system is 
in the volume df at timet. 

The computer experiments themselves are not statistica!, but rather deterministic. An 
initial state is defined by the set of positions and veloeities {x;, v;; i = 1, N} of the 
particles at time t = 0. The force F working on the particles is then obtained from the 
potential field </J, which is related to the charge density p by the Poisson equation: 

d2 </J p d</J 
-=--, E=--, F=qE 
dx 2 t:0 dx 

(4.2) 

The description of the physical system is completed by boundary conditions and equations 
of motion. 

A computer simulation corresponds top being a 8-function in r space, the location of which 
moves along some path in r space as time advances. Theoretically, a series of computer 
experiments should be performed to provide an ensemble to define p. 

Since the construction of a complete set of partiele orbits is no more practicabie than 
solving Eq. ( 4.1) directly, information has to be discarded in order to make some progress. 

An other way to specify the state of an N-particle ensemble at time t uses the exact 
one-particle distribution function: 

N 

F(x, v, t) = L 8(x- x;(t))8(v- v;(t)) ( 4.3) 
i=l 

where (x, v) defines the position of a single partiele in the six-dimensional phase space 
11· By ensemble averaging it is possible to obtain a reduced statistica! description. The 
reduced distribution functions contain less information, which makes them more easily to 
handle. The ensemble averaged one-particle distribution function is given by 

JI(x,v,t) (F(x, v, t)) = j pFdx1 ... dxNdv1 ... dvN 

N j p(x,x2···xN,v,v2 ... vN)dx2 ... dxNdv2 ... dvN. ( 4.4) 
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The distribution fundion f 1(x, v, t) gives the mean density of particles at position (x, v) 
in f-l space at timet. In a similar manner, the two-particle distribution fundion is given 
by 

fz(x, v,x', v', t) = N j p(x,x',x3 ... XN, v, v', v3 ... vN)dx3 ... dxNdv3 ... dvN (4.5) 

This expresses the correlation between the particles. The product fzdxdvdx'dv' is inter
preted as the mean product of numbers of particles in dxdv and dx'dv'. 

Further distribution fundions h, f 4 , etc. may be defined, each one giving more infor
mation. 

By integrating Eq. ( 4.1) over successively fewer partiele coordinates a hierarchy of kinetic 
equations is obtained, the so-called BBGKY chain. 

The equation for f 1 is given by 

( 4.6) 

in which the total force F is divided in an external force F~xt and an force F 12 caused by 
the partiele interaction. 

The previous expression involves a term in fz. Likewise the equation for f 2 involves 
a term in h and that for fs involves one in fs+ 1 · To close the chain of equations some 
approximations have to be made. 

The lowest order of the hierarchy of kinetic equations gives the Vlasov equation. In this 
approximation, particles are assumed to be uncorrelated, allowing the two-particle distri
bution fundion to be written as the product of one-particle distribution functions: 

f 2(x, v, x', v', t) = !1 (x, v, t)J1(x', v', t) (4.7) 

Substituting this equation into equation ( 4.6) and dropping the subscript "1" yields the 
Vlasov equation 

dj af af { Fext J F ( I I ) I I} af 
dt - at + V 1 . ax + --;;; + m f X , V , t dx dv av = Ü. (4.8) 

Plasma phenomena which are not adequately described by a collisionless approximation but 
where the charaderistic length scale of processes is long compared with the mean separation 
of the physical particles can also be simulated using partiele models. The interaction of 
particles can be introduced as a small correction term, the correlation fundion g, to the 
approximation given in Eq. ( 4. 7): 

fz(x, v, x', v', t) = !1(x, v, t)J1(x', v', t) + g(x, v, x', v', t) (4.9) 
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Substitution of this approximation in Eq. ( 4.8) gives the Boltzmann equation 

df =- j _!_. ag dx'dv' = (aj) 
dt m av at 

c 

( 4.10) 

The left-hand side consists of the same expression as the Vlasov equation, the right
hand side expresses the rate of change of f due to collisional processes. In the absence of 
collisions, the number density of particles does not change with time while the particles 
move along the trajectory in phase space. 

The Vlasov and Boltzmann equations are considered to be the fundamental equations in 
plasma physics. Because both equations are non-linear, further approximations have to be 
made in order to provide an analytica! solution. Computer experiment provide a solution 
for this problem and make comparisons with experimental results possible. 

4.3 The one-dimensional plasma model 

Simulation models based on the Boltzmann equation ( 4.10) are computationally still too 
expensive for calculations longer than a few callision times. In oder to investigate longer 
time scales more information has to be discarded. 

A one-dimensional model is obtained by assuming that quantities such as charge density, 
potential and electric field depend only upon one spatial coordinate, say x. In the other 
two dimensions perpendicular on x, the plasma is assumed to be uniform and of infinite 
extent. This uniformity simplifies the model significantly, because y and z positions and 
veloeities become ignorable coordinates. This results in the following set of equations: 

aj+vaj+Faj=O 
at ax m av 

(4.11) 

d2</J p d</J 
( 4.12) E= -- F=qE 

dx2 ' dx' Eo 

The Vlasov equation however is not suitable for simulating a spatially bound plasma. In 
order to compensate for the losses of particles at the walls, the partiele model neecis a 
production term. In these cases again the Boltzmann equation is used. 

Here we have to make one remark. In the simulation of collisions the total energy of the 
particles has to be know, in order to calculate callision frequencies and scattering angles. 
This means that the radialcomponentsof the partiele veloeities have to known. However, 
between collisions these coordinates are not infiuenced by the electric field. Therefore they 
do not enter the equations of motion. 
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4.4 Discretization of the mathematica! model 

In principle partiele models follow the evolution of the distribution function in phase space. 
Suppose that x- v phase space is divided into a regular array of infinitesimal cells of volume 
dO' = dx dv, where dO' is sufficiently small for notmore than one electron to occupy it. Then 
f (x, v, t) gives the probability that the cell at (x, v) is occupied at time t. Given that there 
is an electron at time t, then it follows that there will he one in the cell at (x', v') at time 
t', where (x', v') are related to (x, v) by the equations of motion 

t' 

x'= x+ j vdT, 
t 

t' 
I JqE 

V = V + --:;;;dT (4.13) 
t 

By Taylor-expanding equation (4.11) and taking the limit of (t'- t) ---+ 0, we can show 
generally that f is conserved along partiele trajectories: 

f(x', v', t') = f(x, v, t). ( 4.14) 

This is also known as the Liouville theorem. 
Thus, if we knew the values of f for each infinitesimal cell in phase space at timet, we 

could map f forward to any later time by integrating the equations of motion. 

Clearly, to map f for every infinitesimal cell would he impossible. Instead, we take a 
sample of points {X i, vi; i = 1, ... , NP}, each point representing an element i of phase 
space corresponding to Ns = h f dx dv plasma particles per unit area in the y- z plane. 
The sample points can he looked upon as being superparticles, because their orbits through 
phase space are given by the equations of motion that also apply to physical particles. 

If the density of superparticles is sufficiently great then no explicit reference to the 
distribution function is required in the discrete model. An indication as to what density 
of superparticles is sufficient, is given by the the charaderistic wavelength of electrastatic 
oscillations, the Debye length Àv. The number of superparticles in a Debye length must 
he large enough ( about 10) for statistica! fluctuations to he small. 

The final stage of discretization of the Vlasov equation ( 4.11) is to replace the continuous 
time variables in the equations of motion by a a discrete set of time levels separated in time 
by a small time interval, the time step !:lt. This will he investigated in the next chapter. 
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Chapter 5 

The particle-in-cell simulation model 

5.1 Introduetion 

In numerical particle-in-cell (PIC) simulations the behavior of charged particles is deter
mined in a self-consistent electric field calculated on a spatial grid. Self-consistent means 
that the field is determined by the position of the particles, while at the sametime the field 
will change the partiele positions. In this technique the interaction between charged par
ticles is included via the Poisson equation. Charge-neutral collisions are included through 
Monte-Carlo (MC) techniques. In these MC techniques random numbers decide over the 
collision events, their nature, and the subsequent changes in velocity. 

The simulation code weuseis basedon the PDP1 (Plasma Device Planar 1-dimensional) 
code, developed by J.P. Verboncoeur, V. Vahedi and C.K. Birdsall of the Plasma Theory 
and Simulation group in the University of California [8]. The PDP1 program can be used 
for simulating RF-plasmas between parallel electrodes. 

In this chapter we restriet ourselves to a very brief outline of the original code. Only the 
interesting parts of the simulation code will be discussed. More information about the 
program can be found elsewhere [9, 10, 11, 12, 20]. 

After this the adjustments to the original code will be discussed. These changes were 
necessary in order to make simulation of the take-over process in low dissipation discharge 
lamps possible on a personal computer (PC 486-DX66), within an acceptable computation 
time. 

5.2 Monte Carlo collisions 

At pressures of about 10-50 Torr, collisional processes play an important role in discharge 
plasmas. In this section the different kinds of processes that are implemented in the simu
lation model are discussed. 

29 
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In the simulations two kmds of collisions are taken into account, namely collisions between 
electrans and neutrals and between ions and neutrals. Collisions amongst charged particles 
themselves are supposed to be considerably less frequent. This assumption is legitimate, 
since the density of electrans and ions is many orders lower than the neutral density. 

The electron-neutral collisions that are included can be subdivided as follows: 

1. Elastic collisions: the electron only scattersin angle withalmost no transfer of energy 
to the background gas. 

2. Excitation collisions: here we only take into account excitation to the first excited 
state. This is considered to be an inelastic process, by which the energy of the 
scattered electron is simply given by 

Escattered = Eincident - Eexcitation (5.1) 

(e.g., for argon, Etxt = 11.55 eV). 

3. Ionization collisions: a new ion-electron pair is created. The electron energies after 
the callision are equal to that before the callision minus the ionization energy I, 

a ..... 

Escattered,e + Ecreated,e = Eincident,e - I (5.2) 

(e.g., for argon, I== 15.76 eV). 

E 

Fig.5.1: General profile for electron-neutral 
callision cross-section versus incident partiele 
energy E. 

For each type of callision the cross-sections implemented in the code are close fits to 
the values measured experimentally [23]. The general expression for all electron-neutral 
callision cross-sections, as can beseen in Fig. 5.1, is given by: 

a( E) 0 

a( E) ex E 

a(E) amax 

a( E) ex ln( E) / E 

E::::; Eo 

Eo < E::::; Et 

Et< E::::; Ez 

Ez < E 

(5.3) 
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Next we will have a look at the ion scattering. In the simulation code two kinds of ion
neutral collisions are taken into account: 

1. Elastic scat tering: sirree the colliding i ons and atoms (e.g., Ar+ and Ar) have essen
tially the same mass, the energy of the scattered ion is equal to: 

Escattered,i = Eincident,i cos2 x, (5.4) 

where x is the scattering angle in the laboratory frame. 

2. Charge exchange: the incident fast ion picks up an electron from a slow gas atom, 
leaving behind a slow ion. The speed of the slow ion is chosen randomly to match 
the gas atom velocity distribution (Maxwellian). 

The ion collision cross-sections are assumed to be of the form 

O" =a+ b/VE, (5.5) 

with a and b given separately for elastic and charge exchange collisions. This can be seen 
in Fig. 5.2. 

a------------------
Fig.5.2: General profile for the ion-neutral 
collision cross-section versus incident partiele 
energy E. 

Generally PIC codes involve classica! mechanics, in which all particles are moved simulta
neously using the sametime step. In the original simulation program PDP1 the fixed time 
step ó.t is used for this purpose. After that for each partiele the probability that a collision 
has taken place in that !:lt is calculated, and a random procedure decides which particles 
have collided. If a collision occurs, the nature of the scattering process is determined, 
again by using a random procedure. Finally the velocity of the particles after the collision 
is calculated. 
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Here we will discuss this procedure in more detail. We will only treat the electrans here, 
since the ions are treated in exactly the same way. 

1. We have approximations to cross-sections for all the scattering processes to be in
cluded, as a function of the electron energy E. From this the tot al cross-section (Jy can be 
determined. For electrans this is given by: 

(5.6) 

where (]'ion, (Jext and (Yelt are the cross-sections for respectively ionization, excitation and 
elastic collisions. 

2. Next the total callision frequency for each individual partiele is determined. We know 
the properties of the neutral background gas, like temperature and pressure, and from this 
we find the density of gas particles. If a given partiele m is known by its kinetic energy Em 

and its velocity vm, the callision frequency of the charged particles with the background 
gas can be calculated to give: 

(5. 7) 

3. This produces the probability that an electron m has collided at least once with a 
neutral partiele in the time step llt: 

Pcollision,m = 1- exp( -n9 as(Jr(Em)vm!lt). (5.8) 

Here we have treated the computer particles as single electrons, not as superparticles. 
The implication is that with a sufficient number of collisions, the total scattering rate will 
resembie that of the single particles. 

4. The fourth step then is to campare Pm with a uniform random number R1 between 
zero and unity. For R1 ~ Pm, the partiele m has collided in the time duration llt and will 
be scattered at the end of this time interval. 

5. Next, by choosing another random number 0 ::=:; R2 < 1, the nature of the scattering 
process is determined. This is clone by assuming that the probability of process p is 
proportional to (Jp(Em) divided by the total cross-section (Jy(Em)· After lining up these 
relative cross-sections from 0 to 1, we choose the scattering process as follows: 

0 ::=:; Rz < (J els/ (JT ---+ elastic callision 

(Jels/(JT:::; Rz < ((]'els+ (Jext)/(JT ---+ excitation collision (5.9) 

( (J els + (J ext) / (Jy ::=:; Rz < 1 ---+ ionization colli si on 
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6. The last step is todetermine the new (scattered) velocity after scattering. If ionization 
has taken place during ~t, then the veloeities of the created partiele have to be determined 
as well. 

The effect of the collisions on the neutral gas is not calculated here. It is supposed that the 
transfer of energy from the charged to the neutral particles will not affect the temperature 
of the background gas. Furthermore, in the case of excitation, the excited atoms are 
supposed to have very smalllifetimes and will not lead to two-step ionization. 

Due to the procedure described above, only one collisions per partiele will take place at 
the end of each time step. Equation (5.8), however, calculates the probability that one or 
more collisions take place per time step ~t. For this reason one needs to take care that the 
time step is much smaller than the minimum collisiontime Tc,min, so that the probability 
that several collisions take place in one time step remains small and all the collisions are 
simulated. 

In practice a value of ~t = 0.2Tc,min is suitable. In this case the probability for multiple 
collisions is about 10% of the probability for one single collision to take place during ~t. 
This follows from the Poisson distribution. 

5.3 Time integration schemes 

The particles in the one-dimensional PIC simulation model move according to Newton's 
law of motion: 

dx dvx 
dt = Vx, m dt = Fx. (5.10) 

In the simulation program the continuous functions x and Vx have to be replaced by values 
at discrete intervals. In the original program the so called leap-frog scheme is used, because 
it is both fast and accurate: 

( v;+l/2 _ v;-1/2) 

m ~t 
xn+l- xn 

( 5.11) 

~t 

where ~t is the (fixed) time step and in which the superscript indicates the time level 
(t = n ~t). These two first-order difference equations are time-centered, which means 
that the partiele position x and velocity Vx are always half a time step out of phase. 
This integration scheme is second-order accurate, and the truncation error is of the order 
O(~t2 ). This scheme is stabie for plasma oscillations for which wp~t ~ 2, which sets an 
absolute limit to the time step. 

However, if collisions are included another integration scheme has to be used. When a 
collisiontakes place, the position and velocity of the partiele have to be known at the same 
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timet. A collision namely takes place in a specific point inspace and time. In this case the 
new velocity and new position of the partiele has to be calculated by using the following 
discrete set of equations 

(5.12) 

Now velocity and position are known at the same discrete time tn, tn+1
, ... at which a 

collision can take place. In our simulations we will therefore use this integration scheme. 

This scheme is also second-order, and can be proven to have the same stability condition 
as the leap-frog scheme. 

5.4 Numerical constraints 

In order to represent the plasma correctly, the discrete parameters like the time step !:1t, 
the grid distance !:1x and the number of superparticles NP have to fulfill certain conditions. 
These are given by stability criteria of the numerical schemes implemented in the program 
as well as by the physical system under consideration. 

The numerical conditions which have to be fulfilled in the case of our one-dimensional 
simulation program, are as follows [9]: 

v !:1t / !:1x < 1 (Cl) 

!:1x < Àn ( C2) 

Àn ~ L ( C3) 

NpÀD ~ L ( C4) 

wp/:1t ~ 2 ( C5) 

!:1t < Tc, min ( C6) 

The first condition (Cl) connects the grid distance and the time step with the velocity v 
of the particles. It stated that the particles are not allowed to cross more than one grid 
point per time step. This requirement is related to the numerical schemes that are used to 
solve the field equations and the equations of motion. 

The conditions (C2) until (C5) are closely related to the Debye shielding and plasma 
oscillations. They were already introduced in chapter 1. 

Condition (C2) states that the grid spacing !:1x has to be small enough to resolve the Debye 
length 

( 
kT. ) 1/2 T. 1/2 

Àn = Eo 
2
e = 7.4 · 102 (-e) [cm], 

n0e n0 
(5.13) 
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with Te the electron temperature in eV and n0 the partiele density in cm-3
. In the quasi

neutral regions of the glow discharge space charge effects can only take place within the 
Debye scale. These effects have to he taken into account. 

The third and fourth conditions are general requirements that also apply to physical plas
mas. The third condition states that the dimensions of the plasma must he much larger 
than the Debye length. If this is not the case, then there cannot he a quasi-neutral glow. 
Conditions (C4) states that the number of superparticles in one Debye length must also 
he large enough, say about 10. This in order to reduce space charge effects on scales larger 
than the Debye length, caused by statistica! fiuctuations. 

The numerical integration schemes for moving and accelerating the particles in the electric 
field are stabie if condition ( C5) is fulfilled, i.e. the product of the plasma frequency Wp 

and the time step !:1t is much smaller than 2. Because of the small mass of the electrons, 
this condition is especially important for the angular frequency of the electron oscillations, 
which is given by 

( 

2 ) 1/2 nee 4 1 2 
WP,e = -- = 6 · 10 n/ 

ffieEo 
(5.14) 

with me the electron mass and ne the electron density. In practice ( C5) can he written as 
!:1t = 0.2/wP,e· 

Finally, condition ( C6) states that the time step has to he smaller then the smallest ( aver
age) collision time of the collision processes that are included in the simulations. At high 
pressures ( above 1 Torr) this condition is the most important upper limit for the time step, 
since Tc becomes very small. 

As an example we will consider a typical gas discharge. During the take-over process the 
electron density will increase to a bout 5 · 1011 cm - 3

, with an electron temper at ure of a bout 
5 eV. We will determine how the numerical conditions can he fulfilled: 

• Eq. (5.13) gives us \n ~ 2.3·10-3 cm. In order to satisfy (C2), we choose !:1x = 2·10-3 

cm. 

• In a discharge tube with an electrode spacing of 1 cm, condition (C4) states that we 
need at least NP = 10/ Àn = 5000 superparticles. 

• Condition (C5) sets a limit for the time step !:1t. Using Eq. (5.14), this condition 
results in a time step !:1t ~ 2 · 10-12 sec. However, at the beginning of the simulations 
the plasma frequency will he lower, since the initial electron density is less. 

• At the sametime the size of time step is also limited by condition ( C6). At a pressure 
of 10 Torr, the average callision time Tc~ 10-11 sec, which also leadstoa maximum 
time step of !:1t ~ 2 · 10-12 sec. 
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We see that at pressures above 10 Torr, the maximum value of the time step will be mainly 
determined by the average collision time re. The collision frequency namely increases lin
early with the pressure. This is an interesting conclusion, since it willlead to an important 
adjustment of the program (see sect. 5.6). 

5.5 Rescaling procedure 

In a break-down process the number of physical particles increases significantly over the 
time scale of interest due to electron impact ionization. In numerical Monte Carlo sim
ulations this can give cause to practical difficulties since the number of superparticles 
increases accordingly. The number of particles which can be followed is limited by the 
available computer-memory size and determines the computation time needed for the sim
ulation. For this reason a rescaling procedure was implemented in the simulation program. 

5x1o-3 ~------~------~------~------~------~------~ 

-5 4x1o-3 

~ -... 
c: 
~ 
I.... 

B 3x1o-3 

CU ... 
0 
I-

11 
11 
11 
11 
11 
11 
I I 
I I 

I 

' 

rescaling 

no rescaling 

f= 0.9 
f= 0.5 

2x1o-3 ~------~------~------~------~------~----~~ 
1.0x1o-8 1.5x1o-8 2.0x10-a 2.5x1o-8 

Time (sec) 

Fig.5.3: Results of the rescaling procedure, performed during an avalanche process (t = 
1.5 · 10-8 sec), with different fractions f 

The implementation of this rescaling procedure requires control structures to determine 
when the rescaling is to take place. When N(t), the total number of simulation particles, 
exceeds a maximum allowable number specified in the program input data, the existing 
group of simulation particles is replaced by an approximately equivalent group with a 
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smaller number of simulation particles. At the same time the weight of the new particles 
is updated, in order to represent the correct number of physical particles [14, 15]. 

In the simulation program a new ensemble of particles is generated by randomly select
ing some fraction f of the old ensemble. Each of the new particles represents 1/ f times as 
much charge as each of the old particles. Although this technique is very simple, it has the 
disadvantage that there is no guarantee that the rescaled distribution function is a good 
approximation of the original one. This disadvantage can he minimized by choosing the 
allowable number of particles and the fraction f as large as possible. 

In figure 5.3 some results of the rescaling procedure are given. The rescaling procedure is 
applied in an avalanche process, in the first phase of the take-over process. After rescaling 
the simulation was continued in order to investigate which deviations occur. 

We used different fractions f. By looking at the current, we found that a value of 
f = 0.9 reduces the deviations sufficiently. If we use lower fractions (! = 0.5) a peek in 
the current can he observed, due to the dramatic change of the electric field, caused by the 
rescaling process. 

5.6 Variabie time steps 

5.6.1 General remarks 

In contrast with the technique sketched in section 5.2, wh~re the fate of all the particles 
is decided upon at the same time, a technique can he developed in which each partiele is 
treated separately. Instead of moving a partiele over a fixed time step !1t and then de
termine whether or not a callision has taken place during that time step, the information 
about the total callision frequency ay can also he used in another way. For each partiele 
the time duration during which no collision will take place, the so-called free fiight time M, 
can he calculated by using Monte-Carlo techniques. 

This technique of variabie time steps is particularly advantageous for high pressure situa
tions ( above 10 Torr), w here especially electron colli si ons are very frequent. In this case 
the size of the fixed time step !1t is limited mainly by condition C6 ( cf. sect. 5.3), stating 
that !1t "'0.2Tc. 

However, most of the electrans in gas dicharge plasmas have energies of about 5 eV. For 
this energy the collisiontime Tc is about a factor 10 lower than the minimum collision time, 
which enters the stability condition (C6). This can he observed in fig 5.4, in which the 
total collision time of the electrans is plotted for several pressures. 

By making use of variabie time steps, the avarage time step over which the particles are 
moved lies in the order of the mean collision time, 8t "'Tc. Because the computation time 
is related to the size of the time steps, the gain in campution time should he about a 
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Fig.5.4: The electron collision time Tc as a function of energy. At 5 eV the time step 6.t 
in the simulation model is about a factor of 25 smaller than the average collision time 

factor of 25, as show in the figure. In practice, however, the gain will be less, since the 
calculations needed in order to determine the free fiight time, take more computation time. 

5.6.2 Free flight time 

The available information about the total callision frequency ( cf. sect. 5.2) can also be used 
to calculate the free fiight time 8t between collisions. The partiele is then movedover this 
8t, accelerated by the the local electric field. After this the partiele is scattered, dependent 
on the callision process. 

The free fiight time is selected from a nonuniform probability function P(t). In this case, 
the probability function is the Poisson distribution. When the total scattering rateis given 
by v, then the probability for a free fiight-lying betweent and t + dt is given by 

P(t)dt = ve-vtdt. (5.15) 
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Fig.5.5: Flow diagram of the subroutine MOVE, which moves and collides the particles 
by calculating free-flight times 
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Since we only have to our disposal a random generator giving a uniform distribution, we 
first need to calculate the cumulative distribution function up to 8t: 

c(8t) fotit P(t')dt' 

1 - e-vtit (5.16) 

Since P(t) is a probability c( oo) = 1, therefore 0 ~ c < 1. this means that the value of c 
can be chosen as a random number R1 from a distribution function, uniform in the range 
0 ~ R1 < 1. By setting R1 = c(8t) in Eq. (5.16) and then inverting this equation, the 
variabie 8t can be determined. 

Applying this method we obtain 

(5.17) 

where we have defined a new random number R2 = (1- RI), uniform in the range 0 < 
R1 ~ 1, in order to simplify the formula. Having chosen a free fiight time, the electron 
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Fig.5.6: The motion of an electron (mean callision time Tc), by using different methods: 
a) Fixed time step /:j.t, b) Variabie time step with fixed interval DT, for calculation of the 
electric fields. The collisions are marked with * 

has to be moved in the electric field over the time step 8t. For this we use the integration 
scheme from Eq. (5.12), in which the variabie time step 8t is substituted. Afterwards the 
kind of scattering process is selected, identical to the procedure described in Eq. 5.9. 

This is illustrated in figure 5.5, which gives a flow diagram for the subroutine MOVE. 
This subroutine is called upon by the main program at constant time intervals DT, and 
moves and collides the particles the one after the other over this time step. After all the 
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particles are moved, the subroutine is left and the electric field distribution is recalculated. 
For this reason DT is refered to as the field-adjusting time step. 

During the interval DT the electric field remains unchanged. The particles are taken in 
turn and are collided until the sumofits free flight times exceeds DT. The partiele then is 
movedover the remairring time, but not collided afterwards. This can beseen in figure 5.6, 
were also the differences with the original method with fixed time steps is shown. 

This method was implemented in the program, and simulations were performed. The 
results were compared with simulations performed with the original program, thereby 
looking at the deviations of the results and at the simulation times. No deviations were 
observed, but the gain in simulation time was considerable: a factor of 5 at a pressure of 
50 Torr. 

5. 7 The numerical cathode sheath 

Because of the fact that we are working with superparticles, containing about 105 real 
particles, there will he only a few ion superparticles in front of the cathode. For this 
reason the secondary emission process will he very infrequent and show large fluctuations. 

c 
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sheath bulk 

e 
e 
e 

A 

Fig.5. 7: The principle of the numerical sheath, schematical representation 
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In order to make this secondary emission process more continuous, a numerical cathode 
sheath was introduced in the simulations. The electron and ion species were divided in 
small-sized ( cathode) sheath particles and large-sized bulk particles, where the size of the 
simulation partiele is defined as the number of physical particles Ns which it represents. 
This implies that we can choose the number of ions in front of the cathode independent 
from the number of superparticles in the bulk. 

When a bulk partiele moves into the cathode sheath (mostly this will be ions) it will 
be split into Np = Ns,bvlk/Ns,sheath sheath ions. On the other hand, when a sheath par
ticles moves into the bulk ( this will be mostly electrons) it has a probability of P = 

Ns,sheath/ Ns,bvlk to pass the border between the sheaths and become a bulk particle. This 
is shown in Fig. 5.7. 

In order to redude statistica! fluctuations, one has to take care that the border of the 
numerical sheath lies within the physical cathode sheath. Like this the electric field forces 
the particles to cross the border only in one direction. The ions move into the sheath, 
and the electrons created by the secondary emission and avalanche process move from the 
sheath into the bulk. In simulations in which this condition was not fulfilled, a considerable 
higher noise in the current was observed. The reason for this is that because of diffusional 
processes the particles can cross the border more than once. 

5.8 Starting a simulation 

The program makes use of an input file. This input file contains the parameters for the 
simulations, which include: 

• the parameters of the physical device, like the dimensions of the discharge tube and 
the elements of the external circuit; 

• the discretization parameters, like the time step, the grid size and the number of 
physical particles per superparticle; 

• the parameters descrihing each species of particles, like mass, charge, and initial 
density, as well as the collision cross sections for the different processes. 

At the beginning of a simulation, the superparticles, both electrons and ions, are dis
tributed uniformily between the two electrodes. Like this there will be no space charge at 
the beginning of the simulation. 

In velocity space the particles can be distributed initially according to any desirabie 
velocity distribution. In our simulations this was a Maxwell distribution. The ions are 
distributed with a mean temperature equal to the neutral background gas, namely 0.026 
eV. The electrons usually have a higher temperature, in the order of 1 eV. 



Chapter 6 

Analysis of the take-over process 

6.1 Introduetion 

In simulating the take-over process in discharge lamps, one should realize that the results 
might be different from the actual physical situation, since we are dealing with super
particles, dumps of charged particles, whereas the physics deals with a more continuous 
distribution of charges. The implications of this granulation is already discussed in chap
ter 5. 

In this chapter we will discuss the simulation model by camparing its results with the ele
mentary theory, described in chapter 2 and 3. Furthermore, we will develop some rules of 
thumb in order to obtain some basic knowledge about the different aspects of the take-over 
process. This in order to enable a better understanding of the simulation results, presented 
in chapter 7. 

In the following we will discuss the model results by dividing the process into different 
phases. The results obtained from the computer simulations will be validated by using 
analytica! expressions. 

6.2 Different phases in the take-over process 

For matters of convenience, the take-over process was divided into several phases. This 
division was made according to the different phenomena that play an important role in the 
different stages of the take-over process. 

We will make this division by looking at the simulation results of a typical discharge 
tube (p = 25 Torr, d = 1 cm) with a secondary emission coefficient 1 = 0.1, and initial 
partiele densities n0 = 0.5 · 109 cm-3

. The external circuit consists of a voltage supply 
with Va = 400 V and a resistance R = 200 kn. These simulation results are presented in 
Fig. 6.1 - 6.2. 

43 
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Fig.6.1: The current during the take-over process in a typical discharge tube (p = 25 
Torr, d = 1 cm) with a secondary emission coefficient "( = 0.1, and initial partiele densities 
n0 = 0.5 · 109 cm-3

• The external circuit consistsof a voltage supply with Va = 400 V and 
a resistance R = 200 k!1 
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under the same conditions as in Fig. 6.1 
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In the take-over process basically three stages can be distinguished: 

1. The electron drift phase: the electrons, having an initial energy of about 1 eV, are 
accelerated in the electric field and start rnaving to the anode. In doing this, they 
will create a sheath of positive charge in front of the cathode. In this phase the ions 
are supposed to be stationary. 

2. The ionization phase: when accelerated in the electric field, the electrans will start 
gaining energy. After about 10-8 seconds, they will have gained ~o much energy that 
ionization processes start to occur. This multiplication process will cause the partiele 
densities to increase. As a result the resistance of the tube decreases and a small 
increase in current can be observed. 

3. The secondary emission phase: after the formation of the cathode sheath is com
pleted, secondary emission of electrans is caused by the bombardment of the cathode 
by ions. During this phase the balance between the creation and annihilation of 
electrons, which can be described by an adjusted Paschen law, decides if take-over 
occurs. 

In the following sections we will treat these three phases separately. However, one has to 
remember that in reality this separation is not as strict as it is described here. Still it will 
turn out to be fruitful to maintain this separation. 

6.3 Electron drift phase 

In order to make an analysis of this stage in the take-over process, we start with a simple 
model. 

At the beginning of the first phase the initial conditions in the gas discharge tube are: 

• Electron and ion densities are constant ne (x) = ni( x) = n0 • These densities are 
created by a start pulse, which we will not take into consideration at the moment. 

• The electric field is constant and is determined by the applied voltage, namely E0 = 

Vo/d. 

The electric field E0 will force the electrans to move towards the anode, thereby creating 
a layer of positive space charge in front of the cathode. This process continues until this 
sheath is large enough to account for the total voltage drop. The electric field in the region 
of the electrans is now zero, and the electrans remain stationary. This can be observed in 
Fig. 6.3. 

To make a simple model for this stage of the take-over, we will make the assumption that 
the ion density in the first phase remains constant. In reality this is not always valid 
because the electrans that move to the anode will create new ions by ionization. As a 
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Fig.6.3: The distribution of the electric field E and the electron and ion densities ne and 
ni, before and after the fi.rst phase in the take-over process, schematical representation 

result the electron front will not move so far in reality, and the voltage stands across a 
smaller distance. 

In order to arrive at explicit expressions, we will make use of Poisson's equation: 

\7 · E = p / Eo, E = -\7 cP (6.1) 

Sirree we only consider one dimension, the given assumptions willlead to the following set 
of equations: 

(6.2) 

with ds the distance from the cathode to the edge of the glow and Ec the electric field at 
the cathode. Vc is now the voltage difference over the cathode fall. 

By eliminating Ec from this equation an indication for the maximum value of ds can 
be derived, namely 

(6.3) 

Some implications of this equation are: 

• Higher initial densities of charged particles will lead to ds being smaller at the end 
of the first phase. This means that the electric field at the cathode is higher, so that 
the conditions for multiplication as described by the Paschen law are better. The 
take-over process is more likely to be successful. 

• During the first phase, ionization of neutrals by electron impact will increase the ion 
density. As a result ds will decrease. 

• According to Eq. (6.3) a higher voltage V over the electrodes implicates a larger d8 • 

Some simulations for different combinations of voltage and initial densities were performed, 
in order to investigate our simple theory. These are presented in Fig. 6.4. 
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Fig.6.4: The distrihution of the electric field E and the electron and ion densities ne and 
ni, aft er the first phase in the take-over process 

For low voltages (200 V) the simulations give ahout the same value for the distance ds 
as ohtained from Eq. (6.3): an initial density of n0 = 0.5 · 109 cm-3 results in ds = 0.67 
cm, n0 = 1 · 109 cm-3 results in ds = 0.47 cm. 

For high voltages ( 400 V and 500 V) our simple model is not valid anymore. Because 
of the higher electric fields multiplication is so high, that during the electron drift phase 
ionization is significant. Our assumption that the density of the ions remains constant, is 
not longer valid. Another hehavior can now he ohserved. At higher voltages ds will he 
smaller. 

The duration of the electron drift phase can he estimated hy making use of the equation 
for the drift velocity vd of the electrons: 

(6.4) 

Taking for the average distance d/2, it is found that the charaderistic time is dj2vd. For 
example, consiclering Fig. 6.1 again and taking E0 = 400 V /cm and Vm = 5 · 1010 s-1 at a 
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pressure of 25 torr, the drift velocity is Vd ~ 1.4·107 cm/s. With d = 1 cm the charaderistic 
time is t ~ 4 · 10-8 s. 

6.4 The electron energy 

In the first phase of the take-over, the electron energy increases due to the acceleration in 
the electric field, as can be observed in Fig. 6.1. We will analyze the implications of this 
behavior. First we will consider the effect of the electron energy on the current. 

6.4.1 The effect on the current 

At timet = 0 the current is determined by the external resistance R, namely i = Vo/ R = 
2 · 10-3 mA. This can be understood by writing the resistance Rgap as follows: 

d mvmd R -----
gap- A- z A' 

(7 e ne 
(6.5) 

in which d and A and the electrode spacing and surface, and CJ is the conductivity ( cf. 
Eq. 2.13). This shows that the resistance Rgap ex Vm/ne. 

For very low electron energies the collision frequency is very low, and as a result the 
gas does only have a very small resistance. 

For time t > 10-8 sec, thus during the ionization phase, we notice that the current starts 
to decrease significantly. lf we look in Fig. 6.2 at the electric field at t = 1.6 · 10-8 sec, we 
see that its distribution is still fairly uniform. This cannot be the cause of the significant 
decrease in current. 

Looking at the electron energy, however, we see that this has increased significantly. 
As a result the collision frequency has increased, and therefore also the resistance. 

We will perform some simple calculations. In Fig. 6.1 we see that the current changes 
significantly when the electron energy has reached a value of about 6 eV. Using Eq. (6.5), 
in which we substitute the discharge parameters and a value of Vm = 5 · 1010 s-1 , we find 
that Rgap = 350 kn, which is about equal to the external resistance. 

The external resistance plays no decisive role in the take-over procedure. We have seen 
that very soon after switching on the voltage supply, the resistance of the discharge reaches 
a value much larger than the external resistance. This result is amplified by the fact that 
the positive space charge in front of the cathode reduces electric field in the area where the 
electrons are. The area of positive space charge can be considered as a condensator which 
also has a specific impedance. 

The result of this is that there is almost no voltage drop over the external resistance, 
so that it only plays a minor role in later stages of the take-over process. Only if take-over 
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is successful and the current starts to increase again, the external resistance will become 
important again. We will see this at the end of this chapter. 

Nevertheless, the external resistance does not play a decisive role in the take-over 
process itself. 

6.4.2 Energy balance equations 

N ext we will investigate the behavior of the electron energy, by looking at the balance 
equations for the electrons. This is very interesting, because the influence of the energy of 
the electrans on the ionization process is very large. In chapter 2 we already saw that the 
number of ionization events is determined by the electrans in the tail of the Maxwellian 
energy distribution. This number is highly dependent on the mean energy of the electrons. 

First we will look at the equation of energy balance, in which we assume only elastic 
collisions: 

(6.6) 

in which 8 = 2m/ M, the mass ratio between electrans and atoms. 
From this we can determine the equilibrium value for the energy by setting dj dt = 0. 

This gives us a value of E rv 250 eV. Long before the energy reaches this value, the ionization 
willlimit the energy. 

We can also use Eq. (6.6) for determining the charaderistic time over which E increases 
to 6 eV. Therefore we ignore the second term at the right hand si de, giving us the next 
formula: 

dE e2 E 2 

dt = mvm 

This gives us a value for the timet in the order of about 10-9 - 10-8 seconds. 

(6.7) 

The discussion given above leads to some conclusions about the ionization. Sirree ionization 
becomes significant at electron energies of a bout 6 e V, we see that the ionization starts at 
about 10-8 seconds. This is were we say that the ionization phase starts. 

6.5 The ionization phase 

The ionization phase is characterized by a significant increase of the ion and electron 
densities. In chapter 2 and 3 it is shown that significant ionization, determined by the 
Townsend ionization coefficient, only occurs if the electric field is high enough. 

The electron drift phase together with the ionization, is of great importance for the 
eventual field distribution in the gap. However, it is very difficult to discuss this phase 
by using analytica! expressions, because of the nonlinear dependenee of the ionization 
coefficient with the electric field. Solving this problem numerically could lead to solutions, 
but this does not fit into this study. 
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The electrans which are accelerated in the electric field, will very soon reach the threshold 
for ionization. This threshold lies at an energy of about 6 eV. We can deduce this energy 
also analytically by using the energy equation 

(6.8) 

in which we have included a term that describes the energy spent on the creation of new 
electrons. 

By setting the right hand side of this equation, in which we have neglected the second 
term, equal to zero we arrive at the following equation: 

(6.9) 

This equation can be solved, using Eq. (2.16) for the ionization frequency Vi and a similar 
formula for Vm. In Fig. 6.5 the solution is presented grafically. For an electric field of 
E = 400 V /m at a pressure of 25 Torr, the same as for the simulations presented in 
Fig. 6.1-6.2, we get for the equilibrium energy a value of about 5 eV. This is lower than we 
see in the simulations. But we have to remember that by using a Maxwellian distribution, 
we over-estimate the electrans in the tail of the distri bution which contribute to the energy 
loss. Therefore the actual energy may be higher than 5 eV. 
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6.6 Secondary emission phase 

In a real gas discharge the secondary emission will he a continuous process, which already 
starts at the beginning of the take-over process, when the voltage is just applied over the 
discharge gap. 

Nevertheless, we will consider this process as a separate phase in the take-over process. 
This has two reasons. 

First, since we are working with superparticles which are distributed uniformallyin space, 
it takes some time for the fi.rst ion to reach the cathode. The average time Ts.e. for the 
first secondary emission to take place, depends on the secondary emission coefficient "(, the 
drift velocity vd of the ions, and the density of superions NP/ d: 

d 
(6.10) 

Thus by introducing a numerical sheath in front of the cathode, with a higher density of 
superparticles, this time can be reduced. 

The second reason for maintaining this division is of physical origin. When the voltage is 
first applied over the discharge gap, there is no space charge and as a result the electric 
field is still uniformally distributed between the two electrodes. Since take-over voltages 
are usually lower than the breakdown voltage as given by the Paschen curve, the conditions 
for multiplication of electrons are not optimal. Furthermore, the initial electrons which are 
present in the gap and move to the anode, dominate the process of multiplication. 

When time passes, a sheath of positive space charge will be created in front of the 
cathode, thereby increasïng the electric field at the cathode. This will make the conditions 
for multiplication better, so that the secondary emission process becomes more dominant. 

By separating the secondary emission phase from the rest of the take-over process, we can 
see that also the secondary electron coefficient plays an important role, as can he seen in 
Eq. 3.4, which expresses the Paschen law. 

6. 7 Take-over 

In this chapter we discussed the several phases that can he distinguished in the take-over 
process. We saw that the formation of the cathode sheath is a very important element in 
this process. Finally, the secondary emission process plays a decisive role in the decision 
whether or not take-over occurs. In principle this can be understood by applying the 
Paschen law over a smaller di stance ds. 

In the next chapter we will present the simulation results for several physical systems, with 
various initial conditions. Before doing so, however, we will have a look at what happens 
when take-over occurs. 
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Fig.6.6: The stabie current ( after take-over) as a function of the poten!ial V across the 
discharge, for different combinations of R and Vo ( cf. Eq. 3.12) 

When take-over is successful, eventually a landing on the characteristic discharge curve 
will occur. This can he observed in Fig. 6.1. The current becomes stable, at a value which 
is determined by the external resistance. 

In chapter 3 the characteristic curve is described. In the glow discharge regime the voltage 
which is nearly independent of the current. Simulations show that indeed this can he 
observed (see Fig. 6.6). We performed this simulations at a relatively low pressure of 
10 Torr, because this reduces the computation time significantly. We used two different 
ionization coefficients, 'Y = 0.1 and 0.2. 
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Chapter 7 

Simulating the take-over of 
discharge lamps 

7.1 Introduetion 

In the starting of discharge lamps basically three stages can be distinguished. First of 
all, sudden breakdown in the discharge gap is achieved by the application of a breakdown 
pulse. This is called the breakdown phase, and can be considered as the trigger for the 
ignition of the lamp. In this phase an initial density of free charges is created. 

In the secoud stage, the afterglow, no voltage is applied over the gap. The free charges 
are redistributed between the electrodes, resulting in a quasi-neutral plasma region. 

Finally, a lower voltage is applied across the gap, which brings the discharge to a steady
burning state. This is called the take-over phase. We define the take-over voltage as the 
minimum voltage needed to initiate take-over in a triggered discharge. 

The objective of this work was to develop an engineering model which is capable of sirn
ulating the take-over phase in gas discharge lamps. Thus, if we are talking about initial 
conditions, we are referring to the state of the discharge at the end of the afterglow, just 
befare application of the take-over voltage. We suppose that this state can be adequately 
represented by a free charge density (n0 -:::: 109 cm-3

), uniformally distributed between the 
two electrodes. 

Insight is sought into the infiuence of these conditions on the take-over process. There
fore, the simulation program must be capable of simulating this process. ilowever, even 
more important is the question if the model can distinguish initial conditions which lead 
to take-over from conditions which cause the discharge to quench. 

In this chapter we will perfarm simulations in order to determine under which conditions 
take-over is successful. Therefore the different parameters of the discharge were varied. 
These include the initial density of free charges, the secondary emission process and at a 
later stage also the external resistance. 

55 
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A different issue that will he treated at the end of this chapter, is the requirement by 
Philips that the engineering model must he able to run on a personal computer. 

7.2 The effect of free charges on take-over 

The breakdown voltage found from application of the breakdown criterion assumes that 
the degree of ionization of the medium is zero before the breakdown voltage Vt is applied. 
After switching on the voltage supply, the current increases through successive electron 
avalanches in a uniform electric field. 

The discussion in the previous chapter showed that the key aspect in the take-over phase 
of lamp starting is the effect of the initial free charges on the formation of a sheath of 
positive space charge in front of the cathode. A higher initial free charge density will result 
in a smaller sheath, with a higher field Ec at the cathode. 

In chapter 3 we have seen that in a non-uniform electric field the conditions for multipli
cation of electrons, emitted from the cathode by secondary emission processes, are better. 
Therefore, by using the Fasehen law, we can prove that the preserree of a higher density 
of initial charges in the gap has the effect of lowering the take-over voltage, the voltage 
needed to initiate the discharge. 

We have performed simulations, in which we have tried to find the take-over voltage for 
specific discharge parameters. This was dorre by variating the initial free charge density, 
while keeping the other parameters constant. 

In Fig. 7.1 the results of the simulations of a gas discharge with the following discharge 
conditions are presented: 

Gas parameters: Argon, p = 25 Torr 
Electrode dimensions: d = 1.0 cm, A= 1.0 cm2 

Secondary emission coefficient: "' = 0.1 
Circuit parameters: Vo = 250 V, R = 100 kO 

The initial density was variated between n 0 = 0.2 · 109
- 0.5 · 109 cm-3

• The results were 
obtained with the simulation program including a numerical sheath with a higher density 
of superparticles. 

From these simulations we can conclude that a clear distinction can he made between 
take-over and no take-over. We see that in the case of n0 = 0.5 ·109 cm-3 take-over occurs. 
At lower densities the discharge quenches, or at least, the take-over process takes longer 
than 1 ps to take place. 

Another interesting effect can he observed in the ionization phase ( see Fig. 7.1). The 
current is higherif the initial partiele density is higher. This is in agreement with the rules 
of thumb we have developed in the previous chapter. 
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Fig. 7.1: Tot al current during the take-over process as a function of time, in a discharge 
tube between plane electrodes: Vo = 250 V, R = 100 kO, p = 25 Torr, d = 1 cm, 1 = 0.1. 
The initia! free partiele density is variated: 1. n0 = 0.2 · 109 /cm3

, 2. n0 = 0.3 · 109 /cm3
, 3. 

no = 0.4 · 109 /cm3
, 4. n 0 = 0.5 · 109 /cm3 

7.3 Determining the take-over voltage 

The simulations presented in the rest of this chapter are performed without a numerical 
sheath in front of the cathode. However, this will not influence the validity of the results. 
Only the value of the take-over voltage is less accurate. 

For quantifying the effect of the preserree of initia! space charge on the take-over voltage, 
we foliowed the evolution of the discharge in time. This in order to determine whether or 
not take-over will occur for a given set of conditions. The starting phase was simulated 
over a time interval of 1 f.LS. At the end the condusion about whether or not take-over 
occurs was drawn. In many cases, especially in the neighborhood of the take-over voltage, 
no definite answer could he given. 
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Fig.7.2: The dependance of the take-over voltage on the initial density, pd = 25 Torr·cm 
and '"'! = 0.1: • take-over, o no take-over,+ no conclusions could be drawn 

We performed simulations for a discharge gap characterized by the following parameters: 

Gas parameters: Argon, p = 25 Torr 
Electrode dimensions: d = 1.0 cm, A= 1.0 cm2 

Circuit parameters: Vo = 250 V, R = 0 

In Fig. 7.2-7.3 the results for two different secondary emission coefficients (1 = 0.1, 0.2) 
are presented. For different combinations of V and n 0 we have determined whether or not 
take-over occurs. 

The important result to note here is that for higher initial densities, the voltage needed 
to accomplish take-over decreases. This is what we expect. 

The same line of reasoning which we used for giving an explanation for the dependenee of 
the take-over voltage on the initial density, also hold for the secondary emission coefficient. 
The Paschen law states that the conditions for take-over are better when '"'! is higher, 
independent of the spatial distribution of the electric field. This behavior can be observed 
by comparing the two figures. For a higher'"'! the take-over voltage is lower, but this effect 
is not as clear as the space charge effect. 

In order to verify these simulations results, we made comparisons with results obtained by 
a fluid model, developed in Toulouse [21]. These showed the same behavior as given by 
the partiele model. 



------------

7.4. Infiuence of the external resistance 59 

10 

+ • 
c;) 

E 
(.) 

0 • 0> .. 
0 
~ -...-
>- • .~ 
(f) 

c 
<D 
0 0 + • 
(ij 
'.iJ 
c 

0 + + • 
0.1 L--~~~~~~~~~~~~~~~~~~~~ 

300 400 500 600 700 

Applied Voltage (volts) 

Fig. 7.3: The dependance of the take-over voltage on the initial density, pd = 25 Torr·cm 
and 1 = 0.2: • take-over, o no take-over, + no conclusions could be drawn 

Furthermore, in comparing these results with the theoretica! Fasehen curves Cvt = 

540 V for 1 = 0.1, Vt == 430 V for 1 = 0.2), we see that for high initial densities the 
voltage needed for initiating the discharge is less than the breakdown voltage. For low 
initial densities the simulations seem to be less accurate. 

7.4 Influence of the external resistance 

Until now the effect of the external resistance is not taken into consideration. In chapter 6 
we already saw that the influence of this resistance is very small, if compared with the 
internal resistance of the discharge. 

We will have a look at the influence of the resistance by introducing a reasonably high 
resistance in the circuit, and determine the effect on the take-over voltage. It will be clear 
that this effect will be only significant if the resistance lies in the order of the internal 
resistance of the discharge tube. 
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In Fig. 7.4 the effect of the resistance on the take-over voltage is shown. The simulations 
were performed for a discharge tube with the following conditions: 

Gas parameters: Argon, p = 50 Torr 
lnitial free charges: n0 = 5 · 108 cm-3 

Electrode dimensions: d = 0.5 cm, A= 1.0 cm2 

Secondary emission coefficient: '"'( = 0.1 

Simulations were performed for different combinations of external resistance and applied 
voltage. In the figure we have shown for which combinations take-over is successful, and 
for which not. We see that for low resistances the effect on the take-over voltage is very 
small. On the other hand, at high resistances this effect is very significant. The resistance 
determines almost the complete behavior of the discharge tube. 

At high voltages ( about 900 V) an unexpected behavior can be observed. With in
creasing voltage, take-over occurs only a for lower resistance. This is probably a numerical 
effect, sirree for high voltages the multiplication in the first phase of the take-over process 
is very high. Because of the rescaling process, there will be only a few ions left in front of 
the cathode. 
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7.5 Simulations on a personal computer 

All the simulations performed during this work, are performed on a workstation (RS6000, 
Alliant, Challenge). This was clone because of several reasons: First, on a workstation a 
gain in computation time of about a factor of 2 can he accomplished. Furthermore, in order 
to check the simulation results, it was sametimes necessary to use many superparticles. This 
is impossible on a personal computer. Because of the restrietion in memory, a personal 
computer can only deal with 20 000 superparticles, 10 000 per species. 

However, in performing these simulations we always kept the implications for the personal 
computer in mind. This resulted in an engineering model which includes the following 
components: 

• A rescaling procedure, which keeps the total number of simulation particles within 
the limit of 20 000, determined by the computer memory. 

• A routine which moves the particles over variabie steps in time, which lies in the order 
of the average callision time. As result a significant decrease in computation time 
was accomplished. However, at a typ i cal pressure of 50 Torr, an average simulation 
still takes about 24 hours on a personal computer. 

The principle of the numerical sheath is not implemented in the engineering model, since 
this was developed almost at the end of this work. A future task lies therefore in the 
combination of this method with the method of the variable time step into one engineering 
program. 
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Chapter 8 

Conclusions 

8.1 The engineering model 

The purpose of this work was to develop an engineering model which is capable of simulat
ing the take-over phase which occurs in the initial starting phase of discharge lamps. This 
model was constructed in order to predict trends in the dependancy of the take-over volt
age and the minimum voltage needed to insure the evolution of the discharge to a steady 
burning lamp, on the initial parameters of the discharge lamp. In addition, the program 
must be suitable to run on a personal computer, within an acceptable computation time. 

In order to satisfy these requirements, we adjusted an existing particle-in-cell simulation 
model. Basically we performed three different adjustments: 

1. Since the maximum number of simulation particles is limited by the available com
puter memory, a rescaling procedure had to be introduced in the program. No significant 
deviations could be observed if the rescaling factor was chosen to begreater than 0.9. Thus 
the number of simulation particles was controllable. An additional effect of the rescaling 
is a decrease of simulation time. 

2. At high pressures, the simulation time is predominantly determined by the collisional 
processes. The numerical conditions which have to be fulfilled in the simulation program, 
demand that the time step is much smaller than the mean collision time. Therefore a vari
abie time step was introduced. The result was a significant decrease in calculation time. 

3. In the last stage of this work, simulation were performed with a numerical sheath in 
front of the cathode. In this sheath the size of the superparticles is reduced, but their 
number is accordingly greater than in the bulk. This resulted in a secondary emission 
process at the cathode which was more continuous in time. This has a twofold effect: It 
enables a more precise determination under which take-over actually occurs. Subsequently, 
since this determination can be made at an earlier stage, the simulation time decreases. 

This last adjustment with the numerical sheath is not yet fully optimized. In our simula-
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tions the sheath was fixed and was chosen at the start of the simulation. During simulations 
it could be manually adjusted. 

In future, control structures should be added which adjust the size of the sheath auto
matically during simulation. Then the method with the numerical sheath can be combined 
with the principle of variabie time steps in one engineering model. This should provide us 
with a simulation program which is both accurate and fast. 

8.2 The simulation results 

Simulations were performed in order to investigate the accuracy and validity of the numer
ical model. The results obtained from these simulations were compared with well-know 
basic gas discharge theory. This part of the work can be divided into two stages, separately 
treated in chapters 6 and 7: 

1. In chapter 6 we divided the take-over process in several stages. These can be rec
ognized by the different processes which dominate the behavior of the discharge. These 
stages can be treated separately. Consequently a deeper understanding can be obtained of 
the various processes which play an important role in determining whether or not take-over 
occurs. 

At the beginning of the take-over process the electrans move towards the anode, thereby 
creating a sheath of positive space charge in front of the cathode. The initial conditions 
before application of the take-over voltage are very important for the final shape of this 
sheath. A higher initial free charge density will lead to a smaller sheath with a higher 
electric field at the cathode. Also the take-over voltage itself has a large effect, since higher 
voltages lead to a better multiplication process and, therefore, to a smaller sheath. 

The distribution of the electric field in the sheath at the end of the first phase is im
portant for the multiplication of secondary electrans in the secondary emission phase. A 
smaller sheath leads to better conditions for multiplication, thus a smaller take-over volt
age is needed. 

2. In chapter 7 the simulations results for the take-over process are presented. Simula
tions are performed with different initial conditions. The results can be well understood 
by using the rules of thumb we had developed earlier. 

We will conclude by reca1ling the initial objective of this work, namely the development of 
an engineering program which can distinguish between conditions which lead to quenching 
of the discharge and conditions which result in take-over. The final engineering model 
allows this distinction to be made, although the border is not wll defined. Nevertheless, 
the model enables trends to be predicted. 

Simulation with a numerical sheath in front of the cathode significantly improves the 
accuracy with which trends may be predicted, as can be seen from the simulation results. 
Therefore, a future task lies in improving this method and implementing it in the final 
engineering model. 
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Appendix A 

Similarity laws 

Any physical quantity relating to a gas discharge, for example the poten ti al V, depends 
on a number of others, the current, gas pressure and size of the electrodes. This dependenee 
is often complicated, and very often can only he expressed in the form of curves, linking 
various parameters. Clearly it would require an infinite number of such curves to describe 
all possible states of the discharge. 

The purpose of similarity relations is to restriet the degrees of freedom of a system by 
grouping tagether parameters [19]. For example, the breakdown potential vt of a gas in a 
discharge tube depends both on the separation d of the electrodes, and on the pressure p 

of the gas. It is found experimentally that vt does not change if the product pd is kept 
constant, i.e. vt = f(pd). Thus, for the purpose of discussing breakdown, pd describes 
completely the behaviour of the gas. Any particular similarity relation refers ofcourse only 
to one combination of gas and electrode materiaL 

Consicier two discharges in the same gas with the same electrode material, in which all the 
corresponding linear dimensions are different by a factor a ( see Fig. A.l). This includes 
also the properties of the gas, e.g. the mean distance between the molecules. 

When we assume that the gas temperature T and the charged partiele temperatures 
Te and T; are the same in both discharges, and both have the same potential V across the 
electrades is V, these discharges are called si mi lar. 

Fig.A.l: Similar discharges 
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68 Appendix A. Similarity laws 

Thus we arrive at the following basic assumptions: 

Vi Vz 
d1 a dz 

Tt T2 

Àt a À2 

With these basic assumtions we can derive the sealing and similarity laws which rule gas 
discharge physics: 

1 1 
À=1/Nu 

Ex= oV 
ox 

~ Nt = -N2, 
a 

Pt =- P2 
a 

1 
~ Et= -Ez 

a 
(J 

Esurface = - ~ 
Eo 

1 
Ut = - U2 

a 

dE 
dx Eo 

+- 1 + 
~ Pt - 2 P2' P1 

a 

. 1 . 
~ )1 = 2 )2 

a 
dx 

v = - ~ dt 1 = a dt 2 
dt 

1 
rho~ a2 

From these sealing laws we can derive groups of parameters which remain invariant in the 
two discharges. These invariant groups include E/p, pd, jjp2

, ne/p2 and ni/p2
• 

Normally, in the derivation of sealing laws, also the diameter r is scaled with a factor 
a. However, since our simulation model does not take radial ditfusion to the walls into 
account, the surface of the electrades is only needed for the calculation of the current i. 
Therefore, a different factor b can be defined for the sealing of the diameter r and the 
surface A of the electrodes: 

r 1 = br2 , A1 = b2 A 2 . 

For the external circuit we demand that the voltage drop over the resistance R is the same 
in both cases: 

Rtit = R2i2. 

Since i = jA, we arrive at the following sealing law for the resistance: 

Finally, we can conclude by the remark that all of the processes included in our simulation 
model satisfy the sealing laws and similarity conditions. 


