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Summary 

To get some insight in the behaviour of decaying geostrophic turbulence on a domain with 
a ,8-plane and no-slip boundaries, simulations are performed for different values of ,B and 
two different Reynolds numbers, viz. Re = 5000 and 10000. For the simulations a 2D 
pseudo-spectral solver has been used, which is based on a spatial expansion in Chebyshev 
polynomials. The use of Chebyshev polynomials with a Gauss-Lobatto grid, with a higher 
density of grid points near the boundary, enables the use of a fast Fourier transform (FFT) . 
For comparison simulations on a domain with double periodic boundaries are performed 
with a 2D Fourier pseudo-spectral solver. 

In the literature many results of simulations of geostrophic turbulence on a double 
periodic domain are available. The most striking feature observed in these simulations is 
the appearance of a zonal band structure of alternating east- and westward flow. These 
bands have a typical width comparable with the Rhines scale. Rhines showed that at 

this scale (or a certain wave number kbeta = {fi, with U the characteristic velocity 

scale and ,80 the local gradient in the background vorticity) the energy cascade to small 
wave numbers is halted. Radition of Rossby waves is then favored. The results of our 
simulations show the same band structures, which in fact are Rossby waves. Increasing ,B 
(the dimensionless number giving the importance of the ,8-plane contribution with respect 
to advection) results in a faster decay of a turbulent flow as the Rhines scale decreases and 
the resulting smaller scales dissipate faster. All the Rossby waves with wavelengths larger 
than the Rhines scale are present, where waves with east-west orientated structures are 
favored. Two-dimensional Fourier spectra of the energy confirm that in the early stages of 
the flow an inverse energy cascade is present. At later stages of the decay the cascade is 
halted and changes in the spectra are due to viscous dissipation. 

The presence of a no-slip boundary prevents these wave structures and only a number of 
certain basin modes are available. The selection of the allowed basin modes is again decided 
by the Rhines scale; waves with smaller wave lengths are not possible. Fourier spectra of 
the streamfunction show clearly the discrete frequencies of the basin modes with scales 
larger than the Rhines scale. These basin modes are also anisotropic, but with the large 
length scales in north-south direction. The solid wall causes a piling up of kinetic energy 
and enstrophy at the western boundary, which influences the decay rate. The thickness 
of this so called inertial boundary layer can be obtained by balancing advection and the 
group velocity of a Rossby wave. In our case of decaying turbulence the inertial boundary 
is only clearly visible for ,B = 400, as the piling up of energy and enstrophy is dissipated 
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fast for /3 :S 120. In two-dimensional Chebyshev spectra of the energy the production of 
small scale vortices in the inertial boundary is clearly visible. Spectra for the early stages 
show an energy cascade to smaller scales. 

The energy decay is dominated by the viscous boundary layers, which is supported by 
the observation that the enstrophy in the boundary is about 70% of the total enstrophy. 
This enstrophy is packed in a thin boundary layer, which is about thousand times smaller 
then the domain length. The boundary layer thickness is influenced by the frequency, which 
depends on the /3 number, of the interior flow field. Basin modes have higher frequencies 
for higher /3 numbers. In analogy with the viscous skin depth these higher frequencies 
result in smaller viscous boundary layers. The simulations show a sealing of the boundary 
layer thickness with approximately /]-0·34 and JF[ë. Energy dissipation is very fast for the 
simulations on a domain with a /]-plane and no-slip boundaries. Compared with the energy 
decay on a domain with periodic boundaries it occurs on a time scale that is several orders 
of magnitude smaller. The same difference in decay rate is found if a comparison is made 
between /3 = 0 and /3 = 400 on a domain with no-slip boundaries. The energy decay is 
nearly exponential in the later stages, because there is nearly no change in the length scale 
of the flow. The decay exponent scales with /] 0·39 and Re-0 5 , and this sealing behaviour is 
partially understood with a simple sealing theory involving the boundary layer thickness. 
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Chapter 1 

lntroduction 

The large flow phenomena in the ocean are mostly two dimensional of nature. There are 
a number of reasons which cause this behavior. The first is the large horizontal length 
scale compared to the vertical length scale. The ocean has a depth of 10 km at its deepest 
point, while it spans thousands of kilometres. This results in smaller velocities in vertical 
direction than in the horizontal direction. A second reason is the rotation of the earth. As 
effect of the rotation there are two extra forces: the centrifugal force and the Coriolis force. 
For large scale motions with low velocity the flow is dominated by the Coriolis force, which 
is balanded by the pressure gradient. This balance is commonly known as the geostrophic 
balance. The Taylor-Proudman theorem expresses that geostrophic flows are independent 
from the axial coordinate, i.e. the vertical coordinate. Thus flows in geostrophic balance 
can be considered two dimensional. A third reason is the stratification of the ocean. The 
density of water is dependent from the depth , mainly caused by the difference in salinity. 
The density is high at large depth and low near the surface. When a fluid parcel with 
high density is displaced upwards , it is surroundend by water with a lower density. The 
heavier parcel is forced back by gravity, there is a 'restoring' force present. Thus motions 
in the vertical direction are suppressed by the effects of stratification , making the flow 
phenomena two dimensional of nature. 

An important effect of the constraint to two-dimensional motion is that vortex tubes 
cannot be stretched. If in three-dimensionsal flow a vortex tube is stretched it gains 
vorticity. Vorticity can be considerd as a source of motion. The lack of the vortex stretching 
mechanism in two-dimensional flows results in the following effect (if viscosity is neglected): 
the vorticity of fluid parcel is conserved when moved along a streamline. The total amount 
of vorticity in a flow field is given by the enstrophy. In a two-dimensional inviscid flow 
both energy and enstrophy are conserved. An important consequence of the conservation 
of energy and enstrophy is that two-dimensional turbulence organises itself in larger and 
larger structures. This is in contrast with three-dimensional turbulence where eddies break 
up in smaller and smaller structures. An example of self-organisation of decaying two
dimensional turbulence is given in figure 1.1. 

As the earth is globe (and nota pancake as presumed in earlier times) , the influence of 
the rotation on ocean flows is not the same at different latitudes. As a result , the Coriolis 
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(a) t = 2 (b) t = 5 (c)t=40 

Figure 1.1: Self organsiation of the flow for two-dimensional turbulence on a square domain 
with periodic boundaries. 

force is stronger at the poles than on the equator. For small scale (L < 0(1000 km)) 
motions this can be neglected and the flow can be described as evolving on a rotating 
disc. For larger scales this is no longer valid and a correction is neccasary to correctly 
describe the flow. The first order correction to descibe the change in the Coriolis force is 
the ,8-plane approximation. The ,8-plane approximation represents a linear gradient in the 
background vorticity. As vorticity, or in our case absolute vorticity, must be conserved, 
the gradient in the backgound vorticity influences the relative vorticity. One of the known 
effects of the ,8-plane is the meandering trajectory of a dipole. Normally, a dipole, con
sisting of equally strong (but oppositely signed) vortices, has a straight trajectory, but a 
dipole moving to the north-east on the ,B-plane shows a meandering trajectory ( Velasco 
Fuentes, 1994). If the motion of the dipole direction is slightly northward its path is bend 
back to its initial latitude. This illustrates the presence of a 'restoring' force introduced 
by the ,B-plane approximation. A 'restoring' force is a condition for the possibility of wave 
propagation. The resulting waves are known as Rossby waves and have charateristic wave
lengths of 0(1000 km). Although Rossby waves have very large wave lengths, the waves 
are characterised by low velocities 0(10 cm/s) and cause small surface elevations of about 
10 cm. This makes Rossby waves hard to detect and only recently they were visualised 
by satellite altimetry (figure 1.2) . The longitude time plot shows that as time elapses the 
surface elevations travel to the west. One of the results of these westward traveling waves 
is the flow intensification at the coast of Africa. This phenomenon is even more clearly 
illustrated by the Gulf Stream, the flow intensification at the Atlantic coast of the United 
States. 

The availability of Rossby waves changes the evolution of two-dimensional turbulence 
on a ,8-plane compared with classica! two-dimensional turbulence (,B = O)." The merger of 
vortices to produce larger scales (self-organisation) has to compete with Rossby wave for-
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Figure 1.2: Rossby waves observed in the Indian Ocean by satellite altimetry. 

mation. Simulations of 2D turbulence on a ,8-plane (Rhines, 1975) showed that the merger 
of small-scale vortices to large-scale vortices arrests at a certain scale, the Rhines scale. 
Above this scale Rossby wave formation is favored. Most of these numerical simulations 
were done fora domain with double periodic boundaries. The Rossby waves are visual in 
the flow field as east-west orientated bands with alternating westward and eastward flow. 
A well known example of a such a band structure is found in the atmosphere of the planet 
Jupiter (see figure 1.3). The oceans on earth are bounded by the continents, therefore an 
investigation of the behavior of geostrophic turbulence on a ,8-plane in a basin is worth
while. The precise formulation of the boundary conditions for the ocean boundaries are yet 
unknown. The simplest model for motion in a basin is made by using free-slip boundaries: 
fluid can move freely along the boundary but cannot cross the boundary. Another type 
of model can be made with no-slip boundary conditions, which require that the velocity 
at the wall must be equal to zero. The effect of realistic ocean-continent boundaries is 
believed to be somewhere between no-slip and free-slip boundaries. 

In this work a start is made with an investigation of two-dimensional turbulence on a /3-
plane with no-slip boundaries. For comparison also simulations on double periodic domain 
are performed. The second chapter describes the theory of motion on a ,8-plane with 
aspects as Rossby waves, self organisation, boundary layers and energy decay. Futhermore, 
a summary is given of the results from research in the area of geostrophic turbulence on a 
,8-plane. In chapter three the setup for the numerical simulations and a short description 
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Figure 1.3: Zonal bands and the great red spot on the planet Jupiter. 

of the Fourier and Chebyshev pseudo-spectral code is presented. The results are given in 
chapter four for both the simulations on a periodic domain and on a square domain with 
no-slip boundaries. The conclusion and some recommendations are summarised in chapter 
five. 
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Chapter 2 

Theory 

2.1 The /)-plane approximation 

To give the position on the surface of the earth we can use the coordinates x and y , where 
x is the eastward or zonal coordinate, y the northward or meridional coordinate. The 
coordinate z gives the height above the surface. For motions in a thin fiuid layer on a 
rotating sphere like in the ocean, the velocity v = (u , v, w) is assumed to be independent 
from the z coordinate. Furthermore, the vertical velocity w is small in comparison with 
u , v and can be neglected. From the definition of the vorticity w = \7 x v follows that 
only the z-component of the vorticity is non-zero, i.e. w = (0, 0, w). This means that the 
vorticity can be represented with a scalar, but it is sometimes more convenient to use the 
vector representation. 

In the two-dimensional case the flow is governed by the two-dimensional vorticity equa
tion: 

(2.1) 

with wa denoting the absolute vorticity, i.e. the relative vorticity w together with the 
background vorticity f , Wa = w + f and v the viscosity. The background vorticity is 
caused by the rotation of the earth, with angular frequency 0. In the case of a fiat surface, 
rotating with frequency 0, the background vorticity is equal to two times the frequency, 
f = 20. In our case only the part perpendicular to the surface of the earth is of dynamical 
importance (see figure 2.1). At a latitude lp the background vorticity is then given by 

f = 20sin((J. (2 .2) 

This term makes equation (2.1) rather complicated and an approximation by expanding 
(2.2) in a Taylor series around a reference latitude ((Jo is preferred , 

. cos ((Jo 2 f (lp) = f (((Jo + dlp) = 20 sm ((Jo + 20 ~ Rdlp + 0 ( dlp ) . (2.3) 

The earth radius R is introduced to convert the change in latitude dlp to the meridional 
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Figure 2.1: The effective background vorticity for two-dimensional motion on the surface 
of a rotating sphere at latitude <p. 

coordinate y = Rd<p (with respect to <p0 ), 

(2.4) 

where we restricted ourselves to the constant and the linear contribution. The zeroth 
order contribution is known as the ]-plane approximation. The background vorticity is 
then a constant J0 , resulting in a motion as on a rotating plane. For large-scale flows 
with L ~ O.lR, where L represents the characteristic scale of the flow, the first order 
term f30y becomes important and can no langer be neglected. This /]-plane approximation 
represents a linear gradient in the background vorticity. In the case of northward motion 
the background vorticity increases, and while going to the south it decreases. When the 
absolute vorticity Wa = w +Jo+ f30 y is substituted in equation (2.1), the effect of the 
/]-plane is explicitly visible 

ow ow ow 2 
8t + u ox + v oy + /Jo v = v \7 w. (2.5) 

This equation states that vorticity can be changed by advection (second and third term), 
the /]-effect (fourth term) and viscous dissipation (last term). Notice that the constant 
Jo can be left out, because it vanishes when it is differentiated with respect to space and 
to time. While Jo is left out of the two-dimensional (absolute) vorticity equation, it is 
not unimportant. The rotation suppresses the motion in z-direction, making the flow two 
dimensional of nature, which is known as the Taylor-Proudman theorem. 
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Figure 2.2: Trajectory modes of a modulated point-vort ex dipole on a {3-plane:( a) the mean
dering mode, with eastward drift; (b) the "non-propagating" mode, with the dipole moving 
along an 8-shaped path fixed in space, and (c) the cycloid mode, with westward drift. The 
thick line represents the path of the positive vortex, the thin line the path of the negative 
vortex (Velasco Fuentes, 1994). 

Without the viscous dissipation term equation (2.5) can be written as 

Dwa = D(w+f3y) =Ü 

Dt Dt ' 
(2.6) 

which means that the absolute vorticity of a fl.uid parcel is conserved when moving along a 
streamline. Moving a fl.uid parcel with no relative vorticity to the north , the parcel gains 
negative vorticity to compensate the increase of the background vorticity. 

A nice example illustrating the conservation of absolute vorticity is the dipole mov
ing on a {3-plane. Velasco Fuentes ( Velasco Fuentes, 1994) investigated the dynamics of 
a point-vortex dipole on a {3-plane. In this study a symmetrie point-vortex dipole was 
released under a certain angle on a {3-plane, the results are given in figure 2.2. Velasco 
Fuentes found three kinds of motion dependent from the initial orientation of the dipole: 
the meandering mode, the "non-propagating" mode and the cycloid mode. The different 
trajectories can be explained by the conservation of absolute vorticity. In the meandering 
mode the dipole initially travels to the northeast . The background vorticity increases with 
increasing latitude. As the absolute vorticity is conserved, the relative vorticity of both 
parts of the dipole has to decrease. The negative part of the dipole becomes stronger and 
the positive part weaker. As a result, the dipole makes a right hand turn, changing the 
direction from northeast to southeast. The latitude of the dipole now decreases resulting 
in a decrease of background vorticity. Now the positive part of the dipole becomes stronger 
than the negative part. The dipole makes a left hand turn, moving again to the northeast. 
As a result, the dipole travels westward along a meandering trajectory. For the "non
propagating" mode the dipole is released in the northwest direction. The negative part 
becomes again stronger with increasing latitude. In this special case the dipole returns to 
its initial position after the right hand turn. Returned at the initial position the dipole 
moves to the southeast. Here the other left hand turn of the 8-shape is made. If the the 
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dipole is released with a more westward orientation, it moves after one turn to a position 
west of the initial position. The result is a cycloid motion with westward drift. 

2.2 Dimensionless potential-vorticity equation 

The importance of the different terms in the potential-vorticity equation (2.5) can be evalu
ated by making the equation dimensionless. This done by using the following dimensionless 
quantities 

x= Lx' 
' 

y = Ly', 

L, 
t =ut , 

(u,v) = U(u',v'), 

u, 
w=-w 

L ' 
(2.7) 

where L is the characteristic length scale of the flow and U the characteristic velocity. 
The dimensionless quantities, denoted by an apostrophe, are of order unity. The vorticity 
equation in dimensionless formulation becomes 

fJW
1 

1 éJW
1 

1 éJW
1 f3 I 1 n/2 / -+u-+v-+ v =-v w 

fJt' fJx' fJy' Re 

The Reynolds number gives the ratio between the inertial and viscous forces, 

Re= LU 
' ZJ 

and the dimensionless f3 number the importance of the presence of the /3-plane, 

f3 = f3oL
2 

u · 

(2.8) 

(2.9) 

(2 .10) 

Note that /30 is the physical gradient in the Coriolis frequency as explained in section 2.1 
and f3 (without the subscript 'O') is the dimensionless number. The dimensionless equation 
makes it clear that the real flow can be simulated on much smaller scales in experiments 
as long as the Reynolds and f3 number are the same as in real geophysical flows (ignoring 
the effects of Ekman layers, etc.). 

2.3 Rossby waves 

In general, oscillations or waves can only exist when a 'restoring' force is present. In the 
case of Rossby waves this force is a result of the gradient in the background vorticity, 
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which is described by the ,8-plane. For small amplitude oscillations together with high ,8 
numbers, the nonlinear advection term is negligible and equation (2.8) reduces to 

(2.11) 

where viscosity is neglected and the streamfunction 'ljJ is defined as u = - ~~, v = ~:. 
The vorticity is written as w = \721/; (where we are adopting the geophysical convention). 
The second term in the equation represents the 'restoring' force in terms of ,8. Assume a 
wave-like solution of the following form 

'ljJ = cos(kx + ly - at), (2.12) 

where a has to satisfy the dispersion relation obtained by inserting (2.12) in (2.11): 

-(3k 
a = k2 + 12. (2.13) 

Note that the dispersion relation is asymmetrie in k and l, indicating a preferred direction 
introduced by the ,8-plane. In general, the dispersion relation associates high wave numbers 
with small frequencies. 

The mechanism of Rossby waves can be understood by conservation of absolute vortic
ity and is illustrated in figure 2.3. Assume a sinusoidal peturbation, the northward moved 
parcels gain negative vorticity, while southward moved parcels gain positive vorticity. Be
tween a negative and positive parcel, from west to east, fluid is forced to the south and 
gains positive vorticity. The fluid east of the positive parcel is moved to the north gaining 
negative vorticity. The minima and maxima of the string are now moved in a western 
direction, the wave has propagated to the west. 

Figure 2.3: M echanism of Rossby wave propagation. As result of the gained relative vorticity 
(the areas with the plus and minus signs} the wave propagates to the west (drawn line). 

A superposition of Rossby waves is also a solution of the linear wave equation (2.11). 
However, not each combination of Rossby waves is a priori allowed, because interaction 
between waves is described by the nonlinear term of equation (2.5). Interaction of Rossby 
waves is therefore only possible when the wave numbers of the two interacting waves, say 
Ki and K 2 , and the wave number of the resulting wave K 3 belong to a so-called triad 
of wave vectors Ki, K 2 and K 3 (see figure 2.4). Obviously, the reverse is also possible: 
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Figure 2.4: A triad of wave vectors of interacting Rossby waves. 

a Rossby wave with wave number K 3 can excite two Rossby waves with wave numbers 
Ki and K 2 . Additionally, further constraints reduce the number of allowed triads. If, for 
example, viscosity is neglected, the energy and the enstrophy of the fiows are preserved 
within the set of three interacting waves. The energy and enstrophy can be formulated in 
spectral space as, 

E(t) = 100 

E(k, t)dk, 

Sl(t) = 100 

k2 E(k , t)dk , 

(2.14) 

(2.15) 

where E(k) is the contribution to the total energy from all the wave numbers in the range 
[k, k + dk] (with k = IKI). The conservation of energy and enstrophy has an interesting 
effect. Suppose IKi 1 < IK2 I < IK3 I and the Rossby wave with wave number K 2 is loosing 
energy due to the interaction. This energy can be transferred to the wave with the smallest 
wave number Ki. However, this decreases the total enstrophy and thus violates enstrophy 
conservation. A simultenaous transfer of energy to the wave with the largest wave number 
K 3 is needed to conserve both the energy and the enstrophy. 

Rossby waves on a double periodic domain 

If a square domain with dimensions L x L has periodic boundaries, we need to apply 
boundary conditions to the wave solutions of equation (2.11). The streamfunction and the 
first derivative of the streamfunction must be continuous at the boundary. Only waves with 
a wavelength which fits a whole number of times on the domain satisfy these conditions. 
This results in the following wave numbers for the trial solution (2.12): k = 227r, the 
zonal wave number with n = 0, 1, 2, " and l = 2rrt, the meridional wave number with 
m = 0, 2, 4, ". 
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To illustrate the character of the solution we have plotted the streamfunction contours 
of some waves with low wave numbers in figure 2.5. In figure 2.5(a) the Rossby wave with 

-- - -- -- - ------------------------------------

==========::..-::_- _ _:::-_:::-__ -· __ ·-_--_-________ _ 
----- ---------------------
------·-------------------- --------------------------------- --------------------------------------------------------------- -------

(a) (0 ,2) (b) (2,2) ( c) (2,2) and (2,-2) 

Figure 2.5 : The streamfunction for Rossby waves for wave numbers (k, l) equal to (0, 27r / L) 
and (27r/L,27r/L), and the last is a combined wave of(27r/L,27r/L) and (27r/L,-27r/L) . 
The contour is drnwn for positive values and dashed for negative values of the streamfunc
tion 

the meridional wave number l = 27r / L and the zonal wave number k = 0 is plotted. This 
wave has the same wavelength as the Rossby wave with k = 27r /Land l = 0. However, the 
behavior of these two waves is different. The meridional wave is a standing wave, because 
the frequency CJ is zero for k = 0, as stated by the dispersion relation (2. 13). The zonal 
wave has a phase propagation to the west. Figure 2.5(b) shows the Rossby wave with 
k = 27r / L and l = 27r / L . This wave has a phase propagation in southwestern direction. A 
wave with the same wavelength, but with a northwest phase propagation is also possible, 
namely, the wave with k = 27r / L and l = -27r / L. If both waves are present (with equal 
amplitude), the streamfunction consists of a pattern of squares, as illustrated in figure 
2.5(c) . The pattern of squares has a purely westward phase propagation. 

Ross by waves on a closed do main 

As next step we try to find a solution for a square domain V with free-slip boundary 
conditions on óV. The free-slip boundary conditions allows fiuid to move freely along 
the wall, but not to cross the boundary. This is substantial difference with the no-slip 
boundary conditions, where both the velocity component perpendicular to and parallel 
with the boundary are zero. However, the solution for the domain with free-slip boundaries 
is interesting considering inviscid bounded fiows . This occurs for high Reynolds numbers , 
where viscous effects are restricted to the thin viscous boundary layer and the fiuid motion 
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in the interior can be desribed with the theory for inviscid flows ( combined with the free-slip 
boundary condition) . 

We follow the mathematica! method described by Pedlosky (Pedlosky, 1987) to solve 
the problem. The governing equation for small amplitude oscillations is the inviscid and 
linearised form of the potential-vorticity equation (equation (2 .11)): 

On the boundary the normal component of the velocity is zero. This is satisfied by the 
condition that a streamline coincides with the boundary, i.e. that 'ljJ is constant on óD, 

'l/J = f 0 on óD. 

For simplicity we take r 0 equal to zero. Oscillations of the form 

will be solutions of (2.11) if, 

'l/J(x, y, t) = ~{ e-iat<I>(x, y) }, 

V'2<I> + i/3 a<I> = o. 
(J ax 

The second term can be removed by writing, 

<I> = e-i(3x/2a <f>(x, y) , 

which leads to the Helmholtz equation 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

with >.2 = /32 /4<J2. This equation is identical to the equation for the amplitude of a 
vibrating membrane, and the boundary condition <I> = </> = 0 on óD implies that the 
solutions </>are identical to the clamped-membrane modes. For simplicity we take a square 
domain 0:::; x :::; L, 0:::; y :::; L and the solutions are then given by 

. mrx . m7ry 
</>=</>nm = sm L sm L; n, m = 1, 2, 3, ... (2.21) 

The frequency of each mode is given by the dispersion relation, 

/JL 
<Jnm = - · 

27r)n2 + m2 
(2 .22) 

Note that the lowest modes (i .e. with the smallest n and m) have the highest frequencies. 
The form of the solution for the stream function is remarkable: 

( /Jx ) . (n7rx) . (m7ry) 'l/Jnm(x, y , t) =cos (Jnmt + 2<Jnm sm T sm L . (2 .23) 
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Figure 2. 6: The streamfunction f or the ( 1, 1) basin mode f or ( a) CJt = 0, (b) CJt = 7f / 2 and 
(c) CJt = 7f. The contour is solid for positive values and dashed for negative values of the 
streamfunction. 

It consists of a carrier wave cos(f3x/2CJnm + CJnmt), whose propagation is always westward, 
modulated by an envelop of sine functions, which are necessary to satisfy the boundary 
conditions. Note that the dispersion relation is no longer asymmetrie, but the solution 
(2.23) itself is asymmetrie with respect to x and y. 

In figure 2.6 the solution for n = 1, m = 1 is plotted. The vertical line represents 'Ij;= 0 
and is moving to the west with the constant phase speed , which results in the growing 
and shrinking patches. For higher modes (figure 2.7) the envelop function has one of more 
fixed lines where 'Ij;= 0, e.g. the vertical line at the half of the domain for the (2,1) mode, 
the horizontal line for the (1,2) mode and both these lines for the (2,2) mode. These lines 
stay at the same position dividing the basin in parts. Within these parts there is the same 
kind of flow as for the (1,1) mode, only the phase speed of the carrier wave is smaller for 
the higher modes. 

Although there is propagation of phase from east to west in the basin, there is no 
transmission of energy from one part of the basin to another by a basin mode Rossby 
wave. To illustrate this we write a basin mode as the sum of four plane Rossby waves, 
L:=l cos(kix + liy - CJt). The wave vector Ki of the four waves are given by 

(2 .24) 

where ex and ey are the unit vectors in x and y-direction. Note that there are indeed 
four wave vectors given by (2.24), because four cobinations can be made with the two 
plus-minus signs. For each separate wave vector the general dispersion relation for Rossby 
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Figure 2.7: The streamfunction for the (2,1},(1 ,2} and (2,2} basin modes. The contour is 
solid for positive values and dashed for negative values of the streamfunction. The thick 
lines give the 'Ij; = 0-line for the enveloppe Junction of the basin mode solution 

waves (2.13) is satisfied. The group velocity of a wave Cg is given by 

(2 .25) 

Each of the four plane waves has a net group velocity, but the group velocity of the four 
combined waves is equal to zero in each point in the domain. This implies that there is 
no energy transport form one part of the domain to another part by Rossby waves on a 
closed domain. 

2.4 Geostrophic turbulence on a /]-plane 

In this section some important results from research in the area of turbulence on a ,B-plane 
are summarised. 

Rhines (Rhines , 1975) studied waves and turbulence on a ,B-plane with double periodic 
boundaries, both theoretical and numerical. The following theoretical ideas were put for
ward by Rhines. The energy and enstrophy are still given by the expressions (2.14) and 
(2.15), respectively 

E(t) = 100 

E(k, t)dk , 

O(t) = 100 

k2 E(k, t)dk . 

The mean wave number of the energy spectrum is defined as 

J0

00 
kE(k)dk 

< k >= . J0

00 
E(k)dk 
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Assume that the spectrum of the initial flow field is smoothly peaked around < k >. It is 
most likely that through non-linear interactions the peak will broaden with time, i.e. 

a a r>O 
at ((k- < k >2

)) = at lo (k- < k > )2 
E(k)dk > o. (2.27) 

In the inviscid limit v ---* 0 or Re ---* oo both the energy and the enstrophy are conserved. 
This implies, together with (2.27), that 

a<k> 
at < o, (2.28) 

thus the mean wave number of the energy spectrum shifts to smaller wave numbers. In 
other words: the energy cascades to smaller wave numbers. As the the enstrophy has to 
be conserved there must be a simultaneous cascade of enstrophy to larger wave numbers. 
In physical space this corresponds with the formation of ever larger vortices, but with 
their vorticity distributed in ever thinner filaments. Two-dimensional turbulence in the 
presence of a small amount of viscosity also leads to self-organisation, although energy and 
enstrophy are no longer conserved. 

Transition from the initial turbulent regime to the regime with Rossby waves occurs 
when the nonlinear and f3 term of equation (2.5) are comparable in size. Assume the 
turbulence has a characteristic length scale L and velocity U. The nonlinear and (3-term 
are equal in size when 

L=ff; (2.29) 

If the length scale of the flow is smaller than H, the nonlinear term dominates the {3-plane 

contribution. Rhines defined such a scale in terms of the wave number of the flow , 

kfi=~. (2 .30) 

If the initial wave number exceeds kfi, the dominant vortices will migrate toward larger 
scales. Eventually, the vortices must evolve into Rossby waves as the mean wave number 
reaches kfi. Rhines suggested that near this scale the cascade to smaller wave numbers 
will effectively halt. Parcels with large vorticity begin to radiate Rossby waves (and are 
destroyed) before they can be distorted by advection . The individual fluid particles no 
longer move in random circulations but begin to oscillate about latitude lines. 

In the turbulent regime the migration to small wave numbers is also a migration to 
small frequencies . Hasselmann (Hasselmann, 1967) derived that in a resonant triad of 
three waves the wave with the highest frequency is unstable. For this reason the cascade 
to smaller frequencies is continued in the wave regime. While the energy cascade to smaller 
wave numbers is effectively halted, the cascade towards small frequencies can only occur 
when the flow field becomes anisotropic. Assume there are two waves with the same 
wavelength À = ~. The dispersion relation (2.13) states that of the two waves the 

vk-+l-
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one with the smallest zonal wave number k has the smallest frequency. Thus the cascade 
of energy to lower frequencies can only occur when waves with small zonal wave numbers 
are favored. The halted energy cascade to smaller wave numbers combined with continued 
frequency cascade results in an end state with a flow field with Rossby waves with k = 0. 
These Rossby waves with a zonal wave number equal to zero are visible as a structure of 
zonal bands with alternating east- and westward velocity. 

In simulations of two-dimensional decaying turbulence Rhines used an initial random 
flow field with the wave number K peaked round k0 . The strong ,8-effect (Rhines used 
.8 = 52) produced zonal flows as illustrated in figure 2.8. From the value for zonal phase 
speed Rhines concluded that the mean wave number of the flow was of the order of the 
Rhines wave number kf3. The width of the zonal bands is also in agreement with the Rhines 
scale. The flow is highly anisotropic, as can be illustrated by the ratio between the r.m.s. 
northward velocity to the r.m.s. westward velocity which is about 0.5. 

Figure 2.8: Streamfunction for .8 = 52 at t = 5.1 (Rhines, 1975). 

Maltrud and Vallis (Maltrud 8 Vallis, 1990) performed direct numerical simulations 
of forced-dissipative two-dimensional turbulence on a domain with periodic boundaries. 
Two sets of simulations were performed, one forced in the range of 10 :S k0 :S 14 and 
the second forced in the range 25 :S k0 :S 30. The influence of the Rhines scale kf3 on 
the flow was examined by changing this scale from below unity towards the forcing scale. 
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They found three flow regimes depending on the the Rhines scale k13 • For k13 < 1 the 
flow is nearly indistinguishable from the /3 = 0 case. The flow field is nearly isotropic and 
there are coherent vortices. If the Rhines scale k13 is increased above unity the anisotropy 
remains low. There are still circular vortices, but they are smaller than for /3 = 0 and 
fewer in number. The anisotropy of the flow increases rapidly if the Rhines scale k13 is 
increased further. The vortices are substantially smaller of size and are superimposed on 
on a noticeably anisotropic background. Vortices become more sparse, weaker and smaller 
in size as the Rhines scale is increased towards the forcing scale. 

McWilliams (Me Williams, 1984) found that coherent vortices can indeed exist on a 
/]-plane if the scale of the vortex is below the Rhines scale, i.e. k0 » k13. McWilliams 
used the flow field of a simulation of decaying turbulence with /3 = 0 with well-developed 
vortices as initial data for the simulation with /3 = 5. The scale of the vortices is somewhat 
smaller than the Rhines scale. The vortices are well developed as they are taken from the 
simulations without a /]-plane. When the scale of the vortices the reaches the Rhines scale , 
they were not destroyed by the radiation of Rossby waves. In another simulations the initial 
flow field was random with the wave number peaked around k0 = 6. This wave number is 
somewhat smaller than the Rhines wave number. In the early stages vortices emerged out 
of the random flow field. However the vortices are not suffi.ciently well developed at the 
time they reach the Rhines scale and collapse. If the initial scales are smaller (k0 = 54) it 
is found that the vortices are strong enough to survive at the time the cascade arrests. 

In amore recent study LaCase (LaCasce, 2002) simulations of forced two-dimensional 
turbulence has been performed on a domain with free-slip boundaries. The main difference 
with previous studies is the constraint that fluid parcels cannot leave the domain (but 
may move parallel to the boundaries). It represents the simplest model of geostrophic 
turbulence in a ocean basin. The range of /3 numbers used by LaCasce was: 50, 100, 
200, 400 and 600. The flow is assumed to be inviscid although hyperviscosity is used as 
a sink for extremely small filaments of vorticity. Figure 2.9 shows the streamfunction for 
forced turbulence with /3 = 100 and /3 = 400. During the simulations it could be observed 
that, due to the presence of inverse energy cascade, vortices emerge with characteristic 
size larger than the forcing scale. At a certain scale the inverse cascade is halted due to 
competition between turbulence (advection) and Rossby waves. The Rossby waves are 
basin modes as discussed in section 2.3, rather than free waves. This makes the flow in the 
interior of the basin isotropic rather than zonally anisotropic as is the case on a domain 
with periodic boundaries. At the western side of the domain a boundary layer with small
scale intense vortices is observed, which is a result of enstrophy production (see section 
2.5). This boundary layer has a width proportional to the Rhines scale, as can be seen in 
figure 2.10. The amplitude of the enstrophy in the boundary region scales approximately 
with /3. Vortices produced in this boundary layer are transported back to the interior via 
the northern and southern boundaries. This is visible in the streamfunction plots, where 
a boundary layer at the northern and southern wall can be observed. In these boundary 
layers the average flow is eastward . 
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(a) streamfunction f3 = 100 (b) streamfunction f3 = 400 

Figure 2.9: Streamfunction for (3 = 100 (a) and (3 = 400 (b) for forced two-dimensional 
turbulence on a domain with free-slip walls. The streamfunction fields shown were obtained 
after statistical equilibrium was reached (LaCasce, 2002). 

2.5 Boundary layers 

In bounded domains with rigid (no-slip) walls the flow in the domain is nearly inviscid for 
high Reynolds number flows, and only a thin ( viscous) boundary layer is needed to satisfy 
the boundary condition. Two different boundary layer mechanisms will be discussed: the 
viscous boundary layer and the M unk boundary layer. Another boundary layer is formed 
by the drift of vorticity to the west caused by the (3-effect. This is the inertial boundary 
layer. 

The viscous boundary layer 

To get some insight in the influence of the frequency of Rossby basin modes and the (3 
number on the boundary layer thickness, we consider the problem of an oscillating plate 
with frequency O" and amplitude Vin a semi-infinite medium, as illustrated in figure 2.11. 
To solve the problem we need the momentum balance for the x and y-direction: 

äu äu äu 2 - + u- + v- - (30 yv = v'l u, 
ät äx äy 

(2.31) 

äv äv äv 2 
ät + u äx + v äy + f3oyu = vV v . (2.32) 
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Figure 2.10: The meridionally-integrated enstrophy as a function of the zonal position for 
/3 = 100 (solid), 200 {dashed), 400 (dotted) and 600 (dashed-dotted). The error bars give 
the theoretica[ boundary lay er thickness for /3 = 100 (low er) and /3 = 400 (upper) ( LaCasce, 
2002). 

We assume that the fluid parcels move parallel with respect to the plate or v = 0. For the 
northern and southern boundary /3 = 0 is a valid assumption as the term f30 yv vanishes for 
v = 0. The western and eastern boundary are orientated in such way that the term f30yv is 
nonzero. The strength of the /]-plane with respect to the viscous forces determines if f30yv 
can be neglected. For the moment we assume that the effects of a /]-plane can be neglected 
( although it enters the final result indirectly via the frequency of the Rossby wave). The 
Munk boundary layer, described later on, takes the term f30 yv explicitly into account. The 
assumptions introduced above reduce the x-momentum equation (2.31) to 

au 82u 
8t = v é)y2. (2.33) 

The problem is described by this equation with boundary conditions u(O) = V cos(O"t) and 
limy_,= u(y) = 0. Assume a solution in the following form: 

~ = ~{J(y)eiat} , (2.34) 

with J(y) a complex amplitude. Substitution in equation (2.33) yields: 

d2 f (y) iO" . 
d 2 - - J(y) = 0, with f(O) = 1 and lim f(y) = 0. (2.35) 

y v y->cx:i 

The solution is of the form f = c1e0 Y + c2e-0
Y where a = ~(1 + i). Applying the 

boundary conditions gives c1 = 0 and c2 = 1, which results in the solution: 

~ = e-y/ö cos(O"t - % ), (2.36) 
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L. u(y) 

V cos( o-t) 

Figure 2.11: Velocity profile above an oscillating plate. 

where the viscous skin depth ó is introduced, 

(2.37) 

The amplitude decreases exponentially with the distance to the plate. At a distance ó the 
amplitude is a factor e smaller than the amplitude of the plate. The viscous effect of the 
wall is assumed to be confined to this layer. This is also the case for an oscillating interior 
flow and a fixed boundary. The interior of the flow is oscillating with frequency o-, while 
the velocity at the no-slip boundary must be zero. 

The frequency of the flow depends on the /3 number, as described by the dispersion 
relation for basin modes (2.22). A required quantity is the characteristic length scale of 
the flow. This length scale is related with the wave length of the dominant Rossby wave 
and determines the frequency. If we take the largest possible basin mode, i.e. (n , m)=(l ,1) , 
the boundary layer thickness is given by: 

, _ J 47rv!zvL 112 /3_ 1; 2 
U(l , l) - /Jo CX: V 0 (2.38) 

or in dimensionless formulation 

" _ J4"vlzL R -1 / 2/3 -1; 2 
u(1,1) - Re/3 ex: e (2.39) 
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Another possibility is to use the smaller Rhines scale, which results in a lower frequency. 
We can express the Rhines scale in a frequency by using the dispersion relation for basin 
modes (2.22). and the definition of the Rhines wave number (2.30). First we need the 
relation between the order of the basin mode ( n, m) and the length of the wave vector 
IKI = (k2 + l2

)
1

/
2

. The easiest way is to look at the decomposition of the basin mode in 
four plane Rossby waves, as given by equation (2.24). Calculating the length of each wave 
vector and averaging over the four waves gives: 

(2.40) 

where ~~ = 7r(n2 + m2)112 /Lis used. Using the found relation we can insert the Rhines 
wave number kf3 in the dispersion relation (2.22). This results in 

(7 = _ ___&_=-m. 
../2k{3 

(2.41) 

Now we insert the found frequency in the relation for the boundary layer thickness (2.37): 

, _ J 2v 112(3-1/4 
uk13 - mrr ex v o ' 

V/JOU 

or in dimensionless formulation 

f;* = f2 (J-1/4 L ex Re-1/2 (J-1/4 
k13 V& 

(2.42) 

(2.43) 

Which approach is the most valid is yet uncertain. The first method results in the thinnest 
boundary layer, but its importance depends on the amplitude of the (1,1) basin mode. The 
relation between the boundary layer thickness and the (3 number will show a sealing (J-°' 
with l < D'. < l 

4"' "'2· 
The analysis is based on the flow near the northern and southern boundary of the 

domain. The conclusions, particularly the sealing shown in equations (2.39) and (2.43), 
are assumed to be valid for the western and eastern boundary. 

The Munk boundary layer 

The western and eastern boundary are orientated in such a way that the (]-effect can 
be important in the boundary layer. Again we assume that the fiuid parcels move in a 
direction parallel with the boundary. This means u = 0 for the given orientation. The 
other component of the velocity vis assumed to depend only on x. If a fiuid parcel in the 
boundary layer with thickness Dm along the western or eastern boundary is moved with 
6.y to the south, its relative vorticity increases with (306.y. If the gained relative vorticity 
(306.y is large with respect to the initial vorticity, there is a large difference between the 
vorticity w + (306.y in the boundary and the vorticity of the interior wi. The balance is 
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Figure 2.12: Mechanism of the Munk boundary layer along the western boundary for free
slip walt ( a) and a no-slip boundary (b). 

restored by viscous dissipation. An equation for the change of vorticity due to only viscous 
dissipation can be derived from equation (2.5) : 

ow 82w 
8t = v ox2' (2.44) 

where in a time !::::.t the vorticity increase is /301::::.y and the dissipated vorticity is equal to 

6~ w!::::.t. This gives the following balance 
m, 

v 
/3ov = 82w 

m 

(2 .45) 

where bm is the Munk boundary layer thickness. The velocity v, which can be obtained 
from v = wbm . The boundary layer thickness for the Munk boundary layer is thus 

(2.46) 

or, in dimensionless form , 

{j:n = (Re/3tl /3 L ex Re-1/3 /3- 1/3 (2 .47) 
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In the above described mechanism it is assumed that the fluid parcels can move freely along 
the boundary, without being slowed down by wall friction. If there is a no-slip wall the 
initial patch_ of vorticity is deformed, while the velocity is zero at the wall. This reduces 
the amount of released background vorticity and so the gain of relative vorticity. This 
reduction can be incorporated in the theory by introducing: 

6.w = af3o6.y, (2.48) 

where a depends on the exact form of the velocity profile. The fraction a < 1. The result 
is that the boundary layer becomes thicker with a factor a-1/ 3 , 

bm = ( v(J )1/3 . 
a o 

(2.49) 

We can conclude that the no-slip boundary layer condition does not alter the formation 
of a Munk layer much, thus the dependence from the Reynolds and (3 number remain the 
same. 

The inertial boundary layer 

To get some insight in the intensification at the western boundary we have to look at the 
energy propagation of Rossby waves and at the reflection of these waves at the western 
boundary. We assume without loss of generality that the zonal wavenumber of the Rossby 
wave k > 0, so that the frequency a- < 0. Then the dispersion relation (2.13) can be 
written as 

(2.50) 

Hence, for a given a- the wave vector must lie on a circle in the k, l plane, whose center is 
at (-f3/(2a-), 0) and whose radius is (f3/12a-j), as shown in figure 2.13. Energy of a wave is 
transported with the group velocity of the wave. The group velocity (2.25) of a wave with 
wave vector K = kex + ley is given by 

-2a- k2 - z2 
Cg = k2 + [2 ( 2k ex + ley) ' (2.51) 

or in other formulation 

-2a- ( (3 •) -2a-
Cg= k2+z2 (k- -2a-)ex+ley = k2+z2G, (2.52) 

where G is the vector from the center of the circle to the tip of the wave vector K. The 
group velocity has a propagation direction parallel to G. Rossby waves with their wave 
vector on the left semicircle have a westward group velocity. These waves are called long 
waves, because these waves have a large wave length À = 1~1 . If the wave vector lies on 
the right semicircle, the wave has a eastward group velocity. This wave is called a short 
wave, due to the small wavelength of these waves. 

29 



A 

w 

k 
c D 

B 

Figure 2.13: Geometrical representation of the direction of the group velocity of a Rossby 
wave. 

For the reflection of a Rossby wave we consider the streamfunction consisting of an 
incident wave and a reflected wave: 

(2.53) 

where Ai and Ar are the real amplitudes of the incident and reflected wave, respectively. 
At the western boundary the velocity in the x-direction must vanish, i.e" 

o?/J oy = o, x = o, (2.54) 

or 

(2.55) 

This is only satisfied for all t and all locations at the western boundary if both the frequency 
is preserved, <Yi = <Yri and the meridional wave number is preserved, li = lr· This completely 
determines the wave vector of the reflected wave. The wave vector of the incident wave 
lies on the semicircle ACB, because the energy of the wave has to propagate towards the 
boundary. The wave vector of the reflected wave lies on the are ADB, it has a group 
velocity away from the boundary. Together with the condition that l is preserved this 
determines kr as illustrated in figure 2.14. The incident wave, a long wave , is reflected and 
becomes a short wave. The western boundary thus acts as a source of wave with small 
wa velengths. 

If there is an inertial flow with velocity ui in the negative x-direction, it is possible that 
the short waves are trapped at the western boundary. The inertial flow keeps the Rossby 
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Figure 2.14: Refiection of a incident Rossby wave (ki, li) resulting in a refiected wave (kri lr) 
at the western boundary. The vector Gi is parallel with the group velocity of the incident 
wave, Gr is parallel with the group velocity od the refiected wave. 

wave at the western boundary. The group velocity in the x-direction for a short Rossby 
wave, for simplicity we take l = 0, is given by 

a(J f3(k 2 - z2 ) f3 
Cgx = 8k = (k2 + [2)2 = k2' (2.56) 

where the dispersion relation (2.13) is used. If the wave travels on top of a background 
flow with velocity ui, the absolute group velocity is obtained by 

(2.57) 

Scales of motion for which Cgx < 0 are trapped at the boundary, and thus requires that 
ui < 0. Scales shorter than 

8;=~ (2.58) 

are trapped, and ói determines the inertial boundary layer thickness. In dimensionless 
formulation the thickness is given by: 

(2.59) 

where ui is replaced by the characteristic velocity U. The inertial boundary layer is inde
pendent of the Reynolds number, because it is a balance between the advection term and 
the (3-term from equation (2.5). 
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One can question the application of this theory to a domain with no-slip boundaries, 
because we did not use the no-slip condition but applied a stress-free condition (2.54) . 
However, at the transition from the viscous boundary layer to the interior flow, we suppose 
the stress-free boundary condition can be applied. 

2.6 Energy decay 

The presence of a small viscosity causes the energy of the flow to decay. The total energy 
is defined as E = ~ fv lul 2dA. The time dependence of the energy can be found by using 
the momentum balances (2.31)-(2.32). Taking the inner product with u and integrating 
the result over the domain gives 

dE 1 1 z z - = -- w dA = --Sl(t) 
dt Re v Re ' 

(2 .60) 

where the integral ~ fv w2dA is equal to the enstrophy S1 as defined in equation (2.15). 
Equation (2 .60) expresses that the energy dissipation is high when there is flow containing 
much enstrophy or when the flow field has many small-scale structures. The change in 
enstrophy can be expressed by multiplying equation (2 .8) with w and again integrating 
over the domain yields 

dst = _ __!__ r IVwl 2dA + __!__ 1 w(n. \i'w)ds - /3 r wvdA 
dt Re Jv Re fav lv (2.61) 

The first two terms are due to the viscous dissipation, the last term takes the conversion of 
background vorticity to relative vorticity into account. For periodic or stress-free boundary 
conditions the second term of the R.H.S. of (2 .61) vanishes. The third term can be rewritten 
m: 

1 (ov au) lN 1 1 E 1E 1 N 1 ov -/3 - - -
0 

vdxdy = -/3 -v2 dy - f3 (uv ) dy + f3 u-
0 

dxdy (2.62) 
'D ox y s 2 w w s 'D y 

where N , E, S and W represent the northern, eastern, southern and western boundaries of 
the domain, respectively. The second term is zero for all boundary conditions, i.e. periodic, 
free-slip and no-slip boundary conditions. The third term can be rewritten, if we use that 
the flow field is divergence free , \7 · v = 0. This results in 

-/3 { wvdA = -/3 {N ~v2 1e dy - /3 {N ~u2 le dy. 
lv ls 2 w Js 2 w 

(2.63) 

For the no-slip boundary condition all terms vanish, because both velocity components are 
zero at the boundary. If the boundaries are periodic the integral at the western boundary 
has the same result as the integral at the eastern boundary. Thus for the periodic case 
both terms vanish also. The free-slip boundary conditions result in a special case. The 
second term is equal to zero , because the velocity component normal to the western and 
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eastern boundary is zero. The first term does not vanish, because movement along the 
wall is possible fora stress-free boundary. We reformulate equation (2.61) for the different 
boundary conditions. For a domain with periodic boundaries the change in enstrophy is 
given by: . 

dD = _ ___!_ { JV7wJ2dA. 
dt Re lv (2.64) 

The enstrophy is only alterred by viscous dissipation. On a domain with free-slip walls 
another effect is present: 

dD 1 1 2 1N 1 21 1N 1 21 - = -- IV7wJ dA + (J -v dy - (J - v dy. 
dt Re v 5 2 w 5 2 E 

(2.65) 

The two last terms imply that the western boundary is a source of enstrophy and the eastern 
boundary acts like a sink. In fact this is what we also found for the inertial boundary layer. 
N ote that here the change in enstrophy is dependent from both the Reynolds number and 
the (J number. The no-slip boundary condition has again an enstrophy decay only caused 
by viscosity: 

- = -- J\7wl dA + - w(n · \7w)ds. dD 1 1 2 1 i 
dt Re v Re av 

(2.66) 

The first term is here partially balanced by the second term, reducing the effect of the 
boundary layer in some extent. 

Energy decay of Rossby waves 

As we are now familiar with the equation of the Rossby waves we can make more specific 
remarks about the decay of Rossby waves. As mentioned before in section 2.3, the non
linear term is not important. Using w = \721/J and v = ~~ equation (2.5) can be reduced 
to 

~ \721/J + (JéJ'ljJ = ___!_ \741/J. 
éJt éJx Re 

(2.67) 

Now assume a wave like solution of the form: 

'ljJ = R{exp(i(kx + ly - (O"r + iO"i)t))}, (2.68) 

where O" is split in a real O"r and imaginary part CJi· The effect of the viscosity is described 
by the imaginary part; in time it only changes the amplitude of the wave solution. The 
values for O"r and O"i can be found by inserting this trial solution in equation (2.67). The 
real part has to satisfy the earlier found dispersion relation (2.13). The imaginary part is 
given by 

k2 + z2 
(2.69) O"i = ---

Re 

and is a measure for the decay rate. As could be expected, waves with high wave numbers, 
i.e. with small scales, dissipate faster than waves with low wave numbers. The energy 
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follows from ~ fv IV''l/ll 2dA, which gives in the case of a Rossby wave the following time 
dependence: 

E(t) = E0 exp(-20"it). (2.70) 

The enstrophy decays with the same rate if there is no change in the scale of the flow 
structures. As we did not apply boundary conditions, equation (2.69) is only valid for the 
interior of the flow. For a domain with periodic boundaries this equals the total energy 
decay. The viscous boundary layers on the domain with no-slip boundaries contribute also 
to the energy decay. 
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Chapter 3 

Numerical models and set-up of the 
simulations 

The main research item of this project concerns the behavior of decaying turbulence in a 
basin with a ,B-plane and no-slip boundaries. To confirm the right choice for the range of 
/3 numbers, simulations on a domain with periodic boundaries are performed. The sim
ulations for the periodic case are performed with a standard 2D Fourier pseudo-spectral 
solver developed by Nielsen (Risf1, Denmark). For the no-slip simulations the 2D Cheby
shev pseudo-spectral code from Clercx ( Clercx, 1997) is used. A short description of the 
last method is given in section 3.2, for details the reader is referred to the above mentioned 
paper. The initialisation for the simulations is described in section 3.3. 

3.1 Changes to the 2D Fourier pseudo-spectra! solver 

The Fourier spectral code solves the following dimensionless equations: 

(3.1) 

and 
\72'1/J = w, (3.2) 

on a domain of [ü,2] x [ü,2] with periodic boundary conditions. A spectral method based on a 
sine and eosine functions is highly suited for simulations on a periodic domain. Calculation 
of the nonlinear term in spectral space, which is actually a convolution, is computationally 
expensive. For this reason the spectral coefficients for ~~, ~~, ~~ and ~~ are transformed 
with a fast Fourier transform (FFT) to physical space. On each grid point the nonlinear 
term is computed and subsequently the result is transformed with a FFT to spectral space. 

The original code has not the possibility to perform simulations on a ,8-plane. The 
modification of the code takes place in the part of the code where the nonlinear term is 
calculated. This takes place in physical space where the ~~, ~~, ~~ and ~~ are already 
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present for the calculation of the nonlinear term. The /3-effect is included by adding /3~~ 
to the nonlinear term, 

_ éh/J aw + o'l/J aw + /3 o'l/J . 
ay ax ax ay ax (3.3) 

The /3-plane is a uniform-present gradient on the domain and will not give problems with 
the periodic boundaries. Equation (3.3) is evaluated point-wise on the grid in physical 
space and the Fourier expansion coefficients of (3.3) are found by a FFT. 

3.2 2D Chebyshev pseudo-spectra! solver 

The numerical domain Vis the square [-1,l]x[-1,l] with boundary 8V. On this domain 
the potential-vorticity formulation in dimensionless form, 

ow 1 2 - + (v · \7)w + f3v = -\7 w ot Re ' 
(3.4) 

has to be evaluated. To solve this equation we need some additional equations: the conti
nuity equation, 

\7 · v = 0 on V, 

the definition of vorticity 
k · \7 x v = 0 on V, 

and the no-slip boundary conditions 

v = 0 on av. 

(3 .5) 

(3 .6) 

(3.7) 

where k is unit vector perpendicular to the two-dimensional plane. Daube (Daube, 1992) 
showed that this set of equations is mathematically equivalent with the potential-vorticity 
equation (3.4) together with the relations 

\72v = k · \7 x w on V, 

k. \7 x v = w on av, 

v = 0 on av. 

Equation (3.8) yields a Poisson equation for each component of the velocity: 

(3 .8) 

(3.9) 

(3.10) 

(3 .11) 

(3.12) 

The vorticity on the boundary is not known. The particular approach to specify a boundary 
value for the vorticity is described later on in this section. 
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The advection- and ,8-term are time discretised with a second-order explicit Adams
Bashforth scheme while for the diffusion term an implicit Crank-Nicolson scheme is used 
(for definitions Canuto ( Canuto et al., 1987) can be consulted). Application of this scheme 
yields · 

(\72 _ À)wt+I = 5 t,t-1
1 

where À= 2Re/ 6.t, 6.t the time step and 

5t;t-l = -(\72 + À)wt + Re(3(v · \i'w)t - (v · Vw)t-1). 

(3.13) 

(3.14) 

As all variables of the term 5t,t-l are known at time t, this term can be considered as 
a source for the Helmholtz equation (3.13). Once wt+ 1 is known both velocities can be 
calculated by solving (3.11)-(3.12): 

~ t+l 
n2 t+l _ _ uw __ 
v v - ox . 

(3 .15) 

(3.16) 

For the first step an alternative discretisation scheme is used based on a Runga-Kutta 
procedure ( Canuto et al., 1987). 

The flow field is described by the vorticity w(x, y, t) and velocity v(x, y, t). These 
variables are expanded in a double series of Chebyshev polynomials 

N M 

w(x, y, t) = L L Wnm(t)Tn(x)Tm(y), (3.17) 
n=O m=O 

N M 

v(x, y, t) = L L Ynm(t)Tn(x)Tm(y), (3.18) 
n=O m=O 

where the Chebyshev polynomials Tn are defined as Tn(x) = cos(ncos- 1(x)). On a square 
domain it is common to use the same number of polynomials for the x - and y-direction. 
The expansion coefficients Wnm and Vnm can be obtained exactly by evaluating w(x, y, t) 
and v(x, y, t) in the Gauss-Lobatto points Xi and Yi defined by 

7rZ 
Xi = cos N , for 0 :::; i :::; N , (3.19) 

7r] . 
Y] = cos M , for 0 :::; J :::; M, (3.20) 

and using the orthogonality of the Chebyshev polynomials. For the expansion coefficient 
Wnm follows 

(3.21) 
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-1~~~~~~~~~~~~~~ 

-1 

Figure 3.1: Distribution of Gauss-Lobatto points for M = N = 32. 

- { 1 
Cn = 2 

if 1 :S n :S N - 1 
if n = 0 or N. 

(3.22) 

The Gauss-Lobatto points are drawn in figure 3.2 for M = N = 32. The points are 
distributed in such a way that the transformation from physical space to spectral space 
according to (3.21), or backwards via (3.17), can be performed by a fast Fourier transform. 
Another advantage of the Gauss-Lobatto points is the increasing spatial resolution towards 
the boundaries. 

The equations are mainly solved in spectral space, only the nonlinear terms of equation 
(3.4) are calculated in physical space to solve computation time. For this reason the vari
ables u, v, ~~ and ~~ are transformed to physical space at each time step. The nonlinear 
term is calculated by multiplying these variables in each Gauss-Lobatto point. The coef
ficients of Chebyshev expansion for the nonlinear term are found by a FFT. The /3 term 
can be calculated together with the nonlinear t erm as they can be written as 

ow ow 
u- + v(- + /3). ax ay (3.23) 

The last term is calculated by differentiating w with respect to y in spectral space and 
adding /3 to the coefficient belonging to the zeroth order Chebyshev polynomial T0 (x )T0 (y) = 

1. In this way only one extra calculation is required with respect to the case without a /3 
effect. 

The transfer from spectral space to physical space and backwards is known to lead to 
aliasing effects, so a dealiasing technique must be applied. In order to avoid any aliasing 
error, the padding technique designed by Orszag ( Orszag, 1969) is used . The matrices 
with the spectral coefficients of the Chebyshev expansion is extended with approximately 
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one-and-a half as many zero-valued coefficients in each direction. For the calculation of the 
nonlinear terms the extended matrices are used. Aliasing affects only the added coefficients 
(which are not used in the time stepping procedure), so that the calculation of the nonlinear 
term is exact. For technical details we refer to Canuto ( Canuto et al., 1987). 

The boundary conditions are imposed by the means of the Lanczos tau method ( Canuto 
et al., 1987). The equations for the two highest modes in the Chebyshev expansion in both 
directions are dropped. The coefficients for this modes are evaluated explicitly in terms 
of the boundary values. The motivation for dropping the two highest modes is that these 
modes do not contribute significantly to the expansion (3.17)-(3.18), due to the exponential 
convergence of these spectral approximations. The boundary values of the vorticity are 
evaluated by the means of an infiuence matrix technique proposed by Daube (Daube, 1992) . 
For this reason the vorticity and velocity fields are written as a particular solution and an 
added set of complementary solutions: 

(3.24) 

(3.25) 

where i represents the Gauss-Lo bat to points at the boundaries (corner points are excluded 
( Clercx, 1997)) . The particular solution w is found by solving (3.13) for w = 0 at the 
boundaries. The corresponding velocity field vis obtained by solving the Poisson equations 
(3.11)-(3.12). This velocity field is generally not divergence free and the curl of the field, ( = 

k · \7 x vis not equal to the vorticity field (Daube , 1992) . The complementary solutions wi 
and v\ are obtained by solving the Helmholtz equation (3.13) with wi = 1 in the boundary 
point i and zero in all other boundary points, and solving the Poisson equation~ for the 
corresponding velocity fields. The coefficients O!i are obtained by demanding ( = k · \7 x v 
in the boundary points, 

(3.26) 

with j representing a boundary point analogous with i . Then the coefficients O!i can be 
calculated with 

ai= L(M- 1)ij((- w)j, 
j 

(3.27) 

where M is the infiuence matrix with elements Mji = (( - w )J. The values O!i can be 
used to determine the vorticity distribution at the boundary. The boundary value for the 
vorticity is now known, thus the Helmholtz and Poisson equations can be solved. 

The above described procedure appeared numerically unstable, because the error in 
the two highest frequency modes contaminates the low frequency modes in course of the 
simulations. This problem is solved by applying a tau correction method, which sets the 
errors in the highest frequency modes to zero. A more detailed description can be found 
in the paper by Clercx ( Clercx, 1997). 
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3.3 Initial condition for the simulations 

In order to find the the appropriate range of f3 numbers, some simulations with a dipole 
on the /3-plane were carried out. In figure 3.2 some results are given for f3 = 60 and 
Re = 10000. Each part of the dipole is shielded with a ring of opposite vorticity. The 

/. .... -.' 

(a) t = 0 (b)t=O.l (c)t=0.2 

·· .. 

(d)t=0.3 (e)t=0.4 (f) t = 0.5 

Figure 3.2: Vorticity plots for a dipole on a {3-plane with f3 = 60 and Re = 10000. The 
resolution of the simulations is 6-.t = 1 · 10-4 with 288 x 288 Chebyshev polynomials. The 
contour increment is 50 , drawn lines represent positive vorticity and dashed lines negative 
and the two contours closest to zero are left out. In figures (b) to (!) the vorticity is plotted 
fort= 0.1; 0, 2; 0.3; 0.4 and 0.5, respectively. 

negative part of the dipole is to the east of the positive part. With this initial orientation 
the dipole will travel northward. In the early stages the dipole pushes the shield southward. 
In order to conserve the absolute vorticity the positive part of the shield gains vorticity, 
while the negative part has to lose vorticity. The dipole has a meandering trajectory as 
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also found by Velasco Fuentes ( Velasco Fuentes, 1994) in the case of the modulated point
vortex dipole (see figure 2.2). The meandering in our case is damped, as the dipole does 
not return to its initial latitude with a southward direction. The damping is most likely 
caused by the leakage of vorticity to the tail and by interaction with the repelled shield. 
In this report we are interested in the right value for the ,B-number and not in further 
quantative research of the dynamics of the dipole on the ,8-plane. For the simulations of 
turbulence the ,B numbers 30, 60, 120 and 400 are used. The first three ,B numbers result 
from dipole experiments. The last, ,B = 400 is representative for the geophysical flows 
in ocean basins, and also used by LaCasce (LaCasce, 2002). The physical value for the 
gradient in the background vorticity (30 on earth is about 10-11 (mst1 , the length scale 
is of order 2 · 106 m and the velocity 10-1 m/s. This results in a dimensionless j3 number 
of 400. The Reynolds and /3 number are based on the r.m.s. velocity of the flow for the 
characteristic velocity and the half domain width for the characteristic length scale. The 
high value for the Reynolds number is representative for large scale flows in the oceans. 

The initial condition for the velocity field for both the simulations on a domain with 
double periodic boundaries and the simulations on a domain with no-slip boundaries con
sists of 100 nearly equal-sized Gaussian vertices. The vertices have a dimensionless radius 
of 0.05 and a dimensionless absolute vortex amplitude of Jwmax J ,..,_, 100. Half of the vertices 
have positive circulation, and the other vertices have negative circulation. The vertices are 
placed on a regular lattice, well away from the boundaries, with a random displacement of 
the vortex centers equal to approximately 6% of the dimensionless lattice parameter À, with 
À~ 0.17. A smoothing function, chosen as J(x) = [1 - exp(-B(l - x2) 2)] with B = 100, 
has been used in order to ensure the no-slip condition exactly. The choice of initial condi-

Figure 3.3: Start field, vorticity on the left and streamfunction on the right, for bath the 
simulations on a domain with periodic boundaries and a on a domain with no-slip bound
aries. Drawn contours represent positive values, dashed contours negative values. 

tion is motivated by the initial flow configurations used in magnetically forced electrolyte 
experiments of freely-decaying two-dimensional turbulence (Tabeling et al., 1991 , Cardoso 
et al., 1994 and Marteau et al., 1995). This initial velocity field is also used in other nu-
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merical studies of decaying two-dimensional turbulence ( Clercx f3 Nielsen, 2000, Clercx et 
al., 2001). 

The simulations are performed at high Reynolds numbers, Re = 5000 and Re = 10000, 
and consequently the simulations need a rather high spatial resolution. The starting spatial 
resolution is 512x512 with a time step 6.t = 2.5 · 10-4

. After some time the flow becomes 
more organised and the small scales are dissipated, so there is no need fora high resolution 
anymore. At t = 15 the resolution is decreased to 256 x 256 with a time step 6.t = 1 · 10-3 . 

One of the results is compared with a run at 512x512 for the whole time duration. 
The same conditions are used in the simulations with no slip boundaries, i.e. f3 =30, 

60, 120 and 400 for Re =5000 and 10000. The spatial resolution is automatically reduced 
during the run, the code evaluates the smallest scale of the flow and decides whether 
the resolution can be decreased. The starting resolution is 300 x 300 and the minimum 
resolution 100x100, the time step is fixed on 6.t = 1 · 10-4

. The decrease of the resolution 
has some minor influence on the flow development, but the energy decay is the same. To 
confirm this, one run is carried out without resolution reduction and compared with a 
similar run with decreasing resolution. There are some differences visible in the evolution 
of the flow, but barely in the energy and enstrophy decay. 
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Chapter 4 

Simulations of decaying tJ-plane 
turbulence 

Results of the simulations are split in two sections. The first contains the results for 
simulations on a domain with periodic boundaries, the second the results for simulations 
on a domain with no-slip boundaries. 

4.1 Periodic boundaries 

Flow phenomena 

Figures 4.1 and 4.2 show typical flow patterns for the simulations on a domain with periodic 
boundaries with /3 = 60 and /3 = 400, respectively. Most charateristic are the east-west 
orientated structures, especially clearly visible for /3 = 400. These zonal bands are Rossby 
waves with their zonal wave number k equal to zero, i.e. 'ljJ = cos(ly - CJt). As result of 
k = 0, the frequency is also equal to zero, CJ = 0. This implies that this Rossby wave is 
a standing wave with 'ljJ = cos(ly). The thickness of the bands depends on the /3 number , 
as the inverse energy cascade is halted at the Rhines scale, kf3. The error bars in figures 
4.1 and 4.2 give a measure for the Rhines scale: the length of the error bar is equal to 

the half wavelength ~ = ~7f W. Recall that in the simulations the dimensionless /3 
number is based on the initial r.m.s. velocity and the half width of the domain W. In 
our case the energy, and with it the r.m.s. velocity, decreases in time. If we base the 
/3 number on the current r.m.s. velocity, it would increase in time. This illustrates that 
during the simulations the importance of the /]-effect with respect to the advection term 
increases. To determine the Rhines scale, we can still use the /3 number based on the initial 
r.m.s. velocity, as the Rossby waves are formed in the early stages. The half wavelength 
is approximately equal to one band of negative or positive vorticity. The thickness of such 
a band is thus in agreement with the Rhines scale. Increasing the /3 number results in 
thinner bands, as the Rhines scale decreases. The flow structures at t = 5 for /3 = 400 are 
already stretched in zonal direction, while for /3 = 60 this is not the case. 
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( a) vorticity, t = 5 (b) vorticity, t = 15 ( c) vorticity, t = 50 

(d) streamfunction, t = 5 (e) streamfuction, t = 15 (f) streamfunction, t = 50 

Figure 4.1: Vorticity and streamfunction of a simulation on a domain with periodic bound
aries for Re = 10000 and {3 = 60 at t = 5, t = 15 and t = 50. Solid contours represent 
positive and dashed negative values. (a) 3,{b) 1.5, (c) 1,{d) 0.04,{e) 0.03,{f) 0.025. 

Note the substantial number of vorticity filaments in the flow fields at t = 5 and t = 15 
for {3 = 60 and at t = 5 and t = 10 for {3 = 400. This is the result of the enstrophy cascade 
to high wave numbers. In the later stages the enstrophy filaments are removed by viscous 
dissipation. Then there is also a large resemblance between the streamfunction plots and 
the vorticity plots. 

Anisotropy 

Rhines (Rhines, 1975) observed an anisotropic flow field, with Rossby waves with the 
meridional wave number larger than the zonal wave number. This anisotropic flow field 
is also present in our simulations on a domain with periodic boundaries. The anistropy 
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(a) vorticity, t = 5 (b) vorticity, t = 10 ( c) vortici ty, t = 25 

I I 

(d) streamfunction, t = 5 (e) streamfunction, t = 10 (f) streamfunction, t = 25 

Figure 4.2: Vorticity and streamfunction of a simulation on a domain with periodic bound
aries for Re = 10000 and f3 = 400 at t = 5, t = 10 and t = 25. Solid contours represent 
positive and dashed negative values. The contour level incement is: (a) 5,{b) 4; (c) 2,{d) 
0.03,{e) 0.025,(f) 0.02. 

of the flow can be determined by calculating the ratio between the r.m.s. zonal velocity 
component u and the r.m.s. meridional velocity component v. The ratio is calculated at 
the end of the simulations for t = 100, and the results are given in table 4.1. At this time 
the flow field is dominated by Rossby waves. The calculations are performed at one point of 
time and not averaged over a time period (which was not possible after the simulations were 
performed). This makes the results somewhat uncertain. However, the ratio is between 
1.8 and 3.0, which is in accordance with the large zonal r.m .s. velocity. For comparence , 
Rhines found a ratio of 2 in his simulations of decaying turbulence on a domain with 
periodic boundaries for f3 = 52. This is in agreement with values found in the data of our 
simulations. There is no clear dependence from the f3 number. However , one could expect 
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that in the limit j3 reaches zero the flow must be isotropic. The simulations show a larger 
anisotropy for the larger j3 numbers, 120 and 400. The value for the ratio between r.m.s. 
zonal velocity and r.m.s. meridional velocity is determined by the exact composition of the 
available Rossby waves. The Rossby waves with their zonal wave number equal to zero, 
have only pure westward and eastward velocities. As a result, the ratio for the anisotropy 
should be equal to infinity. This is not the case, because there are also waves with their 
zonal wave numbers not equal to zero. Recall that for large j3 numbers there are more 
possible Rossby waves as the Rhines wave number is larger. 

Energy and enstrophy decay 

For j3 = 30 the energy decay of the flow is relatively slow due to the large length scales 
of the flow. The flow is dominated by the two largest Rossby waves: (n, m) = (0, 1) or 
'lj;01 = cos(7ry) and (1, 1) or 'lj;11 = cos(7rx + 7rY - CTt). In figure 4.3 the energy decay for 
j3 = 30 is plotted together wi th two theoretical lines for the decay of the ( 0, 1) and ( 1, 1) 
Rossby waves. The decay of each of these pure Rossby waves is according to (2.69), 

E(t) = Eo exp( - 2CTit), 

with CTi = k2:e
12

• The first wave results in CTi = ~:, the second in CTi = 2;{:. The actual decay 
rate for j3 = 30 is between those two theoretical lines, as most of the energy is located in 
these two waves. 

An important parameter which determines the decay rate is the scale or the mean wave 
number of the flow. The average scale of the flow can be expressed by using the ratio 
between the enstrophy and the energy, 

k2 __ n(_t) _ _ f0_k2_E_( k_)d_k 
0 

- E(t) - f E(k)dk 
( 4.1) 

In figure 4.4 this ratio is plotted for j3 = 30 with Re = 5000 and Re = 10000. In the early 

Table 4.1: A nisotropy of the flow on a periodic and no-slip domain for t= 100, expressed 
by the ratio between the root mean square zonal and meridional velocity. 

j3 M M LaCasce 
j;i v j;'i ns 

30 2.2 0.50 
60 1.8 0.78 

100 0.87 
120 3.0 0.72 
200 0.76 
400 2.7 0.77 0.84 
600 0.89 
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Figure 4.3: Energy decay for f3 = 30 on a domain with periodic boundaries for Re = 5000 
( dashed) and Re = 10000 ( drawn). The dotted lines give the theoretica[ energy decay of the 
Rossby waves 1/Jo1 = cos( 7rY) (upper) and 1/Ju = cos( 7rX + 7ry - (Jf) (low er). 
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1 

Figure 4.4: Ratio between enstrophy and energy on a domain with periodic boundaries for 
/3 = 30 with Re= 5000 (dashed) and Re= 10000 (drawn). 

stage the wave number decreases fast due to the energy cascade to small wave numbers. 
In the later stages only Rossby waves are present and the mean wave number changes 
very slowly. This change is the result of viscous dissipation , which is slower for Rossby 
waves with large scales. Becasue of the larger length scale of the (1 , 1) wave, it dissipates 
slightly faster than the (0, 1) wave. In time the (0, 1) wave becomes increasingly important 
with respect to the (1 , 1) wave. For this reason the mean wave number of the flow field 
approaches the wave number of the (0 , 1) wave. For Re= 5000 the energy decay is faster, 
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therefore the mean wave number of the flow field is already closer to the wave number of 
the (0, 1) wave than for Re = 10000. This is also visible in the energy plot as the decay 
rate for Re = 5000 is closer to the time rate of change of the theoretica! line, representing 
the energy decay of the (0, 1) wave, than is the case for Re= 10000. 

In figure 4.5 the energy decay is given for the (3 numbers 0, 60 and 400. For the 
simulations with (3 = 0 the same initial flow field is used. For (3 = 0 there is no transition 
from the regime with turbulence into the Rossby waves regime. In the absence of the 
Rhines scale the flow field remains turbulent and has a more random behavior. The energy 
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(a) energy, Re= 5000 (b) energy, Re = 10000 
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( c) enstrophy, Re = 5000 (d) enstrophy, Re= 10000 

Figure 4.5: Energy (a)-(b) and enstrophy (c)-(d) decay on a domain with periodic bound
aries for f3 = 0 ( drawn), f3 = 60 ( dashed-dotted) and f3 = 400 ( dashed) for Re = 5000 
(a)-(c) Re= 10000 (b)-(d). 

48 



decay becomes faster for increasing (3 numbers, due to the smaller length scales of the 
Rossby waves. We restrict ourselves for now to the case Re = 5000. 

In the e?-rlY stages, when the flow field is still turbulent and just sligthly affected by the 
(J-effect, the energy decay is as fast for (3 = 60, (3 = 400 and even (3 = 0. The mean wave 
number of the flow decreases with time as result of the inverse energy cascade. At a certain 
time the mean wave number of the flow field reaches the Rhines wave number. This this 
occurs most rapidly for (3 = 400, because then the Rhines wave number is the largest . At 
this time the change in mean wave number for (3 = 400 is very slow, as the inverse energy 
cascade to larger scales is halted. The inverse energy cascade for (3 = 60 and (3 = 0 is still 
taking place. Thus the charecteristic length scale of the flow field for (3 = 400 is stuck at a 
small value, while for (3 = 0 and 60 it still becomes larger. This results in a faster energy 
and enstrophy decay for (3 = 400 than for (3 = 0 and 60. 

The energy decay for the later two is approximately the same, until the mean wave 
number of the flow reaches the Rhines scale for (3 = 60. The inverse energy cascade to 
large scales is again halted for (3 = 60 and the mean wave number only changes slowly. 
The energy decay is now faster for (3 = 60 due to the larger characteristic scale of the flow 
field. The time evolution of the scale is illustrated in figure 4.6. Note that the mean scale 

10' 1o'c__~~-c__~~--'--~~--'--~ 
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 

' ' 

(a) Re = 5000 (b) Re = 10000 

Figure 4.6: Ratio between enstrophy and energy on a domain with periodic boundaries for 
(3 = 0 ( drawn), 60 ( dashed-dotted) and 400 ( dashed) with Re = 5000 and 10000. 

of the flow field for (3 = 60 and 400 changes considerable faster than for (3 = 30 ( see figure 
4.4). As result, the energy decay is no longer exponential as for (3 = 30 (figure 4.3) . For 
(3 = 0 the energy cascade to smaller wave numbers is only halted when the length scale of 
the remaining monopolar or dipolar structure reaches the domain width. 

The enstrophy decay shows the same behavior as the energy decay, only with a different 
behavior in the early stages. Then the enstrophy cascades to smaller scales where viscous 
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dissipation is very active. This results in a larger enstrophy decay with respect to the energy 
decay. In the later stages the flow is dominated by Rossby waves. Here the streamfunction 
and vorticity fields are more alike than in the early stages. As the differences between both 
fields are small, the energy and enstrophy dissipate nearly equally fast. 

Energy spectra 

In figures 4. 7 and 4.8, the two-dimensional Fourier spectra of the energy are plotted. The 
spectrum is calculated by expanding the energy in a double series of Fourier polynomials. 
This non standard method is chosen as it is the Fourier analogy of the later described 
method of expanding the energy in two-dimensional Chebyshev polynomials. The advan
tage of this method is that spatial structures observed in the flowfield also have an influence 
on the shape of the spectrum. The spectral coefficients for the energy Ênm are given by 

N-1 M-1 
A 4 ~ ~ . Xk . Yl 

Enm = __ NM L L E(xki Y1, t) exp(-i27rn-) exp( - i27rm-) , 
~~ 2 2 

k=O l=O 

( 4.2) 

where Xk and y1 are the x and y-coordinate of the gridpoints, N and M the number of 
gridpoints in x and y-direction, respectively, and 

- { 1 Cn = 
2 

if 1 :S: n :S: N - 1 
if n = 0. 

(4.3) 

Note that the coefficients Ênm are complex. In figures 4. 7 and 4.8 the height of each bar 
represents the absolute value of the coefficient Ênm · The zonal wave number k follows 
from n by k = 2ln with L the width of the domain. The meridional wave number l is in a 
similiar way given by l = 2~m. 

Recall that the initial flow field consists of 10 x 10 vortices. The energy spectrum of 
this flow field has peakes at four positions in the energy spectra, namely at approximately 
(n , m) = (0, 0) , (10, 0), (0 , 10) and (10, 10). After a time t = 0.5 the peaked spectrum 
is smoothed out and is well developed. The broad spectrum at t = 0.5 becomes smaller, 
which implies there is less energy in the high wave numbers. This energy can be removed 
by viscous dissipation or is cascaced to smaller wave numbers. That there is indeed a 
inverse energy cascade follows from the increase of energy located in small wave numbers. 
The Rhines wave number for /3 = 400 is higher than for f3 = 60, i.e. waves with higher 
wave numbers are allowed. For this reason is the spectrum broader for /3 = 400. 

The anisotropy of the flow field can also be observed in the energy spectrum. There is 
more energy located in waves with a larger meridional wave number than the zonal wave 
number, i.e l > k or m > n . These waves are responsible for the observed band structure 
of the flow field. Note the small ridges in the spectra (figure 4.7(c) and 4.8(b) and (c)), 
which are located at one value for the meridional wave number. This is in accordance with 
the presence of the zonal band structure in the flow field. 
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Figure 4.7: Two-dimensional Fourier spectra of the energy for f3 = 60 and Re = 10000 
at t = 0.5, 2 and 5. The variables n and m are related to the zonal and meridional wave 
number by k = 27rn/ L and l = 27rm/ L, respectively. 
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Figure 4.8: Two-dimensional Fourier spectra of the energy for (3 = 400 and R e = 10000 
at t = 0.5, 2 and 5. The variables n and m are related to the zonal and meridional wave 
number by k = 27rn/ L and l = 27rm/ L , respectively. 
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4.2 No-slip boundaries 

Flow ph~nomena 

The flow field consisting of zonal bands with alternating westward and eastward velocities, 
found on the domain with periodic boundaries, is not possible on the domain with no
slip boundaries. This is due to the presence of the solid western and eastern boundary. 
The drift of patches of vorticity to the west causes a piling up of vorticity at the western 
boundary ( figure 4. 9 and 4.10) . The velo ei ties at the western boundary are higher than 

( a) vorticity, t = 5 (b) vorticity, t = 15 ( c) vorticity, t = 50 

(d) streamfunction, t = 5 (e) streamfunction, t = 15 (f) streamfunction, t = 50 

Figure 4.9: Vorticity and streamfunction of a simulation with Re = 10000 and f3 = 60 with 
no-slip boundaries fort = 5, t = 15 and t = 50. Solid contours represent positive and 
dashed negative values. The contour level incement is:(a) 4, (b) 2, (c) 0.5, (d) 0.025, (e) 
0.015, (J) 0.005. 

in the remaining part of the domain as can be concluded from the meridionally integrated 
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(a) vorticity, t = 5 (b) vorticity, t = 10 (c) vorticity, t = 25 

(d) streamfunction, t = 5 (e) streamfunction , t = 10 (f) streamfunction, t = 25 

Figure 4.10: Vorticity and streamfunction of a simulation with Re = 10000 and /3 = 400 
with no-slip boundaries fort = 5, t = 10 and t = 25. Solid contours represent positive 
and dashed negative values. The contour level incement is:(a) 4, (b) 2, (c) 0.5, (d) 0.015, 
(e) 0.01, (J) 0.004. 

kinetic energy of the flow (figure 4.11). For this reason the /3 effect is less important with 
respect to advection in the western part of the domain. This causes the flow to remain 
longer turbulent at the western boundary. As described in section 2.5 the production of 
small scales at the western boundary is caused by the reflection of long Rossby waves, but 
also by interaction of vorticity patches with the wall. The /]-effect forces vortices to the 
western boundary. At the western boundary the vortex induces a patch of opposite vorticty 
ans so creates extra enstropohy. Note that the vorticity is located in thin laminae, as is 
clear visible in figure 4.9(a). The formation of the laminae is the result of the enstrophy 
cascade to larger wave numbers. 

Rossby waves are first visible in the eastern part of the domain. As the piling up of 

54 



enstrophy in the western boundary layer is more and more dissipated the area with Rossby 
waves extends to the west, until in the whole domain Rossby waves are dominating the flow 
field. The Rossby waves observed in the simulations are organised as basin modes. As a 
result, the anisotropy of the flow field is in the opposite direction as seen in the simulations 
on a domain with periodic boundaries. The basin modes consist of patches with a larger 
meridional length scales than zonal length scales. As the energy cascade to larger scales 
is halted, when the mean wave number of the flow reaches the Rhines scale, the Rossby 
waves have a wave number in the order of the Rhines wave number (2.30). The wave length 
belonging to the Rhines wave number is equal to À= 27r f kf3. To compare the Rhines scale 
with the length scales of the structures observed in figures 4.9 and 4.10 we have plotted 
error bars. The length of the error bars correspond with half the above found wave length. 
The patches of vorticity have spatial dimensions comparable with the Rhines scale. 

Vortices, created in the western boundary layer , travel along the northern and southern 
boundary to the east (figures 4.9(a), (b) and 4.lü(a)). This can be considered as recircula
tion of the flow. The traveling vortices cause an average eastward flow near the northern 
and southern boundary. LaCasce (LaCasce , 2002) observed a much stronger effect in his 
inviscid flow simulations in a bounded domain, which was also visible in the streamfunction 
plots. In this study a boundary layer with eastward velocity at the northern and southern 
boundary was observed. In our case the recirculation is suppressed by the no-slip bound
ary. Another difference is that we do not apply forcing of the flow field, which reduces the 
strength of the piling up of enstrophy in the coarse of time. If the flow field is dominated 
by Rossby waves there is no recirculation. This in agreement with the theory for the basin 
modes, which predicts that there is no energy transport. 

In the initial flow field there are small-scale vortices. In this case the nonlinear term 
cannot be neglected and the theory for the basin modes is not valid . The small scales are 
then driven to the western boundary by the ,6'-effect. 

A large difference between the simulations on the periodic domain and on the domain 
with no-slip boundaries is the viscous boundary layer. Although the viscous boundary 
layer is very thin for high Reynolds numbers, there is a lot of enstrophy located in this 
boundary layer. In the interior of the domain viscosity is not very important, especially in 
the later stages where only Rossby waves are present. In general can be said that viscous 
effects are restricted to the viscous boundary layers, while the flow in the interior can be 
described by inviscid theory for basin modes and the inertial boundary. 

The inertial boundary layer 

In the early stages of the flow there is a piling up of enstrophy and energy at the western 
boundary. This is most clear for the case of ,6' = 400, because then the piling up is 
strongest and concentrated in a smaller region. The boundary layer can be visualised 
by integrating the energy over the domain length in meridional direction. The result is 
plotted in figure 4.11. The length of the error bar is equal to the theoretical boundary layer 
thickness (according to equation (2.59)). The real width of the inertial boundary layer is in 
agreement with the theory. The amount of enstrophy in the boundary layer first increases 
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Figure 4.11: lnertial boundary layer at the western boundary for {3 = 400 and Re= 10000. 
The error bar gives the theoretica[ thickness of the boundary. The energy integrated in 
meridional direction over the domain width is plotted for t = 4 ( dash-dot), t = 5 (solid) 
and t = 10 ( dashed). 

by the drift of the enstrophy from the interior of the domain to the inertial boundary 
and by production of enstrophy. Thereafter the piling up is decreased in strength by 
viscous dissipation and decreasing transport from the interior of the domain to the inertial 
boundary. The higher energy and enstrophy near the western boundary make that the 
western viscous boundary contains also more enstrophy. The amount of enstrophy in the 
western boundary is important for the energy decay. LaCasce (LaCasce, 2002) found in 
simulations on forced two-dimensional turbulence that the peak enstrophy in the inertial 
boundary scales with {3 and thus the enstrophy located in the boundary scales with yf/J. 
For the lower {3 numbers the boundary is less clear, because the peak enstrophy is lower. 

The viscous boundary layer 

The viscous boundary layer is formed to reduce the velocity to zero at the wall. The 
boundary layer thickness is obtained by integrating the enstrophy over the domain length 
in the direction parallel to the boundary. The boundary layer thickness is then determined 
by the location from the boundary where this integrated enstrophy is half of its value found 
at the wall. This is clone for the all {3 numbers for the same energy ( thus at different times). 
The decribed method is most accurate for the northern and southern boundary, because 
the Rossby wave is travelling along the boundary. This means that the integral over the 
domain width acts like an integral over time. In this manner we find an time average for 
the boundary layer thickness. For the western and eastern boundary the phase propagation 
is directed perpendicular to the boundary. This makes it harder to find a correct value for 
the boundary layer thickness. 
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The results for the northern and southern boundary are given in table 4.2 for Re = 
10000. The real boundary layer thickness in the simulations is about two to three times 

Table 4.2: Viscous boundary layer thickness Óv, as present at the northern and southern 
boundary and the enstrophy located in all the boundaries 0 46 . The values for Ó(i,i) and ókf3 

are calculated using {2.39} and {2.43}, respectively. 

f3 Óv .10- 3 Ó(l,l) .10-3 ók(J .10-3 
0415 Ototal ~ 

l1+nfn l 

30 2.7 7.7 6.0 0.78 1.07 0.73 
60 2.1 5.4 5.1 0.73 1.04 0.70 
120 1.7 3.8 4.3 1.38 1.79 0.77 
400 1.1 2.1 3.2 1.71 2.89 0.59 

thicker than the defined boundary layer thickness. The viscous boundary layer thickness 
is of the same order as the theoretical boundary layer thickness. We find that boundary 
layer thickness scales approximately as ó ex: (3-a, with a = 0.34. In figure 4.12 the viscous 
boundary layer thickness is given as function of the (J- 0·

34
. We can see that the obtained 

sealing is accurate for this range of f3 numbers. The found sealing is between the predicted 

2.5 

~15 

0.5 

o~~~~~~~~~~~~~~~~ 

0 0.05 0.1 0 .15 0.2 0.25 03 
~--0 .34 

Figure 4. 12: The vis eaus boundary layer thickness ( +) from the simulations for /3 = 

30, 60 , 120 and 400. The straigth line represents the found sealing behavior ó ex: (J- 0
·
34 

as on the x -axis /3-o.34 is given. 

boundary layer thickness caused by the frequency of the (1 ,1) basinmode, a = 0.5 (2.39), 
and the thickness caused by the frequency of a wave with the Rhines wave number , a = 0.25 
(2.43) . Recall that the northern and southern boundary cannot be of associated with a 
Munk boundary layer. To acquire the boundary layer thickness of the western and eastern 
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boundary, a time average is needed over at least the period of the slowest basin mode. The 
averaging mechanism must be build into the numerical solver and cannot be perfermed 
afterwards. 

The importance of the viscous boundary layer fellows from the large amount of en
strophy located in the boundary layer. This is between 60% and 80% (table 4.2) of the 
total enstrophy. The used boundary layer thickness to obtain the enstrophy located in the 
boundary layer is feur times the defined boundary layer thickness, 4óv. 

Energy dissipation 

In figure 4.13 the energy and enstrophy are plotted fer j3 = 0, 60 and 400 and Re= 5000 
and 10000. The energy decay is much faster on the domain with no-slip boundaries then 
on the periodic domain. Note that the energy at t = 100 is about 500 (/3 = 60) to 107 

(/3 = 400) times smaller on the domain with no-slip boundaries as on the periodic domain. 
In the early stages the decay is very fast due to the piling up of enstrophy at the western 
boundary. In the later stages there are only Rossby waves in the interior and a viscous 
boundary layer at the walls. 

The main part of the viscous dissipation is actually taking place in the viscous boundary 
layer. Equation (2.60) states that the change in energy in time is linearly dependent from 
the amount of enstrophy. As mentioned in the previous paragraph, the enstrophy located 
in the boundary is about 70% of the total amount of enstrophy. The vorticity in the 
boundary is of order 0 ( % ) , w here U is the characteristic velo ei ty of the interior flow and 
ó the boundary layer thickness. If we assume that all the enstrophy is located in the 
boundary, (2.60) reduces to: 

dE _ U28L _ 2 E 
dl - - Reó2 - - Reó L . 

The solution fer the time dependence of the energy is given by: 

2 
E(t) = E0 exp(- ReóL t), 

( 4.4) 

( 4.5) 

which states that the energy decay is exponential if the boundary layer thickness is constant. 
The straight lines in the log plot of the energy suggest that this is indeed the case. The 
decay rate depends on the j3 number. For simplicty we write E(t) = E0 exp(-at). From 
the energy plots we find that a scales with j3-0 39 in the later stages. The exponent a of 
the energy decay fer Re = 5000 and 10000 is given in figure 4.14(b). Both the values 
feund in the simulations fer Re = 5000 and Re = 10000 are accurately described by the 
obtained sealing. The dependence on Re-0·5 suggest again that the energy is dissipated in 
the viscous boundary layer. If the dissipation takes place in the interior a linear dependence 
with Re- 1 is more likely. 

With the known sealing of a we can extract some proporties of the viscous boundary 
layer. The sealing fer the boundary layer thickness ó fellows from (4.5): ó = -2Re-1/(aL). 
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(a) energy, Re= 5000 (b) energy, Re = 10000 
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( c) enstrophy, Re = 5000 (d) enstrophy, Re= 10000 

Figure 4.13: Energy (a)-(b) and enstrophy (c)-(d) decay on a domain with no-slip bound
aries for (3 = 0 ( drawn), (3 = 60 ( dashed-dotted) and (3 = 400 ( dashed) for Re = 5000 
(a) -(c) Re= 10000 (b)-(d). 

As a is known, we find b "" (3-0·39 Re-0
·5 . This is somewhat different dependence on (3 as 

found for the northern and southern viscous boundary layer, i.e. bv ex: (3-0·34 Re-0·5 . 

In figure 4.15 the energy and enstrophy are given for the early stages of the simulations. 
The strong dissipation in the early stage is a result of the flow intensification at the western 
boundary. The energy dissipation in the early stages shows, analogous with the energy 
decay in the later stages, an exponential decay. However the decay is faster and the 
exponent shows a different dependence on (3 (figure 4.14(a)). This time the exponent, 
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Figure 4.14: The exponent of the energy decay for Re = 5000 ( +) and 10000 (*) scales with 
a0 + (3Re- 0·5 in the first stage (when the inertial boundary is present) and with (3° 39 Rc0 5 

in the second stage. 
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Figure 4.15: Energy ( a) and enstrophy (b) decay in the early time stages of the flow on a 
domain with no-slip boundaries for (3 = 0 ( drawn) , f3 = 60 ( dashed-dotted) and (3 = 400 
( dashed) for Re = 5000 

given by a, consists of a constant part a0 , independent on (3 and Re, and apart that scales 
linear with (3 and again with Re-0·5 . The dependence of the exponent on Re-0·5 makes 
us suspect that a part of the dissipation is here also taking place in the viscous boundary 
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layer. As the velocities in the inertial boundary layer are higher than in the rest of the 
domain, the western viscous boundary layer has a dominant role in the energy dissipation. 
Further investigation of the inertial boundary layer and viscous boundary layer is necessary 
to obtain the needed sealing behavior. Simulations which apply a forcing of the flow field 
are best suited for this purpose. 

In figure 4.16 the ratio between the enstrophy and the energy is plotted. The ratio gives 
the mean square wave number. Note the increase of the mean wave number for (3 = 400 
due to the production of enstrophy at the western wall. For (3 = 60 the increase starts 
later as the drift of vorticty to the western wall is slower. In the later stages, when there 
are only Rossby waves, the change in scale is very slow. 
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Figure 4.16: Ratio between the enstrophy and the energy for Re = 5000 (a) and Re = 10000 
(b), for (3 = 400 (upper), 60 (middle) and 0 (lower). 

Basin m o des 

In figure 4.17 some frequency spectra are plotted for different (3 numbers. The spectra are 
calculated by taking the fourier transform of integral over the streamfunction (see below). 
The integral is calculated over a straight line from the center of the domain to the upper 
right corner. In this way we try to stay away from the zeros in the envelope function of 
the basin modes and are in the eastern part of the domain where Rossby modes are early 
visible. The frequency axis is made dimensionless by dividing the frequncy by the domain 
times the (3 number. Now the frequency of a basin mode has the same position on the 
dimensionless freqency axis independent from the (3 number. Note that for the (3 = 30 
only the lowest modes are present. When the (3 number is increased there are more higher 
order basin modes. This is the result of the halted inverse energy cascade to small wave 
numbers. For (3 = 400 the Rhines wave number is higher, allowing higher order modes to 

61 



(2,3)(2,2)(1,3) (1,2) (1, 1) 

Figure 4.17: Spectra of the streamfunction integrated from the middle to the upper right
corner of the domain. The axes are non-dimensionalised so that the basin-mode frequencies 
are on the same position for different (3. The dotted lines give the frequenciy of the basin 
modes (1, 1), (1, 2), (1, 3), (2.2) and (2, 3), the dashed lines represents the frequency be
longing to the Rhines scale (as given by equation (2.41)). The maximum value of each 
spectrum is scaled to one, the maximum value is 240, 79.4, 167 and 59.8 from (3 = 30 to 
(3 = 400, respectively. 

appear. Equation (2.41) gives the frequency of a basin mode with its wave number equal 
to the Rhines wave number. In the Fourier spectra this frequency is represented by the 
dashed lines. There are some higher order modes present than predicted by the Rhines 
scale. This illustrates that the Rhines wave number is not a hard limit. There is gradual 
transition between the turbulent regime and the Rossby wave regime. 

The Fourier spectrum shows that all the theoretica! basin mode frequencies are present. 
This does not proove that all the basin modes are actually present. The (2,1) mode has 
the same frequency as the (1 ,2) mode but the (2,1) mode consists of patches with large 
meridional length scales and smaller zonal length scales while the (1,2) mode is more 
isotrope. Though one could expect that only the isotropic mode is present, contour plots 
of the flow field show that the (2,1) mode is also present, e.g. the large north-south 
orientated structure in figure 4.10( c). 

The Rossby waves have a large influence on the angular momentum of the flow (com
putated with respect to the centre of the domain). In the absence of the (3-plane the 
flow evolves in a domain-sized monopole on a domain with no-slip boundaries. While the 
initial flow field has no angular momentum, the monopolar structure has. This behavior 
is known as spontaneous spin-up and is described by Maassen (Maassen , 2000) . On the 
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,B-plane this large size monopolar structure is not allowed, instead the flow field consists 
of Rossby waves. Basin modes do not have a net angular momentum, when averaged over 
time. If the stream function of the basin modes is assymetric around the x-axis, it has no 
angular momentum at all. The symmetrie basin modes have an angular momentum which 
oscillates around zero as visible in figure 4.18. The decrease in amplitude of the angular 
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Figure 4.18: The angular momentum calculated for the simulations with ,B = 60 and Re= 
10000. 

momentum is caused by the viscous energy dissipation. The phase speed is not altered by 
viscosity and does not depend on the total energy. 

Anisotropy 

The flow pattern on a periodic domain is anisotropic: there are long east-west orientated 
structures. The introduction of a solid boundary makes these structures impossible, in fact 
all the basin modes have larger length scales in the meridional direction than in the zonal 
direction. If Rossby waves are dominant, the flow must be anisotropic. Higher ,B numbers 
permit basin modes with larger wave numbers and with the larger wave numbers more 
isotropic modes become available. It is therfore expected that the amount of anisotrpy will 
reduce somewhat with increasinbg ,B number ( obviously, the flow will be iostropic when 
,B ~ 0). 

Figure 4.19 shows the evolution of the anisostropy. At the early decay stage the flow 
is nearly isotropic due to the dominance of the advection term, especially in the flow 
intensification region at the western boundary. Thereafter , Rossby waves are more and 
more dominant in the flow field, increasing the anisotropy. The ratio between the root 
mean square of the zonal velocity < u > and of the meridional velocity < v > for t = 100 
is given in table 4.1. Isotropic and anisotropic flow is possible at the same time as can be 
seen in figure 4.lü(a). At the western boundary (in the region with flow intensification) 
the structures are isotropic, while more to the east the anisotropic basin modes are visible. 
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Figure 4.19: (a) Root mean square velocity for u (solid) and v (dash-dot) with Re= 10000 
and f3 = 400 (low er) or f3 = 60 (upper). (b) The ratio between the r. m. s. zon al velocity and 
the r. m.s. meridional velocity for f3 = 400 ( dashed) and f3 = 60 (solid) with Re = 10000. 

Chebyshev spectra of the energy 

In figures 4.20 to 4.23 the 2D-Chebys~ev spectra of the energy are plotted. The spectral 
Chebyshev coefficents for the energy Emn are calculated using 

( 4.6) 

analogous to (3.21). The height of the bars in figures 4.20-4.23 corresponds to the sum 
over four Chebyshev coefficients. For example the height of the uppermost bar is obtained 
by the summation over the coefficients Ê00 , Ê10 , Ê01 and Ê11 . Note that the orders of the 
Chebyshev polynomials n and m are not directly related to the wave number. However, 
high order Chebyshev polynomials respond with high wave numbers and vice versa. The 
Chebyshev spectrum can thus be used to get an impression of the energy distribution in 
spectral space. 

In figure 4.20 and 4.22 the two-dimensional Chebyshev spectra are plotted for t = 

0.5, 1 and 2 with f3 = 60 and f3 = 400, respectively. In this early stage the energy 
cascade to smaller wave numbers is visible. The energy cascades from high order Chebyshev 
polynomials to the lower order Chebyshev modes. Although the cascade is less clear as in 
the energy spectra of turbulence on a double-periodic domain (figures 4.7 and 4.8). 

In time the spectral coefficients for large meridional wave numbers and smaller zonal 
wave numbers are increasing, which is the result of the production of waves with small 
zonal wave numbers at the western boundary. Recall that incident long Rossby waves 
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are transformed into short Rossby waves when refiected at the western boundary. In the 
later stages the inertial boundary is dissipated. The result is the decrease of the energy 
coefficients .Ênm with m > n, until the inertial boundary is disappeared (figures 4.2l(c) 
and 4.23(c)). 

The parameter which determines the width of the spectrum is the Rhines scale (2.30). 
For (3 = 400 waves with higher wave numbers are allowed than for (3 = 60. The result is a 
broader spectrum for (3 = 400. 

65 



0.035 n (zonal) 

0.03 ./ 

0.025 / 

0.02 

0.015 

0.01 

oooi~-

(a) t = 0.5 

0.04 n (zonal) 

0.03 / 

0.02 

0.01 

0 
0 

(c) t = 2 

60 60 

60 60 

m ( meridional) 

0.04 n (zonal) 

0.03 / 

0.02 

0.01 

0 
0 

m (meridional) 

0 

m (meridional) 

0 

60 60 

(b) t = 1 

Figure 4.20: Two-dimensional Chebyshev spectra of the energy for /3 = 60 and Re= 10000 
at t = 0.5, 1 and 2. The variables n and m give the order of the zonal Chebyshev polynomial 
Tn ( x) and the meridional Chebyshev polynomial T m (y). 
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Figure 4.21: Two-dimensional Chebyshev spectra of the energy for f3 = 60 and Re= 10000 
at t = 5, 15 and 50. The variables n and m give the order of the zonal Chebyshev polynomial 
Tn ( x) and the meridional Chebyshev polynomial T m (y) . 
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Figure 4.22: Two-dimensional Chebyshev spectra of the energy for (3 = 400 and Re = 10000 
at t = 0.5, 1 and 2. Th e variables n and m give the order of the zonal Chebyshev polynomial 
Tn ( x) and the meridional Chebyshev polynomial T m (y). 
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Figure 4.23: Two-dimensional Chebyshev spectra of the energy for /] = 400 and Re = 10000 
at t = 5, 10 and 25. The variables n and m give the order of the zonal Chebyshev polynomial 
Tn ( x) and the meridional Chebyshev polynomial T m (y). 

69 



70 



Chapter 5 

Conclusions and recommendations 

5.1 Conclusions 

Periodic boundaries 

The simulations for the domain with periodic boundaries give a flow pattern observed in 
a large number of publications. This confirms the right regime of {3 numbers chosen for 
our study. The case {3 = 400 is the most representative for the real geophysical case. The 
lower {3 numbers give additional information to obtain sealing relations. 

There is an energy cascade to lower wave numbers in the early times of the flow de
velopment. The energy cascade is halted when the characteristic length scale of the flow 
reaches the Rhines scale. The radiated Rossby waves have a wave number smaller than 
the Rhines wave number. Waves with a wave number larger than the Rhines wave num
ber are not possible as for these wave numbers the inverse energy cascade•is active. The 
structures in the flow field have a smaller length scale as for {3 = 0, because the inverse 
energy cascade to small wave numbers is halted. This makes the energy decay faster for 
increasing {3 numbers. 

There is a favour for Rossby waves with a small zonal wave number ( with respect to 
their meridional wave number) as these waves have a low frequency. This results in the 
from the literature well known zonal band structures with bands of alternating eastward 
and westward flow . The width of these bands is in agreement with the Rhines scale. The 
presence of these Rossby waves make the flow field anisotropic, which is in accordance with 
the anisotropic flow field observed by Rhines (Rhines, 1975). 

No-slip boundaries 

The simulations on a domain with no-slip boundaries show two important stages. In the 
first stage there is a flow intensification at the western boundary. In the second stage the 
piling up of energy and enstrophy is totaly dissipated and only Rossby waves are present. 
The piling up of enstrophy at the western boundary is due to the westward drift of vorticity 
caused by the {3-effect. Only for {3 = 400 this inertial boundary layer is clear to observe. 
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The thickness found for the inertial boundary layer is in agreement with the theoretically 
found approximation. 

The Rossby waves on the domain with no-slip boundaries are organised as basin modes. 
The basin-mode Rossby waves are already present in the first stage. In this stage they are 
visible in the eastern part of the domain, while the western part is dominated by the 
inertial boundary layer. In the second stage the basin modes are visible in the whole 
domain. Which basin modes are present is determined by the Rhines scale. Basin modes 
with larger wave number than the Rhines wave number are not present. 

The restriction to basin modes make the flow field anisotropic with large length scales 
in the meridional direction. With increasing /3 numbers more isotropic basin modes become 
available. The ratio between r.m.s . zonal velocity and r.m.s. meridional velocity is here 
between 0.5 for /3 = 30 and 0.77 for /3 = 400. For comparison, LaCasce found a ratio 
between 0.75 and 0.9 for forced turbulence on a domain with free-slip boundaries. 

The energy decay is dominated by the viscous boundary layers as the largest part 
of enstrophy, about 70% of the total enstrophy, is located in these boundary layers. In 
the first stage the decay is dominated by the western viscous boundary layer. The flow 
intensification makes the western boundary layer more important as most of the enstrophy 
is located here. The exponential decay is fastest in this stage. In the second stage the 
thickness of the viscous boundary layers is determined by the frequency of the Rossby waves 
in the interior of the domain . For the northern and southern viscous boundary layer the 
thickness scales with /3-0·34 Re-0 5 . The sealing is between two theoretically found sealing 
equations for the viscous boundary layer thickness. The energy decay is nearly exponential 
where the exponent scales with /]0·

4 Re-0·5 . This result predicts that the boundary layer 
thickness scales with /3-0

·39 Re-0·5 . The result is close but not equal to the sealing of the 
actual boundary layer thickness. 

5.2 Recommendations 

lnvestigation of coherent vortices 

The mean wave number of the initial flow field is close to the Rhines wave number for all 
values for /3 considered in present study. As result, there are no vortices that could persist 
at the time their size reaches the Rhines scale. Then the vortices are all destroyed by the 
radiation of Rossby waves. It could be interesting to start with a flow field with the mean 
wave number much larger than the Rhines wave number. There is more time for the flow 
to organise in well-developed vortices. 

Ensemble averaging 

For /3 = 0 it is necessary to perform multiple simulations with a number of random initial 
flow fields. This is necessary to obtain averages of the energy and enstrophy decay and for 
other statistics. For /3 # 0 the flow development is less dependent from the initial flow field 
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(the formation of Rossby waves make the behavior of the flow more stable), but analysis 
of the boundary layers can be improved by using ensemble averages. 

Simulations on forced turbulence 

For further investigation of the properties of the inertial boundary layer, forced simulations 
are necessary. With forcing the energy can be kept at a high enough level to make the 
inertial boundary layer visible and statistically stationary. In the experiments on decaying 
turbulence the inertial boundary layer is rapidly dissipated, and so only present for a short 
time. 
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Technology assessment 

Rossby waves have mayor effects on the large-scale ocean circulation. Perhaps the most 
important effects of these waves is on the western boundary currents, such as the Gulf 
Stream. Rossby waves can intensify the currents, as well as push them off their usual 
coarse. If we keep in mind that those currents transport huge quantities of heat, we can 
easily understand that even a minor shift in the position of the current can dramatically 
affect weather over large areas of the earth. 

In recent studies Rossby waves are believed to be important in bringing nutrients to 
plant life in the ocean. Without new input, the level of nutrients in the sea's surface layers 
(where the phytoplankton lives) would be quickly exhausted, and deeper waters are the 
only source of new nutrients. Rossby waves appear to supply 10-20% of the incoming 
phytoplankton nutrients. Phytoplankton produces about half of the world's oxygen. 
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