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Summary

A manipulator is a a set of links connected by joints to each other and to an inertial system.
Manipulators are widely used in industry and scientific environments. On a conventional manip
ulator every joint is actuated. An underactuated manipulator, however, has less actuators than
joints. The advantages are apparent: cost and weight are saved. In this study underactuated
manipulators are considered with one unactuated joint.

The zero force or torque constraint at the unactuated joint implements a nonholonomic constraint
on the system. For some underactuated manipulators the system remains controllable, despite
the unactuated joint. This means these manipulators can still execute pick-and-place like tasks.
These underactuated manipulators can despite of their controllability not be steered from an initial
configuration to a final configuration for every arbitrary trajectory. This trajectory has to satisfy
the nonholonomic constraint at every time. Motion planning for underactuated manipulators is
about finding such a trajectory.

In this project the underactuated PPR manipulator is considered. The dynamic equations of this
system can be transformed to a simpler system, the extended chained form system. The less com
plex equations of the extended chained form system can help developing motion planners more
easily.

Three different motion planning methods are developed during the project. Each of these meth
ods is tested in a simulated environment for motion planning problems on the PPR manipulator,
to prove they work and to compare the results of different motion planners for specific motion
planning problems. Finally experiments are conducted on an underactuated manipulator.
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Samenvatting

Een manipulator is een verzameling links die verbonden zijn door gewrichten met elkaar en aan
een inertieel systeem. Manipulators worden veel gebruikt in de industrie en in wetenschappelijke
omgeving. Een conventionele manipulator wordt ieder gewricht met een actuator aangedreven.
Bij een ondergeactueerde manipulator daarentegen heeft minder actuators dan gewrichten. De
voordelen hiervan zijn duidelijk: Er wordt zowel gewicht als kosten bespaard. In deze studie wor
den manipulators beschouwd met een ongectuaard gewricht.

De conditie dat het ongeactueerde gewricht in de richting van de vrijheidsgraad geen kracht of
koppel kan doorleiden heeft voor het systeem een niet holonome constraint to gevolg. Sommige
ondergeactueerde manipulators blijven ondanks het ongeactueerde gewricht toch bestuurbaar. Dit
heeft tot gevolg dat deze manipulators taken uit kunnen voeren waarbij objecten van A naar B
verplaatst moeten worden. Deze ondergeactueerde manipulators kunnen ondanks hun bestuur
baarheid niet via elke willekeurige trajectorie van A naar B gestuurd worden. Ret pad moet op
ieder tijdstip voldoen aan de niet holonome constraint. Pad planning voor ondergeactueerde ma
nipulators gaat over het vinden van zo'n pad.

In dit project wordt de ondergeactueerde PPR manipulator beschouwd. De bewegingsvergelijkin
gen van dit systeem kunnen getransformeerd worden naar een eenvoudiger systeem, het extended
chained form systeem. De eenvoudigere vergelijkingen van het extended chained form systeem
kunnen pad planning eenvoudiger maken.

In dit project zijn drie verschillende pad planning methodes ontworpen. Elke methode is getest in
een gesimuleerde omgeving met padplanning problemen voor de PPR manipulator, om aan te tonen
dat ze werken en om de resultaten van verschillende pad planners te vergelijken bij specifieke pad
planning problemen. Uiteindelijk worden er experiementen uitgevoerd op een ondergeactueerde
manipulator.
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Chapter 1

Introduction

Manipulators are widely used in industry and scientific environments for many tasks. An example
of a robot manipulator used in industry is a laser cutting robot, where the end effector is equipped
with a powerful laser which can cut a complex form shape out of a sheet of metal. Other robot
manipulators are used to move objects from one place to another.

There is a fundamental difference between the applications of robot manipulators in the two above
examples. The end effector of the laser cutting robot has to follow some prescribed trajectory in
space in order to make a good cut. The 'pick and place' robot from the second example does not
have to follow a trajectory, as long as the end effector is at the right places when it picks the object
and when it places the object. The trajectory between these states is of minor importance. Of
course not every trajectory is equal, there are differences in execution time, energy consumption
and not every trajectory avoids possible obstacles along the way.

This report is about robot manipulators which have to execute pick and place like tasks. Until
recently the design demands of the two types of robots were not fundamentally different. The
conventional manipulator consists of k links connected to each other and to an inertial system by
k joints. Every joint adds one degree of freedom to the robot. See figure 1.1. In order to be able

Figure 1.1: Manipulator

to control this conventional robot, it is equipped with k actuators, one for every joint. This design
enables the manipulator to follow trajectories in an n dimensional configuration space.

Let us however consider robot manipulators consisting of k joints and k - 1 actuators. These

6



CHAPTER 1. INTRODUCTION 7

manipulators are referred to as underactuated manipulators. Clearly, these manipulators are not
able to track an arbitrary trajectory in the k dimensional configuration space. Recent studies in
the field of robot manipulators however, have revealed that some class of underactuated robot
manipulators can execute pick and place tasks in the k dimensional configuration space. These
robots can access a configuration space one dimension higher than the number of inputs.

Underactuated manipulators can have big advantages over conventional robots, depending on the
tasks and the environment. Weight saving, for example, is very important for robots to be sent in
space, because the price of putting one kilogram of matter in an orbit around the earth is approx
imately $10.000. Underactuated manipulators can also be cheaper than actuated manipulators,
because it has one actuator less.

These advantages come at a price. Where motion planning for pick and place robots is relatively
easy, motion planning for underactuated manipulators is difficult. This is because the motion of
the underactuated joint is not prescribed by an actuator, but by dynamics of the robot. One has
to exploit these dynamic properties in order to perform pick and place tasks.

This report is about motion planning for underactuated manipulators in general, but because it is
too difficult to develop a motion planner for all underactuated manipulators, several motion plan
ners are developed for a specific type of underactuated manipulator. This will however not limit
the usability of the derived motion planners to this specific system. A coordinate transformation
is used to obtain a less complex control system. In this way motion planning problems can be
solved for this less complex system. The solutions are transformed back to the original system to
obtain a trajectory in original coordinates.

In chapter 2 holonomic and nonholonomic systems and their properties are studied. A large
class of underactuated manipulators appears to be under second-order nonholonomic con
straints. Furthermore the state space representation of control systems of underactuated
manipulators all have a drift vector-field, a property that makes many available motion plan
ners for nonholonomic systems unsuitable for underactuated manipulators.

In chapter 3 The underactuated PPR manipulator is discussed. The underactuated PPR ma
nipulator is a system under a second order nonholonomic constraint. There appears to exist
a transformation of this system to the extended chained form system. The PPR manipula
tor is not the only system which can be transformed to the extended chained form system.
If motion planning problems can be solved for the extended chained form system, motion
planning problems for more than only the PPR manipulator can be solved.

Chapter 4 gives a formal description of the problem.

Chapter 5 deals with the controllability of nonlinear systems. If a system is not controllable,
motion planning is impossible.

Lie Brackets are shown to be helpful tools in studying the controllability of nonlinear systems.
For drift free systems, controllability can be proved with Lie Brackets. The extended chained
form system however has got a drift vectorfield, so strong accessibility is the most we can
prove using Lie Brackets. The controllability of the extended form system is therefore proved
by a constructive procedure.

Chapter 6 is the main part of this report. Three different motion planning methods are given
which are able to solve motion planning problems for the PPR manipulator and the extended
chained form system. Of each method two algorithms are given. These algorithms use a
step by step procedure for solving motion planning problems.

Furthermore the extended chained form system is proved to be a fiat system. For some
systems, flatness can be used to develop motion planners. For the extended chained form
system however, the flatness property does not provide a simple method for motion planning.
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The last section of this chapter deals with motion planning in the presence of obstacles.

8

In chapter 7 four motion planning problems are solved for everyone of the six motion planning
algorithms. The results are compared.

In chapter 8 four motion planning problems are solved for a test setup. The test setup consists
of the H-drive system equipped with a (virtual) free link. This system is very similar to
the PPR system which makes it possible to use an algorithm from chapter 6 to generate
a reference trajectory. The actuated part of the test setup tracks the reference trajectory
using a tracking controller. If the tracking is accurate enough, the configuration of free link
will follow the reference trajectory.

In chapter 9 conclusions are drawn and recommendations are given.



Chapter 2

Second order nonholonomic
mechanical systems

Many mechanical systems operate under some kind of motion constraint. For example, consider
the motion of a wheel rolling on a surface. To simplify the problem it is assumed the wheel moves
in the plane of drawing, see figure 2.1. We describe the center of gravity of the wheel by the vector

ie....1J
:::;,.. ....;::::,,_.....::::.....__l..h_

Figure 2.1: Wheel model

r = rxex + ryey, rx, r y E lR and the orientation of the wheel bye, 0:::; e < 21r. This gives us
three configuration variables r x , r y and e to describe the configuration of the wheel in the plane.
Assume the wheel touches the surface and there is no slip between the wheel and the surface.
These assumptions form a constrained system. Due to the constraints imposed on this system it
is impossible to choose rx , r y and e freely. These restrictions can be written as two constraint
equations:

(2.1)

(2.2)

where (2.1) imposes the contact condition and (2.2) imposes the no-slip condition. Because these
constraint equations can be written as a function of the constraint variables

g(rx , r y, e, t) = 0 (2.3)

these constraints are by definition holonomic constraints. Note that, in order to write the con
straint equations in the form (2.3), (2.2) has to be integrated once with respect to time. The
holonomic constraints are then given by

a
a

9
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CHAPTER 2. SECOND ORDER NONHOLONOMIC MECHANICAL SYSTEMS 10

where C is an arbitrary constant. Due to the existence ofthese two holonomic constraints, a single
configuration variable can be found, for instance B or rx , which determines the configuration of
the constrained wheel system. Generally speaking, if a system of n configuration variables satisfies
m holonomic constraints, n - m configuration variables can be found which determine the whole
configuration of the system.

However this reduction in configuration variables and elimination of constraints does not apply
to all constrained systems. The constraint conditions of mechanical systems which cannot be
represented as an equation g(q, t) = 0 comprising only configuration variables q and time tare
defined as nonholonomic constraints. Typical for nonholonomic systems is that if a nonholonomic
system of n degrees of freedom is under m nonholonomic constraints, the number of configuration
variables cannot be reduced and thereby eliminate the constraints.

Control and motion planning of mechanical systems under nonholonomic constraints has received
increasing attention in recent years [9]. In robotics, mainly nonholonomic constraints formulated as
nonintegrable differential equations containing time-derivatives of configuration variables (velocity,
acceleration etc.) are studied. Such constraints include the following:

1. Kinematic constraints which geometrically restrict the direction of mobility.

2. Dynamic constraints due to dynamic balance at passive degrees of freedom where no force
or torque is applied.

Consider a kinematic model of a car as an example of nonholonomic kinematic constraints. Figure
2.2 shows a car with front and rear wheels. The rear wheels are aligned with the car while the
front wheels can be steered. To simplify the derivation, the front and rear wheels are modelled as
single wheels at the midpoints of the axles. The constraints on the system arise by allowing the
wheels to roll, but not slip. Let q = [x, y, <P, B]T denote the configuration of the car, parameterized

l,l./..~.'/ /

x

Figure 2.2: Car model

by the location of the rear wheels (x, y), the angle of the body of the car with respect to the x-axis
(B) and the steering angle with respect to the car body (<p). l denotes the distance between the
front and rear wheels. The constraints for the front and rear wheels are formed by writing the
sideways velocity of the wheels and setting them to zero:

(x -lOsinB) . sin(B + <p) - (iJ + lB cos B) . cos(B + <p)
xsinB-iJcosB

o
o (2.5)
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Note that these constraint equations can not be written as g(q) = 0, but rather rather as

g(q,q) = 0

11

(2.6)

Systems for which the constraints can be written as in (2.6) are called first order nonholonomic
systems. Generalizing, systems with constraint equations written as g(q, q, q, ... ,q(n)) = 0 are
called n-th order nonholonomic systems. Consider the following control system associated with
our car model:

X COSBUl
iJ sinB Ul

(2.7)
~ U2

iJ t tanq'>ul

Where Ul corresponds to the forward velocity of the rear wheels of the car and U2 corresponds to
the velocity of the steering wheel. If these equations are substituted in (2.5), the constraints are
satisfied for every Ul(t) and U2(t). So this control system doesn't violate the constraints posed by
(2.5).

Equation (2.7) can also be written as

(2.8)

where gl and g2 are two vectorfields described by

r
cosB ]
sinB

gl(q) = 0 '

t tan q'>

Note that by making a control system of our car model we are able to tell in which directions we
can move while the constraint equations (2.5) tells us the directions we cannot move (directly).

System (2.8) has the property that is has no drift vector field, and therefore is called a drift free
system. A drift vectorfield is a vectorfield that is not controlled by any input, unlike gl and g2
which are multiplied by Ul and U2 respectively. Control systems which have a drift vectorfield
have the property that when the state is not in equilibrium, the state will change even when the
control inputs are zero.

There have been many studies on first order nonholonomic systems which can be written as drift
free affine systems like (2.8). A main focus of these studies has been motion planning and feedback
control based upon these forms, see [8], [2], [3], [4], [5] and [14]. However, these mathematical
approaches cannot be directly applied to affine nonholonomic systems with a drift term.

In this report underactuated manipulators are studied which are under a second-order nonholo
nomic constraint. The constraints on these systems are dynamic constraints. The control systems
associated with underactuated manipulators have always got a drift vectorfield, as will be proved
below.

Consider the general form of the dynamic equations of a fully actuated manipulator with n degrees
of freedom and n actuators:

M(q)q + C(q, q)q = Hu + d

where

(2.9)

M= MT > 0
C
H
u
d

(n x n) mass matrix
(n x n) coriolis matrix
(n x n) distribution matrix
(n x 1) input vector
(n x 1) other forces than inputs; friction, gravity
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In the remainder the distribution matrix is chosen to be the unity matrix; H = I and the distur
bances column vector is chosen to be zero; d = O.

In contrast to fully actuated manipulators, underactuated manipulators have got passive joints
equipped with no actuators. The passive joints, which can move freely, can be indirectly driven
by the effect of the dynamic coupling between the active and passive joints.

Consider the general form of a manipulator with n degrees of freedom and n - 1 actuators; an
underactuated manipulator. The dynamic equations of this type of manipulators can be written
as the vector equation:

M(q)q + C(q, q)q = [ ~ ] (2.10)

Where u is a (n - 1) x 1 column vector. The last equation of this vector equation can be seen as
a constraint equation. This equation reads:

n

2)Mniqi + Cniqi) = 0
i=1

(2.11)

where Mij , Cij is the element at row i and column j of the matrices M and C respectively.

If the constraint (2.11) is non-integrable, the constraint imposed by the zero force or torque
condition at the passive joint is a second-order nonholonomic constraint. This nonholonomic
constraint can (thus) be written as g(q, q, q) = O.

Consider the control system associated with the underactuated manipulator system (2.10):

x= f(x) + Gu

where

(2.12)

The 2n x (n - 1) matrix G is given by:

Gij = { ~-l
(i-n)j

for iE{1,2, ... ,n}
for iE{n+1,n+2, ... ,2n}

The control system (2.12) describes an underactuated manipulator with n configuration variables,
which is equal to the number of joints. Because one joint is unactuated the system has got n - 1
inputs. The state of this system has got a dimension of 2n.

It is now clear that control systems of underactuated manipulators do have a drift vectorfield. This
means the techniques which have specifically been designed to tackle motion planning problems
for systems without drift vectorfield will generally not work.

In the next chapter a planar manipulator with two translational and one unactuated revolute joint
is investigated, which is a typical second- order nOnholonomic underactuated mechanical system
and which forms the main subject of study in this report.



Chapter 3

PPR manipulator

Consider a three link planar manipulator, which consists of two actuated orthogonal prismatic
joints and one unactuated revolute joint, see figure(3.1). Define the configuration variables of the

y

x

Figure 3.1: Planar PPR manipulator

PPR manipulator r = [rx , ry,B]T, where (rx , r y) denotes the displacement of the third joint from
the origin (x, y) = 0 and B denotes the orientation of the third link with respect to the positive
x-axis. Let 71,72 denote the inputs to the prismatic actuated joints. The mass and inertia of the
links are denoted by mi and Ii respectively and l denotes the distance between the center of mass
of the third link and the third joint. Neglecting friction forces, the dynamic equations of motion
can be written as (see [1])

.. "2
mxrx - malsin(B)B- malcos(B)B = 71

myTy + mal cos(B)B - mal sin(B)B2 = 72 (3.1)

IB - mal sin(B)rx + mal cos(B)ry = 0

We also introduce the parameters m x = (m1 + m2 + ma), my = m2 + ma and I = fa + mal2, see
[6]. In [7] this underactuated planar manipulator was shown to be controllable by constructing an
input to generate a trajectory from any given initial state to any given final state in finite time.
The trajectories consist of simple translations and rotations together with combined translational
and rotational movements. The nonholonomic constraint of the system (3.1) can be written as

)"B(t) - rx(t) sinB(t) + Ty(t) cosB(t) = 0,

13

(3.2)
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where>' = I/ (m3l) equals the effective pendulum length when the third link is treated as a rigid
body pendulum suspended under the passive joint.

Considering the remainder of this report, it is desirable to have a state space representation of
system (3.1). The state of system (3.1) is chosen to be

rx

ry

q = [ ~ ]
e

(3.3)r'x
ry
iJ

With this choice of the state, the state space representation becomes:

q = fppr (q,Tl,T2) = [ ~-l(r) (r - C(r,r)r) ]

where

(3.4)

o
C(',r) ~ [ :

(3.5)

As the equations governing the dynamics of the PPR manipulator (3.1), (3.4) are rather complex,
in the next section a transformation into a more simple form is given.

3.1 transformation to extended chained form

In [6] a coordinate and feedback transformation was proposed to transform the system (3.1) into
an extended chained form system. Consider the extended chained form system:

{I = Ul

6 =U2

~'3 = ~2Ul'

The state coordinates of this system are stored in the column vector e = [6,~2,6r. Just like
the PPR manipulator system, it is desirable to have a state space representation of the extended
chained form system. The state of the extended chained form system is chosen to be:

x = [ ~ ]

6
6
6
~l
~2
~3

With this choice of the state, the state space representation of (3.5) becomes:

(3.6)

~4
~5
~6
Ul

U2

6 U l

(3.7)
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(3.8)

System (3.1) can be transformed into system (3.5) using a local coordinate transformation and an
input transformation:

[

T'X+>'(COS8-1)]e= tan(8)
T'y + >'sin8

Note that, with this transformation, the state coordinates e= 0 correspond to q = o. The input
transformation is given by:

(3.9)

where

(3.10)

When 8 = 7r/2 ± k7r, kEN, the coordinate transformation (3.8) and the input transforma
tion (3.9) are not well-defined. We therefore restrict the configuration-space of the configuration
variables r to the subspace C given by

(3.11)

In the remainder of this report also a state transformation is needed as well as the inverse coor
dinate transformation and the inverse state transformation.

The state transformation can be derived from the coordinate transformation (3.8):

x = [ ~ ]

T'X + >.(cos8 - 1)
tan(8)
T'y + >'sin8
Tx - >.8sin8
0(1 + (tan8)2)
Ty + >.8cos8

The inverse coordinate transformation is given by:

[

6 - >.(cos(arctan6) - 1) ]
r = arctan(6)

6 - >. sin(arctan E2)

(3.12)

(3.13)

The inverse state transformation can be derived from the inverse coordinate transformation (3.13):

E1 - >.(cos(arctanE2) - 1)
arctan(6)
6 - >'sin(arctan 6)
Ii + >. 6~·2
<'1. (1+W3/2

6
l+~g .
. 6

6 - >. (1+~)312

(3.14)



Chapter 4

Problem Statement

The general goal of this report is to obtain a better understanding of motion planning for un
deractuated manipulators. It is however beyond the scope of this report to develop a motion
planner for a all underactuated manipulators. Therefore it has been decided to develop a motion
planner for the underactuated PPR manipulator discussed in chapter 3. The underactuated PPR
manipulator, PPR manipulator for short, is a representative, yet simple example of underactuated
manipulators.

4.1 Description

The goal of this report is to develop a motion planner for the PPR manipulator system (3.1). This
motion planner must be able to generate the input functions 71(t) and 72(t) which drive the state
of the system from an arbitrary initial rest-state qo at time t = °to the arbitrary final rest-state
qT at time t = T on the interval t E [0, T]. The final time T > °is predefined. By the term
rest-state a state is meant at which all entries describing velocities are equal to zero. Below the
formal motion planning problem definition is given:

Problem 1 Consider the underactuated PPR manipulator system:
.. '2

mxrx - m3lsin(B)B- m3lcos(B)B = 71

.. '2
myry + m3l cos(B)B - m3l sin(B)B = 72

Ie - m3l sin(B)rx + m3l cos(B)ry = 0,

For this system, find input functions 71(t) and 72(t) such that the resulting state trajectory q(t)
joins the rest-state qo at time t = °and the rest-state qT at time t = T. The final time T is
chosen at forehand and T > 0.

In chapter 6 different motion planners are discussed. Every motion planner at least solves problem
1, some motion planners even minimize some cost functional.

Most motion planners use the extended chained form system equations (3.5) in order to solve the
motion planning problem. Motion planners of this type all use the same basic-algorithm:

1. The initial state qo and the final state qT are transformed to corresponding states Xo and
XT of the extended chained form model.

2. A certain algorithm is used which finds input functions U1(t) and U2(t) which drive the state
of the extended chained form system x from Xo at time t = °to XT at time t = T. By
finding the input functions, the state trajectory x(t) can easily be determined.

3. The input functions U1(t) and U2(t) are transformed to input functions 71(t) and 72(t) using
transformation (3.9). The state trajectory x(t) is transformed back to q(t) using transfor
mation (3.14).

16



CHAPTER 4. PROBLEM STATEMENT 17

By using this algorithm, problem 1 can be solved while taking advantage of the simple structure
of the extended chained form system.



Chapter 5

Controllability

Before trying to develop motion planning schemes, first the controllability of system (3.5) is con
sidered. If this system appears not to be controllable, motion planning between two arbitrary
states is trivially impossible. Let us start with a short introduction on controllability. Consider
the control system

m

x = f(x) + Lg(X)iUi
i=l

with x the n dimensional state vector and u = [UI U2

(5.1)

Um]T the m dimensional input vector.

Definition 1 (Controllable) System (5.1) is said to be controllable if for any two states Xo
and Xl there exist a time T and an admissible control defined on [0, T] such that x(O) = Xo and
x(T) = Xl

Consider the controllability of linear control systems in the form:

x = Ax+Bu (5.2)

with X the n dimensional state vector and u the m dimensional input vector. Linear control theory
states that linear control systems (5.2) are controllable in the controllability matrix C has rank n,
where

This is called the 'Kalman rank condition'. Let us now consider nonlinear affine control systems
of the form (5.1). Mathematical approaches based on differential geometry are generally applied
for the analysis of controllability of nonlinear systems. The controllability of such a system can
be judged by calculating the controllability Lie algebra, see [13] First the Lie bracket operation is
defined:

Definition 2 (Lie bracket) Let gl(X) : jRn -t jRn and g2(X) : jRn -t jRn be two vector fields.
The Lie bracket of gl (x) and g2 (x) is a third vector field defined by

Let us again consider our car model (2.8), which is a drift-free affine control system:

with four dimensional state q and two inputs UI and U2. It is clear that from any state qo E jR4

we can steer in all directions contained in the subspace of span{gl(qO),g2(qO)} simply by using

18
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constant inputs. However, it may also be possible to steer along other directions using piecewise
constant input functions. Consider the following example:

{

UI = 1

u(t) = UI = 0
UI =-1
UI = 0

U2 = 0
U2 = 1
U2 = 0
U2 =-1

t E [0, h),
t E [h,2h),
t E [2h,3h),
t E [3h,4h]

For small h the Taylor series expansion formula for q is evaluated:

Thus, up to terms of order h2
, there is a change in q along the direction of

This is precisely the direction of the Lie bracket between gl, g2, namely [gl' g2]. Thus if [gl' g2] (qo) rf.
span{gl(qo),g2(qO)} it is possible to access a configuration space one dimension higher than the
number of inputs. It is not difficult to imagine that using more elaborate switchings between the
inputs, one is able to steer the system along higher level brackets, for example [gl, [gl' g2]] or
[[gl' g2], [gl, [gl' g2]]]. These nested Lie brackets are called Lie products. Let k be the dimension
of the subspace spanned by all possible Lie products. If k is equal to n, where n is the dimension
of the state, and this is true for all states q E ffi,n, the nonlinear affine system is controllable. For
example consider four Lie products generated by gl and g2.

We can easily see that if V = span(gl' g2, [gl' [gl' g2]]), dim(V(q)) = 4 if </> -# ~ + k . 7f V kEN.
Although dim(V(q)) is not equal to 4 for every q E ffi,4, the car is, as most people know by
experience, controllable. For more detail on this subject the reader is referred to [10].

Unlike the car model, our system (3.7) has a drift term f(x).:

(5.4)

For nonlinear systems with a drift term controllability can not easily be determined. Lie algebra
approaches however can help us to determine the local accessibility and local strong accessibility of
systelllS with a drift term. Because we do not intend to be complete on these subjects, an informal
approach is applied. The interested reader is referred to [10]. Let RV (xo, T) be the reachable set
from xo at time T > 0, following trajectories which remain for t < T in the neighborhood V of
xo, i.e.

RV (xo, T) = { x E ffi,nl there exists an admissible input U : [0, T] --+ 1lJ
where 1lJ c ffi,m, 0 E 1lJ, such that the evolution of (5.1) for x(O) = Xo
satisfies x(t) E V, 0 ~ t ~ T, and x(T) = x}

and denote

RV (xo) = u RV (xo, T)
'T~T

We can now state the definitions:
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Definition 3 (local accessibility) The system (5.1) is locally accessible from Xo if RV (xo) con
tains a non-empty open set of ~n for all neighborhoods V of Xo and all T > O. If this holds for
any Xo E ~n then the system is called locally accessible.

Definition 4 (local strong accessibility) The system (5.1) is locally strong accessible from Xo
if for any neighborhoods V of Xo the set R V (xo, T) contains a non-empty open set for any T > 0
sufficiently small.

The system (5.4) is locally accessible when the dimension of the span of the set of vector-fields C
equals n = 6 for all xo. The set of vectorfields C consists of all the nonzero Lie products generated
with the vectorfields f , gl and g2.

c=

o
o
o
1
o

o 1
o 0
o X2

o ' 0
1 0
o -X5

o
1
o
o
o
o

o
o
- 2X5

o
o
o

o 0
o 0
o 0

, 0 ' 0

o 0
1 1

o
o
1
o
o
o

o
o
2
o
o
o

I~ (5.5)

{f, gl, g2, [f, gl], [f, g2], [f, [f, gl]], [gl, [f, g2]], [g2, [f, gl]], [[f, gl], [f, g2]], [g2, [f, [f, gl]]]}

It is easily verifiable that dim(span(C)) = 6 for all xo. This means system (5.4) is locally accessible.
In order to prove local strong accessibility for system (5.4) the dimension of the span of the set of
vectorfields Co must be 6 for all Xo, where

o
o
o
1
o

o
o
o

, 0

1
o

1
o

o
1
o
o
o
o

o
o
- 2X5

o
o
o

o
o
o
o
o
1

o
o
o
o
o
1

o 0
o 0
1 2
o ' 0
o 0
o 0

I~ (5.6)

{gl' g2, [f, gl], [f, g2], [f, [f, gIl], [gll [f, g2]], [g2, [f, gl]], [[f, gl], [f, g2]], [g2, [f, [f, gl]]]}

Also here it is easily verifiable that dim(span(Co)) = 6 for all xo, and thus system (5.4) is locally
strong accessible.

Using Lie algebra techniques we come no closer to controllability than local strong accessibility.
Therefore the controllability of (3.7) is determined by a constructive procedure.

5.1 Constructive procedure of controllability

In this section the global controllability of the extended chained form system (3.5) is proved.
This is done by giving a procedure which generates a trajectory between two arbitrary states in
arbitrary time. Consider an arbitrary initial state Xo = [60,60, 60, ~IO, ~20' ~gO]T at time t = 0
and an arbitrary final state XT = [6T'~2T,~gT'~lT'~2T,~gT]T at time t = T. Time T can be
chosen arbitrarily, but greater than zero. Also choose the intermediate times t ll t2, tg, t4 such that
o< tl < t2 < tg < t4 < T. The trajectory, as presented here, which joins Xo and XT consists of
five segments.

A tool that is used in every trajectory segment is a method to steer a double integrator system
from an arbitrary initial state to an arbitrary final state in arbitrary time. Consider the double
integrator system:
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the state of this system can be written as:

q = [ ~ ]
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Steering this system from an initial state qo = [~O'~O]T at time to to a final state qf = [~f'~f]T at
time tf, where tf > to can be accomplished using:

U(t) = a(t - to) + b, to ~ t ~ tf

where

a = 6 ~f + ~o _ 12 ~f - ~o
(tf - to)2 (tf - toP

b = 6 ~f - ~o _ 2~f + 2~o
(tf - to)2 tf - to

This is certainly not the only way to steer double integrator systems, but this method is a simple
and straightforward way.

Now the algorithm is given which generates the five trajectory segments:

1. The first trajectory segment covers the time domain a ~ t < t l . During this segment input
UI is kept zero. Input U2 is used to steer the states (6,~2) from their values at t = a to
(1,0) at time t = t l . The states (6,6,xil'~3) are not excited in this segment. Due to the
drift property however, the states (6,6) can change.

2. The second trajectory segment covers the time domain t l < t < t 2. During this segment
input U2 is kept zero. Input UI is used to steer the states (6, ~3) from their values at t = tl
to (6T - ~3T(T - t2)'~3T) at time t = t 2, the states (6'~1) are also excited. Note that the
coordinate 6 behaves as a double integrator system to the input UI because ~2 is constant
and equal to one.

This control action has the consequence that the states (6, ~3)' if unactuated in the following
segments, drift to the end configuration (6T,~3T) at time t = T. The states (6,~2) are not
excited in this segment and do not change because ~2 = a in this segment.

3. The third trajectory segment covers the time domain t2 < t < t3. During this segment input
UI is kept zero. Input U2 is used to steer the states (~2'~2) from their values at t = t 2 ((1, 0))
to (0,0) at time t = t3. The states (~1,6'~1'~3) are not excited in this segment. Due to
drift, the states (~I, 6) can change.

4. The fourth trajectory segment covers the time domain t3 < t < t4. During this segment
input U2 is kept zero. Input UI is used to steer the states (6, ~I) from their values at t = t3
to (6T - ~IT(T - t4)'~IT) at time t = t4, the states (6'~3) are not excited because 6 is
zero and constant in this segment.

This control action has the consequence that the states (6'~1)' if unactuated in the last
segment, drift to the end configuration (6T,~IT) at time t = T.

5. The fifth and last trajectory segment covers the time domain t4 < t < T. During this
segment input UI is kept zero. Input U2 is used to steer the states (~2'~2) from their values
at t = t4 ((0, 0)) to (~2T, ~2T) at time t = T. The states (~I,6, ~I' ~3) are not excited in this
segment. Due to drift, the states (6,6) will take the values (6T, 6T) at time t = T.

This procedure is demonstrated with an example. Consider the motion planning problem with
initial state Xo = [2, -1, 3, -2, 1, 2]T at time t = a and final state XT = [-2,2,1,2, 0, -2r at time
t = T = 1. With this motion planning procedure a set of inputs and a state trajectory is generated
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Time[s]
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Figure 5.1: Constructive procedure example

which is displayed in figure 5.1.

The constructive procedure described in this section is able to generate trajectories x(t) and input
functions Ul(t) and U2(t) which steer the extended chained form system (3.5) from any arbitrary
initial state Xo to any arbitrary final state XT. By giving this procedure the controllability of
system (3.5) is proved.



Chapter 6

Motion planning

In this chapter four methods are presented which can be used to solve motion planning problems
for the PPR manipulator. The goal of these methods is to generate inputs Tl and T2 which steer
the PPR manipulator model (3.1) from an initial state qo at time t = 0 to a final state qT at
a predefined final time t = T. Some motion planning methods presented in this chapter use the
state variables of the extended chained form system (3.5) instead of the PPR manipulator state
variables to perform motion planning. This means that the initial and final states of the PPR
system are transformed to initial and final states of the extended chained form model, Xo and
XT. Then the motion planner generates inputs Ul(t), U2(t) and the corresponding trajectory x(t)
which joins the states Xo and XT. Finally the trajectory x(t) and the inputs Ul(t) and U2(t) are
transformed back to PPR configuration variables to obtain the trajectory q(t) and inputs Tl(t)
and T2(t) which steer the PPR system from qo to qT. Motion planners which use the technique
of transformation to the extended chained form will be called indirect methods. In figure 6.1 the
indirect motion planner is schematically depicted. The advantage of indirect methods is that these

Xu ECF
1-_-1.... mot. plan. 1-_-1.-1

u(t)

TI-------------J

input
trans.

q(t)

r(t)

Figure 6.1: Schematic representation of the indirect method

methods can be used to perform motion planning for every second order nonholonomic system
which can be transformed to the extended chained form system. The planar underactuated RRR
robot for example, see [22], is transformable to the extended chained form. The first two methods
(see section 6.1 and section 6.2) presented in this chapter are indirect methods.

A direct motion planner, in contrast, is a motion planner which can solve motion planning problems
without transforming the system into the extended chained form. In section 6.3 a direct method is
presented which is able to solve motion planning problems for general nonholonomic systems. In
figure 6.2 a schematical representation of the direct motion planner is depicted. For three methods,
two specific motion planning algorithms are presented which solve motion planning problems for
the PPR manipulator by a step by step procedure.

In section 6.4 the flatness property of the extended chained form system is shown. For some
nonholonomic systems, flatness has been used successfully to solve motion planning problems.

23
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Figure 6.2: Schematic representation of the direct method

In section 6.5 a motion planning method is presented which allows obstacles to be avoided. Motion
planning for nonholonomic systems in the presence of obstacles is a very complicated problem.
Since the focus of the project has not been on obstacle avoidance, this section presents a simple
method and is not intended to be complete on the subject.

6.1 parametric method

The parametric method as presented in this report is an indirect method. Therefore the extended
chained form configuration variables are used to perform trajectory generation on the PPR ma
nipulator. Input functions Ul(t) and U2(t) are sought which drive the system from an initial state
Xo to a final state XT. To this end input functions are considered which can be parameterized by
6 parameters. Under certain conditions, it is possible to steer the system from its initial state Xo
to the (6-dimensional) final state XT in a unique way using these 6 parameters.

Outline of the method

Consider the state space representation of the extended chained form system (3.5):

We want to steer this system from an initial state Xo at time t = ato a final state XT at time t = T
(See problem 1). To achieve this goal the inputs Ul(t) and U2(t) are written as linear combinations
of certain basis functions:

(6.1)

where h1(t) and h 2 (t) are v and w-dimensional column vectors respectively of basis functions
defined on a~ t ~ T:

l
hll(t) 1h 12 (t)

hlv(t) l

h21(t) 1h22 (t)

h2w (t)

(6.2)

Zl and Z2 are v and w dimensional column vectors respectively. This parameterization reduces
the problem from finding two input functions in an infinite dimensional space to finding v + w
parameters and v + w basis functions. For now it is assumed that for a certain choice of v and
wand basis functions h1(t) and h 2 (t) there exist parameters Zl and Z2 which solve problem 1
and perform rest-to-rest motion planning. In section 6.1.1 several conditions are given such that
a solution exists. Solving problem 1 using parameterized input functions Ul and U2 introduces six
constraint equations which are stored in a six dimensional column vector equality:

x(T) = XT (6.3)



CHAPTER 6. MOTION PLANNING 25

Our interest is now focussed at writing x(T) as a function of the parameters Zl and Z2 and the
basis functions h l and h 2. It can easily be shown that:

x(T) =

where

6(T)
~2(T)

6(T)
~l(T)
~2(T)
~g(T)

Zfml +ml
z§,m2 +m2

zfMgz2 + zfmg + mg
Zfm4 +m4
z§,m5 +m5

zfM 6z2 + Zfm 6 + m6

(6.4)

ml f~;hl do-dt ml ~l (O)T + ~l (0)

m2 fJ;h2 do-dt m2 ~2(0)T + ~2(0)

mg fJ; (~2(0)hlo-+6(0)hl)do-dt mg ~g(O)T + 6(0)

m4 f~hl dt m4 ~1(0)

m5 fo h 2 dt m5 ~2(0)

m6 f; (~2(0)hlt+ 6(0)hl ) dt m6 ~g(O)

(6.5)

(6.6)

Solving problem 1 using this parametric approach involves simultaneously solving the equations
x(T) = XT with x(T) given by (6.4). First the attention is concentrated on solving the equations
linear in Zl and Z2 in (6.4). These equations can be written as a system of linear equations:

B l Zl = Cl

B 2 Z2 = C2

In which B l is a 2 x v matrix and B 2 is a 2 x w matrix:

[
~2T - m2 ]
6T- m 5

(6.7)
(6.8)

Note that a general solution of this problem only exists if the rank of B l and the rank of B 2

are equal to 2, else the system cannot be steered from Xo to XT using these basis functions h l
and h 2. In section 6.1.1 is explained how to choose the basis functions hl(t) and h 2 (t) so that
rank(Bl ) = 2 and rank(B2) = 2.

General solution of the constraint equations

Let us consider the case v 2 2, w 2 2 and v + w 2 6. The solutions of (6.7) and (6.8) can be
written in the linear form:

A1Yl + ZlO

A 2Y2 + Z20

(6.9)
(6.10)

Where the columns of the matrix A l form a basis for the nullspace of Bl , A l E ker B l . This
means A l is a v x (v - 2) matrix, see [11]. Similarly the columns of the matrix A2 form a basis
for the nullspace of B2, A 2 E ker B2. Therefore A 2 is a w x (w - 2) matrix. The column vectors
Yl and Y2 are arbitrary v - 2 and w - 2 dimensional column vectors respectively. The column
vectors ZlO and Z20 are given by:

ZlO BnB l Bf)-l Cl

Z20 B'HB2 Bn- 1 C2
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If v = 2 the matrix Al is an empty matrix and the column vector Yl is an empty colunm vector.
Equation (6.9) then reduces to:

Zl = ZlO = B1'cl

Similarly, if w = 2 the matrix A2 is an empty matrix and the colunm vector Y2 is an empty column
vector. Equation (6.10) then reduces to:

Substituting equations (6.9) and (6.10) into equation (6.4) yields four trivial equations:

6(T) = 6(T), ~l(T) = ~l(T), ~2(T) = 6(T), ~2(T) = ~2(T)

and two nontrivial equations

y[M 3aY2 + mIalYl + mIa2Y2 + m3a = ~3T

y[M6aY2 + m~alYl + m~a2Y2 + m6a = ~3T

where

M3a Af M3 A2 M6a Af M6 A2
m3al Af M3 Z20 + Af m3 m6al Af M6 Z20 +Af m6
m3a2 A~ M{ ZlO m6a2 A~ Ml ZlO
m3a zfo M3 Z20 + mIzlO + m3 m6a zfo M6 Z20 + m~zlO + m6

(6.11)

(6.12)

Finding colunm vectors Yl and Y2 which simultaneously solve equations (6.11) and (6.12) means
solving a system of nonlinear equations. In this section no attempt is made to solve this system
of nonlinear equations. Instead, two special cases are studied in which the nonlinear equations
reduce to linear equations.

Method 1

Consider the case v = 2 and w ~ 4. The solutions of (6.7) and (6.8) are in the form:

ZlO = B1'cl

A2Y2 + Z20

Substituting equations (6.13) and (6.14) in (6.4) yields (omitting the trivial equalities):

mIbY2 + m3b = 6T

m~bY2 + m6b = ~3T

(6.13)

(6.14)

(6.15)

(6.16)

where

m3b = A~ M{ B1'cl
m3b cfB1

T M 3 Z20 + mrB1'cl + m3
m6b = A~ Ml B1'cl
m6b = cfB1

T M 6 Z20 + m~B1'cl + m6

Equations (6.15) and (6.16) constitute a system of linear equations which can be written as:

B3 Y2 = C3

where B3 is a 2 x (w - 2) matrix and C3 is a 2 element column vector given by:

(6.17)

System (6.17) only has a solution if the matrix B 3 has rank 2. In section 6.1.1 is explained how to
choose the basis functions (which determine the matrix B 3 ) such that rank(B3) = 2. The solution
of (6.17) can be written in the linear form:

(6.18)
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Where the columns of the matrix As form a basis of the null space of matrix Bs. As is a
(w - 2) x (w - 4) matrix and thus the column vector Ys is a w - 4 dimensional vector. Colunm
vector ZSO is given by:

Substituting (6.18) in (6.14) gives:

(6.19)

Equations (6.13) and (6.19) lay down Zl and Z2. Using equation (6.1) the inputs Ul(t) and U2(t)
can be determined which steer the system from Xo to XT:

hf(t)B[l Cl

hHt) (A2 Asys + Zso + Z20)

(6.20)

(6.21)

The basis functions hl(t) and h 2(t) can be chosen almost arbitrarily, as long as conditions 1 to 5
and condition 6a stated in section 6.1.1 are satisfied.

Method 2

Consider the case v ~ 4 and w = 2:

Using similar argumentation as in Method 1 the inputs Ul (t) and U2 (t) can be determined which
steer the system from Xo to XT:

hf(t) (A2 A4Y4 + Z40 + ZlO)

hHt)Bi1 C2

where the columns of A4 form a basis for the null space of B4 . The matrix B4 is given by:

the column vector Z40 is given by:

where

(6.22)

(6.23)

The basis functions hl(t) and h 2(t) can be chosen almost arbitrarily, as long as conditions 1 to 5
and condition 6b stated in section 6.1.1 are satisfied.

6.1.1 Regularity conditions for the parametric methods

The two methods in section 6.1 describe how to find the 6 coefficients Zl and Z2 for arbitrary basis
functions h l (t) and h 2 (t). It is however not possible to find these coefficients for every set of basis
functions and every combination of initial and final configuration. Some choices of basis functions
result in singular matrices B l , B 2 , Bs or B4 , which means the coefficients cannot be determined.
In these cases motion planning is not possible for that specific choice of basis functions and/or
that specific choice of initial and final configuration.

Suppose one wants to make a motion planner using v basis functions hl(t) and w basis functions
h2(t). The input function Ul(t) is used to steer the state coordinates 6 and el to the final values
of ~lT and ~~T' Because it must be possible to choose ~lT and ~~T arbitrarily, the input function
Ul (t) must be parameterized by at least two coefficients;
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Condition 1

v::=::2
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The same applies to the input function U2(t) and the state coordinates ~2 and ~2' Hence the input
function U2 (t) must also be parameterized by at least two coefficients;

Condition 2

Because the 6 state coordinates x have to be steered to 6 arbitrary final values XT, at least 6
coefficients are needed. This means

Condition 3

Not only the number of basis functions determine whether it is possible to perform motion planning
using a specific set of basis functions. As mentioned earlier in this section, the rank of the 2 x v
matrix B 1 should be equal to 2. If this condition is not met it will not be possible to steer 6 and
~l to arbitrary final values. This condition can be stated formally as:

Condition 4 Consider the vectors

and ill4 =

f~ hll dt
fa h12 dt

There should exist no scalar value a such that illl = a ill4

The rank of the 2 x v matrix B 2 should also be equal to 2. If this condition is not met it will not
be possible to steer 6 and ~2 to arbitrary final values. This condition can be stated formally as:

Condition 5 Consider the vectors

[
f~ h

21
dt]fa h22 dt

and ill5 = .

fJ' h2v dt

There should exist no scalar value a such that ill2 = a ill5

The last condition which must be satisfied in order to be able to perform motion planning for
every arbitrary combination of initial state Xa and final state XT rises from equations (6.11) and
(6.12).

Condition 6 The input functions h1(t) and h 2 (t) should be chosen such that there exist column
vectors Yl E jRv-2 and Y2 E jRw-2 such that equations (6.11) and (6.12) have a solution for
every (~3T, ~3T) E jR2.

Unfortunately it is very difficult to put this condition in a more simple form. It is however possible
to write condition 6 in a more simple form if v = 2 or w = 2. In the case v = 2, w ::=:: 4 condition
6 reduces to:
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Condition 6a

Condition 6a can not be satisfied if:

3 a E lR. such that M 3 = aM6

or:

Cl = [{IT-~1(0)T-6(0)] = [0]
~lT - 6(0) 0
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In the case of rest-to-rest motion planning this induces that condition 6a is not satisfied if 60 = 6T.
Unfortunately it is very difficult to give a simple set of rules which guarantee condition 6a is
satisfied.

In the case v ~ 4, W = 2 condition 6 reduces to:

Condition 6b

Using equation (6.6) it can be shown that if ~20 = 0 the colunm vectors m3 and m6 can be written
as:

(6.24)

This means that if ~20 = 0 the products Afm3 and Afm6 vanish. With this knowledge it is now
possible to state that condition 6b can not be satisfied if:

~20 = 0 1\ 3 a E lR. such that M3 = aM6

or:

~20 = 0 1\ C2 = [
{2T - {20T - ~20 ] = [ 0 ]
6T - ~20 0
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6.1. 2 Algorithm 1

Consider the basis functions:

h, (t) ~ [ : ], h, (tl ~ [ :; 1

In this algorithm rest-to-rest motion planning is considered. This means:

30

rxO = a
rxT = a

ryO = a
ryT = a

80 = a ~10 = a ~20 = a ~30 = a
O· - a and thus t - a tot aT - <,iT - <,,2T = <,,3T =

Because v = 2 and w = 4 conditions 1,2 and 3 are satisfied. Condition 4 can be evaluated using
the column vectors

m1 [~3, :Z;;2]T
m4 [:Z;;2, T]T

It is apparent that condition 4 is not met if and only if T = O. Condition 5 can be evaluated using
the colunm vectors

It is apparent that condition 5 is not met if and only if T = O. Because v = 2 and w = 4 condition
6 is satisfied if condition 6a is satisfied. Condition 6a can be evaluated using the column vectors

AI MI B[(B1 Bn- 1
C1

AI M[ B[(B1 Bn-1
C1

[
_ 3T5(6T-6o)

560 '

[
_ T4(6T-6o)

1400 '

T
4
(6T-6°)lT

280
°IT

It is apparent that condition 6a is not met if and only if T = a or 6T = ~1O. Summarizing we can
state that motion planning using these specific choices of basis functions and initial conditions is
only possible if

T i- a 1\ 60 i- ~lT

Using equations (6.20) and (6.21) the following input functions are obtained:

2
T3 (a1 t + a2T )

20 (3 2 2 3)
- T5(~ ~) a3t +a4t T+a5 tT +a6T

3 1T - 10

where

a1 -66T + 3T~1O + 660 + 3T~lT
a2 36T - 2T~10 - 360 - T~lT
a3 252 (6T~2T - ~lOE2T - 6TE20 + ~1O~20)

a4 357~1O~2T - 315~10~20 + 3156T~20 - 4260 - 357~lT~2T + 426T
a5 -13260E2T + 906060 + 1326T6T - 90~lTE20 + 4260 - 426T
a6 7~3T + 3~lT~20 - 360~20 - 106T~2T + 1060~2T - 760

(6.28)

(6.29)

Using the input functions (6.28) and (6.29) it is possible to develop a motion planner for the PPR
manipulator that is based on Method 1:

1. Choose a final time T > a
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2. Choose initial and final states r",o, ryo, 80, r",T, ryT, 8T of the PPR manipulator. The states
r",o, ryo, eo, r",T, ryT, eT cannot be chosen freely and are all equal to zero.

3. Determine 60,60,60, 6T, 6T, 6T of the extended chained form model using the trans
formation (3.8)

4. Obtain the input functions Ul(t) and U2(t) by substituting ~1O, 60, 60, 6T, ~2T, 6T and T
into equation (6.28) and (6.29).

5. Obtain the state trajectory x(t) by solving the differential equation (3.7)

6. transform the inputs Ul(t) and U2(t) and the state trajectory x(t) back to PPR configuration
variables using the transformations (3.14) and (3.9).

A solution to the singularity occurring when 60 = ~lT can be to split the motion planning problem
which is singular into two new motion planning problems without singularity problems. The final
times of these new motion planning problems can be chosen to be a, where 0 < a < T . Define an
intermediate state configuration X m . This state can be chosen arbitrarily, except the first entry.
The first entry (which describes the 6-position) must be chosen unequal to 60. One can now
consider two new motion planning problems:

1. From Xo at t = 0 to X m at t = a. Solving this motion planning problem with algorithm 1
gives a trajectory xa(t) and input functions ua(t) for 0 ~ t ~ a.

2. From X m at t = 0 to XT at t = T - a. Solving this motion planning problem with algorithm
1 gives a trajectory Xb(t) and input functions Ub(t) for 0 ~ t ~ T - a.

Combining these trajectories and input functions to another gives

for 0 ~ t ~ a
for a < t ~ T

The inputs u(t) steer system (3.7) from Xo at t = 0 to XT at time t = T along the trajectory x(t).

In chapter 7 algorithm 1 is used to solve 4 selected motion planning problems.
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6.1. 3 Algorithm 2

Consider the basis functions:

h, (tl ~ [ :1 ], h,(t) ~ [ : ]

In this algorithm rest-to-rest motion planning is considered. This means:
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ryo = 0
ryT = 0

eo = 0 d th ~10 = 0 ~20 = 0 ~30 = 0. an us· . .
BT = 0 6T = 0 ~2T = 0 6T = 0

Because v = 2 and w = 4 conditions 1,2 and 3 are satisfied. Condition 4 can be evaluated using
the column vectors

T 4

11'T
3'

It is apparent that condition 4 is not met if and only if T = O. Condition 5 can be evaluated using
the column vectors

ffi2 [~3, ~2]T

ffi5 [~2, T]T

It is apparent that condition 5 is not met if and only if T = O. Because v = 2 and w = 4 condition
6 is satisfied if condition 6b is satisfied. Condition 6b can be evaluated using the column vectors

Af (M3 B'f(B2 Bn- 1
C2 + ffi3)

Af (M6 BHB2 Bn- 1
C2 + ffi6)

[
_ 3T5(6T-6o)

560 '

[
_ T4(6T-6o)

1400 '

T 4(6T-6o)jT
280

O]T

It is apparent that condition 6b is not met if and only if T = 0 or 6T = ~20' Summarizing we can
state that motion planning using these specific choices of basis functions and initial conditions is
only possible if

T Ie 0 /\ ~20 Ie ~2T

Using equations (6.22) and (6.23) the following input functions are obtained:

20 (3 2 2 3)
T5(~ ~) b1t + b2t T + b3tT + b4T

3 2T - 20
2

T3 (b 5t + b6 T)

where

b1 252 (~1T~2T - ~1O~2T - 6T~20 + ~1O~20)

b2 -3996T6T + 4416T60 + 4260 - 4416060 + 399606T - 426T
b3 426T - 4260 - 17460~2T + 174~1T~2T + 21660~20 - 2166T~20

b4 760 + 1760~2T + 246T~20 - 176T~2T - 24~1O~20 - 76T
b5 -6~2T + 3T~20 + 6~20 + 3T~2T
b6 3~2T - 2T~20 - 3~20 - T~2T

(6.33)

(6.34)

Using the input functions (6.33) and (6.34) it is possible to develop a motion planner for the PPR
manipulator that is based on Method 2:

1. Choose a final time T > 0
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2. Choose initial and final states rxo, ryo, eo, rxT, ryT, eT of the PPR manipulator. The states
TxO, Tyo, Bo, TxT, TyT, BT cannot be chosen freely and are all equal to zero.

3. Determine 60,60,60, 6T, 6T, 6T of the extended chained form model using the trans
formation (3.8)

4. Obtain the input functions Ut(t) and U2(t) by substituting 60,60,60, 6T, ~2T,6T and T
into equation (6.33) and (6.34).

5. Obtain the state trajectory x(t) by solving the differential equation (3.7)

6. transform the inputs Ut(t) and U2(t) and the state trajectory x(t) back to PPR configuration
variables using the transformations (3.14) and (3.9).

A solution to the singularity occurring when 60 = ~2T can be to split the motion planning problem
which is singular into two new motion planning problems without singularity problems. The final
times of these new motion planning problems can be chosen to be a, where 0 < a < T . Define
an intermediate state configuration X m . This state can be chosen arbitrarily, except the second
entry. The second entry (which describes the ~2-position) must be chosen unequal to ~20' One
can now consider two new motion planning problems:

1. From Xo at t = 0 to X m at t = a. Solving this motion planning problem with algorithm 2
gives a trajectory Xa(t) and input functions Ua(t) for 0 :s; t :s; a.

2. From X m at t = 0 to XT at t = T - a. Solving this motion planning problem with algorithm
2 gives a trajectory Xb(t) and input functions Ub(t) for 0 :s; t:s; T - a.

Combining these trajectories and input functions to another gives

{
(xa(t), ua(t)) for O:s; t :s; a

(X(t) ,u(t)) = (Xb(t - a), Ub(t - a)) for a < t:s; T

The inputs u(t) steer system (3.7) from Xo at t = 0 to XT at time t = T along the trajectory x(t).

In chapter 7 algorithm 2 is used to solve 4 selected motion planning problems.
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6.2 variational method
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In this section a method is described which is able to solve motion planning problems for the PPR
manipulator in an iterative way. The variational method as presented in this report is an indirect
method. It uses the same parameterization as in section 6.1. The motion planning problem is
transformed into a constrained optimization problem. A solution to this problem is approximated
by a numerical constrained optimization algorithm. Furthermore conditions are given for the
existence of at least one admissible solution.

Outline of the method

Consider the state space representation of the extended chained form system (3.7):

The input functions Ul (t) and U2 (t) are parameterized in the same way as in section 6.1:

(6.35)

Where Zl is a colUlllll vector of v scalars, Z2 a coluum vector of w scalars, h l (t) a column vector of
v basis functions and h 2 (t) a column vector of w basis functions. Whereas this parameterization
has been used in the previous section to solve problem 1, a higher goal is set in this section:

Problem 2 For system (3.7), find v parameters Zl and w parameters Z2 which determine the
input functions Ul(t) = zfh(t) and U2(t) = z§'h2(t), such that the solution x(t) of (3.7) joins
states Xo at time t = 0 and XT at time t = T and the cost function J is minimized.

T

J =1f O(X(t),Ul(t),U2(t)) dt

In this section fa has been chosen to be:

fO(ul,u2) =uf+u~ (6.36)

Note that problem 2 can be written as a constrained optimization problem, where the constraints
are equality constraints. Using the f O from (6.36) we obtain:

minimize J(Xd)
XdER v +w

(6.37)
subject to r(xd) = 0

Where

Xd l :~ ] (6.38)

J(Xd) uf + u~ = zf g Zl + z~ P2 Z2 (6.39)

g l~l(t) hl(t)Tdt (6.40)

T
P2 1h2(t) h 2(t)Tdt (6.41)

Zfml +ml- 6T
z§,m2 + m2 - ~2T

r(xd)
zfM3z2 + Zfm 3 + m3 - 6T

(6.42)
Zfm 4 + m4 - ~lT
z§,m5 + m5 - ~2T

zfM6z2 + Zfm 6 + m6 - ~3T
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M 3 , M 6 , mi and mi for (i = 1,2,3,4,5,6) can be determined using (6.5) and (6.6).

The solution of problem (6.37) can be approached by numerical constraint optimization algorithms
which are commercially available. The algorithm that is used in this report is fmincon which is
part of the optimization package from Matlab.

Existence of solutions

In order for problem 2 to have a solution, there must exist at least one column vector Xd for
which the equality constraints r(xd) = 0 are satisfied. Because these constraints are the same
constraints as the ones in the previous section 6.1, conditions 1 to 6 from paragraph 6.1.1 form a
sufficient condition for the existence of at least one column vector Xd which satisfies the equality
constraints.

The 'fmincon' algorithm

The constraint optimization problem 6.37 is solved using a SQP method. SQP stands for Se
quential Quadratic Programming. This method closely mimics Newtons method for constrained
optimization just as is done for unconstrained optimization. At each major iteration an approxi
mation is made of the Hessian of the Lagrangian function using a quasi-Newton updating method.
This is then used to generate a QP sub-problem whose solution is used to form a search direction
for a line search procedure, see [12]. An overview of SQP is found in [19] and [18]. The general
method, however, is stated here.

Associated with constraint optimization with equality constraints the Lagrangian is defined:

(6.43)

where A is a column vector with dimension equal to the number of equality constraints, 6 in our
case. The elements of A are called lagrange multipliers.

The useful property of the lagrangian is that it can be used to replace a constraint optimization
problem like 6.37 into an unconstraint optimization problem:

minimize L(Xd, A)
xdElRv+w

, AElR6

A necessary condition for a minimum of the lagrangian is:

This equation can be written as the famous Kuhn-Tucker equations:

'IlxdJ(Xd) + 'Ilxdr(xd)A = 0,
r(xd) 0

(6.44)

(6.45)

(6.46)

Most recent constrained optimization algorithms have focused on the solution of the Kuhn-Tucker
(KT) equations. The KT equations are necessary conditions for optimality for a constrained
optimization problem. If the problem is a so-called convex programming problem, that is, J(Xd)
and r(xd) are convex functions, then the KT equations are both necessary and sufficient for a
global solution point.

In constrained optimization, the general aim is to transform the problem, given by 6.45, into an
easier subproblem that can then be solved and used as the basis of an iterative process. The next
step therefore is to formulate a Quadratic sub-Problem (QP) based on a quadratic approximation
of the lagrangian and linearized constraints:

minimize dTHkd+ ('IlxdJ(Xd)fd
dElRv+w
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Where H k is a positive definite approximation of the hessian of the lagrangian: V~dL(Xd, >..)at
iteration k. Hk can be updated by any of the quasi-Newton methods, although the BFGS method
(see [17]) appears to be the most successful. Employing the BFGS method has show to lead to
super linear convergence when the initialization XdO is sufficiently close to a solution point (see
[17]).

This QP sub-problem 6.46 can be solved using any QP algorithm (see, for instance, [17]). The
solution is used to form a new iterate Xdk+l = Xdk +ad. The step length parameter a is detennined
by an appropriate line search procedure so that a sufficient decrease in a merit function is obtained.
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6.2.1 Algorithm 3

This algorithm uses the basis functions:
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1
sin(t)
cos(t)

hl(t) = h 2(t) = sin(2t)
cos(2t)
sin(3t)
cos(3t)

(6.47)

A motion planner which finds an approximate solution of problem 2 can now be stated:

1. Choose a final time T > 0.

2. Choose initial and final states for the PPR manipulator qo and qT.

3. Determine the initial and final states Xo and XT using the transformation (3.12).

4. Determine the matrices Pl and P2 using (6.40),(6.41) and (6.47).

5. Determine the matrices M g and M 6 using (6.5) and (6.47).

6. Determine the column vectors and scalars mi and mi (i = 1,2,3,4,5,6) using (6.6) and
(6.47).

7. In MatLab the functions J(Xd) and r(xd) are created (in accordance with (6.39) and (6.42)
respectively) .

8. An initial colulilll vector of design variables XdO is chosen. Since there is no simple way to
make an 'educate guess' a vector of random entries will do.

9. Set the optimization options for the algorithm fmincon.

10. Run fmincon using the initial guess XdO, the minimizer function J(Xd), the constraint func
tion r(xd) and the chosen optimization options using:

xd=fmincon (f , xdO, [] , [] , [] , [] , [] , [] , r, options)

If the optimization is successful, this results in a vector Xd, from which Zl and Z2 can be
determined.

11. Obtain the inputs Ul(t) and U2(t) using equation (6.35)

12. Obtain the state trajectory x(t) by solving the differential equation (3.7)

13. transform the inputs Ul(t) and U2(t) and the state trajectory x(t) back to PPR configuration
variables using the transformations (3.14) and (3.9).

Remarks about Algorithm 3

This method is computationally quite intensive because fmincon has to evaluate many functions
per iteration. Another drawback is that this method does not guarantee a solution. In some cases
the column vector of design variables Xd does not converge to a solution.
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6.2.2 Algorithm 4

In this algorithm the basis functions h1(t) and h 2(t) are chosen in such way that the column
vectors Zl and Z2 form a discretization of the input functions Ul(t) and U2(t) respectively, see
figure 6.3.

1. Choose a final time T > O.

2. Choose an integer N > 2 and determine 6..t = f.
3. Create the discrete times ti , where t i = 6..t(i -1), i E {1, 2, ... ,N,N + 1}.

4. Create the function Pl (t):

(t) = { 1 - dt for 0 ~ t ~ t 1
Pl 0 for t> tl

5. Create the functions Pi(t), i E {2, 3, ... , N}:

for
for t i - 1

for t i

for

t < ti-l
~ t < t i

~ t ~ ti+l
t > ti+l

6. Create the function PN+l(t):

{
0 for t < tN

PN+l(t) = dt for tN ~ t ~ tN+l

7. Choose

[

Pl(t) ]P2(t)

PN~l(t)

8. Continue with steps 2 to 13 from Algorithm 3

Remarks to Algorithm 4

As this algorithm uses the same method as algorithm 3, and only differs on the basis function
h1(t) and h2(t), the remarks from algorithm 3 also apply to this algorithm.

In chapter 7 this algorithm has been used to solve 4 problems. These solutions were obtained
using N = 50.
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1

t(l) t(2) t(:l) t(4) t(5) t(H) t(7) t(R) t(!J) t(lO) t(ll)
t

Figure 6.3: Discretization of the input Ul(t)

39
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6.3 optimal method

In this section candidate optimal solutions of the motion planning problem are considered. Optimal
control theory, see [16], is used to derive necessary conditions of optimal state space trajectories
for both the extended chained form system (3.5) and the PPR system (3.1). These necessary
conditions can be written in the form of a boundary value problem. An approximate solution of
this boundary value problem is determined using a numerical algorithm, see [15].

Outline of the method

In this section a method is developed which is able to find candidate optimal solutions of motion
planning problems. Since this method is used to perform motion planning on the extended chained
form model and the PPR model, a system definition is used that covers a variety of systems,
including the extended chained form system and the PPR manipulator system. Consider the
controllable system:

x= f(x, u) (6.48)

(6.49)

Where the state x E ]R.n, the inputs u E ]R.m and the vectorfield f : ]R.n + ]R.m -+ ]R.n have not yet
been defined. Consider the optimal motion planning problem for system (6.48):

Problem 3 For system (6.48), find input functions u(t), such that the resulting trajectory x(t)
minimizes the cost function J for some fO and joins states Xo at time t = 0 and XT at time t = T.

J = iT fO(x, u) dt

This problem is attacked using optimal control theory [16].

Associated with the optimal control problem the Hamiltonian is defined:

H(p, x, u) = pTf(x, u) + fO(x, u)

(6.50)

(6.51)

(6.52)

(6.53)

Xo

XT

x(O)
x(T)

where p(t) = [Pl,p2, ... ,Pn]T with yet undefined functions Pi for i = 1,2, ... , n. We shall refer to
p as the co-state vector.

Optimal control theory states that solutions xoPt(t) , uoPt(t) of problem 3 must satisfy:

xoPt(t) f(xoPt(t), uopt(t))

popt(t) _ :. (popt(t), xoPt(t), uoPt(t))

and for almost every t E [0, T]

H(poPt(t) , xoPt(t), u opt (t)) = mil[J~ H (popt(t), xoPt(t), v)
vE

(6.54)

Where llJ2 is the set of admissable values for u(t). Let us take llJ2 = ]R.2.

Equations (6.50) to (6.54) form a set of necessary conditions for the optimal solution xopt(t),
uoPt(t). In [20] a set of conditions is given which, in addition to the conditions (6.50) to (6.54),
give sufficient conditions for a certain u(t) to be locally optimal inputs:

A The (n + m) x (n + m) matrix

[
f~x f~u]
f~x f~u

is positive definite along the trajectory (u(t),x(t)). If this matrix is negative definite or
negative semi definite along the trajectory (u(t), x(t)), the trajectory is a local maximizer
of the cost function.
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B Either of the following two conditions holds along the trajectory (u(t), x(t)):
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i fxx = fxu = fuu = 0

ii f~ = 0

The notation fa used in conditions A and B denotes the partial derivative of f with respect to a.

In the case lIP = ]R2, (6.54) implies that:

(6.55)

Condition (6.55) only guarantees that for the optimal input uoPt(t) the hamiltonian is stationary.
For a global minimum, the hamiltonian should be a convex function with respect to its argument
u. This means that condition (6.54) is satisfied if ~1,; = 0 and the hamiltonian is a convex function
with respect to its argument u.

The next step is to eliminate uoPt(t) from equations (6.50) and (6.51) using equation (6.55). This
results in a set of conditions (6.50) to (6.53) which does no longer depend on uopt(t). In order to
eliminate uopt(t) from equations (6.50) and (6.51), equation (6.55) has to be solved for u. This
solution can only be found if ~ can be written as an explicit function of u. In this case the
optimal inputs can be expressed as functions of the optimal state and the optimal co-state:

(6.56)

Consider the combined state vector s:

(6.57)

It is now possible to write equations (6.50)-(6.53) in the form of an autonomous set of first order
differential equations. This system is called a hamiltonian system:

s(t) = b(s(t))

With two boundary conditions:

where

(6.58)

(6.59)

If a state space trajectory s(t) can be found which satisfies (6.58) and (6.59), a candidate optimal
state x~Pt(t) and a candidate optimal co-state p~Pt(t) have been found:

(6.60)

Finding a state space trajectory s(t) which satisfies (6.58) and (6.59) means solving a boundary
value problem (BVP). In general, a BVP is the problem of finding a state space trajectory which
satisfies some differential equation and some boundary conditions. Since our BVP (given by
(6.58) and (6.59)) is very hard to be solved analytically, a numerical method is used which finds
an approximate solution.
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Solving the BVP using a Finite Differences method

The Finite Differences method basically consists of three steps (See [15]):

1. On the time interval °~ t ~ T a uniform mesh 7r of N + 1 mesh points is made:

7r:ti =6.t(i-l) ViE{1,2, ... ,N,N+l}
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(6.61)

where 6.t = ft. Approximate solution values are then sought at these mesh points t i . The
approximate solution of s(t) at time t = ti will be denoted by Si = [S~iSrif. Each column
vector Si consists of 12 unknowns, thus there are 12· (N + 1) unknowns. All unknowns are
stored in column vector s", such that s" = [srs~ ... sKr+l]T.

2. A set of algebraic equations is formed for the approxinlate solution values by replacing the
derivative in (6.58) with a trapezoidal approximation scheme:

(6.62)

The boundary conditions form the last equations:

Sbl = XO, SbN+l = XT

Equations (6.62) and (6.63) are 12· (N + 1) equations.

3. It is possible to write the 12· (N + 1) equations as the vector equation:

F(s,,)=0

where

F(s,,) =
SN+l~SN - Hb(sN+1) + b(SN))

Sbl - Xo
SbN+l - XT

(6.63)

(6.64)

(6.65)

(6.66)

An approximate solution of these equations is sought using a damped Newton algorithm. A
Newton algorithm is an iterative root finding procedure which uses linear approximations of
the (nonlinear) equations (6.64). The procedure works as follows:

(a) Choose an initial 'guess' solution s~. This choice is a guess because there is no infor
mation about the solution.

(b) Find updates of the solution using the damped Newton procedure:

sHl = Si _, [aF(S~)] -1 F(si)
" " 8s~ "

Where, is the damping factor, which is determined by trial and error. The iterative
procedure is stopped when some criterion is satisfied.

The obtained approximate solution s" can possibly be interpolated to construct s(t) for any
t E [0,71-

The method sketched above will now be used to generate candidate optimal state trajectories
x~Pt(t) and corresponding inputs u~pt(t). The method will be applied to the PPR manipulator
system and the extended chained form system by substituting the state space equations of these
systelllS into equation (6.48).
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Uniqueness and optimality of the solutions

By using the method described in this section candidate solutions of problem 3 are obtained.
The name 'candidate' suggests that there are possibly more than one candidate solutions to one
problem. For some motion planning problems there do indeed exist more than one candidate
solutions. This fact has been observed with algorithm 5 (see next paragraph) by finding two
different solutions to the same motion planning problem only by choosing a different initial solution.
In this section no method is presented to obtain the number of candidate solutions for a certain
motion planning problem. It is expected that finding this number is very difficult. If one however
finds more than one candidate solution, it is very easy to obtain the most optimal solution by
comparing the value of their cost functions.

If a candidate solution satisfied the sufficient conditions A and B, this candidate solution can be
identified a locally optimal solution.
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6.3.1 Algorithm 5

Consider the extended chained form model equations (3.7) written in the form of (6.48):

x(t) = feef(x(t), u(t))

In which
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(6.67)

~l ~l

~2 6

feef = ~3 6
x=

~lUl

U2 ~2
~2 Ul ~3

(6.68)

The next, important, choice is what fa to choose. Just like in the variational approach, the choice
is made to take:

(6.69)

As will become apparent in the next paragraphs, it is due to this choice of fa that the hamiltonian
is convex with respect to the inputs Ul and U2.

Knowing the vectorfield f and the cost function fa the hamiltonian can be determined using (6.49)
(for ease of notation de dependencies on time are not displayed):

(6.70)

Using equation (6.51) it is now possible to derive the differential equation the optimal co-state has
to satisfy:

. opt
Pl
•opt

P2
•opt

P3
•opt

P4
. opt

P5
. opt

P6

o
opt opt

u 1 P6
o

p~Pt
opt

P2
opt

P3

(6.71)

Using equation (6.55) it is possible to derive the optimal input functions as a function of optimal
state and optimal co-state:

opt

-~
2

8H = [ P4 + P6~2 + 2Ul] [ 00 ]
8u P5 + 2U2

which induces

p~Pt +p?t~~pt

2

(6.72)

(6.73)

Note that for this specific choice for fa the hessian matrix of the hamiltonian is a positive definite
matrix for every u E 1R.2. This means the hamiltonian is a convex function.

It is now possible to check wether a trajectory x(t) with inputs u(t) which satisfies (6.67), (6.71)
and (6.73) is locally optimal. This can be done by evaluating conditions A and B from section 6.3.
Condition A is not satisfied, since the matrix can be shown to be positive semi definite. Condition
B, however, holds; f~ = O. The only thing that can be concluded is that the found trajectories
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are no local optimizers of the cost function. In order to determine if the found trajectory is a local
optimum, higher order condition must be examined.

It is possible to write the differential equations for the optimal state and the optimal co-state in
the form of (6.58) by substituting (6.73) into (6.71) and (6.50). The vectorfield b is given by

b(s) =

o
~(S(4) + S(6)S(8»)S(6)
o
-S(l)

-S(2)

-S(3)

S(10)

S(l1)

S(12)

-t(S(4) + S(6)S(8»)

-~S(5)

-2'(S(4) + S(6)S(8»)S(8)

(6.74)

Having derived these equations, a step by step algorithm is given to solve optimal motion planning
problems for the extended chained form system:

1. Choose a final time T > O.

2. Choose initial and final states for the PPR manipulator qo and qT.

3. Determine the initial and final states Xo and XT using the transformation (3.12)

4. Choose a number Nand discretize the time on the interval 0 ~ t ~ Tusing (6.61). When
N is chosen too small the method will not converge or the result will be inaccurate. Good
convergence and accuracy can be obtained with N = 200.

5. Choose an initial solution s".. A good result is obtained with a random vector with uniform
distribution between 1 and -1.

6. Determine F(s".) using equation (6.65), determine the (sparse) jacobian matrix of this vec

torfield, &~i:~) and the inverse of the jacobian matrix [&~i:~)] -1.

7. Determine a new estimation of the solution s". by using (6.66). Good convergence has been
reached by choosing the damping factor 'Y equal to 0.1.

8. If the convergence criterion

F(S".)TF(s".) < 10-8

is met then continue with step 9, else return to step 6.

9. The vectors Sb1, Sb2, ... , SbN+1 are a discrete approximation of the state s(t) at the times
t1, t2, ... , t N+1' A discrete approximation of the candidate optimal inputs u~~t(t) and u~~t(t)
can be determined using (6.73). The candidate optimal state trajectory x~Pt(t) can be
determined using equation (6.60).

10. Use transformations (3.14) and (3.9) to obtain a discrete representation of the state of the
PPR manipulator q(t) and the the inputs of the PPR manipulator T1(t) and T2(t)
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Algorithm 6 is the same as algorithm 5, but then tailored for the PPR manipulator system. This
results in two differences between algorithm 5 and 6:

• Instead of the underactuated PPR manipulator equations (3.4), the extended chained form
equations (3.7) are used. This means that for algorithm 6, equation (6.68) needs to be
replaced by:

r x

r y
()

• The function f O that will be used in algorithm 6 will be:

(6.75)

Using conditions A and B from section 6.3 it is possible to check wether a solution (x(t), u(t))
is locally optimal. Condition A is not satisfied, since the matrix can be shown to be positive
semi definite. Condition B, however, holds; f~ = O. The only thing that can be concluded is
that the found trajectories are no local optirnizers of the cost function. In order to determine
if the found trajectory is a local optimum, higher order condition must be examined.

These changes make no fundamental difference to the method. However, since the vectorfield f
used in this algorithm has more complex equations as the one used in Algorithm 5, the equations
for optimal state, optimal co-state and optimal inputs are far too long too display in this report.

In fact, the only ingredient necessary to use algorithm 5 and 6 is the vectorfield b(s). A short
algorithm is given to obtain this vectorfield. It is highly recommended to use a symbolic math
package, because the equations are far to long to derive by hand.

1. Consider the vectorfield f(x, u) and the cost function fO.

2. Compute the Hamiltonian H(popt(t), xoPt(t) , uoPt(t)) with formula (6.49).

3. Compute xopt(t) and popt(t) using (6.50) and (6.51).

4. Determine the optimal inputs uopt(popt(t),xopt(t)) by solving the system (which is linear in
uoPt):

(6.76)

This is possible because the hamiltonian is a quadratic function (with positive definite hes
sian) of the input vector.

5. By substituting the optimal inputs into the in step 3 derived equations for xopt(t) and popt(t)
the explicit dependency of these vectorfields upon the optimal inputs vanish.

6. Replace the parameters x opt and popt and derivatives by sand s according to

_ [ popt ]
S - xopt

By determining s the vectorfield b(s) is determined.
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Differential flatness was originally introduced by Fliess et al. [21] in a differential algebraic context.
The important property of flat systems is that we can find a set of outputs (equal in number to
the number of inputs) such that all states and inputs can be expressed in terms of the flat outputs
and derivatives, as long as certain singularities are avoided. More precisely, a nonlinear system

x= f(x, u) x E ~n, u E ~m

is flat if outputs z E ~m of the form

1"( • (I))
Z = " x, u, u, ... , u

can be found such that:

(
• (I)) _. (_)X=xz,z, ... ,z -.xz

_ (. (1))_. (-)u- U z,z, ... ,z -. u z
(6.77)

We call z the flat outputs. For ease of notation we stack the flat outputs and their derivatives in
the flat state, z := (z, z, ... ,z(I)). Differentially flat systems are useful in situations where explicit
trajectory generation is required. Since the behavior of flat systems is determined by the flat
outputs, trajectories can be planned in the flat output space and than map these to appropriate
inputs and state trajectories using (6.77).

Consider the extended chained form system (3.7). It can be seen that this system is differentially
flat with respect to the flat outputs

Express x and u as a function of the flat state z:

x(z) =

Zl
22
21
Z2

il
ZlZ~3) -Z2Z!')

z~
i 2

u(z) = [ (6.78)

x(z) and u(z) are undefined for i l = O. This restriction has severe consequences for a motion
planner based on the flatness property of the system. It implies that Ul is not allowed to be zero.
Which means that a discontinuous input function Ul(t) is the only way to avoid a monotonously
increasing or decreasing ~l' A monotonously increasing or decreasing ~l makes rest-to-rest motion
planning impossible. For these reasons the flatness property is considered to be not useful for
motion planning on this system.
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(6.79)

In sections 6.1, 6.2 and 6.3 methods have been presented which are able to solve motion planning
problem for underactuated manipulators. All these motion planners accept an initial and a final
configuration and a final time. Using these data a trajectory is made which joins the initial and
final state. Besides these two states, one has no direct control over the trajectory. It is possible
to influence the trajectory by the choice of the cost function (in sections 6.2 and 6.3) or the basis
functions (sections 6.1 and 6.2). This however is very impractical if one is interested in obstacle
avoidance.

In real world situations the motion of a manipulator is always bounded. These bounds may consist
of joint limitations or obstacles which must be avoided. In this section a method is presented which
can be used to solve motion planning problems in the presence of constraints for the trajectory
other than the initial and final condition.

Consider the problem:

Problem 4 For the extended chained form system (3.7), find v pammeters Zl and w pammeters
Z2 which determine the input functions Ul(t) = z[h(t) and U2(t) = z§h2(t) and thereby also
indirectly the state x(t), such that a certain cost function J(u(t),x(t),T) is minimized:

J(u(t), x(t), T) = l io(x(t), u(t)) dt

subject to the constmints:

x(T) = XT

S(x(t)) ~ 0

where f O : IR6 X IR2 -> IR; S : IR6 -> IRk

This problem definition allows state constraints to be taken into consideration. State constraints
in the form of inequalities S(x(t)) ~ 0 can be used to model obstacles which must be avoided or
joint limits. It is very hard, if not impossible, to find a general solution of problem 4. Therefore
numerical methods are employed to find approximate solutions of this problem. The variational
method of section 6.2 used with the parameterization discussed in section 6.1 is in principle suitable
to solve problem 4.

Outline of the method

Problem 4 can be written as a constrained optimization problem, where the constraints are equality
and inequality constraints. Using the f O from (6.36) we obtain:

minimize J (Xd)
xdEIRv+w

(6.80)
subject to r(xd) = 0

and Sc(Xd) ~ 0

Where Xd, J(Xd) and r(xd) can be determined using (6.38), (6.39) and (6.42) respectively.
function Sc(Xd) is given by:

Sc(Xd) = max S(w(xd,a))
<>E[O,TJ

Where the function w(xd,a) gives the state x at time t = a:

The

6(a)
~2 (a)
6(a)
~l (a)
~2 (a)
~3(a)

z[ml(a) +ml(a)
z~m2(a)+m2(a)

z[M 3(a)z2 + z[m3(a) + m3(a)
z[II14(a) + m4
z~ms(a) + ms

z[M6 (a)z2 + z[m6(a) + m6

(6.81)
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where

M3(a) = l1 t

(h1l u17

h~ dSdT) da-dt, M6(a) = l a

(hll~7 h~ dSdT) dt (6.82)

IDl(a) J;r~ h 1 da-dt ml(a) ~l (O)a + 6 (0)
ID2(a) J;r; h 2 da-dt m2(a) ~2(0)a + ~2(0)

ID3(a) J;r; (~2(0)hla- +6(0)h1) da-dt m3(a) ~3(0)a +6(0)
(6.83)

ID4(a) J; h 1 dt m4 ~1(0)
IDS (a) Jo

a
h 2 dt ms ~2(0)

ID6(a) Joa (~2 (0)h1t + ~2 (0)h1) dt m6 ~3(0)

The solution of problem (6.80) can be approached by numerical constraint optimization algorithms
which are commercially available. The algorithm that is used in this report is fmincon which has
also been used in section 6.2 to solve constraint optimization problem with equality constraints.
fmincon can also be used to solve optimization problems with both equality and inequality con
straints. For this algorithm it is not necessary to know the explicit dependency of Sc(Xd) upon Xd.

As an example problem 4 is solved for the extended chained form system (3.7), with:

T

Xo

XT

h1(t) = h 2(t)

S(x(t))

1

[-l,O,-l,O,O,O]T
[l,O,l,O,O,O]T

as used in algorithm 4, with N = 20

[ v~i + ~~ - 1.5 ]
0.8 - v~i +~~

This means the trajectory [~1(t),6(t)] is confined to a space enclosed by two circles in the 6-~3

plane. The trajectory [6(t),6(t)] is shown in figure 6.5. It is very difficult to make a statement

State

, """ ~

2 ....

:I:
~ 1 .
iii
>

-20~--".,0.2,----:0.':-4---:0~.6--".,0.8,---~
Time[s)

Inputs
80.-------r--..------.---.-----,

""~
" 0··::J
iii
> -20~···········,.,../:,,;·······:············'1

-40~················;···········;,··.···············!'1

-80~········ ···;················<~·············H ,........j .."" ~; I

Figure 6.4: State and input for obstacle avoidance problem: The state trajectory (6(t),6(t))
must remain inside the bigger circle and outside the small circle.

about the conditions for which a solution of problem 4 exists. At least as difficult it is to make a
statement about the convergence properties of the the function fmincon which iteratively tries to
find an approximate solution of the problem.



CHAPTER 6. MOTION PLANNING 50

Obstacle Avoidance
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Figure 6.5: trajectory [6 (t), ~3(t)]



Chapter 7

Simulation and evaluation

Because six algorithms have been developed which are able to perform motion planning on the
PPR system, it is desirable to compare their qualities. Therefore a test basis has been developed
with challenging motion planning problems which allows one to judge an algorithm on several
aspects such as computation time, control effort and length of trajectory. Because all algorithms
generate trajectories on a predefined time interval 0 :S t :S T, where T can be chosen arbitrarily,
the aspect execution time does not need to be compared. In section 7.1 test criteria are developed
which will be used to compare the different algorithms.

7.1 basis of comparison

The algorithms are tested on the following aspects:

• computation effort

• control effort

• length of trajectory

The computation effort T will be measured in seconds computing time. The computer used to
perform the calculations posesses 128Mb internal memory and a Pentium™ III 800 MHz CPU.
The measure T is influenced by programming efficiency, compiler used and many other aspects,
and should therefore not be taken too strictly. The value is only an indication of the computation
effort.

In order to quantify the aspects 'control effort' and 'length of trajectory' it is needed to develop a
measure of these quantities. It is possible to express these metrics as a function of state vector and
input vector of our extended chained form system. On the other hand it is possible to transform an
obtained trajectory to the physical trajectory of the PPR-manipulator and express the metrics as
function of the transformed states and inputs. For sake of completeness it is decided to express the
metrics 'control effort' and 'length of trajectory' both in extended chained form state coordinates
and in the configuration variables of the mechanical system.

The measure 'control effort' expressed in extended chained form state coordinates, U2 , is defined
by:

U 2 = i T

[Ui +u~] dt

The measure 'length of trajectory' expressed in extended chained form state coordinates, £2, is
defined by:

£2 = iT [~i + ~g + ~~] dt

51
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The measure'control effort', V 2 , expressed in the input variables of the PPR manipulator system,
is defined by:

V2 = I T

[Tl +Til dt

The measure 'length of trajectory' expressed in the PPR configuration variables, V 2 , is defined
by:

In order to determine T, U2 and £2 several characteristic motion planning problems are needed.
Each algorithm, if not singular to that problem, finds a trajectory. T, U 2 and £2 can be determined
from this trajectory x(t) and the inputs Ul(t) and U2(t). The algorithms are tested using four
pairs of initial and final conditions. Since the interest is focussed on rest-to-rest motion planning,
not the whole initial and final state are written, but just the initial and final state coordinates eo
and eT' The organization of the rest of this chapter will be such that in every following section

problem initial configuration final configuration
~l(O) ~2(O) ~3(O) ~l(T) ~2(T) ~3(T)

A 0 2 0 1 -1 1
B 0 -1 0 3 0 3
C 0 1 0 2 -1 -1
D 0 1 0 3 -2 0

Table 7.1: test motion planning problems

all motion planning algorithms (1 to 6) are compared on the same problem.
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7.2 problem A
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Figure 7.1: Problem A comparison

Method
Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
Algorithm 5
Algorithm 6

T
0.51
0.68
2.42
380.8
15.83
3100

116.37
43.11
31.52
27.99
27.99
52.37

1.023 * 104

1138
591.56
481.37
481.03
3.156 * 104

114.16
51.87
41.65
39.01
39.01
29.95

1.268 * 105

2.069 * 105

1.304 * 104

1.056 * 104

1.054 * 104

3.950 * 103

Table 7.2: metrics of trajectories for problem A
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Algorithm 3

54
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Figure 7,2: Problem A comparison
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Algorithm 6
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Figure 7,3: Problem A comparison

Figure 7.4: Algorithm 1 PPR solution
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Figure 7.5: Algorithm 2 PPR solution

Figure 7.6: Algorithm 3 PPR solution
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Figure 7.7: Algorithm 4 PPR solution

Figure 7.8: Algorithm 5 PPR solution
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Figure 7,9; Algorithm 6 PPR solution
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7.3 problem B
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Figure 7.10: Problem B comparison

Method
Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
Algorithm 5
Algorithm 6

T
0.54
0.52
370.9
504
14.98
3800

249.05
200.52
55.23
52.58
52.38
56.38

9.973 * 103

1.242 * 104

1.324 * 103

1.270 * 103

1.265 * 103

1.946 * 103

165.72
195.66
73.93
68.73
68.63
70.10

1.504 * 105

1.206 * 105

1.747 * 104

1.704 * 104

1.679 * 104

1.388 * 104

Table 7.3: metrics of trajectories for problem B
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Figure 7.11: Problem B comparison
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Algorithm 6
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Figure 7.12: Problem B comparison

finish

Figure 7.13: Algorithm 1 PPR solution
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Figure 7.14: Algorithm 2 PPR solution

finish

finish
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Figure 7.15: Algorithm 3 PPR solution
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finish

Figure 7.16: Algorithm 4 PPR solution

finish

Figure 7.17: Algorithm 5 PPR solution
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Figure 7.18: Algorithm 6 PPR solution
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7.4 problem C
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Figure 7.19: Problem C comparison

Method
Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
Algorithm 5
Algorithm 6

T
0.59
0.65
16.70
2373
15.18
2700

70.23
78.25
28.11
25.51
25.46
92.42

5.134 *103

4.191 *103

694.8
580.12
579.27
3.665 *103

100.17
83.60
50.48
45.50
45.49
43.95

6.954 *104

4.985 * 104

6.655 *103

5.656 *103

5.655 *103

4.299 * 103

Table 7.4: metrics of trajectories for problem C
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Figure 7.22: Algorithm 1 PPR solution



CHAPTER 7. SIMULATION AND EVALUATION

Figure 7.23: Algorithm 2 PPR solution

Figure 7.24: Algorithm 3 PPR solution
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Figure 7.25: Algorithm 4 PPR solution

Figure 7.26: Algorithm 5 PPR solution
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7.5 problem D
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Figure 7.28: Problem D comparison

Method T
Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
Algorithm 5
Algorithm 6

0.52
0.52
90.60
1240
48.19
2700

126.35
269.91
74.16
64.95
64.88
39.46

1.032 * 104

9.381 * 103

1.720 * 103

1.431 * 103

1.426 * 103

3.001 * 103

187.04
296.34
73.15
67.56
67.52
53.77

1.804 * 105

1.406 * 105

3.455 * 104

2.756 * 104

2.744*104

8.273 * 103

Table 7.5: metrics of trajectories for problem D
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Algorithm 6
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Figure 7.31: Algorithm 1 PPR solution



CHAPTER 7. SIMULATION AND EVALUATION

Figure 7.32: Algorithm 2 PPR solution

Figure 7.33: Algorithm 3 PPR solution
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Figure 7.34: Algorithm 4 PPR solution

Figure 7.35: Algorithm 5 PPR solution
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Chapter 8

Experiment

As several motion planning methods and algorithms are developed in the previous chapter, there
is a natural desire to test these methods in a real world environment.

In this chapter experiments are carried out on an test setup equipped with a free link, as in
the PPR system. A motion planning algorithm from the previous chapter is used to obtain a
reference trajectory for this system. Controllers are then used to make the actuated joints track
this reference trajectory. If this tracking is accurate enough, the free link will be steered to its
desired final condition.

The goal of the experiments carried out in this chapter is to investigate wether it is possible to
use the test setup system and a motion planning algorithm from the previous chapter such that
the free link can be steered from an initial configuration to a predefined final configuration.

The H-drive system has been chosen to be the platform of the experiments. This system is in many
aspects closely related to the PPR system, which is convenient because several motion planning
algorithms have been developed for the PPR system.

8.1 The H-drive system

The H-drive is a XY-table consisting of 3 linear motors which are able to move on prismatic beams.
The H-drive is built by Philips Center for Fabrication Techniques. It is used in industry to place
components on circuit boards.

In figure 8.1 a schematic layout of the H-drive system is displayed. The free link in this diagram
is not yet mounted to the system but will be in the near future. The motions of the H-drive are
all in the horizontal plane. The motor units on the parallel beams (A and C) are connected to
a middle beam. The connections between these motor units and the middle beam is flexible to
avoid the structure of being over-determined. The angle 1> is physically limited to a few degrees. A
third motor unit (B) is mounted on the middle beam. The free link will be mounted to motor unit
B with a unactuated rotational joint. Each joint is equipped with an incremental measurement
system with a resolution of 1 [Ji,m].

The original controllers of the linear motors of the H-drive system have been removed. Instead
of these controllers a simulink/dSpace system connected to an amplifier unit were installed. The
output signals of the simulink/dSpace system are sent to the amplifier unit which drives the linear
motors of the H-drive system. The simulink/dSpace system is also connected to the encoders of the
measurement system. The Simulink/dSpace system forms a very flexible platform to implement
self-built controllers in real time. The Simulink/dSpace system operates at a frequency of 5 kHz.

The H-drive system with unactuated joint and free link as depicted in figure 8.1 has got striking
resemblances with the underactuated PPR manipulator. The free link of the H-drive system can
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Unactuatcd joint

Figure 8.1: H-drive test setup

h
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be modelled with the same equations as that of the PPR system. Just as in the PPR manipulator,
the free link is coupled to a XY-table with an unactuated joint.

The configuration variables of the H-drive system with unactuated link can be written in the
colunm vector r:

The position of the unactuated joint (rx , ry) can be written in the configuration variables of the
H-drive system:

r x = Y1 + (Y2 - Y1)O.21~-X

r y = 0.215 - X (8.1)

Where h is the distance between the two elastic joints of the X-beam.

For both systems, the configuration of the free linkis determined by the trajectory (rx(t), ry(t))
of the unactuated joint. The equation that describes the relation between the coordinate B and
the trajectory (rx(t), ry(t)) is given by the nonholonomic constraint of the PPR system:

>..8(t) - Tx(t) sinB(t) +Ty(t) cosB(t) = 0 (8.2)

In order to benefit from the similarities between the PPR system and the H-drive system, the
H-drive system with the free link is treated as two subsystems. The first subsystem consists of the
H-drive setup without free link. This subsystem is fully actuated by the motor units A, Band C.
The outputs of this system are the positions ofthe motor units (X, Y1, Y2). Using equation (8.1) it
is possible to calculate the position of the unactuated joint, (rx , ry). The first subsystem perturbs
the state of the second subsystem via the unactuated joint. The second subsystem consists of the
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free link system.

This new representation of the H-drive system and free link has got two advantages:

• It is not necessary to have a detailed model of the first subsystem as long as there exists a
way to make it track a reference trajectory (r"x(t), r"y(t)). This tracking is guaranteed by a
controller .

• Because the free link is not yet mounted to the H-drive system, it must be simulated. In the
simulation equation (8.2) is used to model the dynamic behavior of the free link. Because
the free link is simulated there exists no force interaction between the two subsystems, which
will exist if the free link is mounted. Without force interaction the H-drive system can be
treated as a separate system. The H-drive system perturbs the state of the free link system
without the free link system perturbing the state of the H-drive system.

If the free link is mounted to the H-drive this interaction will exist and will have to be taken
into account.

Motion planning for the H-drive system

Solving motion planning problems for real world systems is more difficult than solving motion
planning problems for models of systems like the underactuated PPR manipulator. This is because
there exist differences between the model of the system and the system itself.

If the model of the system and the system itself are the same, like in case of motion planning
for the idealized PPR manipulator (3.1), solving motion planning problems is relatively easy. In
this case, the inputs generated by the motion planner T(t) can be used as a feedforward signal to
steer the system to its initial condition to its final condition. The strategy of using the generated
inputs as a feedforward for the considered system is depicted schematically below in figure 8.2. If

motion
planner

~--.

[9LI--.

~'-------'

f(t) . I t
~ sys em

I
q(t)

I q(t)

I

Figure 8.2: Using the inputs T(t) as a feedforward input on the system will, for most real world
systems, result in differences between q(t) and q(t)

the model of the system is the same as the system itself, the reference trajectory q(t) and the the
trajectory q(t) will be the same for all t E [0, Tj. The model of a real world system however, will
almost never be the same as the system it describes. These differences can arise from modelling
errors like a beam that is assumed rigid which is flexible in reality or friction that is present in
the real system but is not modelled. The parameters of the model form another source of errors,
the masses and dimensions of the links for example will probably not be known exactly. If the
differences between the real world system and its model are ignored and the reference inputs f-(t)
obtained from the motion planner are used as a feedforward on the system like in figure 8.2, the
trajectory q(t) and the reference trajectory q(t) will generally not be the same. With this bearing
in mind a test layout has been designed. In this test layout the first subsystem is controlled,
whereas the second subsystem is not. The tracking errors of the H-drive subsystem will cause e(t)
to generally be different from the reference O(t).

8.2 Experiment layout

The layout of the experiments conducted is depicted in figure 8.3 below. Using a motion planner
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Figure 8.3: Layout of the conducted experiments

for the PPR manipulator, a trajectory q(t) = (rx(t), ry(t), B(t)) is computed. The trajectory rx(t)
and ry(t) serve as a reference trajectory (r'x(t), r'y(t)) for the the first subsystem (the H-drive
system without free link). This reference trajectory is transformed to a reference trajectory in the
H-drive system coordinates [X, Y1, Y2] using the following relation:

X(t) = 0.215 - ry(t)
Y1(t) = Y2(t) = rx(t)

(8.3)

In this transformation the reference trajectory of the Y1 coordinate will always be equal to the
reference trajectory of the Y2 coordinate. This means the the angle 4> will be zero for the reference
trajectory.

A servo controller is used which calculates inputs which make the trajectory (X(t), Y1(t), Y2(t))
track the reference trajectory (X(t), Y1(t), Y2(t)). This will cause the trajectory of the unactuated
joint (rx(t),ry(t)) to track the reference trajectory (rx(t),ry(t)). Feedforward inputs can possibly
be added to the inputs the controller generates. These feedforward inputs can be derived using
an inverse model of the H-drive system.

The trajectory of the unactuated joint, (rx(t), ry(t)), perturbs the free link system. The free
link is simulated offline using the constraint equation (8.2). As can be seen from this equation
the accelerations (rx(t),ry(t)) are needed to perform the simulation. In order to obtain these
accelerations, the trajectory (X(t), Y1(t), Y2(t)) is transformed using equation (8.3) to obtain
(rx(t), ry(t)). The trajectory (rx(t), ry(t)) is differentiated twice with respect to time to obtain the
accelerations (rx(t), ry(t)). In figure 8.4 the scheme to obtain the simulated free link configuration
B(t) is displayed. The output of the 'equation' block, B(t), is determined using equation (8.2):

B(t) = rx(t)sinB-ry(t)cosB
.A

In the remainder of this section several aspects of the experimental layout are described more
thoroughly. First the servo controllers which are used as in figure 8.3 are given. Then the method
to determine the feedforward inputs is discussed. Finally a method to obtain an approximation
of the accelerations (rx(t), ry(t)) is given.

Servo controllers for the linear motors

Three servo controllers are used, to ~ake fir"st subsystem (the H-drive system without free link)
track the reference trajectory (X(t), Y1(t), Y2(t)). For each motor a separate servo controller is
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(r~(t), r~(t)) r------,

equation
iJ(t) 8(t)
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(8.4)

Figure 8.4: Simulation scheme to obtain 8(t)

used. Each servo controller accepts a position error in meters. The output is a current in amperes.
The controllers, which are given by transfer functions, have no explicit dependency upon the state
of the system. The servo controllers were designed by Aart-Jan van der Voort.

The servo controller of linear motors A and C are given by the transfer function:

1.18282 + 185,78 + 7000
H A(8) = HC(8) = 1.26710-582 + 0.015928

The servo controller of linear motor B is given by the transfer function:

( ) _ 0.675582 + 106, 18 + 4000
H B 8 - 1.26710-582 + 0.015928

Determining feedforward inputs using an inverse model

(8.5)

In order to improve the tracking perfonnance of the first subsystem, it is possible to add feedfor
ward inputs. These inputs can be determined using an inverse model of the first subsystem.

(!m1 +m2 (1-~)) rx(t)

-m2ry(t)
CB

(!m1+m2~) rx(t)

Cc
Tc(t)

(8.6)

In this equation the constants C{A,B,C} [NjA] are the motor constants. The motor constants are
defined as the force in Newton the motor produces in the direction of its corresponding coordinate
per ampere current that flows through that motor. This assumes a linear relation between the force
and the current. T{A,B,C} are the inputs in amperes for the corresponding motors. ml is the moving
mass of beam B without motor unit B. m2 is the moving mass of motor unit B. The following
constants are used: CA = 74[NjA], CB = Cc = 25[NjA], ml = 15 [kg] , m2 = 8[kg], h = 0.97[m].

The model of the H-drive (8.6) assumes Y1(t) = Y2(t), which is true for the reference trajectory
it uses. Furthermore no friction is modelled and all parts are assumed rigid and moving in a plane
perpendicular to gravity.

Using this model it is possible to obtain a feedforward input -r(t) = (TA(t),TB(t),TC(t)) if a
reference trajectory (rx(t),ry(t)) and (fx(t),.F:y(t)) are given.

Differentiating the trajectory (rx(t), ry(t)) twice

In order to calculate 8(t), the accelerations (rx(t),ry(t)) are needed. These accelerations must be
obtained from the position measurements, because the velocity or the acceleration are not mea
sured. SimulinkjdSpace performs position measurements at discrete times. These measurements



CHAPTER 8. EXPERIMENT 82

have got a resolution of 1[pm] . While Simulink/dSpace measures the positions of the system with
a frequency of 5 [kHz], a downsampling with a factor 5 has been used. This means our sampling
frequency is l[kHz].

Thus if an experiment is conducted three column vectors are obtained which form discrete positions
at discrete times: (X(ti), Y1(ti), Y2(ti)), i = {1, 2, 3, ... , (1000Tend) +1}. In the experiments Tend
is the final time, which is the execution time of the trajectory, T, plus one second: Tend = T + 1.
The discrete times ti are given by: ti = ioo~'

One strategy to obtain the accelerations could be to transform the raw measurements (X(ti ), Y1(ti ), Y2(ti ))
into the unactuated joint positions (rx(ti ), ry(ti)) using equation (8.1). These joint positions could
then be differentiated twice in order to obtain the accelerations. This method is likely to result
in very poor results because the measurements suffer from noise and discretization errors. Differ
entiating a corrupted signal which is known at discrete times gives poor results. Differentiating
twice would give even worse results.

Therefore, the measurements are filtered. A 4th order butterworth filter with a cutoff frequency
of 50 [Hz] is used to filter the measurements. A filter introduces a phase shift in the filtered
signals. This phase shift is undesirable and therefore the MatLab routine filtfilt is used, which
eliminates phase distortion. Using this routine is only possible offline, because it is noncausal.
The filtered measurements are stored in the column vectors (X(ti ), Y1(ti), Y2(ti)). (fx(ti),fy(ti))
can be obtained by transforming (X(ti)' Y1(ti), Y2(ti)) using equation (8.1). Differentiating
(fx(ti),fy(ti )) twice then gives an approximation of the accelerations: (rxi,rYi)' Where ri is
the estimated acceleration on the time interval t E [ti, tHl)'

8.3 Experimental results

Four experiments have been conducted, which means four different motion planning problems on
the test setup have been solved. Consider the four pairs of initial and final conditions for the H
drive with virtual free link in table 8.1. These initial and final conditions have been transformed

experiment initial configuration final configuration
X(O) Y(O) 8(0) X(T) Y(T) 8(T)

1 -0.45 0.2 -0.5 -0.15 0.65 0
2 -0.08 0.6 1.0 -0.5 0.1 0
3 -0.26 0.78 0.9 -0.48 0.13 -0.5
4 -0.4 0.4 -0.9 -0.45 0.6 1.1

Table 8.1: Initial and final conditions for the four tests

to initial and final conditions of the PPR manipulator using equation 8.1. The final time T is set
to 2.5[8] for each problem. The parameters for the free link have been set to:

0.5
0.005
0.1

[kg]
[kgm2

]

[m]

With these parameters the values of I and ,.\ can be determined:

I
,.\

0.01 [kgm2
]

0.2 [m]

The four motion planning problems for the PPR manipulator have been solved using the optimal
method from section 6.3. The obtained trajectories serve as reference trajectories for the H-drive
system.
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8.3.1 Experiment 1

In figure 8.5 six graphs are given. The first one depicts the reference trajectory of the H-drive
system. The next three plots are the tracking errors (ex, eYl, eY2) of the three motor unit posi
tions. The absolute errors are smaller than 50 [Jim] at for all t E [0,2.5]. The last two plots show
the reference and 'measured' acceleration of the unactuated joint in r x and ry coordinates. See
section 8.2 for how the 'measured' acceleration has been determined.
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Figure 8.5: Experiment 1
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In figure 8.6 the difference between the reference trajectory of B(t) and the simulated trajectory
of B(t) is plotted against time. In the first 2.5 seconds the absolute error leg(t)1 = IB(t) - B(t)1
remains smaller than 2.5 [Ilrad]. After 2.5 seconds the virtual link has got a rotational velocity
which causes the error eg(t) to drift. In figure 8.7 the configuration of the virtual link is plotted
60 times in the time interval t E [0,2.5]. Every later plot is plotted above all others. The picture
must be seen as a 'stroboscopic picture' of the configuration of the link. The white circle at the
round end of the link represents the unactuated revolute joint. The black dot at the other end of
the link represents the position of the 'center of percussion' of the link. The box around figure 8.7
confines the configuration space of the position of the unactuated joint (rx, ry).
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8.3.2 Experiment 2

In figure 8.8 six graphs are given. The first one depicts the reference trajectory of the H-drive sys
tem. The next three plots are the tracking errors (ex, eYl, eY2) of the three motor unit positions.
The absolute errors are smaller than 60 [Jtm] at for all t E [0,2.5]. The last two plots show the
reference and 'measured' acceleration of the unactuated joint in rx and r y coordinates.
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In figure 8.9 the difference between the reference trajectory of B(t) and the simulated trajectory
of B(t) is plotted against time. In the first 2.5 seconds the absolute error lee(t)1 = IB(t) - B(t)1
remains smaller than 3 [jlrad]. After 2.5 seconds the virtual link has got a rotational velocity
which causes the error ee(t) to drift. In figure 8.10 the configuration of the virtual link is plotted
60 times in the time interval t E [0,2.5].
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8.3.3 Experiment 3

In figure 8.11 six graphs are given. The first one depicts the reference trajectory of the H
drive system. The next three plots are the tracking errors (ex, en, en) of the three motor unit
positions. The absolute errors are smaller than 130 [/tm] at for all t E [0,2.5]. The last two plots
show the reference and 'measured' acceleration of the unactuated joint in r x and r y coordinates.
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In figure 8.12 the difference between the reference trajectory of fJ(t) and the simulated trajectory
of B(t) is plotted against time. In the first 2.5 seconds the absolute error lee(t)1 = IfJ(t) - B(t)1
remains smaller than 9 [p,rad]. After 2.5 seconds the virtual link has got a rotational velocity
which causes the error ee(t) to drift. In figure 8.13 the configuration of the virtual link is plotted
60 times in the time interval t E [0,2.5].
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8.3.4 Experiment 4

In figure 8.14 six graphs are given. The first one depicts the reference trajectory of the H
drive system. The next three plots are the tracking errors (ex, eYl, eY2) of the three motor unit
positions. The absolute errors are smaller than 120 [Jim] at for all t E [0,2.5]. The last two plots
show the reference and 'measured' acceleration of the unactuated joint in r x and r y coordinates.
See section 8.2 for how the 'measured' acceleration has been determined.
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In figure 8.15 the difference between the reference trajectory of 8(t) and the simulated trajectory
of B(t) is plotted against time. In the first 2.5 seconds the absolute error lee(t)1 = IB(t) - B(t)1
remains smaller than 11 [Ilrad]. After 2.5 seconds the virtual link has got a rotational velocity
which causes the error ee(t) to drift. In figure 8.16 the configuration of the virtual link is plotted
60 times in the time interval t E [0,2.5].
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Chapter 9

Conclusion and Recommendations

This chapter gives an overview of the results obtained in this report. In this report the problem of
motion planning for underactuated manipulators has been studied. This has resulted in a number
of conclusions which are summed here. Furthermore recommendations are given for future work
on the subject.

9.1 Conclusions

In this report three different methods have been derived which are able to solve motion planning
problems for the underactuated PPR system (3.1) and the extended chained form system (3.5).
The parametric method and the variational method use the extended chained form system to solve
motion planning problems for the PPR manipulator and are therefore called 'indirect' methods.
The indirect methods make advantage of the simple structure of the extended chained form system
and are therefore confined to the extended chained form system.

Parametric method

This method is an indirect method. The input functions are parameterized by linear combinations
of two sets of basis functions. The final configuration is expressed as a function of these parameters.
The motion planning problem is solved if the final condition is equal to a desired final condition.
This means six equations have to be solved simultaneously. The parametric method restricts itself
to the case these six equations form a linear system. The system of equations becomes linear if one
of the two input functions is a linear combination of two basis functions, and still has a solution
if the other is a linear combination of four or more basis functions.

The linear system does not have a solution for every set of basis functions or combination of initial
and final configuration. Conditions are given which the basis functions must satisfy in order for
the linear system to have a solution. It is however not possible to solve motion planning problems
with this method in one step for every combination of initial and final configurations. In these
cases a solution is to split the motion planning problem into two new motion planning problems.
A new 'intermediate' configuration must be found, such that the motion planning problems from
the initial to the intermediate configuration and from the intermediate to the final configuration
both can be solved. Such an intermediate solution always exists.

Because the parametric method computationally not intensive and it does not obtain a solution
in an iterative process, it is very fast.

Variational method

This method is also an indirect method. Like in the parametric method, the input functions
are parameterized by linear combinations of two sets of basis functions. Unlike the parametric
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method, an optimal solution of the motion planning problem is sought. Finding this optimal
solution means finding an optimal solution of a system of nonlinear equations. In order to find
this solution the numerical constrained optimization algorithm fmincon from the optimization
package of MatLab is used. This function tries to minimize a cost function and simultaneously
satisfy the six constraints posed by the final configuration.

In order to find an optimal solution to the nonlinear system, at least one solution should exist.
Conditions are given for the system to have at least one solution.

The function fmincon tries to find its solution in an iterative process. It uses a 'Sequential
Quadratic Programming' algorithm. The convergence of this algorithm is super-linear if an initial
solution is sufficiently close to the solution.

Optimal Method

The optimal method is the only 'direct' method, by which is meant that it does not depend on
the extended chained form system to solve motion planning problems for the PPR manipulator
or other underactuated manipulators. Although it does not depend on the extended chained form
system, this method works very well for the extended chained form system.

In the optimal method, the motion planning problem is treated as an optimal control problem.
Optimal control theory gives a number of (sufficient) conditions that optimal solutions must satisfy.

From the conditions posed by optimal control theory a hamiltonian system can be formed with
separate boundary conditions. This system and the boundary conditions constitute a boundary
value problem. An approximate solution of this BVP at discrete times is sought using a finite
differences method, which is a 'global' method. This comes down to a root finding problem for a
very high dimensional system of nonlinear equations. This root finding problem is solved iteratively
using a damped Newton algorithm.

The convergence of the algorithm is good although the problem has not been identified as a convex
problem.

Since not all of the sufficient conditions for locally optimal solutions are satisfied, it can not be
determined wether the found solutions are locally optimal. From these conditions it can however
be concluded that the found trajectories are not local maximizers of the cost function.

Simulations

Four motion planning problems are considered for the extended chained form system. Each of the
six motion planning algorithms has been used to solve all four problems. Some measures have
been introduced in order to be able compare aspects such as 'input effort' and 'length of trajectory'.

parametric methods Algorithms 1 and 2 are the fastest motion planners, but their trajectories
are the worst. The trajectories in PPR coordinates look 'smoother' with algorithm 2.

variational methods Algorithms 3 and 4 are slower than algorithms 1 and 2 but give better re
sults. Algorithm 3 is faster than algorithm 4 because algorithm 4 uses more design variables.
The results of algorithm 4 are better.

optimal methods Algorithm 5 is the best method of all. It gives very good results at reasonable
computational effort. The advantage of using the extended chained form system equations
instead of the PPR system equations for motion planning is obvious. Algorithm 6, which
is the only algorithm which uses the PPR equations, uses about a hundred times more
computational effort. The advantage of algorithm six is that it tries to minimize a cost
function which has got more physical meaning to the PPR system.
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Experiments

Several experiments were conducted on the H-drive system with a virtual free link. Algorithm 5
has been used to solve four motion planning problems for the PPR manipulator. Because of the
similarities of the H-drive system and the PPR system, the found trajectories could be transformed
to reference trajectories for the H-drive system with free link. The actuated part of the H-drive
system has tracked these reference trajectories using a controller feedback and a feedforward
signal. The response of the free link to the movements of the H-drive could be simulated using
the position measurements of the three linear motors. It can be concluded from the experiments
that the trajectory of the configuration of the free link is close to the reference trajectory, while
there was no correcting action on differences between these trajectories.

9.2 Recommendations

Several aspects which were treated in this report may be given more attention:

Experiments The experiments conducted in chapter 8 were used the H-drive system with virtual
link. These experiments should be repeated when the free link is mounted to the H-drive
system. Because the dynamics of the system changes (there will be a force interaction
between the free link and the H-drive) new feedforward signals must be used. The results
of the new experiments will be influenced by effects a friction in the unactuated joint and
uncertainty in the parameters.

Optimal method In this report no evidence was given that the trajectories found with this
algorithm are locally optimal. By examining higher order terms it may be possible to
determine wether the found trajectories are locally optimal.

Obstacle Avoidance In this report the subject of obstacle avoidance is very briefly discussed.
The method presented solves these problems using a similar method as in section 6.2, using
a constraint optimization method.

It might be very interesting to try an optimal control approach.
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