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Abstract

A commonly used algorithm in the adaptive filter theory is the Least Mean Square (LMS)
algorithm. The performance of this algorithm depends on the input signal statistics. This
dependency can be reduced by using decorrelation methods.

The Recursive Least Square (RLS) algorithm decorrelates the input signal with an
estimate of the inverse autocorrelation' matrix of the input signal. If the estimate of this
(decorrelation) matrix is perfect, then perfect decorrelation will be achieved. With perfect
decorrelation, the performance of the algorithm is independent of the signal statics.

For RLS the dimension of the decorrelation matrix is equal to the filter length. For
large filters this implies a high complexity. In the Block Orthogonal Projection (BOP)
algorithm, the dimension of the decorrelation matrix is coupled to the block length. In
general, the hlock length is much smaller than the filter length.

This report will show for the BOP algorithm that even with a reduced dimension decor
relation matrix, good decorrelation can be achieved. For two different signal types, an
optimal value for thc dimcnsion of the BOP decorrelation matrix will he derived. It will
he shown that a further increase than this optimal value wil! not lead to sufficient better
decorrelation.

For large adaptive filters, the BOP algorithm can be implemented efficiently in the
frequency-domain by using hlock processing techniques. But the part where a lot of
complexity is involved, the decorrelation, is still carried out in the time-domain. Ap
proximating the BOP decorrelation matrix by a circulant matrix leads to the Block
Frequency Domain Adaptive Filter (BFDAF) algorithm. In the BFDAF algorithm also
the decorrelation is performed efficiently in the frequency-domain. The influence of the
circulant approximation on the decorrelation quality will be discussed in the last part of
this report. It will be shown that for large adaptive filters, the BFDAF algorithm is a
more efficient alternative than the BOP algorithm with equivalent convergence proper
ties.
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Chapter 1

Introduction

The echo cancelIer depicted figure 1.1 is a commonly used example to demonstrate the
principals of an adaptive filter. An echo cancelIer tries to eliminate the leakage from
the input signa! x into the residual signal r. A possihle application for this system is
an acoustic echo cancelIer for audio/video teleconferencing or loudspeaking telephony
systems.

x

Figure 1.1: acoustic echo cancel/er

e

acoustic
echo
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s

Suppose two groups of peop!e have a telephoneconference and a speaker at the other end
of the line produces a speech signal x. This signal enters the room and will he reflected
by the walls into the microphone. In a system without echo cancellation there wil! be a
undesired roundsinging effect. The goal of the echo cancelIer is to make an estimate ê of
the leakage signal e. In ideal case ê = e all echo is removed and the roundsinging effect
is eliminated.

The problem here is to make the estimate of the echo because there is no complete
a priory knowledge about the signal characteristics. The signals are non-stationair and
the character of the echo pad is time variant. For this reason it is not possible to use a
Wiener filter solution and an adaptive filter is required. An other problem is the length
of the acoustic echo pad, 150-250 msec. To make a good estimate of the leakage signal
e, large adaptive filter structures are required.
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Large adaptive filters imply many calculations every sample and therefore update al
gorithms with low complexity are required. The Least Mean Square (LMS) update
algorithm [WID85] has low complexity but the convergence properties are dependant of
the statistic signal characteristics.

Since speech signais, used in the example offigure 1.1, are highly correlated, methods
of adaptive filtering are developed which are not to sensitive for input signal character
istics. A well-known algorithm which is less dependant on the statistic signal properties
is the Recursive Least Square (RLS) algorithm [HAY86]. The RLS algorithm makes an
estimation of the inverse autocorre1ation matrix of x. This matrix is used to decorrelate1

the input signal which yields to better convergence properties of the adaptive filter. A
disadvantage of the RLS algorithm is the complexity caused by the calculation of the
decorrelation matrix. Especially at large adaptive filters, because the dimensions of the
decorrelation matrix equals the adaptive filter length.

This complexity is reduced by the Block Orthogonal Projection (BOP) algorithm.
This is a block-based algorithm, meaning that the update of the weights is only performed
onee every B samples, where B denotes the block length. The estimated autocorre1ation
matrix used in the BOP algorithm to decorrelate the input signal has a B x B dimension,
in general this is far more smaller than the dimension of the matrix used in RLS.

One step further is the efficient implementation of the BOP algorithm using bloek
processing techniques. By using these techniques, the two main operations of an adaptive
filter, linear convolution and linear correlation, are carried out in the frequency domain.
By approximating the decorrelation matrix of the BOP algorithm by its circulant version,
also decorrelation can be implemented in an efficient way. The result of this is the Block
Frequency Domain Adaptive Filter (BFDAF).

This report will examine decorrelation methods used in time- and frequency-domain
adaptive filters in order to gain more insight on how decorrelation works and what the
effect of the approximations is that have to be made to implement the BOP algorithm
in an efficient way.

Chapter 2 explains the principles of block adaptive filter algorithms. Chapter 3
describes how these filters can be implemented efficiently by using block processing tech
niques. In this chapter also the relation between the BOP and BFDAF algorithm will he
shown. In chapter 4 the problem description is given. Chapter 5 describes in which way
the input statistics affect the performance of the algorithm and how this performance
can be improved by using decorrelation. Decorrelation in time---domain will be discussed
in chapter 6. Chapter 7 discusses decorrelation in the frequency-domain. Finally the
conclusions will be given in chapter 8.

1 decorrelation means: removing the correlation, in other worels making a coloured signa! white again.
The matrix which is used to perform decorrelation is called the decorrelation matrix.
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Chapter 2

Block adaptive filter
algorithms

This chapter gives a short description of the Block Normalized Least Mean Square
(BNLMS) and Block Orthogonal Projection (BOP) algorithms. A detailed derivation
of these algorithms is given in [SOM92]. The description will be concentrated on the
implementation of the algorithms in the time--domain. The convergence properties will
only be discussed briefiy in the next chapter.

The derivation of the time--domain implementation of block adaptive filters willlead
to the next chapter, where the efficient implementation of the bloek adaptive filters will
be discussed. Based on these two chapters the problem description is given in chapter 4.

2.1 The BNLMS algorithm

BNLMS is the block approach of the NLMS algorithm. With B the block length (~ 1),
the update of all weight coefficients is performed onee every B samples. The update rule
for the BNLMS algorithm, given by equation 2.1, shows a great resemblance with the
NLMS update rule.

~N[(k + I)B] =}!.N[kB] + o-;~;B]XN'B[kBl!:B[kB] (2.1)

With wN[kB] defined as the adaptive weight vector containing the N adaptive weights
of the adaptive filter:

wN[kB] =(wN-dkB], .. " wl[kB], wo[kB])'

and ~B[kB] defined as the residual signal vector

~B[kB] = (r[kB - B + 1], ... , r[kB])'

Furthermore XN.B[kB] is defined as the N x Binput signal matrix.

3
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with for i = 0, l,o··,N -1:

1!:B[kB - i] = (x[kB - i - B + 1], .. " x[kB - i])t (2.5)

In these formul as , a bold-face-underlined character denotes a vector and a bold-face
not-underlined character denotes a matrix. The k is used as time index, with sample time
T. The transpose of a matrix or vector is denoted with ot. The adaptation constant
is denoted with a. The N of BNLMS stands for the normalization, carried out by the
division with û; in equation 2.1, in order to make the convergence properties of the
BNLMS algorithm independent of E{(x[k])2}. The estimation of u; can be calculated
recursive with the following equation:

û;[(k + l)B] = (1- {3) . û;[kB] + ~ (~N[kBW~N[kB] with 0 < {3 < 1 (2.6)

The estimate of the gradient vector of the steepest-descent algorithm VN
[kB] is given

by:

VN[kB] = -2XN,B[kB]rB[kB] (2.7)

The (N - 1 - i)lh element of gradient vector "VN[kB] is calculated as follows:

(~[kB])N-1-i = -2 . (1!:B[kB - i])trB[kB] (2.8)

Each gradient vector element is an averaging of the crosscorrelation between the signals
x and rover B values. In comparison with the NLMS algorithm, where no averaging
is carried out, the estimation of the gradient vector for BNLMS is more accurate but
also more complex. But this estimation will only be done once every B samples so the
overall complexity of the BNLMS and thc NLMS algorithm is of the same order. Since
the updating is performed less frequently for BNLMS, the rate of convergence is slower
in comparison with NLMS [SOM92].

As a rough estimate of the complexity, the linear correlation, to calculate the estima
tion of the gradient vector (eq. 2.7) takes N x B mu1tiplications. The linear convolution
to calculate the output of the adaptive filter, given in equation 2.9, takes B x N multi
plications.

~B[kB] = (XN,B[kB])twN[kB] (2.9)

The B dimensional vector ~B[kB] = (ê[kB - B + 1],···, ê[kB])t is produced once every
B samples. The number of (real) multiplicationsjdivisions to produce one new output
sample is:

MULBNLMS

DIVBNLMS

2NB

B
2N

1. (2.10)

As one can verify, this is the same complexity as for the NLMS algorithm. (Note that
the complexity of the calculation of û; is not taken into account.) The division which is
made to perform the normalisation with û;, can be turned into a multiplication. This
is easier to realize. This is done by calculating the inverse of û; in a recursive way.
Appendix A gives the deduction of this formula.

(û;[(k + I)B])-1 = (1 + {3) . (û;[kB])-1 - ~ «û;[kB])-1)2(1!:N[kB])t1!:N[kB] (2.11)
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2.2 The BOP algorithm

Although the BNLMS algorithm is normalized with û;, the convergence properties still
depend on second order statistic properties of the input signa!. In order to make the
convergence properties of the adaptive filter less sensitive to the input signal statistics,
a B X B estimate of the autocorrelation matrix is used to decorrelate the input signa!.
The derivation of the BOP algorithm can he done in a geometrical way. First some
definitions.

The difference vector 4N is defined as the difference between the adaptive weight vector
y!"N and the optima} Wiener solution ~pt .

(2.12)

The geometrical interpretation of 4N is a vector that is projected on a plane that is
spanned by B vectors ~N[kB - B + 1],·· .,~N[kB] of dimension N. This is shown in
figure 2.1.

I
I
I

4N [(k +: I)B]
I
I

Figure 2.1: geometrie interpretation of the BOP a/gorithm

The vector 4N is decomposed as:

(2.13)

Where 4~ is parallel and 41 is perpendicular to the plane. This implies that for all
i = 0,1,"', B - 1:

and

B-l

4~[kB] =L c;[kB]~N[kB - 11 =XN.B[kB]~B[kB]
;=0

5
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Where < !!,,Q >= !!t,Q is defined as the innerproduct of two vectors and ~B[kB] is defined
as (cB-dkB], .. " cl[kB], co[kB]) , . When assuming (for simplicity reasons) that 8[k] =0,
the residual signal !B[kB] can be written as:

(2.16)

Using the fact that g~ is perpendicular to the plane, the following manner can he derived
to calculate the coefficients of the vector ~B:

!B[kB] = (XN,B[kB])tgN[kB] =(XN,B[kB])' (g~[kBl+ g~[kB])

= (XN,B[kB])'g~[kB] = (XN,B[kB])txN,B[kBkB[kB] (2.17)

Now the coefficients of the vector ~B can be calculated as follows:

(2.18)

with the estimate of the B x B "autocorrelation matrix" defined as:

(2.19)

Each element (1lB [kB])p,q can be written as:

(-RB[kB])p,q = ~ < (~N[kB - B + 1+ p])t,~[kB - B + 1+ q] > (2.20)

When the input signal is stationary, this (p, q)th element is an estimate of (p _ q)th
element pz[p - q] of the input signal autocorrelation function.

The inner product < QN[kB],~N[kB - i] > for i = 0,1"", B - 1 is a measure for
the final misadjustment. There are two ways to reduce this inner product:

1. Reduce the length of gN[kB].

2. MakegN[kB] more orthogonal to the plane spanned by ~N[kB-B+l],··. ,~N[kB].

Both ways can be achieved at ones by subtracting a small part of the vector g~[kB].

This is shown in figure 2.1 and mathematically described in the next equation:

gN[(k+ I)B] gN[kB] - 2aQ~[kB]

= gN[kB] - 2aXN,B [kB](1lB[kB])-l!:B [kB] (2.21)

When after a few steps gN[kB] is rotated in such way that it becomes orthogonal to the
plane, the inner product < QN[kB],~N[kB - t1 > for i =0,1"", B - 1 becomes zero.
This implies that the length of gN[kB] needs not to be zero for reaching the optimal
solution. By using equation 2.12 and 2.21, the update equation for the BOP algorithm
is given by:

6



The BOP update equation shows great resemblance with the BNLMS update equa
tion 2.1. The input signal of the BNLMS algorithm is normalized with û; in order to
make convergence properties independent of E{x2 [k]}. For BOP, the input signal is nor
malized (decorrelated) with a B x B estimate of the autocorrelation matrix 'kB [kB] in
order to make the convergence properties also independent of second order statistics.

Another time-domain algorithm that decorrelates the input signal with an autocor
relation matrix, is the Recursive Least Square (RLS) algorithm [HAY86]. The main
difference between the RLS and BOP algorithm is that instead of a B x B matrix, RLS
uses a N x N estimate of the inverse autocorrelation matrix and updates this estimate
every sample period. To overcome the high complexity that is involved by determining
('R.N)-l, efficient methods are developed to determine the inverse autocorrelation matrix
in a recursive way.

7



Chapter 3

Efficient implementation of
block adaptive filters

The main advantage of block-based-algorithms is the efficient way of implementation
by using block processing techniques. The overlap-save method is a commonly used
technique to apply this. The infinite input sequence x[k] is split into finite segments. The
convolution of the input signal with the finite impulse response is carried out segmentwise
and the output signal is a composition of all these separated signaIs.

In both (block based) algorithms, BNLMS and BOP, the update equation is of the
next form:

with

(3.1)

for BNLMS

for BOP

(3.2)

(3.3)

This chapter shows how for large block lengths B the calculation of the linear convolution
(XN,B)I}!B (eq. 2.9) and linear correlation XN,B!B can be carried out efficiently in the

frequency-domain. By approximatingnB with a circulant matrix also the (time--domain)
decorrelation of the BOP algorithm can be implemented efficiently in the frequency
domain. This efficient implementation is called the Block Frequency Domain Adaptive
Filter (BFDAF) algorithm and wil! be discussed at the end of this chapter.

3.1 Efficient implementation oflinear convolution with
overlap-save method

The (cyclic)convolution of the input signal x with the adaptive filter wN[kB] is in the
frequency-domain is given in equation 3.4. In the frequency-domain, the convolution is
carried out as a multiplication of consecutive vector elements [END87], denoted with ®'

(3.4)
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x M is the frequency-domain representation of?!.M (the choice of M will be discussed
later on, but for now M ~ N). A mathematical description of the Discrete Frequency
Transformation (DFTM) of?!.M is given in the next equation:

(3.5)

The DFT operation is represented bya M x M Fourier matrix:FM. The (k, I)th element
of this matrix is defined as:

with and k,l E (0,1,···, M - 1) (3.6)

To carry out the convolution in the frequency-domain, w has to be of the same length
as?!.. Therefore wN[kB] is first mirrored (J N) and augmented with zeros (OM-N) to a
vector of length M. The (k,l)th element of the N x N mirror matrix JN is defined as:

JN {I if k + I =N - 1
( h,l = 0 elsewhere (3.7)

With the N x N identity matrix IN and (M - N) x N all-zero matrix OM-N,N, the
mathematical description of the transformation of w N is as follows:

(3.8)

Due to the cyclic convolution effect [END87], the first N - 1 samples of the inverse

transformation (IDFTM ) of Ê
M

arc worthless. For the computation of B new output
samples, M has to be at least N - 1+ B, the last M - B samples have to be discarded.
Mathematically this can be described as:

(3.9)

The implementation of the overlap-save implementation of this eonvolution is depicted
in figure 3.1. The DFTs whieh are used can be replaeed by FFTs if M is a power
of two. The "SIP" box collects the last B input samples in a tapped-delay-line and
produces onee every B samples a vector ?!.B[kB], so a downsample factor B is introduced.
The "overlap" box creates a M-Iength vector ?!.M[kB], which eontains the last Binput
samples augmented with an overlap of the last M - B samples of ?!.M[(k - I)B]. The
"PIS" box stores the vector ~B[kB] in a tapped-delay-line and produees with original
sample rate every time unit T an output sample ê[kB - i] (for i = B - 1 downto 0). As
a result of the block processing technique, the processing delay is always B - 1 samples.

Mathematically the operations of figure 3.1 can be described as follows: In equa
tion 2.9, XN,B has to be transformed to the frequency-domain instead of1 ?!.M. From
literature [DAV79] it is known that a circulant matrix can be diagonalized by transform
ing it to the frequency-domain. Therefore and as a consequence of the cyclic nature of
the Fourier transform, matrix XN,B has to be extended to a circulant matrix i M . The
M x M circulant matrix iM[kB] is created by putting the mirrored matrix JN . XN,B

1 xN,B[kB) and?!.M contain exactly the same input samples

9



WM

ê[kB - B + 1]

Figure 3.1: overlap-save implementation of filter part

in the upper right corner of XM and filling the remaining elements in sueh a way that
XM beeomes eireu!ant. Mathematieally, the relationship ean be deseribed as follows:

(3.10)

The diagonalization of XM is performed as follows:

The mathematieally derivation of the overlap-save method for the linear convolution
(eq. 2.9) is given in the next equation by using the relationship given in equation 3.10.

gB[kB] (XN,B[kB])twN[kB]

= (JNXN,B[kB])tJNwN[kB]

(OB,M-B I B ) (.rM)-l.rM(XM[kB])t(.rM)-l.rM ( OM~N,N ) JN~N[kB]

(OB,M-B I B ) (.rM)-lXM[kB]WN[kB]

(OB,M-B I B ) (.rM)-l {XM[kB] ® WM[kB]}

= (OB,M-B I B ) (.rM)-l.t
M

[kB]. (3.12)

Since the transformations applied to x and ware linear, the time--domain implementation
ofthe eonvolution (eq. 2.9) has exactly the same output as the discreet frequency-domain
implementation of equation 3.12.

10



3.2 Efficient implementation of BNLMS

The two main operations of the BNLMS algorithm are linear convolution to calculate
the filteroutput and linear correlation to calculate the estimate of the gradient. The
overlap-save implementation of linear correlation XN,B .!.,.B, (at the end of equation 3.1)
is equivalent to the overlap-save implementation of linear convolution (eq. 3.12). The
derivation is given in the next equation:

XN,B[kB]!.,.B[kB] = JN (IN ON,M-N) (,1'M)-l,1'M ,iM[kB](,1'M)-l.1'M ( OM1-BB,B ) !...B[kB]

= JN (IN ON,M-N) (.1'M)-l(XM[kB])*yM [kB]

= JN (IN ON,M-N) (,1'M)-t {(XM[kB])* ® yM[kB]} (3.13)

Where yM[kB] is defined as:

(3.14)

(3.15)

For BNLMS, !...B = 2a(û;[kB])-t~[kB] (eq. 3.2). The overlap-save of BNLMS im
plementation is depicted in figure 3.2. The normalization is carried out by multiplying
R M with 2aû;2!M, where !M denotes a vector containing only ones. The number of
(real)multip!ications without the over!ap-save imp!ementation is about 2N + 1. The
over!ap-save imp!ementation of figure 3.2 costs:

• 5 FFTs (if M is a power of two); Each FFT or IFFT costs ~ . M log2( Af) rea!
mu!tiplications.
Totally =* 5 . ~ . M log2( Af) multiplications.

• 2 complex vector multip!ications; One complex mu!tiplication is equivalent to four
rea! mu!tip!ications. Each vector is of !ength M, so this costs 4 . 2 . M rea! multi
p!ications. Since!:, w and ~ are rea! vectors, the frequency-domain vectors have
symmetry properties, so on!y the half of the frequency components have to be cal
cu!ated. Each complex vector multip!ication costs 4 . (~M - 1) + 2 =2· (M - 1)
rea! multip!ications. .
Totally =* 4· (M - 1) multip!ications

• 1 rea! vector multiplication; The calcu!ation of (2aO';21M ). R M can be carried out
in the time-domain. This costs B multiplications instead of M.
Totally =* B mu!tip!ications.

Note that again the comp!exity of the calcu!ation of û; is not taken into account. The
tota! number of real mu!tip!ications to calculate one new output sample is:

. 5.~·M!og2(Af)+4.(M-l)+B
MULBNLMS ~ B

Comparing this with the complexity of the time-domain imp!ementation of BNLMS then
it is to be seen that the complexity of the efficient imp!ementation of BNLMS decreases
exponentia! with increasing B whi!e the time-domain complexity still is 2N + 1. As
mentioned before, this way of implementing has no effect on the output of the adaptive
filter, because all performed transformations are linear.

11



rr=====l * F=======:

r[k-B+1]

x[k]

Figure 3.2: overlap-save implementation of BNLMS

3.3 Efficient implementation of BOP

The implementation ofthe BOP algorithm is equivalent to the implementationofBNLMS.
The difference in equation 3.13 is that now .l.B[kB] = 20'(kB[kB])-1!:B[kB]. The imple
mentation of the BOP algorithm is depicted in figure 3.3.

The filter part is equals that of the BNLMS algorithm. The normalization with û;[kB]
in the BNLMS algorithm is now replaced by a decorrelation with the inverse of kB [kB],
denoted by the box with the cross at the bottom of the figure. This box denotes a
matrix-vector multiplication of (kB[kB])-l with !:B[kB].

The higher complexity of the BOP algorithm is caused by the decorrelation of the
input signa!. Comparing the complexity of the normalization in the BNLMS algorithm
with the complexity of the decorrelation in the BOP algorithm shows:

BNLMS: the calculation of û;2[kB], implemented like in equation 2.11, costs
about N multiplications. The normalization costs B multiplications.
Totally => N +B multiplications.

12



r[k-B+l]

x[k]

Figure 3.3: overlap-save implementation of BOP

BOP: the calculations can he split in three parts: 1. The calculation of 'kB [kB],
implemented like in equation 2.19, costs B 2 x N multiplications. 2. The
calculation of the inverse of 'kB [kB] costs in the order (denoted hy 0)
of B 3 multiplications. 3. The calculation of the product of ('kB [kB])-l
with !:B[kB) costs N x B multiplications.
Totally::} (B + 1)(B x N) + 0(B3 ) multiplications.

Both calculations are performed ones every B samples. It does not need a long argue
to see that in spite of the hetter convergence properties of the BOP algorithm, the
complexity is so much higher that the algorithm in much cases is not useful. With reduced
complexity, the BOP algorithm will be an interesting algorithm. Therefore a doser look
will he taken at the part where the most complexity is involved: the decorrelation part
of the algorithm.

13



3.4 BFDAF an efficient implementation of BOP

The DFT of I M for BOP can be written as:

(3.16)

As mentioned befare, a circulant matrix can he diagonalized hy transforming it to the
frequency-domain. When 'kB [kB] is a circulant matrix, also

decorrelation can be performed in the frequency domain. The problem is that 'kB [kB]
is not a circulant matrix but a toeplitz matrix. And even ifnB[kB] is a circulant matrix,
then the dimension is to small for a diagonalization by :FM. This last point can be solved
by extending 'RB [kB] to a M x M matrix. The approximation of a toeplitz matrix by a
circulant matrix is described by [KU92].

The extension and circulant approximation can be described as follows: Extend
the first row of n B[kB], which equals the estimated autocorrelation vector pB[kB] =
(Po[kB] ...PB-dkB])', to a vector of length M, pM[kB] =(Po[kB] ... PM_l[kB])t.

The extended vector ê.M is approximated by the "pseudo-autocorrelation" vector in
the following way:

with

p;[kB] = M;; ip;[kB] + ~PM-i[kB] (3.17)

(3.18)

The "pseudo-autocorrelation" vector is equal to the first row of the circulant matrix
(the remaining rows are filled in such way that the matrix becomes circulant). The
circulant matrix will he denoted hy 'kM [kB]. Now the matrix 'kM is circulant, it can he
diagonalized with the Fourier matrix as follows:

(3.19)

Where pM[kB] is a diagonal matrix defined as:

(3.20)

By using the just described approach ofthe approximation/extension of'RB[kl by 'kM [kB],
the decorrelation in the time-domain, expressed in equation 3.16 for the BOP algorithm,
can now he implemented in the frequency-domain. Mathematically this is described in
the following equation:

(
OM-BB)yM[kB] ~ 2a:FM(nM[kB])-l(:FM)-l:FM rB • !:B[kB]

= 2a(pM[kB])-1 iZl RM[kB] (3.21)

Note that this is not an exact transformation. 'RB is now replaced hy nM. nM is not
only an approximation of nB , but also an extension to a M x M matrix. Because of
this extension, the augmention with OM-B,B zeros (eq. 3.16) is no longer necessary for
this matrix. To perform the transformation of ~[kB] to the frequency-domain, the
augmention is still necessary.
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The second row of equation 3.21 shows how decorrelation is now reduced into an eIemen
twise vector multiplication. The operator (.)-1 denotes the elementwise inversion of a
vector.

Just like the smoothed estimation of u~[kB] of the BNLMS algorithm, each normal
ization factor for each frequency bin can be estimated in the same way:

(3.22)

Also in this case the division of (pM[(k+ I)B])1 with the lth frequency bin can be replaced
by a multiplication with the approximation of its inverse (see Appendix A):

(3.23)

Figure 3.4 shows the efficient implementation of the BOP algorithm in the frequency
domain. This implementation is called the Block Frequency Domain Adaptive Fil
ter (BFDAF). Note that the most important difference between the implementation
BFDAF (fig. 3.4) and the implementation of BOP (fig. 3.3) is that the normaliza
tion(decorrelation) is now carried out in the frequency domain by multiplying each fre
quency bin of the input signal spectrum of:c with (pM),l. In mathematics the most
important difference is showed in the difference between equation 3.16 and equation 3.21.
Here one can see that 'kB is approximated by 'kM. With the diagonalization ofnM the
matrix-vector multiplication of the decorrelation in BOP is now reduced to a vector
vector multiplication.

The normalization in the BFDAF algorithm casts:

• A vector multiplication of R M with (pM)-l. This is not a complete complex vector
multiplication. Because of the symmetry properties of pM , pM is a real symmetric
vector (80 is (pM)-l). -
Totally => M multiplications.

• The estimation of (pM[kB])-l. This costs 1 complex- and 3 real vector multipli
cations.
Totally => 3 x (4 .M + 1) + 2· (M - 1) multiplications.

The multiplications are real multiplications and are only performed ones every B samples.

15



r[k-B+l)

x[k)

(3.24)

Figure 3.4: overlap-save implementation of BFDAF

3.5 Simulation results

To verify the statements about the convergence properties of the BNLMS, BOP and the
BFDAF algorithm, some simulations are performed. For a detailed analyses see [LEE89).
The acoustic echo cancelIer, depicted in figure 1.1, is implemented in SPOX. SPOX is a
high-level software interface to the underlying hardware. In this case a TMS320C30, a
Digital Signal Processor(DSP) of Texas Instruments. Vector and matrix math operations
and linear filtering are one of the main features of SPOX.

As [HAY86] described, the convergence properties decreases as the eigenvalue ratio
of the input autocorre1ation matrix increases. The eigenvalue ratio (ER) is defined as:

ER = .Àmaz

.Àmin

Where .Àmoz is the maximum and .Àmin is the minimum eigenvalue of the input auto
correlation matrix. For a white noise input signal x, no decorrelation is required. The
output r[k] is for all algorithms the same. Ta determine the difference between the con
vergence properties of the algorithms, input signals with a high ER are required. Two
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commonly used models of stationary input signals are the Moving Average (MA) and
the Auto Regressive (AR) model.

Moving Average signa! model of order 1, MA(l):
An MA(N) signal is generated by applying a white noise signal n[k] to a Finite Impulse
Response (FIR) filter of order N. The white noise signal has zero mean and varianee u~.

For an MA-signal of order 1, this model is defined as:

Model :

Autocorrelation

Spectrum

Eigenvalue Ratio

1
x[k] =~ .(n[k] + an[k - 1])

1+ a 2

{

u~ for r =0
p[r] = H~la:lU~ for r = ±1

o elsewhere

. ( 2a )P(e19
) = 1+ 1+ a2 cos«(J) u~

ER < (1 + lal)2
- I-lal

(3.25)

Auto Regressive signa! model of order 1, AR(1):
An AR(N) signal is generated by applying the white noise signal n[k] to a all-pole filter
of order N.

Model

Autocorrelation

Spectrum

Eigenvalue Ratio :

x[k] =(~) .n[k] + ax[k - 1])

p[r] = alTlu~

P(ei9 ) _ (1 - a2)u~
- 1 + a2 - 2a cos«(J)

ER < (1 + lal)2
- I-lal

(3.26)

The models are scaled in such way that the eigenvalue ratio and the signal power is the
same for both if the parameters a and u~ are equal.

For this experiment an AR(I) input signal x[k] is used with a sample frequency of 8kHz.
The model parameters are, a = 0.8182 (ER ~ 100) and u~ = 1. With an echo pad of
250ms, an adaptive filter oflength 2000 is required to cancel the echo. In this experiment
the adaptive filter length (N) is 1949 and the block length (B) is 100. Note that in most
cases a B of 100 is not acceptable because the delay is then 12.5ms. The signal s is a
zero mean white noise signal with u~ = 0.01. The echo pad is a simulated room response,
modelled as a FIR filter of order 2000. The resuIts of this experiment are depicted in
figure 3.5. The quantity of interest in this figure is the relative misajustment J defined
as:

J[k] = t{(e[k] - ê[k]?} = J[k] - Jmin (3.27)
t{(s[k])2} Jmin

Where J[k] = t{(r[k])2}, the misadjustment with as minimum Jmin = t{(s[k])2}. The
0' is chosen in such a way that for all algorithms J[oo] = -lOdB.
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It is obvious that the BOP algorithm has much better convergence properties than the
BNLMS algorithm. Only the price that have to be paid in terms of complexity is much
higher. In this experiment the number of multiplications involved with the normalization
is for BNLMS 20 and for BOP 0(104 ). This complexity is reduced by using the BFDAF
algorithm (92 multiplications), while maintaining good convergence properties. The ef
ficiency of the overlap-save implementation is expressed in the difference of the number
of multiplications involved with the time- and frequency-domain implementation of the
BNLMS algorithm. The time-domain implementation costs 3899 multiplications each
sample (eq. 2.10) and the overlap-save implementation 774 (eq. 3.15).

The next chapter will give the problem description and enumerates some points that
have to be investigated to gain more insight into decorrelation in time- and frequency
domain.

............................. ···~NLMS······r············· .

.................. .;. : .

302S
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.,. '. -. - . ~ .
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Figure 3.5: convergence of the BNLMS, BOP and BFDAF algorithm
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Chapter 4

Problem description

The simulation results in section 3.5 show that for coloured input signals the BOP algo
rithm has much better convergence properties than the BNLMS algorithm. A disadvan
tage of the BOP algorithm is its higher complexity.

For this reason methods are developed to implement the BOP algorithm in an efficient
way. Chapter 3 described how an efficient implementation of the BOP algorithm leads
to the BFDAF algorithm. In spite of the approximations, made to realize this efficient
implementation, the simulation results of section 3.5 show that there is no big difference
between the convergence properties of both filters.

The goal of this report is to gain insight into which approximations are made and what
their effect is on the convergence properties. The first section of this chapter describes
the ideal case of signal decorrelation. The second section will evaluate on basis of the
previous chapters in which way the decorrelation of the BOP and BFDAF algorithm
differ from the ideal case of signal decorrelation.

4.1 Ideal signal decorrelation

The effect of decorrelation on the autocorrelation function of the input signal is depicted
in figure 4.1. Figure 4.1.a shows the autocorrelation function of an arbitrarily input signal
x. For real signals p[r] is a symmetric function, p[r] = p[-r] for r =< -00,00>. This
function can also be represented by a matrix, the autocorrelation matrix 'Tl (of infinite
dimensions). Both descriptions represent the time-domain description of second order
statistics of the input signal x.

By applying the Fourier Transform for Discrete signals (FTD) this function can be written
as:

T=-OO

00

= prO] + 2L p[r] cos(8r),
T=l

-1r ~ 8 < 7r (4.1)

The function P(e-Ï8) is called the power spectral density function (psdf) and represents
the frequency-domain description of the second order statistics of input signal x. The
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Figure 4.1: deeorrelation in time- and frequeney-domain

psdf is depieted in figure 4.1.b and is also a real symmetrie function caused by the real
nature of the input signa\.

To reduee the dependeney of the signal statistics on the convergenee properties of
the adaptive filter, deeorrelation methods are used. In the time-domain, decorrelation
can be performed by multiplying the autocorrelation matrix with its inverse. The auto
eorre1ation function of the decorrelated signal is depicted in figure 4.1.e and equals the
autocorrelation function of a white noise signa\. The psdf of the deeorrelated signal is
depicted in figure 4.1.d.

Instead of deeorrelating with the inverse autoeorrelation matrix (the time-domain
approach), decorrelation is also possible in the frequency-domain by multiplying the
spectrum of the input signal with the inverse psdf of figure 4.1.b. In this case no inverse
matrix multiplication is needed, saving a lot of eomplexity.

4.2 Approximation problems

The implementation of the decorrelation of the input signal, as described in chapter 2
and 3 is not exactly like the ideal case as described in the previous section. To make the
implementation possible, some approximation have to be made. This section gives an
overview of these approximations.

Bloel length B

In the ideal case input signal x is deeorrelated by an autocorrelation matrix
with infinite dimensions. In the BOP algorithm, only an autoeorrelation
matrix with dimension B x B is used. Chapter 6 will discus the influence of
this redueed dimension on the quality of decorrelation.
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Circulant approximation ofnB

Section 3.3 described how an efficient implementation of the BOP algorithm
leads to tbe BFDAF algorithm by the approximation ofnB with tbe circulant
matrix ilM . The effect of this circulant approximation will be discussed in
chapter 7.

Transformation with the DFT

In the ideal case of section 4.1 the transformation from time- to frequency
domain is performed with the FTD. In reality this transformation is per
formed with a DFT (or FFT). The DFT of a signal is only based on a little
piece of its time-domain representation and tberefore it is not always a reli
able frequency-domain representation of the whole signal.

Ir tbe DFT is used as linear transformation to implement for example a convolution
efficiently in the frequency-domain, then this last point has no influence. Ir the result
of the DFT is used as source for estimating the spectrum, like in equation 3.22 for
determining the normalization vector pM, then the reliability of the frequency-domain
representation is very important. Because the quality of the estimating pM is not a
subject of this report and the DFT will only be used as a linear transformation, this last
point will not be diseussed.

In literature, [DEE90], [EGE92] and [NAR83] quoted some of these points but they never
gave a statement about the influences of these approximations and on wbich conditions
the Bl"DAF algorithm is a good alternative ror the BOP algorithm. This report will,
based on the examination of time- and frequency-domain decorrelation methods, give
answer to these questions.
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Chapter 5

Convergence improvement by
decorrelation

In the experiment of section 3.5 is shown that filters, performing decorrelation on the
input signal, have much better convergence properties. This section describes in which
way decorrelation improves convergence properties. For simplicity, from now on all signals
are supposed to be stationairy and ergodic.

5.1 Convergence properties of a non-decorrelating
algorithm

First some formulas. The residual vector !:B[kB] of all block adaptive filters can be
written as:

!:B[kB] = (XN,B)t4N[kB] + ,!B[kB] (5.1)

Where 4N [kB] is defined as in equation 2.12. By using these definitions, the update
equation of the BNLMS algorithm (eq. 2.1) can be written as:

4 N[(k + l)B] = (IN - ~~XN,B[kB](XN,B[kB])t) 4N[kB]

_ 2~XN,B[kB],!B[kB] (5.2)
Uz:

The average behaviour of 4N [kB] can he split in two parts. A part that is changing
fast in time, XN,B[kB] and a part that is changing much slower, 4 N[kB], caused by the
adaptation constant 0'. For this reason XN,B[kB] and 4N[kB] may be separated under
E{-}. Assuming that :c and s are independent and using &{s[k]} = 0, the average of the
difference vector is approximated hy:

With the autocorrelation matrix nN of the stationairy input signal :c defined as:

nN = 2.& {XN,B[kB](XN,B[kB])t}
B
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When z is a white noise signal there is no difference hetween the BNLMS algorithm and
an algorithm using decorrelation. Since for that case the autocorrelation matrix 'R,N is a
diagonal matrix with 0-; on the diagonaI. The result is that all elements of gN[(k + I)B]
are updated independent of each other with the same amount of power.

Ir z is a non-white signal then 'R,N is a matrix with non-zero elements hesides the
main diagonaI. In this case the update of an element of gN[(k + I)B] depents on more
than one value ofgN [kB]. The prohlem ofthe mutual dependency of the difference vector
elements can he conquered hy transforming the difference vector equation 5.3 with the
matrix QN. The matrix QN is an orthonormal matrix containing the eigenvectors of the
autocorrelation matrix 'R,N. The matrix 'R,N can he diagonalized in the following way:

(5.5)

Where A N is a diagonal matrix, containing the eigenvalues of 'R,N. The h of Qh denotes
the hermetian transpose of the matrix ( Qh = (Q.)t ). The transformation of gN[kB] is
performed as follows:

(QN)h(~pt - wN[kB])

~t -WN[kB] (5.6)

By using the property QhQ = I of orthonormal matrices, the difference vector equation
of the BNLMS algorithm can he transformed in the following way:

(5.7)

In this equation all elements of DN[kB] are updated independently of each other. For
each element can be determined if it converges to the optimal Wiener solution. The
optimal Wiener solution is reached if &{DN[kB]} = 0 for k -+ 00. By using the initial
value &{DN [O]} =~t - w N [0] = D N [0], the update of each individual element of the
vector of equation 5.7 can he written as:

&{D;[kB]} = (1- ~i~;)k D;[O] for i=O ...N-l (5.8)

The transformed difference vector D N shows that the dependency on the signal statistics
can he expressed in terms of eigenvalues. When z is a white noise signal all eigenvalues
are equal, the update of each element D;[kB] is performed with the same amount of
power. Ir z is a non-white signal, then the eigenvalues are not equaI. In this case the
elements D;[kB] are updated with a different amount of power.

From equation 5.8 can he derived that the optimal Wiener solution will he reached
if:

lim (1 - 2~ ,\;) k =0 for i =0, ... , N - 1
10 ..... 00 Uz;
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This implies that the convergence region is bounded by:

(5.10)

(5.11)
V20 = 1010g(e)

Another convergence property is the rate of convergence V20. This quantity is defined as
number of iterations needed to decrease the relative misadjustment j (eq. 3.27) by 20
dB. Without proof (see [SOM92]), this quantity is:

20T

(5.12)

Where T is the time constant. The time constant is a composition of N - 1 different time
constants and is defined as the number of samples needed to decrease ÀiE{IDi[kB]l2} by
a factor e. In mathematics (for proof see [SOM92])), for BNLMS:

-1 1
Ti= a ~-a-

Inll-4-U; Àil 40'~Ài

This equation impiies that the eigenvalue distribution has also influence on the rate of
convergence. For Àmaz the time constant is small , which implies a fast rate of con-

~

vergence. But the time constant is also bounded by 0', because 0' < Á::" and this
restriction will slow down the rate of convergence. For Àmin the corresponding Ti is the
largest, which implies a slow rate of convergence.

To make it even more complex, not every Ti delivers the same contribution to the
over-all time constant T. The weight ofthe contribution of Ti to T depends on the product
ÀiE {ID;[kBW}. The largest product delivers the largest contribution to the compositioll
of Tand the corresponding Ti is called the local time constant Tl.

The influence of the eigenvalue distribution on the convergence properties is evaluated in
[SOM92]. [SOM92] shows that the eigenvalue distribution does not always have to have
a negative influence on the convergence properties. But in general the white noise case
has a faster rate of convergence and/or a better final misajustment.

5.2 Decorrelation in the BOP algorithm

Following the same approach as with BNLMS, the update equation for the BOP algorithm
can be written as:

(IN _20'XN.B[kB](7iB[kB])-1(XN.B[kB])t) gN[kB]

- 20'XN,B[kB]('kB[kB])-1~B[kB] (5.13)

Average this equation implies:

E{gN[(k + I)B]} ~ (IN - 20'E{XN.B[kB]('kB[kB])-1(XN.B[kB])t}) E{gN[kB]}

(5.14)
Ir no decorrelation is carried out, that is if 'kB (k Bl = 0';18 , then the BNLMS update
equation (eq. 5.2) equals the BOP update equation. This implies that the only difference
between the two algorithms is the matrix 'kB [kB]. The goal of this matrix is to make
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the convergence properties of the algorithm independent of the signal characteristics by
deeorrelating the input signa!. Mathematically, decorrelation in the BOP algorithm can
be expressed in the following way:

2.x N ,B [kB] (ftB [kB])-l (XN,B [kB])'
B

(5.15)

This expression is a part of equation 2.21 and is ealled the decorrelation part of the BOP
algorithm. The fraction i is added for sealing. When the average of this part equals
IN, all elements of the difference vector are updated independent of each other with the
same amount of power and perfect decorrelation is achieved. With perfect decorrelation
the convergence region and time constant equals:

0<0'<1 and
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Chapter 6

Block length eifects on
decorrelation quality

For RLS an N x N autocorrelation matrix is used to decorrelate the input signal. For
BOP this is only a B x B matrix. Which is in general much smaUer. This reduced
dimension saves a lot of complexity, hut the question is whether this matrix has enough
decorrelation power. In other words, is a B x B autocorrelation matrix hig enough to
decorrelate the input signal?

This question will he examined on hasis ofthe influence of Bon the BOP decorrelation
part. It is shown that decorrelation quality improves with an increasing B. It wiU also he
shown that till a certain B, the decorrelation quality improves very fast. This particular
B is a candidate for the optimal B: the B at which a further increase will not lead to
sufficient hetter decorrelation quality.

With this in mind it is to he expected that also the convergence properties of the whole
algorithm will not improve sufficiently when B is increased further than the optimal B.
But the influence of B on the convergence hehaviour is not univocal. With an increasing
B the decorrelation quality wiU improve, resulting in hetter convergence properties. But
when B increases the update of the algorithm is performed less frequently, this will slow
down the convergence process. These influences are contradictorily, therefore on optimal
B is hard to find.

When the results of the examination of the decorrelation part and the convergence he
haviour of the whole algorithm are combined, it follows that in spite of the contradictorily
influences of B, there still is a point that can he defined as the optimal B.

6.1 Quality of decorrelation

The decorrelation of the input signal x is included in equation 5.14. The part of interest
IS:

(6.1)

IC this part is equal to the identity matrix IN, then perfect decorrelation is achieved. But
when it is not equal to the identity matrix, how can quality he determined?
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[GRA72] describes that two toeplitz matrices are asymptotically equivalent when their
eigenvalues hehave similarly. In this case this implies that a matrix is asymptoticaIly
equivalent to the identity matrix when the eigenvalue ratio is equivalent to one.

For BNLMS the convergence properties depends on the eigenvalue ratio of the auto
correlation matrix 'R,N ofthe input signal z. For BOP the convergence properties depend
on the eigenvalue ratio of equation 6.1. When the eigenvalue ratio is reduced to 1, good
decorrelation is achieved. Therefore as measurement for the quality of decorrelation the
eigenvalue ratio, ER, will he used.(ER is defined in equation 3.24)

6.2 Block length effects on ER of input signal

Before something can be said about the decorrelation in the BOP algorithm, first the
initial case has to be examined, the case without decorrelation, like in BNLMS. For
BNLMS the eigenvalues of the input signal autocorrelation matrix nN (eq. 5.4) are of
great interest. The matrix nN is only a small cut out of the fuIl autocorrelation matrix
n, having infinite dimensions. But what is smalI? This section will investigate when the
reduced dimension autocorrelation matrix n N is a good representation of n.

[HAY86] describes that the eigenvalues of an autocorrelation matrix are bounded by
the maximum and minimum values of the associated power spectrum density function
(psdf) like in the next equation:

(6.2)

Where Pmin is the minimum and P mar is the maximum value of the psdf. But there are
more relations between the eigenvalue distribution and the psdf. Figure 6.1 shows for
different signal models the eigenvalue distribution and the psdf.
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Figure 6.1: eigenvalue distribution and psdf for the MA(l) and AR(l) signal modeIs
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For the MA(I) and AR(I) signal models the parameters are chosen in such way that the
eigenvalue ratio is about 100. The solid lines represent the psdf and the dots represent
the eigenvalues of the autocorrelation matrÏJc. Each type of dot denotes the eigenvalue
distribution of the autocorrelation matrix of a different dimension.

As the matrix dimension of 'RN increases, the eigenvalues fit more and more on the
psdf curve. For large N there can be said:

with (6.3)

This has also influence on the eigenvalue ratio of 'RN . For the MA( 1) signalof figure 6.1,
ER('R4 ) = 8.7 and ER('R32 ) = 81.5. In general the eigenvalue ratio increases with
an increasing dimension of the matrix 'RN , bounded by ~mu. This effect is shown in
figure 6.2. The ERmar in this figure is defined as: ERma:'''= ER('ROO

) or equivalent
E Rmaz: = ppmu

• The horizontal axis denotes the n x n matrix dimension and vertically
"""the eigenvalue ratio of 'Rn is plotted.

Ir ER('RN ) ~ ERmar, then the eigenvalue distribution of the MA(I) and AR(l)
signals matches with the psdf. 80 the eigenvalue distribution of 'RN matches with the
eigenvalue distribution of'R. On basis of the theorem of [GRA72] (also previous section)
this implies that 'RN is asymptoticaUy equivalent with 'R.
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6.3 Perfect decorrelation with a reduced dimension
decorrelation matrix

The ideal case in section 4.1 showed that with n- l (ofinfinite dimension) perfect decor
relation can be achieved. In the RLS algorithm, decorrelation is performed with a N x N
(approximated) inverse autocorrelation matrix. This section will show that even with
this reduced dimension, N instead of 00, perfect decorrelation is possible.

In the next equation the update rule of tbe RLS algoritbm is given:

(6.4)

With r[k] = (~N[k])t4N[k] + s[k] and 4N[k] =~pdk] - wN[k], tbis equation can also
be written as:

4N[k + 1] = (IN - 2a('kN[k])-l~N[k](~[k])t) 4N[k]

- 2a('kN[k])-l~N[k]s[k] (6.5)

Tbe average bebaviour of tbe difference vector can be determined in the same way as
that of tbe BNLMS. The result is given in tbe next equation:

(6.6)

Witb n N = t:{~N[k](~N[k])t} tbe autocorrelation matrix. To examine the decorrelation
quality, tbe part of interest of equation 6.6 is ('kN[k])-lnN[k]. Suppose tbe signals are
stationary and tbe inverse autocorrelation matrix is perfectly estimated: ('kN[k])-l =
(nN)-l, tben ('kN[k])-lnN[k] = IN and perfect decorrelation is acbieved.

By applying the orthogonal transform with QN to equation 6.6 the difference equation
becomes as follows:

"RLS l " (6.7)

In tbe "eigenvalue"-domain (for example fig. 6.1) tbe decorrelation is performed by
multiplying eacb separate "'; by bis inverse t. From this tbe conclusion can be drawn
tbat to perform perfect decorrelation tbe eigenvalue distribution of tbe decorrelation
matrix (nN)-l does not bave to matcb tbe (inverse)psdf of tbe input signal :c, but has
to matcb witb the (inverse)eigenvalue distribution of n N !

1 Note that "RLS" means that with the assumption (1ÏN[k])-l = (1~N)-l the a1goritlun is no longer
equal to the RLS a1goritlun. Now it is equal to the LMS/Newton a1goritlun.
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6.4 Decorrelation quality of the BOP algorithm

In tbe previous seetion is sbown tbat for perfect decorrelation a decorrelation matrix
of infinite dimensions is not necessary. For RLS tbe dimension of tbe decorrelation
matrix is reduced to N. It was sbown tbat even witb tbis reduced dimension (and
witb same assumptions) perfect decorrelation can be acbieved. By tbe derivation of
tbe BOP algoritbm (cbap. 2) a metbod of decorrelation is derived wbere tbe dimension
of tbe decorrelation matrix is decoupled from tbe filter lengtb. Tbe dimension of tbe
decorrelation matrix ('kB[kB])-t is coupled to tbe block lengtb B.

In first instance tbe decorrelation part of the BOP algoritbm will be examined. Tbe
goal of decorrelation is removing tbe colouring of a signal. Tbe previous sections sbows
tbat tbe eigenvalue distribution is a good reflection of tbe colouring a signal. To simplify
tbe examination, only AR(l) and MA(l) signals are used. For tbese signals tbe eigenvalue
ratio is a good reflection of tbe colouring of tbe signais, caused by tbe monotonously
increasingfdecreasing eigenvalue distribution.

Later on tbe convergence properties of tbe wbole BOP algoritbm will be discussed.
To avoid tbe influence of tbe quality of tbe estimation of 'kB[kB), tbis estimation is
assumed to be perfect, 'kB[kB] = 1lB.

Decorrelation part of the BOP algorithlll

Wbere tbe decorrelation part oftbe RLS algoritbm, (1lN)-tE{~N[k](~[k])'},was easy
to examine, for BOP tbings get more complicated. Tbe average of tbe decorrelation part
of the BOP algorithm is given in the next equation:

(6.8)

Where ÏN represents the "autocorrelation" matrix after decorrelation. The tilde is used
to express that tbis matrix is not exactly, but approximately equal to tbe identity matrix
IN.

For RLS tbe average bebaviour of the input signal z could he easy separated from
the decorrelation matrix. For BOP this separation is not possihle, even a transformation
to the "eigenvalue"-domain is out of the question. Therefore an instinctively approach
will be followed to examine tbe decorrelation part of the BOP algorithm. The assertions
will be verified by earlier results and simulations.

For BNLMS is sbowed in section 5.1 tbat tbe convergence properties depend on the
eigenvalue distribution of1lN and in section 6.2 it is shown that tbis distribution strongly
depends on N. In the BOP algoritbm the dependency of tbe eigenvalue distrihution is
reduced by decorrelation with (1lB)-t. The eigenvalue distribution of 1lB is given hy
(QB)h1lBQB =AB. Tbe eigenvalue distribution of1lN is given by (QN)h1lNQN =AN.

It is mathematically not true that decorrelation in tbe BOP algoritbm can he seen as
a normalization of AN with AB as with RLS. Because AN and AB can not be separated
under equation 6.8.
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Even when this separation is possible a normalization of A N with AB with N i- B is
hard to imagine. But there are two cases that are reasonable trivial:

1. Ir B = 1, then ER(iN ) = ER('RN ): no decorrelation is carried out.

2. Ir B = N, then ER(ÏN) ~ 1: almost perfect decorrelation.

Note that point 2 says a/most perfect decorrelation. The case for B = N is comparable
with the decorrelation of RLS, but not equal. Although tbere can not be spoken about
a normalization of the eigenvalues it is obvious that, when the eigenvalue distribution
of 'RB match with the eigenvalue distribution of 'RN , good decorrelation quality will be
achieved. For the used signal modeIs, MA(I) and AR(I), there will only be looked at
the maximal and minimal eigenvalue, becuase these values are characteristic for the total
shape of the eigenvalue distribution.

In figure 6.1 it is to be seen that for the MA( 1) signal the minimum eigenvalue, Àmin ,

of the matrices 'RB and 'RN lie on the same place. Therefore it is reasonable that the

minimum eigenvalue of iN (in this case) can be estimated by ~~:~:. When N i- B the

maximum eigenvalues of'RN and 'RB lie not on the same place, but for both matrices this
is the last eigenvalue. So (in this case) the maximum eigenvalue of iN can be estimated
by (AN)N_l

(AB)B_l'
In the same way this can be derived for the AR(I) signalof figure 6.1. From this can

be concluded that the eigenvalue ratio of iN is estimated by:

(6.9)

Note that this estimation is only valid for signals with an monotonously increasing or
decreasing psdf. For other signals further examination is required.

6.5 Verifications of assertions with simulations

In this section all assertions made about decorrelation in the BOP algorithm will be
checked on basis of simulation results. To measure the eigenvalue ratio of the decorrela
tion part ÏN the next computation is implemented in SPOX:

(6.10)

The average in this computation is not an ensemble average E{.} like in equation 6.8,
but a time average Af}. Due to the stationair and ergodie nature of the input signal,
as supposed in the introduction of the previous chapter, these two types of averaging are
tbe same. The implemented part is equal to the iN of equation 6.8.

The time average is approximated by an average over 10.000 iterations. The number
of 10.000 is chosen because an increase of this number will not lead to sufficient better
results (with 20.000 iterations the results only differ a few percent). The goal of this
experiment is to measure the quality of decorrelation as function of the dimension of the
decorrelation matrix, this will be defined as the decorrdation funetion. As measurement
for "quality of decorrelation" the eigenvalue ratio of iN is used. To avoid the influence
of the quality of the estimation of nB[kB], this matrix is replaced by the matrix 'RB.
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For this experiment the used signals are generated by the AR(l) and MA(l) model. The
parameters of the models are lal =0.8182 (ERmo>: ~ 100) and O"~ = 1. The decorrelation
functions for the different signal models are plotted in figure 6.3.

The solid lines represent the decorrelation functions of ïN , generated by the simu
lations. The dashed lines are an estimate of this function. This estimate is made by

the approximation made in equation 6.9, ER(ÎN) ~ ~~~~;~. For B = 1 (not shown

in this plot) no decorrelation is carried out and ER(ÎN) = ER(nN). For B > 20 the
ER(ÎN) ~ 1.

In figure 6.3 only the decorrelation function for a filter of length 100 is plotted. For this
filter length the eigenvalue ratio of n N is almost equal to the maximum, see figure 6.2.
When N > 100 the eigenvalue ratio will only increase a little, the decorrelation function
will approximately be the same.

For a smaller N the eigenvalue ratio of nN will decrease, which implies by the ap
proximation of equation 6.9 that the eigenvalue ratio of the decorrelation part decreases.
This effect is showed by the (SPOX) simulation of figure 6.4. The simulations are carried
out for the same models but for different filter lengths.
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Decorrelation part of the BOP algorithm, in conc1usion

The theory (or hypothesis) of seetion 6.4 can be verified on the basis of the simulation
results of this seetion.

• For B < N the theory matches with the results of the simulations. The estimate of
the eigenvalue ratio by equation 6.9 is areasonabie approximation of the simulated
eigenvalue ratio.

• For B := N the simulation results show that perfect decorrelation, which according
to the estimate of equation 6.9 should be achieved, is not totally reached. For the
filters of length N := 100 and N := 20 the difference is very small. For the filter of
length N:= 8, the simulation shows that ER(ïN ) := 2.1 for the MA signal2 • This
difference can be explained by the use of 'RB as decorrelation matrix, instead of
'"kB. If'"kB, as defined in equation 2.19, is used as decorrelation matrix, then it can
be proved that perfect decorrelation wiJl be achieved. For large filters each element
of '"kB wiJl be averaged over a lot of samples, because of that '"kB is approximately
equal to 'RB. For small filters (like N := 8) this is no langer the case.

• For B > N the theory is no longer valid. In theory perfect decorrelation should be
achieved at B:= N. A further increase of B leads by the approximation ER(ïN ) ~
ER{'R. N

) -
ER('R. B ) to an ER(IN ) < 1, which make na sense.

2 ER(iN ) ~ 1.2 (or the AR signa!
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In conclusion can be said that when "kB is a good approximation of 'RB, equation 6.9 is
a good approximation of the decorrelation function for B $ N. Equation 6.9 expresses
that the quality of decorrelation improves with an increasing B.

Note that examination of the BOP decorrelation part is only carried out for AR(I)
and MA(I) signaIs. For other input signaIs, further examination is required.

6.6 Optimal B, for the BOP algorithm

Figure 6.4 shows for all simulations that in the lower range of B the eigenvalue ratio
decreases more than linear with increasing B. For B > 15 this decrease only a little. It
does not need a long approach to see that a further increase of B is quite useless. This
section will examine the influence of the block length on the whole algorithm.

Criterion for optima! block length.

Based on the knowledge of the previous section the optimal B of the BOP algorithm can
he defined as:

The hlock length at which a further increase of B will only lead
to an asymptotic increase of the convergence properties.

With asymptotic increase will he meant the little decrease of the eigenvalue ratio of iN
to the asymptote of ER = 1 hy an increasing B (see fig. 6.3).

Defining a criterion is not the prohlem, hut how can the optimal B he determined?
Therefore in first instance a look will he taken at the convergence of the BOP algorithm.
For N = 100 and for different B, the convergence curves of the BOP algorithm are
plotted in figure 6.5. The a is chosen in such way that the final misadjustment J = -10
dB.

For B = 20, where ER(iN ) ~ 1, the algorithm acts almost as in the ideal (white
noise) case and perfect decorrelation is almost achieved. For a decreasing B the curves
differ more and more from the ideal case. But it can not he said that the performance is
worse over the whole range. lnitially some curves show even a hetter performance than
the white noise case. This can he explained by the following points:

• Ir B decreases then the ER of iN increases. Because of this the convergence
properties wil! decrease.

• With a decreasing B the update of the adaptive filter is performed more frequently,
which results in a better rate of convergence.

• Also the nature of the signal and the shape of the echo pad is of influence. Chapter 5
(and (SOM92]) descrihes that it is possihle that the eigenvalue distrihution delivers
a positive contrihution to the rate of convergence. When B increases the signal is
more decorrelated, implying a decrease of the positive influence of the eigenvalue
distrihution. The convergence rate will increase.

Some of these statements are opposite to each other, therefore an optimal B is hard to
find. Also the criterion for determining the difference between the curves is hard to find.
For the AR signal the quantity V20 (eq. 5.11) can he used as criterion. For the MA signal
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Figure 6.5: convergenee of BOP for different block lengths B

this quantity shows no big difference for different block lengths (see fig. 6.5). This is
caused by the just described contradictorily influences generated by a decreasing B.

Although the rate of convergence and the final misajustment Jare almost the same
for B > 4, there is definitely a difference between the points of where the final state
is reached. Determining this point is rather difficult caused by the fiuctuations in J[k].
Determining the point where J is reached by 3 dB is an option. A better option is the
point where the AR signal stops to decrease linear. At this point V20 is almost a linear
extrapolated, so the results are for the AR signal basically the same. This point will be
defined as 1/;5, the point where the final misajustment is reached by 5 dB. Although this
point looks a little bit arbitrary, in this case it can be used to determine the difference
between the convergence curves. A definition of this point is given bYi

1/;5 =k for the kwhere 10 log J[k] =10 logJ + 5dB (6.11)
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Determining tbe optima! B, simulation results

To determine the optimal B of the BOP algorithm, many simulations for different filter
and block lengths have been done. The results of the simulations on the convergence
behaviour are compared to the results of the decorrelation part (fig. 6.4). On the basis
of this comparison a criterion for the optimal B will be determined.

To get an impression in which range the optimal B has to be found, a doser look is
taken at the convergence of the AR signalof figure 6.5. For B = 20 the algorithm acts
almost the same as in the white noise signa!. For B = 8 the convergence properties are
somewhat decreased and for B = 4 there is a significant difference with the convergence
of the ideal (white noise) case. The corresponding eigenvalue ratio of ÏN (fig. 6.4) for
B = 4 ... 20 are within the range of 5 downto 1.8.

For other AR(I) and MA(l) signals it is to be expected that they behave in the same
way for the same eigenvalue ratio. After all, when ER = 1 they act just like a white
noise signal. Therefore, only will be looked at the convergence for block lengths at which
the ER of iN are within the range of 1.8 to 5. This range is only a small cut out of the
total range. To increase the distinction capability the values in figure 6.6 are plotted on
a log-base.
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Figure 6.6: logarithm of decorrelation funclion

The results are shown in table 6.1. The items at the left side of the table denote a
range of:r: - 0.5 ~ x < :r: + 0.5 dB. The simulation of the BOP algorithm is carried out
for the smallest possible B, fitting in this range. From each simulation tlJs (eq. 6.11) is
given in the tabie. The submarkers of tIJ" denote the B at which this value is achieved.
The submarker 00 denotes that this is the ideal case. As input signal for the ideal case
a white noise signal is used (simulated with small B). The simulation for the MA signal
with N =8 and B = 11 is not carried out because the implemented BOP algorithm is
not capable of handle block lengths larger than N. The plots of these simulations can
be found in appendix B.
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1010gER(IJV
) moving average auto regressive

(in dB) N=8 N=20 N=100 N=8 N=20 N=100

0 22300 56600 259400 22300 56600 259400

2 -11 69617 295524 3228 67312 287217
3 3518 73613 300117 3416 6998 309010
4 3847 76610 303414 360s 7456 32668
5 4006 8179 318912 3634 7815 34316
6 4605 9177 33729 4033 8234 36175

7 5544 10806 36728 4812 9003 38844

Table 6.1: tP5 as function from ER(ÏN), with submarkers B

The figures of this table are visualized in figure 6.7. The values of tP5 are represented
as the difference with the ideal case, expressed in percents. The difference between the
values of tP5 for the different signal models at the same filter length is only 10%. This
confirms the earl ier made assertion that the filter behaves the same for different input
signals when the eigenvalue ratio of iN is the same. Based on these results the optimum
for the eigenvalue ratio can defined as:

The ER at which an decrease of 1 dB will only lead to an asymptotic
improvement of tP5'

Applying this definition to figure 6.7 leads not to a dear answer. Although not very
dear, it is to be seen that when ER is further decreased than 5 dB, tPs will not decrease
in the same order as it did before. Ir the eigenvalue ratio is 5 dB3 (ER ~ 3.2), then all
decorre1ation functions of figure 6.4 behave asymptotically.

6.7 Block lengths effects on decorrelation quality, in
conclusion

Perfect decorrelation does not have to be achieved with an autocorre1ation matrix of
infinite dimensions. The RLS algorithm shows, when the dimension of the autocorre
lation matrix equals the filter length, perfect decorrelation can be achieved. It is also
derived that to perform perfect decorrelation, the eigenvalue distribution of the (inverse)
decorrelation matrix, does not have to match with the psdf of the input signal, but with
the eigenvalue distribution of the input signal autocorrelation matrix.

For BOP the decorrelation quality impraves with an increasing block length. For
input signals generated by the MA(l) and AR(l) signal models it is shown that, till an
ER of 3 (5 dB), the decorrelation function decreases very fast. A further increase of B
leads not to a sufficient decrease of the eigenvalue ratio.

3the correspondingvalues of Bat 10 log ER =5dB can be found in table 6.1
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Figure 6.7: percentage difference of,ps with respect to the ideal case

Although not explicit shown as for the decorrelation function, also for the convergence
of the whole BOP algorithm can be said that a further decrease of the eigenvalue ratio
than 5 dB leads not to sufficient better convergence properties.

The reason why the optimum of B is expressed more clearly in the decorrelation
functions than in the convergence curves of the BOP algorithm, can he found in the
direct relation between the decorrelation part and the decorrelation function. Changes
in B will be direct refiected on the decorrelation function. But the decorrelation part
is only a part of the BOP algorithm. By changing B also other parts of the algorithm
change. Therefore changes in the decorrelation part will not be refiected directlyon the
convergence properties of the whole algorithm.

Based on the behaviour of the decorrelation function and the convergence properties of
the algorithm, it can he concluded that for input signals generated hy the MA(l) and
AR(l) model, the B where the eigenvalue ratio is decreased till 5 dB, is the optimal B.
For other input signals, further examination is required for determining the optimal B.
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Chapter 7

BFDAF, decorrelation in the
frequency-domain

For the BOP algorithm decorrelation is performed in the time-domain. In chapter 3 it
is shown that decorrelation can he performed much more efficiently in the frequency
domain. The result of this is called the Block Frequency Domain Adaptive Filter
(BFDAF) algorithm.

The difference between the BOP and BFDAF algorithm is the way of implement
ing the decorrelation part. One of the differences is that for BFDAF decorrelation is
performed with the inverse circulant matrix ilM , instead of ('R8 )-l, as with BOP.

The question rises in which way the circulant approximation, and all other differences
between BOP and BFDAF, affect the properties of the adaptive filter. This chapter
derives under which circumstances the BFDAF algorithm is an useful alternative for the
BOP algorithm.

To examine this, the same approach will he followed as in chapter 6. In first instance
the hehaviour of the BFDAF decorrelation part will he discussed. It wil! he shown that
hecause of the differences in the decorrelation part, BFDAF is sensitive for other param
eters than BOP. The second part shows the hehaviour of the whole BFDAF algorithm,
inBuenced hy examined parameters of the decorrelation part. From the results of hoth
parts, finally the conclusion will he drawn under what circumstances BFDAF is a good
alternative ror the BOP algorithm. For simplicity reasons all signals are supposed to he
stationary.

7.1 Derivation decorrelation part BFDAF algorithm

Section 3.4 derives that to implement the BOP decorrelation part in the frequency
domain, the following approximation has to he donel:

(7.1)

lThe approximation results (rom the difference between equation 3.16 and equation 3.21.
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Instead of approximation, better can be spoken about replacement. In this equation ilB

is replaced by a matrix iiM which is a circulant approximation of 'RM • The matrix
(0 IB)t in the BOP algorithm used for augmenting zeros to (ilB)-l, is now used as a
matrix which cuts out a window of (1lM)-1. Mainly there are two points that have to
be examined:

1. Circulant approximation, influenced by M

2. Windowing effect, influenced by B

With circulant approximation is meant: the approximation of an autocorrelation matrix
'RM by a circulant matrix 1lM . With windowing effect is meant: the influence of cutting
out a window of (ilM)-l by multiplying this matrix with (0 IB)t.

For the examination of these points, the BFDAF decorrelation part will be used. The
BFDAF decorrelation part can be derived by transforming the BOP decorrelation part
in such way that equation 7.1 can be filled in. This can be achieved by the substitution
ofequation 3.10 (transformation XN,B _ ;i'M) in the BOP decorrelation part (eq. 5.15).
With this the BOP decorrelation part can be written as:

BOP (7.2)

Substituting the approximation of equation 7.1 in equation 7.2 gives the time-domain
representation of the BFDAF decorrelation part:

For an efficient implementation this equation has to be transformed to frequency-domain.
However this is not necessary for the examination of the properties of the decorrelation
part. After all, the transformation to the frequency-domain has no influence on the
eigenvalue distribution of the decorrelation part. The circulant approximation will be
discussed in section 7.2 and the windowing effect in section 7.3.

7.2 Circulant approximation

This section examines the influence of the approximation of an autocorrelation matrix
'RL by a circulant matrix 'RL on the decorrelation quality of an adaptive filter. The
circulant approximation is carried out according to equation 3.17.

The influence ofthe circulant approximation will not examined on basis ofthe BFDAF
decorrelation part, here also the windowing effect is of influence.

Two algorithms that clearly express the effect of the circulant approximation are the
RLS and the FDAF (Frequency Domain Adaptive Filter) algorithm. The FDAF algo
rithm can be seen as an frequency-domain implementation of the RLS algorithm, where
decorrelation is performed in the frequency-domain. To achieve decorrelation in the
frequency-domain, the decorrelation matrix of the RLS algorithm has to approximated
by a circulant matrix. This can be derived as follows:
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The RLS update rule is given by equation 6.4. This equation can be transformed to the
frequency domain by multiplying both sides with (:FN)*. Using the fact that (:FN)-l =
J,(:FN)*, it can be written as follows:

With the following approximation:

and the next definitions:

(7.5)

(WN)"[k]

(XN)*[k] =

(:FN)"wN[k]

(:FNr~N[k] (7.6)

the update rule of the FDAF algorithm is given by:

A more detailed derivation of the FDAF algorithm is given in [NAR83].
The average of the RLS decorrelation part is equal to (-R.N[k])-lnN[k] (derived in

section 6.3). With the assumption that x is stationary and the estimate of (-R.N[k])-l
is perfect, the decorrelation part becomes (nN)-lnN. With this, perfect decorrelation
will always be achieved.

In the time-domain the only difference between the RLS and the FDAF algorithm
is that R,N[k] is approximated by 7lN[k]. This implies that the average time-domain
representation of the FDAF decorrelation part is equal to (71N)-lnN. Also here x is
supposed to be stationary and the estimate of the underlying autocorrelation function of
fiN is supposed to be perfect.

The influence of the circulant approximation can be determined by the examination
of the FDAF decorrelation part. IC (71N)-lnN is approximately equal to IN, then jiN
is a good approximation of n N •

The influence of the circulant approximation on the decorrelation quality is expressed
in figure 7.1. Using the ER as measurement for decorrelation quality is in this case not
sufficient. The reason for this can he found in the shape of the "eigenvalue" spectrum.
As mentioned before, because of the monotonously increasingfdecreasing eigenvalue dis
tribution of an AR(I) or MA(I) signal, the ER is areasonabie measure of the whiteness
of these signais. This is no longer the case for the decorrelated signalof the FDAF
algorithm. The eigenvalue distribution of the FDAF decorrelation part shows a few
eigenvalues which are much higher, and a few eigenvalues which are much lower than the
mean eigenvalue. The majority of the eigenvalues are almost equal to the mean eigen
value. A judgement about decorrelation quality on basis of only a few side-slips in the
eigenvalue distribution is not fair.
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Figure 7.1: the W M of FDAF decorrelation part, as funetion of N

Therefore the decorrelation quality will he determined in the following way:

1 N-l ( À· X )
W M = N L max( ~ , "f." ) - 1

i=O À I

with

(7.8)

(7.9)

W M stands for whiteness measure. The decorrelation quality is determined on basis of
all eigenvalues. In case of a white noise signal, all Ài are the same. The corresponding
WM is O.

The FDAF decorre)ation part is examined in the same way as the BOP decorrelation
part. In first instanee there will be looked at the input signa) and subsequently there
will be looked at the decorrelated signal.

For the input signal, the function W M('R") for n = 1, ... ,00 behaves basically the
same as the function ER('R") of figure 6.2 and is therefore not depicted. Instead of
ER('Roo ~ 100, now W M('ROO

) ~ 5.
For the decorrelated signal, the W M of(jlN)-l'RN is depicted in figure 7.1 as function

of the filter length N. This decorrelation function can be split in tree parts, namely:

1. A part where W M = 0: if N = 1 or 2 then jlN = 'RN, perfect decorrelation is
achieved.

2. A part where W Minereases: For the MA(l) signa) only the (ëNh and (ëN)N-l are
affected by the circulant approximation. For N =3 the circulant approximation is
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at worse. For a further increase of N the circulant approximation only gets better.
This is not expressed in figure 7.1, here the top ofthe MA(I) decorrelation funetion
lies at N =4. The increase ofthe decorrelation function between N =3 and N =4
is caused by the fast increase of the W M of nN .

For the AR(I) signal: the influence of the approximation of pN by pN is large
till !f > ITmazl· With Tmaz defined as the T where p[T] ~ 0 for T-> Tmaz-' An exact
value for Tmaz is hard to give, but it is for sure that the Tmaz for the AR(I) signal
is larger than that ofthe MA(I) signal (here Tmaz = 1). This explains why the top
of the decorrelation function of the AR(l) signal is higher and appears in a later
stage (for N =6).

3. A part where W M decreases: The influences of point 2 lose their power. The W M
of 'RN reaches its maximum and !f exceeds Tma%. As described by [GRA72] and
[DAV79], for N - 00 the matrices fiN and 'RN are asymptotically equivalent,
implying perfect decorrelation for N - 00.

Figure 7.1 shows the remarkable fact that the decorrelation of the M A(I) signal shows
better performance than that for the AR(I) signa!. Figure 6.3, the decorrelation function
of the BOP decorrelation part shows the opposite. This is explained by the fact that the
Tma% of the MA(I) signal is reached earl ier than the Tmaz of the AR(1) signa!.

About the decorrelation quality of the FDAF algorithm can be said that, except for
the (smalI) first part of the decorrelation function, the quality becomes better with an
increasing N. A statement about the decorrelation quality of the BFDAF algorithm will
be given after the examination of the windowing effect, which will be treated in the next
section.

7.3 Windowing effect

For the BOP algorithm the dimension of the decorrelation matrix is B x B, for BFDAF
M x M, with M ~ N + B - 1. At first side it seems that BFDAF uses a much larger
decorrelation matrix, but this is not totally true. For BOP every element of the matrix
(nB)-l is used to perform decorrelation. For BFDAF only the last B columns of (fiM)-l
are used, caused hy the windowing with (0 IB)f. Because the decorrelation matrix is the
inverse of nM[kB), it can not he said that only B or N samples of eM are used for
decorrelation. The influence of the windowing effect on the decorrelation quality can
not he explained easily with mathematics. In this section the windowing effect will he
determined on hasis of simulation results.

When M is constant, the windowing effect can he examined hy varying B. This will
he examined hy the average the hehaviour of the BFDAF decorrelation part, which is
implemented in SPOX as follows:

(7.10)

As input signais, signals generated by the MA(I) and AR(l) models are used. The model
parameters are lal =0.8182 and (T~ = 1. Caused by the stationary and ergodic nature
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ofthe input signals the ensemble average E{·} can be replaced by a time average A{·}.
The time average is approximated by an average over 10.000 iterations.

The estimate of the autocorrelation function p used as basis for the creation of rho
is supposed to be perfect. Due to the stationary properties of the input signals 'kM [kB]
is replaced by 'kM.

The previous section shows that for a circulant matrix with large dimension the
influence of the circulant approximation is almost negligible. For AR(l) and MA(l)
signal models it can be seen in figure 7.1 that a dimension of 256 is " large" .

So when in the simulation of the BFDAF decorrelation part M (dimension of circulant
matrix) is chosen 256, it is to be expected that without the without the windowing effect
the decorrelation is almost perfect.

In other words a derivation from the situation of" perfect" decorrelation will be mainly
caused by the windowing effect. Mainly, because B does not only affect the windowing
effect but also the input signal matrix XN,B (and hence ;i'M). To measure the influence of
a chancing dimension of XN,B, the simulation is repeated twice, for N =8 and N = 100.
But there where no important differences.

The influence of the windowing effect is depicted in figure 7.2, starting at B = 1. As
measurement for decorrelation quality the ER is used (the use of W M shows the same
result).

At first side it seems that the influence of B on the BFDAF decorrelation part is the
same as the influence of Bon the BOP decorrelation part. But this is not true. Without
decorrelation the ER is about 100. Without the windowing effect and with decorrelation
performed by a circulant matrix of dimension 256 the ER is about 1. With windowing
effect the ER is at worse 2.4. So the increase in ER is at worse only 1.2 out of a 100.

decorrelatiOll function

24 -.- , 1' ············r·· - .

..... - -~-_ .. -_ .......- .. _-_ ..

input sipals:
........................................................MA(I} IIIldAR(I)···

lal = 0.8182
ERmlix = 100

.... :.~. :,' ~.:. . ..N=.I00 .

M=f

............. ,;. ; .

. . ~ .
,..,,

"'\ ·····················..1······················..(· ··· ··· ·-r..··· ··..·..··· i · ·

'....\..,~~.. . - ~ j ~ , .

~'\""
......- ...>~'!'- ..,.".

"'.. :

................. ............i<·~.~.;:>.:=.~~~~>._ :.·_ .- - ~ , ~ .
......~----

0
'ij..

1.8
~
>
ij

1.6·ir
~

1.4

1.2

···..····..····..····..····_·········.. ····t····..····..····- i················· ..····_····t····..····_·········.. ····t····..····_···· 1

.

5 10 15 20 2S 30

-> B (block length)

Figure 7.2: eigenvalue ratio of BFDAF decorre1ation part, as function of B
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From this it can be concluded that Band hence the windowing effect has almost no
effect on the decorrelation quality. The decorrelation quality of the BFDAF algorithm
depends manlyon influence of tbe circulant approximation. In the area where BFDAF
is interesting, large adaptive filters, this influeDce is negligihle and therefore a good
decorrelation quality wilI be achieved.

7.4 Convergence of the BFDAF algorithm

In section 7.3 the influence of B, the block length is only examined for the decorrelation
part. The influence of the circulant approximation is only examined for the FDAF
algorithm. In this section the influence of tbe windowing and the circulant approximation
will on the convergence properties of the BFDAF algoritbm wilI he determined.

Influence of block length on BFDAF algorithm

In section 7.3 is shown that the influence of the hlock length B on the decorrelation part
is mainly expressed in the windowing effect. It is also shown that with aD iDcreasing B
the decorrelation quality only improves a little.

For the simulation of the whole BFDAF algorithm, the same parameters are used as
with the simulation of section 7.3. For the input signal model, a = 0.8182 and u~ =1.
For the adaptive filter, M = 256 and N = 100. Figure 7.3 shows the influence of B on
the convergence properties. It is to be seen that an increasing B has a negative influence
on the rate of convergence. This can be explained by the contradictorily influences of an
increasing B, as mentioned for BOP in section 6.6. Thc difference with BOP is now that
with an increasing B the decorrelation quality improves only a little, not enough to beat
the negative influences of an increasing B .
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Figure 7.3: convergence of the BFDAF algoriihm, as function of B
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Influence of DFT length M on BFDAF a1gorithm

Figure 7.1 shows that when the dimension ofthe (circulant) decorrelation matrix is small ,
the decorrelation quality strongly deviates from the ideal case. The examination of the
properties of the BFDAF algorithm in this area will he interesting. For the input signals
used in figure 7.1 this area lies hetween M = 3 and M = 20. Caused hy constrains of
SPOX, M, the FFT length must he at least 16 and must he increased by a power of two.
So the input signals used in figure 7.1 are not useful for this examination.

Therefore an AR(12) signal is used as input signal z. The WM of the input signal
and the W Mof (i?-M)-l'R,M is given in appendix D. The results are shown in figure 7.4.

For M = 16, the circulant approximation is almost at worst (see the top at dimension
16 in figure D.2). For M = 32, the result is almost equal to the ideal case.

....\ ; ; ~ , ····!..··············r········~;J~~~~~~;·~(·;
25 ....\. . . . . . . maJe VOice ,....•~~. ·····r················:················~ ..............•.............:.; 1' 1···· ~tliiï=5~~;~·~· ..·· ..·
20 \ ..,L. , .; ; ; i N;;;~ ; .

, : ,.... B=Z '
~.~ i
\'" ;15 .. ······è .
~

""10 ,..'.. .. " :...... .., , .

5 ..1..'\\ ;... M::.t.tL ..: ',\: : : : .;. ( ~ .

oi\<J,~:~L·!"r .....(
-5 • . ;.. . r- , ; .

-10 L : j:~~ ::: ~t:~~;;;~L~~.:.~~.~7.~+.- ...i..r."••~v~~-~v~;.,'
I i ~

s
J
o-l'

908070605040302010
-15 L...-_--'-_-''--_-'-_---'__-'-_---'__-'-_---1.__--'---------'

o

-> number of samples x20

Figure 7.4: convergence of the BFDAF algorithm, as function of M

It can he concluded that with an increasing M, the convergence properties gets hetter
caused hy the hetter approximation of the circulant matrix. When B increases the decor
relation quality increases only a little, the negative influence of an increasing convergence
rate dominates, the convergence properties get worse.
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7.5 BOP versus BFDAF

In this chapter and the previous chapter the influences of different parameters (like M,
N and B) on the BOP and BFDAF algorithm are examined. It is shown that the
parameters have a different influence on both algorithms. The differences are:

The influence of M:

BOP: no influence (of course M ~ N + B - 1).
BFDAF: the circulant approximation gets better with an increasing M,
resulting in a better decorrelation quality and better convergence properties.

The influence of B:

BOP: the decorrelation quality increases with an increasing B, resulting in
better convergence properties.
BFDAF: has almost no influence on the decorrelation quality.

The influence of N is not mentioned, this parameter is equal to the adaptive filter length
which is for both filters the same.

With this the comparison between BOP and BFDAF is ended, a general statement about
the choice of BOP or BFDAF will be given in the next chapter, the conclusions.

47



Chapter 8

Conclusions

In this report several methods of decorrelation are presented, performed in time- and
frequency-domain. The relation between time- and frequency-domain decorrelation is
shown on the basis of the Block Orthogonal Projection (BOP) algorithm and the Block
Frequency Domain Adaptive Filter (BFDAF) algorithm.

For the BOP algorithm the dimension of the decorrelation matrix is equal to the block
length B. A decorrelation quality comparable with that of RLS can be reached with
a decorrelation matrix with a dimension far more smaller than the filter length. Till a
certain B, the decorrelation quality increases very fast. A further increase of B leads
only to higher complexity, not to suflicient better decorrelation quality. This certain B
is called the optimal B.

The optimum value of B depends on the input statistics. For input signals generated
by the MA(l) and AR(l) signal modeis, the optimal Bis determined as the B where the
eigenvalue ratio of the decorrelated signal, ER(ÏN), is 3. The eigenvalue ratio of ÏN can
be estimated by:

ER(ÏN) ~ ER('R
N

)
ER('RB )

To determine the optimal B for arbitrary input signais, further examination is required.

For the BFDAF algorithm the decorrelation quality mainly depends on the influence of
the circulant approximation. With an increasing DFT length M, the circulant approx
imation becomes better and better, resulting in better decorrelation quality and better
convergence properties.

Decorrelation in the BFDAF algorithm is not performed with the whole decorrelation
matrix, only the last B columns are used. With an increasing B, the decorrelation quality
increases only a little, not enough to be expressed in better convergence properties.

In general a frequency-domain implementation of a small adaptive filter is not usefu!.
For small filter lengths the implementation can be done efficiently in the time-domain.
Frequency-domain adaptive filters are interesting for large adaptive filters. For these
filters like BFDAF, decorrelation can be performed efficient in the frequency-domain,
saving a lot of complexity. For BFDAF a large filter lengtb implies a large decorrelation
matrix, implying a negligible influence of the circulant approximation.

In conclusion can he said that in tbe area where frequency-domain adaptive are in
teresting, BFDAF is a more efficient alternative than the BOP algorithm with equivalent
convergence properties.
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Appendix A

Power normalization without
divisions

In this appendix is shown that the following equation

can be approximated, for small {3, by an equation that needs no divisions. For this we
rewrite the equation as follows:

1 + ~û;2[kB]k(~N[kB])t~N[kB]

~ 1~ {3û;2[kB] - (I!!.{3)2 (û;2[kB])2 ~ (~N[kB])t~N[kB]

~ (1 + {3)û;2[kB] - {3(û;2[kB])2 ~(~N[kB])t~N[kB] (A.2)

Note that the division k can be combined in one constant with {3 as li, and no divisions
are required.
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Appendix B

Simulation results of the BOP
algorithm 1

The simulations are carried out with a SPox implementation of the BOP algorithm.
The next signal models are used for generating the input:

• The moving average model of order 1, MA(I):

1
x[k] =~ . (n[k] + an[k - 1])

1 + a 2

• The auto regressive signal model of order I, AR(I):

x[k] =(~) . n[k] + ax[k - 1])

(B.l)

(B.2)

With lal = 0.8182 and q~ = 1. The ERmaz of both signals ~ 100. The signal s, the
speakers signal in the BOP system is chosen as a white noise signal with q~ = 0.001.
The echo pad h[k] is equal to h[k] = c5[k - ~].

The simulations are done for different filter lengths, N = 100, N = 20, N = 8. For
each filter length the simulations are performed with different block lengths. The selected
Bs are the smallest possible B in the range x - 0.5 ~ x < x + 0.5 dB of the corresponding
decorrelation function. The value on the vertical axis of the figures B.l. .. B.3 is the
relative misajustment J[k], expressed in dB.

The 0' is chosen in such a way that the final misajustment 10 logJ =-10 dB.
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Appendix C

Simulation results of the BOP
algorithm 2

The simulations are carried out with a SPox implementation of the BOP algorithm.
The next signal models are used for generating the input:

• The moving average model of order 1, MA(I):

1
x[k] = v'f+(i2 . (n[k] + an[k - 1])

1 +a2

• The auto regressive signal model of order 1, AR(I):

x[k] =(~) .n[k] + ax[k - 1])

(C.l)

(C.2)

With lal = 0.8182 and u~ = 1. The ERmtJr of bath signaIs:::::: 100. The signal s, the
speakers signal in the BOP system is chosen as a white noise signal with O'~ = 0.001.
The echo pad h[k] is equal to h[k] =e5[k].

The simulations are done for different filter lengths, N = 100, N = 20, N = 8. For
each filter length the simulations are performed with different block lengths. The selected
block lengths are the smallest possible B in the range x - 0.5 ::; x < x + 0.5 dB of the
corresponding decorrelation function. The value on the vertical-axis of the figures C.l ,...,
C.3 is the relative misajustment ï[k], expressed in dB.

0' =7e - 4 for all simulations.

55



moving average

-10 ( ; ..

-5 ..

5 ; ..

. : :.

... ~...

i with irlc. conv. ~ate
i ideal ER=OdB....· ·..··i ·T ..· B';;;i4..·ER:;;;idB
, B=17 ER=3dB

.......... t · , · ..· ~ 0· • tt~··~~ ·
B=91 ER=<ldB

1 1" '1" \" r·.· ·.B=..8.. ;,: ER=~dB .

............ ~.....

: a = -0.8182 :
··· ...... f··N·=:''l®·· .. ··· ..····;·······

: echopäd: IHl=r
~ alpha=!7e-4 :

• ••••.••••• 1•••••••••••••••• + , ··c··········· ····~·················t················c···········

. ... . ..~ ..

........!.

..... .... .. ....~o

20 .

10

15

5
co
,g
o-I}

908070605040302010
-15 L...-_--'--__'---_....L.._----J'--_-L-_----J__-L-_--'__.-I--...J

o

-> number of samples xl00

auto regressive

-, ......

·········.;.···············i···············i..

: ~==Oi&S2 :

..............................., ,.............. .:.: .. ;f#.~~~,:~~~~.~.,: .20 j +..
with ïric. conv. rate

W~ ~~~
B=10 ER=3dB

I~BI
10 ........

o , .

-10 ....

5co
,g
o-I}

-20 . ·· .... ·, ....·.. ·· ...... ·r........·......r· ..·
90SO70605040302010

_30L...----'-------J'---....L..-----J'----L----'---L----'--.-I--...J
o

-> number of samples xl00

Figure C.I: convergence of BOP algorithm for filter of length 100 as function from ER

56



moving average

... .. ~ '1.. ·············· t···_···· ~ " --I············· .. t······· .- ~ ~ - .

o ~ .

···;················1···········

. ..

. !" :

~==.~182 :
echopád: IRI=1 ;

.. ~p..~~:::;.?~~ i. .
wilätli":"ïR~eE: l~~.......~~I···I~·····~. R-6dB

;;;6[ R;;;~dB

. .
···········t················l········

·t················l················,·····

·········j···············"1"···············t··· i················1················20

10

-10 _ .

-20 .

-30 '--_---'-__.........__.L.-_---'-__-'-__........._----'__........__""O"-_.....

o 10 20 30 40 50 60 70 80 90

.> number of samples xlOO

auto regressive

j ~
.......; !..

. i ..· ~ .

··········t················r···············,

.. ~ ..

: :...............~ ~ .

.+ ~ ....... ····1···· ~

l .

o .

20

10

-10 . ....<~~~::.':;;;~;::~:•..........
-- .... ~ ... -

·20 , i. , ··········~···············r········

s
S
o-
~

-30L..-_-'-_-''--_-'-_---'__-'-_---'__-'-_---'__-'-------'

o 10 20 30 40 50 60 70 80 90

-> number of samples x100

Figure C.2: convergence of BOP algorithm for filter of length ~o as funetion from ER

57



moving average
30.....--.....,---,------,---..,-----,.----r---r-----r---r-----.

. .
: :

-20 ( j .

·;···············t················;·········

i ~t=t~ls2 :
; echop~: IHl=l;

........: ... ··········r·············t··············,··············.;..~e~i··

··············Iil~···
8=4. ER~tm

o 1" .

20 .

10

-10 ···········T·······

90SO70605040302010
-30 L...--_--'-__-'--_--'-__-'--_---'__--'-__.L..-_--'-__--'-----------'

o
-> DumOOr of samples x100

auto regressive

..? !

.... ~..

.; ; .

._..~ '; i ~ .

~==OgS?82 :

~~r~e~l=l~...+ : J' , ,

M~lif
~gl

. ..•.•.•••.••• ~ •••••.•.•....•. j .•..•••••.••••• ~ ••.•.•••.

"~.

...!.... '..." ..... ~ ..

......: ; .

o .

20 .....

10

-20 .

-10 .

90SO70605040302010
-30 L...--_--'-__-'-__L..-_--'-__-'-__.L.-_..........__--'-__..L.-_-'

o

-> DumOOr of samples x100
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Appendix D

Decorrelation of a male voice

The characteristics of a male voice can be modelled by an AR(12) model. For this signal,
figure D.I ofthis appendix shows how the WM (defined in equation D.I) ofthe input
signal autocorrelation matrix 'R,N increases with an increasing N. Figure D.2 shows the
decorrelation function WM«'R.N)-l'R,N) as function of N.

Definition of W M:

with

I N-l ( Ài 1" )
WM=- L max(=-,-)-I

N .=0 À Ài
(D.I)

_ I N-l

À = N L Ài (D.2)
i=O

W M stands for whiteness measure. The decorrelation quality is determined on basis of
all eigenvalues. In case of a white noise signal, all Ài are the same. The corresponding
WM is O.
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