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Pol, 1. van der;

Abstract

An analysis of the ll-optimal control problem.

M.Sc. Thesis, Measurement and Control Seetion ER, Eleetrical Engineering,
Eindhoven University of technology, The Netherlands, May, 1994.

This thesis treats the following problem: Given a linear, single input single out
put, time invariant, stabie process, we want to design a feedback controller in
such a way that the closed loop system is internally stabie and the output re
jeets a bounded and persistent input for all time. This problem is equivalent
to finding the feedback controller that minimizes the ll-norm of the impulse re
sponse of the closed-Ioop system. A parametrization of all stabilizing controllers
in terms of one free stabie funetion is first obtained. This funetion is then chosen
to minimize the norm of the closed-Ioop impulse response. Using a duality result
in optimization theory, this problem is converted to a finite dimensional linear
programming problem. For discrete time systems, optimal solutions are obtained
by solving these linear programming problems. In this thesis four case studies
are described. It is shown that with some assumptions we can bound the order
of the compensator by the order of the process. We also show that under certain
assumptions the h-optimal controller exists and is unique. Non uniqueness of
h -optimal controllers is partly charaeterized.
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Chapter 1

Introduction

In the past many control theories were developed for process contro!. One of the
principal problems in control theory amounts to constructing a regulator which
rejects disturbances, stabilizes a process and achieves acceptable performance.
The theories used for designing controllers differ in the way in which disturbances
are modelled. In most recently developed theories, disturbances are modelled as
input signals belonging to either a class of time signals with assumed stochastic
properties or some normed linear space of functions evolving over time. Typically,
for the latter class, the family of square integrable (or square summable) functions
is a well known and commonly used class of inputs. Similarly, in a stochastic
context, input signals are often modelled by their mean and variance properties
only, which gives also rise to a study of square integrability of signals. But why
model the disturbances in aquadratic sense?

In a lot of practical situations we want to model the disturbances and their re
sponses as amplitude bounded variables and not as quadratic bounded variables.
That is, we wish to consider amplitudes of signals, rather than "energy-contents".
We will illustrate this by looking at an example.

Amsterdam NewYork

Figure 1.1: The optimal trajeetory and a disturbed trajeetory

Consider the example of an airplane that flies from Amsterdam to New Vork.
This airplane tries to follow a certain optimal trajectory (minimum distance).
The real trajectory the airplane flies is not the optimal trajectory because the
influence of disturbances like wind, turbulence, navigation inaccuracy, other traf
fic or dynamics of the airplane affect the position of the aircraft relative to its
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optimal trajectory. When we look at an arbitrary trajectory like in figure 1.1, we
can see that the error is bounded in energy as well as in amplitude.

But if we consider a special trajectory of an airplane like in figure 1.2, we will
see that control theories based on amplitude result in a better performance for
disturbance rejection than control theories based on "energy-contents"of error sig
nals. Indeed, in the flight trajectory fig. 1.2 there is a peak disturbance from the
optimal trajectoy. This peak disturbance has only little "energy-contents"when
square integrated over the total error trajectory whereas its actual amplitude
may be large. These peaks will therefore not properly be rejected by controllers
designed by quadratic control criteria. The control theories that look at ampli
tudes though, will reject this peak disturbances properly. We remark that in this
case the difference between real and optimal trajectories, are bounded both in
amplitude and in "energy".

Amsterdam NewYork

Figure 1.2: The optimal trajectory and a disturbed trajeetory

This example is a good motivation why we should pay attention to control
theories that bound the inputs and outputs by amplitude instead of the conven
tional theories that look at them quadratically. Another very good example why
we should pay attention to control theories that bound the inputs and outputs
by amplitude is the saturation phenomena. In saturation phenomena we wish
input amplitudes to be bounded so that non linear effects will not occur at the
output.

The control theory that bounds the inputs and outputs linearly is called the
lt-optimal control theory. In this report we will take a doser look at this theory
and it's solution for discrete-time SISO processes. Furthermore we williook at
three case studies and look at properties of the resulting optimal ll-controller
like unicity and order. Finally, we started to automate the design of the optimal
lrcontroller.
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Chapter 2

P relirninaries

2.1 Norm definitions

In this report we will use signal norms. Therefore we will start by defining these
norms. Because in this report we only consider discrete time signals, we will only
enumerate the discrete norm definitions. We will consider the discrete time signal
x(kT) with x: T --t R where T = {t 1 t = kT,k E Z+},T > 0 and define signal
norms:

• The Zrnorm:
00

" x Ih= L 1x(kT) 1
k=O

00

" X 112= L 1 x(kT) 1
2

k=O

(2.1 )

(2.2)

• The Zoo-norm:
11 x 1100= max 1x(kT) 1

k~O

2.2 General control theory

(2.3)

In this section we will start with a generalized process description of a physical
process. The generalized process is defined as a process with two inputs and two
outputs which are related to a true physical process. In our case we consider a
discrete time, linear, time invariant, stable generalized process. For mathematical
(and computational) convenience, we assume that each input channel and each
output channel is a scalar valued signal. The input of the generalized process is

therefore a vector ( : ) of dimension 2. Likewise, the output is a vector ( ~ )
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Figure 2.1: Generalized plant conneeted with a controller

of dimension 2. We must remark here that these restrietions are not necessary,
they are made for simplicity reasons. In figure 2.1 the generalized process in
feedback with a controller is depieted.

The inputs and outputs of the generalized plant are defined as follows:

w disturbance input.

u contral input.

zoutput to be controlled.

y measurements.

In general we can describe the input-output relations among the variables by
transfer funetions or by state space descriptions. When we use transfer funetions
the generalized plant is described by:

( ~ ) (
And the controller is described by:

u = Cy

)(:) (2.4)

(2.5)

Here, Pij and C are proper transfer functions. This yields the closed loop transfer
funetion Tel from w to z:

(2.6)

When we use state space descriptions we obtain for the generalized plant:

x A x +BIw +B2u

Z Clx +Duw +D 12u

Y C2 x + D2I W +D22 U

5



And for the controller:

x Aei: + BeY

U Gei: +DeY

Resulting in a closed-Ioop system description in the following state space form:

Here:

x

U

Ac/x + Bc/y

Gc/x +Dc/y

(2.7)

Dc/ = (Dll +D12(I - DeD22t 1 DeD21 )

and it needs to be assumed that (I - DeD22 ) is invertible. Note that equation
2.7 is a state space representation of equation 2.6. The system representations
2.6 and 2.7 are used for controller design.

2.3 Contro1 requirements

In control theories we try to meet two requirements. The first one is that the
controller to be designed must stabilize the process. That is, the effect of distur
bance input (w) to the output to be controlled (z) must be bounded. Formally,
we require internal stability of the closed loop system. That is, the matrix Ac/
is required to be stabie. For continuous time systems this means that the eigen
values of Ac/ must be in the left half plane. For discrete time systems this means
that the eigenvalues of Ac/ must be inside the unit disk.

The second demand is a performance demand. The effect of the disturbance
input (w) to the output to be controlled (z) is measured by choosing appropriate
norms on signal spaces. In the past this has led to various important contributions
in control theory.

We will now consider and briefiy review three of them. These control theo
ries guarantee stabilizing controllers, the differences concern the achieved perfor
mance.
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2.3.1 The linear quadratic control theory

In the linear quadratic control theory (1960) or H2-optimal control theory we
assume that the disturbance input is an impulse signalor gaussian noise. For
these two special disturbances we can design a proper controller. The criterion
we use in the deterministic case is to minimize 11 z 112 over the class of stabiliz
ing controllers subject to the system equations (2.4 and 2.5) and w an impulse
disturbance.

2.3.2 Hoo control theory

Another approach is the robust or Hoo-optimal control theory. This theory was
initiated in 1979 and uses also aquadratic criterion in measuring the effect of
disturbance input (w) to the output to be controlled (z). There is only one major
difference with the LQG-theory. Namely, the disturbances ware chosen in a class
of disturbances and we measure the effect of w to z in worst case. More specific,
we allow the disturbance to be anything, the only demand is that the energy of
the disturbance signal w must be bounded (w E 12 ), The criterion willlook for
the worst case ratio of zover w. That is we consider the criterion

which we wish to minimize over the class of stabilizing controllers subject to the
system equations and the initial conditions zero. This expression is called an
induced norm and is equal to the so called Hoo norm 11 Tel 1100 of the closed loop
transfer function. Here,

J1 =11 Tel 1100= sup O"max (Tel (jw))
w

where O"max denotes the maximum singular value. In this case the ratio of signal
2-norms is equivalent to the infinity norm of the system in frequency domain.

2.3.3 ll-optimal control theory

The last control theory under consideration differs from the LQG-theory and
the Hoo-control theory because we quantize the effect of w to z by consider
ing amplitudes of signals rather than considering the input and output signals
quadratically, as we did before. The criterion function amounts to minimizing
the induced norm:

sup 11 z 1100
wEl"" 11 w 1100

(2.8)

Like in the Hoo-optimal contol theory we allow the disturbance w to be anything,
it only must be bounded in amplitude (w E 100 ), The latter problem is generally
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refered to as the h-optima1 contro1 prob1em. This thesis treats various aspects of
this prob1em. In particu1ar, we show how so1utions (that is "controllers") can be
obtained which minimizes 2.8.

8



Chapter 3

Formalization of the ll-problem

In this chapter we formalize the lrproblem. Starting point is the transfer func
tion description of the generalized plant and its controller, as discussed in the
previous chapter. In controller design we want to describe the relation between
the disturbance input w, and the output z that has to be controlled. When we
e1iminate input u and output y we find the closed loop transfer funetion Tel:

Tel = Pn + P12 C(I + P22Ct I P2I (3.1)

In this closed loop description only the controller C is unknown. The process
P is assumed to be given. Moreover, it is assumed that P is a linear and time
invariant description of the process we wish to contro!.

The first step is to parametrize the set of controllers that stabilize the process
under consideration. After that, we search for a controller that optimizes our
performance criterion within this parameter set.

3.1 The Youla parametrization

The complete set of stabilizing controllers is found by applying the so called
Youla parametrization (1976). The Youla parametrization theory starts with a
condition posed on the process. This condition is that the process should be
stabilizable. Obviously, if the process P is not stabilizable then no controller
can be found that meets the stabilization criteria which implies that the control
problem is unsolvable. The process is stabilizable if the McMillan degree (degree
of the charaeteristic polynomial) of the unstable poles of Pn is the same as the
McMillan degree of the unstable poles of:

(;:~ ;:~)
According to the Youla parametrization theory we can find all controllers that
stabilize the process if this condition is met: Let

P22 = NiJ-I = M- I N (3.2)
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(3.3)

be coprime factorizations of P22 . Then there exist matrices X, Y, X, Y E H oo

such that the Bezout identity is satisfied. The Bezout identity is given by:

(_~ -~) (~ ~) = I

All controllers that stabilize Pare then given by:

c = (Y - MQ)(X - NQt 1

where Q E H oo is arbitrary.

(3.4)

In this way Q parametrizes the set of all stabilizable controllers. Note that the
transfer funetion Q has to be stable.

Next we are going to apply this parametrization to Ouf case. In Ouf case we
have SISO transfer funetions Pn,P12,P21,P22 and troughout this thesis we will
assume that Pij are stable for i, j = 1,2. So stabilizing controllers trivially exist
and we can apply this parametrization. As P22 is a SISO stable transfer funetion,
there is no difference between a left coprime factorization and a right coprime
faetorization, therefore:

N
M

This result simplifies Ouf Bezout identity:

N

M

(3.5)
(3.6)

XM-YN=l (3.7)

(3.9)

(3.10)

The only demands on N and Mare that they are stable and coprime. As P22

was already stable we can choose N = P22 and M = 1. We can easily see
that by choosing X = 1 and Y = 0 the simplified Bezout identity holds. A
parametrization of the set of all controllers that stabilize the process is then
given by:

-Q(z)
C(z) = 1 _ N(z)Q(z) (3.8)

where N = P22 and Q is a stable transfer function (Q E H oo ).

By varying Q we can find the controller that achieves the best performance
according to a certain criterion.

Now we completed the Youla parametrization, we can return to the closed loop
transfer function. When we combine the closed loop transfer funetion with Ouf

parametrized controller C (z) as given in equation 3.8 from the Youla parametriza
tion we get:

Tol Pn + P12 (1 --~2Q) (1 -P22 (1 --~2Q)) -1 P21

- Pn - P12QP21
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where Q E H oo •

That is, the set of internally stabIe closed loop systems is herewith parametrized
as an affine set. This result generally holds true also for nonstabIe processes. In
general we will therefore write that an internally stabIe closed loop transfer func
tion can be written as:

Tel = H - UQV (3.11)

where the triple H, UandV are stabIe (in Hoo ) and determined by the plant and
where Q E H oo is a parameter. Equivalently:

Tel = H - K (3.12)

where K = UQV with Q stabIe and H, UandV extraeted from the plant P. In
this equation we can see the general closed loop transfer funetion of disturbance
input w to the output to be controlled z, in frequency domain. If we transform
this transfer funetion to a time domain representation we get a parametrisation
of closed loop impulse responses if':

(3.13)

h, u and v belong to /1 and denote the inverse Laplace transforms of H, U and V,
respectively. In this equation q E lt is a free parameter and * denotes convolution.
This is because multiplication in frequency domain becomes a convolution in
time domain. From now on we will use capitals if we are considering objeets
in frequency domain and small roman letters for time domain variables. Note
that,since all time funetions h, u, v and q are impulse responses of causal systems
h(t), u(t), v(t) and q(t) are nonzero for t 2 0 only.

3.2 The 11-problem

We will now return to our starting point of the /1 problem. In the /1-control
theory we are looking for the worst ratio of the output z to be controlled over
the disturbance input w, where the norms are measured as the signal amplitudes.
Therefore, we want to find a stabilizing controller C such that

11 z 1100
J-l( C) = sup 11 I1

• wElco W 00
(3.14)

is minimal subject to the system constraints. Since this minimum may not exist,
it is better to search for the infimum J-l of J-l(C), i.e.,we define

J-l = inf J-l( C) = inf sup 11 z 1100
Cstab. Cstab. wElco I1 w 1100

11

(3.15)



To derive an equivalent problem we will now combine the closed loop impulse
response with the lrproblem. We do this by taking a closer look at z, the output
that has to be controlled. According to the Schwarz inequality we can write:

11 z 1100 < 11 rp(kT) 110011 w 1100

< I1 rp(kT) 1111 11 w 1100

From 3.17 we conclude that for all w E 100 , w i- 0

(3.16)

(3.17)

(3.18)

\Ve have to remark here that there exists a disturbance w, such that, in fact,
equality holds in 3.17. Therefore,

I1 z 1100
sup 11 11 =11 rp 1111

wEloo W 00

where rp is the impulse response of the closed loop system.
Use 3.15 to conclude that

(3.19)

(3.20)

The interpretation of this equation is that we are searching for an infimum in
the lrnorm of the Youla parametrized closed loop impulse response by varying
the q parameter over the class of impulse responses of stabIe systems. When this
infimum is found for a certain q we find the optimal controller by substituting
this parameter in equation 3.8. Starting with the characterization 3.20 we wish
to:

• Compute Jl

• Find an optimal controller C for 3.15

• Charaeterize when the infimum is a minimum

• Charaeterize non-uniqueness of optimal controllers

• Consider the complexity of optimal controllers if they exist

These topics will be treated in the subsequent chapters.
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Chapter 4

Solution to the discrete time
SISO ll-problem

In this chapter we will solve the h control problem we derived in chapter 3 for
discrete time SISO stabie processes. Our starting point is equation 3.20, the 11

control problem. In this equation we see h as an element of a vector space and
our goal is to find the minimum I-norm from this vector to a space S which is the
span of the vectors u * q * v where q E h is a free parameter. Recall that, for our
application h, u and vare the impuIse responses of Pu, P12 and P21 , respectively.
Thus, S = {k = u * q * vlq E III a subset of the space 11 of stabie impulse

s1-

Figure 4.1: Hilbert space representation

responses. This problem is not straightforward because we are now dealing with
normed spaces and not with Hilbert spaces. In Hilbert spaces it would be easy
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to solve this problem by using the projection theorem. But our normed spaces
are Banach spaces and therefore this projection theorem does not hold. So we
have to look for another way of solving this problem.

The solution is found by using a duality proposition from vector space meth
ods. This theorem is basically the analogy of the projection theorem for Banach
spaces. The notation will be explained below.

Theorem 4.1 Let x be an element in a real normed linear space X J and let JL
denote its distance from a linear subspace S of X. Then

JL = inf 11 x - k 11 = max < x, r >
kES rEBSL

where:
BS.L = {r E S.L 11I r II~ I}

and where the maximum is achieved for some r in BS.L with 11 r 11= 1.

(4.1)

(4.2)

In this theorem we use the notation < x, r >. In Hilbert spaces this would be the
inner product of two vectors but in Banach spaces this means the value of a linear
functional x evaluated at r (a functional is an operator that projects on R) so
that < x, r > should be interpreted as that element of R for which x(r) defines
a linear function x acting on the so called dual space X* of X. Furthermore,
the definition of alignment is given as follows: A vector r E X* is said to be
aligned with a vector x E X if < x,r >=11 xliii ril. With this definition we can
understand the second theorem.

Theorem 4.2 If the infimum on the left of 4.1 is achieved for some k in SJ then
r is aligned with x - k.

These theorems state the equivalence of two optimization problems, the lefthand
side of 4.1 is called the primal problem and the righthand side of 4.1 is called the
dual problem. r that solves the dual problem is called an extremal function and
will always exist. If we apply this theorem to our 11 optimal control problem we
get that X = 11 with its dual X* being 100 , Precisely,

Theorem 4.3

1. Let h be an element in a real normed linear space lIJ and let JL denote its
distance from a linear subspace S. Then

with:

JL = inf I1 h - k 11= max < h, r >
kES rEBSL

(4.3)

BS.L={rEloolllrll~lj <x,r>=OforallxES} (4.4)

where the maximum is achieved for some r in BS.L with I1 r 11= 1.

14



2. If the infimum on the left is achieved for some ie in SJ then f is aligned
with x - ie.

In this theorem the expression < x, r > should be interpreted as:

00

< x,r >= 'Ex(t)r(t)
t=o

(4.5)

Clearly, for given x E 11 this expression is linear in r. Conversely, every linear
bounded funetional on x can be written this way. We are now going to use this
result to find the h-optimal controller. The first step we have to take is to define
the space S. The space S is defined as follows:

S = {I< I I< = UQV ; Q E Hoo } (4.6)

Next we are going to rewrite this space S. Before doing so, we define unstable
zeros as zeros that are inside the unit disk. Now, we can rewrite space S with
the following proposition:

Proposition 1

I< E S {:} I« a) = 0 for any unstable zero of U and/or V and I< E Hoo (4.7)

Proof We prove this in two parts. First we prove:

I< ES:::::} I«a) = 0 for any unstable zero of U and/or V and I< E Hoo (4.8)

Let I< = UQV for some Q E H oo ' Let a be any unstable zero of U and/or V,
then I«a) = U(a)Q(a)V(a). We know that Q E Hoo so that limz -+a Q(z) < 00.

As a result we obtain I< (a) = 0

Next we have to show that:

I< E S ~ I«a) = 0 for any unstable zero of U and/or V and I< E Hoo (4.9)

Let a be any unstable zero of U and/or V. And let I«a) = O. We have to show
that I< E S. In other words we have to show that 3Q E Hoo so that I< = UQV.
Let U- 1 be the inverse funetion of U and V- 1 the inverse funetion of V. The
inverse funetions are defined as follows:

UU- 1

V-lV
I

I

(4.10)

(4.11)

We now define Q = U-1 I<V-1 wich is a rational function. Does Q have unstable
poles? Suppose that Q is not in H oo • Then there exists an unstable pole a of Q.

15



Because l{ E Hoo a is no unstable pole of l{. So, a must be an unstable pole of
U-I or V-I. Or equivalently, a is an unstable zero of UV. But for these unstable
zeros we know that l{(a) = O. We see that pole-zero cancellation occurs and as
aresult Q E H oo •

o

For future use, we will redefine the Laplace transform. For x E h the Laplace
transform will be defined as:

X(z) = L x(t)zt
tEZ

This is unlike the conventional Laplace transform definition which is:

X(z) = L x(t)z-t
tEZ

(4.12)

(4.13)

(4.14)

Therefore, a stabie transfer function X will be a real rational function with
its poles outside the unit circle. An unstable zero is therefore a zero a E C with
I a I:::; 1. AIso, note that if x E 11 (Z+) corresponds to an impulse response of a
causal system. Then, with definition 4.12 , its Laplace transform is non-proper.
In this setting X(z) is causal if limz->o X(z) < 00.

Now that we have defined the space S we can determine the space SJ... We
determine the space SJ.. by first take a closer look at the space S. As we saw
before, S is defined byelements l{ E S for which l{ (a) = z=~~go kia/ = 0 and
where aj are unstable zeros. So S is defined by < k, ~j >= 0 for all unstable
zerosaj. Here,k= {ko,kI,k2, ...}and~j = {a/,a/,a/, ... }withj = {1,2, ... ,n}.
Space SJ.. is then defined by the span of all series of unstable zeros:

n

SJ.. = "'a·a.L...J J-J

j=l

Now that S and SJ.. are defined we can solve the dual problem and find f and
f-l. At this point we use the second part of the theorem, the alignment condition.
This alignment condition does hold if each of the following conditions for the
optimal closed loop impulse response cp are met:

1. Finite impulse response condition:

(4.15)

2. Sign convention:
(4.16)
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3. Norm constraint:
00

L I 'Pi 1= ft
i=O

(4.17)

Furthermore, there are many choices of 'P that will satisfy these conditions,
and not all of them are necessarily admissible, that is not for all 'P satisfying
4.14, 4.15 and 4.16 there holds h - 'P E S. So we have to add a fourth condition
to the alignment conditions. From eI> = H - ]{ in frequency domain we obtain
eI>(a) = H(a) - I«a) with a any unstable zero of P12 P 21. We have already seen
that I«a) = 0 for an unstable zero in P12P21 • Therefore, the fourth condition
becomes:

1. Zero constraint:

00

eI>(aj) =< 'P,aj >= L'Pia/ = H(aj) for j = 1, .. ,n
i=O

(4.18)

where aj is the jth unstable zero of P 12 P 21 .

This list of conditions provides an overdetermined set of linear equations, that
are necessary for the existence of a minimizer for our lrcontrol problem. From
these conditions we can compute the closed loop impulse response 'P. In the next
chapter examples will be shown. We have seen already that 'P = h - k with
'P and h known. Given 'P, we can now calculate k as k = h - 'P. From k we
obtain K by taking the Laplace transforms. From I< = UQV we can find Q and
finally we find our ll-optimal controller by substituting Q in the parametrization
expression of controller C. Compared with other control theories it is remarkable
that in this method we first find the closed loop impulse response and later the
stabilizing controller. In other control theories it's the other way around.
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Chapter 5

Case studies

In chapter 4 we saw that the space S is characterized by the unstable zeros of
P12 P 21. With our definition of Laplace transformation these are the zeros of
P12 P 21 inside the unit circle. In this chapter we will study four processes with
the following properties:

• No unstable zeros in P12 P21

• One unstable zero in g2P21

• Two distinct unstable zeros in P 12 P 21

• One unstable zero in g2P21 of multiplicity 2

5.1 No unstable zeros in P12 P 21

In this section we consider processes with no unstable zeros in P 12 P 21 • In chapter
3 we saw that in deriving the il-optimal controller we have to find I-l which is :

min I1 h - k 1111
kES

To find this minimum, we first define the space S:

S = {K IK = UQV ; Q E Hoo }

(5.1 )

(5.2)

where U, V E H oo (stable transfer functions) and U, V not having unstable zeros.
We can now choose Q= U-IQV- l E Hoo • Q is in Hoo because no unstable zeros
occur in U and V and therefore no unstable poles will appear in U-I and V-I.
So, U-I, V-I and Q are stable transfer functions and therefore, Q is a stable
transfer function (E H oo ). If we substitute Q in equation 5.2 we obtain:

(5.3)

18



which is equal t~:

(5.4)

We already assumed that we look at stabIe processes, so H = PH is a stabIe
transfer funetion (E Hoo ). Because both Hand Q are E H oo , the minimum J.l
is equal to zero. We can draw this conclusion because H, K E H oo in frequency
domain implies h, k E 11 in time domain. From chapter 3.1 we saw that <I> =
H - K. In this case this results in <I> = 0 and therefore <p = {O, 0,0, ... }. The
interpretation is that for zero unstable zeros the disturbances will be decoupled
total1y from the output. This is cal1ed disturbance decoupling (Tel = 0).

5.2 One unstable zero in P12 P 2l

In this seetion we consider the fol1owing process with one unstable zero in P12

and no unstable zeros in P21 :

z-I.4
z+I.5
_1_
z+I.4

z-0.5 ) ( )
z+r

3
:

z+I.2
(5.5)

The unstable zero in P12 has value 0.5. With the unstable zero a = 0.5 we can
easily define the space S with K E S. Because K = P12QP21 we know that
K(a) = O. So S is defined by:

where:

and

and

S = {K I k E 11 satisfying < k,g, >= O}

012} lIl}
g,={a,a,a, ... = {1'2"'4'S···

=
< k,g, >= Lkii

i=O

(5.6)

(5.7)

(5.8)

(5.9)

and by convention, K(z) is the Laplace transform according to definition 4.12 of
k. This yields:

=
K(a) = L kiai

i=O

(5.10)

Next, we find the annihilator space SJ.. From 5.6 it is apparant that SJ. is the
span of the time series g,. So any I E SJ. can be written as:

I = Qg,

19

(5.11)



with a E R. At this point the dual problem can be solved:

00
max < h, I >= maxa L: hiai = maxaH(a) = ft

IEB5J. aEr i=O aEr

We defined H(a) equal to Pll(a) before. As a result we obtain for H(a):

z - 1.4
H(a) = Pll (a) = z + 1.5 Iz=o.s= -0.45

Since I E BBL we can derive conditions on a. Therefore,

r = {a E R 1-1 :::; aai:::; 1 ; i = 0,1,2, ... }

(5.12)

(5.13)

(5.14)

and by theorem 4.3 the maximum is achieved for some T' E Zoo with 11 T' 1100= 1.
As a result we get:

(5.15)

with
a = sgn(H(a))

This leads to the solution of the dual problem:

max < h,I >= sgn(H(a))H(a) =1 H(a) 1= 0.45 = ft
IEB5J.

(5.16)

(5.17)

Now that we have solved the dual problem, we can apply the conditions derived
from the alignment condition in the second part of the duality theorem (conditions
1,2 and 3). As noted before, this provides the impulse response of the optimal
closed loop system. From the first condition we had:

'Pi = 0 if I ri 1# 1

which gives:

'Pi = 0 for i 2: 1

'Pi # 0 for i = 0

The second condition:

glves:

'Po < 0

And when we use these results in the third condition:
00
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we get:

. _ {-0.45 i = 0
'Pt - 0 i;::: 1

At this moment we can already conclude that the closed loop impulse response has
only one sample not equal to zero, so that it has a finite impulse response (FIR).
Having the closed loop impulse response we calculate the lroptimal controller.
We already did see:

'P=h-k
This results in:

k=h-'P
If we take the z-transform of this expression we get:

K(z) = H(z) _ <I>(z) = z -1.4 _ (-0.45) = 1.45(z - 0.5)
z +1.5 (z + 1.5)

We can now calculate parameter Q(z):

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

K(z)
K(z) = U(z)Q(z)V(z) :::} Q(z) = U(z)V(z)

1.45(z + 1.3)(z +1.4)(z - 0.5) 1.45(z + 1.3)(z +1.4)

(z + 1.5)(z - 0.5) (z +1.5)

Remark here that by calculating Q(z) cancellation of the unstable zero occurs.

When we substitute this parameter into the Youla parameterized controller (equa
tion 3.8) we get:

C(z) = Q(z)
1 - P22 (Z)Q(z)

'This controller is causal because:

-1.45(Z3 +3.9z2 +5.06z +2.184)

(-0.45z 2 - 1.215z - 0.839)
(5.29)

1· C() -1.45(2.184)
lm z = < 00

Z--+O -0.839
(5.30)

When we look at this controller we see that its degree is smaller than the
degree of the process that we are controling.

Next we implemented the process with its ll-optimal controller in the software
package Matlab. We will now show the most interesting plots. Figure 5.1 denotes
the open-loop impulse response of P. In figure 5.2 we see the closed-loop impulse
response of the process with the il-optimal controller. We see that this plot
matches with the calculations of the closed loop impulse response. Furthermore,
in figure 5.3 the bode plots of the closed-loop system are given. Finally, we show
the control input u when the process is excited by an impulse disturbance w.
Note that, in this case we have one unstable zero in P12 P21 and also one sample
in the closed loop impulse response, not equal to zero.
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Figure 5.2: Closed loop impulse response
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5.3 Two distinct unstable zeros in P12 P 21

In this seetion we eonsider the fol1owing proeess with two unstable distinet zeros
in P12 P2l :

(
z ) _ (~~: Z;~35) ( W ) (5.31)
y - zt~45 z;~25 u

The unstable zeros in this case are al = 0.5 and a2 = -0.5. As aresult:

K(al) = 0 with al = 0.5

K( a2) = 0 with a2 = -0.5

The spaee S is then determined by:

S = {K I k E /1 satisfying {< k, Q,l >= 0 and < k, Q,2 >= a}

Here,

{al
o

, a/ , a1
2
, ... } = {I, ~, l, ~, ...}

{ 0 1 2 } { -1 1 -1 }
a2 ,a2 ,a2 , ... = 1, 2' 4' 8' ...

and

This is beeause:
OCJ

K(a) = Lkiai

i=O

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

The annihilator spaee SJ... ean easily be derived from S. SJ... is the span of the
time series Q,l and Q,2' So any I E SJ... ean be written as:

(5.39)

where al, a2 E n. Now that we have defined SJ... we ean solve the dual problem:

00 OCJ

max < h,I >= max (al L hial
i + a2 L hia2i )

rEBSl. 0'1,0'2Er i=O i=O
(5.40)

= max (alH(al) + a2H(a2)) = Il (5.41)
0'1,0'2 Er

We defined H (z) equal to Pn (z) as before. As a result we obtain for H (al) and
H( a2):

(5.42)

(5.43)
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a
1

Figure 5.5: Linear programming problem

So the dual problem becomes:

(5.44)

From IE BSl.. we can derive r:

(5.45)

where the maximum is achieved for some r with I1 r 1100= 1. This leads to a linear
programming problem with constraints:

- 1 ::; alal + a2a2 ::; 1

- 1 ::; ala1 2+a2al ::; 1

(5.46)

(5.47)

(5.48)

and so on. If we plot the area of feasible pairs (al, a2 determined by 5.46, 5.47
and 5.48,then we get: Note that only two constraints are important. We can now
easily maximize 5.44 over all (all a2) in r. Graphically this amounts to consider
non-void intersections of r with lines parallel to the dashed line -171al - a2 = O.
The optimal pair (alla2) is in this case (0.5,-1.5). This results in ft = ~i. So we
find for the optimal I:

I
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1 1 12 3 -1 _1 2

2{1'2'2 , ...}- 2{1'2'2 , ...}
-1 1

{-1,1'4'4""}

(5.50)

(5.51)

Now that the dual problem is eompletely solved, we ean apply the eonditions
derived from the alignment eondition in the seeond part of the duality theorem
to eompute the optimal closed-loop impulse response (conditions 1, 2 and 3).
From the first eondition we had:

This results in:

'Pi = 0 for i ~ 2

'Pi =J 0 for i = 0, 1

And from the seeond eondition:

we get:

'Po < 0

'PI > 0

Applying the third eondition:

00

L I 'Pi 1= Jl
i=O

glVes:

13
I 'Po I+ I 'PI 1= Jl = 11

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

When using the fourth eondition we find the closed loop impulse response:

glves:

00

L'Pia/ = Pll(aj)
i=O

1 1 7
'Po + 'PI (-) = Pll (-) = -

2211
1 1

'Po + 'PI (- -) = Pll (- -) = -1
2 2
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When we use the results from the first three conditions we get:

1 7
cpo + CPI (-) = --

2 11
1

CPo + CPI (- -) = -1
2

(5.63)

(5.64)

Solving these equations results in the optimal closed loop impulse response:

9 4
cp = {-U'U,O,O, ...} (5.65)

We can conclude already that the optimal closed loop impulse response has two
samples not equal to zero, so we obtain again a finite impulse response (FIR).
Having found the closed loop impulse response we calculate the lroptimal con
troller. We already saw before:

cp=h-k (5.66)

(5.67)
which gives:

k=h-cp
If we take the z-transform of this expression we get:

K(z) = P11(Z) - q>(z) = z - 4 _ -±-(z _~) = -n-(z +0.5)(z - 0.5) (5.68)
z+5 11 4 (z+5)

We can now calculate parameter Q(z):

(5.70)

(5.69)
r I{(z)

Ii(z) = U(z)Q(z)V(z) ~ Q(z) = U(z)V(z)

_..1-( (z+O.5)(z-o.5) 4 ( 3)( 4)
11 (z+5) _ - ïl z + z +
(z-O.5)(z+O.5) (Z + 5)

(z+3)(z+4)

Remark here that by calculating Q(z) cancellation of the unstable zero occurs.

When we substitute this parameter into the Youla parametrized controller (3.8)
we get:

c Q(z) -lI(z +2)(z + 3)(z + 4)
(z) = 1 - P22 (Z)Q(z) - (z +2)(z + 5) + I~ (z - 0.5)(z + 3)(z +4)

(5.71)

We remark again that the controller has a smaller degree than the process. The
controller has degree three while the process has degree four. We simulated this
process with and without the controller in software package Matlab. We will
now show the open loop process impulse response (figure 5.6), the h-optimal
controlled closed loop impulse response (5.7) and the lroptimal controlled closed
loop bode plots (5.8). Finally, we will show the control input u when the process
is excited by an impulse disturbance w (figure 5.9). Note that, in this case we
have two unstable zeros in PI2 P2I and also two samples not equal to zero in the
closed loop impulse response.
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5.4 A double unstable zero in P12 P 21

In this section we choose the process to be:

( z) (Z-l.4= z+1.5y z-0.5
z+1.4

z-0.5 ) ( W

u
)z+1.3

_1_
z+1.2

(5.72)

We notice that there is a double unstable zero in the product P12 P 21 at a = 0.5.
Therefore, with a = 0.5,

o

o
K(a)

dI< (a)
dz

First we take a closer look at I< (z) and ~~ (z ):

(5.73)

(5.74)

K(z)

dK (z)
dz

00

~ i 2LJ ki Z = ko + k1 z + k2 z +...
i=O
00

L iki z
i
-

1 = k1 +2k2 z +3k3 z 2 + ...
i=O

(5.75)

(5.76)

The space 5 is then determined by:

5 = {I< Ik E /1 satisfying < k,g, >= Oand < k,g,' >= O}

where:

0123} 111}
g,= {a,a,a,a , = {1'2"'4'S""

g,' = {0,aO,2a 1 ,3a2
, } = {0,1,1,~, ...}

and

(5.77)

(5.78)

(5.79)

k = {ko, k1 , k2 , ... } (5.80)

denotes the inverse Laplace transform of K(z). The space 51. is determined by
the span of the time series g, and g,'. So for an !: E 51. holds:

Now that we have defined the space 51., we can solve the dual problem:

(5.81 )

max < h,!: >
rEBS!.

max < h, al g, + a2g,' >
Ct1,Ct2Er

max < h, alg, > + < h, a2g,' >
Ct1 ,Ct2 Er

max (al < h, g, > +a2 < h, g,' >)
Ct1,Ct2Er
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Before the solution is found we first have to determine h, the inverse Laplaee
transform of H (or Pl1).

z - 1.4
H(z) = Pl1 (z) = -z-+-1.-5

This gives:

with:
h = l1.6 n(-1)n_l

n 9 3

So as a result we get:

(5.85)

(5.86)

(5.87)

< h, g,' >

< h, g, >

_ 11.6 ~n(_~)n = 11.6 1 I 1= 29
9 ~ 3 9 (l-mFm=-3" 40

z -1.4
H(a) = Iz=O.5= -0.45

z + 1.5

(5.88)

(5.89)

So the dual problem beeomes:

From the eondition I E BB.l we ean derive:

(5.90)

(5.91)

The maximum is aehievedfor some r E BB.l with 11 r 1100= 1. This is in fact
a linear programming problem that we have to solve (figure 5.10).
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a.
1

Figure 5.10: Linear programming problem

Note that in this case three constraints are important in finding the optimal
values for 0:1, 0:2 and f.l. The optimal f.l is found for (0:1, 0:2) = (-1, ~) E rand
has value f.l = :~. For the optimal î we find:

(5.92)

(5.93)

Now that the dual problem is solved we can apply the alignment conditions
derived from the alignment condition in the duality theorem. From the first
condition we obtain that:

'Pi = 0 if I f i Ii- 1 (5.94)

which gives:
i- 0 i = 0,2

o i=1,i2:3

And from the second condition:

we obtain:

'Po < 0

'P2 > 0
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From the third condition:

00

L I <Pi 1= ft
i=O

and the fourth condition:
00

L<Pia/ = H(aj)
i=O

we obtain a set of equations that we can solve:

29
I <Po I+ I <P2 1= ft = 40 + 0.45

1
<po + 4"<P2 = -0.45

(5.98)

(5.99)

(5.100)

(5.101)

Solving this set of equations gives the optimal closed loop impulse response:

_ 101 29
<P = {<P0,0,<P2,0,0, ... } = {-160'0, 40'0,0, ... } (5.102)

which is a fini te impulse response. If we transform the closed loop impulse re
sponse to the time domain we get:

<I>(z) = _ 101 + 29 Z2
160 40

(5.103)

Now that we have found the closed loop impulse response we are going to calculate
the lroptimal controller. We already saw before:

<p=h-k

This resul ts in:
k=h-<p

If we take the z-transform of this expression we get:

(5.104)

(5.105)

K(z) = H(z) _ <I>(z) = (z - 1.4) _ (_ 101 29 Z2) = 29 (z - 0.5)2(Z + 2.5)
(z + 1.5) 160 + 40 40 (z + 1.5)

(5.106)
We can now calculate the parameter Q(z):

K(z)
K(z) = U(z)Q(z)V(z) ,::::} Q(z) = U(z)V(z)

where UV = P12 P2l' This yields:

_29((Z-0.5)2(Z+2.5) 29
( )

40 (z+1.5) _ -4ö(z +2.5)(z + 1.3)(z + 1.4)
K z = (z-0.5)2 ( + 1 5)

(z+1.3)(z+1.4) Z .
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Figure 5.11: Process impulse response

Remark here that by calculating Q(z) cancellation of the unstable zero occurs.

When we substitute this parameter into the Youla parametrized controller (3.8)
we get:

-~~(z +2.5)(z + 1.3)(z + 1.4)(z + 1.2)C(z) = Q(z)
1- P22 (Z)Q(z) (z + 1.2)(z + 1.5) + ~~(z +2.5)(z + 1.3)(z + 1.4)

(5.109)
We will show some simulation results. In figure 5.11 we see the open loop process
impulse response. Furthermore, in figure 5.12 we see the closed loop impulse
response and in figure 5.13 we see the closed loop bode plots. In figure 5.14 we
show control input u when an impulse disturbance w is applied. We also designed
an optimal LQ-controller. In figure 5.15 we see the closed loop impulse response
of the optimal controlled process according to the LQ-theory. Note that, again
we have two unstable zeros in P12 P21 and two samples not equal to zero in the
closed loop impulse respons.

If we compare the ll-optimal controlled process with the LQG or H 2-optimal
controlled process we obtain for the impulse responses of the processes:
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Table 5.1: Different norms of impu/se responses

I-norm 2-norm
open loop process 4.8 1.97

lt-optimal controlled process 1.36 0.96
Hz-optimal controlled process 1.99 0.81

We see that the /roptimal controlled process has lowest I-norm compared with
the Hz-optimal controlled process and the process itse1ve. We expeeted this be
cause in the /1 optimal control problem we try to minimize the I-norm. On
the other hand we see that the 2-norm is minimal for the Hz-optimal controlled
process, as we expeeted.

37



Chapter 6

Properties of the ll-optimal
controller

In this chapter we will take a closer look to two aspects of h-optimal control. First
we will discuss the dynamicalorder of the ll-optimal controller in comparison to
the order of the process and second we will discuss the question of uniqueness of
the lroptimal controller.

6.1 Order of the ll-optimal controller

In this section we will examine the order of the ll-optimal controller with respect
to the process. We consider processes with the following properties:

• One unstable zero in H2 P2I

• Two distinct unstable zeros in PI2 P2I

6.1.1 One unstable zero in P12 P 21

To determine the order of the ll-optimal controller with respect to the process,
we start with giving a process:

( ~ ) = (;:~ ;:~) ( : )

As we saw in chapter 3 the optimal controller is given by:

-Q
Gopt = 1 - P22Q

with Q a stable transfer function. We also have seen that:

r K(z)
l\. (z) = U(z)Q(z)V(z) =;. Q(z) = U(z)V(z)
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where:
I«z) = Pn - j.tCl (6.4)

with Cl a constant E Rand U(z) = P12 (z), V(z) = P21 (z). As a result we obtain
for the optimal controller Copt:

c _ _ (Pn - j.tCl )P12 -1P2l -
l

opt - 1- Pn(Pn - j.t sign (Pn(a)))P12-lP2l-l
(6.5)

We now define Pij = :...:.!.J..D
Ni

· where N ij is the numerator polynomial and Dij is
IJ

the denumerator polynomial. We assume that the order of the denumerator
polynomial is greater than the order of the numerator polynomial. As aresult
the order of the process is the sum of the orders of the denumerator polynomials
of process P (deg(Dn ) + deg(D12 ) + deg(D2d + deg(D22 )). For the optimal
contoller we obtain:

(6.6)

where we assumed Cl = 1. For order considerations of the ft-optimal controller
we take now a closer look at term (Nn - j.tDn ) and N12 N2l . In case of one
unstable zero a in P12 P2l we have also one unstable zero in N 12N2l . According
to the theory described in earlier chapters we know that (Nn - j.tDn ) can be
written as (z +a)R, where a is an unstable zero and R is a rest factor. As we
look at Copt we see that both numerator and denumerator have an unstable zero

which can therefore be cancelled. The rest term gets degree (Nn - j.tDn ) - 1.
We know that degree N n j degree Dn . So finally we conclude that for the order
of the rest term there holds:

deg(R) < deg(Dn )

Substituting this in Copt we obtain:

C
_ RD12D2lDn

opt -- (N12N2l - 1)Dn D22 - N22RD12D2l

under the constraints:

degreeNn < degreeDn
degreeN12 < degreeD12

degreeN2l < degreeD2l
degreeN22 < degreeD22

degreeR < degreeDn
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So for the ll-optimal controller we have:

order {Copd = max{deg(NI2 ) + deg(N21 ) + deg(Dll ) + deg(Dn ) - 1 ,

deg(N22 ) +deg(R) +deg(DI2 ) +deg(D21 )} (6.14)

from which we conc1ude:

order controller < order process (6.15)

Note that the order of the numerator of Pll doesn't determine the order of the
ll-optimal controller.

6.1.2 Two distinct unstable zeros in P12 P 21

In order to determine the order of the ll-optimal controller with respect to the
process, we start with giving a process:

( ~ ) = (~~~ ~~:) ( : )

As we saw in chapter 3 the optimal controller is given by:

with Q a stabIe transfer function. We also have seen that:

, f{(z)
K(z) = U(z)Q(z)V(z) => Q(z) = U(z)V(z)

where:

(6.16)

(6.17)

(6.18)

K(z) = Pll - /L(C1z + C2) (6.19)

and U(z) = Pt2(Z), V(z) = P21 (Z). Cl and C2 are constants so that C1z + C2 is
a polynomial with degree one. As a result we obtain for the optimal controller
Copt :

C -- (Pll-/L(ClZ+C2))P12-1p21-1 (6.20)
opt - 1- P22 (Pll - /L(C1z + C2))P12 -1 P21 - 1

We now define Pij = !Jf where N ij is the numerator polynomial and Dij is
IJ

the denumerator polynomial. We assume that the order of the denumerator
polynomial is greater than the order of the numerator polynomial. As aresuIt
the order of the process is the sum of the orders of the denumerator polynomials
of process P (deg(Dll ) + deg(D12 ) + deg(D2d + deg(D22 )). For the optimal
controller we obtain:

(6.21 )
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where we assumed sign (Pu(a)) = 1. For order considerations of the 1roptimal
controller we take now a closer look at the term (Nu - p(Clz + C2)Du ) and
N 12 N 21 . In case of two distinct unstable zeros al and a2 in Pl2P21 we have also
two distinct unstable zero in N 12 N 21 . According to the theory described in earlier
chapters we know that (Nu - p(Clz+ C2)Du ) can be written as (z+al)(z+a2)R,
where al and a2 are unstable zeros and R is a rest factor. As we look at Copt
we see that both numerator and denumerator have two unstable zeros which can
therefore be cancelled. The rest factor gets degree (Nu - p(Clz + C2)Du ) - 2.
We know that order Nu < D u . So finally we conclude that for the degree of the
rest factor holds:

R < Du

Substituting this in Copt we obtain:

C
_ RDl2D2lDn

opt --
(N12N 21 - 2)Du D 22 - N22RDl2D21

under the constraints:

(6.22)

(6.23)

(6.24)
(6.25)
(6.26)

(6.27)
(6.28)

degreeNu < degreeDn
degreeN12 < degreeDl2

degreeN21 < degreeD21

degreeN22 < degreeD22
degreeR < degreeDn

So for the 11 -optimal controller we have:

order {Copd = max{deg(NI2) + deg(N21 ) + deg(Du ) +deg(D22 ) - 2 ,

deg(N22 ) + deg(R) + deg(D12 ) +deg(D21 )} (6.29)

from which we again conclude:

order controller < order process (6.30)

Note that again the order of the numerator of Pn doesn't determine the order of
the h-optimal controller.

6.2 U niqueness of the ll-optimal controller

In this section we will examine the unicity of the 11-optimal controller. We will
split this examination in three parts. The separation will be made by the number
of distinct unstable zeros in P12P21 :

• One unstable zero in P12P21 .

• Two distinct unstable zeros in P12P21 .

• Three or more distinct unstable zeros in P12 P21 .
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6.2.1 One unstable zero in P12Pn
For one unstable zero in P12 P2l there is only one constraint that is important
to find the solution to the dual problem. As aresult there is only one possible
solution for a and f1 as defined in seetion 5.1. Therefore, there will be only one
possible solution for the optimal I, lp, K(z), Q(z) and C(Z). This proves the
following result.

Theorem 6.1 Under the assumptions made in seetion 2.2:
Let P12 P2l have one unstabie zero a; I a 1< 1. Then there exist an h-optimal
controller and, moreover, it is a unique controller.

6.2.2 Two distinct unstable zeros in P12 P21

For the case of two distinet unstable zeros in P12 P2l the situation changes. In
finding the optimal values of the pair (al, (2) E rand f1 a linear programming
problem must be solved. In general this will result in one pair of (al, (2) as a
solution. But in one special case there are more possible solutions.

Therefore, we consider a process with two distinet zeros al, a2 in P12 P2l .
Furthermore, I al 1< 1 and I a2 1< 1 and al -=I a2. We have seen in chapter four
that:

f1 = max < h, I >
IEBSl.

where
s = {k E Il 1< kdh >= 0; < k, ~2 >= O}

BSl. is then given by:

(6.31 )

(6.32)

BSl. {r E 51. 1II r II~ I}

{r E Ioo I I = al~l + a2~2}

(6.33)

(6.34)

where al, a2 satisfy:

- 1 ~ ala{ + a2a~ ~ 1 for all j = 0,1, ... (6.35)

We will now examine these constraints by looking at them one by one. For j = 0
we obtain:

(6.36)

For j = 1 we obtain:

(6.37)

and for j = n we get:

(6.38)
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a
1

Figure 6.1: Linear programming problem

We can now rewrite the maximization problem:

f-l = max < h,!: >
!:EBSl.

This results in maximization lines:

max < h, al~h + a21h >
Cl'1,Cl'2Er

(6.39)

(6.40)

with direetions:

We see now that if:

(6.41)

(6.42)
Pn(al) a{

Pn (a2) a~

with j an aetive constraint (a constraint that constitutes r), there is a set of
solutions of optimal pairs (al, a2) that give the same optimal f-l (figure 6.1).
Therefore, there is also a set of optimal series !: and a set of optimal closed loop
impulse responses. Via the equations <P = H - K and K(z) = U(z)Q(z)V(z) we
finally find that there's also a set of optimal controllers. This result leads to the
following theorem:

Theorem 6.2 Under the assumptions made in seetion 2.2: Let P12 P2l have two
unstab1e zeros al, a2; I al 1< 1, I a2 1< 1 and al =J a2. Then:

1. There exist a 11 -optima1 controller.
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2. This controller is non-unique ij and only ij:

(6.43)

where j must realize an aetive constraint (constitute r J.

6.2.3 Three or more unstable zeros in P12 P 21

If we consider a process with three or more distinct unstable zeros in P12 P 21 we
recognize the same problem as with two distinet unstable zeros. We also have
to solve a programming problem which leads to a set of optimal a's. Like in
seetion 6.2.2 this may result in a set of lroptimal controllers. A general result to
charaeterize non-uniqueness is, however, difficult to derive.
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Chapter 7

Conclusions

In this report we have shown that it is possible to explicitly calculate an lroptimal
controller for stable processes with no zeros, one unstable zero, two distinct un
stable zeros and double zeros occurring in system transfer funetions P12 P2I. For
three or more unstable zeros in P12 P21, calculation of the lroptimal controller
becomes more difficult because we have to solve a three or more dimensionallin
ear programming problem. This is not an analytical problem. In literature the
linear programming problem is a well defined problem.

Furthermore, it was found that the number of unstable zeros in P12 P2I matches
the amount of samples in the closed loop impulse response not equal to zero, in
the case of zero, one and two unstable zeros in P12 P21 • We conjeeture therefore
that for n unstable zeros in PI2 P2I , we will find n samples not equal to zero in
the closed loop impulse response.

For the general process with one unstable zero in PI2 P2I and two distinet un
stable zeros in PI2 P2I we showed that the ll-optimal controller exists and that its
dynamic order is less than the order of the process.

We showed that the ll-optimal controller is a unique controller for processes
with one unstable zero in P12P21 • For processes with two or more unstable zeros
in P12 P2I we showed that unieity doesn't hold, but is generally true.

We started to automate the design of an lroptimal controller. For one unstable
zero in PI2 P2I the software is realized.

Further research on lroptimal control can be done in continuous time, MIMO
processes and unstable processes. We can also extend the software on finding
the lroptimal controller to two or more unstable zeros in P12 P2I • A comparison
with other control theory would also be usefull as well as the application of the
ll-control theory on a true plant.
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Appendix A

List of symbols

100 (X)-norm of signals
12 2-norm of signals
11 I-norm of signals
Hoo (X)-norm of systems
H2 2-norm of systems
Pij Basic open loop process transfer funetions
C Controller transfer funetion
Tel Closed loop transfer funetion
w Disturbance input
u Control input
z Output to be controlled
y Measurements
A, B, C, D A state space realization
Ael , Bel, Cel, Del A closed loop state space realization
x, x States in the state space description
(7 Singular value
w Frequency in radjs
I Identity matrix
N, N, M, M Left or right coprime factors
Q Youla transfer funetion
U, V; H Transfer funetions
h Inverse Laplace transform of H
u Inverse Laplace transform of U
v Inverse Laplace transform of V
q Inverse Laplace transform of Q
J.l I-norm of closed loop impulse response
S, SJ.. Normed spaces
R Set of all reals
Z Set of all integers
cp Closed loop impulse response
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