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Abstract

Noise control reaches its maximum efficiency when it is incorporated in the design of products
from the very beginning. Therefore numerical methods such as the Boundary Element Method
(BEM) might be included in optimisation procedures of low noise structures. However, BEM
computations are heavy and have, if included in an optimisation loop, to be run several times until
a satisfactory solution is found. The total computation time and the memory requirements can
easily become prohibitive in many design environments as the model grows large. Nowadays much
research is aiming at speeding up the computations and at reducing the amount of memory needed,
particularly for models that have a large number of elements or a large number of frequencies.

A Lumped Parameter variant of the Boundary Element Method has been formulated (LP-BEM),
which will be primarily be applied for calculating the exterior sound radiation by vibrating struc
tures. The basic speed gain of LP-BEM compared to conventional BEM is due to a faster matrix
assembly. This is a consequence of the elimination of acoustical shape functions for the boundary
elements.

In this thesis further research is reported on the application of LP-BEM for calculating sound
radiation from vibrating structures. Firstly the basic speed gains due to the faster assembly of
LP-BEM are analyzed. Then the speed and accuracy of LP-BEM are evaluated by comparing its
results with those of conventional BEM and with analytical models, using vibrating spheres, the
radiation of structural modes of a baffled rectangular plate and finally a rectangular baffled plate
that is excited by a harmonic point force. The radiated sound power of these canonical structures
is studied.

With respect to the basic speed gain it appears that LP-BEM is capable of computing a solution
approximately twice as fast as conventional BEM with quadratic shape functions for problems
with an equal number of Degrees Of Freedom (DOF). Compared to conventional BEM with linear
shape functions this factor increases to 4. However, this factor will decrease as the number of
DOF in the mesh increases. But up to 10000 DOF the gains due to LP-BEM in total computation
time remains> 1.5 or > 3.5 respectively, for problems with an equal number of DOF.

In addition, regarding to the accuracy of LP-BEM it has become clear that LP-BEM is capable of
computing an acceptable result with less DOF per wavelength than conventional BEM. However,
the corresponding gain in mesh size reduction is strongly depending on the frequency region in
which one is interested. LP-BEM seems most powerful for structures in frequency ranges well
below the critical frequency of the mechanical structure. Thin-walled structures are a typical class
of these structures.

The shown reduction in DOF makes it possible to achieve an extra gain in the computation time.
The following two examples of force excited, baffled plates give an indication of the speed gains
that can be achieved by the use of LP-BEM. The first example is a rectangular plate of 1.0 x 1.0 m
with a thickness of 10 mm. The radiated sound power up to 1830 Hz (which is the critical frequency
of this plate) has been computed 2.3 times faster with LP-BEM than with conventional BEM. A
reduction in memory storage of 1.75 has been obtained. The second example is a rectangular plate
of 0.455 x 0.379 m with a thickness of 1 mm. The radiated sound power up to 1775 Hz (which is
0.15 times the critical frequency of this plate) has been computed 9.8 times faster with LP-BEM
than with conventional BEM. A reduction in memory storage of 24.0 has been obtained.

An engineering rule that can be used to determine on forehand the required coarseness of a mess
to meet a prescribed accuracy has been developed and tested. The rule provides reliable results,
but these are too conservative. Extra gains may be achieved by adapting the defined engineering
rule.

LP-BEM looks a very promising method for the calculation of sound radiation by vibrating struc
tures. The speed gain compared to conventional BEM methods can be large, especially for struc
tures that have a high critical frequency. (E.g. thin walled structures)



Samenvatting

De beheersing van de geluidafstraling van constructies kan het meest effectief aangepakt worden
wanneer hiermee in de ontwerpfase al vanaf het allereerste begin rekening wordt gehouden. Nu
merieke methoden, zoals de Boundary Element Method (BEM), kunnen in de ontwerpfase van een
constructie betrokken worden om geluidarme constructies te optimaliseren. BEM berekeningen
kunnen echter tijdrovend zijn en als ze in een optimalisatie gebruikt worden, kan het noodzakelijk
zijn ze meerdere keren uit te voeren om tot een optimum te komen. De totale rekentijd en de
vereiste geheugenruimte kunnen ontwerpers belemmeren om BEM berekeningen toe te passen.
Veel onderzoek is daarom gericht op het reduceren van deze rekentijden en het vereiste geheugen.
Een nieuwe variant op bestaande BEM methodes is ontwikkeld aan de TVIe: Lumped Parameter

BEM (LP-BEM). Deze methode is vooral gericht op het berekenen van het afgestraalde geluid
vermogen door constructies. De winst die geboekt wordt in de benodigde rekentijd is vooral te
wijten aan een gereduceerde matrix assemblage tijd. Dit is het gevolg van het elimineren van de
'shape functions' op de elementen.
Tijdens dit afstudeerproject is onderzoek gedaan naar de toepasbaarheid van LP-BEM om het

afgestraalde geluidvermogen van constructies te berekenen. In de eerste plaats is gekeken naar de
winst in rekentijd als gevolg van de snellere matrix assemblage. Vervolgens is de nauwkeurigheid
van de berekeningen geanalyseerd, door LP-BEM en conventionele BEM berekeningen te vergeli
jkenmet analytische oplossingen. Hiervoor zijn de volgende structuren gebruikt: oscillerende en
pulserende bollen, de geluidafstraling van de structurele modes van een rechthoekige plaat en een
rechthoekige plaat, geexciteerd door een harmonischekracht op een punt van de plaat. Het afges
traalde geluidvermogen van deze structuren is bestudeerd.
De winst in rekentijd voor LP-BEM als gevolg van de snellere matrixassemblage blijkt een factor

2 te zijn, in vergelijking met conventionele BEM met quadratische shape functies. In vergelijking
met conventionel BEM met lineaire shape functies is deze winst zelfs een factor 4. Het blijkt dat
deze winst afneemt, naarmate de modellen groter worden. Maar voor modellen tot 10000 vrijhei
dsgraden blijven deze winsten > 1.5 en > 3.5.
Met betrekking tot de nauwkeurigheid is gebleken dat LP-BEM in staat is een zelfde nauwkeurigheid

als conventionele BEM te bereiken. Echter, LP-BEM kan deze nauwkeurigheid bereiken met min
der vrijheidsgraden per golflengte dan conventionele BEM. Deze winst in vrijheidsgraden levert een
extra reductie in de grootte van de systeemmatrices op, hetgeen weer in- extra winst in rekentijd
resulteert. Deze extra winst blijkt echter sterk afhankelijk van het frequentiegebied waarin men
geinteresseerd is. LP-BEM lijkt zijn grootste winst te behalen voor frequenties ver beneden de
kritische frequentie van een constructie. Het gebied met de grootste toepasbaarheid voor LP-BEM
ligt derhalve bij constructies met een hoge kritische frequentie. Dunwandige plaatstructuren zijn
hier een typisch voorbeeld van.
De extra reductie in vrijheidsgraden maakt een extra reductie in de rekentijd mogelijk. De vol-

gende twee voorbeelden van platen geexciteerd door een harmosche puntkracht illustreren de winst
in rekentijd die geboekt kan worden door LP-BEM, met behoud van nauwkeurigheid. Ret eerste
voorbeeld is een plaat van 1 x 1 m met een dikte van 10 mm. Het afgestraalde geluidvermogen
tot 1830 Hz (is de kritische frequentie van deze plaat) is 2.3 maal sneller berekend met LP-BEM.
Het vereiste geheugengebruik van de computer is gereduceerd met een factor 1.75. Het tweede
voorbeeld is een plate van 0.455 x 0.379 m met een dikte van 1 mm. Ret afgestraalde geluidver
mogen is geanalyseerd tot 1775 Hz, hetgeen 0.15 maal de kritische frequentie van deze plaat is.
Deze berekening kon een ractor 9.8 maal sneller uitgevoerd worden met LP-BEM, en het vereiste
geheugengebruik is gereduceerd met een factor 24!
Een ontwerpregel om de grofheid van de benodigde mesh (om een bepaalde nauwkeurigheid te

behalen) te bepalen is opgesteld. Deze regel is getest, en het is bewezen dat deze regel nog te
behoudend is. Extra winsten door het aanpassen van deze ontwerpregel zijn nog mogelijk.
Al met allijkt LP-BEM een veelbelovende methode om het afgestraalde geluidvermogen van struc

turen te berekenen. De te behalen winst in rekentijd kan groot zijn, vooral voor structuren met
een hoge kritische frequentie. (Bijv. dunwandige structuren)
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Preface

This thesis is part of a research program which is currently being performed at the department
of Mechanical Engineering at the Eindhoven University of Technology (TUIe) and at TNO-TPD.
The main goal of this program is the robust optimisation of low-noise mechanical products. Two
PhD-students are currently working on this project. F .X. DeBiesme is working on the development
of fast calculation methods for the radiation of sound from vibrating structures, and W.J. Dijkhof
is working on finding tools to assure the robustness of the optimisation. This thesis fits within in
the scope of the work by F.X. DeBiesme.

The newly developed LP-BEM method, which is the subject of this thesis, has been developed
by F.X. DeBiesme at the TUIe. Two publications on this method are available ([4] and [3]). It
has been implemented in a commercial available software package (Neo) by Paragon Numerical
Engineering in Eindhoven.
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Chapter 1

Introduction

Noise control reaches its maximum efficiency when it is incorporated in the design of products
from the very beginning. In the design of engineering structures, numerical simulations play an
increasingly important role. This can be attributed to the high costs or practical difficulties related
to experiments, which have to confront rapid advances in the computational power. However, in
order to replace physical experiments, simulation approaches have to fulfill strong requirements.
An essential demand is that the simulations are efficient and lead to accurate and reliable results.

The general mathematical formulation of an engineering problem consists of an integral or a
differential equation that describes the physical phenomena (elastomechanics, acoustics, heat con
duction etc.) and its boundary conditions. Because the domain over which this equation applies is
rather complicated in most cases, numerical methods have been developed to solve these equations.
The most common of these methods is the Finite Element Method (FEM). This method discretises
the differential equation that describes the problem over a certain domain, and reformulates it into
a so-called 'weak-form'. This discretised, reformulated equation is solved. Another method that
is commonly used is the Boundary Element Method (BEM). The difference between FEM and
BEM is that BEM uses a dimension reduction of the differential or integral equation, by apply
ing Green's theorem. This reduced equation is then discretised (mostly by using a collocational
method) and solved.

(a) FEM (0) BEM

Figure 1.1: Discretisation of a cross-section of an extruder; difference between FEM and BEM

The most noticeable difference between FEM and BEM and one of the important advantages of
the latter concerns the discretisation. While in FEM the complete domain has to be discretised,
the BEM discretisation is restricted to the boundary, as depicted in Figure 1.1. Depending on the
complexity of geometry and load case, this can lead to important time saving in the creation and
modification of the mesh. This also provides a distinct advantage when dealing with infinite or
semi-infinite domains, e.g. in acoustics, soil-structure interaction or electromagnetics.
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However, one of the disadvantages of BEM is that the computations are carried out with full
matrices, where FEM mostly uses sparse matrices. This makes the solving of BEM problems
with a large number of elements very heavy. Moreover, BEM computations have, if included
in an optimisation loop, to be run several times until a satisfactory solution is found. The total
computation time and the memory requirements can easily become prohibitive as the model grows
large. Much research is aiming at speeding up the computations and at reducing the amount of
memory needed, particularly for models that have a large number of elements or a large number
of frequencies (See e.g. [12]).

In this thesis the speed and accuracy of an acoustical BEM variant is described which primarily
speeds up the matrix assembly part of BEM computations. This BEM variant is referred to as
'Lumped Parameter BEM' (LP-BEM) [4]. LP-BEM uses aggregated normal velocity and pressure
on individual elements, instead of an precise representation of normal velocity and pressure. Due
to this, the LP-BEM code can be simplified, and has a significantly reduced matrix assembly time.
One of the characteristics of LB-BEM is that it ensures a good estimation of the far field sound
pressure and of the radiated sound power.

The main goal of this thesis is therefore the testing of LP-BEM by doing numerical simulations.
The speed and accuracy of LP-BEM are evaluated by comparing its results with those of con
ventional BEM and with analytical models. The following structures are being used: vibrating
spheres, the radiation of structural modes of a baffled rectangular plate and finally a rectangular
baffled plate that is excited by a harmonic point force. Mostly, the radiated sound power of these
canonical structures is studied. The influence of the coarseness of the mesh and the acoustical
and structural wavenumbers on the accuracy are part of the research. Conclusions on the gain in
speed that can be achieved will be given.

3



Chapter 2

Lumped Parameter BEM for
Acoustical Applications

2.1 Introduction

Before the results on speed and accuracy of Lumped Parameter BEM (LP-BEM) are analysed
it is necessary to give a short introduction in the method. The differences between conventional
BEM and LP-BEM are explained, in order to understand why LP-BEM is able to generate correct
results for the far field pressure and the radiated acoustic power faster. First a short introduction
of BEM is given. Then the concept of Lumped Parameters is clarified. Once the basics of the
methods are dealt with, the research goals for this thesis are given.

2.2 Fundamentals of BEM and LP-BEM

In order to understand the working of LP-BEM, one has to understand the working of conventional
BEM. In the following a short introduction in BEM will be given, and the fundamental difference
between conventional BEM and LP-BEM will be explained.

2.2.1 BEM

An acoustic BEM method solves a discrete version of the Kirchhoff-Helmholtz (K-H) equation.
The latter reads as follows (see for example [11]) .

hyrCn)G(r,d)p(r) ·ndS(r) + hjkaPaCaG(r,d))Vcn)(r) ·ndS(r) = C(d)P(d) (2.1)

where G(r, d) is the free space Green's function between points rand d (Figure 2.1), S is the
surface area of the structure, p is the acoustic pressure and BCn) is the particle velocity. The density
of the acoustic fluid is given by Pa and the speed of sound in the acoustic fluid is given by Ca' The
acoustical wavenumber is represented by ka . This equation implies that the pressure field radiated
by a vibrating boundary can be considered as a superposition of monopole and dipole sources
weighted with appropriate coefficients. These coefficients are respectively the boundary normal
velocity and the boundary pressure. Conventionally, BEM tries to approximate the pressure and
the normal velocity on the vibrating surface relatively precisely, because the more accurate the
representation of the velocity and pressure on the boundary, the more accurate the computation
of pressure in the field will be. In order to achieve a good representation of these variables,
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Figure 2.1: Definition of used symbols in K-H Equation

the continuous variables are discretised and shape functions are used to interpolate between the
discretisation points. Shape functions are usually polynomials functions of degree m. A schematic
representation of the boundary conditions on an element by shape functions of degree 1 (linear
Shape Functions) and 2 (Quadratic Shape Functions) is given in figure 2.2. In this figure the
true value of the boundary conditions on an element is displayed by a straight line (-) and the
approximation of this BC by shape functions is given by the dash-dotted line (- - - ..).

• Acoustical quantity node @ Geometrical node

~."'..-.. ","'" ..... -............... -
a
~

b

C
(Volum<Yeloc:i)t

Surface

Figure 2.2: Schematic representation of BC on element by shape functions. a: Linear Shape
Functions (LSF) b: Quadratic Shape Functions (QSF) c: Lumped Parameter (LP)

Applying the discretisation leads to the following discretised Kirchhoff-Helmholtz equation for
conventional BEM:

£7 1) £7 1)

L LP,l \7(n)G(r, d)N(a,,) (r)dSa+jkpaca L Lv~n)1G(r, d)N(a,,) (r)dSa = C(d)p(d)
a=l,=l Sa a=l,=l Sa

(2.2)

where p, represents the pressure at discretisation point 'Y, v~n) represents the normal velocity at
discretisation point 'Y. DT is the total number of discretisation points and (; is the number of
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elements in contact with a discretisation point. a is an index that runs over the elements (£) and
"( is an index that runs over the discretisation points (VI).

2.2.2 Lumped Parameters

Lumped-Parameter models in acoustics have a long history, especially for modeling duct systems,
orifices and in electro-acoustics, see e.g. [10]. Fahnline and Koopmann [5, 6] developed a further
application for sound radiation of structures. The concept of Lumped Parameter BEM (LP-BEM)
is to approximate the domain boundary condition in a special way: both the normal velocity field
and the pressure field are characterized by a single lumped parameter for all discrete boundary
elements. Fahnline and Koopmann limit their applications to radiation problems and use the LP
assumption to compute the coefficients of a source superposition method.
The BEM implementation of the LP-model as discussed in this thesis is physically similar to
the model of Fahnline and Koopmann since it uses an averaging of quantities on the boundary.
However, the numerical implementation is closer to that of conventional BEM since it is a dis
cretisation of the K-H equation and not a source superposition method. Compared to the classical
shape function approximation, the Lumped Parameter approximation looks like the schematic
representation in figure 2.2.

This leads to a reformulation of equation 2.2 for LP-BEM:

£7 £7

L 1\7(n)G(r, d)p"" dS"" + jkpaca L 1G(r, d)v~n) dS"" = C(d)p(d)
=1 ~ =1 ~

(2.3)

The following section describes the essential equations of LP-BEM and compares them with the
equations of conventional BEM.

2.3 Equations of BEM and LP-BEM

Equation 2.2 for conventional BEM and equation 2.3 for LP-BEM correspond to the basic equa
tion 2.4, which relates boundary pressure, boundary normal velocity and field pressure. This is
the discrete Kirchhoff-Helmholtz equation, and it reads as follows:

1)7 1)7

LP,a,(d) - L v~n)b,(d) = C(d)p(d)
,=1 ,=1

(2.4)

The difference between BEM and LP-BEM is in the computation of a, (d) and b,(d). These are
defined for conventional BEM as :

{
a,(d) = L~=1 IS

a
\7(n)G(r,d)N("",,)(r) dS""

b,(d) = -jkpaca L~=1 ISa G(r, d)N("",,)(r) dSa
(2.5)

where N("",,)(r) are the shape functions. A derivation of the previous equations using similar
notations can be found in [11]. For the computation of a,(d) and b,(d) in LP-BEM, equation 2..5
can be greatly simplified:

{
aa(d) = IS

a
\7(n)G(r,d) dSa

baed) = -jkpacaISa G(r, d) dS"".
(2.6)

It is not possible to predict how fast the method is going to perform just from the equations.
Nevertheless, one can already draw the following conclusions: The assembly is going to be much
faster because one does not have to loop over the elements in contact with a discretisation point

6



and because there are no shape functions.
In this section the appellation shape function refers to the shape function used to model the
acoustic variables. Geometrical shape functions used for the computation of the integrals are still
present. In other words, LP-BEM uses non-isoparametric elements where the acoustical variables
are handled with LP assumptions and the geometry is handled via regular shape functions and
nodes.

2.4 Research Goals

We have seen in paragraph 2.3 that the assembly of LP-BEM is going to be faster. It is therefore of
interest to quantitatively study this gain in speed. Moreover, it is expected that in some situations
LP-BEM will perform more accurately than conventional BEM. This better accuracy can also be
traded for extra speed gain. This thesis will therefore study LP-BEM focussing on the following
points:

• Application: is LP-BEM capable of computing the radiated sound power for some canonical
structures?

• Application: is LP-BEM capable of computing the radiated sound pressure for a particular
canonical structure?

• Speed: How big is the basic assembly speed gain?

• Accuracy: How is LP-BEM performing with regard to accuracy in comparison with conventional
BEM?

• Speed and Accuracy: What is the relation between speed and accuracy? Is there a relation
between these two, and is it perhaps possible to use this relation for achieving an extra gain in
speed?

7



Chapter 3

Increased Matrix Assembly Speed
in LP-BEM

The goal of this section is to evaluate the speed gain in assembly time. LP-BEM uses a simplified
modeling of the Boundary Conditions (B.C.) which is described in chapter 2. It is expected that
the simplifications will result in a faster assembly of the matrices. This gain, referred to as 'Basic
Assembly Speed Gain', is the subject of this chapter.

3.1 N umber of Degrees of Freedom as a measure of size

The matrix assembly time is not depending on the type of problem considered (geometry, boundary
conditions etc.). It is only dependent on the size of the matrices: a 10000 Degrees Of Freedom
(DOF) mesh of a flat, rectangular plate requires the same assembly time as a 10000 DOF mesh of
a complex structure, like e.g. a car engine. Therefore only two parameters have to be considered:
the total number of DOF and the method used. In this thesis the following three methods are
considered: conventional BEM with Linear Shape Functions ( BEM(LSF) ), conventional BEM
with Quadratic Shape Functions ( BEM(QSF) ) and Lumped Parameter BEM (LP-BEM).
The physical problem used to evaluate the computation time as a function of DOF is a simple
square plate of lxl m, vibrating in its first structural mode. But, as said before, this is not of
influence on the computation time. Meshes are generated up to 8000 DOF. Due to the memory
limitations of the computer used, it was not possible to take bigger models in consideration.
However, it is possible to extrapolate the required data to higher number of DOF.

In order to make a fair comparison between LP-BEM, BEM(LSF) and BEM(QSF), one has to
ensure that the sizes of the matrices are the same (same number of DOF). It has to be noted that
LP-BEM and conventional BEM do not have the same number of DOF per element. Table 3.1
shows the average number of DOF per element for a structure with a closed surface and for a plate
in a baffle. To avoid confusion it is necessary to specify some terms. LP-BEM, as said before,
can be seen as a non-isoparametric BEM formulation where an LP approximation is used for the
acoustic variables and a classical approach is used for geometry. Therefore if shape functions are
mentioned, related to LP-BEM, they refer automatically to 'shape functions' used to approximate
the geometry. On the other hand, classical BEM is isoparametric. Therefore 'shape functions',
related to conventional BEM, refer to both acoustical and geometrical shape functions.

8



Type of BEM ~ Closed surface Baffled plate (N by M elements)

LP-BEM ill
-=B=E-=-M-=--..".LS..".F=--l f-__""7

1 -----:l:;-+~t~+-'!i~f---c+-4N~f'M'----
BEM-QSF 3 3+ N + M + NM

Table 3.1: Average number of DOF per element for various elements types

3.2 LP-BEM compared with BEM

3.2.1 Basic Assembly Speed

Figure 3.1a, represents the assembly time as a function of number of DOF. The curves have been
normalised with respect to LP-BEM (QSF). The conclusions are pretty straightforward:
• The assembly times of LP-BEM (QSF) and LP-BEM (LSF) are very close and variations are
within 5%. This is an understandable result since the only difference between the two computations
is the evaluation of the Jacobian during the change of variables.
• The assembly of LP-BEM (indistinctively LSF or QSF) is between 4.5 and 4 times faster tran
the assembly of BEM(LSF). The expectation was about 4 times because LP-BEM does only have
1 node per element while BEM(LSF) has 4. Prediction and experiment match pretty well.
• The assembly of LP-BEM is between 2.5 and 1.8 times faster than the assembly of BEM(QSF).
This again makes sense since the expectation was ~ = 2.6 times faster. This number is derived
taking into account that the loop over the 8 nodes disappears but also that 3 times more elements
are needed to achieve the same number of DOF.

6000 7000 80004000 5000
#DOF

2000 3000

- lP-BEM (QSF)
~ lP-BEM (lSF)
---e--- BEM(QSF)

~ -><- BEM (lSA
~

~.
~

~~~ -,

5
w
:2
i=z 4
a
i=« 3
f-
:::>
a..
:2 2
a
()

~ 1
fa
f-

6000 7000 8000 1~004000 5000
#DOF

2000 3000

. .

•~":

lP-BEM (QSF)
~ lP-BEM (lSF)
---e--- BEM (QSF)
-><- BEM (lSFl

5
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Figure 3.1: Computation time versus number of DOF for LP-BEM (LSF and QSF) and BEM
(LSF and QSF). Results are normalised with respect to LP~BEM(QSF)

Curiously, the gain compared with BEM(LSF) is always higher than 4 while the gain compared
with BEM(QSF) is always lower than 2.6. Both observations can be explained. In LP-BEM,
the kernel computations are simplified in two ways : not only the loop over the elements is
removed but also the shape functions are. In consequence, there is some extra gain inside the
kernel computations because there is no multiplication needed between the Green's function (or
its derivative) and the shape functions. Therefore the gain compared to BEM(LSF) is higher
than expected. On the other hand, although the kernel computations are the most demanding
operations there are also some minor computations (referred to as overheads) outside the kernel.
When comparing with BEM(QSF), 3 times more elements are needed to keep the number of DOF
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equal and the minor computations are therefore amplified, explaining why the gain is a little lower
than expected.
Figure 3.1b, represents the total computation time (assembly+solving) versus the number of DOF.
Although LP-BEM only fastens the assembly (at equal numbers of DOF), it is interesting to see
that the total computation time is still 1.5 to 2 times faster than BEM QSF up to rather big size
models (8000 DOF).

3.2.2 Ratio between Assembly and Solving Time

It is also interesting to see how the ratio between assembly and solving time is, as a function of
the number of DOF. Because LP-BEM decreases the assembly time in the first place, one can
say that LP-BEM is more efficient until the point where the assembly time takes most of the
total computation time in conventional BEM computations. From figure 3.2 it can be seen that
for BEM(QSF) this 'crossing-point' is at approximately 20000 DOF. This means that LP-BEM is
more efficient than BEM(QSF) for problems with less than 20000 DOF, because then the assembly
is the determining factor in the total computation time. However, for computations with more
than 20000 DOF LP-BEM is still efficient, but to a lesser degree.

From figure 3.2 it can also be seen that for conventional BEM(LSF) the crossing point is at >
50000 DOF and that for LP-BEM this point is at :::::J 11500 DOF. This can be explained by the fact
that the assembly for LP-BEM is very efficient, where BEM(LSF) has a very inefficient assembly
of the matrices.
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Figure 3.2: Percentage of Assembly and Solving Time of Total CPU Time as function of DOF

3.2.3 Discussion

The results from this chapter are applicable for systems of the same size in number of DOF.
LP-BEM only fastens the assembly, it is expected that extra speed gain can be achieved by a
reduction of the number of DOF compared to classical BEM. As defined in the Research Goals in
section 2.4 it is not enough to just look on the gain in assembly speed. It is necessary to evaluate
the accuracy of LP-BEM compared to conventional BEM. After that is done, one will be able to
evaluate the influence of speed and accuracy on each other, and what extra seed gain can be made
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if some accuracy is traded for extra speed gain. In the following chapter, a quantitative study of
this expected reduction in DOF and extra gain in speed is undertaken.
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Chapter 4

Accuracy of LP-BEM

In chapter 3 it has been shown that a systematic assembly speed gain is made by using LP
BEM. This gain is approximately a factor 2 compared to BEM(QSF) and approximately a factor
4 compared to BEM(LSF). However, this applies only if the meshes have the same number of
DOF, i.e. if the accuracy is not taken into account. In this chapter, a study of the accuracy
of conventional BEM compared to LP-BEM is undertaken. This will be done with the aid of
some canonical acoustic structures, notably vibrating spheres and vibrating plates. The results
of numerical simulations on these structures will be used to draw conclusions on the accuracy of
LP-BEM in comparison with conventional BEM.

4.1 Vibrating Spheres

Two standard acoustical problems are the radiation of sound from a transversally oscillating and
a radially pulsating sphere (Figure 4.1). The radiation of sound from these two problems is well~

known in the literature and therefore they form a good reference for comparison with results from
LP-BEM. The interesting difference between both models is that the oscillating sphere is a zero
volume velocity source, whereas the pulsating sphere is not. The way the analytical solution for
the radiated sound pressure and power is computed is given by Pierce [10] and is further described
in Appendix A.I.

PULSATING SPHERE OSCILLATING SPHERE

Figure 4.1: Schematic presentation of Pulsating and Oscillating Sphere
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(4.1)

4.1.1 Pulsating Sphere

The first structure that will be examined is the pulsating sphere. It is used to show that LP-BEM
converges to the analytical solution and to study the possible reduction of the mesh size for a given
accuracy. Finally it is used to have a look at the non-uniqueness problem. It is to be expected
that LP-BEM will converge very fast to the exact solution, because the normal velocity is constant
over the whole sphere. The radiated sound power will be defined as a function of the acoustical
wavenumber ka . The definition of the acoustical wavenumber is as follows:

21r W
ka = - =-

Aa Ca

In this equation Aa [mJ is the acoustical wavelength, w [r~d] is the radian frequency and Ca [-,;,]
is the speed of sound in the acoustic medium. This acoustical wavenumber is normalised by
multiplying it by the radius of the sphere R. This results in the dimensionless parameter kaR.

Radiated Sound Power

The radiated sound power from a pulsating sphere with radius R = 1 m, submerged in air, is
given in figure 4.2. The curves in this figure are computed according to the description of the
analytical solution in Appendix A.I. The velocity on the boundary of the pulsating sphere is
equal to fin = 1-';'.

130,----,----,----,----.-----,---,-----,
:PULSATING

Figure 4.2: Oscillating and Pulsating Sphere: Radiated Sound Power (Analytical)

In order to see the capability of LP-BEM to converge to the theoretical solution, a mesh with very
small elements has been generated. This ensures an oversampled mesh (128 DOF). Therefore, the
result should be a good approximation of the analytical solution. The radiated sound power has
been computed with both LP-BEM and BEM(QSF). From figure 4.3 it can be seen that both
methods give a solution that converges to the analytical solution.

It is clear that LP-BEM is capable of computing a good solution for the pulsating sphere. Now it
is interesting to look for the coarsest mesh which still fullfills a specified accuracy. In this example
this accuracy is defined as the maximum error in the range 0 < kaR < 7. This maximum error
should always be smaller than 1 dB in the radiated sound power. From figure 4.4a it can be seen
that conventional BEM computes an acceptable result which respect this criterion by using a mesh
of 72 DOF (28 elements). In figure 4.4b one can see that LP-BEM achieves the same result with
a mesh of 15 DOF (15 elements). Although the reduction in DOF is large, one has to be aware
that the pulsating sphere is a spatially constant normal velocity source. Therefore, it was to be
expected that LP-BEM would perform good for this problem.
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Figure 4.4: Computing an acceptable solution for the Pulsating Sphere: Coarsest mesh for which
the error in the radiated sound power < 1 dB.

Number of CHIEF Points

The BEM formulation for external radiation problems suffers from a non-uniqueness problem.
At the resonant frequencies of the internal problem, the solution of the external problem is not
unique. These characteristic frequencies have no physical meaning in the external analysis. It is
a purely mathematical problem caused by the boundary integral formulation. A well-known way
to counteract this problem is the Combined Helmholtz Integral Equation Formulation (CHIEF).
In addition to the Helmholtz integral equation on the surface, additional constraints are imposed,
using points outside the acoustic medium. This results in a set of slightly larger, non-square system
matrices. In figure 4.5 one can see the peaks that occur at the internal resonances in the radiated
sound power of a pulsating sphere. These peaks are the result of the mathematical problem as
described above.

It has been noticed that LP-BEM only needs 2 CHIEF points to get rid of the internal resonance
problem. However, it has also been noticed that Neo [9], in which LP-BEM has been implemented,
handles the non-uniqueness problem better than our reference software, SYSNOISE, which requires
15 CHIEF points to see the internal resonance peaks disappear. It is therefore difficult to say if
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Figure 4.5: Internal Resonances when no CHIEF points are used

that behaviour comes from the software package used, or from the LP-BEM method. Several
explanations that explain this characteristic of LP-BEM can be guessed. In the first place it may
be due to the LP-BEM method itself. Secondly, it may be simply due to the use of quadratic
geometrical shape functions which provide a very good representation of the geometry. And finally,
it may be caused by the kind of shape functions that are implemented in Neo. Further research
on this topic is recommended.

4.1.2 Oscillating Sphere

Where it was to be expected that LP-BEM would perform well for the pulsating sphere, it is now
interesting to look at an oscillating sphere. The oscillating sphere is a zero-volume velocity source,
whereas the pulsating sphere was not. This makes it for LP-BEM more difficult to compute a
correct result, because LP-BEM assumes a mean velocity over the elements.

Radiated Sound Power

The radiated sound power from an oscillating sphere with radius R = 1 m, submerged in air, is
also given in figure 4.2. The maximum normal velocity on the boundary is equal to vn = 1 r;-.
The pulsating sphere has also been analysed with LP-BEM and BEM(QSF).

It can be seen in figure 4.6a that conventional BEM is able to compute a result with an error
< 1.0 dB for 0 < kaR < 7 by using a mesh of 72 DOF (28 elements). LP-BEM achieves the same
result with a mesh of 15 DOF (15 elements). It proves again that LP-BEM is able to compute a
correct result with less DOF than BEM(QSF). It has to be noted that the criterion on accuracy
for both the pulsating and the oscillating sphere is met with the same meshes in LP-BEM and
BEM(QSF) respectively. However, it is very difficult to mesh a sphere properly with less than 15
DOF and still keep an accurate geometry. So meshes with less than 15 DOF are not used for these
computations.

Figures 4.4 and 4.6 show that LP-BEM seems to be able to use coarser meshes than BEM(QSF).
This point can be verified by plotting the maximum error in the range 0 < kaR < 7 versus different
mesh sizes (DOF). This is done in figure 4.7. It becomes clear that for higher numbers of DOF, so
for finer meshes, BEM(QSF) converges faster to the analytical solution. But, on the other hand,
as soon as the mesh becomes too coarse, the error rises very fast. On the curve for LP-BEM
one can see that, although it converges slower to the analytical solution, the error for very coarse
meshes stays longer under 1 dB.
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Figure 4.6: Computing an acceptable solution for the Oscillating Sphere: coarsest mesh for which
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Radiated Sound Pressure

Besides the radiated sound power, also the radiated sound pressure of an oscillating sphere has
been computed. This can give some more insight in the capabilities of LP-BEM. The sphere used
is of radius R = 1 m, horizontally oscillating at kaR = 1.4. The analytical solution for the radiated
sound pressure of an oscillating sphere can be found in Appendix A.1 or e.g. [10]. The goal of this
simulation is to compare the far field accuracy for LP-BEM and BEM(QSF) when both have the
same discretisation: 10 DOF per Aa . This was achieved by using ten LP elements per wavelength
for LP-BEM and six quadratic elements per wavelength for BEM. This resulted in two meshes of
120 DOF.

2 -2
The relative error 10 . lagIO Psi=ul~ion -Ptheoretical is plotted in a quarter of the field rP .

P;heo1'etical • theoret'lcal

is the squared theoretical field pressure averaged over a sphere of radius r > R. The surface
averaged value is used because the oscillating sphere radiates a zero pressure in the symmetry
plane perpendicular to its oscillation direction, leading to very large and irrelevant relative errors
close to this direction. The most important conclusion to be drawn from Figure 4.8 is that the
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accuracy of LP-DEr.l (a) and DEr.l (b) in the far field is similar. This is in accordance with the
expectations. A cloSf'T look would reveal that at a distance r = 7R the error varies from -20 (0.9%)
to -10 (8.3%) for LP-DEr-.I and from -22 (0.6%) to -10 (9.3%)) for DEr..f. Yet figure 4.8 shows
also a good accuracy of LP-DE~I dose to the sphere. However, this should 11m be generalised
because the picture gives a vcry incomplete representation of the ncar field. Further study on
this subjea is recommendetl. This simulation showed that, even 011 a strUCLUre with zero \'oillme
velocity, all accurate computation of far field pressure is achieved.
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4.2 Structural Modes of a Rectangular Plate

4.2.1 General Introduction

After the experiments with the vibrating spheres in section 4.1, the first conclusions on the accuracy
of LP-BEM have been drawn. However, it was only possible to draw conclusions on the accuracy
as a function of the dimensionless acoustical Helmholtznumber kaR. But it is also very interesting
to see how the accuracy behaves as a function of the structural wavenumber ks :

(4.2)

(4.3)

in which As is the structural wavelength. For the pulsating sphere it is disputable what the
definition of the structural wavenumber is and for the oscillating sphere the structural wavenumber
ks has a fixed value of:

k
s

= 21f = 21f = ~
As 21fR R

To investigate the influence of the structural wavelength on the accuracy of LP-BEM it is necessary
to have a problem for which the value of the structural wavelength can be varied. Therefore the
sound radiation of the structural modes of a simply supported rectangular plate is analysed. For
the structural modes of a rectangular plate the values of ks can be easily obtained.

4.2.2 Error expressed as a function of DOF/>..s and!

The goal of this subsection is to study the discretisation (number of DOF per wavelength) that
is required for a given accuracy. Now the influence of the structural wavenumber and wavelength
(ks, As) is taken into account. A simply supported baffled plate vibrating according to modal
patterns has been chosen to do this, because it is easy to determine the structural wavelengths for
the modal patterns.

SYMMETRICAL MODES NON-SYMMETRICAL MODES

1.50.5 y=k /k 1
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Nk1 0.:

!U
1,1
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1ti1
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o1.50.5 =k/k 1
Y a 5

Figure 4.9: Radiation efficiency of a simply supported plate vibrating according to some modal
patterns

Figure 4.9 shows the radiation efficiencies as a function of 'Y = ka/ks, obtained by using the
analytical modeling as described in Appendix A.2. These form the reference to which the results
of our BEM(QSF) and LP-BEM computations are judged with respect to accuracy. The radiation
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efficiency is derived from the radiated sound power IT by equation 4.4. In this equation (Iv(n) 12 )

is the spatially averaged squared velocity.

(4.4)

The radiated sound power has been calculated for all symmetrical modes between (1,1) and (7,7),
and as well for the non-symmetrical (1,2) to (1,7) modes. In the numerical studies with BEM(QSF)
and LP-BEM, the coarseness of the mesh (DOF/As) and 'Y were varied for each of the modes.
However, no structural discretisation lower than 3 DOF per >.s was allowed because it was observed
that this leads to excessive errors. Some computation results were also ignored for cases in which
the radiation efficiency was very small. In those cases both BEM(QSF) and LP-BEM produce
irrelevant large errors.

Figure 4.10 shows the errors induced by BEM(QSF) and LP-BEM (10· loglOi:,nh:'::re:;:::ll) as a
function of DOF/As and for 'Y = 0.7. In figure 4.10 and table 4.1 only the symmetrical modes are
considered because, as it will turn out in the next section (figure 4.11), they determine the upper
bound of inaccuracy for this problem.
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Figure 4.10: Modal pattern radiation: Error in numerical simulations

In figure 4.10, the individual results correspond with a single mode-mesh combination. Sometimes
results for different modes coincide. The curved lines are a least square polynomial fit for all the
LP-BEM data and for all the BEM data, respectively. The two curves cross at about 12.5 DOF/ As.
For smaller DOF/As (i.e. coarser meshes) LP-BEM is more accurate, which implies that for the
same accuracy, LP-BEM may use less DOF/As' For finer meshes, BEM becomes somewhat more
accurate but the slight difference is of no practical interest (in the order of 0.1 dB).

In figure 4.10, it can be seen that for a permissible error of 1 dB for LP-BEM 6.5 DOF/As suffice
whereas BEM requires 8.9 DOF/As. The data in figure 4.10 are only applicable for 'Y = 0.7. It
is possible to generate for other values of 'Y the same kind of figures. These figures are given in
Appendix B. For the ease of the reader a summary of the data that comes from these figures is
given in table 4.1. As can be seen at 'Y = 0.7 the reduction ofin DOF/As is equal to (8.9/6.5) = 1.4.
This corresponds with a reduction in DOF of (8.9/6.5)2 = 1.9 in a 2D mesh model. Table 4.1 also
shows the corresponding gains in the amount of memory storage, assembly time and solving time.
For 'Y = 0.7, the gain in the amount of memory storage is (8.9/6.5)4 = 3.5, the gain in assembly
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Gain in -+ ~ DOF/ As I total DOF I Storage I Assembly I Solving (direct solver)

'Y = 1.3 1.0 1.0 1.0 2.5 1.0
'Y = 1.0 1.1 1.2 1.4 3.6 1.6
'Y = 0.7 1.4 1.9 3.5 9.2 6.4
'Y = 0.5 1.6 2.5 6.4 17.0 16.1
'Y = 0.2 1.7 2.9 8.4 22.4 24.3

Table 4.1: Various gains as a function of 'Y

time is (8/3) x (8.9/6.5)4 = 9.2 and the gain in solving time is (8.9/6.5)6 = 6.4. The data in table
4.1 confirms that the discretisation error is governed by both the structural wavelength Aa and the
acoustical wavelength As. However, a well founded quantitative relation between the acceptable
error in radiation problems and the required discretisations is not available yet. In paragraph 4.2.3
such a relation is investigated.

4.2.3 Error expressed as a function of (DOF/Aa)-l x (DOF/As)-l

From the experiments with the vibrating spheres it has become clear that there is a relation
between the accuracy and the number of DOF per Aa • The analysis of the sound radiation by
the structural modes of a bafRed plate has shown that the accuracy is also related to the number
of DOF per .As. Therefore it is reasonable to think that the accuracy is both depending on the
number of DOF per acoustical and structural wavelength. To investigate this, figure 4.l1a presents
the errors induced in LP-BEM as a function of (DOF/Aa)-l x (DOF/As)-l. The same is done
in figure 4.l1b for BEM(QSF). Each dotted line connects data for a single mode (i.e. fixed As), a
particular mesh and different values of Aa .
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Figure 4.11: Error in modal pattern radiation using BEM(QSF) and LP-BEM

The solid straight line in figure 4.l1a extends through the origin (0,0) and the point (1 dB, (i) \
At the latter point, the error is 1 dB and the discretization is 6 DOF / As and 6 DOF/ Aa b = 1).
This solid line can be used as an upper boundary for the error of LP-BEM since nearly all the
computed errors are below it. Therefore, it can also be used to find the discretisation for LP-BEM
in design situations. For conventional BEM it is not possible to fit such a line.

As an example we model a square steel plate (1m by 1m by 5mm), with a critical frequency Ie of
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2560 Hz, using the engineering rule for LP-BEM. Lets assume we are interested in the frequency
band 0 < I < 0.75· Ie. So the maximum frequency of interest is 1920 Hz. According to figure 4.11
a 1 dB error should be obtained for 4.8 DOF per As and 5.6 DOF per Aa. The way these numbers
are derived from figure 4.11a can be explained in the following way:

• From figure 4.11ait reads that for a maximum error of 1 dB for LP-BEM the value of (DOF/Aa)-l x
(DOF/As)-l should be ~ 0.028.
• The maximum frequency of interest is at 0.75· Ie, so 'Y = v'0.75 = 0.87

• From the definition 'Y = ~: = It and the definitions of the wavenumbers (ka = ~: and

ks = ~:) it follows that for this case Aa = 1: = O~~7.
• Substituting this last definition into (DOF/Aa)-l x (DOF/As)-l leads to (DOF/Aa)-l x
(DOF/0.87Aa)-1 = 0.028
• Solving this equation for DOF/Aa results in the required value for DOF/Aa = 5.6. This can
be converted to DOF/As = 'Y x 5.6 = 4.8. Here it becomes clear that the smaller wavelength, i.e.
As, determines the required DOF / A. This means that if the plate is modelled with 4.8 DOF / As
or 5.6 DOF/ Aa the result from LP-BEM should meet the required accuracy of having an error of
< 1 dB within the frequency region of 0 < I < 0.75· Ie.
e Because 'Y = v'0.75 = 0.87 in this example, it has to be noted that the mesh that corresponds
with 4.8 DOF/As or 5.6 DOF/Aa is physically the same, since Aa = 1: = O~~7.

4.2.4 Discussion

Now we have found an 'engineering rule' to determine for LP-BEM the required DOF/ As and
DOF/ Aa for a given accuracy, it looks promising to test this rule with a practical example.
Because this 'engineering rule' is defined as an upper boundary of the error that can be expected,
it is propably a pretty conservative rule. The basis for this hypothesis is that an analysis of the
details shows that the largest errors of figure 4.11 do originate from very ineffeciently radiating
modes. It might be possible to use even a coarser mesh than the engineering rule prescribes to
meet the required accuracy. As already mentioned in subsection 4.2.3 bamed, rectangular plates
under a harmonic force excitation will be used to test this engineering rule.
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4.3 Force Excited Rectangular Plate

The conclusion from section 4.2 is that it might be possible to apply an 'engineering rule' to define
the required coarseness of a mesh for an engineering problem, in order to fullfill a prescribed
accuracy. In this section this rule is tested by the use of 4 rectangular, simply supported, baffled
plates which are excited by a harmonic point force. The mesh size required for the prescribed
accuracy will be computed in two ways: firstly indirectly by using the engineering rule, secondly
directly by refining a mesh until it satisfies the accuracy criterion. This will be done for both
LP-BEM and BEM(QSF), although the engineering rule was originally designed for LP-BEM.
Because the defined engineering rule was created as an upper boundary for the maximum error,
the expectation that it will be a conservative rule will be checked. In the following subsections,
the maximum allowed error in the radiated sound power is always 1 dB in the radiated sound
power.

4.3.1 Definition of the plates used

The analytical solution for the sound power radiation of a force excited, baffled, simply supported,
rectangular plate can be found in Appendix A.3. The physical characteristics of the four plates that
are used are defined in table 4.2. Plate 1 represents the plate that has been used to demonstrate
the working of the engineering rule in subsection 4.2.3. Plate 2 is a 1 x 1 m square steel plate of
1 cm thickness. The third plate is the reference plate from the article of Guyader [I}. These three
plates are all three excited by a harmonic point force with a magnitude of 1 N in the center of the
plate. The fourth plate is a plate that has been mentioned in an article from Laulagnet [8}. This
last plate is excited by a excenteric harmonic point force with a magnitude of 1 N. All four plates
are supposed to be made of steel.

Name ULx [m] I L y [m] I h [mm] I fe [Hz} I (xe,Ye) Material

Plate 1 1.0 1.0 5.0 2360 (0,0) Steel
Plate 2 1.0 1.0 10.0 1183 (0,0) Steel
Plate 3 0.455 0.379 1.0 11829 (0,0) Steel
Plate 4 1.0 1.0 10.0 1183 (0.3,0.2) Steel

Table 4.2: Properties of the four plates studied

As mentioned before, the engineering rule found in subsection 4.2.3 can be used to determine
the coarseness of the mess to meet the defined accuracy. In order to use the engineering rule it
is necessary to know both the minimum acoustical (Aa ) and the minimum structural wavelength
(As). The minimum acoustical wavelength (i.e. maximal frequency of interest (Jmax)) is chosen by
the user. However, in general, the minimum structural wavelength is not known. It is possible to
circumvent this problem by using the dimensionless frequency I'max = vi fmax/ fe, which can also
be chosen by the user. The minimum structural wavelength can than be computed by As = l' . Aa.
For the four plates, as described above, the following values of I'max and the maximum acceptable
error are used:

Name II
Plate 1
Plate 2
Plate 3
Plate 4

"(max

VO.75 = 0.87
1.0

VO.15 = 0.39
1.0

Max. Acc. Error [dB)

1.0
1.0
1.0
1.0

Table 4.3: Values of "{max and the maximum acceptable error

22



The defination of the error in dB as used in this thesis is as follows:

Errar = 110 . [agIO . (~::::) I (4.5)

In this equation IItheor is the result of the analytical solution of the radiated sound power and
IIcomp is the result of the computed radiated sound power by LP-BEM or BEM(QSF).

To analyse the capabilities of the used BEM methods it is necessary to find the coarsest mesh
which can fullfill the accuracy of 1 dB. Once these meshes have been found, it is possible to
compare the coarseness of these meshes with the meshes suggested by the engineering rule.

4.3.2 Plate 1: Example from Subsection 4.2.3

The first plate that will be analysed is the plate as described in subsection 4.2.3. The engineering
rule suggests for this plate that a mesh with a coarseness of 4.8 DOF/>..s or 5.6 DOF/>"a should
be sufficient to meet the accuracy of computing an accurate result within 1 dB of the analytical
solution up to {max = v'0.75 = 0.87.

Simulations are run and the maximum error up to {max is computed. When the maximum error
does not fullfil1 the required accuracy the mesh is refined, and the computation is redone with the
finer mesh. The error in the radiated sound power from the meshes for LP-BEM and BEM(QSF)
that meet the required accuracy for the first time is shown in figure 4.12. In Appendix C the
radiated sound power from all the four plates can be found. From this result it becomes clear that
LP-BEM can fullfill the required accuracy with a mesh of 324 DOF (Maximum error of 0.94 dB)
and that BEM(QSF) needs a mesh of 408 DOF (Maximum error of 0.90 dB).

1.4
- LP-BEM : 324 DOF
- _. BEM(QSF): 408 DOF

1.2

10
~

~
0a.
"0
c 0.8
:::l
0en
"0

~ 0.6
'C
Cll
a::
.~ 0.4
~

g
UJ

0.2

Figure 4.12: Computational Error from LP-BEM and BEM(QSF) for Plate 1

Now it is known which mesh is required by LP-BEM and BEM(QSF) to fullfill the required accu
racy, the engineering rule can be tested. It proves that for Plate 1, the plate given as an example
in subsection 4.2.3, the meshes that fullfill the required accuracy have the meshing properties as
given in table 4.4.

The reduction in DOF, when using LP-BEM instead of BEM(QSF), for this problem is 408/324 =
1.26. The engineering rule proves to be too conservative for this example. It suggested to use 4.8
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Max. Error [dB]
DOF
Elements
DOFjAs

DOF/Aa

IJ LP-BEM
0.94
324

18 x 18
2.4
2.8

BEM(QSF)

0.90
408

llxll
2.7
3.1

Table 4.4: Results for Plate 1

DOF/As or 5.6 DOF/Aa but the example shows that for LP-BEM 2.4 DOF/As or 2.8 DOF/Aa

already satisfy the required accuracy. This means that the engineering rule predicted the coarse
ness of the mesh a factor 2.0 too conservative for LP-BEM. In a similar way it can be seen that
for BEM(QSF) the engineering rule was a factor 1.8 too conservative.

4.3.3 Plate 2: 1 m2 square plate of 1 em thickness

In this subsection a 1 m2 square plate of 1 em thickness with the forced excitation in its center
is analysed. The physical properties for this plate are given in table 4.2. The engineering rule
suggests for this plate that a mesh with a coarseness of 6.0 DOF/As and 6.0 DOFjAa should
be sufficient to meet the accuracy of computing an accurate result within 1 dB of the analytical
solution up til 'Ymax = 1.0.

Again the behaviour of the computational error as function of'Y is shown (Figure 4.13) for the
coarsest meshes that fullfill the required accuracy.
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Figure 4.13: Computational Error from LP-BEM and BEM(QSF) for Plate 2

From figure 4.13 it can be seen that LP-BEM can fullfill the required accuracy with a mesh of
196 DOF (Maximum error of 1 dB) and that BEM(QSF) needs a mesh of 225 DOF (Maximum
error of 0.79 dB). For Plate 2, the so-called standard plate, the meshes that fullfill the required
accuracy have the following meshing properties:

The reduction in DOF, when using LP-BEM instead of BEM(QSF), for this problem is 225/196 =
1.15. The engineering rule proves again to be too conservative for this example. It told us to
use 6.0 DOFjAs or 6.0 DOFjAa but the example shows that for LP-BEM 4.0 DOF/As or 4.0
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Max. Error [dB]
DOF
Elements
DOF/As
DOF/Aa

IJ LP-BEM

1.00
196

14 x 14
4.0
4.0

BEM(QSF)

0.79
225

8x8
4.3
4.3

Table 4.5: Results for Plate 2

DOF/ Aa already satisfy the required accuracy. This means that the engineering rule predicted
the coarseness of the mesh a factor 1.5 too conservative for LP-BEM. In a similar way it can be
seen that for BEM(QSF) the engineering rule is a factor 1.4 too conservative From the results in
table 4.5 it is evident that an extra reduction in DOF can be achieved for LP-BEM in this problem
of 225/196 = 1.15.

4.3.4 Plate 3: Reference Plate from Guyader

The next plate to be analysed is the plate that is described in the article from Guyader [1]. This
plate has been used to verify the numerical implementation of the analytical solution, as described
by Guyader. The physical properties for this plate are given in table 4.2. The engineering rule
suggests for this plate that a mesh with a coarseness of 1.4 DOF/As and 3.7 DOF/Aa should
be sufficient to meet the accuracy of computing an accurate result within 1 dB of the analytical
solution up til '"'(max = VO.15 = 0.39. This low value of '"'(max explains the low requirements that
are asked from the mesh coarseness.

From the results in table 4.6 it becomes clear that LP-BEM can fullfill the required accuracy with
a mesh of 36 DOF (Maximum error of 0.83 dB) and that BEM(QSF) needs a mesh of 176 DOF
(Maximum error of 0.60 dB).

Max. Error [dB]
DOF
Elements
DOF/As
DOF/Aa

IJ LP-BEM

0.83
36

6x6
0.17
0.44

BEM(QSF)

0.60
176

7x7
0.38
1.0

Table 4.6: Results for Plate 3

The reduction in DOF, when using LP-BEM instead of BEM(QSF), for this problem is 176/36 =
4.9. The engineering rule proves again to be too conservative for this example. It told us to
use 1.4 DOF / As or 3.7 DOF / Aa but the example shows that for LP-BEM 0.17 DOF / As or 0.44
DOF / Aa already satisfy the required accuracy, This means that the engineering rule predicted the
coarseness of the mesh a factor 8.3 too conservative for LP-BEM. For BEM(QSF) the prediction
by the engineering rule was still a factor 3.7 too conservative.

4.3.5 Plate 4: Plate with excentered force

Up til now only plates are analysed that have their forced excitation in the center of the plate. The
next plate is the plate that is described in the article from Laulagnet [8], which has a point force
acting on the plate outside its center. The physical properties for this plate are given in table 4.2.
It has to be noted that the only difference between this plate and 'Plate 2' (Subsection 4.3.3) is
the point of excitation. The reason for taking this excentric force excitation into account, is the
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following: it might be possible that some radiating modes are not excited by the centered force
excitation. Therefore the radiated sound power might be computed less accurate. The engineering
rule suggests for this plate that a mesh with a coarseness of 6.0 DOF / As and 6.0 DOF / Aa should
be sufficient to meet the accuracy of computing an accurate result within 1 dB of the analytical
solution up til 'Ymax = 1.0.

From the results in table 4.7 it becomes clear that LP-BEM can fullfill the required accuracy
with a mesh of 196 DOF (Maximum error of 0.74 dB) and that BEM(QSF) needs a mesh of 225
DOF (Maximum error of 0.56 dB). Notice that these results are exactly the same as for 'Plate 2'
(Subsection 4.3.3). Therefore it becomes clear that the point of excitation has no influence on the
mesh requirements to compute a result that fullfills the defined accuracy.

Max. Error [dB]
DOF
Elements
DOF/As
DOF/Aa

[I LP-BEM

0.74
196

14 x 14
4.0
4.0

BEM(QSF)

0.56
225

8x8
4.3
4.3

Table 4.7: Results for Plate 4

The reduction in DOF, when using LP-BEM instead of BEM(QSF), for this problem is 225/196 =
1.15. The engineering rule proves also for this example to be too conservative. It told us to use 6.0
DOF/As or 6.0 DOF/Aa but the example shows that for LP-BEM 4.0 DOF/As or 4.0 DOF/Aa
already the required accuracy is obtained. This means that the engineering rule predicted the
coarseness of the mesh a factor 1.5 too conservative for LP-BEM. In this case the engineering
rule also did a conservative estimation of the required coarseness of the mesh for BEM(QSF). The
proposed mesh was a factor 1.4 too fine.

4.3.6 Discussion

The engineering rule has shown to be too conservative for these class of plates. The factor by
which the engineering rule is too conservative is between 1.5 and 8.3 for LP-BEM and between 1.4
and 3.7 for BEM(QSF). The engineering rule effectively showed to give a safe upper bound of the
coarseness of the mesh. This makes the engineering rule an effective tool to predict the coarseness
of the mesh for these kind of problems. However, it seems that it is pretty much on the 'safe side
of the line' for LP-BEM. An extra reduction of at least a factor 1.5 in the coarseness of the mesh
for LP-BEM might be allowed. The engineering rule also proves to become more conservative for
lower values of 'Y. It might be possible to further reduce the number of DOF/A for low values of
'Y. Notice that a reduction in DOF/A with a factor x reduces the total number of DOF in the
mesh by a factor x 2 (For 2D meshes).
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Chapter 5

Discussion on Speed and Accuracy

In chapter 3 and 4 the speed and accuracy of LP-BEM in comparison to BEM(QSF) has been
studied by numerical simulations. It was found that speed and accuracy are connected to each
other. In the following discussion this connection will be discussed.

5.1 Achieved gains

The first result that has been achieved by using LP-BEM instead of conventional BEM is the
basic gain in computational speed, as described in chapter 3. This gain is approximately a factor
2 when LP-BEM is used instead of BEM(QSF). When LP-BEM is used instead of BEM(LSF)
this gain increases to approximately a factor 4. However it has to be noticed that these factors
are influenced by the size of the problem. For bigger sized meshes the assembly takes a smaller
part of the total computation time, and the solving becomes dominant. The gain booked in the
computation time, by decreasing the total assembly time, is therefore only significant for models
< 20000 DOF.

In chapter 4 the accuracy of LP-BEM compared to BEM(QSF) was investigated. From this
chapter it became clear that it is possible for LP-BEM to use coarser meshes than BEM(QSF) in
order to achieve a defined accuracy. This reduction in total DOF is depending on the value of
'Y = ka/ks . The lower the value of 'Y, the bigger the reduction in total DOF for LP-BEM can be.
From the experiments with the forced excited plates the following reductions in DOF have been
achieved: at 'Y = 1 a reduction in total DOF of ~ 1.15 and for 'Y = 0.39 a gain of ~ 4.9 in total
DOF.

Combining the results from chapter 3 and chapter 4 it is possible to give an indication of the
possible speed gains for LP-BEM. This total possible speed gain is a function of both 'Y and the
total number of DOF. More information about the theoretical speed gain that can be booked by
LP-BEM can be found in [3]. In the experiments with the force excited plate, the following gains
have been achieved:

• For 'Y = 1, and a reduction in DOF of 1.15 (225 DOF for LP-BEM, 196 DOF for BEM(QSF)),
the total gain in computation time is a factor 2.3. The reduction in the required memory for

storage during the computation is (01.15)r= 1.75.

• For 'Y = 0.39, and a reduction in DOF of 4.9 (36 DOF for LP-BEM, 176 DOF for BEM(QSF}),
the total gain in computation time is a factor 9.8.The reduction in the required memory for storage

during the computation is (04.9)r= 24.0.

It becomes clear that for lower values of'Y the gain may increase drastically!
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Because of this the LP-BEM method looks very promising for application on thin-walled structures.
One of the properties of thin plates (and therefore thin-walled structures) is that they have a high
critical frequency. Therefore the main frequency region of interest for these class of structures is
mostly for values of'Y << 1. In this region the biggest gains in computational time can be booked,
as shown above.

5.2 Comments on the 'engineering rule'

The engineering rule as defined in chapter 4 has been checked on its ability to predict the required
mesh size to meet a prescribed accuracy. It has been shown in subsection 4.3.6 that this engineering
rule is too conservative. From the simulations with the force excited plates, it appears that at
'Y = 1 the engineering rule is ~ 1.5 times to conservative for the required DOFj>" for LP-BEM.
For BEM(QSF) this factor is ~ 1.4. Thus, for LP-BEM it might be possible to reduce the number
of DOF j>. at 'Y = 1 by an extra factor of 1.5. For lower values of 'Y this possible extra reduction
is even bigger. E.g. for 'Y = 0.39 it might be possible to reduce the number of DOFj>' for LP
BEM ~ 8.3 times with respect to the number given by the engineering rule. For BEM(QSF) the
reduction with respect to the suggested mesh by the engineering rule ~ 3.7 times. Notice that
these reductions in DOFj>' work quadratic in the total DOF of a 2D mesh.

The reason that the engineering rule is too conservative might be found in the way it has been
derived. In section 4.2 the radiated sound power of the structural modes of a baffled plate has
been studied. The engineering rule was defined as an upper boundary of the errors that came
from these computations. However, this upper boundary was mostly defined by very inefficiently
radiating modes. These modes hardly contribute to the radiated sound power from a force excited
plate, since its radiation is dominated by the efficiently radiating modes.
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Chapter 6

Conclusion

In this thesis the speed and accuracy of LP-BEM have been studied. Now it is possible to answer
the questions that are formulated as research goals in subsection 2.4.

6.1 Conclusions

• LP-BEM has proven to be capable of computing the radiated sound power for some canonical
structures correctly. The solutions from LP-BEM converge to the analytical solutions of the
structures used when the meshes are refined.

• LP-BEM has proven to be capable of computing the radiated sound pressure for an oscillating
sphere. The solution of the radiated sound pressure in the far field converges to the theoretical
solution.

• The basic speed gain that can be achieved when LP-BEM is used instead of conventional HEM
methods has been investigated. It proved that this gain is ~ 2 when LP-BEM is used instead of
BEM(QSF). When LP-BEM is used istead of BEM(LSF) this gain grows to ~ 4. It has to be
noticed that the value of these gains decrease for increasing mesh sizes.

• LP-BEM has proven that it is capable of computing results as accurate as conventional BEM
methods. However, to converge to the exact analytical solution LP-BEM requires a finer mesh
than conventional BEM. On the other hand, when a coarser mesh is used, LP-BEM is more capa
ble of generating an acceptable result than conventional BEM methods. In other words, LP-BEM
deals better with undersampling.
Another interesting feature of LP-BEM is its capability of generating the same result as conven
tional BEM methods with less DOF/ A. This reduction of DOF in the mesh is related to the value
of the dimensionless frequency 'Y. The lower this value, the bigger the gain in DOF in the mesh
can be. From numerical results it has been shown that a reduction in DOF for 'Y = 1.0 by a factor
1.15 can be achieved. For 'Y = 0.39 this reduction increases to a factor 4.9.

• The shown reduction in DOF, which still gives an accurate result, makes it possible to achieve
an extra gain in the computation time. For the examples, as given above, the computation time
reduces by a factor 2.3 at 'Y = 1.0 and a factor 9.8 at 'Y = 0.39.

• The LP-BEM method looks very promising for application on structures that have a high
critical frequency. The method offers the biggest gains in computation time for low values of the
dimensionless frequency 'Y. One may think on thin-walled structures, thin plates etc.
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6.2 Recommendations for further study

• The computation of the radiated sound pressure has been analysed on only one structure, a
transversely oscillating sphere. An interesting observation was the high accuracy of LP-BEM with
respect to the near field acoustic pressure, not only far from the sphere, but also quite close to
the surface. This was not expected. The possibilities of LP-BEM to compute the near field of
structural sound sources will be of great interest. Further research is recommended.

• In this thesis it has been noticed that there is a significant difference in the number of CHIEF
points between our reference software SYSNOISE and the software package Neo, in which LP-BEM
has been implemented. Further research on this topic is recommended as well.

• The engineering rule, as defined in chapter 4, has proven to be too conservative. The value of
'Y has a strong influence on the factor by which the engineering rule is too conservative. Further
research on this engineering rule is recommended, in order to decrease the overprotection by it.
Due to this, it might be possible to increase the cost-effectiveness of LP-BEM even further.
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Appendix A

Theoretical Solutions

A.I Oscillating and Pulsating Sphere

In the first numerical experiment a pulsating and an oscillating sphere are evaluated. The sphere
has a radius R = 1 m. Two loadcases are generated: a pulsating sphere (Constant normal velocity
field) and an oscillating sphere (Sinusoidal normal velocity field). The sphere is assumed to be
submerged in air (Pa = 1.29 ;f;s and Ca = 340 !!j').

A.I.t Radiated Sound Power

The theoretical solutions for the radiated acoustical power for those two cases are the following
[2]:

Pulsating:

(kaR)2 21 A 12
II = 21f 1 + (kaR)2 PacaR V s

Oscillating:

1f (kaR)4 2 A 2

II = 61 + HkaR)4PacaR Ivsl

The definition of the wavenumber ka is:

w
ka = 

Ca

(A.I)

(A.2)

(A.3)

By taking a sphere of radius R = 1 m and assuming that the amplitude of the surface velocity
(vs ) is also equal to 1, these equations reduce to:

Pulsating:

(AA)

Oscillating:

(A.5)
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A.1.2 Radiated Sound Pressure

The radiated sound pressure by an transversely oscillating sphere is described by Pierce [10J.

The radiated sound pressure is defined by:

(A.6)

In this equation ~ the spatially dependent amplitudes of the field quantities are identified as:

A d ejkr

1> = AcosB-
dr r

with the following abbreviation of A:

(A.7)

(A.8)

In the equations above, r is a point in the field, R the radius from the sphere and ka the acoustical
wavenumber. Vc is the amplitude of the applied boundary velocity.
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A.2 Structural Modes of Rectangular Plate

In the second numerical experiment a simply supported, rectangular, baffled plate is concerned.
The radiated acoustical power from some of the structural mode is calculated. All the structural
modes of the plate have a sinusoidal velocity field over the plate, and the shape of these veloci
tyfields are (simplified) visualized in Figure A.I. The advantage of this approach is that ksL is
constant for every mode. The acoustical kaL will vary with the frequency. By doing so one is able
to keep ksL constant and vary kaL.

+

+

Mode (1,1)

+

Mode (2,3)

Mode (1,2)

+ +

+ +

Mode (3,3)

Mode (2,2)

+ - + - +

- + - + -

+ - +

- + - + -

+ - +

Mode 15,5)

Figure A.I: Simplified visualization of some structural modes of a rectangular plate

The theoretical solutions for the pressurefields of the different modes are given by Junger & Feit
[7] and Wallace [13]. The definition of the coordinates is presented in Figure A.2.

for Odd/Odd modes (m = 1,3,5,7, ... & n = 1,3,5,7, ...):

A(R e ) = 2PaWexp(jkaR)knkm(-1)~cos(ka~sinecos¢)cos(ka~sinesin¢) (A.9)
p ,,¢ 1rR(k;'-k~sin2ecos2¢)(k;'-k~sin2esin2¢)

z
(R,e,f)
(X,Y,Z)

Figure A.2: Definition of coordinates

for Odd/Even modes (m = 1,3,5,7, ... & n = 2,4,6,8, ...):

A(R e ) = 2ipaWexp(jkaR)knkm(-1)~cos(ka~sinecos¢)sin(ka~sinesin¢) (A.10)
p ,,¢ 1rR(k;'-k~sin2ecos2¢)(k;'-k~sin2esin2¢)
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for Even/Odd modes (m = 2,4,6,8, ... & n = 1,3,5,7, ...):

~(R B _ 2ipaWexp(jkaR)knkm(-1)"~¥ sin(ka~ sinBcos¢) cos(ka~sinOsin¢)
p , ,¢)- 1fR(k;,-k~sin2Bcos2¢)(k;,-k~sin2Bsin2¢)

for Even/Even modes (m = 2,4,6,8, ... & n = 2,4,6,8, ... ):

'(R B ) = _ 2PaWexp(jkaR)knkm(-1)~ sin(ka~ sinB cos ¢) sin(ka~ sinO sin¢)
p ,,¢ 1fR(k;, - k~ sin2 ecos2 ¢)(k;, - k~ sin2 () sin2 ¢)

with

m1f
km = -; m= 1,2, ...

Lx

n1f
kn = -; n = 1,2, ...

Ly

k = Jk2 + k2
s n m

ka = ~ = 21fj
Ca ea

(A.ll)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

The analysed structural modes will occur at a particular frequency for a particular plate. But, it's
not possible to calculate that frequency, because we don't have the physical parameters (thickness,
material properties, etc.). Therefore it's not possible to calculate directly numbers for k a • Because
of this, a different approach has been used. All the modes have been analysed one by one and a
new parameter is introduced:

(A.17)

The value of'Y can be chosen and ks is a function of the modenumbers (m, n) and the size of the
plate. For a real plate, the parameter 'Y is an indicator in what frequency range you are. '"Y = 1
means that you are at the critical frequency We of that plate. '"Y < 1 means that you are in the low
frequency region, and for '"Y > 1 you are in the high frequency region.

When the pressure field is known, one can compute the radiated acoustical power in the farfield
by:

II = _1_ J. {1131 2 dB
PaCa Js

(A.18)

During the numerical experiments in section 4.2 the following modeshapes (m, n) have been anal
ysed: (1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7) and the non-symmetrical modes (1,2), (1,3), (1,4),
(1,5), (1,6) & (1,7). The plate is assumed to be square, with dimensions Lx = L y = 1 m. As
for the sphere, the plate is assumed to be submerged in air (p = 1.29 ~ & Ca = 340 !If). The
calculated analytical solutions as a function of'Y are shown in figure A.3 and figure A.3. It shows
the radiation efficiencies as a function of'Y = ka/ks , obtained by using the analytical modeling as
described above. The radiation efficiency is derived from the radiated sound power in the following
way:

(A.19)
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SYMMETRICAL MODES
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1.5

NON-SYMMETRICAL MODES

Figure A.3: Radiation efficiency of a simply supported plate vibrating according to some sym
metric modal patterns

A.3 Force Excited Rectangular Plate

(A.20)

The method to calculate the analytical solution fo the radiated sound power of a rectangular
plate excited by a harmonic point force that has been used during this thesis is described by J.L.
Guyader [1]. He assumes that it is possible to calculate the radiated sound power once the equation
of motion of the plate has been solved. To derive this equation of motion the Hamiltonian of the
plate has been extremalized over a suitable subspace of displacement functions.

It has to be noted that in this appendix (A.3) the symbol for the radian frequency w has been
replaced by n. This to avoid confusion with the displacement field w.

The definition of the coordinates is presented in Figure A.4.

z
(R,e,~)

(X,y,Z)

(Rsin e, n12, 4»
(x, y, 0)

~~~?~-~-~-"",,~~------y

Figure A.4: Definition of coordinates

A.3.l Equation of vibratory motion of the plate

From this point forward some new variables will be used. The mass per unit area will be defined
as (Psh) and v is the Poisson's Ratio of the plate. The nondimensional space variables 0: = i:
and (3 = iY will be used, and r = p. is defined to be the aspect ratio of the plate. The rigidity

y y

modulus or bending stiffness D of the plate is defined as:

Eh3
D=--,-.,------;::7

12(1 - v 2 )

v



In this equation E is the Young's Modulus of the plate material and h is the thickness of the
plate. Furthermore the variables k and c will be used for the deflection stiffness and the rotational
stiffness of the plate respectively.

The definition of the Hamiltonian for the response of the plate to an arbitrary forcing function
j(x, y, t) is the following action integral between two arbitrary times to and t1:

H(w) = 1:1

[T (~~) - V(w) + W(w)] dt (A.21)

In equation A.21 T is the kinetic energy of the plate, V the deformation energy of the plate and
W is the work input associated with the external force j(x,y, t). These three variables are defined
in the following way:

1+11+11 a
2(8w)2T = - ph - - do: d{3

-1 -1 8 r 8t
(A.22)

L21+11+1
W(w) = -: -1 -1 j(o:,{3)w(o:,{3)do:d{3 (A.24)

The Hamilton's principle states that the true displacement field w(x, y, t) of the plate subject to
elastic boundary conditions renders the value of H stationary. The determination of the extremum
has to be performed over all displacement functions compatible with the geometric boundary
conditions (deflection or rotation at the edges). The equation of motion is thus written in a
differential form:

8H=O (A.25)

with H given by equation (A.16). Since this equation cannot be solved in general, a Rayleigh-Ritz
method is used to find an approximate solution. The method consists of selecting a family of trial
functions satisfying the geometric boundary conditions, and constructing a linear combination:

m,n

(A.26)

The cPm and psin are known functions of the spatial coordinates that are linearly independent and
{ amn (t)} is the vector of the unknown coefficientsto be determined. The superscript T denotes
the transposed of a vector. The sum over m and n is truncated to some finite number N that
determines the accuracy of the method. The choice of the cPm and psin is discussed later. First
the equations of motion are derived formally.
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Inserting equation A.26 in A.21 yields:

1
ft

H(w) = G({amn }, {amn }) dt
to

where

It is possible now to apply the Langragian equations:

(A.27)

(A.28)

~ (8~:n) + 8~:n = :a:n; m,n= 1, ...,N (A.29)

By using equations A.22, A.23, A.24 & A.26, one obtains the following second-order differential
system for the forced vibrations of the plate:

(A.3D)

The matrices Mmnpq and Kmnpq are given by the following equations:

(A.31)

K - K(plate) + K(edges) (A.32)mnpq - mnpq mnpq
In this equation K~:'C;;:) is the plate's stiffness contribution to the stiffness matrix and K~~~~s) is
the edge's stiffness contribution to the stiffness matrix:

The vector f mn is defined as follows:

(A.35)

Assuming an oscillating forcing function with angular frequency 0, f(a, fJ, t) = f(a, fJ) exp jOt,
the response of the plate is the solution of the linear system:

(A.36)
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with

£2 [+1 [+1
fmn = 4; L1 L

1
f(a,(3)1m(a)¢n(/3) dad(3 (A.37)

Dissipation within the plate and within the supports are introduced in equation A.36 in the form
of a complex bending stiffness iJ of the plate, complex deflection stiffness k, and complex rotation
stiffness cof the supports, such that

iJ
k

D(l + j'f]p)

k(l + i'f]k)

c(l + i'f]e)

(A.38)

where 'f]p, 'f]k, 'T}e are loss factors associated with internal dissipation due to, respectively, the flexion
of the plate, the deflection of the edges, and the rotation of the edges.

To solve the linear system as presented in equation A.36 one has to make a choice for the form of the
trial functions. 1m(x)¢n(Y) must be linearly independent, and regular enough so that the various
integrals involving the <Pm and ¢n exist. Furthermore, they should permit the reconstruction fo any
possible deflection or rotation along the plate's contour, with respect to the boundary conditions.
The most common choice for the trial functions is the use trigonometric functions. However,
in this case that choice may cause some problems. Due to the fact that arbitrary deflection is
authorized along the plate contour, all points of the contour will, in general, form discontinuity
jumps for the periodized w(x,y). Therefore the choice of trigonometric functions was abandoned.
As an alternative polynomials are used. This results in the following set of trial functions:

(A.39)

with

m

n

O,l, ,N

O,l, ,N (A.40)

(A.41)for (m+p) even and (n+q) even
otherwise

This choice provides a Taylor expansion of the displacement over x and y. By using this Taylor
expansion the relevant expressions for M mnpq , K mnpq and fmn can be solved and this results in
the following equations for these terms:

{

(ph)L;'
M mnpq = O(m+p+1)(n+q+1)'

,

K - K(plate) + K(edges)
mnpq - mnpq mnpq (A.42)

{

16D ( m(m-1)p(p-1) 4 n(n-1)q(q-1)
L;r (m+p-3)(n+q+l) + r (m+p+l)(n+q-3)

Kplate = 2 vm(m-1)q(q-1)+vn(n-1)p(p-1)+2(1-V)mnpq )
mnpq +r (m+p-l)(n+q 1) ,

0,

for (m+p) even

and (n+q) even

otherwise

(A.43)

{

2D (k k 4er~nq 4emp )
Kplate = L; m+p+1 + r(n+q+1) + m+p+1 + r(n+q+l) ,

mnpq
0,

for (m+p) even
and (n+q) even
otherwise

(A.44)

fmn = f a~ (3'0 (A.45)

with: ao = ~e and (30 = ~e.
'" y

With all this information it is possible to solve equation A.36 and obtain the values for amn .
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A.3.2 Radiation of Sound from the plate

The radiation process from the plate's flexural vibration, which is now well known, in the fluid
half-space z > a will now be considered. In order to do this, one has to introduce some new
variables. Pa is the density of the acoustic fluid, Ca is the speed of sound in the acoustic fluid, n
is the excitation frequency and ka is the acoustical wavenumber. The acoustical wavenumber is
defined as:

n
ka =

Ca
(A.46)

The far-field acoustic pressure in the polar directions (e,1) is obtained from the Rayleigh integral:

(A.47)

In this equation w(A, f-l) is the double Fourier transform of the plate's displacement, which follows
from:

with:

L2 r+ 1 r+ 1
[ (L L )~Jw(A,f-l) = 4; 1-

1
1-

1
w(a,(3) x exp j fAa + ; f-l(3 dad(3

A = ka sin ecos 1
f-l = ka sin Bsin 1

(A.48)

(A.49)

The displacement field w(a, (3) is obtained from the solution of equation A.36 and by reconstruction
of the linear combination over the Taylor set:

(A.50)

It is now possible to rewrite equation A.48 as

(A.51)

In this equation am and an are one-dimensional Fourier transforms of the Taylor polynomials,
defined by

(A.52)

With this information it is possible to calculate the wanted values of w(A, f-l). The calculation of
the radiated sound power is than pretty straightforward. It is obtained from the integration of
the radial intensity over a hemisphere of infinte radius:

(A.53)

A.3.3 Numerical Implementation

The calculation of the radiated sound power of a rectangular plate excited by a harmonic point
force has been implemented in Matlab. The order of the Taylor expansion over m and n was set
to N = 13. This value allows modes for which both mode orders along x and yare not greater
than 8 to be accurately modeled. The integration routines used to calculate the values of am, am
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and Ware done by using a standard trapezoidal integration routine with equidistant spacing. It
has been checked that enough integrationpoints are taken into account, to make sure the solution
of the integral has converged to the right solution. The values of deflection stiffness k and rotation
stiffness c are chosen to be k = 5 X 107 and c = O. This last choice has been made, because a
simply supported plate has been investigated, which has no rotation stiffness at its boundaries.
All plates are made of steel, so the following material properties are used: p = 7850"*, 1/ = 0.28
and E = 210 X 109 Pa.

To check the results of the numerical implementation there are two references available. The plate
as described in the article from J.L. Guyader [1] ('Plate 2') and a plate as described in an article
from Laulagnet [8] ('Plate 3'). Furthermore, there are two more plates that are investigated.
These are a so-called Standard Plate ('Plate 1') and a semi-standard plate with the half of the
thickness of the original standard plate ('Plate 4'). The properties of these plates are as follows:

Plate 1 Plate 2 Plate 3 Plate 4
1.0 m 1.0 m 0.455 m 1.0 m
1.0 m 1.0 m 0.379 m 1.0 m
1.0 1.0 1.2 1.0
5.0 mm 1.0 cm 1.0 mm 1.0 cm
2560 Hz 1183 Hz 11829 Hz 1183 Hz
(0, 0) (0, 0) (0, 0) (0.3, 0.2)
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Figure A.5: Analytical Solutions of the 4 used plates
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Appendix B

Pictures: Error in numerical
simulations

This appendix contains the complete set of pictures of the error in the numerical simulations of the
modal analysis of the rectangular plate as described in section 4.2. The pictures for the following
values of'Y are given: 'Y = [0.1 0.2 0.5 0.7 1.0 1.5]
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Figure B.I: Modal pattern radiation: Error in numerical simulations at 'Y = 0.1
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Figure B.2: Modal pattern radiation: Error in numerical simulations at 'Y = 0.2
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Figure B.3: Modal pattern radiation: Error in numerical simulations at 'Y = 0.5
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Figure B.5: Modal pattern radiation: Error in numerical simulations at 1=1.0
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Appendix C

Radiated Sound Power:
Numerical Simulations

This appendix contains the complete set of pictures of the radiated sound power by the four plates
used in section 4.3. The analytical solution, and the computations by LP-BEI\I and BEto.l{QSF)
are shown.
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Nomenclature

Frequency f [~]
Angular Frequency w = 2nf [r~d]

Speed of sound in acoustic medium Ca [r;t]
Acoustical Wavelength Aa [m]
Structural Wavelength As [m]
Acoustical Wavenumber k - 211" - .!:!.... [~]a - A -

Structural Wavenumber k _ 2-# C
a

[~]S - As

Critical Frequency fe [Hz]

Non-Dimensional Frequency 'Y - k a
- If [-]- k s - Ie

Surface area S [m2 ]

Green's Function G [-]
Point in acoustic medium r [-]
Point in acoustic medium d [-]
Acoustic Pressure p f~]
Particle Velocity v r;t]
Density of acoustic medium Pa [:JDensity of structure Ps
Normal Vector n [-]
Radius of Sphere R [m]
Radiated Sound Power II [W]
Complex Unity j [-]
Spatially Dependent Amplitudes
of Field Quantities ~ [-]
Young's Modulus E [Pal
Thickness h [m]
Poisson's Ratio v [-]
Bending Stiffness D [Nm 2 ]
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