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Abstract 

In this report the properties of charged and uncharged dendrimers are studied using 
Brownian Dynamics simulation and a mean-field approximation. The simulation results, 
for example the radial distributions, find a good agreement compared to the Monte Carlo 
simulations of Lue [10] and Molecular Dynamics simulations of Murat and Grest [11]. 

In addition to Boris and Rubinstein [3] we included three-body and higher order 
excluded-volume interactions into our mean-field approximation. This approximation shows 
very good agreement for the swelling and collapse behavior of uncharged dendrimers well 
below the starburst limit. As a result a definition for the dendrimer 8-point is derived. 

For the charged dendrimers we approximated an additional free energy term. The 
numerical solution for weakly charged dendrimers shows no significant infiuence of the 
charges on the radius of gyration of the dendrimer. On the other hand the infiuence on the 
radial distribution is significant. For strongly charged dendrimers the behavior can change 
significantly. In a bad solvent the dendrimer can show a phase change behavior. 



Technology Assessment 

Dendrimer may well become the flagship of nanotechnology's building blocks, a class 
of polymerized macromolecules that have the potential to provide the most exquisitely 
tailored forms and functions ever realized outside of nature. 

The surface of a dendrimer globe bristles with numerous chain-ends. During synthesis, 
these chain-ends can be designed to perform specific chemical functions. For example, they 
may be electrically charged so that the entire dendrimer functions as a polyelectrolyte. 
Other features, including the external size and internal architecture of a dendrimer can 
also be controlled during synthesis. This makes possible the creation of interior cavities 
or channels with properties different from those on the exterior and opens the door to 
dendrimers serving as vessels or hosts for guest molecules. In this capacity, dendrimers 
could serve as targeted drug and gene delivery agents or nanoscale reactors for catalysis, 
in addition to building blocks for nanotechnology. 

The future of dendritic macromolecules lies in large part with cleverly designed syn
theses that can deliver the structures best-suited for interesting applications. We are very 
interested in the properties of dendrimers that take full advantage of their precise nanome
ter size, high functionality, and regular structural features. 
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Chapter 1 

Introduction 

Dendritic macromolecules, or dendrimers, are synthetic three-dimensional macromolecules 
that are prepared in a step-wise fashion from simple branched monomer units. The na
ture and functionality of these branched monomer units can be easily controlled and var
ied. Their unique architecture and monodisperse structure result in numerous previously 
unknown or significantly improved physical and chemical properties when compared to 
traditional linear polymers. 

Synthesizing monodisperse polymers demands a high level of synthetic control which 
is achieved through stepwise reactions. The dendrimer is built up one monomer layer, or 
generation, at a time. Each dendrimer consists of a multifunctional core molecule with 
a dendritic wedge attached to each functional site. The core molecule is referred to as 
generation 0. Each successive repeat unit along all branches forms the next generation, 
generation 1, generation 2, and so on until the terminating generation. 

There are two methods of dendrimer synthesis, divergent and convergent. In the di
vergent method the molecule is assembled from the core to the periphery; while in the 
convergent method, the dendrimer is synthesized beginning from the outside and termi
nating at the core. In either method the synthesis requires a stepwise process, attaching 
one generation to the last, purifying, and then changing functional groups for the next 
stage of reaction. 

This functional group transformation is necessary to prevent unbridled polymerization. 
Such polymerization would lead to a highly branched molecule, which is not monodisperse 
- otherwise known as a hyperbranched polymer. In the divergent method, the surface 
groups initially are unreactive or protected species which are converted to reactive species 
for the next stage of the reaction. In the convergent approach the opposite holds, as the 
reactive species must be on the focal point of the dendritic wedge. 

Due to steric effects, continuing to react dendrimer repeat units leads to a sphere
shaped or globular molecule until steric overcrowding prevents complete reaction at a 
specific generation and destroys the molecule's monodispersity. Using longer spacing units 
in the branches of the core molecule can increase the number of possible generations. The 
monodispersity and spherical steric expansion of dendrimers leads to a variety of interesting 
properties. 
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The steric limitation of dendritic wedge length leads to small molecular sizes, but 
the density of the globular shape leads to fairly high molecular weights. The spherical 
shape also provides an interesting study in molecular topology. Dendrimers have two 
major chemical environments, the surface chemistry due to the functional groups on the 
termination generation, which is the surface of the dendritic sphere, and the sphere's 
interior which is largely shielded from exterior environments due to the spherical shape of 
the dendrimer structure. The existence of two distinct chemical environments in such a 
molecule implies many possibilities for dendrimer applications. 

Theoretically, hydrophobic/hydrophilic and polar/nonpolar interactions can be varied 
in the two environments. The presumed existence of voids in the dendrimer interior furthers 
the possibilities of these two heterogeneous environments playing an important role in 
dendrimer chemistry. Dendrimer research has confirmed the ability of dendrimers to accept 
guest molecules in the dendritic voids. 

Dendrimers have found actual and potential use as molecular weight and size standards, 
gene transfection agents, as hosts for the transport of biologically important guests, and 
as anti-cancer agents, to name but a few. Much of the interest in dendrimers involves 
their use as catalytic agents, utilizing their high surface functionality and ease of recovery. 
Dendrimers' globular shape and molecular topology, however, make them highly useful to 
biological systems as well. 

In order to engineer the desired properties of a dendrimer better, one must know how 
the structure of the dendrimer changes in different environments. In this report results 
are presented of computer simulations on the conformational changes of dendrimers as 
a function of solvent quality. Also functionalized dendrimers are simulated. We used a 
mean-field approximation to get a first insight in the changes of the changes and therefore 
could choose the best way to simulate. 

The remainder of this report is organized as follows. In section II the model and 
simulation method are introduced. In section III a mean-field theory for dendrimers is 
derived. In section IV different physical quantities are described and the results of the 
computer simulations are discussed. Finally the conclusions are presented in section IV. 
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Chapter 2 

Dendrimer Model and Simulation 
Algorithm 

In Molecular Dynamics simulations the classica! equations of motion for a set of molecules 
or atoms are solved, see for example the book of Allen and Tildesley [1]. The basic prin
ciple involved in Brownian Dynamics simulations is similar to that involved in Molecular 
Dynamics, but introduces a few new approximations that allow us to perform simulations 
on the microsecond timescale. In Brownian Dynamics simulations the explicit solvent 
molecules are removed and replaced with an implicit continuum solvent description. We 
must only make sure that we do not neglect any important properties of the solvent. 

The two main effects of the solvent on the dynamic behavior of solute molecules in 
solution are 

1. a frictional force, due to the viscosity, slowing a diffusing solute down, and 

2. the collisions of the solvent molecules adding a random component to the motion of 
the solute. 

By incorporating both effects, Brownian Dynamics techniques allow realistic simulation of 
molecules in solution without the need to include any explicit solvent molecules. 

2.1 Dendrimer Model 

General statistica! results can be obtained using a coarse-grained model of the actual 
molecules. The main advantage of such a model is the enormous decrease in CPU-time 
needed; consequently a large number of different configurations can be quickly analysed. 
The model employed in the study is the freely-joint bead-rod model as shown in figure 
2.1. The beads in this model represent united atoms, the hydrogens are not considered 
explicitly, and are connected by rigid rods of length l. The core bead has f branching points 
which is referred to as the functionality of a dendrimer. The number of bonds between 
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2.1 Dendrimer Model 
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Figure 2.1: The freely-joint bead-rod model employed in this study: above example can 
be characterized as a dendrimer with g = 2 and s = 2. 
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Dendrimer Model and Simulation Algorithm 

neighboring branch points is called the spacer length s. After each shell of branching points 
a new generation g emerges. 

The number of beads in each consecutive generation as a function of the functionality 
and the spacer length is given by 

N9 = f s (! - 1)9 . (2.1) 
This can be summed to give the total number of beads 

(! - 1)9+1 - 1 
N=fs f-2 +1 (2.2) 

All the models in this study have the functionality f = 3; the total numbers of beads 
is then given by 

N = 3s(29+1 
- 1) + 1 (2.3) 

2.1.1 Lennard-Jones potential 

All non-bonded beads internet via a Lennard-Jones potential where the attractive term is 
modified by a dimensionless screening factor (3 LJ, 

( 
(J) 12 (J 6 ULJ(r) = 4ELJ( - - f3LJ(-) ) 
r r 

(2.4) 

with f3LJ given, ELJ is a measure for the 'minimal' energy, and CY is a measure of the bead's 
diameter. The probability of monomer-monomer interactions in comparison to interactions 
of a monomeric unit with the environment is regulated by the changes in the attractive 
part, corresponding to qualitative changes in the kind of solvent. Rewriting the formula in 
the form U(r) = A/r12 

- B/r6 gives 

(2.5) 

By putting auLJ(r)/ar = 0, it can be found that an increase of f3LJ results in a quadratic 
increase in the well depth 

rmin = \!'2/f3LJCY =? ULJ(rmin) = -f3LELJ, 

whereas the position of the repulsive wall, defined by ULJ = 0, does practically not change, 

(J 

ULJ(r) = 0 =? ro = .ifïJLJ. 

Thus a change in f3LJ effectively changes the well depth corresponding toa qualitative 
change in the quality of the solvent. The values for the parameters CY = 0.8l and ELJ = 

0.3kbT are used as proposed by de la Torre and co-workers [5] to correctly reproduce the 
molecular-weight dependence of the average square end-to-end distance, < R2 >, of a 
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2.1 Dendrimer Model 
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Figure 2.2: Lennard-Jones potential for different f3LJ corresponding to different solvent 
qualities as a function of the dimensionless distance r / l, where l is the distance between 
two beads. 

linear chain in a 8-solvent. In a 8-solvent, the repulsive excluded volume effect balances 
the attractive farces between the segments, and the polymer behaves as an ideal chain. 
The Lennard-Jones potential for different /3LJ is displayed in figure 2.2. 

Cut-Off Distance 

In principle the Lennard-Jones potential is a long-range interacting potential but it decays 
rather quickly. After 2.5o- the potential is almost zero already. To decrease the amount of 
CPU-time needed, interactions between beads separated by distances larger than 2.5o- are 
not taken into account. The concomitant discontinuity in the Lennard-Jones potential is 
removed adding a constant to the potential so that U(r cut) = 0. This shifted potential is 
used in the simulations and can be written as 

- ( (j 12 (j 6 UL1(r) = ULJ(r) - 4ELJ (-) - f3LJ(-) ). 
'reut 'reut 

(2.6) 

2.1.2 Electrostatic Potential 

Dendrimers with specific functionality play a technologically important role. For polyelec
trolytic dendrimers the properties change significantly as shown by Welch and Muthukumar 
[17]. In their article they study a coarse-grain model of a poly(propylenime) dendrimer, 
where charges are placed at all branching points and terminal groups. They show that the 
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Dendrimer Model and Simulation Algorithm 

intramolecular density profile can be tuned by changing the pH. In contrast to the model 
used by Welch and Muthukumar we only charge the terminal beads. These terminal beads 
internet via an additional electrostatic potential, a screened Coulomb potential called the 
Debye-Hückel potential 

(2.7) 

where ÀB is the Bjerrum length describing the strength of the Coulombic interaction in a 
dielectric medium 

e2 
ÀB = 47rEkbT; 

E is the dielectric constant, and K is the inverse Debye length, which describes the screening 
of the electrostatic interactions due the to presence of counterions and salt in the solution 

with p the monomer density. At very low concentrations of both salt and polyelectrolyte 
this screening effect becomes negligible. 

2.2 Simulation Algorithm 

The basic algorithm used in Brownian Dynamics is similar to that in Molecular Dynamics; 
the positions of the particles at time t, together with the forces acting on the particles, are 
used to estimate the positions at some later time t + b.t. For a more rigorous description of 
simulation techniques see for example the book of Allen and Tidesley [1]. Our dendrimers 
are simulated using a Brownian dynamics simulation algorithm employing the Ermak
McCammon [6] equation without torsional and valence-angle potentials. Each integration 
step is calculated according to 

i = O, .... ,N (2.8) 

where f? is the position vector for bead i before a Brownian-dynamics step with time step 
b.t; the core of the molecule is defined by i = 0 and D?1 is the translational diffusion tensor. 

The solvent is represented by a structureless continuum that generates a random noise ~?, 
which has a zero mean and a variance-covariance matrix given by 

(2.9) 

If hydrodynamic interactions are neglected, the translational diffusion tensor can be written 
as 
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2.3 Details of Brownian Dynamics Simulation 

Di;f3)o = (kbT/()óaf3 

D(af3)o = 0 
'1 

i = 0, ... " N 
(2.10) 

i#-j=O, .... ,N 

with ( the translational friction coefficient, and a and /] representing the x, y, or z com
ponents of a Cartesian co-ordinate system. As usual, Óaf3 is the Kronecker symbol. The 
force F1° acting on bead j is given by 

pjO = - t µk (~~) - f)~::/ 
k=O 1 rO J 

(2.11) 

where vk is the expression of kth rigid constraint, vk = ~(fk+i - rk)2, and µk is the cor
responding Lagrange multiplier. The SHAKE algorithm [14] with a relative tolerance of 
2 · 10-6 is used to maintain a fixed bond length. In the simulation, the bond length l, the 
thermal energy kbT, and the translational friction ( = frrrrJoa are all set to unity. Con
sequently, the translational diffusion coefficient D = 6kbT = 1, time t = k'

1r
2 

= 1, and 
~ryoa b 

force F = ~ = 1 are dimensionless too and therefore all results presented below are also 
dimensionless quantities. 

2.3 Details of Brownian Dynamics Simulation 

2.3.1 Initial Configuration 

The initial configuration for the dendrimers is built using a procedure which is very similar 
to the one proposed by Murat and Grest [11]. The core bead is put in the centre of the 
reference frame and is taken to be a small sphere of radius 0.50". Onto the core bead, 
along the X, Y, and Z axes, are 3 chains attached of s monomers, the g = 0 generation 
of the dendrimer. The g = 1 generation is built adding 2 chains to each of the free ends 
of the g = 0 dendrimer. The distance between a newly added bead and all the previous 
beads is constrained to be larger than some rmin = 0.80". If this condition is not fulfilled, a 
new position is selected for the beads inserted. To build dendrimers of higher generation 
number above procedure is continued. Obviously, as g increases, it becomes increasingly 
difficult to fulfill the constraint of no overlap. If a bead cannot be inserted after a 1000 
number of trials, the whole dendrimer is discarded, and the whole process is started again 
with a new random number seed. This procedure allowed the construction of the initial 
configuration of dendrimers up to g = 6. 

2.3.2 Simulation Details 

The magnitude of the time step is chosen so that the maximum displacement of a bead is 
less than 103 of the bond length. For dendrimers with only excluded volume interactions 
a dimensionless time step of b..t = 2.5 x 10-4 can be used. Whereas for dendrimers with 
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Dendrimer Model and Simulation Algorithm 

also electrostatic interactions a time step between b.t = 0. 75 x 10-3 and b.t = 1 x 10-4 

is used which decreases with increasing strength of the ionic interaction. 
Each initial configuration is equilibrated for 500 000 time steps. The additional number 

of time steps of each production run is prescribed by the following criterion; the number of 
simulation steps is increased until the mean average radius of gyration in the X, Y, and Z 
direction of the reference frame is within five percent of the overall mean average radius of 

. h <Rg > <Rgy > <Rg > < 1 ± 0 05 U . h" . . 1 . d . gyrat1on, t us <R;> , <Rg> , <Rg•> _ . . smg t is cntenon resu ts m pro uct10n 
runs of 4 000 000 time steps for the larger generations. 

The normalized autocorrelation function of the squared radius of gyration is calculated 
according to 

c 2 ( T) = CR~ ( T) = ( ~) L~:Ct ( R; ( t )- < R; >) ( R; ( t + T )- < R; >) 
Rg c~~ (~) L~=o(R~(t)- < R~ >)2 

(2.12) 

The correlation time, TR2, is defined as the value where CR2 ( TR2) = e-1. This correla-
g g g 

tion time increases with increasing generation and decreases with increasing electrostatic 
strength. The total length of each production run is larger than 100 TR2. 

g 
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Chapter 3 

Mean-Field Approximation of 
Charged and U ncharged Dendrimers 

3.1 Self-Consistent Field Approximation 

A single linear polymerie chain in a good solvent fluctuates strongly. Flory [8] introduced 
a method which neglects these fluctuations, but, surprisingly, predicts various polymer 
characteristics very accurately. The approximation assuming that fluctuations are negli
gible is called the self-consistent or mean-field approximation. For the problem in hand 
the method implies that the excluded-volume interactions can be described in terms of 
uncorrelated collisions in a cloud of disconnected particles, and that the most probable 
macroscopie state may be found by minimizing a Helmholtz free energy. 

The topology of the dendrimer suggests that the fluctuations will be much smaller than 
in a single linear chain, because dendrimers are much more dense. Therefore, the self
consistent-field approximation should reasonably accurately predict the characteristics of 
dendrimers. In the articles of Boris and Rubinstein [3] and of Ganazzoli et al. [9] the method 
was indeed successfully applied to predict the swelling behavior of the dendrimer. One 
caveat of these works, however, is that interactions between beads are taken into account 
at the level of two-body excluded volume, which breaks down for higher generations. 

To qualitatively predict the conformational properties of the dendrimers near the star
burst limit [4], and in particular the swelling or collapse with varying solvent quality, 
three-body and higher-order excluded-volume interactions have to be taken into account, 
because these interactions become important at higher internal densities. Note that a 
dendrimer can only react to changes in the solvent quality for generations below a certain 
maximum, known as the startburst limit. 

3.1.1 Swelling and Collapse of Dendrimer 

Provided a dendrimer is of a generation well below the starburst limit, beyond which further 
growth is not possible, two-body excluded-volume interactions suffice for a qualitative 
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Mean-Field Approximation of Charged and Uncharged Dendrimers 

Figure 3.1: A single linear path of monomers of a 7th generation dendrimer. The total 
length of the path is the number of generations times the spacer length, g s. 

analysis of the swelling behaviour. A sealing Ansatz for the free energy of a single linear 
path of monomers of a gth generation dendrimer (see figure 3.1) may be written as [3] 

(3.1) 

where kb is Boltzmann's constant, and T the temperature, R90 is the radius of gyration of 
an ideal Gaussian dendrimer, R9 its actual radius of gyration, and ex = R9 / R90 the linear 
expansion factor. The mean segment density, cp, in the dendrimers is 

Nv Nv _3 _ _ 3 
<P = R3 = R3 ex = <Poex , 

g gO 

(3.2) 

where N the total number of monomers in the whole dendrimer, v the excluded-volume 
parameter, and <Po the effective internal density of ideal dendrimers. The first and second 
term in equation 3.1 give the usual entropie contribution to the free energy due to stretching 
and compression advanced by Flory. The third term represents the free energy due to 
excluded-volume interaction of the linear path of monomers with the monomers of the rest 
of the dendrimer. 

To include three- and higher-body virial coefficients the density-dependent excluded 
volume term needs to be generalized. Here, we propose a free-volume type of approach in 
which we replace the 2n<l virial term g s cp by 
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3.1 Self-Consistent Field Approximation 

g s ln (1 -_t__) , 
</>max 

(3.3) 

where cPmax is the maximum attainable density, which is the density at the maximum (star
burst) generation, 9max, beyond which the dendrimer cannot grow due to overcrowding. 
Apart from volume exclusion the beads may also interact via a van der Waals attraction. 
Within a mean-field van der Waals type of pertubation treatment this would generate an 
additional term of order -g s <P E, with E > 0 the strength of the van der Waals attraction. 
Within this admittedly rather crude approximation we can rewrite equation 3.1 as 

F 3 ( R~ ) ( R9 ) ( </> ) - '.'.::::'. - -
2 

- 3 ln - - g s ln 1 - -- - g s <P E. 
kbT 2 R 9o R 9o cPmax 

(3.4) 

N ote that this free energy holds only for dendrimers that are not overstretched, because 
the entropie terms only hold in the Gaussian approximation. The equilibrium size of the 
dendrimer in terms of the linear expansion factor, a, is found minimizing the free energy, 
i.e., by putting 8F/8a = 0, giving 

5 3 ~ ~ a - a - g s ~ ~ _3 + g s 'i'O E = 0. 
'l'max - '1'0 a 

(3.5) 

Without loss of generality the maximum density can be taken cPmax = 1, because cPmax 
scales with E; suppose <P'max = 'Y cPmax and</>~ = 'Y <Po then E1 = Eh. The numerical solutions 
of equation 3.5 for dendrimers with generation g = 3, 5, 6, and 8 and spacer length s = 2 
are shown in figure 3.2. It shows a strong swelling behavior of dendrimers for E ---+ 0 and 
for not too large g a collapse, although not as pronounced as in the case of a single linear 
chain. This is due to the fact that a linear chain is a much more rarified object. With 
increasing generation this collapse seems to become impossible. In figure 3.3 the numerical 
solutions for dendrimers with generation g = 6 and spacer length s = 1, 2, 4, and 7 are 
shown. The increase of the spacer length makes the dendrimer more rarified, which results 
in an easier collapse of the dendrimer with increasing spacer length. 

Analogous to the definition of a linear chain in a 8-solvent, where it behaves ideally, a 
dendrimer 8-point can be defined, taking a = 1 and solving equation 3.5. This gives the 
dimensionless energy at the 8-point 

1 
€9 = . 

cPmax - cPo 
(3.6) 

As already was suggested from the numerical solution the chain can no longer contract to 
its ideal size if <Po ---+ cPmax, because Ee ---+ oo. The solvent is poor if E > Ee, in which case 
the third and fourth term in equation 3.5 dominate. This gives the following equation 

0:3=~ EcPmax (3.7) 
cPmax E cPmax - 1 ' 

which shows a (EcPmax/(EcPmax - 1)) 113 dependence of a and the minimum size is given by 
amin = (<Po/cPmax) 113. This is also true for increasing spacer length. 
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Mean-Field Approximation of Charged and Uncharged Dendrimers 
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Figure 3.2: The linear expansion factor a = R9 / R90 as a function of the van der Waals 
energy parameter E for dendrimers with generation g = 3, 5, 6, and 8 and spacer length 
s = 2. For higher generation dendrimers a collapse seems impossible, because the van der 
Waals energy has to be unphysically increased. 
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3.1 Self-Consistent Field Approximation 
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Figure 3.3: The linear expansion factor a = R9 / R90 as a function of the van der Waals en
ergy parameter E for dendrimers with generation g = 6 and spacer length s = 1, 2, 4, and 7. 
The dendrimers can collapse more easily with increasing spacer length. 

3.1.2 The starburst limit 

An interesting topological aspect of dendrimers is the concept of limited growth, i.e., the 
impossibility to grow beyond the starburst limit [4]. The minimum volume occupied by a 
dendrimer with N beads with a nonzero volume v is 

4 3 
Vmin = vN = -rrrRmin' (3.8) 

where N = 3s(29+1-1)+1 grows exponentially with increasing generation. The dendrimer's 
maximum accessible volume, where it reaches the fully stretched radius R ~ g s, grows 
cubically with the number of generation and spacers as 

4 3 3 
Vmax = 31!"9 S · (3.9) 

Since the occupied volume grows faster with g than the accessible volume it is apparent 
that there will come a point beyond which the dendrimer cannot grow as a consequence of 
a lack of space. The maximum attainable generation beyond which the dendrimer becomes 
overcrowded is called 9max· Combining equations 3.8, and 3.9 and solving them numeri
cally shows an increase in the maximum attainable generations, 9max = 13, 16, and 21 for 
dendrimers with spacer length s = 1, 2, and 7 respectively. 

Approaching the starburst limit the linear branches in the dendrimer are strongly 
stretched and the Gaussian approximation fails. The associated decrease of entropy of 
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the chain has to be included in the expression of the free energy. In the appendix B the 
following term for elastic free energy is derived 

~o?- ~ - 1-ciln (1- ~). 
2 20 VfiS .;gs (3.10) 

N ote that this interpolation is correct for a > > 1, but slightly underestimates for a ---+ 1. 
After replacement of the first two terms of equation 3.4 by 3.10 the total free energy of a 
single linear branch becomes 

(3.11) 

Minimizing the free energy to find the equilibrium size of the dendrimer in terms of the 
linear expansion factor a we then get , 

9 a
6 

( a ) 3 a
7 

1 a 5 
- - -- ln 1 - -- + - - - a3 

20 VfiS VfiS 20 g s 1 - ffs 
<Po 1 

- g S -;:----- d-.n + Eg S </>o = 0. 
'f'max 1 - _:t:Q_a-3 

</>max 

(3.12) 

Figure 3.4 shows the numerical solutions of equation 3.12 for dendrimers with spacer length 
s = 1, 2 and 7. The numerically obtained maximum generation is smaller than the maxi
mum generation found above. This is of course due to fact that the individual paths cannot 
be fully stretched within the dendrimer. 

For large generations and E < < Ee the dendrimer is overstretched and the fifth ( excluded
volume) term is dominant, but instead of the stretching term the overstretching term 
(second and third) is dominant. 

-~~1n(1-~)+~a1 1"' =+gs~ 1 . 
20 VfiS .;gs 20 g s 1 - ,/98 <Pmax 1 - </>!:x a-3 

(3.13) 

Close to the overstretched limit a/ VfiS ~ 1, in which case equation 3.13 can be approxi
mated as 

a 7 <Po 
-~gs--

g S <famax 
(3.14) 

If the radius of gyration of the ideal dendrimer is approximated by 

(3.15) 
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3.1 Self-Consistent Field Approximation 
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Figure 3.4: Radius of gyration in a good solvent ELJ/3z1 = 0.30 as a function of the number 
of beads, until the maximum obtainable generation for dendrimers with spacer length 
s = 1, 2, and 7. 
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the end-to-end distance of an ideal Gaussian chain of N = gs beads. and the length of a 
path is approximated by 

gs ~ slog(N), (3.16) 

which follows after taking the logarithm from the number of beads N, then the effective 
internal density of ideal dendrimers can be written as 

N 
<Po~ (s log(N))312 · 

(3.17) 

After substitution of the approximations 3.15, 3.16, and, 3.17 into equations 3.14 the radius 
of gyration dependence for high generations can be written as 

R~ ~ N(s log(N))4. (3.18) 

It is instructive to rewrite above dependency in the form 

2 

R~ ~ Nx = Nd!, 

where d1 is the fractal dimension of the object. This can be dorre by rewriting log(N) = 
Né(N), where E(N) = 10~~1;(~~)), which brings the expression 3.18 in the form R~ ~ 
Nl+mé(N). The fractal dimension of the object can then be defined as 

d - n 
f - 1 + mE(N) 

(3.19) 

In the high-generation case it follows that 

7 4 d - 7 
n = 'm = => f - 1+4E(N) (3.20) 

In figure 3.5 the analytica! approximated fractal dimension for higher generations, equa
tion 3.20, is plotted together with the numerical obtained fractal dimension of dendrimers 
with spacer length s = 7. For the higher generations dendrimers the approximation is 
very good and we conclude that the dominant contributions in the free energy are the 
excluded-volume term and the overstretching term. 

3.2 Dendrimer with Charged Terminal Groups 

In our simulations the dendrimers are end-functionalised by charging the terminal groups. 
An additional term in the free energy can be derived taking into account these electrostatic 
interactions. For simplicity the excluded volume term is ignored to get clear insight into 
the physics. From our simulations we know that the chain ends can penetrate into the 
dendrimer, but the overall distribution of the terminal groups is peaked around R9 . This 
peak will even be more pronounced for charged groups, therefore in a first approximation 
a smooth charge distribution on a sphere of fixed radius R is assumed. In appendix C the 
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Figure 3.5: The theoretically derived fractal dimension of the dendrimers and the numerical 
obtained fractal dimension of dendrimers with spacer length s = 7 as a function of the 
number of beads. For the higher generation dendrimers the analytic approximation is very 
well. 

contribution from the electrostatic interactions to the free energy is derived and is given 
by the following term 

3 R9o a 
(3.21) 

where ÀB is the Bjerrum length and Nr is the number of charged terminal groups. Ne
glecting other types of interaction and away from the overstretched limit the total free 
energy of a single linear branch becomes 

F 3 2 2 ÀBNr 1 - = -a - 3 ln(a) + --- -
kT 2 3 R90 a 

(3.22) 

Minimizing the free energy to find the equilibrium size of the dendrimer in terms of the 
linear expansion factor a gives 

_ 1 2 ÀBNr _ 2 a-a ----a =0 
9 R9o 

Solving equation 3.23 three regimes can be distinguished. 

1.) Weakly stretched regime, where a = 1 + ó 
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Ó = ~ ÀBNT < l 
9 R9o -

(3.24) 

2.) Strongly stretched regime, where the first term (stretching) and third term (Coulomb) 
of equation 3.23 are dominant 

(
2 ÀBNT) 

113 

();'.::::'. --- >>1 
9 R9o 

(3.25) 

3.) And a overstretched regime, where the first and second term are dominant. 

o: ~ R9o (3.26) 

In that case, R9 > g s and longer than physical possible. Therefore, we correct for the 
overstretching in the same way as in the starburst limit and include an additional term 
for the elastic free energy. The total free energy of a path in an end-charged dendrimer is 
given by 

- = -o: - 3 ln( o:) - - -- o: ln 1 - -- + --- -F 3 2 9 1 3 ( 0: ) 2 ÀBNT 1 
kT 2 20 yfg8 ylg8 3 R9o o: 

(3.27) 

Minimizing the free energy to find the equilibrium size of the dendrimer in terms of the 
linear expansion factor o: gives 

0:3 _ ~ ~ ln (l _ ~) + ~ o:
5 

1 _ o: _ ~ ÀBNT = O 
20 yfg8 yfg8 20 g s 1 - )§s 9 R90 

(3.28) 

Dividing by (g s )312 gives 

C~S-:o (;-,)' ln (l- ;-,) + 2
3
0 (;-,)' 1-1~ -gs-ylg8-:-s = z(gst

312 

(3.29) 
where z = ~ >.~~r For z (g s )-3

/
2 :S: 1 the same solutions must be found as without the 

additional elastic term in the free energy. Solving equation 3.29 for J§s < < 1 gives 

(~) 3 - (~) (g s)-1 = z g-3/2 
V9S V9S 

(3.30) 

with the expected solutions 

1) weakly stretched regimes, z :S: 1 : o: '.::::'. 1 + ~z, and 

2) strongly stretched regime, z ~ 1 : o: '.::::'. z113
. 

For zg-312 > 1 and ~ ~ 1 we find 
- y98 
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Figure 3.6: The three theoretica! regimes of charged dendrimers; 1) weakly stretched 
regime: a '.'.::::' 1 + ~z, 2) strongly stretched regime: a '.'.::::' z113

, and overstretched regime: 
1 - 0 (~) 

a '.'.::::' y'gS ( 1 - z g:3/2) (3.31) 

the overstretched regime, which equals 1- 0 (~) and is always smaller than the maximum 
attainable length g s. The three regimes are presented in figure 3.6. 

3.3 Charged Dendrimers with Excluded Volume In
teractions 

Including both excluded volume interactions and the Coulombic interactions of the charged 
terminal groups give the following complex expression for the total free energy 

(3.32) 

The solution of our previous sub-problems showed us that swelling of the dendrimer in 
a good solvent, E > > Ee is significant on the other hand the infiuence of the charging of 
the terminal groups is small for small Bjerrum lengths. The two effects compete when the 
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Figure 3. 7: Numerical solution of the minimized free energy fora g = 5 and s = 1 dendrimer 
with charged terminal groups and excluded volume interactions. 
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Figure 3.8: Numerical solution of the minimized free energy fora g = 5 and s = 2 dendrimer 
with charged terminal groups and excluded volume interactions. 
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Figure 3.9: Numerical solution of the minimized free energy fora g = 5 and s = 1 dendrimer 
with charged terminal groups and excluded volume interactions. 

solvent is getting poorer and the strength of Coulombic interaction increases, as can be 
seen in figures 3. 7 and 3.8. 

Both figures show an increase in the linear expansion factor a as a function of increasing 
Bjerrum length Àb until a certain E after which the dendrimer collapse stronger. In figure 
3.9 the linear-expansion factor as a function of the van der Waals energy and Bjerrum 
length is plotted. For small Bjerrum lengths the dendrimers size is fully determined by the 
excluded volume interactions. From Àb 2:: 0.5 the dendrimer size significantly changes due 
to the electrostatic interactions. For certain combinations of Àb and E the dendrimer shows 
a phase change behavior. We conclude that the weakly charged terminal groups will not 
much influence the radius of gyration, but will surely change the location of the terminal 
groups. For strongly charged dendrimers this behavior changes significantly. 
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Chapter 4 

Results of Brownian Dynamics 
Simulation 

4.1 Radius of Gyration of Ideal Dendrimer 

One of the most convenient ways to express the size of a polymer is by means of its mean
square radius of gyration, R9 • This quantity can be measured for example in a Small Angle 
Neutron Scattering (SANS) experiment, and is well defined for all polymer topologies. The 
square radius of gyration is defined as the root-mean-square distance between the segments 
and the center of mass, Rem, of the polymer. The position of the center of mass is defined 
by 

N 
.... 1 "" .... 

Rem = N L...t Rn, (4.1) 
n=l 

where Rn is the position vector of the nth bead. The square of the radius of gyration can 
then be written as 

N 
2 1"' ........ 2 Rg = N L...t(Rn - Rem) 

n=l 

(4.2) 

For a Gaussian freely-jointed dendrimer, hereafter called ideal dendrimer, the square 
radius of gyration, R~0 , can be derived analytically. In Appendix A the analytica! radius 
of gyration is derived using the Wiener Index. 

4.2 Validation of the Mean-field Approximation 

Our mean-field approximation is only applicable if the fluctuations are small. The fluctu
ations are quantified by !::..R2, the variance of the mean square radius of gyration divided 

g 

by the squared mean square radius of gyration. 
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4.3 Radius of Gyration of Uncharged Dendrimers with Excluded Volume Interaction 

Var(R
9
2) < R4 > - < R2 >2 

.6. 2 = g g (4 3) 
Rg < R2 >2 < R2 >2 . 

g g 

For dendrimers characterized by different generations and different spacer length the fiuc
tuations are presented in figure 4.1 as a function of decreasing solvent quality. From the 
figure can be seen that the fiuctuations decrease with increasing generation and are small, 
especially for large generations, in comparison to the simulated Gaussian coil with N = 129 
beads. Therefore it can be argued that our mean-field approximation is a very reasonable 
approach especially for large generation dendrimers . 
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Figure 4.1: Fluctuations of the mean-square radius of gyration for dendrimers characterized 
by different number of generations, different spacer length, as a function of decreasing 
solvent quality. 

4.3 Radius of Gyration ofUncharged Dendrimers with 
Excluded Volume Interaction 

In a good solvent E < Ee the switching on of the Lennard-Jones potential causes the 
dendrimers to swell significantly in comparison to the ideal dendrimer, as can be seen in 
figure 4.2. Whereas the radii of gyration of the ideal dendrimer change almost linearly with 
increasing N, the dendrimers in a good solvent show an upward curvature, in particular 
for dendrimers with spacer length s = 2. From the mean-field approximation we know 
that for low generations and E < < Ee the main contributions to free energy are given by 
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Figure 4.2: The squared radius of gyration, R~, as a function of the number of beads, 
N, for ideal dendrimers (ID), simulation (BD), and theory (TH). Dendrimers with spacer 
length s = 1 and s = 2 in a good solvent, ELJf3LI = 0.30. 

the stretching and excluded-volume terms (see also equation 3.12). The squared radius of 
gyration can then be approximated by 

(4.4) 

This formula shows that R; increases almost linearly with the spacer length, which explains 
the stronger curvature of the dendrimer with spacer length s = 2. 

4.3.1 Swelling and Collapse Behavior of Dendrimers 

The size of an isolated dendrimer in a solvent is dependent on the solvent quality. In a 8-
solvent, where the repulsive excluded-volume effect balances the attractive forces between 
the beads, the dendrimer behaves like an ideal dendrimer. The size difference between the 
ideal dendrimer and dendrimers with excluded-volume interaction can be expressed as the 
linear-expansion factor a = R 9 / R9 ,0 . In figure 4.3 the expansion factors, obtained from 
the simulation (symbols) and theory (lines), are plotted as a function of the solvent quality 
for dendrimers with spacer lengths s = 1 and s = 2 

Both nice and surprising is the accuracy of our mean-field approximation. The most 
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Figure 4.3: The linear expansion factor ex = R9 / R9 ,0 as a function of the solvent quality 
from simulation (BD) and theory (TH). The dendrimers are characterized by generation 
g = 4, 5, 6 and spacer length s = 1 (a), and generation g = 4, 5, 6 and spacer length s = 2. 

salient theoretica! result is the definition of the dimensionless energy at the 8-point (see 
also equation 3.6) 

1 
Ee = ' <Pmax - <Po 

(4.5) 

where <Po is the effective density of the ideal dendrimer, and <Pmax the maximum attainable 
density. This equation shows that the 8-point cannot be physically reached if <Po ------+ <Pmax, 
because Ee ------+ oo. As can be seen from figure 4.3 this already is the fact for a generation 
g = 6 dendrimer and spacer length s = 1. 

4.3.2 Self-similarity 

The structure of dendrimers suggest the possibility of fractal self-similarity, however this 
self-similarity will only extend over a narrow scale of lengths. To get a first insight in this 
structural feature the following sealing between the mean square radius of gyration and 
the number of beads is considered. 

2 

< R2 ><X Ndt 
g (4.6) 

where df is the fractal dimension. Murat and Grest [11] find in their molecular dynamics 
simulation the fractal dimension df ~ 3.3 for generation g = 5 - 8 dendrimers with spacer 
length s = 7. Figure 4.4 shows the interpolation and fractal dimension of the simulation 
data for generation g = 1 - 5 and for generation g = 5 - 8 the theoretica! data are 
interpolated. The obtained dimensions df = 3.45 and dt = 3.50 for generation g = 5 - 8 
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are very similar to the dimension obtained by Murat and Grest. The dimensions d1 = 2.95 
and d1 = 2.78 are very similar to the approximate theoretica! value d1 '.'.:::: 3.0. Moreover, 
this result is consistent with another measure of the fractal dimension of dendrimers, based 
on their density profile, as will be shown in section 4.5. 
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Figure 4.4: Fractal dimension for generation g = 1 - 5 and g = 5 - 8 for dendrimers with 
spacer length s = 1 and s = 2 in a good solvent, ELJ(3J,1 = 0.30. From generation g = 1-4 
the simulation data are fitted and from generation g = 5 - 8 the theoretica! data are fitted. 

4.3.3 PAMAM 

Polyamidoamine (PAMAM) dendrimers are the dendrimers most research is done on. In 
figure 4.5 the mean-field approximation of PAMAM is plotted together with the exper
imental radius of gyration of PAMAM obtained by SAXS, Prosa et al.[13] and [12]. A 
very good agreement is obtained. The by interpolation extracted fractal dimension are 
d1 = 3.28 and d1 = 3.97 for dendrimers with generations 4 - 8 and generations 8 - 9max, 
respectively. 
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Figure 4.5: The PAMAM dendrimers with generations 4 - 8 and 8 - 9max are linearly 
2 

interpolated to obtain the exponent in the sealing law R~ ex NdJ, and the fractal dimension 
d f is displayed 

4.4 Radius of Gyration of Dendrimers with Charged 
Terminal Groups 

In the approximation of the additional free-energy term we assumed that most of the 
terminal groups would be on the outside. To check this assumption dendrimers with 
charged terminal groups, but without excluded volume interactions, are simulated. The 
theory suggests to scale the linear expansion factor ex with ygs and to use as x-axis values 
~ >-~~r (g s )-312 to obtain a universa! curve, where ÀB is the Bjerrum length and Nr the 
number of charged terminal groups. Figure 4.6 shows the theoretica! and simulation results 
for dendrimers with generation g = 3, 4, and 5 and spacer length s = 1. From this figure 
can be concluded that the theory and simulation show semi-quantitative agreement and 
that our approximation is very reasonable. 

Figure 4. 7 shows the mean square radius of gyration as a function of the number of 
beads for dendrimers in a good solvent ELJ/3LJ = 0.30 and for different Bjerrum lengths. 
The simulation (BD) results are fitted by the mean-field approximation (TH). The the
ory underestimates the radius of gyration a little, this will be probably better for higher 
generation dendrimers as we saw in the case of the uncharged dendrimers. 
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Figure 4.6: Theoretica! (TH) and simulation (BD) results for dendrimers with generation 
g = 3, 4, and 5 and spacer length s = 1. The linear expansion factor ais scaled with ..f§S, 
the x-axis values are ~ ÀR:x (g s )-3/ 2 to obtain a universa! curve. 

4.5 Density Distribution 

In the first analytica! calculations by de Gennes and Hervet [4] it is suggested that the 
radial density distribution is minimal at the core and increases monotonically to the rim. 
However, computer simulations and other theoretica! studies show that the radial den
sity distribution has a density maximum at the core, and decreases monotonically with 
distance. Also the influence of the solvent quality on the radial density distribution is de
scribed in several studies, for example by Murat and Grest [11]. Normalizing these density 
distributions give a better picture and shows universa! dendrimer's behavior. 

The average density distribution is calculated by dividing the space around the center 
of mass into concentric shells of sufficient thickness. The average number of monomers in 
each shell at a distance r away from the center, < p(r) >,is given by: 

< n(r) > 
< p(r) >= V(r) (4.7) 

where < n(r) > is the average number of beads at a distance r and V(r) is the volume of 
the shell. 
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Figure 4.7: The mean square radius of gyration as a function of the number of beads for 
dendrimers in a good solvent ELJf3LJ = 0.30 and for different Bjerrum lengths 

4.5.1 Radial Distribution of Uncharged Dendrimer 

In figure 4.8(a) the radial distribution of a g = 5 and s = 1 dendrimers for different 
solvent qualities are shown. The simulations show a significant difference in the microscopie 
structure of ideal and non-ideal dendrimers. Both ideal and non-ideal dendrimers show a 
maximum in the core region. But where the ideal dendrimer shows a monotonie decrease 
towards the end, the density distribution of the non-ideal dendrimer decreases quickly to 
a local minimum; whereafter there is a plateau towards the edge and then a monotonie 
decrease again. The qualitative picture for the different solvent qualities is the same, only 
the lengths of the plateau and therefore the absolute values differ. Figure 4.8(b) shows the 
radial distribution for different solvent qualities for a g = 5 and s = 2 dendrimer. This 
figure shows the same qualitative picture as the picture for a g = 5 and s = 1 dendrimer. 
And as will be shown below the radial distribution can be transformed in such way that 
they scale the same. 

4.5.2 Localization of Terminal Groups 

The localization of the terminal groups is important because many of the proposed uses 
of dendrimers rely on the availability of these terminal groups. Almost all computational 
investigations and theoretica! studies predict backfolded branches. We also find this re
sults as can be seen in figure 4.9. The terminal beads are more or less evenly dispersed 
throughout the whole dendrimer, which suggests that a lot of the terminal groups are not 
available. 
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Figure 4.8: The radial distribution a g = 5 and s = 1 (a), and g = 5 and s = 2 dendrimer 
(b) for different solvent qualities. 

4.5.3 Radial Mass Distribution 

The radial density distribution can throw one in confusion. At small distances one nor
malizes by a small volume and one obtains high densities, but the effective mass could not 
be large. Therefore, the radial mass distribution is a better presentation. The mass in a 
spherical shell of width b..(r / R9 ) is given by 

(4.8) 

where the distance r is normalized by R9 so that we have an dendrimer size independent 
distance. From the definition of the radial distribution we derive 

N = j p(r)47rr2 dr = R~ j p(r/R9 ) 47r(r2 /R;) d(r/R9 ). (4.9) 

We now define the radial mass as 

(4.10) 

which is a function of the dendrimer size independent distance r / R9 . In figure 4 .10 the 
radial mass dis tri bu tion of a g = 5 and s = 1 ( a), and a g = 5 and s = 2 dendrimer (b) for 
different solvent qualities are plotted. As a reference is the radial mass distribution of an 
ideal dendrimer plotted. 

The radial mass distributions of the dendrimers show a universa! sealing behavior for 
different solvent qualities and different spacer length. The mass is Gaussian distributed and 
is maximum at r / R9 , this in contrast to the distribution of an ideal dendrimer. The same is 
true for dendrimers with different generations as can be seen in figure 4.11. Therefore, we 
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Figure 4.11: The radial mass distributions of dendrimers with spacer length s = 1 (a) and 
s = 2 (b) and generation g = 2, 3, 4, 5, and 6 in a good solvent ELJ/3L = 0.30. 

assume that a Gaussian radial mass distribution is universa! for low generation dendrimers. 
In figure 4.12 the mass distribution of the terminal groups of dendrimers with spacer length 
s = 1 (a) and s = 2 (b) and generation g = 2, 3, 4, 5, and 6 in a good solvent f.LJ/3LI = 0.30 
are displayed. The distribution shows the same behavior for all generations and is strongly 
peaked just after r / R9 = 1. It further shows that there are almost no terminal groups near 
the core bead. 

Analogous to the method used by Murat and Grest [11] we estimate the fractal dimen
sion of the dendrimers calculating M(r / R9 ) = M(r') ~ r'dt, where M(r') is the number 
of beads that are within a sphere of radius r'. We can calculate M(r') from the radial 
distri bu tion, 

M(r') = 1r 47rr12 p(r')dr' (4.11) 

and find the fractal dimension fitting M(r') by a power law. For increasing generation 
number the fractal dimension increases and the values are very similar to the dimensions 
obtained by exponential fitting of the radius of gyration as can be seen in figure 4.13. 

4.5.4 Radial Distribution of Charged Dendrimer 

Picture 4.14 shows a snapshot of an uncharged (a) and a charged (b) dendrimer of gener
ation g = 5 and spacer length s = 1. A clear difference can be seen in the conformation, 
the uncharged dendrimer is dense at the inside while the charged dendrimer is much more 
open. This can also be seen in the radial density distribution as shown in figure 4.15(a). 
At small radial distances local minima arise. This can be clarified if we look at the dis
tribution of the terminal groups in figure 4.15(b). The whole distribution of the terminal 
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(a) (b) 

Figure 4.14: Snap-shot of a uncharged (a) and charged (b) dendrimer of generation g = 5 
and spacer length s = 1 in a good solvent ELJ/3LJ = 0.30. 

groups is shifted to the right under the infiuence of an increasing Bjerrum length, as we 
could expect if charge-charge repulsions are minimized by forcing the charged bead as far 
apart as possible. 

4.6 Statie Form Factor 

Small Angle Scattering is a very useful technique for the description of polymerie materials 
since diffraction at small angles is associated with the molecular shape to nano-scales which 
is the size range of a typical polymer chain. The scattered radiation intensity measured in 
these experiments is proportional to the quantity 

(4.12) 

which is called the form factor of the particles which contains information on size, shape 
and internal structure. Here ij is the scattered radiation vector 

47r 
q = 11]1 =-:\ sin(8/2) (4.13) 

8 is the scattering vector, À is the wavelength, and Xn are the coordinates of the scattering 
centers. The total scattered intensity for N identical particles can be written as 
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Figure 4.15: The radial density distribution and distribution of terminal groups fora g = 4 
and s = 1 dendrimer for different Bjerrum lengths in a good solvent ELJfJL = 0.30. 

I(q) = N P(q) S(q), (4.14) 

where S ( q) is the structure factor, which is S ( q) = 1 for uncorrelated particles, as in 
our case. For correlated particles, S(q) characterizes the type of order and contains all 
information about interactions in the system. 

The intensity scattered in the angular range such that q R9 < < 1 is given by 

( 
q2R2) 

I(q) ~ exp --T (4.15) 

and is called Guinier's law. A plot of ln I(q) versus q2 should be linear if Guinier's law 
applies and R~ is obtained from the slope of the interpolation line. 

The large-angle range refl.ects the structure of the interface. An exact calculation for 
an infinitely sharp interface gives 

I(q) ~ 1/q4 (4.16) 

and is called Porod's Law. Fitting a horizontale line to I(q)q4 versus q gives a constant 
which is proportional to the internal surface. 

Analogous to the mass fractal, equation 4.4, one can derive a sealing law using the 
angular distribution of the scattered intensity I(q). For an ideal fractal can be written 

(4.17) 

where dt is related to the fractal dimension. An object can also be characterized by the 
fractal character of its surface where self-similarity is observed. The scattering law becomes 
then 
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(4.18) 

where ds is the fractal surface dimension (2 ::::; d8 ::::; 3). In the case that d8 --+ 2 equation 
reduces to the Porod's law. 
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Figure 4.16: The scattered intensity I(q) for dendrimers with generation g = 1 to 6 and 
spacer length s = 1 (a) and dendrimers with generation g = 1 to 5 and spacer length s = 2 
(b) in a good solvent ELJ f3LJ = 0.30. 

In figure 4.16(a) the scattered intensity I(q) for dendrimers with generation g = 1 to6 
and spacer length s = 1 are displayed. For low generation dendrimer the intensity curves 
are smooth and can be approached by the sealing law J(q)-:=::: q-d1, which suggests a self
similar structure. On the other hand for high generation dendrimers the intensity curves 
start to oscillate which suggest a more compact spherical structure as can be better seen 
in a Kratky plot representation, see figure 4.17. The oscillation of the intensity curves of 
the higher generations of the dendrimers with spacer length s = 2, see figure 4.16(b), are 
not so pronounced yet. Therefore, we conclude that due to an increase in spacer length 
the dendrimer becomes more open. 

A Kratky plot representation is especially useful to compare scattering data on large 
particles. It is constructed by plotting q2 R~P(q) vs. qR9 and is used for the determination 
of the molecular shape. In figure 4.l 7(a) the Kratky plot for dendrimers with generation 
g = 1 to 6 and spacer length s = 1 are plotted together with an ideal Gaussian chain and 
an ideal solid sphere. From this figure can be seen that the higher generation dendrimers 
show more and more similarity with the ideal sphere, and thus becoming more spherical 
and denser. The dendrimes with generation g = 1 to 5 and spacer length s = 2 are less 
spherical in comparison toa dendrimer with the same generation and spacer length s = 1, 
as can be seen in figure 4 .17 (b). 
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Figure 4.17: The Kratky plot representation for dendrimers with generation g = 1 to 6 and 
spacer length s = 1 (a) and dendrimers with generation g = 1 to 5 and spacer length s = 2 
(b) in a good solvent ELJf311 = 0.30. 

Kratky Plot Representation for Charged Dendrimers 

In figure 4.18 the Kratky plot representation of g = 4 and s = 1 dendrimers for different 
Bjerrum lengths are showed. From the figure can be seen that with increasing Bjerrum 
lengths the curve oscillates more and shifts upwards. This suggest that the dendrimers 
become more spherical but also less dense at the inside. This agrees with the changes seen 
in the radial distribution. 

4. 7 Dendrimer Shape 

4.7.1 Gyration Tensor 

As already mentioned the mean square radius of gyration is an important quantity to 
characterize the molecular dimensions. The mean square radius of gyration, R~, can also 
be defined by 

N N 
2 1 ~~ - - 2 

Rg = 2N2 L..t L)R;, - Ri) ' 
i=l j=l 

(4.19) 

where Ri is the position vector for the ith bead and N the total number of beads. In the 
article of K. Solc [15] the radius of gyration is generalized to a shape tensor. Denoting the 
coordinates of the mth bead by x~m), k = 1, 2, 3, the symmetrical tensor, Q, is defined by, 
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(4.20) 

It is worth nothing that this tensor Q is closely related to the inertia tensor T. The 
products of inertia are proportional to corresponding off-diagonal terms of Q, 

while the moments of inertia are given as, 

The trace of Q equals the square radius of gyration and the spread in Q's eigenvalues 
À1 ~ À2 ~ À3 ~ 0 measures the polymer's asymmetry. 

In an article of J.A. Aronovitz and D.R. Nelson [2] two extra parameters are derived 
to characterize the polymer's shape. An additional traceless matrix Q is defined by, 

Q = Q- .\I, (4.21) 

with 

,\ = trQ/3. 
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Using these matrices a parameter for the oblateness/prolateness and asymmetry can 
be defined. The degree of asymmetry is defined by 

~ = ~ < trQ
2 > 

2 < (trQ) 2 >' (4.22) 

where 0 ::; ~ ::; 1, ~ = 0 for spherical objects and ~ 
prolateness/oblateness is defined by, 

1 for linear objects. The 

S = 27 < detQ > 
< (tr Q) 3 >' 

( 4.23) 

where -~ ::; S ::; 2, S = 0 for spherical objects. In figure 4.19 the asymmetry (a) and 
prolateness/oblateness (b) for dendrimer with spacer length s = 1 and s = 2 are plotted. 
lt can be seen that the asymmetry rapidly disappears for higher generation dendrimers, 
from the prolateness/oblateness we see that higher generation dendrimers are spherical, 
consequently we can conclude that high generation dendrimers are dense spherical objects. 
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Figure 4.19: The asymmetry (a) and prolateness/oblateness (b) for dendrimers with spacer 
length s = 1 and s = 2 as a function of the number of beads in a good solvent ELJ f3EJ = 0.30. 

4.7.2 Translation Mobility of Terminal Groups 

Figure 4.20 shows the translation mobility of a terminal bead with respect to the center 
of mass of a g = 5 and s = 1 dendrimer. Ina good solvent ELJ/3L = 0.68 (a) the terminal 
bead can move through the whole dendrimer. In a poor solvent this behavior changes 
radically. The translations now occur in a stepwise manner, which suggests a change from 
individual to collective behavior. 
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Figure 4.20: The translational mobility of a terminal bead with respect to the center of 
mass of a g = 5 and s = 1 dendrimer in a good solvent, ELJ/3L = 0.68 (a), and in a poor 
solvent, ELJ/3LJ = 2.70 (b). The translational mobility shows collective behavior in the 
globule state. 

Figure 4.21 shows the translation mobility of a terminal bead with respect to the 
center of mass of a 4 = 5 and s = 1 dendrimer for different Bjerrum lengths Àb = 0.5 and 
Àb = 1.0. Where the terminal bead for Bjerrum length Àb = 0.5 can still move through the 
whole dendrimer, the mobility of the terminal bead for Bjerrum length À= 1.0 is strongly 
reduced. 
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Figure 4.21: The translational mobility of a terminal bead with respect to the center of 
mass of a g = 4 and s = 1 dendrimer in a good solvent, ELJ/31,1 = 0.30 with different 
Bjerrum lengths Àb = 0.5 and Àb = 1.0. The translational mobility reduces for increasing 
Bjerrum length. 
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Chapter 5 

Conclusions 

Comparing our results of the Brownian Dynamics simulations to for example the Monte 
Carlo simulations of Lue [10] and Molecular Dynamics simulations of Murat and Grest 
[11] we find a good agreement. If we consider the radial density distributions of uncharged 
dendrimers, these distributions show great similarity; a maximum at the core, after a mono
tonie decrease there is a plateau towards the edge and then a monotonie decrease again. 
Therefore we conclude that Brownian Dynamics simulation is a good simulation method to 
obtain statistica! properties of dendrimers and the interpretation of our simulation results 
are as valid as the results of the other two methods. 

For higher generation dendrimers, g 2:: 3 the Brownian Dynamics simulations show that 
the dendrimers hardly fiuctuate. Therefore, we could assume that a self-consistent field the
ory would be a good approximation. In addition to previous work of Boris and Rubinstein 
[3] and of Ganazolli et al. [9] we included three-body and higher order excluded-volume 
interactions into our mean-field approximation to predict the conformational properties of 
the dendrimers near the starburst limit, and in particular the swelling and collapse with 
varying solvent quality. 

The mean-field approximation shows very good agreement with the results of the Brow
nian Dynamics simulations for the swelling and collapse of dendrimers well below the star
burst limit. As a result a definition for the dendrimer 8-point is derived from the theory, 
which shows that a dendrimer can no longer contract to its ideal size for higher generation 
dendrimers. 

The Gaussian approximation fails approaching the starburst limit, because the branches 
in the dendrimer are strongly stretched. Therefore, an additional elastic free energy term 
is included which corrects for the overstretching. Experimental and simulation data of 
PAMAM could be fitted very well using the numerical solutions of this total free energy 
expression. 

For the approximation of the additional free energy term of the charged terminal groups 
we assumed a smooth charged distribution on a sphere. From the results of the Brownian 
Dynamics simulation with electrostatic interactions but without excluded volume inter
actions we can conclude that this approximation is very reasonable. From the numerical 
solutions of the full free energy expression of weakly charged dendrimers we see that there 
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is no significant influence of the charges on the radius of gyration of the dendrimer. On 
the other hand the influence on the radial distribution is significant as could be seen from 
the radial distribution; the dendrimer core is hollow and the terminal groups are shifted 
to the outside. 

We obtained the dendrimers fractal dimension in two different ways, by determining 

2 

1. the exponent in the sealing law Rg2 ex: Ndf 

2. and the exponent in the sealing law M ( r) ex: rd t. 

For low generation dendrimers we obtained fractal dimensions df < 3, which suggests 
self-similarity over a narrow scale of lengths. Higher generation dendrimers have a fractal 
dimension df > 3, this suggests a dense and spherical object. This can also be concluded 
from the statie form factor. For low generation dendrimers the intensity curves are smooth 
and can be fitted by the sealing law I(q) ex: qdt. The intensity curves of high generation 
dendrimers start to oscillate. In the Kratky plot representation can be easily seen that 
high generation dendrimer shows great similarity with an ideal hard sphere. 

The Kratky plot representation for charged dendrimers shows that for increasing Bjer
rum lengths the curves start to oscillate more and shift upwards. This suggest that the 
dendrimers become more spherical, but also less dense at the inside. This supports the 
conclusion we draw from the changes in the radial distribution. 

This conclusion is also support from a topological point of view. Two parameters 
to characterize a polymer's shape are derived from the gyration tensor, the asymmetry 
and prolateness/oblateness. For high generation dendrimers the dendrimer becomes very 
symmetrie and almost spherical. 

The translational mobility of the terminal groups is highly dependent on the solvent 
quality. Fora good solvent the terminal groups can penetrate through the whole dendrimer, 
but for a bad solvent this behavior changes radically. The translation takes place in a 
stepwise manner, which suggests a change from individual to collective behavior. In charged 
dendrimers the mobility is reduced for increasing Bjerrum length. For large Bjerrum length 
the terminal groups stay at the outside. 
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Appendix A 

Wiener Index 

The radius of gyration of a freely jointed dendrimer model can be analytically derived 
using the topological index introduced by Wiener [18], hereafter called the Wiener Index. 
The Wiener Index is defined as the half-sum of the elements of the distance matrix D 
whose element Dij is the number of edges for the shortest path between the ith and the 
jth vertices 

l n-1 n-1 

W(n) = 2 LLDij 
i=O j=O 

(A.1) 

for a graph with n vertices. For example, the chemical graph and its distance matrix of 
2-methylbutane are shown in figure A.1. 

Using the wiener Index the radius of gyration of freely jointed models can be written 
as 

(A.2) 

Fora linear chain it is easily shown that the Wiener index can be written as VVlin(n) = 
(n3 

- n)/6. Any branched topology is characterized by a decrease of W(n) relative to 
Wlin ( n). Also a closed form for dendrimers can be calculated [7]. The analytica! expression 
for a dendrimer with spacer length s = 1 can be written 

W(J,m,g) f (m(g+l)
2 (J(g + l)m - J(g + 1) - f - m) 

(m - 1)3 

+ m9+1(2f + J(g + 1) - J(g + 1) - (g + 1) + (g + l)m2
) - J + m) 

where f is the branching degree of the core bead, m is the number of extra branches at 
every branching point and g the number of generations. Including the number of spacers 
gives 

W(J, m, g, s) =s3W(J, m, g) 

- f s(s - l)(mg+l - l) (3f s(m9+1 - 1) + 2(s + l)(m - 1) 
6(m - 1)2 
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Wiener Index 

(5) 

(1) (2) (3) (4) 

0 1 2 3 2 

1 0 1 2 1 

D= 2 1 0 1 2 

3 2 1 0 3 

2 1 2 3 0 

Figure A.1: The chemical graph of 2-methylbutane and its distance matrix D. The element 
Dij of D is the number of bonds between the ith and jth beads. 
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In the case that f = 3 and m = 2 the formula simplifies 

W(g, s) =3s3(-1+12 · 29 + 4(-2 + 3g)229) 
1 

- -s(s - 1)(2. 29 - 1)(2 + s(-7 + 2g. 29)) 
2 

The radius of gyration is then analytica! expressed as 

R2 _ 3s3 (12 · 29 + 4(3g - 2)229 - 1) 
90 - (3s(29+l - 1) + 1)2 

~s(s - 1)(2 · 29 - 1)(2 + s(2g · 29 - 7)) 

(3s(29+1 - 1) + 1)2 
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Appendix B 

Strongly Stretched Freely-Hinged 
Linear Chain 

The partition function of a stretched linear chain, with N = g s beads, see for example the 
book of Hill [16], can be written as 

Q(R,N,b) = [sinh.C-
1 (ff,,)]N (-R .c-1 (!!:_)) (B.l) 

Q(O, N, b) .c-1 (:b) exp b N b ' 

where .C( x) = coth x - ~ ,...., 1 - ~ if x > > 1. Therefore the partition function can be 
simplified in case of a strongly stretched chain, for which 

(B.2) 

and if R --> N b the contribution to the free energy is given by, 

!:iF ( R) N ~ -- c:::: N ln 1 - - - N ln 2 + R - R 
kbT N b 1 - Nb 1 - Nb 

= N ln ( 1 - : b) - N ln 2 + N. 

The last two terms can be ignored, because these are constant in R. As a result the 
contribution to the free energy for a strongly stretched chain, R --> N b, is given by 

- !:iF c:::: -N ln (1 - !!:_) . 
kT Nb 

(B.3) 
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So long as the polymer is not near its stretching limit, j}-b < < 1, the chain behaves 
Gaussian. The free energy can then be written as 

(B.4) 

A natural interpolation between the Gaussian limit and the strongly stretched limit is 
given by 

!J.F = ~ N (__!!__) 2 

- _<}___ N (_!!:__) 
3 

ln (i - _!!:__) . 
kbT 2 yiN b 20 N b N b 

(B.5) 

Substitution a = ffib and N = g s gives the final expression for the elastic free energy 

~~ = ~ a 2 
- ; 0 vAv a 3 

ln ( 1 - ffi) 
= ~ a 2 

- ; 0 ~ a
3 

ln ( 1 - ~) . 
(B.6) 
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Appendix C 

Derivation of the Free Energy of 
Charged Terminal Groups 

In our first approximation a smooth charge distribution on a sphere of radius R is assumed. 
The charge density, p, can then be defined as 

Nr 
P = 47rR2 

(C.l) 

where Nr is the number of terminal groups and R the radius of the sphere. The distance 
between the charges is given by 

d=-1 
JP 

(C.2) 

The sphere is discretised by dividing the sphere in slices of thickness das shown in figure C. 
Each ring contains ni = 27rri/d charges, where ri is the radius of the ring i. The interaction 
of the reference charge 0 with the charges on the rings is given by 

(C.3) 

where ÀB is the Bjerrum length, Ri the distance from the reference charge 0 to the charge 
on the ith ring, and /'i, is the inverse Debeye length. Substituting the expressions ni = 
2
;; J R2 - ( R - id)2 and Ri = J2idR, easily derived from figure C, in to equation C.3 gives 

).. 27!" 2R/d ( d ) 1/2 
Uel = T 8 exp(-V2idR//'i,-1

) 1-i
2

R (C.4) 

Substituting x = i 2~ gives 

(C.5) 
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1 t--~~~~~~~~~~ 

1 
11--~~~~~~~~--1 

1 ~~~~~~~~~--1 
\ 

\ d 
',,'c--~~~~~~--,,~~~t~ 

..... 

2R/d 

Figure C.1: Discretisation of the charged sphere 

with 

0 

R-id 

(C.6) 

where 12 is the modified Bessel function of the first kind and pFq the generalised hyperge
ometric function. For both low salt, K:-1 >> 2R, and high salt, K:- 1 << 2R concentration 
U,,, can be simplified using series expansion. 
For low salt concentration, 

1
1 

1; 2 2R 11 
r::. 1;2 U,,, '.::::'. dx (1 - x) - --=ï dxv x (1 - x) + ... 

0 K: 0 

2 7r ( 2R) = 3 - 8 K:-l + ... (C.7) 

= ~ (l _ 37r ( 2R) + .. ·) 
3 16 K:- 1 

and for high salt concentration 

U,,, '.::::'. 11 

dx exp(-K: 2y'x R) + .... 

~ 2 ( ~~ )' ( 1 - 3 ( ~~ )' + . .) « 1 

(C.8) 
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Derivation of the Free Energy of Charged Terminal Groups 

In the first order approximation the electrostatic interactions of weakly screened den
drimers, K;-

1 > > 2R, becomes 

Uel '.::::' ÀBNr . ~ (l _ 31r ( 2R) + .. ·) 
R 3 16 K;-1 

2 ÀBNT 1r ÀBNT 
(C.9) 

-------
3 R 4 /'\;-1 . 

The second term does not depend on the size, R, of the dendrimer and can be ignored 
in the minimalisation of the free energy. The additional electric free energy, substituting 
a: = fio , can now be written as 

6.F 2 ÀBNT (Ro) 2 ÀBNT -1 _,......, ___ - =---a: 
kT - 3 Ra R 3 Ra . (C.10) 

For strongly screened dendrimers, K;-l < < 2R, the first order approximation can be 
written as 

(C.11) 

Neglecting the higher order term, the additional electric free energy can be written as 

(C.12) 
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