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Summary 

This thesis deals with the application of a linear dynamic vibration absorber to a piecewise 
linear beam system in order to reduce the vibration of this system. The beam system is 
called piecewise linear because its stiffness is different for positive and negative deflection, 
which results in two linear regimes. 

An experimental set-up of the piecewise linear system is available. It consists of a steel 
beam supported at its ends by two leaf springs. A second beam, which is clamped at both 
ends, acts as one-sided spring, which is only active for negative deflection of the main beam. 
The system is harmonically excited by a rotating mass unbalance driven by a an electric 
motor. The linear part of the system is modelled by means of the finite element method. The 
resulting 111-DOF model is reduced using the dynamic reduction method of Rubin, resulting 
in a considerably smaller model, which is valid up to a certain cut-off frequency which is higher 
than the frequency range of interest. The beam that acts as one-sided stiffness is modelled 
as a massless spring. This element is added to the reduced linear model. The damping of the 
linear beam system is determined experimentally. 

A 2-DOF reduced model is used to calculate periodic responses of the piecewise linear 
beam system. It consists of the first free-interface eigenmode and one residual flexibility mode. 
The periodic responses are calculated by solving a two-point boundary value problem using the 
finite difference method in combination with path following. The local stability of the periodic 
solutions is determined using Floquet theory. The calculated responses show some typical 
nonlinear phenomena, such as subharmonic responses, superharmonic resonances, bifurcations 
and coexistence of solutions. Experiments are performed to verify the calculated responses. 
In these experiments the transversal acceleration of the middle of the beam is measured for 
several constant excitation frequencies. It appears that the experimentally obtained responses 
agree quite well with the calculated ones. 

A dynamic vibration absorber (DVA) is a device consisting of an auxiliary mass-spring- 
damper system which tends to neutralise the vibration of a structure to which it is attached. 
The basic principle of operation is vibration out of phase with the vibration of such structure, 
thereby applying a counteracting force. Two main types of DVA's can be distinguished, 
namely the undamped DVA and the damped DVA. The undamped DVA is most useful in 
situations where the frequency of the force that acts on a system has a constant value, 
especially if this frequency is near the resonance frequency of the system. The undamped DVA 
can be tuned to that particular frequency resulting in a (almost) zero vibration amplitude 
of the system to which it is attached. A damped DVA on the other hand, is more useful in 
situations where the forcing frequency varies, because a damped DVA is able to suppress the 
response of a system throughout a larger frequency range. However, it does not reduce the 
amplitude of the response to zero. It is shown that the larger the DVA mass, the further the 
two new resonance peaks become apart in the undamped case and the larger the vibration 
reduction is in the case of a damped DVA. Furthermore, it appears that the stiffness of the 
DVA must be tuned very accurately in order to obtain a substantial vibration reduction. 



A physical design of a DVA is made for application to the beam system. Simulations and 
experiments are carried out in which an undamped DVA and damped DVA are applied to 
the linear beam system (i.e. without the one-sided stiffness) in order to suppress the first 
resonance. The experimental results agree quite well with the simulated results for the case 
of the undamped DVA. However, experiments with an optimally damped DVA could not 
be carried out. Yet experiments using a non-optimally damped DVA show the qualitative 
behaviour of an optimally damped DVA. 

Subsequently, the undamped DVA is applied to the piecewise linear beam system and is 
tuned to the first harmonic resonance frequency of the system. Simulations are carried out 
using a 6-DOF model, consisting of the first three free-interface eigenmodes, two residual 
flexibility modes and one DOF that corresponds to the displacement of the DVA mass. The 
results show that the DVA suppresses the &st harmonic resonance in a way similar to the 
linear beam system. The simulations are repeated for several DVA masses and it appears 
that the harmonic response near the frequency at which the anti-resonance occurs is stable, 
independent of the DVA mass chosen. The calculated results are verified by means of ex- 
periments. Again the experimentally obtained results agree quite well with the calculated 
results. 

Finally, simulations are carried out in which a damped DVA is applied to the piecewise 
linear beam system to suppress the first harmonic resonance of the system. The results show 
that the DVA suppresses the harmonic resonance in a way similar to the linear beam system, 
but also suppresses its super- and subharmonics. Experiments with a non-optimally damped 
DVA show the same qualitative behaviour. 
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Chapter 1 

Introduction 

1.1 Vibration reduct ion using dynamic vibration absorbers 

Vibrations are present in many machines and structures. In general, vibrations adversely 
affect the performance of a machine. Vibrations may also cause fatigue failure or even damage 
the machine or structure by causing excessive levels of stress. The prevention or control of the 
vibration of machines and structures is therefore an important design consideration. There are 
numerous ways of reducing and preventing vibrations, for example, by changing the stiffness 
of a structure, increasing damping by using materials that have high damping properties, or 
by using control. Three types of control can be distinguished: active, semi-active and passive 
control. 

A dynamic vibration absorber (DVA) is a typical example of a passive controller. I t  con- 
sists of an auxiliary mass-spring system which tends to neutralise the vibration of a structure 
to which it is attached. The basic principle of operation is vibration out of phase with the 
vibration of such structure, thereby applying a counteracting force. An important advantage 
of a DVA in comparison with other methods that reduce vibrations is that it can also be 
applied to structures which are already in operation and appear to have unsatisfactory dy- 
namic properties. DVA's are also advantageous because they are able to reduce the vibration 
level of a structure at a comparatively low cost of a few additional materials. In the past the 
application of DVA's to linear mechanical systems has been investigated by many authors [7], 
191 and [l 11 . 

In this thesis a DVA will be applied to a piecewise linear beam system in order to reduce 
the vibration of this system. The system is called piecewise linear because its stiffness is 
different for positive and negative deflection, which results in two linear regimes. Although 
the behaviour of such a system is linear in each half of the phase space, the discontinuity 
generates many typical nonlinear phenomena. 

1.2 Practical importance of piecewise linear systems 

The piecewise linear beam system which is investigated throughout this thesis is not of practi- 
cal use itself. However, many systems in engineering practice show similar dynamic behaviour, 
which makes it very useful to analyse the behaviour of this piecewise linear beam system. Two 
practical examples of piecewise linear systems are suspension bridges [a] and solar array panels 

[5l. 
Suspension bridges, such as the collapsed Tacoma bridge, suspend the roadway horn huge 

main cables, which extend from one end of the bridge to the other. These cables rest on top 



.bridge tower suspension cable /f 

roadbed 

Figure 1.1: Schematic picture of a suspension bridge 

Figure 1.2: Solar array structure, hzlf nnfolded 

of high towers and are secured at each end by anchorages. The roadway is connected to the 
suspension cables by means of a number of vertical hangers. Figure 1.1 shows a schematic 
picture of a suspension bridge. Suspension bridges that are excited by wind or earthquakes 
may sometimes show large transversal vibrations of the roadway which can result in the 
bridge collapsing. It is clear that due to the presence of the suspension cables, the transversal 
stiffness of a suspension bridge is different for positive and negative deflection and thus it can 
be compared with a piecewise linear beam. 

Solar arrays (figure 1.2) take care of the energy supply for satellites. During launch the 
solar arrays are attached to the satellite in folded position and suffer from intensive vibration. 
To prevent the panel ends striking each other rubber snubbers are mounted, which act as 
elastic stops. In order to justify linear analyses to predict the dynamic behaviour of the 
structure, the snubbers are brought under pre-stress. As a negative consequence, the residual 
strength of the structure is low. An alternative is to lower the pre-stress, resulting in the 
snubbers loosing contact with the solar arrays. In that case again behaviour similar to the 
behaviour of a piecewise linear beam system can be seen. 

Constructions such as the ones mentioned above, could benefit from the application of a 
DVA. Therefore, it is useful to investigate the dynamic behaviour of such constructions with 
a DVA attached and to find out whether a reduction in vibration amplitude can be made. 

1.3 Goal and outline of the thesis 

The goal of this research is to investigate the possibility to reduce the vibration of a piecewise 
linear beam system using a linear DVA. It will be investigated to what extent the behaviour 
of a DVA on a nonlinear beam system can be compared with a DVA applied to a linear beam 
system and what the differences are. 

The piecewise linear beam system investigated in this thesis will be described in detail 
and will be modelled in chapter 2. Next, in chapter 3 some efficient methods to calculate 
periodic solutions of this system will be discussed and the dynamic behaviour of the system 



will be investigated. In chapter 4 theories on tuning and performance of DVA's on linear 
systems will be presented. Furthermore, a physical design of a DVA used for reducing the 
vibrations of a beam system will be presented. The theoretical and experimental dynamic 
behaviour of the linear beam system with this DVA applied will be compared. In chapter 5 
the results of simulations and experiments of a DVA attached to the piecewise linear beam 
system will be shown and discussed. This will be done in the form of a paper, which will be 
submitted to a journal in the near future. Obviously this paper will contain some important 
issues already presented in foregoing chapters. Finally, in chapter 6 some conclusions will be 
drawn and recommendations will be given. 



Chapter 2 

Modelling the piecewise linear 
beam system 

2.1 Introduction 

In this chapter the piecewise linear system that was mentioned in the introduction will be 
presented in more detail and will be modelled by means of a finite element model. Figure 
2.1 shows the experimental set-up of the piecewise linear beam system. It consists of a steel 
beam with uniform cross section which is supported by two leaf springs. The middle of the 
beam is excited by a mass-unbalance that is driven by a motor. The motor is able to rotate 
at constant rotational speeds up to 60 revolutions per second. In the middle of the beam a 
second beam is placed which is clamped at both ends. When the middle of the main beam 
has a negative deflection, the pin will be in contact with the main beam. This results in an 
extra spring force that is not present when the beam has a positive deflection. Because this 
extra force is generated by the second beam, which can be seen as a linear spring, two linear 
regimes can be distinguished: one regime with the stiffness of the main beam only and one 
regime with the stiffness of both beams. The experimental set-up of the piecewise linear beam 
system used in this report was also used in earlier research by [8] and [22]. For full details on 
the geometrical and material properties of the experimental set-up the reader is referred to 
appendix A. 

The piecewise linear beam system will be modelled in several steps. In section 2.2 a 
finite element model of the beam system without the excitation mechanism and the one-sided 
stiffness will be discussed. The resulting resonance frequencies will be verified by means of an 

one-sided spring 

Figure 2.1: Schematic representation of the experimental set-up of the beam system 
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Figure 2.2: First four eigenmodes of the linear beam system 

experiment. Subsequently in section 2.3 a dynamic reduction technique will be used in order 
to reduce the number of degrees of freedom of the system. In section 2.4 the excitation force 
that acts on the beam system will be modelled and will be verified experimentally. Next, the 
damping will be determined experimentally in section 2.5. Finally, the one-sided stiffness will 
be added in section 2.6. 

2.2 Finite element model of the linear beam system 

The beam system shown in figure 2.1 is modelled without the excitation mechanism and the 
one-sided spring. In order to describe the behaviour of this linear beam accurately, a 111 
degree of freedom (DOF) finite element model is made. If the number of DOF's is doubled, 
the first ten eigenfrequencies change less than 0.05%. Therefore, the 111-DOF model can be 
considered accurate. The first four resulting eigenmodes and eigenfrequencies are shown in 
figure 2.2. The figure shows one additional mode at 15.1 Hz that would not be present if the 
beam were pinned at both ends, instead of supported by two leaf springs . The other modes 
however, are similar to the modes of a pinned-pinned beam. 

A simple experiment is performed to verify the calculated eigenfrequencies. In this ex- 
periment, the beam system without the excitation mechanism and the one sided spring is 
excited by a transversal impulse at a longitudinal position that does not coincide with a node 
of one of the first four calculated modes. Next, the resulting vibration is measured by an ac- 
celerometer, which is attached to the beam at the same place as the excitation impulse takes 
place. To determine the frequency contents of the measured signal, the Fourier transform 
is calculated, which is shown in figure 2.3. It should be noted that the numerical scale on 
the y-axis in this figure is irrelevant, because the amplitude and duration of the excitation 
impulse is unknown. Nevertheless, the figure shows that the first, third and fourth calculated 
eigenfrequencies are also obtained experimentally. However, the second eigenfrequency can- 
not be seen in the figure. This is due to the fact that the second eigenmode hardly shows any 
transversal vibration (see figure 2.2). 

2.3 Reduction of the finite element model 

Calculating nonlinear responses with large FEM models demands a large computational effort. 
Therefore, a dynamic reduction method is used to reduce the number of DOF's of the 111- 
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Figure 2.3: Absolute value of Fourier transform of measured transversal acceleration 

DOF FEM model. By applying this reduction method, an accurate solution can be obtained 
within a limited frequency range of interest. In addition, the reduced model provides the same 
quasi-static solution as the original model. A reduction method is based on the principle of 
expressing the original DOF's in a reduced new set of generalised DOF's. For more details 
on reduction methods the reader is referred to [4] and 1121. 

Consider a system with n DOF's gathered in the column q(t) and the following set of 
equations of motion: 

The original displacement field q(t) can be approximated by a linear combination of a reduced 
number of modes with corresponding DOF's p(t): 

The matrix T  is called the transformation matrix. By substituting this expression in the 
equations of motion (2.1) and premultiplying by T T ,  the reduced equations of motion in the 
generalised DOF's p are obtained: 

where: 

M~~~ = T ~ M T  
B~~~ = T ~ B T  
K~~~ = T ~ K T  
fred = TTfex 

Several dynamic reduction methods are available to obtain a transformation matrix T .  In 
this thesis the Rubin method will be used [12]. Using this approach, the original displacement 
field will be approximated by a linear combination of free interface eigenmodes and residual 
flexibility modes, which will be discussed below. 

The Rubin method starts with the undamped system equations and the corresponding 
eigenvalue probiem, assuming harmonic motion: 



The resulting eigenvalues Xi and eigencolumns ui (for i = 1,2, ... n) are gathered in the matrices 
A and U respectively. Assume that the eigenvalues are sorted as X1 5 X2 5 ... 5 An and that 
the eigencolumns are mass-normalised. 

The frequency response function corresponding to this eigenvalue problem can then be written 
as : 

If a system has a large number of eigenvalues and a limited frequency range of interest 
(0 < w < w,,,), then for a large number of eigenvalues A, >> wk,,. Therefore, the frequency 
response function can be approximated by: 

The modes with index k are the kept free interface eigenmodes, which means that they are 
in the frequency range of interest and will therefore be included in the transformation matrix 
T. The modes with the index d on the other hand, are the modes outside the frequency 
range of interest. The low frequency response of these modes will only be approximated. By 
gathering the kept modes and eigenvalues in the matrices Uk and Akk and the deleted modes 
and eigenvalues in Ud and Add, (2.7) can be written as: 

Next, some so-called boundary DOF's qb are defined, which are DOF's needed for applying 
external loads or coupling to local nonlinearities or other sub-structures. The remaining 
DOF's are called internal DOF's qi. Assume that in each of the boundary DOF's a harmonic 
unity force is acting, while all other DOF's are unloaded. Gathering these load-columns 
results in the matrix B: 

The responses that result from these loads can then be approximated by: 

This equation shows that the response is approximated by a linear combination of the kept 
free interface eigenmodes Uk and a frequency independent part formed by the deleted modes 
Ud. The columns of this part are also called 'residual flexibility modes' and are gathered in 
the matrix a: 

This matrix can be calculated using all deleted modes. However, in case of a system with 
many DOF's this may require excessive computer time. Therefore, a more efficient method 
is used. 



For mass-normalised eigencolumns the following equation holds: 

Rearranging this equation and substitution of (2.10) results in: 

From this equation the matrix Q, with residual flexibility modes can be derived very easily: 

Note that it is assumed that the system does not have rigid body modes, so that K-' exist. If 
rigid body modes are present, an alternative formulation can be used to calculate the residual 
flexibility modes, see [12]. Considering (2.16), the name residual flexibility becomes clear. 
It is the flexibility matrix K-I minus the effect of the kept modes. Using this equation to 
determine the residual flexibility modes, only requires the kept modes and the inverse of the 
stiffness matrix, instead of the large number of deleted modes. Finally, the transformation 
matrix Tl is expressed as: 

Using this transformation matrix, the original displacement field q(t) is replaced by a set 
of generalised DOF's p*(t). Now the coupling of the system to other sub-structures and local 
nonlinearities or the application of external loads is not straightforward anymore, because the 
boundary DOF's are not explicitly present. Therefore, a procedure to recover the original 
boundary DOF's is required, which will be discussed below. 

Using (2.17), the transformation from the original displacement field q(t) to the set of 
generalised DOF's p*(t) can be written as: 

The first subset of these equations can be rewritten as: 

Using this expression, results in the following equations: 

In this equation, p is the set of generalised DOF's that contains the original boundary DOF's 
qb explicitly, so that they can be used for coupling or loading. The total transformation 
matrix T now becomes: 

The presented reduction method is used on the 111-DOF FEM model of the beam system. 
When using a reduced model, results of linear analysis are accurate up to the highest eigen- 
frequency of the kept modes. Because the maximum rotational velocity of the motor that 
drives the mass-unbalance is 60 revolutions per second, the frequency range of interest is up 
to 60 Hz. In order to obtain accurate results in this range, at least the first three modes of the 
beam system must be taken into account. This means that the free interface eigenmodes with 
eigenfrequencies of respectively 14.2, 15.1 and 55.8 Hz are kept. In addition, one boundary 
DOF is present in the system, which results in one residual flexibility mode. This boundary 
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Figure 2.4: Frequency response of the middle of the beam using the 4-DOF and 111-DOF 
model 

DOF corresponds to the transversal displacement of the middle of the beam, which is needed 
for application of the external load and later for coupling of the one-sided spring. 

Figure 2.4 shows the frequency response of the transversal displacement of the middle of 
the beam using the 4-DOF reduced model and the 111-DOF unreduced model. I t  can be 
seen that the 4-DOF model almost fully coincides with the unreduced model in the frequency 
range of interest up to 60 Hz. This means that using this model for linear analysis in this 
frequency range, the same results will be obtained as using the unreduced model. However, 
this does not hold for nonlinear analysis, because the nonlinear system response can contain 
higher frequencies than the excitation frequency. Furthermore, it should be noted that due 
to the excitation taking pIace in the middle of the beam, the second and third free-interface 
eigenmode are not excited (see figure 2.2). Therefore, a 2-DOF model containing only the 
first eigenmode in combination with a residual flexibility mode, will result in exactly the same 
response. Another thing that can be seen is that the frequency response of the 4-DOF model 
shows a resonance peak at approximately 135 Hz, which is not present in the unreduced 
model. This so-called artificial eigenfrequency is caused by the residual flexibility mode. 
Because residual flexibility modes are a linear combination of all deleted modes, these artificial 
eigenfrequencies will always be larger than or equal to the lowest deleted eigenfrequency. 

2.4 Modelling the excitation force 

In the experimental set-up the beam is harmonically excited by a shaker consisting of a rotat- 
ing mass-unbalance driven by a motor (see figure 2.1). Therefore, the transversal excitation 
force is given by the expression: 

2 F = mew re cos wt (2.22) 

In this equation me is the eccentric mass, re is the distance of the eccentric mass to the rotation 
axis and w is the angular velocity. The values of re and me have been measured individually 
and have been verified by means of an experiment. In this experiment the excitation force is 
measured by a force transducer that is mounted between the shaker and the beam system. In 
order to measure the force generated by the rotating mass unbalance, the beam must stand 
still. Otherwise, the inertial force generated by the mass of the shaker will be measured as 
well. This is achieved by locking the beam system to the real world and then measuring the 
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Figure 2.5: Measured force signal (left), acceleration of shaker (middle), and measured force 
signal corrected for acceleration of shaker mass (right) 

force. Measuring the force for various excitation frequencies results in the correct value of the 
product mr. The numerical values of m and r are included in appendix A. 

The excitation force can also be determined by measuring the force signal when the beam 
is not locked to the real world. In that case the acceleration of the shaker has to be measured 
as well. If the acceleration of the shaker is multiplied by the shaker mass and added to the 
measured force signal, then the excitation signal of the total system is obtained. Figure 2.5 
shows an example of this procedure, where the shaker is exciting the system at a frequency of 
16 Hz. The left diagram of the figure shows both the force measured by the force transducer as 
well as the theoretical excitation force based on (2.22). As expected, the measured force differs 
from the theoretical excitation force. However, when the acceleration of the shaker (see the 
middle diagram of figure 2.5) multiplied by the shaker mass is added to the measured force, 
the excitation force of the total system is obtained. This can be seen in the right diagram of 
figure 2.5. This diagram shows that the measured force corrected for the acceleration of the 
shaker agrees with the theoretical excitation force. 

The shaker that is mounted to the beam system causes an extra mass, stiffness and 
damping. The mass of the shaker is taken into account by adding a point mass in the middle 
of the beam, resulting in a decrease of the first, second and fourth eigenfrequency from 14.2 
Hz to 13.5 Hz, from 15.1 Hz to 14.8 Hz and from 125.2 Hz to 119.9 Hz respectively. Naturally, 
the point mass in the middle of the beam does not influence the third eigenfrequency because 
the corresponding mode does not show displacement in the middle of the beam. As the shaker 
is coupled to the motor by means of two very flexible couplings (see figure 2.1), the additional 
stiffness caused by the coupling can be neglected. However, the flexible couplings do increase 
the damping of the system considerably, which will be discussed in the next section. 

2.5 Determination and modelling of damping 

The damping present in the experimental beam set-up can be attributed to two different 
sources and will therefore be modelled in two steps. Firstly, the beam system without the 
excitation mechanism and one-sided stiffness is lightly damped due to material damping of the 
steel. Secondly, the excitation mechanism causes a substantial amount of damping because 
of the flexible couplings that are used to connect the shaker to the motor. It is assumed that 
the damping can be modelled by means of modal damping. 

First, the damping of the system without the excitation and one-sided stiffness is deter- 
mined by means of two different methods, namely the circle fit procedure [12] and the method 
based on the Hilbert transform [3]. For these methods, the same impulse response vibration 
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Figure 2.6: Amplitude of transversal displacement as a function of the excitation frequency 

signal is used as was used for determining the eigenfrequencies of the beam system (see figure 
2.3). Calculations show that the modal damping coefficients corresponding to the first, third 
and fourth mode are 3 .  loV4 and 2 .  loV4 respectively. The modal damping coefficient 
of the second mode cannot be determined this way, because it hardly shows any transversal 
vibration. 

Next, the damping of the system including the excitation mechanism is determined by 
measuring a frequency response of the system excited by the shaker. Because it is not certain 
whether the damping caused by the excitation mechanism shows modal damping behaviour, 
it is chosen to determine the damping by exciting the system in the relevant amplitude range. 
The modal damping coefficient that is determined this way will then be representative for this 
range. Because the maximum rotational velocity of the motor is 60 revolutions per second and 
the excitation takes place in the middle of the beam, only the damping of the first mode can 
be determined this way. The frequency response is determined by measuring the acceleration 
of the middle the beam by means of an accelerometer, which is attached in the middle of 
the beam. This is done for several excitation frequencies of the shaker. By twice integrating 
the acceleration signal, a displacement signal is obtained. Figure 2.6 shows the frequency 
response of this displacement. In this figure the amplitude of the displacement is scaled with 
the excitation force. Subsequently the correct damping coefficient can be found by calculating 
a response that results in the same amplitude characteristic. A modal damping coefficient 
of 0.02 turns out to satisfy best. The calculated response using this amount of damping is 
shown in the figure as well. Although the modal damping was only determined for the first 
mode, in simulations all modes will be given this amount of damping. 

2.6 Modelling the one-sided stiffness 

So far, only the linear beam system has been considered. By adding the one-sided stiffness 
the system becomes a nonlinear system consisting of two linear regimes and is therefore called 
a piecewise linear system. Because the one-sided stiffness only acts on one node in the middle 
of the beam, it is a so called local nonlinearity. 

In the experimental set-up, the one-sided stiffness is accomplished by a second beam that 
is clamped at both ends. Although this beam system is a multiple degree of freedom system, 
it is modelled as a massless spring. This can be justified by the fact that the first resonance 
frequency of this beam lies at 170 Hz which is much higher than the frequency range of 



interest. 
In a single degree of freedom piecewise linear system the following ratio a can be defined: 

Here knl is the one-sided stiffness of the local nonlinearity and k is the stiffness of the linear 
system without the one-sided stiffness. In the case of the multiple degree of freedom piecewise 
linear beam system, k is defined as the stiffness corresponding to the first mode. Analytical 
calculation of both stiffnesses for the experimental set-up results in a ratio a of 4.6. Using 
this ratio, the piecewise linear resonance frequency fpl of a system can be calculated [2], [19]: 

In this expression fl is the resonance frequency of the linear system without the one-sided 
stiffness, which is in this case the first eigenfrequency of the linear beam system. Using this 
eigenfrequency and the calculated ratio a, a piecewise linear resonance frequency fnl of 19.0 
Hz is obtained. It should be noted that in literature also another definition for the ratio a 
is used, which is defined as the stiffness of one regime, divided by the stiffness of the other 
regime. Of course, in that case ( 2.24) does not apply. 

Finally, the one-sided stiffness can be added to (2.3) resulting in the complete set of 
equations of motion: 

In this equation Knl is the stiffness matrix including only the stiffness of the one-sided spring 
and qmzd is the DOF corresponding to the transversal displacement of the middle of the beam. 



Chapter 3 

Periodic solutions 

3.1 Introduction 

In general nonlinear differential equations cannot be solved in an analytical way. Therefore, 
numerical methods have to be used to find solutions of nonlinear dynamic systems. An obvious 
way of finding solutions is by integrating the set of differential equations numerically in time 
for a cer ta i~  set of i~ i t ia l  conditions. This way periodic, quasi-periodic and chaotic solutions 
can be determined. However, convergence to steady state solutions may take very long for 
weakly damped systems, resulting in excessive computer times. Moreover, it is evident that 
branches of unstable solutions cannot be determined using standard numerical integration. 

In this chapter a more efficient method to determine periodic solutions, the finite difference 
method, is discussed (section 3.2). In this approach a two-point boundary value problem is 
solved. Furthermore, the path following method is discussed, which is an efficient method 
to investigate how a periodic solution changes by a change in a system parameter (section 
3.3). In section 3.4 the local stability of the periodic solutions will be considered. Finally, the 
numerical methods will be used to calculate periodic solutions of the piecewise linear beam 
system. These calculated solutions will be compared with experimentally obtained solutions 
(section 3.5). For more information about the numerical methods used in this chapter the 
reader is referred to [4], [2] and [14]. 

3.2 Finite difference method 

The finite difference method calculates solutions of nonlinear differential equations by solving 
a two-point boundary value problem based on periodicity of the solutions. Consider the 
following set of nonlinear differential equations, which is a more general form of (2.25): 

Periodicity of the solution results in the following boundary values: 

where Tp is the period time of the periodic solution. For convenience the time t is replaced 
by the dimensionless time 7: 



where fp is the frequency of the periodic solution. Using this dimensionless time the two-point 
boundary value problem becomes: 

Here an upper accent represents the derivative with respect to the dimensionless time r .  
Next, the continuous dimensionless time r is replaced by n, equidistant points of time 

over the period Tp: 

Using a central difference scheme the velocities qi and accelerations q! can be approximated 
by: 

Substitution of these approximations into the two-point boundary value problem (3.4) results 
in a set of n, x n nonlinear algebraic equations, where n is the number of DOF's in (3.1): 

where 

In the column z all approximated values iji of the periodic solution q(r) in the discretisation 
points 7-i are collected: 

Starting from an initial estimate, the approximated solution z can now be found using an 
iterative numerical procedure such as the damped Newton process: 

During the iteration process the norm of the residue is required to decrease monotonically: 

Ilh (zj+d 1 1  < Ilh (4 11  (3.13) 

The exponent Cj is the lowest value of the set {0,1, . . . , &,,) fulfilling this requirement. Finally 
it should be noted that in general the solution that is found using the method described above, 
will depend on the choice of the initial estimate of z. 



3.3 Path following 

Path following is an efficient method, consisting of a predictor-corrector mechanism, for in- 
vestigating the change of a periodic solution by a change in a system parameter r .  If a system 
parameter r is added to (3.8) as an unknown parameter, the number of unknowns in this set 
of equations will be one higher than the number of equations. Therefore, solutions of this set 
of equations will appear as branches in the z-r solution space. These branches can be followed 
using the path following method. 

In the predictor step k ,  a neighbouring solution zp,k, rp,k is predicted on the tangent of 
the solution path, starting from a known solution z,,k, r,,k: 

where C T ~  is a well chosen step size. Generally this predicted solution will not satisfy the set 
of nonlinear algebraic equations (3.8). Therefore, an iterative correction is used in which the 
correction is orthogonal to the solution path: 

Again, during the correction process the norm of the residue is required to decrease mono- 
tonically: 

If this condition is violated, a new prediction will be calculated using a smaller step-size gk. 
In order to visualise the predictor-corrector mechanism, an example of the procedure is 

shown schematically in figure 3.1. The left diagram shows the prediction step, in which a 
neighbouring solution is predicted on the tangent of the solution path. The right diagram 
shows the correction process, in which a correction orthogonal to the solution path is made. 
It should be noted that in this figure, the correction consists of only one step, whereas in 
general several steps are required to obtain a solution that satisfies the set of nonlinear 
algebraic equations (3.8). 

3.4 Local stability 

This section deals with the local stability of periodic solutions, obtained with for example 
the finite difference method or the path following method. The stability analysis that will 
be used in this section is called after Floquet. In this approach the evolution in time of 
an infinitesimal small perturbation is considered, using a set of linear differential equations 
obtained by linearising the nonlinear differential equations around the periodic solution. 

T 
Consider a periodic solution q(7) and an infinitesimal small perturbation [Sq:, GqF] . 

Substitution of the perturbed solution q(r) + 6q(r) in (3.4) and neglecting higher order terms 
results in a set of linearised differential equations for the perturbation: 
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Figure 3.1: Schematic representation of the prediction (left) and correction (right) mechanism 

T where 6 i ( r )  = [6qT(7), fpbqff (T)] with initial conditions ~ x ( T ~ )  = [by:, fP6qhT] . The 
general solution of this set of equations is given by: 

~ x ( T )  = @(T, T~)SX(T~)  with @(TO, 70) = I (3.18) 

in which @(r, 7-0) is the fundamental solution matrix. Because q ( ~ )  is periodic, A and @ are 
periodic as well. In combination with the transition property of the fundamental solution 
matrix, which can be seen from (3.18), the following equations can be written: 

where @T is the so-called monodromy matrix, which maps an initial perturbation 6x(ro) to 
the response 6x(r0 + 1). From (3.20) it can be seen that the long term behaviour of the 
fundamental solution matrix is determined by the monodromy matrix. 

Next, the spectral decomposition of the monodromy matrix is used: 

where A is a matrix with eigenvalues Xi, i = 1 ,2 . .  . n on its diagonal and U contains the 
eigencolumns ui, i = 1,2 .  . . n. Consequently (3.20) can be written as: 

This equation shows that the long term behaviour of the fundamental solution matrix is only 
determined by the eigenvalues Xi of the monodromy matrix, which are often called Floquet 
multipliers. The expression for the evolution in time of a perturbation can now be obtained 
by a combination of (3.18) and (3.22): 

From this equation it can be seen that if lXi 1 > 1, then a perturbation grows in the direction ui 
and if lXil < 1 then a perturbation decays in the direction ui. Therefore a periodic solution is 
stabIe if all Floquet multipliers lie within the unit circle. A periodic solution is unstable if one 
or more Floquet multipliers lie outside the unit circle. If one or more Floquet multipliers lie 



on the unit circle and the rest within the unit circle, then the periodic solution is marginally 
stable and a bifurcation occurs. If a Floquet multiplier leaves the unit circle passing the 
point 1, a cyclic fold bifurcation occurs. If it leaves the unit circle passing the point -1, a flip 
bifurcation occurs. Finally, if a complex pair of eigenvalues leaves the unit circle, a Neimark 
bifurcation occurs. 

Because in general no analytical solution can be found for the monodromy matrix, it is 
approximated by substitution of (3.18) in (3.17) and integrating the resulting initial value 
problem from 7 = TO to r = TO + 1. 

a'(., TO) = TPA(r)@(7, TO) with @(TO, ro) = I (3.24) 

3.5 Periodic solutions of the piecewise linear beam system 

In this section periodic solutions of the piecewise linear beam system, i.e. including the 
one-sided spring, will be calculated using the finite difference method and the path following 
method. To calculate these solutions a 2-DOF reduced version of the model that was derived 
in chapter 2 will be used. The 2-DOF model consists of the first free-interface eigenmode 
of the linear beam system in combination with one residual flexibility mode for applying the 
excitation force and coupling the one-sided stiffness. The system matrices of this model are 
included in appendix B. Earlier research showed that a model containing oniy the first free- 
interface eigenmode shows almost the same response in the frequency range of interest as a 
model in which higher free-interface eigenmodes are taken into account as well [22]. It should 
be noted that this only holds for excitation in the middle of the beam. The responses obtained 
with the 2-DOF model will be compared with experimentally obtained results. Because the 
shaker in the experimental set-up is able to excite the system in a frequency range from 5 Hz 
to 60 Hz, responses are only calculated in this frequency range. 

In contrast to linear dynamics, in nonlinear dynamics the period of a periodic response 
need not necessarily be equal to the period of the excitation. A periodic solution of which 
the period is equal to the period of the excitation is called a harmonic solution. If the 
period of the solution equals n times the period of the excitation, the solution is called a 
subharmonic solution of order lln. A simple way to determine the subharmonic order of a 
periodic solution is by considering the Poincar6 section. A Poincar6 section can be obtained 
by inspecting the phase plane only at times that are a multiples of the excitation period. This 
results in a sequence of dots representing the Poincark section. The number of dots that is 
visible represents the number n of the subharmonic solution. Besides the response frequency, 
also frequencies that are a multiples of the response frequency can be present in the response 
signal. If such a frequency is dominant in the response it may cause resonance, which is called 
a superharmonic resonance. 

Using the finite difference method both harmonic as well as subharmonic solutions are cal- 
culated in the frequency range of interest. By applying the path following method, branches 
of solutions are followed for a varying excitation frequency. The stability of the calculated 
solutions is determined by means of Floquet multipliers. In figure 3.2 the maximum transver- 
sal displacements of the middle of the beam corresponding to these periodic solutions are 
plotted for excitation frequencies in the range 5-60 Hz. These maximum displacements x,,, 
are defined as the sum of the maximum negative displacement and the maximum positive 
displacement that takes place in a response period: 

In which xp is the displacement signal of one period. The periodic solutions were obtained 
using a periodic excitation force with unity amplitude. In the figure the solid lines correspond 
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Figure 3.2: Maximum transversal displacement of the middle of the beam for excitation 
frequencies in the range 5-60 Hz 

Figure 3.3: Time domain plots of harmonic response at 17 Hz (left), 112 subharmonic response 
at 35 Hz (middle) and 113 subharmonic response at 55 Hz (right) 

to stable solutions whereas the dotted lines correspond to unstable solutions. The numbers 
show the subharmonic order l l n  of the solution. 

It can be seen that the resonance peak of the harmonic solution branch occurs at 19 Hz, 
which agrees with the piecewise linear resonance frequency which was calculated using (2.24). 
Furthermore, two high subharmonic resonance peaks are present near 38 Hz (1/2) and 57 Hz 
(113). These are both related to the harmonic resonance peak at 19 Hz. Figure 3.3 shows a 
few time-domain plots of these harmonic and subharmonic solutions. The excitation signal is 
shown in the diagrams as well. It can very clearly be seen that the responses in the middle 
and right diagrams are subharmonic of order 112 and 113 respectively. It is also visible in 
all diagrams that the negative deflection is smaller than the positive deflection, which is very 
obvious since the beam is stiffer in negative direction than in positive direction. 

Near 9.5 Hz and 6.5 Hz small resonance peaks can be observed on the harmonic solution 
branch. These resonance peaks are the second and third superharmonic resonance respec- 
tively, related to the harmonic resonance peak at 19 Hz. Figure 3.4 shows the time domain 
plots of these superharmonic resonances. In both plots the 19 Hz frequency component that 
causes the resonance can clearly be seen. As a result of the superharmonic resonance at 9.5 
Hz, a 113 subharmonic resonance peak occurs near 28 Hz. In addition, a 114 subharmonic 
resonance peak occurs near 26 Hz, which is related to the superharmonic resonance at 6.5 Hz. 

The responses that are found using the finite difference method strongly depend on the 
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Figure 3.4: Time domain plots of third superharmonic resonance at 6.5 Hz (left) and second 
superharmonic resonance at 9.5 Hz (right) 

initial guesses of the responses. As a consequence it can take a very long time to find all possi- 
ble responses at a certain frequency because many initial guesses have to be tried. Therefore, 
figure 3.2 is not complete. In [22] a more complete figure of the responses of this piecewise 
linear beam system is given. 

Next, experiments are carried out on the experimental set-up of the piecewise linear beam 
system. In these experiments the middle of the beam is excited by the rotating mass unbalance 
at a constant hequency and the resulting transversal acceleration of the middle of the beam 
is measured by the accelerometer. This is done for a large number of frequencies throughout 
the frequency range. To obtain displacement signals the measured acceleration signals are 
integrated twice. Subsequently the maximum displacements at each hequency are determined 
according to (3.25). In order to be able to compare these displacements with the theoretical 
results, they are divided by the amplitude of the force that excites the system. In appendix 
C it is proved that this piecewise linear system can be scaled this way. 

Figure 3.5 shows the experimentally obtained maximum displacements. In the figure the 
calculated displacements are shown as well. It can be seen that the experimental responses 
agree quite well with the theoretical responses. The differences that can be seen are probably 
caused by the fact that the damping of the flexible couplings cannot be modelled by modal 
damping accurately. Furthermore, the experimental results show a few subharmonic responses 
that are not present in the theoretical results. These responses can probably be found by 
calculations as well if the correct initial estimates are used. Also a few calculated responses 
cannot be seen in the experimental results, for example the 1/3 subharmonic near 28 Hz. In 
order to find these responses experimentally as well, the beam system should be given the 
correct initial conditions. 

In order to determine the subharmonic order of the measured responses, Poincard sections 
are made of the time domain signals. Figure 3.6 shows the Poincard sections of the measured 
112 subharmonic response at 36.5 Hz and the 1/5 subharmonic response at 46 Hz. It can be 
seen that the Poincark points do not lie exactly on top of each other, but appear as clouds 
of points. This is caused by the inaccuracy of the experimental set-up. Yet the plots very 
clearly show the subharmonic order of the responses. It should be noted that due t~ the 
fact that the displacement and velocity are obtained by integrating the acceleration which 
leads to unknown integration constants, the values shown in the Poincard sections differ from 
the real values by constant factors. Therefore the curves should be translated in both the 
displacement direction as well as the velocity direction in order to obtain the real displacement 
and velocity. 
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Chapter 4 

Dynamic vibration absorbers 

4.1 Introduction 

A dynamic vibration absorber (DVA) is a device that consists of an auxiliary mass attached 
to a vibrating system, in order to reduce the vibration amplitude of the system. The auxiliary 
mass is attached to the system by means of a spring, usually in parallel combination with a 
damper. Its mass is relatively small in comparisor, with the mass of the vibrating system. 
The basic principle of operation of a DVA is vibration out-of-phase with the vibrating system, 
thereby applying a counteracting force, resulting in reduction of the vibration amplitude of 
the vibrating system. 

In this chapter, both a DVA with and without a damper will be considered (section 4.2 
and 4.3 respectively). These will be used to suppress the vibration of a linear system with 
one degree of freedom. Expressions for the optimum values of the various parameters of 
the DVA that can be adapted will be derived. Furthermore, the effect of changes in these 
parameters will be discussed (section 4.4). Next, the presented DVA theories can be used for 
suppressing the resonance of a beam system (section 4.5). In section 4.6 a physical design 
of a DVA is presented, which is to be attached to the experimental beam system. Results 
of simulations and experiments with the undamped DVA and damped DVA attached to the 
linear configuration of the beam will be compared to results without a DVA attached in 
section 4.7 and section 4.8 respectively. 

For a fully detailed description on the basic principles of dynamic vibration absorbers, the 
reader is referred to [7]. For more information about applications of different sorts of dynamic 
vibration absorbers, the reader is referred to [9] and [ll] . 

4.2 The undamped dynamic vibration absorber 

The simplest form of a DVA is an auxiliary mass that is attached to the vibrating system by 
a spring only. This kind of DVA is very useful if a system is excited by a periodically varying 
force of constant frequency, especially when this frequency is very close to the resonance 
frequency of the system. Figure 4.1 is a schematic representation of a system (mass ml 
and stiffness kl) that is excited by a periodically varying force with amplitude F and angular 
frequency w. An auxiliary mass mz is attached to the main mass ml by a spring with stiffness 
F;z and a damper with damping constant c, which together form the DVA. In this undamped 
case, the damping value c is equal to zero. If the natural frequency of the DVA is chosen to 
be equal to the frequency of the periodically varying force (i.e. wz = = w), the main 
mass ml will not vibrate at all. 
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Figure 4.1: Schematic representation of a DVA attached to a vibrating system 

In order to prove this statement and study the behaviour of such a system in more detail, 
the equations of motion are written down: 

m 1 ~ 1 - t  (kl + kz)xl - k2x2 = F sinwt 
m2x2 -t k2(x2 - xl) = 0 

Since the system is undamped, the forced solution will be of the form: 

xl = a1 sin wt 
x2 = a2 sin wt 

Substitution of (4.2) into (4.1) and dividing by sinwt results in the following algebraic equa- 
tions : 

Rearranging these equations and defining some new variables results in the following expres- 
sions for the vibration amplitudes: 

with: 

wi = dki/mi = natural frequency 
x,t = F/kl = static deflection 

Looking at the numerator of the first equation in (4.4), it can directly be seen that the 
vibration amplitude of the main system (al) is zero when the frequency of the DVA is equal 
to the frequency of the forcing (w2 = w) .  
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Figure 4.2: Amplitudes of main system (left) and DVA (right) as a function of the forcing 
frequency. The DVA mass is one-tenth of the main system mass 

Now suppose that the absorber is designed to reduce the amplitude of the system when it 
is at resonance. In that case wl  = wz or equivalently = 2. (4.4) can then be written as: 

In figure 4.2 1 $ 1  and 1 are plotted as a function of 5 for m2/rnl = 0.1. It can be seen that 

at 5 = 1, the amplitude of the main system (al) is zero. Furthermore, two new resonance 

frequencies arise at the left and at the right of the original resonance frequency. This is due 
to the fact that the system has now changed into a two degree of freedom system. These two 
new frequencies depend on the mass ratio: 

In order to determine these two new frequencies the denominators of the expressions in (4.5) 
are set equal to zero, which yields the following equation: 

Figure 4.3 shows the above relation graphically. Rom the figure it can be seen that the two 
resonance frequencies become farther apart with increasing mass ratio p. A larger DVA mass 
can therefore be advantageous if the frequency of the disturbing force fluctuates around the 
frequency for which the absorber has been tuned. 

The size of the DVA mass also influences the amplitude of the DVA. From the second 
equation of (4.4) it can be seen that if the DVA is correctly tuned to the forcing frequency 
(i.e. w2 = w), the expression for the amplitude of the DVA reduces to: 



Figure 4.3: Resonance frequencies as a function of the mass ratio ,u 

This equation shows that the amplitude of the DVA is proportional to the reciprocal of k2. 
This means that it is proportional to the reciprocal of m2 as well, because w2 does not change. 
So increasing the DVA mass will lead to smaller DVA amplitudes. This can be advantageous 
if the DVA has to be mounted in a small space where no large amplitudes are possible. 

Summarising, if the natural frequency of the DVA is tuned to the frequency of the forcing, 
the main system will not vibrate at all. This is especially useful when the frequency of the 
forcing is close to the resonance frequency of the main system. Large amplitudes will be 
prevented in this way. However, two new resonance peaks arise, one at a lower frequency 
and one at a higher frequency than the original resonance frequency. A larger DVA mass will 
cause the frequencies of these new resonance peaks to become farther apart. An increase of 
the DVA mass also causes the amplitude of the DVA to decrease. However, it should be kept 
in mind that a large DVA mass may not be desirable from a practical point of view, due to  the 
increase of mass of the total system. From the above considerations it can be concluded that 
this kind of DVA can only be used on systems of which the forcing has a (nearly) constant 
frequency. 

4.3 The damped dynamic vibration absorber 

If the mass of a DVA is not only supported by a spring, but also by a damper with damping 
constant c larger than zero, it is called a damped dynamic vibration absorber. By adding 
this damper, the frequency range over which the response is reduced can considerably be 
increased. The equations of motion of such a system are as follows: 

mlX1-k c(ii - ~ 2 )  + k2(~1 - 22) + klxl = F sinwt 
m 2 ~ 2  + 4 x 2  - XI) + k2(x2 - xl) = O 

The forced solution of this set of equations will be of the form: 

The easiest way to find the ampiitudes a1 and a2 of these solutions is to write the solution in 
the complex number form: 
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Figure 4.4: Amplitude ratio of the main system as a function of the forcing frequency ratio 
for different damping ratio values 

In this equation Xi is a complex constant of which the absolute value equals ai and of which 
the angle equals 4i. Substitution of these solutions into the equations of motion results in 
the following equations: 

Converting these equations into an expression for XI and then taking the absolute value gives 
the solution for the amplitude of the main system: 

By recalling the definitions of ,LL and x,t and defining some new variables, the total number 
of variables in this solution can be decreased: 

f = w2/w1 = frequency ratio natural frequencies (tuning ratio) 
g = w/wl = forcing frequency ratio 
C = 2m2wl 

The above equation shows the relative amplitude al/xSt as a function of the four main vari- 
ables: tuning ratio f ,  damping ratio c/C, mass ratio ,LL and forcing frequency ratio g. This 
solution is shown graphically in figure 4.4. The figure shows the amplitude ratio Jal/xStj as 
a function of the forcing frequency ratio for various values of the damping ratio. The mass 
ratio was chosen to be equal to 1/20> while the tuning ratio was chosen to be equal to one (i.e. 
natural frequency DVA equal to natural frequency main system). It can be seen that for an 
infinite damping the system behaves like a undamped single degree of freedom system with a 
mass of 21/20 of the main mass and a stiffness equal to the main stiffness k l .  On the other 
hand, for a damping ratio equal to zero, the behaviour of the undamped DVA can be seen. 
An interesting thing is that all curves intersect at two fixed points, the so called invariant 
points. This means that these points are independent of the amount of damping chosen. 
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Figure 4.5: Amplitude ratio of the main system as a function of the forcing frequency ratio 
for different damping ratio values 

Now, the goal is to find a combination of f and c/C for a certain chosen mass ratio ,LL 

that results in a minimum dynamic response, i.e. a response for which the peaks are minimal 
throughout the frequency range. It is evident that this minimum dynamic response can be 
obtained by first setting the two invariant points to equal height, and second, arranging that 
the slope of the curve is zero at these points. In this way the two invariant points become 
the maxima of the curve. The first consideration can be achieved by adjusting the tuning 
ratio. Unfortunately, the second consideration cannot completely be achieved. By adjusting 
the damping ratio only the slope at one of the two invariant points can be made equal to 
zero. 

From (4.14) two values of g have to be found for which the equation becomes independent 
of damping. When expressions for these two invariant points have been found, they can be 
substituted into (4.14) resulting in two expressions for the heights of the invariant points. 
Equating these two expressions results in an expression for the tuning ratio for which the two 
invariant points have equal heights: 

The forcing frequency ratios at which these invariant points occur are expressed by: 

Next, the damping values can be determined for which the curve passes through the invariant 
points horizontally. This can be done by differentiating (4.14) and equating it to zero for 
both invariant points. The two values for the damping ratio that are found in this way can 
be averaged in order to obtain the optimum value: 

Figure 4.5 shows the amplitude ratio as a function of the forcing frequency ratio using 
the optimum tuning value. Three curves are shown. Two curves have been obtained by using 
the values of the damping ratio that result in slope equal to zero at the left and the right 
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Figure 4.6: Maximum amplitude ratio of the main system and maximum amplitude ratio of 
the DVA relative to the main system as a function of the mass ratio 
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invariant point respectively. The third curve has been obtained using the averaged value of 
these two damping ratios (see (4.17)). The figure shows that the different curves do not differ 
very much, yet it can be seen that the curve obtained with the averaged value results in the 
lowest peaks. 

Since the heights of the peaks of the curve are almost equal to the heights of the invariant 
points, the maximum amplitude can be approximated by determining the heights of the 
invariant points. This results in the following expression for the maximum amplitude: 

- main system 
.... DVA relative to main system 

-: 

Fkom above information it can be concluded that for a certain vibrating system a DVA 
can be designed by choosing a mass ratio followed by a calculation of the optimum stiffness 
and damping of the DVA. However, what mass ratio should be chosen? A few aspects can 
be considered in order to come to a choice, some of them are analogous to the considerations 
made for the undamped case. First of all, a large mass ratio results in a small amplitude of 
the main system. This can directly be seen from (4.18). Secondly, analogous to the undamped 
case, a large DVA mass results in a small amplitude of the DVA itself at the invariant points. 
Figure 4.6 shows the relations stated above graphically. Here the maximum amplitude of the 
DVA relative to the main system and the amplitude of the main system itself are plotted as 
a function of the mass ratio. It can clearly be seen that on the one hand a large DVA mass 
is favourable, because it leads to smaller amplitudes. The figure also shows that fairly good 
results can already be obtained using a DVA mass of one tenth of the main system mass 
( p  = 0.1). On the other hand, it should be kept in mind that a large DVA mass may not be 
desirable from a practical point of view, due to the increase of mass of the total system. 

Summarising, it has been shown that a damped DVA is able to suppress the response of a 
system throughout a larger frequency range than an undamped DVA. However, the amplitude 
of the response never becomes equal to zero. For these reasons, a damped DVA is more useful 
in situations where the forcing frequency is not constant. 
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Figure 4.7: Amplitude ratio of the main system as a function of the forcing frequency ratio 
for different values of the tuning ratio 

4.4 Parameter sensitivity analysis 

In the previous section, expressions for the optimum values of the DVA stiffness and DVA 
damping have been derived using a prescribed value of the mass ratio. However, in practical 
applications it is not always possible to manufacture a DVA that is 100% correctly tuned. 
Furthermore, it is sometimes possible that the natural frequency of the vibrating system 
changes slightly during operation. In order to determine what the performance of the system 
will be if the parameter values differ from the optimum values, some sensitivity analyses must 
be performed. In this section the sensitivity of the response to deviations of the DVA stiffness 
and DVA damping will be investigated. 

First the sensitivity to deviations of the DVA stiffness is investigated, or equivalently, the 
sensitivity to deviations in the tuning ratio f .  This is done by calculating the amplitude ratio 
of the main system for different values of the tuning ratio. Figure 4.7 shows the amplitude 
ratio for several values of the tuning ratio f .  In this figure again a mass ratio of 1/20 was 
used. The damping was set to its optimum value (see (4.17)). From the figure it can be 
seen that an error of 10% in the tuning ratio leads to an increase of the maximum amplitude 
ratio of approximately 100%. This indicates that the stiffness of the DVA must be tuned very 
accurately in order to obtain a substantial reduction. Therefore, in practical applications it is 
usually tuned after it has been attached to the main system. In this way the correct stiffness 
can always be obtained. 

In figure 4.8 the relation between the maximum amplitude ratio and the tuning ratio is 
shown for several values of the mass ratio. In this figure the tuning ratio and maximum 
amplitude ratio are scaled with the optimum values. It can be seen that for increasing mass 
ratio, the sensitivity to tuning errors decreases. This can be understood by recalling the fact 
that the two new resonance peaks become farther apart with increasing mass ratio, resulting 
i~ larger frequency range with low amplitude. This is another advantage of a large DVA 
mass. Nevertheless, an accurately tuned stiffness is still necessary in order to obtain a large 
amplitude reduction. 

Next, the sensitivity of the response to variations in damping ratio is considered. The 
effect of a damping ratio that differs from the optimum value could already be seen in figure 
4.4. To get a better insight into the effect of a deviation of the damping ratio, a figure similar 
to figure 4.8 is made (figure 4.9). In this figure, the scaled maximum amplitude is shown as a 
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Figure 4.8: Scaled maximum amplitude of the main system as a function of the scaled tuning 
ratio for different values of the mass ratio 
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Figure 4.9: Scaled maximum amplitude of the main system as a function of the scaled damp- 
ing for different values of the mass ratio (from top to bottom 215, 115, 1/10, 1/20, 1/40 
respectively) 

function of the scaled damping using the same mass ratios as in figure 4.8. Again, the values 
are scaled with their optimum values. Notice that the x-axis has a logarithmic scale. From 
the figure it can be seen that the response is less sensitive to deviations in the damping ratio 
than it is to deviations in the tuning ratio. A damping ratio that deviates from its optimum 
value by a factor of two, still results in a reasonably small amplitude. Furthermore, the figure 
shows that the sensitivity to damping deviations hardly depends on the mass ratio. From the 
above can be concluded that it is not necessary to tune the damping value 100% correctly. 

4.5 Application of a dynamic vibration absorber to  a beam 
system 

In order to suppress the first resonance of a beam system the expressions for the optimum 
tuning (4.15) and damping (4.17) derived in the previous section can be used. In these 
equations, the mass ratio p is used, which is defined as absorber mass divided by main 
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Figure 4.10: Schematic representation of procedure for finding equivalent mass 

system mass. However, this definition is only valid for the single degree of freedom case. In 
order to use it in the case of more than one degree of freedom, an equivalent mass of the main 
system must be determined. This can be done by first determining the maximum kinetic 
energy of the system when vibrating in a certain mode and, second, finding a point mass, 
placed at the position where the DVA is to be attached and representing the mass of the main 
system, that results in the same maximum kinetic energy. This procedure is schematically 
depicted in figure 4.10. 

In order to find the maximum kinetic energy of the beam system when vibrating in a 
certain mode, first the shape function of that particular mode must be determined. Since 
the goal is to suppress the first resonance frequency, the shape function of the first mode is 
required, which for pinned-pinned beam is defined as: 

= sin (3) 
In this equation I is the length of the beam and x is the longitudinal coordinate of the beam. 
The time-varying scaled displacement at any coordinate x along the beam can be expressed 
as : 

Y(x, t )  = 4(x) sin wt (4.20) 

Here, w is the vibration frequency of the beam. Differentiating this equation with respect to 
time results in an expression for the velocity: 

~ ( x , t )  = 4(x)wcoswt (4.21) 

The maximum velocity can be expressed as: 

ymax (x) = ~ ( x ) w  

Next, the maximum kinetic energy of the beam can be expressed as: 

In this equation y is defined as the mass of the beam per unit length. Substituting the shape 
function of the first mode (4.19) into this equation results in an expression for the maximum 
kinetic energy of the beam vibrating in the first mode: 



Figure 4.11: Equivalent beam mass divided by the real beam mass as a function of the relative 
longitudinal position 

Now that the maximum kinetic energy of the beam vibrating in the first mode is known, 
an equivalent point mass meq can be determined resulting in the same maximum kinetic 
energy. The maximum kinetic energy of the vibrating point mass can be expressed as: 

%$-2 
Tmax = max (4.25) 

The variable Y,,, can be determined using (4.22) and (4.19). The position of the point mass 
must be used for the value of x. This results in an expression for the maximum kinetic energy 
of the point mass vibrating in the first mode of the beam: 

Tmax = 3 2 [sin (7) w] 
Equating the expression for the maximum kinetic energy of the beam (4.24) and of the point 
mass (4.26) results in an equation for the equivalent beam mass as a function of its position 
x along the beam: 

mbeam 
meq = 

2 sin (9) 
Note that this equation only holds for the first mode of the beam system, which is depicted 
in figure 4.10. In order to find the equivalent mass for other modes, the procedure must be 
repeated using other corresponding shape functions. 

In figure 4.11, (4.27) is shown graphically. It can be seen that the equivalent beam mass 
is smallest in the middle of the beam and tends to infinity at the ends of the beam. The 
latter is very easy to understand, knowing that the ends of the beam have a zero vibration 
amplitude. A point mass attached to one of the ends of the beam can therefore never have 
any kinetic energy. 

Using the value of the equivalent beam mass as the main mass ml,  the earlier presented 
DVA theories for the single degree of freedom case apply to the beam system in exactly the 
same manner. From the definition of the mass ratio (4.6) it follows that for a constant DVA 
mass, the mass ratio is inversely proportional to the equivalent beam mass. Therefore, a 
small equivalent beam mass is favourable, because it leads to a large mass ratio, which leads 
to a large vibration reduction in the case of a damped DVA (see figure 4.6) and leads to the 
resonance peaks becoming further apart in the undamped case (see figure 4.3). Clearly, as 
expected, the optimal position to attach a DVA to a pinned-pinned beam to suppress the first 
mode, is the middle of the beam. 



Figure 4.12: Schematic representation of the experimental set-up of the beam system including 
designed DVA 

4.6 Physical design of DVA 

In order to apply a DVA to the experimental set-up of the beam system, a physical DVA has 
to be designed and manufactured. The DVA should meet the following requirements: 

The DVA should have the dynamics of a mass-spring system. 

The spring stiffness should be very precisely tunable and it should be possible to tune 
the damping. 

The mass of the DTJA construction should be lo7 in comparison to the main system 
mass. 

The design should be easy and cheap to manufacture. 

It should be possible to move the DVA in longitudinal direction of the beam. 

A design that meets most of these requirements is shown in figure 4.12. The design consists of 
two cantilever beams with additional masses at the ends, which together can be seen as mass- 
spring systems. By moving a mass along its cantilever beam, the stiffness can be tuned very 
precisely and consequently its natural frequency as well. The reason for using two cantilever 
beams instead of one is symmetry. Both cantilever beams will therefore always be tuned to 
the same natural frequency. Unfortunately, due to the presence of the excitation mechanism 
and one-sided stiffness construction it is not possible to attach the DVA in the most favourable 
position: the middle of the beam. 

As stated earlier, the designed DVA should have the dynamic behaviour of a mass-spring 
system. In order to compare the behaviour of the designed DVA with the behaviour of a 
theoretical mass-spring system consisting of a point mass and spring, some FEM simulations 
are carried out. These calculations are carried out for the case of an undamped DVA applied 
to the linear beam system, without considering the mass of the excitation mechanism. Figure 
4.13 shows the frequency responses of the transversal displacement of the middle of the beam 
using the designed DVA as well as the theoretical DVA. In both cases the DVA is placed 18 
cm out of the middle of the beam, which is the closest possible position to the middle of the 
beam for the designed DVA. It can be seen that the differences are small, which means that 
the designed DVA behaves almost like a mass-spring system. In addition the eigenmodes of 
both systems are shown in figure 4.14. It can be seen that in the low frequency range one 
extra eigenmode occurs in the system with the designed DVA, which is not present in the 
system with the theoretical DVA. However, this eigenmode hardly has any influence on the 
system because it is hardly excited. 

The designed DVA has been manufactured and a picture of it is shown in figure 4.15. The 
DVA consists of a thin steel plate with masses of 0.5 kg at both ends. The total DVA mass 
is therefore equal to 1 kg, which is one-tenth of the beam mass. The resulting mass ratio 
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Figure 4.13: Amplitude of transversal displacement of the middle of the beam using designed 
DVA (solid) and theoretical DVA (dot) 

Figure 4.14: Eigenmodes of the linear beam system including theoretical DVA consisting of 
point mass and spring (left) and including designed DVA (right) 

however, depends on the position of the DVA on the beam and the corresponding equivalent 
beam mass (see (4.27)). Details of the geometric and material properties are included in 
appendix A. By moving the masses the natural frequency of the DVA can be varied in a 
range from 11 Hz to infinity. In order to be able to move the masses, they are attached 
to the steel plate by means of clamping. For the same reason the DVA itself is clamped 
to the beam. It can be seen from the picture that besides the two masses at the ends, the 
DVA construction contains quite some steel as well. This results in an extra weight of the 
beam system of approximately 0.9 kg, which leads to a decrease of the resonance frequencies, 
depending on the position of the DVA. 

Experiments show that the modal damping coefficient of the DVA is equal to 0.004. This 
means that the DVA is very lightly damped and it can be seen as an undamped DVA. If the 
DVA has to be used as a damped DVA, two air dampers are attached at the ends of the steel 
plate, which will be discussed in section 4.8. 

In order to verify whether the DVA is able to withstand the stresses that occur when it 
is in use, some fatigue calculations are carried out. In these calculations the maximum stress 



Figure 4.15: Picture of the manufactured DVA 

that occurs is calculated using the theoretical displacement amplitude of the DVA when it is 
at resonance. This stress is then compared with the fatigue limit of the material, which is 
defined as the maximum stress amplitude for which no failure by fatigue is observed after an 
infinite number of cycles. In [13] a relation is given which states that the fatigue limit equals 
the ultimate stress of the material divided by two. It appears that the maximum stress that 
occurs in the DVA satisfies this requirement. 

4.7 Application of the undamped dynamic vibration absorber 
to the linear beam system 

In this section the designed undamped DVA will be applied to the linear beam system which 
was modelled in chapter 2 in order to suppress the first resonance. In section 4.5 it was shown 
that for a constant DVA mass, the equivalent beam mass (4.27) depends on the position of 
the DVA on the beam and consequently also the mass ratio ,LL (4.6) depends on this position. 
Therefore, three different positions of the DVA on the beam are considered, which are 20, 30 
and 40 cm from the middle of the beam. For the designed DVA these positions correspond 
to mass ratios ,LL of 0.14, 0.10 and 0.060 respectively. In the calculations of these values the 
extra mass of 0.9 kg caused by the DVA construction is taken into account as well. 

For each DVA position a simulation is carried out in which the frequency response is 
calculated using a DVA consisting of a point mass and spring. Each simulated frequency 
response is verified by means of an experiment. In these experiments the beam is excited by 
the shaker at a constant frequency. Both the resulting transversal acceleration of the middle 
of the beam as well as the transversal acceleration of one of the DVA masses is measured 
by an accelerometer. This is done for a number of frequencies between 8 and 18 Hz because 
this is the frequency range where the two new resonances appear. The measured acceleration 
signals are integrated twice to obtain the displacement signals. 

Figure 4.16 shows the results of both the experiments and the simulations. From top 
to bottom the diagrams correspond to DVA positions which are 20, 30 and 40 cm from the 
middle of the beam. Each diagram shows the maximal transversal displacement of the middle 
of the beam and of one of the DVA masses as well as the maximum transversal displacement 
of the beam without DVA. It can very clearly be seen that the original resonance of the beam 
is suppressed and that two new resonances of approximately the same height occur. If the 
three diagrams are compared it can be seen that the farther the DVA is placed from the 
middle of the beam, the closer the two new resonance frequencies become. Furthermore, the 
amplitude of the DVA near the anti-resonance of the beam increases when the DVA is pIaced 
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Figure 4.16: Amplitude of transversal displacement of the middle of the beam and of one the 
DVA masses as a function of the excitation frequency. The DVA is positioned at 20 cm (top), 
30 cm (middle) and 40 cm (bottom) from the middle of the beam. 
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Figure 4.17: Schematic representation of the experimental set-up of the beam system including 
damped DVA 

farther away from the middle of the beam (only small increase). Both these effects can be 
explained by the fact that if the DVA is moved towards the end of the beam, the equivalent 
beam mass increases and consequently the mass ratio decreases. From figure 4.3 it can then 
be seen that the resonance frequencies become closer for decreasing mass ratio and from (4.8) 
it can be seen that the DVA amplitude increases for decreasing mass ratio. 

From figure 4.16 it can also be seen that the experimentally obtained results agree quite 
well with the simulated results. Yet some differences can be observed. First of all it can be 
seen that the two new resonance frequencies of the measured response are little bit lower than 
the simulated responses. The cause of this difference can directly be seen from figure 4.13, 
which shows that for equal suppression frequencies, the resonance frequencies of the designed 
DVA are a little bit lower than the resonance frequencies of the theoretical DVA consisting of 
a point mass and spring. The second difference can especially be seen in the lower diagram 
of figure 4.16. In this diagram the curve which represents the DVA displacement shows a 
small 'jump' around the frequency at which the anti-resonance of the beam occurs. This 
small jump can be attributed to the fact that both cantilever beams and masses of the DVA 
are not tuned to exactly the same frequency. This means that the one side of the DVA 
suppresses the vibrations of the DVA at a little lower frequency than the other side of the 
DVA. Simulations in which both sides of the designed DVA are tuned a little bit differently 
confirm this phenomenon. 

4.8 Application of the damped dynamic vibration absorber to 
the linear beam system 

In order to use the DVA as a damped DVA, its damping has to be increased considerably. 
Therefore, two air dampers are attached at the ends of the steel plate with the DVA masses. 
The other ends of the air dampers are connected to the main beam system. A schematic 
representation of the beam including the damped DVA is shown in figure 4.17. It should be 
noted that this configuration differs a little bit from the mass-spring-damper model used for 
the DVA because the damping forces act on a different position of the main beam than the 
spring force. The technical specifications of the dampers are included in appendix D. 

It is chosen to mount the DVA 30 cm from the middle of the beam. By adjusting the 
orifices of the air dampers and moving the DVA masses, it is tried to tune the damping 
and stiffness according to (4.17) and (4.15) respectively. Unfortunately, it appears to be 
impossible to obtain a damping value as high as desired, due to the compressibility of the air 
in the dampers. The compressibility results in a stiffness in series with the damper, which 
limits the damping behaviour of the air dampers. As a result, the DVA is not optimally 
damped. In appendix E the influence of the serial stiffness on the dynamic behaviour of the 
DVA is shown in more detail. 

Experiments are carried out with the non-optimally damped DVA attached to the beam. 
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Figure 4.18: Amplitude of transversal displacement of the middle of the beam as a function 
of the excitation frequency 

The beam is excited by the rotating mass unbalance for a range of constant frequencies. Sub- 
sequently the transversal acceleration of the middle of the beam is measured and integrated 
twice. Figure 4.18 shows the resulting transversal displacement as a function of the excita- 
tion frequency. The calculated responses of the undamped DVA and the optimally damped 
DVA are shown as well. It can be seen that using the air dampers on the DVA results in 
a considerable amplitude reduction. However, the low amplitude response of the optimally 
damped DVA is not achieved. 



Chapter 5 

Application of a dynamic vibration 
absorber to a piecewise linear beam 
system 

5.1 Abstract 

This paper deals with the application of a linear dynamic vibration absorber (DVA) to a 
piecewise linear beam system to suppress its first harmonic resonance. Both the undamped 
and the damped DVA are considered. Results of experiments and simulations are presented 
and show good resemblance. It appears that the undamped DVA is able to suppress the 
harmonic resonance, while simultaneously many subharmonics appear. The damped DVA 
suppresses the first harmonic resonance as well as its super- and subharmonics. 

5.2 Introduction 

A dynamic vibration absorber (DVA) is a device consisting of an auxiliary mass-spring system 
which tends to neutralise the vibration of a structure to which it is attached. The application 
of a DVA to linear systems has been investigated by many authors, for example [7], 191 and 

WI. 
In this paper a DVA will be applied to a piecewise linear beam system in order to reduce 

the vibration of this system. This piecewise linear beam system consists of a pinned-pinned 
beam supported in the middle by a one-sided spring. In the past, several authors studied 
piecewise linear systems. In [19], [20] and [15] single degree of freedom systems have been 
studied, whereas in [4] and [22] multi degree of freedom systems have been investigated. In 
1171 a piecewise linear vibration absorber has been used on a single degree of freedom linear 
system. 

The piecewise linear beam system which is investigated in this paper is an archetype 
system. Many mechanical systems in engineering practice show similar dynamic behaviour. 
A practical example of a piecewise linear system are solar array panels, which take care of the 
energy supply for satellites [5]. During launch the solar arrays are attached to the satellite 
in folded position and suffer from intensive vibration. To prevent the panel ends striking 
each other rubber snubbers are mounted, which act as elastic stops. In order to justify linear 
analyses to predict the dynamic behaviour of the structure, the snubbers are brought under 
pre-stress. As a negative consequence, the residual strength of the structure is low. An 
alternative is to lower the pre-stress, resulting in the snubbers loosing contact with the solar 



Figure 5.1: Schematic representation of the experimental set-up of the beam system 

arrays. In that case behaviour similar to the behaviour of a piecewise linear beam system can 
be seen. 

Constructions such as the one mentioned above, could benefit from the application of a 
DVA. Therefore, it is useful to investigate the dynamic behaviour of such constructions with 
a DVA attached and to find out whether a reduction in vibration amplitude can be made. 

The goal of this paper is to investigate the possibility to reduce the vibration of a piecewise 
linear beam system using a linear DVA. The dynamic behaviour will be compared to the 
behaviour of a linear system with DVA. Both simulations and experiments will be carried out 
using two types of DVA's, namely the undamped DVA and the damped DVA. 

In section 5.3 the experimental setup and its mathematical model will be described. The 
system without the one-sided spring will be modelled using the finite element method in 
combination with a dynamic reduction method. After coupling of the one-sided spring to the 
reduced model the dynamic behaviour of this piecewise linear beam system will be discussed 
briefly in section 5.4. In section 5.5 a brief overview of linear DVA theory will be given. 
The physical design of the DVA that is used in the piecewise linear beam system will be 
presented in section 5.6. In section 5.7 results of simulations and experiments will be shown 
and compared in which both the damped and the undamped DVA are applied to the piecewise 
linear beam system. Finally some conclusions and recommendations for future research will 
be given in section 5.8. 

5.3 Experimental set up and mathematical model 

Figure 5.1 shows a drawing of the experimental set up, including its material and geometrical 
properties. A steel beam with uniform cross section is supported by two leaf springs. In the 
middle of the beam a second beam is placed which is clamped at both ends. When the middle 
of the main beam has a negative deflection, the pin will be in contact with the main beam, 
resulting in a one-sided spring force. 

The middle of the beam is harmonically excited in transversal direction by a rotating mass- 
unbalance that is driven by an electric motor. The mass-unbalance is coupled to the motor 
by a shaft with flexible couplings. The motor is able to rotate at constant rotational speeds 
up to 60 revolutions per second, resulting in sinusoidal excitation signals in the frequency 
range up to 60 Hz. 

The experimental set-up without the one-sided stiffness is modelled using a 111 degree 
of freedom (DOF) finite element model. If the number of DOF's is doubled, the first ten 
eigenfrequencies change less than 0.05%. Therefore, the 111-DOF model can be considered 
accurate. The four lowest eigenfrequencies and eigenmodes of this model are shown in figure 



Figure 5.2: First four eigenmodes of the beam system without the one-sided stiffness 

5.2. In order to reduce the number of DOF's, the dynamic reduction method of Rubin is 
applied [18]. This method is based on residual flexibility modes and free-interface eigenmodes 
up to a certain cut-off frequency. For linear analysis the reduced model is assumed to be 
accurate up to this cut-off frequency. The residual flexibility modes guarantee unaffected 
(quasi-) static behaviour . 

It is assumed that the damping in the experimental set-up without the one-sided spring can 
be modelled as modal damping. The modal damping coefficient of the first mode is determined 
experimentally and turns out to be 0.02. This same amount of damping is assumed for all 
other modes. 

The beam that acts as one-sided stiffness, is modelled as a massless spring. This can be 
justified by the fact that the first resonance of this beam occurs at 170 Hz, which is far outside 
the frequency range of interest. Using this one-sided stiffness, a ratio a can be defined which 
is the ratio of the one-sided stiffness and the stiffness associated with the first eigenmode 
of the main beam. This ratio is sometimes used to express the amount of nonlinearity of 
the system. In this case a is equal to 4.6, which means that the amount of nonlinearity is 
moderate. 

Earlier research [22] showed that a reduced model of this piecewise linear beam system 
containing only the first free-interface eigenmode shows almost the same behaviour in the 
frequency range of interest as a model in which higher free-interface eigenmodes are taken 
into account as well. Therefore, a 2-DOF model consisting of the first free-interface eigenmode 
and one residual flexibility mode is used to calculate the dynamic response of the system. The 
residual flexibility mode is defined for the transversal displacement of the middle of the beam 
where the excitation force is applied and where the beam is coupled to the one-sided spring. 

The equations of motion of the reduced model are: 

In this equation the matrices Mred, Bred and Kred are the reduced mass, damping and stiffness 
matrix. Knl is the matrix including only the stiffness of the one-sided spring. qmid is the 
DOF corresponding to the transversal displacement of the middle of the beam. The vector p 
is defined as: 
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Figure 5.3: Maximum transversal displacement of the middle of the beam for excitation 
frequencies in the range 5-60 Hz 

In this vector pl is a generalised DOF corresponding to the first free-interface eigenmode of 
the linear beam system. 

5.4 Periodic solutions 

Periodic solutions of the 2-DOF model including the one-sided stiffness are calculated using 
the finite difference method in combination with path following techniques. The local stability 
of the solutions is determined using Floquet theory. Calculations are carried out for excitation 
frequencies in the range from 5 Hz to 60 Hz. For each excitation frequency the maximum 
transversal displacement x,,, is stored, which is defined as: 

in which xp is the periodic displacement signal. 
In order to verify the calculations, experiments are carried out on the experimental set- 

up of the piecewise linear beam system. In these experiments the middle of the beam is 
excited by the rotating mass unbalance at a constant frequency and the resulting transversal 
acceleration of the middle of the beam is measured by an accelerometer, which is attached 
to the beam. This is done for a large number of frequencies throughout the frequency range 
of interest. To obtain displacement signals the measured acceleration signals are integrated 
twice. Subsequently the maximum displacements at each frequency are determined according 
to (5 .3 ) .  In order to be able to compare these displacements with the theoretical results, they 
are divided by the amplitude of the force that excites the system. In general a nonlinear 
system cannot be scaled in this way, but it can be shown that this is permitted in this case 
because the beam and one-sided spring are flush. 

Figure 5.3 shows both the experimentally obtained as well as the calculated maximum 
transversal displacements for the excitation frequency range 5-60 Hz. The displacement val- 
ues that are shown are the displacements divided by the excitation force. The calculated 
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Figure 5.4: Schematic representation of a DVA attached to a SDOF vibrating system 

responses are shown as solid lines (stable response) and dotted lines (unstable response), 
whereas the various markers correspond to the measured responses. The figure shows that 
the experimental results agree quite well with calculated results. 

In the figure, a harmonic resonance occurs at 19 Hz. Near 38 Hz and 57 Hz a 112 and 113 
subharmonic resonance can be seen, which are both related to this harmonic resonance at 19 
Hz. Furthermore, a second and third superharmonic resonance can be seen near 9.5 Hz and 
6.5 Hz respectively, which are also related to the harmonic resonance at 19 Hz. As a result 
of the superharmonic resonance at 9.5 Hz, a 113 and 115 subharmonic resonance peak occur 
near 28 Hz and 46 Hz respectively. In addition, a 114 subharmonic resonance peak occurs 
near 26 Hz, which is related to the superharmonic resonance at 6.5 Hz. 

5.5 Linear DVA theory 

Figure 5.4 shows a schematic representation of a DVA (m2, k2, c) attached to a vibrating 
SDOF system (ml, kl). In this section the two main types of DVA's will be discussed very 
briefly, namely the undamped DVA (c = 0) and damped DVA (c > 0). For more information 
on DVA theory, the reader is referred to [7], [9] and [ l l ] .  

5.5.1 The undamped DVA 

In the case of an undamped DVA the natural frequency of the DVA is chosen to be equal to 
the frequency of the periodically varying force (i.e. w2 = d G  = w). In this way the main 
mass ml will not vibrate at all. The undamped DVA is most effective if it is used to reduce 
the vibration of the main system when it is at resonance. In that case the natural frequency 
of the DVA is chosen equal to the resonance frequency of the main system, i.e. w l  = w2. 

For this specific case the amplitudes a1 and a2 of the main mass ml and the DVA mass 
mz respectively are plotted as a function of the forcing frequency ratio w/wl in figure 5.5. In 
the diagrams, the amplitudes are scaled with the static deflection x,t ,  which is the deflection 
that occurs under static load. The diagrams are obtained using a DVA mass m2 which is 
one-tenth of the main mass ml. 

It can be seen that at the original resonance frequency 3 = 1, the amplitude of the main 

system a1 is now zero. Furthermore, two new resonance frequencies arise at the left and at 
the right of the original resonance frequency. These resonance frequencies become further 
apart if the DVA mass is chosen larger. 
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Figure 5.5: Amplitudes of main system (left) and DVA (right) as a function of the forcing 
frequency ratio. The DVA mass is one-tenth of the main system mass 
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5.5.2 The damped DVA 
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By adding damping to the DVA (c > O), the frequency range over which the response ampli- 
tude is reduced can coasiderably be increased. In [7] expressions are derived in order to obtain 
the damping c and stiffness k2 of the DVA, given a value of the DVA mass m2, that result 
in a minimum dynamic response, i.e. a response for which the peaks are minimal throughout 
the frequency range: 
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Figure 5.6 shows the amplitude of the main mass ml as a function of the forcing frequency 
ratio using the optimum stiffness and optimum damping and a DVA mass mz which is one- 
twentieth of the main mass ml.  It can be seen that the frequency response is flattened using 
this damped DVA and that no high resonance peaks occur throughout the frequency range. 
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5.6 DVA design 

without DVP 
-with DVA - 

I 
I 
I 
I 
I 
I 
I 

In order to apply a DVA to the experimental set-up of the beam system, a DVA is designed 
and manufactured. A schematic representation of the design is shown in figure 5.7 and a 
picture of the manufactured DVA is shown in figure 5.8. It consists of two cantilever beams 
with additional masses of 0.5 kg at the ends, which leads to a total DVA mass m2 of 1 kg. 
By moving a mass along its cantilever beam, the stiffness can be tuned very precisely and 
consequently its natural frequency as well. The reason for using two cantilever beams instead 
of one is symmetry. Due to the presence of the excitation mechanism and the one-sided 
spring construction it is not possible to attach the DVA in the most favourable position for 
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Figure 5.6: Amplitude ratio of the main system as a function of the forcing frequency ratio 
using a DVA with optimum stiffness and damping 
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m=0.50 kg L h=0.0010 m, E=2.07 e l l  ~ / m '  

Figure 5.7: Schematic representation of the experimental set-up of the beam system including 
designed DVA 

suppressing the first harmonic resonance: the middle of the beam. Furthermore, due to the 
limited space available, it is not possible to turn the DVA 90 degrees so that it would be 
perpendicular to the main beam. 

To verify whether the designed DVA really acts like a SDOF mass-spring system, some 
simulations are carried out. These simulations confirm that the dynamic behaviour of the 
designed DVA is almost equal to the dynamic behaviour of a SDOF mass-spring system. 

The damping of the manufactured DVA is determined by means of an experiment, which 
results in a modal damping coefficient of 0.004. This means that the DVA is very lightly 
damped and that it can be considered as an undamped DVA. 

5.7 Numerical and experimental results 

In this section the dynamics of the piecewise linear beam system including the DVA will be 
studied. Both experiments and simulations are carried out and the results will be compared. 
Two cases will be considered, namely the undamped DVA and the damped DVA. 



Figure 5.8: Picture of the manufactured DVA 

5.7.1 Application of the undamped DVA to the piecewise linear beam sys- 
t em 

Simulations are carried out in which the undamped DVA, modelled as a point-mass and a 
spring, is attached to the beam 20 cm from the middle. Its eigenfrequency is tuned to the 
first harmonic resonance of the beam system, which is 19 Hz. 

Periodic solutions are calculated using a 6-DOF model, consisting of the first three free- 
interface eigenmodes of the linear beam system, two residual flexibility modes and one DOF 
that corresponds to the displacement of the DVA point-mass. The calculated responses are 
verified by means of experiments, in which the acceleration of the middle of the beam and of 
one of the DVA masses is measured. In contrast to the simulations in section 5.4, the first 
three free-interface eigenmodes of the linear beam system are taken into account instead of 
only the first. This is done because the second and third eigenmode of the linear beam system 
(see figure 5.2) are excited by the force of the DVA, whereas these are not excited in the case 
only the shaker applies a force in the middle of the beam. One of the two residual flexibility 
modes is again defined for the transversal displacement of the middle of the beam where the 
one-sided spring is attached and where the excitation force is applied. The other residual 
flexibility mode is defined for the transversal displacement of the beam at the position where 
the DVA is attached. 

In the case of the 6-DOF model the vector p in (5.1) is defined as: 

In this vector pl, p2 and pg are the generalised DOF's corresponding to the first three free- 
interface eigenmodes of the linear beam system. qabs is the DOF corresponding to the 
transversal displacement of the beam at the point where the DVA is attached. qm, is the 
DOF corresponding to the displacement of the DVA mass mz itself. 

Figure 5.9 shows the experimentally obtained as well as the calculated maximum transver- 
sal displacements of the middle of the beam and the DVA mass for excitation frequencies in 
the range 5-60 Hz. The displacement values that are shown are again the displacements 
divided by the excitation force. The calculated responses are shown as solid lines (stable 
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Figure 5.9: Maximum transversal displacement of the middle of the beam (on top) and DVA 
mass (on the bottom) for excitation frequencies in the range 5-60 Hz 



response) and dotted lines (unstable response), whereas the various markers correspond to 
the measured responses. 

In the upper diagram it can be seen that a stable harmonic anti-resonance occurs at 
approximately 19 Hz, which is the frequency at which the original harmonic resonance occurs 
(see figure 5.3) and which is also the eigenfrequency of the DVA. Also two new harmonic 
resonances occur at approximately 15 Hz and 22 Hz. Both these effects agree with the case 
of an undamped DVA applied to a linear mass-spring system (see figure 5.5). This result 
can be explained by the fact that the undamped DVA generates a force that counteracts the 
excitation force. Therefore, also in this nonlinear case the resonance is suppressed. Note 
however that the response is small but not zero as in figure 5.5, which is due to the fact that 
the DVA is not placed in the middle of the beam where the excitation takes place. In this 
way a moment acts on the beam, caused by the vertical forces of the DVA and the excitation. 

In addition to these two new harmonic resonances many subharmonic resonances occur, 
which can be seen in both diagrams of figure 5.9. At approximately 30 Hz and 45 Hz a 112 
and 1/3 subharmonic resonance occur, which are both related to the harmonic resonance near 
15 Hz. At approximately 44 Hz, a 112 subharmonic resonance occurs, which is related to the 
harmonic resonance near 22 Hz. Furthermore, a second and third superharmonic resonance 
occur near 11 Hz and 7.3 Hz respectively, which are also related to the harmonic resonance 
near 22 Hz. As a result of the superharmonic resonance near 7.3 Hz, a 1/2, 1/4, 1/5 and 1/7 
subharmonic resonance occur near 14.5 Hz, 29 Hz, 37 Hz and 52 Hz respectively. 

Both diagrams of figure 5.9 show that the experimental results agree quite well with the 
numerically calculated results. The main differences that occur are the heights of the peaks. 
These differences are probably caused by the fact that the damping cannot accurately be 
modelled by modal damping. 

The experimental and calculated results are also compared in the time domain. Figure 
5.10 shows the experimental and calculated time domain plots of the harmonic response at 20 
Hz, the 112 subharmonic response at 27 Hz and the 113 subharmonic response at 46 Hz. The 
figures on the left show the time history of the transversal displacement of the middle of the 
beam; the figures on the right show the time history of the displacement of the DVA mass. 
It can be seen that the experimental responses agree quite well with the calculated responses 
in the time domain. 

In the frequency ranges between 34.5 Hz and 37 Hz and between 49.5 Hz and 52 Hz 
periodic behaviour could not be found, neither in the experiments nor in the simulations. 
Numerical integration shows that in both frequency ranges a quasi-periodic t locked -t 
chaotic sequence occurs [16]. The stable solutions just outside these ranges become unstable 
via secondary Hopf bifurcations. 

Figure 5.11 shows four calculated Poincark sections in the frequency range between 34.5 
Hz and 37 Hz, which are obtained by means of numerical integration. Actually, the Poincarh 
sections show a 2-dimensional subspace of the 12-dimensional state space. Only the transver- 
sal displacement and velocity of the middle of the beam are depicted. The first Poincark 
section suggests quasi-periodic behaviour at 35 Hz, however, this is not completely certain 
since this is only a 2-dimensional subspace of the 12-dimensional state space. The Poincark 
section at 35.4 shows a 1/43 subharmonic solution (frequency locking). Then at 35.41 a 
weakly chaotic attractor can be seen. Finally at 35.6 Hz the attractor is fully chaotic. 

Similar behaviour is found in the experiments. This is shown in figure 5.12. The left 
Poincari: section is obtained at an excitation frequency of 35.25 Hz. The closed loep that is 
visible suggests quasi-periodic behaviour, however, due to the inaccuracies of the measure- 
ments it is uncertain whether this indeed is the case. The right Poincark section of figure 
5.12 clearly shows the frequency locking phenomenon. In the experiments, no clear chaotic 
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Time domain plots of the harmonic response at 20 Hz (top), the 112 subharmonic 
response at 27 Hz (middle) and the 113 subharmonic response at 46 Hz (bottom) 

behaviour is found. 
The above experimental and numerical results show that a stable harmonic anti-resonance 

occurs at the frequency of the original harmonic resonance. Moreover, no unstable harmonic 
solutions are found between the two new harmonic resonances at 15 Hz and 22 Hz. In order 
to investigate the robustness of the stability of the harmonic anti-resonance, some additional 
simulations are carried out for other values of the DVA mass. As stated earlier, a higher DVA 
mass leads to resonance peaks which lie further apart. 

Figure 5.13 shows the calculated maximum transversal displacement of the middle of the 
beam using an undamped DVA, with a DVA mass of 4 kg, which is again tuned to the first 
harmonic resonance at 19 Hz. It should be noted that this value for the DVA mass is unrealistic 
for real applications, since the mass of the beam is 10 kg, which means that the DVA mass 
would be 40% of the main mass. Using this DVA, the two new harmonic resonance peaks 
become further apart and appear at approximately 11.5 Hz and 26 Hz. Near the unstable 
harmonic resonance peak at 11.5 Hz, a stable 112 subharmonic resonance occurs and at 13.5 
Hz a superharmonic resonance occurs. The 112 subharmonic responses of these resonances 
result in a 114 subharmonic resonance near 23 Hz and a 112 subharmonic resonance near 27 
Hz. In addition, two unstable regions appear near 17 Hz and 19 Hz. Near 17 Hz a stable 
112 subharmonic solution is found whereas near 19 Hz no stable periodic solution is found. 
Here a quasi-periodic -+ locked + chaotic sequence occurs. Moreover, near 25 Hz the 112 
subharmonic response becomes unstable, resulting in quasi-periodic behaviour consisting of 
two closed loops in the Poincark section, which is shown in figure 5.14. 

The above results show that some unstable regions occur between the two harmonic reso- 
nance peaks, however, the harmonic anti-resonance is still stable. Additional simulations are 
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Figure 5.11: Calculated projected Poincar6 sections at 35 Hz (upper left), 35.4 Hz (upper 
right), 35.41 Hz (lower left) and 35.6 Hz (lower right) 
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Figure 5.12: Measured projected Poincark sections at  35.25 Hz (left) and 36.25 Hz (right) 
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Figure 5.13: Maximum transversal displacement of the middle of the beam for excitation 
frequencies in the range 10-28 Hz using a DVA mass of 4 kg 
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Figure 5.14: Calculated projected Poincark section at 25.1 Hz 

carried out to find out whether an unstable anti-resonance could occur. Figure 5.15 again 
shows the calculated maximum transversal displacement of the middle of the beam using an 
undamped DVA. In the figure several curves are shown, each corresponding to a certain DVA 
mass. Although all DVA's are tuned to 19 Hz, the various anti-resonances differ a little bit 
in kequency. This is caused by the fact that the DVA is not placed in the middle of the 
beam where the excitation takes place. The figure shows that for increasing DVA mass, the 
unstable region at the left of the anti-resonance comes closer to the anti-resonance. However, 
for a DVA mass larger than 5 kg it disappears. This suggests that the anti-resonance is indeed 
always stable. However, these results do not guarantee that no coexisting large amplitude 
response exists. 

5.7.2 Application of the damped DVA to the piecewise linear bea-m system 

Simulations are carried out in which a damped DVA with DVA mass of 1 kg, modelled as 
a point-mass supported by a spring and a damper, is attached to the beam 30 cm from the 
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Figure 5.15: Maximum transversal displacement of the middle of the beam for excitation 
frequencies in the range 15-20 Hz using various DVA masses 
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Figure 5.16: Maximum transversal displacement of the middle of the beam for excitation 
frequencies in the range 5-60 Hz using a damped DVA 

middle. The DVA damping and stiffness are tuned according to (5.4) and (5.5) to suppress the 
first harmonic resonance near 19 Hz. The resulting numerical values are: p = 0.10, f = 0.91 
and c = 38.2 Ns/m. It should be noted that in the case of a MDOF system, such as the 
beam system, p is defined as the ratio between the DVA mass mz and the reduced mass of 
the MDOF system corresponding to a particular mode and position. 

Figure 5.16 shows the calculated maximum transversal displacement of the middle of 
the beam with and without the damped DVA attached. It can be seen that the harmonic 
resonance near 19 Hz is suppressed in a way similar to the linear case (see figure 5.6). In 
addition, also the 112 subharmonic resonance is suppressed. The 113 subharmonic resonance 
near 57 Hz even completely vanishes. This can be seen in more detail in figure 5.17. This 
figure shows the 113 subharmonic resonance for the case without DVA and for several cases 
with a DVA attached which is optimally damped according to (5.5). The DVA stiffness 
however, is gradually increased to its optimum value kept (= mzwg), which results from (5.4) 
and (5.6). It can be seen that the frequency range in which the 1/3 subharmonic resonance 
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- Figure 5.17: Maximum transversal displacement of the middle of the beam for excitation 
frequencies in the range 53-61 Hz using several different DVA stiffnesses 

occurs, becomes smaller as the stiffness approaches its optimum value kept. For k = kept the 
113 subharmonic response has completely disappeared. The fact that the damped DVA not 
only suppresses the harmonic resonance but also its corresponding super- and subharmonic 
resonances, can be attributed to the nonlinear couplings between the harmonic resonance and 
the super- and subharmonic resonances. 

To verify the simulations, experiments are performed in which the DVA is damped by two 
air dampers attached at the ends of the steel plate of the DVA. The other ends of the air 
dampers are connected to the main beam system. It should be noted that this experimental 
configuration differs a little bit from the used mass-spring-damper DVA model because the 
damping forces act on a somewhat different position of the main beam than the spring force. 

By adjusting the orifices of the air dampers and moving the DVA masses, it is tried to tune 
the damping and stiffness according to (5.5) and (5.4) respectively. Unfortunately, it appears 
to be impossible to obtain a damping value as high as desired, due to the compressibility of 
the air in the dampers. As a result, the DVA is not optimally damped. 

Figure 5.18 shows the experimentally obtained maximum transversal displacements of the 
middle of the beam for a range of excitation frequencies using the non-optimally damped DVA 
(markers). The calculated responses without DVA and using the optimally damped DVA 
are shown as well (lines). Of course, the measurements do not agree with the simulation. 
Nevertheless it can be seen that the original harmonic resonance peak is flattened using the 
non-optimally damped DVA. In addition, many super- and subharmonic resonances which 
are present in the case of the undamped DVA (see figure 5.9) have disappeared. 

5.8 ConcIusions and recommendat ions 

In this paper a linear DVA has been applied to a piecewise linear beam system to suppress the 
first harmonic resonance. This turns out to work very well for this system with a moderate 
amount of nonlinearity. Both a damped as well as an undamped DVA have been applied. 
Experiments and simulations have been carried out and compared. The experimental and 
simulated results show a good resemblance. 

The results show that the undamped DVA suppresses the first harmonic resonance of 
the piecewise linear beam system in a way similar to the linear case. In addition many 
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Figure 5.18: Maximum transversai displacement of the middle of the beam for excitation 
frequencies in the range 5-60 Hz using a damped DVA 

subharmonic responses appear and also two quasi-periodic + locked + chaotic sequences 
have been found. However, no unstable behaviour of the harmonic anti-resonance has been 
found. Several different DVA masses have been tried, but none results in unstable behaviour 
of the harmonic anti-resonance. For the undamped linear DVA it can therefore be concluded 
that it indeed seems possible to suppress the harmonic resonance peak in the piecewise linear 
beam system. However, it cannot be guaranteed yet that no coexisting solution with high 
amplitude exists besides the harmonic anti-resonance. 

Calculations show that the damped DVA suppresses the harmonic resonance in a way 
similar to the linear case and also suppresses its corresponding super- and subharmonic res- 
onances. Experiments with an optimally damped DVA could not be carried out due to the 
compressibility of the air in the air dampers. Yet a non-optimally damped DVA does flatten 
the resonance peaks in the experiments. 

For future research it is recommended to analyse the behaviour of the piecewise linear 
beam system including the DVA for the case the one-sided stiffness is applied with a certain 
amount of prestress or backlash. This situation is more comparable to some problems in 
industrial applications. In addition, it could be investigated whether the approach of the 
linear DVA also works in the case of a high amount of nonlinearity. 

It is also worth trying to suppress the harmonic and subharmonic resonances of the piece- 
wise linear beam using a damped piecewise linear DVA, i.e. a damped DVA with two different 
stiffness regimes. In this way it might be possible to suppress the resonances of the beam 
system even better because the time response of the DVA, in opposite phase, could resemble 
the time response of the beam. 



Chapter 6 

Conclusions and recommendat ions 

6.1 Conclusions 

The goal of this research has been to investigate the possibility to reduce the vibration of 
a piecewise linear beam system using a DVA. In order to answer this question a number of 
preliminary steps had to be taken. 

An experimental set-up of s, piecewise linear beam system is available and its line= part 
has been modelled by means of the finite element method. The resulting 111-DOF model 
has been reduced using the dynamic reduction method of Rubin, resulting in a considerably 
smaller model, which is valid up to a certain cut-off frequency. Next, the damping of the 
linear beam system has been determined experimentally and the excitation force and one- 
sided stiffness have been modelled. 

A 2-DOF reduced model has been used to calculate periodic responses of the piecewise 
linear beam system. These have been calculated by means of the finite difference method 
in combination with path following. The local stability of the periodic solutions has been 
determined using Floquet theory. The calculated responses show some typical nonlinear 
phenomena, such as subharmonic responses, superharmonic resonances and coexistence of 
solutions. Experiments have been performed to verify the calculated responses. It appears 
that the experimentally obtained responses agree quite well with the calculated ones. 

Next, theories on two types of DVA's for linear single DOF systems have been presented, 
namely the undamped and damped DVA. It has been shown that an undamped DVA is 
most useful in situations where the frequency of the forcing that acts on a system has a 
constant value, especially if this frequency is near the resonance frequency of the system. 
The undamped DVA can be tuned to that particular frequency resulting in a zero vibration 
amplitude of the system to which it is attached. A damped DVA on the other hand, is more 
useful in situations where the forcing frequency varies, because a damped DVA is able to 
suppress the response of a system throughout a larger frequency range. However, it does not 
reduce the amplitude of the response to zero. A typical value for a DVA mass is one-tenth 
of the main system mass. It has been shown that the larger the DVA mass, the further the 
two new resonance peaks become apart in the undamped case and the larger the vibration 
reduction is in the case of a damped DVA. 

A physical design of a DVA has been presented and has been used for application to the 
beam system. Simulations and experiments have been compared in which an undamped DVA 
and damped DVA are applied to the linear beam system (i.e. without the one-sided stiffness) 
in order to suppress the first resonance. The experimental results agree quite well with the 
simulated results for the case of the undamped DVA. However, due to the compressibility of 
the air in the air dampers, experiments with an optimally damped DVA could not be carried 



out. Yet experiments using a non-optimally damped DVA show the qualitative behaviour of 
a damped DVA. 

Subsequently, the undamped DVA has been applied to the piecewise linear beam system 
and has been tuned to the first harmonic resonance frequency of the system. Periodic solutions 
have been calculated using a 6-DOF model. The results show that the DVA suppresses the 
first harmonic resonance in a way similar to the linear beam system. In addition many 
subharmonic responses appear and also two quasi-periodic 4 locked t chaotic sequences are 
found outside the frequency range defined by the two new harmonic resonance peaks. Inside 
this frequency range however, no unstable behaviour of the harmonic response is found and 
no subharmonic responses are found. In order to investigate whether the harmonic response 
is always stable between the two new harmonic resonance peaks, some additional simulations 
have been carried out for different DVA masses. It appears that if the two new harmonic 
resonance peaks become further apart, some unstable regions on the harmonic response branch 
between those peaks show up. However, the harmonic response near the frequency at which 
the anti-resonance occurs remains stable, independent of the DVA mass chosen. For the 
undamped linear DVA it can therefore be concluded that it indeed seems possible to suppress 
the harmonic resonance peak in the piecewise linear beam system. However, a cautionary 
note is in place because it cannot be guaranteed yet that no co-existing solution with high 
mplitude will exist besides the harmonic anti-resonance. 

The calculated results have been verified by means of experiments. Again the experimen- 
tally obtained results agree quite well with the calculated responses. Even the quasi-periodic 
t locked t chaotic sequences have partly been found experimentally as well. 

Finally, simulations and experiments have been performed in which a damped DVA is 
applied to the piecewise linear beam system to suppress the first harmonic resonance of the 
system. The results show that the DVA again suppresses the harmonic resonance in a way 
similar to the linear beam system, but also suppresses the corresponding 112 subharmonic 
response in this same way. The 113 subharmonic response even completely vanishes using the 
damped DVA. In addition the superharmonic resonances are reduced. Therefore, it can be 
concluded that, in contrast to the undamped DVA, a damped DVA suppresses the nonlinear 
dynamic phenomena of the piecewise linear system. Again experiments with an optimally 
damped DVA could not be carried out due to the compressibility of the air in the air dampers. 
Yet the non-optimally damped DVA flattens the resonance peaks in the experiments. 

6.2 Recommendat ions 

For future research it is recommended to analyse the behaviour of the piecewise linear system 
including the DVA for the case the one-sided stiffness is applied with a certain amount of 
pre-stress or backlash. This situation is more comparable to some problems in industrial 
applications. It should be noted that in that case the scalability property of the system (see 
appendix C) does not hold anymore. A practical problem then arises because the excitation 
amplitude of the available shaker is coupled to its frequency. 

Furthermore it is preferable to use a shaker which is only connected to the beam and not 
to the real world, because the coupling of the present shaker results in significant additional 
damping. 

It could also be investigated whether the linear DVA is also able to suppress the vibrations 
of the piecewise linear beam system in the case of a high amount of nonlinearity, for example 
a = 100. 

It is also worth trying to suppress the harmonic and subharmonic resonances of the piece- 
wise linear beam using a damped piecewise linear DVA, i.e. a damped DVA with two different 



stiffness regimes. In this way it might be possible to suppress the resonances of the beam 
system even better because the time response of the DVA, in opposite phase, could resemble 
the time response of the beam. It is expected that this approach will not be successful for 
the undamped DVA, because this kind of DVA generates a force which is exactly in opposite 
phase with the excitation force, which is of course always sinusoidal. 7 

Another suggestion for future research is the investigation of a semi-active DVA on the 
piecewise linear beam system, for example by adding an active element in parallel with the 
DVA spring. If the force that is generated by this active element is proportional to the absolute 
displacement of the DVA mass, instead of the displacement relative to the main system, it 
has been shown that some improvement in dynamic vibration absorption can be made for 
linear systems [9], [I]. 

Finally, it can be tried to suppress the vibrations of the piecewise linear beam by means 
of active control by attaching a force generator to the beam. Using an accelerometer attached 
to the beam in combination with a feedback loop, the correct force could be generated to 
reduce the vibration of the beam system. An important advantage of this approach is the 
possibility to reduce several resonance peaks with only one device. 



Appendix A 

Properties of the experimental 
set-up 



Appendix B 

System matrices 

B.l Without DVA 

These are the mass, damping and stiffness matrices of the 2-DOF model used for calculating 
the periodic solutions in section 3.5.  



B.2 With DVA 

These are the mass, damping and stiffness matrices of the 6-DOF model, including DVA, used 
for calculating the periodic solutions in section 5.7. 

M =  

- 10.458 -6.0826 0.00080625 0.13572 
-6.0826 7.7765 -0.00049196 -0.15342 0.015447 

0.13572 -0.15342 1.0962e - 5 0.99692 

-0-01524 1 0.00080625 -0.00049196 8.6368e - 8 1.0962e - 5 -1.3099e - 6 0 

-0.01524 0.015447 -1.3099e - 6 -0.080754 0.0065435 
0 0 0 0 0 - 



Appendix C 

Scalability piecewise linear system 

The equation of motion of a periodically forced single degree of freedom mass-spring-damper 
system is as follows: 

mx+ bx+ kx = Fsinwt (c.1) 

The displacement x can be divided by the forcing amplitude F resulting in the scaled dis- 
placement X: 

Substituting (C.2) in (C.l) results in the scaled equation of motion: 

rnX+ b ~ +  k~ = sinwt (C.3) 

From (C.3) can be seen that the scaled displacement X is independent of the forcing amplitude 
F .  In combination with (C.2) it can be concluded that the forcing amplitude F only influences 
the real displacement x as a linear scaling factor. 

Now suppose that the stiffness k depends on whether the displacement x is positive or 
negative: 

As a result, the equation of motion C.l becomes nonlinear. However, the theory given above 
applies exactly in the same manner to this nonlinear equation of motion as it does to the 
linear equation of motion. This means that the forcing amplitude F does not influence the 
nonlinear analysis except for a scaling factor. 

Next, the case of more than one degree of freedom is considered. (C.5) gives the equation 
of motion of a multi degree of freedom system. In this system, the stiffness depends on 
whether the displacement of a certain boundary DOF xb is positive or negative. 

In this equation F, is a vector that contains the ratios of the various forcing amplitudes, while 
F is a scalar that scales the total forcing vector F, and can thus be seen as the amplitude of 



the forcing. Next, a scaled displacement vector X can be defined by dividing the displacement 
vector x by the so called amplitude of the forcing F. 

Substitution of this equation in the equation of motion (C.5) results in the scaled equation 
of motion of the MDOF system: 

MX + BX + KX = F, sin w t  

As can be seen, the scaled displacement vector X is independent of the amplitude of the forcing 
F. This forcing amplitude only linearly scales the real displacement vector x. Practically, 
this means that if all amplitudes of the forces that are exciting the system are doubled, the 
resulting displacements will also double. &om this it is evident that if only one amplitude is 
changed and the others remain constant (i.e. an element of F, is changed), this theory does 
not apply. 



Appendix D 

Airpot air damper specificat ions 



Appendix E 

Influence of serial stiffness in air 
dampers 

The compressibility of the air in the air dampers results in a stiffness in series with the 
damper, which limits the damping behaviour of the air dampers on the DVA. This can be 
made clear by simulating a SDOF mass-spring system, which represents the undamped DVA, 
in combination with a damper in series with a spring. A schematic picture of this system is 
shown in figure E.1. 

Figure E.2 shows the frequency response of the system for a certain fixed mass m and 
fixed spring stiffnesses kl and k2. The damping value c however is gradually increased in 
the direction of the arrows. It can be seen that the resonance peak decreases to a minimum 
and then increases again. This shows that the damping of the system cannot infinitely be 
increased, but that there is an optimum damping value c which corresponds to a maximum 
system damping. 

Figure E.l: Schematic respresentation of SDOF system consisting of a mass-spring system in 
combination with a damper in series with a spring 
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Figure E.2: Frequency response for several values of the damping c 
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Samenvat t ing 

In dit rapport wordt onderzocht in hoeverre de toepassing van een lineaire Dynamic Vibration 
Absorber op een stuksgewijs lineair balksysteem in staat is tot reductie van de trillingen van 
dit systeem. Het balksysteem is stuksgewijs lineair omdat de stijfheid voor negatieve en 
positieve uitwijking verschillend is, wat resulteert in twee lineaire gebieden. 

Een experimentele opstelling van het stuksgewijs lineaire balksysteem is beschikbaar. Het 
bestaat uit een stalen balk die aan de uiteinden wordt ondersteund door twee bladveren. 
Een tweede balk, die is ingeklemd aan beide kanten, fungeert als eenzijdige veer die alleen 
actief is bij negatieve uitwijkingen van eerstgenoemde balk. Het systeem wordt harmonisch 
geexciteerd door een roterende massa onbalans die wordt aangedreven door een elektromotor. 
Het lineaire gedeelte van het systeem wordt gemodelleerd met behulp van de eindige elementen 
methode. Het resulterende 111 graden van vrijheid model wordt gereduceerd met behulp van 
de dynamische reductie methode van Rubin, wat resulteert in een aanzienlijk kleiner model. 
Dit model is geldig tot aan een bepaalde grensfrequentie die hoger ligt dan het frequentiegebied 
van interesse. De balk die fungeert als eenzijdige veer wordt gemodelleerd zijnde massaloos. 
Dit niet-lineaire element wordt toegevoegd aan het gereduceerde lineaire model. De demping 
van het lineaire balksysteem wordt experimenteel bepaald. 

Een 2 graden van vrijheid gereduceerd model wordt gebruikt om periodieke responsies te 
berekenen van het stuksgewijs lineaire balksysteem. Het model bevat de laagste free-interface 
eigenmode en 6Bn residuele flexibiliteitmode. De periodieke responsies worden berekend door 
een tweepunts randwaardeprobleem op te lossen met behulp van de eindige differentie methode 
in combinatie met path following. De lokale stabiliteit van de periodieke oplossingen wordt 
bepaald met behulp van Floquet theorie. In de berekende responsies zijn verschillende typische 
niet-lineaire fenomenen waarneembaar, zoals subharmonische oplossingen, superharmonische 
resonanties, bifurcaties en coexistentie van oplossingen. Experimenten worden uitgevoerd om 
de berekende responsies te verifieren. In deze experimenten wordt de transversale versnelling 
van het midden van de balk gemeten voor verschillende constante excitatiefrequenties. Het 
blijkt dat de experimenteel verkregen responsies vrij goed overeenstemmen met de berekende 
responsies. 

Een Dynamic Vibration Absorber (DVA) is een apparaat dat bestaat uit een massa-veer- 
demper systeem dat de trilling van een constructie waar het aan bevestigd is neutraliseert. 
Het werkingsprincipe van de DVA is dat hij uit fase trilt met de constructie, wat resulteert 
in een tegenwerkende kracht. Twee typen DVA's kunnen worden onderscheiden, namelijk 
de ongedempte DVA en de gedempte DVA. De ongedempte DVA is het meest geschikt in 
situaties waar de frequentie van de excitatiekracht die werkt op het systeem een constante 
waarde heeft, vooral als deze frequentie dichtbij de resonantiefrequentie van het systeem 
ligt. De ongedempte DVA kan worden afgesteld op deze frequentie, wat resulteert in een 
trillingsamplitude (bijna) gelijk aan nu1 van het systeem waar het aan bevestigd is. Een 
gedempte DVA daarentegen, is meer geschikt in situaties waar de frequentie van de exci- 
tatiekracht varieert, omdat een gedempte DVA in staat is de responsies van een systeem over 



een groter frequentiegebied te onderdrukken. Echter, de amplitude van de responsie wordt 
niet tot nu1 gereduceerd. Het is aangetoond dat hoe groter de DVA massa, hoe verder de 
twee nieuwe resonantiepieken uit elkaar gaan liggen in het ongedempte geval en hoe groter 
de trillingsreductie is in het gedempte geval. Verder blijkt dat de stijfheid van de DVA zeer 
nauwkeurig afgesteld moet worden om een goede trillingsreductie te realiseren. 

Een fysisch ontwerp van een DVA is gemaakt voor toepassing op het balksysteem. Sim- 
ulaties en experimenten worden uitgevoerd waarin een ongedempte DVA en gedempte DVA 
worden toegepast op het lineaire balksysteem (dus zonder de eenzijdige veer) om de eerste 
resonantie te onderdrukken. De experimentele resultaten komen vrij goed overeen met de 
gesimuleerde resultaten in het geval van de ongedempte DVA. Experimenten met een opti- 
maal gedempte DVA konden echter niet worden uitgevoerd, maar experimenten met een niet 
optimaal gedempte DVA laten toch het kwalitatieve gedrag van een gedempte DVA zien. 

Vervolgens wordt de ongedempte DVA toegepast op het stuksgewijs lineaire balksysteem 
en wordt afgesteld op de eerste harmonische resonantiefrequentie van het systeem. Sirnulaties 
worden uitgevoerd met behulp van een 6 graden van vrijheid model dat bestaat uit de drie 
laagste free-interface eigenmodes, twee residuele flexibiliteitmodes en een graad van vrijheid 
die correspondeert met de verplaatsing van de DVA massa. De resultaten laten zien dat 
de DVA de eerste harmonische resonantie onderdrukt op een vergelijkbare manier als op 
het lineaire balk system. De simulaties worden herhaald voor verschillende DVA massa's en 
het blijkt dat de harmonische responsie in de buurt van de anti-resonantie altijd stabiel is, 
onafhankelijk van de gekozen DVA massa. De berekende resultaten worden geverifieerd met 
behulp van experimenten. De experimenteel verkregen resultaten komen wederom vrij goed 
overeen met de berekende resultaten. 

Tenslotte worden simulaties uitgevoerd waarbij een gedempte DVA wordt toegepast op 
het stuksgewijs lineaire balksysteem om de eerste harmonische resonantie van het systeem te 
onderdrukken. De resultaten laten zien dat de DVA de harmonisch resonantie onderdrukt 
op een vergelijkbare manier als op het lineaire balksysteem, maar dat ook de super- en sub- 
harmonische resonanties worden onderdrukt. Experimenten met een niet optimaal gedempte 
DVA laten het zelfde kwalitatieve gedrag zien. 


