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Abstract 

The vortex statistics and the decay properties of two-dimensional turbulence with bottom friction 
have been studied experimentally and numerically. Special attention has been paid to the decay of 
characteristic quantities as the energy E, the enstrophy Z, their ratio Z / E, indicating a characteristic 
wavenumber in the flow, and the value of the extremum vorticity Wext of the emerging vortices. 

The laboratory experiments on decaying 2D turbulence were carried out in thin (stratified) fluid layers 
with depth H, which was varied for the different experiments. The turbulent flow decays as a result 
of a combination of lateral friction and bottom friction (which depends on the fluid depth), and affects 
the vortex statistics and the decay of the global quantities as E, Z and Z /E. The observed algebraic 
power-law decay and the sealing exponents (e.g. Z / E ex C°', with a some constant) are compared 
with the sealing theory for decaying 2D turbulence, introduced by Camevale et al. [6], and with 
recent experimental and numerical studies. The numerical simulations of decaying 2D turbulence 
were performed with a 2D spectral code. The bottom friction was included in the form of a Rayleigh 
damping term in the 2D Navier-Stokes equation. 

The experimental results show a linear relation between the sealing exponent for Z / E and the fluid 
depth H. However, the direct numerical simulations of decaying 2D turbulence showed that no effect 
of the Rayleigh friction is observed on the power-law exponents when the dimensionless time has 
been rescaled properly. Both observations indicate that a more detailed experimental study of the role 
of the vertical Reynolds number (representing bottom friction) and the horizontal Reynolds number 
is needed. Together with a variation of the bottom friction, the Reynolds number bas been varied for 
the different numerical runs. Considering the results of the experimental and numerical studies, the 
conclusion can be drawn that a kind of sealing theory can indeed be applied to describe the vortex 
statistics and decay properties of e.g. Z / E in decaying 2D turbulence with bottom friction. However, 
the power-law exponents do not nicely fit in the scheme proposed by Camevale et al. [6]. 
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Chapter 1 

Introduction 

Turbulence is present, in different forms and on different scales in daily life. There are two kinds of 
turbulence, which behave completely differently, namely two- and three-dimensional turbulence. In 
2D turbulence, vortex structures will combine and form larger structures, whereas in the 3D case, only 
smaller structures are formed which eventually will dissipate. This report deals with the former. 

1.1 Geophysical flows 

The field of geophysical fluid dynamics is concemed with the behaviour of large-scale flows in the 
atmosphere and oceans. The importance of these studies lies in a variety of applications: e.g. the 
prediction of the paths of hurricanes (see figure 1.1), the advection of pollutants in the atmosphere 
and oceans and the understanding of the periodic passage of warm water along the tropical Pacific and 
the western coast of South America: the well-known El Nifio effect. 

Figure 1.1: Satellite image (infrared) of hurricane Bonnie in the Atlantic ocean, taken by the National 
Geophysical Data Center, August 1998. 

1 



2 CHAPTERl. INTRODUCTION 

Large-scale flows in the atmosphere and oceans are nice examples of approximately two-dimensional 
flows. Despite the large vertical scale (1-10 kilometers) of these flows, they can be considered as 
(quasi-) two-dimensional, or quasi-2D. The volume of interest is a thin shell around the Earth, in which 
the horizontal length scales, in the atmosphere typically 1000 kilometers, are much larger than the 
vertical ones, which are only 10 kilometers. The large scale motions will therefore be approximately 
parallel to the Earth's surface. The presence of the planetary background rotation will, according to 
the Taylor-Proudman theorem, induce a geostrophic flow (see e.g. Pedlosky [29]). This means that 
the flow is independent of the vertical coordinate, except for Ekman boundary layers near the bottom. 
The density stratification in the atmosphere (as a result of temperature gradients due to solar heating) 
and in oceans (due to combination of salinity and temperature gradients), farces these flows to behave 
approximately two-dimensional. Fora detailed analysis of these two-dimensionalisation mechanisms, 
see e.g. the book on fluid mechanics by Kundu [22]. 

An interesting feature of (quasi-) two-dimensional flows, is the formation of larger coherent vortex 
structures. This process, called self-organisation, only occurs in 2D flows, where the kinetic energy 
is transferred towards large-scale structures. In three-dimensional flows, the energy is transferred to 
smaller scales, and will finally be dissipated by the viscosity at the smallest scales. An important 
mechanism leading to the organisation on larger scales is the merger of two like-signed vortices. In 
this process a single coherent vortex structure is formed which is larger than the separate ones. In this 
way the number of coherent vortex structures decreases, whereas their average size increases. 

Research in the field of 2D turbulence is done in three different ways, namely by theoretica! model
ing, by performing laboratory experiments and, since computers became available, also by numerical 
simulations. The models for 2D flows are very difficult to solve in general. The equations for conser
vation of mass, linear momentum and energy forma set of coupled non-linear differential equations. 
The theoretica! research on fluid dynamics started in the 18th century, when the 3D Navier-Stokes 
equation was formulated. The laboratory experiments started with the experiments by Taylor in 1923. 
The numerical simulations started to contribute to the fluid dynamics problems in the second half of 
the 20th century. 

Nowadays, many experiments are carried out in stratified or rotating fluids, or a combination of these, 
in order to gain more information about the behaviour of quasi-2D vortices. Typical questions involve 
the (stability) properties of the vortices. Usually, a flow is considered to be two-dimensional when 
a significant geometrical confinement is imposed, i.e. the horizon tal scale is much larger than the 
vertical scale. It is reasonable to assume that the flow is almost planar because of the limited vertical 
dimension. These thin fluid layers are often used for experiments on 2D-turbulence. Several experi
ments have been performed in soap films (see e.g. Rutgers [33]) and in thin fluid layers in a container 
(see e.g. Tabeling et al. [36]). When studying turbulence in thin-layer set-ups, a single layer or a 
multiple layer stratification can be used, as presented by Van de Konijnenberg et al. [20] and Hacker 
et al. [16]. 

Another set-up, used by e.g. Tabeling, Paret et al. [18, 25, 27, 28, 36], is a two layer salt-stratification, 
in which the flow is forced electromagnetically. The salt-stratification provides an extra mechanism 
for two-dimensionalisation by inhibiting vertical motions. In this report, a similar set-up is used, for 
both single and two layer experiments. 

The pure 2D behaviour can only be approximated in the experiments, because there will always be 
boundary layers and (small) 3D effects present in the laboratory experiments and in the geophysical 
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flows in the atmosphere and oceans. For the real 2D-situation, only numerical simulations can be 
used as presented by McWilliams [26], Santangelo, Legras and Benzi [3, 23, 34] and Clercx et al. 
[10, 11, 9, 12]. Numerically, it is possible to implement only the physical mechanisms of 2D flows, 
whereas in the experiments, there will always be an influence of 3D effects on the flow. Comparing the 
simulations with laboratory experiments gives an indication of the relative importance of 3D effects 
which occur in the experiments. 

In many recently published experiments, the two-dimensionality is assumed. Three-dimensional ef
fects on the flows in thin layers have not been properly investigated. Numerically, some comparisons 
have been made between purely 2D flows and quasi-2D flows by Satijn et al. [35] for the case of 
monopolar and dipolar vortices. The dynamics of these vortex structures are relatively simple to un
derstand, especially compared to a flow with numerous vortices. This latter aspect is investigated in 
the present report. 

The remainer of this report is organised in the following way. In chapter 2, the theoretica! background 
of 2D turbulence will be discussed. The experimental set-up, as well as the experimental procedures, 
will be described in chapter 3. In the experiments, a measuring technique called HPV is used. This 
method measures the velocities of small passive tracer particles floating on the fluid. The theory and 
set-up of HPV will be discussed in chapter 4. The method bas been optimised for the experimental set
up by improving the set-up itself, and a detailed analysis of the measured data. The results of this study 
will be presented in chapter 5. Chapter 6 deals with the results of the experiments. Special attention 
will be paid to the evolution of the flow and the process of self-organisation, which is characteristic 
for 2D turbulence. Besides the laboratory experiments, numerical simulations were performed for 
comparable situations. The set-up of the simulations is described in chapter 7. In chapter 8, the 
results of the simulations will be presented. In chapter 9, the results of the experiments and numerical 
simulations will be compared. Some remarkable similarities and differences will be discussed. In 
chapter 10, some general conclusions will be drawn. Also some recommendations will be given for 
future research. 

The interested reader can find more details about different topics mentioned in this report in the ap
pendices, or in other literature, mentioned in the bibliography. 



4 CHAPTERl. INTRODUCTION 



Chapter 2 

Theory 

2.1 Governing Equations 

By applying the physical conservation laws for mass and momentum on a small control volume in a 
flow, the integral formulation of the equations of motion can be obtained. These equations describe 
the motion of the flow. When the initial conditions are known, the evolution of the flow in time can 
be described completely by the equations of motion. 

Considering an incompressible, continuous medium with a constant density p, the flow is determined 
by the conservation of mass (continuity equation), 

V·v=O, (2.1) 

and the conservation of linear momentum, which is expressed by the Navier-Stokes equation, 

av 1 2 
-
8 

+ ( v · V) v = - - Vp + v \7 v + élext, 
t p 

(2.2) 

in which v is the velocity vector, t the time, p the fluid density, p the pressure, v the kinematic viscosity 
and élext the acceleration of the flow due to extemal farces. The two terms on the 1.h.s. together form 
the material derivative ~~, which expresses the change of the velocity following a fluid element. The 

first part ~~ is the change in v fora given point in the flow. The second term (v · V) v covers the 
change in velocity v due to advection of the fluid element. 

Sometimes it is useful to reformulate the equations of motion in terms of the vorticity w. The vorticity 
w is related to the velocity by 

w = v x v. (2.3) 

Taking the curl of the Navier-Stokes equation (2.2) gives the vorticity equation 

Dw Vp x Vp 2 - = (w · V)v-w(V ·v)+ 2 +v\7 w+V x élext,. 
Dt p "'---v-' '--v--' 

(a) '"-v--' (c) (d) 
(b) 

(2.4) 

5 
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in which the vector identity 

1 
(v · V) v = (V x v) x v + -V (v · v). 

2 
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(2.5) 

is used. The vorticity of a material fluid element can change due to five different mechanisms. The 
first term labelled (a), on the r.h.s. of (2.4) represents the production of vorticity due to stretching (or 
squeezing) and tilting of the vortex tubes. When \7 pand \7 pare not parallel, vorticity can be produced 
due to baroclinic effects, represented by term (b). Term (c) gives the diffusion of vorticity due to 
viscous effects. Finally, vorticity can be produced by an extemal force (d) for which V x aext =!= 0. 

2.2 Two-dimensional flows 

In case of a free 2D flow (no extemal forcing), with only two velocity components in the horizontal 
plane, the vorticity w will only have one component, so that (2.4) can be reduced toa scalar equation. 
Consider the flow in a horizon tal plane with Cartesian coordinates ( x, y, z) with a velocity vector 
v = ( u, v, 0) and a vorticity vector w = (0, 0, w) pointing in the z-direction. When introducing a 
stream function 7/J defined as 

87/J 
u = 8y' 

87/J 
v=-

- 8x' 
(2.6) 

the flow will automatically obey conservation of mass (2.1). The stream function 7/J and the (scalar) 
vorticity w are related through the Poisson equation 

(2.7) 

For the case of a barotropic flow, in which \7 p Il \lp, the vorticity equation (2.4) becomes 

Dw _ 8w 2 
Dt = 8t + J (w, 'l/;) = v\7 w, (2.8) 

with the Jacobian operator J defined as 

J ( w, 7/J) = 8w 87/J - 8w 87/J . 
8x 8y 8y 8x 

(2.9) 

The vorticity equation (2.8) can also be written in a non-dimensional form. When substituting the 
quantities 

w =Slw* x = Lx* y = Ly* 

in equation (2.8), the non-dimensional vorticity equation (with the non-dimensional quantities indi
cated by *) becomes 

Dw* = 8w* J (w* ·'·*) = .2_ \7*2w* (2.lO) 
Dt* at* + ' 'P Re ' 

in which the Reynolds number Re = U L / v = DL2 /vis introduced. The quantity U = DL represents 
a characteristic velocity, La characteristic length and 1/0 a typical timescale in the flow. 
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2.3 Flow quantities 

In the research on 2D turbulence, there are several quantities of interest, i.e. the total kinetic energy E, 
the enstrophy Zand the angular momentum Lof the flow. The total kinetic energy (per unit density) 
E is defined as 

E(t) ~ J J [u 2
(x, y, t) + v2

(x, y, t) J dxdy 

~ J J IY''l/!(x, y, t)1
2 

dxdy, 

and the enstrophy (per unit density) Z is defined as 

Z(t) ~ J J w2
(x, y, t)dxdy 

~IJ 1\72'lj!(x,y,t)l2dxdy. 

(2.11) 

(2.12) 

The angular momentum L = r x v of the flow is defined with respect to a specific location in the flow 
field. Por a 2D flow, the angular momentum is directed perpendicular to the plane of motion. The 
the unit vector in the z-direction k indicates that only this component of L is relevant. The angular 
momentum is given by 

L(t) Lz(t) = J J k · [r(x, y, t) x v(x, y, t)] dA 

J J [xv(x, y, t) - yu(x, y, t)] dxdy 

2 J J 'lj!(x, y, t)dxdy = 2 J J 'lj!(x, y, t)dA. 

(2.13a) 

(2.13b) 

(2.13c) 

Equation (2.13c) can be obtained from (2.13b) by partial integration over x and y and using the fact 
that 'ljJ is constant at the boundary of the domain. 

The quantities mentioned above are aften used to characterise the whole flow. For a single vortex, the 
circulation can be calculated, representing the strength of the vortex: 

r = f v · ds = J J (w. n) dA. (2.14) 

In 2D flows, the vorticity vector w is directed perpendicular to the flow, such that (2.14) can be 
rewritten as r = J J wdA. 
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2.4 Self-organisation 

Two-dimensional flows are characterised by a mechanism of self-organisation, as was already men
tioned in the introduction. Small-scale vortices in two-dimensional flows will grow to larger structures 
instead of breaking up in to smaller structures, as can be seen in 3D turbulence. 

A nice example of 2D turbulence is shown in figure 2.1. The vorticity distribution at three times 
is shown. The initial condition of 100 vortices is shown in figure 2.1 ( a). The characteristic length 
is about 1/10 of the domain size. In figure 2.1 ( c ), the characteristic length scale has increased to 
approximately half the size of the domain. 

(a) t = 0 (b) t = 4 (c) t = 28 

Figure 2.1: Numerical simulation of a decaying two-dimensional flow with no-slip boundary condi
tions. 

2.4.1 Conservation laws 

For an inviscid flow (v = 0), the vorticity equation (2.8) reduces to 

Dw 
Dt =O, (2.15) 

which expresses conservation of vorticity for every fiuid element in the flow. 

The flow quantities mentioned in the previous section play an important role when working with bal
ance equations and conservation laws. The balance equations mentioned here, become conservation 
laws when the viscosity vis equal to zero. From the Navier-Stokes equation (2.2), the energy balance 
equation can be derived by taking the inner product of v and the Navier-Stokes equation, as shown 
by e.g. Frisch [15], and integrating over the whole domain 

! 11 ~v2dxdy = -v 11 w2
dxdy, 

which, with the definition of E and Z, is equivalent with 

d 
-E(t) = -2vZ(t). 
dt 

(2.16) 

(2.17) 
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For an insiscid 2D flow (v = 0) with constant vorticity w (2.15), the energy balance implies that the 
energy E is conserved. In the case of a 3D flow, the enstrophy Z grows to infinity in the limit v ---+ 0, 
such that -2v Z = E results in a constant energy decay rate. 

2D 

3D 

dE 
lim - = 0 
v-tO dt 

dE 
lim - = - 2v Z = E 
v-tO dt 

(2.18) 

(2.19) 

In a 2D flow with periodic or stress-free boundaries, there is an additional balance equation for the 
enstrophy Z, which couples the change in enstrophy to the palinstrophy P 

dZ 
- = -2vP 
dt ' 

(2.20) 

with the palinstrophy defined as P = Jf (\i'w) 2dxdy. In the case of no-slip boundary conditions, 
(2.20) contains an additional integral over the boundary of the domain. 

2.4.2 Inverse energy cascade 

In the case of an inviscid 2D flow (v---+ 0), the energy E and enstrophy Z are conserved by equations 
(2.18) and (2.20): 

dE =O 
dt ' 

dZ 
dt =0. (2.21) 

The simultaneous conservation of energy and enstrophy in two-dimensional flows leads to the remark
able behaviour of 2D turbulence, called self-organisation. 

Bath energy E and enstrophy Z can be written in spectral form, using a continuous Fourier transfor-
mation, 

E(t) = 100 

Ê(k, t)dk, Z(t) = 100 

k2 Ê(k, t)dk, (2.22) 

with Ê(k, t) representing the spectral energy density in the wavenumber range [k, k + dk] at timet. 
Assume that initially the energy spectrum has a peak aroud wavenumber k0 , as shown schematically 
in figure 2.2. As a result of interactions in the flow, the energy is transferred to other wavenumbers; 
a redistribution of kinetic energy takes place. During this process, the total kinetic energy in the flow 
must remain constant in order to satisfy (2.21), i.e. broadening of the spectrum leads toa lower peak 
value. Symmetrie broadening of the spectrum would imply an increase of the total enstrophy, which 
violates the conservation of total enstrophy. The redistribution of kinetic energy is only possible when 
the peak value decreases and shifts to lower wavenumbers, which is shown schematically in figure 2.2. 

When injecting energy at wavenumber ko with an energy rate of E, the energy spectrum will deform. 
On dimensional grounds ([E(k)J = m 3s-2 , [E] = m 2s-3 , [kJ = m-1) one can conclude that the 
energy spectrum should behave like (see e.g. Kraichnan [21]) 

E(k) = CKE2!3k- 5!3 , (2.23) 

and an energy flux towards smaller wave numbers can be observed. This effect is commonly referred 
to as the inverse energy cascade. The constant CK is the 2D-Kolmogorov constant, which will not be 
used in the current report. 
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Figure 2.2: The energy in a two-dimensional flow is transferred from high to low wave numbers, 
i.e. from small to larger structures. This mechanism, which is called self-organisation, is a conse
quence of the simultaneous conservation of kinetic energy and enstrophy. 

A similar exercise can be carried out for the enstrophy flux T/ of the enstrophy Z, which results in [21] 

(2.24) 

leading to a transfer of enstrophy to the larger wave numbers, also known as the direct enstrophy 
cascade. Both the energy flux and the enstrophy flux are represented in figure 2.3. 

E(k)t 

ko k -t 

Figure 2.3: The energy in a two-dimensional inviscid flow is transferred from the forcing wave number 
koto lower wave numbers, according toa k-5/ 3 dependency (inverse energy cascade). The enstrophy 
is transferred towards higher wave numbers by a k- 3 behaviour (direct enstrophy cascade). 
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2.5 The effect of bottom friction 

For a circular monopolar vortex in a shallow fluid layer, Satijn et al. [35] showed that the effect of 
bottom friction, aften referred to as "Rayleigh friction", can be implemented in the 2D Navier-Stokes 
equation by adding an extra linear term. 

The behaviour of the monopolar vortex can be described with the Navier-Stokes equation in cylindri
cal coordinates ( r, (), z) with corresponding velocities ( Vn V(J, v z) ( see appendix C) 

(2.25) 

The viscous dissipation term v\72 v has been separated into v\7;0 v and vV;v representing derivatives 
to the horizon tal ( r, ()) and vertical (z) coordinates respectively. For an axisymmetrical vortex ( g0 = 0) 
with small vertical and radial velocities, i.e. :!!.i. « 1 and :!!r. « 1, the only component of the Navier-ve ve 
Stokes equation left is the diffusion equation for the azimuthal velocity v0 (r, (), z), 

8vo = V [~~ (r 8vo) _ V(} + 8
2
vo] . 

at r 8r 8r r 2 a z2 
(2.26) 

In cylindrical coordinates, the equation for the time evolution of the the azimuthal velocity vo(r, z, t) 
can be derived by using separation of variables [35]. The solution for vo yields 

aor [ r
2 

] [ 7r z J vo(r, z, t) = 2 exp - 2 sin H exp (->.t), 
2(r5+4vt) r 0 +4vt 2 

(2.27) 

with ro the initia! vortex radius; the initia! amplitude is given by ao/rö. Using expression (2.27) for 
vo, we obtain 

(2.28) 

This implies that the only term depending on the vertical coordinate v\7;v0 in the Navier-Stokes 
equation (2.25) can be replaced by ->.v0 . In non-dimensional form, the extended 2D Navier-Stokes 
equation becomes 

8v 1 2 8t + (v · V)v =-Vp+ Re\lrov-

2D Navier-Stokes 

1 
--v 
Re>. 
~ 

Bottom friction 

(2.29) 

The Reynolds number for the vertical dimension is given by Re>. = X• with À= ;;p a characteristic 
frequency related to the vertical variation of the horizontal flow field. The Reynolds number in hori
zontal direction is defined as Re = L:w. The parameter L corresponds to the horizontal length scale, 
H to the vertical length scale. In the case of extremely shallow fluids ( H « L), the decay is com
pletely govemed by vertical diffusion. In this case Re>. « Re, so that the term R1 v will dominate 

e-" 
over ~e \7 2v. The flow will be frozen by bottom friction before the larger structures are able to grow. 



12 CHAPTER2. THEORY 

Integration of v~ over the entire domain yields the total amount of kinetic energy E of the azimuthal 
flow: 

E(z, t) ~ /! v~(r, z, t)rdrdB = 7r fo00 

v~(r, z, t)rdr 

a67r . 2 [ 7rZ] 
2 sm H exp (-2>.t). 

32 (r6 + 4vt) 2 
(2.30) 

The vertical coordinate z states that at the bottom of the tank, the velocity and therefore the energy 
will be equal to zero, according to the no-slip boundary condition. When the z-coordinate is taken at 
the fluid surface, z = H, the sinus-term becomes unity. The energy now only depends on time, which 
occurs in two different terms. The exponential term is related to the bottom friction, indicated by the 
Rayleigh parameter >.. Beside this, the energy also decreases in time proportional to ( r6 + 4vt )-2 . 

This can be related to the decay process of a purely 2D monopolar vortex, without extemal friction. 

The relation between the energy decay rate and the enstrophy (2.17) gives an extra term due to the 
effect of bottom friction. After a similar derivation, the time rate of change of the energy now becomes 

or in dimensionless form 

d 
-E(t) = -2vZ(t) - 2>.E(t), 
dt 

d 2 2 
-E(t) = --Z(t) - -E(t). 
dt Re Re>.. 

2.6 Temporal sealing theory 

(2.31) 

(2.32) 

Freely decaying two-dimensional turbulence is characterized by the formation of coherent vortex 
structures. Three stages can be observed in the decay process. First, coherent vortex structures will 
be formed, which will then merge and form larger structures (second stage). In the final stage, the 
structures have reached the size of the domain, and will decay by diffusion. In the second stage, in 
which vortex interaction dominates the flow, sealing can be applied. 

Several sealing theories have been proposed by different authors (e.g. Batchelor [2], Camevale et al. 
[6], and Cardoso et al. [5]). The basic assumptions on which the theories are mostly based are: 

1. The vortex population decays in a self-similar way, implying an algebraic sealing law. 

2. The flow can be described by average quantities over the vortex population, e.g. the average 
vortex radius a, the mean vortex separation rand the extremum vorticity Wext· 

For the case of high Reynolds numbers Re, when viscous effects are not important, there is nota 
specific length scale in the evolution of the flow (apart from the injection scale and the size of the 
system, which are only important in the first and third stage of the decay, respectively ). Self-similarity 
can thus be expected in the second stage of the decay process. 

The second assumption is less obvious. It is only possible to use averaged quantities when the dif
ference between the different vortices is small, i.e. the spread in e.g. vortex radius should be small 
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compared to the average radius itself. When using initial conditions with a well-defined vorticity dis
tribution and vortices with comparable size, average quantities will also be well defined. When these 
assumptions are fulfilled, sealing theory can be applied on the flow. 

Two different sealing laws are proposed; one by Batchelor [2] and another by Camevale and coworkers 
[6]. Bath approaches are briefly summarised below. 

2.6.1 Batchelor approach 

From the time at which the coherent structures are formed, and until the final state (e.g. monopole or 
dipole) has been reached, the goveming dynamica! processes are the mutual advection of vortices. In 
this time regime, assuming a self-similar evolution of the vortex population and conservation of the 
total kinetic energy E, Batchelor [2] derived on dimensional grounds that the vortex density decreases 
like p(t) ,...., E-1c 2. On dimensional grounds one can also conclude that the enstrophy should decay 
like Z(t),...., C 2 . Ina similar way, sealing laws for other quantities can be derived 

E(t) = Eo, 
Z(t),...., C 2 , 

Wext ,...., t-l, 

p(t),...., E-1c 2, 

a(t),...., E 112t. 
(2.33) 

Bath the enstrophy and the vortex density should, according to Batchelor's theory, decrease ex: C 2 , 

which is much faster than observed in numerical simulations and laboratory experiments. 

2.6.2 Carnevale et al. approach 

In 1991, Camevale et al. [6] proposed another theory, based on the assumption that the population of 
vortices can be treated as a "dilute vortex gas". Besides the energy, the extremum vorticity in the care 
of the vortices Wext is proposed to be invariant. This implies two invariants in the system, a length 
scale [, and a time scale T. 

" - -1E1;2 T- -1 (2.34) 
1.., - Wext ' - Wext 

Assume that all vorticity is concentrated in the vortices. The total energy of the system can be written 
as [6] 

E ,...., pw;xta
4 (2.35) 

and should be conserved. When assuming that the vortex density p decays like p( t) ex: Cç, with Ç 
undetermined so far, the average vortex radius a should scale as a(t) ex: tç/4 in order to conserve bath 
E and Wext. Other quantities should scale in the following way 

[ 
t ]-Ç/2 

Z(t),...., y-2 T , 
[ 

t ]-Ç p(t),...., e,-2 T , 

(2.36) 

[ 
t ] Ç/2 

r(t),...., e, T , [ 
t ] Ç/4 

a(t),...., e, T 

The value of Ç has been measured in several investigations, resulting in a numerical value of Ç = 
0.5 ± 0.1 to Ç = 0.8 ± 0.1, also depending on the Reynolds number of the turbulent flow. In table 2.1, 
the different values are shown. 
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The theory of sealing is based on an inviscid flow (Re ---+ oo). For experimental ftows with a finite 
Reynolds number, a correction Ç - 2'f/ is used in order to obtain better agreement between theoretical 
sealing laws and experimental data. This extra term corrects for the diffusion of extremum vorticity 
Wext· Weiss and McWilliams [38] and Hansen et al. [18] used a correction term rJ = 0.1, based on the 
evolution of Wext rv C"'. 

quantity Batchelor Carnevale Camevale Hans en 
(theory) (theory) (numerical) ( experimental) 

p -2 -Ç -0.75 -0.70 ± 0.10 
r Ç/2 0.25 ± 0.05 0.38 ± 0.08 
a 1 Ç/4 0.18 ± 0.03 0.21±0.06 

Ku Ç/2 0.35 ± 0.05 0.13 

Wext/VE 0 0.00 -0.15 ± 0.04 

Z/E -2 -Ç/2 -0.35 ± 0.05 -0.47 ± 0.06 

Table 2.1: Overview of the exponents Ç and derived quantitiesfound in literature. 



Chapter 3 

Experimental set-up 

3.1 lntroduction 

The dynamics of Q2D turbulence in shallow fiuid layers was studied experimentally. The experiments 
were carried out in electromagnetically forced thin fiuid layers in a square plexi-glass container. The 
flow was visualised with small tracer particles on the free surface of the fiuid. This set-up was used 
before by several investigators, e.g. Dolzhanskii et al. [14] and Tabeling et al. [28, 36]. 

3.2 Generation of turbulence 

A schematic drawing of the set-up is shown in figure 3.1. The dimensions of the container are 52 x 
52 x 4 cm (lengthxwidthxheight). The container is filled with a solution of salt (NaCl, 12% Brix) up 
to a certain fiuid depth ( varying from 4 to 12 mm) in the central part of the container. Be low the black 
PVC bottom, permanent magnets were placed in a chess-board like 10 x 10 pattern (5 cm separation), 
with alternating poles. The magnets, 25 mm in diameter and 5 mm thick, produce a magnetic field 
with a maximum of 1.09 Tesla [7]. 

I-

(a) (b) 

Figure 3.1: Schematic representation (a) and cross-section (b) of the experimental set-up. 

At the two facing side-walls, platinum electrodes are positioned in the fiuid (see figure 3.l(b)). These 
electrodes are connected to a current supply, which is controlled by a computer running Lab View. In 
Lab View, several forcing protocols can be chosen. One of the options is a single current pulse, which 

15 
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can be set in height (Ampere) and width (seconds). This can be used to create a well-defined forcing 
of the flow. Typical values are 2 Ampere and 5 seconds. Other possibilities are sinusoidal and block 
waves (periodic forcing), which can be used when studying the behaviour of continuously forced 
flows. In the case we use periodic forcing, with equal positive and negative currents, no net linear 
momentum is produced by the electromagnetic forcing, so no preferential direction will be introduced 
in the flow. 

During the current pulse, the ions (Na+ and ei-) drift to the negative and positive electrode respec
tively. These moving ions will be deflected by the Lorentz-force, when drifting through the magnetic 
field of one of the magnets. The Lorentz-force is defined as F L = qv d x B with v d the drift velocity 
of the ions and B the magnetic field vector. The Lorentz-force is always perpendicular to the motion 
of the ions and the magnetic field vector, as is shown schematically in figure 3.2. Because the Na+ 
and ei- have opposite charge and velocity, the Lorentz-force will be in the same direction for both 
Na+ and ei- ions. Because both the positive and negative ions are forced in the same direction, linear 
momentum will be induced in the flow, resulting in a linear moving dipolar vortex. 

B 

Figure 3.2: Moving ions in a magnetic field experience a Lorentz-force, which is directed perpendic
ular to the magnetic field and the drift velocity. Because a net amount of linear momentum is induced, 
a dipole will be created above the centre of the magnet. 

When using a single magnet, the magnetic field is far from homogeneous. The magnetic field lines 
leave the magnet perpendicular to the magnet's surface. However, magnetic field lines are closed, 
so they will bend around the magnet. This results in an oppositely signed magnetic field around 
the magnets, as is shown in figure 3.3(a), in which the magnetic field is visualised with small iron 
particles. This inhomogeneity causes that right above the magnet, the flow is forced as shown in 
figure 3.2, but around the magnet, the force acts in opposite direction. In the current set-up, the 
magnets are positioned in a chess-board like pattem, in which neighbouring magnets have opposite 
poles pointing upwards. This will prevent the magnetic field lines to pass between the magnets. The 
magnetic field lines will go from one magnet to another, as shown in figure 3.3(b). 

3.2.1 Forcing the flow 

The experimental set-up consists of a container with platinum electrodes on two opposing sides. The 
fluid contains salt to make it electrically conducting. In the fluid, the ions (Na+ and e1-) drift in 
opposite directions. The number of Na+ ions equals the number of ei- ions (equal concentrations, 
no net charge) and the electrical charge of both ions is equal but of opposite sign. 
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(a) (b) 

Figure 3.3: Magnetic field lines visualised with iron powder for a single magnet ( a) and for two 
neighbouring magnets (b). The visualisations were made by A.W. Cense. 

When a potentialis set over the electrodes, a current density J[A/m2] will flow through the fluid. This 
current density J is proportional to the ion concentration n, the charge of the ions q and the velocity 
of the ions v. 

J=nqv (3.1) 

The current, as set on the current supply, equals the current density J times the area of the plane 
perpendicular to the direction of the current. For the total current, this implies that 

I = JAJ_ = nqvHL, (3.2) 

with H and L the fluid depth and the width of the current conducting fluid layer, respectively. For a 
quantitative description, see Appendix A. 

With a fixed current I, the ion velocity v will be inversely proportional to the depth H (3.2) and as a 
consequence the Lorentz force F L will also scale as H-1. For the initial Reynolds number and energy 
of the flow, this gives 

UL 1 
Reinitial = --;;- '"" U '"" H ' 

2 1 
Einitial '"" U '°" H2 • (3.3) 

In order to compare experiments for different fluid depths easily, the velocity should be equal in all 
experiments, such that the initial Reynolds number and energy are comparable for all experiments. In 
that case, the current I should scale linearly with H. When using a two-layer stratified fluid, the ion 
concentration n is not constant over the fluid depth. In that case, the total current consists of two dif
ferent current densities; one for the fresh water with a low ion concentration ([H3ü+]=[OH-]=10-7) 

and a small current density, and one for the salt water with a large ion concentration ([Na+]=[Cl-]~l) 
and a large current density. Because the difference in ion concentration is very large, the current will 
mainly flow through the salty water. In this case, the active fluid depth in (3.2) is only the thickness 
of the salty fluid layer. 
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(a) (b) (c) 

Figure 3.4: Vorticity distribution for three different stages during the forcing. Dashed contours rep
resent negative values of vorticity, solid contours represent positive values. The used increments are 
(a) 0.25 s-1, (b) 0.5 s-1 and (c) 0.5 s-1. 

3.2.2 Vortex structures 

During the forcing, the fluid, initially at rest, will start to move and turbulence will be created. During 
the forcing, three different stages, shown in figure 3.4, can be observed, namely 

(i) formation of dipolar vortices above each of the magnets; 

(ii) interaction between like-signed neighbouring dipole-halves (rotation of the dipole-halves around 
each other); 

(iii) merging of like-signed vortices, forming an array of monopoles. 

In the final stage, the domain is filled with vortices with a length scale comparable to the size of the 
magnets. 

After the forcing has stopped, the flow will evolve and the vortices will interact and form larger 
structures. For these stages, the vorticity distribution is shown in figure 3.5. The three stages are: 

(i) opposite-signed monopoles start moving together like dipoles; 

(ii) due to vortex interaction, i.e. vortex merger, larger structures will be formed; 

(iii) in the final stage, large-scale vortex structures arise with the size of the vortices comparable to 
half the size of the domain. 

Depending on the flow conditions, such as (initial) Reynolds number and the bottom friction, the flow 
will tend to one large vortex or the structures will "freeze" due to viscous dissipation of energy. 

In order to investigate the influence of the different parameters (Re and Re À) on the measured velocity 
field, the experiments were done several times with slightly different initial conditions. The bottom 
friction can be changed by using different fluid depths. The (initia!) Reynolds number (Re= U L/v) 



3.3. VISUALISATION OF THE FLOW 19 

-20 -10 0 10 20 -20 -10 0 10 20 -20 -10 0 10 20 
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Figure 3.5: Vorticity distribution for three different stages after the forcing. Dashed contours repre
sent negative values of vorticity, solid contours represent positive values. The used increments are ( a) 
0.3 s-1, (b) 0.1 s-1 and (c) 0.025 s-1. 

can be varied by changing the characteristic length (L) and velocity (U) in the flow. Because all 
experiments are done in the same experimental set-up, only the velocity U can be varied by changing 
the amplitude and duration of the forcing. Experiments have been carried out in fluids with uniform 
density, as well as in stratified fluids. The buoyancy farces in stratified fluids will inhibit vertical 
motions, which enhances the two-dimensionality. In the experiments, the influence of the different 
conditions on the flow will be measured, e.g. the average vortex size, the decay of the total energy and 
enstrophy and occurrence of spontaneous spin-up. The differences in behaviour e.g. the characteristic 
time scale of decay, will be related to the values of Re and Re>.. 

3.3 Visualisation of the flow 

For visualisation, small white tracer particles of 250 µm in size were seeded on the free surface of 
the fluid layer. The experiments were recorded with a high-resolution digital gray-level camera at 
a frame rate of 30 Hz. The flow was illuminated with a Xenon lamp or with a laser, in order to 
make the particles clearly visible for the camera. The images taken by the camera were used for High
Resolution Particle Velocimetry (HPV) calculations, which determines the positions of the particles in 
the recorded images. Combining the information of several images, the velocity field can be calculated 
at different times. The HPV-algorithm will be discussed in more detail in chapter 4. 
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Chapter 4 

High Resolution Particle Velocimetry 

4.1 Introduction 

In order to investigate flow phenomena, one can use passive tracer particles which visualise the flow. 
Images of the tracer particles on the free surface of the fluid are recorded by a high-resolution digital 
gray-level camera which is placed above the experimental set-up (see figure 4.1). If the particles are 
small enough, they will follow the flow closely. In the experiments discussed here, particles with a 
diameter of 250µm were used, which follow the flow quite accurately. In order to make the particles 
clearly visible, the top of the fluid layer is illuminated. The difference in the particle position between 
two subsequent images represents the distance that the particle moved; an accurate estimate of the 
motion of the surrounding fluid. The local velocity can be calculated by dividing this distance by the 
time interval between two subsequent images. When this is done for all the particles in the image, 
the instant 2D velocity field is known. When the velocity field is know, other quantities like vorticity 
distribution and streamfunction can be derived. 

1 

: particle tracking 

v 

Figure 4.1: Experimental set-up for particle tracking. 

21 
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4.2 Theory 

High Resolution Particle Velocimetry (HPV) is based on the combination of Particle Image Velocime
try (PIV) and Particle Tracking Velocimetry (PTV). Both methods use a set of two subsequent image 
frames containing tracer particles. PIV determines the average displacement of an intensity pattem 
caused by the tracer particles in a window (sector of the image frame). The intensity pattem is auto
correlated with the intensity pattem in the same window in the previous frame. The displacement 
vector is defined by the position of the correlation peak. In the case of PTV, the positions of detected 
particles are matched with the positions of detected particles in the previous frame. The positions of 
the individual particles are extracted from the captured image frames. The result of PIV is an average 
displacement vector in a certain part of the domain, while PTV calculates the displacement for each 
particle individually and also determines particle trajectories. 

Combining the techniques of PTV and PIV results in High-resolution Particle Velocimetry (HPV). In 
this case PIV is used as a preprocessing for PTV, circumventing the need of having several sequentia! 
images to achieve a successful particle tracking result. That is, two images are sufficient to obtain 
PTV results. This is useful in situations where it is not possible to obtain more than two sequentia! 
images due to practical limits. Moreover, HPV has two other major advantages: higher resolution 
and higher accuracy compared to PIV and PTV (see e.g. the reports by Bastiaans and Van der Plas 
[l, 31]). 

4.3 Tracking algorithm 

Image Reader 

1 
Dynamic Thresholding 

j 
Particle Image Localisation 

1 
Mapping Background Velocity Reader 

j 1 
Matching -----Prediction 

j 
Path Storage 

1 
Postprocessing 

Figure 4.2: Schematic overview of the particle tracking algorithm. 

The tracking algorithm consists of several steps. These steps are shown schematically in figure 4.2. 
First, the recorded image is dynamically thresholded to remove fiuctuations in the background inten
sity. The next step is the blob detection, where the coordinates of the different blobs (particle images) 
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are calculated in pixel-coordinates, which are re-mapped to physical coordinates (also called world 
coordinates). Finally, the positions of the different blobs in frame f -1 are matched with those of 
blobs in frame f. The best candidate in frame f to be matched with a blob in frame f-1 is the blob 
which is closest to the position in frame f - 1. This matching can be improved by not using the real 
position of the parti cl es in frame f-1 but instead using an estimation of their position in frame f. The 
estimation may originate from extrapolation in time as well as interpolation in space. The estimated 
position is provided by the prediction algorithm (see section 4.3.4). The different steps in the particle 
tracking algorithm will be discussed briefiy below. More information on the algorithm can be found 
in the reports by Van der Plas et al. [30], [31] and Zoeteweij et al. [39]. 

4.3.1 Blob detection 

Only pixels with an intensity above a constant threshold (noise level) are taken into account. Groups 
of pixels that have a neighbour above this threshold, in horizontal and/or vertical direction, together 
form blobs. The number of pixels in a blob is called the blob size. The parameters for blob detection 
are minimum and maximum blob size and a constant threshold value. The position of the centre of 
mass of the blob is calculated with sub-pixel accuracy using an intensity (gray-level) weighted average 
of the pixel coordinates. The position in pixel-coordinates is translated into physical coordinates, also 
called world coordinates. Due to the properties of the used opties, this is a non-linear translation. For 
the used set of optica! components, a third order two-dimensional polynomial transformation function 
is sufficient to correct for the optica! distortional effects. 

4.3.2 Dynamic thresholding 

The detection of white particles on a black background is relatively simple. In the experimental 
images, the image quality is usually not ideal, e.g. the background intensity can be non-uniform due 
to inhomogeneous illumination. If the intensity of the background is non-uniform, the detection is less 
simple. Applying dynamic thresholding is a possible solution to this problem. The main advantage 
of dynamica! thresholding compared to high pass filtering, is that the shape of the intensity profile 
remains undisturbed. For each pixel in the image, the local background intensity is calculated with 
a three step min-max-sub-filter. In the first step, for each pixel the minimum intensity is calculated 
in a square filter window around the pixel; this value is saved in a copy of the image. The actual 
filter size equals 2n + 1 with n the size of the filter, because the filter window reaches from n pixels 
to the left to n pixels to the right around the pixel of interest. The result, a min-filtered image, is 
further max-filtered in the same way (step 2). For each pixel, the maximum value is calculated in a 
square filter window around the pixel. In the third step, the max-filtered image of step 2 is subtracted 
from the original image. The effect of the min-max-sub-filtering is visualised in figure 4.3 with a 
one-dimensional function. 

4.3.3 Matching 

When the position of the different blobs is known, the blobs in two different frames can be matched. 
The most simple way is to match a blob in frame f -1 with a blob in frame f with a position closest 
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Figure 4.3: The effect of a min-max-sub-filter of size 2 on a one-dimensional function. The actual 
filter size equals 5. 

to the position of the blob in frame f - 1. When more combinations are possible, the matching 
is globally optimized, i.e. the sum of the matching distances for all particle pairs present in the 
images, is minimized. In order to prevent matchings over a distance larger than expected based on 
the velocities present in the flow, a maximum matching distance ~smax is introduced. Beyond this 
range, no matchings are made. Reliable velocity vectors occur in general when, in combination with 
a prediction algorithm (see section 4.3.4), the value for ~Smax is chosen: 

(4.1) 

with dn the mean minimum inter-particle distance (mean minimum neighbour distance). 

For rectangular regions dn is equal to: 

dn = ~ff;, (4.2) 

in which A is the area occupied by all the particles and Np is the number of particles. When ti.~~ax is 
chosen too large, there are many possible candidates to match with one particle and erroneous match
ings will occur. This will lead to a low processing speed and a decrease of the tracking performance. 
If li.~':ax is too small, some particles cannot be matched. 

4.3.4 Prediction 

As mentioned before, the matchings, and thus the tracking performance, can be improved by not 
using the real position of the particles but instead using an estimation of their position. This can be 
achieved by using a prediction algorithm. In that case, the candidate for matching in frame f with a 
blob in frame f - 1 is the blob closest to the predicted position for a blob from frame f - 1 in frame 
f. The maximum matching distance is in this case defined with respect to the predicted position. 
The prediction can be achieved in different ways. The most common one is temporal extrapolation 
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of the particle path. The predicted position is the linear extrapolation through the last two known 
positions of a certain particle. If possible, this prediction is used. When tempora! extrapolation is not 
possible, i.e. no data is available about earlier positions, an alternative spatial prediction can be used. 
One of the alternatives is the possibility is to predict on the displacements of neighbouring particles. 
This will only supply information when other matched particles are available in the surrounding of 
the particle on which the prediction is used. A second spatial prediction is the usage of data from 
the Particle Image Velocimetry (PIV) calculations. The main advantage of this prediction is that it 
allows particles entering the domain of calculation, to be matched correctly in the first step. In the 
case of PTV, without PIV-prediction, it would take a couple of steps before a particle can be matched 
correctly. 

When the prediction is based on neighbouring matched particles, indicated by the subscript k, the 
estimated position is calculated by 

(4.3) 

When using external velocity information Uk from PIV, the estimated position is calculated in an 
analogous way by 

f+l = f + L,k f3k . Uk . At 
xi xi L, k fA u . 

(4.4) 

The weighting function f3k can be e.g. top-hat or Gaussian. 

4.3.5 Post processing 

The stored particle path data can be used directly to visualise particle trajectories or can be used to 
extract particle velocities. In the latter case, a parabolic fit to a segment of the particle path around 
the the particle position in a specified frame is applied. The length of the segment can be set. Each 
particle in the specified image frame, of which the path is known for at least the length of the chosen 
segment, provides a velocity vector. An increase of the minimum particle trajectory length will result 
in a lower velocity vector yield, because erroneous matchings are filtered out. This velocity vector 
field obtained can, after interpolation to a regular grid, be used to calculate e.g. the stream function or 
vorticity distribution of the flow. 
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Chapter S 

Results of the HPV experiments 

The results obtained by HPV-measurements depend on the values chosen for the different tracking 
parameters. The parameters, e.g. the usage of PIV-prediction and the maximum matching distance, 
influence the tracking re sult. In this chapter, the influence of the different parameters and the reliability 
of the measured data will be studied. 

5.1 Data processing 

The results from the HPV experiments are available in the form of unstructured velocity fields. From 
these data, a velocity field on a regular grid can be calculated by interpolation. For this purpose, 
several programs are available. Verheyden [37] developed a set of tools for data processing using 
Matlab. From the interpolated velocity field, the stream function and the vorticity distribution can 
be calculated. Another tool available allows one to calculate the different flow properties on a user
defined line in the flow field (cross-section). 

For the data presented in this report, a Gaussian interpolation method was used. The grid size of the 
interpolation depends on the desired spatial resolution. For most of the experiments, a grid size of 
0.5 cm was chosen. The parameter a, indicating the width of the Gaussian weight function depends 
on the number, the distribution and the quality of the vectors in the irregular velocity field. In the 
case of many, homogeneous spread and correct velocity vectors, the value of a can be chosen smaller 
than when this is not the case. With a large value of a, the interpolated data is averaged over a large 
area, eliminating small structures. This results in a smooth distribution of vorticity. In the initia! stage 
of the flow evolution, small scales are present. For these velocity fields, a small value of a should 
be chosen in order to visualise the small structures. Depending on the number of available velocity 
vectors and the smallest interesting length scale in the flow, the value fora was chosen between 0.8 cm 
and 1.2 cm. 
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5.2 Particle density 

The usage of more particles seeded on top of the fluid will increase the spatial resolution of the 
measured velocity field because in principle, each particle can give a velocity vector. When increasing 
the particle density, i.e. the number of particles, too far, the performance of the tracking algorithm 
will decrease. The blobs can be detected up to a value limited by the camera resolution. The camera 
used for the experiments has 106 pixels, so with particles of 1 pixel, 250.000 independent particles 
can be detected. In the experiments carried out, up to 45.000 independent particles were detected, 
with a blobsize between 1 and 20 pixels. The PTV-tracking algorithm can not match all these found 
blobs for several frames in a row. This way, it is not possible to follow all physical particles over a 
large range of frames in order to obtain accurate velocity information. 

The trackability of an image sequence depends on the quality of the image and on the sampling quality. 
The quality of an image is determined by the contrast in the image, i.e. the particles should appear 
as bright white pixels against a homogeneous dark (black) background. For the sampling quality, the 
relation between the maximum displacement of a particle between two images with respect to the inter 
particle distance is of importance. The mean minimum distance between two neighbouring particles 
dn can be expressed by 

dn = ~[I;, (5.1) 

with Np the number of particles in the flow and A the total area over which the particles are seeded. 
With this quantity, the sampling quality q8 can be calculated, defined as the ratio between dn and the 
maximum particle displacement Llsmax between to images, 

dn 
qs = ---, 

Llsmax 
(5.2) 

in which the value of Llsmax can be obtained from the maximum occurring velocity in the flow field 
multiplied by the time-interval between two frames. 

In the case of a low sampling quality q8 < 1, the inter particle distance for a single particle is larger 
than the average distance to the nearest neighbour. A particle is matched with one of the candidates in 
the next frame. Only one of these particles corresponds to the same physical particle. When another 
candidate is closer to the original position of the particle, this one will be matched, resulting in an 
erroneous match. When the particle displacement Llsmax is very large, i.e. larger than the inter 
particle distance dn, the possibility of erroneous matches will increase, resulting in a lower quality of 
the measured velocity field. 

Fora reliable tracking, the sampling quality, q8 , should be ~ 1 [32]. For the experiments shown in 
this report, the maximum number of particles NP can be calculated by 

A = 2704cm
2 

} 

Llt = 1/30s ---+ Np,max ~ 25.000. 
lvlmax = 5cm/ s 

(5.3) 

When using PIV, discussed in section 5.6, it is possible to obtain accurate velocity vectors, even when 
the particle displacement is larger than the inter particle distance, i.e. q8 ::=; 1 [32]. 

In table 5.1, the number of particles used for different experiments are shown. The data presented 
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Particle Tracking Velocimetry (PTV) 
Experiment Blobs 

Homogeneous 4 mm * 
Homogeneous 6 mm 
Homogeneous 8 mm 
Homogeneous 10 mm 
Homogeneous 10 mm 
Homogeneous 12 mm 
Stratified 3+3 mm 

20.5-23.0 
14.0- 15.5 
36.0- 38.0 

Matched 

16.0 - 21.0 
10.5 - 12.2 
28.0-32.0 

High Resolution Particle Velocimetry (HPV) 
Experiment Blobs 

1 
Matched 

Homogeneous 4 mm * 20.5 -22.0 16.0 - 18.6 
Homogeneous 6 mm 14.0- 15.5 9.5 -11.5 
Homogeneous 8 mm 36.0-38.0 29.0-32.0 
Homogeneous 10 mm 35.5- 37.0 27.5-30.0 
Homogeneous 10 mm 37.5 - 38.0 28.0-30.0 
Homogeneous 12 mm 36.5 -37.5 28.5 -30.5 
Stratified 3+3 mm 15.5 - 16.0 11.0- 12.5 

(Particles x 1000) 
Vel. vee. (3) Vel. vee. (7) 

13.0 - 19.5 6.2 - 16.0 
8.0-10.5 

21.5 - 28.0 
3.5 - 7.5 
9.0-20.0 

(Particles x 1000) 
Vel. vee. (3) Vel. vee. (7) 

13.8 - 16.8 8.4- 12.4 
7.5 -10.0 3.5 - 7.0 

24.0-28.0 13.0-20.0 
23.0- 26.0 10.0-14.0 
26.0-26.0 13.0- 17.0 
24.0-26.0 14.0- 18.0 
8.3-10.6 4.1- 7.7 

* Tracking over 30 seconds for PTV and over 14 seconds for HPV. 

29 

Table 5.1: Performance of the PTV and HPV calculations on different experiments. Indicated are the 
number of blobs found in the experiments, the number of matched blobs and the number of velocity 
vectors based on different minimum particle trajectory lengths. 

in the table is taken from different experiments with different fiuid depths. The maximum occurring 
velocity was in all experiments approximately the same (:::::! 5 cm/s) so the fiuid depth will not have 
a great effect on the trackability of the particles. The only difference is the time scale on which the 
velocities decrease, but with a frame rate of 30 Hz, the time between two subsequent frames is much 
smaller than the typical time scale of decay in the flow. 
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5.3 Tracking performance 

The data presented in table 5.1 shows that the number of matched particles is much smaller than 
the number of blobs found in the images. The number of velocity vectors is again much smaller, 
especially when only larger particle trajectories are used. The reason is that not all particles can be 
matched correctly. These miss-matches cause the number of velocity vectors to decrease. For some 
experiments, the performance will be analysed in more detail. 

For the 4 mm experiment, the yield of different quantities is shown in figure 5.1 for the PTV calcu
lations. In the beginning of the experiment, the velocities are rather high, as is shown in figure 5.2. 
Later in the experiment, the maximum velocities decrease and the tracking yield (amount of matched 
particles and velocity vectors) increases. When using particle paths with a length of at least 7 frames 
to extract velocity information from (lower curve in figure 5.1), the velocity vector yield increases to 
75% after 30 seconds. 
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Figure 5.1: Yield of the PTV calculations for different particle trajectory lengths. 

~5~--~2.5--~0-~2.-5-~5 
U (cm/s) 

(a) t = 1 (s) 

1. 

-1 

-2~-~-~--~-~ 

-2 -1 0 2 
U (cm/s) 

(b) t = 10 (s) 

-1 

-2~-~-~--~--' 
-2 -1 0 2 

U (cm/s) 

(c) t = 30 (s) 

Figure 5.2: Maximum velocity occurring in the unstructured velocity data. The circles indicate the 
range where 99% of the velocity vectors fits in. 
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The sampling quality q8 is defined as the ratio between the average minimum neighbouring distance 
and the maximum particle displacement. At later times during the experiment, the maximum velocity 
and particle displacement decrease, so q8 will increase. When platting the yield of velocity vectors 
normalised by the number of blobs as a function of q8 , the graph shows an increasing yield for larger 
values of q8 • The value of q8 is calculated as 

(5.4) 

with the number of particles N equal to the number of detected blobs and f:i.t = 0.033 s (30 Hz). 
The maximum velocity lvlmax is defined as the range where 99% of the velocity vectors fits in, to 
exclude the influence of spurious velocity vectors. Investigation of several velocity fields showed that 
approximately 1 % of the velocity vectors does not fit with the surrounding vectors. Based on these 
results, the 99% range has been chosen. In figure 5.3, the relation between velocity vector yield 'Y and 
sampling quality q8 is shown. 
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Figure 5.3: Yield of velocity vectors 'Y vs the sampling quality q8 for particle trajectories of at least 7 
frames. 

In the beginning of the experiment, the vector yield is 'Y ;:::;; 0.3 for a sampling quality of q8 ;:::;; 1.5. 
Later on, these values increase to 'Y ;:::;; 0. 7 and q8 ;:::;; 7 respectively. For later times in the experiment, 
the velocities decrease, shown in figure 5.2, resulting in a smaller value of the maximum particle 
displacement flsmax· Because the particle density and thus the mean minimum inter particle distance 
dn remain the same, the sampling quality q8 increases in time. Smaller velocities are easier to track, 
which results in a higher velocity vector yield for later times. In the last stage of the experiment, when 
the velocities are very small, the influence of the error is the positions of the blobs becomes visible. 
The yield reaches a value of 'Y ;:::;; 0. 7, which indicates that 30% of the found blobs can not be tracked 
for more than 7 frames. 

For the experiment with an 8 mm homogeneous layer, both PTV and HPV calculations were applied. 
In figure 5.4, the yield of blobs, matched particles and found velocity vectors is plotted as function 
of time. The yield for HPV is higher in the beginning and reaches the same final values as were 
obtained for PTV. The advantage of HPV, in which PIV-prediction is used, is that in the beginning of 



32 CHAPTER 5. RESULTS OF THE HPV EXPERIMENTS 

the experiment, when large velocities are present, larger particle trajectories can be found. This shows 
that the number of "lost" particles is smaller in the case of HPV, compared to PTV. 
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Figure 5.4: Yield of the PTV and HPV calculations for different particle trajectory lengths. 

40 

The normalised vector-yield (vectors/blobs) can be plotted as function of the sampling quality q8 • The 
PTV data gives, during the first stage of the experiment, a low yield of 'Y ~ 0.25 with a sampling 
quality of q8 ~ 1.0 as is shown in figure 5.5. In the case of HPV, a yield of 'Y ~ 0.35 is obtained with 
a sampling quality of q8 ~ 0.6. Even though the sampling quality is lower in the case of HPV, the 
vector yield is larger. For larger values of the sampling quality, which occur later in the experiment, 
the yield is approximately the same for bath techniques. 
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Figure 5.5: Yield of velocity vectors 'Y vs the sampling quality q8 for particle trajectories of at least 7 
frames. 

In the case of PTV, particles can only be matched correctly when the distance a particle moved is 
smaller than the mean minimum neighbour distance, i.e. the sampling quality q8 should be 2'.: l. As 
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shown in figure 5.5, the yield decreases fast for sampling qualities q8 ::;::;j 1. For HPV, in which PIV 
data is used as a prediction, the particles can also be followed for sampling qualities q8 :S 1, which 
proves the advantage of HPV compared to PTV. 

The velocity vector yield depends on the number of frames that are used to calculate the velocity vector 
field. For increasing minimum particle trajectory length, the number of velocity vectors decreases 
approximately exponential, as shown in figure 5.6 for three different times in the experiment. The 
data from the HPV measurements on the 8 mm experiment were used (see also figure 5.4 (b)). 
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Figure 5.6: Yield of velocity vectors for different particle trajectories lengths. 
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5.4 Maximum Matching Distance 

The maximum matching distance (MMD) determines the range within which matchings may occur. 
The infiuence of the MMD was calculated for the 12 mm experiment. Based on the maximum velocity 
in this experiment, (vmax ~ 6 cm/s), the maximum particle displacement should be 0.20 cm. The 
value of the MMD was varied from 0.10 cm to 0.35 cm; the corresponding velocity vector fields are 
shown in figures 5.7 (a)-(d) for the central part of the domain. For small values of the MMD, not all 
particles will be matched, as can be seen when comparing the vortex structure in the lower left corners 
of figures 5.7 (a) and (b). For very large values of the MMD, the tracking algorithm will make more 
miss-matches (see figure 5.7 (d)). In situations where the MMD is smaller than the physical distance 
travelled by the particles, a little increase in MMD results in more, and correct, velocity vectors. An 
increase from 0.10 to 0.20 shows an increase in the number of correct vectors. The increase to 0.25 
results in a small increase of the number of vectors, which are mostly correct. When increasing the 
MMD to 0.35, the extra velocity vectors are mostly wrong. 

Comparable results were obtained by Bastiaans et al. [1], who studied the infiuence of the MMD 
on the performance of the HPV calculations. For dynamical fiows, which is the topic of the current 
report, the MMD best be chosen equal to the maximum particle displacement Lismax· 

The best tracking results are obtained when the maximum matching distance is chosen equal to the 
maximum particle displacement Lismax· For the current experiment, a 12 mm homogeneous fluid 
layer, the maximum particle displacement was calculated to be 0.20 cm. In the velocity vector fields 
shown in figure 5.7, this value also proved to be the best value for the MMD. 



5.4. MAXIMUM MATCHING DISTANCE 35 

(a) MMD = 0.10 cm (b) MMD = 0.20 cm 

(d) MMD = 0.35 cm 

Figure 5.7: Velocity fieldsfor different values of the maximum matching distance (MMD). 
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s.s PIV VS HPV 

The data from the PIV calculations can be used as a prediction for HPV, or can be used directly to 
extract velocity information about the measured flow. In figure 5.8, the PIV velocity field (a) and the 
HPV velocity field (b) are shown for the centra! part of the domain. The main difference is the number 
of vectors present in the figures. For the PIV velocity field, 441 vectors were obtained. The velocity 
field is rather smooth, because the velocity information is already averaged over a certain area, defined 
by the size of the PIV-window (2 x 2 cm). The separation between the calculated velocity vectors can 
be decreased, but this does not give any more information, because the extra velocity vectors will be 
the averages of the vectors already present. In the case of HPV, 3262 vectors were found, 7.4 times 
more than with PIV. This yields an increase in vector density by a factor of 2.7. 
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Figure 5.8: Velocity fields obtained by PIV and HPV. 

For both velocity fields, the corresponding vorticity fields are shown in figure 5.9(a,b). For calculating 
the vorticity, the velocity fields were interpolated onto a regular square grid with a grid size of 0.5 cm. 
The characteristic width of the Gaussian weight function was also chosen a = 0.5 cm. HPV yields a 
higher spatial resolution in the velocity field; the diff erence in the vorticity distribution is very small, 
which is also due to interpolation with a rather large value of a = 0.5 cm. As mentioned before, 
the number of vectors obtained by HPV is much larger that for PIV, which results in a higher spatial 
resolution by a factor 2.7. Based on this factor, the value of a can be decreased toa = 0.2, which is 
used for the contour plots shown in figure 5.9(c,d). The vorticity distribution based on HPV (d) shows 
also smaller scales, that were averaged out by interpolation in figure (b). The PIV-data shown in (c) 
should not be used, because the value of a = 0.2 is much smaller than the spacing of the velocity 
vectors (1 cm), so errors will be introduced by interpolation; on average only 0.18 vectors are used 
per grid point compared to 1.3 vectors per grid point in HPV. 
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Figure 5.9: Vorticity fields obtained by PIV and HPV. Dashed contours represent negative values of 
vorticity, solid contours represent positive values. The used increments are 0.3 s- 1 for all graphs. 
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5.6 PIV as prediction for HPV 

The usage of PIV increases the yield of the HPV algorithm as shown in section 5.3. More particles 
can be matched over several frames, which results in a higher spatial resolution of the measured 
velocity field, especially in the beginning of the experiments, when the velocities are relatively high. 
Another advantage is the shorter start-up period of the HPV algorithm. For HPV calculations in 
which a prediction based on PIV is used, the gross of the particles can be correctly matched in the 
second frame. When not using a PIV prediction, the yield of matched particles is slightly lower. The 
difference in the number of velocity vectors is larger, as shown in figure 5 .10 for the experiment with 
an 8 mm homogeneous fluid (same as used in section 5.3). 
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Figure 5.10: Influence of PIV-prediction on the number of matched particles and velocity vectors 
calculated over at least 7 frames. 

PIV is based on the translation of a sector in an image frame. In experiments where the typical length 
scale is much larger than the size of the PIV-window, the PIV-algorithm will give a good representation 
of the average local velocity in the corresponding sector. When the structures in the flow are small, 
in the order of the window size, the motion of the flow can no langer be regarded as a translation, but 
becomes more like a rotation. The average translation decreases, because opposite velocities, bath 
present within the window, cancel. In figure 5.11, the PIV-vector field is shown for different sizes of 
the PIV window. All figures are in pixel coordinates and are based on the same pair of images. 

In figure 5.11 (a), a small window size is used, which results in a velocity field with several wrong 
vectors. When applying PIV on a segment of the images in which less particles are visible, the PIV
correlation is based on several blobs, which gives a highly uncertain translation vector. By increasing 
the window size, more blobs will be present in the image segment, which gives more reliable transla
tion vectors (b,c). For window sizes larger than the structure size in the experiment (d), the translation 
is averaged over the whole segment, resulting in a lower space averaged translation. 
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(c) PIV = 32 pixels 
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(b) PIV = 16 pixels 

- - - -

\ 1 1 1 
, 1 

, 1 1 

' 1 1 1 ' ' 
, 1 1 

1 1 

1 1 
1 ' ' 

1 1 1 
1 1 1 I 

1 1 1 ' 1 1 1 1 
I , 

1 1 ' 1 1 1 - ' 1 

1 , 1 1 

50 100 150 200 

(d) PIV = 64 pixels 

' 
' 

250 

250 

Figure 5.11: lnfluence of the size of the window compared to the characteristic length scale in the 
flow ( characteristic structure size (vortex radius) ~ 40 pixels). The size of the used PIV-window is 
shown in the lower left corner of the images. The vectors shown in the different figures are all scaled 
with the same factor. 
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5. 7 Frame skip 

The positions of the different particles can be calculated with sub-pixel accuracy, using an intensity 
weighted mean of the positions of the different pixels within the blob. The velocity is calculated 
as b..x / b..t, with b..t the time between the two used image frames. The accuracy in b..x is mainly 
determined by the accuracy in the positions of the individual particles. When increasing the time 
between the two used images, the relative error in b..x will decrease because b..x increases, and a 
more accurate value for the velocity can be obtained. 

In the experiments discussed in this report, the velocities are too high to apply frame skipping on 
the data. The experiments were recorded with a digital camera at a frame rate of 30 Hz which is 
necessary to resolve the highest velocities occurring in the flow. At 30 Hz, the sampling quality 
ranges, depending on the experiments and particle density used, from 0.5 to 1.0 in the beginning and 
increases in time. When applying frame skip (skip=l), the sampling quality q8 becomes half of the 
original values, which is in most cases too small to achieve good tracking results (vector quality and 
vector quantity). For later times, when the velocities have decreased, frame skipping can be applied. 
The results are shown in table 5.2. 

Frame skip Matched 1 Range Trajectory Vectors 

0 32.3 ±1 3 28,500 
0 32.3 ±2 5 23,400 
0 32.3 ±3 7 19,900 
2 30.9 ±1 7 26,100 
2 30.9 ±2 13 19,900 
2 30.9 ±3 19 15,800 
4 30.2 ±1 11 24,900 
4 30.2 ±2 21 17,700 
4 30.2 ±3 31 13,200 

Table 5.2: The effect of frame skipping on the number of matchings and on the number of velocity 
vectors for different particle trajectory lengths. 

As shown in table 5.2, the number of matchings decreases when frame skipping is used, because the 
number of miss-matches decreases. When calculating velocity vectors, the number of found vectors 
depends on the actual number of frames used and on the time between the first and last used frame. For 
a trajectory of 7 frames, the velocities can be calculated with frames skip=O (all frames are tracked) 
and using 3 frames before and after. This situation yields approximately 19,900 vectors. With frame 
skip=2 (1 out of 3 frames is used for tracking), only one frame is used before and after to obtain a 
velocity vector field, calculated over the same time interval. The vector yield in this situation is 26, 100. 
Because in this situation only 3 images are used, the number of wrong velocity vectors is relatively 
high. For a good comparison, both the vector yield and the vector quality should be calculated for the 
different situations. 
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5.8 Particle tracking set-up 

For the experiments, different set-ups have been used. For the illumination of the flow, a skyspot and a 
laser were used. The particle tracking of the flow was done by two different systems. The first system, 
called Diglmage, consists of a analogue gray-level camera, of which the images are recorded on a 
videotape (continuously). The videotape is later used to extract separate images which are digitalised 
in order to apply PTV. The other technique uses a digital gray-level camera of which the images 
are recorded directly in a datafile on a computer. The images are, after filtering, used for PIV and 
HPV calculations. Because the spatial resolution of the digital camera is higher than for the analogue 
camera, more and smaller particles can be used in combination with the digital camera. 

Description 
Illumination Skyspot Skyspot Laser 
Particles (number) ±2500 ±18,000 ±45,000 
Particles (size) 0.85 mm 250µm 250µm 
Camera Analogue Digital Digital 
Recording Analogue Digital Digital 
Tracking code Diglmage HPV HPV 

Performance 
Found blobs ±2000 ± 15,000 ±37,000 
Matched blobs ±1800 ± 13,000 ±30,000 
Vectors over 7 frames 900-1300 9,000-12,000 12,000-18,000 
Wrong vectors 5-153 1 ±33 <13 
Resolution 2 15mm 5-6mm 4-5mm 

Table 5.3: An overview of the different methods. 

5.9 Experimental problems 

For the illumination of the particles on top of the fluid, a 1200 W Halogen Skyspot and a Nd:Yag laser 
(200 mJ, 6 ns) were used. The skyspot is relatively easy to use. When using a laser, the set-up of the 
system requires more time to get a proper illumination. The performance of the laser set-up can be 
higher than when using the skyspot. The performance depends, especially in the case of a laser, on 
the optimisation of the light( sheet). 

1 Large amount of wrong vectors for low velocities 
2 Assuming a homogeneous distribution of correct vectors 
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5.9.1 Skyspot 

As mentioned above, the skyspot is easy to use. The distance between the set-up and the light source 
can be changed (horizontally and vertically). A third possibility is to change the angle of the light 
beam entering the set-up. With these three parameters, the illumination can be optirnised. By placing 
a mirror at the opposite site of the set-up, amore homogeneous illumination can be obtained. 

The positive ( +) and negative (-) properties of the skyspot are summarised below. 

+ Easy to calibrate. 

- Inhomogeneous illumination. This effect can be decreased by using multiple light sources or a 
rnirror acting like a virtual light source. 

- The background is not homogeneous black, because of the large amount of scatterlight. 

- Shadow and reftections from the container walls, especially near the front (see figure 5.12) and 
end wall. 

- Particle streaks when measuring high velocities (see figure 5.13). 

Figure 5.12: Shadow of the container wal! and reflections from the wal!. The light enters the set-up 
from below. 
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Figure 5.13: When measuring particles with high velocities and with a large shutter time of the 
camera, the particles wil! appear as streaks in the image. This problem occurs only when the skyspot 
is used for illumination. In the case of the laser, the shutter time is the same, hut the pulse of the laser 
is very short. 

5.9.2 Laser 

With a laser, better measurements can be done, but it takes more time to get proper results. First 
of all, the light sheet has to be be constructed by using a set of lenses and mirrors, as described in 
appendix D. The next part is the optimisation of the light sheet. The sheet has to be thin, and wide 
enough to illuminate the whole container. It is also important that the light sheet is horizontal, both in 
longitudinal and transversal direction. 

The main problem when measuring in shallow ftuids are the reftections on the bottom, free surface 
and density interface (when present). When the sheet is not properly aligned, these effects will be 
even larger. 

The positive ( +) and negative (-) properties of the laser set-up are summarised below. 

+ High intensity illumination, especially when using a laser sheet, which gives bright particle 
images. 

+ When using a laser sheet, the background intensity is very low, which results in combination 
with the previous item in a good contrast. 

+ No particle streaks because a pulsed laser is used. The shutter time of the camera is the same as 
for the skyspot, but the particles are only illuminated during a short (6 ns) pulse. 

+ Less problems with shadow and inhomogeneity. 

- Difficult and time consuming to set-up the system. 
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- Difficult and time consuming to calibrate the system for each experiment. 

- Large reflection due to the deformation of the interface (when using two-layer systems) and the 
free surface. Especially during forcing, when the deformation is large, these reflections occur. 
The free surface deformation can be upto 20% of the total fluid depth (see appendix B). This 
makes it difficult to get a proper measurement on the forcing stage of the flow. This problem 
will also play an important role when studying continuously forced flows. When the flow bas 
stabilised, most of the reflections vanish. 

- Shadow cones of particles /particle clusters which prevent other particles to be illuminated (see 
figure 5.14). This problem occurs especially when using a very thin light sheet. 

- The container in which the experiments are done bas to be very clean. Water droplets, salt 
crystals and small scratches on the perspex container walls disturb the laser sheet. 

- Synchronising the laser and camera. When the laser and the camera are not well synchronised, 
some frames will be missing (randomly). This problem only occurs on a few set-ups. The usage 
of a good electronics and a good camera set-up can eliminate this problem. 

Figure 5.14: Shadow due to scratches in the container wal! and behind clusters of particles. The 
laser beam enters the domain from the top. 
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5.10 ES4.0 digital 12 bit gray-level camera 

Most of the experiments discussed in the present report were recorded using an 8 bit digital gray-level 
camera (Kodak ESl.O 8 bit) with 1018x 1008 pixels capturing frames at 30 Hz. Another camera, 
with 2048 x 2048 pixels (Kodak ES4.0 12 bit) was tested on a couple of experiments. This camera 
has a maximum frame rate of 15 Hz, and is connected to two different frame capturing computers in 
order to handle the high data rate (120 MB/s) of the camera. One of the problems is to get the two 
computers well synchronised. Another probleni, when using a laser to illurninate the flow, is to get a 
proper triggering from the laser to the camera or vice versa. The image quality, shown in figure 5.15, 
is quite well. For convenience, only a small part of the image is shown here. When looking at the 
whole image, small intensity variations can be observed over the size of the domain. This is mainly 
due to the laser illumination and for a small part due to the curvature in the focal plane of the camera 
lens. 

Figure 5.15: Particle image taken with the ES4.0 12 bit digital camera. The image is converted to 
an 8 bit gray-level image andfiltered using a 1 pixel min-max-sub filter. The size is 350x350 pixels. 
The number of particles is approximately 4,100 in this area. In the whole image (2048x2048 pixels), 
the total number of particles would be approximately 140,000, assuming a homogeneous particle 
distribution. 

The image quality of the camera is quite good, but the usage gives some problems. With a single 
computer, which is able to handle the data rate of 120 MB/s, and a good synchronisation between 
laser and camera, the experimental problems should vanish. The only negative point remaining is the 
large size of the images and the large amount of particles. With the current software, only several 
images per hour can be tracked. With faster tracking software, the camera can be used to measure 
small scale structures with a high accuracy, because the images are 12 bit and a high spatial resolution 
can be used. 
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Chapter 6 

Experimental results 

Several experiments were carried out, with slightly different conditions. In this chapter, some of the 
experimental results will be discussed in detail. The results of the other experiments are calculated 
in a similar way. The self-organisation process makes the small structures created by the magnets to 
grow into larger structures, up to the size of the domain. The size and shape of the structures change in 
time, smaller and larger structures are formed, but the average structure size will increase. Interesting 
quantities are e.g. the total amount of kinetic energy E in the flow, the total enstrophy Z and the 
angular momentum L. All these quantities depend on the initial forcing protocol and the fluid depth. 

6.1 Evolution of the flow 

One of the properties of two-dimensional flows is the mechanism of self-organisation, which leads to 
large vortex structures, comparable to the size of the domain. Many experiments showed this feature; 
one of those is shown in figure 6 .1. 
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(a) t = 0 s (b)t=2s (c) t = 28 s 

Figure 6.1: Vorticity contour plots at different times after forcing, showing an increase of the average 
vortex size. Dashed contours represent negative values of vorticity, solid contours represent positive 
values. The used increments are ( a) 0.5 s-1, (b) 0.5 s-1 and ( c) 0.05 s-1. 

47 
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6.2 2D or not 2D 

In the literature, different criteria have been used to characterise the two-dimensionality of the flow. 
Satijn et al. [35] proposed a criterion based on the ratios of kinetic energies Ek,i with i = r, (), z 

q (t) = Ek,r(t) < 0.01 
r E (t) -k,(} 

Ek z(t) 
and Qz(t) = ' ( ) :S 0.01. 

Ek,o t 
(6.1) 

When both ratios Qr, qz :S 0.01, the flow is considered as quasi two-dimensional. If one of the values 
qn Qz exceeds the critica! value 0.01 the flow should be considered three-dimensional. In figure 6.2, 
the regimes for quasi-2D / 3D are shown for different values of the Reynolds numbers Re and Re>,.. 
The left graph shows the regimes for single layer fluids; the right graph shows the regime for a two
layer stratification. 
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Figure 6.2: Regime diagram for flows in a single layer ( a) and stratified layers (b) as a function of 
the horizontal Reynolds number Re and vertical Reynolds number Re>,.. Below the dashed lines, the 
flow can be considered as quasi-2D; above the line the flow should be considered 3D [35]. 

In the experiments discussed in the present report, typical values for the Reynolds numbers are 

Re ;::::; 2000 - 2500 

Re>.. ;::::; 20 - 30 

The critica! value of 0.01 used by Satijn et al. [35] is rather strict. The flows discussed in the current 
report can, with less strict criteria, be regarded as (quasi-)2D. Some 3D-effects may occur, because of 
the less stringent conditions compared to the regime diagrams shown in figure 6.2. 
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6.2.1 Stratification 

As shown above in figures 6.2(a) and (b), there is a difference in the behaviour of single layer fiows 
and fiows in a two-layer stratified fiuid. The effect of stratification bas been measured in a single 
experiment. Due to practical problems in the measurements on stratified ftuids, only one experiment 
is done. The results are shown in appendix E. No difference was observed between the energy decay 
in the homogeneous setup and the two-layer stratified set-up. Further research should be done to 
obtain the differences shown in figure 6.2 also in the experimental results. 

6.3 Spontaneous spin-up 

Same experiments showed spontaneous spin-up, i.e. the total angular momentum ILI increased in 
time, up to a constant value. The angular momentum, plotted as function of time in figure 6.3, shows 
some oscillations in the beginning, a constant value of approximately 1.25 for 5 :::; t :::; 20 and later on 
a decrease due to viscous effects. The angular momentum is defined by L = Lz = ( r x v) z integrated 
over the whole domain. The evolution of L is, by the dependence on the velocity v, infiuenced by 
viscous dissipation. This decay can be corrected for using the energy E. 

L v 

E (v · v) = lvl 2 

L rv VE 

(6.2) 

(6.3) 

(6.4) 

When platting this corrected angular momentum L/VE, a constant value is reached after approxi
mately 20 seconds. The oscillations visible in the figure are due to numerical errors in the energy E, 
which have a large infiuence for small energies. 
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Figure 6.3: Evolution of the total angular momentum L, calculated from experimental data. The 
corrected angular moment L /JE tends to a constant value. 
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For three different times, the vorticity distribution is shown in figure 6.4. The evolution of L / v'E, 
which reaches a constant value, cannot be related to the large-scale motion visible in the vorticity 
distributions. Between t = 20 and t = 30, the orientation of the vorticity patches does not change i.e. 
no spin-up is visible. Under the experimental conditions discussed here, no spin-up, e.g. one single 
vortex, has been observed, because of the bottom friction. Spin-up has been observed by Maassen 
[24] in a square container for fluid lay ers of 20 cm, in which the effect of bottom friction is negligible. 

-20 -10 0 10 20 -20 -10 0 10 20 

(a) t = 10 s (b) t = 20 s (c) t = 30 s 

Figure 6.4: Vorticity contour plots at different times during the spin-up process. Dashed contours 
represent negative values of vorticity, solid contours re present positive values. The used increments 
are 0.05 s-1 for all graphs. 
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6.4 Exponential decay in shallow fluids 

For shallow fluid layers, e.g. H = 4mm, an exponential behaviour can be observed in the decay of 
the total kinetic energy of the flow. In figure 6.5, the energy, normalised with the energy Eo just after 
forcing, is plotted as a function of time. 
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Figure 6.5: Decay of the total kinetic energy fora fluid layer of 4 mm. The dashed line indicates the 

exponential behaviour with afitted value of2>.. = 0.27. 

As was shown in section 2.5, a linear term can be added to the 2D Navier-Stokes equation to represent 
the influence of the bottom friction on the evolution of the velocity field in the flow. 

ov 1 2 1 - + (v · V)v = -Vp+-\1 v--v. 
8t Re Re>. 

(6.5) 

2D Navier-Stokes 

In this equation, the parameter Re>. is introduced, representing the effect of the bottom friction. The 
parameter Re>. is defined as Re>. = x with >.. = ;~. The total fluid depth is given by H. 

For shallow fluid layers, i.e. large values of >.., the last term R1 v on the r.h.s. will dominate 
e>. 

over ~e V 2 v. The resulting equation introduces an exponential behaviour of the velocity v(t) ,....., 
exp(->..t). When calculating the kinetic energy, defined as E(t) = ~ JJ (v · v)dxdy, it scales as 

E(t) ,....., exp(-2>..t). Fora fluid depth of 4.0 ± 0.2mm the value of 2>.. = ;~ = 0.31 ± 0.03, which 
is consistent with the fitted value of 2>.. = 0.27 ± 0.03 obtained from figure 6.5. 
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6.5 Influence of the fluid depth 

With the relation between the parameter). and the fluid depth H, the exponential factor exp(-2>.t) in 
the energy can be explained. Only in very shallow fluid layers a purely exponential decay is observed. 
For larger depths, the decay is not just exponential, but also shows an algebraic time dependence. The 
energy can be corrected [or exponential decay by multiplying by exp( +2>.t); the remainer is almost 
algebraical in the form E ,...., C°' (a > 0), which is shown in figure 6.6 fora fluid depth of H =10 
mm. 
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Figure 6.6: Evolution of the total kinetic energy, corrected for exponential decay due to bottom 
friction. 

Apparently, the total energy consists of two contributions; an algebraic part with coefficient a, unde
termined so far, and an exponential part corresponding to the bottom friction, 

E(t) = EoC°' exp(-2>.t). 

When using this relation for the energy in relation (2.31), this yields 

dE(t) 
dt 

Eo(-a)ta-I exp(-2>.t) + EoC°'(-2>.) exp(-2>.t), 

-a 
-t E(t) - 2>.E(t), 

(
2

.
31

) -2vZ(t) - 2>.E(t). 

Apparently, the time evolution of the enstrophy Z ( t) is coupled to the energy E( t) by 

Z(t) = ~C1 E(t), 
2v 

which results in a sealing for the ratio Z / E as 

Z(t) _1 
E(t) ,...., t . 

The validity of this sealing relation will be tested in the following sections. 

(6.6) 

(6.7) 

(6.8) 

(6.9) 

(6.10) 

(6.11) 



6.6. TEMPORAL SCALING 53 

6.6 Tempora) sealing 

The exponential term in the energy evolution can be related to the effect of bottom friction. When 
correcting for this decay, i.e. calculating Ê(t) = E(t) exp( +2>.t), this results in an almost algebraic 
relation as shown in the previous section. When plotting the corrected energy and corrected enstrophy 
Z(t) = Z(t) exp( +2>.t), both quantities prove to show algebraic behaviour. For an experiment with 
a homogeneous fluid layer of 10 mm, the evolution of the corrected energy and enstrophy is shown 
in figure 6.7. For the energy (a), a power law coefficient of a = 0.55 ± 0.05 fits the experimental 
data. The enstrophy (b ), shows a much larger decay rate, resulting in a power law coefficient f3 = 

1.17 ± 0.05 in the range 3 ::; t ::; 20. After t = 20, the decay rate decreases to f3 = 0.89 ± 0.05. 

Slope :~0.55 
10- 1~-~~-~~~-~-~~~ 
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Figure 6.7: Evolution of the total kinetic energy and enstrophy calculatedfrom experimental data. 

In decaying two-dimensional turbulence, the energy will be transferred to larger length scales (due 

to the inverse energy cascade), i.e. the average wavenumber (k rv L-1
) will decrease in time. The 

average, characteristic wavenumber k can be calculated as 

ff k2E(k)dk = {Z 
JJ E(k)dk v E 

(6.12) 

With the data for E and Z from the figures above, the evolution of k can be calculated, which is shown 
in figure 6.8. A power law fit of the data in the range 3 ::; t ::; 20 gives 

k rv c0.38±0.05, (6.13) 

which is in close agreement with the value Z / E rv k2 rv co.3o±o.l found in the simulations by 
Clercx & Nielsen [12]. The value for Z/ E can also be obtained from the individual fits of Zand E 
as /3 - a = 0.62 ± 0.10. This value differs from the power law fit of k, which resulted in 0.38 ± 0.05 
(0.76 ± 0.10 for Z/ E). The value of 0.38 is more reliable, because in a and /3, the exponential decay 
might influence the value obtained by fitting a power law. The exponential factor used for correction 
is not exact, because of the uncertainty in the measured fluid depth. 

In a later stage, t ~ 20, the boundary layers start to dominate the enstrophy decay, resulting in a 
slower decrease of the enstrophy Z (figure 6.7(b)) and of the average wavenumber k (figure 6.8). 
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Figure 6.8: Evolution of the characteristic wave number k rv ( ~) 2 . 

For the other fluid depths, similar decay rates are obtained for the energy È(t) and the enstrophy 
Z(t). For total fluid depths (homogeneous) of 8, 10 and 12 mm, the decay of È(t) and Z(t) are 
shown in figure 6.9. For the experiments with fluid depths of 4 and 6 mm, the corrected energy E and 
enstrophy Z could not be fit with an algebraic relation. The uncertainty in the measured fluid depth 
results in several possible exponential correction functions, which give completely different slopes in 
the algebraic fits. Because the fluid layers are rather thin, the exponential decay will dominate. 

The average wave number k can be calculated from the quotient of the enstrophy Zand the energy E. 
When assuming that the influence of the bottom friction provides the same extra exponential term for 
both the energy and enstrophy, this factor will be divided out when calculating k. The bottom friction 
adds an exponential term exp(->.t) to the velocity. The vorticity, w = V x v scales with lvl. The 
energy (rv lvl 2) and enstrophy (rv w 2 

rv lvl 2) will both gain the same exponential factor exp(-2>.t), 
so it is expected that the value of k will not be affected by the different fluid depths. For different fluid 
depths, the evolution of k is shown in figure 6.10. For the calculations of the average wave number 
k, where the exponential dependency which occurs in both the energy and enstrophy, drops out. The 
data from the 6 mm experiments is also shown. For the 4 mm experiment, the decay is that fast, that 
no evolution in k is observed. The experiment with a fluid depth of 4 mm showed a fast exponential 
decay of the energy and enstrophy. The calculated value for the characteristic wave number k was 
approximately constant. The flow bas decayed before larger structures could be formed. 

The values obtained by power law fitting of k range from 0.29 to 0.40, independently of the fluid 
depth. The corresponding values for Z / E are twice as large. Based on the relation between Z ( t) and 
E( t) (6.11), a value of 0.5 should be expected for the algebraic decay of k. In the derivation of (6.11 ), 
an inviscid flow is assumed. With viscosity, the energy will decrease in time, which results in a lower 
value for the decay of k. Another effect, which will be discussed later on, is the sealing in time t due 
to the effect of bottom friction, which increases the values of the calculated slopes. 
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Figure 6.9: Evolution of the energy and enstrophy for different fluid depths. Bath quantities are 
corrected for the exponential decay due to bottom friction. 
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The values found for the different scalings are summarised in figure 6.11 
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Figure 6.11: Overview of the coefficients obtained by fitting the energy, enstrophy and wave number 
with a power law. 

The coefficients for the algebraic decay of the enstrophy Z, the energy E and the characteristic wave 
number k, seem rather independent of the fiuid depth, as shown in figure 6.11. The correction with an 
exponential term related to the fiuid depth results in a behaviour of the flow which is approximately 
independent of the fiuid depth. For later times in the experiments, defiections from the algebraical fits 
become visible, as shown in figures 6.9 and 6.10. 

Apparently, the sealing Z ( t) = Z ( t) exp ( + 2)..t) corrects for the effect of bottom friction. The expo
nential term can be implemented in the scaled vorticity 

w(x, y, t) = w(x, y, t) exp(->-.t). (6.14) 

When substituting the relation for w in the vorticity equation (2.8) one obtains 

äw 2 at + J ( w, 'ljJ) = v \l w - Àw. (6.15) 

The linear term - Àw can be removed by introducing a scaled time, defined as 

* 1 - exp(->-.t) 
t = ).. . (6.16) 

The vorticity equation (6.15) then reduces to 

äw J(- nÏ.) *n2 -
at* + w, <p = v v w, (6.17) 

with the viscosity scaled as v* = v exp( )..t ), which describes the purely 2D system. 

With this rescaling of time t to t*, the sealing laws discussed in section 2.6 can be applied in terms of 
the scaled timet* (with the powers of Ç remaining the same). In the next figures, the quantities Z / E 
and Wmax/ VE are plotted as function of t*. In all figures, the algebraic behaviour is shown. 
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Figure 6.12: Evolution of the Z / E and Wmax/ VE for different fluid depths. 
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The slopes determined in the figures 6.12 and 6.13, are shown as a function of the fluid depth H 
in figure 6.14. The points fit the drawn lines very well. For the sequence of Z / E, indicated by *· 
the increase in the decay rate is linear with the total fluid depth H. The values for the slopes of the 
Wmax/ vE decay, indicated by 0, are approximately constant for different fluid depths H. 
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Figure 6.14: Power law coefficients from the figures 6.12 and 6.13 for the scaled enstrophy ( *) and 
the scaled maximum vorticity (0). 

The coefficient in the Z / E-decay depends linearly on the fiuid depth H. The fluid depth can be related 
to the Reynolds number of the flow (see equation (3.3)) as Re "' H-1 . The value of the power-law 
coefficient increases for increasing H, and will decrease for increasing values of Re. A similar relation 
between coefficient of decay and Reynolds number is observed in the numerical simulations by Clercx 
& Nielsen [12). 

6. 7 Conclusion 

The sealing theory introduced by Carnevale et al. [6], in which timet is replaced by a scaled timet* 
depending on the bottom friction parameter>. and thus on the fluid depth H, proved to be applicable 
on the experimental data presented in this section. The algebraic fits for Z, E (figure 6.9) and k 
(figure 6.10) as function of time t only agree with the data up to a certain time. When using the 
scaled timet*, the measured data fits the power laws fora larger period (figures 6.12 and 6.13). The 
conclusion based on these results is that the sealing to t* is applicable, but the value of the power law 
fits depends on the experimental conditions such as ftuid depth and Reynolds number. Unfortunately, 
the exact conditions for the experiments by Tabeling et al. [36] and Paret et al. [27, 28) are not 
mentioned in the literature, so a quantitative comparison cannot be made. 



Chapter 7 

Numerical Simulations 

7 .1 Introduction 

In order to compare the results from the laboratory experiments with numerical data, simulations 
were carried out. The numerical simulations were done for a 10 x 10 array of vortices with equal 
strength and altemating signs on a square domain with no-slip walls. This set-up is comparable to the 
experimental conditions. The simulations were carried out for different values of the Reynolds number 
Re and different values for the Rayleigh friction Re>,, comparable to different forcing protocols and 
ftuid depths in the experiments, respectively. 

7 .2 Numerical Code 

For the numerical simulations, a spectral solver developed by Clercx is used [8]. The code is based 
on the 2D Navier-Stokes equation in velocity-vorticity formulation, 

äw 1 2 1 - + (v "V)w = -"V w - -w 
ät Re Re>. ' 

(7.1) 

in which the Reynolds number is defined as Re = u:;v, with U a characteristic velocity of the flow, 
W the half width of the do main and v the kinema tic viscosity of the ftuid. The value of Re>. is given 
by >.Cfv = x· The value of>. can be related to the experimental ftuid depth by>. = :i2. 
The numerical simulations were carried out fora square domain 1) ([-1, 1] x [-1, 1]), with no-slip 
boundaries äV, comparable to the experimental set-up. The combination of the continuity equation, 
the definition of the vorticity w and the no-slip boundary condition results in the following set of 
equations, 

V·v 

k·V x v 

v 

61 

0 on V, 

won V, 

0 on av, 

(7.2) 

(7.3) 

(7.4) 
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with k the unit vector perpendicular to the 2D domain. Daube [13] showed that this set of equations 
is equivalent with the combination of (7.1) and 

v 

k x Vw on V, 

won äV, 

0 on äV, 

The numerical method used by the code is based on the four equations (7.1) and (7.5)-(7.7). 

(7.5) 

(7.6) 

(7.7) 

The spatial structure of the flow field is approximated by expanding the vorticity w and the velocity 
components u and v in series of Chebyshev polynomials, 

N M 

w(x, y, t) = L L Wnm(t)Tn(x)Tm(Y), (7.8) 
n=Om=O 
N M 

v(x, y, t) = L L Vnm(t)Tn(x)Tm(y), (7.9) 
n=Om=O 

where the Chebyshev polynomials are defined as Tn(x) = cos(nO) with 0 = cos-1 (x). Because a 
square domain is used, the number of polynomials is chosen equal in bath x- and y-direction (M = 

N). 

The coefficients Wnm and Vnm in (7.8) and (7.9) are obtained by evaluating the variables w(x, y, t) 
and v(x, y, t) in the Gauss-Lobatto points Xi and Yj defined by 

7fZ 
(0 ~ i ~ N) and (7.10) Xi cos-

N 
7rJ 

(0 ~ j ~ M), (7.11) Yi cos-
M 

with N,M the number of grid points in x- and y-direction, respectively. The spectral coefficients Wnm 
are given by (see e.g. Canuto et al. [4]) 

with the coefficients ën,m defined by 

if 1 ~ n ~ N - 1, 
if n = 0 or N. 

(7.12) 

(7.13) 

The used grid of Gauss-Lobatto points has the advantage that the grid point density is large near 
the boundary in comparison with the interior of the domain. Because no-slip walls are used, large 
gradients in velocity and vorticity will be present near the boundary of the domain. The dense grid 
near the boundary makes these structures well resolved. For the situation N = M = 32 (square 
do main), the spatial distribution of the grid points is shown in figure 7 .1. 

More details on the numerical code used for the simulations van be found in [8]. 
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Figure 7.1: Spatial distribution of the grid points in a 32 x 32 Chebyshev grid. 

7 .3 Spatial and temporal resolution 

The numerical code allows different parameters for computing the evolution of the flow. The most 
important ones are the spatial and tempora! resolution (number of grid points and time steps, respec
tively ). Fora proper calculation, these values have certain restrictions. The relation between time step 
(l::i..T) and number of grid points (N) is based on the CFL-condition and is given by 

l::i..T :S ~2 , (7.14) 

For simulations with Re = 2000, the resolution of N = 180 was chosen. The value of N for different 
values of Re scales as N '""' ./Re. In table 7 .1 below, values for N and l::i..T are given for different 
values of the Reynolds number Re. As time proceeds, the flow will evaluate to larger structures, which 

Re 

1000 
2000 
5000 

N 

128 
180 
300 

l::i..T 

5.0·10-4 

2.5.10-4 

l.0-10-4 

Table 7.1: Parameters usedfor the different simulations. 

allows reducing of the number of Chebyshev polynomials (grid points). This leads to an increase of 
the processing speed during calculation. The time step l::i..T remains constant during the calculation. 
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Chapter 8 

Results of the numerical simulations 

8.1 Initia) conditions 

For the numerical simulations discussed in the present report, an initial vorticity distribution with 100 
approximately equal vortices was used. This vorticity distribution is comparable to the initial flow 
field in the experiments. This distribution is chosen because it has a well defined length scale, i.e. the 
energy spectrum for the initial condition is very narrow around the "forcing" wavenumber k0 . 
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Figure 8.1: The vorticity distribution used for the simulations. The vortices are positioned on a 
regular lattice with a random shift of a few percent of the lattice size. The initia! vorticity of all 
vortices is approximately 100. 
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8.2 Evolution of the flow 

Two-dimensional flows are characterised by the mechanism of self-organisation; small-scale struc
tures will grow and form larger structures. In figure 8.2, the process of self organisation is clearly 
visible. 

(a) t = 0 (b)t=0.5 (c) t = 1 

(d) t = 2 (e) t = 4 (f) t = 10 

(g) t = 50 (h) t = 200 (i) t = 500 

Figure 8.2: Vorticity distribution for different stages during the decay process. Dashed contours 
represent negative values of vorticity, solid contours represent positive values. The used increments 
are (a) 10, (b) 5, (c) 2, (d) 1, (e) 0.5, (f) 0.2, (g) 0.025, (h) 5.10- 4 and (i) 5 .10-6. 
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When the flow is not affected by extemal friction, e.g. bottom friction, the merger process will proceed 
to the situation in which a single vortex covers the whole domain. This is shown in figure 8.2, in which 
the flow shows an evolution from a distribution of 100 vortices to a single vortex at t=500. 

In the first figure (a), the initia! condition with 100 approximately equal vortices in shown. The 
vortices are positioned approximately one vortex size away from the boundary. Figure (b) shows 
the formation of dipoles between unlike-signed vortices in the outer rows of the vortex array. These 
dipoles, which carry linear momentum, move towards the boundaries of the domain. At the no-slip 
boundaries, the dipoles induce oppositely signed vorticity. In figure (c), some of the dipoles near 
the boundary are still visible. In the interior of the domain, some like-signed vortices have merged. 
Several vortices still have their original structure. After t=2, (figure (d)), larger structures can be found 
over the entire domain. The size of the structures is large in one direction and much smaller in the 
other direction, i.e. long and small structures are formed. Most of the vortices have had interaction 
with surrounding vortices. Only a few vortices have more or less the structure of a single vortex from 
the initia! situation. The vortex structures in figure (e) tend to more circular vortices, instead of the 
stretched structures found in figure (d). After the transition from stretched structures to more circular 
vortices, large filaments are formed. In figure (d) the boundary layers were on average very small. 
In this stage, boundary layers start to grow. In figure (f), most of the filaments have disappeared. In 
the vorticity distribution, several dipoles can be seen. These will move in curved trajectories, because 
the dipoles are far from symmetrical. The dipolar structure in figure (g) has a much stronger positive 
part, which results in a counter-clockwise rotation with its centre of rotation close to the centre of the 
positive vortex. In figure (h) the vortex structure from figure (g) has rotated counter-clockwise. The 
position of the positive vortex is approximately the same as in figure (g). Large boundary layers were 
created by the two vortices left. The shape of the vortices becomes triangular, in order to fit best within 
the domain. Further growth of the vortex structures is limited by the boundaries. Figure (i), shows the 
fundamental Stokes mode (see e.g. Van de Konijnenberg [19]). Each initia! vorticity distribution can 
be represented as a superposition of different Stokes modes, each decaying exponentially with its own 
typical decay time. Higher modes are characterised by a smaller decay time. After t=500, the only 
mode left is the fundamental Stokes mode, which is a single vortex covering the whole domain. The 
amplitude of the other modes has decayed to zero. 

8.3 Temporal sealing 

Two quantities characterising the flow are the total kinetic energy E and the enstrophy Z. The decay 
of these quantities depends on the Reynolds numbers Re and Re>.. As shown before in section 2.5, 
the Rayleigh friction introduces an extra exponential decay of the velocity and the vorticity. The 
experimental results, discussed in chapter 6, also show this exponential time dependence based in the 
friction parameter À. 
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For the situation Re = 2000, the decay of E and Z is shown in figure 8.3 for different values of the 
friction parameter>., corresponding to different values of Re>... 
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Figure 8.3: Time evolution of the energy E(t) and enstrophy Z(t)for different values of the Rayleigh 
friction ( >. = 0.00, 0.01, 0.03 and 0.05). 

The difference between the decay of E and Z for different values of >. compared to the situation 
>. = 0.00, yields a purely exponential difference, which can be related to the friction parameter>. by 

E(t)I>.. 

Z(t)i>.. 

E(t)l>..=o.oo exp(-2>.t) and 

Z(t)l>..=o.oo exp(-2>.t). 

(8.1) 

(8.2) 

In figure 8.4, the energy and the enstrophy are divided by the values for the frictionless situation 
(>. = 0.00). The result is a set of lines, both for the energy and the enstrophy, which are, except for 
small t, exponential with a slope of -2>., which proves the validity of (8.1) and (8.2). 
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Figure 8.4: Time evolution of the quantities E(t) I>../ E(t) l>..=o.oo and Z( t) I>../ Z(t) l>..=o.oofor different 
values of the Rayleighfriction ( >. = 0.00, 0.01, 0.03 and 0.05). 
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Combination of equations (8.1) and (8.2) for E and Z, respectively to calculate the time evolution of 
the ratio Z / E, this quantity will be independent of the friction parameter,\: 

Z(t)J,x 
E(t)J,x 

z ( t) l-X=0.00 

E(t)J,x=o.oo. 

The validity of this relation will be tested in the following subsections. 

(8.3) 

The expres si on for Z ( t) is consistent with the definition introduced by Han sen et al. [ 18], who de fine 
the scaled vorticity as 

w(t) = w(t) exp(-,\t). (8.4) 

The corresponding enstrophy is defined as 

Z(t) = Z(t) exp(-2.-\t), (8.5) 

with Z ( t) and Z ( t) the enstrophy in the situation with and without friction respectively, which is the 
same relation as shown in (8.2). Together with the scaled vorticity (8.4), a scaled time is introduced 
as 

* 1 - exp(-.-\t) 
t = À ' (8.6) 

with lim t* = t for the situation without bottom friction. With the use of the scaled quantities w, t* 
À--+0 

and a scaled viscosity v* = v exp(.-\t), the term representing the bottom friction in the Navier-Stokes 
equation can be scaled out, such that the flow can be described by the 2D Navier-Stokes equations in 
the scaled quantities. 

8.3.1 Frictionless flows 

Based on this information, the quantity Z / E is plotted for Re = 5000 and different values of the 
friction parameter À. In figure 8.5, the evolution is plotted for a simulation without Rayleigh friction 
(À = 0.00) as function of time t, which is in the no-friction case equal to the scaled time t*. The 
algebraic decay rate obtained from the figure equals a = 0.90 ± 0.05. 

The kink at t = 10 can be explained by the decay of the enstrophy, which is shown in figure 8.5(b). 
The enstrophy shows a constant value for 10 ~ t ~ 30; enstrophy is created due to strong vortex
boundary interactions, which counterbalance the decay due to viscous dissipation. After t = 30, the 
decay of Z continues, and as a result also the ratio Z /E. 

The kink can also be explained based on the vorticity distribution in the flow, shown in figure 8.6. The 
flow starts with 100 vortices in a regular lüx 10 array. At timet = 8 (a), some of the vortices have 
merged into larger structures. Fort = 12 (b), there are four large vortices, which fill approximately 
the entire domain. After t = 40 (c), there are still four vortices present, a situation comparable 
with t = 12. The vorticity distribution is, except for the absolute value, approximately the same for 
situations (b) and (c), which explains the constant value in figure 8.5 between t = 10 and t = 40; the 
decrease in Z due to viscous effects is corrected for by dividing through the energy E. After t = 40, 
the merging process continues, as shown in figure 8.6, which explains the further decay of Z / E in 
figure 8.5. After t = 40, the same decay rate a = 0.90 ± 0.05 as in the first stage is obtained. 
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Figure 8.5: Time evolution of the ratio Z(t)/E(t)for the situation without Rayleighfriction (À= 
0.00). The quantities Zand E are shown individually in graph (b). 

(a) t 8 (b) t 12 

(c) t 40 (d) t 80 

Figure 8.6: Vorticity distribution for Jour different times during decay. Dashed contours represent 
negative values of vorticity, solid contours represent positive values. The used increments are ( a) 1.0, 
(b) 1.0, (c) 0.5 and (d) 0.2. 
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8.3.2 Rayleigh friction 

For simulations with Rayleigh friction, the evolution of the ratio Z / E is plotted in figure 8.7 as 
function of timet (a) and scaled timet* (b) fora friction parameter À = 0.01. Figures (c) and (d) 
show the same relations fora friction parameter À = 0.05. In figure (c), the line only fits the data 
up to time t = 10. For later times, Z / E decays slower. In figure (a), the deviation is much smaller, 
because a relatively small friction is used. When platting the ration Z / E as function of the scaled 
time t* (b,d), the algebraic fit corresponds to the numerical values during the whole decay process. 
The algebraic decay rate obtained from the curve fit equals o: = 0.90 ± 0.05, for both the situations 
À = 0.01 and À = 0.05. 
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101'--~~~~~~~~~~~~~~ 
0.1 10 100 

t (s) 
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Figure 8.7: Time evolution of the ratio Z ( t) / E( t) for the situation with Rayleigh friction (À = 0.01 
and À = 0.05). 

The simulations were repeated for a range of friction parameters À. For all simulations with Re = 

5000, the same value o: = 0.90 ± 0.05 was obtained independent of À, which proves the validity of 
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(8.3). The sealing proposed by Hansen et al. [18], in which the timet is replaced by t*, proved to be 
applicable on the numerical data. 

8.3.3 Low Reynolds number simulations 

For the Reynolds numbers Re = 1000 and Re = 2000, the simulations were carried out for different 
values of À, ranging from 0.00 to 0.10, and for slightly different initial conditions. In the initial 
conditions, the vortices are approximately equally shaped and positioned in a regular array with a 
random shift of a few percent of the lattice size. The difference in initial conditions does not have a 
great effect on the evolution of the quantity Z /E. The times when merger stagnates, i.e. the constant 
parts in the Z / E decay, are visible in all situations. The time at which these stagnations occur are 
different for the different conditions. Apart form this, the decay rate is independent of the initial 
condition. For convenience, the same initial condition as used for the calculations with Re = 5000 is 
shown here. 

100 

(a) À= 0.00 (b) À= 0.01 

10 
i-

(c) À= 0.05 

100 

Figure 8.8: Time evolution of the ratio Z ( t) / E ( t) for Re = 1000. 

For the case Re= 1000 (figure 8.8), the slope a = 1.10 ± 0.15 has been determined on the first stage 
of evolution (t :S 4). For later times, only parts of the decay can be fit. In figure (a), the value of 
Z / E is approximately constant for the period 30 :S t :S 100. A stable dipolar vortex is formed, which 
prevents further merging fora relatively long period. The situations À= 0.01 and À= 0.05 also show 
a piecewise algebraic decay with the same slope a = 1.10 ± 0.15. 

(a) À= 0.00 (b) À= 0.01 

10~'-.1 -~--~10-~~100 _ __, 

1· 

(c) À = 0.05 

Figure 8.9: Time evolution of the ratio Z ( t) / E ( t) Jo r Re = 2000. 
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The situation Re = 2000 (figure 8.9) shows for the no-friction situation (À = 0.00) a decay rate 
a = 1.00 ± 0.10 in the first part (t :=; 6). After t = 6, a smaller decay rate is observed. For the case 
À = 0. 01, the slope equals a = 1. 00 ± 0 .10 before and after the stagnation of merger as discussed for 
the situation Re = 5000. 

8.3.4 Sealing coefficients 

Simulations were carried out for three different Reynolds numbers (Re = 1000, 2000 and 5000), 
which all showed an algebraic decay for Z / E as function of t*, shown in figure 8.10. For each 
Reynolds number, simulations were done with different values for À and different initial conditions. 

(a) Re= 1000 (b) Re= 2000 (c) Re= 5000 

Figure 8.10: Time evolution of the ratio Z ( t) / E( t) for different Reynolds numbers and different 
values for À. For a single Reynolds numbers, the decay rate is independent of the amount of bottom 
friction, when plotted against scaled timet*. 

The decay rates a are shown in table 8.1 for different values of the Reynolds number together with the 
results of the simulations by Clercx [12]. The decay rates proved to be independent of the Rayleigh 
friction À. The large uncertainties for low Reynolds numbers can be explained by the fact that the 
slopes in these simulations could not be determined uniquely. As mentioned before, different initial 
conditions were used for the simulations. The values presented in the table are based on the average 
decay rate obtained from several simulations. No relation has been observed between the friction 
parameter À and the calculated slopes. 

Re 

1000 
2000 

Clercx Simulations 

1.10 ± 0.15 
1.00 ± 0.10 

5000 0.80 ± 0.10 0.90 ± 0.05 
10000 0.70 ± 0.10 
20000 0.65 ± 0.10 

Table 8.1: Overview of the exponents a found in the literature [12] and based on simulations for 
different Reynolds numbers. 
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The data presented in table 8.1 for the different power law coefficients a is plotted as a function of 
the Reynolds number in figure 8.11. The two series can be fit individually, which is shown by the two 
parallel lines. 
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Figure 8.11: Overview of the exponents afound in literature [12] (lower line) and based on simula
tions (upper line), for different Reynolds numbers Re. Both sets of data result in a decreasing value 
for a when Re increases. 

The two data series shown in figure 8 .11 both have the same slope, but the lines are shifted with respect 
to each other. For the simulations presented in the current report, the power law fits were calculated 
for individual simulations, and later averaged over several runs. For the simulations by Clercx & 
Nielsen [12], ensemble averaging has been applied, which means that the data of the individual runs 
is averaged, and later a power fit is calculated for the averaged quantities. All simulations showed 
periods in which the quantity Z / E was constant for a certain time. The exact position of this feature 
depends on the initial conditions. When averaging over several different initial conditions, the slope 
based on the average will be smaller than when calculating the slopes of the individual runs. This 
explains why in the simulations by Clercx & Nielsen lower values were found, compared to the 
simulations discussed here. 



8.4. SPONTANEOUS SPIN-UP 75 

8.4 Spontaneous spin-up 

In several simulations, spontaneous spin-up could be observed. In figure 8.12, the angular momentum 
L is plotted versus time t for different values of the Reynolds number. For small Reynolds numbers, 
the flow is dominated by viscous dissipation, which results in a lower absolute value of L and a 
faster decay. In the case of Re = 5000, viscous effects are less important, such that larger spin-up 
amplitudes can be obtained. 
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Figure 8.12: The effect of spin-up for different Reynolds numbers. 

The simulations were repeated with slightly different initial conditions, resulting in spin-up (both 
positive and negative positive L), as shown in figure 8.13 for Re = 1000 and Re = 2000. The sense 
of spin-up that is observed does not depend on the initial conditions used. For Re = 1000, the solid 
line, corresponding to initial situation "4", shows a relatively large spin-up (positive L). The same 
initia! condition shows nearly no spin-up in the simulation with Re = 2000. With initia! condition 
"3", spin-up (positive L) is observed for the situation Re = 1000 and a negative value of L for 
Re= 2000. 

The angular momentum is defined by L = Lz = (r x v)
2 

integrated over the whole domain. The 
evolution of Lis, by the dependence on the velocity v, inftuenced by viscous dissipation. This decay 
can be corrected for using the energy E. 

L v 

E (v · v) = JvJ 2 

L rv ../E 

(8.7) 

(8.8) 

(8.9) 

For the situation Re = 1000, the angular momentum is plotted in figure 8.14 for different values of 
the friction parameter>.. Spin-up is observed with both positive and negative values of L, which again 
shows that the initial condition does not specify the sense of spin-up. 

In figure 8.14 (b), the corrected angular momentum is plotted up tot = 500 to show that L//E 
reaches a constant value. For other initia! conditions and Reynolds numbers, the same results were 
obtained. For larger values of Re, the time scale on which the spin-up becomes visible, both for the 
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Figure 8.13: Spin-up for different initia! conditionsfor ( a) Re= 1000 and (b) Re= 2000. 
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Figure 8.14: Angular momentum Lfor different values of the Rayleighfrictionfor Re = 1000. Figure 
( a) shows the evolution of L; in (b) the value of L is corrected for decay by vE. 

uncorrected (L, figure 8.14(a)) and corrected case (L/vE, figure 8.14(b)), is smaller, because the 
spin-up process is less limited by viscous effects. 



Chapter 9 

Comparison of the results 

9.1 Temporal sealing 

The results of the experiments and numerical simulations were determined for the scaled time t*, 
introduced by Hansen et al. [18], which is based on the sealing laws by Carnevale et al. [6] for 
different quantities of the flow. All scalings should be related toa single exponent Ç. 

In the experiments, the decay rate of Z / E was determined for different fluid depths H. The decay 
rate increased approximately linear with the fluid depth H, as shown in figure 6.14 (page 60). An 
increasing value of H will give a low er value for the friction À ( = ;;p ), and a higher value for Re,\ 
( = ~ ). In the experiments, the current density, and thus the forcing was not equal for all situations. 
The maximum velocity, and likewise the maximum vorticity w and the Reynolds number Re, scales 
approximately as,.._, H-1 . Combining the effects on À and w, the vertical Reynolds number scales as 
Re" ,.._, H. 

Based on these assumptions, the decay rate of Z / E increases linearly with the vertical Reynolds 
number. The decay rates measured experimentally range from 0.3 fora fluid layer of 4 mm to 0.55 for 
a 12 mm fluid layer. Carnevale et al. [6] showed for Z / E a sealing exponent Ç =0.35 (numerical), 
while Hansen et al. [18) determined the value of 0.47 (experimental), which both are in the same 
range. The exact conditions of the experiments discussed in literature are not known. None of the 
authors mentioned describes the influence of different fluid depths. 

The numerical simulations resulted in a decay rate for Z / E which depends on the Reynolds number 
Re, hut which is independent of the bottom friction represented by À. The decay rate decreased for 
increasing Reynolds number Re, as shown in figure 8.11 (page 74). 

The experimental data showed an effect of the bottom friction on the decay rate of Z / E, which is not 
observed in the numerical simulations. This proves that besides the effect of bottom friction on the 
evolution of the flow, other 3D effects also play an important role. One of the effects is the deformation 
of the free surf ace during forcing, which results in vertical velocities, which create a secondary motion 
in the flow. 
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9.2 Spin-up 

The effect of spontaneous spin-up was observed both experimentally and numerically. Some of the 
experiments showed an angular momentum L reaching a constant value. In the corresponding vor
ticity distributions, no spin-up behaviour can be observed. The situation with a single monopolar 
vortex covering the whole domain has not been observed. Due to the large viscous dissipation at low 
Reynolds numbers and 3D effects, the single vortex situation can not be reached in the experiments 
discussed in the current report. 

For the numerical simulations, spontaneous spin-up was observed in several runs. Whether spin-up 
results in a positive or negative value of L, depends on the combination of Reynolds number Re, the 
friction parameter ,\ and the initial condition used, but cannot be predicted. The angular momentum 
L can be scaled by ../E, which corrects for decay due to viscous effects. After sealing, a constant 
value is obtained for all Reynolds numbers Re, Re;.. and different initial conditions. The final vortex 
structure is the fundamental Stokes mode, which consists of a single vortex in the centre of the square 
domain. The flow is dominated by viscous effects, which influences both the angular momentum L 
and the energy E. Because viscous effects are dominating the flow, the corrected angular momentum 
L / ...fE reaches a constant value. 



Chapter 10 

Conclusions and Recommendations 

10.1 Conclusions 

10.1.1 Experiments 

For shallow fiuid layers, H ~ 4mm, a purely exponential decay of the kinetic energy is observed. 
The decay rate measured in the experiments are in agreement with the theoretical value À = ;;p . For 
larger fluid depths, the decay is governed by two mechanisms. On one hand, an exponential decay due 
to bottom friction, comparable to the observations in shallow fiuids. The other effect is the algebraical 
decay based on the self-similarity of the flow evolution. 

The effect of bottom friction can, as shown for the case of thin fiuid layers, be presented as a purely 
exponential decay. When correcting for this, the energy E and_ enstrophy Z behave approximately 
algebraical. The slopes calculated for the corrected enstrophy Z are approximately the same for all 
experiments and fiuid depths. This indicates that the effect of bottom friction can be expressed in 
the enstrophy by an exponential dependence. A similar sealing has been introduced by Hansen et al. 
[18] who scaled the vorticity w with an exponential term to correct for bottom frictional effects. As a 
consequence, the timet also has been scaled tot*, in which the bottom friction parameter À is used. 

Replacing time t with t*, the quantities Z / E and Wmax/ VE can both be fit with a power law, which 
is not possible when using time t. The value of Ç based on the decay of Z / E increases linearly 
with the total fiuid depth H. The decay rates obtained, 0.32 ~ o: ~ 0.55, are in the same range as 
published by Carnevale et al. [6], Cardoso et al. [5] and Hansen et al. [18]. The scaled extremum 
vorticity Wmax/ VE decays independently of the fiuid depth with a decay rate of 0.22 ± 0.05, which 
is in agreement with the experiments by Cardoso and coworkers, who reported a value 0.22 ± 0.06. 
Other quantities, like vortex density p(t) and vortex radius a(t) have not been calculated. 
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10.1.2 Numerical simulations 

In numerical simulations, similar results were obtained. Also here the sealing in time (t*) proved to 
be applicable when calculating the evolution of Z /E. The values obtained for the algebraic regime 
depend on the Reynolds number and vary from 1.10 ± 0.15 for Re = 1000 to 0.90 ± 0.05 for 
Re = 5000. The decay rate decreases for increasing Reynolds numbers, which was also observed by 
Clercx & Nielsen [12] for larger Reynolds numbers (up to 20, 000). Several simulations were done 
with different values for the bottom friction parameter À. The evolution of Z / E showed, when plotted 
as a function of the scaled time t* no dependence on the value of À. 

10.2 Recommendations 

10.2.1 Experimental set-up 

When the electric current is switched off after forcing, there will still be ions moving through an 
inhomogeneous magnetic field. Can such a flow be considered as a "freely" decaying flow? A proper 
investigation of the influence of the magnets after forcing could be interesting. 

The magnets have a magnetic field which decays over typically 4 mm. When using larger fluid depths 
H, the forcing will be dependent on the vertical coordinate, which results in a strong forcing at the 
bottom and nearly no forcing at the free surf ace. What is the influence of the variation of the horizontal 
flow field in the vertical direction on the two-dimensionality of the flow? Vertical variations in the 
horizontal flow will probably induce vertical velocities, which deters the 2D-character of the flow. 
In this context, the difference between homogeneous fluid layers and two-layer stratifications can be 
investigated. What is the effect of stratification on the evolution of the flow, when correcting for the 
difference in forcing at different heights? 

10.2.2 Experiments 

For the sealing in time, it is important to have a well-defined value for t 0 . For the situation with a 
single forcing pulse, the position of t 0 was determined by the peak-value of the total kinetic energy. 
When studying continuously forced flows, the decay starts already during forcing, which makes the 
value for t0 hard to define. 

The evolution of Z / E as function of t* proved to depend on the fluid depth H. Both the horizontal 
and vertical Reynolds numbers depend on the fluid depth, so apriori, it is not possible to relate the 
different decay rates in Z / E to one of the Reynolds numbers. Further experimental research should 
be done to determine the influence of bath Reynolds numbers individually. 
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10.2.3 HPV 

The illumination with the laser showed problems with density interfaces, due to stratification, and 
surface deformations. 

The inftuence of the different parameters on the tracking result bas mainly been based on the velocity 
vector yield. The vector quality bas only been studied briefty. When using a criterion based on bath 
the vector quantity and vector quality, a better performance analysis can be done. 

The surface and interface deformations can be measured quantitatively with 3D-PTV. With this tech
nique, the velocities of the particles can be measured in the two horizontal directions, as used for HPV, 
and also in vertical direction. 
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Appendix A 

Electro-magnetic forcing 

A.1 Motions in conducting flows 

The salt solution used for the experiments measures 12% Brix, which means that 25 kg salt is solved 
in 400 liter of fresh water. The atomie mass of NaCl equals 58.5 gram/mol, so in 25 kg, there are 
2.57 · 1026 molecules NaCl. When solved in 400 liter water, this results in an ion concentration: 

n+ = n_ = 6.4 · 1026ions/m3. (A.1) 

The relation for the ion velocity : 
I 

v=--
nqHL 

(A.2) 

with 

I Current 2A = 2C/s 
n Ion concentration 6.4. 1026m-3 

q Electric ion charge 1.6. 10-19c 
H Fluid depth 0.004m 
L Width of the tank 0.52m 

Substituting these values gives the ion velocities v+ = v_ = ±10-5 mis in the direction of the 
current. The Lorentz force is given by F1 = Bqv, so with a magnetic field of about 1 Tesla, the force 
is F Na+ = F cz- = 1.6 · 10-24 N perpendicular to the current direction. 

The acceleration perpendicular to bath the current and magnetic field is 

FNa+ - 1.6. 10-24 ~ 0 042 / 2 
- 23 ~ . m s ' 

mNa+ 3.8 · 10-
(A.3) 

acz- Fcz- - 1.6. 10-24 ~ O 028 / 2 --- ~.ms. 

mcz- 5.8 · 10-23 (A.4) 
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A.2 Homogeneous and stratified fluid layers 

Single layer experiments are prepared by stirring a two-layer stratification. The total number of ions 
remains constant when stirring. The ion concentration n decreases, because fresh water is added to 
the salt solution. However, the total conducting fluid depth increases, such that the ion velocity v 
(A.2) remains the same. With the same ion charge q and magnetic field B, the forcing is the same for 
homogeneous and stratified set-ups. 

The magnetic field decreases with the vertical distance z. This means that the forcing in a single layer 
set-up is smaller than in the stratified case. In stratified fluids, the forcing takes place in the lower part 
of the fluid, where the magnetic field is relatively strong. When using a single layer set-up, the forcing 
is averaged over the whole fluid depth, with a weaker average magnetic field. 

Another problem with single layers is the dependence of the magnetic field B, and thus the forcing 
F, on the vertical coordinate z. At different levels, the magnetic field and forcing will be different, 
resulting in a horizontal velocity field that depends on the z-coordinate. 



Appendix B 

Free surface deformation 

B.1 Parabolic surface 

Fora ftuid in solid body rotation, the free surface deforms and becomes parabolic (see figure B.1). 

h(r) 

r 

Figure B.1: Parabolic free surf ace of a fluid in solid body rotation. 

Consider a stationary (fft = ü) and axisymmetric (g0 = ü) flow. For the purely azimuthal flow, the 
velocities (vr, v0, vz) are given by: 

Vr = Vz = 0, vo(r) =Or. (B.l) 

With these assumptions, the radial and vertical components of the Navier-Stokes equation simplify to 
(see appendix C): 

v2 18p _ _jj_ (B.2) 
r p8r 

0 
18p 

(B.3) ----g 
p8z 
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From these equations, the pressure p( r, z) can be calculated as 

(B.2) 

(B.3) 

(B.4) + (B.5) 

--+ 8p = pv~ = p02r --+ p = _21 p02r2 + fi(z), 
8r r 
8p 

--+ - =-pg --+ p = -pgz + h(r), 
8z 

1 
--+ p(r, z) = "2p02r 2 - pgz +constant. 

(B.4) 

(B.5) 

(B.6) 

At the free surface, z = h(r) (see figure B.1), the pressure is constant (p0 ) over the whole surface 
(atmospheric pressure). Consider two points at the free surface, one in the centre of the tank (r = 0) 
and the other point a distance r away from the centre. Bath will have the same atmospheric pressure 
po, so the r.h.s. of (B.6) should be the same for bath points: 

(B.7) 

with he the height in the centre of the tank. When (B.7) is divided by pg an expression for the free 
surface level h(r) is obtained: 

n2r2 
h(r) =he+-, 

2g 
(B.8) 

which is a parabolic expression in the radial coordinate r. Apparently, the surface of a fiuid in solid 
body rotation is parabolically shaped, independent of p. 

B.2 Surface deformation during forcing 

The electromagnetic forcing induces small counter-rotating vortices in the flow. The height of the free 
surface decreases in the centres of the vortices. When these vortices are considered as a collection of 
cells, each in solid body rotation (see figure B.2), the difference in free surf ace levels van be estimated. 

-n ~ +n t -n~ 

J; 1 h~-<2R _______ -:-----j 
Figure B.2: Surf ace deformation when forcing the flow. 

The vortices have a characteristic size 2R = Sem and an extremum vorticity of approximately Wmax ~ 

ss-1, depending on the forcing protocol used. Using these values in (B.8), the difference between 
ho and he becomes tl.h = 0.08cm, which is 5 - 203 of the total fiuid depth, depending on the 
experimental set-up (forcing, fiuid depth, etc.). 



Appendix C 

Navier-Stokes equation 

C.1 The Navier-Stokes equation in cylindrical coordinates 

The three components of the Navier-Stokes equation in cylindrical coordinates are given by 

aur u~ 1 ap ( 2 Ur 2 auo ) - + (u · V) Ur - - = -- - + v \7 Ur - - - - - , 
at r p ar r 2 r2 ae 

(C.1) 

-+(u·V)uo+--=---+v \7uo+---- , auo UrU(} 1 ap ( 2 2 aur uo) 
at r pr ae r 2 ae r 2 

(C.2) 

auz 1 ap 2 
at + (u· V)uz = -p az +v\7 Uz -g. (C.3) 

In cylindrical coordinates the operator (u · V) and the Laplace operator take the following form: 

a uo a a 
(u. V) = Ur ar+-:;: ae + Uz az' (C.4) 

(C.5) 

We have assumed that ur « uo, so the first two terms on the left hand side of Eq. (C.1) are negligible. 
The second and third term on the right hand side vanish for the same reason. Axisymmetry of the 
vortex implies a / ae = 0, which makes the last term on the r.h.s. vanish. This yields 

u~ 1 ap 
r par. (C.6) 

This is known as the cyclostrophic balance. Equation (C.2) can be reduced in a similar way, which 
yields 

(C.7) 

This equation describes the diffusion of momentum in the rand z direction. Equation (C.3) can be 
written as 

1 ap 
----g 

p az - ' 
which is recognized as the hydrostatic balance. 
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Appendix D 

Illumination using a laser 

The easiest way to illuminate the tracer particles on the free surface of the flow is by using a standard 
light source, e.g. tube-lights or a sky-spot. When using a laser to illuminate the flow, the set-up is more 
difficult. The most difficult part is to make a proper light sheet to illuminate the flow. When working 
with a laser, usually a thin sheet of light is used to illuminate the flow as is shown in figure D.I. The 
main reason for this is that the intensity within the sheet is much higher than when a larger volume 
would be illuminated. 

Laser and opties 

Camera 

Tank 

Figure D.1: Illumination of afiow using a laser sheet. 
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D.1 Laser set-up 

The opties needed to make such a laser sheet are shown schematically in figure D.2. Li and L2 are 
negative cylindrical lenses, used to spread out the laser beam in the horizontal plane. Mi,2,3,4 are flat 
mirrors. Depending on the size of the experimental set-up, the size of the light sheet can be adjusted 
by using one or two negative lenses. By rotating the lenses slightly, the thickness of the sheet can be 
adjusted. 

Figure D.2: Schematic representation of the optica[ set-up for creating the laser sheet. Li and L2 are 
negative cylindrical lenses and Mi are flat mirrors. 



Appendix E 

The eff ects of stratification 

The use of a stable two-layer density stratification enhances the two-dimensionality of the flow. Fluid 
parcels moving in the vertical direction will be driven back to their original position by the so-called 
buoyancy force. In figure E.1, the difference in energy decay is shown for a single, homogeneous 
layer and a two-layer stratification. The two-layer stratification used for this experiment has a depth 
of twice 3 mm, the homogeneous layer was 6 mm deep. 
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Figure E.1: Difference between the energy decay fora homogeneous and a stratifiedfluid layer. 

E.1 Influence on the decay 

The homogeneous layer was created by stirring the stratified layers. The salt solution is diluted such 
that the ion concentration becomes half the original value. The depth of the conducting layer in the 
homogeneous case is twice as large as that of the salty lay er in the stratified case (the fresh water lay er 
can be neglected for conduction). The total number ions is the same in both experiments. The total 
forcing remains, with respect to the currents, the same, as explained in appendix A. In the stratified 
case, the forcing is at the bottom, where the magnetic field is strong. In the homogeneous case, the 

91 



92 APPENDIX E. THE EFFECTS OF STRATIFICATION 

flow is forced over the total fluid depth, with a much smaller magnetic field in the top part of the layer, 
which results in a smaller total forcing of the flow in the homogeneous case. 

In figure E. l, there is no large difference in energy decay visible. The energy is normalised by the 
value for t = 0, to make a better comparision. One of the reasons might be stirring of the fluid which 
takes place during forcing. When forcing the flow, the interface will deform and enhance mixing 
of the two layers. For the experiments, a Nd-YAG laser was used to illuminate the tracer particles. 
Because of the presence of the density interface, large reflections occurred in the image captured by 
the camera above the container. Before an experiment can be done, the laser sheet bas to be adjusted 
such that the whole flow field is clearly visible for the duration of the experiment. The measurements 
were repeated in order to get series with useful images. After several experiments, the stratification 
bas almost vanished, and the properties are comparable to that of an homogeneous fluid. 

E.2 Eff ects in stratified fluids 

The effect of the stratification can have different influences on the decay process. Some can lead toa 
steeper decay ( +) and others will lead to a less steep decay (-). 

+ The top layer of which the motion is measured, is thinner than in the case of a homogeneous 
fluid with the same total depth. This results in a larger value for À and a faster decay. 

- The top layer bas no direct contact with the bottom of the container, only indirectly through the 
bottom layer. This will decrease the influence of bottom friction on the motion in the top layer 
and results in a slower decay. 

In figure E. l no large difference can be observed. One of the reasons could be that the two pro
cesses mentioned cancel each other. Another reason might be that when the experiment was done, the 
stratification had vanished almost completely. 
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