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Abstract 
Droplet growth is studied for gas-vapour mixtures of water and heavy alkanes, at pressures up to 40 
bars and temperatures down to 230 K. The model of Young describes droplet growth in mixtures of one 
supersaturated vapour component in a supercritical carrier gas. This model was previously adapted by 
Peeters in order to make it applicable for descrihing droplet growth at high pressures. 
In this thesis, two new models are introduced for the description of droplet growth in gas-vapourmixtures 
containing more than one supersaturated vapour component. The models are an extention of the model 
by Peeters. The first 'ideal mixture' model assumes that the components that contribute to the growth 
of the droplet will form anideal mixture in the liquid phase, whereas in the second 'layered' model it 
is assumed that the droplet will consist of two separate regions, a co re of one component plus a shell of 
the other component. 
The theoretica! growth rates are compared with experimentally obtained growth rates in mixtures of su
persaturated water and nonane vapour in methane gas. A pulse expansion wave tube is used to study the 
nucleation rate ( the number of dropiets that are formed per unit time) and droplet growth ra te experimen
tally. A mixture preparation device is used to form gas-vapour mixtures of well defined composition. 
From the experiments it can be concluded that the droplet growth rate is overestimated by both models. 
The ideal mixture model is found to be unapplicable since the miscibility of liquid water and nonane 
is very poor. The agreement between the layered model and the experiments is better, but the overes
timation of the droplet growth rate is still apparent. It is expected that this deviation is caused by the 
assumptions made for the composition of the gas-vapour mixture just above the surface of the droplet, 
and that accurate phase equilibrium calculations for the droplet surface will result in a better performance 
of the model. 
For the description of phase equilibrium in mixtures of water and heavy alkanes, a theoretically based 
equation of state is also described. This so-called Lennard-Jones Statistkal Associating Fluid Theory 
(U-SAFT) translates the molecular interactions in mixtures of chainlike and associating molecules into 
contributions to the Helmholtz free energy. Using this equation of state, phase equilibrium calculations 
were carried out for pure nonane, methane and water and the binary systems methane-ethane, ethane
heptane and methane-water. The results were compared with phase equilibrium data from literature, and 
the results of the methane-water system were also compared phase equilibrium data provided by Shell. 
The U-SAFT model proved to be successful for all systems, except for the ethane-heptane system. 
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scaled Lennard-Jones diameter [m3mol- 1] 

Lennard-Jones pair distri bution function [-] 
Boltzmann's constant 
binary Lorentz-Berthelot parameter [-] 
chain length parameter [-] 
pressure [Pa] 
work [J] 
liquid molar fraction [-] 
vapour molar fraction [-] 
overall molar fraction [-] 
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Gibbs free energy [J] 
Helmholtz free energy [J] 
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dimensionless integral over three-molecule correlation function [-] 
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Cp specific heat capacity [Jkg-1] 

h specific enthalpy [Jkg-1] 

k thermal conductivity [Jm-1s-1K-1] 

q heát flux [Jm-2s-1] 

r radius [m] 
u mass averaged velocity [ms-1] 

V diffusion velocity [ms- 1] 

V diffusion coefficient [m2s-1] 

E total energy flux [Js-1] 

Kn Knudsen number [-] 
L latent heat [JK- 1] 

M mass flux [kgs-1] 

s saturation [-] 
V volume flow rate [m3s-1] 

0: coefficient [-] 
(3 experimental parameter [-] 
t:o electric permittivity of vacuum [Fm - 1] 

À mean free pathof molecules [m] 
p, magnetic dipole moment [Cs-1m2] 

Subscripts 
d droplet 
ext extinction 
g gas 
z interface 
m molar 
n normal 
rev reversible 
s surface 
sat saturation 
V vapour 
00 infinity 

Superscripts 
0 reference 
ext extinction 
l liquid 
n normal 
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Chapter 1 
Introduetion 

Phase transitions play an important role in rnany industrial and invironrnental processes. In rnatenals 
science for exarnple, a sound understanding of phase transitions and phase equilibria is extrernely im
portant for the developrnent of new alloys, cerarnics, and cornposites. Phase diagrarns provide valuable 
information about rnelting, crystallization, and other types of phase transition. In chernistry, rnany sepa
ration techniques make use of phase separation and a large difference in the equilibrium cornpositions of 
the substances involved. A recent developrnent in this field of research is the Twister Supersonic Sepa
rator. The principle applications of this technology are found in natural gas developrnents for natural gas 
liquids extraction, like water and heavy hydrocarbons. In the Twister, gas-vapour mixture is expanded to 
supersonic veloeities by a Laval tube, resulting in a ternperature drop of approxirnately 70°C. At these 
low ternperatures, sorne cornpounds (typically water and heavier gas cornponents like alkanes) condense 
into droplets. A delta-wing in the Twister creates a swirl at supersonic velocities, forcing the dropiets 
outwards to form a liquid film on the walls of the tube, and the dry gas rernains. In rneteorology, the for
mation and growth of dropiets also play important roles in the formation and growth of clouds, which is 
important for accurate weather predie ti on. 
This thesis focusses on droplet growth, which is of irnportance in nucleation experirnents. Nucleation 
precedes droplet growth, and it is a process in which srnall clusters of molecules are formed, on which 
other molecules can condense. These clusters are generally very srnall and consist of tens to hundreds 
of molecules. In nucleation and droplet growth experirnents, these clusters grow to macroscopie, and 
optically detectable, sizes, rendering the determination of nucleation rates possible. Like rnelting and 
crystallization, nucleation and droplet growth are ways fora systern to adapt to changes in environrnental 
conditions. These non-equilibrium processes enable the systern to find its way to its energetically most 
favourable state: Thermodynarnic equilibrium. 

1.1 Phase equilibrium 

A systern generally consistsof one or more phases. In the equilibrium state of the systern, these different 
phases are in rnutual equilibrium as well. The description of phase equilibria was developed frorn Gibbs 
phase rule by Bakhuis Roozeboorn at the end of the 19th centuryltZJ . Since then, it has becorne a 
very important field of research in physical chernistry. The thermodynarnic state of a systern can be 
described by the chernical potential. In equilibrium, the chernical potential of each component is equal 
in all phases present. Furthermore, uniform pressure and ternperature are required. Differences in 
chernical potential are the driving forces for all non-equilibrium processes in supersaturated gas-vapour 
mixtures. Therefore, a sound insight in the equilibrium states of these mixtures forms a basis fora better 
understanding of processes like nucleation and droplet growth. 

1.2 Droplet growth 

Hertzl6
l and Knudsenl8J were the first to analyze droplet growth, and although it has been the subject 

of study for over a century, it is a process which is still not fully understood at the present day. Droplet 
growth involves the transport of rnass (vapour molecules) towards the droplet and the transfer of energy 
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Section 1.3 Nucleation 9 

away from the droplet An accurate description of these mass and energy fluxes enables one to predict 
the droplet growth rates more adequately. The description of these two processes depends on the value 
of an important parameter, the Knudsen number K n. This number is defined as the ratio of the mean 
free path of the molecules to the diameter of the drop let. For small K n, the system can be considered 
as continuous and the growth is dominated by diffusion and conduction. For very large K n, continuurn 
theory is no longer applicable and growth is governed by kinetic theory. Now, the growth is mainly 
determined by the impingement rate of molecules onto the surface of the droplet 
In the past, several models descrihing droplet growth, valid for all Knudsen numbers, have been devel
oped for single-component droplet growth, one of which was recently proposed by Young[391 • In his 
approach, the surroundings of the droplet are divided into two different regions. The first region directly 
surrounds the drop let, and is called the Knudsen boundary layer. It has a typical width in the order of the 
mean free path of the molecules, and mass and energy transport in this region are governed by kinetic 
theory. The Knudsen boundary layer is surrounded by the continuurn region. Here, continuurn theory 
governs the transfer of mass and energy. 

1.3 Nucleation 

In this study, nucleation and droplet growth of supersaturated vapour mixtures is studied by means of a 
pulse expansion wave tube. Essentially, this is a modified shock tube in which the high pressure section 
is used as a test section. An undersaturated gas-vapour mixture stored in the test section is expanded 
adiabatically to a new supersaturated state by means of expansion waves, and nucleation will start. The 
nucleation rate is extremely dependent on the saturation. By a slight recompression, the gas-vapour 
mixture can be brought back into a state of less saturation, after which the nucleation rate is negliglible 
compared to the nucleation rate during the so-called nucleation pulse. The microscopie clusters that 
were formed during the nucleation pulse will start to grow until the equilibrium state is reached. The 
carrier gas acts as a reservoir for the latent heat of condensation, produced by the growing droplets, and 
therefore the dropiets grow isothermally, provided that the carrier gas pressure is sufficiently high. By 
measuring the light extinction and the intensity of the 90° scattered light of a laser beam due to the cloud 
of dropiets that is formed, the number density of the dropiets can be determined. This enables one to 
determine the nucleation rate experimentally. 

1.4 Thesis overview 

The theory in this thesis can be divided into two parts. Chapter 2 starts with a brief introduetion in equi
librium thermodynamics, where quantities like the chemical potenrial and the pressure are related to the 
Gibbs and Helmholtz free energies. It continues with the description of phase equilibrium calculations, 
and discusses a method, developed by Michelsen[151 

, for binary vapour-liquid equilibrium calculations. 
Chapter 2 is concluded with a detailed description of the Lennard-Jones Statistica! Associating Fluid 
Theory (U-SAFf), developed by Kraska and Gubbins[101 

[liJ • The U-SAFT model is an equation of 
state which translates the molecular interactions in a mixture of associating and chainlike molecules into 
contributions to the total Helmholtz free energy of the mixture. 
Two multi-component droplet growth models are introduced in chapter 3. These new models are based 
on the single-component droplet growth model by Young [391 

, which was adapted by Peeters[181 to make 
it applicable for high pressure growth. In the first multi-component growth model it is assumed that the 
condensing components form a ideally mixed liquid droplet, whereas in the second model the droplet is 
assumed to have a layered structure, because the assumption of ideal mixing is not always justifiable. 
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Chapter 4 discusses the experimentalset-up and procedures. A new mixture preparation device was 
used for an accurate control of the initial composition of binary and ternary mixtures of water and 
hydrocarbons. 
Vapour-liquid equilibrium calculations for unary systems of methane, nonane and water, and binary sys
tems of water-methane, methane-ethane, and ethane-heptane are compared with experimental vapour
liquid equilibrium data from literature in chapter 5. Furthermore, the two multi-component droplet 
growth models are compared with experimental growth curves for ternary gas-vapour mixtures of methane, 
nonane and water. 
The final chapter summarizes the conclusions of this thesis. 



Chapter 2 
Phase .Equilibrium 

Nucleation and droplet growth are non-equilibrium processes which enable a system to find its way to 
equilibrium. In this paper, the fundamental properties of nucleation and droplet growth of supersaterated 
vapour mixtures in a supercritical carrier gas are studied. In order to understand the non-equilibrium 
processes of these systems, it is useful to study their equilibrium states first. Droplet growth is a process 
in which a supersaturated vapour mixture condenses into one or more liquid (or solid) phases until an 
equilibrium state is reached. A property of great interest, is the composition of the vapour mixture, 
in equilibrium with one or more liquid phases. A better knowledge of this property can result in an 
improverneut of the performance of the droplet growth models described later on. 
The chemical poten ti al IJ. is the key quantity in descrihing phase equilibria. For each separate component, 
differences between chemical potentials in the different phases are the driving forces for non-equilibrium 
processes like nucleation and droplet growth. The difference between the actual chemical potential and 
its equilibrium value proves to be a measure for the saturation. A necessity for equilibrium is equality of 
chemical potential in all phases for each component. Furthermore, uniform pressure p and temperature 
T are also required. Before going into more detail about the difficulties involved with phase equilibrium 
calculations, an introduetion in the thermodynamics is in place. 

2.1 Equilibrium Thermodynamics 

In view of the equilibrium state of a system, it is useful tolook at the maximum possible work that can be 
done by the system. If the maximum possible workis done duringa change, then the change is reversible 
and the system will constantly be in equilibrium. This section introduces two thermodynamic functions, 
connected with the maximum possible work at constant temperature. The first law of thermodynamics, 
applied on reversible processes yields 

dU = TdS + d.Wrev· (2.1) 
The change in intemal energy dU is equal to the amount of heat absorbed by the system, TdS, plus the 
reversible work exerted on the system, d.Wrev• in which d. indicates that a change depends on the path 
between the initial and the final state of the system. T and S are the temperature and entropy of the 
system. The first thermodynamic function is defined as 

F=U-TS, (2.2) 
in which F is the Helmholtz free energy. This quantity is a measure for the maximum amount of work 
that a system can exert on its environment, when temperature and volume are kept constant. At constant 
temperature, one can write 

dF = dU - TdS = d.wrev· (2.3) 
If a system exerts work duringa isothermal reversible process then d.wrev' and consequently dF, are 
negative. The Helmholtz free energy decreases. For spontaneous processes the work that can be done 
by the system is always less than the maximum possible work, so therefore d.wrev ~ d.w. When no 
work is done by the system then d.w = 0 and dF = d.wrev is again negative. Eventually, F will reach a 
minimum value, after which it is no longer possible for the system to do any kind of work. This means 
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12 Chapter 2 Phase Equilibrium 

that if..wrev = dF = 0, an equilibrium condition. 

The Gibbs free energy Gis defined as 

G =U+ pV- TS, (2.4) 
This thermodynamic function is used more often, because it enables one to describe equilibrium at 
constant temperature and pressure rather than at constant temperature and volume. Also, as this thesis 
focuses on nucleation and droplet growth at constant temperature and pressure, it is logical to look at the 
equilibrium states at constant temperature and pressure as well. 
The Gibbs free energy can be understood as a measure for the maximum work-other than pV-work
a system with volume V can do when temperature T and pressure p are kept constant. At constant 
temperature and pressure, one can write 

dG = dU + pdV- TdS. (2.5) 
Combining the first law of thermodynamics Eq.(2.1) with the following relation for if..wrev at constant 
pressure 

if..wrev = -pdV + if..wrev,rest, (2.6) 
results in 

if..wrev,rest = dU + pdV- TdS =dG. (2.7) 
If dG = 0, then the system is in equilibrium, and only pV-work can be done, if allowed. Eq. (2.3) 
and (2.5) are expressions for systems in which the number of molecules for each component is constant. 
Generally, a system can consist of numerous components, say n, present in several phases. Each phase 
can be considered as a system in itself. But in these systems, the number of molecules of each component 
can change due to the exchange of molecules with other phases. Therefore, the expressions for changes 
in Helmholtzand Gibbs free energy have to be extended. Fora system that only exerts pV-work, the first 
law of thermodynamics can be written as 

dU = if..qrev + if..wrev = TdS- pdV. (2.8) 
This equation, together with the correction for the varying number of moles of each component, enables 
one to rewrite the equations for dF and dG, resulting in 

n (aF) dF = -SdT- pdV + 2::: BN dNi, 
i=l l T,V,N;~; 

(2.9) 

and 

n (aG) dG = -SdT + V dp + 2::: BN· dNi. 
i=l l T,p,NN; 

(2.10) 

The partial derivatives in the right hand side of both equations denote the change in free energy if the 
number of moles Ni of component i changes, while all other quantities remain constant. These partial 
derivatives define the chemical potential. 

2.1.1 Chemical potential 

The chemical potential J.Li of component i is equal to the change in free energy, when the number of 
moles Ni of this particular component changes. Eq. (2.9) and (2.10) are by definition 
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n 

dF ~ -SdT- páV + L /-ti [T; V; N1, .. , Nn] dNi, (2.11) 
i=l 

and 

n 

dG~ -SdT + Vdp+ Ll-'i [T;p;N1, .. ,Nn]dNi. (2.12) 
i=l 

It is important to note that the chemical potential in the equation for the change in Helmholtz free energy 
is a function of temperature, volume and number of moles of each component, whereas in Eq. (2.12) it 
is a function of temperature, pressure and the number of moles of each component. Because nucleation 
and droplet growth in supersaturated vapour mixtures are often studied at constant temperature and 
pressure, the Gibbs free energy seems to be the most appropriate for descrihing the equilibrium state of 
these mixtures. The chemical potential of each component can be calculated using an equation of state 
(EOS), and is equal to 

~-tdT;p; N1, .. , Nn] = (%~.) , (2.13) 
t T,p,Ni'i'i 

when an equation of state in terms of the Gibbs free energy is used. From an EOS in terms of the 
Helmholtz free energy, the chemical potential can be calculated with 

1-tï [T; V; N1, .. , Nn] = ( :;. ) (2.14) 
t T,V,NN; 

A system at constant temperature and pressure is in equilibrium when the chemical potential I-ti of 
component i has the same value in all phases, for all components. Note that the chemical potentials of 
the different components are not necessarily equal. 

2.1.2 Pressure 

Unfortunately, mixtures are rarely described by means of an EOS in terms of the Gibbs free energy. 
More often, literature cites equations of state in terms of the Helmholtz free energy. Later on in this 
chapter, such an EOS will be introduced for mixtures of water and alkanes. The Helmholtz free energy 
is related to the Gibbs free energy by 

F = G- pV, (2.15) 
which follows from Eq. (2.2) and (2.4). If the EOS for the Helmholtz free energy is given, an equivalent 
equation of state in terms of the pressure is needed . This equation can be derived from the Helmholtz 
free energy, and is given by 

p[T;V;N1, .. ,Nn] =- (~~) , (2.16) 
T,Ni 

which follows from Eq. (2.9) when both temperature as wellas the number of moles of all components 
are kept constant. Provided that an appropriate equation of state is given in terms of the Helmholtz free 
energy for a certain mixture, the equilibrium compositions can be calculated for all phases, at given 
temperature and pressure. 
Because the EOS that is discussed later on gives the molar Helmholtz free energy, using molar fractions 
insteadof the number of mol es, it is convenient to rewrite the expressions for the chemica! potential and 
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the pressure, derived from the Helmholtz free energy, in terms of rnalar quantities. 

2.1.3 Chemical potential and pressure in termsof molar quantities 

The rnalar fraction X i of component i in a mixture that consistsof n componentsis equal to Xi = Ni/ N, 
where the total number of rnales N = N 1 + .. + Nn. The rnalar fractions add up to unity, rendering 
(n- 1) independent fractions for n components. The rnalar Helmholtz free energy Fm is then given by 

Fm [T; VmiXl, .. ,Xn-1] = F [T; V; N1, .. ,Nn] jN, (2.17) 
where the rnalar volume Vm = V/ N is used. The expression for the chemical potentlal becomes 

Jl.i [T; Vm; X1, .. , Xn-1] 

(8(NFm)) 
oN, 

T,V,Ni>Fi 

F. +({)Fm) _n~lx·(8Fm) -V. ({)Fm) 
m 8x · L..." J 8x · m {)V, • 

' T,Vm,x~>Fic#n j=1 ' T,Vm,X~>Fi>Fn "' T,x~ 

(2.18) 
A more detailed denvation of this equation is given in appendix A.l. The expression for the pressure in 
terms of rnalar quantities becomes 

(
8Fm) p [T; Vm; Xl, .. , Xn-l] =- av. . 

m T,xk 

(2.19) 

These two equations can again be rewritten, this time in terms of rnalar density Pm = 1 /V m and rnalar 
fractions, resulting in 

and 

[ 2 (8Fm) pT;pmiXl, .. ,Xn-l]=pm B . 
Pm T,xk 

(2.21) 

respectively. Eq. (2.20) and (2.21) will be used for phase equilibrium calculations later on. 

2.1.4 Chemical potential and fugacity 

Instead of the chemical potential, another quantity, related to the chemical potential, is aften used to 
describe phase equilibria. The fugacityFi of component i is defined as 

J.ti = J.t?+RTln(Fïf:P{) (2.22) 
= J.t? + RTln (xicf;ipf:P{), 

where epi is the fugacity coefficient of component i. J.t? and :P{ are the chemical potenrial and fugacity 
of component i at some reference state. Note, that the variables on which the chemical potential, and 
therefore also the fugacity, depends, are left out. 
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2.2 Phase equilibrium calculations and phase diagrams 

The state of a mixture that consists of n components and r phases is determined by temperature, pressure 
and the molar fractions of the n components in the r different phases. The number of variables is 
therefore 2 + nr. Molar fractions have to add up to unity, resulting in r relations. In equilibrium, the 
molar fraction of each component in one phase is connected to its molar fraction in all other phases by 
equality of the chemical potential of that component. This leads to n ( r - 1) relations for n components. 
The number of variables that can be chosen arbitrarily is therefore equal to 

f = (2 + nr)- r- n (r- 1) = n + 2- r. (2.23) 
This is Gibbs' phase rule, where f is the number of degrees of freedom fora system that consistsof 
n components and r phases. When the number of components in a mixture is known, the number of 
degrees of freedom depends on the number of phases only. In principle, the variables that one can choose 
are arbitrary. 

2.2.1 Unary systems 

Suppose that a system consists of only one component, which implies 3 - r degrees of freedom. If 
only one phase is present then there are 2 degrees of freedom left. One can choose temperature Ta and 
pressure Pa, for example. Then, the molar density Pm can be calculated by. 

P [Ta; Pm] =Pa· (2.24) 
This expres si on follows from the equilibrium condition for uniform pressure. When the system is divided 
into two phases, only one variable, temperature Tc for instance, can be chosen. Now, there are two 
unknown densities, and therefore a set of two equations is needed to solve the problem. 

{ 
1-LI fTa; p~] = 1-LII tTa; p{,[1 (2.25) 
PI T. . PI = Pil T. . Pil a, m a, m 

where the first equation results from the requirement that the chemica! potential has to be equal in both 
phases. If there are three phases, no variabie can be choosen freely and six equations are needed to solve 
for three unknown densities and temperatures. Obviously, three phases (at the triplepoint) is also the 
maximum number of phases that can coexist in a unary system. 

2.2.2 Binary systems 

A binary system has a maximum of 4 - r degrees of freedom. In each phase, the molar fractions have 
to add up to unity. Therefore, each phase has a maximum of one unknown molar fraction. Por the 
case that the mixture consists of one uniform phase, three variables can be chosen. When choosing 
temperature, pressure and molar fraction of one component, the molar density of the mixture remains 
to be calculated. The method to calculate the density of a single-phase binary mixture is similar to the 
method of calculating the density of a single-phase unary system, discussed in the previous section. Por 
a binary system consisting of two phases, two degrees of freedom remain. When choosing temperature 
Ta and pressure Pa, the can be solved by optimization of the following set of equations: 

{ 

uilT. ·pi · xit = ,JI fT. ·pil· xll] 1""1 a, m' 1 1""1 a, m' 1 
lil T.. PI. XI = "II T.. Pil. XII 
1""2 a' m' 1 1""2 a' m ' 1 

PI T. . pi . XI = p a, m' 1 a 

Pil [T.. pil. x IJ = p a, m' 1 a 

(2.26) 
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where t-tf is the chemica! potenrial of component i in phase k, which is dependent on the molar density 
P':n and fraction of the first component x~. Of course, equality of pressure in both phases is also necessary 
for equilibrium, stated by the last two equations. Unfortunately, solving this set of (often non-linear) 
equations is far from straightforward. One of the main problems is caused by the nature of molar 
fractions. They must add up to unity, hereby constraining the optimization. Furthermore, the chance 
of finding the compositions and densities of both phases depends on l:he quality of the initial estimates 
for these quantities. If the quality of these estimates is poor, one is very likely to find no solution at 
all, or the trivial solution, where p:-n = p:i{ and x{ = xfl. In binary mixtures, three- and four-phase 
coexistence also occurs. However, phase equilibrium calculations for.more than two phases will not be 
considered bere. Only two-phase vapour-liquid equilibria in unary systems and binary mixtures of water 
and alkanes are considered in this thesis. 

2.2.2.1 Initial estimates 

Experimental phase equilibria data can be used to give good initial estimates for the solutions of phase 
equilibrium calculations, but when such data is not available, one bas to rely on theoretica! methods 
to find initial estimates. A popular theoretica! method, is the phase stability analysis using the tangent 
plane criterion, developed by Michelsenr141 

• Application of this metbod normally leads to very good es
timates for the equilibrium compositions of l:he coexisting phases. Furthermore, it gives l:he number of 
phases in which a system is split at certain conditions. This is very important, because the number of 
phases determines the number of unknowns and therefore also the number of equations needed for the 
phase equilibrium calculations. Not knowing the number of phases in advance, is actually an impor
tant problem connected with phase equilibrium calculations. Unfortunately, Miehelsen's phase stability 
analysis is not easily applicable when an EOS in terms of the Helmholtz free energy is used. 

2.2.2.2 Direct substitution metbod 

Provided that good estimates are given for the two-phase vapour-liquid equilibrium of a binary mixture, 
l:he set of equations (2.26) can be solved numerically. However, l:he constraint on the molar fractions 
limits the use of most optimization routines and makes it almost impossible to solve the problem in its 
present form. A common metbod for solving two-phase vapour-liquid equilibrium calculations is the 
metbod of direct substitution rtsJ . 
This mel:hod uses the property that l:he overall number of moles of each component i is conserved. 
Suppose that the overall molar fraction of component i is equal to Zi. The molar fractions of component 
i in the liquid and vapour phase are Xi and Yi, respectively. One can define the equilibrium factor 
Ki = yi/xi. Now, material balance constraints yield 

Xi = zi/ (1 + (Ki- 1) V), (2.27) 
and 

Yi = Kizi/ (1 + (Ki- 1) V), (2.28) 
where V is the vapour phase fraction. The value of V corresponding to an assumed set of K -factors is 
found solving 

2 2 

F [V] = L (Yi - x i) = L Zi ( Ki - 1) / ( 1 + ( Ki - 1) V) ~ 0, (2.29) 
i=l i=l 

because the molar fractions in both phases still have to add up to unity. Using the definition for l:he 
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fugacity, Eq. (2.22), equality of chemica! potential for component i in both phases results in 

XicP~ [Ta;p~;x] p1 [Ta;p~;x] = Yi<Pi[Ta;p:'n;y]pv [TaiP:'n;y]. (2.30) 
The fugacity coefficient and pressure are dependent on molar fraction and density of the liquid (l) and 
vapour ( v) phase. Recalling that the pressure p1 and pv in both phases have to be equal to the chosen 
pressure Pa• Eq. (2.30) can be written as 

{ 

<Pi [Ta; p~; xset] = K~q<PY [Ta; P:'ni yset] 
cP~ [Ta; p~; xset] = K;q<P~ [Ta; p~; yset] 
Pl ~Ta; p~; xset~ =Pa (2.31) 

Pv T. . pv . Yset = p 
a, m' a 

where K;q = y:q j x~q. So, the molar fractions, xset and yset ,corresponding to the value of V found from 
Eq. (2.29) are calculated from Eq. (2.27) and (2.28), and are substituted in the set of equations (2.31). 
K:q is evaluated from the thermodynamic model, using the set of equations (2. 31 ). If the resulting 
Ki does not agree with the assumed one to within a desired accuracy, the process of substitution is 
repeated, starting with Ki = K:q. Once the equilibrium factor bas the desired accuracy, the equilibrium 
compositions of both phases are found, together with the corresponding densities. 

2.2.3 Ternary systems 

Phase equilibrium calculations for temary mixtures are again more complicated. However, knowing the 
equilibrium states for temary mixtures of methane, water and heavy alkanes, for example, is very likely 
to be important in view of predicting droplet growth rates in· these systems correctly. Therefore, phase 
equilibrium calculations for temary mixtures are also expected to be the subject of future studies. The 
direct substitution metbod can be extended for multipbase multi-component systems, as was done by 
Michelsen[151 • Starting the calculation with good initial estimates for the equilibrium compositions and 
densities of all phases becomes more important when more unknowns are involved. Furthermore, when 
no experimental data is available, it is difficult to predict the number of phases at certain conditions, 
and therefore also the number of equations needed. In this case, it is very important to have a good 
theoretica! metbod to predict the number of phases, like Miehelsen's multipbase stability analysis[141 , 

becomes more important as well. 

2.2.4 Phase diagrams 

Results of phase equilibrium calculations are presented in phase diagrams. For a unary system, the 
temperature can be correlated to the density, illustrated by Fig. 2.1 
In this figure, the two-phase coexistence can be clearly seen. The lines represem the equilibrium densities 
for both phases at certain temperature (and pressure). The region between these lines is thermodynami
cally unstable, and is called the coexistence region. The point at which the two coexistence lines join is 
called the critica! point. At the critica! point, one cannot distinct the vapour from the liquid. The graph 
doesn't give any information about the pressure. In Fig. 2.2 the pressure is plotted against temperature. 
This graph gives information about the equilibrium pressure of one phase coexisting with another, at a 
certain temperature. For binary systems, pressure ( or temperature) can be plotted against molar fraction, 
as shown in Fig. 2.3. 
The coexistence lines are called p-x isotherms, when the temperature is kept constant, and T-x isobars 
when.the pressure is kept constant Again, a system is thermodynamically unstable in the region between 
the coexistence lines and it also splits into two separate phases. p-x and T-x diagrams give information 
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Figure 2.1: Vapour- liquid coexistence line for pure methane: ( •) Critical point 
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Figure 2.2: Vapour pressure curve for pure methane: ( •) Critical point 
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Figure 2.3: Coexistencc region of a methane/ethane mixture at T=199.92 K 
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about the equilibrium composition of a certain vapour mixture coexisting with one or more liquid phases, 
for all possible conditions. 

2.3 Equation of state: LJ -SAFT 

Of course, the physical relevanee of phase equilibrium calculations depends on the quality of the equa
tion of state. Because the behaviour of most systems is far from ideal, a theoretica! based EOS must 
incorporate all the important physical interactions of the substances for which the calculations are car
ried out. The EOScanthen be fitted to experimental phase equilibrium data of pure substances. Using 
appropriate mixing rules, such an EOS can then be extended for descrihing mixtures. 
The Statistkal Associating Fluid Theory (SAFf) translates molecular shape and interaction into expres
sions for the Helmholtz free energy of the mixture. This approach, basedon Weetheim's theory[331 

-[
371 

, 

was used by Chapman and Gubbins[31 
, and further developed to its present form, Lennard-Jones SAFf, 

by Kraska and Gubbins[LOJ ,[liJ . The starting point is the assumption that all atoms have a Lennard-Jones 
(U) potential. 
The U-SAFf equation consistsof several residual contributions, summarized by Fm,residual• to the total 
molar Helmholtz free energy Fmin actdition totheideal gas term Fm,ideal· 

Fm = Fm,ideal+ Fm,seg+ Fm,chain + Fm,assoc + Fm,dipole · (2.32) 

FTn,a.niaotropic 

Fm,rtuiduo.l 

Fseg is the increment of the Helmholtz free energy due to the isotropie (spherically symmetrie) Lennard-
Jones interaction. The equation of Kolofa and Nezbada (KN)l91 was used to describe the U contribution. 
Another three anisotropic potential contributions are taken into account by Fm,anisotropic: 

1. The anisotropic shape of the molecules is described with the chain term Fm,chain of Chapman[21 and 
Wertheim[381 • 

2. For the short-range anisotropic attraction (hydrogen bonding, etc.), the U-SAFf association term 
Fm,assoc of Müller and Gubbins[171 was taken. 

3. The long-range electrostatic interaction of the molecules is approximately accounted for by a dipole
dipole term Fm,dipole· For the effect of polarizability a simple linear density dependenee was intro
duced, suggested by the renormalized perturbation theory (RPT) of Wertheim[311 

,[3
21 

• 

U-SAFf was first presented for pure substances by Kraska and Gubbins, and it was extended for multi
component systems. The following text will not elaborate upon the description of pure substances. 
Rather, a detailed description of all contributions to the Helmholtz free energy of a mixture is given, 
starting with the contribution by the U-segment. 

2.3.1 LJ segment term 

The atoms in the mixture are modelled by U-spheres, whereas ebains ofU-segments are characterized 
by the chain length parameter m, which is a measure for the effective length of the chain-molecule. 
Other molecules, like water, can bedescribed by only one U-segment. Each LJ-segment has two so 
called Lennard-Jones parameters. The first parameter is the diameter of the U-segment a-, thesecondis 
the attraction parameter, E. In U-SAFT, these two parameters are scaled, resulting in 



20 Chapter 2 Phase Equilibrium 

(2.33) 
and 

b=NAva-3 , (2.34) 
where kB is Boltzmann's constant and N Av is Avogadeo's number. The mixture is treated as a van der 
Waals 1-fluid (vdW1) mixture, and the Lennard-Jones parameters for such a mixture are given by the 
vdW1 mixing rules[211 • 

(2.35) 

and 

~ 1'"" ~ 
Tx = ~ L..J XiXjmimjbi/T.ïj, 

mx x 0 0 

Z,J 

(2.36) 

where mx is the fraction averaged chain length parameter, defined as 

(2.37) 
i 

Here, Xi is the molar fraction of component i in the mixture, and mi is the chain length parameter of 
component i. The parameters for the interactions between components i and j with i =I= j are given by 
the modified Lorentz-Berthelot rules: 

(2.38) 

(2.39) 

and 

(bY3 + b~(3)3 
3 u JJ 

bij = (ij 8 (2.40) 

In these equations, 71i = Eiï/kB is in fact Eq. (2.33), applied on the Lennard-Jones parameter Eii for 
component i. The dimensionless parameters kij and (ij decribe the deviation from the original Lorentz
Berthelot rules, and are fitted to experimental data for the binary phase equilibria. 
The equation of Kolafa and Nezbada[91 (KN) is used for the contri bution of the U-segments to the molar 
Helmholtz free energy. Originally it was derived for pure substances. By the use of the vdW1 mixing 
rules, it can be adapted for mixtures, resulting in 

Fm,seg = mx (FHs + exp ( -~ (p*)
2

) p* RTtlB2,hBH + RTx ~Gij (T*)i/
2 (p*)j) , 

Z,J 

(2.41) 

in which 

T* = T/Tx, (2.42) 
is the reduced (dimensionless) temperature. The reduced density p* is related to the molar density p by 
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p* = mxbxP· (2.43) 
The KN equation consists of three tenns, the first of which is the hard sphere contribution to the molar 
Helmholtz free energy Fm,Hs, given by 

(
5 11 (34- 331] + 4rJ2

)) 
Fm,HS = RT -

3
ln(1-rJ) + 2 , 

6(1-rJ) 
(2.44) 

where 

11" * 3 11 = 6p UhBH' (2.45) 
is the packing fraction. The dimensionless hard sphere diameter uhBH is given by the hybrid Barker
Henderson theory[221 • This diameter is equal to 

<7hBH = L Di (T*)i/2 + Dtn In (T*). (2.46) 
i 

The second tenn gives the correction for the fact that the van der Waals ftuid is assumed to be a mixture 
ofLJ-spheres, rather than a mixture of hard spheres. In this tenn !lB2,hBH is the residual second virial 
coefficient -also resulting from the hybrid Barker-Henderson theory- and is given by 

(2.47) 
i 

The last tenn in the KN equation is a correction tenn, fitted to numerical simulations. The KN equation 
is valid for 0.005 ~ p* ~ 1.25 and 0. 7 ~ T* ~ 6.0. All coefficients used in the LJ segment tenn are 
given in appendix C.3. 

2.3.2 Chain term 

Large molecules can be treated as ebains of spherical Lennard-Jones segments, called LJ monomers. For 
example, alkanes can be approximated by ebains ofCH2-segments connected to one anotherby covalent
like bonds, where each CH2-segment is treated as a LJ sphere. More generally, multisegmented chain 
molecules, such as the n-mer depicted in Fig. 2.4, are fonned by bonding of LJ-segments, each having 
one or two covalent-like bonding sites. 

Model 
Associating monomar 

Model 
Associating n-mer 

Figure 2.4: Modelsof a U-segment and chain molecules 

To model a chain molecule that consistsof n different LJ-segments in a specific order, a ftuid made up 
of n types of LJ-segments is introduced. After numbering the different types of segments 1, 2, .. , n, it is 
specified that segments of type 1 only bond to segments of type 2, and so on. When the stochiometric 
ratio of the different species is also present, all LJ-segments will be forced to bond, fonning the desired 
chain molecule. 
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The contribution to the molar Helmholtz free energy due to the formation of Lennard-Jones ebains is 
accounted for by the chain term, independently derived by Wertheim[381 and Chapman[21 

, based on 
first-order thermodynamic perturbation theory of associating molecules for covalent bonding between 
U monomers. In the original theory, a hard-spbere radial distribution function was used, which was 
replaced by the U radial dis tribution function in order to model the formation of U chains. For mixtures 
the contri bution to the molar Helmholtz free energy is equal to 

(2.48) 
i 

evaluated at the Lennard Jones diameter u. 1ii and Pii are the reduced temperature and density of 
component i in the mixture, defined by 

and 

Pii = XibiiP, 
respectively. gLJ is the U-pair distribution function of Johnson et al. [51 

simulation data for 0.005 :S; p* :S; 1.25 and 0. 7 :S; T* :S; 6.0, and reads 

LJ ( * T*] """ ( *)i (T*)l-j 9 r = u, Pii' ii = L....t aij Pii ii · 
i,j 

(2.49) 

(2.50) 
This function is fitted to 

(2.51) 

When the range of the reduced density is exceeded, gLJ is extrapolated linearly with the slope of 
gLJ [r = u, p';i, 1ii] at Pii = 1.25, to avoid unphysical behaviour. The coefficients aij are given in 
appendix C.4. 

2.3.3 Association term 

Some molecules, water for example, possess the possibility of making associating honds. Due to the 
orientation of the two hydrogen atoms with respect to the oxygen atom, strong short-range and highly 
orientation-dependent site-site interactions are possible. These interactions can be modelled by actding 
a number of association sites to certain LJ-segments, and defining how these association sites interact 
with the association sites of other LJ-segments. Fig. 2.5 illustrates molecular association ofU-segments 
with only one association site A. 
Thesesegmentscan only form an AA-bonded dimer when both distance and orientation are favorable. 
The association bonding strength is approximated by a square-wen potential (whose center is on the A 
site), which is characterized by two parameters. The parameter tAA is the association energy, whereas 
rAA is the association range. In principle, each U-segment can have an arbitrary number of association 
sites (labelled with capitalletters A, B, C, etc.). For each association site, it is defined how it interacts 
with association sites on other molecules. The number of association sites on a LJ-segment is denoted 
by M. Due to the anisotropic charge distribution of associative molecules, long-range electrostatic 
interactions, like dipole-dipole interaction, are also possible. 
Wertheim's equation for associating mixtures[331 

-[
371 forms the basis for the association term of U

SAFT. The association term involves a sum of contributions of all Mj sites of each pure substance j, 
weighted by the molar fraction. It reads 
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Figure 2.5: Model of U-segments with one association site A. 
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Fm,a"oc ~ RT~x; (~(In (Xi)- X!)+~;), (2.52) 

as derived by Chapman et al. [21 • XJ is the molar fraction of the molecules of component j that are not 
bonded at site a. This fraction is related to the association strength llfj of the interactions between site 
a of component j and site b of component i by 

1 
Xff = -----=-=-----

3 M; 

1 + N Av 2: 2: PiiXf llfj 
i b 

(2.53) 

Note that Xj [monomer] = xfxf .. Xr1 is the molar fraction of molecules of component j that are 
not bonded at any site, and it is therefore called the molar fraction of monomers. The reduced density 
of component i, Pii, is again given by Eq. (2.50). When mixtures that consist of only one associating 
component (1) plus a number of nonassociating components (2, 3, .. ) are considered, Eq. (2.53) can be 
solved analytically. Then, Xf is equal to 

xA _ y'1+4pt1Ll-l 
1 - 2pt1Ll 

xA _ y'HspttLl-1 
1 - 4pttLl 

The association strength tl is given by 

for two sites, X A-XB 
1 - 1 

for four sites, Xf = Xf = Xf = Xf 
(2.54) 

tl = 47rxlKHn ( exp ( THn/T) - 1) I [pi1 , Tîd, (2.55) 

where the reduced temperature Ti1 and density pi1 of component 1 are calculated using Eq. (2.49) and 
(2.50); respectively. In the expression for the association strenght, Eq. (2.55), the parameters KHn 
and THn denote the interaction range and strength involved with association (by hydragen bonding). 
I [pi1 , Tî1] is a dimensionless integral, which was fitted to an empirica! function of reduced density and 
temperature by Müller et al. [t?J , resulting in 
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I [ptl, Ttd = 
3

.
84

1
. 104 ~ aij (Ptdi (Ttdj. (2.56) 

~,J 

All coefficients involved are again given in appendix C.5. The association term is again valid for 0.005 ::; 
p* ::; 1.25 and 0.7 ::; T* ::; 6.0. When mixtures that consist of only one associating component (1) are 
considered, Eq. (2.52) reduces to 

Fm,,.,oc = RTx, ( ~ (ln(Xf)- ~f) + ";"'). (2.57) 

For water, the four-site model is the most adequate model to account for the associative properties, 
whereas 1-alkanols are more accurately modelled by the two-site model[ 101 . 

2.3.4 Dipole-Dipole term 

The effects of direct electrastatic forces between molecules can be approximated by multipolar u
expansion[41 . Only the leading term -the point dipole-point dipole potential- of the multipale term is 
included in LJ-SAFT, because it describes polar ftuids adequately. Expanding the molar Helmholtz free 
energy in powers of a certain perturbation potential gives 

Fm = Fm,o + Fm,2 + Fm,3 + ... , (2.58) 
in which Fm,o is a refence value. For polar ftuids, the second- and third-order perturbation termsof the 
molar Helmholtz free energy due to dipole-dipole interaction are calculated explicitly by expressions 
derived by 1\vu and Gubbins[271 ,[281 . Higher order terms are approximated by the Padé approximation 
due toStelland Rasaiah[231 . The molar Helmholtz free energy contribution is then given by 

Fm,2 
Fm,dipole = 1 _ F. /F. (2.59) 

m,3 m,2 
Here, F2 and F3 are the second- and third-order perturbation terms for the molar Helmholtz free energy 
contribution due to the dipole-dipole interaction: 

(2.60) 

and 

_ 327r
3 
R ~ p2 

'""' - - - biibjjbkk ( * * *)2 
Fm,3-~V ST2 L....,XiXjXkTiiTjjTkk(b··b· b· )1; 3 f..Lif..Ljf..Lk Kijk, (2.61) 

i,j,k ~J Jk ~k 

where J.Li is the reduced dipole moment of component i. The reduced temperature Ttj for i - j
interactions and the reduced density p* of the mixture are given by Eq. (2.49) and (2.43), respectively. 
Furthermore, Jij and Kijk are integrals over the two- and three-molecule correlation functions of the 
mixture. The latter can be related to the integrals for the dipole-dipole interactions of a pure fluid by 

K· ·k- (K· ·K ·kK·k) 113 (2.62) ~J - ~J J z ' 
The integrals Jij and Kij were evaluated and fitted to an empirical equation by Gubbins and 1\vu[271 , 
resulting in 
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and 

AJ (p*)2
In (Tij) + BJ (p*)2 + CJp* In (Tij) + 

DJp* + EJ In (Tij)+ FJ, 
(2.63) 

lniKij [p*,Tij]l = AK(p*)2 1n(Tij) +BK(p*) 2 +CKp*ln(Tij)+ (
2

.
64

) 

DKp*+EKln(Tij) +FK. 
The coefficients for the empirical equations are given in appendix C.6. The reduced (dimensionless) 
dipole moment of component i is related to the actual dipole moment 1-Li by 

p,"f = 1-Li (2.65) 
t J 47r~OEiimWfi' 

in which ~0 is the electtic permittivity of vacuum, whereas Eii and CTii are the Lennard-Jones parameters 
of component i. 
The effect of polarizability is taken into account by using an effective dipole moment that is state de
pendent and depends on the polarizabiliy. It has been shown by Kraska and Gubbins[101 

, that a linear 
dependenee of the effective reduced dipole moment p,~ on the density is reasonable for alkanols and 
many other associating components, and improves the model significantly. If only the self-induction of 
one associating component (1) is considered, the effective reduced dipole moment is given by 

(2.66) 
where c! is equal to 

* ct 
Ct = mubu' (2.67) 

and it is related to the cross-induetion coefficient. For water, the density dependenee of the effective 
dipole moment is highly nonlinear, as shown by Müller and Gubbins[ 171 

• Because a polynomial fit did 
not improve the accuracy, a constant effective dipole moment of p,' = 2.32 Debeye was taken to abtain 
the best agreement between the LJ-SAFT equation of state and experimental data for water. 

2.3.5 Fit parameters 

The LJ-SAFT equation contains a maximum of el_ght adjustable parameters. Six parameters are used for 
pure substances, the Lennard-Jone~parameters Tand b, the chain length parameter m, two parameters 
of the association term, KHB and THn, and the constant c*, which is a measure of the polarizability of 
the molecules. In addition to these pure substance parameters, two binary parameters are needed for the 
modified Lorentz-Berthelot rules, kij and (ij· The parameters for several pure substances and binary 
mixtures are given in appendix C.l and C.2. 

Note: 
By dimensional analysis and study of original publications, it was found that there were some incon
sistencies in the original articles by Kraska and Gubbins. Therefore, equations (2.25), (2.37), (2.41), 
(2.46), (2.47), (2.52), (2.53), (2.54), (2.56) and (2.65) are stated differently than in the original work. 
Eq. (2.50) was not defined anywhere in the original work, therefore this expression is assumed. 



Chapter 3 
Droplet Growth 

Having discussed the equilibrium-state of a mixture now the question arises what happens with this 
mixture if certain conditions, like pressure and/or temperature, are suddenly changed. More specifi
cally, consicter a mixture in equilibrium that consists of a saturated vapour at certain temperature To 
and pressure p0 . When this mixture is expanded adiabatically, both pressure and temperature drop and 
the mixture will become supersaturated. This is thermodynamically unstable, as was shown in Chapter 
2. Suppose the new temperature T8 and pressure Ps are kept constant after the expansion. The system 
will form one or more liquid ( or solid) phases, initiated by the formation of small clusters of molecules. 
This is called homogeneous nucleation. Fora detailed description of the theory the reader is referred to 
Kashchievl71 • In this theory a critical cluster-size, depending on temperature, supersaturation and sur
face tension, is defined. When a cluster is smaller than this critical size, the chance of this cluster to gain 
or to lose a molecule is equal. If a cluster grows larger, it will form a stabie droplet when, for example, 
a liquid phase is formed. 
This droplet will continue to grow until the system is in equilibrium again. In Fig. 3.1 it is schematically 
shown what happens if a binary mixture at T0 and Po is expanded adiabatically to T8 and Ps where, in 
equilibrium, a liquid phase coexists with a gas phase. Initially the composition of the mixture is z1 . 

Figure 3.1: Adiabatic expansion of a binary mixture 

The adiabatic expansion is illustrated by the curve pp'. Q and R are the equilibrium compositions for 
the gas and liquid phase for this binary mixture at T8 and p 8 • In this chapter the formation of a liquid 
phase by droplet growth is considered for a mixture that consists of a sub-critical carrier gas and one 
or more supersaturated vapour-components. The question is: What is the growth rate for a droplet at 
certain conditions, e.g. temperature, pressure and composition of the mixture? Droplet growth involves 
mass transfer towards and energy transfer away from a droplet The description of these two processes 
depends on the value of the Knudsen number, defined as 

26 
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À 
Kn = 2rd· (3.1) 

Here, À is the mean free path of molecules and r d is the radius of the drop let. For small K n the system 
can be considered as continuous and the growth is dominated by diffusion and conduction. This case 
was first decribed by Maxwell[131 

• When the Knudsen number is large, continuurn theory is no longer 
applicable and growth is governed by kinetic theory, first described by Hertz[61 and Knudsen[81 • Now, 
the net transport of individual vapour-molecules towards the droplet is responsible for the growth. 
When - just after the formation of a stabie cluster by homogeneaus nucleation - the process of droplet 
growth begins, the radius of the droplet can be very small (in the order of nanometers). Therefore 
the Knudsen number will be very large. When the droplet grows larger K n deercases and diffusion 
becomes more important. Hence, both regimes - large and small K n - play a role in droplet growth. 
Furthermore it is also necessary to account for intermediate Knudsen numbers, Kn = CJ (1). Here, 
the transition between the kinetic and continuurn limits takes place and, accordingly, it is called the 
transitional growth regime. 
There are several growth models that describe this transitional growth, one of which is by Young[391 

• 

This model was adapted by Peeters[181 to incorporate real gas effects in order to make it applicable for 
high pressure growth. In the next chapter this model is extended for multi (vapour) component growth. 
A more extensive discussion about single component growth is given by Peeters et al. [181 

• 

3.1 Multi-component growth model 

As an introduetion into multi component growth, single component growth is first briefly discussed. 

One Component 
Young's original model treats a spherical droplet and its spherically symmetrie environment as if the 
wholeis divided into three regions, as shown in Fig. 3.2. The first region, the droplet itself, consistsof 
a homogeneaus liquid phase with uniform temperature Td, uniform internat pressure p1, and radius rd. 
These two assumptions hold when the time it takes for the processes in the droplet to reach a steady state 
is short compared to the time it takes for the surroundings to adapt to changes and when it is assumed 
that the droplet is in mechanical equilibrium with the gas phase. 

Continuurn region 

Figure 3.2: Schematic view of the Young model 

Furthermore, for the gas phase at the surface of the droplet, thermadynamie equilibrium is assumed, at 
temperature Td and pressure pl. This determines the vapour fraction Yvs for the supersaturated compo
nent. The Knudsen boundary layer (second region) is situated directly outside the droplet It bas a width 
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of the order of the mean free path of the molecules and its radius is given by 

r· 
_!.. = 1 + 2{3K n. (3.2) 
rd 

According to Young[391 
, the coefficient f3 has a best fit value of f3 = 0. 75. The third region is the region 

in which continuurn theory is applicable. It starts at the interface i at radius ri - with temperature Ti and 
vapour-fraction Yvi - and extends to infinity where the temperature and vapour-fraction are equal to Trx; 
and Yvoo respectively. 
Of course, the difference between the fractions Yvs and Yvoo as well as the difference between the tem
p~ratures Td and Too. are the driving farces for the droplet growth. They determine the total mass flux 
Mand energy flux E. The directionsof these fluxes arealso indicated in Fig. 3.2. The growth is con
sidered to be quasi-steady, which means that changes far away from the droplet are slow compared with 
the changes in the direct environment of the droplet Conservation of mass yields that the total mass flux 
through the continuurn region is equal to the total mass flux through the Knudsen boundary layer. By 
conservation of energy also the total energy fluxes in both regions are equal. 

n Components 
Extending the growth model to account for ( n - 1) supersaturated vapour components in a sub-critical 
carrier gas yields several problems. One is the location of the interface i, because its radius ri is related 
to r d by the Knudsen number. K n is dependent on the mean free path of molecules, as can be seen in 
Eq. (3.1). The mixture consistsof different types of molecules and they all have different mean free 
paths for mass and heat transfer, depending on the molecular masses of the different molecules and their 
interactions. Therefore, the location of interface i is not uniquely defined. This complicates numerical 
calculations enormously. Peeters et aU181 have shown that, if for each vapour molecule the ration of its 
mass to the mass of the carrier gas molecule is between 0.43 and 86, the mean free path for the whole 
mixture is approximated very well by the mean free path of the carrier gas. This reads 

À-
1 

(3.3) 
- ng~1ry"i. 

In this expression the number density n9 of the carrier gas molecules is obtained from the carrier gas 
density, and the callision diameter d9 is taken to be the Lennard-Jones diameter of the carrier-gas. 
Another problem arises when two or more components are not miscible in liquid form, leading to the 
formation of more than one liquid phase in equilibrium. Is the processof growth too fast for the de mixing 
to take place? Do these liquid phases grow separately? Do they grow combined, for example in a layered 
structure? The latter case is discussed later on in this chapter, because experiments do seem to indicate 
that miscibility is influencing the growth rates and layered growth actually takes place. For the time 
being ideal mixing is assumed in the liquid phase. 
Fig. 3.3 shows how Young's model can be extended for (n - 1) condensing components. The total 
mass flux is split into mass fluxes M1 , .. , Mn-l for each vapour component separately. This is not easily 
possible for the total energy flux as will be shown later, but fortunately, this is not necessary also. 
Extension of the one-component model is straightforward in termsof the fractions; Yv18 , •• , Yvn_ 1 s at the 
surface of the droplet, Yv1 i, .. , Yvn_ 1 i at the interface i and Yv100 , •• , Yvn_ 100 in the far field. The droplet, 
which previously was a pure fluid, now is an idealliquid mixture of composition xh, .. , x 1n_

2
• Note that 

assumed is that the carrier-gas does not dissolve and therefore is notpresent in the droplet Because 
fractions have to add up to unity, this results in (n- 2) independent fractions inside the droplet 
By using the assumptions made, new expressions for the mass and energy fluxes can be derived. Detailed 
derivations are given in appendix A.2. The following sections highlight the most important steps. 
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Continuurn ragion 

x".~···\.,
~ 
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Figure 3.3: Schematic view of the multi-component growth model 

3.1.1 The continuurn region 

29 

In this region transport processes are governed by continuurn fluid dynamics. Conservation of mass and 
energy for a time-independent spherically symmetrie problem yields 

(3.4) 

:r [r2
pu ( h + ~

2

) + r2q] = 0, (3.5) 

neglecting viscous effects. The (mass) density p, the mass averaged velocity of the medium u, specific 
enthalpy h and the heat flux per unit area q are dependent on the radius r. For small Mach numbers 
( « 1), conservation of momenturn results in a uniform pressure throughout the gas phase. 

Mass Flux 
The mass flux in the continuurn regime is dominared by diffusion. What exactly are the veloeities 
involved? First there is the mass averaged velocity of the gas-vapour mixture u, which is directed 
towards the droplet Furthermore there are the diffusive veloeities of the vapour and the carrier gases Vv 

and v9• Recognizing that p = Pv
1 
+ .. + Pv,._

1 
+ p9, and by conservation of momentum, one arrives at 

the following relation 

Now Eq. (3.4) can be reformulated as 

n-1 

2::.:: Pv; Vv; + P9Vg = 0. 
j=1 

! r 2 
'?=Pv; (u+ Vv;) + r2

p9 (u+ v9 ) = 0. 
[ 

n-1 l 
J=1 

(3.6) 

(3.7) 

Neglecting the velocity of the droplet surface and taking into account that the carrier gas does not con
dense.results in u+ v9 = 0. Integration of equations (3.4) and (3.7) gives two expressions for the mass 
fluxM 

n-1 

M = 47rr2 pu = 47rr2 2::.:: Pv; (u + Vv;) = constant. 
j=1 

Combining Eq. (3.8) and Fick's law for diffusion in the form 

(3.8) 
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d [Pv·] Pv; Vv; = -p'Dj dr --:- , (3.9) 

where V j is the binary diffusion coefficient for component j in the carrier gas, results in the following 
expression 

( 

1 n-1 ) n-1 d [p ] 
M 1 - - L Pv; = -47rr2 L p'Dj dr __3!!_ • 

p j=1 j=1 p 
(3.10) 

This expression, also derived in appendix A.2, can be rewritten in terms of mass fractions, defined as 

~ "' Pv; (3 11) Yv· = -. · 
' p 

Before continuing with Eq. (3.10) one has to consicter that the mass-fractions for the vapour compo-
nents are small compared to the mass fraction of the carrier-gas, in all cases considered in this work. 
This means that the effective mass density of the mixture is close to the mass density of the carrier gas 
and therefore the summation in the left term of Eq. (3.10) is negligible. Furthermore, the binary dif
fusion coefficient 'Dv; is inversely proportional to the total molar density of the mixture. The effective 
molar mass of the mixture is close to the molar mass of the carrier-gas, again assuming that the mass 
fractions of the vapour components are small. Therefore, mass density times the diffusivity coefficient 
is approximately constant in r. The binary diffusion coefficient is also dependent on temperature, but 
this effect is also negligible due to the fact that the relative temperature differences over the continuurn 
region turn out to be small. Finally, rewriting Eq. (3.10) leads to 

· n-1 

-
4
M 2 dr = ""pVv.dYv·· 
7rr L.J ' ' 

j=1 
Integration over the continuurn region yields 

n-1 

M = 41rrip l: 'Dv; (Yv;i- Yv;oo) 
j=1 

n-1 

~ l: .Mi. 
j=1 

(3.12) 

(3.13) 

This means that the total mass flux is equal to the sum of mass fluxes of each condensing component; for 
small vapour mass fractions the mass transport by diffusion for one vapour component does not depend 
on the presence of another. 

Energyflux 
The equation for the conservation of energy, Eq. (3.5) can be integrated to 

Ë=47rr2pu (h+ ~2 ) +47rr2q=constant, (3.14) 

where the first term one the right hand side takes into account the energy transport by convection. The 
heat flux per unit area q can be written as 

dT n-1 

q = -k dr + Lhv;Pv;Vv; + hgp9vg, (3.15) 
j=1 

which is a sum of the heat transport by conduction and the diffusive energy transport. The specific 
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enthalpy of the mixture is given by 

h = ~ (P;;) h,; + (::) h9 • (3.16) 

Equations (3.15) and (3.16) are then substituted into Eq. (3.14) Using the fact that the specific enthalpy 
for each component is equal to hv; = cp,v; T and neglecting the kinetic energy of the mass averaged 
velocity of the gasmixture, the following expresion for the energy flux can be derived (see appendix 
A.2): 

n-1 
E = 47rr2T I: Cp,v; Pv; (u + Vv;) - 47rr2 k fr 

j=1 
n-1 • 2d:I' 

=TL Cp,v;Mj- 47rr k dr. 
j=1 

lntegrating this equation over the continuurn region yields 

( 

Ë - Ti ~E
1 

Cp,v; Mi l ~E
1 

Cp,v; Mi 
1 

J=1 J=1 
n = - =-----,--::---

. n-1 . 47rkri 
E - Tç>O L Cp,v; Mj 

j=1 

(3.17) 

(3.18) 

Conduction is assumed to dominate the process of energy transport in the continuurn region. Therefore, 
T(Cp,v1 M1 + .. + Cp,vn-l Mn-d « Ë. Asecondorder Taylor expansion results in the final expresion 
for the energy flux in the continuurn region 

n-1 
. 1 """" . E = 2 {7i + T00 ) L." Cp,v;Mj + 47rkri (1i- T00 ). 

j=1 

(3.19) 

The first term on the right hand side denotes the energy transport due to mass transport, whereas the 
second term is the heat transport by conduction. The coefficient of conduction k is considered to be 
approximately constant throughout the continuurn region. 

3.1.2 Koudsen boundary layer 

As collisions between molecules in the Knudsen boudary layer are rare, a distinction can - and must 
- be made between the condensing and evaporating molecules. Molecules leaving the surface of the 
droplet are assumed to have a Maxwellian velocity distribution while for the incoming molecules Young 
assumed a Grad velocity dis tribution to be more appropriate[39

J • A more extensive discus si on about these 
velocity distributions is given by Peeters et al. [tsJ • 

Mass flux 
For each component the flux of mass from the droplet to the gas mixture is given by 

. . + . -
M1· = aev v·Mv· +aeon v·Mv·. (3.20) 

' J J ' J J 

where M;}: is the mass transport due to the evaporation of molecules from the drop let, whereas .M;;. is the 
' ' mass transport due to condensing and reflecting molecules. aev,v; and acon,v; are the probabilities fora 

vapour-molecule to escape from or to condense onto the droplet. In appendix A.2, a detailed denvation 
of the following expressions for M.v+ and .M;;. is given, the result of which is 

' ' 
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(3.21) 

and 

· _ 2 Pv;iRv; 1i r~ · 
Mv ~ -41frd + - 2 M;. (3.22) 

; yf21fRv;Ti 2ri 
Substitution of equations (3.21) and (3.22) into Eq. (3.20) yields 

M· (1- r~) -4 2 [ Pv;sRv;Td - Pv;iRv;Ti l 
J acon,v; 2rl - 1fr d aev,v; J27r Rv; Td acon,v; J27r Rv; Ti . (3.23) 

What remains to be denved is the expression for the energy flux through the Knudsen domain. 

Energyflux 
Following the same arguments Peeters et al. [tsJ made for one component droplet growth, the extension 
of the energy flux through the Knudsen boundary layer for more than one condensing vapour component 
is straightforward, but rather lengthy. Again, only the important steps in the denvation are given bere, 
and the reader is referred to appendix A.2 for more details. 
The total energy flux is equal to 

n-1 [ . . J ( R ) } j">;;
1 

aev,v; M;}; + ( 1 - acon,v;) M;;; Cp,v; - ;; Td + 

n-1 . . ( 5R.".) } 2:: E;;. + M;;. Cp,v; - T Ti + 
j=1 J J 

- M9- ( ep,9 - ~·) Td} + 
Ë-g + Mg- ( ep,9 -

5~· ) Ti} , 

Ë = 

(3.24) 

in which is accounted for the energy transport by the outgoing ( +) and incoming (-) vapour and carrier
gas molecules. The kinetic translational energy fluxes Ë;;; and Ë; are given by 

• 2 2Pv·iR~.T.? rd
2 [5Rv-1i . . ] E-,...., -4 ' ' ' +- ' M· + Q · v; - 1fT d yf27r Rv; Ti 2r[ 2 J cv;z ' (3.25) 

and 

· _ 2 2p9iR~T? r~ . 
E

9 
~ -41frd + - 2 Qcgi 1 (3.26) 

J27rR91i, 2ri 
where Qc = 47rr~qc was used. A more detailed denvation forthese two expressionsis also given in 
appendix A.2. The mass flux for the incoming molecules Mg- of the carrier-gas is equal to 

• _ 2 PgiRgTi 
M

9 
~ -41fr d (3.27) 

J27rR91i 
Substituting equations (3.25), (3.26), (3.27) and the relation for the mass transport of one vapour-
component through the Knudsen boundary layer, Eq. (3.20) into Eq. (3.24) results in (see appendix 
A.2) 
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I Unknowns I Number I 
M1, .. ,Mn-1 n-l 
E 1 

Pvti• .. , Pvn-ti• Pgi n 
Td,Ti 2 

I Total I 2n+2 

Tab1e 3.1: Nurnber of unknowns in the multi-component growth model 

E 
(3.28) 

where the total heat flux by conduction Qci results frorn the sommation of the fluxes of all cornponents. 
It can be written as 

[

n-1 l 
Qci = ~ Qcv;i + Qcgi = 47rkri (1i- Too) 

J=1 

(3.29) 

The thermal conductivity k is a mixture property, and this is the reason why the expressions for the 
total energy flux in the continuurn region as well as the Knudsen boundary layer cannot be divided into 
expressions for each individual component. Now, 2{ n- 1) equations are derived for the rnass fluxes and 
another two for the energy fluxes through the continuurn region and Knudsen boundary layer, which is 
alrnost sufficient to sol ve the growth problern for ( n -1) ideally condensing cornponents, as will becorne 
clear in the next section. 

3.1.3 Growth rate calculations 

The growth problern can be solved by rneans of a metbod called flux-matching. This rnethod uses the 
fact that rnass and energy fluxes are continuous over the interface i. Before deriving the additional 
equations, first an inventarisation of the unknown variables and available equations is appropriate. The 
unknowns are shown in Table 3.1. 
In the previous paragraphs 2{n- 1) + 2 equations were derived for the rnass and energy fluxes through 
the continuurn region and the Knudsen boundary layer, so another two equations are needed to be able 
to solve the growth problern. 

Coupling ofmass and energy fluxes 
The first additional equation relates the total energy flux to the total rnass flux. This is valid because the 
total energy flux actually is produced by the condensing vapour and therefore a coupling exists, given 
by 

(

n-1 ) n-1 n-1 

Ë =! ~Md;hd; = ~Mjhd; + LMd;hd;· 
J=1 J=1 J=1 

(3.30) 

Here, Md; is the total rnass of component j in the drop let. Assurning (quasi-) stationary growth, the 
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ternperature of the droplet Td can be considered constant. Hence, the second term on the right hand side 
ofEq. (3.30) can be neglected. The resulting equation can be rewritten as 

n-1 n-1 n-1 

È =- LMi (hv;s- hd;) + LMjhv;s =- LMi (Lj- hv;s), (3.31) 
j=1 j=1 j=1 

where Lj is the latent heat of condensation for vapour-cornponent j. 

Pressure equation of state 
The final equation relates the densities at the interface i to the ternperature 1i and is expressedas 

n-1 

L Pv;i + Pgi = Z~T.· · (3.32) 
j=1 ~ 

The cornpressibility Z ~ Z9 is calculated at pressure p and ternperature Trx; using an equation of state 
by Sychev et al. [241 - [261 • The specific gas constant R of the mixture is also assurned to be equal to R9 of 
the carrier gas. Using this set of equations the systern is complete and can be solved nurnerically. 
The growth rate can be calculated frorn the rnass flux es, using the conservation of rnass. The expression 
for the growth rate is then given by 

n-1 · 
drd _ 1 LMj 
dt - - 47rrJ j=l Pl; ' 

where pz. is the liquid density of component j. 
J 

(3.33) 

Input variables 
Having a complete set of equations for solving the growth problern, let us now take a look at how they 
can be used for actual growth calculations. The input variables are given by the far field conditions 
(Toen Pv100 , .. , Pvn_ 100 , and p900) and the rnass densities (Pv18 , •• , Pvn_ 18 , and p

98
) at the droplet surface 

plus the droplet radius rd. These variables are time-dependent Prior to a nucleation/condensation 
experiment the initial ternperature T~, and pressure p0 , are rneasured. Also, the rnalar fractions for 
the vapour cornponents, y~100 , .. , y~n- 100 and carrier-gas, Y200 , are known. During the experiment the 
dynarnic pressure p [t] is recorded. Since the expansion is assurned to be adiabatic, the ternperature is 
related to the initial pressure, initial ternperature and the dynarnic pressure by the following equation 

T00 [t] = (p[t])e 
TO 0 ' DO p 

(3.34) 

where 

R ( Too (8Z00
) ) 

f = Cp Zoo 1 + Zoo 8Too P • (3.35) 

However, the formation of dropiets and growth leads to heat release. The process therefore is no langer 
cornpletely adiabatic, and the ternperature has to be corrected. The ternperature correction is given by 

. 0 0 
dT = nCdoE Zoo~Too dt. (3.36) 

p p 
Cp[p, T] and Z00 [p, T] are the rnalar heat capacity and cornpressibility of the gas-mixture. These two 
quantities are again calculated with an equation of state by Sychev et al.[24

1 -[
261 

, which is fitted to 
ex perimental (p, V, T) data for the gases which are used as carrier gas in the nucleation/condensation 
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experiments decribed in Chapter 4. 
Due to the formation and growth of dropiets the far field composition changes in time. For each compo
nent the time-dependent molar fraction is given by 

[] 
0 Z~Rv;T! o ( o ft · [ '] ') Yv;oo t = Yv;oo - pO nd Mj + to Mj t dt . (3.37) 

MJ is the mass of component j that is allready present in the droplet at the moment droplet growth 
begins, just after homogeneous nucleation. To simplify the calculations MJ is set to zero for all j except 
for one. The vapour- component with the smallest critical cluster size is very likely the first to form 
stabie dropiets and therefore assumed is that in the beginning dropiets are pure. The size for which a 
droplet of pure component j becomes stabie is equal to 

o - 21/3 2aj 
rd·- R 1 S' ' Pl; v; n j 

(3.38) 

depending on the surface tension ai and supersaturation Sj of component j. Using the molar fractions 
resulting from Eq. (3.37), the far field mass densities of the vapour-components can be calculated by 

p 
Pv;oo [t] = Yv;oo z R T, ' 

00 V; 00 

while the expression for the far field mass density of the carrier-gas yields 

( 

n-1 ) 

Pgoo [t] = 1- LYv;oo z ~ T, ' 
j=1 00 g 00 

Finally, the vapour fractions at the surface of the droplet are given by 

fe,v;P~; ( 2a j ) 
Pv·s = Xl· exp . 

' 'ZooRv;Td Pl;Rv;Tdrd 

(3.39) 

(3.40) 

(3.41) 

This is in fact Raoults law for an ideal liquid, corrected for the surface curvature of the droplet, high 
pressures and rewritten in terms of mass density. 

3.2 Layered growth model for immiscible mixtures 

The assumption of i deal mixing for the liquid phases is not always justifiable, especially for mixtures of 
water and heavy alkanes like nonane, the substances studied in this work. Water is apolar molecule and 
therefore it prefers other polar molecules in its presence rather than the non-polar nonane molecules. 
Therefore, the mutual miscibility is very poor. Expected is that the droplet growth rate for these mix
tures is influenced by this immiscibility, but to what extent? First, a few assumptions have to be made. 
Experiments, which last for only 20 to 30 milliseconds, seem to indicate that immiscibility plays an 
important role in the droplet growth rates. Therefore it is assumed that the liquid phases separate im
mediately. What remains is the morphology of demixing during the growth process. The droplet can 
be fully amorphous, have a layered structure or, another possibility, dropiets of water and nonane grow 
separately. 
Based on the differences in interfacial tensions, a layered model seems energetically favourable. The 
layered growth model derived in this paper will be limited by taking the layered growth of only two 



36 Chapter 3 Droplet Growth 

condensing vapour components into account and it is depicted schematically in . 

conUnu.." region 
Y,.Y,.. 

1;, 

\ É 
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j~ 
I 

i 

Figure 3.4: Schematic view of the layered growth model 

The directionsof the mass and energy fluxes M1, M2, M~ and Ë are defined to be positive when directed 
outwards. In the following derivations molar water, nonane and carrier gas fractions in the gas phase 
are denoted by y1, y2 and y9 respectively, whereas for liquid water and nonane the molar fractions are 
written as x 1 and x2 • For other variables the subscripts 1, 2 and g are used in the same order. The droplet 
is divided into a core of pure water with a radius r d

1
, which is surrounded by a nonane-rich layer up to 

r d2 • The exterior is similar to that of Young's original model, consisting of a Knudsen boundary layer 
and a continuurn region. Also for this case ri is related to the total droplet radius r d2 by the Knudsen 
number, which is given by Eq. (3.1), and the mean free path is determined by Eq. (3.3). 
Again, the growth processis assumed quasi-steady and also the mass-fractions of the condensing vapour 
components must be small compared to the mass-fraction of the carrier gas. Some assumptions remain 
to be made for the interlor of the droplet 

3.2.1 Assumptions for molar vapour and liquid fractions 

For this preliminary study, it is assumed that the carrier gas is not present in both the nonane layer as 
well as in the water core. In practice, when for example methane is used as carrier gas, this assumption 
is often not justifiable, because liquid methane and nonane mix very well. In that case the nonane
rich layer will be a mixture of nonane and methane, and the diffusion coefficient for water through this 
mixture is expected to differ significantly from the diffusion coefficient for water through pure nonane. 
In future work, the actual vapour composition at the droplet surface has to determined by the vapour 
liquid equilibrium calculations discussed in the previous chapter. In this preliminary model, some basic 
assumptions are made regarding to the compositions at the droplet surface and just above the the water
care. 
All water-molecules reaching the surface of the water-core are assumed to contribute to the growth of the 
co re, therefore the molar fraction of water x 1,d

1 
just above the surface of the water-core is assumed to be 

zero. The mass flux of water in the nonane-rich layer is slightly smaller than the mass flux through the 
Knudsen boundary layer and continuurn region, because some water is stored in the nonane-rich layer. 
It is assumed that all nonane is stored in the nonane-rich layer so there is no mass flux of nonane inside 
the droplet 
The nonane and water vapour just above the surface of the droplet are assumed to be in thermadynamie 
equilibrium with its liquid counterpart, just below the surface, and the vapour fraction for nonane and 
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water can be calculated with Eq. (3.41). Of course, the vapour fraction of a certain component in a 
gas-vapour mixture can only be calculated using Raoults law when the molar fraction of that compo
nent in the liquid mixture is close to unity. By the assumptions made, this is the case for nonane, but 
definitely not for water. The assumption that the gas-vapour mixture above the surface of the droplet 
is in thermadynamie equilibrium with the liquid mixture is also not justifiable, because droplet growth 
is a non-equilibrium process. However, the chemical potentialis always spatially continuous, so, even 
when the system as a whole is not in equilibrium, continuity of the chemical potentlal at the droplet 
surface enables one to relate the vapour fractions to the liquid fractions. It is expected that the actual 
vapour composition of water above the droplet surface is several orders of magnites larger than the equi
librium composition that is used in the present model. Therefore, the actual mass flux of water towards 
the droplet due to diffusion will be smaller than the mass flux calculated bere, and it is expected that the 
droplet growth rate for combined growth will be overestimated by this model. 

3.2.2 Mass flux inside the droplet 

Inside the drop let, liquid water diffuses through a layer of liquid nonane. The conservation of mass fora 
time independentand spherically symmetrie problem, Eq. (3.4), is of course again applicable and can be 
rewritten in terms of diffusive velocities, as was done for the continuurn region. Only this time nonane 
is the 'non-condensing' component. Also, using the factthat p = Ptt + pz2 arelation like Eq. (3.6) can 
be given for the diffusive veloeities of water v11 and nonane vz2, yielding 

Ptt vlt + Pz2vb = 0. (3.42) 
With this equation the conservation of mass can be rewritten as 

! [r2ph (u+ vzJ + r2pz2 (u+ vzJ] = 0, (3.43) 

Note that u+ vh i= 0, because nonane is transporled outwarcts due to the growing water core, although 
it is not diffusing. Ins te ad, u + Vz

2 
can be approximated by 

r2 
u+vz2 ~u= ~rd1 , (3.44) 

r 
because vz2 is negliglible compared to u. In this expression r d1 is the derivative of r d1 with respect to 
the time. Integration of Eq. (3.43) leads to 

2 
'I 2 2 2 ~1. 

M = 4?Tr pu = 4?Tr Ph (u+ vlt) + 4?Tr pz2 2 rd1 , (3.45) 
r 

for the total mass flux .M' through the nonane-rich layer, and is split into two parts. As seen from a 
fixed radius between r d

1 
and r d2 , the first term on the right hand side represents the mass transport by 

diffusion of water through the layer, whereas the second term represents the mass flux induced by the 
growth of the water core. Similar to the denvation insection 3.1.1, and by the use of Fick's law for 
diffusion, an expression in terms of mass fractions can be derived for .M'. 

(3.46) 

which can be rewritten as 

(3.47) 
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I Unknowns I Number I 
M1,M2 2 
E 1 

Ml 1 

Pv, i• Pvoi' Pgi 3 

Pud 1 
Td,Ti 2 

I Total I 10 

Table 3.2: Number of unknowns in the layered growth model 

Because of the poor miscibility of water and nonane, the mass fraction of water xh is assumed to be 
very small compared to the mass fraction of nonane and therefore, (1 - xh) ~ 1. This also means that 
the mass density of water is small compared to the mass fraction of nonane, so pz ~ pz

2
• lntegration of 

the resulting expression from r d
1 

to r d
2 

then gives 

M. 1 4 r d1 r d2 V ( _ - ) 4 2 . = 1T" Pl h xhd2- xhd1 + 1rpz rd rd1· 
rdl - rd2 2 2 1 

(3.48) 

The flux of water M~ at r d1 is equal to the total mass flow M1 

at r d1 , minus the mass flow of nonane M~ 
at r d1 due to the growth of the core. 

'I 2 ' 
M2 = 47rpz2 r dl rdl. (3.49) 

Combining this equation with Eq. (3.48) results in 

(3.50) 

3.2.3 Energy flux 

Because the growth is considered to be quasi-steady, differences between the temperature of the water
core Td1 and the temperature Td2 of the surrounding nonane-rich layer are settled much faster than it 
takes the conditions in the far field to change, and therefore both temperatures are set to Td, therefore 
energy transport due to conduction is not possible. Furthermore, it is assumed that the latent heat of 
condensation of water vapour to a liquid mixture of water and nonane is aproximately the same as the 
latent heat of condensation of water vapour to pure liquid water. Thus, no energy is accompanied with 
the mass flux of water towards the co re, as will become clear in the next section. 

3.2.4 Growth rate calculations 

Again, the growth problem can be solved by flux-matching. Due to the extra layer, there are more 
unknowns and therefore more equations are needed. An inventarisation of the unknowns is given in 
Table 3.2. 
There are four equations for the mass flux es of both components in the continuurn region and the Knud
sen boundary layer, and another two for the energy fluxes in both regions. Furthermore, in the previous 
section an additional equation was derived for the mass flux of water through the nonane layer. As was 
the case for multi-component growth, two extra equations are given by the coupling of the energy flux 
to the mass flux, and the pressure equation of state, which is Eq. (3.32), applied for two condensing 
vapour components. The last equation is the conservation of mass, applied on the boundary between the 
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interlor and the surroundings of the droplet 

Coupling of mass and energy fluxes 
The expression for the mass-energy coupling, Eq. (3.31) has to be rewritten due tothefact that part 
of the water dissolves in the nonane, which is accompanied with the latent heat of condensation to a 
salution instead of the latent heat of condensation to a pure liquid. Therefore, the expression becomes 

E = .M~h~t + M2h12 + ( Mt- .M~) h~tz2 , (3.51) 
where h~tz2 is the specific enthalpy of water, disolved in nonane. hz

1 
and h12 are the specific enthalpies 

for pure water and nonane, respectively. This equation can be rewitten as 

or 

E = -M~ (hv1s- h~t)- M2 (hv2 s- hz2 )- ( Mt- M~) (hv1s- h~tb) + 
M~hv1 s + M2hv2 s + (.M1- M~) hv1s' 

(3.52) 

E = -M~Lt- M2L2- ( Mt- M~) L12 + Mthv1s + M2hv2 s, (3.53) 
where L1 and L2 are the latent heat of condensation for water and nonane. L12 is the latent heat of 
disolving water-from the vapour phase- in liquid nonane. For the time being, the difference between L 1 

and L12 is assumed to be small, so L12 ~ L1. This is a reasonable assumption because it is expected that 
the energy the water vapour needs to condense to a pure liquid phase is almost equal to the energy the 
water vapour needs to condense toa liquid mixture of water and nonane. Therefore, Eq. (3.53) reduces 
to 

E = -MtLt- M2L2 + Mthv1s + M2hv2 s, 
which is actually Eq. (3.31) for two condensing components. 

Conservation of mass 

(3.54) 

Integral conservalion of the mass for water is applied for the volume depicted in Fig. 3.5. The boundaries 
of the volume are defined by a spherical shell of fixed radius at infinity, and an inner shell moving along 
with the surface of the growing water core. 

Watar-cara continuurn region 

Figure 3.5: Specification of conservation volume 

At infinity, the amount of water that enters the volume is given by M1, whereas M~ is the amount of 
water that enters the core. The change of the amount of water inside the volume in time is approximately 
equal to the change of the amount of water inside the nonane-layer due to the growth of the layer. The 
change of the amount of water in the gas phase in time is negliglible to the change inside the layer. 
Conservation of the mass of water is therefore approximately given by 
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2 2 ) ' 'I 41rPtts (rd/'d2 -rd,rd, +M1-M1 =0, (3.55) 
where Ptts is the average density of water in the nonane-layer. The second term between brackets in the 

first term on the left hand si de is related to M~ = 411" Ptt r~, r d,, and therefore 

M. M. I (1 Pi,s) 4 - 2 . 
1 = 1 -- - 11"Pttsrd2rd2· 

Ph 
(3.56) 

Assumed is that the density Ptts [r], of the water dissolved in the nonane-layer is approximately given 
by 

[ l ( 
r d, r d 2 1 r d2 ) p r=p -- . lts ltd, r - r r r - r d, d2 d, d2 

(3.57) 

This expression follows from the assumptions made for the density of water just below the droplet 
surface <Ptts [r d2 ] = Pz,d,) and the density of water just above the water core (pz, 8 [r d,] = 0). The mean 
value of the density is then given by 

rd2 

-r ~r J Pz,s [r] dr 
d2 dl 

Td1 (3.58) 

~ (- rd
1
rd

2 ln (~) + rd). 
rd2 -rd1 Td 2 -rd1 rd2 2 

Again, the growth rate can be calculated from the mass fluxes. Is is assumed that the water which is 
dissolved in the nonane-layer does not contribute to the volume of the layer. Therefore, the growth rate 
of the droplet is determined by the mass flux of nonane M2 towards the droplet and the mass flux of 
water towards the core M~ only, and is given by 

(3.59) 



Chapter 4 
Nucleation and Droplet Growth Experiments 

The two most popular and successful set-ups for quantitative nucleation and droplet growth experiments 
are the Thermal Diffusion Cloud Chamber (TDCC), and several variantsof the Expansion Cloud Cham
ber (ECC), one of which is used in this study. A TDCC consists mainly of two plates of different 
temperature. A liquid film of the substance under study is put on the bottorn (and botter) plate. The 
temperature gradient between the two plates causes a diffusion flow. Then, in a certain region between 
the two plates, the supersaturation will be large enough for nucleation to take place. This is detected 
by means of an optical set-up. The nucleation and droplet growth rates can then be determined, using 
the known temperature gradient. In an ECC, a vapour-gas mixture is adiabatically expanded, resulting 
in a temperature drop and thus an increase in saturation. Again, an optical set-up is used todetermine 
the number density of the droplets. In this work, the Nucleation Pulse Method, first introduced by Al
lard and Kassner [LJ , later improved by Wagner and Streyl291 

, was used to study nucleation and droplet 
growth in mixtures of water and hydrocarbons. 

4.1 Nucleation Pulse Metbod 

By the use of the nucleation pulse method, a cloud of nearly equisized (monodispersed) draplets can be 
formed. The formation of these dropiets is described by nucleation theory, which will not be discussed 
in detail bere. A detailed discussion about nucleation is given by Kashchiev[7) . The nucleation rate -the 
number of stabie clusters created per unit time- J for one vapour component in a supercritical carrier 
gas, at temperature T, can be qualitatively described by 

J = Kexp (-A 
3
a

3

2 ) , (4.1) 
T ln S 

where S is the saturation, a is the surface tension of the condensing substance, and K and A are very 
large constants. Eq. ( 4.1) shows that the nucleation rate is extremely dependent on the saturation. In the 
nucleation pulse method, a peaked saturation profile is created, illustrated by Fig. 4.1. 
Starting from an undersaturated state, the saturation is increased by rapidly decreasing the pressure, 
and therefore also the temperature. The nucleation is almast entirely confined to the small peak of 
largest supersaturation following the pressure drop. After this so-called nucleation pulse, the saturation 
remains larger than one, enabling the draplets to grow to macroscopie size. The nucleation rate can 
be measured by detecting the number of macroscopie draplets with an optical set-up. The number of 
draplets that are formed after the nucleation pulse is negliglible compared to the number of draplets that 
are formed during the nucleation pulse, because the nucleation rate during the nucleation pulse is orders 
of magnitude larger than the nucleation rate afterwards. The nucleation rate is experimentally given by 

J = nd (4.2) 
D..t' 

where nd is the number density of the droplets, and D..t is the duration of the nucleation pulse. A 
saturation profile that resembles the profile depicted in Fig. 4.1, can be made by gas dynamic means, 
using a pulse expansion wave tube. Fig. 4.2 schematically shows how such an apparatus works. 
The pulse expansion wave tube consists of two parts, a high pressure section (HPS) and a low pressure 
section (LPS). These sections are separated by a diaphragm and then tilled with gas. At t = 0 the 
diagram is burst. Due to the difference in pressure of the gas in the HPS and the LPS, a shock wave 

41 
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-I 

Figure 4.1: Theoretica! saturation and pressure profile 

is generated, and it will travel into the LPS. Furthermore, a strong expansion fan will travel into the 
HPS. When the head of the expansion fan reflects at the end wall of the HPS, the pressure will drop 
rapidly until the tail of the expansion fan reflects at the end wall. The shock wave encounters a local 
widening in the LPS. As a consequence, a weak expansion fan is reflected into the HPS. After the 
widening, a local narrowing causes a recompression wave to reflect into the HPS. When reflecting at 
the end wall of the HPS, the weak expansion fan causes the pressure to drop slightly more, marking the 
begin of the nucleation pulse. This expansion is then foliowed by a recompression due to the small shock 
wave, marking the end of the nucleation pulse. After the pulse, the pressure will remain approximately 
constant, until the shock wave returns from the LPS. 
In a nucleation and droplet growth experiment, the HPS is tilled with a mixture of a supercritical carrier
gas, and one or more undersaturated vapour components. This mixture must have a well defined com
position, temperature and pressure. Then, the LPS is tilled with pure carrier gas, which bas the same 
temperature, but a considerably lower pressure. Typically, the pressure in the HPS is approximately 
twice as high as the pressure in the LPS. Together with the initial pressure and temperature of the gas
vapour mixture, this pressure difference de termines the pressure, and hereby the temperature, in the HPS 
during the nucleation pulse. Some vapour components will become sufficiently supersaturated to form 
stabie clusters within the duration of the nucleation pulse. Of course, this also depends on the initial 
composition of the gas-vapour mixture. 
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Figure 4.2: Wave propagation in the expansion wave tube with the corresponding pressure and tempera
ture signals at the end wall 

4.2 Experimental set-up 

In this study, nucleation and droplet growth experiments were conducted by means of the pulse expan
sion wave tube that is depicted schematically in Fig. 4.3, together with its peripherals. The high pressure 
section of this tube is 1.26 m in length, whereas the length of the LPS is 6.4 m. Both have an inner di
ameter of 36 mm. A widening (150 mm in lenght and a diameter of 41 mm) is positioned in the LPS, 
180 mm from the diaphragm. The diaphragm is made of polyester, and it can be burst instantly by an 
electrical pulse through a metal wire placed against the diaphragm. 
Both sections can be evacuated, after which they can be tilled with the desired gases. The undersaturated 
gas-vapour mixture is continuously prepared with the Mixture Preparadon Device (MPD) that will be 
discussed later in this chapter. It is let into the high pressure sec ti on of the tube until the desired pressure 
is reached. Then, by the use of a pressure controlled valve (UPC), the HPS is flusbed at constant pressure 
with the gas-vapour mixture until thermodynamic equilibrium with the walls of the experimentalset-up 
is reached (constant composition). The fraction of water in the gas-vapour mixture can be monitored by 
means of a Vaisali HMP234 humidity meter. The hydrocarbon content can be measured by means of a 
gas chromatograph. 
Before bursting the diaphragm, the HPS is isolated from the mixing circuit by two manually operated 
valves. Then the static initial pressure is measured with a Druck PMP4070 piezo-resistive pressure 
transducer. After bursting the diaphragm, the dynamic pressure is recorded by means of a Kistler 603B 
piezo electric pressure gauge. The Kistler is sensitive to changes in the temperature, and is therefore 
coated with a thin layer (~ 1 mm) of silicon rubber (type black, nr. 732RTV). A laser set-up is used to 
detect the dropiets at the end wall of the high pressure section. 

4.3 Droplet detection 

During the experiments, the laser set-up shown in Fig. 4.4 is used to detect the growing droplets. 
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Figure 4.3: Schematic view of the experimentalset-up 
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Figure 4.4: Schematic view of the laser set-up 
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Because of the boundary condition of zero velocity at the end wall, the draplets are suspended in a 
stationary carrier gas. The laser beam, that is generated by a Argon-Ion laser (514.3 nanometer, 200 mil
liwatts), passes through this stationary cloudof growing droplets, and the intensity of the light scattered 
at an angle of 90° is measured with a Hamatsu 1P28A photomultiplier. The transmitted light is detected 
by a pbotodiade (Telefunken BPW34 ). A Le Croy 8610 wavefarm recorder is used to record the trans
mitted light intensity, the 90° scattered light intensity, and the intensity of a reference beam as well as 
the the dynamic pressure. 
Befare entering the tube a reference beam is split off the laser beam. The reference beam is used to 
compensate for ftuctuations in the laser intensity. The measurement beam enters the wave tube through 
a window in the side of the HPS, near the end wall. Part of the light will be scattered by the cloud of 
growing droplets. The transmitted light leaves the tube though a window opposite to the first window. 
In order to prevent interference of multiple reftections, the windows are mounted slightly inclined. The 
scattering of plane electro-magnetic waves by dielectric sperical particles of arbitrary size is described 
by Mie theory[ 161 

• From this theory, it follows that draplets of certain sizes cause more, or less, light 
scattering than draplets of intermediate sizes. Thus, as the draplets are growing, a peaked intensity 
profile of scattered light is generated. The highest density of these so-called Mie-peaks is obtained 
for light scattered at an angle of 90°. Therefore, and also for practical reasons, the 90° scattered light 
intensity is measured. In fact, this is an application of Constant Angle Mie Scattering (CAMS), which 
is described in detail by Wagner [30J • 

In Fig. 4.5 some theoretica! plots of the light intensity scattered at an angle of 90° by a monodispersed 
static cloud are shown for water, and n-nonane. 
The intensity of the scattered light is plotted as a function of the size parameter a, which is defined as 

27rrd 
a= T' (4.3) 

where r d is the droplet radius, and À is the wavelenght of the incoming light. These plots clearly show 
the peaked intensity profile. In Fig. 4.6 some experimentally measured intensities of the 90° scattered 
light areplottedas a function of time, for growing water and n-nonane droplets. 
Each extremum in the time domain corresponds to an extremum in the a-domain, and the evolution of 
the droplet radius in time can be determined. 
The incoming light is attenuated by scattering and by absorbtion. Because the refractive indices of 
the substances under study all have very small imaginary parts, the attenuation due to absorbtion is 
negliglible compared to the attenuation due to the scattering. The intensity I of the transmitted light can 
be described by 

I= Io exp ( -(L), (4.4) 
which is the law of Lambert-Beer. In this expression, Io is the intensity of the incoming light and L is 
the optical path length through the droplet cloud. According to Mie-theory, the extinction coefficient ( 
for a monodispersed cloud of spherical particles yields 

( = nd7rr~Qext [a, md]. (4.5) 
Here, Qext is the extinction coefficient, and it as known function of the size parameter a, and the refrac
tive index md of the droplets. The number density can be determined at each extremum of the intensity 
profile that results from the droplet growth, because the intensities of the transmitted and 90° scattered 
light are measured. It should be approximately constant, since almost all draplets are formed during the 
nucleation pulse. Once the droplet number density is known, the nucleation rate can be calculated using 
Eq. (4.2). 
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Figure 4.5: Mie pattemsof 90° scattered light for water and nonane 
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Figure 4.6: Ex perimental intensities of 90° scattered light for water and nonane 
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4.4 Mixture Preparation Device 

As was indicated in sec ti on 4.1, the nucleation rate is very dependent on the saturation. A supersaturated 
gas-vapour mixture of composition (Yv

1
, .. , Yv,._

1
, y9 ) at certain temperature Tand pressure p contains 

more molecules of certain vapour components per unit volume than would be possible in the equilibrium 
state at the same pressure and temperature. The saturation Si of vapour component i in a such a mixture 
can be defined as 

. ~ (1-Li [T;p; Yvn .. , Yvn .. , Yv,._J - J.L~ef [T;p; 0, .. , Yv;s, .. , 0]) 
S, - exp RT , (4.6) 

where R is the gas constant, and 1-Li is the chemical potential. The reference chemical potential J.L~ef is 
calculated without other vapour components present, and with such a molar vapour fraction Yv,s that the 
mixture is just at its dew point. 
In the experiments considered, the molar fractions of the condensing vapour components are very small, 
and therefore their mutual interactions can be neglected (only the vapour-gas and gas-gas interactions 
are considered). For this case, the saturation Si can be approximately given by 

Si = Yv.fYv,s' (4.7) 
where Yv, is the actual molar fraction. The molar fraction of component i in the saturated mixture Yv,s 
can be expressed as 

Yv,s [p, T] = Ps,~[T] fe,i [p, T]. (4.8) 

In this expression, Ps,i [T] is the pure liquid vapour pressure, pandT are the actual pressure and tem
perature, and fe,i [p, T] is the enhancement factor. The enhancement factor takes the effect of the carrier 
gas on the vapour-liquid equilibrium into account. Both the pure liquid vapour pressure and the en
hancement factor can be found in literature or determined experimentally. When the molar fraction of 
component i in the saturated mixture is known, the saturation of each component can be calculated, 
provided that the actual molar fraction of component i is known as well. 
The basic principle of operation of the MPD is bubbling the dry carrier gas through a column, tilled with 
the pure liquid of the substance under study, at controlled saturation temperature Tsat and pressure Psat· 
The pressure vessel (saturator) that contains the column is submerged in a thermostatic bath, assuring 
controlled saturation temperature. When the flow rates are not too large, the composition of the outgoing 
mixture will correspond to the vapour-liquid equilibrium at given temperature and pressure. 
Consicter a number of n saturators, each containing a different pure liquid .. In steady state, the molar 
flow rate of the dry gas leaving saturator i is equal to the molar flow rate N 9 ,i of the dry gas entering 
it. The composition of the outgoing mixture is known, and therefore the molar flow rate of the outgoing 
vapour component i can be expressed as 

Yv;s [psat,i, Tsat,i] N. . ~ v.N· . (4.9) 
Nv, = 1 [p T ] g,,- .Ii g,z, 

- Yv;s sat,i, sat,i 
In general, each saturator can have a different pressure Psat,i and temper~ture Tsat,i· The flows coming 
from the n saturators can be mixed with a pure dry gas dillution flow N 9 ,0 , and the molar fraction of 
component i in the resulting mixture is therefore given by 
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N,J ( N,,o + ;~1 ( N,,; + N.;)) 

YiNg,ï/ (Ng,O + t Ng,j {1 + Yj)). 
J=l 

Yv; 
(4.10) 

Note that Yv, i= Yv,s• as aresult of the mixing of the flows. The continuous generation of a mixture 
of desired composition is thus accomplished by cantrolling the temperature(s) and pressure(s) in the 
saturators, and by cantrolling the molar flow rates of the dry gas entering the saturators and the molar 
flow rate of the dilution flow. In the MPD used for the experiments, normal volume flow rates are used 
instead of molar flow rates. The normal volume flow rate is defined as 

Vng = N9RTn/Pn, (4.11) 
where Ris the universa! gas constant, Tn is the normal temperature, defined as 273.15 K, and Pn is the 
normal pressure, defined as 0.101325 Mpa. The actual volume flowrateis related to the normal volume 
flow rate by 

· Pn · Pn · 
V9 = -Vn9 = R,." Vn9 , (4.12) 

p p .Ln 
in which Pn is the normal density. In this expression the density is approximated by the density resulting 
from the equation of state for an ideal gas, resulting in 

Thus, Eq. (4.10) can be rewritten as 

· Pn T · 
Vg = --;:;:;-Vng· 

p .Ln 
(4.13) 

Yv, = YiVn9,ï/ (Vn9 ,o + tVng,j {1 + }j)). (4.14) 
J=l 

As can be seen in Fig. 4.3, the dry carrier gas supply is split into three branches. Two flows are led 
through a saturator (SAT 1 and SAT 2). A third flow can be used to dilute the two flows coming from 
the saturators. Now, the MDP is capable of composing ternary mixtures that contain a maximum of two 
vapour components. In principle, the number of vapour components can be increased by actding extra 
saturator branches. Of course, the fact that the different vapour flows dilute one another has to be taken 
into account also. 
The ratio between the three flows de termines the final mixture composition, and it is controlled by means 
ofthree mass flow controllers (MFC 0- MFC 2). Furthermore, the mass flow controllers arealso used for 
cantrolling the saturation pressure Psat· An extra, stepper-motor controlled, needie valve is used to make 
sure that the pressure difference is not carried by the mass flow controllers alone. This is done because 
the mass flow controllerscan only sustain a certain desired mass flow when the pressure difference over 
the controllers is not too large (or too small). Depending on the pressure difference between the saturator 
sec ti on and the HPS of the shock tube, the needie val ve is operated in such a way that the mass flow 
controllers keep operating in their optimum range. 
Inititially, the pressure in the HPS is much lower than the pressure in the MPD. If the mixture was 
allowed to expand freely into the HPS, the pressure drop could cause the mixture to condense prior to the 
experiment. Therefore, the mixture is heated to a sufficiently high temperature to avoid condensation. 
An extra mixing vessel is mounted in the heated box in order to make the gas-vapour mixture more 
homogeneous. 
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When the desired pressure in the HPS is reached, a pressure controlled valve (UPC) is opened and 
flushing begins. The direction of the flow during flushing is also indicated in Fig. 4.3. When the volume 
of the HPS is refreshed two to three times, the gas-vapour mixture is in equilibrium with the walls of the 
HPS, and two manually operated valves are closed to separate the HPS from the MPD, after which the 
diaphragm between the HPS and the LPS is burst. 



Chapter 5 
Results and discussion 

In this chapter, the discussion of the results is divided into two parts. First, the phase equilibrium cal
culations for unary and binary systems are compared with experimental data from literature. Secondly, 
by using the pulse expansion wave tube described in the preceding chapter, growth rates have been de
termined for mixtures of methane, water and n-nonane. The results of two droplet growth models are 
compared with the experimental droplet growth rates. 

5.1 Phase equilibrium calculations 

In view of the systems of interest, the U-SAFT model was used because it should be able to describe 
mixtures of alkanes, alcohols and water. The aim is that vapour-liquid equilibrium calculations for these 
mixtures can be used to improve the droplet growth models for multi-component growth. 

5.1.1 Unary systems 

The multi-component U-SAFT model is also applicable for unary systems by setting all fractions to 
zero except one. Phase equilibrium calculations were carried out for pure methane, nonane and water. 
The results of these calculations are compared with experimental vapour-liquid equilibrium data [191 

• 

Methane 
For methane, the agreement between experiment and the model is good in the sub-critical region, as can 
beseen in the temperature-density plot shown in Fig. 5.la, and the temperature-pressure plot depicted 
in Fig. 5.lb. 
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Figure 5.1: Coexistence line of methane: (x) ex perimental data; (solid line) U -SAFT; ( •) experimental 
critical point 

In the near-critical region the U-SAFT model overestimates the critical temperature ofmethane, which 
is given in appendix B. This deviation is quite common for most analytic equations of state, as was 

50 
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allready pointed out by Kraska and Gubbins [tol • Fortunately, no particu1ar interest is taken in the cri ti cal 
region in thi~ study. 

Nonane 
Only temperature-pressure equilibrium data for the sub-critical region were available for pure nonane. 
In the sub-critical region, the agreement between the model and experiment is again good, as shown in 
Fig. 5.2a. 
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Figure 5.2: Coexistence line of nonane: (x) experimental data; (solid line) U-SAFT; (•) experimental 
critical point 

The predicted liquid density of nonane can be compared with the liquid density, calculated with the 
expression given in appendix B. In the temperature-density plot shown in Fig. 5.2b, it can beseen that 
-in the sub-critical region- the liquid density, as predicted by the U-SAFf model, is in good agreement 
with the temperature dependent liquid density of nonane, as calculated with the expression given in 
appendix B. Again, the critical temperature is overestimated, because the U-SAFT model is not capable 
of descrihing the systems in the near-critical region adequately. 

Water 
The U-SAFT model was originally developed to describe the physical properties of associating molecules 
more adequately than existing theoretically based equations of state. In this study, much interest is taken 
in the physical properties of water. In the density-temperature plot given in Fig. 5.3a, one can see that 
the densities predicted by the U-SAFT modelagree reasonably well with the experimental data. Again, 
the critical temperature of water is overestimated. The vapour density in the near-critical region is un
derestimated, whereas the liquid density is overestimated in this region. These deviations again result 
from the fact that U-SAFT is not capable of predicting near-critical properties. 
In the temperature-pressure plot shown in Fig. 5.3b, the overestimation of the critical temperature (and 
pressure) is also apparent. Furtherrnore, the temperature range for which the U -SAFf model can predict 
the vapour-liquid equilibrium is not satisfactory. The nucleation and droplet growth experiments are 
conducted at temperatures between 240 K and 250 K, whereas the vapour-liquid equilibrium calculations 
for water were only successfully completed for temperatures down to approximately 300 K. It is expected 
that this is mainly due to insuftkient accuracy of the phase equilibrium calculations. Optimization 
(or replacement) of the numerical metbod used to solve the highly non-linear equations involved with 
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these calculations, will probably make calculations at lower temperatures possible. The U-SAFT model 
results, as they were presented by Gubbins and Kraska[ 101 

, seem to indicate that vapour-liquid equilbrium 
calculations for pure water can be carried out for temperatures as low as 200 K. 

5.1.2 Binary systems 

In addition to the fit parameters for pure substances, the two binary parameters kij and çij are also 
needed for multi-component phase equilibrium calculations. These parameters were not available for 
methane-nonane and water-nonane mixtures. Instead, calculations were carried out for methane-ethane, 
ethane-heptane and water-methane mixtures, at different temperatures and pressures. These results are 
compared with experimental vapour-liquid equilibrium data. 

Methane-ethane 
The methane-ethane vapour-liquid equilibrium was calculated for three temperatures, and the results are 
shown in Fig. 5.4. In this plot the pressure is plotted against the molar fraction x 1 of methane. 
The composition of the liquid phase is given by the upper (straight) lines, whereas the composition of 
the vapour phase is given by the curved lines on the lower right. Both the composition of the liquid 
phase as wellas the vapour phase are very well predicted by the LJ-SAFT model. The experimental 
vapour and liquid compositions were taken from Kraska and Gubbins[LLJ. 

Ethane-Heptane 
For the ethane-heptane systems, the vapour-liquid equilibrium calculations failed to be successful. Ex
pected is that this problem is insome way connected with the van der Waals 1-ftuid mixing rules of the 
mixture. More specifically, the functional forrn of the van der Waals 1-ftuid mixing rules, as presented 
in the original U-SAFT model was not correct. Furtherrnore, the agreement between the numerical re
sults and the experimental vapour-liquid equilibrium data for purecompoundsis very good, and in this 
case only the one component limit of the mixing rules is used. It is only when the effective chainlength 
parameter m of the two components differs significantly, that a large discrepancy between the results 
from the U-SAFT modeland experimental data occurs. As Fig. 5.5 shows, the deviation between the 
numerical results and the experimental data is very large. So far, it is unclear how the agreement in the 



Sec ti on 5.1 Phase equilibrium calculations 53 

40 

30 

0+-~~--~~~--r-~~--~~ 
OD 02 OA OJI 0.8 1D 

x, 

Figure 5.4: Coexistence line of methane/ethane mixtures: (solid lines) U-SAFf; (x) T=199.92 K; (<>) 
T=186.11 K; (o) T=172.4 K 



54 

original artiele by Kraska and Gubbins was obtained. 
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Figure 5.5: Coexistence line of ethane/hephane mixtures: (solid lines) U-SAFf; (x) p=13.79 bar; (o) 
p=6.89 bar 

In this graph, the temperature is plotted against the molar fraction x 1 of ethane. Note that on the right 
(ethane-rich) and left (heptane-rich) side of this plot, the isobars resulting from the U-SAFf model, 
resembie the experimental compositions more closely than in the intermediate region. 

Water-Methane 
Because the difference between the effective chain length parameters of methane (m = 1.0569) and 
water (m = 1.0) is small (and therefore the fraction averaged chainlength parameter mx is practically 
constant for all compositions!), it is expected that the results of the vapour-liquid calculations of water
methane mixtures will resembie the experimental equilibrium data more closely. Fig. 5.6 shows that this 
is indeed the case. 
Only the isoterrus for the vapour composition are shown for increasing temperature. Again, the deviation 
between the results of the U -SAFf model and the experiments becomes larger when the conditions are 
closer to the critical conditions of pure water. Also shown in Fig. 5.6a, and enlarged in Fig. 5.6b, are the 
dotted lines, which represent a fit through phase equilibrium data for water-methane system in the range 
of 240-300 K and 1-100 bar, provided by Shell. It is therefore not suprising that the fit fails at higher 
pressures. Moreover, the agreement at these high pressures is rather striking. So far, these data have 
been used in this group for the determination of the vapour composition in the methane-water system. 
The liquid phase consists of almost pure water. Because the reduced density p* of pure water is very 
large (close to 1.25), the accuracy of the calculated fraction of methane in the liquid phase is expected 
to be poor. No experimental data was available for the composition of the liquid phase, therefore no 
comparison is made. 
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5.2 Growth rate calculations 

In chapter 3, two models were introduced for the prediction of the droplet growth rates in supersaturated 
gas-vapour mixtures. The first model assumes that the fiuid inside the droplet behaves as anideal mix
ture, whereas the second model assumes that the droplet has a layered structure. These two models are 
compared with experimental results for mixtures of supersaturated nonane and water vapour in methane 
gas. It is expected that both models will overpredict the actual growth rates but that the layered model 
will be able to predict the droplet growth rates in these mixtures more adequately. This is because the 
nonane layer will act as a harrier for the water molecules diffusing towards the droplet Therefore the 
molar fraction of water vapour near the droplet surface is expected to be much higher than is the case for 
a droplet that consists of an i deal mixture, and the diffusion of water towards the droplet will be smaller. 
In this preliminary model, the vapour composition is estimated using Raoutt's law, which is only appli
cable for large liquid fractions. Because the liquid fraction of water in the nonane-layer is very small, 
Raoutt's law results in an underprediction of the water vapour fraction, and therefore the diffusion of 
water towards the droplet is expected to be too large. 
In this section, the theoretica! droplet growth rates, as predicted by these two models, are compared with 
experimentally determined droplet growth rates. Furthermore, the evolution of the layered growth is 
examined. 

5.2.1 Experimental model evaluation 

The numerical results of the two models are compared with two series of nucleation and droplet growth 
experiments. The nucleation experimentsin the first series were conducted at a nucleation temperature of 
235 K and a nucleation pressure of 10 bar. In the second series, the nucleation experiments were carried 
out at 240 K and 40 bar. During droplet growth, the pressure is slightly larger than the pressure during 
the nucleation pulse, and therefore also the temperature is higher. For the experiments in the first series, 
the condensation temperature was 242.7±0.4 K, and the pressure 11.35±0.04 bar. The condensation 
temperature and pressure for the experimentsin the second series were 247.4±0.5 K and 44.7±0.2 bar. 
The dynamic pressure is used as an input variabie of the droplet growth models. From this quantity, 
and the initial temperature and pressure, the temperature and compressibility during growth can also be 
calculated. The initial pressure and temperature of each experiment are given in appendix D, together 
with the other input variables: The initial number density of the droplets, and the initial composition of 
the gas-vapour mixture. 
A property that was investigated in both experimental series, is the infiuence on the droplet growth rate 
of one supersaturated vapour component due to the presence of the other component. Therefore, both 
series are divided into two parts. In one part, the fraction of water is kept constant, whereas the fraction 
of nonane is increased in each experiment. In the other part, the fraction of nonane is kept constant. 

Overall performance 
For both experimental series shown in appendix D.1 it can be seen that the experimental growth rate is 
overpredicted by the two models, but that the layered model is indeed closer to the experimental data. 
The experimental data is represented by the squares, and the numerically predicted growth rates are 
represented by the solid lines for the layered droplet model, and by the dashed lines for the ideal mixture 
model. However, the improvement is less than expected. It seems that the diffusion of water towards the 
droplet is hindered only slightly by the presence of the nonane layer. It is expected that the actual molar 
fraction of the water vapour is much larger than calculated with Raoult's law. Of course, Raoult's law 
is notjustitiabie for smallliquid water fractions. By the requirement that the chemical potential must 
be continuusacross the droplet surface, the actual vapour composition above the droplet surface can be 



Section 5.2 Growth rate calculations 57 

calculated by phase equilibrium calculations. In the future, the U-SAFf model will also be used for 
this purpose. Furthermore, the diffusion coefficient of water through nonane is taken to be independent 
on the pressure, as can beseen in appendix B. Due to the surface tension, the pressure inside the droplet 
is (much) higher than the pressure in the gas phase. For larger pressures the diffusion coefficient is 
expected to be much smaller than for low pressures. A higher 'resistance' against diffusion of water 
through the nonane-layer will also result in a smaller diffusion flux of water towards the droplet 

Performance of the ideal mixture model 
The assumption of ideal mixing is obviously notjustitiabie for the water-nonane-methane system. Only 
when the fraction of one of the componentsis small (exp. nr. 201, nr. 220 and nr. 230), the growth rate 
is predicted reasonably accurate by the ideal mixture model. It is expected that the model will perform 
much better for more i deal mixtures, for example liquid mixtures of heavy alkanes. 

Performance of the layered model 
Before combined growth takes place, the gas-vapour mixture will probably form pure droplets. De
pending on the nucleation rate during the nucleation pulse and the critical cluster size of the individual 
components, these initial dropiets will consist of pure water or pure nonane. For the moment it is as
sumed that a component will only participate in the growth when the radius of the existing droplet is 
larger than its critical radius, given by Eq. (3.38). This assumption is simulated in the numerics. When 
the droplet initially consists of pure water, a layer of nonane is numerically added to incorperate com
bined growth at the moment when the droplet is large enough for combined growth. A core of water is 
numerically added to incorperate combined growth when the droplet initially consists of pure nonane. 
In experiments nr. 221, nr. 222 and nr. 231 the droplet initialy consists of pure nonane, and a core of 
water is added numerically at the moment that the nonane droplet grows larger than the minimum size 
needed for water to participate in the growth. From the figures in appendix D.1 it can be seen that the 
growth rate is predicted very well for these experiments, but the droplet radius is overestimated. This 
is caused by a jump in the droplet radius on the left side in the plots. This jump occurs just after nu
merically adding the water core to the initially pure nonane droplet Therefore the formation of a water 
core inside a pure nonane droplet is apperently not so obvious. The experimental growth curves of these 
experiments indicate that water actually participates in the growth of the droplet, because both models 
underpredict the droplet growth rate when only the growth by nonane diffusion is considered. The for
mation of a water core inside a droplet of pure nonane is still not fully understood. It is expected that 
this is a process that involves the nucleation of water inside the nonane droplet, and it is an interesting 
subject for future studies. 

5.2.2 Layered droplet structure 

In the layered droplet growth rate calculations, the droplet radius as well as the radius of the water-core 
are evaluated, and these radii are plotted against the time in appendix D.2. The radius of the droplet 
is represented by the black solid lines, whereas the radius of the core is represented by dasbed lines. 
The cube of the ratio between the inner and outer radius is represented by the grey solid lines, and is 
evidently related to the initial fractions ofboth components, as can beseen in Fig. 5.7. 
If the fraction of nonane is increased while the water fraction is kept constant, the ratio between the 
radii decreases; The nonane layer grows thicker and the diffusion of water through the nonane-layer 
decreases. The diffusion of water through the layer stagnates completely in experiment nr. 209. This is 
probably caused by depletion of the water vapour in the surroundings of the droplet and by the reduced 
diffusion of water through the nonane-layer. If the fraction of water is increased while the fraction of 
nonane is kept constant, the ratio between the radii increases; The water core grows larger and larger. 
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Figure 5.7: Dependency of the ratio between the core and droplet radius on the ratio between the initial 
molar fractions: (0) Pnuc=lO bar; (o) Pnuc=40 bar. 

Despite the fact that the performance of the layered growth model is not satisfactory at this moment, it is 
expected that the performance of the model can be improved considerably. A more accurate description 
of the vapour composition at the surface of drop let, and the use of a diffusion coefficient of water through 
nonane that is corrected for high pressure, will probably result in a better agreement between the model 
and the droplet growth experiments. The mechanism of the formation of a water core inside a droplet of 
pure nonane remains to be investigated. 



Chapter 6 
Conclusions 

In the preceding chapters the theoretical and experimental aspects of equilibrium and droplet growth 
in mixtures of water and alkanes were treated. The U-SAFf model, introduced in chapter 2, was 
used for phase equilibrium calculations for the unary systems methane, nonane, and water, and for 
binary mixtures of methane-ethane, ethane-heptane and methane-water. Furthermore, two models were 
introduced for descrihing multi-component droplet growth in chapter 3. The theoretical droplet growth 
rates, as predicted by these two models, were compared with experimentally obtained droplet growth 
rates in supersaturated mixtures of nonane and water vapour in methane gas. 

6.1 Phase Equilibrium 

Despite the fact that the U-SAFT model could not be tested for all systems of interest at this moment, 
it is expected that this model can be made fit for predicting these gas-vapour compositions. It is a theo
retically based equation of state, which means that the equation incorporates all the important physical 
interactions of the substances for which phase equilibrium calculations are carried out. Of course, the 
agreement between the numerical simulations and experimental phase equilibrium data still depends on 
the use of correct fitparameters, nevertheless it is to be expected that this model will perform adequately 
outside the region of fit as well, unlike equations of state that are fitted to experimental data by polyno
mials. In this study, the U-SAFT model was only used for substances for which the parameters as wen 
as the numerical results of the model were given. The U -SAFT model is compared with experimental 
phase equilibrium data from literature, and the following conclusions can be drawn: 

• The agreement between the calculations and the experimental data for the unary systems methane, 
nonane and water is very good. Nonane is a long chainlike molecule, water is an associating 
molecule, and therefore all relevant molecular interactions are represented by these substances. This 
means that the different contributions to the Helmholtz free energy for pure substances are modelled 
adequately by the U-SAFT model. 

• For small differences in the chain length parameter m, the agreement between the calculations and 
the experimental data for binary systems is also satisfactory. For the ethane-heptane system, the 
performance of the model is poor. It is expected that this caused by an incorrect implementation 
of the van der Waals 1-fluid mixing rules in the U-segment andlor the chain term in the original 
U -SAFT model. 

• The numerical metbod that is used for the phase equilibrium calculations has an insufficient accuracy. 
For water, the temperature range of interest (230-250 K) could not be modelled due to numerical 
instability. 

Much effort was put into finding the correct functional form of the U-SAFT model. From the fact 
that the model is unable to reproduce the vapour liquid equilibrium states for binary systems with large 
differences in the chainlength parameter, it follows that the model is still not completely correct. One 
of the developpers of the U -SAFT model, Dr. Thomas Kraska, has been contacted and therefore the 
prospects of finding the correct functional form of the U-SAFT model are good. 
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6.2 Droplet growth 

Two droplet growth models were compared with two series of nucleation and droplet growth experiments 
for mixtures of nonane and water vapour in methane gas. The first ex perimental series was conducted at 
a nucleation temperature and pressure of 235 K and 10 bars, whereas the second series was conducted 
at 240 K and 40 bars. 
The first model assumes an ideally mixed liquid phase, which is actually not applicable since the mis
cibility of liquid water and nonane is very poor. Assuming an ideally mixed liquid phase results in 
an incorrect prediction of the gas-vapour composition just above the surface of the growing droplets. 
Therefore, it was expected that this model is unable to predict the droplet growth rate in these systems 
correctly. 
In the second model, the droplet is assumed to have a layered structure. It consists of a pure water-care, 
surrounded by a nonane-rich layer. The water molecules have to diffuse through this layer in order to 
reach the core. It was expected that the diffusion towards the droplet would decrease due to this extra 
'resistance' for the mass flux of water. Therefore, the layered model was expected to perfarm better 
than the ideal mixture model. However, the fraction of liquid water in the nonane-rich layer is very 
small, and therefore the application of Raoutt's law probably leads to an underestimated fraction of 
water vapour just above the surface of the droplet As a result the diffusion of water towards the droplet 
is overestimated 
The comparison between the experimentally obtained droplet growth curves and the two droplet growth 
models leads to the following conclusions: 

• As expected, the experimentally obtained droplet growth rates for the nonane-water-methane system 
are overpredicted by both models. The ideal mixture model is obviously not applicable for this 
system, whereas the layered model is expected to perfarm better when more accurate vapour-liquid 
equilibrium calculations are used to predict the vapour composition just above the surface of the 
droplet These calculations will probably lead to a larger vapour fraction of water just above the 
droplet surf ace, and the diffusion of water towards the droplet will decrease. Furthermore, a pressure 
corrected diffusion coefficient for water through nonane will also contribute to a better performance 
of the model, because the diffusion of water towards the droplet will decrease even more. 

• From the numerical results of the layered model it can be concluded that the ratio between the radius 
of the water-care and the droplet radius is directly related to the initial composition of the gas-vapour 
mixture, and is nearly constant in time during growth. 

• In the droplet growth calculations, a small pure water-care is added to a initially pure nonane droplet, 
when the droplet is large enough for water to participate in the growth. However, this leadstoa large 
jump in the droplet radius, indicating that the formation of a water-care is not so obvious. At the other 
hand, the experiments indicate that water participates in the growth. The formation of a water-care 
inside the pure nonane droplet remains to be investigated. 

In principle, the LJ-SAFT model can be used to imprave the performance of the layered model for 
droplet growth. The implementation of the LJ-SAFT model for this purpose, will be the subject of 
future modifications on the present preliminary layered droplet model. 
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Appendix A 
Matbematics 

A.l Phase Equilibrium 

Al.l Derivation of Eq. (2.18) 

The chemica! potential can be calculated using the molar Helmholtz free energy. 1t is given by 

P.i [T; Vm; Xt, .. , Xn-t] ({)(:~=)) 
T,V,N;".; 

Fm+ 

N ( :~) ( g~) + .. + 
' T,Vm,xl""i""n T,V,N;".; 

N ( fJ.!m.-) (~) + + (Al) öx; fJN; " 
T,Vm,x,".;".n T,V,N;".; 

N (~) ( 8xn-1) + 
Xn-l T,Vm,Xn-l""j""n fJN; T,V,N;".; 

N (Q&) (V/t) · 
fJV"' T,x~ N; T,V,N;".; 

Note that xk = NkfN, where N = N 1 + N2 + .. + Nn. Taking the partial derivative of the molar 
fraction of component k with respect to the number of moles of component i results in 

when k f:. i, (A2) 

and 

axk 1 Nk 1 1 - = - - - = - - -xk when k = i. (A3) 
aNi N N 2 N N 

The molar volume is given by Vm =V jN. Therefore, taking the partial derivative of the molar volume 
with respect to the number of moles for component i results in 

avm _ V _ 1 V. (A4) 
aNi - - N 2 - - N m· . 

By using the expressions for the partial derivatives, Eq. (Al) can be rewritten, resulting in 

(A5) 

A1.2 Derivation of Eq. (2.20) 

In the expres si ons for the molar Helmholtz free energy, the molar density Pm = 1 /V m is used rather than 
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the molar volume. Taking the derivative of the molar volume with respect to the molar density results in 

dVm 1 
dpm rJfn. (A6) 

This relation can be substituted in the expression for the chemica! poten ti al in terms of the molar fractions 
and the molar volume that was derived in the previous section. The resulting expression for the chemica! 
potential in terms of the molar fractions and molar density yields 

A.2 Droplet growth 

A2.1 Derivation of Eq. (3.10) 

There are two expressions for the mass flux in the continuurn region, given by 

n-1 

M = 47rr
2pu = 47rr

2 LPv; (u+ Vv;) 
j=1 

Fick's law for diffusion in the form 

(A8) 

d [Pv·] Pv; Vv3 = -pVj dr ---: , (A9) 

can be substituted in the second expression for the mass flux through the continuurn region, given by Eq. 
(A8). This results in 

n-1 n-1 [ ] 
M = 47rr2 L Pvi u - 47rr2 L pVj: Pvi ' 

j=1 j=1 p 
(AlO) 

in which the first term on the right hand side can be rewritten by using the first equation for the mass 
flux through the continuurn region, also given by Eq.A8: 

. M n-1 n-l d [Pv ] 
M= -LPvj -47rr2LPVid _i . 

P j=l j=1 r P 
(All) 

Subsequently, the final expression of the mass flux through the continuurn region is given by 

[ 

1 n-1 l n-1 d [p ] M 1 - - "'p . = -47rr2 "'pV ·- --'!!.!... • p LJ v, LJ 1 dr p 
j=l j=1 

(Al2) 

A2.2 Derivation of Eq. (3.17) 

The second expression for the mass flux through the continuurn region, given by Eq. (A8), can be 
redefined as 
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n-1 n-1 

M = 47TT
2 L Pv; (u+ Vv;) ~ L Mj · 

j=1 j=1 
Together with the expression for the heat transport by conduction and diffusion, 

dT n-1 

q = -k dr + L hv;Pv; Vv; + h9p9v9 , 

j=1 
and the definition of the specific enthalpy of the mixture 
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(A.13) 

(A.l4) 

h = ~ (Pv;) hv; + (Pg) h9 , (A.l5) 
]=1 p p 

this definition can be used to rewrite the integral expression for the energy flux through the continuurn 
region, 

Ë = 47rr2pu ( h + ~
2

) + 47rr2q. (A.l6) 

When the kinetic energy of the mass averaged velocity of the gasmixture is neglected, the first term on 
the right hand side can be rewritten as 

4trr
2 

{1Uh = 4trr
2 
pu [ l: ( ~) hv; + ( ";-h] 

4trr
2 [:t>•; hv; u + p 9 h9 u] , 

whereas the second term becomes 

[

n-1 l 2· 2 dT 2 
47rr q = -47rr k dr + 47rr ~ hv; Pv; Vv; + h9p9 v9 • 

]=1 

(A.17) 

(A.18) 

The second term on the right hand side of Eq. (A.18), and the term on the right hand side of Eq. (A.l7) 
can be combined, resulting in 

47rr
2 [~E1 

Pv; hv; u+ p9h9u] + 47rr
2 [~E1 

hv; Pv; Vv; + h9 p9v9] 
]=1 J=1 

n-1 

47rr2 L Pv;hv; (u+ vv;) + 47rr2p9h9 (u+ v9 ) = (A.l9) 
j=1 

n-1 • 2 L Mjhv; + 47rr p9h9 (0). 
j=1 

Using this expression, together with the first term on the right hand side of Eq. (A.l8), the final expres-
sion for the energy flux through the continuurn region can be derived. It reads 
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n-1 
• 2 a:r 

E = 'E Mjhv; - 47rr k dr 
j=1 

n-1 
. 2 a:r = T 'E Cp,v;Mj- 47rr k dr, 

j=1 

where the re lation between the temperature and the specific enthalpy, hv; = cp,v; T is used. 

A.2.3 Derivation of Eq. (3.21) 

(A.20) 

The Maxwellian velocity distribution for the vapour molecules leaving the droplet surface is given by 

+ _ 1 ( Ç~;r + Ç~;B + Ç~;I/J) 
fv; - 3/2 exp - 2R T. ' 

(21rRv;Td) v; d 
(A.21) 

where Çv·r•Çv·B and Çv·"' are the velocity componentsin spherical coordinates. The mass fluxes through 
J 1 :J'+' 

the Knudsen boundary layer can be calculated by 

(A.22) 

A.2.4 Derivation of Eq. (3.22) and Eq. (3.27) 

The incoming vapour molecules are assumed to have a Grad velocity distribution, which is equal to 

(A.23) 

Now, the flux of the incoming vapour molecules can be calculated using standard integration methods, 
resulting in 

00 00 00 

Mv~ 47rr~ I I I Pv;iÇv;rf;;;dÇv;rdÇv;BdÇv;t/> 
0-oo-oo 

- 47rr~ [-10 r;;;. . ( . ·) R2 T2 20.jirW". T,2 V 1rPv;z Uz + Vv;z v; i + 
=-=-___,'=- (A. 24) 

( .J2Rv; Ti ( 5Rv; TiUiVv;i - 2UiQv;i + lOR; i 7i2)) exp (- 2n:~ r.) + 

( 10-fiPv;i (ui+ Vv;i) R;;rl) erf ( yik;r:) J. 
This solution can be simplified using our assumption that !Mal !:::: lu!v'IDI « 1. The exponentlal 

and error functions can then be approximated by exp x !:::: 1 + x and erf x !:::: 2x j .fi for x « 1. N ow, 
the resulting equation yields 
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M 4 2 Pu;Jlu;T. [l (u;+Vv;i)y'i] - ~ - 7rr - _,___~~-
v; d ..J21rRu;T; ..j2Ru;T; (A.25) 

_ _ 2 Pu;iRu;T; r~ · 
- 47rrd- 12 R "..., + 2?M;, 

V 7r 1J;.L" , • 

where Eq. (A.8) and Eq. (A.13) are used. The denvation of M
9
- is similar. Keeping in rnind that 

Ui+ v9i = 0, the expression for Mg- becomes 

. - 2 PyïRgTi 
M = -47rr d (A.26) 

9 J27rR9Ti 

A.2.5 Derivation of Eq. (3.24) 

The kinetic translational energy of the molecules is assumed to be uncorrelated with their rotational and 
vibrational energy. Therefore, the specific intemal energy can be wntten as 

erot + evib + etr = c.pT- RT, (A.27) 
where, in this case, R is the specific gas constant. For a system at rest, the translational energy is equal 
to 

3 
etr = 2RT. (A.28) 

Then, the sum of the specific rotational and vibrational energies becomes 

erot + evib = ( Cp - ~ R) T, (A.29) 

which, in view of the above made assumption, also holcts when the system is not at rest. the kinetic 
translational energy has to be calculated seperately. This has to be done for the Maxwellian velocity 
distribution (first and third term of Eq. (3.24)) as wellas fortheGrad velocity distribution (second and 
fourth term of Eq.(3.24)). The energy flux away from the droplet surface using a Maxwellian velocity 
distribution is 

47rr~ f f f pÇr [ ~ ( e~;r + +e~;O + e~;t/J) + erot + evib] J+ derdeodeijl 
0 -oo -oo 

47rr~ [ ( erot + evib) RT ~ + 2R2T 2 ~ J , 
(A.30) 

calculated using standard integrals. Substitution of Eq. (A.29) and Eq. (A.22) into the above expression 
for Ë+ results in 

. . ( R) E+ = M+ Cp + "2 T. (A.31) 

A similar denvation can be made for the Grad velocity distribution. 

A.2.6 Derivation of Eq. (3.25) and Eq. (3.26) 

Using the Grad velocity distribution, the kinetic translational energy flux of the vapour molecules 
through the Knudsen boundary layer is calculated as 
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000000 ( 

41rr~ I I I ~Pv;iev;r e~;r + +e~;O + e~;</>) !;;; dev;rdev;odev;</> 
0 -00-00 

5n::n { 151rVv;iU~Pv;iRv;Ti + 51rulPv;iRv;Ti + 251rUiPv;iR~;Tl + 101rQv;iRv;Ti+ 

[ -157rvv; i U~ Pv; iRv; Ti - 61rul Pv;iRv; Ti - 251rUiPv; iR~; Tl-

l01rqv;iRv;Ti] erf ( vik;n) + 

[ J27r Rv; Ti ( -20pv;i~; Tl + 2qv;iUi - 20vv;iUiPv;iRv; Ti-

5u~ Pv;iRv; Ti)] exp (- 21~:: T,)} · 
(A.32) 

This exact solution can again be simplified using the approximation that IMal ~ lu!v'2RTI « 1. The 

exponentlal and error functions can then be approximated by exp x ~ 1 + x and erf x ~ 2x j .Jff for 
x « 1, resulting in 

· _ 2 [2Pv;iR~;Ti2 Pv;iui (5Rv;Ti l.Ïv;i)] E . ~ -41rrd - -- -- . 
v, J21rRv;Ti 2 2 2 

(A.33) 

The first term on the right hand side is equal to the result for a Maxwellian velocity distribution, whereas 
the second term represents the convection of translational enthalpy with the mass averaged velocity of 
the mixture. The heat flux tiv;i carried by the moleculescan be separated into two parts. One part is due 
to conduction, while the other part results from the diffusion of translational enthalpy. Using Eq. (A.29), 
this can be written as 

. . (5Rv;Ti) Qv;i = Qcv;i + Pv;iVv;i 2 · (A.34) 

Substituting this result and Eq. (3.8) into Eq. (A.33) and using CJcv;i = 47rr~ticv;i results in 

• _ 2 2Pv;iR~;Ti2 r~ [5Rv;Ti · · ] 
Ev.~ -41rrd + - 2 2 

Mj + Qcv·i . 
' y'27r Ru; Ti 2ri ' 

(A.35) 

The calculation of Ë; is similar. Keeping in mind that ui+ Vgi = 0, the expression for Ë; becomes 

(A.36) 

A.2.7 Derivation of Eq. (3.28) 

The energy flux É through the Knudsen domain is given by Eq. (3.24 ). Substitution of M:J';, if;;;, if;, 
É~, Ë;, andEq. (3.20) into this expressionyields 
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E ·-

(A.37) 

resulting in 

Ë 

(A.38) 

and 
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Ë 

(A.40) 



Appendix B 
Physical Properties 

General 
Universa! gas constant Ro 
Avogadro's number NA 
Boltzmann's constant kn 
Permittivity of vacuum t:o 

Methane 
M 
d 

0.016043 (kg mol-1) 
0.3758 (nm) 

8.3145 (J mol-1 K-1) 
6.02214 * 1023 (mol-1) 
1.3807 * 10-23 (J K-1) 
8.8542 * 10-12 (F m-1) 

Cp 
k 

iJ (19.25 + 0.05213T + 1.197 * 10-5T 2 - 1.132 * 10-8T3) (J kg-1 K-1) 
o.oo184356142 + 8.22648677 * 10-5T + 8.61432046 * 10-8T 2 

+ 0 03918 [exp ( 0·535P - 1)] (J m-1 s-1 K-1) · 10081ZRoT 

n-Nonane 
M 0.128259 (kg mol-1) 

- 0.701 (nm) d 

Cp 

Psat 
Pl 

}j ( -8.374 + 0.8729T- 4.823 * 10-4T 2 + 1.031 * 10-7T 3) (J kg-1 K-1) 
133.322 exp ( -17.56832ln T + 0.0152556T - 94~.4 + 128. 77889) (Pa) 
733.503- 0.787562 (T- 273.15) - 9.68937 * 10-5 (T- 273.15) 

- 1.29616 * 10-6 (T- 273.15)3 (kg m-3) 

L 59~& [ 7.08 ( 1 - 59~.6) 0.354 + 4.873 ( 1 - 59~.6) 0.456] (J kg-1) 

uo 0.02472 - 9.347 * 10-5 (T- 273.15) (N m-1) 
n-Nonane in methane: 

u uo- naknTln ( P!~L) (N m-1) 

na 6 * 1018 (m-2
) 

PL 2.585 * 107 - 2.731 * 105T + 7.781 * 102T2 (Pa) 

fe exp[b(P-Psat)+c(p-Psat) 2
] (-) 

b 2.385 * 10-1 - 7.26 * 10-4T- 1.29 * 10-6T 2 + 4.61 * 10-9T 3 (bar-1) 
c 2.424 * 10-2 - 2.552 * 10-4T + 8.985 * 10-7T 2 - 1.057 * 10-9T 3 (bar-2) 

pD 
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Water 
M 0.018015 (kg mol- 1) 

d 0.2641 (nm) 
ep k (32.24 + o.oo1924T + 1.055 * w-5T2 - 3.596 * w-9T 3

) (J kg- 1 K- 1
) 

Psat 610.8exp [-5.142lln (27f.t5 )- 6828.77 (~- 27i. 1~)] (Pa) 
p1 999.84 + 0.086 (T- 273.15) - 0.0108 (T- 273.15) (kg m-3 ) 

L 64j.]& [7.08 (1- 64~.3)0.354 + 3.767 (1- 64~.3)0.456] (J kg-1) 

O"o 0.127245 - 1.89845 * w-4T (N m-1) 

water in methane: 
u 0.127245- 1.89845 * 10-4T- naknTlog((p/1 * 105 + pL)fpL) (N m-1) 

na 5.4 * 1018 (m-2
) 

PL -481.95 + 2.1211 * Td (Pa) 

fe exp [b (p- Psat) /1 * 105 + c (p- Psat)
2 

/1 * 1010
] (-) 

b -7.0874 * 10-3 + 3.4131/T + 1.4000jT2 (bar-1
) 

c -1.2070 * w-4 + 2.6726 * w-2 fT+ 2.3585/T2 (bar-2 ) 

pD 2.396 * w-7T 314 (kg m- 1 s- 1) 

water (1) in n-nonane (2): 

D12 8.93 * w-12 * (fh) 116 (&) 0
"
6 

T (m2 s- 1) v; p2 172 

'r/2 exp ( -4.447 + 1.21 * 10-3 fT) (cP) 
v1 37.4 (cm3 mol- 1) 

V2 1 *106M2/Pb (cm3 mol- 1
) 

P1 105.2 (cm3 g114 s- 112 mol) 
P2 391 (cm3 g114 s-112 mol) 



Appendix C 
Parameters and coefficients 

C.l Pure fit parameters for the LJ -SAFT model 

Substance Tf K b/ (dm3mol-1 ) m THn/K KHB tl I (D) 
methane 144.4354 0.02953 1.0569 

ethane 190.7260 0.02777 1.6025 
n-heptane 252.0861 0.03451 3.3557 
n-nonane 263.5504 0.03666 3.9632 

water 244.0111 0.02003 1.0000 1415.32 67.003 2.32 

Table C.l: Pure fit parameters for the LJ -SAFf model 
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C.2 Binary fit parameters for the LJ -SAFT model 

Mixture 1- k;j (;j 

methane/ ethane 0.9746 1.0052 
ethanejheptane 0.8172 1.0285 
water/ methane 1.0815 0.9376 

TableC.2: Binary fit parameters fortheU-SAFT model 
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C.3 Coefficients for the LJ -segment term 

I i 11 Di I 11 i 11 

-2 0.011117524 -7 -0.58544978 
-1 -0.076383859 -6 0.43102052 
0 1.080142248 -5 0.87361369 
1 0.000693129 -4 -4.13749995 

ln -0.063920968 -3 2.90616279 
-2 -7.02181962 
0 0.02459877 

Table C.3: Coefficients for the U-segment term 



76 Appendix C Parameters and coefficients 

i 11 j 11 Gij I 11 i 11 j 11 i 11 j 11 

0 2 2.01546797 -1 5 93.927 40328 -4 2 -13.37031968 
0 3 -28.17881636 -1 6 -27.37737354 -4 3 65.38059570 
0 4 28.28313847 -2 2 29.34470520 -4 4 -115.09233113 
0 5 -10.42402873 -2 3 -112.3535693 7 -4 5 88.91973082 

-1 2 -19.58371655 -2 4 170.64908980 -4 6 -25.62099890 
-1 3 75.62340289 -2 5 -123.06669187 
-1 4 -120.70586598 -2 6 34.42288969 'Y 1.92907278 

Table C.4: Coefficients for the U-segment term 
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C.4 Coefficients for the chain term 

I i =2 I i =3 I i= 4 I i= 5 
i=l 0.49304346593882 2.1528349894745 -15.955682329017 24.035999666294 -8.6437958513990 

i=2 -0.47031983115362 1.1471647487376 37.889828024211 -84.667121491179 39.643914108411 

i=3 5.0325486243620 -25.915399226419 -18.862251310090 107.63707381726 -66.602649735720 

i=4 -7.3633150434385 51.553565337 453 -40.519369256098 -38.79669264 7218 44.605139198378 

i=5 2. 9043607296043 -24.478812869291 31.500186765040 -5.3368920371407 -9.5183440180133 

Table C.5: Coefficients for the chain term 
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C.S Coefficients for the association term 

I aii 11 j = 0 IJ= 1 IJ= 2 IJ= 3 IJ =4 
i=O -0.03915181 0.084504 0.06889053 -0.01034279 0.5728662x10 ·<~ 

i= 1 -0.5915018 0.9838141 -0.4862279 0.1029708 -0.6919154x10 ·:.~ 

i=2 1.908368 -3.415721 2.124052 -0.4298159 0.02798384 
i=3 -0.7957312 0.7187330 -0.9678804 0.2431675 -0.01644710 
i=4 -0.9399577 2.314054 -0.4877045 0.03932058 -0.1600850xl0 ·:.~ 

Table C.6: Coefficients for the association term 
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C.6 Coefficients dipole-dipole term 

Table C.7: Caefficients far the dipale-dipale term 



Appendix D 
Results of droplet growth experiments 

Details of the nucleation and droplet growth experiments for the nonane-water-methane system are given 
in this appendix. The molar fractions of water YH2o and nonane yc9H2o, and the initial droplet number 
density nd are used as input variables for the ideal mixture and layered growth models. The experiments 
that were conducted at a nucleation pressure of l 0 bar and a nucleation temperature of 235 K are depicted 
in the first table. 

Experimental data tor 1 0 bar and 235 K 
Experment Po To Pnuc Tnuc J nd 

Number (bar) (K) (bar) (K) (m-3s-1) (m-3) YH20 YcaH20 

201 24.6583 295.25 10.00980 235.923 1.1E+15 4.1 E+11 3.02E-04 O.OOE+OO 

203 24.6702 295.25 9.96540 235.629 9.0E+15 3.4E+12 3.09E-04 4.99E-05 

204 24.6968 295.15 9.93372 235.289 2.6E+16 9.1E+12 3.11E-04 7.56E-05 

205 24.7068 295.25 9.97392 235.589 1.6E+16 6.2E+12 3.12E-04 1.01E-04 

206 24.6860 295.35 9.97398 235.726 9.0E+15 3.2E+12 3.05E-04 1.30E-04 

207 24.7448 294.95 10.23130 236.757 1.5E+15 6.4E+11 3.05E-04 1.56E-04 

208 24.7244 294.55 10.15310 236.009 8.4E+15 3.4E+12 3.05E-04 1.82E-04 

209 24.7238 294.05 9.97546 234.536 8.7E+16 3.0E+13 3.04E-04 2.07E-04 

220 24.7607 295.15 10.09760 236.098 4.3E+14 1.6E+11 4.77E-05 2.33E-04 

221 24.7615 295.35 9.95147 235.405 1.0E+15 4.9E+11 9.53E-05 2.34E-04 

222 24.7433 295.35 10.01310 235.817 4.4E+14 1.8E+11 1.54E-04 2.30E-04 

223 24.7351 295.25 10.00290 235.691 6.7E+14 2.8E+11 1.93E-04 2.34E-04 

224 24.7339 294.75 9.98635 235.171 1.7E+15 6.9E+11 2.41E-04 2.34E-04 

225 24.7331 294.55 9.99861 235.075 6.6E+15 2.6E+12 2.96E-04 2.30E-04 

Note that in experiment nr. 201 to nr. 209 the water fraction is kept constant, whereas in experiment nr. 
220 to nr. 225, the nonane fraction is kept constant. During droplet growth, the pressure was 11.35±0.04 
bar, and the temperature 242.7±0.4 K. The experiments that were conducted at a nucleation pressure of 
40 bar and a nucleation temperature of 240 K are depicted in the table on the following page. 
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Experimental data tor 40 bar and 240 K 
Experment Po Ta Pnuc Tnuc J nd 

Number (bar) (K) (bar) (K) (m-3s-1) (m-3) YH20 YCIIH20 

230 88.6950 296.65 40.02550 240.448 6.3E+16 1.9E+13 1.86E-05 8.25E-05 

231 88.8030 296.65 39.95440 240.252 5.8E+16 2.0E+13 3.79E-05 8.03E-05 

232 87.5880 295.25 39.85210 239.781 2.5E+16 9.3E+12 5.86E-05 7.90E-05 

233 86.9670 294.85 39.88930 239.964 7.0E+15 2.9E+12 7.83E-05 7.95E-05 

234 87.8040 295.35 39.96880 239.894 6.6E+16 2.3E+13 9.83E-05 7.97E-05 

240 88.1010 295.65 39.89370 239.810 7.3E+16 2.7E+13 9.81E-05 6.29E-05 

241 87.9930 295.55 40.13610 240.195 3.8E+16 8.0E+12 9.61E-05 4.71E-05 

242 88.0200 295.95 40.24200 240.694 1.2E+16 3.7E+12 9.61E-05 3.18E-05 

In this series the nonane fraction is kept constant in experiment nr. 230 to nr. 234, whereas the wa
ter fraction is kept constant in experiment nr. 240-242. During droplet growth the temperature was 
247.4±0.5 K, and the pressure 44.7±0.2 bar. 
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D.l Experimental model evaluation 

The numerical results of the ideal mixture and the layered model are compared with experimentally 
obtained growth curves for the nonane-water-methane system. In the plots on the following pages the 
numerical results of the ideal mixture model are represented by the dashed curves, whereas the results 
of the layered modeled are represented by solid lines. The experimental growth rates are represented by 
the squares. 
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Figure D.1: Droplet growth curves of nonane and water in methane at 11 bar: (dashed line) ideal mixture 
2:rowth model: ( solid line) lavered droolet 2:rowth model: (0) exoeriments 
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Figure D.2: Droplet growth curves ofnonane and water in methane at 11 bar: (dashedline) ideal mixture 
growth model; (solid line) layered droplet growth model; (0) experiments 
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Figure D.3: Droplet growth curves of nonane and water in methane at 11 bar: (dashed line) ideal mixture 
growth model; (solid line) layered droplet growth model; (0) experiments 
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Figure D .5: Droplet growth curves of nonane and water in methane at 11 bar: ( dasbed line) i deal mixture 
growth model; (solid line) layered droplet growth model; (D) experiments 
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Figure D. 7: Droplet growth curves of nonane and water in methane at 44 bar: ( dasbed line) i deal mixture 
growth model; (solid line) layered droplet growth model; (D) experiments 
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Figure D .8: Droplet growth curves of nonane and water in methane at 44 bar: ( dasbed line) i deal mixture 
growth model; (solid line) layered droplet growth model; (D) experiments 
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D.2 Layered droplet structure 

The structute of the layered droplet can be studied by platting the droplet radius as well as the radius of 
the water co re inside the droplet against the time. In the plots on the following pages, the growth of the 
care is represented by the dasbed lines, whereas the growth of the droplet as a whole is represented by 
the solid lines. The droplet radius is then given by the vertical axis on the left side of the plots. The ratio 
between the care and droplet radius is represented by a grey solid line. The ratio is then given by the 
vertical axis on the right side of the plot. 
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Figure D.9: Droplet and core growth curves of nonane and water in methane at 11 bar: ( dasbed line) 
radius of the core; (solid line) radius of the droplet; (grey solid line) ratio between the radius of the core 
to the radius of the droplet 
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Figure D.lO: Droplet and core growth curves of nonane and water in methane at 11 bar: ( dasbed line) 
radius of the core; (solid line) radius of the droplet; (grey solid line) ratio between the radius of the corc 
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Figure D.11: Droplet and core growth curves of nonane and water in methane at 11 bar: (dashed line) 
radius of the core; (solid line) radius of the droplet; (grey solid line) ratio between the radius of the core 
to the radius of the droplet 
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Figure D.12: Droplet and core growth curves of nonane and water in methane at 11 bar: (dashed line) 
radius of the core; (solid line) radius of the drop let; (grey solid line) ratio between the radius of the co re 
to the radius of the droplet 
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Figure D.13: Droplet and core growth curves of nonane and water in methane at 11 bar: ( dasbed line) 
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to the radius of the droplet 
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Figure D.l4: Droplet and care growth curves of nonane and water in rnethane at 44 bar: (dashed line) 
radius of the care; (solid line) radius of the droplet; (grey solid line) ratio between the radius of the care 
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Figure D.15: Droplet and core growth curves of nonane and water in methane at 44 bar: (dashed line) 
radius of the core; (solid line) radius of the droplet; (grey solid line) ratio between the radius of the core 
to the radius of the droplet 
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Figure D.16: Droplet and core growth curves of nonane and water in methane at 44 bar: (dashed line) 
radius of the co re: ( solid line) radius of the droolet: ( grev solid line) ratio between the radius of the co re 



Appendix E 
Programs 

The phase equilibrium and droplet growth program souree code remains to be included. 

100 


