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Abstract 

Relative toa uniformly rotating fluid the formation and evolution of a laminar vortex ring 
(Rer0 = 160- 660), propagating parallel to the axis of rotation, is largely affected by the 
Coriolis force. Laboratory experiments are carried out for different rotation rates and the 
results are compared with the dynamics of a vortex ring in a fluid without background 
rota ti on. 

The vortex ring was formed by injecting a small amount of fluid through a circular 
orifice of variabie diameter. At the sharp edge of the orifice vorticity is created, which rolls 
up to form a vortex ring. To visualize the experiments dyed fluid as well as small tracer 
particles have been used. 

First, the newly built vortex ring generator had to be tested to check its reproducibility 
for creating vortex rings. Furthermore, the 'vortex atmosphere' method was introduced 
to determine vortex ring characteristics from dye-experiments. This method was checked 
by comparison of the results determined from dye experiments with partiele experiments. 
For this, existent software for data processing partiele paths in two-dimensional flow fi.elds 
had to be adapted to the case of axisymmetric three-dimensional flow fields. 

The dimensional translational velocity of a vortex ring in a fluid without rotation turned 
out to decrease with the dimensionless axial distance travelled by the vortex ring according 
to a square-root functional relation. The correlation between the generation parameters 
of the vortex ring and characteristics of the completely formed vortex ring were examined 
and compared with results from earlier experiments. 

In the presence of background rotation fi.ve stages of evolution can be distinguished: 
ring formation, disturbance, formation of secondary vortices of oppositely signed vorticity, 
shedding of these vortices and finally total destruction of the vortex ring. The occurrence 
of these stages strongly depends on the Rossby number. 

By inspeetion of the extra terms in the vorticity equation for axisymmetrical flows in 
a rotating frame of reference a first explanation is given for these phenomena. 
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Chapter 1 

Introduetion 

In the field of fiuid dynamics the study of vortex motions plays an important role. For 
example, vortex structures occur in boundary layers, mixing layers, jets, plumes, air foils 
and wakes of ships and aircrafts. Industrial as well as physical interest in these vortices 
is still increasing. In that context one of the major studies concerns the motion of vortex 
nngs. 

The vortex ring is an example of a fundamental, rather robust and simple-to-generate 
vortex. Although its dynamics is complex, the simple structure of the vortex ring makes 
it possible to investigate it both on theoretica! as well as on experimental grounds. The 
motion of the vortex ring encapsulates several problems of vortex motion, as Saffman [25] 
stated in one of his articles on vortex dynamics: 

'one particular motion exemplifies the whole range of problems of vortex motion 
and is also a commonly known phenomenon, namely, the vortex ring . . . Their 
formation is a problem of vortex sheet dynamics, the steady state is a problem 
of existence, their duration is a problem of stability, and if there are several we 
have a problem of vortex interactions. ' 

A stabie laminar vortex ring is formed when fiuid is ejected through a circular nozzle. A 
vortex sheet separates at the edge of the nozzle and rolls up to form a vortex ring. Several 
types of vortex generators are discussed in earlier publications [2], [8], [22], [27]. 

In the early seventies there have been suggestions that vortex rings may be used to 
transport chimney wastes to higher altitudes and that the rings may form from the trailing 
vortices behind aircrafts [17]. Another issue concerning the study of vortex rings can be 
found in the interaction of vortex tubes. This is a very complex process concerning core 
deformation and vorticity cancellation and stretching. 

A large part of the literature deals with the formation and motion of laminar as well 
as turbulent vortex rings [7], [8], [10], [19], [26]. Also experimental investigations of the 
interaction of vortex rings with a free surface are discussed in a wide range [4], [5], [13]. 
Although in a wide variety of geophysical fiows the preserree of a background rotation plays 
an important role, no extensive experimental studies have been performed concerning the 
motion of vortex rings in a rotating fiuid. 

1 



2 Dynamics of a Vortex Ring in a Rotating Fluid 

The aim of the present work is to investigate experimentally the effects of a uniform 
background rotation on the formation and evolution of laminar vortex rings. The vortex 
rings are produced by pushing fluid through a circular orifice of variabie diameter in a 
system which rotates with constant angular velocity. The vortex ring propagates in a 
direction parallel to the rotation axis. To distinguish the effect of the background vorticity 
field we first examined the characteristics of the vortex ring in a fluid without background 
rotation. During most experiments the vortex rings are visualized using fluorescent dye. 
Passive tracer particles were used in one experiment without background rotation. 

Chapter 2 starts with a short review of the theory of axisymmetrical flows. Also the 
'vortex atmosphere' method is introduced to determine the dimensions of the vortex ring 
atmosphere from the characteristic ring radius and core radius of the vortex ring. Later (in 
chapter 5), this method will be used in reversed way to obtain the vortex ring characteristics 
from the measured dimensions of the vortex atmosphere. The chapter concludes with the 
most elementary equations concerning axisymmetrical flows in a rotating fluid. In chapter 
3 an overview of earlier experimental work is presented. Some typical results from these 
investigations are given. The experimental set-up is presented in chapter 4, involving the 
vortex generator used as wellas a description of the two methods of flow visualization. The 
methods for data processing are described in chapter 5. The results of our experiments 
of the motion of a vortex ring with and without background rotation are discussed in two 
separate chapters. In chapter 6 the vortex ring generator is tested by producing vortex 
rings with equal initial parameters in a fluid without background rotation. The accuracy 
of the 'vortex atmosphere' method presented in chapter 2 is checked by comparison of dye
experiments with particle-experiments. Experiments with different generation conditions 
are carried out and the results are compared, also with respect to results from earlier 
work presented in the literature overview. In chapter 7 the effects of a rotating fluid on the 
dynamics of a vortex ring propagating parallel to the axis of rotation are discussed. Finally, 
in chapter 8 some conclusions are presented foliowed by recommendations for further work 
to improve our insight in the complex structure of vortex rings in background rotation. 

I want to conclude by mentioning the preliminary aspect of our experiments. Therefore, 
this report is by no means complete but merely a starting point for further investigations. 



Chapter 2 

Theory 

2.1 Intrad uction 

The motion of a vortex ring in an incompressible fluid is an example of an axisymmetric 
flow. In this chapter some general aspects of the theory of axisymmetric flows will be 
discussed, foliowed by some specific concepts concerning the motion of vortex rings. In 
section 2.3 the 'vortex atmosphere' method is described, used todetermine specific vortex 
ring characteristics. Finally, the equations for an axisymmetric flow in a rotating frame of 
reference are discussed in section 2.5 . 

2.2 Axisymmetric flow 

Formatter of convenience we will work with cylindrical coordinates (r, r.p, z) when descrihing 
the axisymmetric flow. The velocity field is now described by the vector 

(2.1) 

The continuity equation for an incompressible, axisymmetric flow (a I ar.p = 0) takes the 
following form, invalving only two terms: 

auz 1 a 
-a +--a (rur) = 0. z r r 

(2.2) 

It is possible to define a stream function '1/J, called the Stokes stream function, which satisfies 
this continuity equation. 

1 a'ljJ 1 a'ljJ 
U z = ;: ar ; Ur = -;: az. (2.3) 

Note that this stream function has units of cm3 / s. The vorticity defined by 

.... .... .... 
w =V' x u, (2.4) 

can be written in component form 

3 



4 Dynamics of a Vortex Ring in a Rotating Fluid 

Wcp 

- OUcp 
8z 

OUr OUz 
---
()z 8r 

OUcp Ucp 
8r + -;· 

(2.5) 

In absence of swirl motion (ucp = 0), the azimuthal component is the only nonzero compo
nent of the vector vorticity field. In terms of the Stokes stream function we can write this 
as 

1 82 w 1 8\ll 1 82 w 
Wcp = -~ 8z2 + r 2 8r - ~ 8r2 • ( 2·6) 

The vorticity equation, which gives the rate of change of vorticity in time, can then be 
written in the following form for viscous incompressible axisymmetric flow without swirl: 

D(wcp O(Wcp) ( 8 a)(Wcp) V( 2 Wcp - -) =- - + Ur- + Uz- - =- \7 W - -). 
Dt r 8t r 8r 8z r r cp r2 

(2.7) 

If we neglect the viscous terms on the right hand side we find (see e.g [3]) the relation 

D(~) 
D~ = 0. (2.8) 

In cases of a stationary, axisymmetric flow this means that 7 is constant along a stream
line. Thus we find arelation between 7 and the stream function 'Ij;, which is by definition 
constant along a streamline, given by 

Wcp = f('lj;) 
r 

(2.9) 

So far we have discussed the theory for a general axisymmetric flow. The special case 
of an isolated circular vortex tube that is surrounded by irrotational motion denotes the 
vortex ring. The ideal vortex ring can be described as a torus of ring radius R, in which 
the vorticity is concentrated in a cicular core of core radius a. The vorticity is supposed to 
be uniformly distributed in the core according to the relation 7 = constant. Figure 2.1 
gives a schematic view of the cross section of anideal vortex ring in a cylindrical coordinate 
system. 

The circulation of the vortex ring is defined as 

(2.10) 

where C denotes the closed contour around the vortex core and A is the surface bounded 
by C (see figure 2.1). 
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OI2a 
R 

.............. t:Z-[j)(IS ·············· ······················· 
.... vortex care 

o~~ 

contour C 

Figure 2.1: Schematic view of an ideal vortex ring. 

For vortex rings with a finite core radius that is much smaller than the ring radius 
( }l « 1) Kelvin [14] derived a formula for the self-induced translational velocity of the 
vortex ring moving parallel to the axis of symmetry. 

Ut= 4~R (1n (8:) +constant) . (2.11) 

The constant term in this equation depends on the vorticity distribution inside the circular 
core. Fora uniform distribution this term equals -i· 

2.3 The vortex atmosphere method 

A vortex ring consists of a ring-shaped core of vorticity surrounded by an atmosphere of 
irrotational fl.uid. The shape of this volume of fl.uid being instantaneously transported with 
the ring with velocity Ut depends on the values of a and R. For thin rings ( ]l < 0.01163) 1 

the atmosphere has a ring-shaped form (fig. 2.2a) withopen streamlines around the axis of 
symmetry. Thick vortex rings (}l > 0.01163) show a more or less 'blob-shaped' atmosphere 
(fig.2.2b). 

The streamline that encloses the 'blob-shaped' atmosphere is called the separatrix. It 
intersects with the streamline that coincides with the axial axis (r = 0). Thus the separatrix 

1 For ]ï = 0.01163 the separatrix has only one stagnation point, located at the centre of the vortex ring 
[11] . 
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2r---.. -.~--~----------~------------~ 

-().5 

.0.1 

-().1 
::l.5 "----- r 

o ~========~===t====~==~-o~.oo=1=d o ~~~~-L~~~~~~~~~~ 

-1.5 -1 -0.5 

(a) 
0 

z 
0.5 1.5 -2 -1 

(b) 
0 

z 
Z....1 2 

Figure 2.2: Streamlines W of a vortex ring relative to a frame rnaving with the vortex ring 
for (a) thin rings (~ = 10-4 ) and (b) thick rings (~ = 0.3) . 

is defined by a stream function w(r, z) = 0. In order to determine the dimensions of the 
vortex atmosphere we first have to calculate the streamlines. 

Suppose that we are at some distance away from the vortex core. In that case it is 
suffi.cient to approximate vortex rings by a circular vortex line with zero cross section and 
fini te circulation r. For this circular line vortex of ring radius R, located at the origin z = 0 
we can analytically determine the stream function at any point with axial coordinate z 
and radial coordinate r [3] . 

rv'rR [(2 ) 2 ] 1j; = 1/;(r, z ) = 
2

7r k- k K(k)- kE(k) , (2.12) 

where 

k2 = 4Rr 
z 2 +(R+r)2 ' 

(2.13) 

and K(k) and E(k) are the complete elliptical integrals of the first and second kind, 
respectively. Note that we cannot use this analytica! salution close to and inside the core 
of the ideal vortex ring of finite core size. 

We want to study the ring in a frame of reference moving with the vortex ring, so we 
have to add an extra term -~Utr2 to the stream function. 

( 
a 1 2 W r, z, R) = 1/;(r, z) - 2utr . (2.14) 

Two characteristic points of the separatrix, determining the dimensions of the atmosphere 
are the intersection points with the radial and axial axis. These two points A(r = 0, z = 
Zmax), respectively, B(r = Rmax, z = 0) are marked in figure 2.2b. For point B lying on 
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1.5 

p ~ - -·-

----

0.5 / 

/ 

- 2'.-JR 
--- R".,..R 
- ~ 

0 
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aiR 

Figure 2.3: Values 'or bn.u.(E:._) ~(!!_) and ~(!!_) 
J' R R ' R R Rma:. R . 

the separatrix the stream function W is by definition equal to zero: 

(2 .15) 

Solving this equation gives us the value for Rmax as a function of Ji. 
If we follow the same procedure for the intersection point A of the separatrix with the 

symmetry axis we find a trivial solution: the stream function W always equals zero for 
r = 0. Therefore, we choose r to he a small, fixed positive number, denoted by E « R . 
This gives 

(2.16) 

From figure 2.2b we see that the value of Z calculated for E « R equals Zmax calculated 
for r = 0 within an acceptable range. 

By sealing alllengths in equation 2.12 to the charaderistic ring radius R we are now 
able to find Zmaxf Rand Rmaxf Ras a function of af R . These relations obtained by solving 
the equations 2.15 and 2.16 by iteration are presented in figure 2.3. Zmaxf Rmax is calculated 
from the quotientof Zmaxf Rand Rmaxf Rat each value af R. 

So now we are able to determine the shape of the ring atmosphere as a function of the 
ring characteristics a and R. Note that W being equal to zero does not depend upon the 
value of r. Thus the shape of the atmosphere is independent of the circulation r! It only 
depends on ~. 
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2.4 Equations in a rotating frame 

If we look at the motion of an incompressible and inviscid fluid relative toa frame rotating 
with a constant angular velocity fi, some additional terms arise in the vorticity equation, 
related to the Coriolis term. 

Dw aw ("" ~).... ("" ~).... ( n ~) .... Dt = at + u . V w = w . V u + 2~ G • V u. (2.17) 

The fi.rst term on the right hand side describes the change of vorticity due to stretching and 
tilting of vortex lines. The second term describes the change in w due to the background 
vorticity 2Ö. 

In case of an axisymmetric vortex ring (a/ ar.p = 0) in a rotating fluid propagating 
parallel to the axis of rotation fi the vorticity equation can be written in the following 
form 

Dwr .... aur 
(2.18) 

Dt 
(w. \7)ur + 20 az 

D(wcp/r) !__(u'P)2 + 20!_(ucp) (2.19) 
Dt az r az r 

Dwz .... .... auz 
(2.20) -- (w . \7)uz + 20 az ' Dt 

with componentsin axial, azimuthal and radial direction, respectively. The second terms on 
the right hand side, containing the 20 term in axial direction, are related to the background 
rotation. We see that the axial gradients of radial, azimuthal and axial velocity are souree 
terms for the creation of vorticity in conesponding direction. Note that the generation of 
radial and axial vorticity denoted by the first term in equations 2.18 and 2.20 implies a 
swirling motion ucp (see equation 2.5). 

A consequence of the different vorticity equations as a result of the background rotation 
is the loss of the relation between the vorticity and the stream function. 

Wcp =/= j(\l!). 
r 

(2.21) 

With U and L specific velocity and length scales of the motion, respectively, we define 
a dimensionless number, called the Rossby number, which is the ratio of the inertial forces 
to the Coriolis forces. u 

Ro = 20L. (2.22) 

It gives us a measure of the effect of the rotation. For Ro > 1 the period of rotation is large 
compared to the time a fluid element translates a distance L with speed U. In this case 
the Coriolis force only slightly affects the flow field. For small Rossby number (Ro « 1) 
the rotation dominates the flow. When the flow is also stationary the Coriolis forces are 
balanced with the forces due to pressure gradients and the motion is independent of the 
axial coordinate (see [20]), 

a a 
az = o. (2.23) 

This result is well known as the Taylor-Proudman theorem. In the boundary region the 
flow can now be considered to be two-dimensional, moving in columns. 



Chapter 3 

Literature overview 

3.1 Introduetion 

'Ueber Integrale der hydrodynamischen Gleichungen, welche den Wirbelbewegungen ent
sprechen'. That is the title of Helmholtz's fascinating paper (1858) concerning a first 
theoretica! overview of the kinematics and dynamics of vortex motions. He found a sim
ilarity between vortex motions and the older electro-magnetic theory, making it possible 
to derive an expression for the velocity field induced by a vortex on the analogy of the 
magnetic field Ë due to an electric current I through a line conductor. This velocity field 
ü is given by 

""'(""') = _ _!_ h w x (x- x') d""" 
u x 4 ( _, ""'')3 x ' 1r v x-x 

(3.1) 

called the Biot-Savart law after the electro-magnetic formulation. 
An admirer of Helmholtz's work was W.Thomson, later Lord Kelvin, who published the 

expression for the velocity of translation of a circular vortex ring (see chapter 2). Kelvin 
was a witness of one of the first experiments producing vortex rings as Tait showed him 
in his study. A part of the description of this experiment which he sent to Helmholtz is 
cited in [1]. Until that time experiments on vortex rings hadnotbeen of much concern to 
scientists. Helmholtz did a suggestion towards producing a ring by pulling a spoon through 
the water surface, but he never did any serious experiments himself. 

Early publications concerning vortex rings are given by Hicks [11] and Reusch 'Ueber 
Ringbildung der Flüssigkeiten' (1860), both preceded by Rogers' work 'On the formation 
ofrotating rings by air and liquids under certain conditions' (1858). All were mentioned by 
Sir Horace Lamb in his hook on hydrodynamics [14]. He states the method of experimental 
illustration by means of smoke rings to be too well-known to need description, but finds 
a variatien of the experiment consisting in forming the rings in water, the substance of 
vortices being coloured. 

In the beginning of the 20th century more refined experiments were carried out by for 
example Northrup (1912), Krutsch (1939) and Lichtenstein (1925), who investigated how 
a vortex ring can travel unchanged. 

9 
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More recently Saffman [23] reopened the discussion on the theoretica! aspects of the 
problem and in particular the effects of viscosity, as already Helmholtz stated that the 
agreement between theory and experiment could only be obtained if viscosity was taken 
into account. Saffman modeled the flow by using the similarity between the rolling up of 
the axisymmetric vortex sheet and the conesponding plane flow. In the same period Max
worthy [17], [18] produced several articles concerning experiments on vortex ring structure 
and stability. 

Nowadays a lot of workis done, theoretically as wellas experimentally and numerically. 
Theories give results on the behaviour of vortex rings, given certain initial idealized char
acteristics. Experiments give insight in the observational part of formation and motion 
of vortex rings given the parameters of the apparatus used to produce the rings, such as 
piston speed and stroke length. 

I will not give here a complete overview of all the work doneon vortex rings. For those 
who are interested the reader is referred to the work of Shariff & Leonard [27] or for an 
overview of earlier work to Zaroodney [32] and Didden [7]. 

In the next section a brief summary will be given of articles concerning the formation 
and structure of laminar vortex rings. This information can be used for finding parameters 
to generate reproducible vortex rings and in a later stadium comparison can be made with 
our experimental results . 

Most of the experimental work however is based upon the former work of head-on 
collision, reconnection, wall interaction and leapfrogging of vortex rings. Until now, only 
one publication from Yamashita and Honji [31] on the behaviour of vortex rings moving 
parallel to the rotation axis is known to the author. Taylor [30] investigated the motion 
of a vortex ring propagating in a direction perpendicular to the rotation axis. In this case 
the vortex ring did not move in a straight line, relative to the rotating system, but moved 
in a circle in the opposite direction to that in which the whole system rotated. Numerical 
work on this subject is done by P.Orlandi, R.Verzicco (Department of Mechanica! and 
Aeronautical Engineering of the University 'la Sapienza' of Rome) and G.F. Carnevale 
(Scripps lnstitution of Oceanography, San Diego). Hopefully comparison with their results 
is possible soon. 

3.2 Experimental work 

For the formation of vortex rings, two types of generators are often discussed in several 
studies, [2], [22]. The forming at tube as well as orifice openings, generated by piston 
movementsis known (see figure 3.1). Besides the type of generator used we find differences 
in the medium used to produce vortex rings. Suilivan et al. [29] and Sallet & Widmayer [26] 
produced vortex rings in air using an orifice type and a tube type generator, respectively. 
Others [2], [7], [10] and [19] produced vortex rings in water. 

A short review in chronological order of the work done by Maxworthy, Didden, Glezer 
and Auerbach will be given. The chapter will be concluded withareview of the work done 
by Yamashita and Honji on vortex ringsin solid-body rotation. 
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Figure 3.1: Vortex ring generators. (a) tube geometry, {b} orifice geometry 

3. 2.1 Maxworthy 

In his first artiele about 'structure and stability of vortex rings' [17] Maxworthy gives a 
description of observations on experimentally generated vortex rings using a sharp edged 
orifice. His observations were mainly qualitative in nature. The effects of various pa
rameters in the formation process on the circulation, diameter, speed of propagation and 
stability of the vortex ring are discussed. The flow field, ring velocity and growth rate were 
observed using dye and hydrogen-bubble techniques to visualize the vortex ring. 

He states that stabie rings are formed and grow 'in such a way that most of their 
vorticity is distributed throughout a fl.uid volume which is larger than and moving with 
the visible dye core'. This is due to the fact that new fl.uid from upstream is being partly 
entrained into the rear of the 'bubble', as he calls the moving volume of fl.uid. 

Observations show furthermore a decreasing velocity of translation due to several rea
sous: 

• the available vorticity is being spread over a larger bubble volume as time proceeds. 

• vorticity is being cancelled by diffusion across the symmetry axis. 

• vorticity is being shed into a wake behind the ring. 

Maxworthy gives three relations concerning the decrease of velocity and increase of ring 
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radius in time and the rate of change of circulation. The first relation reads 

(3.2) 

where t is the elapsed time measured from the imagined start of the motion at a virtual 
origin at infinity and Ut the translational velocity of the vortex ring. 

The diameter of the ring increases in time by 
1 

R"'f3 . (3.3) 

Finally the rate of change of circulation due to entrainment and diffusion is given by 

(3.4) 

If also shed of vorticity into a wake behind the ring is taken in account the circulation 
changes with 

r"'r~. (3.5) 

The above relations are found for stabie rings in the range of Re < 600, where this 
Reynolds number is defined by 

ao 
Re= U0 x -, (3.6) 

V 

with U0 the initial velocity of translation of order r / a0 and a0 a representative length for 
the bubble. 

At higher Reynolds numbers the rings become unstable and more vorticity is being 
shed into the wake. When Re > 1000 the ring first becomes unstable, but out of this 
disorganized flow, a new stabie vortex emerges that continues with less vorticity than 
before. 

Towards the end of the 70's another artiele of his hand appeared. This time a tube 
geometry was used to produce the vortex rings. Vortex ring characteristics are determined 
from velocity measurements in radial and axial direction using Laser Doppier Velocimetry. 

The total circulation as a function of the initial paramaters is presented in the form of 
aso-called 'cylindrical-slug' model. A cylindrical volume of fluid is supposed to move at a 
constant velocity U0 for a time T0 through a circular hole of diameter Do The slug length 
L 0 is the product 

Lo = UoTo (3.7) 

The ra te of change of the circulation r 0 associated with this process can be determined 
from the total flux of vorticity across the exit plane of the generator 

dfo 
dt 

(3.8) 
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Figure 3.2: Secondary vortices of vorticity of opposite sign created at a (a) tube and (b) 
orifice type generator. 

assuming only one velocity component Uz and a flat velocity profile of the outcoming fluid. 
For the total circulation we then obtain 

r _ [To Uo 2(t)d _ Uo2To _ UoLo 
0 - lo 2 t - 2 - 2 ' (3.9) 

supposing a constant velocity U0 . 

In the same artiele Maxworthy shows that this model is an oversimplification and that 
an 'excess of ring vorticity is probably cancelled by the ingestion of vorticity of opposite 
sign at the nozzle lip' . Figure 3.2a shows how a secondary vortex of negative sign is formed 
within the nozzle and propagates backwarcis into the nozzle, eventually destroyed by its 
own motion creating more positive vorticity. In case of an orifice type generator (see fig. 
3.2b) the secondary vortex moves away from the surface and is not destroyed. 

For the normalized ring diameter DI Do as a function of the normalized slug length 
Lol Do Maxworthy found a power-law relation: 

1 

DIDo = 1.18(LoiDo)4, (3.10) 

that fitted his experimental data reasonably well. 
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3.2.2 Didden 

At the end of the seventies Didden published three separate works [7], [8] and [15], all 
concerning the dependenee of the characteristic parameters of laminar vortex rings to the 
initial generation conditions. The rings were generated in water using a tube geometry 
with piston. All experiments were carried out in the range of 650 to 6000 for the Reynolds 
number. Experiments were done for a tube diameter D0 of 5cm and a ratio of the displace
ment of the piston L0 to D0 of 0.6, 1.0, 1.4 and 2.2 [7] . In agreement with results derived by 
Maxworthy [17], Didden found the vorticity being extended to the edge of the transported 
volume, but no vorticity near the axis of symmetry. 

During the laminar phase a linear relation was found between the translational velocity 
Ut of the vortex ring and the velocity of the piston U0 . The dimensionless ring diameter 
DI D0 remairred constant after the formation process was completed and was independent 
of U0 The ratios Ut/U0 and DI D0 proved to depend on the slug-length L 0 and the time 
history of the piston velocity. For increasing dimensionless length Lol D0 Didden found an 
increase in translational velocity Ut/U0 and ring diameter DI D0 . No possible relation that 
fits the found data was given. 

The main subject of his paper 'On the formation of vortex rings: rolling up and pro
duction of circulation' [8] is to determine the vortex circulation from the flow conditions 
at the nozzle. Didden found factors causing differences between the actual vorticity flux 
and the prediction of the flux by the 'slug-flow' model explained in the previous section. 
Based upon more detailed information on the flow near the nozzle Didden stated that the 
difference is due to: 

• the acceleration of the flow around the boundary, causing the velocity at the exit to 
be higher than the piston speed, and thus increasing circulation. 

• the circulation is decreased by the creation of vorticity of opposite sign on the outer 
pipe wall. 

3.2.3 Glezer and Auerbach 

Two recent studies on the formation and flow of circular vortex rings were performed by 
Glezer [10] and Auerbach [2], respectively. The latter tried to solve some questions that 
are still, after numerous publications, unexplained or to which no interpretation is present. 
He pictures it in views of the four phases that a vortex ring undergoes in his development: 
the generation phase, the laminar vortex ring, the wavy phase and the phase in which 
the vortex ring is turbulent. For each phase comparison is made between known theories 
and the findings of the experiments. For useful comparison to our experiments, only the 
phase of the laminar vortex ring is discussed here. This phase starts when the vortex 
ring travelled some 1.5D0 upwards, where D0 denotes the nozzle diameter. It then moves 
with a velocity of Ut and diameter D. The diameter of the ring does not depend on the 
characteristic speed of generation; however a dependenee is given on the stroke length L 0 . 
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For a nozzle the equations are: 

D 

Do 
D 

Do 

1.18( Lo) l for 0.3 :s; L0 / D0 :s; 1 
Do 

1.18(~:)! for 1 :S L0/D0 :S 3.3, 

(3.11) 

(3.12) 

with the Reynolds number Re0 

generated at an orifice he states 
U0D0 jv between 1500 and 45000. In case of a ring 

D Lo 1 
Do= l.05(Do) 4

• 

The circulation of the vortex ring during this phase is given by 
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Figure 3.3: Transition map denoting flow conditions from varlex rings of previous studies. 

Glezer categorizes the conditions under which vortex rings are formed, trying to define 
the particular type of vo:rtex ring that is formed. Measurements were clone to provide for 
data over a range of dimensionless parameters. Glezer came to the condusion that the 

· formation process may be represented by a uniform cylindrical-slug model. The initial 
circulation r 0 associated with the generation process is given in terms of the Reynolds 
number Rer0 , defined as 

2ro 
Rero = -. 

V 
(3.16) 
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Just as Maxworthy, however, Glezer states that the model is unable to predict accurately 
the magnitude of the initia! circulation r 0 of a vortex ring. It is merely useful in predicting 
the relative circulations of different rings formed by the same generator. 

With the dimensionless number Rer0 and the cylindrical-slug aspect ratio L0 / D0 Glezer 
characterized the behaviour of vortex rings during the formation and throughout its lifetime 
and represented it in a transition map. Flow conditions obtained from previous studies are 
presented in this dimensionless transition map, as given in figure 3.3, leading to conelusions 
whether or not the vortex rings are either laminar or turbulent. The open and elosed 
symbols re present laminar and turbulent flow, respectively. The shaded band denotes 
the separation of initia! laminar and initia! turbulent vortex rings observed in the given 
previous studies. 

3.2.4 Yamashita and Honji 

Only one brief artiele was found concerning the motion of a vortex ring moving parallel to 
the rotation axis. The purpose of this artiele of Yamashita and Honji [31] was to report 
differences between vortex rings in a homogeneaus fluid at rest and in a rotating fluid. 
Also the motion in a stratified fluid was subject of investigation, but is not reviewed here. 

Flow visualization by means of dyed water gave them insight in how the ring behaves in 
a rotating fluid as wellas the maximum distance of the vortex ring travelled along the axis 
of rotation. This distance is defined as the full distance between the hole and the position 
upwards where the vortex ring breaks up. The vortex ring was generated by pushing fluid 
through an orifice using a piston. Using the dimensionless parameters Re0 = U0 D0/v and 
T = OD0 

2
/ v they found some criteria for the ratio between the full distance h travelled 

by the vortex ring and the parameter h0 denoting the distance travelled in homogeneaus 
fluids at rest. The Reynolds number Re0 is the ratio of the inertia to viscous effects, where 
the inverse Ekman number T is the ratio of the effect of rotation to that of viscosity. The 
influence of the background vorticity on the behaviour of the vortex ring was manifested 
by the elangation of the outer edge of the ring, resulting in an earlier breakup. 

From their investigations Yamashita and Honji coneluded that in a fluid at rest the 
vortex ring travels over a distance proportional to the Reynolds number Re0 . However, at 
about Re0 = 1200 the rate of increase reduces and the linear dependenee no longer holds. 
As a reason for this effect , the authors stated that the ring is disturbed from the beginning 
of its formation when Re0 is too large. In rotating fluids the vortex ring can travel the 
same distance asT increases until a critica! value of T = 140. During this range the ratio 
between h and h0 is of order 1. Above the critica! value of T = 140, the vortex rings 
collapse at a distance less than in the case of a fluid at rest. The travelling distance h/ ho 
decreases monotonically with T as 

h 130 
ho T · 

(3.17) 

The travelling distance normalized by h0 shows to be independent of the Reynolds number, 
thus independent of the injection velocity U0 . 



Chapter 4 

Experimental apparatus 

4.1 Intrad uction 

In the previous chapter two types of vortex generators were discussed. During our work 
we used the orifice type generator. This generating mechanism will be discussed in section 
4.2. The initial parameters defined in the experiments are described in the third section 
foliowed by the methods used to visualize the vortex rings. Finally some practical tips are 
given to perform the experiments. 

4.2 The set-up of the experiments 

The vortex generator consistedof a cylindrical reservoir with diameter 13.2cm and height 
lücm. A circular disk with the orifice in the middle was placed on top of the reservoir. 
The edge of the disk contained some notches which made it possible to fix the disk on top 
of the reservoir (see fig. 4.1) . 

The generator could be used for producing vortex ringsin horizontal as well as vertical 
direction. This was done by placing the generator in a stand in which it could be turned. 
During this work only vortex rings were formed that travelled in a vertically upward di
rection. 

The reservoir was connected through two taps, each on one side, to a set of plastic 
tubes. These tubes were connected toa set of syringes which could be pushed by using a 
step motor driven traversing system. 

The complete vortex generator with the stand was placed inside a glass tank with 
dimensions of 60 x 60 x 100cm. The tank, thesetof syringes in the traversing system and 
its control unit were placed on a rotating table with variabie rotating speed (see figure 
4.2) . 

The midpoint of the sharp-edged orifice was placed at the rotation axis of the table. 
During experiments the tank was filled with water up toa height of approximately 50cm. 
The experiments were illuminated by placing a slide projector on top of the tank. The 

17 
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(a) (b) 

Figure 4.1: Vortex generator (a) reservoir, (b) circular disk with orifice 
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Figure 4.2: Glass tank with the vortex generator inside placed on a rotating table 
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motion of the vortex ring was recorded with a photo or video camera that was fixed on the 
rotating table on one side of the glass tank. 

4.3 Generation of the vortex ring 

By pushing the syringes a small amount of fluid was injected through the orifice. The flow 
separates at the sharp-edge of the orifice and a vortex sheet is formed, which rolls up into 
a vortex ring. The initial parameters, mean velocity (Us) and displacement (Ls) of the 
syringes can be controlled with the control unit of the traversing system in which we placed 
the syringes filled with fluid . The traversing system and control unit were verified given the 
results presented in appendix A. In this way a prescribed volume of fluid can be injected 
at a prescribed speed. The mean velocity could be varied to a maximum of 1cm/ s. The 
syringes could be displaced from 1mm to the maximum dirneusion of the syringes itself 
llümm. The number of syringes (Ns) used was variabie to a maximum of 8. Another 
parameter that could be changed was the diameter (Do) of the orifice. Experiments are 
done for typical values of D0 = 2, 3, 4 and 5cm. 

Thus the vortex ring is formed by a programmed injection of fluid over some short but 
finite time interval. An elementary representation of this injection is a uniform cylindrical
slug model, in which a cylindrical volume of fluid moves at constant velocity U0 for a time 
T0 through the circular orifice of diameter D0 . The slug length is evidently the product 

( 4.1) 

Using the simple definition 'what comes in is what goes out ', supposing the fluid to be 
incompressible, we can write for the volume, respectively, the flux that comes out of the 
orifice: 

Ns7r Ds 2 Ls 
2-Ns1rDs Us, 

(4.2) 

(4.3) 

with Ds the diameter of each syringe (Ds = 2.54cm). We thus obtain the following rela
tionships for L0 and U0 in termsof the initial parameters L 5 , U5 , N 5 : 

Lo ( 4.4) 

Uo (4.5) 

So we are able to control the parameters of the injected fluid with the initial parameters 
of the syringes. 
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The circulation f 0 , determined from the totalflux of vorticity through the plane of the 
orifice is given by (see section 2.2.1) 

r - r Uo 2 d - Uo 2To - 1 TT L 
o - Jo 2 t - - 2- - 2uo o, (4.6) 

where we assume a constant velocity profile U0 . 

For these experiments the Reynolds number can be defined in two ways, depending on 
the controllable injection parameters. 

ro 
V 

Reo 
UoRo 

V 

where v denotes the kinematic viscosity coefficient and R0 = tD0 . 

4.4 Visualization of the vortex rings 

(4.7) 

( 4.8) 

Two types of visualization are used. To obtain qualitative as well as some quantitative 
information of the flow field of the vortex ring we have used fluorescine-dye. In a later 
stage smdl tracer particles have been used to obtain more quantitative information of the 
flow field . 

4.4.1 Dye-experiments 

In this case the reservoir, plastic tubes and syringes are filled with dyed water. The rest 
of the tank contains clear tap water. Before the glass tank was filled with water the orifice 
of the generator was closed by an aluminium plate. This was done to avoid mixing of the 
clear water with the dyed water during the filling of the tank. Before the experiment starts 
the plate was removed by pullinga wire with help of some pullies. 

Figure 4.4 represents a photograph showing the cross-section of a vortex ring. The 
vortex ring is an axisymmetric three-dimensional vortex. To show a cross-section of the 
vortex ring a light-sheet of approximately 0.5 -l.Ocm was used. This was done by placing 
a dark slide with a small slit in the slide projector placed on top of the tank. The width 
of the light-sheet depends on the width of the slit that was used. From the photograph 
we can, as aresult of clear water being entrained into the coloured atmosphere, clearly see 
the rolling up of vortex sheets in spirals around the rotating vortex ring core. 

From dye experiments we can determine specific ring parameters as translational ve
locity, ring radius and, indirectly, the core radius and circulation. The method used to 
determine these characteristics is discussed in the next chapter on data processing. Fur
thermore, we can see from dye-visualization experiments whether the motion of the vortex 
ring is laminar or turbulent. 
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Figure 4.3: Photo of a vortex ring in a fiuid at rest (photo by Erwin Ensinck) 
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4.4.2 Partiele experiments 

For this type of experiments small bright tracer particles were submerged in the fluid. The 
particles flow along with the vortex ring. By following the partiele paths in time with 
respect to a befarehand chosen coordinate system we can derive the velocity profile. The 
method for tracldng the paths of the inhomogeneously distributed particles is described . 
in the next chapter. Two types of particles are used of lOOJ.tm and 250J.tm diameter, . 
respectively. Despite of the specifications stating a specific weight of p . 1.0 ± 0.02gr j cm3 

the particles appeared to sink to the bottem of the tank in the experiments. To ·overcome 
this problem the experiments were carried out in a homogeneaus salt-water solution of 
p = 1.0325grfcm3. In that case the particles did J?.O longer sink during the time the 
experiments were carried out. A cross-section of the vortex ring is obtained in the same 
way as described in the case of the dye experiments, visualized by using a light-sheet. 

4.5 Practical tips toperfarm the experiments 

For dye experiments it is necessary torestriet the amount of dye used, since the density of 
dyed water differs slightly from that of clear tap water and therefore the rings are deformed 
when using to high concentrations of dye. 

Due to heat differences there is a possibility of convective flow upwards in the fluid. 
Therefore it is convenient to wait until the temperature of the clear water has the same 
value as the temperature of dye in the reservoir. In some cases the reservoir was already 
filled a day before the tank was filled, which resulted in such an inconvenient convective 
flow. Similarly the effect of heat production due to the slide projectors can he considered. 
Especially during rotating experiments, where the water in the tank has to spin-up first 
for about one hour, it is recommended to turn the projector on just a couple of seconds 
before the actual experiment starts. 

In case of partiele experiments, as mentioned before, the tank was filled with a salt
water solution to cancel the density difference between both media. An inconvenient effect 
occurs when the salt-solution evaporates at the surface and a downstream flow appears. 
This problem can he overcome by sprinkling the surface with clear tap water and covering 
the tank with a perspex plate or foil. 



Chapter 5 

Data processing 

5.1 Intrad uction 

From dye- as weli as partiele experiments specific information concerning vortex ring char
acteristics can be obtained. The procedures foliowed to derive this information are de
scribed in this chapter. First the dye-experiments will be discussed, foliowed by a section 
on partiele experiments. Existent software for processing the obtained information from 
partiele experiments was designed for two-dimensional flow fields and had to be adapted 
to the case of three-dimensional axisymmetric flow fields. This transformation is given in 
section 5.4. The stream function for three-dimensional axisymmetric flows is determined 
in a different way than the stream function for two-dimensional flows . Therefore we had 
to change the numerical method used to derive the stream function from the velocity 
components. This process is described in the last section, coneluded with two analytica! 
axisymmetric problems used to check the new method. 

5.2 Dye-experiments 

Insection 2.2 the 'vortex atmosphere' method was introduced as a model for determining 
the dimensions of the atmosphere from the core radius a and the ring radius R. This 
method will now be used in reversed way to determine the vortex ring characteristics a 
and R from the dimensions of the ring atmosphere. 

Figure 5.1 shows a video image of a vortex ring grabbed at one specific time. We see 
an atmosphere that is elosed at the front of the vortex ring and moves with the ring. From 
this atmosphere which has a elearly marked boundary we determine the coordinates of the 
four points as marked in the figure. 

Point C, the rear stagnation point, is not always visible but the axial coordinate of 
this point can be determined from the horizontal tangent at the 'lowest points' of the ring 
atmosphere as indicated in the figure. The distance in axial direction between A and C 
denotes then the value of 2Zmax as explained in chapter 2. On the other hand the distance 
in radial direction between B and D gives us a measure of the radial dirneusion 2Rmax 
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Figure 5.1: Atmosphere of the vortex ring. 

of the vortex ring atmosphere. The ratio ~:::: enables us to determine i from the graph 
presented in figure 2.3. With the value of i we find the matching value of Rit* from which 
we calculate the ring radius R. The inaccuracy in determining the radial coordinates of 
points B and D is restricted to one pixel distance on the video image. This results in 
an inaccuracy of 1.5% in the value of 2Rmax· The diffi.culties in determining the rear 
stagnation point results in a value of 2Zmax with an accuracy of approximately 3%. 

By grabbing video images of the vortex ring at successive time steps we can determine 
the translational velocity Ut of the ring. This is done by calculating the midpoint of the 
vort ex ring lying between points B and D. The coordinates of this point are the average 
values of the coordinates of B and D. The axial displacement of the midpoint in time, 
given by ~~, is a measure of the translational velocity of the vortex ring for that specific 
time step. The accuracy of the value of ~z depends on the accuracy of determining the 
axial coordinates of B and D . Again a restrietion of one pixel distance results in a total 
deviation of 3%. The inaccuracy in ~t occurs from grabbing the video frame of the vortex 
ring. The video operates in an interlaced mode. This means that a single frame is made of 
two video fields, one containing all even numbered lines, the other all odd numbered lines. 
The frame rate is therefore 5

2° = 25Hz, resulting in an inaccuracy in ~t of 2~~
1 

x 100%. 

From figure 5.1 one would expect to determine the ring radius in a slightly different 
way. The centre of the spirals in the right vortex core is clearly visible and by definition 
the distance between the two eentres equals twice the ring radius 2R of the vortex ring. 
This method is allowed, but due to diffusion of the dye the eentres of the two vortex cores 
are not always as clearly visible as is the case for the left core in this example. Therefore, 
we will use in this work the 'vortex atmosphere' method, because the boundary of the 
atmosphere is clearly visible. With use of all three parameters a, R and Ut we then make 
an estimation of the circulation r by using Kelvin's formula 2.11. 
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5.3 Partiele experiments 

For the partiele experiments a different method is used to determine the flow characteristics. 
Images of the motion of the tracer particles in the light sheet are recorded with a video 
camera on a video tape. With use of the computer software Diglmage it is possible to 
determine the paths of the tracer particles from a sequence of images. Figure 5.2 shows a 
schematic view of this system used . 

.. ~ .... .. . ···~ ~ ......•. . ,,_-, .... .. _.,., . .. ' .... 
•,'·'·/ 

I 

Figure 5.2: Diglmage set-up (Courtesy of Gert van der Plas). 

Figure 5.3a shows the partiele paths in the cross section of a vortex ring for an arbitrary 
experiment. Diglmage produces so-called Partiele Velocity files ( .PV file) containing infor
mation about the position and the velocity vector of each individual tracer particle. This 
information is determined with help of a world coordinate system. The coordinate system 
is calibrated using a video image of a grid with equidistant horizontal and vertical lines 
(~ = 0.5cm), placed in vertical direction on top of the generator before the experiments 
were carried out. The grid is positioned at the midpoint of the orifice, where we produce a 
cross-section of the vortex ring with the light sheet as explained in the former chapter. It is 
now possible to give the real coordinates of different points. For more detailed information 
on partiele location and matching, the introduetion manual [21] can be used as a reference. 

The measured velocity field (see fig. 5.3b) is interpolated using a spline interpolation to 
a grid of 30 * 30 points. From this interpolated velocity field (see fig 5.3c) more information 
can be determined, concerning vorticity, circulation and stream function. 
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Figure 5.3: Data processing using Diglmage (a) partiele paths, (b) measured velocity field, 
( c) interpolated velocity field. 
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5.4 Transformation to a cylindrical coordinate system 

The above described method was originally designed for two-dimensional flow fields, where 
the .PV-files contain the location (x, y) and velocity components (ux, uy) of the tracer 
particles relative to a cartesian coordinate system. In our case, however, we measure the 
velocity field in a cross-section of a three-dimensional vortex ring, assuming the velocity 
field to be axisymmetric. This implies the introduetion of a cylindrical (z, r) coordinate 
system with the axis of symmetry parallel to the propagation direction of the vortex ring 
and origin at the midpoint of the vortex ring (see fig 5.4). As a consequence we only look at 
one side of the velocity field in the cross-section of the vortex ring. We are free in choosing 
the left or the right side. 

To determine this midpoint the vorticity distribution is first calculated using the 'old' 
cartesian system. This is allowed because the definition of the vorticity component 

av au 
w=---

8x 8y' 
(5.1) 

is the same for 2-dimensional flows (u= ux, v = uy) as it is for axisymmetric flows (x= 
r,y = z,u = Ur,V = Uz). 

From this vorticity contour plot (see figure 5.4) we determine the coordinates of the 
centre of the leftand right ring core given by the points of maximum positive and negative 
vorticity, respectively. Assuming anideal axisymmetric vortex ring we calculate from these 
two points the midpoint of the vortex ring denoted by (xm, Ym)· During experiments the 
vortex ring does not always translate in a straight vertical line. Therefore the transfor
mation to a cylindrical coordinate system does not only involve a translation, but also a 
rotation over a small angle a has to be carried out. 

However this does not only mean a transformation of (x, y, Ux, uy) to (r, z, Ur, uz). Also 
a new grid has to be defined by rotating the four endpoints, in the PV-file denoted as 
(xmax, Xmin, Ymax, Ymin)· In the new PV-file these points will be given by (rmax, Tmin, Zmax, Zmin) 
The total transformation for the right vortex core is then given by 

r (x- Xm)cos(a) + (y- Ym)sin(a) (5.2) 

z -(x- Xm)sin(a) + (y- Ym)cos(a) (5.3) 

Ur Uxcos(a) + uysin(a) (5.4) 

Uz -uxsin(a) + uycos(a), (5.5) 

where the radial axis makes an angle a with the positive x axis as can beseen in figure 5.4 
and the new origin 0' of the cylindrical coordinate system has the coordinates (xm, Ym) 
relative to the 'old' system. The sizes of the new grid depend on the angle a over wich we 
rota te. The value of r min is set to 0 as stated before. The other values are determined for 
four different cases. Only one case applies to our work where a is just a small value « 1. 
For 

7r 
0 < a :s; 2, (5.6) 
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x 

Figure 5.4: Transformation of cartesian to cylindrical coordinate system. lso vorticity 
contour lines w are shown. 

the transformation is given by 

rmax ·- (Xmax- Xm)cos(a) + (Ymax- Ym)sin(a) 

rmin ·- 0 

Zmax ·- -(Xmin- Xm)sin(a) + (Ymax- Ym)cos(a) 

Zmin ·- -(Xmax- Xm )sin(a) + (Ymin- Ym)cos(a) . 

(5.7) 
(5.8) 
(5.9) 

(5.10) 

The other possibilities, concerning other angles a, are discussed in appendix B. In case 
we want to study the left side of the vortex ring an equivalent reasoning can be followed, 
resulting in another cylindrical coordinate system. 

5.5 Stokes stream function 

The Stokes stream function for three-dimensional axisymmetric flows and the stream func
tion for two-dimensional flows are defined in different ways. Unlike the two-dimensional 
case the Stokes stream function is nat a salution of the Poisson equation (V2 'lj; = -w) . 
Therefore we cannot use a simple Poisson solver to determine the stream function. It is 
possible to determine the stream function from the vorticity distribution numerically but 
we have to add boundary conditions to the problem. However, the conditions for all four 
boundaries of the grid are unknown for our problem. 

Therefore, we integrate the velocity field, using Gauss-Seidel iteration [12] to solve the 
equation 

(5.11) 
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where we only need one boundary condition for w 

W = 0 for r = 0. (5.12) 

Two examples of exact solutions concerning stream function and velocity field of steady 
axisymmetric flows are Hill's spherical vortex and the Helmholtz vortex ring. The Helmholtz 
vortex ring is described in section 2.3. We can consider Hill's spherical vortex as a vortex 
ring in which the body of the transported fluid has a spherical shape, over which the vortic
ity is 'uniformly' distributed; wfr =A= constant. This axisymmetric region of vorticity 
is constructed within an irrotational outer flow. The exact solution for the Stokes stream 
function inside the spherical region relative to a frame moving with the ring is given in 
many textbooks [14], (3]: 

3 r2 ( 2 2 2) W =-U- R -r -z 
4 R2 ' 

(5.13) 

where R indicates the radius of the sphere and U = 1
2
5 AR2 the translational velocity of 

the vortex ring. For the irrotational outer flow we find a stream function (3] 

W = --Ur2 1- 1 , 1 ( ( R )
3

) 
2 (z2 + r2)2 

(5.14) 

denoting a flow around a sphere. 
The velocity components for both problems can be derived by simple differention using 

2.3. By writing the velocity componentsin aPV-file on a regular grid we canthen use the 
numerical integration technique for computing the stream function and compare with the 
analytica! results. Figure 5.5 gives the stream function contours in a frame moving with 
the vortex ring. 

We see for both examples good agreement between the analytica! and the numerical 
salution of the stream function. The stream lines for the different solutions nearly coincide. 
The separatrix of the vortex ring is clearly visible, intersecting with the axial axis. The 
somewhat ribbed course of this contour line near the axis line is a result of the number 
of grid points (30 * 30). A somewhat finer grid with smaller mesh size would result in a 
smoother contour line. The choice of 900 grid points, however, was made at an earlier 
stage and gave good results for other experiments. So no change was made. From figures 
a and b we see no differences in the stream function contours. The stream functions of 
both solutions shows a comparable contour distributions that lies within 0.5% of each 
other. Gomparing figures c and d we see a slightly different shape of the separatrix. Both 
solutions coincide for small r but for z ~ 0 and r > 0.5 the numerical solution shows a 
more 'stretched' structure of the separatrix. Also the contour lines around the core of the 
vortex ring shows a slightly different pattern. In that range we have the highest gradient 
in stream function. With a difference of approximately 3% between the analytica! and 
the numerical solution this results in a slight shift of the streamlines. The difference can 
be caused by small rounding-off errors made when writing the velocity components to the 
PV-file. Changing the toleranee condition in the numerical program did not improve the 
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Figure 5.5: Hill 's spherical vortex (R = 1, A= 1, contour interval = 0.01} (a) analytical 
solution, (b) numerical solution; H elmholtz vort ex ring (R = 2, a = 0.3, r = 1, contour 
interval = 0.05) ( c) analytica[ solution, ( d) numerical solution. 

solution. But with the accuracy of 0.5% for Rill's spherical vortex and ~ 3% for the 
Helmholtz vortex ring we can conclude that the numerical methad used to determine the 
stream function is accurate. 



Chapter 6 

Formation and structure of laminar 
vortex rings 

6.1 Intro cl uction 

This chapter represents the results of both dye and partiele experiments by which we 
examined the characteristics of the vortex rings created with our experimental set-up. For 
dye experiments the 'vortex atmosphere' method was used. 

The experimental set-up was tested by performing several dye experiments with equal 
initia! parameters. This is described in section 6.2. A partiele experiment with the same 
initia! parameters is presented in section 6.3. Besides the fact of obtaining more quanti
tative information like the azimuthal vorticity field, stream function and circulation, the 
results from theseexperimentscan be used to check the ring characteristics obtained from 
the dye experiments. We then can verify whether or not the application of the 'vortex 
atmosphere' method was allowed. This is done in section 6.4. In the subsequent section 
we examine the relations between the generation parameters and the characteristics of the 
produced vortex ring. The chapter is coneluded with a comparison between our results 
and the results from previous investigations as presented in the literature overview. 

6.2 Test of experimental set-up 

The experiment is carried out for one set of fixed initia! parameters and then repeated 
three times. The 6 syringes are pushed over a length Ls = l.Ocm with an average speed 
Us = l.Ocm/ s. The vortex ring is created at an orifice with diameter D0 = 4cm. Using 
the slug model (see chapter 4) this means that the cylindrical column of:fluid through the 
orifice has the 'slug' parameters: L0 = 2.4cm, U0 = 2.4cm/s and f 0 = 2.9cm2/s. All 
results are presented in dimensionless form by sealing alllengthes to Ro , the radius of the 
orifice and veloeities to U0 . However, the circulation will be scaled to the circulation f 0 

from the slug model. These parameters can be fixed in the experiments. The Reynolds 
number, defined in two different ways based upon the injection parameters (see also chapter 
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4) are Re0 = U0 R0 jv = 480 and Rer0 = r 0 jv = 290, respectively. 

6.2.1 Ring radii and translational velocity 

For all four experiments the dimensionless ring radius and the ratio of core to ring radius 
of the vortex ring are plotted in figure 6.1a against the dimensionless axial distance z/ R0 , 

travelled by the centre of the vortex ring in upward direction. All data are taken over 
the range of z / Ro = 0 to z / Ro = 6 in which the formation and propagation of the vortex 
ring took place. During this stage the ring stays laminar in all experiments. Even over a 
larger range the ring is stilllaminar until it reaches the water surface and vortex stretching 
occurs foliowed by the production of secondary vortices. This was already observed by 
Maxworthy [17] who found a stabie ring during the whole of its motion for Re0 < 600. 

Figure 6.1a shows a ring radius that is slightly decreasing for all four vortex rings from 
an initia! dimensionless value of 1 to a constant value of approximately 0.95. Thus the 
ring radius is of the order of the orifice radius. A reasou causing the decrease of the ring 
radius can be found in the flow induced by the secondary vortices with oppositely signed 
vorticity created at the orifice, as explained in the literature overview. As the ring travels 
from the orifice the infl.uence becomes negligible and the radius becomes constant. 

In the same figure the ratio of core to ring radius (af R) is plotted and we see an increase 
of this ratio from 0.25 to 0.5 as a result of the vorticity being spread from the core of the 
nng. 

Both the ring radius as well as the ratio of the core to ring radius for the four experiments 
show at a fixed axial position somespreading around an average value. For the ring radius 
R/ Ro this is restricted to roughly 4% of the mean value but in the case of af R we see a 
much higher variation up to 15% of the calculated mean value. This striking difference 
in accuracy of relative ring and core radius can be directly explained from the 'vortex 
atmosphere' method used to derive both these radii. As expounded in chapter 5 four 
points are used to determine the maximum axial (2Zmax) and radial (2Rmax) size of the 
vortex atmosphere. Both points in radial direction B and D, i.e. the right and left side 
of the ring, as well as the front stagnation point A on top of the ring are in most of 
the experiments clearly visible. So determination of the coordinates of these points will 
be possible with an accuracy of 1.5% as explained earlier. The rear stagnation point C, 
however, is not always visible. Entrainment of surrounding fl.uid causes a ring structure 
that is not entirely closed, but shows a little 'gap' behind the ring. This makes it difficult 
to define a rear stagnation point. Soa deviation occurs in the value of 2Rmax of 1.5% and 
in 2Zmax of roughly 3%. The inaccuracy in Zmax/ Rmax is then 4.5%. 

From the value of Zmax/ Rmax wethen find afRand R from figure 2.3. For clearness this 
figure is represented again in figure 6.2. We see that the inaccuracy in afRand R occurs 
from the inaccuracy in determinating Zmax and Rmax, respectively. From Zmax/ Rmax as 
a function of af R we see that for ~(~::: )/ t:: = 4.5%; the inaccuracy in af R measures 
approximately 20%. From af R we derive an inaccuracy for Rmax/ R of 5%. The function 
of R'jt'" (~) has a higher slopethen t:: (~) for the same value of~ resulting in a higher 
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Figure 6.1: Vortex ring characteristics: (a) ring and core radius, {b) axial displacement, 
( c) translational velocity, ( d) circulation. 
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Figure 6.2: Inaccuracy in determinating R and ]l 

inaccuracy in RmaxR. We find b. fio / fio = 3.5%, which corresponds to the value of 4% 
found forthespreading in the four experiments. The spreading in aj R lies even lower than 
the inaccuracy of 20%. 

A plot of the travelled distance against a dimensionless time T = U0t/ Ro gives us 
information about the translational velocity of the vortex ring. The axial displacement of 
the vortex ring as a function of time T is presented in figure 6.1b. Notice that the time 
T = 0 does not give the time at which the formation of the ring starts, but it is the time, 
and thus some stage upwards in axial direction, at which the measurement of the ring 
characteristics starts. This can result in different axial positions at T = 0 for different 
experiments. Attempts to fit the data resulted in a second-order polynomial regression, 
which is drawil in figure 6.1b. A third-order term did not improve the fit. Other types 
of fits also showed less agreement. The derivative of this second-order polynom gives us a 
linear time dependent translational velocity Ut scaled to U0 . 

To compare all experiments we search fora relation between the translational velocity 
of the vortex ring and the axial position of the centre of the ring. From the second-order 
relationship between z/ Ro and Tand the derivative leading to Ut/U0 linear proportional to 
T we find an expression for the dimensionless translational velocity as a function of z/ R0 . 

This is a square-root dependenee with distance, within our range of measurements. For 
three of the four experiments a mean relation is found 

Ut/Uo = (0.21- 0.01(z/Ro))0
·
5

. (6.1) 

The first experiment gives a slight difference but is still of the same order. 
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The markers in figure 6.1c give the translational velocity as a function of the displace
ment calculated from the displacement of the centre of the ring for each separate time step. 
This gives not a smooth velocity profile, but a decrease in translational velocity is visible. 
The inaccuracy in determinating the translational velocity !; was discussed in chapter 5. 
For time steps of 0.3sec taken in our experiments we find an inaccuracy of 16%. Within 
this inaccuracy all four experiments agree. 

This decreasing velocity for all four experiments can be explained from the fact that 
the vorticity is being spread over a larger core as the ring proceeds, as can beseen from the 
increase in core radius. The entrainment of externalfluid resulting in the initial momenturn 
to be shared over a greater mass of fluid also results in a decreasing velocity [27]. The 
growth of the vertex atmosphere was found from the increase of the ratio of Zmax to Rmax 
indicating an increase in i . 

Note that the inaccuracy in deriving the rear stagnation point has no influence on the 
determination of the translational velocity because the centre of the ring was taken as the 
midpoint between the points B and D only. 

6.2.2 Circulation 

With the three parameters i' fio , ~ we use Kelvin's formula for calculating the circula
tion of the vertex ring. Befere we can make any statement about the correctness of this 
circulation value we must bear in mind that the Kelvin formula used is valid only for thin 
vertex rings with af R < 0.3 (see [14]) . In all four experiments we cannot meet to this 
requirement. Our values of the ratio of core to ring radius lie in the range of 0.3 - 0.5. 
So the values of circulation are given with great care. In a later stage comparison with 
partiele experiments, where the circulation and af Rare calculated in a different way, can 
hopefully give a definite answer to whether or not the use of Kelvin's formula was allowed. 

It will suffi.ce here by noticing a constant circulation of approximately 3 times the value 
of the circulation f 0 based on the slug-model, with a spreading of 5% (see fig. 6.1d). To 
determine these values the translational velocity was calculated from the fitted relation 
[6.1]. 

The relation found by Shariff & Leonard [27] 

r ( I -1 fo = 1.14 + 0.32 Lo Do) . (6.2) 

fora pipe orifice does notcernpare to our result. Other data from Maxworthy and Didden 
presented in the same paper [27] also gave lower values for ~o. The only agreement is 
that the slug-flow model underestimates the circulation of the vertex ring. Despite this 
inaccuracy Glezer [10] concluded the slug-model to be useful in determining the relative 
circulation of vertex rings formed by the same generator. With constant circulation and 
R ~ const. over the measured range we find the momenturn of the vertex ring, defined by 

(6.3) 

to be conserved as the ring travelsin upward direction. 
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6.2.3 Conclusions 

We thus conclude that the vortex generator used during our experimental work is, within 
the accuracy of our measurements, capable of producing several vortex rings with compa
rable characteristics for identical initial parameters. The spreading of the results can be 
completely explained from the measurement inaccuracy. 

The first experiment was carried out on a different day as the other three. The slightly 
deviant behaviour of the first vortex ring, concerning the higher translational velocity 
and therefore a higher circulation can be, viewed in the light of the different days the 
experiments were carried out, explained as a slight change in experimental circumstances. 
Difference in surrounding temperature as wellas water temperature can have some infl.uence 
on the vortex ring, by means of a different kinematic viscosity. A slightly stiffer movement 
of the syringes can cause a somewhat different velocity profile and therefore a difference 
in ring characteristics. See also Didden [7] who discussed the dependenee of the vortex 
core structure on the differences in velocity profiles of the piston, injecting the fl.uid. Also 
the amount of dye used and of course the non-exact placing of the light sheet can produce 
erratic results. These deviations, however, lie within the range of measure inaccuracies. 
For example, a displacement of the light sheet of 2 mm from the middle of the ring will give 
a slice of the vortex ring with a difference in maximum radius Rmax of 1%, again resulting 
in a ring radius inaccuracy of approximately 3%. 

It is thus desirabie to carry out the stagnant as well as the rotating experiments on one 
and the same day, because not only initial parameters are important but also the accuracy 
in building up and the circumstances under which the experiments are performed can have 
some infl.uence. Not on the behaviour of the ring, therefore the effects are too small, but 
on the actual measured dimensions of the ring. 

To make a comparison with a partiele experiment the characteristics of the vortex ring 
found for the four experiments are presented in table 6.1. The values are taken at one fixed 
point in axial direction ~ = 3 because at that stage the ring is completely formed. 

exp R/Ro a/R Ut/Uo r;ro 
1 0.95 0.4 0.42 3.1 
2 0.97 0.4 0.43 3.1 
3 0.95 0.4 0.42 2.9 
4 0.93 0.4 0.42 2.9 

Table 6.1: Ring characteristics for one set of initia[ parameters determined from Jour 
different experiments 
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6.3 Partiele experiments 

Fora vortex ring created with the same initial parameters as in the previous section we now 
use small tracer particles as visualization. From the measured velocity field induced by the 
vortex ring we first derive the interpolated velocity field and then the azimuthal vorticity 
distribution. Figure 6.3 illustrates this procedure at a time, at which the formation of the 
vortex ring has been completed. The vorticity contour plot shows a smooth distribution 
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Figure 6.3: T = 7 (a} interpolated velocity field, (b) azimuthal vorticity (contour interval= 
l.os-1} 

with contour intervals of l.Os-1 . On the right side and beneath the vortex ring we see 
small patches of vorticity. These are probably caused by so-called 'bad velocity vectors' 
resulting from bad particles matching. For this particular plot the effect of the bad velocity 
veetors is small and not disturbing. In general these veetors should be removed before data 
processing starts. 

From the partiele experiments we derive the ring characteristics, i.e. the ring radius, 
core radius, translational velocity and circulation in a slightly different way, using the 
velocity and vorticity distributions of the vortex ring at different stages in time. 

6.3.1 Ring radius and translational velocity 

The ring radius is measured as the distance between the two eentres of maximum positive 
and negative vorticity, respectively, as given in figure 6.3b. From the coordinates of these 
two points the centre of the vortex ring is determined and is used to derive the translational 
velocity of the vortex ring in the same way as described in the former section on dye 
experiments. The ring radius shows, as a function of the covered distance, a constant 
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behaviour with a little diminution at the end of the traject (see fig.6.4b ). The ratio of 
the ring to orifice radius is 0.95, which agrees with the four dye experiments in the former 
section. While in case of the dye experiments we determined a slight decrease in R/ Ro 
until z/ Ro = 3 we now see the same value for R/ Ro over the entire range. The change in 
ring radius at the end of the foliowed traject seems to be rather a disturbance to the whole 
set up than a ring behaviour, as can be seen from the trajectory foliowed by the ring cores 
which shows a slight shifting to the right (fig. 6.4a). 

From the axial displacement in time presented in figure 6.4c we derive again a dimen
sionless translational velocity as a function of the displacement of the vortex ring: 

Ut/Uo = (0.24- 0.02(z/ Ro)) 0
·
5

. (6.4) 

This is in good agreement with the translational velocity obtained from the dye experi
ments. Only for larger z / Ro the velocity is slightly lower. 

Again, the translational velocity determined from the axial displacement at each dif
ferent time step shows some spreading around the fitted velocity profile (see the markers 
in figure 6.4d). In the next section we will derive the core radius and the circulation. 

6.3.2 Core radius and circulation 

In order to derive other characteristics of the vortex ring like core radius and circulation, 
the coordinate system is translatedas explained in chapter 5 and we examine theseparate 
vortex cores defined as left and right core, relative to the symmetry axis. Only for one 
particular time ( T = 7) the foliowed procedure to derive these characteristics is given 
(see fig . 6.5). The results for the other times are presented directly in figure 6.6. This 
dimensionless time (T = 7) corresponds to an axial displacement of z/ Ro = 3.0. This is 
the same point at which we took the characteristics for the dye experiments as presented 
in table 6.1. 

Note that figure 6.5 represents the results in the new cylindrical coordinate system. 
This means only positive radial coordinates and the centre of the ring, where r = 0 and 
z = 0, denotes the origin of the coordinate system. The contour plots of azimuthal vorticity 
for both cores are given in figures 6.5a and b. The left core is mirrored with regard to the 
symmetry axis, resulting in the same sign of vorticity as for the right core. The contour 
lines in figure 6.5 show no sign of disturbance but a smooth distribution, denoting again a 
laminar vortex ring as already visualized with dye experiments. 

From these azimuthal vorticity plots of the right and left core we calculate the circula
tion, by applying a surface integral over the vorticity distribution, given by 

(6.5) 

The integral was evaluated by multiplying the value of w'P at each grid point by the area 
element dr dz surrounding that grid point. The values of dr and dz denote the distance 
between the grid points in radial and axial direction, respectively. This resulted in a 
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positive circulation due to the positive vorticity present and a negative contribution from 
the negative vorticity. A slight motion of the fluid at places away from the ring can result in 
a vorticity distribution of arbitrary sign. When this motion occurs within the boundary of 
our defined grid we findan extra contri bution to the total circulation besides the circulation 
of the vortex ring. From figures 6.5c and 6.5d, which will be explained below, we also see 
vorticity of opposite sign just outside the vortex core. For the left core we thus derive a 
negative value of -2.1cm2 

/ s and a positive value of 12.1cm2 
/ s resulting in a total value of 

10.0cm2 
/ s, for the right core these values are -3.0cm2 

/ s , 13.4cm2 
/ s and 10.4cm2 

/ s. In 
dimensionless form, scaled to ro, the absolute values are r /fo = 3.4 and r /fo = 3.6 which 
are bothafactor 15% higher than the values from the dye experiments. 

The distribution of azimuthal vorticity over the ring core for z = Ocm is presented in 
figure 6.5c for the left core and in 6.5d for the right core. To calculate the core radius we can 
use this vorticity distribution measured in radial direction through the centre of the vortex 
ring. For this typical case the ring core can be defined in several ways. One possibility is 
to define the width of the vorticity distribution where the vorticity has decreased to half 
its maximum value as the radius of the ring core. In the literature, however, the azimuthal 
vorticity distribution of the vortex ring is often assumed to be a Gaussian function of the 
distance from the centre of the core [28). This function reads: 

(6.6) 

with 
(6.7) 

We fit this function to the vorticity distributions of the left and right core with fixed 
z = Ocm, R = 1.9cm. From the left vorticity distribution we derive a core radius a of 0.6cm 
and a circulation r ;r 0 of 2.6. For the right core these values are a = 0.6cm, r ;r 0 = 2.9. 
Thus the ratio of core to ring radius is 0.3 for both cores. We see a difference with the 
values determined from dye experiments. The dimensionless circulation has a lower value 
compared to the dye experiments just as the ratio of core to ring radius. Note that the 
values of the circulation differ also from those determined from the surface integral over 
the vorticity distribution. 

The reason for the lower value of af R can not be directly explained, but if we use the 
method of 'full width at half maximum (FWHM)' indicated in figure 6.5c an even smaller 
value is obtained. 

The values of r /fo and af R determined from the Gaussian fit for all 8 subsequent time 
steps are presented in figure 6.6. This time we see more spreading in the values of r /fo 
compared to the dye experiments. Surprisingly, all values of r /fo and af R for the left core 
are below the values determined for the right core. Only at the end of the traject we see a 
reversed result. But, as already explained in section 6.3.1, this seems to be a disturbance 
to the set-up. 

Two possible conclusions can be drawn. First a mistake can be made when defining 
the centre of the ring, resulting in left and right core vorticity distributions which are not 



42 Dynamics of a Vortex Ring in a Rotating Fluid 

exactly symmetrie. But as we can see from figures 6.5c and 6.5d the peak of vorticity 
lies at r = 1.9cm for both cores. This value represents the ring radius determined from 
the same coordinates as were used to calculate the centre of the vortex ring. Secondly, if 
we assume that the centre of the ring was determined accurately, this would mean that 
we have a non-axisymmetric vortex ring! But from dye experiments no differences were 
observed which could confirm this statement. The reason for the inaccuracy lies probably 
in the distribution of the particles in the fluid . We assumed a homogeneous distribution, 
but as the vortex ring is formed and travels in upward direction the number of particles 
following the vortex ring can be different for the right and left core. Thus it is possible that 
slight differences occur in the vorticity distribution of both cores, because the measured 
information concerning the velocity components is different. 
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Figure 6.6: Vortex ring characteristics for 8 subsequent time steps (a) circulation, (b) ratio 
of ring to care radius 

In spite of the differences in leftand the right core values we see a nearly constant value 
of af Rover the entire range of observation! This is insharp contrast to the results derived 
from dye experiments, where we saw an increasing af R. 

6.3.3 Vorticity and stream function 

Furthermore, we can determine the stream function as defined in chapter 5 from the in
terpolated velocity field. In figure 6. 7 the stream function is presented for the left and 
right core of the vortex ring in a frame of reference, moving with the vortex ring. The 
left boundary of the figure denotes the axial axis of symmetry where the radial velocity is 
zero resulting in a zero stream function (see again chapter 5). It intersects the separatrix 
of the vortex ring or, in comparison to the dye experiments, the boundary of the vortex 
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atmosphere. The maximum radial dirneusion derived from the stream function picture is 
approximately 2. 7 cm which equals the value of Rmax from the dye experiments. To deter
minate the value of 2Zmax again some inaccuracies occur, because the contour lines are not 
smooth close to the axis of symmetry. This effect was already discussed insection 5.4. The 
values for 2Zmax as indicated in figure 6.7 are 3.6cm for both vortex cores. This lies within 
7%, the accuracy of our measurements, of the values determined from dye-experiments. 

With these values known it is interesting to look at the azimuthal vorticity distribution 
again (see fig. 6.5c and 6.5d). We see that for r = 2.6cm the azimuthal vorticity has not 
reached the value of os-1 but is still positive. This means that the vorticity is monotonically 
decreasing all the way to radial values outside the edge of the vortex atmosphere, denoted 
by the streamline with stream function \ll = Ocm3 / s. Maxworthy [17) already mentioned 
this diffusion of vorticity out of the moving body of fluid into the outer irrotational fluid. 
He described two effects occurring from this diffusion. Part of the fluid will be re-entrained 
resulting in a growth of the laminar vortex ring. The rest is left behind in a wake. The 
wake formation was not visible during our experiments, neither in the dye nor in the 
partiele experiments. The re-entrainment and thus the resulting growth of the vortex ring 
atmosphere causes a decay in translational velocity as was explained in the section on 
dye-experiments. By plotting the ratio wcpjr against the stream function for every grid 
point we can observe whether or not the motion is stationary. If the points lie on a line a 
well-defined relation exists between wcpjr and \ll (see section 2.2) . Figure 6.8 presents this 
so-called scatter plot. 

The points on the branch wcpjr = 0 correspond to grid points from the exterior of the 
vortex ring. The points on the branch \ll = 0 correspond to the boundary of the ring 
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atmosphere. Points of large wcpjr values on the same w = 0 branch arise from grid points 
near the axis of symmetry where r is small. 

A comparable relation between w'P/r and wis observed in figure 6.8 for both ring cores. 
The data points on the curved path at the right in figure 5.8 a and b correspond to grid 
points located in the vortical core regions. For steady inviscid axisymmetric motion a 
fundamental relation between wcp/r and w is expected. This relation is roughly observed 
by the curved path. This means that we have indeed a steady, inviscid motion in the 
axisymmetric vortex ring. Note that the unknown relation between wcpjr and W has never 
been measured before! 

6.4 Vortex atmosphere methad 

The results presented in the farmer two sections show too many differences to validate 
the vortex atmosphere methad for 100% as a useful methad to derive the vortex ring 
parameters. 

In case of the ring radius and the translational velocity of the vortex ring comparable 
results were obtained from dye and partiele experiments. A third methad for determining 
the ring radius was performed for one dye experiment. We have determined the ring radius 
directly from the distance between the eentres of the spirals in the vortex ring. This methad 
is allowed because this distance is by definition equal to the ring diameter 2R. As explained 
in chapter 5 this methad is not always usabie due to diffusion of dye in the ring core. For 
this typical experiment, however, the ring cores were elearly visible as 'black dots'. The 
determined constant dimensionless ring radius R/ Ro = 0.94 is in good agreement with the 
vortex atmosphere methad and the results obtained from the partiele experiments. Also 
the translational velocity of the centre of the vortex ring is of the same order as in previous 
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experiments: 
Ut/Uo = (0.24- 0.02(z/R0))

0
·
5

. (6.8) 

The centre of the vortex ring is determined from the coordinates of the two black dots 
denoting the cores of the vortex ring. 

In contrast with these corresponding values for R and Ut we find for the 'vortex at
mosphere' method and partiele experiments deviant results for the core radius, resulting 
in different values of a/ R, and the circulation r /f0 . However, we must not forget the 
inaccuracy which appears in determining a/ R while using the vortex atmosphere method. 
This has direct influence on the value of the circulation determined with Kelvin's formula. 
However, within this inaccuracy the result of a/ R = 0.3 obtained from the partiele experi
ments is still 8% lower. From the size and the motion of the vortex atmosphere determined 
with dye experiments one would conelude that we generate slowly moving and thick vortex 
rings. Therefore, the value of a/ R = 0.3 seems to be too low. The method of 'full width at 
half maximum', however, results in even lower values for a/R. So the fit of the azimuthal 
vorticity distribution to a Gaussian distribution seems correct. 

We can only question the method of determining the core radius from the azimuthal 
vorticity distribution. From the distribution of axial velocity in radial direction through 
the ring core at z = 0 one can define the core radius as the distance between the two points 
of maximum and minimum axial velocity, respectively [29]. Figure 6.9 shows this method. 
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Figure 6.9: Axial velocity versus r in the z = 0 plane (a) left core, (b) right core 

In the centre of the core the axial velocity is equal to the translational velocity Ut. The 
value for Ut is indicated in figure 6.9. 

The core radius determined from this velocity distribution yields a value of 0.77cm for 
both ring cores, which gives a value for a/ R of 0.4. Not only does this value agree with 
the dye-experiments, it also is a more 'expected' value for our types of vortex rings. The 
values fora/ Ro and a/ R derived for again 8 subsequent time steps are presented in figure 
l.lOa and l.lOb, respectively. The values derived from the axial velocity distribution are 
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core, but this time all values are higher than those derived from the azimuthal vorticity 
distribution. These results are in better agreement with the values derived from dye ex
periments, although we see again an approximately constant value for af R. Therefore, we 
must remise the condusion drawn insection 6.2.1 that the increasing core radius is aresult 
of vorticity being spread over the core. Probably, it is an artefact of the vortex atmosphere 
method used to derive these values. 

With these arguments put forward we reach to the tentative condusion that the vortex 
atmosphere method is, within the accuracy of the measurements, a valid method to de
termine the vortex ring characteristics Rf Ro and Ut/U0 from dye experiments. However, 
it seems very difficult to derive the values for af R and thus the circulation r fr0 in an 
accurate way. Not only as a result of inaccurate determination of 2Zmax but also as a 
result of a slightly changing shape of the atmosphere. The change of the atmosphere is 
probably a result of re-entrainment of outer irrotational fluid, resulting in a 'gap' at the 
rear stagnation point and a little 'lump' at the front stagnation point. The re-entrainement 
doesnoteffect the width of the vortex atmosphere. 

Kelvin's formula seems therefore merely useful todetermine the order of magnitude of 
the circulation of the vortex ring. 
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6.5 Different generation conditions 

Now that we came to the condusion that our set-up is able to generate reproducable vertex 
rings and the introduced 'vertex atmosphere' method is accurate in determining the ring 
characteristics R/ Ro and Ut/U0 within the accuracy of our measurements, we can preeeed 
in modeHing the dependenee of these characteristics on the initial parameters of the vertex 
generator. Although we questioned the use of the vertex atmosphere method as a method 
to determine a/Rand r /f0 , we will for the sake of completeness still present the results. 
As explained in chapter 4, all parameters can be freely varied within the given ranges. 
Four orifices are used with different diameters of 2, 3, 4 and 5 cm. The initial conditions 
U8 , Ls and Ns are tested over a wide range of values, resulting in some restrictions for 
these parameters. Not every chosen set of parameters resulted in the formation of a vertex 
ring propagating in upward direction. The results of all these experiments will not be 
presented here, as it was merely useful for each separate orifice to find a proper set of 
initial parameters to generate a stable, laminar vertex ring. 

The ratio between the slug-length L0 and the orifice diameter Do plays an important 
role in defining these experiments. If ~ is too small, the vertex ring is produced close to 
the orifice and instead of propagating away from the orifice, it moves back into the cistern 
due to the induced velocity of secondary vertices [7],[19] . Secondly, if ~ is too large, the 
vertex sheet will break up into a train of vertex rings. During the experiments with a 
5 cm orifice, another problem occurred, as a result of the fact that the initial speed Us 
was variabie only in the low range of 1

3°0° er; to 1
1°0° c';. Within this range mostly a large, 

slowly moving vertex ring was created that became disordered befere the formation process 
ended. The total number of syringes used was restricted to 6, due to the capacity of the 
traversing system and step motor. These introducing experiments finally resulted in the 
following four sets of initial parameters given in table 6.2. 

Do(cm) Ls(cm) Us(cr;) Ns Lo(cm) Uo(cm) 
2 3 0.8 4 1.9 5.4 
3 0.7 1.0 6 3.0 4.3 
4 1.0 1.0 6 2.4 2.4 
5 1.3 1.0 6 2.0 1.6 

Table 6.2: Initial parameters used during experiments with Jour orifices with different di
ameter Do. 

The vertex ring characteristics of the '4 cm orifice' were given in the first sectien of this 
chapter. The characteristics of the vertex rings in the ether three experiments will now be 
treated in order of increasing orifice diameter. 
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6.5.1 Orifice diameter 2 cm 

First we must mention the slightly different vortex generator used for these experiments. 
Instead of a glass water tank we used a perspex vortex generator which consisted of a 
cylindrical reservoir with a diameter of 13.2cm and a height of about 50cm, devided in two 
parts by the orifice. The lower reservoir of 12cm height contained dyed water, the upper 
reservoir was filled with water up to a height of approximately 18cm. Only one water tap 
was used to inject fluid in the vortex generator. Although the water reservoir has a much 
smaller radius than in the case of the glass tank, no effects of the side walls on the motion 
of the vortex ring were observed. 

To test this vortex generator, two experiments are discussed. Other experiments gave 
comparable results, but are not discussed. The results of the two experiments, done at 
the same day within 5 minutes, are presented in figure 6.11. The Reynolds numbers are 
Re0 = 540, Rer0 = 535. We see a relative ring radius R/ Ro that is constant within 2% 
of an average value of 1.0 for both rings as can be seen in figure 6.1la. The ratio of the 
vortex core to ring radius shows the same increase as for the 4cm orifice, but this time in 
the somewhat higher range of 0.3 - 0.6. 

In the figure of travelled axial distance ( z / R0 ) as a function of dimensionless time T we 
see for both experiments a second-order dependence. The translation speed of the vortex 
rings decreases as the ring travels according to 

Ut/Uo = (0.31- 0.02(z/Ro))0
·
5

, (6.9) 

for one ring, and 
Ut/Uo = (0.29- 0.02(z/R0 ))

0
·
5

, (6.10) 

for the other one. The translation speed for each separate time step, given in figure 6.11c, 
shows again a similar behaviour, with a slight spreading. 

The circulation, calculated with the time dependent velocity profile, shows a constant 
behaviour until the ring has travelled over a distance of roughly 9 times its radius. At that 
point we abserve a decrease in the circulation, which appears to carry on for higher z / R0 

values. This can be directly seen from the plots of ring radii and velocity, showing at this 
stage a rather constant ring and core radius and a still decreasing velocity of translation. 
From the formula of Kelvin, used to calculate the circulation, it thus follows that this 
must result in a decreasing circulation. Of course, we can again question the usefulness of 
Kelvin's formula, especially for the highervalues of a/ R = 0.6. 

6.5.2 Orifice diameter 3 cm 

The Reynolds number follows directly from the values given in table 6.2, Re0 = 640 and 
Rer0 = 660. The values of ring radius and the ratio of core to ring radius as well as 
the translational velocity and circulation are presented in figure 6.12. The ring radius 
remains nearly constant over the traject with somespreading of 3% around a mean value 
of R/ Ro = 1.15. 
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Figure 6.11: Vortex ring characteristics. Do = 2cm (a) ring and core radius, (b) axial 
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displacement in time, ( c) translation al velocity, ( d) circulation 
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The ratio of core to ring radius shows a slight, gradual increase from 0.2 to approxi
mately 0.4. The velocity of the translating vortex ring is not constant. The square-root 
dependenee occurs again between the dimensionless translational velocity and the dimen
sionless distance travelled in upward direction, now given by 

Ut/Uo = (0.35- 0.02(z/ Ro))0
·
5

. (6.11) 

Finally, we observe that the circulation r scaled to the circulation predicted by the slug 
model r 0 remains constant over the traject with a value of 2.5 (fig 6.12c). 

6.5.3 Orifice diameter 5 cm 

Finally, we discuss the results of the experiments with the largest orifice with a diameter 
of 5cm. As mentioned earlier this set-up caused some di:ffi.culties in generating a stable, 
laminar, axisymmetric vortex ring that moved in upward direction from the orifice. Only 
one experiment with the parameters given in table 6.2 was successful. Although this does 
not give much hope for reproducing more of these vortex rings the experiment is still 
discussed within the scope of modelling the various rings with their initial parameters. 

From figure 6.13a we observe a constant decrease of the ring radius from 0.9 to 0.8 and a 
simultaneously increasing core radius, resulting in an increase of the ratio of the two radii. 
These effects indicate a vortex ring that is at this stage still not completely developed. 
This means that during its translation the vortex ring is changing in shape, from a rather 
thin long drawn ring to a more compact thick ring; as one can see from figure 6.13b and 
6.13c, the ring travels with a merely constant translational velocity (Ut/U0 ) over the whole 
traject. This is not very surprising, because we consider the ring along a relative traject 
z/ Ro that is much smaller than for the other three orifices. The square-root dependenee 
of the translational velocity still results from the axial displacement of the centre of the 
vortex ring: 

Ut/Uo = (0.17- 0.02(z/Ro))0
·
5

. (6.12) 

The circulation r jr0 showsaslight increase in the range of 3.5 to 4. But with the decreasing 
ring radius this implies a conserved momentum, as to be expected. 

A difference in behaviour for this type of vortex ring, compared to the other three, must 
be found in the di:ffi.culties occurring when generating a ring at an orifice with diameter of 
5cm. Where for the other experiments several initial conditions satisfied the demand of 
generating a laminar steady vortex ring, the 5cm orifice only gave results for the parameters 
given in this section. All other conditions resulted in the formation of a disturbed non
axisymmetric vortex ring which moved in oblique direction with respect to the central 
z-axis of the orifice. No satisfying reason for this effect was found. Even for equal values 
of L0 / D0 for the different orifices the ring was disformed, using the orifice with the largest 
diameter. 
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6.6 Comparison of the results 

We can present the ring parameters for each orifice in a table, where the values given 
denote values taken at the point z = 6cm, camparing to the position of z/ Ro = 3 for the 
4cm orifice. Another representation would be at a fixed relative distance of z / Ro = 3. 
In the literature this value is often mentioned as the point where the ring is completely 
formed [2], [7]. In our experiments, however, this is only true for 3cm and 4cm orifices. 
Small vortex rings generated with the 2cm orifice are completely formed at a distance of 
approximately 6 times the ring radius, whereas for large vortex rings (5cm orifice) the 
formation is probably not completed within our range of observation. Other investigations 
[13] gave a value of z/ Ro = 6 for the vortex ring to be completely formed. Therefore, 
we have chosen a fixed point at 6cm in upward direction from the orifice. The partiele 
experiment is indicated in the table as 4(Pr), derroting the right co re val u es . 

Do(cm) Rer0 
~ Y.J ..!!:.. a ..!: 
[)n_ Un Rn R rn 

2 535 0.95 0.44 1.05 0.5 2.2 
2 535 0.95 0.41 1.05 0.5 2.2 
3 660 1.0 0.52 1.15 0.4 2.8 
4 290 0.6 0.43 0.95 0.4 3.1 
4 290 0.6 0.42 0.97 0.4 3.1 
4 290 0.6 0.42 0.95 0.4 2.9 
4 290 0.6 0.42 0.93 0.4 2.9 

4(pr) 290 0.6 0.42 0.95 0.3 2.9 
5 160 0.4 0.35 0.90 0.4 4.0 

Table 6.3: Vortex ring characteristics determined for different initial parameters at one 
fixed point z = 6cm 

The non-dimensional slug length L0 / Do as well as Rer0 = r 0 / v are important parame
ters of the formation process. With these two parameters Glezer [10] obtained a transition 
map as explained in chapter 3. In several publications [7], [13], [19], [22], [27] the vortex 
ring characteristics arepresentedas a function of L0/ D0 . To campare our results with the 
results from these investigations we present them in the same way, as a possible function of 
L0 / D0 • The ratioafRis leftout of consideration for reasans mentioned insection 6.4 and 
because no relation with L0 / Do was discussed in the literature. Besides these two reasans 
we see values that are nearly constant for different L0 / D0 • Although we can question the 
results obtained for the circulation, a comparison is made with other work. Further on 
the measured values R/ Ro and Ut/U0 are discussed in relation toother work. Befare dis
cussing the results, it should be mentioned that all results presented from different authors 
were derived using different vortex generators. Besides the distinction between tube and 
oricife generators, as explained in the literature overview (section 3) there are differences 
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within the piston-arrangement and assembly of the generator. We will only take notice in 
the distinction between orifice and tube generators. The other differences are left out of 
consideration. The velocity profile of the piston movement is assumed to be ideal and thus 
constant over the injection time. 

6.6.1 Ring radius 

Figure 6.14 represents the dimensionless ring radius for different Lol D0 . The results from 
Didden [7] and Kwon [13], both using a tube type generator, are presented along with our 
results. We see that K won performed his measurements in a wider range than Didden 
who used 'slug' parameters comparable to ours. Both produced vortex rings in the range 
Rer0 = 1000-10000. Also included are four different power-law dependences that all fit the 
data reasonably well for low Lol D0 . As was to be expected, we abserve an increase in ring 
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Figure 6.14: Ring radius referred to orifice radius for different Lol D0 

radius for an increasing relative slug-volume Lol D0 . Two relations given by Auerbach [2] 
for tube Reynolds numbers 1500 ~ Re0 ~ 45000, one for the low range of 0.3 ~Lol Do~ 1: 

RI Ro = 1.18(Lol Do)113 (6.13) 

and one for higher valnes of 1 ~ Lol Do ~ 3.3: 

RI Ro = 1.18(Lol Do)115
, (6.14) 

fit well with the experimental data of Didden and Kwon. The results of our experiments 
are better represented by a third fit also given by Auerbach [2]: 

RI Ro = 1.05(Lol D0 )
114, (6.15) 
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which denotes the behaviour of the radius of a ring generated at an orifice! The fourth fit , 
resulting from Maxworthy's [19] experiments, gives comparable results for low Lol D0 . 

6.6.2 Circulation 

For the circulation r relative to the circulation predicted by the slug-flow model r 0 we 
can produce a figure with experimental data from earlier investigations and three possible 
fits discussed in the literature. Figure 6.15 shows a circulation ratio r lro that approaches 
infinity for small Lol D0• The data from Didden [7], Maxworthy [19] and Kwon [13] are in 
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Figure 6.15: Circulation r lro for different Lol Do 

good agreement with the relations given by, respectively, Auerbach [2]: 

r1ro = 1.56(LoiDo)-0
·
39

, (6.16) 

Shariff [27]: 
r lro = 1.14 + 0.32(Lol Dot1 (6.17) 

and Pullin [22]: 
r1ro = 1.41(LoiDo)-213

, (6.18) 

where all results are valid for tube type vortex generators. None of these relations fitted 
our results. Striking is the slight overprediction of the slug-flow model at high Reynolds 
numbers (Rer0 = 5000) for Maxworthy's data and the strong underprediction for low 
Reynolds number (Rer0 = 160- 660) for our experiments. The relativering radius in the 
previous section seemed to be independent of the Reynolds number. 
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6.6.3 Translational velocity 

The translational velocity relative to the injection velocity of the slug-fl.ow model is, as a 
function ofthe displacement zl Ro, given intheseparate sections 6.5.1-6.5.3 on orifice radii. 
The results showed for all four cases as well as for the partiele experiment a square-root 
dependence. All relations showed a comparable decrease with axial displacement zl Ro. 
The relative velocity, however, seems to depend on the initial conditions, as we see for 
decreasing values of Lol D0 a decreasein the relative velocities. The results are in contrast 
with Maxworthy [17], who derived an exponential decay of the translational velocity Ut 
with distance z for laminar vortex rings with Re0 ~ 600. This means with Ut = dzldt a 
variation in time proportional to C 1. Noother relations between translational velocity and 
travelled axial displacement are known from previous investigations. A possible relation for 
the dimensionless translational velocity and the ratio Lol D0 is presented in figure 6.16. All 
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results show an increase in translational velocity for highervalues of Lol D0 . From Kwon's 
data one would expect a convergent relation toa maximum Ut/U0 . From our results, which 
are in reasonable agreement with the data of Kwon for low values of Lol D0 , and the data 
obtained from Didden's work this behaviour is not found. No satisfying fit was found for 
all data. 
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Chapter 7 

Effects of background rotation on the 
structure and stability of vortex rings 

7.1 Intrad uction 

In this chapter we will investigate the effects of a rotating fluid on the dynamics of a 
laminar vortex ring propagating parallel to the axis of rotation. The characteristics of the 
vortex ring determined in the previous chapter can he used as a reference to describe the 
effects of the background rotation. Differences found can be attributed to the background 
vorticity field . All characteristics and phenomena are derived from dye experiments. No 
partiele experiments were carried out yet . 

Insection 7.2 a first, general picture will be given of the behaviour of the vortex ring in 
a uniformly rotating fluid. The evolution of the ring will he discussed for two experiments 
with different Rossby number. 

The third section gives a short review for one typical experiment, descrihing the meth
ocis used to obtain characteristics of a vortex ring in solicl-body rotation. 

These characteristics will be discussed insection 7.4 as a function of the Rossby number. 
Experiments are clone for three orifices of diameter 2, 3 and 4cm. The diffi.culties occurring 
with the 5cm orifice forced us to leave this type out of consideration during rotating 
experiments. 

Just as we did for the experiments without background rotation the results for the 
three orifices will be discussed together in section 7.5. The chapter will be concluded with 
a general discussion of the obtained results. 

7.2 Consecutive stages ofthe evolution ofvortex rings 
in a uniformly rotating ftuid 

Before we derive the quantitative characteristics of a vortex ring in solicl-body rotation, 
two experiments, different in rotation rate, are discussed in a more or less descriptive way. 

57 
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(a) (b) 

(c) (d) 

Figure 7.1: Video images of dye-visualization experiment of vortex ring without solid-body 
rotation: (a)r = 4, (b)r = 8, (c)r = 12, (d)r = 16. 

For comparison, the motion of the vortex ring without background rotation is viewed in 
figure 7.1 for four consecutive time steps. Sheets of dye are rolled up in spirals, resulting 
in the formation of a vortex ring that moves undisturbed in upward direction 

The dynamics of the advancing vortex ring in a uniform background rotation can be 
divided into five stages: 

1. The formation of the vortex ring 

2. The moment of disturbance 

3. The emergence of vortices of oppositely signed vorticity with respect to the vorticity 
of the initial vortex core 

4. The shedding of the oppositely signed vortices 
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5. The total destruction of the vortex ring 

The time and thus the axial position at which the above-mentioned processes occur depends 
on the Rossby number. Fora complete description of the five stages we proceed from two 
Rossby numbers Ro = ~.k = 12 and Ro = 4.8, respectively. 

7.2.1 Ro=12 

The whole experimentalset-up is in solid-body rotation with n = 0.04s-1 . The midpoint 
of the orifice is placed at the rotation axis of the table as explained in section 4.2. In figure 
7.2 a sequence of experimental images of the vortex ring, propagating in the rotating fluid 
parallel to the axis of rotation, is shown. The images are taken at successive dimensionless 
time steps r = U0t/ Ro. The stages of evolution are described in separate sections. 

Formation of the vortex ring 

In first instanee we see no effect of the background vorticity. The vortex ring is normally 
formed at the sharp edge of the orifice moving in upward direction with, at the first sight, 
equal dimensions as in case of without background rotation. 

When the ring has travelled some short distance in upstream direction along the axis 
of rotation, there appears to arise a kind of depression at the front stagnation point as 
visualized in figure 7.2a. This indicates the beginning of the second stage, the disturbance 
of the vortex ring. 

Moment of disturbance 

The depression of the front stagnation point will be called the 'indent point' , referring 
to the little indent that occurs. Consequently, we will characterize the position of this 
little dip as the 'indent height (Hi)', given by the axial position of this point as the ring 
propagates. During this stage the ring keeps its original form as after a lapse of time 
the 'indent' becomes larger with regard to the ring dimensions and the two vortex cores 
show a little movement in radial direction (see figure 7.2b) . They are 'pushed aside' while 
moving 'along' the indent. This is visible in the increasing ring radius as the ring moves on. 
Although we had an initial axisymmetric vortex ring, the displacement of the two separate 
cores seems to be not a total axisymmetric process. 

In addition to the effect of an 'indent point' wedetermine some other irregularities that 
occur along the axis of symmetry. These irregularities are not always equally well visible, 
as aresult of the dye distribution, but they denote the starting point of a new phase: the 
formation of secondary vortices along the axis of symmetry. 

Oppositely signed vortices 

The combination of the rotating ring core moving in upward direction and the depression 
working in downstream direction along the axis line results in the roll up of a thin layer 
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(a) (b) 

(c) (d) 

(e) (f) 

Figure 7.2: Video images of dye-visualization experiment of vortex ring in solid-body rota
tion (Ro = 12}: (a)r = 7, (b)r = 9, (c)r = 11, (d)r = 13, (e)r = 15, (f)r = 17. 
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of dye into a secondary vortex with oppositely signed vorticity relative to the vorticity of 
the initial vortex ring. This process is visualized in figure 7.2b. This secondary vorticity 
usually arises on both sides of the symmetry axis although it is not well visible in the 
figures . The emergence of secondary vorticity does not show a regular pattern. in some 
cases it appears first on the left side, in other experiments we see its emergence on the right 
side first, foliowed by the left side at a somewhat later time. During this stage a decrease 
in translational velocity is observed. 

The secondary vorticity roUs up into a vortex ring which is advected by the flow field of 
the primary vortex ring. This secondary vortex ring then moves along the outer edge of the 
primary ring atmosphere, resulting in an increase of its strength due to vortex stretching. 
As a result of the motion of the secondary vortex along the edge, the core of the primary 
vortex ring is elongated, as is shown in figure 7.2c. The total atmosphere of the primary 
ring changes as a result of this advection, causing a further increase of the ring radius, 
defined as the distance between the eentres of the primary vortex cores, and a strong 
decrease of axial dimensions of the vortex atmosphere. 

Eventually the secondary vortex is elongated downwards, resulting in a shedding of this 
oppositely signed vortex ring from the primary ring core. This process is described in the 
next section. 

Shedding of the oppositely signed vortices 

The shedding of the secondary vortex is visible in figures 7.2e and 7.2f. We see the vortex 
ring more or less in its original form with a sort of 'spiral arm' along which the secondary 
vortex is shed. This spiral arm again is advected by the ring atmosphere, as can be seen 
in figure 7.2f, resulting in a release of the secondary vortex that now moves downwards. 
Finally the shedded vortex diffuses as aresult of viscous effects. Although the impulse of 
the primary vortex ring is reduced after this shedding as a result of loss of vorticity, the 
vortex ring re-establishes and moves in upward direction with no visible disturbances. 

The total process of depression, creation of oppositely signed vorticity and shedding is 
a result of the rotation of the fluid and therefore depends on the Rossby number. This 
has as a consequence that for lower Rossby numbers ( < 5) larger disturbances occur. The 
creation and shedding of secondary vortices foliowed by an establishment of the primary 
vortex ring is not observed. For this range of low Rossby number we see a repeated process 
of creation and shedding of oppositely signed vortices. Only for those cases we can describe 
a fifth phase in which the ring is totally destroyed. 

7 .2.2 Ro=4.8 

Figures 7.3a to 7.3c show the sameeffects as discussed in the former section for Ro = 12. 
In this case, however, as the primary ring seems to re-establish a third vortex is created at 
the axis of symmetry and the elangation and shedding process is repeated. If the primary 
ring is strong enough to re-establish again, this process is repeated several times. From 
figure 7.3e, however, we observe a primary vortex that is too weak to create new vorticity 
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(a) (b) 

(c) (d) 

( e) (!) 

Figure 7.3: Video images of dye-visualization experiment of vortex ring in solid-body rota
tion (Ro = 4.8): (a)T = 7, (b)T = 10, (c)T = 13, (d)T = 16, (e)T = 23, (j)T = 90. 
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and it quickly loses its axisymmetrical structure. The last stage in the dynamics of a vortex 
ring in a uniformly rotating fluid is characterized by the total destruction of the primary 
rmg. 

Destruction of the vortex ring 

Due to the subsequent shedding of secondary vortices the primary vortex ring finally loses 
its identity and 'falls down'. This motion shows no axisymmetrical aspects and is three
dimensional. 

One aspect of this motion is the fact that the initial vortex ring does not propagate 
until it reaches the water surface. In this case the depression of the ring is so strong that 
at some stage the ring loses all its velocity and stops moving. 

The other aspect is the 'falling down' of dye ultimately resulting in an oscillating motion 
of columns in up and down ward direction, as visible in figure 7.3f. These moving columns 
of fl.uid indicate Taylor-like columns. 

7.3 Characteristics of a vortex ring in a background 
rotation 

The coloured atmosphere, initially denoting the vortex ring, is totally deformed as a result 
of background rotation. This was observed from both figures 7.2 and 7.3. Therefore, we 
cannot use the 'vortex atmosphere method' to derive specific ring characteristics. 

To overcome this problem we consider the trajectodes travelled by the eentres of the 
vortices, originating during the deformation of the primary vortex ring. For one typical 
experiment with slug parameters Do = 4cm, Uo = 2.4cm/ s, L0 = 2.4cm, Rer0 = 290 and 
rotation rate n = O.ls-1 this is presented in figure 7.4. The axis of symmetry is chosen 
to he the centre of the orifice. The ring radius, denoted by Rn, we now define as half 
the distance between the eentres of the left and right cores of the vortex structures. We 
see the emergence of secondary and tertiary vortices left and right of the symmetry axis 
at different axial displacements. This non-symmetrie behaviour is probably a result of 
the fact that the vortex generator is slightly misaligned with respect to the rotation axis, 
resulting in a vortex ring that propagates at a small angle with the direction of the axis of 
rotation. 

The growth of the radius of the primary ring is clearly visible as aresult of the adveetion 
of the secondary vortex around the primary ring. The ultimate shedding of this vortex 
decreases the ring radius again, foliowed by a second increase as aresult of the adveetion 
of the tertiary vortex. 

From the displacement of the left and right eentres of the primary ring we obtain an 
approximation for the translational velocity of the vortex ring. This is done in the next 
section for several Rossby and Reynolds numbers. 
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Figure 7.4: Trajectories of eentres of vortex cores 

7.4 Effect of different angular velocity 

The same distinction is made between orifices of different diameter as was done in chapter 
6. In successive order three orifices are discussed. Because only dye-experiments were done 
no information was obtained concerning core radius, circulation and vorticity distribution. 
All experiments are carried out with the same initial parameters as given in the farmer 
chapter (see table 6.2) . 

7 .4.1 Orifice diameter 2 cm 

In figure 7.5a the relativering radius is presented for experiments with two different Rossby 
numbers Ro = 5.7 and Ro = 10.9. The ring radius is indicated with subscript n to distin
guish it from the ring radius determined with the vortex atmosphere methad in experiments 
without background rotation. In the same figure the three phases of disturbance, forma
tion of secondary vortices and shedding of these vortices are indicated with Zi, Zv and Z 8 , 

respectively. These points give the axial position scaled to the orifice radius Ro at which 
the process is first visualized. The 'indent point' Zi is clearly visible for all experiments, 
but the formation of the oppositely signed vortex is not always clearly visualized due to 
the inhamogeneaus dye distribution. This can result in inaccuracies when determining the 
point Zv. The position Zs is the point at which the secondary vortex is shed from the 
primary ring and the vortex ring is re-established. 

As a function of the axial displacement z / R0 we see in first instanee no difference with 
the values derived in chapter 6. Both radii are of same order ~ 1 within the inaccuracy 
of measurements. But when the front of the primary vortex ring is suppressed, indicated 
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Figure 7.5: Characteristics of vortex ring for Rer0 = 535 and different Rossby numbers (a) 
ring radius, (b) axial displacement of ring cores 

by Zi , we observe an increase in radius for both experiments. This was already mentioned 
in the section 7.2 where we described it as a 'pushing aside' effect of both vortex cores. 
For lower Rossby number, thus higher rotation speed, we see an earlier occurrence of this 
procces. The increase in radius is also stronger for low Rossby number. 

From point Zv where the secondary vortex is formed we observe again an increase in 
radius to values of 1.4 for Ro = 5.7 and 1.2 for Ro = 10.9. This increase is a result of 
the adveetion of the secondary vortex by the flow field of the primary ring, resulting in 
an elangation of the primary cores foliowed by a displacement of the centres. Until the 
secondary vortex reaches the back of the primary ring and the vortex has been shed this 
increase continues. 

When the secondary vortex has been shed, the primary ring tries to re-establish, result
ing in a decrease of ring radius to previous values for high Rossby number and a more or 
less constant value for Ro = 5.7. In the range of measurements no further disturbances to 
the primary ring occurred and for both Rossby numbers the ring reached the water surface. 

Besides the distance between both cores we can determine the axial displacement of 
the cores in time, which provides a measure of the translational velocity of the vortex ring. 
Figure 7.5b presents these relations for four different Rossby numbers, where To is chosen 
0 at z/ Ro ~ 2 for all four experiments. Then we can compare the trajectories of the ring 
cores in time. Figure 6.1lb, derroting the displacement of the vortex ring in a fl.uid without 
background rotation, shows a line that is slightly decreasing at later time. This represents 
a small decrease in translational velocity as was given by equations 6.9 and 6.10 due to 
viscous effects and a spreading of impulse over a larger atmosphere. 

The graph shows a displacement in time that is the same for all four experiments. 
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At times 7 > 10 we observe a stronger decrease in axial displacement for lower Rossby 
numbers. The trajectories of the left and right cores nearly coincide for these experiments. 
This decrease of translational velocity can be explained only for a small part as a result of 
viscous effects. The major effect resulting in a decreasing translational velocity is related 
to the background rotation. 

The data of the left cores are again fitted with asecond-order polynomial, yielding the 
relations given in figure 7.5b. The effect of a higher rotation rate (lower Rossby number) , 
resulting in a stronger decrease of translational velocity, is reflected in the larger coefficients 
of the negative 7 2 term. 

7.4.2 Orifice diameter 3 cm 

The same characteristics as in the previous section are derived for vortex rings generated 
with an orifce of diameter Do = 3cm. Figure 7.6 presents the values obtained for ring radius 
and axial displacement. For Ro = 4.8 the ring radius as a function of the axial displacement 
shows a behaviour camparing to that presented in figure 7.5a: a slight increase as the front 
of the vortex ring is suppressed, foliowed by an even higher increase when the secondary 
vortex is advected along the boundary of the primary ring, ultimately resulting in a decrease 
as this vortex is shed. The sudden increase in ring radius at z/ Ro ~ 6 is a result of the 
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Figure 7.6: Characteristics of vortex ring for Rer0 = 660 and different Rossby numbers, 
{a) ring radius, {b) axial displacement of ring cores 

formation of a new tertiary vortex of oppositely signed vorticity. This tertiary vortex was 
not observed during the experiment with a 2cm orifice with comparable Rossby number, 
but a lower Reynolds number. For Ro = 14.5 we see a slightly different behaviour. At the 
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'indent point' we see no increasing radius. It remains constant at a value ~ 1.2 comparable 
to the values derived for experiments without rotation. The formation and adveetion of 
a secondary vortex results in a smali increase of ring radius, this time not foliowed by a 
complete shedding process. Then the vortex ring re-establishes and moves undisturbed 
further in upward direction. 

The axial displacement versus dimensionless time T shows again a decreasing behaviour 
with decreasing Rossby number. A slight distinction is visible between the right and left 
core as aresult of the vortex generator being slightly misaligned, as described earlier. The 
second-order fit for Ra = 2.6 seems inappropriate as it results in a negative translational 
velocity at the end of the traject. However, from dye-experiments we saw for this Rossby 
number a more or less maximum axial height where the ring loses its identity, foliowed by 
a 'fali down' of the dye. 

7 .4.3 Orifice diameter 4 cm 

The radius and axial displacement of vortex rings in background rotation produced with 
an orifice of D0 = 4cm are presented in figures 7. 7a and b. During the formation we see 
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Figure 7.7: Charaderistics of vortex ring for Rer0 = 290 and different Rossby numbers, 
(a) ring radius, {b) axial displacement of ring cores 

an initial value of Rn/ Ro = 0.94 comparable with the experiments without background 
rotation for this orifice type. From the point where the disturbances occur, we observe 
again an increasing ring radius foliowed by a decrease when the secondary vortex is shed. 

The axial displacement in time (fig. 7.7b) gives the same results as discussed before. 
This time we see for low Rossby number a larger difference in left and right core trajectories. 

The fact that for the 2cm orifice this difference between right and left core trajectories 
was not found is a result of the different vortex generators used for these experiments, as 
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was already mentioned in chapter 6. This generator was not placed in a stand and could 
not be turned. Therefore, it was not misaligned and no asymmetry was observed between 
the two cores of the vortex ring. 

7.5 Comparison of the results with the three orifices 

We can distinguish the experiments for 2, 3 and 4cm orifices in Reynolds and Rossby 
number. If we look at the occurrence of the above described processes as a function of 
Rossby number we can devide roughly 5 stages: 

1. No disturbance of the vortex ring ('no') . 

2. A small depression of the ring's atmosphere occurs, called the indent point ('indent') . 

3. Secondary vortices with opposite vorticity are formed and shed ('sec') . 

4. Repeated formation and shedding of oppositely signed vortices ('tert'). 

5. Total destruction of the vortex ring ('des') . 

An overview of the occurrence of these processes as a function of the Rossby number is 
given in table 7.1 for the three different orifices. The five different processes are given in 
the left column. The values in the table denote the Rossby numbers for which the processes 
occur. If no experiments were carried out in a certain range of Ro this is marked with - . 
From the table we can derive three ranges of Rossby numbers. For Ro > 20 no disturbance 

11 4cm; Rer0 = 290 I 3cm; Rer0 = 660 I 2cm; Rer0 = 535 I 

no - 58.3;24.3 27.3 
indent - 20.8 -

sec 15.4;10.3 18.2;14.6;11.6 16.1;10.9;8.8;7.4 
tert 8.8;7.7;6.2 8.6;6.1 6.5;5.7;5.3 
des 2.5 4.8;2.6 4.8 

Table 7.1: Occurrence of processes as a function of Ro 

or only a little indent occurs, resulting in a vortex ring that propagates with the same 
dimensions as the same vortex ring without solicl-body rotation. For 5 < Ro < 20 the 
vortex ring is strongly disturbed as a result of the formation and shedding of vortices of 
opposite sign with respect to the primary vortex. In this case the primary cores propagate 
with a much lower translational velocity. The total destruction of the vortex ring is observed 
for Ro < 5, eventually resulting in a motion of columns of dyed fluid. No clear dependenee 
on Reynolds number is found from the data presented in table 7.1. 
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A final investigation was dorre by determining the axial postion at which the observed 
indent point first occurs as a function of Ro. In figure 7.8 the relative height Zd Ro is 
presented as a function of the Rossby number. We see some differences between the data 
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Figure 7.8: Indent height Zd Ro as a function of Rossby number for different Reynolds 
number 

from the three orifices, but again no specific relation to Re is found. As was already found 
in table 7.1 there appears to be a converging value of Ro for which no effect to the vortex 
ring is observed. From figure 7.8 we derive a value of Ro ~ 25. For highervalues of Ro no 
indent point was observed. Although the data can be fit with a linear function, no specific 
relation of increasing indent height with Ro was found. 

7.6 Discussion 

The evolution of a vortex ring in solid-body rotation, as discussed in the previous sections, 
shows the complexity of flows in a rotating fluid. 

One earlier experimental investigation on the samesubject was dorre by Yamashita & 
Honji [31] . Their results mentioned in the literature overview (section 3.2.4) were obtained 
for Ro = 1.0- 15. The results of our experiments lie in the same range of Ro = 2- 30, 
but the axial range of observation is for our experiments much smaller. Comparison of the 
indent height from our experiments and the maximum travelled distance obtained from 
[31] is not possible. Both parameters show an approximate linear dependenee on Ro. 

In this section an attempt will be made to explain the effects of rotation on the devel
opment of the vortex ring using the vorticity equation for axisymmetric flows in a rotating 
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frame of reference. This equation was given in chapter 3. Although we produce very vis
cous vortex rings (Re ~ 500) the terms of viscosity are left out of consideration in these 
equations. These effects namely are also present during experiments without background 
rotation. The second terms on the right-hand side of equation 2.20 denote the rotation 
terms. 

In the limit Ro ~ oo these terms are cancelled and the vorticity equation is reduced 
to that for a flow in a fluid at rest at infinity. The other limit Ro ~ 0 results in a quasi 
two-dimensional flow field strongly dominated by the Coriolis force and independent of 
the axial coordinate (Taylor-Proudman theorem). During our experiments this stage was 
ultimately attained for Ro ~ 2.9. 

For higher Rossby number the effects of rotation are those discussed in this section. If 
we look at the axial component of the vorticity equation (2.20) 

(7.1) 

we find that the axial gradient in Uz acts as a souree term for the production of axial 
vorticity. The axial velocity profile along the symmetry line of a vortex ring without 
background rotation shows, as a function of z, the distribution given in figure 7.9. A 
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Figure 7.9: Distribution of axial velocity along the symmetry axis (r = 0) 

fluid element placed on the symmetry axis is moved to the front of the ring foliowed by a 
convection around the ring. In the presence of background rotation (0 =f. 0) the change in 
axial velocity induces a production of axial vorticity. Thus the fluid parcel moving along 
the axis of symmetry first has a positive axial gradient of Uz, resulting in an increasing 
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positive vorticity. This increase is even enhanced by the first term on the right-hand side 

(7.2) 

where the radial vorticity term is small. This produced positive axial vorticity results in a 
cyclonic motion around the symmetry axis. If the point of maximum velocity z = Ocm is 
passed the gradients are negative, resulting in a decrease of vorticity. 

The cyclonic vortex creates a low pressure region at the centre of the vortex ring 
compared to the maximum pressure at the front stagnation point, resulting in a depression 
of the front of the ring. This was visualized during dye experiments by the little 'indent'. 

The motion in the 'tail' of the vortex ring, shown in figures 7.2 and 7.3, seemed to 
be anticyclonic, which contradiets the analytica! result. Note that the fact that we see a 
motion in the tail results from the thickness of the light sheet given a three-dimensional 
view over a short distance. Later experiments with particles and numerical simulations, 
however, gave pro of of this cyclonic motion. 

From the definition of the components of vorticity given in equation 2.5 we see that the 
production of radial and axial vorticity results in an azimuthal component of velocity u'P. 
The axial gradients of this swirl component u'P now result in the production of azimuthal 
vorticity of oppositely sign compared to the vortex ring itself. 

This was visualized by the two vortices arising at the left and right side of the symmetry 
axis with oppositely signed vorticity compared to the primary vortex ring. 

The interactions of these secondary vortices with the primary vortex are described in 
the previous sections, resulting in an increase of ring radius and an ultimately shedding of 
the secondary vortices. 

In a simple way we have now tried to explain some aspectsof the evolution of a vortex 
ring in a background rotation. For a better understanding of these effects more experi
ments, using particles to visualize the flow, are necessary to obtain detailed information 
on the velocity and vorticity distributions of these vortex rings. 
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Chapter 8 

Conclusions and recommendations 

8.1 Conclusions 

The main purpose of this work was to study the effects of background rotation on the 
dynamics of laminar vortex rings. First, preliminary experiments on vortex rings without 
background rotation using a new vortex ring generator were performed, in order to test the 
experimental set-up and to determine the characteristics of the vortex rings. Also some 
adjustments to existing software had to be made to make it useful for data processing 
partiele paths in three-dimensional axisymmetrical flows. 

Therefore, the results were presented in two separate chapters 6 and 7. In chapter 6 the 
experimentalset-up was tested and different generation parameters were used to generate 
laminar vortex ringsin a fluid at rest. Comparison of dye and partiele experiments made it 
possible to verify whether or not the 'vortex atmosphere' method was useful todetermine 
vortex ring characteristics. Chapter 7 gave an overview of the experiments clone in a fluid 
with background rotation. 

The generation of laminar vortex rings (Rer0 = 160- 660) is possible, using the vortex 
generator described in chapter 4. Within the accuracy of our measurements the generator 
is capable of producing several vortex rings with comparable characteristics for identical 
initial parameters. The main differences in the results are due to slightly different circum
stances under which the experiments were carried out. 

Partiele experiments enabled us to obtain more quantitative information like the az
imuthal vorticity field, stream function and circulation, compared to the information ob
tained from dye-experiments. By comparison of similar characteristics derived from both 
types of experiments we came to the condusion that the 'vortex atmosphere' method is 
useful todetermine the vortex ring characteristics R/ Ro and Ut/U0 from dye-experiments. 
Accurate determination of aj Rand r /f0 , however, seemed not possible with this method, 
although a good estimation for these values can be obtained. 

Comparison of experiments with different generation parameters gave proof of a square
root dependenee of the dimensionless translational velocity Ut/U0 with the dimensional 
axial distance travelled for all experiments. The dimensionless ring radius R/ Ro as a 
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function of the initial parameter Lol Do was weli fitted by the relation (6.15) given by 
Auerbach [2]. The 'slug-fiow model' gaveastrong overprediction of the circulation for our 
experiments with low Reynolds-number. For high Reynolds numbers the model gave a 
slight underprediction, which foliowed from Maxworthy's data [19] . 

Based on the dimensionless parameter Lol D0 , comparison of our work with earlier 
investigations [2], [7], [13], [19] seems not realiy possible. The results are derived for 
experiments with different Reynolds numbers. Also the different types of vortex ring 
generators used has infiuence on the vortex ring characteristics. This was already stated 
by Auerbach [2] and Pullin [22]. Therefore, the use of the slug-fiow model as weli as the 
presentation of vortex ring characteristics as a function of initial parameters Lol D0 is only 
useful for correlating results obtained from one single experimental set-up. 

Experiments with background rotation showed an evolution of the vortex ring that 
could be divided into five stages, all five depending on the rotation rate indicated by 
different Rossby numbers. This dependenee could be found in the time and thus the axial 
position at which the processes occur. After the formation of the ring is completed, a 
disturbance is observed in the form of an 'indent', foliowed by the formation and shedding 
of secondary vortices of oppositely signed vorticity. For the occurrence of the fifth phase, 
the total destruction of the vortex ring, a maximum value of Ro ~ 5 was found. For 
larger Rossby numbers the vortex ring is re-established after the shedding process and it 
propagates until the free surface is reached. Probably due to the short range of Reynolds 
numbers in which the experiments were carried out, no dependenee on Rer0 was found. 

Duri~g the propagation of the vortex ring an alternating change in ring radius was 
observed. After the first point of disturbance, the 'indent point' Zi, the ring radius in
creased slightly, foliowed by a stronger increase when the secondary vortices were formed. 
The ring radius decreased again when the secondary vortices were shed. Depending on 
the Rossby number this processof increasing and decreasing ring radius is repeated when 
tertiary vortices are formed . The translational velocity of the primary vortex cores shows 
a higher decrease than was the case for experiments without background rotation, where 
only viscosity plays a role in the decrease. An investigation of the indent height Zd R0 as 
a function of Ra showed an increasing height with increasing Rossby number, thus lower 
rotation speed. For Ro > 25 no effects of background rotation to the dynamics of the 
vortex ring were found. 

The effects of rotation on the evolution of the vortex ring could be explained in a simple 
model using the vorticity equations in a rotating frame of reference (2.19-2.21). 

8.2 Recommendations 

Although the dye-experiments gave us insight in the behaviour of vortex rings in a back
ground rotation, specific characteristics like the velocity and vorticity field of the vortex 
ring and of the secondary vortices could not he derived. For that purpose partiele ex
periments are highly recommended. With a distribution of the particles throughout the 
fiuid , flow motions outside the vortex ring atmosphere can be visualized. This is especialiy 
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important for experiments with high rotation speed (Ro < 1). In this case the vortex 
ring is not able to propagate: it is immediately destroyed, while internal waves are excited 
throughout the fluid. The occurrence of these wavescan not be observed from the injected 
dye. 

To in vestig a te the dependenee of vortex ring motions on the Reynolds number, the 
initia! parameters have tobevaried over a wider range. Vortex rings with a higher Reynolds 
number could be generated by pushing more syringes with a higher velocity over a longer 
stroke length. The stroke length could be increased, but the velocity Us and the number 
of syringes Ns was restricted by the traversing system and control unit. A more powerful 
step motor could easily solve this problem. 

An 'ideal' two-dimensional cross-section of a vortex ring could be obtained using a laser 
to produce the light sheet instead of a simple slide projector. However, the disadvantage 
of precantions and the rather complex set-up of such a light souree probably outweigh the 
production of a smaller light sheet. 

Producing a cross-sectional view of the vortex ring in a direction perpendicular to the 
axis of symmetry can give information of the cyclonic or anti-cyclonic motions on the front 
and back of the vortex ring. 

Besides the dynamics of a vortex ring propagating parallel to the rotation axis, the 
vortex ring generator enables us to perform experiments on vortex rings that propagate in 
a direction with different augles with respect to the axis of rotation. These experiments 
have not yet been carried out, but will be very interesting in the view of vortex flows in a 
rotating fluid. 
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Appendix A 

Traversing system and control unit 

A verification of the stepmotor-driven traversing system and control unit is carried out 
given the results presented in table A.l. The values Us and Ls adjusted with the control 

adjusted parameters measured parameters 
Us(mmfs) Ls(mm) tm(s) Lm(mm) Um = Lm/tm(mm/s) 

!.!!Q 100 21(±0.5) 100(±0.5) W(±3%) 
to0o 100 20(±0.5) 100(±0.5) 12000 (±3%) 
lc?o 100 19(±0.5) 100(±0.5) 10~ (±3%) 
No 100 17(±0.5) 100(±0.5) 1~~(±3%) 
1\lo 100 17(±0.5) 100(±0.5) 1~~(±3%) 
1b6o 100 15(±0.5) 100(±0.5) 1~50 (±4%) 
No 100 14(±0.5) 100(±0.5) 1~0 (±4%) 
1biJ 100 13(±0.5) 100(±0.5) 1b~(±4%) 
Mo 
1ldb 

100 13(±0.5) 100(±0.5) 1~30 (±4%) 

1bb 
100 11(±0.5) 100(±0.5) 1~~(±5%) 

10 100 10(±0.5) 100(±0.5) \o-(±6%) 

Table A.1 : Verification of the stepmotor-driven traversing system and control unit 

unit are the initial parameters of the traversing system pushing the syringes. The measured 
value tm is the time passed between the begin time and end time of the traversing system. 
The time was measured using a stopwatch. The displacement of the syringes was measured 
using a tape line resulting in the values Lm. 

We see some differences between the initialand the measured parameters. Ultimately, 
the adjusted values lie within the accuracy of measurements. More important, however, 
is the effect of syringes filled with fluid on the displacement and velocity of the traversing 
system. For syringes filled with fluid placed in the traversing system the results did not 
show any differences compared to those obtained from measurements on an empty travers
ing system. Therefore the adjustments of the control unit were used as correct values for 
the initial parameters of our experiments. 
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Appendix B 

Transformation of the coordinate 
system 

For the sake of completeness the transformation of the boundary of the grid is given for 
the four possible ranges of the angle a. These options can be used for translation of the 
coordinate system when the vortex ring does not travel in a nearly straight line along the 
axis of symmetry. The four options are 

1. O<a::;I 

2. I<a::;1l' 

3. _1!: <a< 0 
2 -

4. -7!' <a< _1!: 
- 2 ' 

which result in the following four sets of transformation: 

1. 

Tmax ·- (Xmax- Xm)cos(a) + (Ymax- Ym)sin(a) (B.l) 

Tmin ·- 0 (B.2) 

Zmax ·- -(Xmin- Xm)sin(a) + (Ymax- Ym)cos(a) (B.3) 

Zmin ·- -(Xmax- Xm)sin(a) + (Ymin- Ym)cos(a) (B.4) 

2. 

Tmax ·- (xmin- Xm)cos(a) + (Ymax- Ym)sin(a) (B.5) 

Tmin ·- 0 (B.6) 

Zmax ·- -(Xmin- Xm)sin(a) + (Ymin- Ym)cos(a) (B.7) 

Zmin ·- -(Xmax- Xm)sin(a) + (Ymax- Ym)cos(a) (B.8) 
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3. 

Tmax ·- (Xmax- Xm)cos(a) + (Ymin- Ym)sin(a) (B.9) 

Tmin ·- 0 (B.lO) 

Zmax ·- -(Xmax - Xm)sin(a) + (Ymax- Ym)cos(a) (B.ll) 

Zmin ·- -(Xmin - Xm)sin(a) + (Ymin- Ym)cos(a) (B.l2) 

4. 

Tmax ·- (Xmin- Xm)cos(a) + (Ymin- Ym)sin(a) (B.13) 

Tmin ·- 0 (B.14) 

Zmax ·- -(Xmax- Xm)sin(a) + (Ymin- Ym)cos(a) (B.l5) 

Zmin ·- -(Xmin- Xm)sin(a) + (Ymax- Ym)cos(a). (B.l6) 


