
 Eindhoven University of Technology

MASTER

Strengthening of reinforced concrete structures with externally bonded carbon fibre
reinforcement
experimental research on strengthening of structures in multispan or cantilever situations

Bukman, L.

Award date:
2003

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/b8a478a2-3545-4a32-a4d0-415cab303d31


Experimental research

on strengthening

of structures in

multispan or

cantilever

situations

Strengthening of reinforced concrete structures 

with externally bonded carbon fibre reinforcement

Linda Bukman
A-2003.1

Report



_________________________________________________________________________________________ 
 i Preface 

Preface 
 
 
Strengthening structures with externally bonded carbon fibres is a very current topic in structural 
engineering. Combine this with an open discussion on the exact assignment and you can easily 
understand why it was not a difficult choice to start my master’s thesis project on this subject 
under supervision of professor Hordijk. 
 
The cooperation with Wilbert, Walter and Twan ensured a smooth start of the project. Our many 
discussions and joint effort in the preparation of the first set of experiments were a quick and 
thorough introduction in the area of externally bonded carbon fibres. 
 
In June 2002, the Dutch report of recommendation on strengthening of reinforced concrete 
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users of all the possibilities of this new strengthening technique, a study afternoon was organised. 
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experience, support and effort it would not have been possible to perform the experiments. Lastly, 
I would like to thank professor Hordijk for all his support and the pleasant cooperation. I especially 
enjoyed the many open discussions we have had over the last 13 months.  
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Notations 
 
 
Roman upper case letters 
Acomposite cross-sectional area of composite material 
Af cross-sectional area of fibre 
Afibres cross-sectional area of fibres 
Amatrix cross-sectional area of matrix 
As cross-sectional area of steel reinforcement 
As,1 cross-sectional area of longitudinal tensile steel reinforcement  
As,2 cross-sectional area of longitudinal compressive steel reinforcement 
Asw cross-sectional area of web reinforcement 
E’b modulus of elasticity of concrete 
Ecomposite modulus of elasticity of composite material 
Ef modulus of elasticity of FRP EBR 
Efibre modulus of elasticity of fibres 
Ematrix modulus of elasticity of matrix 
Es modulus of elasticity of internal steel reinforcement 
Fc force of cube failure under compression force 
Fsplit force of cube failure under splitting force 
Ft force of tensile failure   
L distance between the end of the FRP reinforcement and the support (unplated 

length) 
M moment 
Nb tensile force in concrete 
N’b compressive force in concrete 
Ns force in steel 
Nf force in FRP 
Nf(x)  FRP tensile force to be anchored at section x, considering the shifted moment 

line according to 8.1.1 of NEN 6720 
Nsd  force in steel 
Nr/ Nrd  total force  
Nvf(x) FRP tensile force that can be anchored at lvf(x) 
Nvf max maximum FRP tensile force that can be anchored 
Ny yielding force of steel reinforcement 
Tg glass transition temperature 
Vd acting design shear force 
Vdmax maximum value of shear force for the area in which the FRP EBR is present and 

at a distance ds from the end of the FRP when strengthening for positive 
moments and at a distance ds from the support for negative moments 

Vdu acting design shear force in the section at a distance ds from the end of the FRP 
reinforcement to the support 

Vfibres volume of fibres in percentage of total cross-section of composite material 
Vodu   resisting shear force at which shear crack peeling initiates 
Vosu resisting shear force in case of peeling-off caused by high shear forces 
Vouu resisting design shear capacity of the concrete according to the mechanism of 

end shear failure 
 
 
Roman lower case letters 
a shear span 
aL fictitious shear span 
b width of concrete member according to 8.2.2 of NEN 6720 ; In case of I-,T-,L-, 

and [- profiles, the width bw of the web should be taken or centre to centre 
spacing of the FRP reinforcement elements 

bf  width of the FRP reinforcement 
d effective depth of the member 
df effective depth of concrete member for FRP EBR reinforcement 
ds effective depth of concrete member for longitudinal reinforcement 
fb design tensile strength of the concrete 
f’b design value concrete compressive strength  
fbm mean concrete tensile strength 
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fbrep resisting concrete tensile strength 
fcbd design value of resisting shear stress in case of peeling-off caused by high 

shear forces 
fck characteristic value of concrete compressive strength 
fcm uniaxial compressive strength 
fcm mean concrete compressive cylinder strength 
fcomposite tensile strength of composite material 
ffibre fibre tensile strength 
fhm mean bond shear strength in according to method 1 of CUR 20 
fhrep design value of the bond shear strength of the concrete according to method 1 

of CUR 20 
fmatrix matrix tensile strength 
fyd design value of yielding stress of steel reinforcement 
h height of cross-section 
kb size factor 
k1 factor 
k2 factor 
k3 factor 
lbeam length of beam 
lf(x) available anchorage or transfer length from section x to the end of the FRP EBR 
lvf(x) required anchorage or transfer length from section x, where the tensile force 

Nvf(x) is present 
lvfmax maximum anchorage or transfer length related to the maximum force that can 

be anchored Nvf max 
lf length of strengthening fibre 
s strengthening ratio 
tf thickness of the FRP reinforcement 
x depth of compression zone 
zf lever arm for the resulting tensile force of the external fibre reinforcement 
zs lever arm for the resulting tensile force of the internal steel reinforcement  
zr lever arm between the total tensile force and the compression force 
 
 
Greek lower case letters 
α factor 
β factor 
εc tensile strain in concrete 
ε’c compressive strain in concrete 
εf strain in FRP EBR 
εf,lim strain limitation for FRP EBR 
εs strain in steel reinforcement 
εy yielding strain 
εyd yielding strain 
ε0 initial strain 
γm material factor 
κ curvature 
λv   slenderness ratio for shear stress according to 8.2.3.1. of NEN 6720 
ρeq   equivalent reinforcement ratio  
ρs   bar reinforcement ratio 
ρs,0   bar reinforcement percentage 
τb shear stress in concrete 
τodrep resisting shear stress corresponding with initiation of peeling 
τodu design value of resisting shear stress at initiation of peeling 
τosrep resisting shear stress in case of peeling-off caused by high shear forces 
τosu design value of resisting shear stress in case of peeling-off caused by high 

shear forces 
τourep resisting shear stress according to the mechanism of end shear failure 
τouu design value of resisting shear stress of concrete according to the mechanism 

of end shear failure 
τRk design value of resisting shear stress at initiation of peeling 
ωeq equivalent reinforcement ratio (%) 
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ωf reinforcement ratio (%) of the FRP reinforcement for the effective depth df 
ωs reinforcement ratio (%) of the longitudinal steel reinforcement for the effective 

depth ds 
 
 
important abbreviations 
FRP EBR Fibre Reinforced Polymer Externally Bonded Reinforcement 
FRP Fibre Reinforced Polymer 
AFRP Aramid Fibre Reinforced Polymer 
GFRP Glass Fibre Reinforced Polymer 
CFRP Carbon Fibre Reinforced Polymer 
C25 Concrete grade, corresponding with the Dutch B25 
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Summary 
 
 
Introduction 
Structures may need to be strengthened for many different reasons, like change of function, 
implementation of additional services or restoring damage. There are different strengthening 
technique available, each with it’s own limitations and economical consequences. It is up to the 
structural engineer to choose the best strengthening option for a particular structure, depending on 
a lot of project depending factors. One of the options concerns the use of externally bonded carbon 
fibre reinforcement. The advantages with regard to other techniques arise from the high axial 
strength in combination with the low weight, the easy application and the corrosion resistance. 
 
Problem statement and aim of study 
In recent years, the technique of strengthening reinforced concrete structures with externally 
bonded carbon fibre reinforcement has already been frequently used. But as code regulations are 
scarce and one is often subjected to the information of the suppliers, clients and structural 
engineers hold back in the use of this technique. The publication of CUR 91, the Dutch report of 
recommendation on the use of CFRP EBR, in June 2002 was an important impulse for the use of 
the technique in the Netherlands. The report incorporates requirements concerning the structure to 
be reinforced, the materials to be used, the ultimate limit state, the serviceability limit state and 
the practical execution. In the ultimate limit state, distinction is made between full composite 
action and loss of composite action. In case of loss of composite action, four mechanisms of failure 
should be checked: 
A. peeling-off caused at shear cracks 
B. peeling-off caused by high shear stress 
C. peeling-off at the end anchorage 
D. end shear failure 
For the formulation of CUR 91, the committee is mainly dependant on information and calculation 
models that resulted from several research programs. However, the available information and 
calculation models do not cover all aspects of the design of strengthened structures. One of the 
aspects that requires further research is the application of flexural strengthening over an 
intermediate support. The research conducted so far has only been performed on beams in single 
span situations, where strengthening is applied for positive moments. It is not known if the four 
mechanisms of failure, found in single span situation and adopted by CUR 91, also apply for multi 
span or cantilever situations, where the structure continues beyond an intermediate support and 
strengthening is applied for a positive moment. 
Aim of this study is to enlarge the insights in the behaviour of reinforced concrete structures 
strengthened in flexure with externally bonded carbon fibre reinforcement in a multi span or 
cantilever situation and translate this behaviour to more appropriate calculation methods if 
necessary. 
 
Approach 
To become familiar with the technique of flexural strengthening of reinforced concrete beams with 
externally bonded carbon fibre reinforcement and the different failure modes, a first set of tests is 
set-up. The five beams tested in this first set of tests, are all single span beams, tested in four-
point bending. Three of the four mechanisms of failure, as recognised by CUR 91, are intended to 
occur in this first set of tests. In order to bring about the intended failure mode, the amount of 
internal reinforcement, as well as the cross-section and the length of the external reinforcement 
varies between the different beams. The cross-section of the concrete remains constant. 
Displacements and strains are measured on several places on the beams. This study is performed 
in cooperation with three students, in the scope of their final pre-graduation project. 
The results from these experiments, as well as the results from the performed literature study are 
used for the formulation of the restrictions in the second set of tests. The six beams in the second 
set of experiments are all multi span beams. All beams have identical concrete cross-sections, FRP 
EBR cross-section and internal reinforcement. Only the length of the FRP EBR differs. The concrete 
cross-section is equal to that of the beams in the single span situation.  
Three different FRP lengths are used for the tests in the multi span situation. Each FRP length is 
applied twice. One of the mechanisms of failure of CUR 91 is intended to occur on the beams for 
the longest fibre, a different mechanism of failure is intended to occur on the beam for the shortest 
fibre. For the beams with the medium fibre length, these two mechanisms of failure will 
theoretically occur for the same load on the beam. Displacements and strains are measured on 
several places on the beams. The high-speed camera is used during some of the experiments. 



_________________________________________________________________________________________ 
 viii Summary 

Conclusions and recommendations 
From the performed experiments it can be concluded the technique of strengthening reinforced 
concrete with externally bonded carbon fibre reinforcement is efficient for all tested beams. The 
capacity in both the ultimate and the serviceability limit state of the strengthened beams is 
positively influenced. The safety against an overloading situation also increases. 
All actual failure loads were higher than the analytical failure loads. Regardless the actual 
mechanism of failure, the capacity of the beams was never overestimated. Note the analytical 
failure loads have been calculated with the characteristic value off the models as published in CUR 
91, considering all material factors equal to 1. Furthermore, the results of the experiments in the 
single and multi span situation give no reason to consider a different approach for the mechanisms 
of failure for multi span structures. 
The results from the performed experiments increase the insight in the different mechanism of 
failure as described in CUR 91 and give ground for improvements of the models describing these 
mechanisms of failure. From the increased insight in mechanism A (peeling-off caused at shear 
cracks) and mechanism B (peeling-off caused by high shear stress), it appears that the models 
used to describe these mechanisms, apossibly describe the same phenomenon. However, as the 
model for mechanism A is based on experimental data, it includes certain influences that have not 
been taken into account for in the model for mechanism B. From the performed experiments, it can 
be concluded mechanism B could included in mechanism A. Furthermore, the critical cross-section 
for mechanism A in the multi span situation, as given in CUR 91, is possibly incorrect. In CUR 91, 
the critical cross-section is located at a distance ds from the intermediate support, whereas the 
critical cross-section could be located at the edge of the support.  
From the performed study, it also appears, the assumption made in CUR 91 that the factor εs/εf is 
equal to 1 is incorrect for the calculation of the force in the fibre The actual value of this factor 
should be included in the calculation. As the strain is linear over the height of the cross-section, the 
factor εs/εf is dependant on the effective depths of the materials and equals ds/df for εs≤εy. 
Additionally, the basis of the calculation should be changed to Nvf(x)=Nvfmax. This makes the 
calculation of the failure load according to mechanism C shorter and easier and still brings about 
the same result. 
The little scatter in the results, in combination with the limited amount of beams tested, makes it 
impossible to draw conclusions for the effects of eccentrically applied FRP EBR, preloading and the 
influence of the amount of stirrups. 
 
Even though the insights on many aspects of flexural strengthening of reinforced concrete 
structures with externally bonded FRP EBR have increased, further research is recommended. One 
of the things this research should concentrate on is the model for mechanism A (peeling-off at 
shear cracks). This model, proposed by Matthys, originates from a curve fitting through several 
data points obtained by Deuring, Kaiser and Matthys, plotted in an ρeq-τRp relation. The additionally 
derived data from the performed experiments are within limited deviation of the model by Matthys. 
However, the model could possibly be improved by data from structures with high equivalent 
reinforcement ratios (ρeq≈ 0.010 to 0.012) and low equivalent reinforcement ratios (ρeq≈ 0.002 to 
0.004) as the curve fitting is still very sensitive to data at these extremes. 
Another aspect requiring further research concerns mechanism C (peeling-off at the end 
anchorage). As observed in the experiments, the FRP EBR starts debonding at the end of the strip, 
as the force in the FRP at the end of the strip reaches a certain value. Depending on the length and 
cross-section of the fibre, this could be far before the failure load of the structure is reached. This 
makes it possible that the fibre already starts debonding before the service load of the structure is 
reached. An additional model should be derived to predict the load at the end of the fibre when 
debonding is initiated. This model should subsequently be included in the requirements for the 
serviceability limit state of CUR 91. 
From the results of one of the tested beams and the analytical verification of mechanism D (end 
shear failure), it appears the failure load of this mechanism is not yet accurately predicted. It might 
be necessary to make a new analysis to find the right adjustment of the Kim and White model for 
FRP EBR. Including the second application restriction of the model, proposed by Jansze, could also 
be the adequate adjustment of the model. As this latter application restriction is based on 
concentrated loading, it might be difficult to transform it in a practical design restriction. This also 
requires further research. 
Finally, the theory by Matthys on the non-progressive character of flexural crack bridging has been 
examined in this study. However, no confirmation for the theory is found. ESPI appeared to be a 
suitable measurement system for further research on this subject. 
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1. Introduction 
 

1.1 Strengthening of structures 

 
Structures may need to be strengthened for many different reasons. An example is the change of 
function of a building over time. For the building in its new function, extra holes in floors or walls 
could be desired by the architect. Also an increase in live load often occurs with this change of 
function. Since the structure of the existing building is not designed or reinforced for these loading 
cases, the capacity will not be sufficient and strengthening is an option. 
But even if a building remains it’s old function, it may need to be improved now and then to keep 
its market value. For the installation of lifts and other new services, holes will be cut through floor 
slabs, around which strengthening is needed. 
Another reason for strengthening is restoring damage. Impact, earthquakes, vibrations in the 
environment or corrosion can be the cause of this damage. In the later case it is only useful to 
strengthen the structure if the cause of the corrosion is identified and treated. 
A last reason for strengthening is to provide sufficient reinforcement for under-designed or wrongly 
constructed elements. These kinds of human errors are part of the everyday building practise and 
strengthening is one of the ways to deal with them. 
 
There are different techniques to strengthen a structure, each with it’s own limitations and 
economical consequences. It is up to the structural engineer to choose the best option for a 
particular structure depending on a lot of project depending factors, like the condition of the 
structure and the anticipated future life. The most commonly used techniques are to increase the 
reinforced concrete cross-section, to add pre-stressing to relieve dead load or to use steel plate 
bonding to enhance tensile reinforcement of elements. A recent variation on the last mentioned 
technique is the use of Fibre Reinforced Polymer Externally Bonded Reinforcement (FRP EBR) 
instead of steel plating. 
 

1.2 Strengthening with fibre composite material 

 
The four basic principles of strengthening with 
fibre composite reinforcement are [1]: 

• Flexural strengthening 
• Strengthening in shear 
• Confinement of columns 
• Prestressing 

 
These principles lead to numerous strengthening 
possibilities. A couple of them have been 
displayed in figure 1.1. 

It should be noted that fibre reinforcement, 
externally bonded to the structure, is not simply 
an improvement of steel plate bonding. Each 
strengthening case has to be judged separately 
for its best solution. 

  

Figure 1.1: possibilities FRP EBR strengthening 

   
Advantages of the fibres over steel make the fibre reinforcement 
better suitable in many situations. These advantages are [1]: 

− high axial strength 
Small cross-sections can provide a significant improvement 
in strength. These small cross-sections make it possible to 
strengthen in two directions; the material is thin and the 
different layers can overlap. (figure 1.2 and figure 1.3) 

− low weight 
The low weight of the fibres minimises the load added to 
the structure. It is also of use in handling and installation of 
the material. Great lengths can be applied at once, without  

 

 

Figure 1.2: great length at once, 
overlap for strengthening in two 
directions possible, no scaffolding  
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Figure 1.3: reinforcement behind 
existing services, no scaffolding 

      the need of scaffolding (figure 1.2). This is particularly   
      important when installing the material in cramped  
      locations, like behind services (figure 1.3). 
− irregularities in shape and curvature possible 

The material can follow the shape of the surface of the 
concrete. Steel plates would have to be pre-bended in the 
required shape.  

− easy application 
Given the ease in application (figure 1.4), construction 
periods will be smaller than for steel plate bonding. This, 
and the absence of scaffolding, makes the disruption of 
activities less, and has a positive influence on the total cost 
of the project. 

− excellent corrosion resistance 
Steel plates need to be protected against corrosion. Fibre 
composites on the contrary exhibit excellent corrosion 
resistance. 

− aesthetically attractive 
The very small thickness makes the fibre composite 
reinforcement aesthetically more attractive than steel 
plates. If needed, different types of finishing and protective 
layers are available.   
 

 

 

Figure 1.4: add pressure to FRP 
EBR with roller, remove additive 
that has been squeezed out along 
the sides  

In addition to these advantages of fibre composite reinforcement over steel plate bonding, the 
fibres possess some properties the engineer has to be aware of. The acknowledgement of these 
properties is essential in the decision making process, which should lead to the best solution in a 
particular strengthening case. First the engineer has to be aware of the brittle behaviour of the 
fibres. The fibres are elastic up to failure, so sudden failure at ultimate strain occurs. Usually other 
failure modes occur before the ultimate strain of the fibres is reached. However, since there is no 
reserve capacity when the ultimate strain of the fibres is reached, this is certainly something to 
bear in mind. 
Secondly the cost of material of the fibres is much higher than that of steel. A certain amount of 
fibre composite can be at least six times as expensive as the same amount of steel. But since the 
strength of the fibres is much higher too, a smaller amount of material is needed, which reduces 
this difference. The labour cost will also be reduced, for the material is easy to apply and no 
scaffolding is needed.  
A third property of the strengthening fibres, which asks for special care, is the transversal strength 
of the fibre composite. This is very low, so when a structure needs to be strengthened in two 
directions, the fibres have to be applied in two directions (as in figure 1.2 and 1.3). It also implies 
that the strengthening is vulnerable to direct impact action, vandalism or determined attack and it 
may be necessary to provide a protective render. 
Fourthly, the behaviour of the FRP EBR in case of fire has to be considered. The accidental design 
situation now applies. Since the strengthening fibres will fall off as the adhesive is weakened at the 
high temperatures caused by the fire, loss of fibre reinforcement is taken into account in the 
accidental design situation. Additional measurements have to be taken to prevent the falling fibres 
from causing injuries. 
Finally, even though the fibres are not susceptible to the classical types of corrosion and are 
resistant to various aggressive solutions, they may be negatively affected by some environmental 
conditions, like humidity and UV light. Depending on the conditions of the environment in which 
they will be applied, the proper type of fibre has to be selected.  
 
All strengthening options have to be discussed thoroughly. If fibre composite reinforcement is the 
best option, some requirements have to be met. These requirements concern [2]: 

− the structure to be reinforced  
The structure may have a history of all different types of loadings. These loadings may 
have caused cracks or other types of damage to the concrete. This needs to be repaired 
before applying the fibre composite reinforcement. Besides checking the concrete, the steel 
reinforcement in the concrete should be checked for corrosion. Corrosion should be stopped 
to avoid damage to the concrete due to expansive rust and further degrading of the steel 
reinforcement. 

− the materials to be used 
The most important materials to be used are the fibres and the adhesive. Three main types 
of fibre and several systems of application are available. Each combination of type of fibre 
and system of application has its own best suitable adhesive. Usually manufacturers 
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provide information on these combinations. This information will also enclose the tensile 
strength, strain at failure and E-modulus of the strengthening fibres and the properties of 
the adhesive. Of interest are the physical properties of the adhesive, like minimum 
application temperature, pot life, open time and moisture resistance, as well as the 
mechanical properties. 

− ultimate limit state 
Calculations have to be made to decide on the dimensions and arrangement of the fibre 
reinforcement. Besides the normal checks on ultimate bending moment capacity and 
ultimate shear capacity, additional checks have to be performed on the loss of composite 
action (chapter 3). 

− serviceability limit state 
The stiffness of the reinforcement fibres is usually slightly lower than that of the existing 
structure. Besides, as the fibres are very strong, the section added to the structure is 
relatively small. For these reasons, a relative small increase in stiffness occurs. This causes 
the serviceability limit state to be a restricting factor in many of the decisions on the final 
dimensions and arrangement of the fibre composite reinforcement. (For further explanation 
see appendix 1) 

− practical execution 
As the right execution of the strengthening technique is of vital importance to its 
functioning, it should be performed by qualified and experienced workers. Additionally the 
execution should take place at the right air temperature and humidity, on rightfully 
prepared concrete and FRP surfaces.  

 

1.3 Problem statement and aim of the study 

 
The technique of strengthening concrete structures by means of fibre composite materials is 
already frequently used. Code regulations on this subject on the other hand, are still scarce, so one 
is often subjected to the information of the suppliers. Clients and structural engineers therefore 
hold back in the use of the technique. In June 2002 CUR 91 [2], the report of recommendation on 
the use of CFRP EBR, was published in the Netherlands. CUR 91 is based on existing knowledge 
and fib-Bulletin 14 [3] and provides design and execution guidelines for the strengthening of 
reinforced concrete structures using externally bonded CFRP. 
 
A lot of research has already been conducted internationally, but many aspects of the behaviour of 
fibre composite reinforcement are still not fully known. International agreement on the causes of 
loss of composite action has not yet been reached. Furthermore the research conducted on 
strengthening in flexure so far has only been performed on single span beams, where 
strengthening is applied for a positive moment (figure 1.5). It is not known if the mechanisms to 
describe the types of failure found in these single span situations, also apply for multi span or 
cantilever situations, where the structure continues beyond an intermediate support and 
strengthening is applied for a negative moment (figure 1.6). 
 
Aim of this study is to enlarge the insights in the behaviour of reinforced concrete structures 
strengthened in flexure with externally bonded carbon fibre reinforcement in a multi span or 
cantilever situation and translate this behaviour to more appropriate calculation methods if 
necessary. 
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Figure 1.5: single span situation, strengthening 
applied for positive moment 
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Figure 1.6: multi span situation, strengthening applied 
for negative moment 
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2. Properties of FRP EBR 
 

2.1 Material properties of FRP EBR 

2.1.1 Fibres used for FRP EBR 

Three types of fibres can be used in fibre composite reinforcement: 
− Glass fibres 
− Aramid fibres 
− Carbon fibres (figure 2.1) 

  
The selection of the type of fibre used in a particular application will 
depend on many factors, like type of structure, expected loading and 
environmental conditions. Even within a family of fibre types, properties 
can significantly differ. An indication of the mechanical properties is 
given in table 2.1. Carbon fibres are the stiffest and strongest fibres. 
Their tensile strength can be as high as 6000 N/mm2. 

 

Figure 2.1: enlarged view 
of carbon composite [4] 

Not only the mechanical, but also the physical properties of the FRP differ when other types of 
fibres are used. Their resistance to environmental influences is therefore very different (table 2.2). 
Carbon fibres have very good chemical, UV light and moisture resistance, but as they are 
electrically conducting, they can give galvanic corrosion in contact with metals. The other types of 
fibres are not electrically conducting, but their resistance to either chemicals or UV light is less.  
The impact resistance is equal for all fibres. The moderate resistance to impact is primarily caused 
by the fact that the fibres possess low strength in the transverse directions. 
The resin behaviour will dominate the performance of the FRP in case of fire since most resins 
generate toxic smoke. If the fibres are not used in composites, the bare glass fibres retain strength 
up to their melting point (over 1000°C), while carbon fibres oxidise in air above 650°C. Aramid 
fibres are not normally used above 200°C.  
As health and safety concerns: cutting the fibres may release fine particles, which can irritate skin, 
eyes and mucous membranes. Finally, all fibres are considered to have no negative influences on 
the environment, as they are non-toxic and are not considered to be hazardous as waste.  
From all the above, we can conclude carbon fibres are the most favourable fibres to use. That’s 
why they are the most frequently used strengthening fibres. 
 

 elastic modulus tensile strength ultimate tensile 
 (kN/mm2) (N/mm2) strain (%) 

 Carbon    
 high strength 215-235 3500-4800 1.4-2.0 
 ultra high strength 215-235 3500-6000 1.5-2.3 
 high modulus 350-500 2500-3100 0.5-0.9 
 ultra high modulus 500-700 2100-2400 0.2-0.4 
 Glass    
 E 70 1900-3000 3.0-4.5 
 S 85-90 3500-4800 4.5-5.5 
 Aramid    
 low modulus 70-80 3500-4100 4.3-5.0 
 high modulus 115-130 3500-4000 2.5-3.5 

Table 2.1: mechanical properties fibres [3] 

 

  carbon (CFRP) aramid (AFRP) glass (GFRP) 

 chemical resistance + + - 
 resistance to ultraviolet light ++ -- ++ 
 electrical conductivity ++ -- -- 
 impact resistance + + + 
 fire + - ++ 
 health and safety ++ ++ ++ 
 environmental aspects ++ ++ ++ 

Table 2.2: fibres in the environment [subtracted from 1] 
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2.1.2 The matrix 

In FRP EBR the fibres are enclosed in a matrix. The fibre composite material consists of the fibres 
and the matrix (figure 2.1). The matrix has several functions. The first function is load transfer 
between the separate fibres. Secondly it provides shear, tensile and compression properties in the 
transverse direction. A last function of the matrix is to protect the fibres against environmental 
influences, like moisture and chemicals.  
Epoxy resins, polyester and vinylester are the most common polymeric matrix materials used with 
strengthening fibres. They are thermosetting polymers, allowing for a good fibre wet-out without 
applying high pressure or temperature, which makes them very attractive with respect to process 
ability. Epoxies have in general, better mechanical properties than polyester and the vinylesters, 
and outstanding durability, whereas polyesters and vinylesters are cheaper. 
To influence some of the properties of the matrix, such as cost, shrinkage, load transfer, 
resistance, etc, fillers and additives may be used. 

 

2.1.3 Fibre composites 

The fibres and the matrix form the composite material. Depending on the type of fibres used, they 
are referred to as GFRP (glass fibre based), AFRP (aramid fibre based) or CFRP (carbon fibre 
based). If all fibres are aligned in one direction, the composite is relatively stiff and strong in that 
direction, but has a low modulus and low strength in the transverse direction. When a 
unidirectional composite is tested even at a small angle from the fibre axis, there is a considerable 
reduction in strength. FRP EBR is available in a variety of fibre configurations of which the three 
main categories are unidirectional, bi-directional (at 90°) and random [3]. 
 
Figure 2.2 gives an impression of the 
tensile properties of the composites in 
comparison with that of a steel plate. 
Notice the brittle behaviour of the FRP.  
The composite material tends to have 
low strain at failure and is generally 
completely elastic up to failure.  
Since neither a yielding point nor a 
region of plasticity is available, sudden 
failure at ultimate strain occurs.  
The fibre percentage in fibre composite 
reinforcement lies between 50 and 70%. 
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Figure 2.2: stress-strain behaviour of composite material [4] 

Since the mechanical properties of the matrix differ from the mechanical properties of the fibres, 
the properties of the composite material per mm2 differ from those of the bare fibres. The strength 
and stiffness of the FRP system, based on the total cross-section of the composite, may therefore 
seem less compared to the properties of the bare fibres. This reduction is compensated by an 
increase of the cross-sectional area (the area of the matrix is added to that of the fibres), so the 
strength and stiffness of the total system is not affected. An example is given in table 2.3. When 
looking at information on the properties of the FRP EBR it is important to note if reference is made 
to the properties of the bare fibres or to the properties of the fibre composite material.  
 
 

Chosen properties for constituent materials of FRP composite:       
Efibre = 220 kN/mm2  ffibre = 4000 N/mm2      
Ematrix = 3 kN/mm2 fmatrix = 80 N/mm2         

Cross-sectional area      FRP-properties   Fialure load 

Afibres Amatrix Acomposite Vfibres Ecomposite fcomposite ultimate     

(mm2) (mm2) (mm2) (%) (N/mm2) (N/mm2) 
strain 
(%) (kN) (%) 

70 0 70 100 220000 4000 1.818 280.0 100.0 
70 30 100 70 154900 2824 1.823 282.4 100.9 
70 70 140 50 111500 2040 1.830 285.6 102.0 

 Table 2.3: example showing the effect of volume fraction of fibres on the FRP properties [3] 
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2.1.4 Adhesives 

The purpose of the adhesive used for externally bonded reinforcement is to provide a shear path 
between the concrete surface and the composite material, so full composite action may develop. 
Epoxy adhesives are the most common used structural adhesives for this particular application.  
Two-part epoxies consist of a resin, a hardener, which causes polymerisation, and various 
additives. The additives contribute to the physical and mechanical properties of the resulting 
adhesive. This implies the characteristics of the adhesive can be altered to fit a specific application. 
For example, composition can be varied to allow curing at ambient temperature, the so-called cold 
cure epoxies. But even many of these cold cure epoxies stop curing below a temperature of 5°C. 
Special heating devices are used for curing below this temperature.  
A disadvantage of adding a variety of additives is that it tends to make any adhesive more 
expensive than it’s unmodified counterpart. Advice should be obtained from the adhesive 
manufacturer.  
An important property of the adhesive to consider is the glass transition temperature, Tg. This is 
the temperature at which the adhesive changes from a relatively hard, elastic, glass-like material 
to a relatively rubbery material. The glass transition temperature of the adhesive should be 
significantly higher than the service temperature. 
 
With respect to execution correct proportioning and thorough mixing are very important when 
using two-part epoxy resin systems. For that reason the two components are usually delivered in 
the two cans representing the right proportions to be mixed. Furthermore the two components 
have different colours, so it can be easily observed when the components have been thoroughly 
mixed.  
Also important with respect to execution are the different time components that should be taken 
into consideration when using a two-part epoxy [4]: 

− shelf life 
Period for which the unmixed components may be stored without significant deterioration. 

− pot life 
When the two components are mixed together in a can or container, there is a finite 
working life. A typical pot life might be in the range of 30-60 minutes. 

− open time 
Represents the time during which the FRP should be applied to the concrete surface, after 
applying the adhesive to the concrete, or FRP, or both surfaces. A typical open time might 
be in the order of 30 minutes. 

 

2.2 Application systems for FRP EBR 

 
The two basic techniques for application of the FRP EBR are: 
 

− prefabricated system 
For this technique pre-manufactured, cured, straight strips 
are used. The resin (matrix) has been added to the fibres in 
the factory and the strips have their final shape, strength and 
stiffness. Typically the strips have a fibre volume fraction of 
about 70% and a thickness of about 1.0 to 1.5 mm. This 
refers to the global thickness of the strip. Unevenness in the 
concrete surface should be removed before application, or the 
strips should be pre-shaped. 
The strips are installed to the concrete through the use of 
adhesive. The adhesive provides the bond between the FRP 
and the concrete only. The adhesive is applied to the concrete 
with a foam roller or a brush. Pressure is added to the strips 
with a rubber roller once they have been applied to the 
concrete (figure 1.4). 
The strips are available at great lengths, which can be cut to 
the right length on site (figure 2.3) and can be delivered on 
site on a rolled coil (figure 2.4). 
Compared to wet lay-up systems, which will be discussed 
next, prefab strips assure a higher level of quality as only 
bonding takes place in-situ. 
 

 

Figure 2.3: cutting strips 

Figure 2.4: coils 
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− wet lay-up system 
For this technique dry unidirectional fibre sheets or multi- 
directional fabrics are used. The shape of the reinforcement 
follows the surface of the concrete to which it  
is applied. Sharp edges should be rounded. The thickness of 
the material can be as low as 0.1 mm and widths of 500 mm 
or more are available. Simple tools can be used to cut the 
fabric (figure 2.5). 
The fabric can either be applied directly into the resin, which 
is applied to the concrete surface, or can be impregnated with 
the resin in a saturator machine and then applied to the 
concrete surface (figure 2.6). After application, the fabric is 
rolled to force the resin through the fibres and to expel any 
air. 
The resin provides bond between the separate fibres as well 
as bond between the fibres and the concrete. The thickness of 
the reinforcement after application may vary and is difficult to 
determine. The properties of the material depend on the 
amount and type of fibres used. Usually the fibre fraction of 
wet lay-up systems is much lower than that of prefab 
systems. 

 

Figure 2.5: cutting fibres 

Figure 2.6: impregnation 

For both systems a proper surface preparation of the concrete and the fibre composite material is 
essential. Damaged or pour quality concrete should be removed from the concrete surface and 
replaced with good quality material. After that, the surface has to be roughened and cleared from 
dust. The surface should be sufficiently dry.  
The FRP surface also has to be cleared from dust and fingerprints. Some FRP-systems use a peel-
ply layer, which can be stripped off just before use. The FRP EBR should be checked for flaws. 
The characteristics of the two basic systems are summarized below (table 2.4). 
 
  prefabricated system wet lay-up system 

 shape of FRP strips or laminates sheets or fabrics 

 thickness about 1.0 to 1.5 mm about 0.1 to 0.5 mm 

 bonding agent thrixotropic adhesive for bonding low viscosity resin for bonding 
  and impregnation 

 fibre volume about 70% about 30% (after impregnation) 

 application simple bonding of the factory bonding and impregnation of the 
 made elements with adhesive sheets or fabrics with resin 

 applicability if not pre-shaped only for flat regardless of the shape, 
 surfaces sharp corners should be rounded 

 number of layers normally 1, multiple possible often in multiple layers 

 ease-of application simple in use, very flexible in use, needs 
 higher quality guaranty rigorous quality control 

Table 2.4: characteristics basic application systems [4] 

 
Beside these basic techniques, some special application techniques 
have been developed. These will only be discussed briefly: 
 

− automated wrapping 
A tow or tape is continuously winded under a slight angle 
around columns or other structures by means of a robot. 
Good quality control and rapid installation are the main 
advantages of this technique (figure 2.7). 

 
− prestressed FRP 

Prestressing the FRP can lead to many advantages, like 
stiffer behaviour of the concrete, delayed crack formation 
and increase of the ultimate moment capacity, but only if 
special anchorage is provided for. 

 
 

 

figure 2.7: automated wrapping 
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− CFRP inside slits 
The slits are cut into the concrete surface, with a 
depth smaller than the concrete cover (figure 
2.8). Bond and beam tests show that a higher 
anchorage capacity can be obtained compared to 
strips glued onto the concrete. Also the behaviour 
of the concrete is stiffer. However, the behaviour 
in the ultimate limit state is more ductile. The 
bond behaviour allows to bridge wide cracking 
without peeling off. Moreover the strips are 
protected against demolition. 

 
figure 2.8: CRFP inside slits 

 
− in-situ fast curing using heating device 

If temperatures are to low for cold curing, or 
when the curing time has to be reduced, a 
heating device can be used (figure 2.9). Different 
systems, such as electrical heaters, IR heating 
and heating blankets are available. For CFRP it is 
possible to pass an electric current through the 
strips during the strengthening process. 
Controlled fast curing enables not only rapid 
application of the strengthening technique, but 
also increases the glass transition temperature 
(Tg) of the adhesive. 

 

 

 figure 2.9: scheme of heating device 
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3. Structural behaviour and design method 
 
 
3.1 Introduction 
 
In June 2002 CUR recommendation 91 was published in the Netherlands. In CUR 91 design and 
execution guidelines are provided for the strengthening of reinforced concrete structures using 
externally bonded FRP composites. The application of the guidelines is restricted to strengthening 
in flexure or in shear using carbon fibres. It is based on expertise and current knowledge on the 
technique. This means it contains adequate guidelines, but on the other hand, specific structural 
properties that have not (yet) been subject of research have been handled with caution.  
Around the same time this Dutch report was written, an international task group was working on 
fib-Bulletin 14, which also contains guidelines for design and use of externally bonded FRP EBR for 
reinforced concrete structures. This bulletin was of great importance for the composing of CUR 91. 
 
For strengthening in flexure the CUR recommendation as well as in the fib-Bulletin, distinguishes 
two situations [2,3]: 
1. full composite action 

In this situation all three materials (concrete, steel and FRP EBR) fully cooperate, resulting 
in a linear strain over the height of the cross-section (figure 3.1). If the structure is 
strengthened while loaded, an initial strain (ε0) should be accounted for.  
The flexural strength of the structure may be reached with yielding of the tensile steel 
reinforcement followed by crushing of the concrete in the compression zone, whereas the 
FRP is intact. Alternatively, for low ratios of both steel and FRP, flexural failure may occur 
when yielding of the tensile steel reinforcement is followed by tensile fracture of the FRP. A 
last option for failure in flexure at full composite action applies for relatively high 
reinforcement ratios. In these situations, compressive crushing of the concrete before 
yielding of the steel causes failure. Since this last failure mode is very brittle, the structure 
will usually be designed for one of the other, more ductile, failure modes to occur. 
Principles that can be used in this situation have been published in design guidelines in 
national and international codes and regulations. In the Netherlands VBC 1995 can be 
consulted for principles that apply for this situation. 
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             Figure 3.2: properties of concrete, steel and fibre 

 
2. loss of composite action 

Bond between the concrete and the FRP reinforcement is necessary for transfer of forces. 
Bond failure in case of FRP EBR implies the loss of composite action between the concrete 
and the FRP reinforcement and may occur at one of the interfaces between the two 
materials, generally in the concrete. Bond failure can either be limited to a small area or 
propagate, resulting in complete debonding. If this latter situation occurs, loss of composite 
action causes failure. This type of failure can be very sudden and brittle. 
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3.1.1 CUR 91 approach 

To describe the cause of loss of composite action, several mechanisms of failure have been found 
by researchers around the world. No international agreement, on which mechanisms describe the 
cause of loss of composite action best, has been reached. Different researchers describe different 
mechanisms of failure or describe the same mechanism of failure with different mathematical 
models. In CUR 91 a selection of these mechanisms and models is made. The selected mechanisms 
are believed to cover all the different failure modes. The mathematical models to describe the 
selected mechanisms of failure are those models that are most practical in use or have been 
simplified to that extend. The four mechanisms of failure adopted by CUR 91 are [2]: 
a. Peeling-off caused at shear cracks 
b. Peeling-off caused by high shear stress 
c. Peeling-off at the end anchorage 
d. End shear failure 
These mechanisms of failure and the associated mathematical models will be discussed in further 
detail in the next paragraphs of this chapter. It is important to note that each mechanism of failure 
is only described by one mathematical model in CUR 91. 

3.1.2 fib-Bulletin 14 approach 

As mentioned, fib-Bulletin 14 was of great importance for the composing of CUR 91. However, the 
approach used in CUR 91 to categorise the different mechanisms of failure turned out to be slightly 
different from the approach used in the Bulletin. Note that one mechanism of failure can be 
described by several mathematical models [3]:  

− Peeling-off caused at shear cracks 
As described in mechanism A (peeling-off caused at shear cracks) of CUR 91. 

− Peeling-off at the end anchorage and at flexural crack 
Three approaches are described: 
1. verification of the end anchorage, strain limitation in the FRP 

First the end anchorage should be verified as in mechanism C (peeling-off at the end 
anchorage) of CUR 91. Then a strain limitation should be applied on the FRP to ensure 
that bond failure far from the anchorage will be prevented. 

2. verification according to the envelope line of tensile stresses in the FRP 
The model used to describe this approach is very difficult to apply as a practical 
engineering model. 

3. verification of end anchorage and of force transfer at the FRP/concrete interface 
Peeling-off at the end anchorage is the mechanism as used in mechanism C of CUR 91.  
Force transfer at the FRP/concrete interface is described in mechanism B (peeling-off 
caused by high shear stress) of CUR 91. 

− End shear failure 
As described in mechanism D (end shear failure) of CUR 91. 

− Peeling-off caused by unevenness of the concrete surface 
This last mechanism of failure as described by fib-Bulletin 14, is not recognised by CUR 91. 
However, CUR 91 does mention a list of restrictions concerning preparation of the concrete 
surface. One of these restrictions describes the allowable unevenness of the concrete 
surface and so covers this possibility for loss of composite action. 

3.1.3 Thesis by Matthys 

Besides fib-Bulletin 14, the thesis by Matthys was also of great importance for the composing of 
CUR 91.  The categorisation of the mechanisms of failure is very similar. Also most of the 
mathematical models used to describe the mechanisms of failure as described by CUR 91, find their 
origin in the thesis. In his thesis, Matthys concludes debonding can be identified as [4]: 

− Low quality of EBR application 
The allowable bond strength is strongly reduced in case of inadequate FRP EBR execution. 

− Anchorage zone  
As described in mechanism C (peeling-off at the end anchorage) and mechanism D (end 
shear failure) of CUR 91. 

− Transfer of forces  
As described in mechanism B (peeling-off caused by high shear stress) of CUR 91. 

− Crack bridging  
Distinction is made between flexural and shear cracks. For flexural crack bridging Matthys 
concludes debonding is not progressive and remains local since redistribution of the 
reinforcement strain occurs. Shear crack bridging is described in mechanism A of CUR 91. 
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3.2 Mechanism A; Peeling-off caused at shear cracks 
 
3.2.1 Mechanism as published in CUR 91 
In regions with significant shear forces, shear cracks appear. 
These cracks are characterized by relative displacement of the 
crack faces both horizontally (w) and vertically (v). The vertical 
displacement of the concrete on either site of the crack causes 
tensile stress perpendicular to the FRP EBR, which initiates 
debonding of the FRP reinforcement (figure 3.3 and appendix 
2). The dowel action of the internal steel reinforcement limits 
the vertical displacement. An empirical equation is used to 
describe this mechanism of failure in CUR 91. No account for 
internal steel stirrups was made when deriving this equation, so 
for situations where shear cracks cross internal stirrups, this 
check may be somewhat conservative [2]: 
 

odud VV ≤max                                          (3-1) 

 

v

w

peeling action

 
Figure 3.3: peeling-off caused   at 
shear cracks [1] 

                                          
with: 
Vdmax maximum value of shear force for the area in which the FRP EBR is present and at a 

distance ds from the end of the FRP when strengthening for positive moments and at a 
distance ds from the support for negative moments 

Vodu resisting shear force at which peeling-off caused at shear cracks initiates 
 =τodu⋅b⋅ds 
b width of concrete member according to 8.2.2 of NEN 6720 ; In case of I-,T-,L-, and [- 

profiles, the width bw of the web should be taken. 
ds effective depth of concrete member for longitudinal reinforcement 
df effective depth of concrete member for FRP EBR reinforcement 
τodu design value of resisting shear stress at initiation of peeling 

= τodrep/ γm 
τodrep resisting shear stress corresponding with initiation of peeling  
 = 0.38 + 1.51ωeq (N/mm2) 
γm 1.4 
ωeq equivalent reinforcement ratio (%) 
 = ωs + ωf⋅ Ef /Es 
ωs reinforcement ratio (in %) of the longitudinal steel reinforcement for the effective depth ds 
ωf reinforcement ratio (in %) of the FRP reinforcement for the effective depth df 
Ef modulus of elasticity of FRP 
Es modulus of elasticity of internal steel reinforcement 

3.2.2 Origin of the model 

In 1993 Deuring proposed a model for the resisting shear force at which shear crack peeling 
initiates. This model is rather complicated, so Matthys proposed a simpler model, based on the 
Deuring model, experimental data and a curve fitting [4]. The model is derived for concrete grade 
C25/30 and externally bonded CFRP reinforcement. This model is used in CUR 91.  
 
Matthys describes the tests he performed. When discussing the test results, he states that as 
debonding failure happened in a very fast way, it was not possible to find out where it initiated. 
Only the results of debonding can therefore be analysed. This is the fracture pattern along the 
length of the FRP and the data from the measurement devices.  
 
Given the high bond characteristics of the adhesives used in his tests, Matthys expects bond failure 
to occur in the concrete. This seems to be confirmed by the fact that the strip debonded along 
more than half the length of the beam and a few millimetres of concrete remained attached to 
most of the strip.  
Since at the end of the debonded strip, over a length of about 300 mm, no remains of concrete 
were found, Matthys suggests debonding did not initiate at the FRP end, but rather ran towards it. 
This hypothesis is confirmed by one of the tested beams, where he provides extra end anchorage 
at the FRP end, and finds the failure load and mode to be basically the same as for the previous 
beams. In his analytical verification Matthys also confirms anchorage failure did not occur in the 
tested beams.  
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Matthys uses the failure loads of the tested beam to derive a simplified model of the Deuring model 
for shear crack bridging. For this he uses his empirical data for a curve fitting. In contradiction to 
the extensive verification on why failure of the tested beams has not been initiated at the end 
anchorage, no verification on why debonding could not have been initiated by one of other 
mechanism he identified, is described in the thesis. 

3.2.3 Mechanism as described in fib-Bulletin 14 

In fib-Bulletin 14 peeling-off caused at shear cracks is also stated as one of the mechanisms of 
failure. For calculation of the limiting value of the acting shear force, reference is made to two 
models. Blaschko proposes the first model. He limits the acting shear force to the shear resistance 
of RC members without shear reinforcement (Eurocode 2 approach) with the following modification 
for the characteristic shear strength of concrete τRk and the equivalent longitudinal reinforcement 
ratio ρeq [3]: 
 

3/115.0 ckRk f=τ           (in CUR 91 τRk = τodrep) (3-2) 
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with: 
τRk design value of resisting shear stress at initiation of peeling 
fck characteristic value of concrete compressive strength 
ρeq equivalent reinforcement ratio 
Af cross-sectional area of fibre 
As cross-sectional area of steel reinforcement 
Es modulus of elasticity of internal steel reinforcement 
Ef modulus of elasticity of FRP EBR 
b width of the concrete 
d effective depth of concrete member 

 
The second model is the model proposed by Matthys. In fib-Bulletin 14 it is explicitly mentioned 
this equation was derived for concrete grade C25/30 and externally bonded CFRP reinforcement. 
This has not been mentioned in CUR 91. 
 
 
3.3 Mechanism B; Peeling-off caused by high shear stress 

3.3.1 Mechanism as published in CUR 91 

This mechanism only applies for sections where the internal steel reinforcement is yielding in the 
ultimate limit state. Referring to the limited capacity of shear stress between concrete and FRP 
reinforcement, taking into account the shifted moment line, consideration should be given to: 
 

frosuosud bzVV ⋅⋅=≤ τ  (3-4) 

 
with: 
Vd acting design shear force 
Vosu resisting shear force in case of peeling-off caused by high shear forces 
τosu design value of resisting shear stress in case of peeling-off caused by high shear forces  
 =τosrep/ γm 
τosrep resisting shear stress in case of peeling-off caused by high shear forces 
 =1.8fhrep 
zr lever arm between the total tensile force and the compression force 
 approached by zr= 0.95 ds 
bf width of the FRP reinforcement 
fhrep design value of the bond shear strength of the concrete according to method 1 of CUR 20. 
γm material factor 

=1.4 
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For fhrep a value of 0.7 times the experimentally conducted mean value can be taken. In case of 
proper preparation of the concrete surface, the bond shear strength will be identical to the concrete 
tensile strength. For design purposes the representative value of concrete tensile strength, fbrep, 
may therefore be used. The actual value of the bond shear strength should be determined during 
execution. 

3.3.2 Origin of the model 

One of the four mechanisms of debonding 
identified by Matthys is transfer of forces. In his 
thesis he considers two sections at a distance ∆x 
subjected to Md and Md + ∆Md, respectively (see 
figure 3.4). The shear stress τb equals [4]: 
 

xb
N

f

fd
b ∆

∆
=τ                                            (3-5) 

 
For the verification of the ultimate limit state, the 
shear stress τb should be restricted to the design 
bond shear strength, which is equal to the bond 
shear strength of concrete, fcbd (=τosu in CUR 91). 
Equation (3-5) can be simplified considering 
Nrd=Md/ z, with Nrd=Nfd + Nsd. Depending on 
whether the internal steel has yielded or not, Nrd 
and ∆Nfd can be approximated as: 
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Figure 3.4: shear stress along the FRP EBR [4] 
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In eq. (3-6) it is assumed that εs/εf ≈1. 
With ∆Md/∆x ≈ Vd and z= (zs +zf)/ 2≈ 0,95d, this gives the following conditions: 
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Due to the substantial width of the bond interface normally available, the verification according to 
eq. (3-8) is mostly not critical. Only in case the internal steel is yielding or for high shear forces, 
bond problems may occur.  
CUR 91 mentions there is a check for sections where the internal steel reinforcement is not 
yielding. However since this check is hardly ever critical, it has not been added to the report. 
 
According to Matthys this failure mode has not occurred in any of his experiments. The 
consequence of the bond failure is therefore not described in his thesis. However, he does state 
that debonding is localized inside the concrete for all the mechanisms of failure. It can only be 
assumed this bond failure happens in a very fast and explosive way.  
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3.3.3 Mechanism as described in fib-Bulletin 14 

In fib-Bulletin 14 peeling-off caused by high shear stress is treated under ‘peeling-off at the end 
anchorage and at flexural cracks’, where three approaches are described [3]. One of the two steps 
used in approach 3, is the mechanism as described in mechanism B of CUR 91.  
 
 
3.4 Mechanism C; Peeling-off at the end anchorage 
 
3.4.1 Mechanism as published in CUR 91  
Along the length of the concrete structure it 
should be ensured that the design value of the 
bending moment in the ultimate limit state 
satisfies Md/zr= Nr≤ Nru, considering the shifted 
moment line. Theoretically the FRP 
reinforcement could be ended where Ny=As⋅fy 
applies (figure 3.5). The force Nf(x) in the FRP, 
that has to be anchored at this point, can be 
determined by a cross-section calculation or can 
be approached by: 
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with zr is taken 0.95ds 
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     Figure 3.5: theoretical end FRP EBR  

 
The end of the FRP reinforcement should satisfy: 
 

)()( xlxl vff ≥   for max)( vff NxN ≤        (3-11) 

 
with: 
lf(x) available anchorage or transfer length from section x to the end of the FRP EBR 
lvf(x) required anchorage or transfer length from section x, where the tensile force Nvf(x) is 

present 
lvfmax maximum anchorage or transfer length related to the maximum force that can be anchored  
Nf(x) FRP tensile force to be anchored at section x, considering the shifted moment line 

according to 8.1.1 of NEN 6720 
Nvf(x) FRP tensile force that can be anchored at lvf(x) 
Nvf max maximum FRP tensile force that can be anchored; calculated according to: 
 

hmfffbvf ftEkbkkN ⋅⋅⋅⋅⋅= 21max         (3-12) 

 
with: 
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400
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         (3-13) 

 
k1 =0.783 
k2 =0.4mm 
bf width of the FRP reinforcement (in mm) 
Ef modulus of elasticity of FRP reinforcement in N/mm2 
tf thickness of the FRP reinforcement (in mm) 
fhm mean bond shear strength in N/mm2 according to method 1 of CUR 20 
b width of the concrete section where the FRP reinforcement is applied or centre to centre 

spacing of the FRP reinforcement elements and b not greater than 2⋅bf. 
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The value for lvfmax should be calculated according to: 
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For the anchorage lengths, lvf(x), that should be smaller than lvf max, the force Nvf(x) that has to be 
anchored can be found for: 
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Figure 3.6 visualises the relationship between the 
force that can be anchored, Nvf(x), and the anchorage 
length required to anchor that force, lvf(x).  
The force that can be anchored increases as the 
available anchorage length increases. The level of 
increase falls back when approaching Nvf max. Once  
Nvfmax is reached an increase in anchorage length no 
longer means an increase in force that can be 
anchored. This indicates the force that can be 
anchored by the EBR has a maximum, even if the 
anchorage length is greater than lvf max. 
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Figure 3.6: anchorage force 

3.4.2 Origin of the model 

The model as used in CUR 91 was first published by Holzenkämpfer. It is based on fracture 
mechanics for concrete failure and is rather simple to apply. The model has been verified with 
extensive test data by Rostásy et al.  
In other models proposed to determine peak stress, transfer lengths and anchorage forces in the 
anchorage zone, a linear τ-s relationship is assumed. However, it can be argued that slip between 
the concrete and the EBR is not only the result of linear elastic deformation of the adhesive, but is 
also influenced by micro cracking in the concrete a few millimetres above the adhesive layer. In his 
study, Holzenkämpfer assumes the τ-s relationship to be bilinear and finds the above model. 
 
Matthys [4] compares the Holzenkämpfer model with experiments conducted at the Technical 
University of Braunschweig and finds the Holzenkämpfer model gives a fairly good prediction of the 
force that can be anchored. Matthys makes another comparison between a linear elastic model and 
the model by Holzenkämpfer, where he finds a considerable difference in the prediction of the 
anchorage force. The model by Holzenkämpfer, taking into account the non-linear bond-slip 
behaviour, obtains the largest forces. No conclusion on what is the most suitable model is made in 
the thesis.  
In CUR 91, the model by Holzenkämpfer is used to define the relation between the required 
anchorage length and the force in the FRP EBR.  
 
In his thesis, Matthys defines the theoretical point at which the FRP could be ended. This is the 
point where the total force in the internal reinforcement and the FRP EBR (Nr) is equal to the 
yielding strength of the internal steel (Asfy). From this point on to the support, the total force only 
becomes smaller, so the internal steel reinforcement can carry this load by it self. The FRP EBR is 
no longer needed. The FRP EBR only continues beyond this point to anchor the force that is in it 
(see figure 3.5). Matthys describes the force at this point in the FRP EBR by [4]: 
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When εs/ εf is assumed equal to about 1, equation (3-10) as used is CUR 91 appears. 



_________________________________________________________________________________________ 
Chapter 3 16 Structural behaviour and design method  

 
From figure 3.7 it becomes clear debonding by peeling-off at the 
end anchorage is localized inside the concrete, as is assumed for 
all mechanisms of failure identified by Matthys. It can be 
distinguished from mechanism B (peeling-off caused by high 
shear stress) as debonding for peeling-off at the anchorage zone 
initiates at the end of the FRP strip. As both failure modes are 
expected to be very explosive, it can be questioned if it is possible 
to observe this distinction.  
 

 

peeling  
Figure 3.7: peeling-off at the end 
anchorage [4]  

Referring to paragraph 3.1.3, Matthys concludes debonding can be identified in four ways. One of 
them is the anchorage zone. He states debonding in the anchorage zone can be initiated in two 
ways. In both cases the force in the FRP EBR has to build up from the free end and so introduces 
extra bond stresses in the interface. Normally this results in a peeling failure, which is described in 
mechanism C (peeling of at the end anchorage) of CUR 91. But in case of shear cracking, the 
debonding failure plane moves inwards causing a concrete rip-off failure at the level of the internal 
steel reinforcement, which will be described in mechanism D (end shear failure). 

3.4.3 Mechanism as described in fib-Bulletin 14 

In 3.1.2 the three approaches as described in fib-Bulletin 14 under ‘peeling-off at the end 
anchorage and at flexural cracks’ have been mentioned. In the first and third approach, reference 
is made to verification of the end anchorage.  
 
In the first approach there are two steps. First the end anchorage should be verified at the FRP-
concrete interface, based on the model by Holzenkämpfer. Secondly a strain limitation should be 
applied on the FRP to ensure that bond failure far from the anchorage zone will be prevented. A 
strain limitation of εf,lim= 0.0065 to 0.0085 is adopted for the whole length of the FRP 
reinforcement strip. The Bulletin points out tests have demonstrated that the FRP tensile strain 
when peeling-off occurs depends on a broad range of parameters. In addition, a global strain 
limitation may not be suitable to represent the whole range of applications and can lead to non-
economical use of the FRP EBR in some cases. 
 
The third approach also comprises two steps. The first involves verification of the end anchorage by 
the Holzenkämpfer model. In the second step the shear stress τb at the FRP-concrete interface is 
verified as described in mechanism B (peeling-off caused by high shear stress) of CUR 91. 
 
 
3.5 Mechanism D; End shear failure 

3.5.1 Mechanism as published in CUR 91 

When ending the FRP reinforcement at a certain distance from the support, the mechanism for end 
shear failure should be satisfied: 
 

ouudu VV ≤    (3-17)

  

and  
s

v d
L

+> 1λ   (3-18) 

 
with: 
Vdu acting design shear force in the section at a distance ds from the end of the FRP 

reinforcement to the support 
Vouu resisting design shear capacity of the concrete according to the mechanism of end shear 

failure 
 =τouu⋅b⋅ds 
b width of the concrete section according to NEN 6720; In case of I-,T-,L-, and [- profiles, 

the width bw of the web should be taken. 
ds effective depth of concrete member for longitudinal reinforcement 
τouu design value of resisting shear stress of concrete according to the mechanism of end shear 

failure 
 =τourep/γm 
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τourep resisting shear stress according to the mechanism of end shear failure 

 =
4

3

L
fk sb ω⋅⋅

  (3-19) 

k3 =4 mm0.25 
L distance between the end of the FRP reinforcement and the support (unplated length) 
ωs reinforcement ratio of the longitudinal steel reinforcement for the effective depth ds 
fb design tensile strength of the concrete 
γm 1.4 
λv slenderness ratio for shear stress according to 8.2.3.1. of NEN 6720 
 
This mechanism is developed for situations where strengthening fibres are applied for positive 
moments where the end of the fibre is close to the supports. A comparable situation can 
theoretically occur for concentrated loading near the end of fibres used for strengthening negative 
moments over an intermediate support. If this latter situation occurs, it is recommended to apply 
the mechanism of end shear failure in a comparable way. In other multi span situations, this 
mechanism is not applicable according to CUR 91. 

3.5.2 Origin of the model 

In his thesis, Jansze proposed a model to describe debonding of steel plates initiated by a shear 
crack at the plate end. In the course of deriving the model, he performed several experiments on 
concrete beams strengthened with steel plates to gain insight into the failure behaviour [6].  
To verify the influence of the unplated length L, from the end of the steel plate to the support, he 
varied this unplated length between 0, 100, 200 and 300 mm. After these experiments he 
performed a numerical simulation. Combining the results of both the experimental and the 
numerical research, he proposed his model. After some simplifications have been applied, the 
model by Jansze is used in CUR 91. 
He states the maximum shear capacity of a concrete member equals [6]: 
 

scumcum dbV ⋅⋅= τ                            (Vcum=Vdu  and  τcum=τouu  in CUR 91) (3-20) 

 
and 
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with: 
aL fictitious shear span 

 = 4 3
2)1( Lds

s

s

ρ
ρ−

 (3-22) 

 
ρs bar reinforcement ratio (As/ bds) in the unplated part of the beam 
ρs,0 bar reinforcement percentage (100As/ bds) in the unplated part of the beam 
ds effective depth of internal bars 
L unplated length of bonded plate (distance between end of steel plate and support) 
fcm uniaxial compressive strength 
b width of concrete section 
 
In addition Jansze gives two application restrictions for the model: 
 
a > L +d      (3-23)  
 
and        
 
aL < a  (3-24) 
 
where a is the shear span and aL the fictitious shear span 
 
 



_________________________________________________________________________________________ 
Chapter 3 18 Structural behaviour and design method  

 
The first application restriction (a> L+d) reflects the situations the model was derived for. 
For simplification of this application restriction, the slenderness ratio for shear stress is used: 
 

max

max

d

d
v Vd

M
⋅

=λ  (3-25) 

 
With this ratio equation (3-23) is modified to equation (3-18).  
 
The second application restriction (aL < a), describes the model is only applicable when a plate–end 
shear crack develops (figure 3.6). For small unplated lengths the plate-end crack is a diagonal one 
and thus, implies shear failure. A crack pattern like in figure 3.7 appears. This pattern is found in 
both experimental situations as in numerical simulations. 
If the unplated length of the shear span is too large, a flexural crack will form from the plate-end 
crack. This crack develops more vertically and bends away at the height of the internal steel 
reinforcement (figure 3.8). In this case a different mechanism of failure occurs. This mechanism is 
called shear flexural peeling. The model as suggested by Jansze does not predict this failure mode. 
To be sure a shear crack develops at the end of the fibre, Jansze adds the second application 
restriction to the model. This second application restriction has not been taken into account in CUR 
91. As this second application restriction is aimed at concentrated loading, it might be difficult to 
translate it into a design equation that is also workable for divided loading. 
 

F

L

a
aL

 
Figure 3.6: shear span (a) and fictitious shear 
span (aL) 

L  
Figure 3.7: concrete rip-off 
by plate-end shear 

L  
Figure 3.8: concrete rip-off 
by shear flexural peeling 

 
The fact that this model by Jansze is used, implies CUR 91 considers debonding at the end of a 
steel plate and at the end of FRP reinforcement can be described by the same equations. 

3.5.3 Mechanism as described in fib-Bulletin 14 

In fib-Bulletin 14, end shear failure is also stated as one of the mechanisms of loss of composite 
action. The model as published by Jansze in his thesis is described, including both the application 
restrictions. No simplifications have been applied. The Bulletin points out other models have been 
developed too, but since those models are much more complicated to use, their description is not 
given. 
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4. Single span situation 
 

4.1 Aim of tests in single span situation 
 
To become familiar with the technique of flexural strengthening of reinforced concrete beams with 
externally bonded FRP reinforcement and the different failure modes, a first set of tests is set up. 
The five beams tested in this first set of tests, are all single span beams tested in four-point 
bending. This is the test set-up used in most previous research on reinforced concrete 
strengthened with FRP EBR. This study is performed in cooperation with three students, in the 
scope of their final project before starting their graduation project. 
In this study, the mechanisms of failure and the mathematical models to describe the mechanisms 
of failure as published in CUR 91 will be used. These have been discussed in the previous chapter. 
The comparison between the test results (actual failure loads) and the mathematical models 
(analytical failure loads) will be made based on the characteristic value of the mathematical 
models. This implies the analytical failure loads of the beams are calculated with the models as 
published in CUR 91, considering all material factors equal to 1. 
 

4.2 Test set-up 
 
As mentioned, the tests are performed on single 
span beams tested in four-point bending (see figure 
4.1 and 4.2).  
The geometry of the beams is taken identical to the 
beams tested by Matthys. In this way, the test 
results can be compared to the tests results found 
by Matthys. The beams measure 200 x 450 x 4000 
mm3 and span 3800 mm.  
Two hydraulic jacks, with a capacity of 500 kN each, 
apply the load to the beams. A manual pumping 
device is used. During the tests, several electronic 
measurements are taken (see figure 4.2). Vertical 
displacements are measured at midspan and at the 
supports using displacement transducers. 

 

 

Figure 4.1:test set-up and measurements 

 

Two LVDT’s with a length of 300 mm are used to measure (relative) concrete deformations over 
cracks. Both LVDT’s are placed at midspan. The first is placed on top of the beam, in the concrete 
compressive zone, and the second is placed at the height of the internal longitudinal tensile steel 
reinforcement. The strain in the FRP at midspan is also measured. This is done by two strain 
gauges, applied to the FRP at midspan. 
On beam 1 ESPI is used. The Electronic Speckle Pattern Interferometer (ESPI) is a displacement 
measurement system based on the caption of reflected laser light by a CCD camera. The camera is 
installed after a shear crack appeared near one end of the FRP EBR. Two measurements are carried 
out, during different stages of the experiment. The use of ESPI during these first experiments is 
primarily to get acquainted with the possibilities and restrains of this type of measurement. 

F F
LVDT

LVDT

strain-gauges

A

A

A-A

 

Figure 4.2: test set-up and measurements schematically 
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4.3 Specimen 

 
In his tests, Matthys used internal steel reinforcement of 4Ø16 and stirrups Ø8@100. The FRP EBR 
Matthys used had a thickness of 1.2 mm and a width of 100 mm. Since the aim of the experiments 
is to observe different mechanisms of failure, these reinforcement criteria are not adopted for all 
five beams. As the difference in force, at which the subsequent mechanisms of failure occur, has to 
be substantial, the reinforcement ratios have been additionally altered.  
Matthys takes the distance between the support and the end of the fibre reinforcement (L) 70 mm. 
He presumes this is the minimum distance practically possible. It has been decided to increase this 
value to 100 mm. Specifications of the tested beams are given in table 4.1.  
A prediction of the M-κ relation of the different beams is elaborated below (for calculations see 
Appendix 3). For this prediction, concrete grade C50 is adopted. The yielding strength of the 
internal steel reinforcement is assumed to be 500 N/mm2 and all material factors have been taken 
equal to 1. The failure loads according to the different mechanisms of failure of CUR 91 are also 
displayed in the predictions. The calculations of these failure loads are similar to the calculations 
made in appendix 6. Later the actual properties of the materials were determined. Information on 
the actual material properties can be found in Appendix 4. 
 

 b x h 
(mm) 

lbeam 
(mm) 

span 
(mm) 

As,1 

(mm2) 
As,2 

(mm2) 
Asw 

(mm2) 
Af  

(mm2) 
lf  

(mm) 
L 

(mm) 
mechanism 
of failure 

1 200X450 4000 3800 4Ø12 2Ø8 Ø8@100 1.2X80 3600 100 A 

2 200X450 4000 3800 4Ø12 2Ø8 Ø8@100 1.2X80 3600 100 A 

3 200X450 4000 3800 4Ø16 2Ø10 Ø8@100 1.2X50 3330 235 B 

4 200X450 4000 3800 4Ø12 2Ø8 Ø8@300 1.2X80 3600 100 A 

5 200X450 4000 3800 4Ø12 2Ø8 Ø8@100 1.2X160 2480 660 C 

Table 4.1: specifications of the beams tested in the single span situation 
 
Beam 1  
This is one of the beams designed to fail according to mechanism A (peeling-off caused at shear 
cracks) of CUR 91. The longitudinal steel reinforcement of 4Ø16, as used by Matthys, is reduced to 
4Ø12 and the width of the fibre reinforcement is reduced to 80 mm to create a substantial 
difference in force between mechanism A and the next mechanism of failure. As ESPI is used on 
this beam, the FRP is eccentrically applied to the beam, in line with the monitored concrete surface. 
The moment-curvature (M-κ) relation of the strengthened as well as the unstrengthened beam 1 is 
displayed in figure 4.3. The blue line represents the unstrengthened beam 1, and the red line 
represents the strengthened beam 1. The predicted increase in load bearing capacity of beam 1 is:  
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Figure 4.3: analytical M-κ  relations (strengthened and unstrengthened) of beam 1  
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Beam 2 
According to the theory behind mechanism A (peeling-off caused at shear cracks) in CUR 91, it 
makes no difference, for the occurrence of mechanism A, if a structure has been pre-loaded or not. 
To verify this, beam 2 will be loaded before strengthening. Load will be applied to the 
unstrengthened beam until the internal steel reinforcement is yielding. Subsequently, the beam will 
be unloaded and the remaining curvature will be approximately 15 x 10-6 mm-1. After unloading, 
the strengthening fibres are applied to the beam. The strengthened beam is loaded again until one 
of the mechanisms of failure causes the beam to fail. According to CUR 91, mechanism A (peeling-
off caused at shear cracks) will cause failure at 138 kNm. The M-κ relation for beam 2 is displayed 
in figure 4.4, where the blue line represents the unstrengthened beam 2 and the red line 
represents the strengthened beam 2. 
The predicted increase in load bearing capacity of beam 2 is:  
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Figure 4.4: analytical M-κ  relations (strengthened and unstrengthened) of beam 2 
 
Beam 3 
Beam 3 is designed to fail by mechanism B (peeling-off caused by high shear stress) according to 
CUR 91. This is accomplished by decreasing the width of the fibre reinforcement to 50 mm. The 
longitudinal steel reinforcement in this beam is 4Ø16, as Matthys used in his experiments. The 
distance between the support and the end of the fibre reinforcement (L) is not of influence on 
mechanism B. Since the fibre reinforcement strip, used for beam 3, is slightly damaged at one end 
of the strip, the strip is cut before applying it to the beam. The damaged part is cut off and L 
becomes 235 mm on both sides of the beam, instead of 100 mm.  
The M-κ relation for beam 3 is displayed in figure 4.5, where the blue line represents the 
unstrengthened beam 3 and the red line represents the strengthened beam 3. 
If the prediction of the failure mode and force is accurate, the increase in load bearing capacity of 
beam 3 is negligible:  
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Mechanism B (157 kNm)
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Figure 4.5: analytical M-κ  relations (strengthened and unstrengthened) of beam 3 

 
Beam 4 
No account for internal steel stirrups was made when deriving the equation for mechanism A 
(peeling-off caused at shear cracks) of CUR 91. The report consequently suggests the check for 
mechanism A may be somewhat conservative. To examine this statement, beam 3 is made similar 
to beam 1, only the amount of stirrups is different. Beam 1 has stirrups Ø8@100 and beam 3 has 
stirrups Ø8@300.  
In figure 4.6 the blue line represents the unstrengthened beam and the red line represents the 
strengthened beam. The predicted increase in load bearing capacity of beam 4 is:  
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Figure 4.6: analytical M-κ  relations (strengthened and unstrengthened) of beam 4 
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Beam 5 
As beam 5 is designed to fail by mechanism C (peeling-off at the end anchorage), the width and 
the length of the fibre reinforcement is altered. The width of the strip is 160 mm (2x80 mm strips) 
and the length is 2480 mm. This means L is 660 mm and mechanism C is the first mechanism to 
occur. The M-κ relation is displayed below. The red line represents the strengthened beam 5, and 
the blue line represents the unstrengthened beam 5. 
The predicted increase in load bearing capacity of beam 5 is negligible:  
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Figure 4.7: analytical M-κ  relations (strengthened and unstrengthened) of beam 5 
 

4.4 Experimental observations 

 
4.4.1 Preloading beam 2 
Preloading of beam 2 takes place before the beam is strengthened. Load is applied to the beam at 
approximately 5.8 kNm/min. Cracking starts at approximately 26 kNm at midspan. During the 
experiment, the displacement at midspan can be observed with the help of a force-displacement 
writer. A stronger increase in displacement indicates the yielding point. The beam is loaded a little 
beyond this point (98 kNm at midspan) and unloaded subsequently. The M-κ relation of preloading 
beam 12 can be found in figure 4.8. 
 
The curvature is derived from the measurements of the LVDT’s. One is placed on top of the beam 
and one at the height of the internal steel reinforcement. To be able to derive the curvature at 
midspan from the measurement of the LVDT’s, it is assumed the LVDT at the height of the steel 
reinforcement measures the elongation of the steel. However, the LVDT is attached to the concrete 
and measures elongation over cracks. This implies the amount of cracks between the two end-
points of the LVDT influence the measured elongation. The average amount of cracks between the 
end-points is three. But for beam 2, four cracks developed between the end-points of the LVDT. 
This gives a distort impression of the curvature at midspan. Since none of the other measurements 
taken on this beam can give a better implication of the curvature at midspan, the LVDT 
measurement is used to derive κ. No consequences can be drawn from the discrepancy in the 
analytical and experimental value for κ.  
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 Figure 4.8: actual and analytical M-κ  relation of beam 2 (preloading) 
 
4.4.2 Beam 1 
Load is added to the beam at approximately 5.8 kNm/min at midspan. The first cracks appear at 
about 25 kNm at midspan. Cracking starts at midspan and progresses towards both ends of the 
beam. Yielding starts at about 119 kNm at midspan. The shear cracks on both sides of the beam 
develop towards the concrete compressive zone and their width increases with an increase of 
applied load. At about 146 kNm at midspan, the FRP EBR fails explosively and debonds along the 
length of the beam. Only at one end of the beam the FRP remains attached to the beam over a 
length of about 75 cm. The crack pattern of the beam can be found in figure 4.9.  
 

 

Figure 4.9: crack pattern beam 1 
 
Some pictures of the fracture pattern can be found in figures 4.10, 4.11 and 4.12. A thin layer of 
concrete remains attached to the FRP after debonding. In figure 4.12 a pattern of short, diagonal 
cracks is visible. These diagonal cracks only appear in the concrete surface in line with the 
eccentrically applied FRP. As failure happened very explosively, it remains unclear if these diagonal 
cracks develop before or after initiation of debonding of the fibre. 
 

 

Figure 4.10: thin layer of concrete 
remains attached to the FRP strip 

 

Figure 4.11: fracture 
pattern on beam 

 

Figure 4.12: diagonal cracks 
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The experimentally conducted M-κ relation can be found in figure 4.13. For deriving κ, data from 
the strain gauges attached to the FRP EBR is available for all experiments with the strengthened 
beams. Notice the value of κ derived from this data is in better agreement with the analytical 
obtained value for κ, than the value derived from the data obtained from the LVDT at the height of 
the internal steel used during the preloading of beam 2. 
 
The experimentally obtained failure strength (146.5 kNm) is higher than the analytical failure 
strength (138 kNm). The actual failure strength is 6% off the analytical failure strength. 
From figure 4.13 the strengthening ratios of the beam can be obtained: 
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Figure 4.13: actual and analytical M-κ  relations of beam 1  

 
4.4.3 Beam 2 
Load is added to the beam at approximately 5.8 kN/min at midspan. Cracks already developed 
when the beam was preloaded. The now strengthened beam starts yielding at about 123 kNm at 
midspan. The shear cracks on both sides of the beam develop towards the concrete compressive 
zone and their width increases with an increase of applied load. At about 154 kNm at midspan, the 
FRP EBR fails explosively and debonds along the length of the beam. Only at one end of the beam 
the FRP remains attached to the beam over a length of about 75 cm. The crack pattern of the 
beam can be found in figure 4.14. A thin layer of concrete remains attached to the FRP after 
debonding.  

 
Figure 4.14: crack pattern beam 2 
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The experimentally conducted M-κ relation can be found in figure 4.15. For obtaining this relation, 
the data from the strain gauges attached to the FRP EBR is used. Note the inconsistence in κ in 
figure 4.15, caused by the different methods used to derive κ in the preloading situation and the 
strengthened situation. 
The experimentally obtained failure strength (153.2 kNm) is higher than the analytical failure 
strength (138 kNm). The actual failure strength is 11% off the analytical failure strength. 
From figure 4.15 the strengthening ratios of the beam can be obtained: 
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 Figure 4.15: actual and analytical M-κ  relations of beam 2 
 
4.4.4 Beam 3 
Load is added to the beam at approximately 5.8 
kNm/min at midspan. The first cracks appear at 
about 30 kNm at midspan. Cracking starts at 
midspan and progresses towards both ends of 
the beam. Yielding starts at about 173 kN at 
midspan. At about 191 kNm at midspan, the FRP 
EBR fails explosively and debonds along the 
length of the beam. A thin layer of concrete 
remains attached to the FRP after debonding. 
The crack pattern of the beam can be found in 
figure 4.17 and a picture of the fracture pattern 
can be found in figures 4.16. 

 

Figure 4.16: a thin layer of concrete remains attached 
to FRP EBR 

 

 

Figure 4.17: crack pattern beam 3 
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The experimentally conducted M-κ relation can be found in figure 4.18. For obtaining this relation, 
the data from the strain gauges attached to the FRP EBR is used.  
The experimentally obtained failure strength (191.4 kNm) is higher than the analytical failure 
strength (157 kNm). The actual failure strength is 22% off the analytical failure strength. 
From figure 4.18 the strengthening ratios of the beam can be obtained: 
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Notice the analytical obtained strengthening ratio is less than 1. 
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Figure 4.18: actual and analytical M-κ  relations of beam 3 
 
4.4.5 Beam 4 
Load is added to the beam at approximately 5.8 kNm/min at midspan. The first cracks appear at 
about 34 kNm at midspan. Cracking starts at midspan and progresses towards both ends of the 
beam. Yielding starts at about 119 kNm at midspan. The shear cracks on both sides of the beam 
develop towards the concrete compressive zone and their width increases with an increase of 
applied load. At about 141 kN at midspan, a debonding sound is heard. About two seconds later, 
the FRP EBR fails explosively and debonds along the length of the beam. Only at one end of the 
beam the FRP remains attached to the beam over a length of about 75 cm. The crack pattern of 
the beam can be found in figure 4.19. 
 

 

Figure 4.19: crack pattern beam 4 
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In figure 4.20 the fracture pattern is visible. A thin layer 
of concrete remains attached to the FRP after debonding. 
On the side of the beam where the first debonding sound 
was heard, large shear cracks are visible. At the end of 
the shear cracks larger parts of the concrete cover has 
been ripped-off. The longitudinal steel reinforcement is 
exposed. 
 
The experimentally obtained failure strength (141.1 kNm) 
is higher than the analytical failure strength (138 kNm). 
The actual failure strength is just 2% off the analytically 
obtained failure strength. From figure 4.21 the 
strengthening ratios of the beam can be obtained: 

Figure 4.20: concrete rip-off at end of shear 
crack 
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Figure 4.21: actual and analytical M-κ  relations of beam 4 

 
4.4.6 Beam 5 
Load is added to the beam at approximately 5.8 kN/min at midspan. The first cracks appear at 
about 28 kNm at midspan. Cracking starts at midspan and progresses towards both ends of the 
beam. At about 113 kNm cracks start to show at both ends of the FRP EBR. One of these cracks 
develops a bit faster and as it reaches the height of the internal steel reinforcement it bends away, 
parallel to the FRP. Since the displacement becomes larger as the crack develops, the applied load 
remains about 120 kNm. The crack causes the concrete cover to be ripped-off. When the crack has 
developed to about midspan, the experiment is brought to an end by slowly releasing the load from 
the beam. The crack pattern of the beam can be found in figure 4.22. 

 
Figure 4.22: crack pattern beam 5 
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In figure 4.24, 4.25 and 4.26 the development of the crack is visualised. As the crack develops 
towards midspan, the internal steel reinforcement becomes visible. The concrete cover remains 
attached to the FRP EBR.  
 

 

Figure 4.23: crack just bended 
away, parallel to the FRP EBR 

 

Figure 4.24: crack develops and 
concrete cover gets ripped-off 

 

Figure 4.25: internal steel 
reinforcement becomes visible 

The experimentally obtained failure strength (120.7 kNm) is higher than the analytical failure 
strength (101 kNm). The actual failure strength is 20% off the analytical failure strength. From 
figure 4.29 the strengthening ratios of the beam can be obtained: 
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Figure 4.26: actual and analytical M-κ  relations of beam 5 
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4.5 Verification mechanisms of failure  
 
4.5.1 Peeling-off caused at shear cracks 

 

v

w  
Figure 4.27: theoretical 
mechanism of failure caused by 
high shear forces 
 

Mechanism A (peeling-off caused at shear cracks) of CUR 91 is 
considered to cause failure of beams 1, 2 and 4. The actual failure 
loads of these beams are within a very small range (2-11%) from 
the analytical failure loads, obtained from the model for 
mechanism A in CUR 91. It is verified if failure of these beams 
could have been caused by this mechanism.  
 
As described before, shear cracks are characterized by relative 
displacements of the crack faces both horizontally as vertically. 
The vertical displacement of the crack causes tensile stresses 
perpendicular to the FRP EBR, which initiates debonding of the 
FRP. This implicates debonding will be initiated at the end of a 
shear crack (figure 4.27).  
In the crack pattern of beam 4, an indication for the actual 
occurrence of this mechanism is found. As can be seen in figure 
4.28, the FRP EBR completely debonded on the right side of this 
beam, while it partly remained attached on the left side. This 
implicates debonding was initiated on the right side of the beam. 
As the shear force is of constant value from the loading point to 
the support, and flexural cracking starts at midspan, shear cracks 
first appear close to the loading point. This implies the marked 
shear crack, was the first shear crack on that side of the beam. It 
could therefore be assumed it is the furthest developed shear 
crack on that side of the beam.  
At the end of this particular shear crack, part of the concrete 
cover has been ripped-off (figure 4.28). It seems very possible 
debonding was initiated at the end of this shear crack. 
 
Except for the presence of shear cracks in both beam 1 and 2, no 
such clear indications for the occurrence of mechanism A 
(peeling-off caused at shear cracks), are found on these beams. 

 

 

 

Figure 4.28: crack pattern of 
beam 4 

 
According to the theory behind mechanism A (peeling-off caused at shear cracks), the loading 
history of the beam doesn’t influence the capacity of the beam for this mechanism. Beam 2 is 
loaded until the internal steel reinforcement started yielding before strengthening is applied to the 
beam. As, in practice, strengthening is used on existing structures, this preloaded beam simulates 
a structure that has been heavily loaded before strengthening is applied. As the geometry of the 
beam is identical to that of beam 1, the two beams can be compared.  
It becomes clear from figure 4.29, the displacement of beam 2 (-31.8 mm) is slightly larger than 
that of beam 1 (-27.8 mm). After strengthening, the beam behaves a little stiffer. The failure load 
of beam 2 (153.2 kNm) is also slightly higher than that of beam 1 (146.5 kNm).  
From these experiments, it appears preloading did not negatively influence the capacity of beam 2 
in comparison to the capacity of beam 1.  
 
As the amount of internal steel stirrups has not been taken into account when deriving the model 
for peeling-off caused at shear cracks, CUR 91 states the check for mechanism A (peeling-off 
caused at shear cracks) could be somewhat conservative if stirrups are present. The amount of 
stirrups in beam 4 is significantly less than the amount of stirrups in beam 1. As the geometry of 
beam 4 is identical to that of beam 1, the two beams can be compared  
Both the ultimate displacement (-24.7 mm) and the failure load (141.1 kNm) of beam 4 are slightly 
smaller than the displacement and failure load of beam 1. This is displayed in figure 4.29. 
From these experiments, it appears the capacity of beam 4 is slightly smaller than the capacity of 
beam 1. 
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Figure 4.29: displacements at midspan of beams 1, 2 and 4 
 
As a mechanism, initiated by displacements at the end of shear cracks, is expected to occur, it was 
decided to closely monitor one of the shear cracks. This is done with ESPI on a shear crack on 
beam 1 (figure 4.30 and 4.31). The camera was attached to the steel frame supporting the beam 
and not directly to the beam. This implicates the bending of the beam is not eliminated by a 
corresponding movement of the camera. This is why the lower part of the beam moved outside the 
scope of the camera at a certain increase of load (figure 4.32).  
The actual size of the monitored concrete surface is about 20 x 20 mm2. The photo in figure 4.31 is 
taken when the shear crack first starts to show at 51.53 kN per jack (=64.4 kNm at midspan). The 
black area on the bottom of this photo is air. Besides the air, three different layers are visible. The 
bottom layer is the FRP EBR; the layer on top of that is the adhesive. The layer on top of the 
adhesive is the concrete. The load is slowly increased to 52.64 kN per jack. Several images are 
taken in the course of this load increase. A second series of images is taken between 74.99 and 
75.73 kN. The photo in figure 4.32 is taken when the load was increased to 75.73 kN. 
 
 
 
 

 
 
 

Figure 4.30: shear crack monitored by 
ESPI, beam 1 

 

Figure 4.31: beginning of the 
shear crack at 51.53 kN 

 

Figure 4.32: increment of the 
shear crack at 75.73 kN 

 
The images of the load steps can be combined by ESPI. Subsequently, the displacements in the x 
and y direction are determined by ESPI. The relative x displacements around the crack, during the 
first load step, are displayed in figure 4.33. The reference is taken from a point somewhere in the 
soft blue area. The crack is clearly visible. The displacements over the lines 1, 2 and 3 are 
separately displayed in figure 4.34. 
From these figures it can be concluded the right side of the crack moves away from the left side of 
the crack. The further remote the concrete is from the adhesive layer, the greater the width of the 
crack becomes. This is also visible in figure 4.32. The FRP and adhesive layer prohibit the 
horizontal displacement of the concrete close to the adhesive layer and stress concentrations occur. 
Figures 4.33 and 4.34 are almost identical to the figures derived from the second load step. These 
are not displayed in this section. 
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   Figure 4.33: x displacements 51.53-52.64 kN 

 

  Figure 4.34: graphical x displacements 51.53-52.64 kN 
 
The relative y displacements around the crack, during the first load step, are displayed in figure 
4.35. The reference is taken from a point, somewhere in the yellow area. The crack is clearly 
visible. The displacements over the lines 1, 2 and 3 are separately displayed in figure 4.36.  
The rotation of the monitored area, imposed by the bending of the beam, is illustrated in these 
figures. Line 3 is taken in the area where adhesive is present. The rotation is visualised by the 
smooth change of colour over this line, converted to an almost straight line in figure 4.36.  
At some distance from the FRP EBR and adhesive layers, the rotation is not so constant; the crack 
faces move relatively to each other. This is visualised by the sharp lines in figure 4.35 and the step 
in line 1 in figure 4.36. The adhesive layer prohibits the vertical displacement of the concrete close 
to the adhesive layer and stress concentrations occur.  
 

 

Figure 4.35: y displacements 51.53-52.64 kN 

 

Figure 4.36: graphical y displacements 51.53-52.64 kN 
 
Figure 4.37 displays the vertical displacements during the second load step. The reference in this 
figure is taken from a point, somewhere in the red-orange area. The relative displacement of the 
crack faces is visualised through a sudden change of colour from red to green. This is converted to 
a step in the y displacement of line 1 in figure 4.38. This implies the relative displacement of the 
crack faces is still increasing, causing stress concentrations to increase. 
 

 

Figure 4.37: y displacements 74.99-75.73 kN 

 

Figure 4.38: graphical y displacements74.99-75.73 kN 
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The results, obtained from the ESPI measurements, indicate a vertical as well as a horizontal 
displacement of the crack faces relatively to each other. This displacement is restrained by the 
presence of the FRP EBR, causing stress concentrations. These stress concentrations could cause 
debonding of the FRP EBR. These results are in line with the theory behind mechanism A (peeling-
off caused at shear cracks) of CUR 91.  
 
The model describing mechanism A (peeling-off caused at shear cracks) in CUR 91, gives a good 
prediction of the failure loads of beams 1, 2 and 4. This implies the results found in these 
experiments will suit the curve fitting by Matthys. Figure 4.39 displays the ρeq-τRp relation used for 
this curve fitting. Both the models and experimental data by Matthys and Deuring, as well as the 
experimental data from Kaiser and beams 1, 2 and 4 are found in this figure. 
Line D is the Deuring model. Line M is the model proposed by Matthys, based on the Deuring 
model and a curve fitting. With the characteristic value of this model, which is represented by line 
M (95% fractile) in figure 4.39, the analytical failure loads for mechanism A (peeling-off caused at 
shear cracks) are obtained. The model as used in CUR 91 uses the characteristic value of τRp, and 
some additional material factors. It is visible in figure 4.39 the data found in the experiments on 
beam 1, 2 and 4 indeed fit the Matthys model. This could confirm the suggestion made in CUR 91, 
that the model is relevant for more concrete grades than just C25/30. 
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Figure 4.39: ρeq-τRp relation used by Matthys for curve fitting including the results from beam 1, 2 and 4 
 
4.5.2 Peeling-off caused by high shear stress 
Mechanism B (peeling-off caused by high shear stress) is considered to cause failure of beam 3. 
Mechanism B is calculated to occur at 157 kNm for this beam. The actual failure load is 191.4 kNm, 
which implicates the strength of the beam is 22% off the analytical failure load of mechanism B of 
CUR 91.  
The failure load predicted by mechanism A (peeling-off at shear cracks) is 199 kNm. This is just 
4% from the actual failure load. It seems either mechanism A or B could have caused failure of 
beam 3.  
 
FRP EBR failure happened as explosively for beam 3 as it did for beams 1, 2 and 4. The crack 
patterns of the four beams are very similar. Even though the distance between the stirrups in 
beam 3 is 300 mm and the distance between the stirrups of beam 1, 2 and 4 is 100 mm, the 
distance between the cracks in beam 3 doesn’t seem much different from the distance between the 
cracks on the other beams. The displacements at midspan of the four beams are also comparable 
(figure 4.40). The increased cross-section of the steel reinforcement used in beam 3 can explain 
the greater stiffness of this beam. 
Just slight differences can be observed, like the fact that the shear cracks of beams 1, 2 and 4 
seem to have more branches than the shear cracks in beam 3. The fact the FRP debonded from 
only one end of the beam for beams 1, 2 and 4, in contradiction to the complete debonding from 
beam 3, is another small difference. The latter difference could indicate debonding is initiated in a 
different cross-section of the beam.  
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Figure 4.40: displacements of beams 1, 2, 3 and 4 
 
From the above, it is experienced how difficult it is to distinguish between mechanism B (peeling-
off caused by high shear stress) and mechanism A (peeling-off caused at shear cracks). Still, 
Matthys used this experimental data for a curve fitting, based on which he proposed his model for 
peeling-off caused at shear cracks. 
Matthys recognizes end shear failure, peeling-off at the end anchorage, peeling-off caused at shear 
cracks and peeling-off caused by high shear stress as possible initiations for debonding. As 
mentioned before, he extensively verifies why failure of the beams tested in his experiments, 
couldn’t have been initiated at the end anchorage (mechanism C). Without verification of the 
peeling-off caused by high shear stress (mechanism B) and end shear failure (mechanism D), 
peeling-off at shear cracks (mechanism A) is assumed to initiate debonding of the FRP in his 
experiments. As the FRP EBR, in the experiments by Matthys, is continued to 70 mm from the 
supports (L=70 mm), mechanism D (end shear failure) will indeed not be of great influence on 
debonding (table 4.2). But when mechanism B (peeling-off caused by high shear stress) is verified, 
it appears the analytical failure loads for mechanism B are fairly close to the analytical failure loads 
for mechanism A (peeling-off caused at shear cracks) for beams BF2 to BF6. Failure of these 
beams might as well be caused by mechanism A as mechanism B. Beams 1 and 7 are 
unstrengthened reference beams. 
 

beam experiments Matthys mech. A mech. B mech. D 
 [kN] [kN] [kN] [kN] 

BF1 144.2 - - - 
BF2 185.0 165.9 184.2 327.6 
BF3 186.0 165.9 177.4 319.2 
BF4 184.2 165.9 159.7 294.8 
BF5 177.0 165.9 187.9 336.0 
BF6 183.0 165.9 181.6 327.6 
BF7 80.7 - - - 
BF8 111.3 104.9 210.2 243.6 
BF9 85.8 95.4 192.3 220.8 

 Table 4.2: comparing mechanisms of failure 
 
This implicates the results from beam 3 might suit the curve fitting from mechanism A (peeling-off 
at shear cracks) as well as beams 1, 2 and 4. This is confirmed by figure 4.41, where the ρeq-τRp 

relation used for the curve fitting is displayed with the results from beam 3. Beam 3 lies slightly 
outside the characteristic equation for the model, but well within the design equation.   
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Figure 4.41: ρeq-τRp relation used by Matthys for curve fitting including the results from beam 1 to 4 
 
Finally, it should be noticed the analytical failure load of beam 3 is 157 kNm, initiated by 
mechanism B. This is remarkable since mechanism B only applies for cross-sections where the 
internal steel is yielding and yielding starts at about 175 kNm for this beam.  
 
4.5.3 Debonding at the end of the FRP EBR 
The actual capacity of beam 5 is 20% off the analytical capacity according to mechanism C 
(peeling-off at the end anchorage) of CUR 91. However, the fracture pattern occurs to be more like 
the failure described by Jansze in his thesis [6]. This could implicate mechanism D (end shear 
failure) caused failure of beam 5. Either way, debonding is initiated at end of the FRP EBR, where 
forces build up and introduce extra bond stress in the interface. 
 
A difference of 20% between the analytical failure load according to the characteristic value of the 
model for mechanism C (peeling-off at shear cracks) of CUR 91 and the actual failure mode, is not 
considered unusual. 
 
If it is assumed mechanism D (end shear failure) caused failure of beam 5, the actual failure load 
(120.7 kN) is much smaller than the predicted failure load (217 kN) and thus, the model describing 
mechanism D would be very unsafe. Two possible explanations are found: 
 
1. Through the introduction of a fictitious shear span, Jansze finds a modelling analogy with the 

model for flexural shear by Kim and White. To satisfy the prediction of the maximum shear 
load, the formulation of the model by Kim and White had to be adjusted. Analyses showed that 
by replacing a constant factor in the Kim and White model by the fictitious shear span-to-depth 
ratio (aL/d), correct agreement was obtained between the plate-end shear load based on the 
fictitious shear span and the experimental and numerically results.  
Furthermore, Jansze states the stiffness of the steel plate influences the plate separation load. 
He finds that with an increase of the second moment of inertia, the maximum plate separation 
load decreases. Since the second moment of inertia of FRP is smaller than for steel, this implies 
the maximum plate separation load for FRP is higher than for steel plates and his model can be 
applied safely for FRP. 
 
Considering the results of beam 5, it might be necessary to make a separate analyse for the 
right adjustment of the Kim and White model in case of externally bonded FRP. 

 
The second application restriction as described by Jansze is not fulfilled for beam 5. This application 
restriction implies the fictitious shear span of a beam should be smaller than the actual shear span. 
In beam 5, the actual shear span (a) is 1250 mm. The fictitious shear span (aL) can be obtained 
from equation (3-22) and is 2147 mm. According to Jansze, shear flexural peeling now causes 
beam failure. His model does not predict this.  
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Jansze shortly describes shear flexural peeling as he recognises it in his numerical simulation. In 
case of shear flexural peeling, the plate-end crack developed more vertically, thus implying a 
flexural crack instead of a shear crack. Plate separation occurs resulting from the curvature of the 
strengthened member. There are no pictures to compare “the verticalness” of the crack to, as 
Jansze only experiences shear flexural peeling in numerical simulations. However, the crack as 
initiated at the end of the FRP EBR in beam 5, seems to be more diagonal than vertical (figure 
4.22). 
If the illustrations from the numerical simulations of shear flexural peeling, given by Jansze [6], are 
compared to the crack pattern of beam 5, it appears there are some similarities. In figure 4.42, an 
illustration of a numerical simulation with an unplated length of 500 mm, as given by Jansze, is 
displayed. In this simulation shear flexural peeling occurred. In figure 4.43, part of the crack 
pattern of beam 5 is displayed. In both figures shear cracks are formed in the unplated area of the 
beam. This is not the case for plate separation initiated by plate-end shear. It can also be seen in 
figure 4.42 that, even though they may not initiate failure, shear cracks are present around the 
plate-end crack. These shear cracks are also found in the crack pattern of beam 5. 
Furthermore, Jansze suggests the maximum failure load for shear flexural peeling is much lower 
than the plate-end shear capacity, which is certainly the case in case of beam 5. 
 
CUR 91 does not adopt this second application restriction by Jansze, so the development of a 
flexural crack at the end of the FRP EBR is not ruled out. This implies the model by Jansze is 
applied for situations that it was not derived for. 
The adoption of the second application restriction in CUR 91 should be reconsidered. However, as 
this second application restriction is based on concentrated loading, it might be difficult to 
transform it in a practical design restriction.  
 

 

Figure 4.42: crack pattern numerical simulation shear flexural 
peeling [6] 

     

     Figure 4.43: crack pattern beam 5 

 
4.5.4 Other mechanisms 
In fib-Bulletin 14, three approaches to peeling-off at the end anchorage and at flexural cracks are 
described. One of the approaches combines the verification of the end anchorage, according to the 
model described at mechanism C (peeling-off at the end anchorage) in CUR 91, with a restriction of 
the ultimate strain (εf,lim) in the ultimate limit state to a certain value. This strain limitation 
approach is incorporated in quite a few design guidelines and technical approvals, with εf,lim ranging 
from 0.0065 to 0.0085.  
The strain limitation approach is very easy to apply, but has no relation to any physical mechanism 
causing debonding of the FRP. As the parameters that are of influence to FRP failure are not taken 
into account, a global strain restriction may not be suitable to represent the whole range of 
applications. The strain limitation could lead to non-economical use of FRP EBR, especially when 
strengthening large spans [3]. 
 
To verify this approach, the ultimate strain of the FRP of beams 1 to 5 is calculated and displayed 
in figure 4.44. The strain is derived from the strain gauges, attached to the FRP at midspan. The 
development of the strain over the length of the FRP has not been measured.   
The ultimate strains of the tested beams differ between 0.0025 for beam 5 and 0.0062 for beam 2. 
The proposed strain limitations would have overestimated the failure loads of all five beams. As 
this approach combines the restriction of the ultimate strain with mechanism C, only the failure 
load of beam 5 would have been safely predicted.  
This confirms the suggestion a global strain restriction is not suitable to represent the whole range 
of applications.   
 
The ultimate strains in the FRP of beams 1 to 4 range from 0.0051 to 0.0062, while the ultimate 
strain in the FRP of beam 5 is only 0.0025. Considering the great difference in magnitude of these 
strains, and the fact that two completely different failure modes occurred, verification of strains 
might aid further research.  
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Figure 4.44: strain right before FRP debonding of beams 1 to 5 

 
 
4.6 Verification service load, safety and ductility 
 
Besides requirements concerning the ultimate limit state (ULS) also requirements concerning 
serviceability limit state (SLS) have to be met. According to CUR 91, three requirements have to be 
met. First the internal steel should not yield in the SLS. Secondly, deflections have to be checked. 
Finally crack widths have to be checked. These requirements result in a maximum load related to 
the SLS. Additionally stress limitation, to prevent plastic behaviour under service loads, should be 
fulfilled. This latter check is not included in CUR 91. The smallest value of the allowable loads in 
ULS and SLS is called the service load. The service load is expressed as the load in one of the jacks 
(kN). Based on the service load, safety and ductility are considered.  
 
4.6.1 Service load 
The service load Qser is the smallest value of: 
− Qk1, ULS calculation assuming full composite action between the concrete and the FRP. If full 

composite action is assumed for the tested beam, yielding of the steel reinforcement will cause 
beam failure, followed by FRP failure, before crushing of the concrete, for all beams (figures 
4.13, 4.15, 4.18, 4.21 and 4.26). The appropriate safety factors are taken into account for the 
calculation of Qk1; material factors (γm=1.2 for concrete compression strength, γm=1.4 for 
concrete strength force, γm=1.15 for steel strength and γm=1.3 for FRP EBR tensile strength) 
and load factors (γf;q=1.5). 

− Qk2, ULS calculation verifying loss of composite action. The four mechanisms of failure of CUR 
91 are considered. The appropriate safety factors are taken into account for the calculation of 
Qk2; material factors (γm=1.2 for concrete compression strength, γm=1.4 for concrete strength 
force, γm=1.15 for steel strength and γm=1.3 for FRP EBR tensile strength) and load factors 
(γf;q=1.5). 

− Qk3, SLS calculation with respect to stress limitations. These stress limitations have been 
introduced to prevent excessive compression, producing longitudinal cracks and irreversible 
strains in the concrete (σc≤ 0.6 fck or σc≤ 0.45 fck), to prevent yielding of the steel at service 
load (σs≤ 0.8 fyk) [4]. In a similar way the FRP stress under service load should be limited (σf≤ 
0.8 ffk). These stress limitations are not considered in CUR 91. 

− Qk4, SLS calculation with respect to an allowable deflection ulim=l/250 [8]. As can be noted 
from the moment deflection relations on the next page (figure 4.45), ulim (3800/250=15.2 mm) 
is reached for loads smaller than Mys, at which the steel starts yielding. The moment 
corresponding to a deflection of 15.2 mm is considered Qk4. For beam 5 Mus is taken. 

− Qk5, SLS calculation with respect to the allowable crack width. As all beams are considered to 
be in a dry environment, this calculation is not necessary. 

 
As can be noted from table 4.3, the service load of all tested beams is governed by FRP bond 
failure in the ULS. If however, full composite action could be maintained, stress limitations in the 
serviceability limit state would generally govern the service load, confirming the statement made in 
chapter 1, section 1.2. 
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beam exp. data ULS SLS Qser Ratios 
 Qu Qk1 Qk2 Qk3 Qk4 (=Qk,min) Qu/Qser Qu,ref/Qser

 [kN] [kN] [kN] [kN] [kN] [kN] [-] [-] 
2 (preload) 80.7* 47.1 - 65.0 >76.7 47.1 1.71 1.71 
3 (preload)** 139.7 81.4 - 112.4 >130.8 81.4 1.72 1.72 

1 117.2 91.6 52.6 77.6 >90.1 52.6 2.23 1.53 
2 122.6 91.6 52.6 77.6 >80.6 52.6 2.33 1.53 
3 153.1 108.1 75.8 115.0 >133.1 75.8 2.02 1.84 
4 112.9 91.9 52.6 78.0 >93.9 52.6 2.15 1.53 
5 96.6 137.5 49.3 82.6 >96.6 49.3 1.96 1.64 
 * as beam 2 has not been preloaded up to failure, this is the analytical failure load  
 ** beam 3 has not actually been preloaded, these are analytical values   

 Table 4.3: service loads of tested beams 
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Figure 4.45: displacements at midspan of beams 1 to 5 

 
4.6.2 Safety 
The safety of the beams against an overloading situation is evaluated based on the ratio of the 
ultimate load to the service load (Qu/Qser in table 4.3). Beam 2 (preload) is the unstrengthened 
reference beam for beam 1, 2, 4 and 5. The analytical failure load of this beam is considered the 
experimental failure load, as the beam has not been loaded up to failure. A ratio between 1.96 and 
2.33 is found for beams 1, 2, 4 and 5. The ratio increases with respect to that of the reference 
beam (beam 2 (preload)). The increase in safety is less for beam 5 than for beam 1, 2 and 4. The 
reduced length of the fibre on beam 5 could be the cause of this smaller increase in safety. 
Beam 3 (preload) is the unstrengthened reference beam for beam 3. As beam 3 has not actually 
been preloaded, all values for beam 3 (preload) are analytical values. The ratio between the 
ultimate load and the service load of the strengthened beam increases in reference to the 
unstrengthened beam 3. If the ratio of beam 3 is compared to that of beam 1, 2, 4 and 5, the 
increase in safety of beam 3 is as small as that of beam 5. The reduced width of the fibre could be 
the cause of this smaller increase in safety. 
 
The second ratio in table 4.3 gives the ultimate load of the reference beam to the service load. The 
service load remains smaller than the ultimate load of the reference beam for all beams. This 
implies that in case of accidental loss of the FRP EBR under service load, the beam will not 
collapse. The safety against overloading in an accidental situation is given by the ratio Qu,ref/Qser. 
As the service load of the strengthened beam 3 is less than the service load of the unstrengthened 
beam 3, the safety against overloading in an accidental increases. This is in line with the analytical 
strengthening ratio, obtained in section 4.4.4, which suggests the capacity of beam 3 does not 
increase after strengthening. 
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4.6.3 Ductility 
As a result of strengthening, the curvature and 
deflection of the beams decrease in relation to an 
unstrengthened beam. This is displayed in the M-κ 
relations of the tested beams. To guarantee a minimum 
ductility of the strengthened beams, the internal steel 
should sufficiently yield at ultimate load. Matthys [4] 
suggests the ratio of the ultimate curvature to the 
curvature at yielding of the internal steel should at least 
be 1.72. This ratio is calculated for the tested beams 
and displayed in table 4.4.  
It appears this requirement is not met for any of the 
beams. For beam 1 to 4, the internal steel is yielding 
insufficiently. For beam 5 the ultimate capacity is 
reached before yielding of the internal steel.  
The ductility requirement given in CUR 91 concerns a 
maximum depth of the concrete compressive zone 
according to VBC 1995. All tested beams fulfil this 
requirement and it can be questioned if this approach is 
correct for strengthened structures. 

 

 
 

beam 1/ru 1/ry ratio 
  [1/m] [1/m] [-] 

 2 (preload)* 0.1464 0.0086 17.0 
 3 (preload)* 0.0965 0.0093 10.4 

1 0.0179 0.0107 1.67 
2 0.0240 0.0149 1.61 
3 0.0179 0.0116 1.54 
4 0.0155 0.0098 1.58 
5 -  0.0080  - 

* analytical values 

Table 4.4: curvature ductility index 

 
 

  

4.7 Conclusions 
 
From the conducted experiments on reinforced concrete beams strengthened with externally 
bonded FRP in a single span situation the following is concluded: 
− The capacity of all five beams has increased compared to the analytical capacity of the 

unstrengthened beams. The increase lies between 1.10 and 1.52 times the capacity of the 
unstrengthened beam. 

− All actual failure loads were higher than the analytical failure loads. Regardless the actual 
mechanism of failure, the capacity of the beams was never overestimated. Note the analytical 
failure loads have been calculated with the characteristic value of the models as published in 
CUR 91, considering all material factors equal to 1. 

− The little scatter in the results, in combination with the limited amount of beams tested in the 
single span situation, makes it impossible to draw conclusions for the effects of the 
eccentrically applied FRP EBR, preloading the structure and the influence of the amount of 
stirrups. Further research is required. 

− The experimental data used to derive the model for mechanism A (peeling-off caused at shear 
cracks), might also contain results from FRP failure initiated by mechanism B (peeling-off 
caused by high shear stress) (figure 4.41). From this set of tests it appears mechanism B could 
be included in the model for mechanism A. Also the model for mechanism A might be valid in 
for more concrete grades than just C25/30. 

− Mechanism B (peeling-off caused by high shear stress) only applies for cross-sections of a 
structure where the internal steel reinforcement is yielding. The analytical failure load of beam 
3 is found to be less than the yielding strength of the beam. This implies the yielding moment 
of the beam should be considered the analytical failure load. 

− CUR 91 does not yet accurately predict FRP EBR failure in the anchorage zone. This could have 
several causes. For example, the model for mechanism D (end shear failure) might not be 
suitable for FRP EBR. It might be necessary to make a new analyse for the right adjustment of 
the Kim and White model in case of externally bonded FRP. Also shear flexural peeling could be 
of influence to failure at the end of the FRP. In this case, the second application restriction, 
proposed by Jansze, or a model for shear flexural peeling should be added to CUR 91. 
However, as this second application restriction is based on concentrated loading, it might be 
difficult to transform it in a practical design restriction.  

− The use of ESPI can be very valuable in research to externally bonded FRP.  
− The service load of the tested beams seems to be governed by bond failure in the ULS. The 

safety against an overloading situation lies between 1.96 and 2.33 for beams 1 to 5. The safety 
against overloading in an accidental situation lies between 1.53 and 1.84. This factor increased 
for beam 3 in relation to the reference beam, implicating a decrease in service load of the 
strengthened beam in relation to the unstrengthened reference beam. 

− The ductility of all strengthened beams decreased considerably in comparison the 
unstrengthened beams. As all tested beams fulfil the ductility requirement of CUR 91, it can be 
questioned if this approach is correct for strengthened structures. 
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5. Multi span situation 
 

5.1 Aim of tests in multi span situation 

 
The research on flexural strengthening of reinforced concrete structures with FRP EBR so far, has 
only been performed on beams in a single span situation. In practice, the structures that need to 
be strengthened will not always be single span structures.  
 
The use of CUR 91 and fib-Bulletin 14 is not restricted to the verification of structures in single 
span situations. For strengthening in flexure, this implies that the models for the different 
mechanisms of failure can be applied to both single and multi span structures. However, there are 
no test results confirming the validation of these models in other than single span situations.  
Besides, the mechanisms of failure are always verified in the critical cross-section of the beam.  
In CUR 91 the critical cross-sections of structures in multi span situations are specified. They are 
provided by a logical extrapolation of the results in single span situations, but have not yet been 
confirmed by experiments. In appendix 5 the critical cross-sections of both single and multi span 
structures are illustrated. 
The aim of this second set of tests is to enlarge the insights in the behaviour of reinforced concrete 
structures in multi span or cantilever situations, where externally bonded FRP is applied to 
strengthen a negative moment over an intermediate support.  
 

5.2 Restrictions for the design of the beams 

 
For the design of the beams used for the tests in the multi span situation, several restrictions are 
acknowledged:  
 
1. The difference in mechanics, between a multi span or cantilever situation and a single span 

situation, is the presence of a negative moment above one of the supports (see figures 5.1 and 
5.2). This implicates that for a multi span or cantilever situation the moment changes signs 
somewhere along the length of the beam. It is not known if this has any influence on the 
validation of the models that describe the mechanisms of failure in CUR 91. This aspect should 
be accounted for in the design of the beams. 
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Figure 5.1: example of single span situation 
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  Figure 5.2: example of multi span situation 

 
2. As a double span situation (figure 5.3) is statically undecided, it is decided to rotate the original 

situation. In the new situation, the three supports of the original situation (figure 5.3) are 
turned into loading points (figure 5.4). The loading points from the original situation now 
become supports. 
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Figure 5.3: original double span situation 
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Figure 5.4: proposed experimental situation 
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3. If, in a multi span situation, the FRP EBR is applied to strengthen a structure for a negative 
moment over an intermediate support (support B in figure 5.3), the moment will change signs 
at both ends of the FRP EBR. This causes symmetry, not necessarily in the magnitude of the 
moment, but in the development of the moment. This symmetry should be aimed for in the 
design of the beams. 

 
4. If FRP EBR strengthening is applied in a multi span situation, it is very well possible the FRP 

EBR continues beyond the location on the structure at which M=0. In the experimental 
situation, it should also be possible to continue the FRP EBR beyond the location on the beam 
where M=0. 

 
5. If the situation as given in figure 5.2 or 5.3 is considered, the location of M=0 remains fixed on 

one position on the beam with the increase of load. It is convenient to have this same condition 
for the beams in the second set of experiments, since this reduces the number of variations 
between two succeeding load steps.    

 
6. The cross-section of the beam should be identical to the cross section used in the first set of 

tests, so results can be compared. This also accounts for the internal steel reinforcement used 
in the area where the FRP EBR is applied. 

 
7. A structure in a multi span situation will usually be slender. The beams in the second set of 

tests are therefore required to be slender at the location the FRP EBR is attached. The 
slenderness of the beams also increases the transparency of the test results, since slender 
beams do not have additional shear capacity. In order to accomplish this, the slenderness ratio 
of the beam (λv) has to be equal to or larger than 3 [7]. 

5.3 Test set-up 

 
With these restrictions in mind, a beam is 
designed. The cross-section of the beam is 
identical to that of the first set of 
experiments (200 x 450 mm2). The length 
of the beam is 5000 mm. It spans 3500 
mm and cantilevers 750 mm on both sides. 
Three hydraulic jacks are used to apply load 
to the beam, one on each end of the beam 
and one at midspan. The capacities of the 
jacks differ, but as they are attached to one 
oil pressure system, the ratio between the 
loads applied by the jacks remains constant 
for the course of the experiment. This 
indicates the point where M=0 is located, 
remains fixed on the beam during the 
experiments. The jacks at the end of the 
beam have a normal capacity of 200 kN  

 

 

Figure 5.5: test set-up 

each. The jack at midspan has a capacity of 500 kN. This results in a moment as drawn in figure 
5.6. As becomes clear from this drawing, the moment changes signs along the length of the beam. 
It is possible to continue the FRP EBR beyond the point where M=0. The symmetry in distribution 
of the moment is found around the loading point at midspan. This is where the FRP EBR is 
attached. The slenderness ratio of the beam at midspan is 3. Figure 5.5 shows the test set-up. 
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                    Figure 5.6: mechanics of the designed beam 
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During the tests, electronic measurements are taken (see figure 5.7). Vertical displacements are 
measured on both ends of the beam, at the supports and at midspan using displacement 
transducers. Two LVDT’s with a length of 300 mm are used to measure (relative) concrete 
deformations over cracks. Both LVDT’s are placed at midspan. One is placed on top of the beam, in 
the concrete compressive zone. The other is placed at the height of the internal longitudinal tensile 
steel reinforcement. The strain in the FRP EBR is measured by six strain gauges. These are 
distributed over half the length of each strip, and measure the distribution of the strain along the 
length of the FRP EBR. 
In this second set of tests, ESPI is used to monitor a flexural crack. For flexural crack bridging 
Matthys concludes debonding is not progressive and remains local since redistribution of the 
reinforcement strain occurs. CUR 91 adopts this conclusion. Confirmation of this conclusion could 
be obtained from this ESPI measurement. As ESPI will be used on beams 12 and 14, the FRP EBR 
is applied eccentrically on these beams. 
Since FRP EBR failure happened very explosively for some of the tests in the single span situation, 
it is decided to use a high-speed camera for some of the tests in the multi span situation. This 
camera records a large amount of images every second and can store 3000 images. It has several 
recording modes. The most suitable recording mode for explosive experiments is constant 
recording. This mode can be pictured as a loop; the camera starts recording and as it recorded 
3000 images, it start overwriting the first image. When the recording is stopped, the last 3000 
images are stored. It is possible this camera can record the initiation of debonding. 
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 Figure 5.7: test set-up and measurement schematically 

5.4 Specimen 
 
In order to reduce the number of variables to a minimum, it is decided to apply one steel 
reinforcement scheme for all beams in the second set of experiments. Different lengths of FRP EBR 
bring about different mechanism of failure according to CUR 91. Specifications of the tested beams 
can be found in table 5.1 and 5.2.  
A prediction of the M-κ relation of the different beams is elaborated below. For this prediction 
concrete grade C50 is adopted. The yielding strength of the internal steel reinforcement is assumed 
to be equal to that of the steel reinforcement of the first set of tests (550 N/mm2). The calculation 
sheet used to determine these failure loads according to CUR 91 is given in appendix 6.  
Later the actual properties of the materials were determined. Information on the actual material 
properties can be found in Appendix 7. The comparison between the test results (actual failure 
loads) and the mathematical models (analytical failure loads) is made based on the characteristic 
value of the mathematical models (see appendix 6).  
 

 b x h lbeam span As,1,midspan As,2,midspan As,1,support As,2,support Asw 
  (mm) (mm) (mm) (mm2) (mm2) (mm2) (mm2) (mm2) 

beams 11 to 16 200x450 5000 3500 4Ø12 2Ø8 2Ø12 3Ø16 Ø 8@100
Table 5.1: specifications of the beams used in the second set of experiments 
 

beam Af lf L mechanism
  (mm2) (mm) (mm) of failure 

11 12 1 2 x 80 2460 520 A
13, 14 1.2 x 80 1600 950 A or C 
15, 16 1.2 x 80 1300 1100 C 

Table 5.2: specifications of the beams used in the second set of experiments 
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Beams 11 and 12 
In single span situations the point where M=0 is located directly above the supports. In practice 
the strengthening can only be continued to about 100 mm from the support. This makes it difficult 
and unnecessary to study the effect of the continuation of FRP EBR to the point where M=0 for 
single span structures.  
However, in multi span structures it is very well possible to continue the FRP EBR to the point 
where M=0. This situation is studied with beams 11 and 12. The strengthening is continued to the 
point where M=0 (figure 5.6). The length of the FRP EBR is 2460 mm. According to CUR 91, 
mechanism A (peeling-off caused at shear cracks) will cause failure of these beams at 135 kNm. 
The moment-curvature (M-κ) relation of the strengthened as well as the unstrengthened beam is 
displayed in figure 5.8. The blue line represents an unstrengthened beam, and the red line 
represents a strengthened beam. The predicted increase in load bearing capacity of the beams is:  
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 Figure 5.8: M-κ  relation of beams 11 and 12 before tests 

 
Beam 13 and 14 
To obtain the same failure load for both mechanism A (peeling-off caused at shear cracks) and 
mechanism C (peeling-off at the end anchorage), the length of the FRP EBR is reduced to 1600 mm 
for beams 13 and 14. According to CUR 91 both mechanisms are considered to be governing.  
However, the application restrictions of the mechanism of end shear failure are not taken into 
account for the calculation of the failure load according to this mechanism. The first application 
restriction reflects the type of structure the model was derived from. The second restriction limits 
the use of the model to situations where plate end shear cracks develop. CUR 91 adopts only the 
first application restrictions proposed by Jansze. The fact that beams 13 and 14 do not fulfil either 
of the application restrictions suggests the failure load predicted by mechanism D (end shear 
failure) might not be accurate for these beams. Failure might be governed by mechanism D. 
The moment-curvature (M-κ) relation is displayed on the next page (figure 5.9). The blue line 
represents the unstrengthened beam, and the red line represents the strengthened beam. The 
predicted increase in load bearing capacity of the beams is: 
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Beam 13 and 14
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 Figure 5.9: M-κ  relation of beams 13 and 14 before tests 

 
Beam 15 and 16 
If the length of the FRP EBR is further reduced, mechanism C (peeling-off at the end anchorage) 
becomes critical. A minimum length of 1300 mm is required to keep mechanism C the governing 
mechanism. As the beams do not fulfil either of the application restrictions of the mechanism of 
end shear failure, the predicted failure load of mechanism D might not be accurate for these 
beams. Failure might be governed by mechanism D. 
The moment-curvature (M-κ) relation is displayed below (figure 5.10). The blue line represents the 
unstrengthened beam, and the red line represents the strengthened beam. The predicted increase 
in load bearing capacity of the beams is: 
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 Figure 5.10: M-κ  relation of beams 15 and 16 before tests 

 
 
 
 



_________________________________________________________________________________________ 
Chapter 5  45 Multi span situation 

5.5 Experimental observations 
 
5.5.1 Preloading beam 12 and 16 
Preloading of beams 12 and 16 takes place before the strengthening fibres are applied. In this way, 
the actual force distribution over the beam can be analysed and possible imperfections of the 
framing can be corrected before the actual tests are performed. Furthermore, the effects of 
preloading can be studied later on.  
Load is applied at approximately 2.4 kNm/min at midspan on both beams. Cracking starts at a load 
of approximately 22 kNm at midspan. The M-κ relations of the preloaded beams can be found in 
figure 5.11 and 5.12. 
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Figure 5.11: analytical and experimental M-κ  relation beam 12 (preloading) 

Beam 16 (preloading)

0

20

40

60

80

100

120

0 10 20 30 40 50 60 70 80 90 100

kappa [*10e-6 mm-1]

m
om
en
t[
kN
m
]

M =(0.63;22.5)c

M =(8.16;97.8)y

M =(92.3;100.4)u

 

Figure 5.12: analytical and experimental M-κ  relation beam 16 (preloading)  
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From preloading, it appeared that the capacities of the jacks slightly differ from the expected 
capacities. The actual capacity of the jacks at the end of the beam appears to be 213 kN. The 
actual capacity of the jack at midspan appears to be 483 kN. This influences the value of the 
calculated moment at midspan as well as the moment distribution over the beam. 
 
When the experiments on the strengthened beams are 
performed, it appears the concrete cover on the internal steel 
reinforcement is not 33 mm as it is expected to be. This is 
discovered as the reinforcement of the beams is revealed at 
the end of some of the experiments.  
If the steel reinforcement is placed at a lower position in the 
beam than expected, the internal lever arm is greater than 
expected. This positively affects the height of the force in the 
beam before the reinforcement starts yielding. 
As the depth of the concrete cover is an important factor in 
the determination of the analytical M-κ relation, the internal 
reinforcement of all beams is revealed after the experiments 
(figure 5.13). The actual depth of the concrete cover is 
measured and used to correct all analytical M-κ relations. 
The corrected value for the moment over the beam has 
already been incorporated in figure 5.11 and 5.12. 

 

 

Figure 5.13: depth of concrete cover 

 
5.5.2 Beam 11 
Load is added to the beam at approximately 2.4 kNm/min at midspan. The first cracks appear at 
about 27 kNm at midspan. Cracking starts at midspan and progresses towards the supports. 
Cracking above the supports starts at about 53 kNm at midspan. All cracks develop towards the 
concrete compression zone. The cracks around midspan bend towards the loading point as loading 
progresses. The widths of the cracks increase with an increase of applied load.  
Just before failure, dust starts falling down from the beam. At 162 kNm at midspan, the FRP EBR 
fails explosively and debonds along the length of the beam. The strip remains attached to the 
beam over a length of 400 mm. The crack pattern can be found in figure 5.14. 

 
 Figure 5.14: crack pattern beam 11 

A thin layer of concrete remains attached to a part of the strip after debonding. This concrete layer 
is present in the centre of the strip; it does not cover the ends of the strip. At the ends of the strip, 
some layers of fibre have come loose from the remainder of the strip. The adhesive and some 
layers of the fibre are still attached to the concrete, while most of the fibre debonded (figure 5.15).  
After the internal steel reinforcement starts yielding, a large crack develops. At the end of this 
crack, a relative large part of the cover has been ripped off (figure 5.16). 

Figure 5.15: some layer of fibre and the 
adhesive remained on the beam  

 

     Figure 5.16: concrete rip-of at the end of a shear crack 
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The high-speed camera was preset to record 2250 images every second. As the camera can store 
3000 images, this leaves 1.33 seconds before it starts overwriting the first images. This implies the 
camera had to be stopped within 1.33 seconds after debonding. This is successfully done; the 
recording captured the initiation of debonding. The results from the recording can be found in 
appendix 8 and will be discussed extensively in section 5.6.1.   
 
The experimentally conducted M-κ relation can be found in figure 5.17. The actual depth of the 
internal steel reinforcement (c=17 mm), the actual moment distribution over the beam and the 
actual material properties are used to derive this relation. κ is derived from the data obtained from 
the LVDT in the compressive zone and the strain gauge at midspan. 
The experimentally obtained failure load (162.4 kNm) is higher than the analytically obtained 
failure load (131 kNm). The actual failure strength is 24 % off the analytical failure strength. 
The strengthening ratios can be obtained from figure 5.17: 
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  Figure 5.17: analytical and actual M-κ  relations of beam 11  

5.5.3 Beam 12 
Load is added to the beam at approximately 2.4 kNm/min at midspan. As this beam has been 
preloaded, cracks are already present at the beginning of the experiment. The cracks around 
midspan bend towards the loading point as loading progresses. The widths of the cracks increase 
with an increase of applied load.  
Before failure, dust starts falling down from the beam. At 155 kNm at midspan, the FRP EBR fails 
explosively and debonds along the length of the beam. The strip remains attached to the beam 
over a length of 800 mm. The crack pattern can be found in figure 5.18 on the next page. 
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 Figure 5.18: crack pattern of beam 12 
 
The centre of the debonded part of the FRP EBR is covered with a thin layer of concrete. At the 
ends of the FRP EBR, some layers of fibre have come loose from the remainder of the FRP EBR. The 
adhesive and some layers of the fibre are still attached to the concrete, while most of the fibre 
debonded (figures 5.19 and 5.20). 
A pattern of short diagonal cracks becomes visible in the concrete surface in line with the 
eccentrically applied FRP EBR (figure 5.20). A part of the concrete cover is ripped off (figure 5.19). 
The end of the debonded FRP EBR split along its length (figure 5.21). 
 
As an ESPI measurement was planned for this beam, the FRP EBR has been applied eccentrically. 
However, when preparing the different measurement systems on the beam, it was found the 
blazing light needed for the high-speed recording is interfering with the ESPI measurement. It was 
decided not to perform an ESPI measurement on this beam. 
The high-speed camera was preset to record 1125 images every second. This implies the camera 
had to be stopped within 2.67 seconds after debonding. This was successfully done; the recording 
captures the initiation of debonding. The results from the recording can be found in appendix 8 and 
will be discussed extensively in section 5.6.1.   
 

 

Figure 5.19: fracture pattern 
beam 12 

 

Figure 5.20: the adhesive and some 
layers of the fibre still on the beam 

 

Figure 5.21: FRP EBR split in its length 

The experimentally conducted M-κ relation can be found in figure 5.22. The actual depth of the 
internal steel reinforcement (c=31 mm), the actual moment distribution over the beam and the 
actual material properties are used to derive this relation. The curvature from preloading is derived 
from the data obtained from the LVDT in the compressive zone and the LVDT at the height of the 
internal reinforcement. The permanent curvature from preloading has been taken as the starting 
point for the curvature of the strengthened beam. The curvature of the strengthened beam is 
derived from the data obtained from the LVDT in the compression zone and the strain gauge at 
midspan. 
The experimentally obtained failure load (155.6 kNm) is higher than the analytically obtained 
failure load (130 kNm). The actual failure strength is 20 % off the analytical failure strength. 
The strengthening ratios can be obtained from figure 5.22: 
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Figure 5.22: analytical and actual M-κ  relations of beam 12 

 
5.5.4 Beam 13 
Load is added to the beam at approximately 2.4 kNm/min at midspan. The first cracks appear at 
about 27 kNm at midspan. Cracking starts at midspan and progresses towards the supports. 
Cracking above the supports starts at about 53 kNm at midspan. All cracks develop towards the 
concrete compression zone. The cracks around midspan bend towards the loading point as loading 
progresses. The widths of the cracks increase with an increase of applied load.  
At about 118 kNm at midspan, both ends of the FRP EBR start debonding. The debonding 
progresses relatively calm, and can be properly observed. Dust start falling down from the beam.  
At 128 kNm at midspan debonding suddenly increases rapidly on one end of the FRP EBR. This load 
is considered to be the failure load. The crack pattern of beam 13 can be found in figure 5.23. 

 
 Figure 5.23: crack pattern beam 13 

Some photos of the fracture pattern can be found in figure 5.24 and 5.25. Even though debonding 
develops very simultaneous on both ends of the FRP EBR, only one end of the FRP EBR causes 
failure (figure 5.24). Debonding on the other end of the FRP EBR can be observed in figure 5.25.  

 

Figure 5.24: fracture pattern beam 13 

 

Figure 5.25: other end of the FRP EBR 
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The high-speed camera was preset to record 4500 images every second. This implies the camera 
had to be stopped within 0.67 seconds after debonding. As debonding progressed relatively slow 
during this experiment, the recording time was to short to capture all of the debonding. The high-
speed recording was not successful for this experiment.  
 
The experimentally conducted M-κ relation can be found in figure 5.26. The actual depth of the 
internal steel reinforcement (c=23 mm), the actual moment distribution over the beam and the 
actual material properties are used to derive this relation. The curvature of the strengthened beam 
is derived from the data obtained from the LVDT in the compression zone and the strain gauge at 
midspan. 
The experimentally obtained failure load (128.4 kNm) is slightly higher than the analytically 
obtained failure load (120 kNm). The actual failure strength is 7 % off the analytical failure 
strength. The strengthening ratios can be obtained from figure 5.26: 
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  Figure 5.26: analytical and actual M-κ  relations of beam 13 

5.5.5 Beam 14 
Load is added to the beam at approximately 2.4 kNm/min at midspan. Cracks develop as for the 
previous beams. At about 106 kNm at midspan, both ends of the FRP EBR start debonding. The 
debonding progresses slowly, and can be properly observed. Dust start falling down from the 
beam. At 126 kNm at midspan debonding suddenly increases rapidly on one end of the FRP EBR. 
This load is considered to be the failure load. The crack pattern of beam 14 is found in figure 5.27. 

 
 Figure 5.27: crack pattern beam 14 
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The photo in figure 5.28 is taken at the end of the FRP EBR that caused failure. It is taken just 
before failure; dust is coming down. Figure 5.29 displays the results of failure on beam 14. Both 
ends of the FRP EBR start debonding, but only one end caused failure. The debonding at the other 
end of the FRP can be seen in figure 5.30.  
 

 
Figure 5.28: just before failure 

 
Figure 5.29: fracture pattern 

 
Figure 5.30: other end of FRP EBR 

As an ESPI measurement was performed on this beam, the FRP EBR has been applied eccentrically. 
From the moment just before cracking (24 kNm at midspan) to the moment of FRP failure, frames 
are recorded every 10 seconds. The results from this measurement will be further discussed in 
section 5.6.6. The high-speed camera has not been used during this experiment. 
 
The experimentally conducted M-κ relation can be found in figure 5.31. The actual depth of the 
internal steel reinforcement (c=31 mm), the actual moment distribution over the beam and the 
actual material properties are used to derive this relation. The curvature of the strengthened beam 
is derived from the data obtained from the LVDT in the compression zone and the strain gauge at 
midspan. The experimentally obtained failure load (126.2 kNm) is slightly higher than the 
analytically obtained failure load (119 kNm). The actual failure strength is 6 % off the analytical 
failure strength. The strengthening ratios can be obtained from figure 5.31: 
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 Figure 5.31: analytical and actual M-κ  relations of beam 14 
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5.5.6 Beam 15 
Load is added to the beam at approximately 2.4 kN/min at midspan. Cracking develops as for the 
previous beams. At about 97 kNm at midspan, the ends of the FRP EBR start debonding. The 
debonding progresses relatively calm, and can be properly observed. Dust start falling down from 
the beam. At 128 kNm at midspan debonding suddenly increases rapidly on one end of the FRP 
EBR. This load is considered to be the failure load. The fracture pattern is very similar to that of 
beam 13. The crack pattern of beam 15 can be found in figure 5.32. 

 
 Figure 5.32: crack pattern beam 15 

The high-speed camera was preset to record 1125 images every second. This implies the camera 
had to be stopped within 2.67 seconds after debonding. The amount of images recorded every 
second is chosen to be significantly smaller than the amount of images per second used during the 
experiment with beam 13. This smaller amount of images per second has been chosen to increase 
the change to capture the initiation of debonding. The recording was successful and captured the 
initiation of debonding. The images can be found in appendix 8, the results from the recording will 
be discussed extensively in section 5.6.2.   
 
The experimentally conducted M-κ relation can be found in figure 5.33. The actual depth of the 
internal steel reinforcement (c=22 mm), the actual moment distribution over the beam and the 
actual material properties are used to derive this relation. The curvature of the strengthened beam 
is derived from the data obtained from the LVDT in the compression zone and the strain gauge at 
midspan. The experimentally obtained failure strength is 128.6 kNm. This is higher than the 
analytically obtained failure load (103 kNm). The actual failure strength is 25% off the analytical 
failure strength. The strengthening ratios can be obtained from figure 5.33: 
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 Figure 5.33:. analytical and actual M-κ  relations of beam 15 
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5.5.7 Beam 16 
Load is added to the beam at approximately 4 kN/min for the jack at midspan. Cracking develops 
as for the previous beams. 
At about 106 kNm at midspan, the ends of the FRP EBR start debonding. The debonding progresses 
relatively calm, and can be properly observed. Dust start falling down from the beam. At 136 kNm 
at midspan debonding suddenly increases rapidly on one end of the FRP EBR. This load is 
considered the failure load. The fracture pattern is very similar to that of beam 13 and 15. The 
crack pattern of beam 15 can be found in figure 5.34. 
 

 
 Figure 5.34: crack pattern beam 16 

The experimentally conducted M-κ relation can be found in figure 5.35. The actual depth of the 
internal steel reinforcement (c=10 mm), the actual moment distribution over the beam and the 
actual material properties are used to derive this relation. The curvature of the strengthened beam 
is derived from the data obtained from the LVDT in the compression zone and the strain gauge at 
midspan.  
The experimentally obtained failure load is 136.3 kNm. This is higher than the analytically obtained 
failure load (105 kNm). The actual failure strength is 30% off the analytical failure strength. The 
strengthening ratios can be obtained from figure 5.35: 
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 Figure 5.35: analytical and actual M-κ  relations of beam 16 
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5.6 Verification mechanisms of failure 
 
5.6.1 Peeling-off caused at shear cracks 
Beams 11 and 12 are calculated to fail according to 
mechanism A (peeling-off caused at shear cracks) of CUR 
91; vertical displacements of the crack faces of a shear 
crack cause tensile stress perpendicular to the fibre, which 
initiates debonding. The actual failure loads are 20% to 
25% higher than the analytical failure loads. Several 
indications for the actual occurrence of this mechanism 
are found on beams 11 and 12. 

 

  Figure 5.36: area monitored by high speed  
  recording 

 
The high-speed recording from beam 11 has been 
successful. It captured the moment of debonding and the 
location where debonding initiates can be clearly 
recognised. The area monitored by the high-speed camera 
is identified in figure 5.36. The full HSC recording of beam 
11 can be found in appendix 8.  
The image on which the FRP EBR first starts debonding is 
displayed in figure 5.37 (indicated with red arrow). Even 
though images are taken every 0.4 milliseconds, the FRP 
has already debonded over a length of approximately 500 

 

 

Figure 5.37: high speed image of debonding 

 
mm. In figure 5.38 the cracks and FRP are schematised. 
As the images from the high-speed recording are very 
dark, all cracks are traced with a marker. The tracing 
stopped around the moment the beam started yielding. 
The diagonal crack in figure 5.38 appeared after the beam 
started yielding, and is therefore not traced. The crack is 
present, but not very visible in figure 5.37. 

 

Figure 5.38: schematisation of debonding 

 
The concerning diagonal crack is coloured black in the 
schematisation. The crack is located in the centre of the 
debonded area. As debonding is expected to initiate at a 
shear crack and progress in two directions, this crack in 
the centre of the debonded area is very likely to be the 
initiating crack.  
This crack is also recognised on one of the pictures taken 
after the experiment (figure 5.39). The concrete cover at 
the end of the concerning shear crack is ripped off. This 
was also observed on beam 4, and gives a second 
indication of the initiation of debonding. Additionally, 
figure 5.39 displays the considerable vertical displacement 
of the crack faces.  

 

  Figure 5.39: concrete cover rip-off 

 
From the images of the high-speed recording, another conformation for the location of debonding is 
found. As debonding progresses, the FRP EBR comes loose and takes a thin layer of concrete of the 
beam. This is the ‘dust’ between the FRP EBR and the beam in figure 5.40. From the point where 
debonding is initiated, the debonding progresses in two directions. This causes the loose material 
to fall in two directions. The directions of the falling material are recognisable in the high-speed 
recording and are marked in figure 5.41 (an image from the high-speed recording). The initiating 
shear crack forms the centre between these directions. 
 

 
 Figure 5.40: material falling from beam 

 
Figure 5.41: direction of falling material 
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Beam 12 is the first beam on which the high-speed 
camera has been used. The succession of recorded 
images is twice as slow as the recoding of beam 11. An 
image is taken every 0.8 millisecond. The moment of 
debonding is captured by the recording.  
The area of the beam monitored by the high-speed 

 

  Figure 5.42: area monitored by HSC 

camera is identified in figure 5.42. The full HSC 
recording of beam 12 can be found in appendix 8. The 
image on which the FRP EBR first starts debonding is 
displayed in figure 5.43. This is a part of the monitored 
area, a close-up from the right side of the original 
image. The arrow refers to the debonded area. 
Debonding has already progressed over a length of 
approximately 500 mm. As the FRP EBR is applied 
eccentrically, a larger part of the concrete gets ripped 
off. The debonding surface is now located in the 

 

  Figure 5.43: debonding starts 

concrete, which makes it difficult to identify the crack 
that initiated debonding. It is likely the initiating crack is 
situated in the centre of the debonded area. The red line 
in figure 5.44 marks the debonded surface.  
As a large part of the concrete cover is ripped off, no 
such clear indications of the initiating shear crack can 
be found as could for beam 11. However, the high-
speed recording can help identify the initiating crack by 
showing the two directions of the falling material. 
 

 

  Figure 5.44: marked debonded area 

Figure 5.45 displays one of the images from the high-speed recording. Large particles fall down 
from the beam. The direction of the falling material is marked in figure 5.46. The centre of the two 
directions is found to be the marked shear crack. This shear crack is located at about 500 mm from 
midspan, and is probably the crack that initiated debonding.  
 

 

Figure 5.45: falling material 

 

Figure 5.46: direction of falling material 

 
Strain gauges have been placed on the FRP EBR, 
so the strain on the FRP EBR is measured on 
several places. The strain gauges are placed on 
one half of the strip, as the beams are 
considered to be symmetrical. They are equally 
distributed over half of the length of the strip. 
This implicates the strain gauges of beam 11 
and 12 are placed about every 250 mm. The 
red, numbered points in figure 5.47 represent 
the strain gauges. The results of this 
measurement on beam 11 can be found in figure 
5.48 on the next page. The strain has been 
plotted versus the moment at midspan. If 
straight lines are used to schematise the 
distribution of the strain due to increase of 
moment, figure 5.49 is found. The actual 
yielding moment is about 125 kNm.  
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Figure 5.47: place of strain gauges beam 11 and 12 
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 Figure 5.48: data from strain gauges  
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 Figure 5.49:schematised data from strain gauges  

The calculated strain in the FRP EBR at the analytical yielding moment of beam 11 (113 kNm) is 
2.8 mm/m. Even though the actual yielding moment is higher (about 125 kNm), the strain at 
yielding is 2.8 mm/m. The factor between these moments (125/113=1.11) could be used to 
correct the moment at failure. For a corrected actual moment of 146 kNm (=162/1.11), the strain 
is calculated to be 6.7 mm/m. This is the measured strain right before failure. 
 
If the data from the strain gauges is displayed differently, figure 5.50 is obtained. The strain for a 
certain load on the beam is given for every strain gauge. All data points of this load (moment at 
midspan) are connected with straight lines. As the strain between the data points is unknown, this 
just gives the possible distribution of the strain over the FRP EBR. The black lines in figure 5.51 
connect the data points in a different way. From appendix 2, it becomes clear curvature increase is 
concentrated around cracks. As curvature directly influences strain, figure 5.51 seems more likely 
than figure 5.50, but the actual distribution of the strain between the data points remains unclear. 
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Figure 5.50: strain over FRP EBR beam 11 
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 Figure 5.51: different connection data points  

 
In figure 5.52, the theoretical distribution of the strain 
over the FRP EBR is displayed. The increase in strain 
is constant for both εs≤εyd and εs≥εyd, but the value of 
the increase is larger for εs≥εyd. 
This theoretical distribution of the strain over the FRP 
EBR can be recognized in figure 5.50. The internal 
reinforcement starts yielding at about 125 kNm. The 
strain increase is constant for load steps below 125 
kNm, as well as for load steps above 125 kNm. The 
value of the strain increase is larger for load steps 
above 125 kN.  
In accordance with a shifted moment line, the 
stronger strain increase around midspan is located 
between 250 and 500 mm from midspan. 
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Figure 5.52: theoretical strain distribution  
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Another remarkable point in figure 5.50 is the sudden 
increase of strain at strain gauge 3 right before 
failure. As the curvature directly influences the strain 
in the FRP EBR (figure 5.53), this sudden increase in 
strain at strain gauge 3 can be explained from the 
development of the curvature over the beam. 
In figure 5.54, the theoretical development of the 
moment over the beam is schematised. The curvature 
over the beam can be derived from this moment, if 
the stiffness of the beam is assumed. The stiffness 
depends on the location on the beam. The highest 
stiffness is found for the uncracked area of the beam 
(EI1), a smaller stiffness is found for the cracked area 
(EI2) of the beam and the lowest stiffness is found for 
the area where the internal reinforcement is yielding 
(EI3). Based on this, the curvature over the beam is 
displayed in figure 5.54. 
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 Figure 5.53: κ  directly influences ε  

Two situations are worked up. In the first situation, the internal steel reinforcement is not yet 
yielding. At the point where the stiffness of the beam changes from its uncracked (EI1) to its 
cracked value (EI2), the development of the curvature changes; the increase in curvature is larger 
in the cracked area of the beam, except for the area around midspan, where the curvature remains 
constant. In the second situation, the internal steel reinforcement is yielding. This causes an even 
greater increase in curvature, as the stiffness in this area is even lower (EI3).  
Strain gauge 3 is located just outside the constant moment area. The internal steel reinforcement 
starts yielding at 125 kNm, and by the time of failure (162 kNm), a considerable increase has 
developed between the curvature in the constant moment area and the curvature just outside this 
area. This increase in curvature is concentrated in a crack just outside the constant moment area, 
close to strain gauge 3. The displacement of the crack faces, caused by the concentrated 
curvature, initiate debonding. This concerning crack is situated between strain gauge 2 and 3 and 
is identified to be the crack in figure 5.37 to 5.39. 
 
The sudden increase in strain at strain gauge 5 between 110 and 120 kNm can also be explained 
by an increase in curvature. This time, the increase is caused by the change of the development of 
the curvature between the uncracked and the cracked area of the beam. As a crack develops 
around strain gauge 5, the increase in curvature suddenly concentrates in this crack. This causes 
the sudden increase in strain. 
The strain distribution over beam 12 is comparable. The constant moment area around midspan is 
a little wider for this beam. This could possibly be explained by the fact this beam has been 
preloaded or by the fact the FRP EBR is applied eccentrically. As a result of this larger constant 
moment area, the critical shear crack develops a little further from midspan. The crack in figure 
5.46 is the initiating crack for beam 12. The plots of the strain over the FRP EBR can be found in 
appendix 9. 
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Figure 5.54: theoretical distribution of the moment over the beam 
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The results from beam 11 and 12 are presented in the curve fitting by Matthys (figure 5.55). Both 
the models and experimental data by Matthys and Deuring, as well as the experimental data from 
Kaiser and beams 1, 2, 3 and 4 are shown in this figure. Line D is the Deuring model. Line M is the 
model proposed by Matthys, based on the Deuring model and a curve fitting. This curve fitting 
includes 12 data points from Deuring, Kaiser and Matthys. As the number of data points has 
increase to 18 with the results of beam 1 to 4, 11 and 12, a new curve fitting can be performed 
(figure 5.56). The slope of the new curve fitting (equation 5-2) is slightly less than the curve fitting 
by Matthys (equation 5-1). To really enhance the model, more data should be assembled from 
structures with high equivalent reinforcement ratios (ρeq≈ 0.010 to 0.012) and low equivalent 
reinforcement ratios (ρeq≈ 0.002 to 0.004). 
 
The original model by Matthys is describe by: 

)15154.0( eqRp ρτ +=  (5-1) 

 
The result from the new curve fitting: 

)14358.0( eqRp ρτ +=  (5-2) 
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 Figure 5.55: curve fitting by Matthys, presenting the results from beam 1 to 4, 11 and 12 
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 Figure 5.56: new curve fitting, including the results from beam 1 to 4, 11 and 12  
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5.6.2 Peeling-off at the end anchorage 
Beams 13 to 16 are calculated to fail according to mechanism C of CUR 91 (peeling-off at the end 
anchorage). Two different lengths of FRP EBR are used. The length of the FRP EBR on beam 13 and 
14 is 1600 mm. Their analytical failure loads are 7% and 6% off the actual failure loads. The length 
of the FRP EBR on beam 15 and 16 is 1300 mm. Their analytical failure loads are respectively 25% 
and 30% off the actual failure loads. The actual failure loads of 3 of these beams (beam 13, 14, 
and 15) are about the same value (126 to 128 kNm). The failure load of beam 16 is slightly higher 
than the failure load of the other beams (136 kNm).  
 
As described in section 5.5, the initiation of debonding 
is the same for beam 13 to 16. For all beams, both 
ends of the FRP EBR start debonding far before the 
actual failure load. Debonding progresses slowly, but 
suddenly increases rapidly at one end of the FRP EBR. 

 

 

 Figure 5.57: area monitored by HSC 

The initiation of debonding is clearly visible, but the 
development of the displacements at the actual 
moment of failure happens very quickly. The missing 
images can be completed by the images recorded by 
the high-speed camera. The recording of beam 15 has 
been successful and shows the images as expected 
from a logical completion of the sequence; debonding 
develops from the end of the FRP EBR towards 
midspan. The area monitored by the high-speed 
camera is displayed in figure 5.57. Figure 5.58 shows 
a close-up of one of the images of the actual moment 
of failure. This image is the expected image between 
figure 5.59 and 5.60. More high-speed images can be 
found in appendix 8. 

 

 

 Figure 5.58: close-up at moment of failure 

 

 

 Figure 5.59: debonding progresses slowly 

 

 Figure 5.60: FRP failure 

 
Strain gauges have been applied to the FRP of 
beam 13 to 16. They are distributed equally 
over half of the strip. For beam 13 and 14, this 
implies a strain gauge every 160 mm (figure 
5.61). In figure 5.62 on the next page, the 
strain in the different strain gauges on beam 13 
is given in relation to the moment at midspan. If 
straight lines are used to schematise the strain 
distribution, the yielding moment of the beam is 
easily distinguished (figure 5.63). The yielding 
moment of beam 13 as well as beam 14 is 
found to be 120 kNm. The moment-strain 
relation of beam 14 is presented in appendix 9. 
The moment-strain relations of beam 15 and 16 
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13
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Figure 5.61: strain gauges on beam 13 and 14 

are almost exactly like those of beam 13 and 14. The yielding moment of beam 15 is equal to that 
of beam 13 and 14 (120 kNm). The fact that the yielding moment of beam 16 is a little higher (127 
kNm) can be explained from the smaller depth of the concrete cover on beam 16. The moment-
strain relations of beam 15 and 16 can be found in appendix 9. 
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Figure 5.62: moment-strain relation beam 13 
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Figure 5.63: schematised moment-strain relation  

The strain around midspan increases faster as the internal steel reinforcement starts yielding 
(figure 5.62; strain gauge 1 to 3). At the same instant, the strain in stain gauge 4 and 5 starts 
decreasing. This distribution of strain persists up to failure. The FRP EBR fails as the load reaches 
128 kNm. The load increase from yielding of the steel reinforcement to failure is only 8 kNm. This 
phenomenon reappears for beam 14 to 16; the strain near the end of the FRP EBR decreases as 
the internal reinforcement starts yielding, and the load increase between yielding and failure is only 
8 to 9 kNm.  
 

  

 

Figure 5.64: debonding at end of FRP EBR 

The strain at the end of the FRP EBR on beam 13 
already starts decreasing and becomes negative at 
about 70 kNm (figure 5.62; strain gauge 6). This can 
be explained by the debonding of end the FRP EBR. 
This causes the FRP EBR to curl away from the beam 
(figure 5.64 and figure 5.65). As the strain gauges 
are applied to the underside of the FRP, a 
compressive strain is measured. The corresponding 
moment at the end of the FRP is 48 kNm.  
This phenomenon reappears for the other beams 
calculated to fail according to mechanism C (peeling-
off at the end anchorage). The strain at the end of the 
FRP EBR on beam 15 becomes negative when the 
moment at midspan reaches 60 kNm. This again 
corresponds with a moment of 48 kNm at the end of 
the (shorter) FRP EBR. As the strain gauge at the end 
of the strip on beam 14 has been incorrectly applied, 
the measurement of this strain gauge will not be 
taken into account. The change of sign of the strain at 
the end of the strip on beam 16 is not deductible to 
one moment at midspan. Preloading might have 
caused this gradual change of sign. 
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 Figure 5.65: schematised debonding 

A moment of 48 kNm at the end of the FRP EBR, which corresponds with a force of 20 kN at the 
end of the FRP EBR, seems to initiate debonding at the end of the FRP EBR. This debonding is 
progressive, but it progresses slowly and the actual failure load of the beam can be much higher. 
In practice this means the debonding at the end of the FRP EBR already starts showing long before 
the actual failure load is reached. If the service load of a structure is higher than the load at which 
the end of the FRP EBR starts debonding, an interesting situation is created. This is not the case for 
any of the tested beams, but could possibly occur for different FRP EBR cross-sections or different 
material properties.  
A second model could be introduces to predict the force at the end of the FRP EBR at which the end 
of the FRP EBR starts debonding. This model could be included in the requirements in the 
serviceability limit state of CUR 91. Further research and discussion is required. 
 
As the moment at the end of the FRP on beam 11 and 12 never reached 48 kNm, it seems 
plausible debonding is initiated by a different mechanism for these beams. 
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The analytical failure loads for mechanism C 
(peeling-off at the end anchorage) are 
obtained from a combination of the model 
by Holzenkämpfer, and the theoretical point 
at which the FRP EBR may be curtailed by 
Matthys.  
This latter point is identified as the location 
on the beam where the internal steel 
reinforcement would theoretically be able to 
resist the acting load without the help of 
the FRP EBR. This implicates the total 
acting tensile force is equal to the resisting 
tensile force of the steel. For the calculation 
of the total tensile force, reference is made 
to a shifted moment line (figure 5.66).  
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Figure 5.66: theoretical end of FRP EBR 

This theoretical point is given by: 
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where Nrsd= Ny= Asfyd is the resisting tensile force in the steel. This is illustrated in figure 5.66. The 
anchorage length of the FRP EBR is the distance between the intersection of Nr and Ny and the end 
of the FRP EBR. The corresponding force to be anchored (Nf(x)) can be calculated based on 
equilibrium of forces and compatibility of strains: 
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if εs/εf is assumed equal to about 1: 
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Equation 5-5 is adopted by CUR 91, and used to calculate the analytical failure load of the tested 
beams. However, the assumption that εs/εf is about 1 seems very rough. The strain in the steel 
reinforcement is always smaller than the stain in the FRP. This makes the factor εs/εf smaller than 1 
and the actual force in the FRP EBR larger than the approximation according to equation 5-5. As 
the strain is linear over the height of the cross-section, the factor between εs and εf is dependent on 
the effective depths of the materials and remains constant for εs≤εy. 
 
If the factor εs/εf (=ds/df) is taken into account for the 
calculation of the tensile force in the FRP of the tested 
beams (equation 5-4 is applied), the force to be 
anchored increases. Accordingly, the required 
anchorage length increases exponential, as the force to 
be anchored (Nvf) is close to its maximum (Nvf,max) (see 
figure 5.67).  
For beam 15 and 16, this implicates the analytical 
failure loads are reduced to 98 kNm and 100 kNm 
respectively. As the analytical yielding moments of both 
beams are higher than these analytical failure loads, 
brittle failure is expected for these beams. However, 
the actual failure loads of these beams are higher than 
the actual yielding moment of the beams. The 
capacities of these beams are underestimate by CUR 91 
by 30% and 36% respectively.  
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Figure 5.67: relation between force to be 
anchored (Nvf) and anchorage length (lvf) 
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The force to be anchored in the FRP on beam 13 and 14 
also increases. As the required anchorage length 
increases accordingly, the analytical failure load is 
reduced to 115 kNm for both beams. The analytical 
yielding moment is found at 110 kNm and 106 kNm 
respectively, which enables a slight increase in load 
after yielding. This corresponds with the result from the 
experiments on beam 13 and 14; a slight increase in 
load is measured between yielding of the steel 
reinforcement and FRP failure. The capacities of the 
beams are underestimate by CUR 91 by 12% and 10% 
respectively. 
 
When the force to be anchored (Nvf) is calculated, the 
required anchorage length can be determined according 
to the Holzenkämpfer model. The relation between Nvf 
and lvf given in CUR 91 is the characteristic relation of 
this model. This characteristic relation incorporates a  
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Figure 5.68:  mean and characteristic value 
of the relation between force to be anchored 
(Nvf) and anchorage length (lvf) [subtracted 
from 9] 

certain safety in proportion to the mean relation; the required anchorage length determined with 
the characteristic relation (Rc) is higher than that determined with the mean relation (Rm) 
(schematised in figure 5.68) [9]. In case of beam 11 to 16, the analytical failure loads have been 
determined with the characteristic relation of the model of the critical mechanism of failure. This 
makes it remarkable the predicted failure loads of beam 13 and 14 are just 10 and 12% off the 
actual failure loads. A greater difference between the predicted and the actual failure load is 
expected, more like the 30 and 36% of beam 15 and 16 or the 20 and 25% of beam 11 and 12. 
 
The method to determine the location at which the 
anchorage length theoretically commences is added 
to the Holzenkämpfer model by Matthys. The 
theoretical point at which the FRP EBR may be 
curtailed is used to give an indication of the location 
of the critical cross-section. Normally a lot of cross-
section calculations would have to be performed to 
find the critical cross-section, where Nf(x)< Nvfmax 
and lf(x)>lvf(x) are just fulfilled.  
In situation where both the cross-section of internal 
steel reinforcement and width of the applied strip is 
small, it is possible to obtain the situation as given 
in figure 5.69. The total tensile force does not yet 
intersect with the yielding force of the internal 
reinforcement, but the force in the FRP is already 
much higher than the maximum resisting force of 
the FRP (Nvfmax). As the calculation of the location 
where the total tensile force is equal to the yielding 
force of the steel, is the basis of the calculation of 
the failure load according to mechanism C of CUR 
91, it remains unclear how to continue the 
calculation.  
This possible difficulty could be circumvent if the 
mechanism is approached differently. The force in 
the FRP EBR at a certain cross-section is taken 
equal to the maximum resisting force in the FRP: 
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Figure 5.69: possible obtained situation 
during calculation of the failure load 
according to mechanism C (peeling-off at 
the end anchorage) of CUR 91 

 

max)( vff NxN =  (5-6) 

 
As the required anchorage length for Nvfmax is always equal to the maximum anchorage length 
(lvfmax), the calculation of lvf(x) can be omitted. Both Nvfmax and lvfmax can be calculated based on 
cross-sectional properties.  
From equation (5-4), the total moment in the cross-section where Nf(x)=Nvfmax can be determined. 
As the total moment is directly linked to a location on the beam, the available anchorage length 
can also be determined. The following requirement should be satisfied: 
 

max)( vff lxl ≥  (5-7) 
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This approach is also used in CUR 91, when the force in the FRP EBR (Nf(x)) found at the 
intersection of Nrd and Ny is greater that the maximum resisting force of the FRP EBR (Nvfmax). It is 
therefore suggested to directly focus on the cross-section where Nf(x)=Nvfmax. This cuts out the 
calculation of Nf(x) and makes the calculation shorter and easier, bringing about the same result. 
 
5.6.3 Critical cross-sections  
One of the aims of the performed research is to identify the critical cross-sections of the different 
mechanisms of failure. The critical cross-sections as identified by CUR 91 are described in appendix 
5.  
 
Mechanism A (peeling-off caused at shear cracks) 
Failure by mechanism A (peeling-off caused at shear cracks) is caused by the horizontal as well as 
the vertical displacements of crack faces. As explained in appendix 2, these displacements of the 
crack faces are caused by a concentrated increase in curvature. This implies the critical cross-
section for mechanism A is located in the area with the highest increase in curvature. 
Working with the model used in CUR 91 to describe peeling-off at shear cracks, the critical-cross 
section depends on the value of the shear force. The relation between shear force and curvature is: 

EI
M

=κ  (5-8) 

dxVM xx ∫=  (5-9) 

 
High shear force gives a high increase of moment, which implicates high increase in curvature.  
The calculation of the resisting shear force is based on the empirical equation for τodrep: 
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 (5-10) 

eqodrep ωτ 51.138.0 +=  (5-11) 

 
The incorporation of ωeq in this equation could be conceived as an attempt to simplify the share of 
the stiffness of the beam. The highest shear force over the length of the FRP EBR should be 
considered the acting shear force. For both the situations in figure 5.70 and 5.71, the value of the 
shear force should be obtained from the shifted moment.  
In the single span situation of figure 5.70, the critical section is located at distance ds from the end 
of the FRP EBR; the actual moment at the end of the FRP EBR is derived from the shifted moment, 
the corresponding shear force is found at a distance ds from the end of the FRP EBR. This is in 
accordance with CUR 91.  
In the multi span situation of figure 5.71, the critical cross-section is located at the edge of the 
support. It is assumed all loads to a distance ds from the support are directly passed on to the 
support. The critical moment is therefore found at a distance ds from the support. The 
corresponding shear force is found at the edge of the support. This is different from the critical 
cross-section given by CUR 91 (see appendix 5). 
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Figure 5.70: critical cross-section single span situation 
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shifted moment

M

Vd

Vdmax

ds

As

Af

ds h

 
Figure 5.71: critical cross-section multi span situation 
mechanism A 
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Mechanism C (peeling-off at the end anchorage) 
The failure loads according to mechanism C (peeling-off at the end anchorage) of CUR 91 are 
obtained from a combination of the Holzenkämpfer model and the theoretical point at which the 
FRP EBR may be curtailed by Matthys. The critical cross-section corresponds with the point on the 
beam where the anchorage length commences. This point is identified as the location on the beam 
where the internal steel reinforcement would theoretically be able to resist the acting load without 
the help of the FRP EBR. This implicates the total acting tensile force (Nr) is equal to the resisting 
tensile force of the steel (Ny). The method to determine the critical cross-section is identical for 
both the single and the multi span situation (see figure 5.72 and 5.73).  
For the calculation of the total tensile force, reference is made to a shifted moment line. The force 
in the FRP EBR at this critical cross-section is determined according to equation 5-4, taking into 
account εs/εf = ds/df for εs≤εy. This gives a more accurate approach of the force in the FRP EBR than 
the equation used in CUR 91.  
As suggested in section 5.6.2, the calculation of the cross-section where Nrd=Nyd is skipped and 
Nvf(x)=Nvfmax becomes the basis of the calculation. This would also change to critical cross-section 
to the cross-section where Nvf(x)=Nvfmax. 
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Figure 5.72: critical cross-section single span situation 
mechanism C according to CUR 91 
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Figure 5.73: critical cross-section multi span situation 
mechanism C according to CUR 91 

 
5.6.4 Mechanism B (peeling-off caused by high shear stress) and D (end shear failure) 
Even tough mechanism B (peeling-off caused by high shear stress) is not calculated to occur for 
any of the beams in the multi span situation, greater insight is gained in the mechanism through 
the performed experiments.  
The intention of mechanism B is to predict the failure of the FRP EBR caused by high shear stress. 
Matthys concludes shear stress will only become critical as the internal reinforcement starts 
yielding; a sudden increase in shear stress will occur (figure 5.74). The model of mechanism B 
(peeling-off caused by high shear stress) restricts this shear stress. 
 
From section 5.6.1, it becomes clear 
the same phenomenon is described 
by mechanism A (peeling-off at 
shear cracks), only for this 
mechanism experimental data and a 
curve fitting are used to predict 
failure. In this way, certain 
influences that are not taken into 
account for mechanism B, such as 
the concentrate curvature around 
cracks and change of stiffness, are 
incorporated in the model for 
mechanism A. It appears the model 
for mechanism B (peeling-off caused 
by high shear stress) is included in 
the model for mechanism A 
(peeling-off caused at shear cracks). 
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Figure 5.74: shear stress in FRP EBR 

 
As mentioned in section 5.4 beams 13 to 16 do not fulfil either of the application restrictions added 
to the model for end shear failure by Jansze. The failure load calculated according to mechanism D 
(end shear failure) of CUR 91 might therefore not be accurate. On beam 12 and 14, indications for 
the early occurrence of the mechanism of end shear failure are visible. A crack appears at the end 
of the FRP EBR and bends away as it reaches the height of the internal steel reinforcement (figure 
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5.75). This crack is very similar to the crack that caused failure of beam 5. However, in case of 
beam 12 and 14, this crack doesn’t develop far enough to rip-off the concrete cover and cause 
failure. As only for beam 12 and 14 the FRP EBR is applied eccentrically, an association between 
the crack at the end of the FRP EBR and the eccentrically applied FRP EBR is assumed. This 
assumption is confirmed as a similar crack becomes visible after FRP failure, close to midspan of 
beam 14 (figure 5.76). It is still possible mechanism D (end shear failure) is wrongly predicted, but 
it has not become critical for any of the tested beams in the multi span situation. 
 

 

Figure 5.75: crack at the end of the FRP EBR 

 

Figure 5.76: crack at height internal reinforcement 
 
5.6.5 Strain restrictions 
In section 4.5.4, one of the fib-Bulletin 14 approaches to verify peeling-off at the end anchorage is 
discussed in greater detail. This approach combines mechanism C (peeling-off at the end 
anchorage) with a strain restriction. The strain limitation is usually ranging from 0.0065 and 
0.0085. The failure load of only one of the beams in the single span situation (beam 5) would have 
been predicted safely. In order to verify this approach for the beams in the multi span situation, 
the ultimate strains at midspan of the different beams are considered (figure 5.78 on next page).  
The ultimate strain in the FRP EBR of beam 11 is 0.0067, just above the strain limitation of 0.0065. 
The failure load of this beam would have been safely predicted. The ultimate strain in beam 12 is 
slightly smaller (0.0057), and the capacity of this beam would have been overestimated.  
The ultimate strain in the FRP EBR on beam 13 to 16 differs between 0.0035 and 0.0038, but the 
failure load of beam 13 to 16 would have been safely predicted as the strain restriction is usually 
combined with mechanism C (peeling-off at the end anchorage). 
It appears that when the strain restriction becomes critical the failure load of a structure can be 
overestimated. This is in line with the suggestion made in section 4.5.4, that a global strain 
restriction is not suitable to represent a whole range of applications. 
 
Since multiple strain gauges have been 
applied to the FRP EBR in the multi span 
situation, the distribution of the strain over 
the beam can be plotted. In figure 5.77 the 
distribution of the strain just before failure is 
given for each of the FRP EBR lengths. The 
constant moment area around midspan is 
visible for all of the lengths.  
It is remarkable the slope of the strain relation 
seems about constant for the three different 
length of FRP EBR. As the derivative of the 
strain relation is in proportion to the shear 
stress, this would imply failure of the different 
FRP EBR lengths occurs at about the same 
shear stress.  
If the strain at midspan is given in relation to 
the moment at midspan for each of the 
beams, figure 5.78 appears. The plot lines of 
the different beams are hardly recognizable, 
which implicates the distribution of the strain 
at midspan is about equal for the three 
different lengths of FRP EBR. The ultimate 
strain at midspan is about equal for the 1300 
mm and 1600 mm FRP (0.0035 to 0.0038). 
The ultimate strain in the 2460 mm FRP is 
considerably higher (0.0057 and 0.0067). 
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  Figure 5.77: distribution ultimate strain in FRP EBR  
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Figure 5.78: strain in FRP EBR beam 11 to 16 

 
5.6.6 ESPI measurement beam 14 
In his thesis, Matthys divides crack bridging in shear crack bridging and flexural crack bridging. 
Shear crack bridging is illustrated in figure 5.79.b, and causes bond failure according to mechanism 
A (peeling-off caused at shear cracks) of CUR 91. The effects of shear crack bridging have been 
thoroughly discussed in section 5.6.1.    
Flexural crack bridging is illustrated in figure 5.79.a. As the strain at the location of the flexural 
crack increases, the shear stress also increases. After the shear stress exceeds a critical value, 
micro cracking occurs. Matthys states a redistribution of strain in the reinforcement occurs due to 
micro cracking, meaning debonding is not progressive and remains local. Also, a beneficial effect is 
obtained from the curvature of the beam, which causes a normal stress in the FRP EBR and presses 
it to the soffit of the beam. This theory has been adopted in CUR 91, but has never been confirmed 
with experimental data. The aim of the ESPI measurement on beam 14 is to verify this theory. 
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   Figure 5.79: bridging of flexural cracks (a) and shear cracks (b) [4] 
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From the ESPI measurement on the beams in the single span 
situation, it is learned the camera should preferably be attached 
directly to the beam, in order to eliminate the vertical 
displacement of the beam from the results. For this purpose, a 
steel frame is attached to the beam (figure 5.80). When the 
first cracks appear on the beam, the experiment is paused. The 
camera is attached to the frame and focused on one of the 
cracks at midspan. 
 
The location of the monitored crack is illustrated in figure 5.81. 
The photo in figure 5.82 is taken when the monitored crack first 
appeared. The actual size of the monitored area is about 60 by 
60 mm2.  
As the needling process damaged the edge of the concrete 
beam, the surface is filled up with adhesive. This makes the 
transition from the adhesive layer to the concrete a little blurry. 
The distinction between the adhesive layer and the FRP EBR on 
the other hand, is clearly visible in this picture. The surface has 
been treated with a fluid that better reflects the laser light from 
the ESPI camera. This makes the entire monitored surface 
white, including the FRP EBR, which is normally black. 
 

 

 

Figure 5.80: steel frame attached to 
beam  

 
 
 

 

 Figure 5.81: crack monitored by ESPI Figure 5.82: monitored surface 
at 20 kN (just after cracking) 

 

Figure 5.83: monitored surface 
at 213 kN (just before failure) 

 
Images are taken every 10 seconds. The images are taken as the load increases and are combined 
by ESPI. Subsequently, the displacements in the x and y direction are determined. The relative x 
displacements of the load step from 61.45 kN to 73.78 kN are displayed in figure 5.84. Reference 
is taken from a point in the green area. The displacements over the lines B, G and R are separately 
displayed in figure 5.85; the letter representing the colour of the line (Black, Green and Red). 
From these figures, it can be concluded the sharp transition from blue to red represents the crack; 
the blue area at the left side of the crack moves in the opposite direction of the red area on the 
right side of the crack, away from each other. The step in the green and the black line in figure 
5.85 also visualize the crack. The smooth change of colour over the line R is translated to a 
straight line in figure 5.85, implicating deformations that are more gradual. This implicates an 
uncracked area at the height of line R. 

 
Figure 5.84: Displacements in x-direction 

 
Figure 5.85: Plot displacements in x-direction 
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The relative y displacements of this same load step are displayed in figure 5.86 and 5.87. 
Reference is taken from a point in the soft blue area. The displacements in the y direction are 
almost constant in the monitored area. This is plausible as the monitored area is located right 
under the loading point. Only around the crack, the displacements decrease.  

 
Figure 5.86: Displacements in y-direction 

 
Figure 5.87: Plot displacements in y-direction 

More load steps can be found in appendix 10. It appears the crack develops from the height of line 
G towards the FRP EBR. The FRP EBR keeps the crack together; the further from the FRP EBR, the 
greater the width of the crack.  
Even though the crack has been monitored up to failure, no indications of horizontal cracks are 
found. No confirmation for the theory by Matthys is found through this ESPI measurement. This 
doesn’t necessarily imply the theory is incorrect. Further research is required. 
 
 
5.7 Verification of the different FRP EBR lengths 
 
The three different FRP EBR lengths used for the experiments in the multi span situation have been 
discussed based on their expected mechanism of failure in the previous sections. Besides the 
mechanism of failure, more general similarities and distinctions between the FRP EBR lengths are 
observed. 
For all FRP EBR lengths, a constant moment around midspan is recognized from the measurements 
of the strain gauges. The strain at midspan develops similarly for all three FRP EBR lengths. The 
slope of the strain over the length of the strip at FRP failure is about constant for the three 
different lengths (section 5.6.5). As the slope of the strain is in proportion to the shear stress, this 
would imply failure of the different FRP EBR lengths occurs at about the same shear stress.  
Even though there are clear distinctions between the failure modes of the different FRP EBR 
lengths, a general restriction of the shear stress could possibly cover all failure modes. This shear 
restriction should be based on experimental data and is therefore different from the shear stress 
restriction of mechanism B of CUR 91. Different cross-sections of FRP should be tested to 
incorporate the depth and the width of the FRP. 
 
The failure mode of beam 11 and 12 (lf=2460 mm) is very different from that of beam 13 to 16 
(lf=1300 or 1600 mm). For beam 11 and 12 (lf=2460 mm), the beam starts creaking just before 
failure and the FRP EBR debonds very explosively. From the high–speed recording it appears 
debonding is initiated around midspan. For beam 13 to 16 (lf=1300 or 1600 mm), the FRP EBR 
starts debonding at the end of the FRP EBR and debonding progresses very slowly. There is a 
significant load increase between the initiation of debonding at the end of the FRP EBR and the 
actual failure of the FRP EBR. Moreover, the failure of beam 13 to 16 (lf=1300 or 1600 mm) is not 
as explosive as that of beam 11 and 12 (lf=2460 mm). 
From the stain measurement over the FRP EBR, it is learned that the moment at the end of the FRP 
EBR is about 48 kNm as the FRP EBR on beam 13 to 16 (lf=1300 or 1600 mm) starts debonding at 
the end of the strip (section 5.6.2). The greater the length of the strip, the greater the moment at 
midspan when the moment at the end of the strip reaches 48 kNm. As the length of the strip on 
beam 13 and 14 (lf=1600 mm) is greater than that on beam 15 and 16 (lf=1300), the moment at 
midspan at the initiation of debonding at the end of the strip is greater for beam 13 and 14 (70 
kNm) than for beam 15 and 16 (60 kNm). The length of the strip on beam 11 and 12 (lf=2460 
mm) is even greater than that on beam 13 and 14 (lf=1600 mm). Before the moment at the end of 
the strip reaches the moment that initiates debonding at the end of the strip, debonding is initiated 
at a different location on the beam.  
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For beam 13 and 14 (lf=1600 mm), failure initiated at the end of the strip and failure initiated 
around midspan are calculated to occur around the same moment at midspan. However, after the 
actual material properties of the beams are determined, failure initiated at the end of the strip is 
calculated to occur before failure initiated around midspan.  
Assuming failure around midspan is only dependent on the cross-section of the FRP EBR, the failure 
load for debonding initiated around midspan of beam 13 and 14 (lf=1600 mm) can be compared to 
that of beam 11 and 12 (lf=2460 mm). Given the fact that the actual failure load of beam 11 and 
12 (debonding initiated around midspan) is even higher than the calculated failure load, it is very 
likely failure of beam 13 and 14 will be initiated at the end of the strip.  
The question remains what would have happened if failure initiated at the end of the strip and 
failure initiated around midspan would theoretically occur for the same moment at midspan. From 
the performed experiments, it is learned the actual failure load of failure initiated around midspan 
in multi span situations is higher than the theoretical failure load. So for future research on this 
subject, the failure load of failure initiated at the end of the strip should be calculated to occur for a 
moment at midspan greater than the theoretical moment of failure initiated around midspan.  
As the debonding at the end of the strip starts long before the actual failure of the strip, it is also 
interesting to study the effects of failure initiated around midspan calculated to occur before failure 
initiated at the end of the strip, but after the debonding at the end of the strip commences. 
 
 
5.8 Verification service load, safety and ductility 
 
Besides requirements concerning the ultimate limit state (ULS) also requirements concerning 
serviceability limit state (SLS) have to be met. According to CUR 91, three requirements have to be 
met. First the internal steel should not yield in the SLS. Secondly, deflections have to be checked. 
Finally crack widths have to be checked. These requirements result in a maximum load related to 
the SLS. Additionally stress limitation, to prevent plastic behaviour under service loads, should be 
fulfilled. This latter check is not included in CUR 91. The smallest value of the loads allowable loads 
in ULS and SLS is called the service load. The service load is expressed as the load in the jack at 
midspan (kN). Based on the service load, safety and ductility are considered. 
 
5.8.1 Service load 
The service load is verified in the ultimate limit state (ULS) as well as the serviceability limit state 
(SLS). The service load Qser is the smallest value of Qk1 to Qk5. These loads are introduced in 
section 4.6.1: 
− Qk1, ULS calculation assuming full composite action between the concrete and the FRP. If full 

composite action is assumed for the tested beam, yielding of the steel reinforcement will cause 
beam failure, followed by FRP failure, before crushing of the concrete, for all beams (figures 
5.17, 5.22, 4.26, 5.31, 5.33 and 5.35). The appropriate safety factors are taken into account 
for the calculation of Qk1; material factors (γm=1.2 for concrete compression strength, γm=1.4 
for concrete strength force, γm=1.15 for steel strength and γm=1.3 for FRP EBR tensile 
strength) and load factors (γf;q=1.5). 

− Qk2, ULS calculation verifying loss of composite action. The four mechanisms of failure of CUR 
91 have been considered. The appropriate safety factors are taken into account for the 
calculation of Qk2; material factors (γm=1.2 for concrete compression strength, γm=1.4 for 
concrete strength force, γm=1.15 for steel strength and γm=1.3 for FRP EBR tensile strength) 
and load factors (γf;q=1.5). 

− Qk3, SLS calculation with respect to stress limitations. These stress limitations have been 
introduced to prevent excessive compression, producing longitudinal cracks and irreversible 
strains in the concrete (σc≤ 0.6 fck or σc≤ 0.45 fck), to prevent yielding of the steel at service 
load (σs≤ 0.8 fyk) [4]. In a similar way the FRP stress under service load should be limited (σf≤ 
0.8 ffk). These stress limitations are not considered in CUR 91. 

− Qk4, SLS calculation with respect to an allowable deflection ulim=l/250 [8]. As can be noted 
from the moment deflection relations on the next page (figure 5.88), ulim (3500/250=14 mm) 
is only reached for by beam 11 and 12 after yielding of the internal reinforcement. For these 
beams Mys is considered for Qk4. For beam 13 to 16, a deflection of 14 mm is not reached and 
Mus is taken for Qk4. 

− Qk5, SLS calculation with respect to the allowable crack width. As all beams are considered to 
be in a dry environment, this calculation is not necessary. 

 
As can be noted from table 5.3, the service load of the beams in the multi span situation is 
governed by FRP bond failure in the ULS. If bond full composite action could be maintained, the 
service loads of the beams the multi span situation would be restricted to stress limitations in the 
SLS. 
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beam exp. data ULS SLS Qser Ratios 

 Qu Qk1 Qk2 Qk3 Qk4 (=Qk,min) Qu/Qser Qu,ref/Qser

 [kN] [kN] [kN] [kN] [kN] [kN] [-] [-] 
12 (preload) 156.7* 93.4 - 126.7 >159.6 93.4 1.68 1.68 
16 (preload) 170.5* 99.9 - 138.9 >166.0 99.9 1.71 1.71 

11 275.7 191.6 106.7 158.1 >236.5 106.7 2.58 1.47 
12 264.2 187.9 105.3 149.2 >245.3 105.3 2.51 1.49 
13 218.0 190.3 106.0 155.7 >203.7 106.0 2.06 1.48 
14 214.3 187.9 105.3 153.8 >203.7 105.3 2.04 1.49 
15 218.3 190.5 98.7 156.1 >203.7 98.7 2.21 1.59 
16 231.4 192.6 100.7 162.1 >215.6 100.7 2.30 1.69 

 * as beam 12 and 16 have not been preloaded up to failure, this is the analytical failure load  

Table 5.3: service loads of tested beams 
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  Figure 5.88: displacements at midspan beam 11 to 16 

5.8.2 Safety 
The safety of the beams against an overloading situation is evaluated based on the ratio of the 
ultimate load to the service load (Qu/Qser in table 5.3). Beam 12 (preload) is the unstrengthened 
reference beam for beam 11, 12, 13, 14 and 15, as the depth of concrete cover of beam 12 is 
larger than that of these beams. Beam 16 (preload) is the unstrengthened reference beam for just 
beam 16, as the depth of the concrete cover is to small to be a reference for the other beams. The 
analytical failure load of beam 12 (preload) and 16 (preload) is considered the experimental failure 
load, as these beams have not been loaded up to failure. A ratio between 2.06 and 2.58 is found 
for all beams. The ratio increases with respect to that of the reference beams. 
 
The second ratio in table 5.3 gives the ultimate load of the reference beam to the service load. The 
service load remains smaller than the ultimate load of the reference beam for all beams. This 
implies that in case of accidental loss of the FRP EBR under service load, the beam will not 
collapse. The safety against overloading in an accidental situation is given by the ratio Qu,ref/Qser.  
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5.8.3 Ductility 
As a result of strengthening, the curvature and 
deflection of the beams decrease in relation to an 
unstrengthened beam. This is displayed in the M-κ 
relations of the tested beams. To guarantee a minimum 
ductility of the strengthened beams, the internal steel 
should sufficiently yield at ultimate load. Matthys [4] 
suggests the ratio of the ultimate curvature to the 
curvature at yielding of the internal steel should at 
least be 1.72. This ratio is calculated for the tested 
beams and displayed in table 5.4.  
It appears this requirement is only met for two of the 
beams (beam 11 and 12). For beam 13 to 16, the 
internal steel is yielding insufficiently.  
The ductility requirement given in CUR 91 concerns a 
maximum depth of the concrete compressive zone 
according to VBC 1995. All tested beams fulfil this 
requirement and it can be questioned if this approach is 
correct for strengthened structures. 

 

 

 
 

beam 1/ru 1/ry ratio 
 [1/m] [1/m] [-] 

12 (preload)* 0.0718 0.0086 8.35 
16 (preload)* 0.1000 0.0082 12.20 

11 0.0210 0.0096 2.19 
12 0.0192 0.0111 1.73 
13 0.0118 0.0104 1.13 
14 0.0092 0.0083 1.11 
15 0.0112 0.0099 1.13 
16 0.0132 0.0110 1.20 

* analytical value 

Table 5.4: curvature ductility index 

 
 
5.9 Conclusions  
 
From the conducted experiments on reinforced concrete beams, strengthened with externally 
bonded FRP in a multi span situation, the following is concluded: 
− The capacity of all six tested beams has increased compared to the predicted capacity of the 

unstrengthened beams. This increase lies between 1.33 and 1.68 times the capacity of the 
unstrengthened beam. 

− All actual failure loads were higher than the analytical failure loads. Regardless the actual 
mechanism of failure, the capacity of the beams was never overestimated. Note the analytical 
failure loads have been calculated with the characteristic value of the models as published in 
CUR 91, considering all material factors equal to 1. 

− The little scatter in the results, in combination with the limited amount of beams tested in the 
multi span situation, makes it impossible to draw conclusions for the effects of eccentrically 
applied FRP EBR and preloading of the structure. Further research is required. 

− Even though the additional data derived from the experiments in the single and the multi span 
situation give no reason to question the correctness of the model for peeling-off caused at 
shear cracks by Matthys, the model could possibly be improved by data from structures with 
high equivalent reinforcement ratios (ρeq≈ 0.010 to 0.012) and low equivalent reinforcement 
ratios (ρeq≈ 0.002 to 0.004) (figure 5.55 and 5.56). 

− CUR 91 locates the critical cross-section for mechanism A (peeling-off caused at shear cracks) 
at a distance ds from an intermediate support. This is possibly incorrect; the critical cross-
section could be located at the edge of the intermediate support (figure 5.71). 

− From the results of the performed experiments, it appears the model for mechanism B 
(peeling-off caused by high shear stress) could be included in the model for mechanism A 
(peeling-off caused at shear cracks).  

− The factor εs/εf is assumed to be equal to 1 in mechanism C (peeling-off at the end anchorage) 
of CUR 91. For the calculation of the force in the FRP EBR, this is an incorrect assumption. The 
factor should be included in the calculation. As the strain is linear over the height of the cross-
section, the factor εs/εf is dependent on the effective depths of the materials and equals ds/df 
for εs≤εy. Furthermore, the basis of the calculation should be changed to Nvf(x)=Nvfmax. 

− The service load of the tested beams is governed by the ULS. The safety against an 
overloading situation lies between 2.06 and 2.58. The ratio increases with respect to that of an 
unstrengthened beam. 

− Even though the application restrictions, added to the model for end shear failure by Jansze, 
are not fulfilled for some of the beams in the multi span situation, this did not cause premature 
failure for any of the beams. Further research is required. 

− No confirmation for the theory by Matthys on the non-progressive character of flexure crack 
bridging is found through this ESPI measurement. Further research is required. 

− The ductility of all strengthened beams decreased considerably in comparison the 
unstrengthened beams. As all tested beams fulfil the ductility requirement of CUR 91, it can be 
questioned if this approach is correct for strengthened structures. 

− The use of a high-speed camera can aid to determine the location where the FRP EBR starts 
debonding, as this usually happens very explosively, and can be valuable in further research. 
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6 Conclusions and recommendations 
 
In recent years, the technique of strengthening reinforced concrete structures with externally 
bonded carbon fibre reinforcement has already been frequently used. But as code regulations are 
scarce and one is often subjected to the information of the suppliers, many clients and structural 
engineers are still tended to hold back in the use of the technique. The publication of CUR 91, the 
Dutch report of recommendation on the use of CFRP EBR, in June 2002 was an important impulse 
for the use of the technique in the Netherlands. 
For the formulation of CUR 91, the committee was mainly dependant on information and 
calculation models that resulted from several research programs. However, the available 
information and calculation models did not cover all aspects of the design of strengthening with 
externally bonded FRP EBR. One of the aspects that requires further research is the application 
flexural strengthening over an intermediate support. The research conducted so far has only been 
performed on beams in single span situations, where strengthening is applied for positive 
moments. It is not known if the mechanisms of failure found in these single span situations, also 
apply for multi span or cantilever situations, where strengthening continues beyond an 
intermediate support. The performed study provides information to increase the insight and 
improve design models on this subject and related subjects. 
 
 
6.1 Conclusions 
 
From the performed experiments it can be concluded the technique of strengthening reinforced 
concrete with externally bonded carbon fibre reinforcement is effective for all tested beams. The 
capacity in both the ultimate and the serviceability limit state of the strengthened beams is 
positively influenced. The safety against an overloading situation also increases.  
All actual failure loads were higher than the analytical failure loads. Regardless the actual 
mechanism of failure, the capacity of the beams was never overestimated. Note the analytical 
failure loads have been calculated with the characteristic value off the models as published in CUR 
91, considering all material factors equal to 1. Furthermore, the results of the experiments in the 
single and multi span situation give no reason to consider a different approach for the mechanisms 
of failure for multi span structures. 
The results from the performed experiments increase the insight in the different mechanism of 
failure as described in CUR 91 and give ground for improvements of the models describing these 
mechanisms. From the increased insight in mechanism A (peeling-off caused at shear cracks) and 
mechanism B (peeling-off caused by high shear stress), it appears that the models used to 
describe these mechanisms, describe the same phenomenon. However, as the models for 
mechanism A is based on experimental data, it includes certain influences that have not been 
taken into account for in the model for mechanism B. From the performed experiments, it appears 
mechanism B could included in mechanism A. Furthermore, the critical cross-section for 
mechanism A in the multi span situation as given in CUR 91 is possibly incorrect. In CUR 91, the 
critical cross-section is located at a distance ds from the intermediate support, whereas critical 
cross-section could be located at the edge of the support.  
From the performed study, it also appears, the assumption made in CUR 91 that the factor εs/εf is 
equal to 1 is incorrect for the calculation of the force in the fibre The actual value of this factor 
should be included in the calculation. As the strain is linear over the height of the cross-section, the 
factor εs/εf is dependant on the effective depths of the materials and equals ds/df for εs≤εy. 
Additionally, the basis of the calculation should be changed to Nvf(x)=Nvfmax. This makes the 
calculation of the failure load according to mechanism C shorter and easier and still brings about 
the same result. 
The little scatter in the results, in combination with the limited amount of beams tested, makes it 
impossible to draw conclusions for the effects of eccentrically applied FRP EBR, preloading and the 
influence of the amount of stirrups. 
Two of the applied measurement systems, ESPI and the high-speed camera, had not been used for 
the research on flexural strengthening with externally bonded carbon fibre reinforcement before. 
Both systems meet up to the expectations. ESPI is very useful for detailed observations of the 
bond behaviour between the concrete and the FRP EBR or crack development close to the FRP EBR. 
The use of the high-speed camera is also valuable. There are many different recording modes and 
finding the most suitable mode demands perception in the actual failure mode as well as proper 
testing. 
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6.2 Recommendations 
 
Even though the insights on many aspects of flexural strengthening of reinforced concrete 
structures with externally bonded FRP EBR have increased, further research is recommended. One 
of the things this research should concentrate on is the model for mechanism A (peeling-off caused 
at shear cracks). This model, proposed by Matthys, originates from a curve fitting through several 
data points obtained by Deuring, Kaiser and Matthys, plotted in an ρeq-τRp relation. The additionally 
derived data from the performed experiments are within limited deviation of the model by Matthys. 
However, the model could possibly be improved by data from structures with high equivalent 
reinforcement ratios (ρeq≈ 0.010 to 0.012) and low equivalent reinforcement ratios (ρeq≈ 0.002 to 
0.004) as the curve fitting is still very sensitive to data at these extremes. 
Another aspect requiring further research concerns mechanism C (peeling-off at the end 
anchorage). As observed in the experiments, the FRP EBR starts debonding at the end of the strip, 
as the force in the FRP at the end of the strip reaches a certain value. Depending on the length and 
cross-section of the fibre, this could be far before the failure load of the structure is reached. This 
makes it possible that the fibre already starts debonding before the service load of the structure is 
reached. An additional model should be derived to predict the load at the end of the fibre when 
debonding is initiated. This model should subsequently be included in the requirements for the 
serviceability limit state of CUR 91. 
From the results of one of the tested beams and the analytical verification of mechanism D (end 
shear failure), it appears the failure load of this mechanism is not yet accurately predicted. It might 
be necessary to make a new analysis to find the right adjustment of the Kim and White model for 
FRP EBR. Including the second application restriction of the model, proposed by Jansze, could also 
be the adequate adjustment of the model. As this latter application restriction is based on 
concentrated loading, it might be difficult to transform it in a practical design restriction. This also 
requires further research. 
The strongly decreased ductility of the strengthened beams in both the single and the multi span 
situation is another issue requiring additional research. Most of the tested beams do not meet the 
minimum ductility requirement proposed by Matthys. This implies these structures do not give 
adequate warning when close to reaching the ultimate load. It might be necessary to implicate 
ductility requirement in CUR 91. 
The theory by Matthys on the non-progressive character of flexural crack bridging has been 
examined in this study. However, no confirmation for the theory is found. ESPI appeared to be a 
suitable measurement system for further research on this subject. 
Finally continued research is necessary for other strengthening options with carbon fibre 
reinforcement, like prestressed FRP EBR or confinement of columns. As long as the amount of 
information and design models on these subjects is insufficient, these strengthening techniques will 
not be integrated in CUR 91. This leaves valuable techniques unutilised.  
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