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Abstract 

One of the major problems engineers encounter when working with rotating ma- 
chines is the balancing of the rotor. Imbalance is the standard cause of vibration 
in rotating equipment. These vibrations can lead to undesirable system behaviour, 
noise, higher energy consumption, accelerated wear of machine parts or even mal- 
functioning of the equipment. 
The Automatic Balancing Unit (ABU) is a system that can be used to balance 
rotating machine parts. Especially when an unknown or unpredictable imbalance is 
present on the rotor, the ABU can be a useful solution. An ABU consists of a cir- 
cular disc, concentrically mounted to the rotating machine part, carrying a number 
of freely moving balls. When the rotational speed of the ABU exceeds the critical 
speed (equal to  the eigenfrequency of the system), the balls automatically shift to 
a configuration that leads to balancing, resulting in reduced vibrations. 
The ABU under investigation in this thesis is used in CD-ROM players. Conse- 
quently, no oil is allowed in the system, so the balls run on a dry surface, inducing 
dry friction effects, such as stiction. Due to this stiction behaviour of dry friction, a 
set of equilibrium positions is possible. The influence of dry friction on this equilib- 
rium set and the resulting residual imbalance has been the subject of this research. 
An experimental setup, provided by Philips Optical Storage, has been prepared to 
enable measurements of the equilibrium set, resulting amplitudes of the vibrations 
and to  make (highspeed) video recordings. 
A dynamic model of the ABU has been derived, where the friction interaction be- 
tween the balls and the rim of the ABU is modeled by means of the (Amontons) 
Coulomb friction model. This friction model is capable of representing the stiction 
behaviour of dry friction. In order to  find the equations of motions, Lagrange's equa- 
tions for systems with constraints were used. These equations have been extended 
to include the friction model. The parameters of the model have been identified 
from the experimental setup. 
The dynamic model was numerically implemented. To improve simulation perfor- 
mances, the so-called Switch Model was used. This was done to overcome numerical 
problems, due to the discontinuous character of the friction model. 
An analysis of the equilibrium sets was performed. It appeared that the size of 
the equilibrium set is highly dependent on the value of the friction coefficient in 
the Coulomb friction model. The rotational speed w has a large influence as well. 
When w approaches the eigenfrequency of the system, the equilibrium set reduces 
in size. 
Due to the fact that an appropriate analysis tool could not be found during this 
project, a stability analysis on the equilibrium set could not be performed. To gain 
insight in the stability of the equilibria, numerical time simulations, using arbitrary 
initial conditions, were performed. The simulations that resulted in equilibria were 
collected. These results showed that some parts of the equilibrium set were more 
'preferred' than others. 
These results have been experimentally validated. The results show mutual resem- 
blances, but there are some differences as well. These differences may be caused by 



Abstract 3 

model deficiencies, but the way measurements have been performed may have been 
a cause for the differences, too. 
Finally, it is shown that both the ABU model and the experimental setup exhibit 
limit cycle behaviour. 
This study was done within the scope of the ADOPT project. The ADOPT (Sequen- 
tial Approximate Design Optimization) project aims at developing new strategies 
for computer aided optimization of mechanical products, systems and processes ex- 
hibiting combinzitions of ~ucertair,ties, discrete desig2 vmiables and discontinuities. 



Samenvatt ing 

Een van de grootste problemen die technici tegenkomen wanneer er gewerkt wordt 
met roterende machines is het balanceren van de rotor. Onbalans is een stan- 
daard oorzaak van trillingen in roterende installaties. Deze trillingen kunnen tot 
ongewenst systeemgedrag, lawaai, hoger energieverbruik, versnelde slijtage van 
machine-onderdelen of zelfs defecten van de apparatuur leiden. 
De Automatic Balancing Unit (ABU) is een systeem dat gebruikt kan worden om 
roterende machine-onderdelen te balanceren. Met name wanneer er een onbekende 
of onvoorspelbare onbalans aanwezig is op de rotor, kan de ABU een nuttige oplos- 
sing zijn. Een ABU bestaat uit een cirkelvormige schijf met opstaande rand, die 
concentrisch gemonteerd is op het roterende machine-onderdeel, en een aantal vrij 
bewegende ballen bevat. Wanneer de rotatiesnelheid van de ABU de kritische snel- 
heid (gelijk aan de eigenfrequentie van het systeem) overschrijdt, bewegen de ballen 
automatisch naar een configuratie die leidt tot balans, hetgeen resulteert in gere- 
duceerde trillingen. 
De ABU die in dit verslag wordt beschreven, wordt gebruikt in CD-ROM spelers. 
Dientengevolge is er geen olie in het systeem toegestaan, waardoor de ballen op 
een droog oppervlak lopen, hetgeen droge wrijvingseffecten tot gevolg heeft, zoals 
stiction. Als gevolg van dit stiction-gedrag van droge wrijving is er een set van 
evenwichtsposities mogelijk. De invloed van droge wrijving op deze evenwichtsset 
en de resulterende residuele onbalans is het onderwerp van dit onderzoek geweest. 
Een experimentele opstelling, aangeboden door Philips Optical Storage, is gepre- 
pareerd om metingen aan de evenwichtsset en de resulterende amplitudes van de 
trillingen uit te voeren en om (hogesnelheids-) video-opnamen te  maken. 
Er is een dynamisch model van de ABU afgeleid, waarin de wrijvingsinteractie 
tussen de ballen en de rand van de ABU gemodelleerd zijn met behulp van het 
(Amontons) Coulomb wrijvingsmodel. Dit wrijvingsmodel is in staat om het stiction- 
gedrag van droge wrijving te  representeren. Om de bewegingsvergelijking t e  verkrij- 
gen, zijn Lagranges vergelijkingen voor systemen met randvoorwaarden gebruikt. 
Deze vergelijkingen zijn uitgebreid om het wrijvingsmodel toe te  kunnen voegen. 
De parameters van het model zijn gei'dentificeerd op basis van experimenten. 
Het dynamische model is numeriek ge'implementeerd. Om de prestaties van de si- 
mulaties te  verbeteren, is het zogenaamde Switch Model gebruikt. Dit is gedaan 
om numerieke problemen te  verkomen die veroorzaakt worden door het discontinue 
karakter van het wrijvingsmodel. 
Een analyse van de evenwichtssets is uitgevoerd. Het bleek dat de vorm van de 
evenwichtsset zeer afhankelijk is van de waarde van de wrijvingscoefficient in het 
Coulomb wrijvingsmodel. De rotatiesnelheid w heeft eveneens een grote invloed. 
Wanneer w de eigenfrequentie van het systeem benadert, neemt de evenwichtsset in 
grootte af. 
Bij gebrek a m  een geschikte analysemethode is het gedurende dit project niet mo- 
gelijk gebleken een stabiliteitsanalyse uit te  voeren op de evenwichtsset. Om inzicht 
in de stabiliteit van de evenwichtsset te  verkrijgen, zijn er numerieke tijdsimulaties 
verricht, gebruik makend van arbitraire begincondities. De simulaties die in even- 



Samenvat ting 5 

wicht resulteerden zijn verzameld. Deze resultaten toonden aan dat sommige delen 
van de evenwichtsset meer resulterende evenwichtsoplossingen bevatten dan andere. 
Deze resultaten zijn experimenteel gevalideerd. De resultaten vertonen onderlinge 
overeenkomsten, maar er zijn ook enige verschillen op te  merken. Mogelijke oorza- 
ken voor deze verschillen zijn ontoereikendheden van het model, maar de verschillen 
kunnen ook veroorzaakt zijn door de manier waarop de metingen zijn uitgevoerd. 
Tot slot is aangetoond dat zowel het ABU-model als de experimentele opstelling 
Emit cycles vertonen. 
Deze studie is uitgevoerd in het kader van het ADOPT project. Het ADOPT 
(Sequential Approximate Design Optimization) project streeft de ontwikkeling van 
nieuwe strategieen na voor computerondersteunde optimalisatie van mechanische 
producten, systemen en processen, die door combinaties van onzekerheden, discrete 
ontwerpvariabelen en discontinu'iteiten gekenmerkt worden. 
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Chapter 1 

Introduction 

One of the major problems engineers encounter when working with ro- 
tating machines is the balancing of the rotor. Imbalance is the standard 
cause of vibration in rotating equipment. These vibrations can leac! t o  
undesirable system behaviour, noise, higher energy consumption, accel- 
erated wear of machine parts or even malfunctioning of the equipment. 
Especially when the machine is heavily loaded, rotational speeds are 
high or the design of the machine demands high precision, balancing 
of the rotor can be the most time-consuming and delicate operation in 
the production or design process. Sometimes, it is even impossible to  
balance a machine in advance, as the size and position of the imbalance 
may be unpredictable or subject to change. Imagine a washing machine: 
the imbalance varies in pace with the movement of the wet clothes and 
water. In this report a possible solution to this problem is discussed: 
The Automatic Balancing Unit (ABU) 

1.1 Usage of the ABU and Different Types of ABUs 

An Automatic Balancing Unit (figure 1.1) is a system that continually counter- 
acts imbalance in rotating machinery. It consists of a circular disc, concentrically 
mounted to the rotating machine part, carrying a number of freely moving balls. 
When the rotational speed of the system exceeds the so-called critical value, the 
balls automatically shift to  a configuration that leads to  balancing, resulting in 
reduced vibrations. The system remains balanced, regardless of the imbalance vari- 
ations. 
There are a couple of known applications of the ABU. SKF AutoBalance Systems 

AB, for example, produces a couple of balancing units, which are known by the 
name ~~nas~in~~(htt~://d~nas~in.skf.com). Applications are for example: wash- 
ing machines, angle grinders, centrifuges and electric motors. 
Philips Optical Storage (POS) also worked on the development of a ball balancer, 
used in CD-ROM players. Furthermore, LG Electronics and Sarnsung are known 
to produce CD-ROM players with ABUs (see figure 1.1). Imbalances on CD-ROMs 
induce vibrations, especially at high rotational speeds. Nowadays, CD-ROM play- 
ers can reach rotational speeds of 1130 [rad/s] (10800 RPM, "56 Speed CD-ROM") 
or even higher. At these speeds, vibrations can become so large, that an accurate 
positioning of the laser beam on a track of the CD-ROM becomes very difficult. 
Consequently, POS started the development of an ABU for CD-ROM players. This 
ABU is still a burning issue, as it is POS's ABU that is the subject of this study. 
First, the general working principle of an ABU is explained, then POS's ABU is 
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Figure 1.1: Example of an Automatic Balancing Unit, mounted in the GDR-8160B 
DVD-RQNI Drive of LG Electronics. The CD or DVD is placed on top of the ABU 
by means of a magnetic coupling (not shown in the picture). 

discussed, which finally leads to  the problem definition of this thesis. 

1.2 Working Principle of the ABU 

The working principle of an ABU can be explained with the help of the following 
illustrative model, figure 1.2, which shows a schematic representation of the top 
view of the ABU, including the imbalance. 
The geometrical center of the ABU and the rotor axis are situated in point B. Point 
C represents the imbalance (modeled as a point mass) and ml and m2 represent 
the balls. The resulting imbalance (which is the resultant of the imbalances cor- 
responding to  C, m~ and m2) is represented by point r. Actually, besides point 
I?, a corresponding mass is needed to  define the resulting imbalance. However, to  
illustrate the working principle of the ABU, it is sufficient to  know its location, 
defined by point I?. 

In fact, when the movements of the balls are neglected, this model is identical 
to the Jeffcott rotor model [Childs 931. It is known from the Jeffcott model that, 
when the rotor has a constant speed (fl(t) = w), it experiences a synchronous (at 
the same rotational speed as the running speed w) motion in a circular orbit, due 
to the imbalance in I'. The ABU exhibits the same behaviour: in figure 1.2, the 
center of the circular orbit is point A, which is fixed to  inertial space. Points A 
and B coincide, when the ABU is at rest (w = 0) or when the system is completely 
balanced. 
The behaviour of the balls can now be explained by taking a look at the forces that 
act on them: first, there is the centrifugal 'force" (I),  which is directed along the 
line from A to mi. The second force acting on the ball is the normal force (2), 
exerted by the rim of the ABU. The normal force is directed perpendicular to the 
contact surface, so towards point B. The resultant of these two forces is a tangen- 
tial force, which excites the balls. Therefore, this resultant force will be called the 
driving force (3). 
Now the only thing that has to be explained is how the balls are driven to such 

'The word 'force' is put between quotation marks, because it is actually an appa~ent force, 
experienced by a mass when it moves along a curved line, due to inertia effects. 
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1 : Centrifugal 'force' 
2: Normal force 
3: Driving force 

Figure 1.2: Working Principle of the ABU 

positions that result in balancing of the system. The Jeffcott model provides the 
clue: below the critical speed of the system, the rotor is in phase with the imbalance 
vector (the vector &r,  pointing from B to I?); above the critical speed, the rotor 
is 180° out of phase with FBr. Therefore, below the critical speed, vectors FAB 
(the vector, pointing from A to B) and r'sr point in the same direction, whereas 
above the critical speed, they point in opposite directions. Note: when the ABU is 
linearly isotropically suspended (meaning that the springs and dashpots are linear 
and have equal values of the stiffness, respectively damping coefficient), the critical 
speed equals the value of both (equal) eigenfrequencies. 
With this in mind, the interplay of forces is reconstructed. It shows a remarkable 
effect: in figure 1.3, it can be seen that the driving force is pointed towards the 
imbalance in r, thus pushing the balls towards the imbalance and enlarging the 
it. In figure 1.4, however, the driving force points away from the imbalance, which 
results in the balls rolling in such a direction that the imbalance is decreased. When 
the system is completely balanced, points A, B and r coincide, the centrifugal and 
normal forces point in exact opposite direction, cancelling out each other; conse- 
quently the driving force is zero. This is the steady state solution, for which the 
system is balanced. 

1.3 The Automatic Dry Ball Balancer 

For reasons of simplicity, internal dissipative effects were omitted in the previous 
section. Nevertheless, these dissipative effects are crucial for the functionality of 
the ABU, as it is needed that the kinetic energy of the balls is absorbed. This 
energy dissipation is necessary to obtain stability of the ball positions that balance 
the system, see for example, [Lee 951, [Lee 961. 
In the ABUs that are subject to the studies in [Lee 951 and [Lee 961, viscous damping 
is responsible for the energy dissipation. Such damping can be introduced by filling 
the ABU with oil or some other viscous fluid. However, in an ABU that must 
function inside a CD-ROM player, this is not possible. Oil leakage would destroy 
the optical system of the CD-ROM player, making it unusable. Therefore, POS 
decided to create an ABU without oil, where the balls run on a dry surface: the 
Automatic Dry Ball Balancer. 
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Figure 1.3: Interplay of forces: Below 
critical speed. 

Figure 1.4: Interplay of forces: Above 
critical speed. 

Balls running on a dry surface are subject to  dry friction forces, acting between the 
balls and the rim of the ABU. This has a big influence on the system dynamics. In 
[Koevoets 011 a first attempt was made to create a model of the ABU, including 
friction between balls and rim. However, in that work, a 'smooth7 friction model was 
chosen, which could account for some but not all friction induced effects. Especially 
the so-called stiction behaviour of dry friction was not accounted for. This brings 
us to the problem definition. 

1.4 Problem Formulation 

The following is meant with the stiction behaviour of dry friction: the ability of the 
friction force to  counteract an external force at zero (relative) velocity, resulting in 
zero acceleration. Section 3.3 discusses this property in more detail. 
Due to this property, the balls of the ABU can come to rest at other places than 
the (desired) balancing position. This leads to a residual imbalance and residual 
vibrations. The collection of all the configurations where the balls can come to  rest, 
combined with the resulting vibrations of the rotor (due to  the residual imbalance) is 
called the equilibrium set. Therefore, the following problem definition was adopted 
for this thesis: 

What is the impact of dry fnction between the balls and the rim of an 
ABU on the equilibrium positions of the balls and the resulting vibrations 
of the rotor? 

To answer this question, analysis of the equilibrium set was performed with the 
help of a dynamic model of the ABU, as well as by performing measurements on an 
experimental setup. By comparing these results, the ABU model can be validated. 
Firstly, the subject of this study is introduced. This is done in chapter 2, which 
gives an overview of the experimental setup (created by POS) that was used during 
this thesis. 
Secondly, the dynamic model of the ABU is presented. The main interest of this 
thesis is the influence of the stiction behaviour on the system dynamics, so a fric- 
tion characteristic has been implemented, that is able to represent that kind of 
behaviour. This choice of the friction characteristic has a big impact on the dy- 
namic model of the system, as wiIl become clear in this report. Chapter 3 discusses 
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the dynamic model of the ABU and ends with the identification of the parameters. 
To enable simulations, the dynamic model has been numerically implemented in 
the programming software Matlab. Chapter 4 is dedicated to  this matter. 
Analysis was performed in order to get insight on the effect of dry friction on the 
equilibrium set of the balls, using the analytical and numerical models. Further- 
more, experiments were done, to validate the results of this analysis. In chapter 5, 
the analysis techniques that were used are explained and the results are presented. 
These resuIts are conpared to  the ones, obtained by means of experiments. 
Finally, a phenomenon that is known to arise in non-linear systems, limit cycling 
behaviour, is discussed. Limit cycles are one of the major drawbacks of the ABU, 
as they lead to undesired vibrations. At the end of chapter 5 ,  it is shown that 
these limit cycles are found in both the ABU model and the experimental setup, by 
means of a few results. 
The report is concluded with chapter 6: conclusions are drawn and recommenda- 
tions for future research are listed. 

1.5 Motivation for this Project 

The ABU system is a very interesting system to investigate, as a lot of nonlinear 
effects take place. This makes it a useful research object for the Dynamics and 
Control (DC) section of the Department of Mechanical Engineering at Eindhoven 
University of Technology. 
At the DC section, research is performed on systems where friction and contact 
between two or more elements is present. Topics of interest are modeling of systems 
with impact and friction, analysis methods that are useful for these kinds of systems 
and the effects of impact and friction on the behaviour of dynamical systems. In 
this thesis, only the friction problem is coped with, but collision effects between the 
balls in the ABU are a point of interest, too. 
Furthermore, research is done to  develop a design optimization tool that can cope 
with a very broad range of optimization problems. This research project is called 
the ADOPT (Sequential Approximate Design Optimization) project. The ADOPT 
project aims at developing new strategies for computer aided optimization of me- 
chanical products, systems and processes exhibiting combinations of uncertainties, 
discrete design variables and discontinuities. 
The ABU contains all these problem characteristics. For example, the size and 
direction of the imbalance a t  the CD-ROM are uncertain variables, as well as the 
values of the stiffness and the damping coefficients of the supports of the system. 
As will be elucidated in this report, friction has a discontinuous character. More- 
over, the number of balls in the ABU is an example of a discrete design variable. 
An interesting design optimization objective would be minimizing the resulting im- 
balance of the system. Therefore, the ABU would make an ideal test-case for the 
optimization tool. 



Chapter 2 

Experimental Setup 

In this chapter, a description of the system under investigation is given. 
The experimental setup with the ABU was created by Philips Optical 
Storage (POS). This setup served as a starting point for the dynamic 
model of the ABU. Furthermore, the setup was used to  perform experi- 
ments in order to be able to validate the results that were obtained from 
the model. 
A description of the experimental setup will be given in the first section 
of this chapter. Section 2.2 reports the effort that was done during this 
project to influence the friction between the balls and the rim of the 
ABU by changing the ball and ABU materials. Section 2.3 describes 
the way in which the measurements were performed in more detail. 

2.1 Description of the Setup 

Figure 2.1 shows a picture of the experimental setup. The ABU and the CD are 
rigidly attached to the rotor part of the motor. The motor is the standard motor, as 
used in CD-ROM players that are produced by POS. The stator part of the motor 
is mounted onto a steel table. This complex is supported by 4 steel wits. The length 
of these wits can be varied, resulting in different spring stiffnesses. Attached to  the 
steel table is a rod, which is dipped into oil. By varying the length of the part of the 
rod which is submerged in the oil, or by changing the (viscosity of the) oil, different 
values of the damping coefficient can be obtained. 
To reduce the influence of external factors (for example: the vibrations caused by 
the fan of a computer can influence the measurements), the setup was placed on a 
granite block (weight: 110 kg), which rests on a table, separated from other equip- 
ment. This was sufficient to isolate the experimental setup from its surroundings. 
The isolation could have been improved even further, by supporting the granite 
block with weak springs. However, this has proved to  be unnecessary. 
Originally, the disc was placed on top of the ABU. This way of attaching the CD was 
advantegeous because the CDs (with different imbalances) could be interchanged 
very quickly. However, the major disadvantage was that the magnetic coupling, 
which was used to attach the disc to the ABU, disabled a top view of the ABU and 
the balls. Especially, when limit cycles or the transient behaviour of the balls is in- 
vestigated, this top view is a necessary feature to be able to  perform measurements, 
see section 2.3. Therefore, the CD has been mounted underneath the ABU, as can 
be seen in the picture. 
In order to be able to apply different imbalances to the system, 24 equidistant holes 
were drilled in the CD. After the drilling and the attachment of the CD between the 
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Figure 2.1: Picture of the experimental setup. 

motor and the ABU, the system was balanced, by sticking little pieces of tape onto 
the CD. Now, with the help of a few screws that can be put in the holes, different 
imbalances can be created, that have known size and position. 
The motor can operate a t  different rotational speeds, varying from approximately 
-31 [rad/s] to  -1571 [rad/s]; these are negative values, because the motor turns clock- 
wise. The motor speed is controlled by a control unit on a printed circuit board 
(PCB), that can be managed by a computer program, called mot4 .exe, created by 
POS. Appendix A gives an overview of the most important options of this program 
and some other aspects which need to be considered. 

2.2 Friction between Balls and ABU 
This section describes the work that was done to get a grip on the friction that 
acts between the balls and the rim of the ABU. In order to  get insight in how the 
behaviour of the system is influenced by the type and level of friction, it would 
be interesting to  be able t o  change these properties. However, friction is difficult 
to regulate, as it mainly depends on the materials used, the shape of the contact 
surface (on both microscopic and macroscopic level) and the physical conditions of 
the interface. 
It was chosen to  use different materials. Influencing the contact surface on macro- 
scopic level would require changing the dimensions of the setup (and corresponding 
model), which would complicate the process of identifying possible correlation be- 
tween the results. Three different ball materials were used: steel, tungsten carbide 
steel and brass. In addition to the existing polycarbonate ABU, a new chrome-steel 
ABU was created. 
Experiments were performed to investigate whether the different combinations of 
materials resulted into changes regarding the friction between balls and ABU. The 
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experiments and their results are discussed in section 3.6; here the statement of 
the conclusions that resulted from these experiments will suffice. It was concluded 
that -unfortunately- no significant differences could be observed between the ex- 
perimental results of the 6 material combinations. As a result, it was not possible 
to vary the friction coefficient experimentally, during this project. 
Consequently, the material choice was based on other grounds than friction. It was 
chosen to  use the polycarbonate ABU in combination with the brass balls. The 
polycarbonate ABTJ has the adva~ttage that it is momted onto the rotor sh& by 
meam of a force fit. This guarantees concentricity relative to the rotation axis. 
The steel ABU could not be mounted with a force fit, because there was a little 
clearance. It appeared, during some of the other experiments, that because of this 
clearance, there was an eccentricity between the ABU and the rotor shaft that had 
dramatic effects on the results. Therefore, the steel ABU was not useful for further 
experiments. 
The choice for the brass balls was made for reasons of magnetism. The steel and 
tungsten carbide steel balls showed magnetic behaviour. Because of that, it might 
be possible that the two balls would show mutual attraction or repulsion, thus influ- 
encing the measurements in an unwanted manner. The brass balls are not subject 
to magnetism and were therefore chosen to be more suitable. 

2.3 Measurement Techniques 

The following variables should be measured: the movement of the table and the 
movements of the balls. To measure the movement of the table, two accelerometers 
were attached to it, see figure 2.1. These sensors provide information concerning the 
linear accelerations in the plane of the table, in fixed directions. Both sensors were 
calibrated in the frequency domain [20,1000] Hz: for all frequencies in this domain, 
the response of the accelerometers was proportional to  the applied acceleration. 
The corresponding sensor gains are shown in table 2.1. 
To measure the positions of the balls, two different methods were used, depending 

Table 2.1: Gains accelerometers. 

on the subject of interest. For the first method, an optical sensor (figure 2.1) 
was mounted onto the steel table, registering each passing of each ball at Pi(k) = 
Ic . 2n, k = 1,2,. . . by the light reflection of the balls. Moreover, a steel wire was 
spanned over the diameter of the ABU, which can be detected by the sensor as well, 
see figure 2.2. This wire does not influence the behaviour of the balls, but acts as 
a 'static7 reference for the ABU: the iron wire produces two reference peaks in the 
sensor signal, that correspond to  two defined angles on the ABU. By comparing the 
positions of the peaks, corresponding to the balls, relative to these reference peaks, 
it is possible to determine the angles of the balls, relative to the imbalance, with an 
accuracy of 0.1 [rad] (6"). 
The advantage of this method is that measurements can be performed very quickly 

(one measurement lasts approximately one minute), so a lot of ball positions can be 
measured with this method. This makes it a useful method to measure the possible 
positions of the balls in the equilibrium set. 
However, to investigate the transient or limit cycle behaviour of the balls or collisions 
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Figure 2.2: Top view of the ABU, showing the balls, steel wire and the marker that 
is used for the highspeed recordings (Note: the optical sensor was removed when 
this picture was taken). 

between them, it is not sufficient to get information about their positions only each 
time they pass the optical sensor. Therefore, another measurement technique was 
used, namely by using a high speed camera. This camera can be placed above 
the experimental setup. The camera that was used during this thesis is able to 
record 4500 frames per second. With the help of picture analysis software, the 
positions of the balls could be reconstructed at an accuracy of 0.023 [rad] (1.3"). 
For that purpose, a marker was drawn a t  the CD, which acted as a reference for 
the imbalance (instead of the iron wire), see figure 2.2. 
The disadvantage of this technique is that the complete process of recording, data 
transport and picture analysis takes a lot of time: approximately 4 to 6 hours, for 
one take of 0.68 [s] (3072 frames). 



Chapter 3 

Dynamic Model of the ABU 

In this chapter, the dynamic model of the ABU is discussed. The equa- 
tions of motion are derived by means of Lagrange's equations for systems 
with constraints. Moreover, the Coulomb friction model is implemented. 
In order to find a solution to the equations of motions, they are written 
in a special form, which is called Extended Lagrange with Constraints. 

3.1 Model Definition and Dimensions 

The model of the ABU is shown in figure 3.1. It is assumed that all movements 
are in the horizontal plane, so the model is 2-dimensional. The ABU consists of 

Figure 3.1: Dynamic Model of the ABU. 

a table that is suspended by 4 wits. These can be modeled by two linear springs, 
positioned perpendicular to each other (figure 3.1: kl and kz), attached on the 
one end to  the table, on the other end to  inertial space. Also, damping is present, 
represented by two linear dashpots (bl and b2). It is assumed that the table only 
makes translational movements (no rotations). 
The motor that drives the ABU is attached to the table. The ABU is rigidly at- 
tached to  the rotor part of the motor via the motor shaft. The CD is also rigidly 
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attached to the motor shaft. The total mass of the table, motor, ABU (without the 
balls) and the CD (without the imbalance) is called MT. 
The imbalance (mI, in point C, figure 3.1) is present on the compact disc (as was 
explained in chapters 1 and 2). The distance from the geometrical center of the 
ABU (point B in figure 3.1) to the imbalance (point C) is called e. 
The ABU contains two balls, each having mass mi. These balls are free to  move 
along the rim of the ABU. It is assumed that, under the influence of centrifugal 
forces, the balls are always in cor,t,act with the rim. The distance from the geo- 
metrical center of the ABU (point B in figure 3.1) to the center of ball i is called 
Ei. Between the balls and the rim, friction is present, acting in tangential direction. 
Furthermore, the model is simplified by the assumption that the balls cannot con- 
tact each other. 
If the system is not balanced, the table (and the ABU, disc, etc.) performs move- 
ments, as a consequence of the rotating masses of the imbalance and the balls. This 
motion is traced by observing the geometrical center of the ABU: B (see figure 3.1). 
If the system is at rest, or if it is balanced, the geometrical center B will be in its 
reference position, A. 

Note: Point B is a moving point; point A is fixed to inertial space. 

3.2 Kinematics of the ABU Model 

In this section, the kinematics, the used coordinate systems and the generalized 
coordinates will be elucidated. Figure 3.2 shows these quantities. 

Coordinate system (G, &) represents inertial space and is originated in A (fixed 

Figure 3.2: Kinematics of the ABU Model. 

point). The rotational speed of the ABU (and the CD carrying the imbalance 
m ~ )  is prescribed by the absolute rotational speed fl(t). The origin of the moving 
coordinate system (e',,e',) lies in B; vector e', moves with FBc at the prescribed 
angular speed R(t), so & = e& . By introducing the variable B(t) = Jot f l ( r ) d ~ ,  
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the relationship between the two coordinate systems is given by: 

cos e(t) sin e(t) [ s  ] = [ - s i n ~ ( t )  cose(t)]  [: ] (3.1) 

The position of B is defined by two generalized coordinates: x and y, so the vec- 
+ 

tor TAB is given by: iAB = [2 y] [ 2 1. The position of point C is defined 

by vector TAc = T A ~  + ee',. The positions of the balls are defined by the gen- 
eraiized coordinates ii and Pi: li determines the distance from B to the center 
of gravity of ball i (mi), Pi the angle LCBmi. The vector is given by: 

= CAB + [ ii cos Pi li sin Pi 1 [:I- 
Using the 6 generalized coordinates: x, y, PI, p2, ll and 12, the kinematics of the 
system is described. 

3.3 Friction Modeling 

Before a model of the complete system is derived, a sound choice for the friction 
model must be made. For reasons of completeness it is mentioned here that the 
friction that acts between the balls and the ABU is of the type of rolling resistance. 
However, the models that are discussed in this section, can be used for modeling 
sliding resistance, as well. Both phenomena are equivalently modeled, but in order 
to avoid confusion, the following definitions are introduced: 

Stick: Phase, defined by ,& = 0 and ,& = 0: ball i does not move relative to the 
ABU, because the friction force is equal to  the sum of the external forces 
(which implies that the relative acceleration of the ball is zero). 

Slip: Phase, defined by bi # 0. In this phase, ball i is rolling. The ball is con- 
tinuously in contact with the rim of the ABU, which means that the relative 
velocity between the contacting surfaces is zero. 

Transition: Phase, defined by ,& = 0 and bi # 0: the external forces exceed the 
static friction level and ball i starts rolling. 

As mentioned in chapter 1, the friction model must be able to represent the stiction 
behaviour of dry friction. This behaviour has been observed in practice in the 
experimental setup of the ABU [Koevoets 011. Furthermore, the friction model 
must be easy to  implement into the dynamic model. 
In this section, three classes of friction models that are commonly used in dynamic 
modeling are discussed: smooth friction models, discontinuous friction models and 
friction models that use internal state variables. Finally, the choice of the friction 
model for this project is motivated. 

3.3.1 Different Kinds of Friction Models 

The first way to model friction is by describing the friction characteristic using a 
smooth function. In [Koevoets 011, the friction curve was defined by the function: 

where 0.004 and 0.003 are experimentally determined values, b is the relative (angu- 
lar) speed between the ball and the rim of the ABU, f ,  is the friction force and f, 
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is the normal force acting between the ball and the rim of the ABU. By taking large 
values for c and d (d << c), an approximation of the friction curve was obtained. 
The friction is in this way assumed to be a smooth function of the relative (angular) 
speed of the ball. The advantage of using smooth functions is that the numerical 
analysis of dynamical models is quite straight-forward. The analysis is simplified 
by the fact that by using this type of friction models, the system dynamics are 
described by a smooth, continuous vectorfield. Because of that, regular stability 
ana!ysis techniques, such as !hexizing the syste~ll nezr its eqdibriurr, points or 
using Lyapunov functions, can be used. 
But, there are also snags attached to the smoothing technique. The first one is that 
the behaviour of a discontinuous dynamic system can be qualitatively different from 
its 'smoothened' equivalent [Leine 001. Secondly, when the smoothing technique is 
used, only one value of the friction force will be computed for a given angular speed 
8. Therefore, it is not possible to model the stiction behaviour of dry friction, when 
this technique is used. 

In this project, one of the main focuses of attention is the stiction behaviour of 
the friction force, which means that at a given angular speed b, multiple values 
of the friction force are possible. This is the case in the the stick phase, which is 
defined by b = 0. In the stick phase, the friction force is equal to the sum of the 
external forces (which implies that the relative acceleration of the ball is zero) and 
can obtain values in the interval [- fs, +fs], see figure 3.3. fs is called the static 
friction level. 
The Coulomb friction model (also known as the Amontons-Coulomb model [Leine 001) 
uses a straightforward approach to  compute the friction force during (relative) mo- 
tion (/!I # 0: this is called slip). In this model, the friction force (f,) is a static 
map from the relative velocity between the two contacting surfaces. This can be 
f, = fssign(b). A more complex function, for example to  include the Stribeck 
effect, can also be used, see figure 3.3. The value of f s  is dependent on the normal 
force between the two surfaces (f,) and the friction coefficient (p):  fs = p f,. 

When ,b is zero, the friction force is calculated in a different way, namely as a 

Figure 3.3: Coulomb friction without and with Stribeck effect. 

set-valued function of the sum of external forces, bounded by the static friction 
level: f, 6 [- f s ,  fs]. When the external forces exceed the static friction level, the 
contacting surfaces start sliding (transition), else they do not move relative to each 
other (stick). 
The Coulomb model has the following advantages: it is able to  represent the stiction 
behaviour when b = 0 and it is easy to adjust, if the Stribeck behaviour should be 
included, for example. A disadvantage is that the description of the friction force 
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might be too straightforward, as a result of which the model may not be able t o  
describe all observed phenomena. 

The third kind of friction models are more sophisticated and use internal state vari- 
ables to  compute the friction force, such as the LuGre-model [Canudas de Wit 951. 
These friction models are called dynamic friction models, in contrast to  the first 
two presented kinds of models, which are referred to as static friction models. 
The LuGre-mode! combi~es vzrious &ict,ion phenomena, like stiction behx~iour, 
presliding displacement, varying break-away force and a steady state friction char- 
acteristic, including the Stribeck effect and hysteresis. It is a widely used model for 
friction. 
In the LuGre-model, the friction interface is depicted as a contact between elastic 
bristles that are directed orthogonal to the surfaces. Due to a tangential force, the 
bristles will deflect, resulting in the friction force. If the force is sufficiently large, 
the bristles will deflect so much that they will slip. The average deflection of the 
bristles is used as an internal state variable in the LuGre-model. 
A disadvantage related to the LuGre-model is, however, that it needs a lot of param- 
eters (at least 6) to  represent all these phenomena. Moreover, a few undesirable side 
effects have been reported [Armstrong 021, such as drift, super relaxation, Stribeck 
Slingshot and the disability to produce closed hysteresis loops (related to drift). 

3.3.2 Choice of FrictionModel 

The major demand on the desired friction model is that it must be able to describe 
the stiction behaviour (see chapter 1). Consequently, the first class of models (con- 
tinuous friction models) cannot be used. 
The LuGre-model is able to  represent the stiction behaviour. However, the LuGre- 
model seems to be a too extensive model, as some properties (such as presliding 
displacement) do not apply to the research in this project. Moreover, due t o  its 
complexity, analyzing this model can become quite cumbersome, as well as the iden- 
tification of the model parameters. 
The Coulomb model seems to be the most suitable model. It takes the stiction 
property of dry friction into account and is easy to interpret. Because no internal 
state variables are used, it is less complex than the LuGre-model. Therefore, the 
Coulomb model was chosen as the friction model, during this project. 
The Coulomb Model can be written down, using the following short-hand notation: 

where sign(& is the set-valued equivalent of the sign-function: 

3.4 Dynamic Modeling of the ABU 

The dynamic model of the ABU can be constructed using Langrange's Method. 
This section will not describe the complete derivation of the equations of motion, 
but a few important aspects will be discussed and the equations of motion in their 
final form are presented. The complete derivation of the equations of motion is 
found in appendix B 
The equations are written in non-dimensional form: this has been done to reduce 
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the number of parameters and to avoid possible numerical problems. To do this, 
the following non-dimensional coordinates and parameters have been introduced: 

i - 1 1  d - d l  L, 1 - 1 - 7,  m1= 2 JI , Jl = a = 0.1, 

y =  f ,  i2 = 2, Liz = +, , J2 = = 0.1, 
L;i=W lrz1=%, g = b -  

wn 1 L' 2Mw, ' 
with: 

l-7 

M = MT + m~ + ml + m2, w, = Z/ 6 (natural frequency). 

Moreover, a non-dimensional time scale was introduced: f = w,t. Consequently, 

- d(-) 1 d(.) .- d2(-) 1 d2(.) (-1 = T = -- and (.) = - - - --. 
dt w, dt d P  wi dt2 

The symbols are explained in table 3.1. 
Furthermore, the non-dimensional forms of the normal (f,,i) and friction (f,,i) 

Table 3.1: Ex~lanations of the svmbols 

x Displacement in e', direction [m] 
y Displacement in e'y direction [m] 
pi Angle LCBmi [rad] 
li Distance from B to center of ball i [m] 
L (Constant value of the) Distance from 

B to  center of the balls [m] 
e Distance from B to center of gravity 

of imbalance [m] 
di Diameter of ball i [m] 
mr  Mass of imbalance [kg] 
mi Mass of ball i [kg] 

Ji (Polar) Mass moment of inertia of 
ball i with respect to its center of 
gravity [kg m2] 

MT Total mass of the table, motor, ABU 
(without balls) and CD (without 
imbalance) [kg] 

M Total vibrating mass [kg] 
k Spring stiffness of each spring [N/m] 
b Damping coefficient [Ns/m] 
t Time [s] 
w Driving angular speed [rad/s] 
w, Eigenfrequency of the system [rad/s] 

forces that act on the balls are presented: 

q is defined as the column containing the non-dimensional generalized coordinates: - 
q = [Z i. ,B1 ,& &IT. This leads to the general form of the equations of motion: - 

At this point, the mass-matrix &(q) and the column h(q, q) (the column containing - - - 
all (nonlinear) forces, except for the friction and constraint forces) are presented. 
The matrices S ,  R and column A will be explained in the following section. The 

mass-matrix M(q) and the column h(q, q) are given by: - - - 
0 -ml sin ,& -m2 sin PZ lrzl cos Pl 7% cos j?= 
1 lrz1 COS,& fi2 COS,& ml sinpl m2 sin P2 

- sin,& cosPl 1 + 451 0 0 0 
0 1 + 452 0 0 , (3.5) 
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As can be seen already, the equations of motion are autonomous, non-linear and 
coupled. 
A couple of important things that have been taken into account during the deriva- 
tion of the equations of motion are the following: 

It is necessary to include the rotational speed of the balls. In previous research 
[Lee 951, [Lee 961, [Hwang 991 (and [Koevoets 011 at some places) this was not 
done, but the equations of motion show that the rotational inertia of the balls 
is of great importance (note the terms, containing parameter 3. 
In this work, the friction force is defined in tangential direction (i.e. perpen- 
dicular to the normal vector of the rim of the ABU at the position in which 
ball i is situated). A positive value for Bi will result in a positive value for the 
corresponding friction force. 

Although the distance between B and the balls remains constant, l1 and 12 

are chosen to take part in the set of generalized coordinates. In section 3.5 
this choice will be explained. 

The assumption O(t) = w = constant has been introduced. Furthermore, an 
isotropic suspension of the table has been chosen: lcl = k2 = lc, bl = b2 = b. 
By doing this, the equations of motion become autonomous. 

3.5 Extended Lagrange with Constraints 

As already mentioned, l l  = 12 = L = constant. Still, these two variables are used 
as generalized coordinates. Why? This was done, to enable the computation of the 
normal forces, acting on the balls. Therefore, Lagrange's Equations of Motion are 
expanded [Wouw 011: 
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These equations are called Lagrange's Equations for Systems with Constraints. T 
and V are the kinetic and potential energy, respectively; QnC is the column, con- - 
taining all generalized non-conservative forces. The generalized constraint forces 

T 
are represented by the term . is the column containing the Lagrange 

L A 

multipliers that correspond to  the constraint equations (here: = [ fnJ 1 ,  see 
f n , ~  

0 0 0 0 - 1  0 I I .- I .- 
by Bq - = 0 (here: B = 0 0 0 O 0 -I , S O : H ~ = ~ I = O , H ~ = ~ ~ = O ) .  

Note: The constraint equations are written at acceleration level, so the initial 
conditions (il = 1, i2 = 1, = 0, & = 0) must be supplied as well. Also, some 
numerical problems may arise, see section 4.3. 

Note 2: The non-zero elements of R were chosen to be -1: this was done to  make 
positive values of fn,i in column represent compressive normal forces, see ap- 

pendix B. 

Equation (3.7) leads to: 

In this equation, the friction forces are included in column h(q, q). Equations (3.9) - - 
and (3.8) form the equations of motion. These equations are a combination of alge- 
braic and differential equations, also called Differential Algebraic Equations (DAEs). 
The algebraic part consists of the constraint equations (Hi = -Ti + 1 = 0, equa- 
tion (3.8)), whereas the differential part consists of equation (3.9). 
The expressions for the constraint forces and the accelerations can be found by 
combining equations (3.9) and (3.8): 

However, this is not sufficient, as each friction force is dependent on the level of the 
corresponding normal force: fW,i = pi fn,i Because of this, fW,i cannot 
be supplied as terms into h(q, q), as h(q, q) is not allowed to  be a function of - -. - - 
(otherwise, equation (3.10) can not be used to compute X). 
Fortunately, is proportional to as the Coulomb friction model was chosen. 
Therefore, the friction force can be introduced in the equations of motion by defining 
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the following matrix multiplication, in which use is made of column A: 

and reformulating the equations of motion: 

In this report, the equations of motion (3.13) and (3.14) will be referred to  as 
Extended Lagrange with Constraints. 
The expressions for the constraint forces and the accelerations can be found again 
by combining equations (3.13) and (3.14): 

I: (6 x 6) identity matrix. - 

3.6 Parameter Identification 

The first experiments that had to be performed were measurements of the frequency 
response functions of the system without balls. These must be done in order to  esti- 
mate the parameters MT (Total vibrating mass, without balls and imbalance [kg]), 
k (Spring stiffness [N/m]) and b (Damping coefficient [Ns/m]). Hammer impact 
tests were done, where the steel table was excited at different places and the ac- 
celerometers were used to measure the corresponding accelerations. By performing 
these experiments, the corresponding frequency response functions (FRFs) can be 
measured. The FRFs that corresponded with the horizontal translational directions 
of the table were used to estimate MT, k and b. This was done by performing a least 
squares fit of the FRF of a linear mass-spring-damper system over the measured 
FRFs. For this purpose, the total error of both the real parts and the imaginary 
parts of the measured FRFs was minimized. 
Table 3.2 shows the estimated parameter values. 

During the hammer impact experiments, it appeared that the steel table is also 
able to  rotate in the horizontal plane. The model only assumes translational be- 
haviour, so the experimental setup has an extra degree of freedom, compared to the 
model. However, during the other experiments (when the equilibrium set or limit 
cycles were measured, see chapter 5), it appeared that the experimental setup did 
not suffer from any rotations, so there was no need to introduce the rotational DOF 
in the model, during this project. 
Some other parameters are given in table 3.2 as well. Their values were measured, 
using conventional measurement equipment (vernier caliper, mass balance). Expla- 
nations of these symbols are given in table 3.1. 
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Table 3.2: Parameter values. 

Parameter 
MT 
b 
k 

T U 

m: 

m2 

dl 
d2 

mr 
e 

I.1 

Value 
3.24. 10-I [kg] 
1.28 [N s/ml 
1.07. lo4 [N/m] 

1.15.10-2 1 1 
L ~ J  

1.4. [kg] 
1.4 - [kg] 
3.0. [m] 
3.0 - [m] 

5.6- lo-* [kg] 
3.7- [m] 

Although it is possible to change the size and position of the imbalance on the disc 
(with the help of the screws), only one configuration was used during this project. 
The corresponding values of rnl and e are also shown in table 3.2. Now, the eigen- 

frequency of the complete system can be computed: w, = & = 182 [rad/s] 
(28.9 Hz). 
The only remaining parameter that has to be identified is the friction coefficient p. 
It is assumed that p l  = p2 = p, SO both balls in the model are the same; in the 
experimental setup both balls have always been of the same type. Experiments were 
performed to obtain an estimate of the friction coefficient for all (6) combinations of 
ABU and ball materials (polycarbonate and chrome-steel ABUs versus brass, steel 
and tungsten carbide steel balls). The experiments were performed by putting one 
ball in the ABU, bringing the system to a given speed and subsequently breaking 
instantly. Note: the degrees of freedom of the table (x and y) were suppressed with 
the help of a clamp. Because of its kinetic energy, the ball kept on moving, decel- 
erated only by friction. From the deceleration profile, an estimate of the friction 
coefficient could be made: 

With: pk the estimated friction coefficient at time instant k; tik (an estimate of) 
the angular acceleration of the ball at time instant k and tuk (an estimate of) the 
angular speed of the ball a t  time instant k .  

Note: Equation (3.17) has been derived from the equations of motion and is only 
valid when the ABU has zero speed and when the degrees of freedom of the steel 
table are suppressed. 

Note 2: pk is not a function of time. The subscript k only relates to measured 
time instant k .  

Measurements were performed with the help of the optical sensor. From the re- 
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sulting signals, the following estimates of tik and & were made: 

where tk represents the time point at which the ball passes the optical sensor the 
kth time. 
Figure 3.4 shows the resulting estimates pk, plotted against the (estimated) rela- 
tive velocity &. It can be seen that there are no significant differences between 
the 6 material combinations. Unfortunately, the results are not accurate enough to  
make an estimate of p; the only thing that can be concluded is that in the interval 
c i k  E [-225, -100][rad/s], the friction coefficient is of order O(10-3). Note: the 
values of a k  are negative, because the balls rolled in clockwise direction, during the 
experiments. 
Furthermore, one must take care of the fact that this estimate of the friction co- 
efficient is made by means of a dynamic experiment (meaning: ,& # o), while, for 
analyzing the equilibrium set, it might be more useful to estimate p with the help 
of a static experiment, as ,& = 0 during equilibrium. Because of the present choice 
of the friction model, there is no difference between dynamic and static friction in 
the model, but in practice that difference still may be present. 
Finally, the following value of the friction coefficient has been chosen: ,u1 = pz = 
p = 2.75. [-I. This choice has been based on a comparison of numerical and ex- 
perimental results of the equilibrium sets, which is described in chapter 5. However, 
this is a dangerous way to determine parameters, as that leads to a chicken-and-egg 
problem: experimental results are used to identify a model parameter, but the same 
experiments should be used for validation of this model. Chapter 5 explains how 
this pitfall is avoided, in order to get independent, reliable results from both the 
experiments and the dynamic model. 
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Figure 3.4: Estimated friction coefficient for different material combinations. 



Chapter 4 

Numerical Implementat ion of 
the Equations of Motion 

The equations of motion have been implemented in the programming 
software Matlab1. To overcome numerical problems, due to the dis- 
continuous vector field, the so-called Switch Model was implemented. 
Furthermore, the problem of identifying whether a ball is in slip, stick 
or transition phase, is discussed. 

4.1 General Implementation 

In chapter 3, the equations of motion of the system were derived, using a set of 
dependent parameters. Section 3.5 describes how these equations of motion can 
be used t o  compute the constraint forces and the accelerations. To determine the 
value of the friction force during stick, the equations of motion are rewritten in 
a slightly different form, by regarding the corresponding generalized coordinate 
as a constrained coordinate. Section 4.3 and appendix C discuss this problem in 
detail. 
In Matlab, a number of ODE-solvers is available, which are able to solve Ordinary 
Differential Equations. However, as stated in section 3.5, the equations of motion 
(equations (3.13) and (3.14)) constitute a set of Differential Algebraic Equations 
(DAE's). To be able to use the Matlab-solvers, the equations of motion must be 
reformulated into (ODE-)form: (:) = f (t,  (a)). This is done by solving the algebraic - - -  
part of the equations inside the m-file that contains the equations of motion. From 
now on, this m-file is called the odefile. The necessary expressions have already 
been given in section 3.5, equations (3.15) and (3.16): 

I: (6 x 6) identity matrix. - 

lcopyright: The Mathworks, Inc. 
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Now all accelerations ( q )  are known, as functions of q and q. The equations of - - - 
motion are written in ODE-form, by using the state space vector: 

T g = [ g 1  ~ T ] ~ = [ z ~  j T I T , S O :  

Now, an ODE-solver can be used to  compute the behaviour of the system in time, 

given the initial conditions go = 40 40 . The ode2bsolver appeared t o  be [ -T  I T  
the most appropriate for time integration, as it rendered the quickest and most 
accurate solutions, without becoming unstable. 
Note: Because the constraint equations are written at acceleration level, constraint 
stabilization has to be implemented, to avoid (numerical) drift. This is discussed in 
section 4.3. 

4.2 The Switch Model 

Due to the discontinuous character of the friction model, numerical problems may 
arise at or near the hypersurfaces of discontinuity C in state space (C is defined by 
C = {g E RZnl/?$ = 0 V ,b2 = 01, where RZn represents the 2n-dimensional state 

space). One of these problems is that numerical time simulations use an enormous 
amount of integration points, leading to  large computational demands. A detailed 
description of the problems related to  this type of discontinuous dynamic models is 
given in [Leine 001. Moreover, this work shows that this problem can be tackled by 
using the so-called Switch Model. 
The Switch Model proposes to construct a 'band' or 'boundary layer' around the 
hypersurfaces C: the subspace Vx, that allows for an efficient numerical approxi- 
mation. In the part of VE that corresponds to the stick phase, the vector field is 
such that the solution is pushed to  the middle of the band, thus to hypersurface C ,  
see figure 4.1. The width of VE should be taken sufficiently small to yield a good 

Figure 4.1: Vector field, showing numerical approximation by the Switch Model. 
Left: Original solution, right: Switch Model, source: [Leine 001. 

approximation, of course. 
The switch model is best explained by means of a simple 1-DOF system, see fig- 
ure 4.2. The state equation, describing this model is: 
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Figure 4.2: 1-DOF Mass-spring-friction model. 

The friction force fw (xl, $2) is given by the Coulomb friction model: 

fw(xi) = -min(lkxil, fs) sign(kx1) 2 2  = 0, stick 
x2 # 0, slip ' (4.5) 

where fs is the maximum static friction force. 
The switch model treats the system as three different sets of ordinary differential 
equations: one for the slip phase, a second for the stick phase and a third for the 
transition from stick to slip. The state space is therefore divided in a number of 
subspaces, called S-, S+, U, 7- and 7+. In each subspace, the dynamics of the 
system can be described by smooth differential equations. In table 4.1, the expres- 
sions of the subspaces and their corresponding equations of motion are given. 
Figure 4.3 shows the original vector field of the 1-D model and the vector field of the 

Table 4.1: Equations of motion of 1-DOF model using the switch model. 

Name 

Slip (S- and S+) 

Stick (U) 

Transition (7- and 7+) 

x (theoretically) Equations of motion 

representation using the switch model. These vector fields show for both models the 
vector representations of $ = [xl x2IT, in the domain = [x xIT = [xl x2IT. 

It can be seen that the stick and transition phases have become subspaces (U, 
respectively 7- and 7+), instead of hypersurfaces. The union (Vc = U U 7- U T+) 
of these subspaces is defined by lx21 I r ]  (instead of 2 2  = 0, which defines C). r ]  

must be sufficiently small, which means that r] must be small enough to have no 
qualitative influence on the solution. The (vertical) borders between U and 7- and 
7+ are defined by xl = f %: at these points, the spring force equals the maximum 
static friction force. 
In the slip and transition phases, the expressions of the equations of motion remain 
the same as the ones in the original model: only the corresponding subspaces in 
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Figure 4.3: Vectorfield of the 1-DOF Mass-spring-friction model: original and switch 
model. 

state space, on which the equations of motion are defined, change. During stick 
(second case) the equations of motion are altered: x1 is -by definition- put to  zero, 
to avoid sliding or drifting. Theoretically, x2 = 0 during stick, as well, but in the 

switch model it is put to: d2 -i& = - r 2  &. This term is not a physically 
derived term, but is introduced to  (numerically) force the velocity (1x21 < q )  of the 
mass to zero, i.e. the solution is pushed to  the center (C) of the narrow band Vc. 

determines how 'fast' the solution is pushed to  the center, see 
also [Leine 001. 

The switch model can be applied to  the ABU model as well. q was chosen to 
be: q = 1 . [-I. This corresponds to  an angular speed of % = 1.8 . 
[rad/s]. This value is low enough to approximate zero velocity. Choosing a lower 
value of q only leads to  increasing computational times (during time simulations), 
while the results remain the same. These findings resulted from test simulations 
that were performed to  choose the most appropriate ode-solver and the most ap- 
propriate value of q. 
The implementation of the switch model in the ABU model becomes a little more 
complicated compared to  the 1-DOF model, because in this case there are two fric- 
tion models present (as the ABU contains two balls). Consequently, the number of 
possible configurations (so, the number of subspaces) becomes 32 = 9. Also, it is 
less straightforward to determine whether a ball is in stick or in transition phase. 
This problem will be dealt with in the next section. 

4.3 Distinguishing between Slip, Stick and Transi- 
t ion 

The dynamics of the system are dependent on whether each ball is in slip, stick or 
transition phase. Therefore, 9 (32) different configurations are possible, which are 
summarized in table 4.2. The corresponding equations of motion are dependent on 
the configurations of the balls. For the sake of brevity, these equations are listed in 
appendix C. 
The slip/stick/transition configuration of the balls determines the way the gener- 

alized coordinates ,B1 and ,B2 are dealt with. When ball i is in slip or transition, 
the corresponding generalized coordinate ,B4 is treated as a degree of freedom. The 
corresponding (non-dimensional) friction force f, , i  is computed with the help of 
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Table 4.2: Possible Slip/Stick/Transition configurations of ABU model. 

11 Configuration 

Slip/Slip 
StickjSlip 
Trans/Slip 
Slip/Stick 
Slip/Trans 
Stick/Stick 
Trans/Stick 
Stick/Trans 
Trans /Trans 

theoretically/ 
switch model 

P2 theoretically / 
switch model 

the Coulomb model: f,,, = p,fn,,sign(8,) for slip and f,,, = p,f, , ,sign(~) for 
transition. fn,, is found in column X, using equation (4.1). 

For stick, fw,, is not found that easily, as fw,, can take all possible values between 
-&,, and +p,fn,,, due to the set-valued property of the Sign-function in the 
Coulomb model, see (3.2) or (3.12). To compute the friction force in this case, 
generalized coordinate P, is not treated as a degree of freedom, but as a constrained 
coordinate: p, = 0 /\ p, = 0. By doing this, an extra constraint equation arises: 
,& = 0. This constraint equation is added to the equations of motion, by expand- 
ing matrix R with an extra line, corresponding to the new constrained generalized 
coordinate p,. Note: Although in this text, the constraints have been formulated 
at velocity or acceleration level, they are holonomic constraints. 
Now, the friction force f,,, is found in column ;?, as it has become a constraint 

force. 
In appendix C, the expressions of matrices R and and column X are given for all 

(9) different slip/stick/transition configurations. 
To determine which equation of motion is applicable, the first thing to do is checking 
whether the system is in state -0-, -I-, -11- or -111-. This can be done by inspecting 
the angular velocities of the balls, bl and b2. Columns 2 and 3 in table 4.2 can be 
used to determine which state is applicable. 
A priori, it is not possible to predict whether a ball at 8, = 0 (1,&1 < 77 in the switch 
model) is in stick or in transition phase, so all possible configurations (a, b, c and 
d) must be evaluated. The 'concluding remarks' in appendix C give the necessary 
conditions to determine which configuration is applicable. 
These conditions have to be interpreted as follows: 

(Stick) Ifw,,[ 5 p,fn,,: During stick of ball i ,  the corresponding friction force 
lies by definition in the interval [-f,,,, f,,,]. Its value is equal to the sum of 
all other external forces, acting on the ball (resulting in zero acceleration). 
The maximum (non-dimensional) static friction force &,, is defined by the 
friction model: equal to the product of the friction coefficient and the (non- 
dimensional) normal force, acting on ball i: fS,, = p2f;2,,. Therefore, fw,, 

must obey /&,,I 5 p&, to ensure stick. 

(Transition) sign(.fW,i) = sign(pi): When ball i is in transition phase, Bi = 0 
and ,& # 0. This is caused by the fact that the sum of all other external 
forces exceeds the domain of possible friction forces [-fS,i, fs,i]. As a result, 
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the acceleration of ball i (pi) will be non-zero. The friction force will reach 
the maximum possible value: f,,i - f fs,i, acting in opposite direction to 
the direction of acceleration of ball i. A priori, it is not possible to define if 
ball i will accelerate in positive or negative direction. Therefore, both cases 
are computed (using matrices & and &, respectively). For both cases (@ 
and 0 ) ,  it is checked whether the friction force acts in opposite direction to 
the acceleration: sign(fw,i) = sign(,&). If that is true, ball i is in transition 
phase. 

Note: for configuration IIId, there are 4 instead of 2 cases, as all possible 
combinations of positive and negative transition (@@, @8, 083, 8 0 )  have to 
be investigated. 

The problem is, however, that the above-stated conditions are necessary conditions; 
not sufficient conditions. Therefore, it might be possible that at some points in state 
space, zero or multiple solutions might be possible. It is not clear whether these 
problems of non-existence of solutions, respectively existence of multiple solutions, 
will or won't crop up in this model. Up till now, these problems have not been 
encountered during time simulations. However, this is no proof that the problems 
do not exist at  all, so it is recommended to sort that out in future research. 
If it can be proved that this system is of Filippov-type, existence of solutions is 
guaranteed [Leine 001, however, uniqueness of solutions may still be uncertain. 

Another thing that has to be taken care of is the correct reconstruction of the 
constraint equations. In this work, the constraint equations are formulated at ac- 
celeration level: &q = 9. These equations are marginally stable (i.e. the poles of - 
these equations lie on the imaginary axis), so small numerical errors (which cannot 
be prevented) will result into Rq = 0. When this is integrated in time, (numerical) - 
drift will occur. To prevent this from happening, the constraint equations are ex- 
plicitly restated during each iteration: - 0, & - 0, i; - 0, & = 0 and, as far as 
applicable: P1 0, p2 0. When this is done, &q = 9 is valid again and no drift - 
will occur. This approach has been implemented in the odefile. It  appeared during 
simulations that the constraints were indeed not violated. 
Due to the switch model, Dl and ,& are not exactly zero, but: ji -,& (in case of 
stick). 

Note:  the factor &, as given in table 4.1 is omitted, because the equations of 
motion are written in non-dimensional form, using non-dimensional time: f = w,t; 

w, = &, which implies that (:) = -&% and () = f 9. Therefore: 

so, implicitly, the factor L has already been introduced into the equation ,& ija -,& & 
Final remark: As an alternative to the approach as presented in this text, dis- 
continuous contact and/or friction characteristics can be modeled as unilateral con- 
straints. Dynamic systems containing these constraints can be modeled, using an 
LCP (Linear Complementarity Problem) description [Pfeiffer 961. These LCPs can 
be solved with the help of a number of numerical techniques. In that case, the 
identification of the slip, stick and transition phases is systematically performed. 
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Furthermore, (non-)existence and (non-)uniqueness of the solutions are defined by 
the (non-)existence and (non-)uniqueness of the LCP. 
Especially when collisions between the balls are taken into account in the model, 
the LCP-approach can be very useful. 



Chapter 5 

Numerical and Experimental 
Analysis of the System 

To get insight in the behaviour of the system, a numerical anaiysis was 
performed. At first, the shape and size of the equilibrium set has been 
identified. This has been done for different values of the friction coeffi- 
cient p and the rotational speed w, to see how these parameters influence 
the equilibrium set. 
These numerical results have been validated, by comparing them to ex- 
perimental results. This is preceded by the identification of the friction 
parameter p. 
Both the numerical model and the experimental setup exhibit limit cycle 
behaviour. Section 5.6 gives a few results. 

5.1 Equilibrium Points and Stability of the System 
without Friction 

Before the equilibrium sets are identified, an analysis is performed of a model of 
the ABU without friction. Instead of friction, viscous damping acts on the balls 
to dissipate the kinetic energy (see section 1.3). Consequently, the equilibrium set 
reduces to a set of (isolated) equilibrium points. This analysis was made to get 
insight in the locations of the equilibrium points of the system without friction, and 
the stability of these points. In sections 5.2 and 5.3, these results are compared to  
the results obtained with the ABU model with friction. 
The equations of motion of the model without friction are (Note: the equations are 
written in non-dimensional form): 

with: q* - = [Z y P1 P2 lT , 
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For the expressions of hz, hs, hg, and hg,, see page 70. Because it is not needed to  
compute the value of the normal force in this model, the (non-dimensional) gener- 
alized coordinates il and i 2  have been omitted. The terms tl,& and J2fi2 are added 
to the equations of motion to represent the viscous damping on the balls. 
Analyzing this model is much more straightforward than analyzing the model with 
friction, as will become clear later on. 
At first, the equilibrium points (q:) are found, by stating q* = 0 and q* = 0 in the - - - 
equations of motion. For reasons of space, the expressions of the equiiibrium points 
are stated in appendix D. 
The stability of the equilibrium points can easily be determined by linearizing the 
equations of motion near each of these points: q* = q: + q;, with q; the pertur- - - - - 
bations around q:. When this is done, the linearized equations of motion take the 

w 

following form: 

with: C(q;) - = -V(i*lh*(q;,O) , 

For each equilibrium point, the poles of the linearized system can be determined 
by computing the zeros of the characteristic equation of system (5.2). When all 
poles lie in the closed left-half complex plane, the corresponding equilibrium point 
is (locally) stable; when one or more poles lie in the closed right-half complex plane, 
the corresponding equilibrium point is (locally) unstable. This analysis was per- 
formed for different values of the rotational speed w, see figure 5.1. The values of 
J1 and J2 were chosen arbitrarily high (note: the balls are assumed to  be identi- 
cal): J1 = C2 = 1 . lo4 [-I, to ensure stability of (some of) the equilibrium points, 
see [Lee 951. 
It can be seen that there are 4 possible solutions: A?, A!, A2 and B1. Solutions 

A? and A! disappear for w E [-184, -1791 [rad/s] (Note: These are negative val- 
ues, because the motor turns clockwise. See appendix D for a derivation of these 
values). Subcritically (Iwl < IW,~,  w, = -182 [rad/s]), A? is the only stable soh- 
tion; a t  supercritical speeds (Iwl > lwn() B1 -the balancing equilibrium- is the only 
stable solution. This corresponds to the results in [Koevoets 011. 

5.2 Equilibrium Set of the System with Friction 
The stiction behaviour of dry friction has a dramatic impact on the equilibria of 
the system. Instead of a few isolated equilibrium points, an equilibrium set arises. 
This equilibrium set is found in the same way as in the previous section: by setting 
the velocities and accelerations zero in the equations of motion. Furthermore, the 
condition: I f W j l  < pifn,i is used. The resulting (non-dimensional) expressions for 
the equilibrium set are as follows (note: for an explanation of the used symbols, see 
chapter 3): 

-2k~(f i re  + mi cos P1,o + f i 2  cos P2,o) - (g2 - 1)(m1 sin Pl,0 + sin P2,0) - 
l o  = w2 ,(5.4) (a2  - + 46282 
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' ' Stable, '0' Unstable ".Stable, '0' Unstable 

':: Sable. '0'. Unstable 

5 

Figure 5.1: Equilibrium points and stability of ABU model without friction, as 
function of rotational speed -w (w, = -182 [rad/s]). Circles (0) denote unstable 
equilibrium points. Solid lines without circles denote stable equilibrium points. 
Note: Because it is assumed that the two balls are identical in the model, and 

can be interchanged. 
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These equations can be solved numerically, which gives the equilibrium set. This is 
done by defining a grid in the 2 dimensional domain {PI, ,&), computing the corre- 
sponding values of go and go, by using equations (5.3) and (5.4), and subsequently 
checking if condition (5.5) is satisfied. The solutions that satisfy (5.5) constitute 
the equilibrium set {Pl,o, P Z , ~ ,  Z0, go). 
Figure 5.2 shows an example of a computed equilibrium set. The figure shows a 3D- 

Figure 5.2: Example of equilibrium set, w = -216 [radls]. 

representation of all possible equilibria, given a rotational speed of w = -216 [rad/s] 
and a friction coefficient of ,u = 2.75. loT3. The horizontal axes in the figure rep- 
resent the positions of the balls, expressed by ,& and ,&, respectively. The vertical 
axis corresponds to  the amplitude (a) of the vibration: a = [m]. 
To understand this picture, it is important to know the presence of a symmetry- 
plane, namely the plane P1 = ,&, as it is assumed that there axe no differences 
between the two balls. Furthermore, one should realize that the periodicity of an- 
gles PI and p2 implies that this picture repeats itself in space, a t  intervals of Pi = 27r, 
in both Dl- and /32-direction. 
It can be seen that in one point and its mirror image, the resulting amplitude 
of the vibration is zero: (,Bl,o, P2,o) = (2.27,4.Ol) [rad], respectively   PI,^, ,640) = 
(4.01,2.27) [rad]. These points correspond to equilibrium B1 in the previous sec- 
tion ('the balancing equilibrium'). The highest value of the amplitude is found for 
Pl,o = 0(& 27r),P2,0 = 0($27r): a = 5.51 - [m]. 
For comparison: if no balls were present in the system, a would be: a = 2.15 - 
[m]. In figure 5.2, the plane a = 2.15. lov5 [m] is shown, represented by a few lines. 
It appears that the equilibrium set contains combinations of P1 and P2 that reduce 
the amplitude of vibration due to the residual imbalance, enlarge the amplitude, or 
do not affect the size of the amplitude a. 
Figure 5.3 shows the projection of the results in the {Dl, p2)-plane. The contourlines 
correspond to equal values of a. 
In figure 5.3, the equivalent equilibrium points of the system without friction are 

shown, as well. An asterisk (*) represents a (locally) stable equilibrium point; a 



42 Modeling and Analysis of an Automatic Balancing Unit with Dry Friction 

Figure 5.3: Contour plot of the equilibrium set in figure 5.2. 

circle (0) represents (locally) unstable equilibrium of the model without friction. 
This 2-dimensional representation of the equilibrium set provides enough informa- 
tion to reconstruct the total equilibrium set, expressed in (30, go, P1,o, P2,0), due 
to the fact that the values of Zo and go are uniquely determined by and ,B2,0, 
see equations (5.3) and (5.4). Therefore, it is possible to define a mapping from 
(Pl,o, ,&,o) to  the equilibrium set (30, go, Pl,o, P2,0). Consequently, the equilibrium 
set can be described by only the two parameters Pl,o and P2,o. 

The white regions in figure 5.3 correspond to those combinations of P1 and p2 where 
there is no equilibrium. 
This section continues with an analysis of the dependency of the size of the equi- 
librium set on two parameters: the friction coefficient p and the rotational speed 
W .  

5.2.1 Relation between Equilibrium Set and Friction Coeffi- 
cient 

First, computations were done of the equilibrium set at different values of the fric- 
tion coefficient p. The rotational speed w was not changed during this analysis: 
w = -216 [rad/s]. Figure 5.4 shows the results. 

It can be seen that the value of the friction coefficient has a big influence on 
the results. When p = 2.75 - [-I, the equilibrium set reduces to  4 (remem- 
ber the symmetry properties of the figure) subsets, that are separated from each 
other. These 4 subsets are located around the equilibrium points (A:, At, Az, B1) 
of the system without friction (represented by * (stable) and o (unstable)). For 
p = 3.5 . on the other hand, all combinations of ,& and ,!& are possible (for 
w = -216 [rad/s]). 

5.2.2 Relation between Equilibrium Set and Rotational Speed 

The influence of the rotational speed of the ABU on the size of the equilibrium set 
has been investigated. Computations were done at different values of w. The value 
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Equilibria, w = -216.3772 [radls], p= 0.000275 [-I. .re 

* Stable equilibrium of the model without friction. 

o Unstable equilibrium of the model without friction. 

Figure 5.4: Contour plot of the equilibrium set for different values of p. 
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of the friction coefficient was kept constant: /I = 2.75. [-I. Figure 5.5 shows 
the results. 
Apparently, the size of the equilibrium set reduces dramatically when the critical 

speed (w, = -182 [rad/s]) is approached. For increasing Iw - w,l, the equilibrium 
set becomes larger: eventually the equilibrium set contains all possible combinations 
of Dl and ,&. 

5.3 Stability of the Equilibrium Set of the System 
with Friction 

Because of the discontinuous character of dynamical systems with friction, it is not 
possible to use standard analysis techniques, such as linearizing the equations of 
motion, to examine the stability of the equilibrium set. An attempt was made to 
search for alternative methods to enable statements concerning the equilibrium set 
and its stability. Unfortunately, no appropriate analysis tool that could be used for 
this problem was found during this project. 
It is recommended to  put some more effort in searching for methods that enable 
an analysis of the stability of equilibrium sets of discontinuous dynamical systems. 
Concerning this ABU-model with friction, it might be possible to use the LaSalle- 
approach. Unfortunately, during this project it was impossible to  implement that 
approach on the model, but it seems a possibly useful method. More information 
concerning this LaSalle-approach can be found in [Shevitz 941 and [Bacciotti 991. 
Moreover, research is done concerning this subject at the Dynamics and Control 
Section of the department of Mechanical Engineering at Eindhoven University of 
Technology, as well. 

Because no analysis tool could be used, an alternative approach was chosen to get 
insight in the properties of the equilibrium sets. It was chosen to perform numerical 
time simulations, with arbitrary initial conditions. The equilibria that result from 
these simulations give indications of the stability of the total equilibrium set or 
parts of it. This, of course, is no stability analysis, but it provides useful informa- 
tion, as will become clear in the remainder of this section. 
The (non-dimensional) initial conditions for the time simulations were defined in 
the following way: First, a grid was created in the 8-D 'initial condition' space 
{z(O), ?J(O), (O), ,& (O), k(0), G(O), 81 (O), 8 2  (o)), by dividing the domains of the ini- 
tial conditions into 2 intervals of equal length. Next, one sample was taken from 
each cell in the (multi-dimensional) grid, using uniform random distributions for 
each variable on the corresponding intervals. This leads to 2' = 256 initial condi- 
tions. This way to define the initial conditions was chosen to  get a more appropriate 
filling in space: samples were taken of each cell in the grid, to  avoid clustering of 
the initial conditions in some parts of the space; the (uniform) random distribution 
(in each cell) was chosen to  avoid possible effects due to  periodicity of one or more 
of the parameters. The initial conditions were defined in the following domains: 
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w = -179 [rad/s] 
Equilibria$ = -179 2671 [radls]. P= 0.00275 [-I. -1 85 5503 [radls], P= o 00275 [-I 

k- 

I 

* Stable equilibrium of the model without friction. 

o Unstable equilibrium of the model without friction. 

Figure 5.5: Contour plot of the equilibrium set for different values of w (w, = -182 
[rad/s]). Note: The contourlines of the figures do not correspond to  each other. 
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Figure 5.6 shows an example of the results of the time simulations. A striking 
fact is that the balls reach their equilibrium positions in a relatively short time: 
approximately 2.5 seconds. This has been observed in the experimental setup, as 
well. The simulations were performed for different values of the rotational speed 

-4 
0 5 10 15 

Time [s] 

I I 

60- I 

....................... .... ....,.... 

0 5 10 15 
Time [s] 

-0.04 -20 
0 5 10 15 0 5 10 15 

Time [s] Time [s] 

Figure 5.6: Example of a time simulation. 

w. In total, 3 runs were performed, so for each value of w, 3 .  28 = 768 simulations 
were performed. The calculations that resulted in equilibrium were distilled from 
the results. Figure 5.7 shows the resulting equilibria. At the background of the 
figure, the total equilibrium set (computed following the procedure in section 5.2) 
is shown. 
The complete equilibrium set has been filled with the resulting equilibrium points, 

which is an indication that the complete equilibrium set may be stable. Further- 
more, it can be seen that some parts of the equilibrium set are more 'crowded7 than 
others, while the initial conditions were evenly divided in the state space. At this 
moment, it is not possible to explain what is the cause of these 'preferred' equilibria. 
Further research is needed to  figure that out. 
Figure 5.8 shows the locations of the equilibrium points that resulted from time 
simulations at other rotational speeds. An interesting fact is that the 'preferred' 
equilibrium points seem to  be located in the vicinity of the stable equilibrium points 
of the system without friction, shown as asterisks (*)I. 
Finally, one run of time simulations was done, using the model with a lower value 

of the friction coefficient: p = 2.75 . lo-* [-I. The results of that analysis are shown 
in figure 5.9. Again, most equilibrium points are located in the vicinity of the stable 
equilibrium point of the corresponding model without friction. However, near the 
corresponding unstable equilibrium points, equilibrium is possible, as well (see the 

- 

lThe equilibrium points of the system without friction are more distinctly shown in figure 5.5 
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Number of equilibria: 435 out ot 768.m = -216.3772 [rams], p = 0.00275 [-I. x loS 

0, WI 

(white) * Stable equilibrium of the model without friction. 

(white) o Unstable equilibrium of the model without friction. 

Equilibrium points, resulting from time simulations: 'preferred' equilibrium points. 

Figure 5.7: Resulting equilibrium points after 768 time simulations: 435 simula- 
tions resulted in equilibrium, all other simulations seemed to result in limit cycles. 
Simulation end time: 16.5 [s] 

arrows). This is an indication that unstable equilibrium points of the system with- 
out friction may become stable when friction is present, which was already implied 
by the previous statement that the complete equilibrium set seems to be stable. 
On the other hand, it appeared that for this lower value of the friction coefficient, 

relatively fewer time simulations resulted in equilibrium: & = 24%, whereas for 
,LA = 2.75 - = 57% of the time simulations resulted in equilibrium, at the 
same rotational speed (w = -216 [rad/s]). 
Apparently, given this rotational speed (w = -216 [rad/s]), a lower friction coeffi- 
cient seems to have a negative effect on the probability that equilibrium arises. 

5.4 Comparison to  Experimental Results 

To validate the results that were obtained in the previous sections, experiments 
were performed to measure the equilibrium sets. Two types of experiments were 
carried out: the protocols are depicted in figure 5.10. Protocol I corresponds more 
or less to  a regular startup procedure of the motor, whereas protocol I1 is a method 
to perturb the system. 
Figure 5.11 shows the results, given a rotational speed of w = -216 [rad/s]. 

At the diagonal of the figure (the line P1 = P2) no measured data points are 
found. This is simply explained by the fact that PI = P2 is practically not possible 
in this system, as both balls have a finite size and are impenetrable. The minimum 
distance between the balls in the experimental setup is Ap = I , &  - plI = 0.3 [rad] 
(15"). 
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w = -161 [rad/s] 
Number of equilibria: 768aut of: 768.m = -1EO.8103 [radlsl, p =  0.00275 [-I. 

Number of equilibria: 768outot 768.0 =-173.1803 [radls], p =  0,00275 1-1. 

Number of equilibria: 768 out of: 768.0 = -179.2671 [radls], p = 0.00275 1-1. 

(white) * Stable equilibrium of the model without friction. 
(white) o Unstable equilibrium of the model without friction. 

. Equilibrium points, resulting from time simulations: 'preferred' equilibrium points. 
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w = -192 [rad/s] 
Number of equilibria: 70 out of: 768.0 = -191.6372 [radls], y = 0.00275 1-1. 

w = -216 [rad/s] 
Number of equilibria: 435 out of: 768.0 =-216.3772 [radk], y = 0.W275 1-1. 

Figure 5.8: Resulting equilibrium points after 768 time simulations for different 
values of w (w, = -182 [rad/s]). 
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Number of equilibria: 61 out of: 256. w = -216.3772 [radls], p = 0.000275 [-I. x 10" 

(white) * Stable equilibrium of the model without friction. 
(white) o Unstable equilibrium of the model without friction. 

Equilibrium points, resulting from time simulations: 'preferred7 equilibrium points. 

Figure 5.9: Resulting equilibrium points after 256 time simulations with lower 
friction(p = 2.75. 1-1): 61 simulations resulted in equilibrium, all other sim- 
ulations seemed to result in limit cycles. Simulation end time: 16.5 [s], w = -216 
[rad/s]. 

Perturb system,by hitting 
the table gently 

Protocol I 

/ with a hammer I 

Protocol I1 

Figure 5.10: Protocols of measurements of the equilibrium positions of the balls. 
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Measured equilibria, o = -21 6 [ raw,  number of data points: 200 
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Figure 5.11: Measured equilibrium points, w = -216 [rad/s], 200 measurements. 

5.4.1 Identification of the Friction Parameter 

4 s  stated in section 3.6, it was not possible to get an accurate estimate of the 
friction coefficient p. With the help of the measured equilibrium set (figure 5.11) 
and the numerically determined equilibrium sets (figure 5.4), a fresh attempt can 
be made to  estimate p. 
The computed equilibrium sets of figure 5.4 were compared to the measured one. 
The computed set that fitted the measurements most closely, is shown in figure 5.12, 
together with the measurements. Only one (see the arrows, note the symmetry line 
,& = P2 in the figure) measured equilibrium point did not match the computed 
equilibrium set. This can be due to measurement or model errors. The selected 
numerical equilibrium set corresponds to p = 2.75-lov3 [-I, therefore p = 2.75-10-3 
[-] was chosen to be the value of the friction coefficient, throughout this project. 
Here the chicken-and-egg problem (section 3.6) arises, as p has been estimated with 
the help of the measurement results of figure 5.11, while these results should be 
used for validation purposes of the numerical results! This has to be kept in mind, 
when the next subsection is read. 

5.4.2 Validation of the Numerical Results 

To estimate the value of p, a comparison was made between the measured equi- 
librium positions and the computed total equilibrium set. However, section 5.3 
showed that some parts of the equilibrium set are more preferred than others. This 
finding can be qualitatively compared to  the experimental results. This is shown in 
figure 5.13. 

It appears that the numerically and experimentally 'preferred' regions resemble 
a lot. Therefore, it can be concluded that, given this parameter setting (here: 
w = -216 [rad/s]), the model is capable to give a qualitatively correct representa- 
tion of the 'preferred' equilibrium set. Because of the chicken-and-egg problem, it 
may not be concluded that the model is capable to  give a completely correct repre- 
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Eauilibria," = -216.3772 iradlslv = 0.00275 1-1,200 data points 

Figure 5.12: Comparison measured equilibrium points and computed total equilib- 
rium set, p = 2.75. [-I, w = -216 [rad/s]. 

sentation, as the value of p should have been estimated independently, to  facilitate 
such a conclusion. 

In a second validation round, results a t  different parameter settings (here: a t  dif- 
ferent values of w) have been compared to  each other. Now it is possible to  make 
complete statements concerning the correctness of the model, as the measurements 
and parameter identification have been performed independently. 
Again, comparisons were made between the computed total equilibrium set and the 
computed 'preferred' equilibrium set on the one hand and the experimental results 
on the other hand, see figure 5.14. The figures on the first page show the results 
of the numerical time simulations; on the second page the experimental results. On 
the backgrounds of these figures, the computed total equilibrium sets are shown. 
At first, the computed total equilibrium set is compared to the experimental re- 
sults (see the figures on the second page). These results do not resemble as much 
as the ones in figure 5.13. Especially for the measurements at rotational speeds 
near the eigenfrequency (w, = -182 [rad/s]), the computed (total) and measured 
equilibrium sets show great dissimilarities. Further away from the eigenfrequency 
(simulation/measurement w = -161 [radls]), the results are more alike. 
This may be due to an incorrect estimate of the value of the friction parameter: 
possibly /I should have a higher value, such that the computed equilibrium sets 
are large enough to  contain all measured equilibrium points. Moreover, it may 
be possible that the chosen friction model is not adequate enough for this system. 
Therefore, it is recommended that new experiments are defined to  identify the fric- 
tion coefficient more accurately. Furthermore, other model deficiencies may cause 
the dissimilarities between numerical and experimental results. For example, it can 
be seen in figure 5.14 that a lot of the measured equilibrium points lie near the line 
pl = Pz,  which implies that the balls probably contacted each other a t  these points. 
It is possible that due to  this contact an extra friction force, namely between the 
two balls, arose. This contact between the balls has not been modeled. 
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Numerical 
Number of equilibria: 435 out of: 768.0 = -216.3772 [radlsl, p = 0.00275 [-I. 

(white) * Stable equilibrium of the model without friction. 

(white) o Unstable equilibrium of the model without friction. 

. Eauilibrium points, resulting from time simulations: 'preferred' equilibrium 

Experimental 
Equilibria,* = -216.3772 [rad/s]* = 0.00275 [-I, 200 data points x lo5 

B, [radl 

* Measured equilibrium points. 

;ure 5.13: Comparison between numerical and experimental results 
:ium set, p = 2.75 - [-I, w = -216 [rad/s]. 

points. 

of the equi- 
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Numerical (768 time simulations) 

Number of equilibria: 768 out o t  768.m = -160.8103 [rads], p =0.00275 1-1. x lod 

Number of equilibria: 768out ot 768.m = -173.1803 [radlsl, p = 0.00275 1-1. r 3 nd 

Number of pluilibria: 70 out of: 768.m = -191.6372 [radsl, p = 0.00275 1-1. , r nJ 

(white) * Stable equilibrium of the model without friction. 

(white) o Unstable equilibrium of the model without friction. 

. Equilibrium points, resulting from time simulations: 'preferred' equilibrium points. 
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Experimental 
w = -16l[rad/s] 

B, Wl 

w = -173[rad/s] 
Equilibria, o = -173.1803 [radls], p = 0.00275 I-], 105 data points x 

B, Iradl 

w = -192[rad/s] 
Equdibria. o= -191.6372 [mdls], p=  0.00275 [-1.236data points 

Figure 5.14: Comparison between numerical and experimental results of the equi- 
librium sets for different values of w (w, = -182 [rad/s]). 



56 Modeling and Analysis of an Automatic Bdancing Unit with Dry Friction 

Secondly, the computed 'preferred' equilibrium points are compared to  the experi- 
mental results (figures on the first page versus figures on the second page). Unlike 
the predictions by the 'preferred' equilibrium points, the measured equilibrium sets 
are mostly crowded near ,B1 = ,& = K .  This may be due to  the same model defi- 
ciencies as reported in the text above. 
But, how is it possible that the results in figure 5.13 are (qualitatively) better? 
A probable amwer to that q~estior, c m  bbe giver, by taking a f~ r the r  look at the 
used measureme~t protocols (figure 5.10). All measurements in figure 5.14 were 
performed following measurement protocol I only. The measurements a t  w = -216 
[rad/s] (figure 5.13) were performed following both measurement protocols and re- 
semble the 'preferred' equilibrium points better. Probably, protocol I does not 
account for all possible initial conditions (while the 'preferred' equilibrium points 
followed from time simulations using arbitrary initial conditions). It seems that a 
combination of both measurement protocols gives a better reflection of the complete 
set of possible initial conditions. However, this has not been checked during this 
project, so it is recommended to find out whether the two protocols lead to different 
experimental results and if a combination of both protocols gives better results. 

Up till now, only the equilibrium positions, expressed by ,& and ,L?2 have been 
validated. The amplitudes of the vibrations have not been compared to the ones 
that were predicted by the model during this project. Probably, these comparisons 
may give more insight in the validity of the model, so it is recommended to do that 
in future research. 

5.5 Discussion 

In the Dry Ball Balancer, the dissipation of the kinetic energy of the balls is caused 
by dry friction, instead of viscous damping. This internal energy dissipation is 
needed to  stabilize the resulting equilibrium positions of the balls. However, it ap- 
peared that dry friction has a dramatic impact on the equilibrium positions of the 
system. Instead of a few isolated equilibrium points, an equilibrium set arises. 
The equilibrium set contains combinations of PI and ,Bz that reduce the amplitude 
of vibration due to the residual imbalance, enlarge this amplitude, or do not affect 
the size of this amplitude. 
The size of this equilibrium set is influenced by the friction coefficient in the 
Coulomb friction model: the lower the friction coefficient, the smaller the corre- 
sponding equilibrium set. Unfortunately, the friction coefficient is a very difficult 
parameter to influence, as has been shown in sections 2.2 and 3.6. 
On the other hand, the size of the equilibrium set is influenced by the rotational 
speed of the ABU as well. It appeared that the size of the equilibrium set decreases 
when the critical speed (w,) is approached, whereas for increasing Iw - w,l, the 
equilibrium set becomes larger: eventually the equilibrium set contains all possible 
combinations of /Il and pg . 
This is an interesting property, as the rotational speed of the ABU is easily con- 
trolled. Therefore, it might be possible to get an influence on the resulting ball 
positions by using a 'smart' startup profile for the CD-ROM player. 
Finally it is remarked that besides equilibrium, it is also possible that (undesired) 
limit cycles occur. This is shown in the next section. Friction plays an important 
role in both phenomena. 
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s 5.1: Initial conditions of time simula: 
w = -247 Iradlsl 

Non- 
dimensional 

-0.0109 
-0.0047 
3.3088 
3.3088 
0.0020 

-0.0041 
0.4224 
0.4224 

equivalent 
-1.25 [m] 
-5.41 - [m] 
3.31 [radl 
3.31 [radl 
4.18. lov3 [m/s] 

-8.57 - [m/s] 
76.80 [rad/sl 
76.80 b d / d  

tions that resulted in limit cycles. 
I w = -309 [rad/s] 

Real Non- 
dimensional 

-0.01 
0.01 
1.50 
1.50 

-0.01 
-0.01 
0.75 
0.75 

equivalent 
-1.15. [ml 

5.6 Limit Cycles 

Earlier research [Koevoets 011 has shown that the ABU also exhibits limit cycling. 
This limit cycling behaviour is one of the major drawbacks of the ABU, as it leads 
to undesired vibrations. The amplitudes of these vibrations are larger than the 
amplitudes that result due to the imbalance of the disc; even larger than the largest 
amplitude that is found in the equilibrium set of the system with friction (sec- 
tion 5.2). In [Koevoets 011, some background information is given concerning this 
subject. 
By means of a few results, it is shown that limit cycles are found in both the ABU 
model and the experimental setup. For reasons of time, a profound analysis of the 
limit cycle behaviour of the system has not been performed during this project. 
Figure 5.15 shows the results of two time simulations of limit cycles at w = -247 
[rad/s] and w = -309 [rad/s] in the time interval [50,55] [s] 2 .  The initial conditions 
of the simulations are stated in table 5.1. These time simulations are compared t o  
measured limit cycles. 
With the help of a high-speed camera the motions of the balls during a limit cycle 

can be recorded. Figure 5.16 shows the course in time of the angles & and pz. 
These results were derived from the high-speed recordings using picture analysis 
software. In the figure, the results of the time simulations are shown as well. 

During both measured limit cycles, the balls are moving closely to  each other 
(PI = P2).  

It can be seen that, for both cases, the measured relative speed of the balls (bi) is 
smaller than the speed that resulted from the time simulations. At this moment, 
it is not clear what is the cause of this difference. A possible cause might be that 
the contact between the two balls (which has not been modeled) reduces the limit 
cycle speed of the balls. In future research, this discrepancy should be explained. 

2 ~ f  the results in complete time interval were plotted, the figure would become unreadable, 
therefore it was chosen to plot only the results of the last simulated 5 seconds. 
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w = -247 [rad/s] 

54 54.2 54.4 54.6 54.8 55 
Time [s] 

-0.01 1 I 
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54 54.2 54.4 54.6 54.8 55 
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54 54.2 54.4 54.6 54.8 55 

Time [s] 

Figure 5.15: Time simulations of limit cycles. Note: during both simulations, 
PI = P2 and 81 = 6 2 -  
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w = -247 [rad/s] 
Limit cycle: relative angles B, and B, 

w = -309 [rad/s] 
Limit cycle: relative angles B, and 8, 

Figure 5.16: Measured PI and during limit cycle, compared to  numerical results. 
Note: The numerical results were translated to cross the origin. 



Chapter 6 

Conclusions and 
Recommendat ions 

A model of the ABU has been derived, where the friction interaction between the 
balls and the rim of the ABU is modeled by means of the (Amontons) Coulomb 
friction model. This friction model is capable of representing the stiction behaviour 
of dry friction. The parameters of the model were identified by means of experi- 
ments; however, the friction coefficient p could not be estimated accurately enough. 
This model has been numerically implemented in the programming software Matlab. 

The influence of dry friction on the equilibrium positions of the balls has been 
investigated and compared to the equilibrium points that result from the model of 
the ABU without friction. It appeared that an equilibrium set arises, instead of 
a few isolated equilibrium points. The equilibrium set can be described by only 
2 parameters: Plto and P2,0. zO and go are uniquely determined by the mapping 
{PI,o, P2,0) I+ (30, go, PI,o, P2,0), using equations (5.3) and (5.4). 
The equilibrium set consists of configurations of ball positions that reduce the am- 
plitude of vibration due to the residual imbalance, enlarge this amplitude, or do not 
affect the size of this amplitude. 
The size of the equilibrium set is dependent on the value of the friction coefficient p 
and the rotational speed of the ABU w. The lower the friction coefficient, the smaller 
the equilibrium set. For low values of p (p = 2.74 - lop4 [-I, at  w = -216 [rad/s]), 
the equilibrium set consists of 4 disjunct subsets, that are located a t  and near the 
equilibrium points of the model without friction. For higher values, the size of the 
equilibrium set increases and the subsets merge into one equilibrium set. 
When the rotational speed approaches the eigenfrequency (w,), the equilibrium set 
reduces in size, as well. 
Time simulations were performed, given different values of w and arbitrary initial 
conditions. The simulations that resulted in equilibria were collected. It appeared 
that the balls reach their equilibrium positions relatively quickly: already after 
f 2.5 [s]. Furthermore, the results showed that some parts of the equilibrium set 
were more 'crowded' with the resulting equilibria than others. 
The time simulations gave some insight in the stability of the equilibrium set. It 
seems that the total equilibrium set is stable, even the parts in the vicinity of un- 
stable equilibrium points of the corresponding model without friction. 

The numerical findings and experimental results were compared. From this, an 
estimate of p could be derived. However, due to that, not all experimental results 
could be used for validation purposes. 
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The validation results lead to the following conclusions. 
For w = -216 [rad/s], the results of the time simulations showed great similarities 
with the experimental results. However, because ,LL was estimated at this parameter 
setting, it can not be concluded that the model is capable of giving a completely 
correct representation, onIy a qualitatively correct representation. 
At other values of w, the numerical and experimental results did not correspond 
that much. Especially for values of w near the eigenfrequency, differences were ob- 
served. 
Probably, the measurement protocol influences the experimental results. This might 
have affected the measurement results of the equilibrium points, as not all measure- 
ments were performed using both protocols. 

Both the model and the experimental setup suffer from limit cycles. These limit 
cycles can be simulated and measured. Measurements were performed using a 
highspeed camera: subsequently, the images were analyzed with the help of picture 
analysis software. The model and the experimental setup show limit cycles a t  the 
same rotational speeds of the ABU: w = -247 [rad/s] and w = -309 [rad/s]). Un- 
fortunately, the numerical and experimental results did not correspond completely. 
It appeared that the numerically computed speed of the balls was larger than the 
measured speed. 

During this project, a lot of insight in the influence of dry friction on the equi- 
librium positions of the balls in an ABU has been obtained. However, to improve 
the accuracy of the model and the knowledge of the system, the following recom- 
mendations are made. 
New experiments should be defined to identify the friction coefficient more accu- 
rately. Moreover, it must be found out whether the current Coulomb friction model 
gives a satisfactory description of the friction behaviour between balls and ABU. 
Next, the computed amplitudes of the vibrations should be compared to experi- 
mental results to  gain more insight in the validity of the ABU model. 
Furthermore, it should be investigated whether the two measurement protocols 
(figure 5.10) lead to  different experimental results and if a combination of both 
protocols gives better experimental results. 
It has been shown that the size of the equilibrium set changes for varying parameter 
settings, such as the rotational speed. It is interesting to find out how a change 
of the rotational speed influences the system dynamics, when an equilibrium point 
exists for a given speed, but not for another speed. 
More research must be performed towards analyzing the stability of equilibrium sets 
of discontinuous dynamical systems. Concerning this ABU-model with friction, it 
might be possible t o  use the LaSalle-approach. 
One of the major drawbacks of an ABU with friction is that the resulting equilib- 
rium positions of the balls cannot be predicted. With the help of the knowledge 
that has been gained during this project, it might be possible to  prescribe a startup 
profile for a CD-ROM player, such that this uncertainty of the positions of the balls 
can be minimalized. 
The limit cycle behaviour of the system should be investigated, by means of both 
the model and the experimental setup. 
0 

"So eine Arbeit wird eigentlich nie fertig, man mui3 sie fiir fertig erkl5ren 
wenn man nach Zeit und Umstanden das Moglichste getan hat." 

Johann Wolfgang von Goethe, 1749-1832 German poet, novelist and playwright. 
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Measurement protocol 

In this appendix, some important information is given for the use of the experimen- 
tal setup. 

The Printed Circuit Board (PCB): The PCB that carries the control unit 
of the motor, is fed by two electrical sources: one 5V unit, for the electronics and 
another one of 24V, that supplies the energy for the motor. When turning the 
power on, first the 5V unit must be turned on, then the 24V unit. When turning 
the power off, it goes the other way round: first 24V, then 5V. It is also possible to  
turn both units on and off a t  the same time, which can be more convenient. 
There is a safety button: this turns of the 24V power supply only. 
At the side of the PCB a reset button is situated. It is recommended to  press it 
each time after the power is turned on or the steering program mot4. exe is started. 
The first PCB that was delivered with the experimental setup had suddenly broken 
down. Probably this was due to short circuiting or age effects. Because POS hasn't 
got that many PCBs on stock, be careful. It is recommended to check the chips on 
the PCB for overheating at certain times during the experiments. 

Hygiene: The friction contact between the balls and the rim of the ABU is in- 
fluenced by the hygienic condition of these parts. Never touch the balls or the 
inner side of the ABU with bare hands: use squeezers, instead. Also, be afraid of 
dust. The ABU and the balls can be cleaned with isopropanol. Warning: Other 
chemicals (such as alcohol) can damage the ABU; use only isopropanol to clean the 
ABU! It  is recommended to clean the ABU and the balls each time before a series 
of experiments is started. 

mot4: mot4. exe is the steering program, and can be started in directory c : \martin. 
mot4 is the user-interface that communicates with the PCB. It is possible to give 
commands online (while mot4 is running) or to  provide the commands in an input 
file, which can be run automatically. 
When the commands are given online, the speed of the ABU is set by pressing T, 
followed by the desired driving speed [Hz]. Actually, this the only necessary option 
of the program. The control unit reconstructs the given driving speed at an accu- 
racy of 1 [Hz] (6.3 [rad/s]). Table A.l gives the rotational speeds that are produced 
by the motor of this setup, at given values of T. Note: The values of w are negative, 
because the ABU turns clockwise. 

If the motor is not functioning properly, a few settings can be changed by pressing 
M. Mainly, the setting J, mass moment of inertia from motor & disc, is used, for 
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Table A.l: Rotational speeds of the motor for given T. 

Real Frequency [Hz] 
-49.20313 
-39.35938 
-34.43750 
-33.46875 
-32.46875 
-31.50000 
-30.50000 
-29.53125 
-28.53125 
-27.56250 
-26.56250 
-25.59375 
-24.59375 

example when a smaller CD or no CD is used. 

Safety: "Any car is only as safe as its driver." Although the experimental setup 
is safe by itself, it is useful to  be aware its dangers. Realize that it is operating a t  
high speeds. For example, at a driving speed of T = 40 Hz, the speed of the balls 
in the ABU is 3 m/s, the speed of the outer rim of the CD 15 m/s, while at T = 
100 Hz, these speeds are 7 m/s, 38 m/s (136 km/h!), respectively. 
Be sure that there are no loose parts (for example: are the imbalance screws attached 
securely?). Still, it is possible that the balls are launched from the ABU, flying as 
projectiles through the air and being a potential danger to  your eyes or the eyes of 
your collegues in the lab. If you are not sure whether the balls stay inside the ABU, 
at least wear protective glasses and stay alert. 
Also, in very rare occasions, the motor starts speeding up unexpectedly. Probably, 
this is due to  some error in the control unit. Usually, pressing the reset button on 
the PCB is sufficient to stop the motor. 
Of course, it is always possible to press the emergency button. 

Extra Information: In c : \rnartin\doc some extra documentation can be found: 

0 readme.txt Readme file, giving detailed information about the hard- and soft- 
ware. 

example.txt Example of an input file that is used by mot4. 
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Derivation of the Equations 
of Mot ion 

B.l Elaboration of the Kinematics 

In section 3.2, the kinematics (figure B.l) of the system was derived. Here, this 
is elaborated. The kinematics are expressed in the (real) generalized coordinates: 
qT = [x 9 ,& P2 l1 l 2 IT .  This leads to the following expressions of the vectors that - 

Figure B.l: Kinematics of the ABU Model. 
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define the positions of the elements of the ABU: 

with: 
cos 8(t) sin 8(t) 

where: 8(t) = R ( T ) ~ T  . I' 
At this point, the assumption R(t) = w (so: 8 = wt) is introduced. Consequently, 

+ [51 is given by: [ ] = [ Wz% 1. NOW, the time derivatives of the vectors -wex 
TAB, TAC and r ' ~ , ~  can be derived: 

Furthermore, the rotational speed of the balls is introduced. It is assumed that the 
balls always roll, continuously contacting the rim of the ABU. This implies that 
the relative velocity between the contacting surfaces is zero. This is a kinematic 
constraint, coupling the rotation of the ball in the rim to the rotation of the ball 
about its center of mass. 
The rotational speed of ball i is given by: 

where e', is the unit vector, normal to  the plane, following from the right-handed 
coordinate system (e',, e',, &): e', = e', x e'y. The first term in (B.9) represents the 
rotational speed due to the kinematic constraint, as described in the text above. 
The second term in (B.9) is caused by the fact that the ABU has a circular shape 
and the third term is caused by the rotational speed O(t) = w of the ABU. 

B.2 Kinetic and Potential Energy 

The kinetic energy T of the complete system is given by: 
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The (polar) mass moment of inertia of a spherical homogeneous ball with respect 
to  its center of mass is given by: Ji = O.lmid:. 
Actually, the kinetic energy of the ABU (and CD, carrying the imbalance), due to 
the rotational speed of these elements, should be noted in equation (B.11), as well. 
However, because the ABU is driven at a constant speed, this term has a constant 
value and has no effect on the resulting equations of motion. 
The potential energy is found in the following expression: 

i 1 
V = , ~ ~ ( F A B  -Zl)'+ ;k2(FAB -e'2)2. (B.12) 

L 4 

With: TAB = [x y] [ 2 ] 
cos (wt) sin (wt) 

= [~ ' l [ - s in(wt)  cos(wt)] [:] ' (B.13) 

(B. 14) 

and the assumption k1 = k2 = k, V reduces to: 

B.3 Non-Conservative Forces 

The non-conservative forces are introduced by damping and friction. The fric- 
tion forces act on the balls in tangential direction. Following the Coulomb model 
(equation (3.2)), the friction force gets a positive value for positive Pi. The non- 
conservative forces are derived, using the principle of virtual work: 

6W = (- fbl cos wt - fb2 sin wt)bx + (fbl sin wt - fb2 cos wt)by 

-fw,lh&Pl - fw,z126Pz , (B .16) 

f b l  =  TAB . Zi , (B.17) 

fb2 = b 2 T f ~ ~  - z2 . (B.18) 

Virtual displacements bll and 612 do not have any effect on the virtual work in this 
case. 
Using the assumption bl = b2 = b and 6W = (QnC)*Sq, the column with the - - 
generalized non-conservative forces can be derived: 

This column is described as the sum of two columns, representing damping and 

In the next section, this choice will be elucidated. 

friction, respectively: 

= - - w 
+ 

- -b(x- yw) - 
-b(y + XW) 

0 
0 
0 
0 - - 

- 0 
0 

- f w , l h  

-fw,212 
0 
0 - 
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B.4 Normal Forces 

The normal forces acting on the balls are computed as constraint forces, using 
constraint equations l?qT = 0. When constraint equations Rq, = 0 are defined as 

* 

follows: 

the following constraint equations arise: 1; = O A i2 = C. 
This results in the column with constraint forces QConStT - = - R ~ ; ? I ,  that is added as 

extra term to  the equations of motion: 

J?rom this definition of - and the principle of virtual work: 

SW = -fn,lSll - fn,2& , (B.23) 

it foIlows that the normal forces act in directions normal to the surface of the ABU. 
Positive values of fn,i correspond to compressive normal forces. 
Furthermore, the normal forces can be found in the column A,: 

The column 2, is known from equation (B.24), so matrix ST can be derived, using 

Now, an expression for matrix ST can be found. The column with (non-conservative) 
friction forces is defined as: 

the Coulomb model (3.2): 

so, ST = 1 1 ~ 1 ~ i g n ( A )  o 
o ~zpz sign(/%) 

' 

0 0 

. (B.25) g w  = -&.A, = - 

- - 
0 
0 

-fwJ1l 
-fw,212 

0 
0 - - 
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B.5 Extended Lagrange's Equations for Systems 
with Constraints 

Extended Lagrange's Equations for Systems with Constraints are formulated as 
follows: 

T T 

[ Q d ]  + [ ~ ~ i r ]  , (B. 28) 

When these equations are elaborated, the following equations of motion arise (use 
is made of the property li = 0): 

where: M,(q,) = - 
M 0 -mill sin Pl -m& sin P2 ml cos PI m2 cos ,B2 
0 M mill cos Pl mzlz cos P2 ml sin m2 sin P2 

-mill sinP1 mlll cospl m112 + ~ ~ ( 2 ) ~  0 0 0 
-m212 sinP2 m212 cosPz 0 m21; + ~ 2 ( 2 ) ~  0 0 

ml  cos Pl ml sin Pl 0 0 ml 0 
. m2 cosP2 m2 sinP2 0 0 0 m2 

hl, = - {2m2w sin ,&x - 2m2w cos Pzj, - m2w2 cos P22 - m2w2 sin P2y 

where: M = Mi + mI + ml + m2. 
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B.6 Non-Dimensional Form of the Equations of 
Motion 

The following non-dimensional coordinates and parameters are introduced: 

and a non-dimensional time scale: f = writ, 

d ( - )  1 d( . )  -. d2( - )  1 d2(-) (.) = -- = -- and (.) = - = --. 
d t  wn d t  dT2 W: d t2  

Note: From now on, all forms of (-) and (1) refer to the non-dimensional time 
scale. 

The symbols are explained in table 3.1. 
Furthermore, the non-dimensional forms of the normal (f,,,) and friction ( f w , i )  
forces that act on the balls are presented: 

- fn,i 
f .  = - n,z m i w ; L  ' 
- fw,i 

f . = -  w,t 
miw:L ' 

q is defined as the column containing the non-dimensional generalized coordinates: - 
2 = [Z g PI PZ i1 idT. 
This leads to the general form of the equations of motion: 

Lu(q ) i i  - - - @, j )  + $A = & T ~  , (B.33) 

with: 

M ( q )  = 

r 
1 0 -% sin & -%2 sin ,& cos P1 m2 cos ,B2 
0 1 ml cospl ma cbs,& ml sinP1 m2 sin,& 

- sin,& cos pl 1 + 4j1 0 0 0 
- sinP2 cos Pz 0 1 + 452 0 0 
cospl sinP1 0 0 1 0 
cosP2 sin,& 0 0 0 1 
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and: 



Appendix C 

Equations of Motion, for all 
Slip/St ick/Transit ion 
Configurations 

General equations of motion: 

For the definitions of M(q) - and b(q, - g) ,  see chapter 3. The definitions of I?, 3 and 

A vary with the different Slip/Stick/Transition configurations and are stated below. 

These forms of R7 and A have been derived in a way, analogous to appendix B. For 

the definitions of the different Slip/Stick/Transition configurations, see chapter 4. 

Constraint equations: -il + 1 = 0, -i2 + 1 = 0 

R =  I 0 0 0 0 - 1  0 
0 0 0 0  0 -1 I 
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Constraint equations: ,& = 0, -Il + 1 = 0, + 1 = 0 

[ ;;; j 
Constraint forces: X = , Note: $,J must be checked for: _< 

Note: f,,l is a constraint force in this case! 

Constraint equations: 

5 

Constraint forces: 

Note: In this case, the (dissipative, non-dimensional) friction force f , ~  follows 
from the matrix multiplication $A, see appendix B. 

Note: Both cases, -Ib@- (with ze )  and -1bG- (with &), must be evaluated. After 

that, for each case, the following check must be performed: sign(fw,l) sign(&) 

Concluding remarks: 
If for case -la-: I f , ~ l  < plfm,l then case -1a- is applicable. 
If for case -a@-: ~ i ~ n ( f , , ~ )  = sign(jl) = +1 then case -Ib@- is applicable. 
If for case -Be-: sign(f,,l) = sign&) = -1 then case -1be- is applicable. 
It  might be possible that no configurations or more than one configurations are 
applicable, see section 4.3 
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Constraint equations: j2 = 0, -il + 1 = 0, -i2 + 1 = 0 

[ :::: I Constraint forces: ;? = &,I Note: fw,2 must be checked for: I f , , 2 1  5 , u ~ J ; ~ , ~ !  

Constraint equations: -1; + 1 = 0, -t2 + 1 = 0 

Constraint forces: = [ EJ ] 
f n , ~  

Note: Both cases, -IIb@- (with &) and -1Ibe- (with &), must be evaluated. Af- 
ter that, for each case, the following check must be performed: sign(fW,2) 2 sign(b2) 

Concluding remarks: 
If for case -IIa-: If,,zl 5 112f;2,2 then case -1Ia- is applicable. 
If for case -IB@-: sign(.&) = sign(P2) = +l then case -IIb@- is applicable. 
If for case -IN+: sign(.fw,2) = sign(P2) = -1 then case -1Ibe- is applicable. 
It might be possible that no configurations or more than one configurations are 
applicable, see section 4.3 



74 Modeling and Analysis of an Automatic Balancing Unit with Dry Friction 

C.6 -1IIa- Stick/Stick 

Constraint equations: 

5 

Constraint forces: 

[w,1 

b = [ 2;; ] Notes: &,I must be checked for: If,,l 1 5 pl[n,l! fw,z must be checked for: If;ll,21 5 p2fn,2! 
f n , ~  

Constraint equations: 

* 

Constraint forces: 

Note: Both cases, -IIIb@- (with &) and -1IIbe- (with &), must be evaluated. 

After that, for each case, the following check must be performed: sign(fw,l) sign(&) 
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C.8 -1IIc- St ick/Transition 

Constraint equations: 

* 

Constraint forces: 

81 = 0, -il + 1 = 0, -i2 + 1 = o 

r 7 

? = I g: ] Note: fw,r must be checked for: h , l  2 pfn,l!  

Note: Both cases, -IIIc@- (with &) and -1IIce- (with &), must be evaluated. 

After that, for each case, the following check must be performed: 2 sign(j2) 

Constraint equations: 

=3 

Constraint forces: 

Note: All 4 cases, -IIId@@- (with See), -1IIdee- (with See), -IIIde@- (with 
See), -1IIdee- (with See), , must be evaluated. After that, for each case, the 

following check must be performed: ~ i g n ( f , , ~ )  sign(jl) A ~ i g n ( f ~ , ~ )  sign(j2) 



76 Modeling and Analysis of an Automatic Balancing Unit with Dry Friction 

is applicable. 
If for case -1Ifie-: Ifw,zl I /12fn,2 A sign(f,,l) = sign(jl) = -1 then case -1IIbe- 
is applicable. 
If for case -IIIc@-: If,,ll I plfn,l A sign(.&) = sign(h) = +1 then case -I&@- 
is applicable. 
If for case -IIIce-: If,,ll I p&,l A sign(fw,2) = sign(j2) = -1 then case -1IIce- 
is applicable. 
If for case -IIId@@-: sign(fw,l) = siga(jl) = f I/?, ~ i g n ( f , , ~ )  = sigr?(j2) = +I then 
case -IIId@@- is applicable. 

If for case -IIId@8-: sign(.fw,l) = sign(&) = +1 A = sign(j2) = -1 then 
case -IIId@e- is applicable. 
If for case -Ill&@-: sign(fw,l) = sign(81) = -1 ~ s i g n ( f ~ , z )  = sign(j2) = +1 then 
case -IIIde@- is applicable. 
If for case -IIId00-: sign(fw,l) = sign(jl) = -1 A sign(fW,z) = sign(j2) = -1 then 
case -1IIdee- is applicable. 

It might be possible that no configurations or more than one configurations are 
applicable, see section 4.3 
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Equilibrium Points of the 
System without Friction 

The equilibrium points are found by stating q* m = 0 and q* m = 0 in equation (5.1). it 

is assumed that the two balls are identical, therefore m1 = = m. This leads t o  
the following expressions of the equilibrium points (Note: the equations are written 
in non-dimensional form) : 

D. l  Solutions AT and A! 

PLO = P2,o = arcsin ) - arctan (s) + rnod (~ )  , 

VPLO = P2,o = T - arcsin ( 2 m  ) - arctan (s) + mod(,) . 
m I E J m  

Note: This leads 8 (2 - 4) possible combinations. Maximally 2 of them are valid: 
Af and At.  These can be found by substituting all 8 combinations in the original 
equations of motion (5.1). Only the solutions that lead to q* = 0 and q' = 0 are - - 
valid. 
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Note 2: As the argument of the arcsin-term must have a value between -1 and 
1, the interval [LJ~,LJ~] can be derived, where solutions AT and A! vanish. The 
corresponding expressions axe: 

In the intervals [al, and [-a3, -a1], solutions AT and A! disappear. Given the 
parameters in table 3.2, this corresponds to w E [179,184] [rad/s] and 
w E [-184, -1791 [rad/s], respectively. 

D.2 Solution A2 

D.3 Solution B1 

zo = 0 ,  

Yo = 0 ,  

P ~ , O  = arccos (- z) + mod(2~)  , 

P2,o = -P1,0 - 
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Glossary 

Automatic Balancing Unit (ABU) System that continually counteracts im- 
balance in rotating machinery. It consists of a circular disc, concentrically 
mounted to  the rotating machine part, carrying a number of freely moving 
balls. When the rotational speed of the system exceeds the so-called crit- 
ical value, the balls automatically shift to such a configuration that leads 
to  balance, resulting in reduced vibrations. The system remains balanced, 
regardless of the imbalance variations. 

Automatic Dy/ Ball Balancer Automatic Balancing Unit where the balls run 
on a dry surface, inducing dry friction between the rim of the ABU and the 
balls. The Automatic Dry Ball Balancer is the subject of this study. 

Coulomb friction model Friction model, using a static map from the relative 
velocity between the two contacting surfaces to compute the friction force 
during slip. Also, the stiction behaviour of dry friction during stick (and 
transition) is taken into account in this model. 

Differential Algebraic Equations (DAEs) Combination of algebraic and dif- 
ferential equations. 

Driving force The resultant of the centrifugal 'force' and the normal force, acting 
on a ball in tangential direction, exciting the balls. 

Equilibrium set The collection of all the configurations where the balls can come 
to  rest, combined with the resulting vibrations of the rotor (due to the residual 
imbalance). 

Extended Lagrange with Constraints Method, descibed in chapter 3, which 
was used to  describe the equations of motion in such a form that it is possible 
to compute all necessary data, including the values of the normal and friction 
forces, acting on the balls. 

Odefile The m-file (used by the software program Matlab) that contains the equa- 
tions of motion. 

Slip phase Phase, defined by & # 0. In this phase, ball i is rolling. Note: the 
ball is continuously in contact with the rim of the ABU, which means that 
the relative velocity between the contacting surfaces is zero. 

Smoothing Modeling technique where discontinuities in the equations of motion 
are approximated by smooth functions. 
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Static friction level (fs) Maximum value the friction force can obtain in stick 
phase. 

Stick phase Phase, defined by ,& = 0 and ,& = 0: ball i does not move relative to 
the ABU, because the friction force is equal to the sum of the external forces 
(which implies that the relative acceleration of the ball is zero). 

Stiction behaviour The ability of the friction force to counteract an external force 
at zero (relative) velocity, resulting in zero acceleration. 

Switch Model Solution to  tackle the problem of discontinuities in differential 
equations, as proposed in chapter 4. 

Transition Phase Phase, defined by ,& = 0 and ,& # 0: the external forces exceed 
the static friction level and ball i starts rolling. 
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