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Abstract 

One of the major purposes of controlling a dynamical system is to force a system to perform predictably 
certain tasks through time. The challenge for engineers is to come up with a controller that performs this 
task in an optimal way and simultaneously taking into account the system's shortcomings and restrictions. 

The major disadvantage of the various control strategies present today is that, although most of them 
are capable to design for optirnality, they lack the possibi!ity to t2ke into account system restrictions and 
optimality simultaneously. A general nonlinear control theory in which the prescription of the system's 
restrictions can be discounted, by including mathematical constraints, is the model predictive control 
strategy. Model predictive control uses a dynamical model of the physical system to be controlled and 
will perform a prediction of the future behavior of the physical system. These predictions together with 
the user prescribed constraints and physical measurements of the system, are used to compute the input 
that is needed to control the physical system in order to perform a certain task. 
In model predictive control strategies based on state space models, knowledge of the state variables, is 
needed. Often it is not possible to measure those variables on the physical system, but often, the state 
variables can in fact be reconstructed on the basis of output measurements. For this estimation, a model 
of the physical system and the output measurements on the physical system are used. Algorithms in 
which a model of the physical system and system output measurements are used to obtain an estimate of 
the state variables are called state observers. 
In this report a general nonlinear observer theory has been considered to estimate the state variable needed 
in the model predictive controller. The problem with the theory, is that generally there are future input 
values of the system to be controlled needed in the nonlinear observer. When these input values are not 
known in advance, which is the case in a model predictive controlled system, then the observer cannot 
be used to compute the estimated state variables without a time delay. In this report the idea to use the 
predictions of the future input values, that are performed in the model predictive controller, and feeding 
them to the observer has been investigated. 
Two approaches have been proposed to combine the considered nonlinear observer theory and the model 
predictive control strategy. First linear unconstrained model predictive control in combination with non- 
linear observer theory has been considered for both approaches. This linear unconstrained analysis made 
it possible to analyze the systems in an analytical manner. The analysis resulted in stability proofs for 
specific academic examples, from which can be concluded that the proposed ideas may actually become 
successful in a much wider nonlinear context. 

It appeared that for certain conditions of one of the approaches, the model predictive controller does not 
need any knowledge of the state variables. Instead, past input and output values of the system to be 
controlled are needed. In this case no observer is needed. The observer can be replaced by buffer systems 
buffering past input and output data of the system to be controlled. This strategy should in fact be 
equivalent to model predictive control in which direct state feedback is possible. This is true if initially 
the past input and output values are known. Generally this is not the case and as a results harmful 
consequences concerning optimality are entering the picture. Linearly it has been shown that the initial 
values for the past input and output values do not effect the stability properties of the controlled system. 



Samenvat t ing 

Een van de voornaamste redenen van het regelen van een dynamisch systeem is om een systeem op een 
voorspelbare manier in de tijd een bepaalde taak uit te laten voeren. De uitdaging voor ingenieurs is om 
een regelaar te creeren die deze taak op een optimale manier kan realiseren en daarbij rekening houdt met 
de tekortkomingen en restricties van het systeem. 
Hoewei de verschiiiende regei strategieen die we vandaag de dag kennen, rekening hoiiden met het opti- 
maal ontwerp van de regelaar, schieten ze te kort als een optimaal ontwerp in combinatie met systeem 
restricties wordt beschouwd. Een algemene niet-lineaire regeltheorie, waarin systeemrestricties kunnen 
worden verdisconteerd door middel van mathematische constraints, is een regelstrategie genaamd model 
predictive control. Model predictive control maakt gebruik van een dynamisch model van het fysische 
systeem dat geregeld moet worden. Met behulp van dit model wordt er een voorspelling van het toekom- 
stige systeem gedrag van het betreffende fysisch systeem gedaan. Deze voorspelingen, samen met voor 
te schrijven constraints en fysische metingen aan het systeem, worden gebruikt om een ingangssignaal te 
berekenen dat gebruikt wordt om het fysische systeem een bepaalde taak uit te laten voeren. 
In de model predictive control strategieen gebaseerd op de toestandsmodellen, is kennis van de toes- 
tandsvariabelen vereist. Vaak is het niet mogelijk om deze direct te meten aan het fysische systeem, 
echter vaak kunnen ze worden gereconstrueerd op basis van uitgangsmetingen van het betreffende sys- 
teem. Voor deze reconstructie of schatting, wordt er gebruik gemaakt van een mathematisch dynamisch 
model van het fysische systeem en metingen verkregen van dit systeem. Algoritmes die een model van het 
fysische systeem en uitgangsmetingen gebruiken om een schatting van de toestandsvariabele te maken, 
worden waarnemers genoemd. 
In dit verslag wordt er gebruik gemaakt van een algemene niet-lineaire waarnemer theorie om de toestands- 
variabele voor de regelaar, gebaseerd op de model predictive control strategie, te reconstrueren. Het 
probleem met de theorie, is dat in het algemeen toekomstige ingangswaarden van het te regelen systeem 
nodig zijn in de niet-lineaire waarnemer. Ais cieze ingangswaarden niet van te voren bekend zijn, zoals 
dat het geval is voor een geregeld systeem waarbij de model predictive control strategie gebruikt wordt als 
regelaar, dan kan de niet-lineaire waarnemer niet zonder enige looptijd te introduceren in het regelsysteem 
worden toegepast om de toestandsvariabele te reconstrueren. In dit verslag wordt het idee uiteengezet 
om de voorspellingen van de toekomstige ingangswaarde, die door de model predictive control strategie 
worden voorspeld te verdisconteren in de niet-lineaire waarnemer met zijn toekomstige systeem ingangen. 

Twee aanpakken worden er voorgesteld om de model predictive control strategie en de niet-lineaire waarne- 
mer theorie te combineren. Als eerste wordt voor beide aanpakken de model predictive control strategie 
lineair en zonder constraints verondersteld. Deze lineaire analyse resulteert in een stabiliteitbewijs voor 
specifieke academische voorbeelden, waaruit kan worden geconcludeerd dat de voorgestelde ideeen mogelijk 
succesvol zullen zijn in een bredere en algemenere niet-lineaire context. 

Het bleek dat voor bepaalde condities voor een van de aanpakken, de model predictive control strategie 
geen toestandsvariabele nodig heeft. In plaats daarvan heeft de regelaar ingangs- en uitgangswaarden 
uit het verleden van het te regelen systeem nodig. In deze situatie is er geen waarnemer nodig. De 
waarnemer kan wcrden vervangen door systemen die de ingangs- en uitgangswaarden uit het verleden 
bufferen. Deze strategie zou in feite equivalent moeten zijn aan de model predictive control strategie 



waarbij directe terugkoppeling van de toestandsvariabele mogelijk is. Dit is waar als initieel de verleden 
ingangen en uitgangen bekend zijn. In het algemeen is dit niet het geval, zodat het optimaal zijn van het 
algoritme wordt aangetast. Voor lineaire systemen is aangetoond dat de initiele waarden voor de ingangs- 
en uitgmgswaarden uit het verleden gee= effect h e b b e ~  op de stabiliteitseigenschappen van het geregeide 
systeem. 
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Chapter 1 

Introduction 

Model predictive control (MPC), also referred to as moving horizon or receding horizon co~tro!, has 
become an attractive feedback strategy, especially for linear or nonlinear systems subject to input and 
state constraints. In general, linear and nonlinear model predictive control are distinguished. Linear model 
predictive control refers to a family of model predictive control schemes in which linear models are used 
to predict the system dynamics, even though the dynamics of the closed-loop system are nonlinear due to 
the presence of constraints. Linear model predictive control approaches have found successful applications 
especially in the process control industry, in which the time constants of the system dynamics are relatively 
long. However due to increasing computer capabilities model predictive control will likely extend its 
application field to systems which are characterized by modes with relatively faster time constants such 
as mechanical systems. 
Many systems are, in general inherently nonlinear. This, together with ever increasing demands on the 
control performance, requires systems to be operated over larger operating regimes and thus nonlinear 
system models enter the picture. This increasing demand on performance is desired by the industries 
where higher product quality specifications and increasing productivity demands, tighter environmental 
regulations and demanding economical considerations require systems to be operated closer to the bound- 
ary of the tolerable operating region. This motivates the use, research and development of nonlinear model 
predictive control (NMPC) theory. 
General model predictive control strategies are based on the knowledge of all state variables, however, 
measurement of the state variables of the physical system to be controlled is often not practical, very 
costly or even impossibie. The soiution to this problem is then the use of an observer. An observer 
reconstructs the state variables using a dynamical mathematical model of the physical system and specific 
practically measurable physical outputs of the system. For linear systems there exists a straightforward 
observer theory, but for nonlinear systems this is not the case. There exist nonlinear observer theories, 
in which under certain conditions a state variable transformation on the nonlinear equations can be 
applied. The state variable transformation results in a dynamical nonlinear model, which has equivalent 
input/output behavior. The model resulting from this state variable transformation is of a form which is 
called a nonlinear observer canonical form. Designing an observer in this nonlinear observer canonical form 
results in linear error dynamics, which means that the observer design can be performed using a standard 
linear observer design techniques. The problem with this nonlinear observer canonical form is that, in 
continuous time, this form contains higher order time derivatives of the system input. Practically applying 
this form into the model predictive controlled system means that online differentiation of the system input 
has to be performed. Differentiation of a signal in a controlled system is not wise in general, because of 
the amplification of, possibly present, noise. This will be catastrophic for the control performance. In 
discrete time nonlinear theory there exist a counterpart of this nonlinear observer canonical form in which 
no higher order derivatives of the system input are present. Instead there are, in general, future input 
values present in the observer structure, which means that the observer is noncausal. 



The subject of this project is to investigate the possibility of predicting future input values, needed by the 
observer, by using the model predictive controller and subsequently feeding them to the observer, which 
will generate an estimate of the state variables used by the same concerning model predictive controller 
which srrbsequently compites an input for the process to be controlled. The i~vestigations are mainly 
focused on getting grip and insight on the mechanism, its stability and performance of two differed 
proposed configurations to handle the non-causality problem. In proposal 1 the observer consists of a 
state equation in the nonlinear observer canonical form in which the state variables of this model are 
transformed to the state variables of the used model in the model predictive controller. In proposal 2 
the used model in the model predictive controller has the same state model structure as the nonlinear 
observer canonical form used in the observer. The state transformation in the observer is omitted in this 
proposal. 
The outline of this report is as follows. In chapter 2 nonlinear discrete-time observer theory is described. 
Chapter 3 covers the model predictive control principle, in which besides the conventional model pre- 
dictive control strategy, another approach is treated which is useful for the model predictive controller 
and noncausal observer combination. In chapter 4 the nonlinear discrete time observer and the model 
predictive control strategies are combined. As already mentioned this results in two control strategies 
namely proposal 1 and 2 respectively. Both proposals are analyzed first in a analytical linear manner. In 
Chapter 5 a numerical analysis is obtained and also a nonlinear simulation of both proposals is performed. 
In the last chapter conclusions and recommendations are given. 



Chapter 2 

Observers in the Extended Nonlinear 
Observer Canonical Form (ENOCF) 

In this report the observer design proposed in [I] is used as a basis. In the dissertation [I] an invertible 
coordinate transformation is proposed, suitable to apply on smooth nonlinear control systems, which are 
mathematically described by a set of difference equations. These systems are also known as discrete-time 
nonlinear systems. In [l] the proposed invertible coordinate transformation is used for nonlinear observer 
design. A major advantage of the proposed transformation theory, is that weaker mathematical conditions 
have to be fulfilled for the existence of an invertible coordinate transformation than the coordinate trans- 
formation theories already existing for the considered category of dynamical systems. In the considered 
system category only single input single output systems are considered. The considered discrete-time 
single input and single output systems are described by: 

x(k = 0) = xo ,and k E No, 

with state variable x(k) E Rn, input u(k) E R1, output y(k) E lR1. The functions f and g are considered to 
be smooth. The proposed transformation in [I] is a an input and output dependent transformation of the 
state vector of (2.1), to another state vector of the same dimensions n. The transformation results in an- 
other set of difference equations which is called the extended nonlinear observer canonical form (ENOCF). 
In fact this form is a more general notation, from which the linear observer canonical from can also be 
derived. 



Definition 2.0.1. The extended nonlinear observer canonical form is defined as: 

y(k) = h,(zn(k), [u(k - n + 1), . . . , ~ ( k ) ] ) ,  zn(k) = Czz(k), z(k = 0) = zo, and k E No, 

(2.2) 

with state z(k) E Rn, input u(k) E R1, output y(k) E R1, C, = [ O . .  . 0  11. 

Notice that the state vector z is now linearly present in the state equation and the nonlinearity of the 
state equation is only present in the function f,, which is a function of the input and output variables. 
Notice however, that the input and output variables present in f, consist of past and current values and 
even future input variables can be present in the equation. This possible future dependency means that 
the extended nonlinear observer canonical form is noncausal in general. The output function h, is only 
a function of the last component of the state variable z(k), and past and present input variables. An 
observer in the extended nonlinear observer canonical form is an observer of the following structure. 

In which L~ = [lo 11.. . In-'] is the observer innovation gain. For the derivation of the error dynamics 
belonging to the observer structure the following definition of the error is used. 

Definition 2.0.2. The estimation error of the z-state is defined as the difference between the estimated 
state 2 and the actual state z: 

e, (k) = g(k) - z(k) (2.4) 

Since all the nonlinearity of the system has been put in one function fz7 which does not depend on the 
state variable of the system, but only on the input and output of the system the nonlinear terms will 
be eliminated in the derivation of the z-error dynamics. This neat structure of the extended nonlinear 
observer canonical form leads to linear error dynamics of the form: 



As can be seen, the linear state estimation error difference equation only depend on the observer innovation 
gains L~ = [lo l1 . . . which represent the coefficients of the characteristic equation that determine 
the dynamic behavior of the estimation error of the z-state variables. 
A disadvantage of an observer in this form, is that the observer can oniy be used if the input sequence is 
known. If the future input variables are not known, which is the case if an observer is used to provide a 
regulator with the necessary estimated state variables used as feedback, the observer is in general useless. 
A substantial advantage however, is that the error dynamics (2.5) are linear, so one can place observer 
poles as in linear observer theory. However a state observer in extended nonlinear observer canonical 
form, or shorter ENOCF, is only usable if there would exist an invertible coordinate transformation or 
diffeomorphism which could relate the x and the z-state vectors with one another. If such diffeomorphism 
would exist, one would have a general nonlinear observer structure, from which the dynamic behavior 
could be designed by using linear pole-placement control theory. The proof for the existence of such 
invertible coordinate mapping, which appears to be input and output dependent, is given in [I]. 

2.1 Two step state variable mapping 

The motivation to use the coordinate transformation described in [I] is based on the fact that there are 
relatively little restrictions on the existence of an invertible coordinate transformation map compared to 
other comparable theories. This property extents the usability on different system equation structures 
considerably. The coordinate transformation is based on a two step transfornation. This means that 
mapping the x-state vector onto the z-state vector can mathematically be split up into two parts. In 
this section globally the background and the mathematical conditions, for which the invertible coordinate 
transformation maps exist, are set forth. For more details one can consult [I]. The two step coordinate 
transformation mapping will introduce an additional state vector which will be denoted by s E Bn. The 
two coordinate transformation maps are generally denoted by: 

1. Transforming x-state variables into s-state variables defined by a coordinate transformation map y5: 

2. Transforming s-state variables into z-state variables defined by a transformation map Z 

The total coordinate transformation from x-state variables and z-state variables is denoted by: 

z(k) = Z(x(k), [y(k - n + I ) .  . . y(k)], [u(k - n + I ) .  . . ujk + n - i)])  (2.6) 
The coordinate transformation maps $I, Z and Z are under certain conditions invertible, so for fixed input 
and output values they will serve as diffeomorphisms between the state variables x, s and z. The total 
coordinate transformation depends on the past and current input and output values. Also future input 
values can be present in the coordinate transformation map just as in the observer equation (2.3), which 
means that also the coordinate transformation map can be noncausal in general. 
The background of the coordinate transformation + can be explained best by first defining how the 
additiona1 state vector s, introduced by the two step coordinate transformation, is defined. Subsequently 
the equation for $ can be derived. 

Definition 2.1.1. The s-state vector s is defined as: 



For y(k)  . . . y(k + n  - 1) or s l ( k )  . . . sn-1(k) one can obtain the following expression by using the output 
equation and state equation of (2.1). 

where 

f O(x(W = x ( k )  
( x k  [ ( k )  . . . k + i - I ]  = f (f.. . f f ( x )  ( k ) )  ( + 1 ) ) .  . ( k  + i - 1 ) )  w i th  i 2 1 

II, is also called the observability map of the system (2.1). 
(2.8) 

As already has been mentioned, for fixed input values [u(k)  . . . u(k  + n  - I ) ]  the observability map can be 
seen as a diffeomorphism for s and x .  A necessary condition for $ to be a local diffeomorphism for s and 
x at certain fixed input values is: 

where U  is some region in IW". If the condition (2.9) is fulfilled for a certain neighborhood of states x a 
locally invertible transformation between x and s is possible and we call (2.1) strongly locally observable. 

. If the conditions given by (2.9) are fulfilled, one can define an inverse relation at fixed input values 
[u(k)  . . . u(k + n  - 1)J within U ,  for $ defined as: 

For fixed input and output variables, we have now defined the structure and conditions for a diffeomor- 
phism for the state vector x and s. However, for the state vector s also a difference equation can be found. 
The h rm of this difference equation is called the nonlinear observability canonical form (NOBCF). The 
nonlinear observability canonical form is of course only defined if the system is strongly locally observable. 
The difference equation in NOBCF is defined as: 

with  
s ( k )  = $ ( x ( k ) ,  [ u ( k ) .  . .u(k  + n  - I ) ] )  



and 

The background of the coordinate transformation 2 which transforms the s-state variable into the z- 
state variable (NOBCF into ENOCF) can be explained best by considering the structure of the extended 
nonlinear observer canonical form (ENOCF) (2.2) and taking into account that according to Definition 
2.1.1 s ( k )  = [ y ( k )  . . . y  ( k  + n - 1)lT. Taking the inverse of the output equation of (2.2) at fixed input 
values [u(k  - n+ I ) ,  . . . , u ( k ) ]  ( z n ( k )  = h ~ l ( ~ ( k ) ,  [u(k - n+ I ) ,  . . . , ~ ( k ) ] ) )  and replacing y(k) by s l ( k )  one 
obtains zn(k)  = h;l(sl ( k ) ,  [u(k  - n + 1)  . . . ~ ( k ) ] ) .  From the last component of the state equation (2.2), 
it follows that znPl(k)  = zn(k + 1 )  - f,,,-l([y(k - n + I ) ,  . . . , y ( k ) ] ,  [u(k  - n + I ) ,  . . . , u ( k  + I ) ] )  where 
zn(k + 1 )  can be replaced by h,l(y(k + l ) ,  [u(k - n + 2) ,  . . . u ( k  + I ) ] )  and y(k  + p ) ,  p  = 0 ,1 , .  . . , n - 1,  
by sP+1 ( k ) .  Continuing in this way, the state variables zi ( k ) ,  i = 1 ,2 ,  . . . , n in ENOCF result from s i (k ) ,  
y (k  - n + 1)  . . . y(k  - 1 )  and u ( k  - n + 1)  . . . u ( k  + n - 1)  in the following form. 

Notice that for fixed past, current and future input values ( [ u ( k  - n + 1  . . . u ( k  + n - I ) ] )  and fixed past 
output values ( [ y ( k  - n + 1  . . . y(k - I ) ] )  (2.12) is a diffeomorphism between z and s since h ,  is invertible. 
The inverse relation of (2.12) 2 - I  at fixed past, current and future input values and past output values 
is given by: 



[u(k), . . . , u ( k + n  - I)]) 

The total coordinate transformation map E (2.6) can be obtained be substituting (2.7) into (2.12). The 
inverse relation for E-' can subsequently be obtained by substituting (2.13) into (2.10). Note that the 
only conditions for the existence of an invertible coordinate transformation map for a given system defined 
by (2.1) is that the considered system has to be strongly locally observable. This condition is not a very 
restrictive one. Of course aiso the function h, should be invertible for fixed input values. This is however 
not an obstruction in the observer design using the extended nonlinear observer canonical form, because 
the function h, can be chosen by the designer. 

2.2 Degrees of freedom for the observer design 

In the previous section conditions for the existence of an observer in ENOCF are given. In this section the 
influence and the relation between the functions f, and h, are discussed. There exists a relation between 
h, and f,, which puts some restriction on the degrees of freedom of selecting the functions f, and h, which 
define the observer equation in ENOCF (see (2.3)) and the transformation back into the x-state variables, 
in which the system (2.1) is described. In 11 it is shown that the nonlinear function h, mainly influences 
the properties of the observer equation in kNOCF and the transformation from x-states into ENOCF. In 
some cases it can help to reduce the number of past measurements or it might in some cases be possible 
to choose h, such that the resulting transformation from x-state variables into z-state variables does not 
depend on future input values, which would lead to a causal observer. However, searching for a function 
h, which will realize this is difficult and will not always lead to a solution. Another condition on h, one 
should take into account is that the function h, is somehow related to the function f,. To show the relation 
between the functions f, and h, the last component of (2.13) is taken and shifted forward one time step, 
which results in: 

= hZ(C,2 fz.p(sl(k), ~ 2 ( k ) ,  - - . , ~p+l(k) ,  b ( k ) > .  - .  7 4 k  + 411, [ 4 k  + I), - - .  ,u(k + 41) 
(2.14) 

Using (2.14) and the last component of the state equation in (2.11) the following relation between f, and 
h, is obtained. 



h, l ( f s ( s (k ) ,  [ ~ ( k ) ,  . . . , u ( k  + n)]) ,  [u(k  + I), . . . , u ( k  + n)])  
(2.15) 

= E;;: f ~ , ~ ( s l ( k ) ,  s2(k) ,  . . . , s,+l(k), [ u ( k ) ,  . . . , u ( k  + n)])  

Notice that (2.15) does not uniquely define the functions f ,  and h,, but there is quite some degree of 
freedom left for the selection of the functions h,  and f,. Because of the great influence of the function 
h,, it is convenient to select first the function h ,  and then using this function to obtain a function f,, in 
which relation (2.15) has to be fulfilled. 

2.3 A straightforward choice for the observer design 

A straightforward and possible choice for the structure of the function f ,  is the following. 

As long as 2.15) is fulfilled this choice has no influence on the transformation of ENOCF into the x-state 
variables. 4 he benefit of this structure is the cancellation of n-1 equations and reducing the amount of 
future input values from n time steps into the future to 1 time step into the future. 

A straightforward choice for h,  is: 

We have seen that this function has great influence on both the observer ( f , )  and the state transformation 
equation (E). Therefore, it has to be noticed that considering (2.17) as a potential candidate for the 
function h ,  is not necessarily the most elegant consideration. This is especially true if a causal observer 
in ENOCF is desired. However, with the aim of this study in mind, this is the most trivial and simple 
choice. 
The presented theory of the extended nonlinear observer canonical form is now applied to a simple illustra- 
tive exampie. in  this example it is tried to obtain a causal observer eqiiation and coordinate transformation 
map. Obtaining a causal observer in ENOCF is not the main issue of this report, the goal of this example 
is just to illustrate that in some cases it is possible, but not straightforward, to obtain a causal observer 
in ENOCF. 

Example 2.3.1. Consider the following system. 

Y (k) = x2 ( k )  

System (2.18) is strongly locally observable for u ( k )  # 0 because the observability map is of the form 



and its Jacobian matrix 

has full rank for all x and u ( k )  # 0. System (2.18) is state equivalent to a system in ENOCF, as long 
as u ( k )  # 0 V k  E No. Apparently as long as u ( k )  # 0 the observability map is a smooth difleomorphism. 
The  inverse of the observability map reads as: 

The system in s-state variables (NOBCF)  is  of the form (see also (2.13)) 

y ( k )  = s l ( k ) ,  w i t h  

Using the straightforward structure for the function f, given by (2.16) the transformation equation (2.12) 
reads: 

I n  order to obtain a causal observer structure, it is clear that h;' (or h,) should not depend o n  its third 
argument (u(k)) and f , , ~  should not depend on  its fourth and fifth argument. The  function h ,  therefore 
has to be of the form: 

~ ( k )  = hz ( zn ( k ) ,  [ ~ ( k  - 1)7 ~ ( k ) ] )  (2.24) 

Consider the following function for h,: 

Relation (2.1 5), then results into: 



For the state transformation relation (2.23) the following equation can be derived, which represents the 
expression for ("c(x(k), [u(k - I), u(k), u(k + I)])). 

Notice that in this case one is able to  find a specific function for h, which prevents non-causal terms to 
show up in both the state transformation map ("c) and the function f , ,~  and which leads to  a causal system 
representation in ENOCF. 

2.4 Extended Nonlinear Observer Canonical Form for linear systems 

The theory of the extended nonlinear observer canonical form, explained previously, is of course also valid 
for observable single input and output linear discrete-time systems given by: 

Where x(k) E Rn, y(k) E R1, and u(k) E R' represent the state variables, outputs and inputs respectively. 
The motivation to derive linear noncausal equations in ENOCF, is because linear analysis is used Iater on 
in this report to get insight in the matter. During the derivation the input term in the output equation of 
(2.30) will eventually be eliminated (D=O). This results in structural simpler expressions for the functions 

7- - f, and f,,,-l. l'aking into account that the theory has to be combined with model predictivs coiGro!, in 
which the feedthrough term D is often also not taken into account in the -models, is another season why 
this therm will be eliminated. 
As already mentioned, the general theory of the extended nonlinear observer canonical form is applied to 
the linear system given by (2.30). The general expression of the observability map defined by (2.7) can 
consequently be written in the following linear form: 

where: 



Notice that C is invertible because we consider observable single input single output systems. Subsequently 
the inverse relation of the obseruability map reads: 

The function f,, for which the general expression is given in (2.11), can be written like: 

f,(s(k), [ ~ ( k ) ,  . . . , u(k + n)] = C P x ( k )  + K: = - , , . . . , + -  (2.34) 

u(k + n) 

where: 

K = [can-lr, ~ i v - ~ r , .  . . , cw, cr, D] 

In case D=O the function f, does not depend on u(k+n). Substituting (2.33) into (2.34) the function f, 
will be of the following form: 

Consider the straightforward form for the function h, and f, which is proposed previously, see (2.16) and 
(2.17). These considerations lead to the following relation which is obtained by using (2.15). 

The resulting function f,,,-l will be like: 



It can be concluded that for a general linear system the state equation for the observer in ENOCF given 
by (2.3) will be causal, in general, for the proposed straightforward choices for fz and h,. Because the 
interest of this investigation is actually focused on noncausal observers, another assumption is made for 
the structure of the function h, in this linear case. The function that is chosen is the following: 

with D, = [O, . . . ,1] 

Do not confuse D, E Rn and D E R'!; Dz defines the linear input term in the model in ENOCF and 
D defines the linear input term in the x-state variable model given by (2.30). The new choice for the 
function h, given by (2.39) results, by using relation (2.15), into the following form for f,,,-l: 

= c ~ C - 1  1 Y(k -n  + l) 1 - [(cmnC-'R - K) 11 

1 ~ ( k )  1 
1 

1 u ( k i  1) 1 
(2.40) 

Notice that expression (2.40) represents a general noncausal linear structure for the function fz,n-l, which 
will be used for further analysis. 
Next a linear expression for the state variable transformation map 6 will be derived. Expression (2.12) 
will be used in this derivation. Substituting the obtained relation for the function h, (2.39) and f,,n-l(fz) 
(2.40), expression (2.12) will be of the following form: 



Notice that we will have to use at least a second order model (n=2) in order to obtain a noncausal trans- 
formation map. The variables si(i = l...n) in (2.41) only depend on [u(k) ... u(k+n-2)] because D=O, see 
(2.31) and (2.32). Further it can be easily seen that (2.41) also does not depend on inputs more than n-2 
time steps into the future. 

2.5 Linear state notation for the linear equations in ENOCF 

A formal notation for the linear counterpart of (2.3) is derived in this section. The choices and assumptions 
made in the previous sections are used in this derivation and will be listed once again below: 

0 Considered system: 

x(k + 1) = @x(k) + I'u(k) , x(0) = xo, with k E No, 
Y (k) = Cx(k) 

0 Choice for output function of model in ENOCF h, 

In order to obtain a formal notation for the linear noncausal observer equations the following vectors and 
variables are defined. 

Definition 2.5.1. 



Where y(k) and uc(k) are vectors containing the current and the past data, back to n-1 time steps, 
of the input u(k) and output y(k) signals respectively, un,(k) contains one future input signal and unC(k) 
include data of one current and n-l time steps of the future input signal ~ ( k ) .  The indices c and nc used 
for variables uc(k) unC(k) and unc(k) stands for causal and noncausal respectively. 

Taking Definition 2.5.1 into account and using (2.40) we obtain the following expression for the "nonlinear" 
observer canonical form. 

where: 

The observer state equation in (2.3) now reads: 

2(k + 1) = Az2(k) + fz + L(y(k) - DZuc(k) - C,B(k)), 

Using (2.41) and rearranging the s-state variables, the past output signals, the noncausal and causal input 
signals into the previously defined vectors s(k), y(k), uc(k) and unc(k) respectively and subsequently 
substituting the obsemtabiiity m a p  (2 .3)  into the obtained expression yieids a linear expression of the 
state variable transformation map 9-l. 

where: 

cMAP = c-I (A - (c;:; B ~ c ~ ~ c - ~ & ) ) - ~  



and 



Example 2.5.1. Consider a 2-dimensional (n=2) linear discrete time system defined by (2.30), where: 

L L -1 

Subsequently the matrices C,  R and K are defined as: 

C 1 0  0 0 
, rc = [Or cq = [g 

The matrices, by which the noncausal "nonlinear" observer canonical form given by (2.42) i s  defined, 
are in this case given by: 

The observer state equation given by (2.3) or the less general linear version (2.43) now reads as: 

L ( Y ( ~ )  - u ( k )  - f2  ( k ) )  - 
h , ' ( ~ ( k ) ,  [u(k  - 11, u ( k ) l )  

(2.46) 
The matrices, by which the coordinate transformation map in (2.45) i s  defined, read: 

D"c("~) M A P  = -c-'(A - (B~C+~C-~H~))-~B~(C@~C-~R - K ) N ~  = 

The linear coordinate transformation map ("EP1(z(k),  [ y ( k  - I ) ,  y ( k ) ] ,  [u(k  - I ) ,  u ( k ) ] ) )  for this example 
results i n  the following form: 

Note the noncausality in both the linear observer state equation in ENOCF (2.46) and the coordinate 
transformation map (2.4 7) 



Chapter 3 

Model Predictive Control (MPC) 

In general, the model predictive control problem is formulated as solving on-line a finite horizon open-loop 
optimal control problem subjected to system dynamics and constraints involving states and control inputs. 
Based on the measurement obtained at time step k and using a nominal dynamic model of the system being 
controlled, the controller predicts the future dynamic behavior of the system over a prediction horizon 
of p time steps and determines an open-loop manipulated input function (over a control horizon of m 
time steps ( m l  p)) in such a way that some pre-specified performance objective functional is optimized 
(for example, an integral square error between the predicted output and the setpoint). If the system 
to be controlled (process) is stable and if there were no disturbances and model mismatch, and if the 
optimization problem could be optimally solved for infinite prediction and control horizons, then we could 
apply the input function found at time step k=O to the system for all time steps k 2 0. However, this is 
not possible in general. Due to disturbances and/or model mismatch, the true system behavior is different 
from the predicted behavior. In order to incorporate some feedback mechanism into the scheme, the open- 
loop manipulated input function found will be implemented only until the next measurement becomes 
available. We assume that this is the case at every time step k. Updated with the new measurement at 
time step k, the whole procedure of prediction and optimization is repeated to find a new input function, 
with the control and prediction horizons moving forward. Fig. 3.1 shows the general principle of model 
predictive control. 

Closed-loop output Y 

7 

Closed-loop input u 

1 

L 
Predicted output 

1 ---L+l 
Open-loop input 

I k  k + l  k + m  k + p  z 

I Control horizon m -I 
I Prediction horizon p  -I 

Figure 3.1: Principle of model predictive control 



In fig. 3.1 a distinction is made between the past inputs and outputs of the system denoted by y and u, 
and the predicted future input and output signals denoted by jj and Zi. The future signals are predicted 
signals, predicted by a dynamic model of the process. These variables are also called open-loop inputs and 
outputs, because the sig~als are just variables which are tlsed interndly in the model predictive controller 
and are not actually implemented into the system. This predicted future behavior over a certain horizon 
(p) of the system is knowledge which is taken into account for the computation of the actual inputs which 
are given to the process at time step k. The past inputs and outputs are also denoted by the closed-loop 
variables because those signals are actual signals which have been taken place in the real world, and have 
determined the closed-loop system behavior. Information from the past is also taken into account by the 
model predictive controller. The information is obtained by either measuring or reconstructing the state 
variables on which the model used for the predictions is based. 

3.1 Model Predictive Control based cam a state space model 

Because we only consider single input and single output discrete time systems also the model predictive 
control strategy will be mathematically described in single input and single output discrete time. Consider 
the system being described by the following general set of smooth nonlinear difference equations. 

subject to input and state (output) constraints 

where x(k) E Rn, y(k) E R1, and u(k) E R1 represent the state vector, output and input, respectively. In 
the simplest form, U and X can be specified as follows: 

Where urnin, urnax, xmin and x,,, are specified constant scalars and vectors respectively. 
In order to clearly distinguish the true system and the system model used to predict the future, we denote 
the internally predicted variables in the controller by a bar like %, Zi, y to indicate that the predicted values 
do not need to be (and will not be!) the same as the actual values (x, u, y) achieved in closed-loop (see 
also fig. 3.1). The general finite horizon model predictive control problem described above is formulated 
as follows: 

with 

subject to 
t ( l +  Ilk) =f(%(llk),E(llk)), 1 E [k ,..., k + p ] ,  %(klk) =x(k) ,  

ii(llk) E U, 1 E [k, ..., k + m -  11, 
Zi(llk)=E(k+m-Ilk), 1 E [ k + m  ,..., k+p-11, 

x( l+ l lk)  E X ,  1 E [k ,..., k+p-11, 
u(k) =fi(klk), 'd k 



Where %(ilk) is defined as the prediction of the lth future state predicted at time step k. The prediction 
is computed by iterating the discrete model of the process difference equation 1 times by using the actual 
state x(k) of the process as an initial condition ( ~ ( k l k )  = x(k)). The future inputs predicted at time step 
k (~ ( l l k ) ,  I E [k, . . . , k + p  - 11) are chosen such that the cost hnction J (3.5) is minimized with respect 
to possible requisite constraints. The eventual implemented input to the system at time step k is the first 
input value ~ ( k l k )  of the predicted input sequence E(kl k), . . . , ii(k + p - 11 k). In this model predictive 
control scheme no computational time delay is taken into account. In other words the input u(k) is given 
to the system instantaneously after the state variable is obtained from the system at time step k. The 
function F in (3.5), specifies the desired control performance. The standard quadratic form is the simplest 
and the most used one: 

where x, is a given reference trajectory, that can be constant or time-varying and u, is a reference for 
the input, which is directly coupled to the reference trajectory x, by the system state equation given by 
(3.1). Q and R are positive definite, symmetric weighting matrices in general. In this considered single 
input output situation R is a scalar. More commonly, if an output equation y(k) = g(x(k)) is present in 
the system, the function F can be for example also chosen as: 

where y, is the given output reference value which can be prescribed. To the reference trajectory y,, a 
reference input u, is coupled. Both y, and u, should satisfy, for a reference state trajectory x,: 

Computation of the reference input sequence u, from k=O till k=T, considering the reference output 
sequence y, to be given, can be computed by finding values for x,(O) and u, (0), ..., u, (T) satisfying the 
following expression: 

solving this is not trivia:. TA l b  a v a u  --- llldy be possible that no sohiion at a!! exists. The presented 
model predictive control scheme is now applied to an illustrative 2-dimensional nonlinear discrete time 
system. 

Example 3.1.1. Consider the following discrete time nonlinear system: 

x2(k)u(k) + xdk) + xdk) , = -1.5, (x(k), U(k)) )= [ x1 (k)x2 (k) + ~ ( k )  



The  cost function F (3.8) is used for the optimization, in which Q=lO, R=l and m=p=3. Constraints on  
the input are considered to be -0.3 5 u 5 1. No constraints on the output are considered. The reference 
output is chosen like y,(k) = sin(0.06.rrk). The reference input and the rejerence output should satisfy 
the system equations given by 3.11 consequently for given output reference the following expression for the 
reference input u ,(k)  is obtained. 

The  evolution of the reference state variable will be like: 

Further it is assumed that the state variables x l  and 2 2 ,  needed for feedback, are known. Simulation 
results are shown in Fig. 3.2. 
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(a) Input u(k) and output y(k) (b) State variables XI (k) and xz(k) 

Figure 3.2: Result of model predictive control using state space model 

3.1.1 Linear unconstrained Model Predictive Control 

Linear unconstrained model predictive control can relatively easy be approached in an analytical manner. 
This analysis will be very useful for stability analysis later on in the report. Because we want to use the 
analytical expression of the unconstrained model predictive controller to analyze stability, no reference 



signal is taken into account. We call this specific situation a stabilization problem. Consider a discrete 
time linear systems described by: 

Where x ( k )  E Rn,  y ( k )  E R 1 ,  and u ( k )  E R1 represent the state variables, outputs and inputs respectively. 

Definition 3.1.1. Define the following vectors: 

ti@ + PW G(k + m - l l k )  
where yp(k)  and i im(k)  represent the vectors containing the predicted output values over the predic- 
tion horizon and the predicted input values over the control horizon respectively. The indices m and p 
represent the amount of time steps of respectively the control horizon and the prediction horizon. 

Using definition 3.1.1, the following linear relation between the predicted outputs over the prediction 
horizon YP and the predicted inputs over the control horizon iim can be derived. 

where: 

SP = C p  

In the general cost function given by (3 .4)  the function F is chosen as a quadratic form given by (3 .8 ) .  
As is mensioned before a linear stabilisation problem is considered, so the references for the input u, and 
output y, in the function F are zero. The general optimization problem given by (3.4), (3 .5)  and (3 .6)  in 
which the function F is of the form given by (3 .8)  is now of the following form: 

m i n  
iim ( k )  { y ~ ( k ) ~ & p y p ( k )  + i i m ( k ) T ~ m i i m ( k ) ) ,  

where 

Q P  = d i a g { Q ,  . . . , Q) ,  Rm = d i a g { R ,  . . . , R )  



Substituting (3.13) into (3.14) and reformulating the obtained expression, the cost function (3.14) can 
be transformed into a standard QP problem. 

min min i 
sl" (k) (f (iIm(k))) = -, {-iim(k)T~iim(k) + @T-m 

u (W 2 
(k)) 

In which H is the Hessian and G the gradient. The Hessian contains the second derivatives and the 
gradient contains the first derivatives of f (iim(k)). In this case the expressions for the Hessian and the 
gradient are the following: 

Because we are dealing with an unconstrained QP problem, the solution for iim which minimizes (3.15) 
can be found by 

Bf('zt)) = 0, which results in iim(k) = -H-'G 
8' ( 
n I he analytic expression for the mconstrained mode! predictive controller then becoms: 

fim(k) = -K,,O,z*x(k), (3.16) 

where 

= [ y T $ p y  + R ~ J - ~ Y T Q P  

3.2 Model Predictive Control based on a model in ENOCF 

Consider the system being described by the following set of nonlinear smooth difference equations in the 
extended nonlinear observer canonical form (equivalent to (3.1)). 

y(k) = h,(zn(k), [u(k - n + I), . . . , u(k - I)], u(k)), z,(k) = Czz(k), z(0) = zo, with k E No 
(3.17) 

subject to inputY mc! state constraints 

where z(k) E Rn, y(k) E R1, and u(k) =E R1 represent the state variables output and manipulated input 
respectively. In the simplest form, U and Z can be specified as follows: 

Where urnin, um,,,zmin and z,,, are specified constant vectors. 
The general finite horizon model predictive control problem can mathematically be formulated in the same 
manner as (3.4),(3.5) and (3.6) namely: 

min 
C(k)k), . . . ,ii(k +plk) { J(z(k), C(llk), m, P I ) ,  1 E [k, . - - , k +PI  , 



with 

subject to 

[ [ ( l - n + l k ) 7 . . . 7 ~ ( l - l k ) ] ,  b' 12 k + n  
u(l(k),u(l t Ilk) E U, 1 E [k], 
G(1- Ilk) = ~ ( l l k ) ,  G(l+ llk), 1 E [k+ 1,.  . . , k + m -  11, 
E(1- Ilk) = G(llk), ~ ( l l k )  =i i (k+m(k),  1 E [k+rn+  I , . .  . , k + p -  11, 
5(1+1Ik) €2, 1 E [k ,..., k+p-11 ,  
e (k)=u(k(k) ,  'dk 

(3.22) 
The model predictive control strategy that uses the state space model previously described by (3.6) and 
the strategy using the model in extended nonlinear observer canonical form (ENOCF) will result in the 
same desired control performance, if not the state variables, but the output y is used in the optimization 
function F. In order to show that both optimization strategies are equivalent, a simulation on the same 
system shown in Example 3.1.1 is obtained in Example 3.2.1. It is again assumed that the state variables, 
in this case the z-state variables, can be used for feedback for the model predictive controller. To show 
the equivalence of both strategies, the z-state variables used for feedback should be equivalent to the x- 
state variables used in Example 3.1.1. The equivalent z-state variabies are computed by using the stored 
x-state variable from k=O till k=50, which are obtained in the simulation performed in Example 3.1.1, see 
section 3.1. Also the input data is stored over the same interval. The stored x-state variable and input 
data are used to compute the equivalent z-state over an interval k=O till k=49 by using the coordinate 
transformation map 6. Notice that not only equivalent z-state variables are needed as a state feedback for 
the model predictive controller, but also past inputs [u(k-nf 1) , .. . ,u(k-l)] and outputs [y(k-n+l), .. .,y(k-1)] 
are needed. Initially at k=O the past inputs [u(k-n+l), ..., u(k-1)] and outputs [y(k-n+l) ,.. .,y(k-l)] are not 
known in general. There is however a situation were the initial past values are known. This situation 
occurs when the system to be controlled is present in a stationary operating point. The past inputs 
[u(k-n+l), ..., u(k-1)] are zero and the past outputs are all identical, being zero or some other constant, 
which can be obtained by evaluating (3.1) in the concerning stationary operating point. However, if the 
initial condition is some non-stationary operating point then the past input sequence [u(k-n+l), ..., u(k-1)] 
does not have to be necessarily zero. If the sequence is zero, then the corresponding output sequence 
[y (k-n+l) ,. .. ,y (k-l)] is certainly not zero or constant. 
A possible option to compute the initial past inputs is explained next. It is assumed that the initial state 
xo is known. Consider an arbitrary stationary operating point of the system (3.1), which is described by 



a state variable x(-n) n time steps before the initial state xo. The relation between the chosen arbitrary 
stationary operation point x(-n) and the initial state variable xo is the following expression: 

x ( k )  = f n ( x ( k  - n) ,  [u(k - n),  . . . , u ( k  - I ) ] )  

where 

f ( f ( . . . f ( f (x(k-n) ,u(k-n) ) ,u(k-n+1))  ,... ) , u ( k - n + i - I ) ) ,  w i th  i 2 1 

The required past input sequence [u(k-n+l) ,..., u(k-1)] can be computed by finding the past inputs which 
will satisfy expression (3.23). Notice that in general this does not necessarily lead to an unique input 
sequence. The matching past outputs can be computed by evaluating the following expression: 

g ( f i ( ~ ( k  - n), [ ~ ( k  - n), . . . , ~ ( k  - n + i - I ) ] ) )  

g ( fn - l ( x ( k  - n),  [u(k  - n),  . . . , u ( k  - 2 ) ] ) )  

Note that this computation can only be realized if initially xo  is known. 

E x a m p l e  3.2.1. The same system as presented in example 3.1.1 is considered: 

The Jacobian of the observability map $ defined by (2.7) takes the following form for the considered system: 

The Jacobian of observability map has full rank for u ( k )  # -1, which suggests that the system (3.25) 
is state equivalent to a system in ENOCF as long as u ( k )  # -1. The following system i n  ENOCF is 
obtained. 



T h e  function h, i s  chosen as: 

For the computation of the counterpart of the x-state variable, namely the z-state variable the coordi- 
nate transformation map E ( x ( k ) ,  y ( k  - I), [u(k - 1 ) ,  u ( k ) ,  u ( k  + I ) ] )  is  used. For the the considerations 
made in this example the coordinate transformation map takes the following form: 

T h e  proper initial conditions for the past input [u(k-n+l),.. . ,u(k-l)] and output [y(k-n+l), . . ., y(k-I)] se- 
quences are computed by (3.23) and (3.24) respectively. Using the initial past input  and output sequences 
and the computed z-state variable at every t ime step as a feedback the optimization problem defined by 
(3.22) results in the system response shown in figure 3.3. Notice that the computed control inputs using 

(a) Input u(k) and output y(k) (b) State variables 21 (k) and zz (k) 

Figure 3.3: Result of model predictive control using a model in ENOCF 

the model in ENOCF for the optimization does lead to  the same control inputs obtained by using the state 
space model used in Example 3.1.1. 



3.2.1 Linear unconstrained Model Predictive Control based on a model in ENOCF 

As was shown for a linear model in x-state variables, unconstrained model predictive control can relatively 
easily be approached in an analytic manner, which leads to a relation between the state vector x(k) and 
the control input u(k) (3.16). However, also for unconstrained model predictive control based on a model 
in ENOCF, it can be shown that there exists a direct analytic relation between the state variable z(k) 
and the control input u(k). Consider a discrete time linear systems described by: 

Using (3.29) one can obtain the following relations used to obtain an expression similar to (3.13) which 
should describe the relation between the prediction horizon yp(k) the state variable z(k) and the control 
horizon tim (k) . 

i = l ,  . . . , p -  1 
(3.30) 

Taking the structure of Az,I':,r?,I'pc, C, and D? into consideration one can obtain the following 
conditions: 

Using these conditions (3.30) can be simplified into: 



where: 

. .  {Wl, .. ., Wi, ., wn-1) = { 

and 



Substituting the relations defined by (3.32) and (3 .33)  into (3.31) yields: 

y(k  + I.) = C z A z z ( k )  + N y ( k )  + J ( W l u c ( k  - 1)  + DlG(k) )  

y (k  + 2 )  = c , A , ~ z ( ~ )  + N ( W l y ( k )  + D l y ( k  + 1 ) )  + J ( W z u c ( k  - 1)  + DiG(k + 1) + D v X ~ ) )  

y(k  + p) = N ( D l y ( k  + P - 1) + . . +  D n i j ( k + p - n ) ) + J ( D l i i ( k + p - I ) +  ...+D n G ( k + p - n ) )  
(3.34) 

where: 

N = c,q,  J = c,r? 
An explicit expression of y p  can be extracted from relation (3.34) and is of the following form: 

y p ( k )  = [I - ~ ] - ~ ( ! P ~ z ( k )  + fly(k) + O u c ( k  - 1)  + U i i m ( k ) ) ,  (3.35) 

where 



m + l < n  and 



The general cost function defining the considered model predictive control strategy is given by (3.20),(3.21) 
and (3.22). The function F is chosen as a quadratic form given by (3.8). We consider a linear model pre- 
dictive control stabilization problem, meaning that the output and the input references y, and u, are zero. 
The optimization problem is simplifies into: 

Using (3.35) for the andjrtical expression f ~ r  the prediction h~rizor, yp a d  suhstitlxting this expression in 
(3.36) one can reformulate the optimization problem into a standard QP problem as is defined by (3.15) 
in section 3.1.1. In which in this situation the Hessian H and the gradient G have the following form: 

H = Y,~QPY, + Rm, G = YZTQp9z(k), with Y, = [I - y]-'U 

This eventually results in the following analytical expression for the unconstrained model predictive con- 
troller based on a linear model in the extended nonlinear observer canonical form. 

where 

KMP,,+ = [Y,~QPY, + R ~ ] - ~ Y , ~ Q ~ ,  with Yz = [I - Y]-'U 



Chapter 4 

Model predictive control via Extended 
Observer 

Model predictive control strategies discussed in this report are based on the knowledge of all state variables. 
What if the state variables of the physical system to be controlled are not available? In that case, often an 
observer is used to obtain an estimation of the state variables. For nonlinear systems this is not a trivial 
task, because a general observer theory for nonlinear systems such as we know in the linear theory does 
not (yet) exist for nonlinear systems. The observer design using the extended nonlinear observer canonical 
form would be a suitable candidate, if it would be possible to obtain a causal observer. However it is 
known that a causal observer in ENOCF is very hard to obtain, or even does not exist. In order to 
generalize the observer design in ENOCF, the proposal is to make a prediction of the future input values, 
that are responsible for the noncausality. The prediction is made by a model predictive controller, which 
simultaneously controls the process. Subsequently the model predictive controller is provided with the 
required state variables by the noncausal observer in ENOCF. For the state estimation the observer in 
ENOCF also requires past input and output date of the controlled process. This data is buffered in two 
buffer systems B1 and B2. One for the systems input and one for the output values respectively. 
As already mentioned the idea is to generalize the observer design in ENOCF, or in other words, just take 
the most trivial straightforward functions in the observer design. Do no t  try to remove the noncausal 
terms. A strainhtforward suggestion for the two functions which can be selected in the ENOCF observer - 
design are: 

fi = 

(4.2) 
These choices lead to the following expression for the observer in extended nonlinear observer canonical 



form: 

e(k + 1) = Aze(k) + 

= L(e(k),L, [y(k - n +  I ) , .  . . ,y(k)], [ ~ ( k  - n +  I) , .  . . ,u(k)],E(k+ I)), 

( k )  = ( k )  2(k = 0) = Po, k E No 

with coordinate transformation map: 

%(k) = =-'(2(k), [y(k - n + I ) , .  . . , y(k - I)], [u(k - n + I), . . . , u(k - I)], ~ ( k ) ,  . . . , ii(k + n - I)]), 
(4-4) 

where ~ ( k ) ,  ...ii( k+n- 1) are the internal predicted future input variables predicted by the model predictive 
controller. For the optimization strategy, used in the model predictive controller, two candidates are 
proposed: 

1. Optimization using the "conventional" causal state space model described by the x-state variables 
(3.1). 

2. Optimization using the model in extended non-linear observer canonical form (3.17), which is non- 
causal in general. 

In the first situation the observer equations consist of both, the state equation (4.3) and the coordinate 
transformation map (4.4). In the second situation the observer equation only consist of the state equation 
(4.3). The coordinate transformation is omitted, because the model predictive controller uses the model 
in ENOCF for the optimization, which means that the z-state variable z instead of the x-state variable 
x is needed for state feedback. Notice that the control horizon m, now has to be at least 1 instead of a 
possible maximum of n in the first case. This is caused by the fact that the coordinate transformation 
(4.4) can have future input values up to n time steps into the future. On the other hand equation (4.3) 
can only have a future input value up to one time step into the future ( ~ ( k  + 1)). Which configuration 
is used, is of great influence on the dynamical behavior of the resulting closed-loop system. In the first 
strategy one might have to feed the observer with predicted input values up to n time steps into the Fct-we. 
Generally the predicted input variables reaching far into the future consist of great prediction errors. In 
other words, the eventual implemented (actual) input value does not coincide with the predicted input 
value. Large prediction errors lead to large estimation faults in the estimated state 2, which additionally 
lead to prediction errors of the future input values. The "optimality" of the controlled system is lost, or 
worse, the controlled system becomes unstable. In the second configuration only one time step into the 
future has to be predicted, which means that this strategy seems more robust for this prediction error. 
Especially if the order n of the system is relatively high. A disadvantage of applying the second strategy, 
is that initially (at k=O) the past input [u(k-n+l) ,. ..,u(k-l)] and output [y(k-n+l) ,.. . ,y(k-l)] values have 
to be known for the optimization. These values are related to the initial state variable (xo) (see (3.23) 
and (3.24)) of the system to be controlled, which is of course not known in this situation. 

For both configurations the z-error dynamics, defined by Definition 2.0.2, can be derived for which yields: 

where: 



In fact it is possible to derive another expression for the perturbation term Af, in which the predicted 
input value ~ ( k  + 1) and the actual future input values are eliminated. This can be performed for both 
proposals and will reveal the difference between the z-error dynamics of both proposals. 
First we derive the z-error dynamics of proposal 1. The following equations for the solution of the 
optimization problem performed by the model predictive controller are assumed. 

It is assumed that y, is zero, so the equations representing the solution of the optimization problem solved 
in the model predictive controller (4.6) and (4.7), are only a function of the estimated state % ( k )  and the 
model predictive control parameters. Shifting (4.6) one step forward, one obtains an expression for the 
actual input value at time step k+l for which holds: 

Notice that by using (4.7) and (4.8) and substituting those into the perturbation term Af, of (4.5), (4.5) 
can be written as: 

(A, - L C z ) e z ( k )  + A f z ( g ( k ) ,  g ( k  + I ) ,  Q ,  R, m, P, [ ~ ( k  - n + I), . . . , ~ ( k ) ] ,  [u ( k  - n + I ) ,  . . . , ~ ( k ) ] )  
(4.9) 

It is possible to eliminate 2 ( k  + 1)  by introducing the transformation map Z in which the noncausal input 
terms [G(k),  . . . , G(k + n - I ) ]  are predicted by the model predictive controller. As a result one obtains a 
causal transformation map in which the dependency of the noncausal inputs is replaced by a dependency 
on the estimated state variable jZ(k), such that the transformation map Z can be redefined as a causal 
expression Z, defined as follows: 

and its inverse relation for fixed past inputs and outputs. 



Shifting (4.11) one step forward, followed by substitution of the observer state equation in ENOCF (4.3) 
and subsequently substituting the causal transformation map (4.10) and exchanging u(k) introduced by 
(4.3) by (4.7) one obtains the following causal observer state equation in x-coordinates. 

Substituting (4.12) into (4.9) yields: 

Secondly one can derive the z-error dynamics of proposal 2 in a similar way. Now the following equations 
for the solution of the optimization problem performed by the model predictive controller are assumed. 

Again it is assumed that y, is zero, so the equations (4.14) and (4.15) are only a function of the estimated 
state 4, the model predictive control parameters and past input and output values, [y (k-n+l), . . . ,y(k)] 
and [u(k-n+l), . . .,u(k-1)] respectively. Shifting (4.14) one step forward, one obtains an expression for the 
actual input value at time step k+l for which holds: 

Using (4.15), (4.16) and substituting those into the perturbation term Af, of (4.5), (4.5) can be written 
as : 

(A, - LCz)ez(k) + Afz(4(k), g(k + I), Q, R, m, P, [y(k - n + I) ,  . . . , y(k + I)], [u(k - n + I) ,  . . . ,u(k)]) 
(4.17) 

It is possible to eliminate L(k + 1) by using the state equation of the observer in ENOCF (4.3) in which 
E(k + 1) is exchanged by expression (4.15) which results in the following relation for the z-error dynamics: 

ez(k+l )  = (Az -LCz)ez(k) +Afz(z(k),L, Q,R,m,p, [ ~ ( k - n + l ) ,  . . . ,y(k+l)] ,  [u(k -n+1),  . . . ,u(k)]) 
(4.18) 

Notice that the z-error dynamics of both proposals consists of the linear part as described in (2.5) and a 
nonlinear perturbation term, which depends on the estimated state variable, either 2 or 4. This nonlinear 
perturbation term, can just as the linear part of the z-error dynamics, be influenced by the observer 
innovation gain L. Also the model predictive control parameters Q, R, m and p influence the perturbation 
term Af,. Notice that both expressions (4.18) and (4.13) show that no conclusions about the stability of 
the z-error dynamics can be drawn by just selecting the observer gain such that the matrix in (2.5) results 
in a matrix with eigenvalues within the unit disk. This is due to the additional term Af,, which is caused 
by the fact that the predicted ~ ( k  + 1) and the actually implemented future input value at time step k+l 
(u(k+l)) do not coincide, and which adds nonlinearity in the previously linear z-error dynamics. 

In order to obtain more insight in both proposals and the influence of the perturbation term on the 
stability, analytic derivations of the total closed-loop systems are performed in the next two sections. To 
obtain concrete analytic expressions for the model predictive controller the theory has been applied to 
discrete time linear systems controlled by a unconstrained model predictive controller. 



4.1 Linear unconstrained analytical derivation of error dynamics of 
MPC and observer combination (proposal 1) 

Consider a noncausal observer in the extended nonlinear observer canonical form (2.44), applied to a 
discrete time linear system (3.12) controlled by a model predictive controller which does not impose 
constraints (3.16). The reference y,(k) and so also u,(k) (linear system) is assumed to be zero. These 
assumptions make it possible to obtain concrete analytic expressions for the model predictive controller 
instead of the fictitiously solutions of the model predictive control problem which are assumed by (4.6) 
and (4.7). Further the derivation will be roughly similar to the previous nonlinear derivation of the z-error 
dynamics. Using (3.16), the following mathematical "optimal" approximations of the actual input at time 
step k (u(k)) and the noncausal signals E,,(k) and (u,,(k)) of respectively the state equation in ENOCF 
and the noncausal transformation map E can be obtained. 

where: 

C2,MPC =[0,1,0 , . . . ,  01 €IWm 
C3,Mpc = [I, 0,. . . ,0] E IWmxn, I E IWnxn 

Notice that instead of the state variable x(k) in (3.16) an estimate of the state variable 2(k) is used 
as a state feedback for the model predictive controller. 2(k) is estimated by the noncausal observer de- 
fined by (2.44) and (2.45). In order to obtain an analytic expression for the actual implemented input at 
time step kt- 1 (u(k+l)), (4.19) is shifted one time step into the future which results into: 

Substituting relation (4.20) and (4.21) in (2.44) and (2.45) respectively, results into the following causal 
expressions for the observer equation and the state variable transformation map E, respectively. 

2(k + 1) = (A, - LCZ)2(k) + (I?; + LC,)y(k) + (I?:" - LD?)u,(k) - I?~Cz,MpcK,pc,x92(k) (4.23) 

+[I + D " , " ~ P C 3 , M P C K M P C , s * l - 1 D L ~ p ~ ( k  - 1) + [I + D","ipC3,~p~KMP~,x*]-1~~AP~c(k - 1) 
(4.24) 

For the causal coordinate transformation map =,(2(k), y(k - 1), u,(k - 1)) (4.24) an inverse relation 
=;'(2(k),y(k - I),  u,(k - 1)) is obtained, for which holds: 



Again using (4.24) and shifting the expression one time step in the future yields. 

Subsequently substituting (4.23) in (4.26) and finally substituting the inverse relation of the causal state 
variable coordinate mapping (4.25) in the obtained relation, one obtains an expression of the causal 
observer equation in x-coordinates. L x ( f ( k ) ,  L, [ y ( k  - n + I ) ,  . . . , y ( k ) ] ,  [u (k  - n + I ) ,  . . . , ~ ( k ) ] ) ,  which is 
a linear counterpart of (4.12).  

where: 

The linear counterpart of the z-error dynamics given by (4.9) reads: 

L ,  (4.27) is used to eliminate f ( k  + 1)  and the linear counterpart of (4.13) is obtained. 

e z ( k  + 1)  = (Az - L C z ) e z ( k )  + ( V O O s s ,  - W ) f  ( k )  - V T Z : : , ~ ' ) ~  ( k  - 1 )  - ~ I ' $ - ~ ' u , ( k  - 1 ) t  

Notice that the dependency of the z-error dynamics on the model predictive control parameters Q, R, 
m and p of (4.29) is "hidden" in the matrix KMPC,+. In order to obtain one closed-loop state equation 
the inputs ( y ( k ) , y ( k  - I ) ,  u c ( k )  and u c ( k  - 1 ) )  in both (4.27) and (4.29) are removed by using analytic 
relations for the signals u c ( k  - I ) ,  y ( k  - I), u c ( k )  and y ( k ) .  The state equations of the buffer systems 
are used to obtain these relations. The buffer dynamics mapping u ( k )  with u c ( k )  and y ( k )  with y ( k )  



respectively are described by the following state space models respectively: 

where: 

The signals uc(k - 1) and y(k - 1) are one time step delayed with respect to the signals u,(k) and 
y(k), respectively. The buffer dynamics mapping u(k) on uc(k - 1) and y(k) on y(k - 1) are described by 
the following state space models, respectively: 

Finally using (4.19),(4.27),(4.30),(4.31),(4.32),(4.33) and the process state equation (3.12) one can ob- 
tain the following relation for the dynamics of the total closed-loop system. 



where T, = 

and 

Notice that the z-error dynamics (e,) does not influence all the other states which prescribe the ob- 
server, process equation and buffer dynamics. The z-error dynamics appears to be decoupled from the 
rest of the system dynamics, which means that for the observer design in ENOCF combined with a model 
predictive controller the z-error dynamics does not give any conclusion about stability of the system. 
Unstable z-error dynamics would not necessarily result in a unstable closed-loop system. Now it can be 
concluded that the system is stable, if and only if the eigenvalues of T, are within the unit disk. 

4.1.1 Infinite horizons 

In general model predictive control, one has a finite prediction horizon p and control horizon m. Now at 
time k a particular trajectory is optimal over the prediction horizon of length p. In absence of disturbances, 
and with a perfect model, the system to be controlled at time k+l is precisely in the state which was 
predicted at the previous time step. One might expect, therefore, that the initial portion of the optimal 
trajectory over the prediction horizon from time step k+l  to time step k+p would coincide with the 
previously computed optimal trajectory. But a new time interval now enters the picture which had not 
been considered when the earlier optimization had been performed. The presence of this new time interval 
may lead to an optimal trajectory different from the one computed at the earlier step, This also leads to 
the difference between the estimated future inputs and the actual implemented input variables. 

According to (4.5) the z-error dynamics will mostly resemble the behavior described by (2.5), which is 
eventually the dynamics on which the observer design is based, if the term A f, ,-I is small. This term is 
small if the errors between the predicted and the actually implemented input values are small. So in order 
to minimize this error one should somehow guarantee that the predicted horizon will coincide the previous 
predicted one. In case of an infinite horizon one is able to realize this. Extending the horizons (m and 
p) to infinity, one can determine at time step k an optimal trajectory over the whole infinite horizon. At 
time step k+l no new information enters the optimization problem, so the optimal trajectory from this 
time step on is the same as the "tail" of the previous one. An unconstrained model predictive controller 
with infinite horizon leads to the following quadratic cost function to be minimized: 

2=p=ca 
min 

{x(k + i + l ) T ~ x ( k  + i + 1) + u(k + i)Ru(k + i)) (4.35) 
iim="O 

i=O 



Note that the reference trajectory is again assumed to be zero. Solving the considered infinite linear 
horizon model predictive control problem by a least squares problem, as is described in paragraph 2.1.1, is 
not possible because then we are dealing with an infinite dimensional optimization problem. Notice that 
the cost function is equivalent to the cost fiinction of a LQR optimal controller with infinite horizon. The 
solution to this LQR optimal controller is a constant state feedback controller [2]. 

~ ( k )  = -Klq&), Klqr = (R + ~ ~ ~ , t , t r ) - ~ ~ ~ ~ ~ t , t  Q, (4.36) 

In which Pstat is the steady-state solution of the Riccati differential equation. 

Using the state equation (3.12) and the state feedback control law (4.36) we obtain a relation which can 
be used to compute the future input signals for the linear noncausal observer. 

As already has been stated before, because we have set the horizons to infinity the predicted signal um(k) 
over the control horizon m (Actually we do not point here to the "real" control horizon because this hori- 
zon is set to infinity but we mean a finite part (subspace) of this horizon with a finite dimension, namely 
the number of future inputs there are needed for the observer (n)) from time step k to time step k+m-1 
will coincide with the previously computed control horizons. This is true if no disturbance is present in 
the state measurement and a perfect model is assumed. If the observer enters the picture, one has to deal 
with the fact that one only has an estimate of the state variables x(k). This will result in the fact that the 
predicted future inputs from time step k to time step k+m-1 and the previously computed future inputs 
sequences will not correspond flawlessly. However applying these infinite horizons is the most optimal 
thing to do in this case. Now replacing our former relations for unC(k), unC(k) and u(k) (see (4.19), (4.20) 
and (4.21)) by (4.39), (4.40) and (4.41) respectively. 



4.1.2 State reduction proposal 1 

In the derivation of the closed-loop dynamics of proposal 1 four buffer systems of dimension n have been 
introduced. Each buffer has deadbeat behavior, which suggests thzt the eigenvalues of the buffer systems 
are all located in zero. The eigenvalues of the closed-loop system matrix in which all the buffer systems 
are "hidden" has 4n of the total of 6n eigenvalues in zero. In other words the closed-loop system matrix 
which is 6n-dimensional, should have a at least rank 2n (6n-4n=2n). This means that in fact the system 
dynamics can be reduced from a 6n-dimensional system in 2n-dimensional system. This reduction is of 
great importance for further insight and simplification of the mathematical description of the system. The 
simplification will be of great importance for further analysis of stability. How to reduce the system from 
6n-dimensional system in 2n-dimensional system will be illustrated by the following simple example. 

Example 4.1.1. Consider the following linear discrete system: 

where: 

Infinite horizon model predictive control is considered, which leads to minimizing the cost function given 
by (4.35). I n  order to  keep the analytic expressions manageable the state input weighting matrix Q is 

considered to be a numerically defined matrix, namely: Q = ] The input weighting R and the 

observer gain L are defined as: R = r, L = [lo 11lT 

L J 

The infinite horizon model predictive controller, which is defined by (4.36), is computed by solving the 
algebraic Riccati equation (4.37) analytically for the given input and output weighting. This results in 
4 solutions for which only one solution satisfies the condition of the matrix PStat being positive definite. 
This solution is substituted in (4.36), which results into the following gain KlgT by which the unconstrained 
linear model predictive controller with infinite horizon is defined: 

Using (4.43) in the closed-loop system matrix T,, the system will result in: 



in which: 

The analytic expressions for the functions 4 i ( r )  (i = 1, ..., 28) are shown in Appendix A. 
Examining T ,  for this specific example it can be easily seen that the states 2 6 ,  x s ,  xlo and xl2 do not 
influence any other state of the system, therefor they can in fact be eliminated. The  system can now be 
described as: 

Further notice that: 

1. States xg, xg and states 27,  211 (remaining buffer states) are two equal pair of states. This holds i f  
the initial conditions of the pair are equal. This is true i f  it i s  assumed that at k=O, y(k-l), ...,y(k -n)  
and u(k-1)) ..., u(k-n) are zero. See the bufSer equations (4.30), (4.31), (4.32) and (4.33) 

2. For this example it appears that the following equalities hold (see appendix A): 
4 2 1  ( r )  = -425 ( r )  
4 2 2  ( r )  = -426 ( r )  
423 ( r )  = -427 ( r  ) 
$24(T) = -A v28\ lr\ 1 

These conditions in fact say that the states xs ,  2 7 ,  xg and x l l  also do not  influence the system dynamics. 
This reduces the system into the following reduced system with system matrix Tz,red:  

0 1 1 0  0 1 

( ,  0 1 h ( r )  10,h) 0 
4 7 w  412(r) 1 
48(r )  d13(r) 0 

Notice that the system above is described by the block upper left part of T,. Notice that all buffer states 
X B ~ ,  X B ~ ,  X B ~ , ~  and XB,,, can be removed and only the estimated state 2 (xl and x 2 )  and the process state 
x (x3 and x4)  are left. 
A similar analysis on  this example can be performed for linear unconstrained finite horizon model predictive 
control. This results into the same structural results for the state reduction, but of course other expressions 
for 4i ( r )  (i = 1, . . . ,28) are obtained. The cost function that is considered i s  given by (3.14). I n  order to keep 



the dimension of the problem practically manageable in this example, the prediction and control horizons p 
and m respectively are both set on  the lowest value theoretically possible i n  this considered system, namely 

m=p=2. ,The output and input weighting matrices in (3.1'4) are then defined as: 4" = 
r l  0 1  
I 0 l l and 
L J 

r 0 
Rm = 1 1.  The observer gain L is again defined as: L = [lo illT. The resulting gain KMpc ,x ,  by 

L J 

which the linear unconstrained model predictive controller with finite horizon is defined (see (4.19),(4.20) 
and (4.21)), subsequently reads as: 

Including (4.45) in the closed-loop system, the system matrix T, of the system will result into the same 
matria: as the infinite horizon case previously. Only the analytic expressions for the functions $ i ( r )  (i = 
1, ..., 28) differ. The analytical expressions of the functions $i ( r )  (i = 1, ..., 28) for this considered finite 
horizoa C O E ~ ~ G ~  are shown irb Appendix B. 

The state reduction in Example 4.1.1 is not only possible for this specific case, but also appears to be 
possible for the general system. Notice that the matrix T, in (4.34) contains terms that satisfy the 
following equality conditions. 

These conditions are met, because rB1 = rB1,, = rB, = r~ , , ,  , see the buffer equations given by (4.30), 
(4.31), (4.32) and (4.33). With these conditions in mind the following linear coordinate transformation is 
proposed and is defined by the following matrix. 

pre- and post-multiplying the system matrix T, like MT,M-I gives: 



ruC(k ICB - r u c ( k - l ) C B  r y ( k )  c r ~ ( k - l ) C B  - 
obs,x 1 obs,x l , d  obs,x B 2  - o b s , ~  2,d 

0 0 

. . . @ B 1  - %,d 0 
0 @ ~ 2  - ' ~ 2 , d  

%,d 0 
0 * ~ 2 , d  - 

Numerically it can be verified, that the following equality conditions are met. 

Also, in Example 4.1.1 it appeared that those terms are analytically equivalent. A general analytical proof 
of this seems hard and not trivial. Even though no general analytical proof of this is given, relations (4.49) 
and (4.50) are used in the further analysis. Also taking into account that ibB1 = ibBl,, = = ibB2,,, 
T, reduces into: 

Because the upper right block in (4.51) has changed into a block of zeros, the eigenvalues of the matrix 
are determined by the right lower block and the left upper block. The eigenvalues of the right lower block, 
which consist of two buffer system matrices ibBl,d and cPB2,,, are all zero. This suggests that for stability 
analysis, only the left upper part has to be taken into account. Which gives: 

Note that now the lower left part consists of a block with zeros. Also the eigenvalues of the right lower 
block consist of two buffer system matrices GB2 and ibB1, from which the eigenvalues are all zero. This 
again suggests that for stability analysis, only the left upper part has to be taken into account. The 
reduced system matrix now reads: 



where: 

and 

for unconstrained 

for unconstrained linear infinite horizon model predictive control. The closed-loop dynamics of the system 
is now described by a system of dimension 2n x 2n instead of 6n x 6n and consists of only the open-loop 
process states and the observer states. 



4.1.3 Stability region proposal 1 

In this section a stability analysis is performed of the closed-loop system dynamics. A linear system 
co~trolled by an unconstraint linear mode! predictive ccntroller described by (4.53) is considered. A 
general stability test which could determine control parameter conditions for Q, R, m, p, and L which 
will lead to a stable closed-loop system dynamics for a general linear discrete time system is not found 
yet. However, under certain assumptions some conditions for the observer gain L can be found for a 
2-dimensional linear discrete time systems. The conditions are found by using Routh7s stability criterion 
[5]. Routh's stability criterion can be used to test the stability of the characteristic equation of continuous 
time linear systems. To use the theory for discrete time linear systems, a bilinear transformation of 
the characteristic equation of the discrete time system is applied. This transformation in fact maps the 
complex left half plain onto a complex plain within the unit disk. The system and the assumptions in 
Example 4.1.1 are used in Example 4.1.2 to find conditions for the observer gain L, which will result in a 
stable closed-loop system dynamics. 

Example 4.1.2. The characteristic equation of the discrete state space equation given by (4.44) is defined 
as: 

I n  which: 

A s  was mentioned before the Routh7s stability criterion can only be used o n  a characteristic equation 
from a linear continuous time system. Using the bilinear transformation, a relation between the charac- 
teristic equation from a linear continuous time system and a characteristic equation from a linear discrete 
time system is created. The bilinear transformation is defined as follows: 

Here a represents the shift operator, which is also present in the characteristic polynomial (4.54), p repre- 
sents the differentiation operator i n  the Laplace domain, which is present in the characteristic polynomial 
given by: 

aop4 + alp3 + azp2 + asp + a4 = 0 (4.56) 

In which the coeficients ai (i=0, ...,4) of the continuous time characteristic polynomial can be written as 
function of the coeficients of the discrete time characteristic polynomial using the bilinear transformation 
(4.55) - 



According to  Routh7s stability criterion a necessary condition for stability is that the coeficients ai (i=O ,...,4) 
are larger than zero (ai > 0 (i=0 ,...,4)). If the characteristic polynomial has a negative or zero coeficient, 
it may be shown that there is either a pole in the right-hand half plane (unstable) or one or more closed- 
loop poles on  the imaginary axis (marginally stable). A s  a result necessary conditions for stability, i n  this 
example, can be computed solving the following inequality expression: 

Although it may be said that a negative coeficient (ai (i=0 ,...,4)) will result in an unstable system, it  is 
not possible to say that if all coeficients are positive, then the system is stable. The  requirement for all 
coeficients to  be positive is necessary but i t  is not  suficient,  and further analysis i s  required. 

If there are no  negative coeficients, the Routh array must  be consulted [5]. Routh's array takes the fol- 
lowing form for this example. 

For suficient conditions for stability only the first row of Routh's array i s  relevant [5]. The first col- 
u m n  of Routh's array can be written as: 

If no  sign changes take place between the elements in the first column of Routh7s array, a suficient 



condition for stability is obtained. The following inequality fulfills this condition: 

Solving the inequalities given by (4.58) and (4.57) for lo and l1 is, due to  the complexity of the analytic 
expressions, practically not possible. However, numerically i t  is possible to obtain a region for lo and l I  for 
which these inequalities are satisfied. I n  figure (4.1) the stability domain of the system for infinite horizon 
model predictive control and for a fixed input weighting r=O.l is presented. I n  figure 4.1 the borders of 

(a) infinite horizon p = m = co (b) finite horizon p = m = 2 

Figure 4.1: Stability domain for lo and ll for fixed input weighting r. Sta- 
bility domain for a conventional linear observer is presented by the domain 
of which the borders are dotted 

the region for which the necessary conditions, defined by inequality (4.57), are fulfilled are presented. Also 
the borders of the region for which the suficient conditions, defined by inequality (4.58), are fulfilled are 
presented. The set of combinations for lo and ll for which necessary as well as suficient conditions for 
stability are met  i s  presented by the region where both regions, representing the necessary conditions and 
the suficient conditions, overlap. 



According to figure 4.1 in Example 4.1.2 the system described by the matrix Tz,red (4.53) can be stabilized 
by using proposal 1 with infinite as well as finite horizon unconstrained model predictive control. This is, 
however, only shown on a specific system used in the example. General conditions for stability of proposal 
1 are not yet foiind. 

In figure 4.2, for different values for the input weighting r, a comparison is made between the regions that 
define the set for lo and 11 that results in a stable closed-loop system. Note that there is no substantial 

(a) infinite horizon p = m = oo (b) finite horizon p = m = 2 

Figure 4.2: Stability domain for lo and 11 for different values for the input 
weighting r. 

difference between the regions corresponding to the system where infinite model predictive control and 
finite model predictive control respectively has been applied. 



4.2 Linear unconstrained analytical derivation of closed loop MP C and 
observer combination (proposal 2) 

Paraiiel to the derivation of the closed-loop system of the first proposed controi configuration, which is 
derived in section 4.1, one can also derive a expression for the closed-loop system for the second proposed 
control configuration, in which the model in ENOCF is used in the optimization in the model predictive 
controller instead of the conventional state space model. Using relation (3.37) the mathematically "opti- 
mal" approximations of the input of the system to be controlled and the noncausal signal needed in the 
observer in ENOCF are obtained. 

where: 

Notice that instead of the state variable z(k) in equation (3.37) an estimate of the state variable $(k) 
is used as a state feedback for the model predictive controller. The state G(k) is estimated by the non- 
causal observer defined by (2.44). In order to obtain an analytic expression for the actual implemented 
input at time step k+l (u(k+l)), equation (4.59) is used and shifted one step forward, which results in: 

Substituting relation (4.60) into (2.44), results in the following causal expression for the observer equation. 

where: 

Fortunately due to the fact that the state variable transformation map E is omitted in this strategy, 
no expression for iinc(k) is needed. Taking the buffer relations given by (4.31), (4.32) into account and 
using the output equation of those relations together with the output equation of the process (3.12) and 



substituting those into (4.59) results in an explicit expression for u(k) as function of the state variables 
2, x ,  XB, and xg,,,. Using expression (4.63) and substitution of (4.30), (4.31) and (4.32) in (4.63), sub- 
s eq lxdy  sllhstitution of the nutput equation of (3.12) and the obtained explicit expression for u(k) leads 
to an expression for 5(k + 1) as a function of the state variables 2(k) x(k) xB,(k) x~ , , , (k)  and xB2(k). 
Together with the buffer state equations (4.30), (4.31), (4.32), the system state equation (3.12), the output 
equation of (3.12) and the obtained explicit expression for u(k) one can obtain the following expression 
for the closed loop system. 

xtz (k f 1) = %xt~  (k) , (4.64) 

where: T, = 

4.2.1 State reduction proposal 2 

In the derivation of the closed-loop dynamics of proposal 2 three buffer systems of dimension n have been 
introduced. Each buffer has deadbeat behavior, which suggests that the eigenvalues of the buffer systems 
are all located in zero. The eigenvalues of the closed-loop system matrix in which all the buffer systems 
are "hidden" has at  least 3n of the total of 5n eigenvalues in zero. In other words the closed-loop system 
matrix which is 5n-dimensional, should have a maximum rank of 2n (5n-3n=2n). This means that in fact 
the system dynamics can be reduced from 5n into 2n. This reduction is of great importance for further 
insight and simplification of the mathematical description of the system and its stability analysis. How to 
reduce the system from 5n into 2n dimensional system will be illustrated by the following simple example. 

Example 4.2.1. Consider the following linear discrete system: 



where: 

Finite horizon model control based on  the model on  ENOCF is considered. This leads to minirniz- 
ing the cost function given by (3.36). I n  order to keep the dimension of the problem practically manageable 
in this example, the prediction and control horizons p and m respectively are both set o n  the lowest value 
theoretically possible in this considered system, namely m=p=2. The output and input weighting matri- 

1 0  r 0  
ces in (3.36) are then defined as: Q P  = / ] and Rm = [ 1.  The  observer gain L is defined 

L 

T as: L = [lo I l l  . The resulting gain matrix K,p,,z, by which the linear unconstrained model predictive 
controller based o n  the model in ENOCF with finite horizon i s  defined, equals. 

Including (4.66) in the closed-loop system the system matrix T,, defined in (4.64), results in the following 
expression for T,. 

where: 

21 ( k )  x3(k)  +,Ic) XI,& ( k )  

Y ( ~ ,  lo) = 43(r)l0 [ & ( k )  ] = ' ( ' )  [ xn(k)  ] [ x 2 , ~ ,  ( k )  ] = XB1 ( I C )  

Analytic expressions for the functions +i(r) (i = 1, ..., 7) are given i n  Appendix C. I t  can be seen that 
the states 2 6 ,  xg and 210 do not  influence any other states of the system, therefore they can be eliminated. 
The  system can subsequently be described as follows: 



A linear coordinate transformation can be applied to the system above, suc 
den" poles (three) of the buffer systems will reveal themselves into the total closed-loop system matrix. 
This will lead to  the cancellation of another 3 state variables. The considered coordinate transformation 
that will realize this is  defined as: 

X ~ X M  ( k )  = M x t x ( k ) ,  

where 

The  resulting transformed system will be like: 

And eventually will result in: 

The  system matrix of the system described by (4.68) is  the resulting reduced system description (hav- 



ing full rank number (rank 4)) of the closed-loop system for this specific example. I n  this system the 
deadbeat dynamics of the buffer systems has been removed. T h e  eigenvalues of this sys tem coincide the 
eigenvalues present in the original system with the buffer eigenvalues excluded. 

The state reduction in example 4.2.1 is not only possible for this specific case, but should also be possible 
in general. However, finding a general transformation matrix, that would reveal the 3n buffer eigenvalues 
located at zero as was achieved for proposal 1, appeared not so trivial for proposal 2. 

4.2.2 Stability region proposal 2 

In this section a stability analysis is performed of the closed-loop system dynamics of proposal 2. A linear 
system controlled by an unconstrained linear model predictive controller is considered. As in section 
4.1.3 no general stability test has been obtained. But under certain assumptions some conditions for the 
observer gain L can be found for a 2-dimensional linear discrete time systems. Again Routh's stability 
criterion [5] combined with a bilinear transfomnation is used to analyze stability. The system and the 
assumptions in Example 4.2.1 are used in Example 4.2.2 to find conditions for the observer gain L, which 
will result in a stable closed-loop system dynamics for the considered system. 

Example 4.2.2. The  characteristic equation of the discrete state space equation given by (4.68) is  defined 
as: 

det(1a - Tz,red) = boa4 + b1a3 + b2a2 + b3a + b4 = 0 

I n  which: 

Applying the bilinear transformation and using Routh7s stability criterion leads for a fixed input weighting 
r=O.1 t o  the figure presented in figure 4 . 3 ~ .  I n  4.3b the stability region of the previously computed finite 
horizon model predictive controller with observer in ENOCF according to the configuration that is  proposed 
by proposal 1 is presented (see also Example 4.1.2). Note that the region of stable sets for lo and ll i s  
larger for proposal 1 than for proposal 2. This  suggests that for the considered system in the examples 
proposal 1 is  more robust o n  variations of the observer gains. 



(a) finite horizon p = m = 2 proposal 2 (b) finite horizon p = m = 2 proposal 1 

Figure 4.3: Stability domain for lo and lI for fixed input weighting r. Sta- 
bility domain for a conventional linear observer is presented by the domain 
of which the borders are dotted 

According to figure 4.3 in Example 4.2.1 the system described by the matrix Tz,red (4.68) can be stabilized 
by using proposal 2 with finite horizon unconstrained model predictive control. This is, however, only 
shown on a specific system used in the example. General conditions for stability of proposal 2 are not yet 
found. 



Figure 4.4: Stability domain for lo and l I  for different values for the input 
weighting r. 

In figure 4.4, for different values for the input weighting r, the regions that define the set for lo and 1, 
resulting in a stable closed-loop system has been presented. 



4.3 State feedback superfluous using proposal 2 

U ~ d e r  certair, c~nditiens it appears thzt the m~de! predictive cor?t,rc?!!er and the observer cornhination 
according to proposal 2, is invariant of the estimated state 6(k) used for feedback. This means that the 
state observer in that configuration becomes superfluous. Consequently removing the observer dynamics, 
a control configuration in which the model predictive controller only needs past input and output data of 
the controlled process for feedback is created. The conditions for which this is possible are the following. 

1. The observer gain must be of the form: 

2. The initial condition for the estimated state (6(k = 0)) should satisfy: 

Of course both conditions can always be obtained. Assume that both conditions are satisfied, then the 
observer state equation given by (4.3) takes the following form: 

Note that the estimated state variables f l(k), ..., (k) in the state vector 6(k) will all be zero trough 
all time steps k. Only the last component of the state vector 6(k), e.g. fn(k), will not be necessarily 
zero. This typical structure of the estimated state vector, in combination with the model structure used 
in the model predictive controller, will lead to the fact that no observer is needed. For further proof of 
this we will consider the unconstrained linear model predictive controller based on a model in ENOCF. 
The equation describing the considered linear unconstrained model predictive controller is given by (4.59), 
which is given here as a reminder: 



y(k) and uc(k - 1)) represent the vectors containing the past input and output values. The matrix by 
which the estimated state B(k) in (4.73) is pre-multiplied is of the following form: 

The pre-multiplication of the estimated state B(k) by 9, is exactly the reason why the model predictive 
controller does not depend on the estimated state in which only the last component is not necessarily 
zero. Note that the strlxctlxe of XP, shows that the last component of the estimated state &(k) does not 
have any effect on the input u(k) generated by the model predictive controller, see (4.73). In other words 
no state observer is needed. Providing the model predictive controller with past inputs uc(k - 1) and 
outputs y(k) of the process to be controlled appears to be sufficient. The proof for the state invariance 
is performed by considering a linear unconstrained model predictive controller, however, because in the 
nonlinear case the state variable z(k) is also linearly present in the model in ENOCF (see 3.17), the state 
will likely effect the nonlinear model predictive controller in a similar manner. 
In the upcoming example we consider the system given in Example 4.2.1 and will continue analyzing the 
reduced system given by (4.68). 

Example 4.3.1. 
xtqred (k + 1) = Ta,redxtz,red (k) , 

where 

Both conditions given by (4.70) and (4.71) are assumed. For this specific example this leads to  the fol- 
lowing for the observer gain L :  L = [lo lllT = [0 lllT This choice leads to a row removal in the system 
matrix i n  (4.75) and leads to the following further reduction of the system dynamics: 

The  stability of the combined observer model predictive controller dynamics is now determined by the value 
of l1 representing the East component of the observer gain and simultaneously one eigenvalue of the reduced 
system matrix given by (4.76). The other eigenvalues of the matrix are determined by the right lower block 



of (4.76), which i s  only a function of the control parameter r. I n  other words the observer dynamics is 
separated from the remaining system dynamics. These dynamics now only depend on  the model predictive 
controller parameters. Note that the eigenvalues of the right lower block of the system matrix in (4.76) 
determine the stabiliiy of the closed-loop system. The eigenvalue of the left upper "block" ( I I )  does not  
necessarily have to  be within the unit  disk i n  order to  obtain a stable closed-loop system. The observer 
dynamics, from which only the last state variable is left in (4.76) (22(k) )  appears to  have no  influence o n  
the remaining system dynamics described by the process states x l ( k )  and x 2 ( k ) .  This fact suggests that the 
observer is superfluous and can be removed without eflecting the system dynamics described by the states 
x l ( k )  and x 2 ( k ) .  Analyzing the dynamics and the stability of the system can be performed by neglecting the 
observer dynamics, which means that the closed-loop dynamics i s  now described by the right lower block of 
the system matrix i n  (4.76). The stability of this system is analyzed by using Routh's stability criterion. 
The characteristic equation of the lower block of the system matrix Tz,Ted,lo=o given in (4.76) is defined 
as: 

2 d e t ( 1 ~  - Tz,Ted,lo=o) = b o ~  + ~ I C  + b2 = 0, (4.77) 

i n  which: 

The  characteristic polynomial for continuous systems is given by: 

I n  which the coeficients ai (i=0,1,2) of the continuous time characteristic polynomial can be written as 
function of the coeficients of the discrete time characteristic polynomial using the bilinear transformation. 

Necessary conditions for stability: 
bo - bl+ b2 

bo + bl+ b2 

Suf icient  conditions for stability: 

Note that, for this case, i f  the necessary conditions are fulfilled also the suficient conditions are satisfied. 
The inequalities (4.80) and (4.79) for this example read: 

2 + 32r 

This inequality is satisfied as long as r > 0. 



Example 4.3.1 has shown that if the conditions are chosen such that the observer becomes superfluous, 
and so only past input and output values of the process are used in the model predictive controller, it is 
possible to obtain a stable closed-loop system for the specific considered linear example. It even appeared 
that the system is stable for every possible positive input; weighting r. 

Note that using past inputs and outputs for feedback results in a problem when the initial state xo is 
not known initially. If the initial state would be known initially, than one could compute the past inputs 
and outputs of the system using (3.24) and (3.23) in section 3.2. But in this report we considered the 
state vector x(k)  to be unknown, that is why one needed an observer in first place. Comparing the 
considered past input and output feedback with just direct feedback it can be concluded that in fact they 
are equivalent if the control algorithms are started after n-1 time steps when the past input and output 
values are known. Starting initially at k=O the past input and output values are unknown. This means 
that in the framework of optimality one is not optimal if one uses model predictive control with past input 
and output feedback. 



Chapter 5 

Numerical analysis 

In this chapter numerical analysis has been performed for both controi approaches proposed in chapter 
4. First proposal 1 is considered, in which linear unconstrained infinite horizon model predictive control 
is considered. To get insight in the dynamic behavior and to investigate the influence of the different 
control parameters on the dynamic behavior and the performance of the proposed control configuration, 
numerical analysis of the eigenvalues of the obtained closed-loop system matrix, derived earlier in this 
report in section 4.1, has been performed. The control parameters of the system are represented by the 
output weighting or state weighting Q, the input weighting R and the observer gain L. Secondly proposal 
2 is considered in which linear unconstrained finite horizon model predictive control is considered. Again 
an eigenvalue analysis of the closed-loop system matrix, derived in section 4.2 of this report, has been 
performed. The numerical eigenvalue analysis has been performed on three different types of single input 
and single output 2-dimensional systems that can be controlled by the two strategies. The three systems 
that are considered are an asymptotic stable, a marginal stable and an unstable linear discrete time system 
like (3.12). The matrices which define the three systems are defined as: 

System matrices of the Zdimensional linear discrete time marginally stable system: 

System matrices of the 2-dimensional linear discrete time asymptotic stable system: 

Eigenvalues of a: X+,1,2 = [0.9477 + 0.0823i 0.9477 - 0.0823il 

System matrices of the Zdimensional linear discrete time unstable system: 

Eigenvalues of a: X+,l,2 = [1.0638 0.85061 



Because lack of analytical knowledge about stability properties of nonlinear model predictive control 
present today, most of the analysis in this report has been considered linearly. However, because eventually 
the main idea of combining model predictive control with an observer in the extended nonlinear observer 
canonical form is intended to be applied on nonlinear systems, a nonlinear simulation of both proposals 
is given. This is shown in the end of this chapter. 



5.1 Performance infinite horizon model predictive control 

To dram some conc!usions about the performance of the controlled system? the performance of the system 
controiied by a Linear Quadratic Regulator(LQR) is used as a reference system. For the LQR controlled 
system the corresponding values for the state and input weighting matrices are used, which are defined in 
the cost function given by (4.35). As a reminder the cost function is given underneath. 

2=p=w 
min 

i j m = ~  { x ( k  + i + I ) ~ Q x ( ~  + i + 1)  + u ( k  + i ) R u ( k  + i ) }  
i=O 

As a "standard" for the performance, the absolute value of the maximum eigenvalue of the system matrix 
(T,) IXma,I is compared to the maximum eigenvalue of the LQR-controlled system. This is done for 
each of the three systems mentioned above. In order to get some insight in the influence of the control 
parameters, the absolute value of the maximum eigenvalue of T, IXma,I is calculated for fixed values of 
the state variable weighting matrix Q = I, fixed values of the observer poles, which are defined by the 
eigenvalues of the matrix defined by the "z-error dynamics" assumed to be described by (2.5) and placed 
by the observer gain L, and varying input weighting matrix R, which is in this case defined by a scalar r. In 
order to obtain some qualitative insight of the influence of the pole location of the observer this is repeated 
for some substantially different observer pole configurations presented in the first column of table A. For 
each observer pole configuration this results in different characteristics, in which the absolute value of the 
maximum eigenvalue JXma,I is displayed as function of the input weighting r. First the characteristics of a 
system controlled by an infinite horizon model predictive controller (p = m = cm) is considered. Because 
it appeared that not all investigated observer pole locations led to significant different characteristics not 
all possibilities are presented. However in table A it is presented which characteristic it qualitatively 
resembles. 

1 1 ( 5 )  
Same features as ( 1 )  Fig. 5.2 

d I 

Observer pole 
location XL, i  

(placed by L) 

(6) 
Same features as ( 1 )  Same features as (9) (lo) I 

System type to be controlled 
Marginal stable 

X+,1,2 = [I 0.901 

Asymptotic Unstable 
stable 

X+,1,2 = [0.95 + 0.OSi 0.95 - O.OSi] = [1.06 0.851 

(3) 
Fig. 5.3 

In Fig. 5.1 for different observer poles with equal real negative values the maximum absolute closed-loop 
eigenvalues IXma,l(r) have been plotted. Notice that for this example, it is possible to approximate the 

(4) 
Same features as ( 3 )  

(7) 
Same features as ( 3 )  

(11) 
Same features as ( 3 )  

Table A: Different investigated observer pole locations for different system categories. The poles of the 
observer XL,( have been varied over the regions indicated by d. 

(8) 
Same features as ( 3 )  

(12) 
Same features as ( 3 )  



LQR controlled system response time by obtaining the proper observer gain L and input weighting r. Also 
notice that for unstable observer poles XL,i there exist a value for the input weighting r, which stabilizes 
the closed-loop system. This phenomenon once again underlines the fact that stability of the observer 
cannot be determined by the z-error dynamics (2.5). 

- Observer in ENOCFcombined w l h  MPC 
..... Linear Quadratic Regulator 

(a) Observer poles {XL,I,Z : 0 --+ -0.9) (b) Observer poles {XL,I,Z : -0.9 -4 -1.01) 

Figure 5.1: Comparison of IX,,,l(r) resulting from unconstrained linear 
model predictive control with infinite horizon (p = co, m = co, Q = I )  
with observer in ENOCF for different observer pole locations and LQR con- 
trol (Q = I) 



The stability of the observer dynamics cannot be determined by examining the z-error observer dynamics 
because the actual z-error dynamics is perturbed, see (4 .5 ) .  The stability of the observer dynamics has to 
be considered together with the other dynamics present. The dynamics described by the matrix T, given 
in (4.34) should be considered for analysis of the system characteristics. 

In Fig. (5.2) again for different equal real negative observer poles IX,,,l(r) is plotted. Notice that for this 
unstable example it is not possible to approximate the LQR controlled system response time by obtaining 
a proper observer gain L and input weighting r. 

- Observer in ENOCF combined with MPC 
- - - .  Linear Quadratic Regulator 

(a) Observer poles { X L , ~ , ~  : 0 + -0.9) (b) Observer poles { X L , ~ , ~  : -0.9 ---) 

Figure 5.2: Comparison of jX,,,] ( r )  resulting from unconstrained linear 
model predictive control with infinite horizon (p = oo, m = oo, Q = I) 
with observer in ENOCF for different observer pole locations and LQR con- 
trol (Q = I) 

In Fig. 5.3 for different observer poles with equal real positive values the maximum absolute closed-loop 
eigenvalue IX,,,l ( r )  has been plotted. The system to be controlled is marginally stable. 



Figure 5.3: Comparison of IX,,,l(r) resulting from unconstrained linear 
model predictive control with infinite horizon (p = m, m = oo, $ = I)  
with observer in ENOCF for different observer pole locations and LQR con- 
trol (Q = I). Observer poles are varied from, {XL,1,2 : 0 - 1.01) 

Notice that shifting the observer poles in this direction does not lead to an improvement of the approxi- 
mation of the LQR controlled system performance. 



5.2 Dynamic behavior infinite model predictive control 

%r the =largina!!y s t lhk  system ir?t,roc!l~ced in the previous sectionj the pole locations for the specific 
control parameter adjustments are plotted. As a reference, the pole locations of the LQR controlled system 
are used. In Fig.5.4 the pole locations of the controlled marginal stable system are presented. 

(a) Observer poles X L J , ~  : {0,0), r=0.1 (b) Observer poles XL, l ,2  : {0,0), r=1 

(c) Observer poles XL,1,2 : {-0.8+jOt -0.8-jO}, (d) Observer poles X L J , ~  : {O+jO.8, 0-j0.81, r=1 
r=l  

Figure 5.4: Used horizons and state weighting p = oo, m = oo, Q = I 



Due to the fact that the observer dynamics and the controller dynamics do not satisfy a separation 
principle, as in classical linear theory (closed-loop poles consist of the observer poles and controller poles, 
which can be placed separately), one cannot expect to be able to point the poles which are only caused 
by either the observer or the controller dynamics. But notice that in Pig. 5.43 and b one of the two 
observer deadbeat poles can be distinguished. Due to the fact that the observer and the model predictive 
controller dynamically interact, it is obvious that the dynamical behavior does not coincide with the 
dynamical behavior of the LQR controlled system. Note that for this specific system and for a specific 
value of the input weighting r the poles can be manipulated such that the same optimal dynamical behavior 
of the LQR controlled system can be approximated see Fig.5.4b. In the previous section it is shown that 
for this specific case the LQR controlled system response time, for certain input weighting r and observer 
gain L, can be reached. In Fig.5.4~ and Fig.5.4d the pole locations of two of these parameter adjustments 
which realize this performance are plotted. Notice that in spite of the same performance of the LQR 
controlled system the system behavior is quit different. The optimal LQR controlled system does not 
show any oscillatory behavior but the model predictive controller and observer in ENOCF combination 
does show oscillatory behavior. In case of the introduced complex conjugate observer poles this seems 
quit logical. But in case of the real negative observer poles this is not so trivial. 



5.3 Performance finite horizon model predictive control 

In sectior, 5.1 the perfermmce nf proposa! 1 applied to a linear system is considered, in which the horizon 
used in the model predictive controller, has been set at infinity and no constraints are considered. In this 
section proposal 2 is applied to a linear system. Infinite horizon modei predictive control using proposal 
2 is not so trivial, so only finite horizon model predictive control is considered for this strategy. In this 
section also finite horizon model predictive control applied in proposal 1 is considered. To draw some 
conclusions about the performance of the proposed systems, the performance of the system controlled 
by a finite linear unconstrained model predictive controller using state feedback is used as a reference 
system. The cost functions of the three control strategies including the reference control system are based 
on minimizing the following cost function (see also (3.14) or (3.36)) 

min 
iim (k) 

{ y ~ ( k ) ~ ~ " y " ( k )  + t im(k)T~mfim(k)),  

where, 

0 r 
$* = I, and " = ;  . i l l  

. . .  0 r 

As a "standard" for the performance, the absolute value of the maximum eigenvalue IXm,,I of the system 
matrices of the considered systems is taken into account, e.g. Te,red, Tz and @ - I'C,,,pcK,pc,ZS for 
the reference system. IXm,,I is computed for fixed values of the weighting matrix QP = I and varying 
input weighting matrix in which r is varied. This is repeated for some substantial different horizons and 
observer gains. This is done for each of the three system types, which are also considered in 5.1. Because 
no substantial differences between the obtained results for the three considered system types are obtained, 
only the result of one of them is presented. The system for which the results are shown in figure 5.5 is 
the unstable one. 



MPC with direct state feedback: m=p=25 
MPC with direct state feedback: m=p=50 

o Proposal 2 : m=p=10 
-o- Propoeal2 : m=p25 

(a) Finite horizon model predictive control used (b) Finite horizon model predictive control used in 
in proposal 1 and 2 combined with deadbeat ob- proposal 1 and 2 combined with observer in ENOCF. 
server in ENOCF Used observer gain (0.128 0.9) 

Figure 5.5: Comparison of IX,,,l(r) resulting from unconstrained linear 
model predictive control with finite horizon used in proposal 1 and 2 

In figure 5.5a a deadbeat observer gain is considered. Note that for proposal 2 this boils down to the situa- 
tion described in section 4.3. The considered deadbeat situation for proposal 2 gives the same performance 
as the used reference system. In 5.4 it even appears that all non-zero poles of the system, representing the 
deadbeat situation of proposal 2, are equivalent to the poles of the used reference system. Next applying 
an arbitrary chosen observer gain instead of a deadbeat observer gain leads to less performance of proposal 
2 and an improvement of performance for the system presented by proposal 1. Further it can be seen that 
for relatively high input weightings both systems approach the reference system. 



5.4 Dynamic behavior finite horizon model predictive control 
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Figure 5.6: Dynamical behavior of unconstrained linear model predictive 
control with finite horizon used in proposal 2 and model predictive control 
with direct state feedback compared. 

In figure 5.6 the pole locations of some system settings of the system controlled by proposal 2 are presented. 
The pole locations are compared to a model predictive control system based on a state space model with 
direct state feedback. The system that is controlled is the linear discrete time unstable system also 
considered in 5.1. Note that if a deadbeat case of proposal 1 is considered, presented in 5.6a and 5.6b 
(see also section 4.3), the non-zero pole locations correspondent to the pole locations of the same system 
controlled by a model predictive controller based on a state space model with direct feedback. 



5.5 Simulations on a nonlinear system 

In this section si=dations of both proposals 1 en 2 respectively are given on a nonlinear discrete time 
system. The system is given in section 3.1 in Exampie 3 . i  .l by ( 3 . l i )  which is given here as a reminder. 

The observer equations used for proposal 1 are of the following form: 

where: 

The coordinate transformation map 9( jZ(k) ,  y ( k  - l ) ,  [u(k  - I ) ,  f i (k ) ,  f i(k + I ) ] )  reads: 

The inverse relation of 9, for fixed input and output values, is used to compute the estimated x-state 
variables by given estimated z-state variables. The input values denoted by a bar ( ~ ( k ) ,  fi(k + I ) ) ,  are 
predicted by the used model predictive control strategies. For proposal 2 ,  as already has been explained 
earlier in section 4, the coordinate transformation map Z is omitted. The optimization function F used in 
both cost functions that have been used in the model predictive control strategies applied in the proposals, 
is of the following form: 

for proposal 1 and, 

( f i ( l +  l l k )  - u , ( k ) ) R ( f i ( l +  l l k )  - u r ( k ) )  
(5 .7)  

for proposal 2. The cost functions are of the form given in (3 .4) ,  (3 .5)  and (3 .6)  for proposal 1 and (3.20),  
(3.21) and (3 .22)  for proposal 2.  In the cost functions the state vectors x ( k )  and z ( k )  are replace by esti- 
mates jZ(k) and & ( k ) ,  that are estimated by the observers used in the proposals 1 and 2 respectively. No 
constraints are considered. The output reference that should be realized is the same as used in Example 



3.1.1, and reads as yT(k) = sin(0.06.rrk). The matching input reference sequence should consequently fulfill: 

where the evolution of the reference state variables should fuIfilI: 

In table B the initial conditions and the control parameters used in the simulations are given. 

Note that for proposal 2 the conditions are selected such as is given in 4.3. In figure 5.7 and figure 5.8 the 
simulation results are given of proposal 1 and 2 respectively. 
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Table B: Initial conditions and control parameters used in simulation 
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Figure 5.7: Result of simulations using Proposal 1 with deadbeat observer 
gain. 
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(a) Input u(k) and output y(k) (b) State variables zl (k) and zz(k) 

Figure 5.8: Result of simulation using Proposal 2 fulfilling conditions in 4.3. 

Both proposals are compared to results obtained by a model predictive controller using direct state feed- 
back. Note that indeed the state observer is not needed in proposal 2. The observer dynamics is unstable 
but the resulting system seems stable. One can select other values for the observer gain, though still 
fulfilling the conditions given in 4.3, and one will obtain another response of the state observer dynamics, 
but the same closed-loop system response is obtained. This in fact underlines and extrapolates the findings 
found in 4.3 for linear theory to nonlinear theory. 



Chapter 6 

Conclusions and Recommendat ions 

In general it can be concluded that combining the noncausal nonlinear observer using the extended 
nonlinear observer canonical form in discrete time, combined with a nonlinear discrete time model 
predictive control strategy, is not just some wild idea, but has a serious potential to succeed. This 
has been shown for some specific linear unconstrained examples, for which settings for the adjustable 
control parameters have been found that result in a stable closed-loop system. In fact this has been 
shown for two different kind of approaches, namely proposal 1 and 2 respectively. 
In the first proposal, the considered nonlinear model predictive controller is based on a state space 
difference equation. Applying the model predictive control strategy in this manner, knowledge of 
all state variables has to be known. It is proposed to estimate the state variables by a nonlinear 
observer using a coordinate transformation map which couples two discrete state space models. The 
two coupled state space models are the state space difference equation and the discrete time state 
equation in extended nonlinear observer canonical form. The state space difference equation is based 
on x-state variables and the state equation in nonlinear observer canonical fomn is based on z-state 
variables. The future input values, that causes the non-causality generally present in the state 
equations in extended nonlinear observer canonical form and the coordinate transformation map 
linking both models and needed in proposal 1 to translate the state variables of the observer into 
the state variables needed for the model predictive controller, are predicted by the state space model 
used in the model predictive control strategy. 
The second proposal uses the nonlinear difference state equation in extended nonlinear observer 
canonical form for the prediction used in the model predictive control strategy. This results in a 
model predictive controller, which needs state feedback of the z-state variables instead of the x- 
state variables. As a result the estimated z-state variables generated by the observer state equation 
in the extended nonlinear observer canonical form do not have to be transformed by the noncausal 
coordinate transformation map into x-state variables. This leads to a subsequential simpler structure 
concerning the observer dynamics. 
Both proposals have been analyzed considering unconstrained linear model predictive controllers 
controlling a linear discrete time system. This linear unconstrained model predictive controller leads 
to a static controller that can be treated analytically. The general observer theory in the extended 
nonlinear observer canonical form has also been put in a linear context for this analysis. These 
linear expressions for the controller, the process to be controlled, and the observer, resulted in a 
12n-dimensional and lon-dimensional linear state space expression for the closed-loop system of both 
proposal 1 and 2 respectively. Note that n is the order of the considered system that is controlled. For 
both systems it appeared that the rank of the obtained closed-loop system matrix is 2n-dimensional. 
This fact makes it possible for stability analysis to reduce the system matrices from 12n-dimensionai 
and 10n-dimensional respectively to 2n-dimensional closed-loop systems, resulting in a simplification 



of the problems. The remaining states appeared to be the states of the system to be controlled and 
the observer states and thus in a sense the result is very much in line with standard observer based 
controller theory. 
For both proposals it has been shown that the nice property of the linear error dynamics, which 
leads to the possibility to use standard linear observer design techniques, is lost. This is caused 
by the fact that the future input signals of the used observer in the extended nonlinear observer 
canonical form are predicted values, predicted by the model predictive controller, and not the actual 
input values. As a result the controller and the observer z-error dynamics, defined by the difference 
between the estimated z-state and the actual z-state, have become dynamically linked. A separation 
principle is out of the question in these proposals. Although no separation principle is valid, it has 
been shown that the z-error dynamics is decoupled from the rest of the dynamics. The rest of the 
dynamics consists of coupled observer controller and process dynamics. The z-error dynamics has 
no influence on the closed-loop dynamics but the closed-loop dynamics has influence on the z-error 
dynamics. This means that from a control point of view designing a stable z-error dynamics does 
not necessarily result in a stable state estimation in the closed-loop dynamics or an unstable z-error 
dynamics does not necessarily lead to an unstable closed-loop dynamics. 
Using Proposal 2 in which the predictions in the model predictive control strategy are performed by 
the mode! in extended non l i~ear  observer canonical form does not ody  x e d  a z-state variable as input 
but also past inputs and outputs down to n-1 time steps in the past are needed in the optimization. 
In general these past inputs and outputs are not known initially at time step k=O. This same problem 
is however also present in the observer equations in both proposals. Also a comparable problem is 
found for initial values at time step k=O for the n-1 future input values needed in the coordinate 
transformation map of proposal 1. For the model predictive controller of proposal 2, this means that, 
because the lack of knowledge of the past input and output values in the first n-1 time steps, one 
cannot control in an optimal way. Optimality is however obtained if after n-1 time steps the control 
strategy is initialized. An advantage of proposal 2 with respect to proposal 1 is the fact that only 
one time step into the future has to be predicted instead of n-1 time steps such as in proposal 1. This 
leads to a smaller error in the estimated state variable, because one does not have to make predictions 
far into the future, which results in smaller prediction errors of the input values. Extending the time 
horizon on which a prediction is computed in the model predictive control strategy will also result 
in a smaller prediction error of the predicted input values. This is of course valid for both proposals. 
For proposal 2 it has been seen that if certain conditions concerning the observer dynamics in extended 
nonlinear observer canonical form are met, the model predictive controller becomes invariant with 
respect to the estimated state variable originated from the observer. This means that the observer 
has become superfluous. The model predictive controller of proposal 2 now only needs past input 
and output data of the process to be controlled. The remaining disadvantage is however, that the 
past input and output values are not known at the initial time step at k=O and so in the context 
of optimality one is not optimai. Linear anaiysis of the ciosed-ioop system of proposai 2, in which 
only past inputs and outputs are needed, have the same nonzero pole locations as the closed-loop 
system in which a model predictive controller (in which a state space model is used to obtain the 
predictions) is used with direct state feedback. This suggests that the stability of proposal 2, in 
which the conditions are such that only past input and output values are needed for feedback, can be 
analyzed using the closed-loop system dynamics with unconstrained finite model predictive control in 
which direct state feedback is used. In other words for stability it is not necessary to obtain, initially, 
the real actual past input and output values of the process. 

0 Recommendations 

In this report stability can be proven for just specific linear unconstrained academical examples, 
but more research concerning general conditions for stability is useful. First one could consider 
general linear unconstrained model predictive control applied to both approaches, but eventually it 
would be a challenge to consider the constrained nonlinear situation. However, obtaining stability 
conditions for the latter is a little reckless target to achieve, because stability for constrained non- 



linear model predictive control with direct state feedback is even today still a major unanswered 
question. 
Also investigating the possibility to obtain a (sub)optimal situation in the first n-1 time steps, if 
past input and output values are used for feedback, could be appealing. This will likely resnlt in 
an investigation in which one should search for a method to obtain smart initial values for the past 
input and output values at the initial time step k=O. Note that some smart initial values for the past 
input and output values will also be very useful in the used nonlinear observer theory in nonlinear 
observer canonical form. Coupled to this research some attention for the use of input/output model 
based model predictive control could be payed. Note that the specific situation of proposal 2 in fact 
also boils down to an input/output model used in the optimization in the model predictive controller. 
In this report the model predictive control problem is used as a starting point and as a consequence 
of the absence of the needed state variables a nonlinear noncausal observer in nonlinear observer 
canonical form was used to estimate the state variables. Instead one could also take state estimation 
using the nonlinear noncausal observer in nonlinear observer canonical form as the main priority. In 
this case one does not only want to have stable closed-loop dynamics but also stable z-error dynamics 
is needed. 
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Appendix B 

Coefficients of closed-loop system matrix 
of proposal 1 with finite horizon MPC 

In this appendix the analytic expressions of the coefficients 4, ( r )  (i = 1, . . . , 28)  of the closed-loop system 
matrix obtained in Example 4.1.1 are presented. 







Appendix C 

Coefficients of closed-loop system matrix 
of proposal 2 with finite horizon MPC 

In this appendix the analytic expressions of the coefficients +i(r) (i = 1, ..., 7) of the closed-loop system 
matrix obtained in Example 4.2.1 are presented. 
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