
 Eindhoven University of Technology

MASTER

Ekman decay of monopolar vortices on a topographic Beta-plane

Custers, B.H.M.

Award date:
2000

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/5f62d6b7-a130-4b25-a8be-d8ea673561a1


Technische Universiteit Eindhoven 

Titel: 

Auteur: 

Verslagnr: 

Datum: 

Capaciteitsgroep 
Begeleiders 

Ekman decay 
of monopolar vortices 

on a topographic ,6-plane 

B.H.M. Custers 

R-1498-A 

February 2000 

Werveldynamica 
L. Zavala Sansón MSc. 
Prof. dr. ir. G.J.F. van Heijst 

Faculteit Technische 
Natuurkunde 
Groep Transportfysica 
Gebouw Cascade 
Postbus 513 
5600 MB Eindhoven 



Abstract 

In this thesis the evolution and decay of non-isolated monopolar vortices on a topographic 
,8-plane has been studied. This was clone by performing both laboratory experiments 
and numerical simulations (based on two-dimensional physical models). Labaratory ex
periments were carried out in a rotating tank system, in which vortices were created by 
withdrawing a certain amount of fluid. The topographic ,8-plane consists of a linear slop
ing bottorn on which the vortex drifts to the 'north-west', while gradually decaying. This 
decay is associated with bottorn friction (Ekman effects) and with Rossby wave radiation, 
due to the ,8-effect. 

Experiments were clone with different water depths. It was found that the lower the 
water depth, the faster the vortex decay. The basic reason for this is that bottorn friction 
effects are more effective fm lower water depths. It was shown that the experimental var
tices can be numerically simulated by using a two-dimensional model with Ekman friction 
and a variabie topography. The calculated Ekman times and the trajectmies of the vortices 
were similar in the experiments and simulations, indicating that the model on which the 
simulations are based is able to simulate the bottorn friction due to the Ekman layer on a 
topographic ,8-plane. The decay of the peak vorticity on the topographic ,8-plane can be 
described in the same fashion as the flat bottorn case, but at a different rate. Ekman times 
associated with the sloping bottorn were found to be approximately half of those associ
ated with the flat topography. The influence of the topographic ,8-plane was examined by 
performing simulations on a flat bottom. In the case of the topographic ,8-plane Ekman 
times are about 55 % of those in the case of the flat bottom, as expected. Two reasans 
for this considerably faster decay are the creation of Rossby waves and the squeezing of 
the vortex as it drifts to the north. In order to examine the influence of bottorn friction 
due to the Ekman layer, simulations without Ekman effects were performed. The vmtex 
decay showed to be considerably slower, indicating the importance of bottorn friction. The 
vortices leak fluid from the nmth-eastern part due to squeezing effects as fluid columns 
move upslope in the cyclonic motion. The curved north-westward trajectmies of the var
tices were partially explained by the released fluid to the ambient. Passive tracers in the 
simulations showed similar behaviour. 
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Chapter 1 

Intrad uction 

Fluid dynamics is the research field that studies the phenomena of liquids 
and gases. Geophysical fluid dynamics is the part of fluid dynamics that 
focuses on large-scale flows in the atmosphere and in oceans. Two effects are 
typical for geophysical fluid dynamics: the preserree of background rotation 
and the stratification of fluids. In this report the effects of the latter, the 
stratification, will not be treated. 

The importance of geophysical fluid dynamics can be found in several ex

amples, like predicting the spreading of pollutants, the prediction of the paths 
of hurricanes, the understanding of the global elimate and the prediction of 
the weather. 

The preserree of background rotation is due to the spin of the Earth 
around its axis. This rotation produces two extra forces that are not present 
in a non-rotating system: the centrifugal force and the Coriolis force. The 
former plays no important role in geophysical motions, because it can be in
cluded together with the gravitational force. The latter has only a significant 
effect on the flow when the timescale of motion is bigger than the rotation 
period of the Earth. This criterion is often used in geophysical fluid dynamics 
to define a large-scale motion. 

A characteristic feature in fluid dynamics is a coherent vortex, or eddy. 
Vortices are closed circulations that are relatively persistent [1]. A cyclone 
is a vortex whose rotation is in the same sense as the background rotation, 
i.e., for geophysical flows, counterclockwise in the Northern Hemisphere; an 
anticyclone rotates in the opposite sense. Vortices are present in several 
different forms with different properties. For an overview and description of 
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Figure 1.1: Hurricane Luis1 at the coast of Florida at September 6 1995. 
Maximum winds are about 233 kmjh. Satellite photo taken by NASA-GSFC 
Labaratory for Atmospheres 

the most common vortices, see [2]. In a so-called monopolar vortex, the fiuid 
moves around one centre. Some of the most well-known examples of vortices 
in the atmosphere are low-pressure areas on weather maps. The dimensions 
of oceanic vortices can be 10 to 100 km, and they can exist up to several 
years. Atmospheric vortices, in contrast, persist only for days or weeks. In 
figure 1.1 a spectacular example of an atmospheric vortex, a hurricane, is 
shown. 

The Coriolis force is dependent on the latitude. For not too large scales 
( <1000 km) the latitudinal variation of the Coriolis force can be linearized 
around some reference latitude. This is called the ,8-plane approximation. In 
the laboratory this situation can be simulated with a rotating tank with a lin-
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early sloping bottom, as described in chapter 3. Such a contiguration is called 
the topographic ,8-plane and is a fundamental tool in this report. Monopolar 
vortices in the Northern Hemisphere move in the north-western direction on 
a ,8-plane when they are cyclonic and in the south-western direction when 
they are anticyclonic [3]. 

Geophysical flows can be considered as nearly two-dimensional because 
their horizontallength scales are much larger than their verticallength scales. 
However, when surface and bottorn friction are included by means of so
called Ekman boundary layers, the two-dimensional motion is slightly braken. 
Thus, it can be said that geophysical flows have a quasi-two-dimensional 
character. Although these Ekman layers at the surface and at the bottorn 
of the flow are very thin compared to the verticallength scales, they cause 
some weak damping effects. One of these effects is the exchange of fluid 
between the boundary layer and the interior of the flow. This effect is called 
Ekman-pumping and causes the decay of the flow field. In this report only 
bottorn friction effects will be considered. 

A two-dimensional model for the Ekman decay of monopolar vortices on 
a flat bottorn is described and tested in [4]. A more general formulation 
for rotating barotropic flows over a variable topography is derived in [5], by 
including nonlinear Ekman termsin the vorticity equation. According to this 
modelEkman effects are enhanced in shallow layers. 

This report deals with Ekman decay of monopolar vortices on a topo
graphic ,8-plane. With experiments and numerical simulations the model 
described in [5] was tested. 

More detailed information on the underlying theories can be found in 
chapter 2. A description of the experimental arrangement is given in chap
ter 3. Chapter 4 shows the experimental results. Afterwards, the experi
ments were reproduced by means of numerical simulations, using the pro
gram NSEVOL which solves the two-dimensional Navier-Stokes equations in 
the vorticity-streamfunction formulation [6]. The results of these numerical 
simulations can be found in chapter 5. A discussion of the results and the 
conclusions of this study are presented in chapter 6. 
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Chapter 2 

Theory 

2.1 Background rotation 

In geophysical flows, the background rotation is related with the rotation of the Earth 
around its own axis. This rotation produces two extra forces, not present in the non
rotating case: the centrifugal force and the Coriolis force. As already mentioned in the 
Introduction, in most cases only the Coriolis effects are important. 

Before descrihing the influence of the Coriolis force, it is useful to introduce a reference 
framework rotating with the planet. We use a local Cartesian coordinate system. The 
x-axis is directed to the east, the y-axis is directed to the north and the z-axis is upward 
( see figure 2.1). 

Q • I 
I 

Figure 2.1: The coordinates defined on a rotating sphere 
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The oceans and the atmosphere can be considered as thin layers where fiuid motion is 
predominantly horizontal (two-dimensional), i.e. parallel to theEarth's surface. Thus, the 
vorticity vector of geophysical fiows is aligned with the vertical direction, perpendicular to 
the surface, i.e. in the z-direction. The dependenee of the Coriolis force on the latitude <P 

is represented by the so-called Coriolis parameterf, which is defined as: 

f = 2!1 sin <P (2.1) 

with !1 the planetary angular velocity. In the Northern Hemisphere f is positive, while it 
is zero at the equator and negative in the Southern Hemisphere. 

2. 2 Potential vort i city 

Balance of momenturn for a fiuid in a rotating coordinate framework is described by the 
N avier-Stokes equation: 

Öv 1 

8; + (Q · Y')Q + 2!1 x Q = -PV' P + vV'
2
Q 

with P the reduced pressure, defined by: 

1 2 2 
p = p- p<I>grav - 2p!1 r 

(2.2) 

(2.3) 

where p is the fiuid density, which is assumed to be constant for all situations in this 
report. JZ is the velocity vector (u,v,w), pis the pressure, t is the time, ris the radial 
distance to the rotation axis and v is the kinematic viscosity, which is also assumed to be 
constant. The gravitational (<I> 9 rav) and the centrifugal 0!12 r 2

) potentials are such that 
Y'(<I>grav + ~!1 2 r 2 ) = !]_ = (0,0, -g), with g the constant gravity acceleration. The Coriolis 
acceleration is represented by 2!1 x Q. 

When the horizontallength scale L is much larger than the depth scale D, i.e. D ~ L 
(see figure 2.2) and neglecting all geometrical terms associated with theEarth's curvature, 
the x-, y- and z-components of (2.2) are: 

Öu Öu Öu Öu 1 Öp 2 -+u-+ v- + w-- fv = --- + vV' u 
öt Öx Öy Öz p Öx 

(2.4) 

Öv Öv Öv Öv 1 Öp 2 -+u-+ v- + w- +ju = --- + vV' v 
öt Öx Öy Öz p Öy 

(2.5) 

Öw Öw Öw Öw 1 Öp 2 -+u-+ v- + w- = ---- g + vV' w 
öt Öx Öy öz pöz 

(2.6) 
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h(x,y,t) 

L 

' 
: H(x,y,l) 
I 
I 

' ' ' 

Figure 2.2: The shallow water model 

D 

U sing the shallow water approximation (D ~ L) the vertical accelerations and viseaus 
effects can be neglected in equation 2.6 [7]. The result is the hydrastatic approximation: 

After vertical integration this becomes: 

1 op 
-- =-g 
p az 

p = pg(h- z) +po 

(2.7) 

(2.8) 

with h the water height above the reference level z = 0 (see figure 2.2) and p0 the pressure 
at the fluid surface. When p0 is assumed to be constant, the components of the horizontal 
pressure gradient are given by: 

op ah 
-=pgax ax 
op ah 
-=pgay ay 

(2.9) 

(2.10) 

Assuming the horizontal veloeities as z-independent ( sirree the horizontal pressure gradients 
are so) and consiclering an inviscid fluid, the horizontal momenturn equations (2.4) and (2.5) 
become: 

au au au ah 
-+u-+ v-- fv = -g-at ax ay ax 
av av av fJ h 
-+u-+ v- + fu = -gat ax ay . ay 

(2.11) 

(2.12) 

Taking the y-derivative of (2.11), the x-derivative of (2.12), and subtrading them from 
each other results in: 
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d((+f) (1 !)(au av)=o 
dt + "+ ax + ay 

where ( is the relative vorticity: 

( = av- au 
ax ay 

and with d/ dt the material derivative, defined by: 

d a a a 
- = -+u-+v
dt at ax ay 

(2.13) 

(2.14) 

(2.15) 

The sum of the relative vorticity ( and the planetary vorticity f is called the absolute 
vorticity. Equation (2.13) expresses that a positive divergence of the flow field implies a 
decreasing absolute vorticity per fiuid column. A negative divergence causes an increase of 
absolute vorticity. The vertically integrated two-dimensional continuity equation is given 
by: 

dH a(Hu) a(Hv) 
dt + ax + ay = 

0 (2.16) 

Using this, equation (2.13) can be rewritten in termsof the water depth H: 

!}_ (( + !) = 0 
dt H 

(2.17) 

This expresses conservation of the so-called potential vorticity 't1 . The potential vorticity 
can analogously be defined for laboratory experiments. 

2.3 The (J-plane 

When consiclering small scale motions ( < 100 km), f may be assumed to be constant: 

f = fa = 2D sin <Po (2.18) 

with </>0 the reference latitude. This is commonly referred to as the f-plane approximation. 
For larger length scales the latitudinal variation in f is better represented by expanding 

the Coriolis parameter in a Taylor series around </>0 : 

!(</>)=!(<Po+ 5</>) = 2D[sin</>0 + co~<fo R5<f + 0(54>2
)] (2.19) 

Writing R5<f = y and with the assumption that quadratic and higher order terms can be 
neglected, this can be expressed as: 

f =fa+ f3y (2.20) 
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where the new constant given by (3= 2Dcosc/J0 /R has been introduced. This linearisation 
is usually referred to as the (3-plane approximation (see figure 2.3). 

Q 

Surface 

Q H(y) 

Bottom y 

Figure 2.3: Left: linearisation of f(cP) results in the (3-plane approximation. Right: Lab
oratory si mulation of the latitudinal variation of f(cP) by the principle of conservalion of 
potential vorticity 

The (3-plane is a useful approximation when length scales of motion are of order 100 to 
1000 km, i.e. when weak f variations have tobetaken into account. Note that fora fluid 
parcel in an ocean or atmosphere over a flat bottorn topography ( H = H0 ) equation (2.17) 
implies: 

( = cHo - fo - (3y (2.21) 

where c is a constant. The (3-effect can be simulated in the laboratory by using a rotating 
tank with a linear bottorn topography in the y-direction (see figure 2.3). According to [13] 
equation (2.17) then becomes: 

( = cH(y)- fo (2.22) 

where c is a constant and / 0 = 2n, with n the angular velocity of the tank. This type of 
bottorn topography in the rotating tank is called the 'topographic (3-plane'. The resem
blance between the laboratory and the planetary situation is the following: a northward 
shift (increasing y) in the planetary situation means a reduction of relative vorticity. In 
the laboratory situation a shift to the shallow part of the tank causes a reduction of the 
relative vorticity. Thus the shallow part of the tank corresponds to the north. Similarly, 
the deep part of the tank corresponds to the south. 
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2.4 Motion of a monopole 

On an f-plane (i.e. without any topography in the rotating tank) a monopolar circular 
vortex remains at a fixed position. The basic reason is that there are no asymmetrical 
changes in relative vorticity of fluid columns (free surface variations are being ignored) 
able to induce motion on the monopole. On a topographic ,8-plane the situation is entirely 
different. Consicier for instanee a cyclonic monopole (see figure 2.4). 

Advected fluid 

' ' 
' 

/ Motion of monopolc 

' ' 

' ' ' ' ' ' 
' 

' ' 
' ' 
' ' \ ' \~/ 

"\ ' , 
~ ~ 

Induccd posilivc ccll 

Induced negativc cell 

' ' 

~~ 
~ \ '\ 
' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 

Advccted fluid 

Figure 2.4: A positive manapolar vortex on the ,8-plane: adveetion of fluid particles results 
in a positive eelt in the south-western side of the vort ex and a negative eelt in the north-east. 
Bath eelts induee the vortex motion in the north-western direetion. 

At the western side the vortex advects fluid from north to south, which acquires positive 
relative vorticity, according to equation (2.17). At the eastern side the vortex advects fluid 
pareels that move from south to north, resulting in negative relative vorticity. The negative 
cell in the north-east and the positive cell in the south-west will induce the vortex drift in 
the north-west direction. 

Applying similar arguments for an anticyclonic monopole, the resulting motion is to 
the south-west. 

2.5 Ekman layers 

U ntil now viscous effects have not been taken into account. Although the motion in the 
bulk of a finite flow domain may be considered as inviscid, this approximation is no longer 
valid near the domain boundaries. The effects of viscous forces near boundaries are taken 
into account by means of boundary layers. In this report only the bottorn boundary layer, 
the so-called Ekman layer, is considered, while the effects of lateral walls will be assumed 
negligible. 
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To express the ratio of the viseaus force and the Coriolis force we use the so-called 
Ekman number: 

(2.23) 

where v is the kinematic viscosity and H is the depth scale of motion. The non-dimensional 
thickness d of the Ekman layer is given by: 

(2.24) 

The physical thickness of the Ekman layer is given by dE = Hd = HE 112 = (v/D.) 112
, 

which is generally very small in a rapidly-rotating, slightly viseaus fluid. 
Consicier the Ekman layer under a uniform, geostrophic flow in a homogeneaus fluid 

over a flat bottorn (see figure 2.5). 

Interior 

u 

z 

-- ---------- ----------- -----------
Ekman layer / u(z) t d / ---z=O 

u=O 

Figure 2.5: The influence of the friction of a flat bottom on a uniform flow 

Sirreethere is no horizontal divergence, the continuity equation yields Öw / Öz = 0. Assum
ing that the Rossby number is small (i.e. U < D.L ), the non-linear termsin equations (2.4) 
through (2.6) can be neglected [1]. For the case of stationary flow inside the Ekman layer, 
equations (2.4) - (2.6) can be reduced to: 

1 Öp Ö2u 
-fv=---+v-

p Öx Öz2 
(2.25) 

1 Öp Ö2v 
fu=---+v-

p Öy Öz2 
(2.26) 

1 Öp 
g= ---

pÖz 
(2.27) 
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Note that due to the shallow water approximation the horizontal second derivatives of the 
velocity components have been neglected in the viseaus terms. Also it is assumed that the 
hydrastatic balance applies. Since the velocity of the main flow is u = (U, 0, 0), outside 
the boundary layer the equations (2.25) and (2.26) become 

0 = -~ opi 
p ox 

JU=-~ opi 
P oy 

(2.28) 

(2.29) 

By taking the horizontal derivative of equation (2.27) it follows that the horizontal pressure 
gradient is independent of z, so that (2.28) and (2.29) are valid for all z. Assuming that 
the pressure in the Ekman layer is equal to that in the interior flow (p ~ PI) and thus 
combining equations (2.25) with (2.28) and (2.26) with (2.29) respectively, we obtain: 

d2 v 
f(u- U)= v

dz2 

(2.30) 

(2.31) 

The salution of this system, when applying the correct boundary conditions (u=O at the 
bottorn and u=(U, 0, 0) far in the interior of the flow), are: 

U = U(1 - e-z/dE cos_!_) 
dE 

(2.32) 

v = U e-z/dE sin_!_ (2.33) 
dE 

where dE is the Ekman layer thickness. In figure 2.6 the profiles of the horizontal velocity 
components u and v are shown, tagether with their projections on the horizontal plane (a 
so-called hodograph). From the hodograph it can be seen that the velocity vector at the 
bottorn is turned 45° to the left of the current outside the Ekman layer. 

For spatially non-uniform interior flows, the horizontal divergence is different from zero 
inside the Ekman layer. As a consequence, fluid is exchanged between the boundary layer 
and the interior. This effect is called Ekman-pumping. The vertical velocity w 1 in the 
interior flow caused by Ekman-pumping is given by [8]: 

1 1/2 w1(x,y)=2,E WJ, z=O 

Note that the Ekman suction depends on the vorticity of the geostrophic flow (wi ). 

(2.34) 

This effect causes the decay of the flow field. For instance, a cyclonic vortex ( w 1 > 0 
and therefore WJ > 0) will be squeezed by fluid from the Ekman layer and thus it willlose 
absolute vorticity. An anticyclonic vortex, in contrast, will be stretched and therefore it 
will also decay. 
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z/d 

211" ----------r 
v/U 

u/U 

u/U 

Figure 2.6: Left: the velocity profiles of u and v in the Ekman layer. Right: the hodograph) 
the projection of u and v on the horizontal plane. Figure from [15} 

2.6 The vorticity equation 

Consicier the horizontal componentsof the Navier-Stokes equations (2.4) and (2.5) in two 
dimensions ( w=O). The pressure gradients can be eliminated by taking the y-derivative 
of (2.4) and subtrading it from the x-derivative of (2.5). This results in the vorticity 
equation: 

8( 8( 8( (fJu fJv) 2 -+u-+v-+ -+- ((+f)=v\l( 
fJt fJx fJy 8x fJy 

(2.35) 

with ( the relative vorticity, given by equation (2.14). For a two-dimensional flow over a 
fiat bottorn and no Ekman friction, the continuity equation is given by: 

fJu 8v 
-+-=0 
fJx fJy 

Now we introduce the stream function 'Ij; defined by: 

fJy 
{

u= fJ'lj; 

V=- fJ'lj; 
fJx 

Using this definition and the continuity equation we can rewrite equation (2.35): 
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~~ + J ( (' 1/J) = 11\72 ( (2.38) 

with J the Jacobian, defined by: 

J( (, 1/J) = 8( 81/J - 81/J 8( 
8x 8y 8x 8y 

(2.39) 

Inserting equation (2.37) in the definition of the relative vorticity (2.14) it is verified that: 

(2.40) 

Thus, ( and 1/J have to fulfil a Poisson equation. 

For the case of a variabie bottorn topography H( x, y ), the two-dimensional model given 
by (2.38) and (2.40) can be extended, starting with the new continuity equation, given by: 

8(Hu) 8(Hv) 
8x + 8y = 0 (2.41) 

i.e. equation (2.16) without temporal variations of the depth field (the so-called rigid-lid 
approximation). Now a new stream function is defined, such that: 

{ 

81/Jp 

:::JJP 
8x 

The new vorticity equation, in terms of the stream function 1/Jp then becomes: 

with wP the potential vorticity: 

(+f 
Wp=~ 

The relation between the relative vorticity and the streamfunction is: 

(2.42) 

(2.43) 

(2.44) 

(2.45) 

This modified Poisson equation reduces to equation (2.40) when there are no topography 
variations (\7 H =0 and 1/Jp = H 1/J). 

In [5] the model given by (2.43) and (2.45) is even further extended in order to incor
porate Ekman effects from the bottom. A detailed derivation can be found in appendix B. 
The model is given by: 
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(2.46) 

1 2 1 dE 2 
;- = --\7 ·1• + -\7 H · \7·1• + --J(H ·1·) " H <flp H 2 <flp 2H H2 ' 'f/p 

(2.4 7) 

In these equations dE is the Ekman layer thickness, given by dE = H E 112
• This model can 

be reduced to (2.43) and (2.45) by ignoring bottorn friction effects (dE=O). 

The model given by (2.46) and (2.4 7) can also be reduced to the case of a flat bot torn, 
incorporating bottorn friction ( H =Ho=constant, \7 H = 0 and 1/Jp = H 1/J again; see also 
[4]): 

0( dE 2 dE - + J((, 1/J)- -\71/J. \7( = v\7 (- -((( + f) ot 2Ho 2Ho 
(2.48) 

(2.49) 

An overview of all models described in this sectionis given in table 2.1: 

Flat bottorn I Topography 

No friction Model1 Model 2 
(2.38), (2.40) (2.43), (2.45) 

Friction Model 3 Model 4 

(2.48), (2.49) (2.46),(2.4 7) 

Table 2.1: Overview of the two-dimensional physical models with and without friction 
andjor bottorn topography variations 
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Chapter 3 

Experimentalset-up 

3.1 Rotating tank 

In order to simulate the latitudinal variation of the Coriolis parameterf in the laboratory, 
a rotating tank with a sloping bottorn is used (see figure 3.1). On this topographic ,8-plane, 
the shallow part corresponds to the north, as explained in section 2.3. The rectangular 
tank has dimensions 100 x 150 cm and rotates at 0.5 rad/ s in anticlockwise direction. 
The slope of the bottorn was taken 8 cm over the length of 100 cm. For the different 
experiments the maximum water depth was varied: H=12, 18 and 24 cm. 

South 
(deep) 

water tank 

Camera 

( I ' rotation: 
'--!-/ 0.5 rad/s 

water surface 

Side view 

North 
(shallow) 

North 

South y 
x 

Rotation around 
centre of the tank 

40cm 

~~fArcr·········-
35cm i 

t 
zero "-7---::;;o.-------------' 

coordinate .... _ _ 
-----~ 

150 cm 

Top view 

Figure 3.1: Rotating tank: si de and top view 
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The tank has to rotate about 30 to 40 minutes before the experiments can be started in 
order to let the water reach a state of solid body rotation. A camera is placed above, 
co-rotating with the tank, to record the experiments on video tape. On all sicles of the 
tank strip lights were placed to get a homogeneaus and bright light over the water surface. 

The jJ-value in the laboratory situation is given by [13]: 

jJ = Js 
Hl 

(3.1) 

with s the maximum height of the sloping bottorn and l the length of the tank in the 
direction of the sloping bottom. In alllaboratory experiments s = 8 cm and l = 100 cm, 
while Jo = 1s-1 . The calculated values for jJ are shown in table 3.1. 

The ;J-values for the ocean and the laboratory can be compared by introducing the 
following non-dimensional number [1]: 

J)' = J)R 
Jo 

(3.2) 

with R the horizontal length scale of interest, for instance, the vortex radius. For mid
latitudes in the ocean, typical values for ;J, R and Jo are 2 · 10-11 m-1 s-1 , 105 m and 
10-4 s- 1 respectively [14]. This results in a value of ;J'=0.02. On the other hand, using 
typical experimental values of J), R and Jo yields ;J' ~ 0.02, which is of the sameorder of 
magnitude than the oceanic case. The jJ-effect, therefore, is similar in the experiments and 
the ocean. 

I Experiment 11 H (m) I jJ (m-1s-1
) IR (m) I 

1 0.12 0.67 0.03 
2 0.18 0.44 0.04 
3 0.24 0.33 0.05 

Table 3.1: Experimental parameters 

3.2 Monopoles 

The cyclonic monopolar vortices used in the experiments were created by locally withdraw
ing a fixed amount of fiuid. This is clone by syphoning some water through a thin tube 
that is perforated along the full depth. The created vortex is called a 'sink vortex'. 

The approximate expression for the velocity profile is given by [3]: 

a-2 tt _L 
Vsink(r) = -(1 - e 2".2 ) 

T 
(3.3) 

with tt the peak vorticity, a- the horizontallength scale and r the distance to the centre of 
the vortex. The conesponding vorticity distribution is given by: 
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(3.4) 

Figure 3.2 shows the vorticity profile (3.4) and the conesponding azimuthal velocity 
profile (3.3) of the sink vortex. 
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Figure 3.2: The vorticity (3.4) and the azimuthal velocity (3.3) profile of a sink vortex 

The initial (x,y)-position where the vortices are created is (110 cm, 35 cm). See figure 
3.1 for the coordinate mapping. 

Some time after the vortex that has been created, it detaches from the initial position 
towards the north-west. This detachment takes less time when the water is more shallow. In 
table 3.2 it can be found how long it takes before the vortex starts to travel, at the different 
water depths. Just befare the vortex detaches from the starting point, the syphoning of 
the water is stopped. 

I Experiment 11 Water depth H (cm) I Syphoning time ( s) I 

I ~ 11 

12 30 
18 45 
24 60 

Tabel 3.2: Syphoning times for each experiment 
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3.3 Ekman times 

The Ekman time scale is a measure of the decay rate of vortices due to bottorn friction 
and is defined as [7]: 

Here, the Ekman number is given by 

T __ 2_ 
E- JVE 

VE= ~ ff 

(3.5) 

(3.6) 

where H is the average water depth, which is simply the average between the maximum 
depth and the minimum depth. The experiments were clone for different maximum water 
depths: H=12, 18 and 24 cm. Since the minimum depth is always 8 cm less than the 
maximum depth (i.e. the slope of the bottorn was kept constant) this results in average 
water depths of H =8, 14 and 20 cm. The conesponding Ekman times then become TE= 
120, 200 and 280 s, respectively. 

In order to measure bottorn friction effects, the duration of the laboratory experiments 
was of order of the Ekman time scale, at least. 

3.4 Data processing 

Quantative measurements were obtained in the following way. The water surface is covered 
by a large number of bright particles, which are small round pieces of paper with a diameter 
of about 1 mm. The particles must have a specific weight close to that of water. In this 
way, their influence on the fluid motion is minimal and they will have approximately the 
same velocity as the fluid. The camera above the tank provides video images of the flow 
during the experiments, which are recorded on video tape with the VCR. The results 
are analysed by means of the Digimage system with which the particles are tracked and 
their veloeities obtained. It is important that the particles are homogeneously spread, so 
they do not cluster together and they can still be independently tracked. Furthermore, 
it is important to have enough particles in the centre of the vortex, in order to provide 
sufficient information for measuring vorticity and velocity fields. 

The Digimage system [9] is a program specifically developed for analysing flows on 
video images. First a reference coordinate system is defined with a reference video image 
of the domain, which is recorded before the experiment. With this reference coordinate 
system, the program can determine where the particles are located. 
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Figure 3.3: Partiele tracking the video images with the Dig!mage system 

Several thresholds, like the minimum and maximum brightness and the minimum and 
maximum size of the particles are prescribed in the program in order to determine whether 
a bright spot in a video image is a partiele or not. The particles are identified in the next 
image ( after time steps of 0.12 s) on their new position. In this way, the path of each 
partiele is determined during the experiment. Diglmage then calculates the corresponding 
velocities. Each experiment contains about 1000 to 1500 particles. 

With the position and velocity data of the particles, velocity and vorticity fields are 
interpolated on a grid of 64x64, by means of an additional program called DGP. The 
interpolated velocity and vorticity fields are used to analyse the decay of the vortices. 
Further information on Diglmage can be found in [9] and [10]. 
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Chapter 4 

Experimental results 

In this chapter, the most important results showing the vortex decay on the sloping bottorn 
are presented. First, the vorticity and the velocity profiles of a typical initial experimental 
vortex are shown. Afterwards, the decay of the peak vorticity at the vortex core and the 
vortex trajectories in experiments with different water depths is presented. Finally, some 
typical vorticity distributions are plotted. 

4.1 Initial condition 

In order to assess the initial charaderistics of the vortices to be used on the topographic 
jJ-plane, the vorticity and velocity profiles of a vortex were determined immediately after 
being generated. These profiles are shown in figures 4.1 and 4.2. The radial coordinate r 
is the distance from the grid points, in which the vorticity field is calculated, to the core 
of the vortex, which is at r=O . 
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Figure 4.1: The radial vorticity distribution of the vortex created in experiment 3 (H=24 
cm) 30 seconds aft er the forcing was stopped) indicated by stars (*). The co re of the vort ex 
is at r=O. The solid line is a fit of equation (3.4) to the data. The parameters of the fit 
are f.L=1.40 s-1 and CJ=3 cm. 
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Equation (3.4) was fitted to the data in figure 4.1 ( compare with figure 3.2, left ), by 
using a least squares method with fl and CT as parameters. A least squares curve fitting 
is a method that minimizes the sum of the squared error at the data points [12]. The fit 
resulted in f/,=1.40 s-1 and CT=3 cm for this case. 

Of all the data in figure 4.1, the maximum vorticity is 1.34 s-1 . Compared with the 
maximum vorticity according to the fit, f/,=1.40 ç 1

, the difference is about 5 %. This 
comparison was also made for other vortices, and the difference between the measured 
peak vorticity and the fitting parameter fl was around 5 % in all the considered cases. 
Therefore it can be said that the maximum vorticity of the data points gives a good 
indication of the peak vorticity of the vortex . 
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Figure 4.2: The velocity profile of the vortex measured in experiment 3 (H=24 cm) after 30 
seconds, indicated by stars (* ). The core of the vortex is at r=O. The solid line is equation 
(3.3) with the parameters f/,=1.40 s-1 and CT=0.03 m, obtained from the fit in figure 4.1. 

In figure 4.2 the velocity profile of the same vortex is determined. The values for 11 and 
CT that were obtained from fitting equation (3.4) to the vorticity profile were inserted in 
equation (3.3), represented by the solid line in figure 4.2 ( compare with figure 3.2, right ). 

As can be seen, most of the measured veloeities are smaller than the obtained curve. The 
reason for this is that the vortex does not have a perfectly circular shape and therefore, the 
velocity profiles vary for different cross-sections. In figure 4.3 the velocity profiles measured 
in the four quadrants are shown. As can be observed, the veloeities are larger in the upper 
quadrants. The reason for this asymmetry is the topographic ,8-plane. In quadrants 1 and 
2 the water depth is smaller, which implies that the fluid columns are squeezed, giving rise 
to larger velocities. 
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Figure 4.3: The velocity profiles for the quadrants as indicated in the upper plot. Note that 
the lower quadrants) i.e. those with the larger water depths) have smaller velocities. 
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4.2 Peak vorticity decay 

During the course of some experiments, the peak vorticity of the vortex was determined 
until the vortex was no longer distinguishable from its surroundings, i.e. when the vortex 
has decayed almost completely. The results for the experiments with water depth H=24 
cm, H=18 cm and H=12 cm are shown in figure 4.4, indicated by stars ( * ). For all water 
depths the experiments were repeated several times. In all cases the vortices showed similar 
behaviour as the experiments shown here. 

In [11] an equation is suggested for the peak vorticity decay of monopoles, including 
Ekman effects, for the case of a fiat bottom: 

wae-tfTE 
w= --------~~--

7(1 - e-t/TE) + 1 
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Figure 4.4: The decay of the vortices, indicated by the stars (* ), measured by the pcak 
vorticity. The solid line is a least squares fitting to equation (4 .1). The time intervals are 
30 s for H=24 cm, 20 s for H=18 cm and 10 s for H=12 cm. 
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with t the time, w the peak vorticity of the vortex, w0 the initial peak vorticity at t = 0, TE 
the Ekman time and f the Coriolis parameter. This equation was fitted to the experimental 
data, using a least squares method with w0 and TE as parameters. The results of the 
fittings are shown in figure 4.4, indicated by the solid lines. The calculated Ekman times 
and initial peak vorticities are shown in table 4.1. Here the theoretica! values, calculated 
with equation (3.5), are compared with the fitted values. 

Note that the first data points for experiment 2 (H = 18 cm) have a larger difference 
to the fitted curve than the other data points. The reason is that there were relatively 
few particles in the centre of the vortex at the beginning of this experiment. With fewer 
particles the determination of the peak vorticity is less accurate. Thus the error in the 
obtained result is larger than the errors estimated in section 4.1. 

11 TE Theory I TE Fit to experiment I wo Fit to experiment \ 

H = 24 cm 280 s 153 s 2.19 s 1 

H = 18 cm 200 s 115s 4.02 s-1 

H = 12 cm 120 s 71s 1.89 s-1 

Table 4.1: The Ekman times derived from fitting equation (4.1} to the experimental data 
compared with the theoretically calculated values. 

Camparing the Ekman times of the theory and the fit to the experiment, it can heseen 
that the value fitted to the experimental data is about 57 ± 2 % of the theoretica! value 
in each experiment. This is a remarkably large difference. In the various experiments that 
were performed the difference remains. Thus, the decay rate of a monopolar vortex on a 
jJ-plane is essentially different from the decay on a flat bottom. The influence of a bottorn 
topography is not included in definition (3.5), which shows to he nota good approximation 
for the Ekman timescaleon a jJ-plane. 

Large differences between the theory and the fit to the experiment were also found by 
[16] for unstable monopoles on a Î-plane. However, the fit was clone with an exponential 
equation and not with equation (4.1). The experimental value found in that study was 52 
% of the theoretica! value. In [17] a better agreement between the experimental and the 
theoretica! value was found. In this case experiments were performed with axisymmetric 
stable vortices on a flat bottom. The fit was also clone with an exponential equation. In 
this case the ratio between the experimental value and the theoretica! value was 83 %. 

4.3 Vortex trajectories 

Trajectmies of the vortices were derived from the video images of the experiments. Using 
this method, the centre of the quasi-eireular fluid motion is considered as the vortex po
sition, which was determined each 10 seconds. The obtained results are shown in figure 
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4.5. Another way to determine the path of the vortex is by calculating the positions of 
the peak vorticity, which are considered as the centre of the vortex. The distance between 
the grid points is 1.4 cm, resulting in a maximum aberration of± 0.7 cm for the vortex 
centre. The results of the method using the video images are within 5 % of the results of 
the method using the positions of the peak vorticity. 

The direction of the path of the vortex is quite similar in the three experiments. How
ever, the travelling time is different. In the first experiment, there is no longer any signif
icant motion after about 220 to 240 seconds. In the second experiment, the motion stops 
at about 160 to 180 seconds, while in the third experiment the vortex desintegrates after 
about 60 to 80 seconds. This clearly indicates that bottorn friction is more effective for 
lower depths. 
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Figure 4.5: The trajectories of the vortex in the different experiments. The circle indicates 
the position where the vort ex was created. The time step between each measurement is 10 
seconds. The motion is from the south-east to the north-west. 

4.4 Flow fields 

Relative vorticity contours of each experiment are shown in figures 4.6 through 4.8. In 
these figures it can beseen how the vortex decays during its north-western drift. Note that 
at the end of each sequence the vortex is almost indistinghuisable from its surroundings. 
At these times the measurements were stopped. 
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The interval between two contours is 0.1 s-1 . This small value results in a lot of 'noise' 
far from the vortex. However, choosing this interval allows a view of the weak vorticity 
cells induced by the vortex. 
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Figure 4.6: Sequence of vorticity contours from experiment 1 (H=12 cm). The interval 
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The creation of Rossby waves can be observed in these figures. In figure 4.6 a cell of 
negative vorticity arises at the north-east of the vortex. Further to the east, a patch of 
positive vorticity is also created, which is clearly seen at i=30 s. The centre of the negative 
cellis approximately at (95 cm, 55 cm) and the centre of the positive cellis approximately 
at (110 cm, 45 cm) Note that these cells are weaker than the vortex itself and therefore 
they also decay faster. 
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Figure 4.7: Sequence of vorticity contours from experiment 2 (H=18 cm). The interval 
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Figure 4. 7 gives another example of the Rossby wave radiation. At t=40 s a patch of 
negative vorticity can be distinguished to the north-east of the vortex. In the next time
frame, at t=60 s, a positive cell has also appeared, east of the negative vorticity patch. In 
the next frames it can clearly be seen, by looking at the positions of the vortex and the 
negative and positive cells behind it, that the Rossby wave travels to the west. 
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The positive vorticity induced at the south-west of the vortex (see figure 2.4) is very 
weak and contributes to the vortex distortion. However an example of such a cell can he 
seen in figure 4. 7 at t=40 s. Similar results were obtained by [3]. 

In figure 4.8 the positions of the negative and positive cells can he distinguished best at 
t=120 s. Here the centre of the negative cell is approximately at (85 cm, 65 cm) and the 
centre of the positive cell is approximately at (100 cm, 60 cm). At t=O s, the formation 
of the vortex has not been completed; therefore, the vortex is very asymmetrical. In the 
next frames the vortex acquires a more circular shape and becomes stable. 

The velocity field of each experiment was also determined. These results can he found 
in appendix A (figures A.1 through A.3). 

4.5 Dye experiments 

Another way of visualising the vortex evolution is by using fluorescent dye. Just after the 
vortex is created the dye is injected in its core. In figure 4.9 the results of a typical dye 
experiment are shown for the case of H = 18 cm. The vortex was created at the second 
hole from below in the barshownon the right side of the pictures, which is located at (110 
cm, 35 cm), approximately. 

In the first frame of figure 4.9 the vortex is still being created. As the vortex drifts to 
the north-west, it carries in its core all the injected dye. At t=120 s, however, some dyed 
fluid is released from the north-eastern part of the vortex to the ambient. The shedding 
of dyed fluid is caused by the squeezing of the vortex as it moves toward smaller water 
depths and by bottorn friction. 

The radius of the circle in which the dye was injected was approximately 7 cm. For 
larger radii, the release of fluid to the ambient is more clearly observed. This will he shown 
in the numerical simulations of next chapter, where passive tracers are initially put in a 
larger circle. 

A typical example of a dye experiment with a monopolar vortex on a topographic (3-
plane can he found in [3]. In that case, however, a so-called stirring vortex [2] was used 
instead of a sink vortex. 
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Chapter 5 

Numerical simulations 

5.1 The numerical code 

With the software package NSEVOL [6] several numerical simulations were performed. 
The program NSEVOL solves the modified two-dimensional Navier-Stokes equations in 
the vorticity-streamfunction formulation, given by models 1 through 4 ( see table 2.1). The 
code computes the evolution of a certain initial vorticity distribution. The simulations were 
clone at different water depths, with and without bottorn friction and with and without 
variable topography. 

The simulations were performed with initial conditions that approximate the laboratory 
conditions as good as possible. In all cases the initial vorticity distribution was given by 
equation (3.4), which represents a sink vortex. The time step of each new calculation was 
0.1 s, and the result was written to an output file every 10 seconds. The numerical code 
uses a finite difference method [6]. This means that the vorticity equation is solved on a 
rectangular grid, which consisted of 129 x 129 points for each simulation. The domain was 
chosen the same as the rotating tank in the laboratory experiments: 150 x 100 cm. The 
initial position of each simulated vortex was the same as the experimental initial position, 
i.e. (xo, Yo) = (110 cm, 35 cm). 

In each simulation the motion of passive tracers was also calculated. One tracer was 
put in the centre of the vortex in order to track its trajectory. Furthermore, 100 tracers 
were randomly put within the initially circular vortex. These tracers were followed in order 
to examine how the vortex was deformed and to make a qualitative comparison with the 
dye experiment presented in the last chapter. 

The goal of the first simulations (section 5.2) was to approximate the results of the 
laboratory experiments. The strength of the vortices and their length scales were varied 
in order to obtain the best comparison. These values can be found at each individual 
simulation. The subsequent simulations, based on different 2D-models, were performed to 
examine the influence of the bottorn friction (section 5.3) and the linear bottorn topography 
(section 5.4). 
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5.2 Comparison with experiments 

First, simulations were clone based on the 2D model with bottorn friction and variable 
topography given by equations (2.46) and (2.47). A topographic ,8-plane was prescribed 
for the depth field. The goal of these simulations was to approximate the results of the 
laboratory experiments with three different water depths. In table 5.1 the initial peak 
vorticities and length scales of the vortices are shown: 

11 Wo I R 
H = 12 cm 1.77 0.03 
H = 18 cm 1.99 0.04 
H = 24 cm 1.27 0.05 

Table 5.1: The initia[ vortex parameters w0 and R 
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Figure 5.1: The decay of the vortex in the numerical simulation compared with the decay 
in the experiment. The solid curve is jitted on the experimental data (*) and the dashed 
curve is fitted on the si mulation data ( o) 
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The vortex decay in these simulations was comparable to the decay in the experiments 
(see figure 5.1). Equation (4.1) was fitted to the results, using the sameprocedure as 
in section 4.2. The decay profiles of both the experiments and the simulations are also 
shown in figure 5.1. Finally, the Ekman times calculated from the simulations, according 
to equation (4.1), are shown in table 5.2, where they are compared totheEkman times 
calculated from the experimental data. 

11 TE Fit to experiment I TE Fit to simulation \ 

H = 12 cm 71 s 76 s 
H = 18 cm 115s 120 s 
H = 24 cm 153 s 167 s 

Table 5.2: Comparison of the Ekman times of the simulations and the experiments. The 
Ekman times were derived from fitting equation (4.1} to the data. 
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Figure 5.2: The trajectories of the vortices in the experiments compared with the vortices 
in the simulations; Trajectories indicated with stars (*) are the experiments and trajec
tories indicated with circles (o) are the simulations (without friction). The position was 
determined every 10 seconds. 
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In figure 5.2 the vortex trajectories in the simulations are compared with those in the 
experiments. The trajectory was determined by means of the peak vorticity position in 
time-steps of 10 seconds. It can clearly be seen that the vortices of the simulations stop 
moving after a similar time-scale as in the experiments. These time-scales are shown in 
table 5.3. Furthermore, both the experimental and simulated vortices move in the same 
direction. A difference between their trajectories is the starting point. In both cases 
the vortex starts at (110 cm, 35 cm); however, the experimental vortex takes some time 
(about 30 to 60 seconds, see table 3.2) before it is created, while the simulated vortex is 
formed instantaneously. During this time the experimental vortex starts to drift due to 
the influence of the topographic ;J-plane. Thus, before the measurements can start, the 
vortex has already drifted away several centimeters. 

11 experiment I simulation 

H = 12 cm 70 ± 10 s 70 ±10 s 
H = 18 cm 170 ± 10 s 160 ± 10 s 
H = 24 cm 230 ± 10 s 220 ± 10 s 

Table 5.3: The estimated times at which the vortices stop moving. These values are similar 
for the experiments and the simulations. 

Plots of the temporal evolution of 100 tracers that were randomly put inside the initially 
circular vortex core were made. In figure 5.3 the result for H=18 cm is presented. The 
plots for the other water depths can be found in Appendix A (figures A.4 and A.5). Figure 
5.3 shows that some of the tracers are leaking out of the ( core of the) vortex from its north
eastern side. This effect was also present in the dye experiments (see figure 4.9), where 
the vortex released fluid to the ambient. A difference between the experiment and the 
simulation is the time at which the leaking of dye or tracers begins. This can be explained 
by the fact that the radius of the circle where the dye or tracers were put is different. For 
the tracers this radius was 10 cm and for the dye it was approximately 7 cm. 
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Figure 5.3: Sequence of tracer positions for the simu/ation on a (3-plane, including bottam 
friction due to Ekman layers, for the case of H=18 cm. 100 tracers were randomly put in 
a circle with radius 10 cm centred in the vort ex co re. 

Figure 5.4 shows the vorticity contours of the simulation with H = 18 cm. Plots of the 
vorticity fields for other water depths can be found in appendix A (figures A.6 and A. 7). 

At the beginning of the simulation, the creation of positive and negative relative var
ticity due to the (3-plane is clearly observed. At t=20 s a positive induced cell south-west 
of the vortex can clearly be distinguished, while a patch of negative vorticity is formed to 
the north-east. This initial stage of motion can be compared with figure 2.4, where the 
basic mechanism for the north-western drift of the vortex was shown. Later, the formation 
of Rossby waves can be clearly seen: after the induced cell with negative vorticity appears 
east of the vortex, a second induced cell with positive vorticity is developed ( t=60 s). 
Compare this with figure 4.8. At t=120 s even a third induced cell with negative vorticity 
can be seen, although it is very weak. 

This simulation also shows the creation of vorticity at the no-slip walls. 
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Figure 5.4: Sequence of vorticity contours from the simulation on a (3-plane) including 
bottorn friction due to Ekman layers; for the case of H=18 cm. The interval between the 
contours is 0. 05 s-1 . The solid Zin es indicate positive vorticity and the dashed lines indicate 
negative vorticity. 

5.3 Simulations without bottorn friction 

The simulations were repeated with the same initial conditions without including bottorn 
friction, i.e. now the simulations are based on equations (2.43) and (2.45). 

Again the peak vorticities were determined. The results are shown in figure 5.5, where 
they are compared with simulations including Ekman friction. As expected, the vortices 
that experience the influence of bottorn friction decay faster than the vortices without 
bottorn friction. The decay is now better described by: 

(5.1) 

with T a charaderistic decay time. The calculated peak vorticities are fitted to equation 
(5.1) for the simulation without friction and to equation (4.1) for the simulation with 
friction. A comparison of the values for T with those of TE can be found in table 5.4: 
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11 TE with bottorn friction I T without bottorn friction I 

H = 12 cm 76 s 128 s 
H = 18 cm 120 s 196 s 
H = 24 cm 167 s 294 s 

Table 5.4: The charaderistic time T derived from fitting equation (5.1) to the data of the 
simulation without bottam friction and the Ekman time TE derived from fitting equation 
(4 .1} to the data of the si mulation including bottam friction. 
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Figure 5.5: The decay of the vortex in simulations without friction (*) and in simulations 
with friction ( o). The curves are fitted to equation ( 5.1) for the situation without friction 
and to equation (4.1) for the situation with friction. 

In figure 5.6 the trajectories of the simulations with and without friction are also com
pared. The position of the vortex was determined each 10 seconds. The infiuence of the 
bottorn friction, manifested by the slower drift of the vortex, can be observed after 20 
to 40 seconds. In simulations without bottorn friction, the vortices move faster than in 
simulations including Ekman effects. At the beginning, however, their trajectories are 
similar. 
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Figure 5.6: The trajectories of the vortices in simulations with and without bottam friction. 
Trajectories indicated with stars ( o) are from the simulations with friction and trajectories 
indicated with ei rel es (*) are from the simulations without friction. The position of the 
vortices was determined each 10 seconds. 

The plots of the vorticity fields can be found in appendix A (figures A.8 through A.lü). 

5.4 Simulations with flat bottorn 

Additional simulations were clone by using a flat bottorn and including bottorn friction. 
The peak vorticity decay of the vortices on the flat topography is compared with the decay 
on a ,8-plane, as shown in figure 5.7. As can be seen, the vortices ontheflat bottorn have a 
slower decay rate than the vortices on the ,8-plane. The decay was fitted to equation (4.1), 
as was clone similarly in [4], where it was found to be a good fit to represent the results. 
In table 5.5 the Ekman times of cases with and without the ,8-plane are compared: 
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11 TE f'-plane I TE flat bottorn I 

H = 12 cm 76 s 145 s 
H = 18 cm 120 s 222 s 
H = 24 cm 167 s 286 s 

Table 5.5: The Ekman times for the decay on a flat bottom compared with the decay on a 
f'-plane 
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Figure 5.7: The decay of the vortices on a f'-plane) indicated withstars (*) compared with 
the decay on a flat bottom) indicated by ei rel es ( o). Both cases include bottom friction. 

The Ekman times of the vortices on the f'-plane are 55 ± 3 % of the Ekman times on the 
fiat bottom. 

In the fiat bottorn case, the vortex remains at a fixed position and preserves its circular 
shape. This is because there are no changes in relative vorticity associated with depth 
variations (i.e. the water depth H remains constant) that infiuence the vortex. 
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Chapter 6 

Discussion and conclusions 

In this study the evolution and decay of a non-isolated monopolar vortex on a topographic 
,8-plane has been examined by means of laboratory experiments and numerical simulations. 
The topographic ,8-plane consists of a linear sloping bottorn on which the vortex drifts to 
the north-west, while gradually decaying. This decay is associated with bottorn friction 
(Ekman effects) and with Rossby wave radiation, due to the ,8-effect. The results are mainly 
focused on the vortex decay due to Ekman friction. These effects have been stuclied by 
using different water depths in the experiments and by performing numerical simulations 
(based on two-dimensional physical models) with or without Ekman friction. 

The vortex evolution has been characterised by measuring the peak vorticity at the 
vortex core and by the north-western trajectory. Three representative experiments with 
different water depths (H=12, 18 and 24 cm) were chosen to show the main results. It 
was found that the lower the water depth the faster the vortex decay. This important 
result is mainly attributed to bottorn friction effects, which are more effective for shallower 
depths. In fact, the decay rate associated with the no-slip bottorn is usually measured by 
the Ekman time scale TE ( see section 3.3), which is proportional to the depth. For times 
of order TE, bottorn friction effects become manifested. 

In section 5.2 it was shown that the vortices decay in the experiments could be simu
lated with numerical runsbasedon the physical model given by (2.46) and (2.47). In the 
conesponding numerical simulations the Ekman times, calculated according to equation 
( 4.1), were similar to those determined in the experiments. The trajectories of the vort i ces 
were also similar for the experimental and the numerically simulated cases, although the 
correspondence is not exact. This was due to the unavoidable differences between exper
imental and numerical initial conditions. The results, however, strongly suggest that the 
model of equations (2.46) and (2.47) is able to describe correctly the influence of bottorn 
friction on the topographic ,8-plane. 

One of the main results is that equation ( 4.1) gives a good description of the peak 
vorticity decay on the topographic ,8-plane. Equation ( 4.1) was derived before [4, 11] 
for the decay of monopolar vortices on a flat bottom. This was clone by neglecting the 
non-linear terms and the viscous effects in equation (2.46). The differential equation then 
yields: 
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(6.1) 

For the flat bottorn case (i.e. H = H0 ) the factor dE/ H0 is equivalent to E 112 (see section 
2.5) and the solution is equation ( 4.1 ). Since this expression is valid for the topographic 
,8-plane as well, the water depth H(y) on the topographic ,8-plane can apparently be 
approximated by the average water depth H0 • This depth can be calculated as the average 
between the water depth at the vortex core at the beginning and at the end of its north
western trajectory. In the present experiments the average depth in the rotating tank can 
also be taken. 

The influence of the topographic ,8-plane was examined by comparing with simulations 
on a flat bottom. The Ekman times in the case of the topographic ,8-plane are about 
55 % of the Ekman times in case of the flat bottom. There are two reasons for this 
considerably faster decay on the topographic ,8-plane compared with the decay on a flat 
bottom. One reason is the lossof energy due to the creation of Rossby-waves, shown in the 
vorticity contour plots (figures 4.6 through 4.8). Patches of negative and positive vorticity 
eastward of the vortex could clearly be distinguished in these plots. The second reason is 
the squeezing of the vortex as it drifts to the north. Because the viscous effects are small, 
the potential vorticity (equation (2.17)) is nearly conserved per fluid column. This results 
in decreasing vorticity in case of decreasing water depths. 

In order to examine the influence of the bottorn friction due to the Ekman layer, 
additional simulations were clone in which this friction was not included. The decay in 
this case was best described with equation ( 5.1) and shows to be considerably slower. This 
implies that the bottorn friction due to the Ekman layer plays a very important role in the 
decay of the vortex. This was already shown in [5] as well. 

In table 6.1 the Ekman times of the experiments and the simulations, calculated accord
ing to equation ( 4.1), are again shown in comparison with the theoretica! values, calculated 
by equation (3.5): 

I Waterdepth 11 Theory I Experiment I Simulation 1 I Simulation 2 I 

H = 12 cm 120 s 71 s 76 s 145 s 
H = 18 cm 200 s 115s 120 s 222 s 
H = 24 cm 280 s 153 s 167 s 286 s 

Table 6.1: The Ekman times of the experiments and the simulations compared with the the
ory (equation (3.5)). The first simu/ation is with bottorn friction on a topographic ,8-plane! 
the second simu/ation is with bottorn friction on a flat bottom. All values are calculated 
from fitting equation (4.1) to the data 

The values shown in table 6.1 are plotted in figure 6.1. As can be seen, the Ekman times 
calculated from the theory give a good approximation for the case of a flat bottorn when 
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bottorn friction is included. For the case of a topographic ,8-plane, in contrast, the Ekman 
times drop to roughly half the values (compared with the fiat bottorn case). 

0 

·! 150 

~ 
w 

/ ., .... 
/ 

/ 

Figure 6.1: Ekman times vs. water depth from Table 6.1. The upper part shows the 
theoretica! values (stars 1 solid line) and the simulation with bottam friction on a fiat bottam 
(pluses 1 dashed line). The lower part shows the simulation with bottam friction on the 
topographic ,8-plane (squares 1 dashed line) and the experiments (circles1 solid line) 

These new values for the Ekman times on a topographic ,8-plane can be estimated as 
follows: 

2a 
TE(new) = aTE(theory) = fT'j 

fvE 
(6.2) 

with a = 0.57 ± 0.02. This value is similar to the value found camparing the simulations 
on the fiat bottorn with the simulations on the topographic ,8-plane, as expected. 

The shedding of fiuid from the vortex core to the ambient was shown in figure 4.9, 
where a typical dye experiment was presented. This shedding of fiuid can also be observed 
in the numerical simulations. In figure 5.3 passive tracers are released from the core of the 
vortex to the ambient, as the vortex drifts north-westward. The vortex leaks dye/tracers 
from its north-eastern part due to the squeezing of fluid columns as they move upslope 
in the cyclonic motion. This is a typical effect of translating vortices on a topographic 
,8-plane, as shown by [3]. The curved trajectmies of the vortices can be partially explained 
by this effect since the released fiuid contains vorticity, which eventually affects the vortex 
mot ion. N ote that a difference between the experiment and the simulation is the radius of 
the circle in which the dye or the tracers were initially put (a bout 7 cm in the experiments 
and 10 cm in the simulations). This causes the difference in the plots showing the released 
fiuid. 
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It should be noted that the Rossby number in the experiments is initially 0(1 ), while 
the use of a topographic ;J-plane has only been justified for small values [13]. However, 
sirree the experimental vortices decay rather fast to smaller Rossby numbers, this is not 
expected to have a significant effect on the validity of the results. 

The vortex parameters were determined from the initial vortex structure, which re
vealed its asymmetrical shape due to the sloping bottom. Equation (3.4) was fitted to 
the experimental vortices in order to obtain the peak vorticity at the vortex core and its 
charaderistic length scale. In each case the difference between the maximum vorticity of 
the data points and the peak vorticity derived from fitting equation (3.4) was about 5 %. 
Furthermore it can be said that equation (3.4) fits to the vorticity profiles of the vortices 
(see figure 4.1), while equation (3.3), however, doesnotfit to the velocity profiles very well, 
as can beseen in figure 4.2. This is because the vortex is not exactly circular. The velocity 
profiles were determined for different directions and an asymmetry was found between the 
southern and the northern side (see figure 4.3). This asymmetry is due to the topographic 
;J-plane. Inthesmaller water depths (the northern side) the vortex fluid is squeezed, giving 
rise to larger velocities. 

The trajectories of the vortices were obtained by using the peak vorticities as the centre 
of the vortex, or by using the video images from which the vortex position was determined. 
The results of both methods did not differ more than 5 % from each other. The directions 
of the trajectories were similar for the different water depths, but the travelling times were 
different, due to the different decay rates. In the cases of larger water depths, the vortex 
moved further. 

In the simulations, only a bottorn Ekman layer is included, but not a surface Ekman 
layer produced by air friction. However, in the laboratory case air friction is negligible 
compared to the friction due to the bottorn Ekman layer. Furthermore, the parabolic 
curvature of the surface is not included. The difference in water depth due to the curvature 
of the surface is maximum 5 mm between the centre and the side of the tank. This is rather 
small compared to the smallest average waterdepthof 8 cm that was used. Therefore the 
curvature of the surface will not be very important. 

A comparison with real oceanic cases remains difficult. For geophysical flows, differ
ent and more complicated phenomena (such as density stratifications, more complicated 
bottorn topographies and oceanic currents) play an important role in the evolution of 
monopolar vortices. Here it has been illustrated how a sloping bottorn enhances the vor
tex decay; this situation could be applied, for instance, to study oceanic vortices in the 
preserree of a continental shelf. 

Some recommendations for further work would include investigation of the evolution 
and decay of other types of monopoles (like the stirring vortex [2]) and of dipoles and 
tripoles on a topographic ;J-plane. Experiments with stronger vortices and larger water 
depths will show more information about the decay of vortices, but for these experiments 
a larger tank will be needed. In order to obtain more information about the influence of 
the topographic ;J-plane, the angle of the sloping bottorn could be varied. This will give 
further insight in how the parameter a in equation ( 6.1) will behave for different angles of 
the sloping bottom. 
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Appendix A 

Additional figures 

This appendix contains additional figures on the results of the experiments and the sim
ulations that were clone (see chapters 4 and 5). In table A.1 an overview is given of all 
the figures that can be found. The figure numbers are given in series of two or three, 
representing different water depths. 

I Figure numbers 11 contents of figure I experiment/simulation 

A.1- A.3 velocity fields experiment bottorn friction ,8-plane 
A.4- A.5 100 tracers simulation bottorn friction ,8-plane 
A.6- A.7 vorticity fields simulation bottorn friction ,8-plane 
A.8- A.10 vorticity fields simulation no bottorn friction ,8-plane 

Table A.1: An overview of all the figures that can be found in this appendix 
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Figure A.l: Sequence of velocity fields from experiment 1 (H=12 cm) 
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Figure A.2: Sequence of velocity fields from experiment 2 (H=18 cm) 
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Figure A.3: Sequence of velocity fields from experiment 3 (H =24 cm) 
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friction due to Ekman layers} for the case of H = 12 cm. 100 tracers we re randomly put in 
the initially circular monopolar vortex. Some of the tracers are leaking out of the (core of) 
the vortex} indicating that the vortex is releasing fiuid to the ambient. 
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Figure A.6: Sequence of vorticity contours from the simulation on a f3-plane 1 including 
bottorn friction due to Ekman layers1 for the case of H=12 cm. The interval between two 
contours is 0.05 s- 1

. The solid lines indicate positive vorticity and the dashed lines indicate 
negative vorticity. The formation of Rossby waves can clearly be seen: first an induced cell 
with negative vorticity appears and then a second induced cell with positive vorticity also 
appears. 
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negative vorticity. The formation of Rossby waves can clearly be seen: first an induced cell 
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appears. 
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Figure A.S: Sequence of vorticity contours from the simu/ation on a f3-plane, without 
including bottam friction due to Ekman layers, for the case of H = 12 cm. The interval 
between two contours is 0.05 çl. The solid lines indicate positive vorticity and the dashed 
lines indicate negative vorticity. The formation of Rossby waves can clearly be seen: first 
an induced cel! with negative vorticity appears and then a second induced cel! with positive 
vorticity also appears. 

59 



t=O s 

100 

50 • 
0 
L-----~----~--~ 

0 50 100 150 
t=60 s 

50 100 150 
t=120 s 

t=20 s 
100r-------~------~ 

/ ~ \ 

~")I 
\____;;;\I 

o~--------~~--~ 
0 

50 

/~ 

/ 
\ I 
'-

50 100 150 
t=80 s 

50 100 150 
t=140 s 

50 

t=40 s 

/ " 
,,.~~~ 

' "'"I' (5 I'-\ 
\ I 
~ 

50 100 
t=100 s 

50 100 
t=160 s 

150 

150 

Figure A.9: Sequence of vorticity contours from the simu/ation on a (3-plane} without 
including bottam friction due to Ekman layers} for the case of H=18 cm. The interval 
between two contours is 0. 05 s-1

. The solid lines indicate positive vorticity and the dashed 
lines indicate negative vorticity. The formation of Rossby waves can clearly be seen: first 
an induced cell with negative vorticity appears and then a second induced cell with positive 
vorticity and a third induced cell with negative vorticity also appear. 
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Figure A.lO: Sequence of vorticity contours from the simulation on a (3-plane! without 
including bottom friction due to Ekman layers! for the case of H=24 cm. The interval 
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61 



Appendix B 

N onlinear Ekman effects 

In this appendix equations (2.46) and (2.4 7) will be derived. This model is a two
dimensional formulation for rotating barotropic fiows over a variabie topography. Ekman 
effects, associated to the no-slip boundary condition at the solid bottom, are also incor
porated. The model applies for low to moderate Rossby numbers and smoothly-varying 
bottorn topographies. The derivation is taken from [5]. 

Consicier the vorticity equation (2.35): 

ö( +u ö( + v Ö( + (Öu + Öv) ( ( +!) = v\72 ( 

öt Öx Öy Öx Öy 
(B.l) 

and the continuity equation 

Öu Öv Öw 
-+-+-=0 
Öx Öy Öz 

(B.2) 

where it is assumed that u and v are independent of z. Integration of the continuity 
equation over the fiuid depth, i.e. from z = hB to z = h, yields: 

(
Öu Öv) 
Öx + Öy H = -[w(z = h)- w(z = hB)] 

Ignoring the wind stress, the vertical velocity on the free surface is given by: 

dh 
w(z=h)=

dt 

(B.3) 

(B.4) 

with d/dt the material derivative, given by equation (2.15). Fora variabie topography the 
Ekman condition (equation (2.34)) becomes [7]: 

(B.5) 

with dE the physical thickness of the Ekman layer, given by dE = H VB. Note that the first 
part of the Ekman condit ion, 1!. ·V' hB expresses the vertical velocity induced by the shape 
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of the topography, which is zero for a flat bottom. Using (B.4) and (B.5), the horizontal 
divergence in (B.3) may be written as: 

äu äv _ 1 dH dE ( 
äx + äy - - H dt + 2H (B.6) 

This expression states that the horizontal divergence is caused by changes in the fluid 
depth and by the vertical velocity induced by the Ekman layer at the bottom. Assuming 
that the free-surface elevations are much smaller than the topographic variations, the time 
derivative can be filtered out in equation (B.6): 

äu + äv = _ _!__(u äH + v äH) + dE ( 
äx äy H äx äy 2H 

(B.7) 

Substitution of (B.7) in (B.1) results in: 

ä( H Öwp H Öwp _ -n2 ( dE ((( f) -+ u-+ V--vv -- + 
ät äx äy 2H 

(B.8) 

with wP the potential vorticity given by equation (2.44). 
Now a stream fundion '1/Jp is defined, from (B. 7): 

{ 

Hu - ldEv = ä'ljJP 
2 äy 
1 äipp 

Hv+ -dEu = --
2 äx 

(B.9) 

From these equations, expressions for the veloeities in termsof the stream fundion can be 
derived. Assuming that the Ekman layer thickness is always much smaller than the fluid 
depth, i.e. (dE/2H) 2 ~ 1, these expressions are: 

U= _!__ (Ö'l/Jp _ dE Ö'l/Jp) 
H äy 2H äx 

(B.10) 

V= _!__ (- Ö'l/Jp _ dE Ö'l/Jp) 
H äx 2H äy 

(B.ll) 

By substitution of equation (B.10) and (B.ll) in the definition of the relative vorticity 
( equation (2.14)) it is verified that: 

1 2 1 dE 2 
( =- H \7 '1/Jp + H 2 \7H. \7'1/Jp + 2H H2J(H,'!jJp) (B.12) 

Finally the evolution equation for the relative vorticity is obtained by inserting (B.10) and 
(B.ll) in (B.8): 

Ö( dE 2 dE - + J(w of. ) - -\7"1' . \lw = v\7 (- -((( + !) ät Pl 'f/p 2H 'f/p p 2H (B.13) 
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Appendix C 

Technology assessment 

The field of geophysical fluid dynamics concerns the behaviour of large-scale flows in the 
atmosphere and the oceans of the Earth. These large-scale flows are approximately two
dimensional and very persistent, i.e. they have long lifetimes. Coherent vortex structures 
are common features of quasi-geostrophic or two-dimensional flows. In the oceans and in 
the atmosphere, vortices are abundant. 

The importance of this subject lies in a variety of applications: e.g. the prediction of the 
paths of hurricanes, the adveetion of pollutants in the atmosphere and the understanding 
of periodic passage of warm water along the tropical Pacific and the western coast of 
South America. To be more concretely, illustrating examples of recent phenomena are: the 
northwards deviation of hurricane Floyd towards the east coast of the United States, the 
spreading of radioactive elements after the Chernobyl catastrophe and the well-known El 
Niîio effect. Atmospheres of other planets also show the occurrence of long-lived vortex 
structures. An illustrating example of this is the Great Red Spot on Jupiter. 
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