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Summary

Multi-channel acoustic echo cancellation is typically intended for use in high-quality telecon
ferencing systems. Such teleconferencing systems include multiple transparent audio commu
nication channels that provide a means of voice communication that is very natural to human
beings. Transparent audio communication is impossible if echoes that result from acoustic
coupling between loudspeakers and microphones are not suppressed.
If multiple voice communication channels are used, situations arise in which the recorded
signals are highly correlated. As a result of that multi-channel acoustic echo cancellation
is not a straightforward generalization of the single-channel case, and additional effort must
be taken to remove the acoustic echoes. In literature, various approaches are applied to the
problem that arises due to the high correlation between the recorded signals. The majority
of these methods aims at reducing the high correlation by preprocessing the recorded signals,
and thereby influencing the spatial information that is provided by the audio channels. Since
transparent audio channels are desired in high-quality teleconferencing systems, preprocessing
is only possible to a certain extent. In this report, a novel approach to multi-channel acoustic
echo cancellation is presented, that leads to an unambiguous solution to the problem that
occurs due to the high correlation, without preprocessing the recorded signals. Furthermore,
to allow for real-time operation, a computationally efficient implementation of this solution
is presented.
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Chapter 1

Introduction

Completion of a graduation project is required in order to finish the electrical engineering
study at the Eindhoven University of Technology. To fulfill that requirement, a small research
project has been done in the field of signal processing. This work has been carried out with
the Signal Processing Systems group from the Eindhoven University of Technology, which is
a subsection of the Measurement and Control Systems group. In this report, the results of
the research are presented.

A field of research that is studied by the Signal Processing Systems group, is the realiza
tion of teleconferencing systems. A teleconferencing system includes an audio communication
channel that enables a group of people to speak with another group of people at a remote
location. This concept is appropriate only if a transparent channel is available, i. e. a voice
communication channel which is free of recording and transmission artifacts, such as excessive
reverberation, noise, and acoustic echoes. The research presented in this report is focused
upon the cancellation of acoustic echoes.
In a teleconferencing system, acoustic echoes emerge as a result of acoustic coupling of a
microphone and a loudspeaker within the same room. That is, a microphone picks up both
the speech of the local group of people and the speech of the group at the remote location,
which is locally reproduced by a loudspeaker. Subsequently, both signals are transmitted to
the remote loudspeaker where the process repeats. Besides degrading the reproduced speech,
this can result in Mexican Hound (round-singing). No transparent voice commmrication is
possible if acoustic echoes remain.
A multi-channel audio teleconferencing system provides a more realistic sound image than a
single-channel system does. Naturally, the reproduced sound image is not the same as the
original image, nevertheless important properties of the original image are preserved. The
spatial information that is provided by multiple audio channels enables listeners to determine
which person is speaking. Moreover, the speech is more intelligible to the listener because of
the spatial discrimination that is obtained by human binaural perception.
In case of multiple audio channels, if a single person is speaking, then the sound that is picked
up by the microphones is highly correlated. As a consequence of this correlation, multiple
echoes in the audio channels occur that are hard to cancel. Straightforward generalization of
the single-channel case does not lead to the desired echo cancellation in multi-channel audio
systems. Consequently, a new direction in research arises, namely IPulti-~hannelgcoustic ~cho

(;ancellation (MC-AEC).
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8 CHAPTER 1. INTRODUCTION

Due to the high correlation of the recorded signals a problem of non-uniqueness occurs, to
which currently no evident solution is known. In literature, a number of methods is available
that deal with the non-uniqueness problem by processing the recorded signals before they are
locally reproduced by the loudspeakers. Preprocessing is done in order to reduce the high
correlation of the signals, thus removing the non-uniqueness problem. Subsequently, multi
channel generalizations of single-channel acoustic echo cancelers are applied to the processed
signals. Obviously, these methods change the problem in favor of the tool, which is not the
approach chosen in this report. Furthermore, since transparent audio channels are desired in
high-quality teleconferencing systems, preprocessing is only possible to a certain extent.
The objective of the work presented in this report is to provide an unambiguous solution to
the non-uniqueness problem without preprocessing the signals. To that end, a new approach
to multi-channel acoustic echo cancellation is chosen based upon fundamental linear algebraic
concepts. It is shown that a solution to the non-uniqueness problem can be formulated by
applying these concepts. Furthermore, it is shown that this solution has some important
properties. Moreover, an efficient method for computation of the solution is presented that
is conveniently fit into existing algorithms.

The report is organized as follows. The notations that are used in the report are defined in
chapter 2. In chapter 3 an overview of the fundamentals of MC-AEC is given. Subsequently,
in chapter 4 some basic concepts and definitions that are extensively used throughout the
report, are collected. In a specific situation, multi-channel acoustic echo cancellation is re
garded as a generalization of the single-channel case. In chapter 5, this situation is described
and standard signal processing techniques are applied to MC-AEC. In chapter 6, the situation
of chapter 5 does not hold, and other signal processing techniques are applied, resulting in
a conceptual, yet unambiguous solution. In chapter 7, the concept of chapter 6 is linked to
an efficient MC-AEC algorithm that has been developed recently by the Signal Processing
Group. Finally, conclusions and recommendations regarding the discussions on MC-AEC in
this report are given in the last chapter.



Chapter 2

Notation

In this report, the following notations are used.

Time and frequency signals are denoted by lower case and upper case characters, respectively.
Continuous-time signals have their index t between parentheses, e.g. x(t). Convolution of
continuous-time signals is denoted by x(t) * y(t).
Discrete-time signals have their index k between square brackets, e.g. x[k].
A vector is underlined, e.g. ~, and the ith element of ~ is denoted by ai. In this report, all
vectors are column-vectors.
A matrix is boldfaced, e.g. A, and the element on the ith row and jth column of A is denoted
by (A)ii or aij' The identity matrix is denoted by I, and the null matrix is denoted by o.
The nullspace or kernel of a matrix A is denoted by N(A). The column space or range of a
matrix A is denoted by 'R(A). In general, a subspace or a set is denoted by a calligraphic
letter, e.g. S. The orthogonal complement of a subspace S is denoted by S..l.
The imaginary unit is denoted by J = A.

Frequently used operators are:

The superscript t, which denotes the transpose operator, the superscript *, which denotes
the conjugate operator, and the superscript h, which denotes the Hermitian or conjugate
transpose operator. Furthermore, the superscript -1 on a matrix denotes inverse, and the
superscript t denotes pseudo-inverse that will be defined later on.
The norm of a vector or matrix is denoted by II . lip, where the subscript p indicates the
particular type of norm that is used.
The expectation operator E{·} gives the ensemble average of a stochastic process.
The averaging operator A{·} gives the time average of a stochastic process.

The dot product or Euclidean inner product of two n-dimensional vectors ~ and Qis defined
as

n

(a b) = atb = '""" a·b·-,- - - L., Z J

i=1
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10 CHAPTER 2. NOTATION

Vector multiplication or the Hadamard product of two n dimensional vectors g and Q is an
element-wise multiplication, defined as

The tensor product or Kronecker product of an n x p matrix A and an m x q matrix B is an
mn x pq matrix that is defined as

A®B=



Chapter 3

Description of MC-AEC

In this chapter an overview of the fundamentals of multi-chaIUlel acoustic echo cancellation
is given. First the need for MC-AEC is discussed. Then a framework for discussions in this
report is created. Next, some important problems that occur in MC-AEC are explained and
subsequently the current state of literature is summarized very briefly.

3.1 Motivation for MC-AEC

A teleconferencing system provides a means of commlUlication that is more natural to human
beings than a conventional telephone system is. It allows both visual and oral interaction
between people that are physically far apart, in a manner that is very user-friendly. This
report is focused only upon the audio channel of a teleconferencing system that is used only
for voice communication. Furthermore, it is presumed that communication between people
in precisely two different locations is desired. In this case the audio chaIUlel employs at least
two microphones and two loudspeakers, one of each is present at each location, and some kind
of physical link between them (see Figure 3.1). The task of the teleconferencing system is to
provide a hands-free, full-duplex, transparent audio cOIUlection between the two locations.

In the recent past, most teleconferencing systems employed a single full-duplex audio chan
nel for voice communication. As this type of commlUlication becomes more important, a more
transparent medium that allows enhanced sOlUld realism is required. Multiple audio channels
provide a more realistic sound image than a single channel does, therefore the development of
multi-channel teleconferencing systems is suggested. Furthermore, using the additional infor
mation provided by multiple audio channels, a listener is able to distinguish between spatially
separated acoustic sources. In other words, the combination of a multi-channel voice commu
nication system and the human binaural auditory system allows listeners to concentrate on
one speaker to the exclusion of others.

Implementation of multiple hands-free, full-duplex audio chaIUlels involves a number of
problems. One of these problems is discussed in this report, namely multi-chaIUlel acoustic
echo cancellation. In order to enable full-duplex communication, undesired echoes that result
from coupling between a loudspeaker and a microphone within the same room, must be re
moved. An acoustic echo canceler is employed to satisfy this need. In case of multiple audio
chaIUlels a multi-chaIUlel acoustic echo canceler is desired. Since transparent audio channels
are required, the primary goal of the multi-channel acoustic echo canceler is to remove all
echoes that are disturbing to the users of the teleconferencing system.

11



12 CHAPTER 3. DESCRIPTION OF MC-AEC

91(~ ~(t)
o
s(t)

Figure 3.1: Schematic diagram for stereophonic acoustic echo cancellation

3.2 Framework for MC-AEC

Consider a schematic diagram for l;!tereophonic gcoustic ~cho ~ancellation (SAEC), which is a
special case of multi-channel acoustic echo cancellation, as shown in Figure 3.1. Stereophonic
acoustic echo cancellation is easily generalized to acoustic echo cancellation with an arbitrary
number of channels, and therefore serves as a guideline throughout this report.
The Figure shows two rooms equipped with a teleconferencing system. People in one room
can communicate with people in the other room via two full-duplex audio channels (stereo
phonic audio). Echo cancellation is required in both rooms. In this report, however, only one
room is considered since cancellation in both rooms is similar.
The transmitting (far-end) room is depicted on the left, where a speech signal s(t) is picked up
by two microphones. The acoustic paths between source and microphones are characterized
by impulse responses 9j(t) (j = 1,2). The signals Xj(t) are transmitted to loudspeakers in the
receiving (near-end) room on the right. Here, microphones pick up sounds originating from
the loudspeakers via acoustic echo paths with impulse responses hij(t) (i,j = 1,2), producing
echo signals Yi(t) (i = 1,2) that are sent back to the far-end room. Only echo cancellation in
the near-end room is considered. From this point of view, the signals Xj(t) are referred to as
the loudspeaker signals and Yi(t) as the microphone signals.
A multi-channel acoustic echo canceler estimates the contribution of the loudspeaker signals
to a single microphone signal by identifying the corresponding echo paths. To that end, the
echo canceler employs an adaptive filter since acoustic impulse responses are not static over
time [17]. In this report, echo cancellation for only one microphone signal is discussed; a
similar approach holds for the other echo signal. From now on the subscript i is left out.

Strictly speaking, speech signals are non-stationary, therefore it is desirable to discuss
acoustic echo cancellation in terms of non-stationary signals. In general, however, it is eas
ier to gain insight by assuming stationary signals and more specific, wide-sense stationary
signals. Understanding of the stationary case then serves as a guideline towards the more dif
ficult non-stationary case. Discussions in this report are restricted to zero-mean, wide-sense
stationary signals, unless explicitly stated otherwise.
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In most conversations s~called double-talk situations occur, in which people in both
rooms speak simultaneously. Especially during double-talk, identification of the echo paths
is very hard. The common way to alleviate this problem is to slow down or completely halt
the adaptive filter when near-end speech is detected. This is the very important role of the
so-called double-talk detector [9]. In this report, it is assumed that no local source is present,
therefore multi-channel echo cancellation is regarded as a straightforward I1lulti-input, ~ingle
Qutput (MISO) system identification problem. Now the microphone signal yet) consists only
of echoes picked up in the near-end room and is therefore referred to as the echo signal.

Although room impulse responses are not static over time and can change rapidly, it is
assumed that these variations are relatively slow. This assumption allows a description at a
certain time-instant (snap-shot), through linear and time-invariant (LTI) systems.

In theory, diverse system models can be applied to identification. Common models are
[Inite impulse response (FIR) filters and infinite impulse response (IlR) filters, both are well
developed in the past decades. Adaptive llR filters are more difficult to study than FIR
filters are, and they do not offer echo reduction levels superior to their FIR counterparts [18].
Therefore in this report, only adaptive FIR filters are discussed.

3.3 Main problems in MC-AEC

In this section some important problems that distinguish multi-channel acoustic echo cancel
lation from the single-channel case are discussed.

3.3.1 Computational complexity

As mentioned in the previous section, the acoustic impulse responses 9j(t) and hj(t) are not
static over time; they vary with ambient temperature, pressure, and humidity. In addition,
due to movement of objects within a room, the impulse responses can change rapidly [17].
The adaptive filter must track these changes, which is a difficult task.

Moreover, the acoustic echo paths are extremely long, mainly due to the relatively slow
speed of sound through air. Multiple reflections off walls, chairs, desks and other objects
within the room also lengthen the acoustic impulse response. In order to achieve satisfactory
echo cancellation, FIR filters with several thousands of taps are often required [9]. This results
in a very high computational complexity. In case of multi-channel acoustic echo cancellation,
2x £2 FIR filters are required, where £ indicates the number of channels. Therefore reduction
of the computational complexity is a very important issue in MC-AEC.

3.3.2 Non-uniqueness

More often than not, people within the same room are not speaking simultaneously, and there
is only a single acoustic source in the far-end room (see Figure 3.1). The £ loudspeaker signals
in the near-end room are filtered versions of this single acoustic source signal s (t), i. e.

Xj(t) = 9j(t) * set) for j = 1,2, ... , £

Therefore causal relations between the input signals exist [5],

9i(t) *Xj(t) = 9j(t) *Xi(t) for i,j = 1,2, ... ,£ (3.1)
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Since the medium is linear, the echo signal in the near-end room is expressed as the addition
of filtered loudspeaker signals,

L

y(t) = .L hj(t) *Xj(t)
j==l

As stated in Section 3.2, a multi-channel acoustic echo canceler estimates the contribution of
the loudspeaker signals to a single microphone signal by identifying the corresponding echo
paths. The estimate of the echo signal is

L

y(t) = .L hj(t) *Xj(t)
j==l

where hj(t) is the identification of the jth echo path.

The residual echo signal is defined as

L

r(t) = y(t) - y(t) = L dj(t) *Xj(t)
j==1

(3.2)

A criterion that is commonly used in adaptive filtering to verify an estimation, e.g. [28],
is the mean-square error criterion,

J = E{r2 (t)}

In general, the estimation y(t), and thus the identification h(t), is considered perfect if J = O.
Since the loudspeaker signals are filtered versions of the same acoustic source signal (3.1), the
residual error signal (3.2) is expressed as

L L

r(t) = L dj(t) * Xj(t) = L dj(t) *9j(t) * s(t)
j==1 j==1

In case of stereophonic echo cancellation, for example, the residual is expressed as

where the time variable is left out for convenience.

From this equation it is evident that there is an infinite number of filter sets (hI, h2 ) that set
the mean-square error to zero. This is referred to as the non-uniqueness problem. further
more, it is emphasized that this problem only arises if the loudspeaker signals are linearly
dependent, as is the case in the previous example.

In general, adaptive filters are implemented using some kind of digital signal process
ing device, therefore the above is reformulated in discrete-time domain. Assume that the
relations between the input signals (3.1) can be modeled in discrete-time

(3.3)



3.4. LITERATURE ON MC-AEC 15

where ~ is a time-invariant FIR model of the acoustic impulse response gj (t) with length N,

~ = (gN-l, .. ' ,gl,gO)~

The discrete-time versions of the loudspeaker signals are written as

If the linear relations between the input signals (3.3) hold exactly, then the non-uniqueness
problem also occurs in discrete-time domain.

The acoustic impulse responses are modeled by filters of finite length N. However, the
length is generally never enough, therefore the models (3.3) are in error and must be refined,

!l.f~j[k] + Vj [k] = ~~i[k] + vi[k] for i, j = 1,2, ... ,L

where vj[k] expresses the perturbation in the model.

If vj[k] i= vi[k], which is a reasonable assumption [5], then there is no linear relationship
between the input signals and the non-uniqueness problem seems to disappear. However,
the perturbations are generally very small since the adaptive filter tries to approximate the
acoustic impulse responses as close as possible, and the non-uniqueness problem remains. In
order to converge, the adaptive filter needs the perturbation, on the other hand it removes
the perturbation itself; this is a contradiction.
Again, it is emphasized that non-uniqueness of the solution occurs only if the loudspeaker
signals are linearly dependent. In general, the microphone signals are linearly dependent if
there are more microphones than acoustic sources in the far-end room (see Section 6.2). For
example, in the stereophonic case, if two or more independent and spatially separated sources
are present in the far-end room, then the non-uniqueness problem does not occur [29].

3.4 Literature on MC-AEC

In literature, the topics discussed in Section 3.3 are recognized as being the most important
problems that make multi-channel acoustic echo cancellation difficult. Many different solu
tions to both problems have been suggested, of which the most important ones are briefly
mentioned in this section.

Multi-channel generalizations of the recursive least-.squares (RLS) algorithm have so far
proven to perform better in MC-AEC than other adaptive filtering algorithms do [3] [9].
Therefore many adaptive filters incorporate an RLS-like algorithm or the closely related gffine
projection (AP) algorithm. Seeing that the computational complexity of the adaptive filters
is an important issue in MC-AEC, a number of fast algorithms has been introduced that keep
the complexity as low as possible. Roughly, three types of algorithms are distinguished: fast,
time domain implementations of multi-channel RLS [9]; fast, time domain implementations of
multi-channel AP [2] [19] [26]; and fast frequency domain implementations of multi-channel
RLS [4] [9] [24].

It is widely believed that the only solution to the non-uniqueness problem is to reduce the
correlation between the loudspeaker signals [5] [9]. If the input signals are uncorrelated, then
they are certainly linearly independent, and straightforward multi-channel generalizations of
well-known adaptive algorithms, such as the RL8-algorithm, can be applied. To that end,
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various types of preprocessing methods have been suggested. Naturally, preprocessing should
not be audible or affect multi-channel sound perception.
For example, in [1] [16] [26] it is suggested to reduce the correlation between the loudspeaker
signals by applying a time-varying transformation, giving quite satisfactory results.
Reduction of the correlation between the loudspeaker signals is also achieved by transforma
tion of the loudspeaker signals using a non-linear function [5] [25]. This method improves the
convergence of the adaptive filters towards the identification of the acoustic echo paths.
Another approach is to decorrelate the loudspeaker signals by means of complementary comb
filtering [29]. Above 1000 Hz this type of filtering does not seriously degrade the spatial in
formation. However, below 1000 Hz comb-filtering does degrade the loudspeaker signals and
cannot be applied. Consequently, only limited success is obtained using comb-filters.
In [29] it is suggested to achieve decorrelation by adding perceptually shaped noise; variants
of this idea are shown in [10] [IlJ. In this approach, the added noise signals govern the con
vergence of the adaptive filter, while the loudspeaker signals tend to disrupt this adaptation.
Furthermore, in [29J it is stated that this method does not result in the desired behaviour
of the adaptive filters, since using the most sophisticated spectral shaping techniques known,
noise signals cannot be hidden in a speech signal, unless its power is at least 13 - 15 dB below
that of speech. Therefore alignment of the identification hj(t) (j = 1,2) and the acoustic
echo paths hj(t) is only achieved after extremely long periods of adaptation.

Besides the configuration shown with two adaptive filters in Figure 3.1, there are proposals
that use a single adaptive filter [15J. In this case, one of the two loudspeaker signals is the
input of the adaptive filter. This proposal is unsuitable for practical stereo echo cancellation,
since the estimated filter coefficients strongly depend on the far-end room impulse responses.

3.5 Research on MC-AEC

The methods found in literature that provide a solution to the non-uniqueness problem rely
strongly upon preprocessing of the loudspeaker signals. Using the processed loudspeaker
signals, efficient implementations of existing algorithms can be applied to MC-AEC. However,
by preprocessing, the spatial information contained in the loudspeaker signals is degraded
in one way or another. Since transparency of the communication channels is required in
high-quality teleconferencing, changing the loudspeaker signals is generally not preferred.
Moreover, by preprocessing the signals, the problem is adapted to an existing tool. In this
report it is chosen to fit the tool to the problem.

In this report, a basic research of the application of multi-input, single-output system
identification in multi-channel acoustic echo cancellation is given and the non-uniqueness
problem is thoroughly surveyed. The main goal of research is to obtain a solution to the
non-uniqueness problem without preprocessing of the loudspeaker signals. Such a method
is, to our knowledge, currently not available in literature. In the following chapters, using
some fundamental linear algebra, a new description of the MC-AEC non-uniqueness problem
is formulated in signal spaces. It will be shown that by following this approach, a solution to
the non-uniqueness problem is obtained, however, direct implementation of this solution is not
feasible. Nevertheless, the solution can be reformulated such that practical implementation is
possible. To allow for real-time operation, an implementation is given that conveniently fits
into a computationally efficient algorithm that has been developed recently, without raising
the complexity of the algorithm too much.



Chapter 4

Basic concepts and definitions

In this chapter, some basic concepts and definitions, that are extensively used throughout the
report, are collected. First the concept of signal spaces is introduced, and then the projection
theorem, which is very valuable in the development of adaptive algorithms, is recapitulated.
In the last section, matrix rank is redefined to fit into the context of this report.

4.1 Signal spaces

In general, a signal is a function s : T -T V that describes how information evolves over time.
In this report, discrete-time signals are considered, therefore the time set T is a countable
subset of lR, i.e. T = {kTslk E N} with {Ts E RITs > O}. V is the set in which the signal
takes its values and is referred to as the signal space. In case of acoustic echo cancellation,
all time signals are real-valued, V ~ lIt If §.. : T -T V represents a vector of n signals, then
the signal space is a vector space, i. e. V ~ Rn .

In this report, a signal space is a Hilbert space of square summabIe functions on T, i.e.
[2(1) = {§.. : T -T VI 1I§..1I2 < oo}, thus all signals have finite energy contents. The 2-norm,
associated with a Hilbert space, is induced from an inner product since II'!!II~ = (,!!, '!!). This
allows familiar Euclidean geometry to be used to develop insight. Moreover, the projection
theorem, which is a powerful tool in system identification, can easily be applied (see Section
4.2). From now on, the norm II ·11 is the 2-norm, unless explicitly stated otherwise.

The framework as established in Section 3.2, uses adaptive filters to enable acoustic echo
cancellation. As mentioned in Section 3.3.2, in adaptive filtering, a mean-square error criterion
is commonly used to verify an estimation. In order to allow the conceptual power of Hilbert
spaces to be applied to mean-squares estimation theory, the expectation operator is introduced
as an inner product,

n

('!!dl) = E{'!!t~} = LE{ujvj}.
j=l

(4.1)

In this report, expression (4.1) is sometimes referred to as a stochastic inner product in order
to make a clear distinction from the regular Euclidean inner product. The stochastic inner
product indeed induces a norm,

n

(,!!,,!!) = LE{uJ}.
j=l

17
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From now on, the inner product is defined as in (4.1), and the norm 11·11 is induced from this
inner product, unless explicitly stated otherwise.

In this report, all signals are defined to be wide-sense stationary (Section 3.2). In addition,
all signals are assumed to be ergodic, therefore the expectation operator and the average
operator are interchangeable since the time average asymptotically approaches the ensemble
average. The inner product is rewritten as

In practice, the inner product is approximated by an estimate using only data that is available
up to a certain time-instant k,

4.2 Orthogonal projection

Orthogonal projection is a powerful tool in signal processing, and is used in many applica
tions, also in system identification. In the following, the projection theorem is recapitulated:

Box 1: Orthogonal projection theorem

Let S be a Hilbert space and let V be a closed subspace of S. For a.ny arbitrary vec
tor ~ E S, there exists a unique vector :Q E V closest to~. A vector:Q E V is closest to ~ if
and only if~ - :Q is orthogonal to V, therefore the vector Q is the orthogonal projection of ~
onto V.
A proof of this theorem is given, for example, in [20] or [27].

Subsequently, a mapping of ~ onto V that indeed equals an orthogonal projection opera
tor, needs to be defined. A linear mapping P : S -+ V is a projection operator, if and only if
P(P~) = P~, therefore p 2 = P. Furthermore V = R(p)+N(P), i.e. the subspace V encloses
both the range and the kernel of the projection operator P, and the range and the kernel
are not necessarily orthogonal, therefore a projection is not necessarily unique. A projection
operator P : S -+ V is orthogonal, if and only if R(P) = V and N(P) = n(p).l. In this
case every projection is unique since the range and the kernel of the projection operator are
orthogonal and the subspace V lies only in the range of P.

Using the projection theorem orthogonality conditions can be formulated for various esti
mation problems. In Section 5.1 this is shown for MISO system identification.
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4.3 Matrix rank

The rank of a matrix A is well-defined mathematically as

rank(A) = dim('R.(A)).
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Assume that A contains samples of a discrete-time signal, therefore the range of A equals the
signal space, and the rank of A equals the dimension of the range, i. e the number of linearly
independent vectors that span the signal space.
Assume that A contains samples of a discrete-time signal accompanied by noise, consequently
the range of A is divided into a signal subspace S and a noise subspace N. In general, and
certainly in this report, the subspace S is the one of interest, and it is desirable to link the
concept of matrix rank to the dimension of the signal subspace S. However, discrimination
between signal and noise is not straightforward since signals are not deterministic and no
signal model is known a priori. Furthermore, the signal subspace is not necessarily orthogonal
to the noise subspace. In order to be able to distinguish a signal from noise, it is assumed
that the power of the noise is small with respect to the power of the signal. The power of
the input is calculated using all samples that are available in the matrix A. Subsequently,
the largest eigenvalue of A is defined as being signal power. If the ratio of signal power and
another eigenvalue is less than a predefined §ignal to noise ratio (SNR), then this particular
eigenvalue is considered to be noise, otherwise it is a signal.
The matrix rank is now redefined as being the number of linearly independent vectors that
span the signal subspace S,

rank(A, SNR) = dim(S)

where SNR indicates a predefined signal to noise ratio.

A matrix is defined to have full rank in the usual sense, that is, if the rank is as large as
possible. A matrix is said to be rank-deficient if does not have full rank.



Chapter 5

Full rank system identification

Multi-channel acoustic echo cancellation is regarded as a multi-input single-output system
identification problem (see Section 3.2). A multi-channel acoustic echo canceler estimates
the contribution of the loudspeaker signals to a single microphone signal by identifying the
accompanying echo paths, using adaptive FIR filters. It is well-known that system identi
fication can be formulated as an approximation problem in a signal space, e.g. [20]; in the
first section this principle is summarized. If there are no more microphones than acoustic
sources in the far-end room, MC-AEC is a full mnk MISO system identification problem, as
is shown in the second section, and the concept of the first section can be applied to MC
AEC. In the subsequent section, a derivation of the RLS-algorithrn, that is commonly used in
system identification, is given. Finally, some results of simulations, regarding MC-AEC and
the application of the RLS-algorithm, are shown.

5.1 Approximation in signal spaces

Let S be a signal space and A = {gl' Q.2, ••• , Qn} a finite set of linearly independent vectors
in S that span a subspace V c S. Let!f.. E S be an arbitrary vector and let ;f E V be an
approximation of f., such that

f. ;f+~
n

LCH!i + f..
i=l

The vector !f.. is regarded as the output signal of an unknown system and ;f as an estimation of
!f... If the estimation ;f approximates the output signal f., then the FIR filter, with coefficients
Ci, identifies the unknown system.
The approximation i. is closest to f. if the norm of the approximation error f. is minimized,
that is

Ilf. - i.11 = II~II

is as small as possible.
Since the norm is induced from a stochastic inner product (4.1) and all signals are ergodic,
minimization of II~II is referred to as a minimum mean-squares estimation problem [20]. From
the projection theorem (Section 4.2) it is known that there exists a unique vector ~ that is

21



22 CHAPTER 5. FULL RANK SYSTEM IDENTIFICATION

closest to;f. Moreover, the approximation i. is closest to ;f if;f - i. is orthogonal to V. This
results in the following set of orthogonality conditions,

((x-~c.a.) a')=O- L....J Z_Z '-J

i=l

for j = 1,2, ... ,n. (5.1)

The FIR filter coefficients that identify the unknown system are obtained by rewriting (5.1),
resulting in a system of n equations in n unknowns,

(

((B,!!d
((B, Q2)

(!!l, ~)

(!!l, !!2)
(Q2,Q2) (!hz, (B) ) ( Cl) ((;f, !!l) )(!hz, Q2) C2 (;f, Q2)

· .· .· .
(!hz,!hz) en (;f, !!n)

This system is referred to as the system of normal equations, e.g. [20], and it is generally
written as

(5.2)

where ~ contains the filter coefficients,

E is the crosscorrelation vector of ;f and A,

and R is the Grammian of the set A,

(

(!!l, (B)
(!!l, Q.2)

R= .

(!!l, !hz)

(!!n,!!l) )
(!!n,Q2)

(!hz, !!n)

(5.3)

The inner product associated with a signal space is a stochastic inner product, therefore the
Grammian contains autocorrelation coefficients and the Grammian is also referred to as the
autocorrelation matrix. The autocorrelation matrix R has the following properties:

R t = R (symmetric)
;ft~ > 0 for all ;f t= Q (positive-definite)

The first property follows directly from the definition of the inner product. The second
property follows from the fact that the vectors {!!1,!!2, ... ,!!n} are linearly independent. An
important property of positive-definite matrices is that all eigenvalues are positive. This
implies that R is full rank and there exists a solution to the system of normal equations (5.2),
moreover this solution is unique,

R - 1
f = E· (5.4)
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Note that if the vectors {Ql, Q2, •.. ,Qn} are orthogonal, then the autocorrelation matrix is
diagonal, and the solution f is obtained with relatively little effort.
Since R has full rank, the approximation in signal spaces is referred to as being full rank.

Subsequently, an orthogonal projection operator P that maps a vector J;. E S onto V
is defined. Assume that the vectors {Q.l, Q2, .•. , Qn} contain all data of the input signals;
likewise, the vector J;. contains all data of the output signal. Therefore the stochastic inner
product is the regular Euclidean inner product,

k

(u v) = ~ u·v· = utv-,- ~ J J --
j=l

where k represents the length of the signals.

Let A be a matrix associated with the set A that is constructed by stacking the vectors
{Ql, Q2, .•• ,Qn} side by side. All data is contained within the matrix A, therefore an alter
native expression for the Grammian of the set A using the Euclidean inner product is given
by

R=AtA.

Likewise, the crosscorrelation vector of ~ and A is expressed as

p.. = AtJ;..

The subspace V equals the range of A and the orthogonal projection of a vector J;. E S onto
V C S is given by .

~=Af·

The projection is rewritten using the Euclidean inner product

(5.5)

The n x n matrix P, associated with the orthogonal projection operator P : S -t V, is given
by

(5.6)

where (AtA)-l At is referred to as the left pseudo-inverse of A since (AtA)-lAtA = I.

Since it is assumed that all data is contained within the signal vectors, the projection operator
P is actually a 'deterministic' projection operator, and formally it does not apply to adaptive
filtering. Nevertheless, expressing the projection operator in a deterministic form provides
a clear insight into how projection is applied in system identification, which motivates the
definition (5.6).

5.2 Full rank MC-AEC

The concept of approximation in signal spaces is easily applied to MC-AEC. In Section 3.3.2
it was mentioned, that if there are no more microphones than acoustic sources in the far-end
room, then there is no linear relationship between the loudspeaker signals in the near-end
room. For example, in the stereophonic case (see Figure 5.1), if two or more independent and



24 CHAPTER 5. FULL RANK SYSTEM IDENTIFICATION

Figure 5.1: Schematic diagram for full rank stereophonic acoustic echo cancellation

spatially separated sources are present in the far-end room, then the loudspeaker signals are
linearly independent.

The discrete-time version of the jth loudspeaker signal is written as

The data vector of stacked loudspeaker signals is defined as

An FIR filter of length N is used to identify the jth acoustic echo path,

The vector of stacked identifications is defined as

The echo signal y[k] is approximated by the summed output signals of the FIR filters,

y[k] y[k] + r[k]
L

- I: ;£} [k]h.j [k] + r[k]
j=l

;£t[k]h.[k] + r[k].

The elements of the data vector ;£[k] are linearly independent since there is no linear re
lationship between the loudspeaker signals and since the signals are wide-sense stationary.
Following the same approach as in the previous section, the system of normal equations is
formulated,

Rx[k]h.[k] = [yx[k].

The vector [yx[k] is the crosscorrelation vector of y[k] and ~[k], i. e.

[yx[k] = E{y[k]~[k]}.
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The matrix Rx[k] is the autocorrelation matrix of ~[k],
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RX1XL[k] 1
RX2XL [k]

RXLXL[k]

where RXiXj [k] is the crosscorrelation matrix of ~[k] and ~j[k],

E{Xi[k]Xj[k - 1]}
E{xdk - l]xj[k - 1]}

E{Xi[k]Xj[k - N + 1]} 1
E{Xi [k]Xj [k - N + 2]}

E{xdk - N + :1~]Xj[k - N + 1]} .

The autocorrelation matrix is positive-definite and full rank since the elements of ~[k] are
linearly independent; and therefore this is a full rank MISO system identification problem.
There exists a unique solution to the system of normal equations,

(5.7)

which is the optimal, discrete-time, Wiener filter, e.g. [20].
The approximation y[k] that is closest to the microphone signal y[k] is given by

and the residual signal or approximation error is

r[k] = y[k] - Y[k].

5.3 Full rank recursive least-squares

As defined in Section 3.2, a multi-channel acoustic echo canceler employs an adaptive filter.
In this section, an iterative algorithm that steers the adaptive filter towards the solution (5.7),
is formulated. It was mentioned earlier that the RLS-algorithm has proven to perform better
in MC-AEC than other adaptive algorithms do because of its good convergence properties
[9]. In the now following it is shown that a very simple version of the RLS-algorithm can be
derived using the Sherman-Morrison formula, e.g. [20].

As defined in Section 4.1, an inner product is approximated by an estimate using only
data that is available up to a time-instant k,

Therefore the autocorrelation matrix is approximated by

k

Rx[k] ~ ~Rx[k] = ~ ?= ~[i]~t[i].
l=l
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Note that Rx[k] equals a scaled estimate in this case.
When more data becomes available, a new approximation of the autocorrelation matrix is
obtained from the previous one by a rank-one update,

k+1

Rx[k + 1] = L~[i]~t[i] = Rx[k] + ~[k + 1]~t[k + 1].
i=l

Likewise, an iterative method for calculating an approximation of the crosscorrelation vector
is formulated,

where

[yx[k + 1] = [yx[k] + y[k + Ih:[k + 1].

The solution (5.7) to the system of normal equations is approximated, at a certain time-instant
k, by the following expression

In order to calculate R;l at a certain time-instant k, it is convenient to use what is known
about the inverse at a previous time-instant k - 1; this is accomplished by applying the
Sherman-Morrison formula (see Box 2),

For notational convience, let

and define the gain vector [l[k],

P[k - 1]~[k]

!l[k] = 1 + ~t[k]P[k - 1]~[k]'

Box 2: Sherman-Morrison formula

Suppose that for a matrix A the inverse A -1 is known, and then A 1S changed by
addition of some rank-one matrix to produce a matrix B,

B=A+uvt
•

The inverse of B is found using A -1, rather than computing B-1 from scratch, by applying
the Sherman-Morrison formula,

A derivation of the formula is given, for example, in [21].
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Box 3: Classical RLS-algorithm
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[l[k] =

r[k]

h.[k]

ft;l[k]

1 + ~t[k]ft;l[k - l]~[k]

y[k] - ~t[k]Mk - 1]
= h.[k -1] + [l[k]r[k]

ft;l[k - 1] - [l[k]~t[k]ft;l[k - 1]

The solution is now reformulated,

h.[k] = P[k]tyx[k] = P[k](tyx[k - 1] + y[kk[k]).

Rewriting this equation, using the iterative formulation of P[k], results in

In Box 3 the RLS-algorithm is summarized. This is a very formal realization of the RLS
algorithm, in practice many fast and efficient algorithms can be derived that result in a
much lower computational complexity. However, this classical form of the RLS-algorithm is
a special case of the Kalman filter, e.g. [20], and inherits some of its good properties, such as
fast convergence.

5.4 Simulations

In this section, simulations of the application of the classical RLS·algorithm in full rank MC
AEC are given. Recall the example of Section 5.2, regarding full rank stereophonic acoustic
echo cancellation. Here, this example is continued and the schematic diagram of SAEC in
Figure 5.1 serves as a guideline. In Figure 5.2 a simulation setup is shown that generates
the loudspeakers signals xj[k] and the microphone signal y[k]. In this Figure, two mutually
uncorrelated, white noise source signals sdk] and s2[k] are filtered by the room impulse
responses gij in the far-end room. The outputs are summed as depicted, and measurement
noise nj[k] is added to produce the loudspeaker signals xj[k]. Subsequently, the loudspeaker
signals are filtered by the room impulse responses hj in the near-end room and the output
signals are summed. Measurement noise n3[k] is added to produce the microphone signal y[k].
The measurement noise signals nj[k] are white and mutually uncorrelated, furthermore, they
are uncorrelated with the source signals. The level of the noise is such that the SNR of the
loudspeaker signals and the microphone signal is 40 dB.
In practice, the length of a room impulse response (RIR) is several thousands of taps [9].
However, without influencing the validity of the simulations, the RIRs are cut off at 100 taps,
in order to reduce computational complexity.
In order to show that stereophonic echo cancellation is a full rank system identification prolr
lem in this situation, the rank of the autocorrelation matrix is calculated. In consistence with
the discussion on matrix rank in Section 4.3, a SNR is defined in order to determine matrix
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Figure 5.2: Simulation setup for full rank acoustic echo cancellation

rank. In Figure 5.3 the rank of the 2N x 2N autocorrelation matrix of the stacked input
signals is plotted as a function of N. It is clear that the autocorrelation matrix is full rank
for any N since the rank is as large as possible.
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Figure 5.3: Rank of the autocorrelation matrix, r = rank(Rx, 40dB)

In Figure 5.4, the schematic diagram of the stereophonic echo canceler is depicted. The
adaptive filter, that is used to identify the RIRs of the far-end room, has length 2N = 512
and is updated by the classical RLS-algorithm, given in Box 3.
In this simulation the impulse responses and the statistics of the signals do not change with
time, therefore only the static behaviour of the algoritlun is considered. In this report, the
tracking properties of the adaptive filter are not tested.
Furthermore, the interest of the simulation in this report is if convergence towards a definite
solution is achieved, rather than how convergence is achieved.
A measure of the quality of the approximation y[k] of the microphone signal y[k], is the
average power of the residual signal r[k), normalized on the average power of the microphone
signal, i. e.

_ E{r2 [k]}
J[k) = Wlog E{y2[k]} [dB]
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xl[k]

y[k]

r[k] y[k]
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Figure 5.4: Stereophonic echo canceler
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In Figure 5.5, J[k] is plotted as a filllction of discrete time, and the convergence of the adaptive
filter is shown. The final misadjustment of the adaptive filter is defined as

] = lim J[k].
k-too

It is clear from the Figure that the final misadjustment of the stereophonic echo canceler is
] ~ -40 dB, which equals the power of the noise with respect to the microphone signal.
A measure of the quality of the identification h.[k] of the unknown system l! at a certain
time-instant k, is the misalignment, given by

6[k] = Ill! - h.[k] 11 2

11l!11 2 •

The solution obtained after convergence is of interest, therefore the final misalignment is
defined,

(5 = lim 10 log 6[k] [dB].
k-too

In this simulation the final misalignment is (5 ~ -40 dB, which is equal to the noise floor,
therefore the identification is the best possible in this situation.
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Figure 5.5: J[k] as a function of discrete time
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Rank-deficient system identification

Multi-channel acoustic echo cancellation is regarded as a multi-input single-output system
identification problem. As shown in Section 5.1, system identification can be formulated as
an approximation problem in signal spaces. If there are more microphones than acoustic
sources in the far-end room, the non-uniqueness problem arises in MC-AEC (see Section
3.3.2). Because of the non-uniqueness problem, MC-AEC is classified as a rank-deficient
MISO system identification problem, as is shown in Section 6.2. In Section 6.1 rank-deficient
system identification is described in terms of signal spaces, and a conceptual solution is
formulated. Furthermore, in Section 6.2, the concept of 6.1 is applied to MC-AEC. In the
subsequent section, it is shown that the RLS-algorithm is closely related to the conceptual
solution of Section 6.1. Finally, some results of simulations, regarding rank-deficient MC
AEC, are shown. Additionally, the application of the RLS-algorithm is compared to the
application of some other adaptive algorithms.

6.1 Approximation in signal spaces

In this section the following topics are discussed successively: It is clarified that straightfor
ward application of the orthogonal projection theorem in rank-deficient system identification,
does not lead to the desired solution since it is not unique. Intuitively, it seems that via
constrained optimization techniques the non-uniqueness problem can be remedied. However,
it is shown that this is not the case. A well-determined solution is obtained by choosing the
solution of minimmn norm. However, the minimum norm solution is not necessarily the true
solution. It is shown that after changing the coordinate system, a unique solution is obtained
and system identification is no longer rank-deficient. Finally, an orthogonal coordinate system
is defined, and a unique solution is formulated. Subsequently, it is shown that this specific
solution is closely related to the minimmn norm solution.

6.1.1 Application of the projection theorem

Let S be a signal space and A = {Q.l,~,'" ,Q.n} a finite set of vectors in S, of which some
vectors are linearly dependent. The vectors {Q.l,!!2, ... ,Q.n} span a subspace V C S. Let ~ E S
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(6.1)

be an arbitrary vector and let ;f E V be an approximation of 'f, such that

;f = ;f+~
n

= 2:: Cilli + ~'
i=1

The vector ;f is regarded as the output signal of an unknown system and ;f is an estimation of
;f. If the estimation ;f approximates the output signal;f, then the FIR filter, with coefficients
Ci, identifies the lUlknown system and the norm of the approximation error ~ is minimized.

Straightforward application of the orthogonal projection theorem, as in Section 5.1, results
in the system of normal equations (5.2),

Rf=E:

Some of the vectors {Q.l, ~, ... ,Qn} are linearly dependent, therefore some of the equations
in the system are linearly dependent. Consequently, the system of normal equations has less
equations than unknowns, and there exists an infinite number of solutions.
The autocorrelation matrix R has the following properties:

R t = R (symmetric)
;ftR;f ~ 0 for all;f (positive-semidefinite)

Some of the vectors {gl,~, ... ,Qn} are linearly dependent, therefore some of the columns of
R are also linearly dependent since R is the Grammian of the set A, and the nullspace of R is
non-trivial. This implies that the autocorrelation matrix is positive-semidefinite, furthermore
R is rank-deficient and therefore not invertible. Since R is rank-deficient, system identification
in this chapter is referred to as being rank-deficient.

In equation (5.6) the matrix P, associated with the deterministic projection operator P
that maps a vector ;f E S onto V is shown. Using P, the projection of'f onto V is written as

~ = A(AtA)-I At!!;. = P!!;..

where A is constructed by stacking the vectors h!l,~, ... ,gn} side by side.

Some of the vectors {gl,~, ... ,Qn} are linearly dependent, therefore the nullspace of A is
non-trivial. Since N(A) =!= Q, there is at least one vector 'f E S apart from 'f = Q, such that

(gj,;f) = 0 for j = 1,2, ... ,n

Furthermore, N(R) = N(AtA) =!= Q, which is equivalent to the fact that the autocorrelation
matrix is semidefinite. Consequently, there is not necessarily a lUlique projection operator
that maps a vector ;f E S onto V. The subspace V encloses both the kernel and the range of
the projection operator P : S -+ V, i.e. V = R(P) +N(P) and therefore P is not orthogonal.

Since N (A) =!= Q, there is no unique representation of a vector ;f E Vasa linear combina
tion of vectors of the set A,

n

~ = 2:: Cigi'
i=1

An infinite number of coefficients obeys this equation, and the vector ;f can be represented
by any set of coefficients,
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where 9) equals the true true identification of the unknown system, and fn E N(A).
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Obviously, application of the orthogonal projection theorem in this manner is incorrect since
there exists no orthogonal projection operator.

6.1.2 Constrained optimization

Research has been done in an attempt to obtain a method to determine the true solution 9).

It seems apparent that the only way to find the true solution is by incorporating additional
constraints and thus increasing the dimension of the problem. However, in the now following
it is shown that proceeding in this way does not result in a unique solution.

It is well known that an alternative way to obtain the solution f to an approximation prob
lem is by error minimization via gradients, e.g. [20] or [28]. Here this concept is recapitulated.
Let J = IIel1 2 be the mean-square approximation error,

n

J(f) = Ilel/2
= II~ - i:11 = II~ - L cH!i11 2

i=l

The function J(f) is referred to as the error surface. The vector i. is the best approximation
of ~ if the approximation error ~ is minimized, therefore the global minimum on the error
surface must be found. In case of a full rank system identification problem, the autocorrelation
matrix R is positive-definite, and therefore the error surface is a parabolic bowl (see Figure
6.1), which has a single global minimum. This minimum is found by equating the gradient of
J (f) to zero,

oJ(f) = -2p + 2Rc = O.
Of - -

. "'~.

--._- ...__ ...~--~ .... ~-

L~-------,-----------"-----·· .----"",..~.. .-L- -==.. e.::::....-~-'------'
C2

Figure 6.1: Contour plot of the error surface J(f) for f = (Cl, C2)t. In case of a full rank
system identification problem the error surface is a parabolic bowl.
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Figure 6.2: Contour plot of the error surface J(~) for ~ = (Cl, C2)t. In case of a rank-deficient
system of normal equations the error surface is a parabolic trench.

This results in the familiar system of normal equations,

However, in case of a rank-deficient system identification problem, the autocorrelation matrix
R is positive-semidefinite, therefore the error surface is a parabolic trench (see Figure 6.2).
The global minimum on this error surface is a line instead of a single point, and there is an
infinite number of global minima. As stated earlier, in this case it seems straightforward to
add some linear constraints on the coefficients ~, in order to find the true solution. Assume
there are m ~ n of such constraints that are written as a system of equations,

r12

r22

rm2

By adding n - m trivial equations to this system, a new system is formulated,

where the n x n matrix r contains all coefficients rij and the remaining elements are zero.
Likewise, the vector Ii contains m coefficients f3i, the other n - m elements are zerO.

In this scenario the solutions that meet the constrains lie in some hyperplane. In order
to find the true solution, the hyperplane must intersect the bottom of the trench at a single
point that equals the true solution. In order to be able to formulate a set of constrains that
lead to this solution, the approximation problem is rewritten as

Minimize
Subject to

J(~) = IIell2
~tr = f3t
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A common way to handle a constrained minimization problem is by means of the Lagrange
mulptipliers method, e.g. [20]. Therefore a different minimization function, the Langragian
L(~), is formulated

L(~) = J(~) + c~tr - rl)!l
where ~ is the vector of Langrange multipliers, the additional unknowns in the approximation
problem.

The necessary conditions for minimization are expressed as

aL(~,~)

a~

aL(~,~)

a~

From the first equation it is evident that there is no unique solution that obeys this equation
since R is rank-deficient and therefore not invertible. Thus by formulating constraints, the
true solution is not obtained.

6.1.3 Minimum norm solution

In order to find some other well-determined solution, an additional criterion must be estab
lished. A reasonable criterion is to choose the unique solution of minimum norm, which is
obtained by using the pseudo-inverse of the autocorrelation matrix (see Box 4),

~in = Rtf!.

The pseudo-inverse of the autocorrelation Rt is obtained using the eigenvalue decomposition
of R. The EVD of R is given by (see Box 5),

R=QAQt (6.2)

where A is a diagonal matrix that contains the eigenvalues of R, and Q is a unitary trans
formation matrix, of which the columns are the normalized eigenvectors of R.

Box 4: Pseudo-inverse

Typically, a pseudo-inverse At is defined to be the unique matrix X, that satisfies the
Moore-Penrose conditions, e.g. [12] :

1. AXA=A

2. XAX=X

3. (AX)t = AX

4. (XA)t = XA
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Box 5: Eigenvalue decomposition

Let S be a Hermitian matrix. The ~igenyalue decomposition (EVD) or Schur-factorization
ofS is given by

where A is a diagonal matrix that contains the eigenvalues of S, and Q is a unitary
transformation matrix, of which the columns are the normalized eigenvectors of S.
A unitary matrix Q is a matrix for which QQh = QhQ = I. Furthermore, if S is real then
Sh = st and subsequently Q is real, and Qh = Qt.

A proof of this decomposition is given, for example, in [20] or [27].

In case of full rank system identification, the autocorrelation matrix R is positive-definite,
therefore all eigenvalues are positive. However, in case of rank-deficient system identification,
the autocorrelation matrix is positive-semidefinite. A property of positive-semidefinite ma
trices is that all eigenvalues are nonnegative. This implies that some eigenvalues are trivial,
which is straightforward to show:
Some rows of R are linearly dependent, therefore N(R) =1= Qsince there exists at least one
vector En =1= Q, for which REn = Q. Assume En is an eigenvector in the nullspace of R, therefore
the only solution to REn = >'En is >. = O. Furthermore if m equations have equal dependence,
then m - 1 equations are redundant and consequently at least m - 1 eigenvalues are zero,
therefore R is rank-deficient.

It is convenient to break the matrices in the factorization (6.2) into parts, corresponding
to the nonzero eigenvalues and the zero eigenvalues,

The unitary transformation matrix is partitioned as

where the eigenvectors in Q s and Q n span the column space and the nullspace of R, respec
tively.

The pseudo-inverse of the autocorrelation matrix is defined as, e.g. [12], [20],

(6.3)

which evidently satisfies the Moore-Penrose conditions (see Box 4).

The minimum norm solution to the system of normal equations becomes

(6.4)
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In the now following it is shown that this solution indeed has minimum norm:
Since R is rank-deficient, it does not have a unique inverse. Therefore, there is an infinite
number of matrices G that obey the equation

RG=I

Using the eigenvalue decomposition of R, the equation is rewritten as

QAQtG -1= 0

Substitute G = QtG,
AG=Qt

Since the nullspace of R is non-trivial, the set of matrices that obey this equation is

G = ( A;~Q~ ) +N

where N = QtN and the columns of N are arbitrary vectors in the nullspace of R.

For a symmetric matrix, it follows that the eigenvectors corresponding to distinct eigenvalues
are orthogonal [27]. Therefore the eigenvectors that span the subspace V and the nullspace
N(R) are orthogonal, and the matrix G is of minimum norm if N = o. The solution of
minimum norm is given by

G = QG = QsA;lQ;

which equals the definition of the pseudo-inverse in (6.3). Furthermore, note that if the
nullspace ofR is trivial, then Rt = R-1.

From the fact that Rt has minimum norm it follows directly that ~min = Rt~ is the so
lution of minimum norm.
The minimum norm solution provides a unique, well-defined solution to the system of nor
mal equations. Nevertheless, it is emphasized that the minimum norm solution does not
necessarily equal the true solution. However, there exists a close relationship with the RLS
algorithm, as will be clarified later on. Therefore the concept of the minimum norm solution
is very powerful. In addition, the following observation is worthwhile mentioning. Recall the
set of solutions to the system of normal equations, given by

~=~O+~

where ~O equals the true solution, and ~ is an arbitrary vector in the nullspace of A, the
matrix that is constructed by stacking the vectors {gl, ~, ... , !hi} side by side.

The norm of the solution is calculated by

IIfll2= lI~oll2 + 2(fO, ~n) + lI~nll2

From this equation it is evident that if the nullspace and the column space of A are orthog
onal, then the true solution itself is of minimum norm, i.e. ~O = ~min'

Furthermore, there exists a unique projection operator, P : S -l- V, corresponding with
the set of coefficients fmin in equation (6.4). The deterministic projection matrix, associated
with P is given by
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6.1.4 Change of coordinate system

Some of the vectors {fH, Q2, ..• , ~n} that span the subspace V C S are linearly dependent,
therefore this set is not a basis of V. However, there exists a set of linearly independent
vectors B = {!~1,Q2, ... ,!&n}, with m ~ n, that span the same subspace V and define a basis
ofV.
As shown in the previous subsection, there is no unique representation of a vector ~ E V as
a linear combination of vectors of the set A,

n

X = '""" "oa·- L.J'"'%_~

i=l
However, since the set B is a basis of V, there exists a unique representation of ~ as a linear
combination of vectors of the set B,

m

X = '""" c.b·- L.J ._~

i=l
Assume some basis B is found by some transformation of the set A, and the coordinate system
is changed from A to B. The approximation problem in signal spaces is now reformulated:

Let ;f. E S be an arbitrary vector and let ~ E V be an approximation of ;f., such that

;f. = f+~
m

L~fu +~
i=l

The vector ;f. is regarded as the output signal of an unknown system and f is an estimation of
;f.. If the estimation f approximates the output signal ;f., then the FIR filter, with coefficients
~, identifies the transformed unknown system and the norm of the approximation error ~ is
minimized.
Now the transformed system of normal equations, with m equations in m unknowns, is for
mulated,

R£=~

where ii is the Grammian matrix of the set B and the vector p is the crosscorrelation vector
of ;f. and B. -

Since the vectors {Ql,fuI, ... ,Qm} are linearly independent, there exists a unique solution
to the system of normal equations,

£ = ii-l~

Furthermore the Grammian matrix of the set B is full rank and there exists a orthogonal
projection operator. Let B be a matrix associated with the set B that is constructed by
stacking the vectors {Ql, Q2, ... ,Qm} side by side. The orthogonal projection of a vector ;f. E S
onto V is given by

~ - B£
_ B(BtB)-lBt;f.

The projection matrix P, associated with the deterministic orthogonal projection operator
p : S --t V, is given by
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6.1.5 Transform domain solution
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The vectors {ql,~,"" Qn} span the subspace V c S. Some of these vectors are linearly
dependent, therefore there is no unique solution. In the previous section it is shown that if
a smaller set of vectors is chosen that span the same subspace V and if that set of vectors
equals a basis of V, then a unique solution is obtained by projection.
Let A be a matrix that is constructed by stacking the vectors {~l,~,"" Qn} side by side.
A basis B = {Ql,~,'" ,Ibn} of V is obtained by removing redlUldant information from the
set A. This is accomplished by different methods, such as row-reduction of A or reduction
of A to its normal-form. It is of interest to find an orthogonal basis of V, as will become
clear later on. Such an orthogonal basis is found in various ways, for example by means of
Gram-Schmidt orthogonalization or eigenvalue decomposition, e.g. [20] or [27]. We propose
to construct an orthonormal basis using eigenvalue decomposition, since there exists a close
relation to the concept of minimum norm.
As mentioned earlier, the eigenvalue decomposition of R is given by (see Box 5),

The subspace V is spanned by m ~ n basis vectors {Ql,!!2, ... ,Qm}, therefore n - m eigenvalues
of R are trivial and n - m equations of the system of normal equations are redundant. The
unitary transformation matrix Q is partitioned into two parts, corresponding to the nonzero
eigenvalues and the zero eigenvalues,

Likewise, the diagonal matrix A, containing the eigenvalues of R is partitioned as follows

A = (~s ~)

The n X m transformation matrix Qs provides a transition of the set A = {ql,~, .. , ,~} to
an orthonormal basis B = {Ql,!l2, ... ,Qm} of the subspace V. In signal processing literature,
the coordinate system B is generally referred to as the transform domain. Let B be a matrix
that is constructed by stacking the basis vectors {Ql,!l2, . .. ,Qm} side by side, then

B=AQs

The basis vectors {Ql,!l2, ... ,Qm} are orthonormal, therefore the Grammian matrix of the set
B is diagonal,

ii = BtB = QtAtAQ = QtRQ = As s s s s

Furthermore, the m x m matrix As is full rank and there is a lUlique solution to the transformed
system of normal equations,

~= ii-lE = A:;lE (6.5)

The transform domain solution (6.5) is related to the minimum norm solution (6.4),

. - Rt - Q A-lQt
~m - :e - s s sE.

All data is contained within the matrix A, therefore an alternative expression for £min, using
the Euclidean irmer product, is given by

£min = QsA;lQ~At~
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Likewise, the transform domain solution (6.5) is rewritten as

- = A-1- = A-1nt = A-1QtAt
~ sE s 'f s s 'f

From the last two equations it is clear that the relationship between the minimum norm solu
tion and the transform domain solution is expressed directly using the n x m transformation
matrix Qs

- Qt
~ = sfmin

6.2 Rank-deficient MC-AEC

(6.6)

gd~ ~(t)
o
s(t)

In general, for an arbitrary number of sources, the non-uniqueness problem occurs in case
there are more microphones than acoustic sources in the far-end room. Since if n orthogonal
vectors (read independent and spatially separated acoustic sources) are basis vectors of some
signal space 5, then no more than n linearly independent vectors (read far-end microphone
signals) can be defined in 5. If there are more microphones than acoustic sources, then the
far-end microphone signals are linearly dependent, resulting in non-uniqueness of the solution.
For example, in the stereophonic case (see Figure 6.3), if a single acoustic source is present in
the far-end room, then the loudspeaker signals in the near-end room, on the right, are linearly
dependent.

Figure 6.3: Schematic diagram for rank-deficient stereophonic acoustic echo cancellation

In the following it is shown that MC-AEC is a rank-deficient system identification problem if
the loudspeaker signals are linearly dependent, and as an example, SAEC is considered. In
order to deal with the non-uniqueness problem, the unique solution in the transform domain
is given and its application to SAEC is discussed.

The discrete-time version of the jth loudspeaker signal is written as

~j[kJ = (xj[k - N + 1], ... ,xj[k - 1], xj[k])t

The data vector of stacked loudspeaker signals is defined as
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An FIR filter of length N is used to identify the jth acoustic echo path,

bAk] = (hj,N -1 [k], .. . ,hj,I[k], hj,o[k])t

The vector of stacked identifications is defined as

b/[k] = (l~_Hk], ltJt[k], . .. ,h.i[k])

The echo signal y[k] is approximated by the summed output signals of the FIR filters,

y[k] y[kB] + r[k]
L

L~} [k]h.j [k] + r[k]
j=1

~t[k]Mk] + r[k]
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In Section 3.3.2 it was shown that if there is only one acoustic source present in the far
end room, and if there are multiple microphones that pick up its signal, then there exists
a linear relationship as given in equation (3.1) between the input signals of the FIR filters.
Furthermore it is assumed that this relationship can be modeled in discrete time,

9.~~j[k] + lIj[k] = [lj~dk] + lIi[k] for i,j = 1,2, ... ,L

where lIj[k] expresses a perturbation in the model 9.j.

In general, the perturbations are very small and do not exceed the noise floor, as will be
shown by simulation results in Section 6.4; and therefore the perturbations are enclosed in
the noise subspace of the model. In Section 4.3 it is defined that the noise subspace of a signal
or a linear operator does not contribute to its range, therefore the perturbations are ignored
in the discussions on rank-deficiency.

In order to show that MC-AEC is a rank-deficient system identification problem, the
system of normal equations is formulated,

The autocorrelation matrix Rx[k] is partitioned as

[

Rxtxt[k] RX]X2[k] RXtXL[k] 1
Rx[k] = Rx2~] [k] RX2X2 [k] RX2XL [k]

RXLX ] [k] RXLX2 [k] RXLXL[k]

where RXiXj[k] is the crosscorrelation matrix of ~[k] and ~j[k].

Because of the linear relationship between the input signals, the partitions of R x[k] are
linearly dependent. Each row and column of the autocorrelation matrix can be expressed as
a transformation of another row and column, respectively.
For example, consider stereophonic echo cancellation, and assume there is only one acoustic
source signal ~[k] in the far-end room (see Figure 6.3), then

xt [k] - 9.L~.[k]

x~[k] = 9.~§.[k]
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A linear relationship holds for ~dk] and ~2[k],

~1 x2 [k] = ~~~dk]

Subsequently, using a linear input-output mapping Gj, each partition of Rx[k] is conveniently
expressed in terms of the autocorrelation matrix of ~[k],

R [k] '" ( G l Rs[k]Gi G l Rs[k]G~ )
x '" G 2R s[k]Gi G2Rs[k]G~

where Rs[k] is the autocorrelation matrix of ~[k],

and Gj is a linear mapping of ~[k] to ~j[k],

gj,N-l gj,l gj,O

Gj=
gj,O

gj,l 0
gj,O 0 0

(6.7)

Consequently, the autocorrelation matrix is rank-deficient, and therefore MC-AEC is classified
as rank-deficient system identification.
Because of the definition of Gj, the mapping of ~[k] to ~j[k] does not equal a true convolution
and consequently R x is an approximation. Since the input signals are linearly dependent,
true convolution results in a similar linear dependence within the autocorrelation matrix, as
shown in the previous section. Nevertheless, the above approach was chosen since it provides
a clear insight into the structure of the autocorrelation matrix.
The vector ryx[k] is the crosscorrelation vector of y[k] and ~[k]. It is partitioned as

(

rYX1[k]) ( G1y[k] )rYX 2 [k] G 2y[k]
ryx[k] = : = :. .

rYXL [k] GLy [k]

where [yxi [k] = Giy[k] is the crosscorrelation vector of ~j[k] and y[k].

Again, because of the linear relationship between the input signals, the partitions of ryx[k] are
linearly dependent, and therefore each row can be expressed as a transformation of another
row. Continuing the stereophonic example, each partition is expressed in terms of rys[k], i.e.

[k] ~ ( Gluy[k] )
ryx ~ G2uy[k]

where uy[k] is the crosscorrelation of ~[k] and y[k],

rsy[k] = E{~[k]y[k]}

It is evident that the system of normal equation has less equations than unknowns and there



6.2. RANK-DEFICIENT MC-AEC 43

exists no unique solution. In order to obtain a unique solution, the problem is reformulated
in the transform domain, in analogy with the previous section. The eigenvalue decomposition
of the autocorrelation matrix R x is given by

Rx[k] = Q[k]A[k]Qt[k]

The unitary transformation matrix Q[k] is partitioned as follows

where the eigenvectors in Qs[k] and Qn[k] span the signal and the noise subspace respectively.

Likewise, the diagonal matrix A[k] is partitioned as follows

A[k] = ( As[k] 0 )
o (7~[k] I

where the eigenvalues in As[k] exceed the noise level (7~[k].

In this report, all signals are wide-sense stationary, therefore the elements of an input sig
nal ~j[k] are mutually independent. As mentioned earlier, the input signals themselves are
linearly dependent. Consequently, As[k] contains N eigenvalues, of which the corresponding
eigenvectors span the signal subspace. The autocorrelation matrix is LN x LN and L = 2,
in case of stereophonic echo cancellation, therefore another N eigenvalues are trivial.
The transform domain data vector is obtained using the LN x N transformation matrix Qs,

~[k] = Q~[k]~[k]

The crosscorrelation vector of y[k] and ~[k] is defined as

ryx[k] = E{y[k]~[k])

The unique solution in the transform domain is given by

(6.8)

Note that the transform domain solution li.[k] has only N filter coefficients, whereas li[k]
has LN coefficients. Therefore the number of coefficients is independent of the number of
channels, which is clearly a consequence of the fact that the loudspeaker signals are linearly
dependent.

A multi-channel acoustic echo canceler operates in a time-varying environment, there
fore the autocorrelation matrix Rx[k] is continuously updated as more data comes available.
Likewise, the eigenvalue decomposition of the autocorrelation matrix must be updated in or
der to be able to calculate the transform domain solution. To that end, a transform domain
a.daptive filter (TDAF) employs two different update mechanisms, one for the filter coefficients
and another for the transformation matrix. Schematically, a transform domain adaptive filter
is pictured in Figure 6.4, where a clear distinction between the two update mechanisms is
visible.
Calculation of an EVD has been a matter of considerable study, e.g. [12]. However, all
existing methods carry a heavy computation load, and therefore real-time application is not
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feasible. As mentioned in Section 5.3; at each time-instant a new approximation of the au
tocorrelation matrix is obtained from the previous one by a rank-one update. Likewise, a
new eigenvalue decomposition is obtained from a previous one by a rank-one update, rather
than calculating an entire decomposition from scratch. In the past quite some effort has been
spent on derivation of fast methods for the calculation of the update of an EVD, e.g. [6] [7]
[21] [22] [12]' or the closely related subspace trackers, e.g. [23] [30]. However, even the most
sophisticated methods have a computational complexity of at least CJ(N2L), which is rather
high compared to efficient implementations of the RLS-algorithm e.g. [24].
Furthermore, due to the time-varying environment, the transform domain itself is time-varying
and consequently at each time-instant the solution is formulated repeatedly with respect to
a different coordinate system. As a result, update rules incorporated in regular adaptive
algorithms cannot be applied, i. e

£[k] 1= £[k - 1] + ...

since the elements of the vectors £[k] and £[k - 1] do not correspond.
For these reasons, transform domain adaptive filtering is not suitable for actual implementa
tion in MC-AEC. However, because of its close relationship to the minimum norm solution,
the transform domain solution does have a conceptual strength.
In chapter 7 a more efficient implementation is given that is useful in MC-AEC.

~[k]

Figure 6.4: Schematic diagram for transform domain adaptive filtering

6.3 Rank-deficient recursive least-squares

As mentioned earlier, there exists a close relationship between the minimum norm solution
(6.4) and the classical RLS-algorithm. In this section it is shown that the RLS-algorithm, as
derived in Section 5.3, also adapts to a definite solution, even if it is applied to rank-deficient
MC-AEC.
Recall that a scaled estimate of the autocorrelation matrix at a certain time-instant k is
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obtained from a previous estimate at k - 1, by a rank-one update,
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The heart of the RLS-algorithm consists of the calculation of the inverse of the autocorrelation
matrix using the Sherman-Morrison formula,

In case of rank-deficient system identification, the inverse is not unique and the Sherman
Morrison formula cannot be applied. In order to obtain a unique inverse, an alternative
Sherman-Morrison formula is formulated by replacing the inverse of the rank-deficient auto
correlation matrix with its pseudo-inverse.

(6.9)

The derivation of this formula is analogous to the regular Sherman-Morrison formula, as de
rived in [21]. In the appendix, the derivation of the alternative Sherman-Morrison formula is
given.
The minimum norm solution to the system of normal equations is obtained by inverse
transformation of the transform domain solution (6.8) (see section 6.1),

(6.10)

At a certain time-instant k, this solution is approximated using scaled estimates of the auto
correlation matrix and the crosscorrelation vector,

By applying the alternative Sherman-Morrison formula and proceeding analogously to Section
5.3, the exact same algorithm as given in Box 3 is derived. For convenience the classical RLS
algorithm is repeated here,

!l[k]

r[k]

~[k]

Il1[k]

-
1 + ~t[k]Ill[k - 1]~[k]

y[k] - ~t[k]~[k - 1]

- Mk - 1] + flJk]r[k]

- Ill[k -1] - !l[k]~t[k]Ilt[k - 1]

This implies that if the classical RLS-algorithm is applied to MC-AEC, in case there are
more microphones than acoustic sources, then the RLS-algorithm adapts to the minimum
norm solution of the system of normal equations. It is emphasized that this statement only
holds if the classical form of the RLS-algorithm is used. In the next section, a simulation of
the application of the RLS-algorithm in rank-deficient MC-AEC is shown.
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6.4 Simulations

In this section, simulations regarding rank-deficient MC-AEC are given. Recall the example
of Section 6.2, regarding rank-deficient stereophonic acoustic echo cancellation. Here, this
example is continued and the schematic diagram of SAEC in Figure 6.3 serves as a guideline.
In Figure 6.5 a simulation setup is shown that generates the loudspeaker signals xj[k] and the
microphone signal y[k]. In this Figure, a white noise source signal s[k] is filtered by the room
impulse responses gj in the far-end room. The outputs are summed and measurement noise
nj[k] is added to produce the loudspeaker signals xj[k]. Subsequently, the loudspeaker signals
are filtered by the room impulse responses hj in the near-end room and the output signals
are summed. Measurement noise n3[k] is added to produce the microphone signal y[k].

s[k]

Figure 6.5: Simulation setup for rank-deficient acoustic echo cancellation

The measurement noise signals nj[k] are white and mutually uncorrelated. Furthermore,
there is no correlation with the source signal s[k]. The level of the noise is such that the SNR
of the loudspeaker signals and the microphone signal is 40 dB.

In Section 6.2, it was stated that the situation, as depicted in Figure 6.5, results in a linear
relationship between the loudspeaker signals, and consequently SAEC is a rank-deficient
system identification problem. In discrete-time, the relationship between the loudspeaker
signals is

!I~~l[k] + vdk] = !lt~2[k] + /l2[k]
where /lj[k] expresses a perturbation in the model !Ij.

In Figure 6.6, the rank of the 2N x 2N autocorrelation matrix of the stacked input sig
nals is plotted as a function of N. In the first part of the diagram, up to N ~ 150, the
autocorrelation matrix is full rank since the rank is as large as possible. In this region, it is
not possible to model the relationship between the loudspeaker signals at all.
Subsequently, for N > 150, the rank does not rise proportional to 2N and the autocorrelation
matrix becomes rank-deficient. This shows empirically that SAEC is a rank-deficient system
identification problem for large N.
However, even for N = 1000, the linear relationship between the loudspeaker signals is not
modeled completely, and perturbations remain. The signal space is thus spanned by more
than N eigenvectors, which is inconsistent with the description in Section 6.2. The reason for
this discrepancy lies in the fact that expression 6.7 is an approximation of the autocorrelation
matrix. However, it can be easily shown that this approximation improves as N increases.
To see this, consider a typical RIR as given in Figure 6.7. The impulse response gj consists
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basically of three different parts [17]: First, the delay part, representing the time needed for
the sound to travel via the most direct path from source to microphone. Subsequently, the
direct part, determined by sound waves that arrive at the microphone without any reflec
tions. Then, the diffuse part, determined by sound waves that arrive at the microphone after
at least one reflection. In this context, it is of interest to note that the energy of the diffuse
part decreases rapidly, and approaches zero.
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Figure 6.6: Rank of the autocorrelation matrix, r = rank(Rx , 40dB)
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Figure 6.7: A typical room impulse response

Recall the linear input-output mapping Gj of ~[k] to ~j[k] that is used to approximate the
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convolution of .§.[k] and flj. The matrix Gj is given by

gj,N-l gj,l gj,a

Gj=
gj,a

gj,l 0

gj,a 0 0

From this definition and from Figure 6.7 it is clear that if the dimension N of the mapping
increases, then the approximation of the convolution improves since the zero elements of the
mapping correspond to far-end RIR coefficients that are very small. The exact N, for which
approximation of the convolution is good enough and consequently the rank of the auto
correlation matrix is completely revealed, is determined using the signal-to-noise ratio. In
analogy with the discussion on matrix rank in Section 4.3, it is stated that if the power of the
sound waves does not exceed the noise level, then it does not contribute to the rank of the
autocorrelation matrix. Using this statement, some finite quantity concerning the significant
length of the RIR can be defined, and subsequently, the dimension of the mapping can be
determined. However, in this report that matter is not discussed into further detail.

In the following simulations the RIRs are cut off at 100 taps in order to reduce compu
tational complexity. In Figure 6.8, the rank of the autocorrelation matrix in this situation is
plotted. In Figure 6.9, the schematic diagram of the stereophonic echo canceler is depicted.
The length of the adaptive filter is set at 2N = 512. For N = 256 the autocorrelation ma
trix is rank-deficient (see Figure 6.8) and valid simulation results are obtained that illustrate
rank-deficient MC-AEC. In all simulations, the RIRs and the statistics of the signals do not
change with time, therefore only the static behaviour of the adaptive filter is considered. In
this report, its tracking properties are not tested.
Furthermore, the interest of the simulations in this report is if convergence towards a definite
solution is achieved, rather than how convergence is achieved.
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Figure 6.8: Rank of the autocorrelation matrix, r = rank(Rx , 40dB)
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y[k]

r[k] y[k]
....---'-----{+~-

Figure 6.9: Stereophonic echo canceler
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6.4.1 Classical RLS-algorithm

In the first simulation, the adaptive filter that is used to identify the RIRs of the far-end room
is updated by the classical RLS-algorithm, given in Box 3, Section 5.3.
The quality of the approximation y[k] of the microphone signal y[k], is measured through the
misadjustment,

- E{r2 [k]}
J[k] = 10 log E{y2[k]} [dB].

In Figure 6.10, l[k] is plotted as a function of discrete time, and the convergence of the
adaptive filter is shown. From this Figure it follows that the final misadjustment of the
adaptive filter equals

J = lim l[k] ~ -40 dB.
k-too

In Figure 6.11, the FIR coefficients of the stacked identifications li[k] obtained at the end of
the simulation, and the coefficients of the true system fl are plotted. As usual, the quality of
the identification, at a certain time-instant k, is measured through the misalignment,

The final misalignment is
"8 = lim lOlogo[k] ~ -2.5 dB.

k-too

It is clear from Figure 6.11 that the identification li[k] does not equal the true solution fl.
From Section 6.3 it follows that the solution h.[k] must equal the minimum norm solution. In
order to verify this statement, the autocorrelation matrix and the crosscorrelation vector are
approximated a priori. This is allowed since in the simulations the RIRs and the statistics of
the signals do not change with time. Subsequently, an EVD of the approximated autocorrela
tion matrix is calculated and the eigenvectors that span the signal space are selected. Then,
the closed form minimum norm solution is calculated,

hmin = Q8A;lQ~r.yx.
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Figure 6.10: J[k] as a function of discrete time

In order to verify if the solution that is obtained in this manner indeed equals the unique
solution of minimum norm, the entire set of possible solutions must be tested. In practice, it
is not feasible to find all possible solutions. Naturally, the set also contains the true solution,
therefore it is tested if the minimum norm solution has lower norm than the true solution,

11b.11 = 0.0768 and IIb.minll = 0.0641.

Furthermore, the misalignment of the true solution fl and the minimum norm solution hmin
is

"f l' 1 IIfl- hminl1
2

4 dB
u = k~~ 10 og 11M2 ~ -.3 .

In Figure 6.12, the coefficients of the solution b,.[k], and the coefficients of the minimum norm
solution hmin are plotted. It is clear from the Figure that the solution h.[k] does not equal the
minimum norm solution hmin either. Thus the algorithm has converged to an unpredictable
solution, which is inconsistent with the derivation of the rank-deficient RLS-algorithm in Sec
tion 6.3. The reason for this inconsistency is found in the computation of the simulations. In
this report, matrix rank is determined using a predefined SNR, and in that context the auto
correlation matrix is indeed rank-deficient, as shown earlier. However, the computer program
MatIab that is used to compute the simulations uses a different definition of rank-deficiency
(or matrix singularity), based on the machine precision of the computer. In that context,
the autocorrelation matrix is not rank-deficient since the relatively large amount of noise
that is added to the loudspeaker signals acts as a regulating component. Consequently, the
algorithm adopts some kind of regularization mechanism, and converges to some undefined
solution near the true solution.

In order to empirically validate the rank-deficient RLS-algorithm of Section 6.3, a new
simulation is done. In this simulation, an alternative measurement set-up without any noise
sources is used, therefore the autocorrelation matrix is also rank-deficient in MatIab. In this
simulation the adaptive filter converges to the minimum norm solution. The final misalign-
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Figure 6.11: Classical RLS solution (grey) and the true solution (black)

ment of the identification h.[k] and the minimum norm solution bmin is

-:c .. = 1· 101 Ilbmin -li[k] 11 2
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Evidently, the identification li[k] approximates the minimum norm solution &nin in this par
ticular situation.

From the foregoing the conclusion is drawn that application of the classical RLS-algorithm
in rank-deficient stereo echo cancellation does not result in the desired solution since an in
predictable solution is obtained.

6.4.2 Approximated LMS/Newton-algorithm

In the second simulation, it is shown that other, commonly used algorithms also converge
to an indefinite solution. To this end, an approximation of the LMSfNewton-algorithm (see
Box 6) is cOIlBidered, which is regarded as a derivative of the classical RLS-algorithm. The
same stereophonic acoustic echo canceler as depicted in Figure 6.9 is used, and the algorithm
of Box 6 is applied to update the adaptive filter. In Figure 6.13, the misadjustment J[k] is
plotted as a function of discrete time, and the convergence of the adaptive filter is shown.
The final misadjustment of the adaptive filter is

J = lim J[k] ~ -40 dB.
k-too
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Box 6: Approximated LMSjNewton-algorithm

R[k]

r[k]
b.[k + 1]

= aR[k - 1] + ;d'1~[k]

= y[k] - ~t[k]li[k]

hJk] + {3R-1 [k]~[k]r[k]

where a is an exponential forgetting factor and {3 is the stepsize.

Soo, for example, [28].
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Figure 6.13: J[k] as a function of discrete time



6.4. SIMULATIONS

0.1

0.08

0.06

0.04

t
hn,hn

0.02

0

-0.02

-0.04

-0.06 [

-008
0 100 200 300

--+n
400 500 600

53

Figure 6.14: Approximated LMSjNewton-solution (grey) and the true solution (black)

In Figure 6.14, the FIR coefficients of the stacked identifications li[k] that are obtained with
the approximated LMSjNewton-algorithm and the coefficients of the true system h. are plot
ted. The final misalignment of the solution is

(5 = lim 10 log 6[k] ~ 15.7 dB.
k-too

which is much more than in the previous simulation.

6.4.3 Transform domain approximated LMS/Newton-algorithm

In the third simulation, it is shown that application of a transform domain adaptive filter in
rank-deficient SAEC results in convergence towards the minimum norm solution. In Figure
6.15, the schematic diagram of the transform domain stereophonic echo canceler is depicted.
The matrix Qs transforms the stacked input signals to a transform domain signal x[k]. Sub
sequently, the signal x[k] is fed into an adaptive filter that is updated by the approximated
LMSjNewton-algorithm of Box 6.

As mentioned in Section 6.3, straightforward calculation of the EVD of the autocorrelation
matrix is not feasible in real-time. However, in the simulations the RIRs and the statistics of
the signals do not change with time. Therefore the autocorrelation matrix of the loudspeaker
signals and its eigenvalue decomposition are calculated a priori, and the matrix Qs is applied
as a fixed transformation in the set-up. Of course this is not a practical situation; nevertheless,
this approach is chosen since the goal of the simulation is to illustrate convergence towards a
predictable solution in a static environment.
In Figure 6.16, the misadjustment J[k] is plotted as a function of discrete time, and the
convergence of the adaptive filter is shown. The final misadjustment of the adaptive filter is

J = lim J[k] ~ -40 dB.
k-too
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xdk]

Figure 6.15: Transform domain stereophonic echo canceler

In Figure 6.17, the FIR coefficients of the transform domain solution li.[k] are depicted that
are obtained after convergence. The transform domain solution itself is not very interesting
to observe. However, from Section 6.1 it is known that the transform domain solution and
the minimum norm solution are related,

The solution that is obtained by inverse transforming 1i.[k] is denoted by hmin[k], in order
to distinguish from the minimum norm solution llmin that is calculated a priori. In Figure
6.18, the coefficients of hmin[k] are plotted. The final misalignment of the inverse transformed
solution and the a priori minimum norm solution is

8min = lim lOlogc5[k]::::::: -44 dB.
k-too

Evidently, the identification in the transform domain equals the transformation of the mini
mum norm solution. Thus the conclusion is drawn that a transform domain adaptive filter,
applied in rank-deficient stereo echo cancellation, converges to a definite solution.
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Chapter 7

Rank-deficient MC-AEC
frequency domain

•In

In the previous chapter it was shown that in case of rank-deficient MC-AEC, a unique solution
is obtained in the transform domain, thus solving the non-uniqueness problem. However, due
to the excessive computational complexity of the transformation, real-time application of a
transform domain adaptive filter is not feasible. Moreover, since acoustic echo cancelers oper
ate in a time-varying environment, the transform domain solution is formulated with respect
to a changing base. As a result, regular adaptive filter algorithms cannot be applied. Nev
ertheless, it was shown that the transform domain solution does have a conceptual strength,
since it is closely related to the well-defined solution of minimum norm. In this chapter, it is
proposed to apply an algorithm in MC-AEC that converges to the minimum norm solution,
thus providing an unambiguous solution to the non-uniqueness problem.
In order to reduce the excessive complexity of the computation of the minimum norm solu
tion we propose to link this concept to the frequency domain adaptive filter (FDAF), which
results in an efficient structure. To that end, some theory concerning frequency domain
adaptive filtering is recapitulated in Section 7.1, see e.g. [20] [28]' by direct application to
system identification in full rank MC-AEC. In Section 7.2, frequency domain adaptive fil
tering is applied to rank-deficient MC-AEC. It is shown that the computational complexity
of algorithms that converge to the minimum norm solution can be drastically reduced using
frequency domain filtering. Subsequently, in Section 7.3, the concept of Section 7.2 is applied
to a computationally efficient FDAF that is published in [24]. In the last section, results of
simulations are shown, regarding the application of an altered version of the algorithm as
published in [24].

7.1 Approximated full rank MC-AEC

In the now following, the concept of approximation in signal spaces is once again applied to
system identification in MC-AEC. For convenience some basics are repeated here.
The discrete-time version of the jth loudspeaker signal is written as

~j[k] = (xj[k - N + 1], ... ,xj[k -1], xj[k])t.

The data vector of stacked loudspeaker signals is defined as

~t[k] = (~Hk], ~~[k], ... ,~ilk]).

57
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An FIR filter of length N is used to identify the jth acoustic echo path,

The vector of stacked identifications is defined as

The echo signal y[k] is approximated by the summed output signals of the FIR filters,

y[k] = y[k] + r[k]
L

= Lf-;[k]lij[k]+r[k]
j=l

f-t[k]hc[k] + r[k]

where r[k] is the approximation error or residual echo signal.

The system of normal equations is formulated,

The crosscorrelation vector [yx[k] of y[k] and ~[k] is partitioned as

(

[yX] [k] 1
[yx[k] = [yx;[k]

[YXL [k]

where [YXj [k] = E{y[k]~j[k]} is the crosscorrelation vector of ~j[k] and y[k].

The autocorrelation matrix Rx[k] is partitioned as

(7.1)

... R X1XL [k] 1
". R X2XL [k]
. .. .. .
... RXLXL[k]

(7.2)

where each partition R XiXj [k] is the crosscorrelation matrix of ~i[k] and ~j[k].

Each crosscorrelation matrix Rx;xj [k] is expressed as

E{Xi[k]Xj[k - I]}
E{xdk - l]xj[k - 1]}

E{Xi[k]Xj[k - N + I]}
E{Xi[k]xj[k - N + 2]}

E{xdk - N + l]xj[k - N + 1]
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7.1.1 Circulant-Toeplitz approximation of a crosscorrelation matrix

59

In this report, all signals are real, zero-mean and wide-sense stationary, therefore the cross
correlation matrix of xi[k] and xj[k] is written as

(

Pij[O]
Pij[-l]

Pij[-~+ 1]

Pij [1]
Pij [0]

Pij[-N + 2]

... Pij[N - 1] 1

... Pij[N - 2]

. .. .. .

. . . Pij [0]

where Pij['] = E{Xi[k]xj[k - ,]} is the crosscorrelation function of xi[k] and xj[k].

The crosscorrelation matrix is Toeplitz since Rx;xj [k] is square and the elements on each
diagonal are equal. From literature, e.g. [13], it is well-known that the asymptotic behaviour
of eigenvalues of finite Toeplitz matrices is derived by constructing an asymptotically equiv
alent circulant matrix.
A circulant matrix C = circ(co, Cl, ... , CN-r) is a square matrix of the form

Note that the elements of each row of C are identical to those of the previous row, but moved
one position to the right and wrapped around.

If the crosscorrelation function Pij['] of xi[k] and xj[k] equals 0 for some 1,1 > 'max with
'max « N, then the crosscorrelation matrix Rx;xj [k] is approximated by some circulant
matrix C [13]. Furthermore, if the matrix C is constructed as follows

then C and Rx;xj [k] are equivalent for N -+ 00. In [13] it is shown that asymptotic equivalence
implies that eigenvalues behave similarly. Moreover, it is shown that the eigenvalues of C
and Rx;xj [k] are asymptotically equally distributed.
This similar behaviour of Toeplitz and circulant matrices should seem reasonable since the
equations Rq = >..q and Cq = Pq for,max « N are essentially the same difference equations
of order 'm';;, with differe;t boiindary conditions.
From now on, it is asswned that this approximation of Rx;xj[k] holds, i.e.

This is a reasonable assumption, since all signals are zero-mean and wide-sense stationary,
therefore

lim Pij['] = E{xdk]}E{xj[k]} = o.
Irl--+oo
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7.1.2 Diagonalization of circulant matrices

The discrete Fourier transformation (DFT) matrix F is an N x N complex matrix that is
defined as

1 2 (a-l)·(b-l)
(F)ab = N-2 e-J 7r N for 1 ~ a,b < N

or

F=N-! (1: ~N WZ-
1 1

WN-1 W(N-l)(N-l)
N N

k 2 k'nwhere W N = e-J 7r N is referred to as a twiddle factor.

The DFT matrix has the following properties

F t = F (symmetric)
FFh = I (unitary)

Furthermore, the DFT of an N-dimensional discrete-time vector *.[k] = (x[k-N+1]' ... ,x[k
1], x[kW is defined as

X[k] = (Xo[k], ... , XN_dk])t = F*.[k].

where for each frequency bin p = 0,1, ... ,N - 1,

N-l
Xp[k] = N-! L x[k - N + 1 + i] W~/

i=O

It is well-known that the discrete Fourier transform of a signal can be calculated efficiently
using a fast Fourier transform (FFT). In literature, a range of FFT-algoritluns is available
that reduce the computational complexity of the transformation from O(N2 ) to O(N 2log N).
Therefore, if a discrete Fourier transform of a vector is calculated, then its actual computation
is done using an FFT algoritlun.
The inverse DFT (IDFT) is defined as

An N x N circulant matrix C = circ(f) is diagonalized by the DFT matrix, e.g. [13],

FhCF=P.

where P = diag(P) is an N x N diagonal matrix that contains the eigenvalues of C.

Consequently, the eigenvectors of every N x N circulant matrix are the same. Because of
this, circulant matrices are particularly easy to deal with, since inverses, products, sums, and
factors of circulant matrices are also circulant. In addition, the eigenvalues of such matrices
are easily found exactly as the DFT of the first row. In this case, the vector P that contains
the eigenvalues of C equals
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7.1.3 Approximated solution to the system of normal equations

Since the N x N crosscorrelation matrix R XiXj [k] is approximated by a circulant matrix (7.3),
it is approximately diagonalized by the N x N DFT matrix F,

F h RXiXj[k] F ~ Pxixj[k]

where Pxixj[k] = diag(Exixj[k]) contains the eigenvalues of RXiXj[k].

(7.4)

The diagonal matrix P XiXj [k] is referred to as the cross-power matrix of xi[k] and xj[k],
and its diagonal Exixj [k] as the cross-power vector. Note that Exixj [k] is complex if i i- j,
since in that case R XiXj [k] is not symmetric.
In expression 7.2, each partition (or block) of the LN x LN autocorrelation matrix Rx[k] is
Toeplitz, therefore each block is approximately diagonalized by the N x N DFT matrix F,

(7.5)

where (I @ F) contains L copies of the N x N DFT matrix,

(
F0 0)
OF 0

(I @ F) = : : ... : .

o 0 ... F

The LN x LN power matrix Px[k] of ~[k] contains the L 2 diagonalized crosscorrelation
matrices,

P X1X2 [k]
P X2X2 [k]

PX1XL[k] 1
P X2XL [k]

. .

PXLXL[k]

The power matrix has sparse structure since only the elements on the diagonals of each
partition (or block) are non-zero. Sparse matrices are particularly easy to deal with, there
fore it is desirable to incorporate approximation (7.5) into an algorithm that can be applied
to MC-AEC. To that end, the DFT matrix is introduced into the system of normal equations
(7.1),

Rx[k]h.[k]

(I @F)h Rx[k] (I @ F) (I@ F)h £[k] 

Px[k] (I@ F)h £[k] ~

Lyx[k]

(I @ F)h Lyx[k]

(I ® F)h Lyx[k]

Assume that P;;l[k] exists; the unique, approximated solution to the system of normal equa
tions is

£[k] ~ (I ® F) P;l[k] (I ® F)h Lyx[k]

which is an approximation of the optimal, discrete-time Wiener filter, e.g. [20] [28].

(7.6)
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In [24] it is shown that the inverse of a matrix with diagonal blocks is again a matrix with
diagonal blocks. Furthermore, it is shown that the inversion of an LN x LN matrix with
L 2 diagonal blocks is identical to the inversion of N L x L matrices. Thus, due to its sparse
structure, the power matrix is inverted efficiently.
From [24] it follows that the power matrix has other interesting properties that are fur
ther exploited in order to reduce computational complexity: The input signals are real,
therefore the elements of each cross-power matrix Pxixj[k] are complex conjugate symmetri
cal. Moreover, since the autocorrelation matrix Rx[k] is symmetric, Px[k] is Hermitian and
PXiXj [k] = P;jxJk].
Using approximation (7.6) as a starting-point, a frequency domain variant of the classical
RLS-algorithm (see Section 5.3) can be derived. By exploiting the properties of the power
matrix as given above, and by using a fast Fourier transformation, the computational com
plexity of this algorithm becomes much lower than its time domain equivalent. FUrthermore,
since the DFT is an orthogonal transformation, the samples of each input signals are decor
related, and consequently, the update rille of the algorithm is very efficient. However, as a
resillt of the cyclic nature of the DFT perfect decorrelation is never reached. Moreover, since
the chaIlllels are transformed separately, they are still mutually correlated. In the follow
ing section it is shown that decorrelation of the channels can be achieved by taking some
additional effort.

7.2 Approximated minimum norm solution

In this section, an approximated minimum norm solution to a rank-deficient system of normal
equations (7.1) is given, that can be ca1cillated efficiently.
For convenience expression (7.5) is repeated here,

Since the autocorrelation matrix Rx[k] is symmetric, its eigenvalue decomposition (see Box
5, Section 6.1) is given by

(7.7)

where A[k] is a diagonal matrix that contains the eigenvalues of Rx[k], and Q[k] is a unitary
transformation matrix, of which the columns are the normalized eigenvectors of Rx[k].

Since the power matrix Px[k] is Hermitian, its EVD is given by

(7.8)

where r[k] is a diagonal matrix that contains the eigenvalues of P x[k], and V[k] is a unitary
transformation matrix, of which the columns are the normalized eigenvectors of P x [k].

With regard to the diagonalizations in (7.7) and (7.8) it should be observed that there is
really no natural order for the eigenvalues of a matrix. The eigenvalues in r[k] and A[k] are
asymptotically equivalent, however, the order ofthe eigenvalues in r[k] differs from the order
in A[k]. In order to maintain consistence with Section 6.2 it is assumed that the eigenvalues
are reordered such that the order of the eigenvalues in r[k] equals the order of the eigenvalues
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in A[k], therefore A[k] ~ I'[k]. The eigenvalue decomposition of the autocorrelation matrix
is rewritten as

In analogy with Section 6.2, the transformation matrix Q[k] is partitioned as follows

where the normalized eigenvectors in Qs[k] and Qn[k] span the signal subspace and the noise
subspace respectively.

Likewise, the diagonal matrix A[k] is partitioned as follows

where the eigenvalues in As[k] exceed the noise level a~[k].

Furthermore, the transformation matrix V[k] is partitioned as follows

V[k] = (Vs[k] V n[k] )

where Qs[k] = (I ® F) V s[k] and Qn[k] = (I ® F) V n[k].

Assume As[k] contains r eigenvalues, of which the corresponding eigenvectors span the signal
subspace. The transform domain data vector is obtained using the LN x r transformation
matrix Qs,

~[k] = Q~[k]J2[k] ~ {(I ® F) V s[k]}hJ2[k]

The vector {(I ® F)J2[k]) consists of the stacked DFTs of the input signals, i. e.

[

Xt[k] ) [ FJ2t[k] 1
X[k] = ~[k] = (I ® F)J2[k] = F~[k]

Kr,[k] Fy,[k]

Subsequently, the transform domain data vector is written as

From this last expression it is clear that an approximation of the transform domain data
vector is obtained from either the time domain or the frequency domain representation of
the signal x[k]. This relationship is a consequence of the fact that both the DFT and the
transformation Q are orthogonal. Moreover, this relation is the reason for constructing an
orthogonal base for the signal subspace, instead of constructing any other base, which would
also lead to a unique solution (see Section 6.1).

Since each input signal J2j[k] is transformed by the DFT, orthonormal bases are obtained
for each of the signal subspaces in which a particular signal J2j[k] takes its values. However,
since the input signals are transformed separately, they are still mutually correlated, and the
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DFT by itself does not provide an orthonormal base for the entire signal space that encloses
the subspaces of the input signals. Nevertheless, an orthonormal base for the entire signal
space is easily constructed from the bases for the various subspaces, which is evident from
the last expression.

In the appendix it is shown that the eigenvalue decomposition of an LN x LN matrix
with L2 diagonal blocks is identical to the eigenvalue decompositions of N L x L matrices,
which is much easier to compute. For example, using orthogonal iteration (e.g. [20]), the
computational complexity of the EVD of such a matrix reduces from O(L3N3) to O(NL3).
Since the power matrix Px[k] has diagonal blocks, its EVD is calculated efficiently. In MC
AEC, the filter length (N) is much larger than the number of channels (L), therefore this
reduction is significant. Consequently, the lUlitary transformation matrix Qs[k] is obtained
with little effort from the power matrix P x [k] in comparison to the situation of Section 6.2,
where the transformation matrix Qs[k] is obtained from the autocorrelation matrix Rx[k].

The matrix V[k] that contains all eigenvectors of the power matrix P x[k] is isomorphic
to the power matrix, i.e V[k] also has diagonal blocks. Since V[k] is sparse, transformation
of the frequency domain datavector X[k] to the transform domain datavector ~[k] does not
take many computation and can be done separately for each frequency bin p. Furthermore,
the DFT is replaced by an FFT algorithm, therefore the transform domain datavector ~[k] is
obtained with less effort by using the frequency domain datavector X[k] than by computing
the transform domain datavector directly from the time domain datavector ~[k].

In Figure 7.1 this principle shown graphically. On the left, L time-domain datavectors are
depicted. The time domain datavectors are transformed to the frequency domain using FFTs.
From each frequency domain datavector a sample corresponding to a certain frequency bin
p is selected (in this case p = 2). Subsequently, all samples from bin p are collected and
transformed using the part of the unitary transformation matrix Vs[k] that corresponds to
frequency bin (in this case V s,2[k]). After repeating this process for all frequency bins and re
ordering the results, the transform domain datavector is obtained. This procedure is possible,
since the samples in each frequency bin are orthogonal to the samples from other frequency
bins.

FFT
L------l--KI [k]

~[k] FFT
L----1--K2 [k] I

--~

FFT
L------l--KL[k]

~[k]

Figure 7.1: Computation of the transform domain datavector in frequency domain.
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Assume that after some calculations, the transform domain data vector is known. Proceeding
analogously to Section 6.2 the transform domain solution is formulated.
The crosscorrelation vector of y[k] and ~[k] is defined as

[yx[k] = E{y[k]~[k]}.

Analogous to expression (6.8), the approximated solution in the transform domain is given
by

Due to the time-varying environment, the transform domain solution is formulated with
respect to a changing base. As a result regular adaptive algorithms cannot be applied.
Nevertheless, as stated in Section 6.1, the transform domain solution is closely related to
the well-defined minimum norm solution, which is formulated with respect to the original
(steady) coordinate system. We propose to apply an algorithm to MC-AEC that converges to
the minimmn norm solution, since it provides an unambiguous solution to the non-uniqueness
problem.
Using relation (6.6) the approximated minimum norm solution is formulated,

(7.9)

where the pseudo-inverse of the power matrix is given by

(7.10)

7.3 Application to MC-BFDAF

As mentioned in Section 3.3, in MC-AEC large adaptive filters are necessary in order to achieve
satisfactory echo cancellation. This results in a very high computational complexity, which is
considered to be a major problem. In order to reduce the complexity, an efficient frequency
domain adaptive algorithm is derived in [24]. This algorithm is a I!lulti-channel generalization
of the block frequency gomain §.daptive filter (BFDAF), therefore it is abbreviated to MC
BFDAF. In turn, the BFDAF is a block-processing, frequency domain implementation ofthe
approximated LMSjNewton-algorithm as presented in Box 6, Section 6.4. Both algorithms
are derived in [24].
In order to make the MC-BFDAF algorithm converge towards the approximated minimmn
norm solution (expression 7.9), the algorithm is altered. In the following, a derivation of a
very simple frequency domain version of the approximated minimum norm LMSjNewton
algorithm is given by way of illustration. In this algorithm, the pseudo- inverse of the power
matrix (7.10) is applied in an equivalent manner as in the altered version of the MC-BFDAF
algorithm.

Approximated minimum norm LMS/Newton-algorithm

For convenience the approximated LMSjNewton-algorithm is repeated here. The only differ
ence from the algorithm in Section 6.4 is that the pseudo-inverse of the autocorrelation matrix
is used in the update rule for the filter coefficients, instead of the regular inverse. Therefore
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the adaptive filter converges to the minimum norm solution.

Rx[k]

r[k]
~[k + 1]

where a is an exponential forgetting factor and f3 is the stepsize.

Updating the filter coefficients

The update rule for the filter coefficients equals

Mk + 1] = ~[k] + f3R1[k];f[k]r[k]

Substituting Rx ~ (I 0 F) Px (I @ F)h and reordering, results in

Mk + 1] ~ Mk] + f3(1 0 F)pl[k] (I @ F)h;f[k]r[k]
~ ~[k] + f3(1 0 F)pl[k]X*[k]r[k]

Since Px has diagonal blocks, its pseudo-inverse is calculated efficiently. Furthermore, the
DFTs in this expression are calculated using a fast Fourier transform (FFT), thus reducing
the computational complexity.

Updating the power matrix

A scaled estimate of the autocorrelation matrix at a certain time-instant k is obtained from
a previous estimate at k - 1, by a rank-one update,

R [k] = aR [k - 1] + ;f[kkt[k]
x x· LN

Likewise, a rank-one update of an estimate of the power matrix is given by

A h x[k]xt[k]
aPx[k-1]+(I@F) - LN (I@F)

- aPx [k-1] + L~ {(I@F)*;f[k]} {(1@Fk[k]}t

- aPx[k - 1] + L~X*[k]Xt[k]

The estimate of the power matrix Px[k] has diagonal blocks. Each diagonal block Pxixj[k] =

diag(£Xixj [k]) is updated separately,

• A • A 1 * t
dJ.ag(Exixj[k]) = a dJ.ag(Exixj[k - 1]) + LNXi [k]Xj[k]

Since £XiXj [k] is diagonal, it follows that

A A 1
diag(Exixj [k]) = a diag(Exixj [k - 1]) + LN diag(Xi[k].*Xj[k])

Consequently, each cross-power vector is updated as

A A 1
Exixj[k] = aExixj[k - 1] + LNKi'[k].*Xj[k]
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Calculating the pseudo-inverse of the power matrix

The pseudo-inverse of the power matrix pl[k] = Vs[k]A;l[k]V~[k] is calculated, using the
eigenvalue decomposition of Px[k]. As stated earlier, since Px[k] has diagonal blocks its EVD
is computed efficiently by calculating the separate EVDs of N different L x L matrices. To
that end, for each frequency bin p the matrix r p[k] is constructed as follows

(

~lXl'P[k] ~lX2'P[k] ~lXL'P[k] 1
Ex1X2,P[k] Ex2x2,P[k] Ex2xL,P[k]

· ..· . .· . .
ExLX1,P[k] ExLX2,P[k] ... ExLXL,P[k]

where Ex;xj,p[k] is the power in the p-th frequency bin of the cross-power of xi[k] and xj[k].

For clarity, in Figure 7.2 the construction of the matrix rp[k] for frequency bin p = 2 is
depicted as an example. In this picture, the second element on the diagonal of each partition
of the power matrix is placed into a new matrix r 2[k].

Figure 7.2: Construction of r2[k] from the power matrix P x[k]

Subsequently, the complete EVD of each matrix rp[k] is calculated from scratch,

where the matrix Ap[k] contains L of the eigenvalues of the power-matrix Ex[k].

By executing this process for each frequency bin p = 0,1, ... l N - 1, all LN eigenvalues
of the power-matrix are obtained.

The matrix V[k] that contains all eigenvectors is isomorphic to Px[k] and is constructed
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as follows

V=
(

diag{(Vohl,(Vlhl, ,(VN-l)n}
diag{(Vohl, (V1hl, , (VN-lhd

diag{(VO)Ll, (VdLl, , (VN-l)Ll}

diag{(VohL, (Vt}lL, , (VN-lhd 1
diag{(Vo)2L, (V1hL, , (VN-t}2L}

diag{(VO)LL, (V1hL, , (VN-t}LL}

where the time variable is left out for convenience.

The transformation matrix V[k] is composed in a similar manner as the power matrix is
decomposed, therefore Figure 7.2 is again applicable, except for the fact that the matrix with
diagonal blocks is the one that is constructed here.
Subsequently, the eigenvalues from Ap[k] for p = 0,1, ... ,N - 1 that exceed the noise level
are selected and placed on the diagonal of the matrix As[k]. The corresponding eigenvectors
are stacked side by side in the matrix Vs[k]. It is noted that due to the frequency domain
approximation, the eigenvalues change, and consequently, the noise level is increased.
The pseudo-inverse of the power matrix is calculated by

In the altered version of the MC-BFDAF algorithm, the pseudo-inverse of the power matrix
is computed in exactly the same manner.

Filter part

An estimation of the microphone signal y[kJ is obtained by filtering the stacked loudspeaker
signals ~[k],

y[k] = ~t[k]!l[k]

Using block-processing, filtering is done very efficiently in frequency-domain, e.g [8] [24] [28].
In this report, this matter is not discussed.

7.4 Simulations

In this section, results of simulations are given, regarding the application of the MC-BFDAF
algorithm [24] and the altered version of that algorithm, in rank-deficient MC-AEC. Again
the example of stereophonic echo cancellation is continued. Refer to Section 6.2 and 6.4 for
details.

7.4.1 Standard MC-BFDAF

In the first simulation, the adaptive filter is updated by the MC-BFDAF algorithm, as pub
lished in [24]. Here MC-BFDAF is referred to as standard MC-BFDAF, in order to distinguish
this algorithm from the altered version.
In Figure 7.3, the misadjustment ilk] is plotted as a function of discrete time, and the conver
gence of the adaptive filter is shown. From this Figure it follows that the final misadjustment
of the adaptive filter equals

J = lim ilk] ~ -38 dB
k-+oo
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Note that the final misadjustment is more than in case of the LMS/Newton-algorithm since
MC-BFDAF is an approximation of this algorithm.
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Figure 7.3: J[k] as a fllilction of discrete time
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Figure 7.4: Standard MC-BFDAF solution (grey) and the true solution (black)

In Figure 7.4, the FIR coefficients of the stacked identifications bjk] obtained at the end of
the simulation, and the coefficients of the true system h. are plotted.
The final misalignment is

(5 = lim 1OIogc5[k] ~ 5.7 dB
k-too

Evidently, the identification li[k] does not equal the true solution h..
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7.4.2 Minimum norm MC-BFDAF

In the second simulation, the adaptive filter is updated by an altered version of the MC
BFDAF algorithm that converges towards the minimum norm solution. This algorithm is
referred to as minimum norm MC-BFDAF.
In Figure 7.5, the misadjustment j[k] is plotted as a function of discrete time, and the conver
gence of the adaptive filter is shown. From this Figure it follows that the final misadjustment
of the adaptive filter equals

J = lim j[k] ~ -38 dB
k-too

Note that the final misadjustment is more than in case of the transform domain LMSjNewton
algorithm because of the approximation in frequency domain.
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Figure 7.5: j[k] as a function of discrete time

In Figure 7.6, the FIR coefficients of the stacked identifications limin,n[k] obtained at the end
of the simulation, and the coefficients of the true minimum norm solution rrmin,n are plotted.
The final misalignment is

"8 = lim 10 log 6[k] ~ -7.8 dB
k-too

Therefore the identification limin,n[kj approximates the true minimum norm solution flmin,n.
The conclusion is drawn that the algorithm converges towards the minimum norm solution.
The misalignment is not minimal since the pseudo-inverse of the power matrix is an approx
imation. FUrthermore, the power matrix itself is a frequency domain approximation of the
autocorrelation matrix.
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Chapter 8

Conclusions and recommendations

In this report, a basic research on the non-lUliqueness problem, that arises in multi-channel
acoustic echo cancellation, is presented. In general, multi-channel acoustic echo cancellation
is regarded as a multi-input, single-output system identification problem. In this scenario,
the acoustic room impulse responses in the near-end room represent the unknown system.
Since acoustic echo cancelers operate in a time-varying environment, adaptive FIR filters are
employed to identify the lUlknown system. The non-lUliqueness problem arises if the input
signals of the adaptive filter are linearly dependent. In that case, the system of normal equa
tions, which is the basis of the adaptive filter, is rank-deficient and there exist an infinite
number of solutions to the system. In general, because of the non-uniqueness problem, the
adaptive filter converges to an indefinite solution.

It is stated that a lUlique solution to the system of normal equations is obtained by tran
sition to an orthogonal coordinate system. However, due to the time-varying nature of the
signals, the coordinate system must be updated frequently, and subsequently, the solution is
repeatedly formulated with respect to a different coordinate system. Moreover, tracking a
changing orthogonal coordinate system is an operation that has a high computational com
plexity. Because of that and since the adaptive FIR filters are very long, real-time tracking
of the coordinate system is not feasible. Therefore the desired remedy for the non-lUliqueness
problem is not found. Nevertheless, the solution to the system of normal equations that is
obtained in this manner, is shown to be closely related to the minimum norm solution.

The solution of minimum norm provides a unique, definite solution to the system of nor
mal equations, yet it is emphasized that this solution is conceptual and does not necessarily
equal the true solution. The well-known classical RLS-algorithm appears to be closely related
to the concept of minimum norm. That is, in case of a rank-deficient system of normal equa
tions, the classical RLS-algorithm converges towards the minimum norm solution.

By applying frequency domain adaptive filtering techniques an approximation of the min
imum norm solution is obtained that is calculated efficiently. Furthermore, the concept is
applied conveniently to an existing algorithm, this results in the minimum norm MC-BFDAF
algorithm.

For future research a suggestion is to implement a fast eigenvalue decomposition in the
minimum norm MC-BFDAF algorithm, or some kind of subspace tracker. Furthermore, it
is suggested to find an adaptive noise power estimation technique for application in the al
gorithm. Consequently, in case of non-stationary signals (real speech), the algorithm is able
to determine the signal-to-noise ratio, and is able to distinguish between the signal and the
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noise subspace.
The goal of the multi-channel acoustic echo canceler is to identify the near-end room im

pulse responses. However, due to the non-uniqueness problem this is not achieved. If, for
example, a straightforward multi-chaIlllel generalization of the common LMS/Newton algo
rithm is applied, then the convergence of the adaptive filter is dependent on noise and the
amount of linear dependence of the loudspeaker signals. Therefore the adaptive algorithm
does not only have to track the near-end room impulse responses, it also has to track vari
ations in the far-end room. These latter variations are particularly difficult to track; for if
one person stops talking and another one starts, then the impulse responses change abruptly
and by very large amounts. Consequently, it is desirable to design an echo canceler that is
independent of the far-end room impulse responses. However, this desire is not fulfilled by
applying the minimum norm MC-BFDAF algorithm since the minimum norm solution does
not necessarily equal the near-end room impulse responses. Nevertheless, the simulations
show that the misalignment of the true solution and the minimum norm solution is less than
the misalignment of the true solution and the solution obtained by any tested algorithm (see
Section 6.4). This is a promising result, for if the minimum norm solution is closest to the
true solution, it is least dependent of the far-end room impulse responses, which will benefit
the tracking of the algorithm. Future research is needed to verify these suggestions. Further
more, it is unclear how the minimum norm solution is related to the impulse responses in the
far-end room, which is interesting to investigate.

Another interesting topic for further research is to examine the relation of the far-end room
impulse responses and the autocorrelation rank curves. As mentioned earlier, the length of
the adaptive FIR filters is related to the ability of the filters to model the linear relation
ship between the loudspeaker signals (see Section 6.4). Moreover, it is highly interesting to
find a relationship between the length of the FIR filters and the so-called significant length
of the far-end room impulse responses, such that the rank of the autocorrelation matrix is
completely revealed at a certain SNR ratio. Furthermore, the following idea most certainly
motivates determination of the FIR filter length for which the rank of the autocorrelation
matrix is completely revealed: Consider the simulation setup in Figure 6.5. If the length of
the FIR filters is large, such that the linear relationship between the loudspeaker signals is
modeled accurately and the model perturbation is minimal, then the noise subspace consists
only of measurement noise. The noise and the signals in the setup are assumed to be orthog
onal, consequently the noise subspace and the signal subspace are orthogonal. As a result of
that, the minimum norm solution equals the true solution, since each vector from the noise
subspace that is added to the true solution of the system of normal equations to produce any
other arbitrary solution, increases the norm of that arbitrary solution.

The interest of the simulations in this report has been restricted to the question whether
convergence to a definite solution is achieved or not. Naturally, another important question
is how convergence is reached. Furthermore, the tracking properties of the algorithms are
of the utmost importance since echo cancellation is needed in a time-varying environment.
With respect to tracking it is suggested to develop algorithms that inherit the good tracking
behaviour of the classical RLS-algorithm, see [14].

In this report, it is assumed that communication between precisely two rooms is required.
However, communication between much more locations is imaginable. Future research could
be aimed at the problems that arise in this situation.

Last but not least, one can wonder if is system identification is the right approach to deal
with multi-chaIlllel echo cancellation at all.
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Appendix A

Alternative Sherman-Morrison
formula

In this appendix, it is shown that application of the Sherman-Morisson formula to a rank
deficient matrix update,

B = A +xxt

results in the alternative Sherman-Morrison formula,

t _ t AtxxtAt
B -A - t.

1+~tA ~
(A.i)

Let the eigenvalue decomposition of A be given by A = QAQt. Since A is rank-deficient, the
matrices Q and A are broken in smaller pieces, such that the following holds: A = QsAsQ~.

Here As is a partition of A containing the nonzero eigenvalues of A and Qs is a partition of
Q containing the corresponding eigenvectors. Now,

Bt _ (A + xxt)t

= (QsAsQ~ + xxt)t

Qs(As + Q~xxtQs)tQ~

Qs(1 + A;lQ~xxtQs)tA;lQ~

The matrix A;lQ~xxtQsis at least positive-semidefinite, therefore the matrix I+A;lQ~xxtQs
is full rank and the pseudo-inverse in the equation is replaced by a regular inverse,

Bt = Qs(1 + A;lQ~xxtQs)-lA;lQ~

Using a power series expansion, a term (I + C)-l can be written as a matrix polynomial, i.e.
00

(I + C)-l = I)_l)kCk

k=O

Applying this expansion results in

Bt _ Qs (I - A;lQ~xxtQs + A;lQ~xxtQsA;lQ~xxtQs - ...) A;lQ~

- (QsA;lQ~) - (QsA;lQ~)xxt(QsA;lQ~)

+ (QsA;lQ~)xxt(QsA;lQ~)xxt(QsA;lQ~)

_ At - AtxxtAt + AtxxtAtxxtA t - AtxxtAtxxtAtxxtA t + ...
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The term I = ~tAt~ is a scalar, therefore

BtAt - Atxxt At + I Atxxt At - 12 Atxxt A t + ...
At - Atxxt At (1 - I + 12 - ..• )

At _ At~tAt

1+ 1

This proves that equation (A.1) holds.
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Appendix B

EVD of matrices with diagonal
blocks

Assume A is an LN x LN matrix with L2 diagonal blocks, where L = N = 2,

all 0 al3 0
0 a22 0 a24

A=
a3l 0 a33 0
0 a42 0 a44

Consider the characteristic equation corresponding to the eigenvalue problem det(A-AI) = O.
Expansion by cofactors results in

det(A - AI) - (all - A)det(Mll ) + al3det(Ml3)

- (all - A){(a22 - A)(a33 - A)(a44 - A) - a24(a33 - A)a42}

+al3{a24a3la42 - (a22 - A)a3l(a44 - A)

- (all - A)(a22 - A)(a33 - A)(a44 - A) - (all - A)(a33 - A)a24a42

-(a22 - A)(a44 - A)a3lal3 + al3a 24a3la 42

Construct N L x L matrices, containing all non-zero elements of A. This is achieved by
placing the p-th element on the diagonal of the i, j-th block of A, into a new matrix Ap , i. e.

A l = (all al3) A 2 = (a22 a44)
a3l a33 a42 a24

Next, consider the characteristic equation corresponding to the eigenvalue problem det(Al 
AI)det(A2 - AI) = O. It follows that

det(Al - AI)det(A2 - AI) {(all - At) (a33 - A3) - a3l a l3}{(a22 - A2)(a44 - A4) - a42a24}

(all - A)(a22 - A)(a33 - A)(a44 - A) - (all - A)(a33 - A)a24a42

-(a22 - A)(a44 - A)a3lal3 + al3a 24a 3la 42

det(A - AI)

Using the multi-linearity property of the determinant function, e.g. [27], this procedure can
be repeated for arbitrary Land N.

o
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