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Samenvatting 

Het onderwerp van het onderzoek beschreven in dit verslag, is een halve wervelring, een half cirkel
vormige wervelbuis die aan twee kanten eindigt aan een vrij oppervlak. Eerder onderzoek toonde aan 
dat deze structuren aanzienlijk langzamer vervallen dan hele wervelringen. Het vrij oppervlak lijkt 
de meeste invloed te hebben. Waar de halve wervelring eindigt aan het oppervlak, is het oppervak 
ingedeukt. De interactie tussen vorticiteit en een vrij oppervlak is bijzonder complex. Een halve 
wervelring is een relatief eenvoudige structuur waarbij deze interactie een rol speelt. Er zijn drie 
wegen gekozen om dit probleem te bekijken. 

Een theoretisch model is afgeleid voor een kolomvormige wervel onder een vrij oppervlak. Het 
laat zien dat het verval aanvankelijk langzamer verloopt, doordat potentiële energie vrijkomt als gevolg 
van het veranderen van de vorm van het deukje waar de wervelbuis aan het vrije oppervlak uitkomt, 
gedurende de evolutie van de halve wervelring. 

Numerieke simulaties zijn uitgevoerd aan een kolomvormige wervel in een vloeistof met een 
dichtheidsstratificatie in twee lagen, in plaats van met een vrij oppervlak. Met behulp van de beschik
bare numerieke code konden geen vrije oppervlakken gesimuleerd worden. In tegenstelling tot een 
vrij oppervlak, is er in de twee-lagen stratificatie een sterke wisselwerking tussen de stromingen boven 
en beneden het interface. Derhalve zijn de resultaten geen goede weergave van wat er gebeurt bij een 
vrij oppervlak. 

Er is een methode ontwikkeld om de vorm van het vrije oppervlak te meten, op meerdere mo
menten tijdens de evolutie van de halve wervelring. De methode is gebaseerd op het meten van de 
reflectie van een gekleurd patroon in het oppervlak. Met de huidige methode is het bijzonder moei
lijk de vorm op kwantitatieve wijze te bepalen. Dit komt doordat er geen onderscheid kan. ~rden 
gemaakt tussen een verandering in de helling van het oppervlak en een verandering in de elevatie. De 
volledige mogelijkheden van de methode kunnen alleen worden bereikt met behulp van extra infor
matie, bijvoorbeeld de hoogte in op zijn minst een punt, gemeten met een andere methode. 



Summary 

The topic under investigation in this report is a half vortex ring, a semi-eireular vortex tube, which 
ends on both sides at a free surface. Earlier investigations showed that these structures decay much 
slower than closed vortex rings. The primary influence seems to be the free surface. Where the vortex 
tube ends at the surface, the surface is indented. The interaction between vorticity and a free surface 
is very complex. A half vortex ring is a relatively straightforward example of a structure for which 
this interaction plays an important role. A threefold approach has been taken to tackle this problem. 

A theoretica! model has been developed for a vortex column beneath a free surface. This model 
reveals that initially the decay of the kinetic energy is slower than would be the case without a free 
surface, due to potential energy being gradually released as the shape of the dimple in the free surface, 
where the vortex tube ends, changes during the evolution of the ring. 

Numerical simulations have been performed of a colurnnar vortex in a fluid with a two-layer 
density stratification, instead of with a free surface. The available numerical code could not be used 
to simulate free surfaces. Unlike in the case of a free surface, in the two layer fluid, there is much 
interaction between the flow above the interface and the flow below. The results of the simulations 
performed are therefore not an accurate representation of what happens near a free surface. 

A methad has been developed to measure the shape of the indentation of the surface, at multiple 
times during the evolution of the half vortex ring. The metbod is based on measurement of the reflec
tion of a coloured pattem in the surface. Accurately measuring the shape of the dimple in the surface 
has proven to be very difficult with the current method. The reason for this is that it is impossible 
to discriminate between an change in the slope of the surface and a change in elevation. The full 
potential of the metbod can only be reached with additional information, for instanee the elevarion in 
at least a single point, measured in another manner. 
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Chapter 1 

Introduetion 

Fluid dynamics is a fascinating field. One of the interesting phenomena that has attracted quite a lot of 
attention in the past, is the vortex ring. An example of a vortex ring is a smoke ring, as is sametimes 
produced by experienced cigar smokers. Vortex rings have their own, self-induced velocity. This 
causes the smoke rings to traveL As can be seen from smoke rings, vortex rings break up relatively 
rapidly, which is common for structures in three-dimensional flows. A vortex ring is special case 
of a curved vortex tube, namely one that forms a closed ring. An example of vortices occurring in 
nature are the vortices trailing behind the wingtips of aircraft. The rotating motion of the air can have 
dangerous consequences for aircraft closely following a bigger aircraft, for instanee on the approach 
to an airport. Other examples of vortices are the tomadoes that frequently cause severe damage in 
the central United States. Recently, bottlenose dolphins have been observed, making vortex rings by 
swirling the water with their fins and then visualising the flow by blowing bubbles into the flow, see 
Marten et al. [13]. The animals seem to do this fortheir own enjoyment, also chasing the rings as 
they travel towards the surface. So, experienced smokers are not alone in having fun making rings. 

A half vortex ring, which is a curved vortex tube that has two ends at a free surface, also is a three
dimensional structure, but it seems to have a different behaviour than that of complete rings.' This 
will be illustrated in the next chapter. Half vortex rings also occur in nature. Almost everyone who 
has ever been sitting in a rowing boat, has probably seen them, when watching the water behind the 
oars. The dimples in the surface behind the oars are a clear indication of the presence of half vortex 
rings. Where the vortex tube ends at the surface, the surface is indented, resulting in the characteristic 
dimples. They can often be observed travelling away from the boat in pairs. Similar structures can 
also be seen in the wake behind ships. Especially these structures can have a very long lifespan. 

Generally, half vortex rings appear to be much more stabie and to exist much Jonger than the closed 
vortex rings such as the smoke rings mentioned earlier. The free surface seems to play an important 
role in this respect. The interaction between sub-surface motion and the surface shape is complex: 
the free surface limits the vorticity field and it changes shape as a result of the vorticity field. One of 
the factors playing a role in this, is the exchange between kinetic energy of the flow and the changes 
in potential energy that occur when the shape changes. An analytica! model to illustrate some of the 
behaviour will be presented in the next chapter. Some of the characteristics of a free surface have been 
investigated in numerical simulations of a fluid with density stratification. These will be explained in 
Chapter 3. The half vortex ring is a relatively uncomplicated structure in which the interaction between 
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vorticity and a free surface plays a role. Better understanding of why half rings behave the way they 
do, might provide more insight in this interaction. 

During his traineeship, T. Vandewijer has measured velocity fields of half vortex rings [24]. Simul
taneously measuring the velocity field and the surface shape can provide new information for under
standing the interaction between the free surface and the vorticity in the flow. A geometrical method 
for measuring the shape of the free surface during the evolution of the ring has been developed, based 
on taking images of colours from reflections in the surface. This method will be explained in chapter 
4. Colour itself is an interesting phenomenon, a mix of a physical property of light and of human 
perception. To test the method, images and calibration data have been synthesised for known surface 
shapes. The results of the procedure for calculating the surface shape have been compared to the 
originally chosen shape. The results of this, giving some insight into the methoct's limitations, will be 
shown in chapter 5. This chapter also includes a number of conditions the surface shape has to meet, 
in order for the developed method to be able to accurately determine the surface position. Chapter 6 
contains the results of applying the method to images taken of Iabaratory experiments with half vortex 
rings. Finally some conclusions will be drawn. 
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Chapter 2 

Theory 

2.1 Half vortex rings 

Figure 2.1 illustrates a number of definitions, useful for descrihing vortex rings. The ring radius 
R is defined as half the distance between the points of maximum vorticity. The vorticity is mainly 
contained in a torus ( or a half torus in the case of a half ring) called the core. The core radius a is half 
the thickness of the tube that forms the torus, which is the region that contains most of the vorticity. 
1t is sometimes also defined as the distance between the centre of the torus and the point of maximum 
velocity around it. A vortex ring has a self-induced translation velocity. This is easy to understand. 
The corè at one side of the ring induces a velocity in the other side, but the latter also induces the 
same velocity in the former. Both sides move together. The vorticity lines of an ideal vortex ring are 
semi-circles, ending at the free surface. 

' ---r-----

' 
' 

2a 

Figure 2.1: Definitions: R is the ring radius, a is the co re radius and Utr is the self-induced translation 

velocity 

2.2 Creation of vortex rings 

There are several ways to create vortex rings. One way is to carefully drop a tiny amount of fluid on a 
free surface. Images of vortex rings formed in this manner can be found in Batchelor [1]. The droplet 
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quickly deforms into a small toroidal shape. In many experiments another way is used. A vortex ring 
is created by pushing a volume of fluid through a sharp edged circular oritice, which is essentially 
what a cigar smoker does when creating smoke rings. Images can once again be found in Batchelor 
[1]. 

The vortex rings described in this report were created bebind a circular disc which was moved through 
the fluid with a velocity perpendicular to the surface of the disc. In theory, removing the disk willleave 
a vortex ring. The ideal way to do this is by 'dissolving' the disc away, sarnething which is possible 
in thought experiments and has been suggested by Taylor [22]. A half vortex ring is created by 
allowing only the lower half of the disc to be inside the fluid, with the other half protruding above the 
surface. Pulling the ring out through the surface leaves a half ring. This is similar to the 'Kaffeelöffel
experiment' of Klein [11]. One very interesting aspect of the half rings is that, where the vortex tube 
ends at the surface, the surface shows a characteristic indentation or dimple. 

In an inviscid fluid, there are two ways of looking at the formation of a vortex ring bebind the disc 
(Saffman [18]) : the tirst is by consiclering the flow to be a potential flow, illustrated in tigure 2.2 a, 
and the other is by consiclering the flow to be separated, illustrated in tigure 2.2 b. The two different 
ways will be explained in more detail below. At a tirst glance, creation of vorticity in an inviscid fluid 

di se 

(a) (b) 

Figure 2.2: Streamlines in (a) a potential flow around the disc and (b) a separated flow hebbad the 
disc. 

seems to violate one of Helmholtz's theorems, namely that fluid particles originally free of vorticity, 
remain free of vorticity. The examples given below are for closed vortex rings, as opposed to half 
rings. However, for a half ring the principle should remain the same. 

Potential flow: Since the plate bebind which the ring is formed is axisymmetric, in an intinite domain 
the flow around the plate can be described in a two-dimensional coordinate system. The flow 
can be calculated by using potential theory as has been done by Batchelor [1]. The end result 
is that all of the vorticity is contained in the plane formed by the disc (Saffman [18]). If the 
disk is removed, this intinitely thin vortex sheet remains. Since it is intinitely thin, Helmholtz's 
theorem has not been violated. The vorticity is not in the fluid particles, but in an intinitely 
thin sheet between them. This situation, of a flat vortex sheet travelling at uniform velocity, 
is not stable. The velocity on the edge of the sheet is intinite. Though the flow is continuous, 
it is not bounded. The intinite velocity leads to a roll up of the sheet as illustrated in tigure 
2.3. During this roll up, the vorticity remains contained inside an intinitely thin sheet, but 
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direction of 
movement 
ofthe disc 

rollup 

Figure 2.3: Roll up ofthe circular vortex sheetformed at the location ofthe disc. 

the distauces between consecutive spirals of the sheet become smaller and smaller, eventually 
going to zero. Once again using potential flow theory, Taylor [23] derived relations between 
the creation parameters (velocity and radius of the disc) and the core radius, ring radius and 
translation velocity of the resulting closed vortex ring. 

Separated flow: Another way to describe the formation of a ring formed behind a circular plate is by 
consictering a separated flow as illustrated in tigure 2.4. A cylindrical vortex sheet now springs 
from the sharp edge of the disc and trails behind it. Once again the vortex sheet is infinitely 
thin. At the trailing edge it starts rolling up. Though in this case the flow is discontinuous, the 
veloeities are bounded, which suggests that a separated flow is more likely to be a limit of the 
Navier-Stokes equation fora viscosity approaching zero, than a potential flow. 

direction of 
movement 
ofthe disc 

Figure 2.4: Roli-up of the cylindrical vortex sheet shed by the disc. 

In the case of a viscous flow, the vortex sheet cannot remain infinitely thin. Viscosity leads to diffusion 
of vorticity, spreading it through the core. 

2.3 Half rings compared to complete rings 

Some earlier work on half vortex rings has been performed by T. Vandewijer during his traineeship 
[24]. Vandewijer compared his observations to the famous Kelvin equation and toa model for turbu
lent closed vortex rings by Maxworthy [16]. The behaviour exhibited by the half rings created behind 
a disc was shown to differ from that of complete rings. 
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2.3.1 Kelvin's equation 

The famous Kelvin's equation for the translation velocity of vortex ringsis given by: 

r ( 8R a ) Utr = - In- - K + 0(-) , 
41fr a R 

(2.1) 

in which r is the circulation around one of the cores in a cross-section, R is the ring radius, K is 
a constant and a is the care radius. O(a/ R) is a tirst-order correction term. This equation, without 
the correction term, was first written down without proof by Lord Kelvin (W. Thomson) in a note 
appended to an English translation of a paper by Helmholtz. lt applies to a closed inviscid vortex ring 
in which the care radius is much smaller than the ring radius. The value of K depends on the vorticity 
distribution in the care and the accuracy of different methods of calculating the derivatives of elliptical 
integrals in the calculation. Kelvin originally wrote K = i· Hicks [10] found K = ~ fora hollow 
care. Sallet & Kraemer [19] compared measurements on vortex ringsin air to this equation and found 
K = 0.67 ± 0.06, for ratiosof ajR between 0.12 and 0.17. Vandewijer compared measurements of 
half vortex rings made behind a circular disc to Kelvin's equation and found values of K between 4 
and -1.8. Obviously, Kelvin's equation does not apply to the vortex rings created by Vandewijer [24]. 
Likely reasans for this are that the rings made by Vandewijer had a ratio af R close to 0.5 and were 
turbulent during at least part of their evolution. 

2.3.2 Thrbulent vortex rings 

There are a number of ways to define a Reynolds number for vortex rings. lt can be defined by using 
the parameters of creation of the ring: 

Reo = UoRo' 
V 

(2.2) 

with R0 the radius of the disc or orifice used to create the rings, U0 the velocity with which the disc 
was moved or the piston that pushed a slug of ftuid through the circular orifice and v the kinematic 
viscosity of the ftuid. This expression was used by Glezer [8], who tried to find a suitable. s~aling 
parameter to campare the rings formed by ejection through different sizes of orifice. Another way to 
define a Reynolds number is by looking at the instantaneous properties of the actual ring: 

ReR = UtrR, 
V 

(2.3) 

in which R is the ring radius and Utr the translation velocity of the ring. A Reynolds number more 
related to information on the care itself is based on the core's circulation r: 

r 
Rer = -. 

V 
(2.4) 

A disadvantage of this definition is that it is not immediately clear around which contour the circula
tion is calculated or measured. 

There is no clearly defined critica! Reynolds number separating laminar vortex rings from turbulent. 
Maxworthy [ 15] observed vortex rings formed at the edge of an orifice for a range of initia! Reynolds 
numbers. Rings with Reo < 600 were stabie during the whole aftheir motion. According to Maxwor
thy's description, ftuid was entrained into a large bubble of mainly irrotational ftuid that travelled with 
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the ring. The volume of this bubble increased with time. Small amounts of vorticity diffused from 
the core into the ftuid inside the bubble and some of this ftuid was shed in a wake bebind the bubble. 
There also appeared to be diffusion of vorticity across the axis of symmetry of the ring. These three 
effects could account for the steady decrease in translation velocity of the ring. At slightly higher 
initia! Reynolds numbers, waves formed in the initially stabie ring, leading to increasing shedding of 
vorticity in the wake. Parts of the core were cut off and shed in the wake. Eventually this lead to 
break-up of the ring, after which a turbulent blob remained. For Re0 > 1 x 103 a new stabie ring was 
formed out of this turbulent blob. lts velocity was much slower than that of the original ring and its 
ring radius was much larger. These observations agree with observations by Weigand [26] who inves
tigated rings with Reynolds number Rer = 7500. The circulation of the core and the instantaneous 
Reynolds number Rer decreases during the evolution of the ring, because of the shedding of vorticity. 
If Rer = 2300 the amount of shedding decreases and the ring becomes more organised, a process 
which Glezer calls re-laminarisation. Maxworthy [16] derived a model for turbulent closed vortex 
rings. It is basedon two assumptions: the rate at which the volume of the ring grows depends linearly 
on the surface area of the ring and the ring experiences a drag force which is linearly dependent on the 
surface of the cross-section and a drag coefficient Cv. The modelleads to an increase of ring radius 
R as a function of the distance travelled: 

(2.5) 

in which s is the distance travelled, Ro is the radius of the ring at a time t = 0 and a is the so-called 
growth parameter, a non-negative number. The translation velocity is given by: 

U ( 8 ) -(Cn+3) - = a-+1 
Uo Ro 

(2.6) 

with Cn the drag coefficient and U0 the velocity at timet= 0. The Reynolds number ReR decreases 
in time: 

R _ RU _ RoUo ( s 1) eR----- a-+ 
V V Ro 

(2.7) 

It is important to note that there is nothing in the model that would lead to different equations for 
the case of a half ring. Maxworthy compared rings formed at a sharp-edged orifice, for 0.5 x 104 < 
ReR < 1.5 x 104 , to his modeland found drag coefficients between 0.084 and 0.108. Vand•wijer 
[24] compared his experimental data of half vortex rings with 2 x 103 < ReR < 6 x 103 to the 
model. In his experiments the ring radius also increased in time, but a possible linear relation between 
distance travelled and the radius was difficult to see due to oscillations of both the ring radius and 
the velocity. Vandewijer also found a decreasing Reynolds number. By fitting Maxworthy's model 
to his data, Vandewijer found drag coefficients Cv between -2 and -3, numbers which are physically 
impossible. In his observations Vandewijer also notes shedding of vorticity by the rings and concludes 
that the half rings are turbulent during most of their evolution. The translation velocity decreases as 
time progresses, which can be explained by the shedding and also by the increasing ring radius. As 
the ring radius increases, the vortex tube which forms the ring is stretched, leading to a decrease in the 
core radius. Another observation by Vandewijer is that certain parts of the ring seem to have different 
translation veloeities at any given time, which would indicate instabilities. Though Vandewijer's 
observations are in qualitative agreement with Maxworthy's model and observations, there is a large 
quantitative difference. A very apparent difference between a half ring and a closed ring is the free 
surface. An important factor could be that the dimple at the surface contains an amount of potential 
energy that is slowly set free as the dimple becomes shallower. As long as it is stored in the dimple it 
cannot be dissipated. 
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2.4 Surface evolution 

2.4.1 A free surface 

lf the characteristics of the exterior surface of a defonnable interface between a fluid and an adjacent 
fluid are not affected by the characteristics of the adjacent fluid, the interface is said to be a free 
surface. The surface defonns in such a way that it satisfies two conditions: the tangential stress across 
the surface is continuous and in a steady state the nonna! stress is constant. Mathematically this 
implies that the adjacent fluid has zero density and viscosity. The free surface is an approximation 
of an interface in which the influence of the adjacent fluid is negligible, which can be the case if the 
two fluids have very different values of viscosity and density. One example is the interface between 
water and air in the absence of astrong windor surfactants. The presence of astrong wind would 
lead to tangential stress, meaning that the surface can no langer be considered free. The presence 
of surfactants can also lead to tangential stresses, because of the surface tension not being constant 
across the surface. The interaction between a flow with concentrations of vorticity in vortices and a 
free surface is complex. To satisfy the conditions the free surface defonns, but in turn the vorticity 
field is constrained by the free surface. Generally the defonnation of a free surface coincides with 
the generation of secondary vorticity and the production of waves on the surface. An overview of 
some of the processes is given by Sarpkaya [20] and by Rood [17]. An interesting aspect of a free 
surface is that segments of vorticity lines move toward and conneet to the free surface, a process called 
'vortex disconnection'. The reason for the name is that the vortex lines, which usually are closed, are 
now disconnected. The open ends of the vortex lines terminate at the free surface. A lot of research 
has been done on this subject, e.g. by studying collisions of vortex rings with a free surface (see for 
instanee Bema! & Kwon [3] and Gharib & Weigand [6]). As said before, fora half vortex ring the 
vorticity lines also end at the free surface. Generally, vorticity lines are closed and at a no-slip wall 
bounded flow the vorticity lines cannot end at the wall. 

2.4.2 Conservation of mass and momenturn 
0 , 

Some of the expected behaviour of the surface where a half vortex ring is attached can be modelled 
by using a cylindrical domain, a cross-section of which is shown in tigure 2.5. The flow is without 
background rotation. The density and viscosity are assumed to be unifonn. The top surface is either 

free surface 

--~ 

stress-free wall 
______ R__ 

Figure 2.5: Cross-section of the domain. The total domain is axisymmetric with the axis pointing 
upwards. The bottam and radial walls are assumed to be stress-free. The top is either a free surface 
with elevation h(r, t) as illustrated or a fiat and horizontal stress-free walt at height H 0. The total 
volume ofjluid in bath cases is V= 1r R2 Ho in which R > > Ho. 
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a stress-free surface at height Hoor a free surface with elevation h(r, t). All other walls are assumed 
to be stress-free. The radius of the domain is R with R > > H0 . R willat first still be included in the 
calculations, but will go to infinity at some point. In both cases the total volume of Huid is equal to 
V = 1r H 0R2 . For an incompressible Huid the continuity equation can be written as: 

\7 · v= 0, (2.8) 

in which vis the velocity with Vr, v0 and Vz the components in, respectively, r, () and z-directions in 
cylindrical coordinates. The three equations for conservation of momenturn in cylindrical coordinates 
can now be written as follows (Kundu [12]): 

OV() _, VrV() 1 Öp ( 2 2 OV() V()) - + (v · \7)vo +- = --- + v \7 vo + ---- , 
ät r pr ()() r 2 ()() r2 

(2.9) 

OVr ... V~ 1 Öp ( 2 Vr 2 OV()) - + (v · \7)vr-- = --- + v \7 Vr--- -- , 
ät r p är r2 r2 ()() 

(2.10) 

OVz ... 1 Öp 2 
ät + (v · \7)vz =- pr äz + v\7 Vz- g, (2.11) 

in which t is the time, p is the density, p is the pressure, v is the kinematic viscosity and g is the 
gravitational acceleration. These equations are the components of a vector equation, which is known 
as the Navier-Stokes equation. Assume that Vr and Vz are much smaller than vo and that the flow is 
cylindrically symmetrie. The three components of the Navier-Stokes equation canthen be written in 
a reduced form. The azimuthal component becomes: 

(2.12) 

while the radial component becomes: 

(2.13) 

which is called the cyclostrophic balance, expressing that the centrifugal force of the Huid in rotation 
is balanced by a radial pressure gradient. Finally the axial component becomes: 

1 äp 
0= --- -g, 

päz 
' 
(2.14) 

which is called the hydrastatic balance, which expresses a balance between a vertical pressure gradient 
and gravity. Now assume that the top wall is a free surface. Integrating the axial component over z 
and using the boundary value p =Pa at z = h(r, t) then leads to: 

p = pg(h(r, t) - z) +Pa· 

Inserting this into the azimuthal component leads to: 

v 2 ä 
_!L = g-;:;-h(r, t). 
r ur 

(2.15) 

(2.16) 

Note that since h(r, t) has to be independent of z, vo also is independent of z. Integrating over r then 
leads to the following expression for the relation between the elevation of the free surface and the 
azimuthal velocity: 

h(r, t) = ~ r v~(r', t) dr' + H(t). 
g Jo r' 

(2.17) 
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In this expression H(t) is a base level, a function of t needed for conservation of volume to be valid. 
Surface tension is neglected. One limitation of this simplification is immediately clear: equation (2.17) 
shows that as ve evolves, the surface shape also evolves, which in turn implies that the veloeities in 
e and r-directions cannot be zero. As stated earlier, the evolution of the free surface leads to the 
production of secondary vorticity. Within the framework of this model, however, this effect will be 

neglected. 

2.4.3 Mechanica} energy equation 

Changes in the sum of the kinetic energy and the potential energy are due to viscous effects. This can 

be expressed as: 

(2.18) 

the so-called mechanica[ energy equation, in which D is the amount of energy per unit time that is 
transferred into heat by viscous effects, Ekin is the kinetic energy and Epot is the potential energy. 
In the case that the upper surface is a free surface at a height h(r, t) and the veloeities in r and z
directions are much smaller than the velocity in 8-direction the time derivative of the kinetic energy is 

given by: 

d d loR loh(r,t) d loR 
-d Ekin = 1rp- rv~(r, t)dzdr = 1rp-d rh(r, t)v~(r, t)dr 

t dt 0 0 t 0 
(2.19) 

and the time derivative of the potential energy is given by: 

d d loR loh(r,t) d loR -Epot = 27rp- rzdzdr = 1rp- rh2 (r, t)dr. 
dt dt 0 0 dt 0 

(2.20) 

The viscous dissipation D is given by [12]: 

{R {h(r,t) (ave V(})2 {R (ave V(})2 
D = 21rvp Jo Jo r ar - --:;: dzdr = 21rvp Jo rh(r, t) ar - --:;: dr. (2.21) 

2.4.4 The energy equation applied to a Taylor vortex 

An exact solution for the azimuthal component of the Navier Stokes equation (2.12) was derived by 

G.I. Taylor [22] and is given by: 

Ar (-r2
) ve(r, t) = --

2 
exp - . 

2vt 4vt 
(2.22) 

A is a measure of the strengthof the vortex and vis the kinematic viscosity of the fluid. The velocity 
has a singularity at t = 0 and the vortex is isolated, i.e. it contains zero net circulation. There is 
no reason to assume that the core of a vortex ring is isolated, but this isolated solution might still be 
useful as an example. Now assume that the upper wallis a stress-free surface and that the height of the 
fluid column is constant. Therefore there is no change in potential energy. The only relevant process 

is the transfer of kinetic energy to heat through viscous effects, so: 

d 
dtEkin = -D. (2.23) 
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The time derivative of the kinetic energy is: 

d d {R 2 
dt Ekin = p1r Ho dt Jo vo (r, t)rdr. 

Inserting the Taylor vortex salution (2.22) leads to: 

!!_Ek· = p1rHo!!_ (-A
2 ((R2 + 2vt) exp (- R2

) - 2vt)). dt m dt 2t2 2vt 

For R -+ oo this expression reduces to: 

!!_E . - 7r R A2!!.__1_-- 7rpHoA2 
dt km - p 0 dt 2t2 - t3 

The other term in (2.23) is the viseaus dissipation, now given by: 

D = 21rpvHo loR r ( ~v: - v:) 
2 

dr. 

Inserting the Taylor vortex salution into this term then leads to: 

and if once again R-+ oothen this leaves: 

D = 1rpHoA
2 

t3 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

In this case the energy equation is satisfied. All the kinetic energy is transferred into heat by viseaus 
dissipation. 

2.4.5 The Taylor vortex with surface evolution 
. , 

Now assume that the top surface is a free surface with h(r, t) the height in each point. Just like in 
the previous section, R will be allowed to go to infinity. Equation (2.17) can be used to calculate the 
surface shape that is associated with the Taylor vortex. Inserting the Taylor vortex salution (2.22) into 
the integral term leads to: 

~ r v~(r, t) dr = ~ (1- exp (-_C_)). 
g Jo r' 4gvt3 2vt 

The base level H(t) can be derived from conservation of mass (volume) for the domain: 

1rR2Ho = 27r [R rHo(t)dr+27r [R r
4

A
2 

3 
(1-exp (-~))dr. 

Jo Jo gvt 2vt 

Pertorming the integration leads to: 
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(2.30) 

(2.31) 

(2.32) 



So that: 

H(t) =Ho - 4::t' + 2q:,~, ( 1- cxp (- ~: )) · (2.33) 

Insertion of (2.30) and (2.33) into (2.17) yields the following expression for the shape of the surface: 

h(r t) =Ho- --exp -- - exp -- . A2 ( r2 ) A2 ( R2) 
' 4gvt3 2vt 2gt2 R 2 2vt (2.34) 

The surface has a Gaussian shape with a 1/ e-width that increases with the square root of the time and 
an amplitude that decreases with 1/t3

. Because of a singularity, t is notallowed to be equal to zero. 
Actually, below a certain time to, the height of the ftuid column is smaller than zero. So the model is 
only valid for times larger than this time to which is given by: 

3 A2 
to = 4 rr ' vgno (2.35) 

in which the inftuence of the last term in (2.34) has been neglected. As R-+ ooit disappears, so: 

h(r,t) =Ho- --exp -- , A2 ( r2) 
4gvt3 2vt (2.36) 

so H ( t) = Ho, independent of t. The basic idea is now that an amount of potential energy is stared in a 
dimple at the surface, which is gradually released as the dimple gets shallower during the vortex decay. 
Because of this, the decay is slower. Another way to look at this is that as the dimple becomes more 
and more shallow, the vortex tube is stretched. Whenever a vortex tube is stretched, its circulation 
increases. There seems to be an interaction of the viseaus decay, the shape of the surface and the 
stretching effect that is the result of the decreasein depthof the dimple. The terms (2.19)- (2.21) of 

h(r,tz) 

I 
O· 

Figure 2.6: lllustration of the cross-section of the surface shape of a Taylor vortex at two different 
times. The hatched surfaces re present the difference in volume of the two cases. Note that the impar
tanee in calculating the volume of each section of this cross-sectionat surface is linearly dependent of 
T. 

the energy equation can now be calculated. The time derivate of the kinetic energy is: 

(2.37) 

and the time derivate of the potential energy is: 

(2.38) 

17 



which leads to the interesting result that the left-hand side of the mechanica] energy equation equals 
zero, which would basically mean that there is only conversion from kinetic to potential energy or 
vice versa. T~e right-hand side is: 

p7rHoA2 p7rA4 
-D-- + ----"-

- t 3 32gvt6 ' 
(2.39) 

which is in conflict with the left-hand side being zero. 

Obviously this relatively uncomplicated model bas major limitations. The primary reason for this 
seems to be that mass is nat really conserved, because of the constant base-level Ho. Though the 
width of the dimple increases as the depth of the well decreases, the volume contained in the dimple 
in the surface is nat constant. This is illustrated in tigure 2.6. Compared to the intinite volume of the 
domain, this might nat seem important, but to makesure that the volume is constant, the base-level H 
needs to change in time. 

2.4.6 Improved model for the surface evolution of a Taylor vortex 

H(~) 

H(0 
h(r,tz) 

o: 

Figure 2. 7: Illustration of the cross-section of the surface shape of the Taylor vort ex in the improved 
model. The difference in base-level H(t) is shown exaggerated. 

The term in equation (2.34) that depends on Ris now retained, so the base-level H(t) is thus in fact 
time dependent Though the effect of this on h(r, t) in each point is very small, integrated aor~s the 
surface its inftuence does matter. The change compared to the earliermodel is illustrated in tigure 2.7. 
The terms of the energy equation will be calculated, after which R is allowed to go to intinity. With 
h(r, t) given by equation (2.34) the potential energy becomes: 

A41rp ( ( R2)) 2 
A21rp ( ( R2)) 1 2 2 E at= ----:-'--:c 1- exp -- + 1- exp -- + -R H0 . 

P 8gt4 R2 2vt 32gvt5 vt 2 
(2.40) 

Taking the time derivative and allowing R to go to infinity leads to : 

.!!_E -- 57rpA4 
dt pot - 32gvt6 ' 

(2.41) 

which is smaller than zero, meaning that the potential energy in the system decreases in time. Nat 
allowing R to go to infinity befare the integration bas led to the disappearance of term with 1/t3 

compared to equation (2.38). The kinetic energy is given by: 

(R2 + vt)A4 exp (- R2) 
32gv2t vt 
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(2.42) 

If R --+ oo this leaves: 
1rpA4 7rpA2 Ho 

Ekin = - 32gvt5 + 2t2 ' (2.43) 

which means that the time derivative is: 

(2.44) 

which is identical to the result (2.37) obtained for the earlier model. lt consists of two terms: one 
positive term (which is equal to the change in potential energy, though it has an opposite sign) and a 
negative term which is exactly the same as the value for dE kin/ dt found above for the case without 
surface evolution. For a t larger than a eertaio time tk the time derivative of the kinetic energy is 
smaller than zero. tk is given by: 

(2.45) 

The absolute minimum time to for which the model is still valid, is given by equation (2.35). Since 
tk < t 0 , the kinetic energy in this model decreases in time. The relative importance ofboth right-hand 
termsin equation (2.44) can be expressed as: 

Sp·n-A: 5A 2 1 ( tk ) 3 
d (t) = 32gvt 

k p1rHoA2 = 32vgH0 t3 = t 
t3 

(2.46) 

It shows that the relative importance of the term resulting from the surface evaJution compared to the 
term corresponding to the change in kinetic energy without surface evolution increases quadratically 
with the strength A of the vortex. The left-hand side of the energy equation (2.18) becomes: 

(2.47) 

The right-hand side is: 

(2.48) 

which is also the same as equation (2.39) found in the earlier model. The dissipation consists of two 
terms. The first term is the same as in the case without surface evolution and it exactly balances the 
right-hand side of the energy equation. This leaves the second term, which means that the energy 
equation is oot fully satisfied by this model. The right-hand side of the equation changes sign for a 
eertaio time t D given by: 

A2 
tb=---

32vgHo 
(2.49) 

Fort < tD the right-hand side is positive, fort > tD it is negative. D should always be positive, so 
t should be Jarger than tD. As said before, the model is valid fort > t 0 , with t 0 given by equation 
(2.35). Since tD < to, the right-hand side of the energy equation (2.18) is smaller than zero for all 
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times at which the model is valid. The relative importance of the two terms in equation (2.48) can be 
expressed as follows: 

p7rA46 
d (t) = 32gvt 

D p1rHoA2 

t3 

A
2 

1 (tv) 3 

32vgHo t 3 = t (2.50) 

For use as an example a set of values is chosen: 

A= lm2 

v = 1 x 10-6m 2/s 
g = 10m/s2 

Ho= 0.25m 

(2.51) 

Forthese values tv = 23s and time t 0 = 46s. Fort = lOOs, the height in the centre (at r = 0) is 
roughly equal to 0.9H0 = 0.225m and fort = 100 the second term of the viscous dissipation already 
is small compared to the first. The relative importallee is given by equation (2.50): dv ( t = lOOs) = 

0.0125. As time passes it will decrease further. Although the energy-equation is not completely 
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Figure 2.8: (a) Velocity profiles ofthe Gaussian vortexfor several times, basedon equation (2._2~). (b) 
Shape of the free sulface for several times, basedon equation (2.34) Ro = 1 m in this case, though its 
influence is very smalt on this scale. 

satisfied in this model, the model does show a number of effects. The potential energy that is released 
by the decreasing depth of the dimple is transferred to kinetic energy. Because of this, the overall 
decrease of kinetic energy is less than would be the case without surface evolution, as is illustrated 
in tigure 2.9 b. This tigure shows that dE kin/ dt is negative in both cases, but that it is more negative 
for the case without a free surface. The difference is the potential energy that is freed as the dimple 
in the surface becomes shallower. A remaining question is why the model does not fully satisfy the 
energy equation. The likely reason for this was already mentioned earlier. A better model for surface 
evolution should also include radial and axial velocities. The validity of equation (2.17) is limited. 
In case of a stationary flow, like for instanee a solid body rotation of fluid in a tank with constant 
rotational velocity, it describes a parabalie surface shape, as can be expected. However, any evolution 
of the surface shape implies veloeities in radial and axial direction, and not including these in the 
equations leads to problems like the one described above. Finding analytica] solutions with these 
veloeities included might very well be impossible. Another limitation of equation (2.17) is that it 
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Figure 2.9: (a) Evolution ofthe viscous dissipation and the time derivatives ofthe potential energy and 
the kinetic energy, basedon equations (2.41), (2.44) and (2.48). (b) Evolution ofthe rate of change of 
the kinetic energy withand without afree surface, basedon equations (2.44) and (2.26), respectively. 

cannot be used for cases like the so called Oseen vortex, with a velocity given by: 

vo = _1_(1- exp( -r2 f4vt)). 
21rr 

(2.52) 

This is also an exact salution of (2.12), the azimuthal component of the Navier-Stokes equation, but 
unlike the Taylor vortex it is not isolated. The reason why the surface shape cannot be calculated by 
equation (2.17)is that performing the integral (J(v~fr)dr) is not possible because of the singularity 
inr = 0. 

2.5 Surface evolution of half rings 

. , 
In the previous section a model was introduced for the surface evolution associated with a straight 
and isolated vortex tube. It shows that the potential energy stored as a result of the indentation of 
the surface is gradually released. The decay in the case of a vortex tube ending at free surface is 
slower than that of a vortex tube ending at a stress-free surface. The influence of the potential energy 
is rather small however. The model used also has numerous limitations. The energy equation is not 
completely satisfied and radial and axial veloeities have not been included. Also the expression used 
for calculating the surface shape cannot be used for known non-isolated time-dependent solutions of 
the Navier-Stokes equation. Of course, a culumnar vortex is a very much simplified case. A more 
complete model should also include curvature of the vortex tube. Since the vortex tube which forms 
the half vortex ring is also not isolated, the model cannot be used as an accurate description of the 
surface indentations caused by the half ring. For closed rings, in section 2.3.2 the observation was 
mentioned that the decay of the ring, the loss of vorticity and transition to a turbulent ring coincided 
with waves and oscillations in the structure of the ring. These are also present in the half rings and 
have not yet been investigated. In a more complete description of the evolution of a half ring, they 
should be included. 
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Chapter 3 

Numerical simulations 

3.1 Introduetion 

In an attempt to show the transfer of potential energy into kinetic energy resulting from the presence 
of an interface, numerical simulations have been performed. Unlike the model described in section 
2.4.6, the simulations do nat involve a free surface. Instead a density interface is used. The intention 
is to show that the presence of this density interface leads to a slowing down of the decay of a vortex, 
compared to a situation without an interface. The numerical code which is used, is a version of the 
code described by Verzicco & Orlandi [25], modified to include density stratification. The code solves 
the Navier-Stokes equation in cylindrical coordinates using a finite-difference scheme, with a variabie 
time-step. Conservation of mass is also included. Also included is the diffusivity equation descrihing 
the distribution of a tracer, which in this case is salt. The distribution of salt influences the density. 

3.2 Non-dimensionalised equations fora stratified ftuid ,. 

The following is a denvation of the basic equations governing the flow in a fluid with density stratifi
cation, as used in the simulations. The flow is without background rotation. Conservation of mass for 
a compressible fluid can be written as: 

(3.1) 

Conservation of momenturn is given by: 

Dv n ~ n2~ 
p Dt =- v p- pgez + f-1 v v. (3.2) 

This equation is commonly known as the Navier-Stokes equation, mentioned earlier in section 2.4.2. 
The gravity force points in the negative z-direction. The diffusion of the salinity S is given by: 

(3.3) 

22 



which is a straightforward diffusion equation in which "" is the diffusivity of the salt. To complete the 
set of equations an equation is needed that gives a relation between the salinity and the density. lt is 
assumed that this is linear [2]: 

p=aS. (3.4) 

In this equation a is a proportionality constant. 

The pressure, salinity and the density can be expanded around a homogeneaus basic state, which is in 
hydrastatic balance: 

P =Po+ P
1

, 

p=po+pl, 

S = So + 8 1
• 

(3.5) 

(3.6) 

(3.7) 

po, Po and So are the pressure, density and salinity of the basic state. For the basic state, conservation 
of momenturn is: 

- \lpo- Po9ez = 0. (3.8) 

Subtracting this from equation (3.2) and dividing the result by Po then leads to: 

p
1 Dv 1 I P1 

.... 2 .... 
(1 +-)-=--\lp - -gez + v\1 v. 

Po Dt Po Po 
(3.9) 

For p1 < < po the term p1 
/ p0 can be neglected in the inertia term, which is the left-hand side of 

equation (3.9). It can be shown that in this case the term (1/ p0 )Dp/ Dt in equation (B.l) can also be 
neglected, see [12]. Now conservation of mass is the sameasin an incompressible ftuid: 

\7 · v = 0. 

The Navier-Stokes equation reduces to: 

Dv 1 't'7 I P1 
__, n2 __, 

- = --vp- -gez +vv V. 
Dt Po Po 

(3.10) 

(3.11) 

. , 
This approach, in which the small density difference only appears in the buoyancy term of the conser-
vation of momenturn equation, is called the Boussinesq approximation. 

For the numerical simulations it is convenient to write the equations in a non-dimensional form. For 
this the quantities in the equation have to be non-dimensionalised. The non-dimensionalised quantities 
are indicated by hats: 

r - por2 
A R2 

A v= Rv, p = R2 p, t = yt. (3.12) 

In these equations r is the circulation of the vortex column and Ris a typicallength-scale. The salinity 
can also be non-dimensionalised by: 

S 1 =!:::.SS, (3.13) 

with !:::.S the maximum difference in salinity between two points in the domain. Since the relation 
between density and salinity is linear this also means that: 

I i\ A p = upp, (3.14) 
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in which p' is approxirnated by the maximurn density difference /:}.p and so: 

S=fJ. (3.15) 

Using equations (3.12) and (3.13), the non-dirnensionalised equations can now be written as follows: 
~ 

\7 0 'Û = 0, (3.16) 

-:: 3 
Dv "' gR /:}.ps' ~ V o2-;: -, =-vp----- ez+-v V. 
Dt f 2 Po f 

(3.17) 

The diffusion of salinity is given by: 

(3.18) 

It is custornary to use nondirnensionalised nurnbers to give an indication of the relative irnportance of 
the terrns in these equations and for sealing. In this case the Richardson, Reynolds and Péclet nurnbers 
are relevant, respectively given by: 

r 
Re=-, 

V 

r 
Pe= -. 

/'\, 

The equations can now be written in terrns of these dirnensionless nurnbers: 

D:Ü 0 , S ~ 1 o2-:: 
- = - vp- -e + - v v Di Ri z Re ' 

(3.19) 

(3.20) 

(3.21) 

Conservation of rnass is unchanged. Also relevant is the Schrnidt nurnber. This nurnber is defined by: 

Pe v 
Sc=-=-

Re /'\,' 

so it represents the ratio of the diffusivity of vorticity to the diffusivity of salt. 

3.3 The domain and the initial conditions 

(3.22) 

The chosen dornain is a cylinder with radius R 0 and a height Ho. The upper, lower and radial wall all 
are stress-free. The flow is assurned to be axisyrnrnetric. This rneans that the number of grid points in 
0-direction can be taken as 1. For all the sirnulations, a non-stretched grid is used of 1 x 128x 128 grid 
points. 

Initially there is a flow in the tangential direction only. The velocity is given by: 

vo = f(r, z)vo,o, (3.23) 

in which f(r, z) is a function that is dependent on the coordinates r and z and in which vo,o is the 
velocity profile corresponding to a Gaussian vorticity distribution, a so-called Lamb vortex. It is given 
by: 

1 ( r 2) 'Ûoo = -exp -- . 
' 21fr a 

(3.24) 
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In this rand z are the coordinates and a is the half 1le-width of the Gaussian part of the velocity 
profile. The Lamb vortex can be considered as a snap-shot of the Oseen vortex with a velocity given 
by equation (2.52). A vortex with this velocity profile is not isolated. In the theoretica! model, 
described in the last chapter, an isolated vortex has been used. The reason for this was that for a non
isolated vortex like the Oseen vortex, the surface shape could not be calculated. Since a half vortex 
ring does not appear to be isolated, a non-isolated vortex is used in this case. 

In many of the simulations that will bedescribed below, the function f(r, z) is given by: 

{ 

z > h0 (r) + dl2 --+ 0 
f(r, z) = ho(r)- dl2:::; ho(r) :::; ho(r) + dl2--+ ~ [ 1- sin ( n(z-~o(r))) J , 

z < h0 (r)- dl2 --+ 1 

(3.25) 

so it is equal to zero above a certain height, equal to 1 below another height and gradually changes 
from I to zero in the layer between. The thickness of this layer is d. ho ( r) is a height given by: 

ho(r, t) = Hol2- Aexp ( -~ (~) 
2

) + B, (3.26) 

in which H 0 is the total height of the domain and B is a constant. The shape is Gaussian and the depth 
of the dimple is A. The half 1 I e-width is chosen as V'ia, with a the half 1 I e-width of the Gaussian 
part of the velocity given by equation (3.24). 

In the case of a density stratification, the non-dimensionalised density pis given by: 

{ 

z > ho ( r) + dI 2 --+ 0 

p = ho(r)- dl2:::; ho(r):::; ho(r) + d/2--+ 1- e-ho(~)+d/2 ) 2 (3- 2z-ho(~)+d/2 ) 
z < ho(r)- dl2 --+ 1 

' (3.27) 

so it is one below a certain height, zero above another height and gradually changes from one to zero 
in the layer with thickness d between. Unlike in the case of a free surface, there is no longer a sharp 
interface separating two ftuids. Instead there is a layer in which the density gradually changes,. The 
layer in which p changes from one to zero is the same layer in which f(r, z) changes from one to 
zero. In this case, the isopycnal at p = 112 is used as a substitute for the position of a sharp interface. 
The height ho ( r), as expressed in equation (3.26), describes the initia! shape of this isopycnal. The 

Table 3.1: Non-dimensional numbers 

Re= 10° 
Sc= lO:l 

Pe= 105 

Ri=0.8 

values for the non-dimensional numbers and the dimensions of the domain chosen for the simulations 
are shown in tables 3.1 and 3.2. The maximum circulation resulting from equation (3.24) is equal to 
I. For the sealing, half the maximum circulation is used, so r = 0.5. a is chosen as 1 and is also 
used as the characteristic length-scale R. With the current choices for r and R, Ri = 0.8 means that 
Pol 6.p = 32. This value is chosen so that the Boussinesq approach is still reasonable. 
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Table 3.2: Parameter values 

half 1/ e width of the velocity profile (J =1 
characteristic lengtb-scale Ro = CJ =1 
circulation r =0.5 
height of the domain Ho= 3 
radius of the domain Ro = 3 
thickness of the layer d = 0.3 

In the case of a free surface, so without stratification, any change in potential energy is caused by 
deformation of the free surface under the influence of the sub-surface vorticity. In case of a density 
stratification the changes in potential energy are caused by changes in the location of isopycnals. 
These are not only deformed by the vorticity field, but also by the diffusivity of the salt. Since the 
deformation due to the vorticity field is the topic under investigation, the influence of the diffusivity 
of the salt has to be limited. This is the reason why a Schmidt number of 100 has been taken. 

3.4 Evolution of the interface 

A set of three simulations, called A, B and C, has been performed to examine the behaviour of the 
isopycnal with p = 1/2. The difference between the three simulations is only the initial shape of the 
isopycnal given by ho(r). The chosen shapes are given in table (3.3). Figure 3.1 a shows the part of 

Table 3.3: The initia} isopycnals with p = 1/2 

A ho(r) = 1.5 

B ho (r) = 1.504 - 0.022 exp(- (r )~ /2) 

c ho(r) = 1.502- 0.011 exp( -(r)~ /2) , 

the kinetic energy associated with the z-component of f5 as a function of the time. Initially only the 
velocity in 8-direction is oot equal to zero, so the kinetic energy associated with Vz equals zero. After 
some time it grows, with large oscillations in cases A and B. Figure 3.1 b shows Vz in a point on the 
axis at a height of z = H 0 /2 = 1.5. This velocity also shows an oscillation, with twice the period as 
the oscillation in the kinetic energy. 

The oscillations in the velocity coincide with oscillations in the shape of the isopycnal p = 1/2, as 
cao be seen from figures 3.2, 3.3 and 3.4, for A, B and C respectively. The choices for the initia} 
shapes of the interface in B and C, in table (3.3), arebasedon the observations in A. The initia} shape 
of the isopycnal in simulation B was chosen on the basis of the shape of the interface in A, when 
the depth of the centre was at its minimum value. The shape used in simulation C lies in between 
the initial shapes of A and B. The amplitude of the oscillation in simulation C is much smaller than 
the amplitudes in A and B. Just like in the case of the free surface, explained in section 2.4.2, in the 
case of the stratification there is a vertical pressure gradient caused by gravity and a radial pressure 
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Figure 3.1: (a) Kinetic energy of the z-component of iJ as a function of the time, for simulations A, B 
and C. The kinetic energy is in arbitrary units. (b) the velocity in z-directionfor a point at r = 0 and 
z = Ho/2 = 1.5 as ajunetion ofthe time. 

gradient that balances the centrifugal force of the rotating fluid. In order for all gradients and farces 
to be balanced fora velocity distribution as given by equations (3.24) and (3.25), the isopycnals must 
have a eertaio shape. 

An unbalanced initial condition causes the interface to move up and down, a situation that occurs in 
A and B, accompanied by a large secondary circulation. The frequency of the oscillations is close 
to the so-called buoyancy frequency, which is the frequency of the asciilation of a fluid parcel that is 
vertically displaced in a stratified fluid. The buoyancy frequency is given by [2]: 

(3.28) 

Since in this case the stratification is non-linear, Nis dependant onz. In the layer in which the density 
9 

gradually changes (orho0 )j(oz) cao be approximated by -O.lpo/0.3. The resulting buoyailcy fre-
quency is 1.8 rad per unit time. The frequency of the oscillations in the simulations is 1. 7 rad per unit 
time. For simulation A there was a single circulation cell, invalving bath the fluid above the interface 
and the fluid below. lts direction altemated in time. This is shown in the vector plots in tigure (3.5). 
The circulation in situation B is in opposite direction to that in A at each moment in time. The large 
secondary circulations lead to an exchange of kinetic and potential energy. This leads to ftuctuations 
in the potential and kinetic energy. The initia! state chosen for C appears to be much more balanced, 
the oscillations being relatively small. Figure (3.6) shows the secondary circulation for situation C. 
In contrasttoA and B, for situation C there appears to be circulation intheupper part of the domaio 
and a circulation in the lower part of the domain as well, so that the velocity near the interface is 
pointed inwards. The magnitude of the velocity is much smaller than in A and B. Consequently, the 
oscillations in the energy are also much smaller. 
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Figure 3.2: Shape ofthe isopycnal p = 1/2 at different timesjor simu/ation A: in (a) the centre ofthe 
intelface moves down, in (b) the centre moves back up. 
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intelface moves up, in (b) the centre moves back down. ' 
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Figure 3.4: Shape ofthe isopycnal p = 1/2 at different timesjor simu/ation C: in (a) the centre ofthe 
interface moves down, in (b) the centre moves back up. 
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lengthof I mm represents a non-dimensional velocity of0.003. 
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3.5 Long term evolution 

There are a number of factors affecting the decay of the kinetic energy. The idea expressed and 
illustrated in section 2.4.5 was that, as a vortex below a free surface decays, the evolution of the free 
surface would lead to a gradual release of potential energy. This potential energy would lead to a 
slower decay than would be the case without a free surface. The evolution of the isopycnals in the 
two-layer stratification used in this section is expected to have a similar result. The large secondary 
circulations present in simulations A and B in the previous section are an additional effect. To limit 
its influence, simulation C is used to look at the long term evolution. Also affecting the kinetic energy 
is the viseaus dissipation. As the gradients in the velocity increase, the viseaus dissipation will also 
increase. If initially there is velocity in only the lower half of the domain, as is the case in simulation 
C, the fluid in the upper half will also start to rotate. The velocity gradients in z-direction result in 
vertical diffusion of vorticity and additional viseaus dissipation, leading to additional decay of the 
kinetic energy. The decay of the kinetic energy in C is now compared to two additional simulations 
called D and E. 

In simulation D, the density is p = 1 for the entire domain. The velocity is given by: 

{ 

z > H0/2 + d/2 ---+ 0 
vo(r, z) = H0/2- d/2 ~ Ho/2 ;::: Ho/2 + d/2 ---+ ~ [ 1 -sin ( 7r(z-:o/2

))] v0,0 , 

z < H0/2 - d/2 ---+ vo,o 
(3.29) 

so essentially it is zero intheupper half of the domain and equal to v0,0 , given by equation (3.24) in 
the lower half. So, whilst in this case as in C the initial velocity in the upper half of the domain is zero, 
unlike C there is no stratification. Since there is no stratification, there are no changes in the potential 
energy. 

For simulation E, the density p = 1 and the initial velocity is given by vo = ve,o, with vo,o given 
by equation (3.24), so it is independent of z as well. In this case there is no additional dissipation 
associated with velocity gradients and diffusion of vorticity in z-direction, and there are no changes 
in potential energy. 

. ' 
The evolution of the total kinetic energy for all three cases, C, DandEis shown in figure 3.7 a. There 
is a strong interaction between the fluid above and below the interface. This is shown clearly by the 
comparison of D and E. As expected, the presence of a volume of initially stationary fluid, leads to 
a stronger decay in D than in E. The kinetic energy of C, in which vertical diffusion of vorticity also 
plays a role, also decays much faster than E. 

The vertical diffusion and the associated additional dissipation of kinetic energy is present bath in C 
and D. However, the loss of kinetic energy is Jower in case C. This suggests that the presence of the 
interface, which is the primary difference between C and D, indeed results in a slower decay. There 
are two possible reasans for this. The first possible reason for the slower decay is the presence of a 
dimple in the interface. Figure (3.8) shows the shape of the interface for four moments in an time 
interval of 8, at a time much later than in figure (3.4). lt shows that the oscillation still is very small, 
but also that the dent in the surface is less pronounced, which is exactly as expected. The potential 
energy stared in the dimple has been released. The second reason for why the decay in D is faster 
than in C is that the viseaus dissipation is much higher because of the presence of a large secondary 
circulation. This is indicated by figure 3.7 b, which shows that in D a relatively large amount of the 
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of the time, for simulations C and D. The kinetic energy is written as a fraction of the initia[ kinetic 
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kinetic energy initially available, goes into the r and (} components of iS, associated with secondary 
circulations. 

For the domain chosen for simulations A through E, the radial dirneusion Ro = 3 was small compared 
to the initial value of CT = 1. The dimensions of the domain have an influence on the secondary 
circulation. Since especially in D, the secondary circulation seemed to play a role of significanee two 
simulations, F and G, were performed with Ro = 6. Also, because of radial diffusion of vorticity, 
the vorticity near the radial wall of the domain can become relatively high. Apart from the radial 
dimension, the other parameters and initial conditions of simulation F are the same as of simulation 
C, so with a density stratification, with a different velocity below the interface as above and with an 
adapted shape for the interface, as given in table 3.3 for C. The initial conditions and parameters of 
the final simulation G are the same as those for simulation D, so with a velocity difference between 
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the upper half of the domain and the lower half of the domain, but without stratitication. Figure 3.9 a 
shows the kinetic energy Ekin(t) / Ekin(O) as a function of the time. The tigure is similar to tigure 3.7 
) in that the decay with stratitication is slower. Initially the decayin D was faster than the decay of G. 
though at t=200, there is no longer any difference. Figure 3.9 ) shows the kinetic energy associated 
with the 0-component of iS. lts decay is much less pronounced than for simulation D, though it 
eventually also reaches the same level as in tigure 3.7 b. The initial decay is apparently strongly 
affected by secondary circulations which are infiuenced by the limited dimensions of the domain. An 
example is shown in tigure 3.10, for simulation Gat t = 50. These secondary circulations will very 
likely lead to additional dissipation. This is the most likely reason for the decay being slower with an 
interface than without. 
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of 1 mm in this figure represents a non-dimensional velocity of 0. 03. 
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3.6 Relevanee of the simulations for a free surface 

The decay of a vortex in a two-layer fluid and with zero initia! velocity intheupper half of the domain, 
so above the interface, indeed seems to be slower than the decay of a similar situation with a single 
density, but also with no initia! velocity in the upper half of the domain. Though deformations of the 
interface may play a role in this, the largest cause is a secondary circulation in the latter case. The 
difficulty with the simulations is that the flow in the fluid above the interface has a large influence on 
the flow below. It is impossible to correct for the presence of an initially stationary fluid above the 
interface. In case of a truly free surface, vertical diffusion plays only a very limited role and large 
secondary circulations invalving fluid from above the interface are an impossibility. 

. ~ 
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Chapter 4 

Measuring the shape of a free surface 

Since the influence that the free surface has on the evolution of the half vortex ring is deemed im
portant, measuring its shape can provide important additional information. Vandewijer [24] measured 
velocity fields of half vortex rings. The interaction between vorticity and the free surface is an im
portant factor in the decay of the ring. Ideally, both the velocity fields at the surface and the shape 
of the surface can be measured simultaneously, since the rings are formed by hand. It is practically 
impossible to create rings in an exactly reproducible way, i.e. in such a way that they are exactly the 
same every time. Many different ways of measuring a surface shape are possible. Most methods, 
however, allow only measurement of the slope or the height at one single point, or have relatively low 
resolution. Since the half vortex ring has a self-induced translation, measuring the shape of a cross
section of one of the dimples where the half ring meets the surface, can be done by making sure that 
one of the dimples passes through this single fixed point. Measuring in one point has the disadvantage 
that it is impossible to measure the evolution of the shape in time. A methad is desired that can be 
used to measure the shape over a large part of the surface. The methad used is very straightforward in 
principle. It is based on colourimetry. 

4.1 Colourimetry 

Colourimetry is the science of objectively measuring colour. Colour is an interesting phenomenon 
and a very important aspect of human vision. The perception of colour is different for every person 
and also depends on the environment. Colour is very much a subjective interpretation, so objectively 
measuring colour can be difficult. 

4.1.1 Colour vision 

The human eye contains two different types of light receptive cells: so-called cones and rods. Cones 
are used in light with relatively high intensities and are responsible for colour vision. Rods are used 
in lower intensities. In darkness we cannot distinguish colour. Visible light is only a very small part 
of the electromagnetic spectrum, between 380 and 700 nm. Light of a certain speetral wavelength 
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appears to us as a colour, but light from a single wavelength is not the only way to create the sensation 
of that colour. Different speetral distributions can produce an indistinguishable colour sensation. The 
commonly accepted theory for how colour vision works is that the cones in the human eye contain 
three different pigments, with three different absorption spectra [5]. 
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Figure 4.1: Sketch of the speetral sensitivity for the three different pigments in the eye. 

Figure 4.1 shows a sketch of the speetral sensitivity of the three pigments in the eye. They are pigment 
b, most sensitive for wavelengtbs near 450 nm, and pigment g, which is most sensitive to light with a 
wavelength of 550 nm and pigment r, most sensitive near 570 nm. Stimuli using three speetral colours 
will be compared. 

speetral colour 1: light with a wavelength of 530 nm 

speetral colour 2: light with a wavelength of 460 nm. 

speetral colour 3: light with a wavelength of 650 nm. 

For pigment b, a large amount of speetral colour 1 can have the same result as a small amount of 
speetral colour 2, for which pigment b is much more sensitive. For this single pigment, bath stimuli 
can have the same result. However, for pigment g, a large amount of speetral colour 1 leads to. a,.much 
higher response than a small amount of colour 2. So, using two pigments, it is possible to distinguish 
between the two described stimuli, consisting of two different speetral colours. Now suppose that the 
stimulus consists of a small amount of speetral colour 2, mixed with some amount of speetral colour 
3. Nothing changes for pigment b, since speetral colour 3 lies outside of its range. With the correct 
amount of speetral colour 3 in the mix, the response for pigment g can be the same as it would be for a 
large amount of only speetral colour 1. Fortunately, the eye contains a third pigment. With these three 
pigments it can distinguish between all combinations of the three speetral colours 1, 2 and 3. There 
are three independent channels for the information. With combinations of three speetral colours, every 
colour sensation can be created. Mathematically this can be expressed be the following equation [14]: 

Y = aA + bB + cC, (4.1) 

in which Y is the colour, A, B and C are the three speetral colours and a, b and c are the amounts of 
each of the primaries. This equation, with only positive values for a, b and c, describes positions in the 
first octant in a three dimensional coordinate system in which each point represents a eertaio colour. 
This octant is called the colourspace. Thesetof three speetral colours is called a set of primaries. The 
three speetral colours used in the example above are only one of the possible sets. Switching from 
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one set of primaties to another is simply a coordinate transformation in colourspace. A commonly 
used set of primaties is the RGB, Red, Green and Blue, system. This is used for televisions, computer 
monitors and image files. Just like the eye, the 3-CCD camera system used in the experiments uses 
three separate channels. The incoming light is split into three parts. Each of these passes through 
a different filter, designed to mimic the speetral sensitivities of the pigments in the human eye, to 
one of three CCD arrays. The speetral sensitivities of each of the filters spans a volume of colours 
in colourspace, distinguishable by the camera. Details of the camera system including the speetral 
sensitivities can by found in [7]. 

4.1.2 The hue, saturation and intensity coordinate system 

In the image files used in this report, 256 different values for each of the primaties R, G and B are 
given for each pixel. However, R, G and B are not used directly to identify the colour. The coordinate 
system used for the measurements is the hue, saturation and intensity (HSI) system. H, S and I also 
are coordinates in colourspace. The saturation is a measure of the amount of white that is contained in 
the colour. For example, pink is red with low saturation. White is the sensation that results from equal 
amounts of red, green and blue, for high intensities. The intensity is a measure of the total amount of 
light. Finally, the hue is directly related to the speetral colour that corresponds to the colour sensation. 
Hue is used as the identifier of the speetral colour. 

The coordinate transformation from RGB to HSI is given by the following equations [4]: 

(4.2) 

H = arctan (~:) , (4.3) 

s = Jvr + v'1_. • (4.4) 

In this R, G and B are all in a range from 0 to 1, and the hue has a range of 0 to 21r radians. The 
maximum value of the saturation is 1, though in that case the saturation is zero and the hue is no 
longer defined. The inverse transformation can also be calculated: 

v1 = ScosH, (4.5) 

v2 = SsinH, (4.6) 

(~) ( iv'6 0 t)(;), -iv'6 !v'6 (4.7) 

-iv'6 -~v'6 
It should be noted that the hue angle is defined in a non-orthogonal system. The vectors, represented 
by the columns of the transformation matrix in equation ( 4.2), are not of equallength. The lengths are 
chosen to make sure that equal amounts of red, green and blue indeed represent white. 

Two different speetral distributions, resulting in an indistinguishable colour sensation, will remain 
indistinguishable as the intensity changes. This is also the case for the hue value, as can be appreciated 
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from tigure 4.2. Though the RGB-values may have changed, the hue angle will remain the same. 
Figure 4.2 also shows that the saturation is directly related to the distance between the colour and the 
point in the plane of constant intensity where there is an equal amount of red, green and blue. 

Blue 

-I Î-~ Plane of 
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Red 

Green 

Figure 4.2: The RGB and HSI coordinate systems in colourspace 

4.2 Experimental set-up 

Figure 4.3 shows the experimental set-up. A transparent screen is placed vertically at the end of the 
tank. A piece of paper is taped to the screen. A coloured pattem, with a gradually increasing hue value 
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Figure 4.3: The experimental setup usedfor measuring the surface shape 

, 

as a function of z has been applied to the paper, using an ink-jet printer. From the back, the screen is 
illuminated using a projector. A 3-CCD colour video camera is placed on the opposite si de of the tank 
and pointed towards the surface, so that the paper's reftection from the surface of the water fills most 
of the camera image. A frame-grabber is used to convert the images from the camera to image-files, so 
that they can later be analysed using a number of computer- programmes. The x-axis of the coordinate 
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system lies at the base of the plate, with the z-axis pointing upwards. The x-coordinate of the camera 
is chosen to be zero, which determines the position of the origin on the y-axis. To eventually measure 
veloeities at the surface a camera has also been placed above the tank, pointing straight down. With 
this camera and a Diglmage computer system, veloeities of particles ftoating on the surface can be 
measured. 

4.2.1 The basic principle of measuring the shape of the surface 

Each point in the image of the paper, reftected in the disturbed surface, has a certain hue. By finding 
the position of a point with that same hue in an image of the reftection in an undisturbed surface, 
called the colour calibration image, the shape of the surface can be reconstructed. The hue seen in a 
certain pixel in an image of a disturbed surface surface depends on a number of factors: 

1. The hue in that same pixel in the colour calibration image, which comes from a point Po on the 
undisturbed surface, corresponding to the pixel. 

2. The angle of the surface in y-direction in the point P that actually lies on the surface. 

3. The elevation of point P that lies on the surface and a corresponding shift in y-direction relative 
to point Po that lies in the (z = 0)-plane, both Pand Po corresponding to the same pixel. 

4. The slope in x-direction in point P. 

5. The shift in x-direction of point P relative to Po. 

To explain the full procedure, the different factors will be subsequently introduced in the course of 
the explanatory description of the procedure. In subsection 4.2.2 only the first two factors will be 
taken into account. In subsection 4.2.4 number three will also be included. The complete method, 
including all five factors will be explained insection 4.3. Comparison of the hue seen in every pixel 

' 

(a) (b) 

Figure 4.4: Synthesised images for (a) a calibration and (b) a suiface with a Gaussian dimple. White 
corresponds to a low hue value, black corresponds to a high hue value. 

to an image reftected from an undisturbed surface makes sure that a number of effects no longer 
inftuence the measurement. For instance, the hue value of the colours printed on the paper is unlikely 
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to have the exact same value as the original computer image of the colour pattem. Also, the camera 
is more sensitive to some colours than to others. How exactly the hue varles across the image is not 
really impo~ant, since hue is only used as an identifier. As long as a hue in the measurement can be 
matched to a hue in the colour calibration, the exact value does not matter. The colour calibration data 
is averaged over fifty images taken at separate times. This reduces the influence of the surface never 
being completely undisturbed because of vibrations, and it reduces the influence of pixel noise and 
fluctuations in the light source. Synthesised colour-images can be seen in tigure B.l. Forthese figures 
the hue on the screen is assumed to be linearly dependent on z and independent on x. Figure ( 4.4) 
shows two corresponding synthesised black and white images of a calibration and a Gaussian well. 
In these images white corresponds to a high hue value and black to a low hue value. In tigure ( 4.4 
b) the well is visible as a lighter and a darker patch. The darker patch has a lower hue value than its 
surroundings and corresponds to points near the top of the calibration image ( 4.4 a). The lighter patch 
has a higher hue value than its surroundings and corresponds to the hue of points near the bottorn of 
the calibration picture. 

4.2.2 A straightforward model for calculating the surface shape. 
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Figure 4.5: Principle of the methad used to calculate the shape of a free surface. For an undisturbed 
surface a hue originating from a height go (y) is se en for a certain pixel. For a deformed surface, the 
angle at which the light is reflected is changed and the hue se en for that same pixel is changed, now 
originating from a height g(y) in the (y = 0)-plane. 

The principle is illustrated in more detail in tigure 4.5. In a certain pixel in the camera image, for 
an undisturbed surface, a reflected hue is seen that originates from a height g0 (y) on the screen, the 
(y = 0)-plane. Note that from now, for all drawings, it is assumed that all the light that farms the 
image in the camera goes through a single point. Though in the real world this is usually not the case, 
this assumption is made here to avoid unnecessary complications. It is valid if the camera is linear, 
i.e. the dimensions of an object seen through the camera are independent of the object's location in 
the image. The coordinates of this point are called the camera coordinates. Fora surface at an angle 
to the y-axis, a different hue is seen in this same pixel, coming from a height g(y). This height can be 
determined by finding the pixel in the image of a reflection from the undisturbed surface, that has the 
same hue. In this figure, the position of the point on the surface in which the light is reflected is taken 
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in the (z = 0)-plane. ·· 

Calculating the angle o as shown in tigure 4.5 is very straightforward: 

with ai given by: 

and ar given by: 

a-y 
tanai = --

b 

y 
tan ar = g(y). 

(4.8) 

(4.9) 

(4.10) 

Now it is assumed that the angle o is directly related to the slope of the surface in y. The shape of 
the surface is expressedas a function z = h(y). If the surface rises when moving in the positive 
y-direction, then dh(y)jdy > 0. In that case the angle o > 0. If the surface descends when moving 
in the positive y-direction, then dh(y)jdy > 0 and 0 > 0. Hence, 

dh(y) 
0 = arctan ~. (4.11) 

Integrating dh(y) jdh over y gives the shape of the surface. For any y and dhj dy, the function g(y) is 
given by: 

b [1- (~) 2]- 2(a- y)~ 
g(y) = y [ 2] . 

(a - y) 1 - ( ~~) + 2b ~~ 
( 4.12) 

4.2.3 Position calibrations 

For all of this it is necessary to know what the position is of the points, corresponding to each pixel 
in the image, in both the vertical and the horizontal planes. Each pixel represents a position in the 
(z = 0)-plane and a position in the (y = 0)-plane where the hue reftected in the surface originates. 
For the calibration of the position in the vertical plane a paper with a pattem of horizontal black and 
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Figure 4.6: Schematic of the calibrations of (a) the position in the vertical plane and (b) the position 
in the horizontal plane 
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white stripes is placed on the screen, as is illustrated in figure 4.6 b. The reileetion in the undisturbed 
surface is recorded using the camera. Since the real-world positions of the transitions from black to 
white and vice versa are known, coupling these to the positions of the transitionsin the camera-image 
leads to the desired relation between the real position and the pixel position. The procedure is repeated 
for the calibration of the position in the horizontal plane. For this a similar pattem of black and white 
stripes painted on a board ftoating on the surface of the water is used, as is illustrated in figure 4.6 a. 
It is very important in this case to make sure that the camera is aligned so that the lines in bath the 
horizontal and the vertical planes are also horizontal in the images. 

4.2.4 Correcting for displacement in z and y-direction 

As stated above, in figure 4.5 the depth has not yet been taken into account. In a more realistic 
approach, the point on the surface does nat lie in the plane (z = 0), but lies above or below that 
plane, depending on whether the surface lies above or below (z = 0). This is illustrated in figure 
4. 7. The actual point on the surface, corresponding to a eertaio pixel in the image is shifted in the 
vertical direction and in the horizontal direction, relative to the point corresponding to the same pixel 
for an undisturbed surface. Since an undisturbed surface is used in the position calibrations, the exact 
positions of the point are no langer known. The expressions for the angles O:i and a". change slightly: 
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Figure 4.7: The principle of the surface shape measurements using colour, now including displace
ments of point P on the surface in z and y-directions, relative to the point Po corresponding in the 
(z = 0)-plane. Note that ifthe surface lies below z = 0, h(y) < 0. 

y 
tana". = g(y) _ h(y), 

a-y 
tanai= b-h(y) 

(4.13) 

(4.14) 

Combining equations (4.8), (4.11), (4.13) and (4.14) then leads to the following expression for g(y), 
the height on the paper where the hue seen for a eertaio pixel originates, as a function of y: 

(b- h(y)) [1- (~~)
2

]- 2(a- y)~~ 
g(y) = y 2 + h(y). 

(a- y) [1- (~~) ] + 2(b- h(y))~~ 
( 4.15) 
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If h(y) = 0 this gives the same result as equation (4.12). If the exact shape of the surface is known, 
using ( 4.15) the corresponding point in the vertical plane where the hue originates can be calculated. 
The reverse calculation, from a colour image back to the shape of the surface, is much more difficult. 
As stated before, and as can be seen from equation ( 4.15), the height g(y) in the y = 0 plane where the 
colour comes from, depends on bath the elevation ofthe surface in y and on the local slope dh(y)jdy. 
Bath have tobetaken into account. There are at least two possible ways of doing this: 

• Neglect h(y) and then calculate dh(y)jdy as explained earlier, using (4.8 )- (4.11), so without 
taking the shifts into account. The approximate shape of the surface that follows from inte
gration, after the slope has been calculated for each pixel in the image, can then be used to 
calculate the approximate displacements. These can then be used to correct the surface shape in 
an iterative process. For integrating an assumption has to be made for the first row in the image. 
It may be difficult to achieve convergence with this method. 

• Make an assumption for one of the rows at the outer edge of the domain, calculate the slope 
based on the hue seen and extrapolate this slope to calculate the approximate depth and y

coordinates of the points in the next row. The process can then be repeated for the next rows 
until the entire surface is reconstructed. 

The big difference between bath methods is that in the farmer the correction for the displacements is 
made after the slopes have been calculated for the entire image, whilst in the latter methad a correction 
is made immediately after each row has been calculated. 

4.3 Calculating the surface shape in three dimensions 

The model that has been presented so far is in essence two-dimensional. The x-direction bas been 
completely ignored. However, the surface shape will almast invariably have a slope in the x-direction, 
and outside of the (x = 0)-plane the points corresponding to every pixel that lie on the disturbed , 
surface will almast certainly also be shifted in x-direction. So now all five factors mentionedïn 4.2. 1 
are to be included. Insteadof z = h(y) the surface shape is now expressedas a function z = h(x, y). 

Instead of the angles used in the earlier calculations, in the three-dimensional system veetors are used. 
The veetors are shown in tigure 4.8. The vector rrepresents the direction of the line from the camera, 
point R, to the surface. It intersects the surface at a point P. Vector 8 is the line from the point P to 
pointS, the point in the screen were the hue seen in P originates. 

By using the slopes in x and y-directions in P, the normal ii to the surface in P can be found. lts 
components are: 

1 
(4.16) 

(4.17) 

( 4.18) 
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Figure 4.8: Dejinitions of the veetors used. Point P is a point lying in the disturbed surface. ris the 
direction from this point to the camera and 8 is the vector from P to the point S at the vertical screen 
where the hue seen in P originates. 

which have been ebasen so that In I = 1. The height of the point of intersection of 8 and the y = 0-
plane, determines the position of pointS. If the coordinates of the camera are ebasen as (x, y, z) 
( 0, a, b), then the components of vector rare: 

rx = -xp, (4.19) 

ry =a- YP (4.20) 

and 
rz = b- h(xp, yp), (4.21) 

in which x p and y p are the coordinates of point P. Vector 8 is the mirror image of vector r in vector 
n given by: 

- - 2(- -)-s = -r + r · n n ~4.22) 

using equations ( 4.16) and - ( 4.22), the y-component of 8 can now be calculated: 

(4.23) 

For convenience h(xp, yp) is written as h. The coordinates of pointS, the point in the screen where 
the hue originates, can be calculated as well. They are given by: 

xs = Csx + Xp (4.24) 

and 

zs=Csz+h, (4.25) 

in which 
-yp 

C=-. (4.26) 
Sy 
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Inserting equation (4.23) into these expressions gives the end results. The x-coordinate of pointS is 

given by: 

xs = YP Bh ( Bh Bh ) + Xp a- yp + 2- xp- + (yp- a)-+ b-h n 2 
~ & ~p z 

xp- 28h (xp 8h + (yp- a)J!.l!:... +b-h) n 2 
~ & ~p z (4.27) 

and the z-coordinate of Sis given by: 

z _ h-b+2(xp~+(yp-a)~+b-h)n; h 
S - y p Bh ( Bh Bh ) + . a - YP + 2- x p- + (yp - a)- + b - h n 2 

8y ax 8y z 

(4.28) 

In both cases nz is given by equation (4.16). In a two-dimensional situation, in which Xp = 0 and 
8hj8x = 0, the x-coordinate of Sis equal to zero. In that case, equation (4.28) can be rewritten. The 
end result is exactly the same as equation (4.15), which was derived for the two-dimensional case. 

Using equations (4.16), (4.27) and (4.28), the coordinates for pointScan be calcu1ated for any given 
surface shape h(x, y). As in the two-dimensional case described earlier, calculating the shape of the 
surface from the known coordinates of a pointS, identified by its colour, is much more difficult. Figure 
4.9 schematically showshow the surface shape is calculated and which information is used in each of 
the major steps. The separate items in the tigure will be explained in further detail in the following 
subsections. The sameveetors r, s and ii as used previously, will also be used forthese calculations. 
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Figure 4.9: Schematic overview of the procedure to calculate the sulface shape. 

4.3.1 Position calibrations in three dimensions 

In addition to the calibrations mentioned in 4.2.3, calibrations in both the x-direction in the vertical 
and the horizontal plane are needed. For each pixel in the image, with horizontal pixel coordinate 
p and vertical pixel coordinate q, it is important to know the positions in the (z = 0)-plane and the 
positions in the (y = 0)-plane where the pixel's colour originates from if the surface is undisturbed. 
The coordinates corresponding toa pixel with pixel coordinates (p, q) are named: 

xh(P, q) 
Yh(q) 
Xv(P, q) 
Zv(q) 

: The x-position in the (z = 0)-plane, 
: The y-position in the (z = 0)-plane, 
: The x-position in the (y = 0)-plane, 
: The z-position in the (y = 0)-plane. 
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surface 

Figure 4.10: Definitions of the coordinates in the vertical plane: xv and Zv, in the horizontal plane: 
Xh and Yh and in the image: the vertical pixel coordinate q and the horizontal pixel coordinate p. The 
distances are not to scale. 

These coordinates are also defined in figure ( 4.10). Coordinates Yh and zv are calibrated using the 

methad described in 4.2.3. Ideally, Yh and zv only depend on the vertical pixel coordinate. Calibration 
for Xh and xv is performed in a much simpler manner, namely by recording images of an object of 

known size on two positions in the vertical plane and two positions in the horizontal plane. For each 

position the number of pixels per cm can be easily calculated. The number of pixels per cm for every 

other horizontallineis interpolated. For the calibration of xh, Yh corresponding to the line is used and 

for the eaUbration of Xv the corresponding Zv of the line is used. The origins of the xh and xy axis lie 

at the centre vertical line of the image, so in the case of a picture that is 512 pixels wide, it lies at the 

border between the columns with horizontal pixel coordinates 256 and 257. ' 

z-ax1s 

R 
_ ~camera-

~ :position 
~ I 

- x)l/- : 
~ I 

// Po 1 

/ 

y-aXlS 

Figure 4.11: Finding the components of vector r by using the position calibrations. Point Po is the 
point in the (z = 0)-plane corresponding toa pixel. 

In reality, the camera coordinates are unknown. There are two reasans for this. Generally, not all the 

light that farms the image on the camera passes through a single point and if it were to pass through 

a single point, its position is impossible to determine from the outside of the camera. Fortunately 
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the components of vector r can be found directly from the position calibrations of zv and xv, as is 
illustrated in tigure 4.11. lt shows that: 

rx = Xh(P, q) - Xv(P, q), (4.29) 

ry = Yh(q), (4.30) 

and that: 
Tz = Zv(q). (4.31) 

So, using the position calibrations, r, as shown in tigure 4.8, can be calculated for each pixel. For this 
it is not necessary to know the camera position. Since all components of rare known, its length lf1 
is also known. Vector ris completely unaffected by changes in the shape of the surface. In contrast, 
vector s, as shown in tigure 4.8, is completely dependent on the shape of the surface. lts components 
are given by: 

Sx = XS- Xp, 

Sy = -yp, 

Sz = ZS- Zp, 

(4.32) 

(4.33) 

(4.34) 

in which xs and zs are coordinates of point S in tigure 4.8, the point on the screen where the hue 
originates. These are as yet unknown. Coordinates xp, yp and zp are coordinates of pointPin tigure 
4.8, which as yet are unknown as well. 

4.3.2 Correcting for displacements in three dimensions 

As in the two-dimensional case described in 4.2.4, the exact position of the point on the surface in 
which the light is reflected, point P in tigure 4.8, is not known. One thing is clear, however: point P 
lies on the line from a point Po that does lie in the (z = 0)-plane, to the camera. This line is aligned 
along the vector r. Depending on whether h(x, y) is smaller or larger than zero, point P moves along 
this line away from the camera or towards the camera, respectively. Since Po lies in the (z = 0)-plane, 
its coordinates are known from the position calibrations for Xh and Yh· In the two-dimensiona1 case 
described in 4.2.4, two possible options were given to take these shifts into account. The option used 
here is the Jatter, so calculating the approximate shifts of points in each horizontal row in the camera 
image through extrapolation using the previous row in the image. To do this, an assumption has to be 
made for the very tirst row, which is the upper row in the camera image, corresponding to the points 
of the surface that are dosest to the (y = 0)-plane. 

As was previously illustrated in tigure 4.1 0, the points with the same horizontal pixel coordinate in 
the image, farm lines in the real world that are not parallel to the y-axis. Two points with the same 
horizontal pixel coordinate usually don nat have the same x-coordinate. This is further illustrated in 
tigure 4.12. For x > 0, the x-coordinate of a point with pixel coordinates (p, q) lies between the 
x-coordinates of the points with pixel coordinates (p, q - 1) and (p + 1, q - 1). For x < 0 the x
coordinate of a point with pixel coordinates (p, q) lies between the x-coordinates of the points with 
pixel coordinates (p - 1, q - 1) and (p, q - 1). Assume that for a row of points in x-direction on the 
surface, the exact coordinates and the slopes in y-direction are known. The positions of the points in 
the next row can then be found by extrapolation. Figure 4.13 illustrates how this is done. A detailed 
explanation is given below: 
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x-axis 0 

y-axis 

Figure 4.12: The real-world positions in the horizontal plane corresponding to pixel positions in the 
camera image. 

/'- ~----__/" ~ z-axis 

screen 

Figure 4.13: Illustration of how the real-world coordinates of point P with pixel coordinates (p,q) 
can he estimated by using the real-world coordinates of points A (p + 1, q- 1) and B (p, q- 1~. The 
points Po, Ao and Bo are gridpoints that Zie in the (z = 0) plane, the coordinates ofwhich are known 
from the position calibrations in the horizontal plane. Point R is the camera position. The distances 
in the image are not to scale. 

• Points A and B are part of the previous row in the image, row q-1, with vertical pixel coordinate 
q-1. Assume that the coordinates and the slopes in x and y -directions for all of the points in this 
row are known. Points Ao and Bo are the corresponding points in the plane z = 0, with known 
coordinates from the calibration of xh and Yh· For the purpose of this explanation Xp0 > 0. 
Taking x Po < 0 does not lead to any major changes. The principle remains unchanged. The x 

and y-coordinates of point Po arealso known from the position calibrations: 

XAo xh(P+ 1,q -1) 

XBo xh(P, q- 1) 

X po xh(p,q) 

YAo Yh(q- 1) 
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YBo 

YPo 
(4.35) 

Point A' and point B' have the same x-coordinates as points A and B, respectively, and have the 

same y-coordinate as Po. 

• The z-coordinates of A' and B' can now be found through extrapolation, using the slopes in 

y-direction in points A and B, as expressed in the following equations: 

öh(x, y) I 
ZA' =ZA- Öy A (YA- YPo) (4.36) 

and 
öh(x,y) I 

ZB' =ZB- Öy B (YB- YPo)· (4.37) 

• Point P' lies below point P0 . Their x and y-coordinates are the same. The z-coordinate zp, can 

be found by linear interpolation using the coordinates of points A' and B': 

Xp'- XB' 
ZP' = (ZA' - ZB') + ZB' . 

XA'- XB' 

(4.38) 

• PointPis the point of intersection of r, through points Rand P0 , and the line through B and P'. 

The line represented by r in the plane BP'PoBo is given by: 

Zr = -ze( J!_ + 1) 
YPO 

Point C is the point where the line described by vector r intersects the (y 
coordinates of this point are known from the vertical position calibration: 

The line through B and P' is given by: 

xe 

ze 

Xv(P, q) 
-zv(q) 

Y- YB 
Z8 = (zP' -ZB) +ZB· 

YPo- YB 

by taking Zr = z8 , the coordinates yp and zp can be found: 

(4.39) 

0)-plane. The 

(4.40) 

, 

(4.41) 

(4.42) 

Inserting this expression in either (4.39) or (4.41) gives zp. Finally the x-coordinate of Pis 

given by: 
YP 

Xp = (xp0 - xe)- + xe. 
YPo 

(4.43) 

Now all the coordinates of pointPare known. Perlorming this procedure for each pixel in a horizontal 
row q in the image gives the coordinates of all points in the row. For repeating the process for the next 
row, with vertical pixel coordinate q+l, the slopes in x- and y-direction in row q need to be known. 
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4.3.3 Calculating the slope in x-direction 

Using the slopes in and positions of the points in a row in the image, the coordinates of points in 
the next row have been calculated. The coordinates of point P, corresponding to pixel (p, q), are 
now known. To find the components of vector s, needed for calculating the slope, the coordinates 
of point S still have to be found. Ideally, it would be possible to identify both coordinates of point 
S with the colour. However, only the hue value can be used for identification of the colour. Using 
the RGB values for identifying a colour is not reliable in this case, since the values change as the 
intensity and saturation change, which means that the RGB values of a point in the measurement will 
not have the same RGB values as the corresponding point, the point on the screen where the reftection 
originates in the colour calibration. The hue value will remain unchanged, however, independent of 
the intensity of the light and no matter how much white is contained in the colour. This means that 
only variations in hue value on the screen can be measured. Hue is the only identifier. However, the 
discrimination between hue values is limited. Por the camera system used, the relative accuracy of 
the hue measurements is roughly 1/30, which means that only roughly 30 distinct hue values can be 
accurately identified. This is not sufticient for varying the hue in both the x- and z-directions on the 
paper on the screen. One approach to overcome this problem is varying the hue value in just one 
direction and deriving the information about the surface in the other direction in an indirect manner, 
which is the metbod used in this report. The hue on the paper is varled as a function of z, independent 
of x. 

screen 

columnp ' 
rowq BÎ 

/ 

Figure 4.14: Illustration of how the slope in x-direction in point P with pixel coordinates (p, q) can 
he estimated. The points Po, Ao and Bo are gridpoints that lie in the z = 0 plane, the coordinates of 
which are knownfrom the position calihrations in the horizontal plane. PointRis the camera position. 
The distances shown are nat to scale 

The slopes of the surface in x and y-directions in point P are unknown. To determine these a similar 
approach is used as previously used for finding the coordinates. The relevant lines and points are 
shown in tigure 4.14. 

• The coordinates of points Ao, Bo and Po are given by (4.35). The y-coordinates of points A1 and 
B1 are the same as the y-coordinate of point P. The z-coordinates can be found by extrapolation: 

8h(x,y) I ( ) 
a YA- YP , 

y A 
(4.44) 
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ah( x, y) I 
ZB1 =ZB- ay B (YB- yp). (4.45) 

• The slope in x-direction in point P is now given by: 

ah( x, y) I = ZA1 - ZB1 • 

ax p XA1 - XB1 

(4.46) 

4.3.4 Calculating the slope in y-direction 

The following situation now exists: All components of vectorrare known. Of vector s only the 
component sy is known. The slope in y-direction in point P is as yet unknown. The component s z 
follows from comparison to the colour calibration. Since the hue on the paper placed on the screen is 
independent of y, in the calibration image there is a whole horizontal row of points with the same hue 
value as seen in point P. If the vertical pixel coordinate of this row is called s, the z-coordinate of this 
row is zs, given by: 

zs = zv(s). (4.47) 

The relations between the slopes of the surface in x and y-direction and the normal n are: 

ah nx 
(4.48) a x ' nz 

ah - ny. 
(4.49) ay ' nz 

The normal n to the surface in point P can be calculated from veetors s and r by using the following 
equation: 

_ s r 
n = 181 + 171' (4.50) 

so by adding veetors s and rafter dividing by their respective lengths 181 and 111. These lengths are 
given by: 

181 = Jsx2 + Sy2 + Sz2, 

171 = Jrx2 + ry2 + rz2· 

, 
(4.51) 

(4.52) 

Since all components of rare known, its length is also known. Equation ( 4.50) can be split into three 
separate equations for the x, y and z-components, respectively: 

(4.53) 

(4.54) 

Sz Tz 
nz = 181 + 171' (4.55) 

Though nx and nz are not explicitly known, their relation is given by equations (4.48) and (4.49). 
Using equations (4.53), (4.55) and (4.51) one can now write the following equation: 

j(sx
2 + sy

2 + Sz 2) (rx + Tz ~~) = 171 ( -Sz ~~- sx)). (4.56) 
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By squaring this, a quadratic equation in sx is found: 

with 

and 

A= (r· ~~·~r -I, 
8h 

B = -2-Sz 
8x 

C = ( 2 2) (rx +rz~)
2 

_ (8h) 2 
2 

Sy + Sz 171 8x Sz. 

Equation (4.57) has two well known solutions given by: 

-B ± JB2- 4AC 
Sx,± = 2A 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

(4.61) 

Only one of these solutions is the correct one. The other one has been introduced by the squaring. 
The correct solution is sx,+ given by: 

Sx,+ = 

in which: 

s ah+ R /-(s2 + s2)(R2- 1) + (s ah)2 z ax y y z z ax 
(R2 - 1) 

ah 
R=rx+rzax 

171 

(4.62) 

(4.63) 

Now that sx is known, the slope in y-direction can be calculated for each point in the row, using 
equations (4.51), (4.52) , (4.49), (4.54) and (4.55). Since for all the points in row q the positions and 
slopes are known, the procedure can now be repeated for row q+ 1. Finding the exact positions of the 
very first row is the remaining problem. " 

For now the assumption is made that at the edge of the image the elevation is zero, meaning that the 
coordinates are the same as in those from the position calibrations and also meaning that the slope in 
x-direction is zero. The slope in y-direction for the first row is then calculated, using the procedure 
described in this section. For the first row, all variations in hue between the points in the row are 
attributed to differences in the slope in y-direction. The limitations of this will be shown in the next 
chapter. For the following rows the procedure described in sections 4.3.2 to 4.3.4 is then repeated, 
until the entire surface has been reconstructed. 

4.4 Filtering 

One important aspect of image processing is filtering. During the course of the project a single type 
of filter was used: a symmetrie non-recursive low-pass filter. 
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ju p+3 ju p+4 I 

output 

Figure 4.15: Schematic to illustrate how a non-recursive filter works. The input signa[ Up is sampled 
at discrete points. The filtered signa[ Up is the sum of the input signals multiplied by filter-coefficients 
ck. Thesetof filter coefficients is called the window. 

4.4.1 Recipe for making a digital filter 

The recipe for making the filter is based on Hamming [9]. Assume that the signa} is up, sampled at 
discrete points p. The filtered signa! up is given by: 

k=N 

Up= L CkUp-k, 

k=-N 
(4.64) 

in which ck are the filter coefficients. The set of filter coefficients is called the window. This is also 
illustrated in figure 4.15. Fora symmetrie filter the coefficients satisfy: 

(4.65) 

For a normalised filter the coefficients also satisfy: 

k=N 

L Ck = 1. (4.66) 
k=-N ,. 

The filter coefficients for a filter with certain specifications can be derived from Fourier transfarms of 
the so-called transfer function. One useful transfer function is given by: 

00 

H(f) =co+ 2 L ck cos(21rkf) 
k=l 

Ideally, signals with a frequency above a certain cut-off frequency fc are filtered out, so: 

{ 
0 < f < Je --+ f!(f) = 1 
Je< J < ~ --+ H(f) = 0. 

(4.67) 

(4.68) 

In the case of the image processing in this report, the signa! is notsampledat discrete time-steps, but 
at discrete pixel positions. Thus a frequency in this context is a spatial frequency. The theory remains 
the same though. Generally a Fourier series is given by: 

00 

H(e) = ao +Lak cos(ke) + bk sin(ke), 
2 

k=l 
(4.69) 
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with the coefficients a and bk given by the following expressions: 

ak = ~ (r H(w) cos(kw)dw, 
1r la 

bk = ~ r H(w) sin(kw)dw. 
1r la 

In case of the transfer function H(f) as expressed above this means that 

1 ~ 1fc { ..1.. sin(27rkf) 
ak = 4 H(f) cos(21rkj)dj = cos(21rkf)dj = 4Jk k _Oe ' 

a a Cl - l 

so the transfer function becomes: 

(4.70) 

(4.71) 

kf:O 
(4.72) 

(4.73) 

This infinite series is not practical, so it is truncated to a finite length. Assume that only N terms 
are used. The truncation leads to ripples in the transfer function. These ripples are known as Gibb's 
phenomena. They can be reduced by integrating the transfer function over the domain. In the general 
case given by equation ( 4.69) this means that with: 

N 
aa "'"' . HN(O) = 2 + ~ ak cos(kO) + bk sm(kO) 

k=l 

(4.74) 

the integrated transfer function becomes: 

N 1B+1r /2 aa N 
GN(O) = 2 HN(s)ds = 2 + L a(N,k)(ak cos(kO) + bksin(kO)), 

7r B-1r /2 k=l 
(4.75) 

in which the so-called sigma factor is given by: 

(N k) 
= sin(1rkjN) 

a ' 1rkjN · 44.76) 

Note that a(N, N) = 0. 

Using these sigma factors, the complete transfer function, satisfying the conditions in equation (4.68), 
becomes: 

H(f) = 21 2 ~
1 

sin(1rkjN) (sin(27rkfc)) ( f) 
c + ~ k/N k cos 27rk . 

k=l 7r 7r 
(4.77) 

The non-normalised filter coefficients are now given by: 

(4.78) 

The normalised filter coefficients follow from: 

k=N 
Ck = dk/D, D = L dk. (4.79) 

k=-N 
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4.4.2 The filters used in the experiments 

Different filters are used for filtering the vertical image lines and for filtering horizontal image lines 
in both the colour calibration and the actual measurement. The reason for this can be seen in figure 
B.1 in appendix B. The dimple in the surface is axisymmetric, but in the image, its dimension in 
the horizontal direction is compressed relative to its dimension in the vertical direction. The filter is 
required to allow the signal, resulting from the dimple caused by the half vortex ring, to pass. The 
half 1 je width of the vorticity profiles of the cores of half vortex rings measured by Vandewijer [24] 
was roughly 2 cm. The cut-off frequency for the filter in both directions is chosen so that signals with 
a period of more than 2 cm are allowed to pass. 
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Figure 4.16: The ten-point non-recursive !ow-pass filter with a cut-off frequency of 0.1 pixels- 1, 

used for filtering vertical image lines. (a) The transfer function, bath with suppression of Gibb's 
phenomena and without Gibb's phenomena through the use of sigma-factors. (b) Filtered and un
filtered hue-values through one of the cores of a half vort ex ring in y-direction. 

. , 
The filter chosen in the vertical direction is a ten point filter with a cut-off frequency of 0.1 pixels- 1 , 

so variations with a period shorter than 10 pixels are suppressed. In the vertical direction 10 pixels 
corresponds to roughly 2 cm. The normalised filter coefficients, corrected with sigma-coefficients, are 
given in the table below: 

k 0 2 3 4 5 6 7 8 9 
Ck 0.2 0.368 0.283 0.173 0.0708 0 -0.0315 -0.0318 -0.0177 0.00454 

Figure 4.16 a clearly shows that the ripples in the transfer function, caused by truncating the Fourier
series, are indeed suppressed by using the sigma factors. Figure 4.16 b is an example of filtering the 
hue value from an image. The image is of the reftection of the coloured paper in the surface, through 
one of the cores of a half ring. As can be seen, high frequent noise is filtered out, but the signa! with 
a much higher period, caused by the dimple in the surface, remains clearly visible. Experimental data 
shows that a cut-off frequency of 1110 pixels-1 seems reasonable, though the filter obviously cannot 
deal with large discontinuities in the hue value as shown in figure 4.16 b. Above roughly 320 pixels, 
the noise in the hue value increases. 
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Figure 4.17: The ten-point non-recursive low-pass filter with a cut-offfrequency of0.02 pixels-I, used 
for horizontal image lines. (a) The transfer function, both with suppression ofGibb's phenomena and 
without Gibb's phenomena through the use of sigma-factors. (b) Fittered and un-filtered hue-values 
through one of the cores of a half vort ex ring in x-direction. 

The filter used for filtering horizontal image lines is very similar to the filter used in the vertical. 
The cut-off frequency now is 0.02 pixels-I, so variations with periods shorter than 50 pixels are 
suppressed. In the horizontal direction 2 cm corresponds to roughly 50 pixels. 

k 0 1 2 3 4 5 6 7 8 9 
Ck 0.0888 0.174 0.164 0.149 0.129 0.106 0.0814 -0.0568 -0.0349 0.0155 

Figure 4.17 a shows the transfer functions with and without Gibb's phenomena. Figure 4.17 b is an 
example of the filtering in horizontal direction, once again through one of the cores of a half ring. Once 
again high frequent noise is filtered out, but the signa} with a much longer period remains visible. 

' 
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Chapter 5 

The practical feasibility of the surface 
measuring metbod 

The method used to measure the shape of a surface has a number of limitations. The surface shape 
that can be accurately reconstructed has to fulfil a number of conditions. Some of these limitations 
will be explained in the next section, using a Gaussian well as an example. The algorithm used, as 
described in chapter 4.3, has inherent limitations as well. Some of these limitations will be shown in 
this chapter. Tests of the algorithm have been performed using synthesised images of known surface 
shapes including Gaussian dimples, but also flat planes at different angles and elevations and finally 
surface waves. Figure 5.1 shows a schematic of the procedure foliowed in the tests. 

synthesizing 
program 

c-·h:sen sur~ac~ 1 ~ 
shape --- _ JY 
---------·- ------· --- ·----- ~----~ 

1 -~ position d~ta . ~~ surface sha e 
1 
~ y colour calzbratwn data y 1 1 

f p y 
synthesized imagefile ca cu a 100 program 

calculated 
surface shape 

~,I_-- _________ -__ ---- - --- _________ __Si, 
------ -----·----~ _ __ _ ___ c_ompare 

Figure 5.1: Procedure used for testing the surface calculation pro gramme. 

5.1 Conditions 

In order for the procedure to work, the surface shape has to satisfy a number of conditions. It is 
apparent from chapter 4, that the surface has to have a continuous shape. Furthermore, the slope 
and elevation the surface is allowed to have is limited. The surface shape that can accurately be 
reconstructed has to fulfil a number of conditions. In all the cases described in the current section, the 
camera coordinates are given by (x, y, z) = (0, a, b). Values used in the examples are a= 200 cm and 
b = 50 cm. 
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5.1.1 The dimensions of the paper 

The dimen~ions of the paper on the screen impose a condition on the surface shape. If the slope of the 
surface in the y-direction is too large, the point from where the colour is supposed to originate, can lie 
above the paper in the plane y = 0. The z-coordinate zs of the point is given by equation (4.28), so 
the condition means that zs needs to besmaller than the height of the paper. Equation (4.28) shows 
that whether it does, depends on a large number of factors. Generally, the presence of any slope in the 
x-direction will cause a decreasein zs, so for finding the limits to the allowed surface shape imposed 
by the height of the paper, it does nothave to be included. Generally, the inftuence of the x coordinate 
on zs is also small. As an example, a two-dimensional Gaussian dimple is used to show the limits. 
The shape of the dimple is given by: 

h(y) = -Aexp (- (y ~:0 ) 
2

). (5.1) 

in which b..y is the half 1/ e width in y-direction, yo is the coordinates of the centre of the dimple and 
A is the depth of the dimple in the centre. lf the actual elevation of the surface is also not included, 
the condition that has to be met for the point to lie on the paper is: 

dh(y) d 
-->--

dy y' 
(5.2) 

in which d is the height of the paper. The slope in any point has to be lower than the slope of the line 
from the top of the paper to the point. The location where the condition is most likely to be broken 
is where the slope in the y-direction of the surface has its minimum value. For the Gaussian dimple 
given by equation (5.1) the slope has its minimum in the point y = y0 - b..yj.../2. In that case the 
slope is: 

dh(y) I = -J2__:!_ exp (-~) . 
dy y=yo-b.yj../2 b..y 2 

(5.3) 

The condition can now be rewritten as follows: 

J2__:!_ (Yo- b..y) exp (-~) - d < 0. 
b..y .../2 2 

, 
(5.4) 

For relatively wide and shallow dimples, the condition will likely be met. As the depth increases or 
the width decreases it will become a problem. Using a paper with a relatively high vertical dimeosion 
can prevent this, though the maximum height is limited by the field of view of the camera, since 
the full height also has to be visible in the calibration. One way to overcome this is by tilting the 
screen towards the camera. A remaining problem is that the limited number of hue valnes that can be 
accurately distinguished by the camera have to be spread out over a larger area. This willlikely lead 
to lesser accuracy in determining the position on the screen, where a eertaio hue value originates. 

Of course, the width of the paperalso imposes a limit. Equation (4.27) gives the x-coordinate of the 
point on the paper on the screen where the hue originates. The condition to see whether the surface 
shape can be accurately seen is obviously that this x-coordinate should lie in the range occupied by the 
paper. As is immediately clear from equation ( 4.27), this also depends on a large number of factors. 
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5.1.2 Obstruction of the view of the surface 

Another condition is that the view on any part of the surface should be un-obstructed by the rest of 
the surface, so the line from any point P in the surface is not allowed cross the surface between P and 
the camera. In two dimensions, not including the x-direction, the line from P to the camera can be 

written as: 

( ) 
_ (h(yp)- b)(y- a) + b 

r y, Yp - . 
Yp- a 

(5.5) 

The condition is now that: 
Yp:::; y <a-+ r(y,yp)- h(y) > 0. (5.6) 

Another -more straightforward- way to formulate the condition is the following: 

dh(y) b 
O<y<a-+ -- < --, 

dy a- y 
(5.7) 

expressing that the slope of the surface is never allowed to be more than the slope of the line to the 
camera. In that case the line from any other point in the surface, should never cross the surface except 
in that point. Fora Gaussian dimple as given by equation (5.1), the most likely location for the slope 
to be to high is in the point where the slope has its maximum, which is for y = Yo + !1y / ..f2. The 
slope in that case is: 

dh(y) I = v"i~ exp (-~) . 
dy y=yo+b.yj../2 /j.y 2 

(5.8) 

The condition can be rewritten as: 

(5.9) 

In this case, a relatively shallow, wide dimple is also beneficiary. Placing the camera relatively high 
above the surface also increases the range of possible surface shapes that can be accurately seen. 

5.1.3 Intersecting the surface 

The final and generally most stringent condition is that the line from any point P on the surface to the 
point S where the colour seen in P originates, is not allowed to interseet the surface at any point, other 
than in P. 

to screen 
..z--- line s(y,yp) 

~---j 

intersection /-- _/ y r 
pomtP 

y 

Figure 5.2: The fine from P to the screen intersects the sur.f'ace. IJ this is the case, then the surface 
cannot be accurately calculated. 
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For the two-dimensional case described in section 4.2.4, the line from S to P is given by: 

(5.10) 

in which Yp is the y-coordinate of P, h(yp) the elevation of the surface in Pand g(yp) the z-coordinate 
of pointS, given by equation (4.15). This is illustrated in tigure 5.2. The condition now is: 

0 :S y < Yp-+ s(y, Yp) - h(y) > 0. (5.11) 

Figure 5.3 shows two cases. The surface shape chosenis given by equation (5.1), with a half 1/e 
width /).y of 2.5 cm and y0=50 cm. Figure (5.3a) shows a contour plot of s(y, Yp)- y(h) as a function 
of y and Yp fora dimple with adepthof 0.5 cm. For y < Yp the function is notallowed to be zero or 
smaller than zero. s(y, Yp) - h(y) is zero on the line y = Yp. but -as can be seen from the contour 
plot in this case- there is an area for y < Yp for which it is smaller than zero. Therefore, a dimple with 
these parameters cannot be accurately detected with this method. Figure 5.3 b shows a contour plot of 
s(y, Yp) - h(y) fora dimple with adepthof 0.3 cm. In this case s(y, Yp) only equals zero for the line 
y = Yp and is higher than zero for y < Yp- Therefore, based on this particular condition, a Gaussian 
dimple with these parameters can be accurately detected. 
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Figure 5.3: Contour plots of s(y, Yp) - h(y), given hy equation (5.10), fora Gaussian dimple with 
a half1/e-width of2.5 cm and (a) a depth of0.5 cm, (h) a depth of0.3 cm. In order for the surface 
shape to he suitahle for heing measured with the procedure used in this report, the plotted function 
should not he helow 0 for points to the left ofthe line y = Yp· 

5.2 Synthesising data for the position calibrations and images 

This section explains how the images and calibration data needed to test the procedure for calculating 
the surface shapes can be generated. Once again, in all calculations, it is assumed that the camera does 
not distart the images. The camera is represented by a point. All the light rays which form the image, 
pass through this single point. This same assumption was previously made only to avoid complications 
in the figures used to illustrate how the methad works. For the calculations, the coordinates of the 
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point are (0, a, b), so the distance from the camera to the vertical screen is a and its elevation over the 
undisturbed surface is b. The distance between the y-coordinate and the position of the edge of the 
part of the surface that can beseen by the camera is called c. These distauces are shown in figure 5.4. 
Figure (5.4) shows the augles and distauces needed for calculating the relations between the vertical 
pixel-coordinate q in the image and Yh and Zv. The upper edge of the camera-image corresponds to 

Figure 5.4: Cross-section (the x=O plane) ofthe set-up with definitions for disfances and angles used 
for calculating data for calibrations of positions Zv and Yh· Note that the part of the drawing for 
z < 0 represents the reflection in the surface. 

the x-axis. For anideal camera Yh and Zv are independent of the horizontal pixel-coordinate p, since 
horizontal lines in the image correspond to straight lines, parallel to the x-axis in the real world. All 
distauces will be expressed in terms of the lengtbs a, b and c from now on. It is convenient to first 
calculate the augles x and b.. as shown in figure 5.4. The angle x is given by: 

x = arctan ( ~) (5.12) 

and the angle b.. is given by; 

.6..=~-x-arctan(~) . ~5.13) 
By varying the angle (} from zero tob.., Yh goes from 0 to (a- c) and Zv from 0 to b(a- c)jc. The 
relation between Yh and angle (} is: 

Ja2 + b2 
Yh((}) = . 1 1 · 

sm x( tan x + tan (}) 
(5.14) 

The relation between position y' and the angle (} is: 

y'(e) = Jb2 + c2 (sin~ +cos~ tan ( ~ - (})) . (5.15) 

The inverse of this equation is given by: 

I b._ [ b._ y' l (}(y ) = - - arctau tan- - . 
2 2 cos~+ Jb2 + c2 

2 

(5.16) 
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Now the theoretica! relation between the position y1 and the Yh-position can be calculated by inserting 
equation (5.16) into equation (5.14). In the case of 512 horizontal image-lines the relation between 
the vertical pixel q and y1 is given by: 

I q I 

Y = 512 Ymax• (5.17) 

with Y:nax the value that y1 has when () = ~. This is given by: 

Y'max = 2sin ( ~) Vb2 + c2
. (5.18) 

Finally, the relation between Yh and Zv is given by: 

-~ Zv- . (5.19) 
a- Yh 

With these equations the theoretica} relations between Yh. Zv and the vertical pixel position q are 
complete. 

As stated before, horizontal image lines correspond to parallel straight lines in the real world, So Yh 
and zv only depend on the vertical pixel coordinate. Vertical image-lines also correspond to straight 
lines in the real, world, but they are not parallel. Figure 4.10 already illustrated that the lines diverge 
as the distance to the camera increases, which means that Xv and xh are nat only dependent of the 
horizontal pixel position p, but also on the vertical pixel position q. 

Figure 5.5: Definitions of points for calculating data for the calibrations of positions xh and Xv· 

Window ABCD represents the limits of the view-field of the camera. Once again, the part of the 
drawing for z < 0 represents the reflection in the surface. 

In tigure (5.5) a number of lengths and points are defined which are used to calculate the relations 
between xv, xh and the pixel coordinates pand q. The length ofDC is directly linked to the maximum 
length of y1 in the previous subsection, given by equation (5.18): 

(5.20) 

in which r is the ratio of width to height of the image, which is usually 3/4 or 4/3 depending on the 
orientation of the camera. For the tests described here its value is 1. It is convenient to look at the 
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Figure 5.6: Projections ofthe boundaries ofthe view-field ofthe camera projected on the y = 0 plane 
and the z = 0 plane. 

boundaries of the view-field of the camera, projected on the y = 0 and z = 0 planes, which are 
shown separately in tigure 5.6. For each Yh and Zv, the widths of the intervals that limit Xh and xv are 
respectively Xmax,h• which is dependent of Yh· and Xmax,v. which is dependent of Zv. The relation 
between xh, Xmax,h and the horizontal pixel position pis given by: 

256.5- p 
Xh = Xmax,h 

512 

and similarly the relation between Xv, Xmax,v and the horizontal pixel position mis given by: 

256.5- p 
Xv = Xmax,v 

512 

Figure 5.6 shows that Xmax,h is given by: 

Xmax,h - ry'max g - ry'max 

a- c- Yh a- c 

and that Xmax,v is given by: 
Xmax,v - 9 f - 9 

Zv h 

Now the distances d, e, j, g and h can be expressed in termsof a, b, c and ry'max: 

d(a- c) 
e= 

c c 

ry'max a 1 
f = (e + d)-d- = ~rYmax 

- J 2 b2 ry'max - Ja 2 + b2 I 

g - a + d - Jb2 + c2 rymax 
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(5.21) 

(5.22) 

.. 
(5.23) 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

(5.28) 



b 
h =(a- c)-

c 

By using these relations equations (5.23) and (5.24) can be rewritten as: 

Xmax,v = ry~ax [ (b(:: c)) ( ~- ~::: ::) + ~::: ::]. 

(5.29) 

(5.30) 

(5.31) 

The theoretica! relations between Xv, Xh and the pixel-coordinates pand q are now complete. For any 

point (p, q), Yh and Zv can be calculated using equations (5.12)- (5.19). The other coordinates, Xh 

and xv, canthen be calculated using (5.23), (5.24), (5.30) and (5.31) 

Now that the relations between the pixel positions and the real world coordinates are known, for each 
pixel in the image vector f' can be calculated. The point of intersection of vector f' and the chosen 
surface shape h(x, t) is calculated next. Using equations (4.16), (4.27) and (4.28) the coordinates of 

the point where the hue originates canthen be calculated. Figures 4.4 and B.1 are examples of images 

generated in this manner. 

5.3 Testingthe procedure with synthesised images of a Gaussian dimple 

Same of the characteristics of the procedure used to calculate the surface shape have been investigated 

using synthesised images based on a Gaussian dimple given by: 

( (
x- x0 )

2 (Y- y0 )
2

) h(x, y) = -Aexp - ~ - ----s:y . (5.32) 

In this expression D.x and D.y are the 1/e widths in x and y- directions, respectively, xo and Yo are the 
coordinates of the centre of the dimple and A is the depth in the centre of the dimple. The par:a:q1eters 
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Figure 5.7: Hue values for synthesised images of a surface with a Gaussian dimple and of an undis
torted surface. 

for the Gaussian dimple used for these particular tests are given by Table (5.1 ). The parameters are 
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Table 5.1: parameters of the Gaussian dimple 

A= 0.3 cm 

Llx = 2.5 cm 

Lly = 2.5 cm 

xo = Ocm 

Yo = 50 cm 

broadly representative for what the shape of the dimple where a half vortex ring meets the surface will 
be like, and for the positions inthetank that can be seen with the current set-up. The distauces a, b 
and c, as explained insection 5.2 and also shown in tigure 5.4, are respectively, 200 cm, 50 cm and 
100 cm for the examples and tests explained here. For the tests, an image with constant intensity and 
saturation and a hue value linearly dependent on z was used. 
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Figure 5.8: Results of surface shape calculation in the plane x = 0 cm, fora Gaussian dimple (5.32) 
with parameters given in table 5.1. (a) the slope in y-direction, (b) the absolute error in the slope in 
y-direction, (c) the elevation ofthe sulface and (d) the error in the elevation ofthe sulface 

Figure 5.7 a shows the hue value from a synthesised image of an undisturbed surface, calculated 
by taking h(x, y) = 0, tagether with the hue value resulting from a distartion associated with the 
Gaussian dimple. The corresponding colour images can be found in tigure B.l. The results of the 
surface shape calculating procedure are shown in tigures 5.8 and 5.9. Figure 5.8 shows data for a 
cross-section of the calculated surface in the (x = 0)-plane, so through the centre of the Gaussian 
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dimple. The error in the slope in y-direction is between -0.005 and +0.002, which is smaller than 5% 
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Figure 5.9: Results of surface shape calculation in the plane y = 50 cm,for a Gaussian dimple (5.32) 
with parameters given in table 5.1. (a) the slope in x-direction, (b) the absolute error in the slope in 
x-direction, ( c) the elevation of the surface and ( d) the error in the elevation of the suiface. 

of the maximum absolute value of the slope. The resulting error in the elevation at y = 100 cm is 
only -0.005 cm. The error in slopeis larger fora positive slope than fora negative slope. The overall 
tendency is for the calculated slope to be slightly below the actual slope. The maximum error in the , 
calculated depth is -0.006 cm, which is 2% of the actual depth. Not correcting for in displaceinents in 
z and y-direction would have lead to a bigger difference between the calculated slope and the actual 
slope. In that case the calculated slope would likely be too high. If the elevation is neglected, the 
assumed position of the point on the surface would be higher than the actual position. The result 
would be that the slope would also be too high. 

Figure 5.9 shows data for the cross-section of the surface in the (y = 50)-plane, soalso through the 
centre of the Gaussian dimple, but in a direction perpendicular to the direction chosen fortigure 5.8. lt 
shows that the slope in x-direction is not completely antisymmetrie around x = 0, but the difference 
is very small overall. The maximum error in the slope in x-direction is 0.012, which is 12% of the 
maximum absolute value cif the slope. Not including the slope in x-direction would have lead to the 
calculated elevation being too low in the regions where the absolute value of the slope in x direction 
is relatively large. In the cross-section in x-direction, the dimple would have seemed wider than it 
actually is. 

In the same manner as above a number of tests have been performed using a Gaussian dimple. All 
the parameters were changed within the limits of the method, as explained in 5.1. An overview of the 
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range of tests is given in Table 5.2. All other parameters for the dimple are the same as those shown 
in Table 5.1. 

Table 5.2: parameters of the Gaussian dimple, varied in the tests 

I nr. I parameter I description range I step size j 

1 A depth of the dimple 0.1 to 0.4 cm 0.05 cm 
2 !:1y= half 1/ e-width in y-direction 2 to 7.5 cm 0.5 cm 
3 xo = y-coordinate of the centre 15 to 75 cm 5cm 
4 Yo = x-coordinate of the centre -7 to 7 cm lcm 

1. The depth A of the dimple, was varied. Pi gure 5.10 a shows the relative error in the calculated 
depth as a function of the depth. The errors in x 0 were smaller than 0.03 cm and the errors in 
Yo were smaller than 0.2 cm in all cases. 

2. The infiuence of !:1y, the half 1/ e width in y-direction of the dimple, was tested. The relative 
error in the calculated depth as a function of the width are shown in tigure 5.10 b, for a depth 
of 0.3 cm and a depth of 0.15 cm. The errors in the calculated x0 and y0-positions were smaller 
than 0.04 cm and smaller than 0.2 cm, respectively, for bath depths. Though the accuracy is 
affected, there is no clear relation between the width and the accuracy. Comparison of different 
points with a similar ratio of depth/width also does nat show any relation. 

3. The inftuence of yo, the y coordinate of the centre of the dimple, was studied by varying y0 with 
all the other parameters of the dimple kept constant at the values given in Table 5.1. Pigure 5.10 
c shows the relative error in the depth as a function of y0 . The absolute value of the relative 
error in depth decreases as Yo increases. Pigure 5.10 d shows the relative error in the calculated 
Yo position as a function of YO· The relative error in y0 is smaller than 0.7% in all cases. The 
maximum absolute error is 2 mm. 

0 , 

4. The inftuence of xo, the x-coordinate of the centre of the dimple, was also studied. Por this 
purpose xo was varied with all the other parameters of the dimple being kept constant at the 
values given in Table 5.1. The error in the calculated x 0 position was smaller than 0.04 cm and 
the error in the yo position was smaller than 0.15 cm, almast independent of x 0 . The absolute 
value of the relative error in the calculated depth was smaller than 3% in all cases, independent 
of x 0 . In these tests x 0 had hardly any inftuence. 

In all cases, the absolute error in the position in x-direction was smaller than 0.04 cm. In the tests the 
maximum range of x was from -10 cm to +10 cm. Por an image with 512 vertical columns of pixels 
this means that the width represented by one pixel is roughly 0.04 cm, so the error in the x position 
is of roughly the same size as the width of a pixel. Note that the actual width represented by a pixel 
is dependent on the y position. The range of y in the tests was from 0 cm to 90 cm. Por an image 
with 512 horizontal image lines this means that one pixel represents an interval in y-direction with a 
width of roughly 0.2 cm. Also in this case the actual width of the interval represented by a pixel is 
dependent on the y-position. Still, the error in y-position is of roughly the same size as the width of 
the interval represented by one pixel. The findings are summarised in Table 5.3. 
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Figure 5.10: Test resultsfor a Gaussian dimple given by equation (5.32). In all cases, the parameters 
of the Gaussian dimple, other than the single parameter that was varied, we re kept at the values given 
by Table 5.1. (a) test series 1: The relative error in the depth of a Gaussian dimple as a function of 
the depth. (b) test series 2: The relative error in the depthof a Gaussian dimple as a function of D..y, 
the half 1/ e-width of the dimple, for two depths ( c) test series 3: The relative error in the depthof a 
Gaussian dimple as aJunetion ofyo, the y-coordinate ofthe centre ofthe dimple. (d) test series 3: 
The relative error in the calculated y-position of the centre of the dimple as a function of Yo-

, 
Table 5.3: Overall results for the tests using Gaussian dimples. 

description I absolute error I max. error/max. abs. value 

error in Yo 0.2 cm,l pixel -
error in xo 0.04 cm, 1 pixel -

error in 8hj8y 0.005 5% 
error in 8hj8x 0.012 12% 

error in depth of the dimple 0.01 cm 3% 

5.4 Testing the procedure by tilting and raising of a fiat plane 

In the previous section, 5.3, it was noted that the generally the error in the calculated slope was higher 
for a positive slope in y-direction than for a negative slope. To examine this in more detail, further 
tests have been performed using synthesised images of a flat plane with different slopes. The results 
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Figure 5.11: Cross-sections of the calculated surface in the x 0-plane for planes with different 
slopes in y-direction: (a) with positive slopes, (b) with negative slopes. 

are shown in figure 5.11. Though in bath the case of a positive slope, in figure 5.11 a and the negative 
slope in 5.11 b the calculated slope is toa low, the difference is higher for the positive slope. This is 
inherent to the methad used. Generally the slope is toa low. This is interconnected with the fact that 
the surface elevation is toa low. The error in the slope resulting from an error in the elevation can be 
found by calculating what the position of the point S, where the hue originates, should be for a given 
set of parameters and a certain point P on the surface, using equations ( 4.27) and ( 4.28). Errors in the 
position of P can then be deliberately introduced, befare the slope in y-direction is calculated using 
the methad described in section 4.3.4. The calculated slope will now include an error. Figure 5.12 
shows the error in the calculated öhj öy, resulting from a deliberately introduced error of -0.01 cm in 
the elevation of P, and a corresponding error in yp. the actual elevation of P was taken as zero. This 
is done for two cases, a positive slope of 0.01 and a negative slope of 0.01, for several values of yp. 
The x-coordinate has nat been included in this calculation. The figure shows that indeed in bath cases 
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Figure 5.12: The error in the calculated slope in y-direction as a function of y, resulting from a 
deliberately introduced error of -0.01 cm in the elevation. 

the slope is toa low. The difference is highest for the positive slope. The figure also shows that the 
influence of an error in elevation decreases as y increases. 
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In all of these cases and in the testsusinga Gaussian dimple (as discussed insection 5.3), the elevation 
of the points in the first row, at y= 7 cm was taken as zero. This is also assumed in the procedure for 
calculating the surface shape. To examine what happens if a surface shape is chosen for which the 
elevation is nut equal to zero, a number of tests have been performed with synthesised images of a flat 
horizontal plane at several elevations. 
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Figure 5.13: Elevation calculatedfor flat, horizontal planes at different elevations. 
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Figure 5.14: Cross-sections of the calculated sulface in (a) the x = 0-plane (b) the plane y = 50, 
through the centre of a Gaussian dimple, given by equation (5.32) and with parameters given in Table 
5.1. The dimple is added toa horizontal plane with an elevation of0.02 cm. 

The results of this are shown in tigure 5.13. Raising the plane has a similar result to tilting. This is 
not surprising, since both cause a shift of the hue in the vertical direction in the image. Disceming 
whether a shift is caused by tilting or by changing the elevation using this method is impossible. This 
is inherent to the choice made for the first row, for which the shift in hue is attributed to a change 
in slope only. Obviously, in a case for which it is not due to a change in slope, problems occur. 
If the calculated surface lies below the actual surface, the resulting slope is too low. Therefore, the 
calculated elevation of the next row is even further below the actual elevation, leading to the calculated 
slope in that row to be too low as well. The result of this is that the slope in all of the next rows will 
also be too low. If the calculated surface lies above the actual surface, the resulting slope is too high. 
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In both cases, the difference between the calculated surface elevation and the actual elevation will 
become larger and larger. 

Still, despite this, a reasanabie representation of the surface shape is not a complete impossibility, as 
is shown in figures 5.14 a and 5.14 b. These images show the cross-sections of the calculated surface 
shape of a Gaussian dimple added to a horizontal plane at 0.02 cm height in y-direction through 
the centre and in x-direction through the centre, respectively. Relative to the surrounding plane, the 
Gaussian dimple is clearly visible. The depth is also roughly 0.3 cm, compared to the surroundings. 

5.5 Surface waves 
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Figure 5.15: (a) Calculated elevation in the cross-sectionat x = 0. (b) Calculated slope in y-direction 
in the cross-section at x = 0. ( c) Calculated elevation in the cross-section at x = 2. ( d) Calculated 
slope in y-direction in the cross-section at :r: = 2. The actual sulface shape is given by equation 
(5.33). 

For all of the cases in the previous subsection, the slope in x-direction for the first row was equa1 to 
zero, so the error made in the first row was independent of x. For the next example a different surface 
shape is used, in which this is no langer the case. It is a surface with waves both in x and y-direction, 
given by: 

h(x, y) := 0.02 cos(1r(y- yo)/8) cos(1rxj8), (5.33) 

in which Yo is the y-coordinate corresponding to the first horizontal image line, which in this case is 
7 cm. This example is chosen because in the actual experiments surface waves willlikely occur. The 
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corresponding colour image can be seen in tigure B.l. The results of the surface shape calculation 
are shown in tigures 5.15 and tigure 5.16. Both for the cross-sections at x = 0 cm, shown in tigures 
5.15 a and 5 .. 15 b, and at x= 2 cm, shown in tigures 5.15 c and 5.15 ), the calculated slope lies at an 
almost constant value below what the actual value should be. In the case of x = 2 cm some instahilities 
seem to occur. Figure 5.13 already showed that if the actual surface lies above the calculated surface, 
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Figure 5.16: Elevation calculated in the cross-sectionfor y = 20 cmfor an actual surface shape given 
by equation ( 5.33 ). 

the calculated slope is too low and that if the actual surface lies below the calculated surface, the 
calculated slope is too high. In the case of waves in two directions, for the tirst row, the actual surface 
lies either above or below the assumed height, depending on x. The resulting slopes in adjacent lines 
in the y-direction will therfore diverge. As aresult of this, the difference between the calculated cross
sec ti ons in y-direction and the actual shape increases as y increases. The differences in the elevations 
of adjacent lines in x-direction become too high, the calculation of the slope in x-direction becomes 
unreliable. This is a likely explanation for the instahilities seen in tigures (5.15 c) and (d), since for x 
= 2 cm, both the slope in x-direction and the error in the initial elevation are relatively high. Figure 
(5.16) shows a crosssectionat y = 20 cm. The currently used procedure, obviously cannot handle this 
situation. 0 , 

However, if somehow the elevation of one row is known, much improved accuracy is possible. Figure 
(5.17 shows cross-sections in y-direction for a surface given by equation (5.33). The shape for the 
tirst row is now no Jonger assumed to be zero, but is now given by equation (5.33) for y = y0 . The 
difference between the calculated slope and the actual slope is much smaller, compared to that in 
tigure 5.15, especially in the case of x= 2 cm shown in (c) and (d). The differences in the slope are 
hardly visible. The most important reason for the differences are still shifts. The row for which the 
elevation is known lies at yo, which is the y coordinate in the (z = 0)-plane corresponding to the tirst 
horizontal image-line. The point were the lines from the camera to the surface interseet the surface 
are shifted in y direction relative to the line y = y0 . 

The cross-section at y = 20 cm is changed dramatically, as can be appreciated from tigure 5.18. 
Though the relative errors in elevation are still large, there is a marked improverneut over the cross
section shown in tigure 5.16. 
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Figure 5.17: (a) Calculated elevation in the cross-sectionat x = 0. (b) Calculated slope in y-direction 
in the cross-section at x = 0. ( c) Calculated elevation in the cross-section at x = 2. ( d) Calculated 
slope in y-direction in the cross-section at x = 2. The actual surface shape is given by equation 
( 5.33 ). In this case, the shape of the surface in a single row in the x-direction is known. 
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Figure 5.18: Elevation calculated in the cross-sectionfor y = 20 cmfor an actual surface shape given 
by equation ( 5. 33 ). In this case, the shape of the surface in a single row in the x-direction is known. 

5.6 Assessment of the feasibility 

The possible surface shapes that can be measured are limited. To allow a relatively large range of 
surface shapes to be within the possibilities of the method, the camera has to be placed relatively high, 
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though this also requires the piece of coloured paper to be rather large. The biggest weakness of the 
current method is that, for the first row in the image, there is no way to distinguish between shifts in 
hue relative to the hue seen in the calibration, caused by a change in elevation and a shift in hue caused 
by a chang€ in slope. In the currently used method, the assumption is made that the elevation of all the 
points in the first row is zero. All the shifts in hue seen in the first row are completely attributed to the 
slope in y-direction. In cases where the elevation of the points in the first row is not equal to zero, the 
accuracy drops dramatically. Another weakness is that the error made in positive slopes is higher than 
the error made in negative slopes. This can lead to the calculated surface elevation gradually getting 
lower and lower. If the elevation in the first row is known, then the calculated shape is much more 
accurate. 

74 



Chapter 6 

Results and discussion 

The metbod described in section 4.3 and tested in the previous chapter has been used to evaluate 
images of the surface shape where a half vortex ring was connected to the surface. 

6.1 Position calibrations 

In subsections 4.2.3 and 4.3.1 the position-ca1ibrations were discussed. The results of the calibration 
for Yh and Zv are shown in figures 6.1 a,b. 
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Figure 6.1: (a) Yh, the y-coordinate in the (z = 0)-plane, as ajunetion ofthe vertical pixel coordinate. 
(b) Zv, the y-coordinate in the (y = 0)-plane, as ajunetion ofthe vertical pixel coordinate. In both 
cases the actual data points and the linear interpo/ation used in the procedure to calculate the surface 
shape are shown. 

As a measure of the contideuce in the calibrations, the fictional point R, (0, a, b) representing the 
camera can be used. In section 5.2, an idealised relation was found between the coordinates zv and 
Yh and the fictional point. Though in reality, the light that forms the image does not go through a 
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single point, using the actual position-calibrations, the approximate coordinates of such a point can be 
found. The standard deviation in the coordinates are a measure for the lineacity of the camera. In an 
i deal case, for which the camera is linearand for which the offsets of the axis for Yh and zv are chosen 
correctly, the relation between Zv, Yh· a and bis given by equation (5.19). This can be rewritten as: 

Yh 1 a 
- = --yh+ -, 
Zv b b 

(6.1) 

so Yh/ zv as a functiön of Yh· should be a straight line. The coordinates of the fictional point R can 
now be found by using linear regression. Figure 6.2 shows the actualline plus a line-fit. The resulting 
camera coordinates are a=192.2± 0.6 cm and b=43.7 ± 0.1 cm. This suggests that the calibrations for 
Yh and Zv are reasonably accurate. 
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Figure 6.2: The relation between Yhlzv and Yh· which should ideally be linear. 

6.2 Coloor calibration 

. ' 
For the colour calibration 50 pictures were taken of a more or less undisturbed surface. The images 
were individually filtered using the filters described in section 4.4.2, before averaging. The hue value 
was intended to be independent of x, soalso independent of the horizontal pixel coordinate. Figure 6.3 
a shows the hue value for the averaged colour calibration image as a function of the horizontal pixel 
coordinate with a fixed vertical pixel coordinate of 256. The variations are smaller than 0.05 radians. 
This suggests reasanabie alignment between the camera and the paper. Since the variations are so 
small, for the actual colour calibration, the hue value is additionally averaged over each horizontal 
image line, so that for a given vertical pixel coordinate, the hue is completely independent of the 
horizontal pixel coordinate. In this way, differences in the calculated x-coordinate of the point where 
the colour originates, no longer have influence. Figure 6.3 b shows the hue value of in the calibration 
image as a function of the vertical pixel coordinate, for a fixed horizontal pixel coordinate, after the 
additional averaging in horizontal direction. It shows that the hue value increases as a function of the 
vertical pixel coordinate. There are however some regions, roughly 5 pixels wide where the hue is 
practically constant as a function of the coordinate, which can lead to errors. In the vertical plane, 
one pixel in vertical direction corresponds to roughly 1 mm. The error in the height where a colour 
originates, resulting from the discrimination in hue values in the colour calibration, is roughly 5 mm. 
In the case that the calibration image and the image of the measurement are one and the same, the 
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Figure 6.3: The hue in the eolour ealibration: (a) as a funetion of the horizontal pixel coordinate for 
a fixed vertical pixel-eoordinate, (b) as a funetion of the vertieal pixel eoordinate. 

resulting calculated surface shape should be a flat plane at elevation zero. A test of the procedure in 
this manner gave absolute values of the elevation smaller than w-16 cm. 

6.3 Shape of the free surface 

The purpose of the measurement technique was to measure the shape of a free surface in conneetion 
with a half vortex rings. The rings were made with a disc with a diameter of 14 cm, in the manner 
explained in chapter 2. The surface area for which the images were processed was roughly 7 cm wide 
in x-direction and went from roughly 30 cm to 60 cm in y-direction. Usually, only one of the cores 
of the vortex was inside this area. The ring moved towards the screen, so away from the camera. 
Particles were present on the surface, for partiele track:ing velocimetry. , 
Figure 6.4 shows a number of measured cross-sections through the centre of the core at several times 
from t=O to 1.6 s, with intervals of 0.2 s. The point t = 0 is the tirst image processed. The results 
of this single series of measurements are representative for the possibilities and practical limitations 
of the currently used method. An actual colour image taken at t= 0.4 s, is shown in tigure B.2 of 
Appendix B. The well is clearly visible in the cross-sections, though disceming its actual shape is as 
yet impossible. The primary cause is very likely the assumption that the elevation for the tirst row in 
the image is equal to zero. In the last chapter mention was made of the fact this assumption can have 
large results. 

The cross-sections in x-direction fort= 0 s and t = 0.2 s, shown in tigure 6.4 a include irregularities. 
If the elevation in the tirst row indeed is not equal to zero, which is likely because of waves, then 
the elevations calculated for points in the next horizontal row can start to differ widely for adjoining 
pixels in that row. This creates problems for the calculation of the slope in x-direction. This difference 
between adjoining pixels in the horizontal image lines will likely increase as the distance to the top 
of the image increases, so for highervalues of y. The top of the image, with the Iowest vertical pixel 
coordinate, corresponds to the lowest value of y. The fact that the images are processed from top 
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Figure 6.4: (a), (c) and (e): cross-sections through the centre ofthe wel/ in x-directionfor several 
times. (b ), ( d) and (f): cross-sections through the centre of the wel/ in y-direction for several times. 
The time is chosen so that the first image processed is t = 0. 

to bottorn can explain why the irregularities in the cross-sections in x direction are the highest for 
cross-sections that are taken at relatively high values of y. 

The assumption that the initial elevation is zero, can also account for other effects. There can be large 
differences in the calculated elevation in consecutive images shown, though they are taken at only 0.2 
s apart, especially in the case of 0.6 s, shown in figures 6.4 c,d. The actual number of images is higher, 
the minimum interval being 0.04 s. The depth of the dimple as a function of time is shown in tigure 
(6.5), now with the maximum number of images per unit time. It shows that the difference between 
the cross-section at t = 0.6 and the cross sections t= 0.4 gradually grows in only 0.2 s time. Since 
little variations in the initial value can have large consequences, very small changes in the elevation 
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Figure 6.5: The calculated depth ofthe wellas ajunetion of time. 

in the first row, can lead to large differences in the following rows. Though as a result of this, the 
calculated depth of the well changes in time, the cross-sections in x-direction seem to show that the 
width in x-direction generally changes little in time. 

Another problem is that for high values of y, the calculated elevation of the surface is much lower than 
it is for low values of y. The cross-sections in y-direction seem to show that the wellis notsymmetrie 
in this direction. The calculated elevation never reaches its original value, after having passed through 
the well in the calculation. This is shown further in figure 6.6 a, which shows cross-sections in x

direction through the centre of the wellat y = 47.7 cm, and in a plane behind the wellat y = 55 cm, 
bath for t = 0.4 s. However, observations with the naked eye show that it is only slightly langer in 
y-direction than in x-direction, so the elevation of the surface at some distance behind the centre of the 
well should be close to the elevation in front of the well. The problem is shown more clearly in figure 
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Figure 6.6: (a) the elevation at t=0.4 sin two cross-sections in x-direction. (b) ohjoy in a cross
section in y-direction, through the centre of the well at t=0.4 s. 

6.6 b, which shows oh/ oy as a function of y, in a cross-section through the centre of the wellat t = 0.4 
s. The actual wellis visible between roughly y = 41 and y = 51 cm. The overall slope in y-direction, 
ohjoy, is too Iow. This can beseen for y between 30 and 41 cm and for y >52 cm, where the slope 
is negative. This effect can happen if the elevation of the first point in this particular cross-section lies 
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above zero. The assumption that its elevation is zero will result in a slope that generally is too low. 
This was already explained in the previous chapter. 

For those regions where ähjäy is larger than the average, so in tigure 6.6 b between 47 and 51 cm, 
the slope is far too low. The difference between what it should he for symmetry and the actual value, 
is much larger than the overall error in the slope. The sameeffect was mentioned earlier in 5.3 and 
5.4. A higher error is made in a positive slope than in a negative. Tosome extent, the reason for this is 
the same as the reason given for the overall slope being too low. In the previous chapter, it was noted 
that if the elevation ofthe calculated surface it too low, that not only the average slope is too low, but 
that the resulting absolute error in an upward slope is larger than the error in a downward slope. 
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Figure 6. 7: The filtered and un-filtered hue as a function of the vertical pixel coordinate. The graph 
is for a verticalline in the image shown in jigure B.2 of Appendix B, through the centre of the dimple 
caused by the half vortex ring. 

There are more factors inftuencing this. One possibility is that there is not enough information on 
the deepest part of the well or that the error in the hue value calculated in the well is very large. For 
a small value of the intensity or saturation small errors in red, green or blue can lead to large errors 
in the resulting hue value. Figure 6.7 shows the hue for an image line through the dimples where 
the half vortex ring is attached to the surface, in the image shown in tigure B.2 in Appendix. a. The 
approximate position of the well can he clearly seen both in the image and in the graph. The tigure 
also shows the fittered hue value. The height of the peak: in the hue value near the dimple is reduced 
by the filter. This cannot he the reason why the error in the positive slope is relatively high, since this 
peak: represents the part of the dimple where the slopeis negative. Figure 6.8 a shows the saturation, 
while tigure 6.8 b shows the intensity for the same line. In the region of the well both the saturation 
and the intensity are low. 

The presence of particles for partiele tracking velocimetry can also he a cause for the problems with 
the well. If a partiele is present on the surface, part of the information in the reftection from the 
coloured paper is lost. Generally, this does not matter much, since the surface area of the particles is 
much smaller than the area of the surface that corresponds to a pixel. The filtering further red u ces the 
particles' inftuence. However, the particles have a tendency to stick together, primarily in the centre 
of the dimple, teading to loss of information. 

Finally, the shape of the well might he close to the limits of the method. Section 5.1 gave a number 
of conditions the surface has to fulfil, in order for its shape to he suitable for measurement with this 
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technique. The well might be too narrow or too deep, for the camera to be able to see into it. The view 
on the part of the well with a positive slope in y-direction is perhaps obstructed. 
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Figure 6.9: The ealeulated y position ofthe deepest point in the wel/ as aJunetion of time. 

Despite all the problems, the current metbod does seem to be able to determine the velocity in y

direction with which the lowest point of the well moves. It is difficult to estimate the accuracy with 
which the y coordinate of this point can be determined, however, since it is shifted as a result of the 
calculated surface shape being too low. The result is shown in tigure 6.9. The velocity appears to 
decrease in time. 
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Chapter 7 

Conclusions and recommendations 

This report consists of basically three parts. The conclusions and recommendations for these parts 
will be presented separately in this chapter. Unfortunately, it has nat been possible to correlate the 
results. The question of what is the most important mechanism that causes the decay of a half ring 
to be slower than that of a complete ring, remains unanswered. Wave-like instahilities inthefarm of 
the ring play a role in the transition from a laminar to a turbulent ring. Presently their influence has 
nat been studied on half rings. In a possible further study of the behaviour of half vortex rings, these 
should also be included. 

7.1 The theoretical model 

The current theoretica} model presented in chapter 2 did seem to indicate that the presence of a free 
surface leads to a slower decay a vortex below it. lts influence would appear to be small, however. 
The model has two drawbacks. It only works for isolated vortices. It is nat suitable for non-~s9lated 
vortices, which are a more reasanabie representation of one of the ends of the half vortex ring, attached 
to the free surface. Also, the energy equation is nat fully satisfied, though the difference is very small. 
A more complete model should include secondary circulation. 

7.2 The numerical simulations 

For the numerical simulations, non-isolated vortices were used. Unfortunately, the presently used 
code cannot properly simulate a free surface. Instead, a two-layer density stratification was used, 
the effects of which could be simulated using the Boussinesq approach. Unlike in the case of a free 
surface, in these simulations, the flow above the interface had a very strong influence on the flow 
below. Isolating the influence that evolution of the interface has on the decay, has nat been possible 
because of this. 
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7.3 The surface shape measurements 

Unfortunately the surface shape of the half vortex rings has not been accurately measured, in part 
due to the limitations of the current method. The hue value in the well is difficult to measure. One 
reason is that the saturation and intensity are low. Improving the lighting might be a partial solution. 
Another likely reason is that part of the well might not be visible to the camera. The easiest way to 
reduce this problem is by placing the camera at a higher elevation. One difficulty would be that the 
coloured screen would also have to be larger, though tilting it slightly towards the surface would also 
be a solution. 

By far the biggest errors are the result of the position of points in the first row being unknown. There 
is no clear way in which a better assumption for their elevation might be made. This is a common 
problem in optica! techniques for measuring surface shapes. It is very difficult to determine whether 
a change in output is due to a change in elevation or a change in angle. Measuring the elevation 
in only one cross-section using another technique or even in only one point, and using this as input 
for the metbod described in this report might be a salution to overcome this. The metbod developed 
has more potential than has currently been achieved. Further improvements are possible. In the 
calculated surface discontinuities can appear, mostly caused by the limitations of the assumption for 
the first row. Gauss-Seidel interpolation might be an option to reduce their inftuence. The currently 
made errors because of the initia! elevation, are much larger than those resulting from errors in the 
position calibrations. However, for further improvements a better position calibration is advisable, 
especially for the calibration related to the horizontal pixel coordinate. Also, in the current method, 
the cut-off frequencies in both the horizontal and vertical filter were independent of the position. 
Since the dimensions of the area represented by a pixel are dependent on the position, using a position 
dependent cut-off frequency would lead to more reliable results. The results of the colour calibration 
showed that there were areas of the paper where the hue changed relatively little as a function of the 
elevation. With a slightly different pattem on the paper, this effect can be reduced. 

In the experiments described in this report, particles were present on the surface. These particles 
can be used for partiele tracking velocimetry. It was hoped that both techniques, i.e. the syrface 
shape measurement technique and partiele tracking velocimetry could be used simultaneous"ly. The 
particles on the surface lead to loss of information for the surface shape measurement. The current 
metbod cannot deal with this. However, if the reproducibility of the rings can be improved, by for 
instanee using a mechanism to make the rings, partiele tracking velocimetry and the surface shape 
measurement technique could be used separately and tagether still give a better understanding of the 
interaction between the vorticity and the surface. The reliability should be tested by measuring a 
surface shape that is well-known, like that of standing waves or the parabalie surface of a ftuid in 
solid body rotation. 
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Appendix A 

Technology assessment 

A better understanding of the interaction between a half vortex ring and the free surface can lead to 
more know led ge of the complex interaction between vorticity and a free surf ace. This interaction plays 
a very important role in understanding the properties of turbulence near a free surface. Though the 
research is of a fundamental nature, there are a number of possible applications, mainly concerning 
geophysical flows. Turbulent flow on the surface leads to dipersion of contaminants over the sea 
surface. Surface waves and surface turbulence are coupled. Surface elevations can be measured using 
remote sensing techniques like for instanee radar. More knowledge on the interaction can help to 
reveal information on the turbulence that is present below the surface 

The measurement technique developed in this report, using existing technology, has clearly demon
strated the value of using colour. The use of colour can provide additional information on the flow, 
and with some improvements it might be possible to measure both the velocity on the surface and 
its shape simultaneously. This combination can be a useful tooi in studying the interaction between 
vorticity and the shape of a free surface and on free surfaces in generaL 

, 
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AppendixB 

Coloor images 

(a) (b) (c) 

Figure B.l: Synthesised images of: (a) A colour eaUbration fora hue dependent only on the vertical 
coordinate. (b) A Gaussian welt, given by equation (5.32) with parameters given in Table 5.1. (c) A 
sulface with waves in both direction, given by equation (5.33). in the black areas, the points were the 
hue should originate lie outside of the fictional screen visible in the colour calibration. 

Figure B.2: Colour image taken ofone ofthe cores of a halfvortex ring. Surface wavescan be clearly 
seen. Also visible are various shades of blue inside the dimple. Particles are seen floating on the 
sulface for partiele tracking velocimetry. 
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