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Summary 

In ideal magnetohydrodynamics (MHD) the equilibrium state of a confined 
plasma is commonly described by the mechanica! force balance: the Lorentz 
force is counter-balaueed by the gradient of the thermadynamie pressure. In 
non-ideal MHD, where Ohm's law is taken equally serious as the equation of 
motion, this mechanica! force balance is no langer obvious. For a toroidal ge
ometry for instance, the balance between the pressure gradient and the Lorentz 
force no langer holds for a spatially uniform electrical conductivity, and a flowing 
plasma is the inevitable result. 

We, on the other hand, have assumed that there is a balance between Vp 
and J x B, even in a toroidal geometry- we consider a plasma with tensorial 
electrical conductivity, confined in the most simple toroidal geometry: that with 
a rectangular cross-section -, asking ourselves what conductivity profiles per
mits such a non-flowing equilibrium state. It is shown, that if the conductivity 
components (parallel and perpendicular to the magnetic field) are expressed in 
terms of a special type of confluent hypergeometrie functions, so-called Whit
taker functions, such a steady state is allowed. This implies however that the 
conductivity components are no langer constant on surfaces of constant tem
perature, and this is on physical grounds not very desirable, since the electrical 
conductivity depends strongly on the temperature. 

We can therefore conclude that plasma flows plays a relevant role in toroidal 
non-ideal MHD equilibria. 
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CHAPTER 1 

Introduetion 

1. Background 

The dynamica! behaviour of a low density eaUeetion of neutral, positive 
and negative charged particles are mathematically described by the laws 
of classica! physics: Newton's laws completed by Maxwell's equations of 
the electromagnetic field. If such a collection can be regarcled as a 'gas' 
from a macroscopie point of view and if it has the characteristic feature of 
quasi-neutrality, then we call this collection of particles a plasma. (Quasi
neutrality means that a small disturbance in the average distribution of the 
charged particles leads to large electric field canceling out the disturbance 
and restoring the local neutrality.) Of course, many other, less restrictive, 
definitions can be made, governing an even wider range of physical phe
nomena: down to earth, but especially in the universe. lt is a well known 
fact that the presence of plasmas (in considerable variety) is the rule rather 
than the exception in nature. Plasmas occur in the interstellar space, in the 
atmospheres of stars (including our sun), inthetales of cornets, all of which 
are examples of this fourth state of matter. But also on earth we can find 
natmal plasmas, although the other three aggregation states are dominantly 
present. The ionosphere for instance, exhibits a certain degree of ionization, 
or a lightning flash, bath examples of natmal plasmas on earth. But also in 
the laboratmies we find plasmas; in gas discharge tubes, or in thermonuclear 
fusion experiments. Since extreme high temperatures are necessary to ob
tain fusion reaction, and any material will vaporize at these temperatures, 
the plasma is confined with electromagnetic fields. In the sun the gravita
tional field is strong enough to confine the plasma, but here on earth the 
electromagnetic farces exceed the gravitational force. Because of this, one 
aften has wondered if the internal scalar pressure can be counter-balanced 
by the electromagnetic force, or more precise, are there field configurations 
which permit such equilibria to exist? - In this report we try to answer 
this question for the simplest toroidal geometry, that with a rectangular 
cross-section. -

Like neutral partiele gasses, we can describe the dynamica! behaviour 
of the plasma by taking into account the kinematics of all the individual 
particles, or we can treat it from a more macroscopie point of view, us
ing hydrodynamic-like equations. lt goes without saying, that collisional 
effects has to be taken into account when we want to describe the plasma's 
dynamica! behaviour accurately. But in plasmas, where the charged parti
cles generate and interact with long-range electromagnetic fields, and where 
Conlomb's law holds, the callision question is a subtie one, a question though 
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we shall nat expand on. But besides that, electrie fields infiuence the mo
tion of the particles, and thus that of the plasma as a whole. So beside 
hydrodynamic-like equation, simultaneously we have to fulfil Maxwell's laws. 
This approach where we tread the plasma as a single conducting fiuid is the 
framework of magnetohydrodynamics. 

In magnetohydrodynamics the charged point particles have lost there 
individuality and the charge density and current density are no langer ex
pressed in 8-functions. In this macroscopie approach the particles are divided 
over and over again, 'smeared out' so to say, obtaining a smooth current 
density and charge density. The same holds for the electric and magnetic 
fields: these are not the actual, strongly fiuctuating, microscopie fields, but 
averaged fields associated with the smooth densities. (In the introductory 
chapter of Ref.[7] one can find more in depth remarks on this matter.) 

2. Report Overview 

In this report we adopt the magnetohydrodynamic approximation: the 
hydrodynamic-like equations tagether with Maxwell's equations for the elec
tromagnetic field provide within certain limits an accurate mathematica! 
framework governing the plasma's macroscopie behaviour. It is the second 
chapter of this report that provides the reader the necessary theoretica! back
ground in non-ideal magnetohydrodynamies: the basic quasi-hydrodynamic 
equations are derived introducing a smooth partiele distribution function in 
six-dimensional phase space. In non-ideal MHD the electrical conductivity 
is considered to be .finite-valued, rather than the infinite variant which char
acterizes ideal magnetohydrodynamics. Because of this, Ohm's law has to 
be taken into account explicitly. But also the neglect of the viscosity term 
in the equation of motion is a simplification made in ideal-MHD. 

The third chapter represents the analytic theoretica! basis of this report. 
It answers the question which spatially non-uniform tensorial electrical con
ductivity profiles permit the existence of statie, axisymmetric resistive equi
libria in a torus. A simplified torus, meaning that we consider a torus with a 
rectangular cross-section, rather than the more realistic circular cross-section 
of a Tokamak. 

In chapter 4 we discuss the results from chapter 3, and besides that we 
draw some conclusions. 



CHAPTER 2 

MHD Equations: A Macroscopie Way of 
Descrihing a Plasma 

1. Introduetion 

A plasma is a many partiele system and therefore, if we want to de
scribe the dynamica! behaviour of the plasma, we have to take into account 
the kinetics of all the individual particles. This can be clone in an exact 
way using for example the Klimontovich equation tagether with Maxwell's 
equation [23]. However, we are primarily interested in the macroscopie ap
proach, rather than the time consuming, although exact, microscopie way 
of descrihing a plasma. 

It turns out that several plasma-phenomena can be accurately described 
by thinking of the plasma as a fluid; this is the approach we shall use. Non
surprisingly, the appropriate equations appear to be quite similar to some of 
the equations well known in hydrodynamics such as the continuity equation 
and the equation of motion. It is this approximation that is called magne
tohydrodynamics, abbreviated to MHD. Befare discussing this approach we 
first discuss the so-called two fluid model, where we still make a distinction 
between the two assumed types of plasma particles, electrans and ions. 

The assumption that there are only two types of particles, implies that 
all the ions have to be identical. After all, without this restrietion we would 
have to distinct more than two partiele species: electrans and several differ
ent ( charged) ions. In addition it is assumed that there are no processes of 
ionization and recombination. For a real plasma this seems nat to be a very 
realistic assumption, but when we instead presuppose that the rate of ion
ization and recombination is locally the same, we have made a more realistic 
assumption, which does nat conflict in its effect our prior assumption. 

2. Plasma Kinetic Equation - Preliminary Remarks 

The distribution function fa(r, v; t) is defined so that fa(r, v; t)d3rd3v 
is the probable number of plasma particles of species a (ions and electrans) 
in the phase space volume d3rd3v at ( r, v; t). If we now follow a partiele 
on a trajectory in the phase space, the distribution function (the density 
around the considered point) can vary in time only due to collisional effects 
[4] - if we denote these collisional effects by Ka, then this is mathematically 
expressed by: 

dja(r, V, t) _Ka( ) 
~~d~t~~- r,v,t, (2.1) 

where r and v are functions of t. In other words, without this Ka ( collisional 
effects can be neglected under certain circumstances) the dcnsi ty does not 
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change in time, which can be regarcled as a feature of an incompressible 
flow in phase space. In the above equation, dj dt is the tot al, or convective 
derivative, which in phase space is equal to: 

d a . a . a 
-=-+r·-+v·-
dt at ar av' 

(2.2) 

where, as we are dealing with charged particles, 

v = eo: (E + v x B) 
ma: 

(2.3) 

( eo: is the particles electric charge and ma: its mass). If we define in addition: 

:Fo:(r, v, t) =- eo: (E + v x B) · : fo:(r, v, t), 
ma: uv 

(2.4) 

then we finally obtain the exact farm of the plasma kinetic equation: 

(2.5) 

After this result, we continue defining some variables we shall need in
tensively, starting with the introduetion of the partiele density, or in our 
fiuid analogy: fiuid density of species a in configuration space by averaging 
the distribution function fo:(r, v, t) over the entire velocity space: 

(2.6) 

(notice, that we have adopted the abridged notation J d3v ... to denote the 
integration over the entire velocity space). This variabie denotes the number 
of particles at time t within a spatial volume element around point r. 

The macroscopie, or fiuid velocity of species a, is defined by: 

(2.7) 

where we have averaged the microscopie velocity v, using the non-normalized 
distri bution function of species a. This velocity represents the local velocity 
field, since the position r is held constant in the integration. 

The symmetrie pressure tensor, defined by [23]: 

is related to the thermadynamie pressure Po: and the stress tensor 'Jr'a in 
the following way [23]: 

+------+ +------+ +------+ 
P o: = Pa I + 7r a (2.9) 

(it is the stress tensor in which collisional effects are being taken into ac
count). 
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3. Two Fluid Model 

3.1. Continuity equation. Our first aim is to derive a continuity 
equation for the partiele density. Recall, that in our two fluid approach 
we still make a distinction between the two sorts of plasma particles: elec
trans and ions. In order to achieve this goal, we take the so-called zeroth
order velocity moment of the plasma kinetic equations, which means that 
we integrate the plasma kinetic equation (2.5) over the entire velocity space, 
obtaining: 

The integral over the callision term is zero, because in the absence of 
partiele creation or destruction processes such as ionization and recombina
tion, the number of particles does not change. 

In order to evaluation the third integral, where Fa is given by (2.4), we 
have to bear in mind that 1v · (E + v x B) = 0, since the electrical field is 
independent of v and the k-component of the vector product v x B contains 
all but the k-component. Additionally we apply Gauss's divergence theorem 
in velocity space and make use of the fact that the distribution function fa 
varrishes as lvl ___. oo. 

The results eventually is the continuity equation for the partiele density: 

(3.2) 

This equation states that the fluid is not being created or destroyed, so that 
the only possible way of changing the partiele's density na at a point is by 
having a net amount of fluid enteringor leaving a fixed spatial volume around 
the concerned point. This is the first of the two specific hydrodynamic-like 
equations we like to have at our disposal. 

3.2. Equation of motion. The first-order moment of the plasma ki
netic equation leads towards a formula expressing the conservation of mo
mentum: the equation of motion. For this purpose we have to multiply the 
plasma kinetic equation (Eq.(2.5)) by v, whereupon we integrate the result
ing equation once again over the entire velocity space, writing v in a more 
convenient form v = (v- ua) + ua, yielding: 

8 (n;tua) +V. uaua .l d3v fa(r, v, t) 

+V·./ d3v (v- ua) (v- ua) fa(r, v, t) 

= ./ d3v vFa(r, v, t) + ./ d3v vKa(r, v, t). (3.3) 

In the second integral we recognize the definition of the pressure ten
+--+ 

sor P a (Eq. (2.8)). The third integral is evaluated applying quite similar 
considerations we have used in the computation of the 'Fa-integral' in the 
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previous section. The result is called the specific equation of motion: 

! (manaua) +V· (manauaua) =-V· pa-f- eana (E + ua X B) +Ra, 

(3.4) 

where the new variabie Ra is defined as: 

Ra(r, t) =ma j d3v vKa(r, v, t). (3.5) 

It denotes the rate of momenturn change per unit volume of partiele type 
a due to collisional effects. If we presuppose that the collisions are of an 
elastic nature, then, tagether with the fact that the total momenturn has to 
be conserved, the momenturn change of an arbitrary partiele is equal and 
opposite to the momenturn change of the interacting particle. And as a con
sequence, if the particles are of the same species, Ra has to be zero. But in 
general this is however not the case! Collisions between ions and electrans 
for instance, modify the total momenturn of the electron gas, so we have a 
good reason to speak of a momenturn transfer between the electron gas and 
the ion gas. 

But at this point the equations found do not farm a closed system, for 
+-----+ 

we have not (yet) lay down an equation of state for the pressure tensor P a 

taking into account many theoretica! considerations! Perhaps you think that 
we could overcome this problem if we do sarnething analogous to the above 
procedure: multiplying the plasma kinetic equation by vv (instead of v) and 
integrate the result over the entire velocity space, taking the second-order 
velocity moment, expressing the conservation of energy. But this would 
not solve our problem, on the contrary, we introduce immediately a new 
unknown variable. I shall return to this point later on. For now, we concen
trate on the derivation of the magnetohydrodynamic equations. 

4. One Fluid Model: MHD Equations 

The one-fluid equations, tagether with Maxwell's equations for the elec
tromagnetic field form the magnetohydrodynamic equations: it is the math
ematica! framework in which the dynamical behaviour of the plasma is de
scribed as a single conducting fluid. In this section we shall derive four of 
these hydrodynamic-like equations: the first, expressing the conservation 
of mass and the second, expressing the conservation of charge, are both 
obtained from the continuity equation (for fluid type a). The equation of 
motion and Ohm's law can in principle be derived from the specific equa
tion of motion. We shall however follow this procedure just for the first one. 
Ohm's law is derived from a less detailed point of view, which is appropriate 
in the chosen MHD approximation. 

Within this one-fluid model it is necessary to define one fluid-like quan
tities, starting with the definition of the mass density Pm: 

(4.1) 



4. ONE FLUID MODEL: MHD EQUATIONS 7 

foliowed by the charge density Pc: 

Pc(r, t) = L eana(r, t), (4.2) 

the momenturn density Pm u: 

Pmu(r, t) = L monau0 (r, t), (4.3) 
Q 

( note that u is nothing else but the centre of mass fluid flow velocity), and 
finally, as we are dealing with a magnetofl.uid, the current density J: 

( 4.4) 

4.1. Mass and Charge Conservation. The first step in deriving the 
one-fl.uid-like equations is to multiply the continuity equation (3.2) by the 
specific mass m 0 . Th en aft er summation over all the partiele species in the 
plasma, using the notation of ( 4.1), we obtain a continuity equation for the 
plasma as a whole, expressing the conservation of mass: 

(4.5) 

(Pm is the mass density). If we multiply the continuity equation (3.2) by e0 , 

the ion's or electran's charge, and add both results, we get: 

Öpc +V. J = 0 
ät ' 

(4.6) 

which is the charge continuity equation, or charge conservation law; where 
Pc is the charge density function, defined by equation ( 4.2) and J the current 
density, determined by ( 4.4). 

4.2. Equation of Motion. The derivation of the equation of motion 
starts with summing the specific equations of motion Eq.(3.4) over both 
partiele types, giving: 

:t (pmu) +LV· (monaU0 U0
) =-LV· po+ PeE+ J X B. (4.7) 

Q Q 

Since within a closed system the total momenturn of the particles in the 
plasma is conserved, the collision term for momenturn transfer R 0 vanishes 
when summed over all species; so l:::a R 0 = 0. We now take a more precise 
look at the first summation sign. We therefore define an auxiliary variable, 
the dijjusion velocity w 0

, representing the mean velocity of partiele species 
a, when considered in a reference system traveling with the macroscopie 
fiuid velocity u: 

w 0 (r, t) = u 0 (r, t) - u(r, t) = u 0 (r, t)- J_ L m 0 n 0 u 0 (r, t). ( 4.8) 
Pm 0 

Together with the fact that: 

L m 0 n 0 Wo: = L mono: (uo:- u)= Pmu-pmu = 0, (4.9) 



8 2. MHD EQUATIONS: A MACROSCOPIC WAY OF DESCRIHING A PLASMA 

we get: 

LV· (m0 n 0 U0 U0
) =V· (manauu) +LV· (manaW0 W0

). (4.10) 

For reference, we repeat the definition for the pressure tensor, see equa
tion (2.8), which is briefiy written as: 

(4.11) 

Rather analogous to this definition, we define the total pressure tensor by: 

( 4.12) 

Notice the difference and resemblance! With the use of the definition for 
w 0

, we yield: 

( 4.13) 

note that, since w 0 is a macroscopie variable, independent of v, ( c0 w 0 )v = 
+--t 

(c0 )v W
0 = 0 . 

Because the term V· l:a m 0 n 0 W
0

W
0 will drop out after substituting 

the just acquired results into equation ( 4. 7), we end up with the equation 
of conservation of momenturn for the plasma as a whole, using the mass 
conservation law: 

OU + (u · V) U = ~ [-V · P + PeE + J X B] · ot Prn 
(4.14) 

4.3. Ohm's Law. Within the magnetohydrodynamic framework the 
plasma is considered to be a conducting fiuid, in which J exceeds the 
displacement current density J.LocogtE greatly [23], and thus we replace 
Maxwell's equation 

a 
V x B = J.LoJ+J.LoEo ot E 

by Ampere's magnetostatic law: 

(4.15) 

(4.16) 

Taking the divergence of this equation we see that this is in agreement with 
the charge conservation law, 

V. J+ opc = O 
at ' 

( 4.17) 

if gt Pc = 0! - this requirement is satisfied for a plasma which is considered 
to be charge neutral (Pc = 0). From Faraday's law, 

aB 
VxE=-- (4.18) 

at' 
we see immediately that the electrical field is completely determined when 
we know a mathematical relation between the current density and the elec
tric field (Coulomb's law can be ignored and V · B = 0 is regarcled as an 
initial condition). For conducting solids, metals, we are familiar with such 
a relation: Ohm 's law. But some subtietics arises when we are clealing, as 
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we are, with a conducting fluid, flowing with fluid velocity u. Fora medium 
with conductivity er, Ohm's law reads: 

J' =erE', ( 4.19) 

where J' and E' are the current density and electric field measured in a 
reference frame rnaving with the global velocity u. However in a rnaving 
reference frame we have to replace the time derivative in (4.18) by the total 
time derivative: 

a d a 
----+-=-+u·V 
at dt at ' 

( 4.20) 

and E byE': 

, (aB ) aB V x E = - -+(u· V) B = --+V x (u x B) 
at at ' 

( 4.21) 

where we have applied the condition V · B = 0. This can be written in the 
form: 

( 
I ) aB V x E-u x B = --

at' 
( 4.22) 

and, sirree in our non-relativistic approach the Galilean invariance holds, the 
right hands side of (4.18) and (4.22) must be equal [9]. And thus we have 
for the electric field in the medium rest frame: 

E' = E+u x B. ( 4.23) 

The current density J, that is the current density within the laboratory 
frame, can be regarcled as made up of two contributions: the conduction 
charge current density J', which has the earlier mentioned physical meaning, 
and the convection charge current density Pc u, representing the flux of the 
space charge with global velocity u. Hence: 

J = J' +Pc U. ( 4.24) 

Within our charge neutrality assumption, Ohm's law for a conducting fluid 
is governed by: 

J = er (E + u x B) . ( 4.25) 

In a more precise approach, multiplying equation (??) by ea/ma. and 
sum the result over all the partiele types, the result after a time consuming 
exercise is a differential equation governing the variations of the current 
density J. This equation, the generalized Ohm 's law, can be simplified to such 
an extent that we end up with the above expression. The conditions which 
makes this simplifications legitimate, such as relatively slow time variations 
and a relatively small current density, are quantified and discussed in detail 
in Ref.[23]. 

5. MHD-Equations in a Simplified Form- Ideal MHD 

In those cases where the plasma is unmagnitized and collisional domi
nated (i.e.: Àmfp < L and v~ 1 < T- with: L a macroscopie characteristic 
length unit ( the diameter of the plasma for instanee); T a characteristic 
time unit (the duration of the phenomenon we are studying); Vc the colli-

~ 

sion frequency; and Àmfp the mean free path (Àmfp = v~ 1 vth), the V· P 
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term in the equation of motion can be expressed by the relatively simple 
relation [21]: 

~ 1 2 
V· P = Vp- 3/-Lv (V· u)- J.LV u, (5.1) 

known from newtonian fluids in hydrodynamics (here J.L is the dynamic vis
cosity, considered to be constant). One could say that we have borrowed 
this from the N avier-Stokes equation. But in real experiment al environments 
these conditions are hardly satisfied. And so, when a plasma is magnetized, 
or when the plasma is not collisional dominated anymore, the above expres
sion is incorrect and a much more complicated expression is needed instead 
[12], and the mathematica! expressions are far more difficult to handle. But 
even within this simplified approach, physically as well as mathematically, 
we are still able to indicate some global features of confined plasma dynam
Ics. 

As we consider only incompressible plasma flows, the second term on 
the right hand side can be omitted. Therefore, tagether with the plasma's 
assumed charge neutrality (Pc = 0), the equation of motion (Eq.( 4.14) ), with 
v = J.L/ Prn the kinematic viscosity, becomes: 

OU 1 2 
~+(u·V)u=-[-Vp+JxB]+vV u. (5.2) 
ut Prn 

Summarized we have the following system of governing magnetohydro
dynamic equations: 

oprn ( ) Bt +V· PrnU = 0 

OU 1 
~+(u· V) u=- [-Vp + J x B] + vV2u 
ut Pm 

J = O" (E +u x B) 

V·E=O 

oB 
V xE= -ot 

V·B=O 

V x B = J.LoJ 

(5.3) 

This system can be closed when in addition we assume that the magnetofluid 
is incompressible, i.e., V· u= 0, which provides the possibility todetermine 
p internally, sirree taking the inner product of the equation of motion leads 
to a Poisson equation for pin terms of u and B and their derivatives. So, we 
do not need an equation of state for the scalar pressure, nor do we need an 
additional energy equation, which means a great simplification within the 
mathematica! framework we are dealing with. 

When the collisional effects are neglected, the plasma's conductivity be
comes as a result of this approximation infinite. From Ohm's law we see 
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that we have only a physical meaningful, that is finite, current density if we 
demand that: 

E+ u x B = 0. (5.4) 

Another simplification in the no-collision limit is the omission of the viscos
ity term in the equation of motion. This idealization, tagether with those 
mentioned in the subsection about Ohm's law, farm the frameworkof what 
is called ideal magnetohydrodynamics. 

In the equilibrium state where there is no fluid flow present, the equation 
of motion is reduced to a mechanica! force balance, which reads: 

Vp=J x B. (5.5) 

But the zero-flow condition is an imposed condition, and that does not at 
all mean that it is also a physically allowed state in the norr-ideal situation, 
where we do take into account the finite conductivity and where in addition 
we have to fulfil Ohm's law. The condition: 

V x (J x B) = 0, (5.6) 

is a necessary condition to be satisfied in the zero-flow situation. And in
deed, only the cylinder geometry ( with periadie boundary conditions in the 
z-direction) fulfils this condition. For other, more practically realistic ge
ometries, such as a torus, it turns out to be an impossibility. We can except 
this, concluding that for a spatially uniform electrical conductivity coeffi
cient a zero-flow steady state in toroidal geometries obviously can not exist 
in norr-ideal magnetohydrodynamics. Montgomery et al [14] and Kamp et 
al [10] adopt intheir articles this approach, where the no-flow claim is given 
up in favour of a non-zero flow. In the farmer artiele the steady state equa
tions of norr-ideal MHD are solved in lowest order, neglecting the inertial 
term in the equation of motion and the u x B term in Ohm's law. In addi
tion of the poloidal flows which occurs in that approach, the authors of the 
latter artiele show that, starting from the original steady state equations 
(5.3) using first-order perturbation theory, a toroidal velocity field is the 
inevitable result. In Appendix A we discuss another 'u of. 0 attempt' which 
unfortunately did not give rise to a ( satisfying) result due to problems we 
had with one of the boundary conditions. 

Another possibility is, however, to stay with the zero-flow demand and 
consider ~patially non-uniform conductivities as is done in another artiele 
by Montgomery [13]. We shall generalize this last approach, that is, we are 
looking for tensorial, instead of scalar conductivity profiles that permits a 
zero-flow equilibrium. 
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CHAPTER 3 

Tensorial Conductivity 

1. Introduetion 

An important feature of non-ideal magnetohydrodynamics is the inclu
sion of a finite conductivity coefficient. As a consequence, we have to take 
into account Ohm's law as an additional equation. The equation of mo
tion (Eq.(2.5.2)) shows us, that in this case the equilibrium force balance 
is one with a mechanical nature: the mechanical pressure gradient, Vp, is 
counter-balanced by the Lorentz force J x B. But is this mechanical balance 
exclusively reserved fortheideal MHD assumption of infinite conductivity? 
Or can it also be a possibility within a non-ideal magnetohydrodynamic 
framework? We know from earlier investigations that it is possible for a 
cylinder geometry (for some remarks on this matter see Ref.[14]), but for 
a more with the tokamak fusion experiments corresponding torus-geometry, 
it is a different matter. For a spatially uniform electrical conductivity it 
is shown that the for mechanical force balance necessary V x ( J x B) = 0 
requirement can not be realized anymore [15]; but this does not mean that 
it is also impossible for spatially non-uniform conductivities. In the most 
simple toroidal geometry, that with a rectangular cross-section, it is demon
strated that certain conductivity profiles satisfy this zero-flow steady state 
requirement - see the artiele by Montgomery et al [13]. But the reader is 
also referred to an artiele by Bates and Lewis, where the authors considers 
equilibrium profiles in true toroidal coordinates [3]! 

Our objective is to generalize this approach, that is, the approach of 
Montgomery et al, to replace the scalar conductivity coefficient by a tensorial 
electric conductivity 'cl and ask ourselves what conductivity profiles make it 
possible to realize an equilibrium zero-flow situation and obtain a mechanical 
force balance between the Lorentz force J x B and the pressure gradient V p. 

The torus in which the plasma is confined, is chosen to be one with 
a rectangular cross-section. The reason for that is purely for rnathemati
cal convenience: we can now work in cylindrical coordinates instead of the 
more difficult toroidal coordinates, which have to be used in a true torus 
geometry (meaning that the torus has a circular cross-section). The mid
plane of our torus is z = 0. This domain R, is mathematically represented 
by: R = { (r, cp, z) E IR.3 Ir _ Sr Sr+' 0 S cp S 27r, -L S z S L} (see figure 
1)- the upper and lower boundary is given by z =Land z = -L, respec
tively, and the inside and outside boundary is given by the radii r _ and r +· 
Furthermore, we assume all components of all the relevant variables to be 
independent of the azimuthal coordinate cp. 

The walls of the torus are being thought of as idealized walls, meaning 
that we consider them as perfect conductors, coated with a thin layer of 

13 
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insulating dielectric. This entails that the normal component of the magnetic 
field, as well as the normal component of the. current density ( due to the 
insuiator) is zero over the wall. 

z 

r 
-L ....__ ___ _,. 

r_ 

FIGURE 1. The considerd geometry of the torus has a rect
angular cross section 

As a driving force we choose as a driving force an azimuthal directed curl
free electric field, which is generated externally, imposing a time-proportional 
changing magnetic flux through the middle of the torus, and is therefore 
given by: 

ro 
E(r, <p) = Eo-e'P(<p), 

r 
(1.1) 

Eo is the reference value of the electric field at middle radius r = ro = 
(r _ + r +)/2. The theoretica! implications of the necessarily slits and slots 
are ignored. In a experimental environment these slits and slots makes it 
possible for the electric field to penetrate the plasma and drive the toroidal 
current. 

2. Force Balance- A Differential Equation for the Flux Function 

Demanding a scalar-pressure equilibrium, consequently means a non
fl.owing (u = 0) conducting fluid and so the steady state MHD equations 
reads: 

Vp = J x B VxE=O 

V·B=O (2.1) 

V·E=O V x B = f.LoJ 

Note that we have replaced the scalar conductivity in Ohm's law by a ten
sarial equivalent. By this, we take into account the difference in electric 
conductivity measured paralleland perpendicular to the magnetic field lines 
( denoted by the scalar functions (}I I and (} ..L, respectively). The reason for 
this is that the Lorentz force acting on the charged plasma particles, reaches 
a maximum value for particles rnaving perpendicular to the magnetic field, 
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while it is zero for particles rnaving along the field lines. Therefore we pro
pose that the conductivity tensor has the farm: 

'ei' (r, <p, z) := 0"11 (r, z)ebeb + O" ..l (r, z) (I - ebeb) , (2.2) 

where eb is a unit vector along the magnetic field lines, so we generally have: 

1 
eb= ~ (Brer + Bcpecp + Bzez) = eb(r, <p, z), (2.3) 

where en ecp, and ez are the unit veetors directed in the r direction, the 
azimuthal direction and the z direction, respectively. 

In a situation described in an artiele by Montgomery, Bates and Lewis 
[13], the conductivity is considered to be a scalar function, and therefore the 
current density driven by the electric field (1.1) is purely toroidal and the 
accompanying magnet ie field purely poloidal. In our situation, however, we 
are dealing with a tensorial conductivity and thus we generally can divide 
the current density, as well as the magnetic field two parts: a poloidal part 
and a toroidal part. For the magnetic field this becomes: 

B = Bp + Bcp, 

with the poloidal and toroidal part given by: 

Bp(r, <p, z) = Br(r, z)er(<p) + Bz(r, z)ez, 

and: 

(2.4) 

(2.5) 

(2.6) 

respectively. As far as our <p-independency is concerned, one can state that 
the souree for the toroidal magnetic field is the poloidal current density, and 
that the toroidal current density is the souree for the poloidal magnetic field: 

(2.7) 

V x Bcp = f.LoJp. (2.8) 

The force balance now becomes: 

Vp = J x B = (Jp x Bp) + (Jcp x Bp) + (Jp x Bcp). (2.9) 

The contribution of the last two terms is that of a poloidal force, the first 
term on the other hand is purely toroidal. But there we are facing a difficulty: 
the assumption of an independenee on the azimuthal coordinate, which also 
holds for the scalar pressure p, means that the gradient pressure force can 
not have a toroidal component! So, the only way of solving this problem is 
demanding that the poloidal current density and the poloidal magnetic field 
are parallel to each other - it is in this situation where Jp x Bp vanishes. 

It is convenient to express the poloidal magnetic field Bp in terms of the 
magnetic flux function IJ!(r, z), which is defined in such a way that within 
the assumption of axisymmetric variables, Maxwell's equation V· B = 0 in 
cylindrical coordinates is fulfilled: 

(2.10) 
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that is: 

Br = -~ Ö'lf l r äz 

Bz = ~ Ö'lf 
r är 

(2.11) 

(notice the resemblance with the well known velocity stream function in 
hydrodynamics, implying that iso- 'lt lines, lines of constant 'lt, represent 
poloidal magnetic field lines). With (2.8) we find for the poloidal current 
density components quite similar expressions: 

lr = _ _!_~~ (rB ) l J.to r äz 'P 

1 1 ä 
lz = --- (rB ) 

J.to r är 'P 

(2.12) 

From our requirement Jp x Bp = 0 we get the differential equation: 

ä ä'lt ä ä'lt 
är (rB'P) äz - 8z (rB'P) är = O, (2.13) 

whose general salution can be written in termsof an arbitrary function Ç of 
the flux function 'lt: 

rB'P = Ç('lt), (2.14) 

provided that Ç('lt) is differentiable. Taking the curl of the force balance 
equation (2.9), with Jp x Bp = 0, we get: 

V x Vp = 0 =V x [(J'P x Bp) + (Jp x B'P)]. (2.15) 

Using the expressions for Bp (Eq.(2.11)) we are able to rewrite (2.15) after 
some arithmetical effort into: 

(2.16) 

When we also apply the expressions for lr and Jz (Eq.(2.12)), tagether with 
conservation of electric charge, V· JP = 0, and (2.14), then the right-hand 
side of the last equation ]:)ecomes: 

dÇ('lt) (ä'lt ~ _ ä'lt ~) B'P 
d'lt är Öz äz Ör p0r 

(
a'lt ~- a'lt ~) (dÇ('lt) B'P) z2.17) 
är äz äz är d'lt p0r 

Hence, equation (2.16) can be written as: 

(
ä'lt ~- ä'lt ~) (J'P - dÇ('lt) B'P) = 0 (2.18) 
är Öz az är r d'lt J.tor ' 

which has as a general solution: 

J = F('lt)r + _!_ B dÇ('lt) = F('lt)r + _!_ ~Ç('lt) dÇ('lt). (2.19) 
'P J.to 'P d'lt J.to r d'lt 
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:F is any differentiable function of the magnetic flux function 'l!. At this 
point we can express the components of the current density in terms of the 
flux function 'l1 and/or the arbitrary functions :F and Ç: 

J = ~ dÇ('l!) (-~ a-w er+~ a-w ez) 
p f..lo d'l! r az r ar 

(2.20) 

J = (:F('ll)r - ~ ~Ç('l!) dÇ('l!)) e 
'P f..lo r d'l! 'P 

Applying then Ohm's law with tensorial conductivity, we find for the 
toroidal component of the current density: 

ro ( B~ ) J 'P = Eo--;: er j_ + B. B (cru -er j_) e'P, (2.21) 

and for the poloidal component: 

ro ( ) B'P Jp = Eo--;: cru -er j_ B. BBp. (2.22) 

Notice that, as required, the poloidal components of the magnetic field and 
the current density have the same direction. With B'P = r- 1Ç('l!) and 
B · B =Bi;+ B~, this becomes: 

ro ( 92 
\ 

J'P = Eo--;: er j_ + Ç2 + r2 B~ (cru -er j_)) e'P 

Camparing this result with (2.20) yields: 
ro 

er j_Eo- = :F('l!)r, 
r 

and: 
dÇ('l!) ç; 
~ = f..loEoro(cru- er j_) Ç2 + r2 B~, 

where r 2B'f;, as aresult of (2.11), reads: 

r
2 B; = ( ~:) 

2 

+ ( ~~) 
2 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

Knowing F('ll),Ç('ll) and 'l!, these are the equation by which the conductiv
ity 'components' can be determined, first er j_ through (2.24), and secondly, 
after substitution in (2.25), o-11· 

At the end we also have to satisfy equation (2. 7), by which the flux 
function is laid down by the differential equation: 

a (1a-w) a2 -w 
r ar -:;.ar + az2 = -f..lorJ'P, (2.27) 

or, with the found expression for J'P, i.e., equation (2.19): 

a (1a-w) a2 -w 2 dÇ(w) r- -- +- = -f..l0:F(w)r - Ç('l!)--. 
ar r ar az2 d'l! 

(2.28) 
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N ow we have to formulate the boundary conditions for the magnetic flux 
function. Since the boundary conditions for the magnetic field are known, 
as well as the relation between the poloidal part of the magnetic field and 
the flux function (Eq.(2.11)), we can state that: 

8'11 I - 0 
8z r=r± -

B. nlan = 0 -t -t 'lllan = 0. (2.29) 

8'11 I - 0 
8r z=±L-

Note, that if we set 0"11 equal to O" 1_, the poloidal component of the current 
density varrishes and we are left with just a toroidal component: and this is 
just the same as in the case of the scalar conductivity. From (2.25) we see 
immediately that the derivative of the function Q('ll) is zero, and for that 
reason one can rewrite the differential equation (2.28) into: 

8 ( 1 8'11) 8
2

'11 2 r- -- +- = -J.L0F('ll)r . 
8r r 8r 8z2 (2.30) 

Campare this result with equation (20) in the artiele by Montgomery et al, 
reference [13], where, apart from the magnetic permeability in vacuum J.Lo 
(we do natworkin Alfvénic units), F('ll) = À'll. 

When we take a look at equation (2.24), it seems that O" 1_ can neither 
be a constant nor a function of 'l! alone. In other words, O" 1_ is nat constant 
on an iso-'11 surface, which would be desirabie as the conductivity depends 
strongly on temperature and flux surfaces are aften imagined to be surfaces 
of constant temperature [13]. But this should nat trouble us right now. 
After we have solved the differential equation we are able to calculate J and 
B, as well as 0"11 and O" 1_- and thus '1:7'! But first things first, in the next 
section we shall solve equation(2.28) for an appropriate choice for F and Q. 

3. The Flux Function 

As linear differential equations are by far less difficult to solve analyti
cally than non-linear equations, we suggest ( only for reasans of simplicity) 
that the arbitrary functions F and Q are linear functions of the magnetic 
flux function: 

(3.1) 

Q('ll) =Cg+ /Jo'll, (3.2) 

where ;30 , 16, CF, and Cg are arbitrary, but given, constants. It is to say, 
that we can distinct two categories of solutions: a general salution for 'l! 
with F('l!) = F_('lf) (solution of the first category), and a salution for the 
flux function with F('ll) = F+('ll) (solution of the second category). 

We shall however start with the salution for the first category, which 
has a twofold reason. Firstly, the salution consists, as it turns out, of real
valued functions, this in contradiction with the F+; and secondly, the second 
category salution can easily be obtained by carrying out the transformation 
lo -t ho for the salution of the first category. Although CF and Cg are 
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in principle arbitrary constants, we nevertheless have to make a distinction 
between C;=, Cg::/= 0 and C;= =Cg= 0. 

3.1. Solutions of the First Category (C;=,Cg ::/= 0). The general 
salution of the first category is obtained by setting the function F(lll) equal 
to F_(w), and then solve differential equation (2.28). In this particular case 
it is given by: 

a ( 1 aw) a2w ( 2 2 2) ( 2 ) r ar ;: ar + az2 - "'or - f3o ll1 =- C;=r + f3oCg . (3.3) 

Our task in this section is to solve this differential equation, and in order to 
do that, we distinguish two linear differential operators, ILr and ILz, which 
are respectively defined as: 

a ( 1 a) ( 2 2 2) ILr := r ar ;: ar - "'or - f3o ' (3.4) 

(3.5) 

Then, seeking for separable solutions of the form lll(r, z) = R(r)Z(z) we first 
try to find eigenfunctions of these two operators, that is, we have to solve 
the eigenvalue problems: 

(3.6) 

The boundary conditions for Rand Z follow immediately from (2.29): 

R(r±) = 0, and Z(±L) = 0. (3.7) 

The equation for Z has solutions in termsof trigonometrie functions, which 
means that, tagether with the boundary condition at z = ±L, we get: 

1 
Z(z) = y'L 

with l E N, and eigenvalues: 

( 
(2l- 1)7r ) 

cos 
2
L z 

(3.8) 

. (l7f ) sm L z 

(3.9) 

- in the future we shall for convenience purposes aften use the abbreviated 
notation: CY.t = (2l - 1 )1r /2L and {31 = l1r / L. 

The ordinary differential equation for R demands some more attention 
in our evaluation. lt is given by: 

r- --- - (16r2
- f36) R(r) = >.2 R(r), d ( 1 dR(r)) 

dr r dr 
(3.10) 

with boundary condition: 

(3.11) 
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It is possible to transfarm this equation into Whittaker's differential equa
tion, which generally reads [20]: 

d
2
W(x) ( 1 v ~- f..t

2
) 

dx2 + -4 + ;_; + x2 W(x) = 0. (3.12) 

For that purpose we introduce, besides the new parameter ç2, which is 
defined by: 

(3.13) 

the variabie substitution p = 'Yor2. Equation (3.10) then transfarms into 

d
2 
R(p) + (-~ + _t_~) R(p) = o. (3.14) 
dp2 4 4')'o p 

The salution of this differential equation is a linear combination of what is 
generally known as Whittaker's first and second function, commonly written 
as Mv,J.L and Wv,J.L, respectively. These function can be expressed in termsof 
the regular (M(a,c;x)) and irregular (U(a,c;x)), confluent hypergeometrie 
(Kummer) functions [2]: 

(3.15) 

(3.16) 

By comparison, we see immediately that the index v = ~ and f..t = ~. We 
shall however nat use these two functions, but two modified alternatives. 
The reason for this is that for f..t = ~ in combination with v = k E N, 
Whittaker's functions Mv,J.L and Wv,J.l are no langer independent from each 
other (see Appendix B- Eq.(0.44)): 

Wkl(x)=(-1)k+1f(k+1)Mkl(x). (3.17) 
'2 '2 

Therefore we introduce the following two modified solutions: 

Mv,f..L(x) := Mv,f..L(x), (3.18) 

and analogue to the construction of Weber's function in the case where 
Bessel's equation is concerned: 

( ) ·- 1f ( ( ) ( ) Wv,f..L(x)) w 1/ J.1 x . - . ( ) cos V1f M 1/ f..L x - ( ) ' 
' Slll V1f ' f V + 1 

(3.19) 

where r is the Euler Gamma function. For V =I= k E N, Wv,f..L is a so
lution of Whittaker's equation, as it is made up of a linear combination 
of two functions which are solutions. For v = k + ~, k E No, Wv,J.L 

= 7r(-1)k+1 (f(k+3/2))- 1 Wk+l/2,f..L is a salution and what is more, it is 
independent of Mv,J.L(x). For v =kEN the second salution is obtained by 
taking the limit for v ---r k: 

Wk,J.L(x) = limk Wv,J.l(x). (3.20) 
1/-> 

That this is actually a salution of Whittaker's equation is not proven here, 
but the prove is analogous to that of Weber's secmld salution of Bessel's 
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differential equation (see G.N. Watson's standard workon Bessel functions, 
Ref.[19], chapter 3). 

In termsof these two independent solutions, the general salution of (3.10) 
is one of the functions: 

(3.21) 

Here, év are real constants chosen in such a way that it normalizes the real 
function 1/Jv, i.e.: 

(3.22) 

8vv' is Kronecker's delta-function, equal to one if v equals v', and zero if 
v differs from v'. The density function w(r) = 1/r in the above integral 
is easily obtained by rewriting (3.10) in a self-adjoint form multiplying the 
equation by 1/r. Tagether with our homogeneaus boundary conditions one 
can demonstrate that the new differential operator ir = r- 11Lr is a Hermit
ian operator and that the eigenvalue problem has the general self-adjoint 
form: 

irR(r) = ~.À2 R(r). 
r 

(3.23) 

The boundary condition R(r ±) = 0 is satisfied by requiring that: 

Mvl(ror:_) + CvWvlbor:_) = 0, 
'2 '2 

(3.24) 

lt goes without saying that we have only a non-trivial salution when the 
determinant of the coefficient-matrix is identical zero; which holds only for 
certain discrete values of v = Vn ( n E N), as lo is chosen to be a given 
constant: 

The constants Cv are, as a result of this, also determined. From equation 
(3.24) we see that for Cv holds: 

(3.26) 

We now suggest for the general salution of the first category w(l) (r, z) 
of (3.3) the following expansion ( n, l E N): 

w(l) (r, z) = Jr 2: 1/Jn (r) ( t9~~) cos ( azz) + t9~~) sin (;31z)) , (3.27) 
nl 

where t9~~), '19~~) are constauts yet to be determined. For the souree term in 
the different i al equation, ( C Fr2 + ;30Cg) in our case, but generally written 
as p(r, z), we assume a similar expansion: 

p(r, z) = Jr 2: 1/!n(r) ( 1]~~) cos (atz) + 1]~~) sin (;31z)). 
nl 

(3.28) 
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After substitution in (3.3) and some arithmetical work, and using the fact 
that 1./Jn, cos (a1z) and sin (a1z) are solutions of the eigenvalue equations 
(3.6), the result is an algebraic relation between the several expansion coef
ficients: 

(2) 
19(2) = _ 'Tlnl 

nl )..2 _ {32 · 
n l 

(3.29) 

Since the function 1./Jn, as well as the functions cos (alz) and sin (f31z) 
forms an orthogonal set, we obtain by Fourier's trick consecutively the fol-

lowing expressions for the expansion coefficients TJ~~) and 'Tl~~): 

(3.30) 

(2) 1 1L ir + 1 . 'Tlnl = rT -drdzp(r, z)1./Jn(r) sm (f31z). 
V L -L r_ r 

(3.31) 

But as the souree p is an even function in z, the second integral, and thus 

19~~) vanishes. The first integral on the other hand can to a certain extent 
be evaluated, resulting in: 

(3.32) 

were we have adopted the notation: 

(3.33) 

And thus we find after combining the several results in equation (3.27), as 
a general solution: 

(3.34) 

with, for reference: 

(3.35) 

a1 = (
2
l ;L

1
)1r, (l EN), (3.36) 

and from (3.13), with Vn = Ç~/4Î·o: 

À~ = f36- 4ÎoVn, (n EN). (3.37) 

From (3.33) and (3.34) we see that this procedure is only valid if both 
constants CF and Cg differs from zero, otherwise the magnetic fiux function 
will become the trivial solution. But this does not necessarily mean that a 
non-trivial salution does not exist in this partienlar case, on the contrary, 
as is demonstrated in the next subsection. 
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With this result we implicit also have found the expression for the con
ductivity coefficients CT 1_ and CTII, previously given by equations (2.24) and 
(2.25), respectively, which we repeat for reference: 

CT 1_ (r, z) = -
1
-F(W)r2

, (3.38) 
Eoro 

(3.39) 

From a physical point of view, the mathematical arbitrary constauts CF 
and Cg, are subjected to an important physical constraint: they have to be 
chosen in such a way that the conductivity components are positive-valued! 
We have plotted the lines of constant wC1l in figure 2 where this is the 
case. In figure 3 we see the corresponcl:ng contour plots of the conductivity 
components directed perpendicular and parallel to the magnetic field lines. 

3.2. Solutions ofthe First Category (CF= Cg= 0). The problem 
that arises when the arbitrary constants CF and Cg are both zero can be 
overcome whcn we consider the equations (3.29) and (3.30): 

19(1)(..\2 _ 0 2) = --r.Pl = O. 
nl n l 'lnl (3.40) 

The general salution for the flux function is only the non-trivial salution if: 

~a(l) - _j_ 0 d· ' 2 2 - 0 (3.41) ·u nl - "' Î ' an . "'n - al - . 

The numerical values for al have not changed, since they are still determined 
by the boundary condition at z = ±L. (As we choose the magnetic flux 

function to be an even function in z, '!9~~) still vanishes.) But this has some 
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FIGURE 3. Contours of constant er ..l and crll· 

major implications, for instance, the salution for the radial part now reads, 
with: 

(3.42) 

and: 

(3.43) 

(3.44) 

Applying the boundary condition ;jJ1(r±) = 0, we find by analogy with (3.25) 
and (3.26) (l EN): 

(3.45) 

and: 

(3.46) 

The first of these two equations can be satisfied in two ways. The first way 
is to fix the numerical value of ro· This means that only for certain well 
defined values of vl the requirement 1J = 0 is fulfilled, and as a result vl get 
an extra index. But this actually means, as v1 = é} /4ro = (,BÖ- o:f)/4ro 
and 0:1 is already determined, that the constant ,80 can not be an arbitrary 
constant anymore: it is laid down by the boundary condition at r = r±. 
The second way is to fix ,80 , then, applying the same arguments, the same 
holcis for ro: it is no langer an arbitrary constant and only certain discrete 
values will be satisfactory. In either case we have to drop one of the indices 
'ü' and replace it by, say k, with k an integer. Therefore: 

,BÖ - al _ - ,Bk - a? 
V! = = Vkl, or: V!= = Vk[· (3.47) 

41k 4ro 
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For the sake of clarity, we would like to emphasize that there is a infinite 
range of discrete v values, denoted by the index 'k', for each integer l! 

Knowing all this, we are now able to formulate the general non-trivial 
salution for the magnetic flux function in the particular case where CF and 
Cg are both zero and (30 a given constant. In this case every rkl corresponds 
toa different differential equation (see Eq.(2.28) and replace ro by rk1), and 
so we have for each combination of k, l E N a different salution for the flux 
function: 

(3.48) 

with: 

(3.49) 

3.3. Solutions of the Second Category (CF,Cç i= 0). The gen
eral salution of W's differential equation, for F(w) = F+(w), can relatively 
quickly be obtained from the salution of the first category by transforming 
the constant lo into iro· As the z-dependent part remains unchanged, we 
only need to consider the radial part of the solution: Whittaker's functions, 
in other words. They transfarm according to: 

Mv .! Cror2
) ----->Mi" .! (iror2

), 
n,2 "'n'2 

(3.50) 

with 7Jn = -Ç~/4ro real constants; Ç~ is still /36- À~, but it is convenient 
to change this notation into Ç~ = !36 - J-L~· But as it turns out, these are 
no longer real-valued solutions. Therefore we propose one of the following 
functions to be a salution for the radial part of the flux function: 

R(r) =En ( 8' [Mi,..,n,~ (i/or2
)] + EnS' [ wi,..,n,~ (iror2

)]) := <Pn(r). (3.51) 

8' denotes the imaginary part of the function within the brackets. The con
stant 7J is chosen in such a way that this is in agreement with the boundary 
condition R(r ±) = 0, which means that it is the salution of ( campare this 
with Eq.(3.25)): 

D = 8' [Mi,..,,~ (hor~)] 8' [ Wi,..,,~ (iror~)] - (3.52) 

8' [Mi,..,,~(ir0r~)J 8' [wi,..,,~(ir0r~)J = 0. 

And this holds for an infinite number of discrete 7]'s ( 7J = 7Jn, n E N). 
The equation which determines En is analogue to that of the corresponding 
constants Dn (Eq.(3.26)): 

E __ 8' [Mi,..,n,~(iror:_)J __ 8' [Mi,..,n,~(iror!)] 
n- 8' [wi,..,n,~(iror:_)] - 8' [wi'l)n,~(iror!)]' 

As it is convenient to work with normalized functions, 
real constants En in such a way that they regulate this: 

j ·r+ 1 
r_ -:;:9n(r)Ón'(r) = Dnn'· 

(n EN). (3.53) 

we can adjust the 

(3.54) 
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With this and the results of the last but one subsection, we have as a 
general second class salution (n, l EN): 

(2) _ 2 """'( )l 1 .!::.n ) W (r, z)- -L D -1 - 2 2</Yn(r cos (alz), 
nl al 1-Ln - al 

(3.55) 

with (n EN): 

<Pn(r) =En (s: [Mi7Jn,~(hor2 )] +EnS' [wi7Jn,~(hor2 )]), (3.56) 

(3.57) 

(2l- 1)7r 
al= 

2L 
(l EN), (3.58) 

and: 

J.L~ = !36 + 4ro1Jn, (n EN). (3.59) 

If we choose an appropriate set of numerical values for the several arbi
trary constants, that is we have keep in mind that they are subjected to the 
same physical constraint as before: the conductivity coefficients must bath 
be positive, the we are able to plot the contours of a constant magnetic flux 
function (Fig. 4). 

Magnetic Flux Function 'J'(2) 

0.6 0.8 1.2 1.4 

FIGURE 4. Contours of constant w(2) (r, z) for r +lro = 1.4, 
r _Jro = 0.6, L/ro = 0.3; with: ro = 1, ,60 = 1, CF = 0.020 
and Cç; = 1. 

The conductivity profiles directed perpendicular and along the magnetic 
field lines are represented in figure 5, were the iso-conductivity lines are 
drawn for the same set of constants. 
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0.3 0.3 

0.2 0.2 

0.1 0.1 

zlr0 0 zlr0 0 

-0.1 -0.1 

-0.2 -0.2 

-0.3 -0.3 

0.6 0.8 1.2 1.4 0.6 0.8 1.2 1.4 

FIGURE 5. Contours of constant a _1_ and a
11

. 

3.4. Solutions ofthe Second Category (CF= Cg= 0). The proce
dure to obtain the general salution of the second category with CF = Cg = 0, 
is quite similar to that of the first class. If {30 is still free to choose, then 
lo is determined by the boundary condition for r = r±. So, dropping the 
subscript '0' en replace it by 'k' (k E N), we obtain without going into 
detail the following as a salution for the flux function: 

- (2) -
'l1 kt (r, z) = "'cpk1(r) cos (atz), (k, l EN,"'=/= 0), (3.60) 

with: 

(3.61) 

- ar- f36 T7kt-
4 

, (k,lEN), 
lk 

(3.62) 

The constants TJkt and Fkt are determined by the imposed boundary condi
tion: the flux function has to vanish at r = r ±, so we have: 

D = <:s [Mi17 l(irkr!)] <:s [wi17 1(i1kr~)J- (3.63) 
kl, 2 kl, 2 

<:s [Mi17 1 (irkr~)] <:s [wi17 1 (irkr!)] = 0, 
kl, 2 kl, 2 

(k, l EN), (3.64) 

determining Fkt. 
Since the constant {30 is still free to choose, we may set it equal to zero. 

It is this situation where the corresponding salution coincides with the one 
described by Montgomery et al [13]: a steady state no-flow situation with a 
non-constant scalar conductivity. This is actually the reason why we have 
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chosen {30 to be an arbitrary constant, so we could set it equal to zero. For 
details on this particular matter the reader is referred to this article. 

That the tensorial electric conductivity is reduced to a scalar conduc
tivity in the particular case where {30 is set equal to zero, is seen from the 
fact that the derivative of G('lt) becomes zero (see Eq.(3.2)). From equation 
(2.25) it is seen that CT ..L- CT II = 0, and thus that the poloidal current density 

f---t f---t 
varrishes (Eq.(2.23)) and u = CT..L I (Eq.(2.2)). 

4. Pressure Determination 

The main objective we had in mind deriving a differential equation for 
the magnetic flux function 'lt was to construct a magnetic field and current 
density profile which permits a zero-flow steady state, expressing a mechan
ica! balance between the pressure gradient and the Lorentz force: 

Vp = J x B. (4.1) 

But first we write out the right hand side of this equation, using the 
equivalent expressions (2.11), (2.14) and (2.20) for the several components 
of J and B, resulting in an expression for Vp in terms of F±('lt) and the 
derivatives of the magnetic flux function (the function Ç('lt) disappears and 
will not appear in the fin al expression): 

(4.2) 

From this it is seen that the pressure is obviously a function of 'lt: p = p(1J!'). 
That one would expect this on physical grounds is seen when we notice that 
the force balance ( 4.1) implies that the pressure is constant on magnetic 
surfaces, since: 

B · Vp = B · (J x B) = 0 ( 4.3) 

But the same holds, as we have seen, for the magnetic flux function. So 
the surfaces of constant pressure and constant magnetic flux coincide. Con
versely, you can also say that the on mathematica! grounds introduced func
tion F±('lt) is physically associated with the pressure gradient. 

U sing the fact that the pressure is a function of 'lt alone, we are able to 
rewrite the pressure gradient in an alternative notat~on: 

dp( 'lt) ( 8\ll 8\ll ) 
Vp = ~ 8r er+ 8z ez . ( 4.4) 

Comparison with equation ( 4.2) shows that: 

F ('lt) = dp('lt) 
± d'lt . ( 4.5) 

Making a choice for F ± as a function of 'lt thus implies the specification of 
the pressure on magnetic surfaces. The salution of p in terms of the flux 
function 'lt is obtained after integration of the above equation (with F±('lt) 
given by (1.1)): 

1 ( 1 2 2) p('lt) = Cp + - CF'lt ± 2ÎO 'lt ' 
f..Lo 

(4.6) 



4. PRESSURE DETERMINATION 29 

where Cp is the integration constant, yet to be determined by the boundary 
condition. 

It is evident that equation ( 4.2) must hold for all components of V p: 
tangential and normal! What the boundary condition is concerned, the 
tangential component gives rise to a Dirichlet boundary condition. A ho
mogeneous condition, that is, as 1}1 is subjected to homogeneaus boundary 
conditions (Eq.(2.29)): 

( 
ÖW ÖW ) I n x Vplan = n x F±(w) är er+ äz ez an = 0, (4.7) 

and thus we have indeed: 

Plan = 0. ( 4.8) 

The normal component, on the other hand, is at the wall given by: 

n · Vpl 8n = n · (.r±(W) ~~er+ F±(W) ~~ ez) Ion 

1 
-C.r n · Vwlan, (4.9) 
f..Lo 

where we have used the fact that F±(W) = f..Lr/ (C.r ± 16w). But this leads 
towards an inhamogeneaus boundary condition of the Neumann type (that 
is, if C.r -=f. 0): 

äp I = _.!._C.r aw I 
än an f..Lo än an · 

(4.10) 

Since 1}1 is zero at the wall of the torus, the boundary condition for p in 
terms of the magnetic flux function, reads: 

Dirichlet: Plan = 0 -----) p(w = 0) = 0, 

op I = _.!._c.r aw I -----) dp(w) I = _.!._c.r 
än an f..Lo än an dw 'll=O f..Lo · 

( 4.11) 
Neumann: 

Applying the Dirichlet condition we see that the constant Cp has to be 
zero, while the choice for Cp is entirely free when we impose the Neumann 
condition. So, if we set Cp equal to zero, we have a salution for the pressure 
which is in agreement with both boundary conditions. And thus we have: 

p(w) = _.!._ ( C.rw ± ~16w2). ( 4.12) 
f..Lo 

In this parbeular case there is clearly no contradiebon between the two 
types of boundary conditions, but generally, that is, when there is a flow 
present, this need not at all be the case. We did after all see that it is possible 
to formulate two substantially different boundary conditions simultaneously. 
That means that there is an over-determination what the pressure is con
cerned; either one is enough todetermine p uniquely. Generally, this implies 
that we can distinct two different solutions for the pressure: a 'Dirichlet 
pressure' and a 'Neumann pressure' as Kress and Montgomery call them 
[ 11]. The reader is referred to Ref. [ 11] for a more systematic discussion on 
the subject. 
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CHAPTER 4 

Discussion and Conclusions 

The last couple of years there have been several efforts to reinstate Ohm's 
law as one of the MHD equations that has to be taken equally serious as the 
equation of motion [3] [10] [13] [14]. The idea is that the idealization made by 
ideal magnetohydrodynamics regarding an infinite electrical conductivity is 
nat very satisfactory, and a replacement by a finite conductivity is a relevant 
contribution in a more realistic plasma description, that of non-ideal MHD. 

If we model the confinement geometry of a plasma by an axisymmetric 
torus, then it is known that the steady state solutions of the MHD equations 
roughly can be distinguished in two categories: a steady state with, and a 
steady state without a flow velocity. On physical grounds it is reasanabie to 
assume that the conductivity is a function of W alone, since the magnetic flux 
function is constant on magnetic surfaces. However, this implies that the 
equilibrium state of a toroidal confined plasma gives rise to a fiowing, rather 
than a non-fiowing magnetofluid, which is custom in ideal magnetohydrody
namics. One way torestare the non-flowing equilibrium state is to withdraw 
the demand of a spatially uniform electric conductivity [13]. Montgomery 
et al have explored this possibility, asking themselves what kind of spatial 
dependendes of the conductivity would permit a non-flowing steady state 
[13]. The choice for a scalar conductivity profile implies, however, that no 
poloidal current densities arise. A way to include poloidal current densities, 
and therefore toroidal magnetic fields, is to replace the scalar conductivity 
by a tensari al conductivity, and asking oneself the same question: what kind 
of conductivity profiles permit a zero-flow steady state in a torus geometry? 

We have simplified the geometry of the torus by assuming a reetangu
lar cross-section, rather than a more realistic circular cross-section. The 
reason for this is one of mathematica! convenience: cylindrical coordinates 
are by fare less difficult than the complex toroidal coordi'1ates. Although 
this is a restriction, it was nat our aim to describe the equilibrium state 
most accurately in the most realistic geometry and under the most realistic 
boundary conditions (a differential equation for the magnet ie flux function 
analogue to (2.28) can be derived in toroidal coordinates, but this can nat 
be solved analytically applying standard solving methods like separation of 
variables); what we wanted to demonstrate is that it is possible to construct 
a conductivity profile which permits a zero-flow equilibrium. 

In the already mentioned artiele by Montgomery et al [13] the result for 
a scalar conductivity, is that a given aspect ratio of the rectangular toroidal 
wall allows only certain discrete values of the toroidal current density. In our 
situation, where the scalar conductivity is replaced by a tensorial variant, 
this no langer is the case: the value of the toroidal current density is not 
restricted anymore by the spatial dimensions of the torus' cross-section. 

:31 
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We were able to distinct two categories of solutions (resulting in different 
conductivity profiles), depending on the choice we made for the initially 
arbitrary functional F('ll). 



Bibliography 

[1] Abramowitz, Milton, Stegun, Irene A. (ed.), Handbook of Mathematica[ Functions
New York: Dover Publications, Inc. (1972) 

[2] Arfken, George B., Weber, Hans J., Mathematica[ Methods for Physicists, 4th. ed.
San Diego: Academie Press, Inc. (1995) 

[3] Bates, J.W., Lewis, H.R., - Physics of Plasmas 3 (p.2395), 1996 
[4] Bittencourt, J .A., Fundamentals of Plasma Physics - Oxford: Pergamon Press, Ltd. 

(1986) 
[5] Boersma, J., Toegepaste Analyse 2 (incl. Aanvulling Functie Theorie)- Syllabus Tue 

2B110 
[6] Buchholz, Herbert, Die Konfiuente Hypergeometrische Funktion - Berlin: Springer

Verlag (1953) 
[7] Clemmow, P.C., Dougherty, J.P., Electrodynamics of Particles and Plasmas- New

York: Addison-Wesley Publishing Company, Inc. (1990) 
[8] Ince, E.L., Ordinary Differential Equations - New York: Dover Publications, Inc. 

(1956) 
[9] Jackson, J.D.,Classical Electrodynamics, secondedition- New-York: John Whiley & 

Sons (1975) 
[10] Kamp, Leon P.J., Montgomery, David C, Bates, Jason W., "Toroidal Flowsin Resis

tive Magnetohydrodynamic Steady States" - Physics of Fluids 10 (7), July 1998 
[11] Kress, Brian T., Montgomery, David C., "Pressure Determinations for Incompressible 

Fluids and Magnetofluids" - Joumal of Plasma Physics 0 (0), 2000 
[12] Montgomery, David C., Bates, Jason W., Kamp, Leon P.J., "MHD Steady Statesas 

a Model for Confined Plasmas" - Plasma Phys. Contr. Fusion 41, A507-A517, 1999 
[13] Montgomery, David C., Bates, Jason W., Lewis, H. Ralph, "Resistive Magnetohy

drodynamic Equilibria in a Torus" - Physics of Plasmas 4 (4), July 1997 
[14] Montgomery, David, Bates, Jason W., and Shuojun Li, "Toroidal Vortices in Resistive 

Magnetohydrodynamics Equilibria" - Physics of Fluids 9 (4), April 1997 
[15] Montgomery, D.C., Shan, X., - Comments Plasma Phys. Controlled Fusion 15 

(p.315), 1994 
[16] Morse, Philip M., Feshbach, Herman, Methods of Theoretica[ Physics, Vol.l and 2 -

New York: MacGraw-Hill Book Company (1953) 
[17] l'vluynck, W.M. de, Mathematische Fysica en Theoretische Mechanica (dictaat be

horende bij het gelijknamige vak (3C100)) - Eindhoven: Technische Universiteit 
Eindhoven (1991) 

[18] Nicholson, Dwight R., Introduetion to Plasma Theory - New York: John Wiley & 
Sons (1983) 

[19] Watson, G.N., A Treatise on the Theory of Bessel Functions- Cambridge: Cambridge 
University Press (1962) 

[20] Whittaker, E.T., Watson, G.N., A Course in Modern Analysis, 4th. ed.- Cambridge: 
Cambridge University Press (1963) 

[21] Schep, T.J., Theoretische Plasmafysica (dictaat behorende bij het gelijknamige vak 
(3N260)) -Eindhoven: Technische Universiteit Eindhoven (1996/1997) 

[22] Slater, L.J., Confluent Hypergeometrie Functions - Cambridge: Cambridge Univer
sity Press (1960) 

[23] Spatschek, K.H., Theoretische Plasmaphysik- Stuttgart: B.G. Teubner (1990) 



34 BIBLIOGRAPHY 



APPENDIX A 

Flows in Resistive MHD Equilibria 

1. Introduetion 

The geometry of a confined plasma plays an important role concern
ing the plasma's mechanica! motion. In a cylinder geometry ( with periadie 
boundary condition) it is perfectly well possibly to obtain a statie, zero-flow 
salution of the non-ideal MHD equations, meaning that the Lorentz force 
is counter-balarreed by the pressure gradient. But as soon as the cylinder 
is wrapped around into a closed axisymmetric torus, the mechanica! bal
arree is braken. Within the non-ideal magnetohydrodynamic framework the 
electric conductivity is no langer considered to be infinite, and Ohm's law 
has to be taken equally serious as the equation of motion (force balance). 
The consequence is however that for spatially uniform electric conductivity 
coefficients, the current density J- generated by a statie, and thus curl-free 
electric field -, no langer provide magnetic fields B that give rise to a van
ishing curl of J x B [13]. Therefore the Lorentz force can nat be balanced 
anymore by the gradient of any scalar pressure, since Vp = J x B can only 
be fulfilled if V x (J x B) = 0. There is however a possibility to reinstate 
this mechanica! force balance, but only if we give up the spatial uniformity 
and accept a spatially dependent conductivity! 

Following Montgomery et al [14] and Kamp et al [10] we hold on to 
a spatially uniform conductivity, and as we considered the magnetofluid to 
be confined in a torus, the equilibrium state consists a fiowing plasma. In 
the simplest torus geometry (see Figure 1 in chapter 3), the cross-section is 
rectangular, by which we can use the relatively easy cylindrical coordinates. 
The torus is hordered by the radii r = r _ and r = r + and the planes z = ±L. 

As a driving force we use, as mentioned before, a statie, curl-free electric 
field: 

ro 
E(r,<p) = Eo-e'P(<p), 

r 

Eo is a reference value at r = ro and e'P is the azimuthal unit vector. 

(1.1) 

The boundaries of the torus are assumed to be impenetrable, perfectly 
conducting walls with a thin layer of insulating dielectric, by which the 
boundary conditions read (see the figure below): 

u . nlwall = 0, (1.2) 

B · nlwall = 0, (1.3) 

J. nlwall = 0, (1.4) 
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respectively (n is the unit normal). In addition, we impose a stress-free 
boundary condition : 

(
ÖUr + ÖUz) I = O, 
öz ör &R 

(1.5) 

öu'P I = 0 
Öz z=±L ' 

(1.6) 

physically implying that the walls of the torus do not act on the plasma. 
The notation 'öR' is adopted to denote the boundaries of the torus under 
consideration. 

wall 

FIGURE 1. The walls of the torus are impenetrable, perfect 
conductors with a thin layer of insulating dielectric. Besides 
that it is assumed that the walls are perfectly smooth. 

From chapter 2, equation (2.5.3) we know that the steady state equa
tions of incompressible non-ideal MHD read (in the familiar dimensionless 
'Alfvénic' units): 

-Vp + J x B + vV2 u =(u· V) u, (1.7) 

J-CTE =CT (u x B), (1.8) 

V x B -J = 0, (1.9) 

tagether with the additional conditions V · E = 0, V · B = 0 and V · u = 

0. The uniform considered constants CT and v (bath still associated with 
the original conductivity and kinematic viscosity) can due to the usage of 
dimensionless units be introduced as the resistive Lundquist number and 
the reciprocal of the viseaus Lundquist number, respectively. 

Montgomery et al [14] solve the governing steady state equations of 
non-i deal MHD in lowest order, neglecting the inertial term in the equation 
of motion and the u x B term in Ohm's law. A poloidal velocity flow is 
the result of their calculations. These calculations can be regarcled as the 
first step in a perturbation procedure (zero-order calculations), and indeed, 
Kamp et al [10] reinstate the initially neglected terms and consider the effect 
of it carrying out a first-order perturbation. They show that in addition to 
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the poloidal velocity calculated by Montgomery, a toroidal velocity compo
nent occurs. It should be mentioned that an externally supported, curl-free 
toroidal magnetic field is applied, which is responsible for this toroidal flow: 

B(0l(r, cp) = Bo ro ecp(cp), (1.10) 
r 

Bo is a reference value of the magnetic field at middle radius r = ro = 
(r _ + r +)/2. The superscript '(0)' indicates that this magnetic field is a 
zeroth-order quantity. 

The endeavour we have undertaken, is trying to solve the MHD equation, 
proposing an itemtive procedure where the solutions of the MHD equations 
in simplified farm - the earlier mentioned zeroth-order solutions - serves as 
an 'Ansatz'. It turns out that the MHD equations can be reduced to scalar 
and vector Poisson equations, which can be solved using Green's function -
at least that is the methad we have used. 

It is however not our intension to elaborate extensively upon the exact 
solving procedures, we only wish to give an overview of the way we have tried 
to solve this problem. As we shall demonstrate, this particular approach did 
not provide the expected results. One of the main causes was that one of the 
boundary conditions, that of the vorticity, was not suitable for the adopted 
approach. 

2. Iteration Scheme 

The iterative methad we apply in order to solve the static MHD equa
tions, starts with the neglect of the right hand site of the equations listed in 
(1.7) and (1.8), giving: 

V x (J x B) + vV2w = 0, 

J-8-E = 0, 

V x B- J = 0. 

(2.1) 

(2.2) 

(2.3) 

The first of these equations is abtairred by taking the curl of (1. 7), introduc
ing the vorticity w: 

w =V x u, (2.4) 

and imposing that V· w = 0. The solutions of this system of equations, J(0), 

w<0), u<0l, and B(0) - the so-called 'zeroth-order' solutions - serves as an 
'Ansatz' for the next iteration step. After we have inserted these solutions 
in (1.7) we are able to calculate an updated value wCl) for the vorticity, by 
setting wCl) = w<0) + w<ll. The equation we then have to solve, is a vector 
Poisson equation for the first order correction of the vorticity: 

vV2w(l) =V x ( u(O) ·V) u(O). (2.5) 

The boundary condition for wCll has to come from the boundary condition 
for the velocity, as well from the additional stress-free demand. 

The first-order correction of the velocity can be found expressing u(ll in 
terms of a vector potential u(ll and a scalar potential rr(l): 

u< 1l =V x u(ll + VII(l). (2.6) 
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Substitution of this expression into (2.4) yields (setting V· U(l) = 0): 

V 2U(l) = -w(1)' (2.7) 

while taking the divergence of (2.6) and using the plasma's assumed incom
pressibility, results in a Laplace equation for II(l): 

(2.8) 

The boundary condition for II(l) and U(l) follows from the boundary con
dition for the velocity (Eq.(1.2)). With this result the first-order velocity 
uW = u(0) + u(l) is known. 

Ohm's law makes it possible two calculate two renewed values, one for 
the electric field and one for the current density. The electric field is firstly 
written as: 

(2.9) 

( <I>( 1) is the electric scalar potential associated with E(1)). Hereafter, insert
ing the above into Ohm's law, 

JW =a [E(l) +(uW x B(ü))], (2.10) 

and taking the divergence, noticing that V · J(1) = 0, we obtain: 

V2<I>(1) = uW x B(ü). (2.11) 

<I>( 1) has to be solved such that J(1) · n = 0 at the wall (Eq.(1.4)). Sirree the 
electric field is now known, the same holds for the current density, substi
tuting the updated result into Ohm's law (Eq.(2.10)). 

Ampere's law provides the possibility to calculate the first-order correc
tion of the magnetic field, applying a similar procedure as we have used for 
the velocity, writing: 

B(1) =V x A(1) + vy(l), 

and thus ( demanding V · A (1) = 0): 

V 2 A (1) = -J( 1) and V 2 Y(1) = 0 

(2.12) 

' 
(2.13) 

provided that B(1) · n = 0 at äR. With the determination of magnetic field 
(BW = B(0 ) + B(l)) the first iteration step has come to an end. The idea is, 
to repeat this procedure but now with the adjusted solutions wW, uW, J(l), 
EW and BÜ), leading to a set of second-order solutions. If this iteration 
procedure is applied over and over again, we end up with recurrence relations 
for the several variables. For the vorticity for instance, we have: 

vV2w(n) -V x ( J(n-2) x B(n-1)) V x ( J(n-1) x B(n-1)) (2.14) 

+V X ( U(n-2) ·V) u(n-1) +V X ( u(n-1) ·V) u(n-1), 

with n = 2,3, ... , and where (*)(!l) = (*)(O) + (*)(1
) + ... + (*)(n)_ Each 

iteration step the new values u(!l), J(!l), E(ZI:) and B(ZI:) are updated . 
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3. A Boundary Condition for the Vorticity and its Consequences 

The central question we ask ourselves in this section is: is it possible to 
formulate a boundary condition on w = V x u which is appropriate to write 
the salution of Poisson's equation for the vorticity, 

1 
V 2w =-::-Vx [(u· V) u- (J x B)] = f(r) (3.1) 

V 

in terms of an integral expression, using a Green's function (fundamental 
solution)? 

We start with the construction of the boundary condition for the vortic
ity's azimuthal component, 

aur auz 
w'P = az - ar , (3.2) 

demanding that the normal component of the velocity is zero at the wall 
and that the wallis stress-free (Eq.(1.5)): 

=0 

(3.3) 

aur I w'Piz=±L = -- = 0 
az z=±L 

The fact that w'P is subjected to a homogeneaus Dirichlet condition, implies 
that the differential equation for w'P (from (3.1)), 

2 ( 2 1) V (w'Pe'P) = e'P V - r 2 w'P = e'Pf'P(r, z), (3.4) 

can be solved uniquely, applying several salution techniques, including that 
of the fundamental solution. 

The boundary condition for Wr and Wz, on the other hand, are neither a 
Dirichlet condition, nor a Neuman condition as we shall demonstrate. The 
two components are given by: 

au'P 1 a 
wr = --a , and: Wz = --a (ru'P). (3.5) 

z r z 
Imposing stress free boundary conditions (Eq.(1.6)), we find: 

(3.6) 

and: 

Wzlr=r± = 2 (u'P) I , Wzlz=±L =~af) (ru'P)I . (3.7) 
r r=r± r Z z=±L 

It seems that we have a problem, because the toroidal velocity is not known 
a priory! Let us examine this further, ha ving in mind that earlier on we 
have demanded that V· w = 0. 

Since V· w = 0 holds for all (r, z) ER, we have at z = ±L: 

- =- -- (rwr) . OWz I 1 0 I 
f}z z=±L rfJr z=±L 

(3.8) 
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After we have combined it with Wr lz=±L = 0, it follows that: 

awz I = O 
az z=±L . 

(3.9) 

At r = r± we obtain from V· w = 0, inserting (3.6.a) and (3.7.a): 

~ (Wr)l = 0. 
ar r r=r± 

(3.10) 

Finally we also find from V · wlr=r± = 0: 

awz I - ~~ (rwr)l -r :r (w;)- 2 (~) lr=r± 
az r=r± r ar r=r± 

- 2 (W;) lr=r± (3.11) 

And so, we can summarize the deduced set of boundary conditions for Wr 
and Wz as: 

! (W;) lr=r± = O } 

Wrlz=±L = 0 

(3.12) 

and: 

awz I __ 2 (Wr) I 
az r=r± - r r=r± 

(3.13) 

awz I _ O 
az z=±L -

A salution of the differential equation for Wr: 
(3.14) 

in terms of a Green's function seems not possible, because the boundary 
condition is not appropriate for this approach; for that we need Neumann 
or Dirichlet conditions, and we have neither one of them. But another way 
to solve this equation is by expanding Wr in eigenfunctions x(r, z) of the 
Laplacian, 

(3.15) 

imposing the just acquired boundary condition for Wr· A similar argument 
holds for Wz: its differential equation, a scalar Poisson equation, can not 
be solved in terms of the fundamental solution. It should be mentioned 
that this becomes only significant from the third iteration step, where the 
poloidal vorticity arises for the first time. 

An alternative solving method could be the following. If an arbitrary 
field variabie is denoted by Q and if Q is independent of the azimuthal coor
dinate tp, and in addition, if thc divergence of Q is zero, we can express the 
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poloidal part of the variabie under consideration in terms of a corresponding 
scalar function II(r, z): 

Qp =VII x V~.p. (3.16) 

This holcis for u (incompressibility), J (charge conservation), B (Maxwell) 
and w (additional demand). It turns out that the static MHD equations 
then transfarms into a set of coupled differential equations, containing the 
Laplace operator and the bi-harmonie operator. Whether this methad will 
workor not, should be worked out in the future. 

Another possible approach is to solve the equations of non-ideal MHD by 
applying entirely numerical methods. One of these methods, the so-called 
finite difference time domain (FDTD) method, is used in cooperation with 
the rnathematics department (Scientific Computing) of the TU je. 
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APPENDIX B 

Dependency of Whittaker's Functions 

It turns out that Whittaker's functions Mv,J.L(x) and Wv,J.L(x) become de
pendent functions for certain values of v and J.L, a thought that was dictated 
by our particular case where J.L = ! . A plot of the determinant of the coef
ficient matrix V(v,!) shows that the function V vanishes for integer values 
of v completed by some additional non-integer values. When we changed 
the values of our boundaries we saw that only the non-integer values of v 
changed and that the other values remained the same - but what does this 
mean? The values for v has to be chosen in such a way that the linear 
combination of bath Whittaker's functions becomes zero at the boundaries 
r = r _ and r = r +. Apparently this occurs for v = k E N, but not only for 
particular numerical values of r± but for all values of r±! And this can only 
mean that for J.L = ! and v = k E N the solutions are no langer independent 
functions. In this section we prove that this is actually the case, generalized 
for the situation where v = k and J.L = l- !, with bath k and l EN. 

LEMMA 1. Near w = -m (m = 0, 1, 2, 3, ... ) the gamma function f(w) 
and the polygamma Ju netion 'ljJ( w) can be expressed as: 

r(w) = r~- 1 )m) ( 
1 

+'I/J(l+m)+f(m+1)éJ((w+m)))' (0.17) 
m+1 w+m 

1 
'ljJ(w)=- +'I/J(1+m)+éJ((w+m)), 

w+m 
(0.18) 

where 'ljJ( w) is the so-called polygamma function, defined as: 

r'(w) 
'ljJ(w) := r(w). (0.19) 

PRO OF. To prove this we apply the reflection formula for bath gamma 
and polygamma function [1]: 

7r 
r(w)f(1- w) = -. -, (0.20) 

Slll7rW 

7r 
'ljJ(w)-'1/J(l-w)=- , 

tan 1rw 
(0.21) 

which can also be written as, using some trigonometrie relations: 

r w = (-1)m 7r 

( ) f(1- w) sin 1r(w + m) (0.22) 

7r 
'1jJ(w)='l);(1-w)-. ( )" 

sm1r w + m 
(0.23) 

43 
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The next step is to expand 1jr(1- w) in a Taylor series near w = -m; the 
result of this is: 

1 1 1/J(1 + m) 2 
r(1-w) = r(1+m) + r(1+m)(w+m)+O((w+m) ), (0·24) 

where we have used the definition of the polygamma function. Inserting this 
result in (0.22) gives the required expression: 

r(w)= ~-l)m)(( 1 
)+1/J(1+m))+O((w+m)). (0.25) 

r 1+m w+m 

lf we expand 1/J(1- w) in a Taylor series near w = -m we get: 

1/J(1- w) = 1/J(1 + m) + 1P'(1 + m)(w + m) + () ((w + m) 2
). (0.26) 

Combining with (0.23) yields: 

1 
1/J(w) =- + 1/J(1 + m) + 0 ((w + m)). (0.27) 

w+m 
(This procedure was suggested by Harry Bateman, Higher Transeendental 
Functions, Vol.l - MacGraw-Hill: New-York (1953).) I 

LEMMA 2. For k, l EN, 0 :Sr :S (k -l), it holds that: 

lim 1/J(l + v + r) = ( -1)k+1r(k + l). 
v-+-k r(1 +V- f) 

PROOF. Near z = -k we apply (0.17), with w = 1 + v -l and therefore 
m = k+l-1 (m = 1,2,3, ... ), and obtain: 

( -1)k+l-l ( 1 ) 
r(1+v-l) = r(k+l) (v+k) +1/J(k+l) +O(v+k) (0.28) 

It is valid to use (0.18) near the point v = -k, if and only if m = k- l - r 
is an element of NU {0}, which holds for 0 :Sr :S (k -l). The variabiewis 
equal tol+ v + r and thus we expand 1/J(l + v + r) near v = -kas: 

1 
1/J(l + v + r) = ---k + 1/J(k -l- r + 1) + () ((v + k)). (0.29) 

v+ 
(Notice that the polygamma function at the right hand side has no singular 
points under the imposed conditions.) 

Hence: 

1
. 1/J(l+v+r) 
liD 

v-+-k r(1 + V - l) 

1
. 1-(v+k)[1/J(k-l-r+1)+0((v+k))] 
llli 

v-+-k 1 + (v + k) [1/J(k + l) + () ((v + k))] 

(0.30) 

I 

THEOREM 1. For v = k E N, f..l = l -1 (l E N) with l :S k, Whiftaker's 
functions Mv,Jl.(x) and Wv,Jl.(x) are dependent functions, with: 

wk,L-~(x) = (-l)k+Lr(k+l) (0.31) 
Mk 1_1.(x) r(2l) . 

, 2 
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PROOF. Since Whittaker's functions can be defined in terms of the reg
ular ( M (a, c; x)) and irregular (U (a, c; x)), confluent hypergeometrie (K um
mer) functions [2]: 

(0.32) 

(0.33) 

we have to examine the behaviour of both hypergeometrie functions for 
v = k E N, f..t = l - ~ ( l E N). Therefore we use the definition of the regular 
and irregular hypergeometrie functions as given in Abramowitz [1]: 

U(a,n+ 1;x) 

~ (a)r xr 
M(a,c;x) = L...J -() 1 , 

r=O c r r. 

( -1)n+l [ 
1 ( ) M (a, n + 1; x) ln x 

n.r a -n 

(0.34) 

+ f( (a)~) x~ {'ljl(a+r)-'l/J(1+r)-'ljl(1+n+r)}] 
n+ r r. r=O 

(n- 1)! -n + r(a) x M(a- n, 1- n; x)n, (0.35) 

for n = 0, 1, 2, ... , where the last function is the sum to n terms; it is to be 
interpreted as zero when n = 0. We have adopted the Pochhammer notation 
(a)r: 

(a)r =a( a+ 1)(a + 2) ... (a + r- 1), (a)o = 1. (0.36) 

Hence: 

CXl ( ) 1 2 1 2 l - k r xr 
M (x) = e-2x x 1 M(l- k 2l· x) = e-2x x 1 ~ -

k,l-~ ' ' L...J (2l) t' r=O r r. 
(0.37) 

which breaksoffat r =k-lif l :::; k. For the evaluation of Wk 1_.! (x) we have 
' 2 

to make a distinction between (I) l :::; k, and (II) l > k. If we consider the 
latter situation first, we see that there are no singular points for v = k E N, 
and l E N - all the polygamma functions have positive arguments. This 
means that, as: 

lim -(
1 

) = 0, and therfore lim 
1 

= 0, 
z->-m r z v->k r(1 - l - v) 
mENo 

(0.38) 

we find for Whittaker's second function: 

_ 2(1- 1)! _.!x2 (l-l) . 
Wk 1_.!(x)- ( k)e 2 x M(1-l-k,2-2l,xb_1 , 

, 2 r l- (0.39) 

which is a function independent from Mk 1_.! (x)! 
' 2 

If we consider instead l :::; k the situation is somewhat different. Now 
the first and the last term in equation (0.35), as well as the last two of the 
three terms within the summation sign, containing the regular polygamma 
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functions 'l/!(1+r) and 'l/!(2l+r), will vanish as aresult of (0.38). This means 
that wk [-.!(x) can be written as: 

' 2 

1 _.!x2 1 . 1 ~ (l- k)r Xr 
wk,t-! (x) = (2l- 1)! e 2 x ~~ f(1 -l- v) ~ (2l)r --:;:r'l/J(l- ll + r) 

1 1 2 l -:-:--:-:-e- 2 x x x 
(2l- 1)! 

. 1 k-l (l - k )r Xr 
~~ f(1 -l- v) ~ (2l)r r! '1/J(l- z; + r). (0.40) 

The summation breaks off at r = k- l, because l :S k and (l- k)r = 0 for 
r 2: k -l. Therefore we may change the order of summation and taking the 
limit for z;--> k. We now get: 

1 _.!x2 l~(l-k)rxr . '1/!(l+v+r) 
wk,t-!(x)= (2l-1)!e 2 x~ (2l)r --;;:r}~r~\r(1+v-l)' (0.41) 

which is, by the use of LEMMA 2 and the expression for Mk 1_.! (x) (Eq.(0.37)), 
' 2 

equal to: 

) 
k-l 

( )k+lf(k+l _.!x2 1 ~(l-k)rxr 
- 1 f(2l) e 

2 
x ~ (2l)r --:;:! 

k+1r(k + Z) 
(-1) f(2l) Mk,t-!(x). (0.42) 

And thus we finally have: 

wk,t-! (x) = ( _ 1)k+t r(k + l) 
Mkl_.! (x) f(2l) . 

' 2 

(0.43) 

I 

In the particular case where f..L = !, and thus l = 1, this dependency
relation becomes: 

(0.44) 


