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Abstract 

To check the properties of two heat exchangers made from different types of sintered 
copper at low temperatures, high pressures and large mass flows, a set-up bas to be 
built that can simulate these conditions. Due to the restricted volume in the cryostat, 
the maximum measuring time in this set-up is only 21 Iilinutes. This result ledtoa 
cancellation of designing the low temperature set-up. The performance of a heat 
exchanger is determined by the heat transfer coefficient and the pressure drop. The 
heat conduction of sintered copper between 1.2 and 4.2K is. described from a 
previously performed investigation. A general expression for the flow impedance 
factor, one that is dependent on the flow is given. 

Extemal heat flow due to radiation by using insulation. The size of this extemalload 
to the system is estimated. Using one layer of insulating material reduces the heat 
flow in first order from 6.5W to 4.3W, teading to an increase in net cooling power. 

A description is given that shows that under certain assumptions a two-stage pulse 
tube cooler can be represented by an electrical model. In this model, the volume flow 
in the cooler is represented by current and the pressure by voltage. To calculate the 
values for Rand C that describe the cooler used at Signaal USFA, a model is used. 
This model is validated with measurements of the mass flow and the pressure wave, 
showing that the pressure wave amplitude is calculated correctly. The mass flow is 
calculated to be 53% of the measured value. 

Quantitative and qualitative agreement of a simulation of the electrical network with 
the calculated values for R and C shows that both the electrical model and the 
calculated values for R and C are correct. The model is used to calculate the change in 
volume flow and pressure wave at the first stage pulse tube, when the diameter of the 
first stage regenerator is changed from 32mm to 41.5mm. 
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1. Theory 

1. 1 Introduetion 

Pulse tube coolers are coolers without moving parts in the cold region. This has 
several advantages: the cooler is simpler and therefore will be more reliable, there 
are no vibrating parts on the cold si de of the cooler which is advantageous in several 
applications. The used multi-stage double inlet pulse tube cooler has developed from 
a basic pulse tube via an orifice pulse tube. The used two-stage orifice pulse tube 
cooler can beseen in the experimentalset-up chapter. In this chapter the cooling 
mechanisms of the basic pulse tube cooler and the orifice pulse tube cooler are 
descri bed. 

1.2 Basic pulse tube and heat pumping 

The development of the pulse tube cooler begins in 1964, when W. Gifford and R. 
Longsworth develop the basic pulse tube cooler, depicted in Figure 1-1. 

Figure 1-1 The basic poise tube 

compressor 

hot heat exchanger 

regenerator 

cold heat exchanger 

empty tube 

hotheatexchanger 

This basic pulse tube is a closed volume, where periadie fluid motion is generated 
using a compressor. The regenerator is aporous medium with high heat capacity. In 
the compression phase hot fluid flowing into the regenerator gives off heat to the 
regenerator, which is retumed tothefluid in the expansion phase. This makes a 
temperature gradient possible between the hot compressor side and the cold heat 
exchanger side. The hot heat exchanger at the compressor side serves to remove 
compression heat. The hot heat exchanger at the end of the tube keeps the 
temperature constant. The cold heat exchanger takes up heat from an extemal load. 

The cooling mechanism of this tube is surface heat pumping in the pulse tube [SWIJ, 

which can be seen in Figure 1-2. Only particles at approximately a thermal 
penetration depth from the wall contribute to the heat transfer in the axial direction 
of the tube. Particles closer to the wall are in good thermal contact with the wall. 
These particles undergo approximately isothermal compression and do not contribute 
to the heat flux in axial direction. Particles farther away have no thermal contact with 



the and are simply compressed and expanded adiabatically and reversibly by the 
pressure wave. 

For simplicity, a square wave is assumed. The basic thermadynamie cycle can be 
pictured as consisting of two reversible adiabatic steps and two irreversible constant 
pressure steps. 

a-
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dW''L .................. .J 
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!":]~----+-········ ~ 
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Figure 1-2 Simplified surface heat pumping mechanism in four steps. In step (a) the fluid is 
compressed adiabatically. In step (b) the fluid parcel isothermally gives off heat to the wall. In 
step (c) the fluid parcel is expanded adabatically and in step (d) the fluid parcel takes up heat 
from the wall 

During the compression part of the acoustic standing wave, the parcel of fluid is both 
heated and displaced along the plate. As a result, two temperatures are important to 
the parceL The temperature of the fluid after adiabatic compressional heating and the 
temperature of the part of the plate next to the fluid parcel after compression and 
displacement For a cooler the temperature of the fluid at the hot end, after 
compression, must be higher than that of the plate so that heat will flow from the 
fluid to the plate. The parcel expands at low pressure and contracts at high pressure 
and work dW -dW' is done. 

During the expansion part of the wave, the reverse process occurs. The parcel cools 
down and is displaced in the other direction. For a cooler the temperature of the 
parcel after expansion and displacement must be lower than that of the plate. Heat 
now flows from the wall to the gas at low temperature. 

[STEJ The performance of the basic pulse tube cooler is not high compared to other 
kind of pulse tube cooler, both in efficiency and lowest reaebabie temperature. There 
are two main reasons. The first reason is that only a smalllayer of gas at about a 
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thermal penetration depth away from the wall contributes to the heat transport. This 
thermal penetration depth is given by 

/i= ~KV.t, 
1tCP 

(1-1) 

Where Kis the thermal conductivity, V mis the molar volume, te is the cycle time and 
Cp is the specific molar heat at constant pressure. The thermal penetration depth is 
the distance that heat can diffuse though the fluid during a time te and thus defines 
the thickness of the thermal boundary layer. 

The second reason that a basic pulse tube cooler is inferior to other pulse tube 
coolers is the critical temperature gradient. There exists a critical temperature 
gradient at which the temperature rise of the gas due to the compression is equal to 
the temperature rise of the wall due to the temperature gradient. lf the temperature 
gradient in the pulse tube is equal to the critical gradient there is no heat transfer 
between gas and tube wall. 

1.3 Orifice pulse tube cooler 

The performance of the pulse tube cooler is increased in 1984 by Mikulin by adding 
an orifice and a buffer volume to the basic pulse tube cooler. The gas in the pulse 
tube cooler can flow to the buffer volume via an orifice. This can be seen in Figure 
1-3(a). 

Consider a gas parcel starting the cycle inside the regenerator at position a, see 
Figure 1-4. 

T 

11 c 

Regenerator Pulse tube x 

Figure 1-4 Temperature of a fluid parcel as function of the position inside the regenerator (left 
side of the dotted line) and the pulse tube (right side of the dotted line) of an orifice pulse tube 
cooler. Step 11 and IV are caused by the flow through the orifice. T Ris room temperature 

In step I the orifice is closed and the gas in the pulse tube is compressed. All gas 
pareels move to the right towards the closed end. While the gas parcel under 
consideration is in the regenerator, the compression is isothermal. When entering the 
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pulse tube there is no more heat exchange with the surroundings, so the parcel is 
compressed adiabatically from the end of the regenerator to point b. 

In step 11 the difference with the basic putse tube cooler is made, because the orifice 
is opened. The compressor piston moves to the right, but because of the fact that the 
orifice is opened. The pressure in the pulse tube is constant and high, while the 
pressure in the buffer volume is lower. Gas flows from the pulse tube to the buffer 
volume. Because of the piston movement to the right and the flow through the orifice 
the pressure is constant. The volume of the tube also constant, so that the parcel 
moves from b to c isothermally. 

In expansion step 111 the orifice is closed and during step IV gas is flowing back 
from the reservoir volume into the pulse tube. Because of the piston movement to the 
left and the flow through the orifice the pressure is constant. The volume of the tube 
also constant, so that the parcel moves isothermally. The gas parcel moves back into 
the regenerator from position d to a. The result of this cycle is that the parcel comes 
back to the cold heat exchanger with a lower temperature, thus cooling power is 
created. The actual cause of the temperature difference is the fact that the pressure is 
higher when the gas parcelleaves the cold heat exchanger than when it returns. 

1.4 Double in/et pulse-tube cooler 

The cooler indicated in (1-5) (b) is a double-inlet cooler, because it has a bypass 
orifice. Due to the presence of this orifice gas can flow from the compressor to the 
pulse tube via the regenerator or via the orifice. The reason why an extra inlet 
improves the performance is not quit trivial. lts effect is based on the total reduction 
of loss terms. A positive effect of the bypass orifice is the fact that it reduces the 
flow though the regenerator. This means less heat load on the cold heat exchanger 
due to irreversible processes in the regenerator. Negative effects of the bypass orifice 
are the reduction in mass flow at the cold end of the cold heat exchanger. This means 
a reduction in cooling power at the same pressure amplitude. Also the flow through 
the orifice is an irreversible process in which entropy is produced that reduces the 
efficiency of the cooler. So it depends on the difference in reduction of cooling 
power and reduction of loss terms whether the net cooling power increases or 
decreases when the second orifice opens. By changing the opening of the bypass 
orifice the different contributions change and an optimum setting can be found. 

A more general theory for double inlet orifice pulse tube coolers is now described, 
according to 'thermodynamica! aspectsof pulse tubes'[WAEJ 

First, the general thermadynamie formulae used are given. They apply to an ideal 
gas. The gas has molar internat energy Urn, molar volume V m. molar enthalpy Hm, 
molar Gibbs free energy Üm=!l and molar entropy Sm. With p the pressure and T the 
temperature of the gas these equations become 

Hm =Um + pVm 

ll = H"' -TS"' 

dS = CpdT _ Rdp 
m T p 

4 

(1-2) 

(1-3) 

(1-4) 



a 

compressor 
and 
pressure 
buffers 

b 

bypass 
orifice 

(1-5) 

c 

Figure 1-5 Schematic of a Stirling type orifice poise tube cooler (a), a Stirling type orifice poise 
tube cooler with a bypass valve (b) and a Gifford-McMahon type orifice poise tube cooler with 
a bypass valve. In Stirling type coolers the pressure wave varies as a result of piston motion, 
whereas the pressure wave in Gifford-McMahon type coolers changes by switching valves 
connected to high and low pressure buffers 

The internal energy of the gas in a regenerator segment, that can be seen in Figure 
1-6 satisfies the equation 

dU 
8 

= T
8
dS 

8
- pdV + Jl

8
dN (1-6) 

The first law of thermodynamics states that the internal energy U of a 
thermadynamie system with volume V is equal to the algebraic sum of the heat 
flows, and the enthalpy flow, minus the work done by the system 

u= IQ+ lnH m- pV (1-7) 

Where the summations are over the various sourees of heat and mass. The heat flows 
and molar flow rates are positive when they flow into the system. 

The second law of thermodynamics states that the rate of increase of the entropy S of 
a thermadynamie system is the algebraic sum of the entropy increase due to the heat 
flows, due to the mass flows, and due to the irreversible entropy production 
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S = L Q + L liS m + S; 
T 

ól 

(1-8) 

Figure 1-6 Energy flows in a section of the regenerator of thickness Al. The Q s represent heat 

flow due to thermal conduction, while Qe represents the heat flow from the matrix to the gas 

The summatien is again over the various sourees of heat and mass. The temperature 
T is the temperature of the region in the system where the heat enters the system. 
The second law demands 

si ~o 
In Figure 1-7 a cooler is represented with cooling power QL at temperature TL, that 

w 

Figure 1-7 Schematic diagram of a cooler. During one cycle QLis extracted at a temperature TL. 
The waste heat Q8 is rejected. The work done during one cycle is W 

consumes a power W and rejects a heating power QH at temperature TH· When 
equations ( 1-7) and ( 1-8) are applied on this figure they become 

U =QL -QH +W (1-9) 
and 

S = QL- QH +S. 
TL TH I 

(1-10) 

Where U and S are the internat energy and the entropy of the cooler. Integrating over 
one cycle, and keeping in mind that U and S are functions of state, which are in the 
steady state unchanged after one cycle, gi ves 

O=Q~. -QH +W (1-11) 

and 
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(1-12) 

Eliminating QH gives the final result 

W =(TH-] hL +THSi (1-13) 
TL r 

In this expression Si is the sum of the entropy produced by all irreversible processes 
in the cooler during one cycle. This expression relates the work W done per cycle , 
the heat extracted at low temperature TL and the total amount of irreversible entropy 
production. 

A good understanding of the operation of the orifice pulse tube is fained if the 
entropy and enthalpy flows are viewed in an idealised cooler [WAL. This is depicted 
in Figure 1-8. 

Entropy flows (S*) 

0 

Enthalpy flows (H*) 

Figure 1-8 The entropy flows (opper side) and entropy flows (lower side) in an idealised orifice 
pulse tube are indicated by arrows. Zeros indicate no flow. 

In this approximation there is only entropy produced in the orifice. The heat flows 
are only nonzero in the heat exchangers. 

The discussion of the various subsystems of the pulse tube goes from the buffer to 
the compressor. At the reservoir si de of the orifice H*=O and S *=0 since p and T are 
constant here. In between the orifice and the hot heat exchanger on the right the 
temperature is constant so H*=O but S*:t:O. In the orifice entropy is produced with 
rate S01 • In the gas piston of the pulse tube the gas moves back and forth 

isentropically, so S*=O here. The second law, for the system consisting of the orifice 
and the right hot heat exchanger, gives . . 

QH =TH Sol (1-14) 

The gas temperature in the tube is high when it flows to the right and low when it 
moves to the left so enthalpy flows from the cold heat exchanger to the right heat 
exchanger. The first law of thermodynamics, for the system containing the tube and 
its two heat exchangers, gives 

(1-15) 

If the heat capacity of the regenerator material is large than the temperature in the 
regenerator is constant in time. From the formula 

(1-16) 
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it can be seen that H*=O in the regenerator. The entropy flow in the regenerator S * r 
is nonzero. lt is directed from the cold heat exchanger to the left hot heat exchanger 
since the gas moves to the right when the pressure is high ( see equation(l-4)) and to 
the left when the pressure is low (high pressure). Applying the second law on the cold 
heat exchanger gives 

(1-17) 

The gas in the adiabatic compressor moves back and forth isentropically, so S*=O 
here. As the gas temperature is high when it flows to the right and low when it moves 
to the left enthalpy flows from the piston to the left hot heat exchanger. In this left 
heat exchanger heat is removed ( Q1 < 0 ), so enthalpy and entropy must flow to the 
left hot heat exchanger, according to the first and second law of thermodynamics. The 
second law describes 

Q1 = THs; 
The first law for the system containing the compressor and the left cold heat 
exchanger 

QI =WP 

Combining these equations gives the well known result for the coefficient of 
performance (COP) of pulse tubes 

QL- TL 

wp TH 

The enthalpy flows and entropy flows can beseen in figure 1-8. 

1.5 Multi stage orifice pulse tube cooler 

(1-18) 

(1-19) 

(1-20) 

An improved model of the double in let pulse tube cooler is the mul ti stage pulse tube 
cooler. This means one or more pulse tubes are added to the system. [HO 1 Multi stage 
systems especially prove to be useful for applications at temperatures below SOK. A 
two-stage pul se tube is depicted in Figure 1-9. 

Figure 1-9 Energy flowsin a two stage pulse tube cooler pulse tube. 
Applying conservation of energy on the coldendof the fist stage gives 

H;2 =H:1 -H,*1 +Q1 (1-21) 

Where the indices 't' and 'r' stand for 'tube' and 'regenerator', respectively. This 
means that when the enthalpy flows through the fist stage regenerator and first stage 
pulse tube are kept constant, the enthalpy flow through the second stage regenerator 
can be reduced by reducing the cooling power of the fist stage pulse tube. The 
efficiency of the second stage cooler is improved, because the reduced enthalpy flow 
increases the net cooling power of the second stage. The cooling power of the first 
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stage is reduced, however. This means that by adding a pulse tube between the hot 
end and the coldendof a regenerator, cooling power at this intermediate temperature 
can be used to relieve the colder part of the regenerator. Thus lower temperatures can 
be reached. 
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2. Experimental set-up 

2. 1 Introduetion 

All measurements are done using four elements: 
The pulse tube cooler, together with acompressor . 
A vacuum system 
A standard stand-alone computer with Labview program and the program 
PTC. With the Labview program pressure and temperatu.re measurements can 
be done. The PTC program enables control of the rotating valve. By 
cantrolling the rotating valve, the high and low pressure period of the cooler 
can be controlled. 

A schematic overview of the first two elements is described in more detail in this 
chapter. 

2.2 The pulse tube coolerand compressor 

The compressor is a water cooled Leybold coolpack 6000 compressor. The electrical 
input power is 6kW. The compressor is connected toa rotating valve that altemately 
connects the high and the low pressure side of the compressor to the pulse tube cooler. 
By stepper motor control the length of the high pressure period and the low pressure 
period can be varied independently. The schematic of the complete set-up is depicted 
in Figure 2-1. The elements are numbered and can be found in Table 1. 

Table 1 Numbering of the elements of the set-up 

1 compressor 
2 valve 
3 filter 
4 adjustable over pressure valve 
5 primary orifice 
6 bypass orifice 
7 filling plug 
8 rotating valve 
9 minor orifice. The orifices can chosen to be placed from the buffer to the high 

or to the low pressure side of the compressor 
10 first stage buffer, volume 11 
11 second stage buffer, volume 0.51 
12 hot end heat exchanger 
13 first stage pulse tube 
14 first stage regenerator 
15 second stage pulse tube 
16 second stage regenerator 
17 cold end heat exchanger 
18 vacuum chamber 

10 



1 

18 

Figure 2-1 Schematic overview of the poise tube cooler. The norobers indicated in this schematic 
can be found in Table 1 
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The dimensions of the pul se tubes and regenerators are essential for the performance 
of the cooler and are given separately in Table 2. 

All elements are made of Cr NiS 18-9 steel. The gauzes in the first stage regenerator 
have a wire diameter of 28 Jlm, so that the nomina} thickness is 56 Jlm. The gauzes 
are oversized. The diameters for the old and the new regenerator are 32.3 and 42 mm, 
respectively. The led spheres are 99.99% pure led and have diameters in between 
0.178 and 0.254 mm. 
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3. Tube in tube counterflow heat exchanger 

3. 1 Introduetion 

A pulse tube cooler is operated at low temperatures. Without a heat exchanger, a 
pulse tube cooler only cools the medium inside, which is helium gas at pressures of 
typically p= 1.5 MP a. lf the cooler is applied to cool extemal objects, these objects 
have to be brought into contact with the coldest part of the cooler. This is the function 
of the heat exchanger. 

A massive part of copper on the outside of the cooler that is in contact with the cold 
gas on the inside, via a network-like structure on the inside, provided by the sintered 
copper grain, is thought to be a good candidate. There are two different heat 
exchangers. Both consist of sintered copper grains, but one is made of finer and one is 
made of coarser grain. The heat exchanger of the fin er grain has a higher pressure 
drop, but has a better heat transfer. The one of the coarser grain has a lower pressure 
drop, but it also has a less good heat transfer. The one with the best performance if 
applied in a pulse tube is the better one. Because typical pulse tube conditions are low 
temperatures, high pressures and large mass flows, a set-up should be built that can 
simulate these conditions. 

3.2 Efficiency of a heat-exchanger 

The first step in cooling down to the operating temperature of the cooler is the boiling 
point of liquid nitrogen (LN2), which at standard pressure (p=l.013 105Pa) is T=77K. 
A heat balance gives an indication of how long one litre of LN2 can be used in an 
experiment. 

The enthalpy given off by the helium when it is cooled from room temperature to 
T=77K is 

(3-1) 

For an ideal, one atomie gas the heat capacity at constant pressure is independent of 
temperature and pressure and is equal to 

SR 
c =- (3-2) 

P 2M 

Where Mis the atomie weight and R is the molar gas constant 

R = 8.3145 J 
mol·K 

Inserting this in (3- I), together with a typical mass flow of 4g/s, gives 

iJ= 4.6 · 103 W 

(3-3) 

This heat is taken up LN2, which neects Hvap=l.6 105 J/1 to evaporate. This gives a 
time L1t per litre of 

H 
L1t = ____;:!!..- = 3 5 s 

H 
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This is equivalent to 1.7 1 per minute. The use of LN2 is reduced if the a heat 
exchanger is used in which the outgoing, cold helium, precools the incoming hot 
helium flow. 

The heat exchanger is placed in a vacuum chamber, to prevent heating of the total 
flow caused by conduction from air at ambient temperature. This means that the 
lengthof the heat exchanger involves a limitation to the lengthof the heat exchanger. 
The available space can be used efficiently if the incoming and outgoing tubes are 
concentric tubes. This idea is depicted in Figure 3-1. 

Tb2 

Figure 3-1 A concentric tube in tube heat exchanger 

Gas "a" in the inner tube co mes in from the left at temperature T ai and leaves at T a2· 

Gas "b" in the outer tube comes in from the right at temperature T bi and leaves at 
temperature T b2. The fact that gas "a" is moving from left to right and gas "b" is 
moving from right to left, makes this heat exchanger a counter-flow heat exchanger. 
This as opposed to a parallel-flow heat exchanger in which both gases move in the 
same direction. 

To get an impression of how well such a heat exchanger works, the effectiveness will 
be calculated. These calculations arebasedon the calculations done in J.M.Kay 
"an introduetion to fluid mechanics & heat transfer" [KA Y]. 

Because of the fact that the LN2 system is closed, it is assumed that the mass flow of 
gas "a" equals the mass flow of gas "b". It is also assumed that the gas under 
consideration is an ideal, one-atomic gas 

cpa = cpb 

The overall heat transfer balance for the heat exchanger 

Q = rhac pa (Tal - Ta2) = rhbc pb (Tb2 -Tb/) 

Which, together with equation (3-4) and (3-5) gives 
Tal - Ta2 = Th2 -Th/ 

(3-4) 

(3-5) 

(3-6) 

(3-7)a 

/::,.Tieji = /::,.Tright b 

This can beseen in Figure 3-2. Now consider the local heat balance, the heat balance 
applied on a length dx of the heat exchanger: 
the heat given up by gas "a" 

(3-8) 

The heat taken up by gas "b" 
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(3-9) 

In both cases a negative sign occurs because the temperature decreases as x increases. 
The local heat balance becomes 

(3-10) 

So that 
(3-11) 

This in combination with equation (3-7) means that for every value of x in the heat 
exchanger the temperature difference is constant. So schematically the temperature 
profile can be represented by Figure 3-2. 

Tal 

Tb2 

0 x 

L\T 

L 

Ta2 

Tbl 

Figure 3-2 Temperature profile of the heat exchanger. The temperature ditTerenee between the 
incoming and the outgoing flow is constant over the entire lengthof the heat exchanger. 

With the incoming temperatures Ta1 en Tb1 known, the outgoing temperatures Ta2 and 
T b2 can be calculated as a function of the mass flow rh, surface area A and heat 
transfer coefficient h. The effectiveness of a heat exchanger is determined by the 
change in temperature of one gas stream as aresult of the temperature difference of 
the incoming gasses. Therefore one way of defining the effectiveness is: 

With equation (3-7)a 
1 

ê = -----:-=--
L\T 

1+---
Tal- Tal 

(3-12) 

(3-13) 

In order to find an expression for !1T we use the definition of the local heat transfer 
factor h 

q = h!1T 

Where q is the heat flux. lntegrating over the surface 

Q = f qdA = f h!1TdA 
s s 

Q = h!1TA 
Wh ere 
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(3-14) 

(3-15) 

(3-16) 



- 1 I h =- hdA 
As 

In the case of a cylindrical surface with diameter d and length 1 

llT =-Q 
hrcdl 

From conservation of enthalpy 

Qa,b = ma,bc P (Tal - Taz) 

Substituting Q in equation (3-19) 

llT = ma.b c P (Tal - Taz) 
hrcdl 

Substituting llT in equation (3-13) 

1 

e = I+ ( :·,:;; J 

(3-17 

(3-18) 

(3-19) 

(3-20) 

(3-21) 

This means that for a eertaio heat exchanger where h, d and 1 are known the efficiency 
as a function of mass flow can be calculated. 

3.3 Pressure drop over the heat exchanger 

The tube in tube counterflow heat exchanger has two flow channels. The inner tube is 
a cylindrical tube, but the outer channel is an annulus, a ring shape. This can be seen 
in Figure 3-3. In reality it is more likely the tubes are not concentric. Due to the finite 
thickness of the walls the Inner Diameter (ID) of the inner tube and the Outer 
Diameter (OD) of the inner tube are not the same. Three different d's will be used: 
The ID of the inner tube is D1, the OD of the inner tube is D2 and the inner diameter 
of the outer tube is D3. 

D2 D3 

Figure 3-3 Cross section of two concentric tubes. 

[BLEJ In the calculations the hydraulic diameter is introduced. This hydraulic diameter 
is defined as four times the flow area divided by the perimeter of the area containing 
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the flow (the wetted perimeter). lt is used for noncircular ducts to establish an 
equivalent pipe diameter 

4A 
Dhvd =--

. Pwet 
Where A is the surface area and Pwet is the wetted perimeter. 

(3-22) 

In the case of a circular tube the hydraulic diameter and the normal diameter are the 
same. In the annulus, however, this is not the case 

_ 1t(Dff -D:). _ 
Aa -

4 
'pwet·a - 1t(D3 + D2) (3-23) 

Which gives a hydraulic diameter of 

Dhyd = D3- D2 (3-24) 

Now the pressure drops in the inner tube and in the annulus can be calculated. There 
are two cases that have to be distinguished: pressure drop in laminar flow and 
pressure drop in turbulent flow. Wh ether a flow is turbulent or laminar is determined 
by the Reynolds number: 

Re= pvd 
11 

(3-25) 

Where p is the density of the gas, v is the flow velocity averaged over the cross 
section, dis the hydraulic diameter and 1J is the dynamic viscosity. 

3.4 Friction factor for fully developed laminar flow 

[INCJ To determine the pressure drop, it is convenient to work with the Moody friction 
factor, which is a dimensionless parameter defined as 

f = -(dpldx)D 

pu! /2 
Where Urn is the mean velocity in the tube, given by 

m=pumA 

(3-26) 

(3-27) 

The force balance, tagether with the no-slip boundary condition and using the fact 
that the flow is symmetrie around the centre of the tube gives the velocity distribution 
over the tube 

-D 2 dp 
u=---

m 811 dx 
(3-28) 

Substituting the equations (3-25)and (3-28) in (3-26) gives the friction coefficient for 
fully developed laminar flow 

!= 64 
Re 

Inserting the friction factor in the general expression for the pressure drop 
L 1 2 !1p = f --pv 
D2 

This gives 

17 

(3-29) 

(3-30) 

(3-31) 



This is a proportional dependenee on the average velocity in the tube. Combining this 
equation with (3-27) and eliminating Urn gives 

flp = 128TtLm 1 
p7t D4 (3-32) 

If Re>4000 inertia forces dominate and the flow will be turbulent. The pressure drop 
for turbulent flow differs from (3-30) in the friction coefficient 

The friction coefficient for laminar flow depends on the geometry of the tube and is 
inversely proportional to the Reynolds number Re. The friction coefficient of the 
turbulent flow, however, depends only on the Reynolds number and the 
dimensionless ratio (EID), where Eis the surface roughness of the pipe used. With th!s 
information, the value for f can be read from a Moody chart. A Moody chart is a chart 
that contains experimentally found data on friction factors. For example, one can be 
found in "J.M. Kay, An introduetion tofluid mechanics & heat transfer" p.52.[KAYJ 

The dependenee of the pressure drop on the diameter of the tube is different in the 
two situations. It is assumed that the total mass flow through the tube is constant. In 
the inner tube the average flow speed in the circular tube is: 

m 1 
Vc = pAc oe pd2 (3-33) 

Wh ere m is the mass flow. For turbulent flow, this leads to 

v: (d-2 y 1 
flp oe- oe oe- (3-34) 

ct d d d5 
For laminar flow 

(3-35) 

In the annulus, the velocity of the gas is 

m m 1 

va = pA a = ~ 1t(D j - D;) oe (D} - D;) (3-36) 

So that the pressure drop becomes in the turbulent case 

llpm oe Va

2 

oe ({v~-D~t1 oe / 

Dhvd DJ- Dz (DJ+ Dz) (DJ- DzJ 
(3-37) 

And in the laminar case 

va (Di-D}r 1 
l:!p 0<- 0<- - 0< (3-38) 

"' D,"d DJ- D2 (oJ+ozJ(D, -D2) 

These results show that the pressure drop in the heat exchanger depends strongly on 
the choice of the diameters of the tubes. 

3.5 Ca Jeulation of the heat transfer coefficient 

In determining the efficiency E as given by equation (3-21) all factors are known or 
can be measured, except for the heat exchange coefficient h. This coefficient is still to 
be determinP.d. According to "Frank P. Iocropera & David P. DeWitt: Fundamentals 

18 



of heat and mass transfer" [INCJ this starts with determining the local Nusselt 
number.[JERJ The Nusselt number is a non-dimensional coefficient used in fluid 
dynamics to describe the heat transfer between a moving fluid and a solid surface. 
The number Nu may be derived from the relationship 

Nu= l ()Tl =hl (3-39) 
T1 - T2 ox x-+o À 

With iJT jox the temperature gradient normal to the solid surface, T1,2 are the 

temperatures on the solid surface and at x = I. À is the thermal conductivity 
coefficient, I is the characteristic length of the flow channel. 

Again two cases have to be separated: the laminar and the turbulent situation. For 
both situations though, it is necessary that the flows are fully developed. 
In the case of laminar flow, h is given by [INC] 

h = 48 (~) (3-40) 
11 D 

Here D is the diameter of the tube. In the case of a fully developed turbulent flow in a 
smooth circular tube, h is given by a classical expression due to Colbum 

Nu =0023·R ~·p ~ (3-41) L · eL r 

Where Pr is the Prandtl number and L is a typical length, the variabie on which Re 
and Nu depends. [IPSJ The Prandtl number in formula (3-41) has no dimension. It only 
depends on the properties of the gas: 

Pr =:!.... = vpc = JlC a À À (3-42) 

In this formula vis the kinematic viscosity, a is the thermal diffusivity, cis the 
specific heat and Jl is the dynamic viscosity. In both the laminar and the turbulent 
flow, once the Nusselt number is known, the heat transfer coefficient can be 
determined using (3-39). 

The method described hereis easily applied and gives an indication of what h is. 
Errors up to 25% can occur though. More recent correlations can be used to gain 
accuracy, but these correlations arealso more complex. 

In metals the heat transfer coefficient has a different form[KA YJ 

h = Àm 
m L (3-43) 

Where Àm is the conductivity of the metal, which is usually very high and L is the 
-

thickness of the tube used. Now, the overall heat transfer coefficient h can be 
calculated. It is 

I I I I 
-==-+--+-
h h Àm / h 

1 /L a 

(3-44) 

Where hi is h of the inner tube and ha is h of the annulus. 

3. 6 The present case 
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The heat exchanger should be built to reduce the LN2 consumption. To see if its 
effect is strong enough, the values of the concrete case are entered in the equations 
above. Wh at is the reduction of the LN2 use in the case in question? First the 
consumption of LN2 is estimated. The maximum use occurs if all helium, this is the 
maximum flow the compressor can generate, is cooled to the boiling point of liquid 
nitrogen. The maximum molar flow is 

itmax = 0.67 mol (3-45) 
s 

Or, in mass flow 

m = 2.68 .Jo-3 kg (3-46) 
s 

lf the helium is considered an ideal gas, the specific heat is given by (3-2), so the heat 
flux that must be transported from the helium amounts to 

QHe =
5 

Rn(T,-Tb)=3.0·103 J/ (3-47) 2 Is 

Where Tr is room temperature (T=293K) and Tb is the boiling temperature of nitrogen 
at p=1bar (T=77K). This transported heat evaporates liquid nitrogen and heats up the 
nitrogen gas. lt is assumed that the N2 gas is heated up to T=200K. The increase in 
enthalpy of what at start is one litre LN2 is [LID] 

H 200 = 168kl/z (3-48) 

H 7ö = -98 k1/z 
!l.H = H 200 - H Tb = 266 k1/z 

The maximum LN2 consumption becomes 

· _ QHe _ Yn 
VLN2 ----0.7 . 

!l.H mm 

(3-49) 

(3-50) 

(3-51) 

Now the use of nitrogen is determined when a heatexchangeris used. In reality, there 
are three flows. One through the LN2 and the two flows in the heat exchanger. This 
can beseen in Figure 3-4, where theset-upin which the heatexchangeris used is 
given schematically. 

In the calculations the flow through the incoming circular tube is taken the same as 
the flow in the outgoing annular tube. 

Because the heat exchanger is involved, the first thing that has to be determined is the 
efficiency. The set-up indicated in Figure 3-4 has to be placed in an existing vacuum 
chamber. Therefore the length of the heat exchanger is limited. The estimated length 
that is possible by spiralling the tube is 1=4m. The diameters of the tubes should be 
chosen in a way that the pressure drop over this length is around Y2 bar. The diameters 
are D1=6mm and the diameter D3 =8mm 

In a tube-in-tube heat exchanger there are two diameters. However, the relevant one 
in heat exchange is the smallest one, the one where the heat exchange takes place. 
From equation (3-21) it can beseen that only h neects to be calculated and from 
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equation (3-44) it follows that three different h's have to be calculated. In the 
calculations of the h's, the val u es of À and 11 at the average temperature are taken 

LN2 
container 

A. = 0.11 o/nz (3-52) 

17 = 14.3 x 10-û Pa· s (3-53) 

He in 

control 
valve 

Pr=% 

control 
valve 

He-He heat 
exchanger 

copper grain 
heat exchanger 

(3-54) 

He out 

Figure 3-4 Schematic of the set-up in where the He He heat exchanger is used. The flow through 
the LN2 chamber can be controlled with valves 

In the inner tube, using equation (3-25)) 

In the outer tube 

4m 4 Ree =--=4.0·10 
rede 11 

he= 1700 

m 4 4 

Rea =- ( )=1.7x10 
11 1t D" + D; 

Nu"= 49 

h =9ooWI 
a /m 2 K 
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(3-55) 

(3-56) 

(3-57) 

(3-58) 

(3-59) 
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h of the tube itself (if the stainless steel tube has thickness L= 1 mmiLIDJ 

"-ss =30%m 

h =~=3.0·104~ 
tube L m2 K 

(3-61) 

(3-62) 

From these three coefficients the overall heat transfer coefficient can be calculated 
according to equation (3-44) 

h =577~2 mK 
Now the efficiency can be determined 

1 
E= . =0.76 

meP 
1+-=--

h'Ttdl 

(3-63) 

(3-64) 

If the temperature at the experiment should beT= 100 K then Ta 1 = 293K and 
Tb1 = lOOK and with equation (3-12)) 

Ta 2 =Ta1 -E(Ta 1 -Tb1 )=147K (3-65) 
If the helium flow is to be cooled down from T=147K to T=100K, this means a heat 
input of 

Q=650W (3-66) 
This means that if the experiment is done at T= 1 OOK, The u se of litres LN2 per 
second is 

v LN 2 = _g_ = 2.5 ·10-3 11 = o.15 11. 
MI Is I mm (3-67) 

Because one litre LN2 lasts less than 7 minutes, it is not necessary to calculate the 
exact pressure drop over the inner and the outer tube. 

3. 7 Conclusions 

The time that a continuous measurement can be done, using a cryostat with a volume 
of approximately 3 litres, is only about 21 minutes. Because the inner tube 
temperature and outer tube temperature interact, it will take some time before the \eat 
exchanger for the pulse tube cooler is too short. 

This result has led to the condusion that the planned set -up for measuring the sintered 
copper heat exchangers, of which the schematic can be seen in Figure 3-4, does not 
operate efficiently enough and the design is cancelled. 
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4. Pulse tube heat exchangers 

4. 1 Introduetion 

In characterising heat exchangers for pulse tubes, two things are important. One is the 
transport of heat from the load of the system to cold gas in the pulse tube. The other is 
the flow resistance that determines the pressure drop over the heat exchanger. In the 
first part of this chapter the properties of sintered copper are reported. In the second 
part the flow impedance factors of two heat exchangers are calculated. 

4.2 Heat transfer 

4.2.1 Introduetion 

In 1977 S. Adema was interested in the thermal heat conduction properties of sintered 
copper at 1.2K <T <4.2K. Sintering is a process in which copper grains are heated in an 
oven, below the melting point of copper, which is 1082°C. Although the copper does 
not melt, the structure changes the properties of the materiaL He performed this 
research for examining the possibilities of using sintered copper as a material of 
making heat exchangers in dilution coolers. Because of the high heat conduction of 
sintered copper at low temperatures this is also a good candidate material to make heat 
exchangers for a pul se tube cooler. Therefore a description of his work follows below. 

[ADEJThere are three grain sizes of the copper. Samples are made of different densities. 
The used sintering temperatures are 400°C, 750°C and 900°C. The heat conduction at 
low temperatures is measured. A relation between the heat conduction and the filling 
factor (the density relative to solid copper) of the samples for the different grain sizes 
is found. Also, the effect of the sintering on the structure of the grains is observed 
using an electron microscope. 

4.2.2 Manufacturing the samples 

The copper grain is put in quartz glass. Three different densities are obtained by 
applying no pressure, a little pressure and much pressure when filling. The three grain 
sizes are 

Table 1 Average lengtbs of the copper grains for the different materials 

I name FL GF FFL2 
average size (J.Lm) 50 200 30 

4.2.3 Sintering 

The sintering process starts with placing the samples in an oven. After the oven is 
vacuumed, it is filled with a gas mixture of 93% nitrogen and 7% hydrogen. This is 
done to reduce the copper during the sintering. By an automatic controller the oven 
reaches the desired temperature and keeps it constant. After one hour of sintering the 
samples are cooled down in the nitrogen and hydrogen gas flow. 
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4.2.4 The set-up 

After the sintering process the weight, length and diameter of the samples is 
measured. From this information the filling factor is determined. 

Two thermometers are placed in good thermal contact on a distance L. On one end of 
the samples a resistance is mounted which is used as a heater. The other end of the 
sample is placed in a copper holder that is in thermal contact with a helium bath. This 
can be seen in Figure 4-1. 

copper holder 

Figure 4-1 Schematic of a sample in a sampleholder. Two resistances for measuring the 
temperature are placed on a distance L. The third resistance is a heater. 

The heat supplied with resistance R3 is given by the electrical power dissipated 
·2R q = l 3 (4-1) 

Where i is the current flowing through the resistance. Because the samples are placed 
in a copper vacuum jar, there is no heat loss to the surroundings. After ha ving been 
brought to the same temperature as the helium bath the resistances R1 and R2 are 
calibrated. The temperature can be varied between 1.2K<T<4.2K by pumping on the 
He bath. 

4.2.5 Measuring 

At a constant temperature of the He bath, a heat flow q is supplied with heater R3. 

The temperatures of the resistances R1 and R2 are known from the calibration. The 
amount of supplied heat can be varied by changing the current flowing through R3, 

according to ( 4-1 ). According to Fourier, for a cylinder with area A 

!1_ =À dT 
A dx 

(4-2) 

Where À is the heat conduction coefficient. In the case of the measured samples dx=L 
and dT=T 1-T 2, where T 1 is the temperature of resistance R2 and T 2 is the temperature 
of resistance R1• Now À can be calculated according to 
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-qL 
À(T )= A(T

2 
-T

1
) 

For metals at low temperatures, this A is proportional toT. 

4.2.6 Results 

(4-3) 

The measured heat conduction for the different samples are given in the next table. 

Table 2 values for A. for the samples of different material, density and sintering temperature 

material fb (before) T sinter (°C) fa (after) ft/fa ~( w) 
T Km 

FFL2 0.170 900 0.437 2.57 12.1±0.2 
FFL2 0.219 900 0.495 2.26 18.4±0.1 
FFL2 0.304 900 0.625 2.06 34.6±1.5 

FL 0.225 900 0.378 1.68 9.0±0.3 
FL 0.238 900 0.407 1.71 10.6±0.4 
FL 0.319 900 0.532 1.67 22.2±1.0 
GF 0.310 900 0.310 1 3.6±0.2 
GF 0.313 900 0.313 1 5.4±0.3 
GF 0.343 900 0.343 1 7.6±0.4 

FFL2 0.180 750 0.22 1.22 0.6±0.02 
FFL2 0.208 750 0.254 1.22 0.89±0.02 
FFL2 0.296 750 0.363 1.23 2.7±0.1 

FL 0.235 750 0.235 1 0.94±0.04 
FL 0.248 750 0.248 1 1.16±0.05 
FL 0.322 750 0.322 1 2.9±0.1 
GF 0.323 750 0.323 1 1.50±0.05 
GF 0.363 750 0.363 1 2.8±0.1 

FFL2 0.288 400 0.288 1 0.43±0.02 
FL 0.318 400 0.318 1 0.49±0.02 
GF 0.363 400 0.363 1 1.50±0.05 

4.2.7 Heat conduction as tunetion of filling factor 

1t has already been noticed that the heat conduction at Iow temperatures depends on 
the temperature 

'A,(T) =CT (4-4) 
If the heat conduction also depends on the filling factor the general form of the heat 
conduction coefficient can be written as 

(4-5) 

Where a is a constant. Plotting the measured quantity À( T ){ as a function of the 

filling factor f and fitting gives the constants 'A.o and a. Fora sintering temperature of 
900°C a general formula for the heat conduction for all grain sizes can be given 
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For the lower sintering temperature of 750°C a general formula can no longer be 
given. A different relation for each grain size must be given 

Table 3 Heat conductivity relations for the different grain sizes after sintering at 700°C 

grain FFL2 FL GF 

À(T,f )(!) 56f}T 130J}·4T 300fa4.63T 

(4-6) 

Due to the fact that for a sintering temperature of 400°C for every grain size only one 
sample is measured, no statement can be made on the dependenee of the filling factor 
to the heat conductivity. 

4.2.8 Effective area 

Recordings from an electron microscope of the cross-section of several samples give 
an impression of the effect of the sintering temperature on the original grain form. 

At 400°C the structure of all three grain sizes remains almost intact. 

At 750°C the effect of the sintering begins to become visible, especially for the finest 
grains, FFL 2 and FL. The pointy shoot of the original, com-like structure melts 
together to smooth thin tubes. The original com-structure is still present. This leads to 
a first, although small, reduction of the effective area. 

At 900°C a significant change in structure can be seen. The samples made from FFL 2 
and FL undergo a strong reduction in length and diameter, as can be seen from the 
accompanying filling factors. A great fraction melts together so that the com-structure 
totally disappears. This leadstoastrong reduction of the effective area. The coarse GF 
powder is also smoothed, but the com-structure is still present. 

4.2.9 Conclusions 

The sintering temperature of the samples has a strong influence on the heat conduction 
at low temperatures. For the samples sintered at 900°C even a general relation 
between the filling factor and the heat conduction coefficient. 

This can no longer be done in the case of the lower sintering temperatures 400°C and 
750°C. There still are relations, but they have to be determined for every different 
grain size. 

The reduction in effective area of the finer grains already shows at a sintering 
temperature of 750°C. At 900°C this reduction is very strong. 
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4.2.1 0 Conclusions from Adema's work 

In order to say sarnething about the thermal conductivity À it is useful to compare the 
values of the sintered material to the value of solid copper. 1t is important to notice 
that the values for the solid copper is sensitive to pureness of the material, especially 
at low temperatures. These values are found in 'The handhook of chemistry and 
physics'[LIDJ and apply for pure copper. 

Because coarser grain is expected to give a smaller pressure drop, this grain is the 
most probable candidate for the pulse tube heat exchanger. The value of the heat 
conduction of solid copper is only compared to GF grain. From Table 2 it can be seen 
that all samples have a filling factor of approximately 113 after sintering. This value is 
substituted in the results from Adema's work. 
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Figure 4-2. Comparison of the thermal conductivity of solid copper to that of copper of sintered 
GF grain copper with a filling factor f=l/3 
The figure indicates that the thermal conductivity of sintered copper at low 
temperatures is high, it is a substantial fraction of that of solid copper. 

The sintering temperature is very important. For a sample of filling factor f= 113 the 
thermal conductivity at low temperatures is over three times higher for a sample that 
is sinteredat 900°C than that of a sample sinteredat 750°C. 

The heat exchanger for the pulse tube cooler must be sintered at 900°C, so that the 
heat exchanger has a high coefficient of thermal conductivity. The three grain sizes 
examined by Adema have the same thermal conductivity coefficient for the same 
filling factor. The pressure drop over the heat exchanger also determines the efficiency 
of the cooler. With coarser grain the pressure drop is smaller. 

The good results for the heat conductivity has led to the manufacturing of two of heat 
exchangers. One is made of GF copper grain and the other is made of the coarser GG 
copper grain. This GG grain has an average lengthof 0.30 mm. Both heat exchangers 
are sintered at 900°C. Although the GG grain has not been examined by Adema, it is 
assumed that it has a good heat conductivity, because the GG grain is only a fraction 
bigger. 
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4.3 Pressure drop 

4.3.1 Introduetion 

Not only a good heat transfer is importantfora heat exchanger in a pulse tube cooler, 
but also the pressured drop over it. If the pressure drop over the heat exchanger is too 
high, the pressure amplitude in the tube is too small and the optimum cooling power is 
not reached. Two heat exchangers of sintered copper are manufactured, one of GF and 
one of GG grain. The parameter that characterises the flow resistance of a material, is 
the flow impedance factor. The factors for both materials is determined in 
experiments. 

4.3.2 Experimental set-up 

The heat exchangers have a cylindrical form with length L= 13 mm and diameter D=9 
mm. To measure the flow resistance of the heat exchangers, the set-up depicted in 
Figure 4-3 is used. 

T i 
1 2 3 4 5 

Figure 4-3 Experimental set-up used for measuring the flow resistances of the heat exchangers. 
The elements are given from upstream to downstream. The numbers below the 
symbols represent: 

1 Compressed air conneetion 
2 Pressure reducer 
3 Flowmeter; a Bronkhorst F113 AC HA 44 V 

Maximum flow: 20 standard m3/h 
4 Pressure transducer(242 PC 150G, #1) 
5 Holder of the heat exchanger including the heat exchanger 

In the experiments compressed air is used. To keep a constant pressure, a pressure 
reducer is placed in between the valve and the heat exchanger. This makes a constant 
pressure possible between ambient pressure and approximately 7 bar. 

The pressure is measured relative to ambient pressure. Because only the heat 
exchanger is between the pressure transducer and the end of the tube, this pressure 
indicated by the pressure transducer is the pressure difference over the heat exchanger. 

To calculate the flow impedance factor from the pressure drop, formula (32) of 
'Thermodynamica} aspectsof pulse tubes' [WAEJ is used 

ap . v at= -rvz m (4-7) 

Where 11is the dynamic viscosity of the gas and z characterises the flow impedance of 
the heat exchanger material, j is the flow rate density 
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. iz 
j=

A 
(4-8) 

Here iz is the molar flow rate and A is the cross sectionat area of the heat exchanger. 
Using the ideal gas law 

pVm = RT (4-9) 

and integrating over the length of the heat exchanger we attain 

z = A{J/_- p~) 
211VaPaL 

(4-10) 

Wh ere Va is the measured normal flow, because the measurements are executed at 

room temperature and Pa is the ambient pressure. The measurements are performed at 
room temperature, so that T=Tr. The dynamic viscosity of air at p=1 bar and T=300K 
is found in the 'Handbook of chemistry and physics'[LID]; 11=18.6 10'6 Pas. 

4.3.3 Results 
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Figure 4-4 DitTerenee of the square upstream pressure of the heat exehanger minus the 
downstream square pressure versus the normal flow. 

If equation ( 4-7) holds, z as a function of Va should be a straight line. This does not 

follow from the measurements. The measurements indicate a quadratic behaviour. The 
best fits for these lines are given in Table 4. 

Table 4 Best fits for the ditTerenee of the squared pressures and volume flow for GF and GG 
grain eopper 

GF grain 

GG grain 

p 2
- p~ = 2.61·10 13 Va + 3.68 ·1016 Va2 

p
2

- p~ = 1.06 ·10 13 Va + 2.47 ·1016 Va2 

A physically interesting point is the point where the proportional term and the 
quadratic term are equal. lf the flow is smaller than the flow at this point, the flow 
through the heat exchanger is dominated by the laminar part. For higher flows the 
flow is turbulent and the pressure drop is proportional to the square of the volume 
flow (or velocity). The Reynolds numbers forthese flows are calculated using p=l 
bar, T=296K, M=28 10-3 and d the diameter of the GF and GG grain, respectively. 
The values are given in Table 5. 
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Table 5 Points where the quadratic and laminar contribution to the pressure drop are equal, 
expressedinvolume flow and corresponding Reynolds number, for GF and GG copper grain 

material Flow of equal contribution to corresponding Reynolds 
pressure drop(m3/s) number 

GF 7.1 104 93 
GG 4.2 10-4 123 

The smaller the flow, the higher the relative con tribution to the pressure drop from the 
term in the fitted line that is proportional to the flow. In the limiting case of the flow 
going to zero, the quadratic term can be neglected. The the zero-order flow impedance 
is given in Table 6. 

Table 6 values for z0 in the limit of no flow 

material zo(1/m2
) 

GF 2.8 1010 

GG 1.1 1010 

For higher values of the normal flow, the value of the flow impedance factor increases 
due to the positive quadratic term in the fit equation. In Figure 4-5 the calculated values 
of the flow impedance factor z are plotted as a function of the normal flow. 
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Figure 4-5 The flow impedance factor versus the flow through the heat exchanger 
In Figure 4-5 it can be seen that the value of z increases as the mass flow through the 
heat exchanger increases. The values given in Table 4 can beseen as the limiting case 
where the normal flow goes to zero. 

Because of the good quadratic fit of the measured difference in squared pressures 
versus normal volume flow, the old definition of the flow impedance factor can be 
improved. The new, generalised z is defined as 

A ()( Pz- P;) z = ---------:-.;:.__ 
g 2Tlp

0
L êJV

0 

(4-1 1) 
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Where the subscript g stands for generalized. 

The formula for the pressure drop is also generalized and equation ( 4-7)can also be 
written as 

dp 
-=-Z11V 
dl 

(4-12) 

To this laminar term a term is added that is proportional to the kinetic energy of the 
gas flowing through the heat exchanger 

dp 1 2 
-az=-Zllv-k 

2
pv (4-13) 

Where k is a constant. Rewriting this to the measured normal flow and using the 
re lation 

gtves 

Mp 
p= RT 

0 

dp = -Zll( PoVo )- k!_p( PoVo / 
dl pA 2 pA 

Integrating over the length of the heat exchanger yields 

2- 2 = 2Z11PaLv + kMp;Lv2 
P Po A o RT A2 o 

0 

(4-14) 

(4-15) 

(4-16) 

Adding a turbulent part in the pressure drop gives the same relation between pressure 
and normal flow that found by curve fitting figure Figure 4-4. lf ( 4-16) is written in 
terms of the fitting coefficients, the generalized flow impedance factor is given by 
taking the derivative of this equation and substituting in ( 4-11) 

A . 
Zg = (c 1 +2c2V0 ) (4-17) 

2Tl.PoL 
c1 is the term proportional to the normal flow and c2 is the term proportional to the 
square of the normal flow. lf k is expressed in terms of the fitting constant c2 

k ~c{ :;~) (4-18) 

Inserting numerical values in equation ( 4-17) gi ves the function of the flow 
impedance factor as a function of the volume flow for the different heat exchangers 

GF: Zg = 3.38 ·10 10 + 9.56 · 1013 V0 

GG: Zg = 1.38 · 1010 + 9.41· 10 13 V0 

These equations give the flow impedance if the fluid is air at p= 1 bar and T=296K. lf 
the flow resistance under different properties must be calculated, the coefficients k 
and z must be given, that can be inserted in ( 4-16). The val u es for k are obtained from 
h I d (4 18) t e ast two equattons an -
GF k=1.54 10~ 
GG k=1.52 10<) 

The values for z are already given in Table 6. 

4.3.4 Conclusions 
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Both heat exchangers have a flow impedance factor that depends on the flow. A more 
general expression for the flow impedance factor, one that is dependent on the flow is 
deduced, based on the combination of a laminar part and a turbulent part of the 
pressure drop. The flow impedances as a function of normal flow is given by 

GF: Zg = 3.38 ·1010 + 9.56 ·1013V0 

GG: Zg = 1.38 ·1010 + 9.41·1013V0 
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5 Insu/ation of the cooler 

5. 1 Motivation 

Combination of the first and the second law of thermodynamics on the pulse tube 
cooler gives the relation between the heat flow at low temperature, the irreversible 
entropy flow and the input power. This relation is given in equation (14) of 
'Thermodynamica! aspects of pul se tubes' [WAEJ 

(
T În · 

p = T: -1 rL +THS; (5-1) 

Where Pis input power, QL is the cooling power at low temperature and S; is the 

irreversible entropy flow. At the minimum temperature of the cooler there is no net 
cooling power. 

The irreversible entropy flow for a cooler in a fixed configuration can not be 
reduced. However, the extemal heat flow can be reduced so that the cooling power 
available for the effective cooling of an externalloact increases. The objective of this 
chapter is to get an idea of the size of these losses, especially the size of the radiation 
energy flowing to the cooler. 

5.2 Introduetion 

[INCJ Heat transport can be defined as energy in transit due to a temperature 
difference. Because heat can be transported in three ways, different measures are 
taken to limit the extemal heat load to the cooler. The three ways to transport energy 
are conduction, convection and radiation. 

Conduction; this is the transfer of energy from the high temperature particles to the 
low temperature particles of a substance due to interactions between these particles. 
The energy is related to the random translational motion, as well as to the intemal 
rotational and vibrational motions, of the molecules. The energy is transferred from 
the more energetic to the less energetic molecules when the molecules collide. 

Convection; this is made up out of two mechanisms. The first transport mechanism 
is diffusion, the random motion of molecules. The other is transport caused by a bulk 
motion of the fluid. This fluid motion, in the presence of a temprature gradient, 
contributes to heat transfer. 

To prevent these types of transport, the cold parts of the system are placed in a 
vacuum chamber. This chamber is connected to a high vacuum system capable of 
maintaining a pressure 

Pvac ~ 10-3 Pa 
This low pressure also means a low density in the vacuum chamber, therefore the 
collision rate of the particles is so Jow that the amount of heat transport by 
conduction is negligible. 
Convection heat transfer is called forced convection when the flow is caused by 
extemal means, such as by a fan, a pump, or atmospheric winds. In contrast, there is 
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free convection when the flow is caused by density differences caused by 
temperature variations in the fluid. Because at the low temperatures in the vacuum 
chamber the callision rate of the particles is low and there is no pressure difference 
due to temperature differences. 

Thermal radiation; this is energy emitted by matter at a finite temperature. 
Regardless of the farm of matter, the emission may be attributed to changes in the 
electron configurations of the atoms or molecules. The energy of the radiation field 
is transported by electromagnetic waves (photons). In contrast to transfer of energy 
by conduction or convection, radiation does nat require the presence of a medium. In 
fact, heat transport by radiation is most efficient in vacuum. 

The outside of the vacuum chamber has room temperature. The pulse tube system 
can reach as low as T=25K locally. This temperature difference will cause a net 
transport of heat from the vacuum chamber to the cooler. 

To reduce this radiation, a radiation shield is placed in between the cooler and the 
vacuum chamber. This is a cylinder-like construction made out of aluminium foil 
with a high reflectivity. This shield provides for extra radiation resistance. 

To get an impression of the necessity of this shield, the heat flow with and without 
this shield is calculated by making some simplifying assumptions. Befare these 
calculations are carried out, some quantities have to be introduced. 

5.3 Theory 

[INCJ The intensity of radiation is the rate at which radiation energy is emitted at the 
wavelength À in the (8, <j>) direction, per unit of area of the emitting surface normalto 
this direction, per unit solid angle about this direction, and per unit wavelength 
interval dÀ about À. 

Where dAtCOSeis the projection of dAt perpendicular to the direction of the 
radiation. ro Is the solid angle. The index 'e' stands for 'emitted'. In general, the 
indices indicate what is of interest. The terros within parentheses indicate a 
functional dependence. 

(5-2) 

Spectral, hemispherical emissive power E1... This is the rate at which radiation of 
wavelength À is emitted in all directions from a surface per unit wavelength dÀ about 
À and per unit surface area. Therefore, its relation with intensity is 

1t 
21t2 

EÀ. = J J I"A.e(À,8,<j>)cosesin8d8d<j> 
0 0 

This E1.. is based on the actual surface and nat on the projected area, like h. lt is 
compensated by the cos8 term. 

(5-3) 

Speetral irradiation GA. is defined as the rate at which radiation of wavelength À is 
incident on a surface, per unit area of the surface and per unit wavelength interval dÀ 
about À. 
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lt 

21t2 

c~. = J J I~..JÀ,S,<J>)cosesineded<j> 
00 

(5-4) 

This is the same as theemissive power, except now the subscript 'e' for 'emitted' 
has been replaced by an 'i' for 'incoming'. 

The radiosity accounts for all the radiant energy leaving a surface. This radiation 
includes the reflected portion of the irradiation as well as direct emission and 
therefore is generally different from theemissive power. The speetral radiosity is h 

lt 

21t2 

J ~.(À)= f f I À,e+J À, S,<j> )case sin SdSd<j> 
00 

(5-5) 

From all speetral properties introduces above (I,..,E).,,h,GÀ.), a general property can be 
made by integrating over all wavelengtbs from zero to infinity. For example to go 
from the speetral power to the total power 

~ 

E=JEÀdÀ (5-6) 
0 

The same can be done for all other quantities. 

lt is useful to introduce the concept of a blackbody. This is anideal surface with the 
following conditions: 

it absorbs all incident radiation 
for a prescribed temperature and wavelength, no body can radiate more than 
a blackbody 
the blackbody is a diffuse emitter, the emitted radiation is independent of 
direction 

The speetral distribution of blackbody emission is well known, having first been 
deterrnined by Planck. lt has the forrn 

I (À T)- 2hc~ 
'A.b ' - À5 [exp(hc

0
1ÀkT )-1] 

(5-7) 

Here h=6.6256 10-34 Js is the Planck constant and k=l.3805 10-23 J/K is the 
Boltzmann constant and c0=2.998 108 mis is the speed of light in vacuum. The index 
'b' stands for blackbody. 
Since this is a diffuse emitter, it follows that its speetral emissive power 

2nhc~ 
EÀ b (À, T ) = rti u (À, T ) = 5 ~ ] 

· · À exp( hc0 IÀkT )-1 
(5-8) 

lf this distribution is substituted in equation (5-6) it follows that the total power of a 
blackbody is 

~ 

Eb = f Eu( À,T )dÀ = aT 4 

0 

Where cris the Stefan-Boltzmann constant that has the value 
w 

a= 5.670 · 10-8 

2 4 mK 
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Tbe Stefan-Boltzmann law enables calculation of tbe amount of radiation emitted in 
all directions and over all wavelengtbs simply from knowledge of tbe temperature of 
tbe blackbody. 

Of course, real surfaces are not ideal and will emit less radiation tban a blackbody at 
tbe same temperature. Still tbe blackbody is a convenient reference in descrihing tbe 
emissivity of a real surface. 

Tbe spectral, directional emissivity of a surface at tbe temperature T is defined as tbe 
ratio of tbe intensity of tbe radiation emitted at tbe wavelengtb A. and in tbe direction 
8 and <1> to tbe intensity of tbe radiation emitted by a blackbody at tbe same value of 
T and A.. In formula 

(5-10) 

Wbere tbe indices "e" and "b" stand for "emitted" and "blackbody", respectively. 

lf integration over all possible directions and wavelengtbs is performed, tbe total, 
bemispberical emissivity is obtained 

E(T )= E(T) 
Eb(T) 

(5-11) 

Generally, radiation tbat is incident on a surface is partly reflected, partly absorbed 
and partly transmitted, as can be seen in Figure 5-1 

Figure 5-1 The three possibilities for radialion incident on a transparent material are 
reflection(l), absorption(2) or transmission(3) 
lf no radiation is transmitted, tbe medium is said to be opaque to radiation and tbere 
is only reflection and absorption. 

The spectral, directional absorptivity of a surface is defined as tbe fraction of tbe 
speetral intensity incident in the direction of 8 and <1> that is absorbed by the surface 

I À i ab• (A, 8, <J>) 
a~. a = · · · (5-12) 

· I ~..JA., 8, <I>) 

The total, bemispberical absorptivity represents an integrated average over botb 
direction and wavelength. 

<X= Gah.v 

G 
(5-13) 

Reflectivity is a property tbat determines the fraction of the incident radiation 
reflected by a surface. Skipping the definitions of the spectral, directional quantities 
from now and only defining the more useful quantity: tbe total, hemispherical 
reflectivity is 
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Gref p=-
Gin 

And the total, hemispherical transmissivity is 

G 't = _..!!... 

Gin 

From conservation of energy it follows that 
a.+p+'t=l 

And for an opaque surface, where there is no transmission: 't = 0 

a.+p=l 

And knowledge of one property implies knowledge of the other. 

(5-14) 

(5-15) 

(5-16) 

(5-17) 

Consicter a large, isothermal enelosure of surface temperature T5 , within which N 
small bodies are confined. The enelosure is much bigger than the bodies, so that the 
bodies have no influence on the radiation field. this is an idealisation that can never 
be met in practice, of course. Such a surface forms a blackbody cavity. Also, under 
steady state conditions, the temperatures of the bodies must be the same as that of 
the surface. Applying energy conservation on every body gives 

ElTs) = ElTs) = ... = EN(T,) = Eb(Ts) 
(X.l (X.2 (X.N 

(5-18) 

Because a. is at most equal to one, there can be no body that emits more radiation 
than a blackbody at a given temperature. This is Kirchhoff's law. Expressed in terms 
of blackbody emission this is 

E E E 
-

1 = - 2 = ... =_!!_ = 1 (5-19) 
(X.l (X.2 (X.N 

This means the total, hemispherical emissivity of the surface is equal to its total, 
hemispherical absorptivity. Therefore, for any surface in the enelosure 

E =a. (5-20) 
Predicting radiant energy exchange between surfaces is greatly simplified if equation 
(5-20) can be used for every surface, and not just for the conditions for which it was 
derived, namely, irradiation due toemission from a blackbody at the same 
temperature as the surface. It is therefore important to examine when this can be 
done Equation (5-20) can be used if the irradiation is diffuse and the surface is 
'grey'; this means that a.A. and EA. are independent of À over the speetral region of 
interest. The elements of the pul se tube cooler can be assumed to be irradiate diffuse 
(h,i is independent of 8 and <)>). Because the values for stainless steel in 'the 
handbook of chemistry and physics' [LID] are given 

Also important in calculating the radiation transfer is the view factor Fij· This is 
defined as the fraction of the radiation leaving surface i that is intercepted by surface 
j. For a general surface this is 

- _!_ f f cos 8 i cos 8 j 
F - dAdA. (5-21) 

Ij A R2 I 1 
i AiAj 1t 

Ai is area i and R is the length of the conneetion line between the surface elements. 
From this definition it follows that 
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A;F;j = AjFji (5-22) 

In an enelos ure, consisting of N surfaces all radiation leaving surface i must be 
intercepted by the enelosure surfaces. From this conservation requirement it follows 

L;=1 F;j = 1 (5-23) 

Another remark that can be made is that a surface that is concave, which "sees itself' 
has a nonzero Fii· However, for a convex or plane surface Fii = 0. Because of the last 
two equations, notall N2 view factors have to be calculated. Equation (5-23 directly 
gives N view factors and equation (5-22) gives another N(N-1)/2. 

The view factor of a complex surface can be found by actding the view factors of the 
surfaces it consists 

n 

F;1 jJ = LF;k (5-24) 
k=l 

Here the parentheses around the subscript indicate that it is a composite surface, in 
which case (j) is equivalent to (1,2, ... ,k, ... ,n). In our case this means that a cylinder 
can be seen as two concentric cireles and an open cylinder. 

Fora blackbody, all radiation that reaches the surface is absorbed and none is 
reflected. If qi .. j is the rate at which radiation leaves surface i and is intercepted by 
sürface j, then 

qi--+j = A;FijEb; 

The net radiative exchange between the two surfaces may bedefinedas 
qij = qi--+j - q j~i 

From equations (5-9) and (5-22) it can beseen that this is the same as 

qij = A;Fija(T/ - T/) 

(5-25) 

(5-26) 

(5-27) 

This equation gives the net rate at which radiation leaves surface i as aresult of its 
interaction with j, and this is equal to the net rate at which j gains radiation due to its 
interaction with i. 

Of course, most materials are not blackbodies and the radiation exchange is 
complicated with reflection. In analysing radiation exchange in an enelosure it is 
assumed, that each surface is isothermal and opaque. 

Figure 5-2 radiation exchange in an enelosure 
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In Figure 5-2 the net radiative interaction at the surface can be seen. qi can beseen as 
the rate at which energy would have to be transferred to surface i by other means in 
order to keep it at a constant temperature. It is equal to the difference between the 
surface radiosity and irradiation and may be expressed as 

q; =A; (1; - G;) (5-28) 
If it is expressed in termsof surface emissive power and absorbed irradiation. From 
the definition of radiosity 

1; = E; + p ;G; (5-29) 

From this definition, (5-10), and the fact that Pi= 1-Uï =l-Ei for the assumed grey and 
diffuse surface it follows that (5-28) can be rewritten to 

(5-30) 
For this kind of surface the radiosity may also be expressed 

1; = E;Ebi +(i-E; XJ; (5-31) 
Ebi is the emissivity of a blackbody. Solving for Gi and substituting in (5-28) gives 

E-~ ( ) q; = -
1
-' - Eb; - 1; (5-32) 
-E; 

From the definition of the view factor it follows that the total rate at which radiation 
reaches surface i from all surfaces, including itself, is 

N 

A;G; = LFj;AJj (5-33) 
j=l 

After rewriting using the redprocity relation, equation (5-22, cancelling the area Ai 
and substituting into equation (5-28), this means 

j=l j=l 

Combining the last two equations gives arelation that is useful when the surface 
temperature Ti, and therefore Ebi. is known 

(5-34) 

(5-35) 

Figure 5-3 Radialion exchange between two planes via a radialion shield. q Is the heat flow and 
E is the emissivity of the material 
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The radiation transfer can be given in a network representation. In this representation 
the rate of heat transfer is seen as the current, E and J are potentials and the 
resistances can be obtained from equations (5-32)and (5-34). 

Figure 5-4 Network representalion of radialion exchange between two planes without radialion 
shield 

Figure 5-5 Network representalion of radialion exchange between two planes. with radialion 
shield 

5.4 Heat flow ca/culation 

Now it is possible to calculate the difference in heat flow with and without 
insulation. There are three assumptions made in these calculations: 

The system is seen as the sum of two regenerators and two pulse tubes, each 
in turn placed in the centre of the vacuum chamber. 
The high reflectivity foil used as insulating material is assumed to be a 
concentric cylinder, like the vacuum chamber and allelementsof the pulse 
tube cooler. 
The surfaces are diffuse and grey. 

The front view of the vacuum chamber with or without the insulation is depicted in 
Figure 5-6. Also given are the definitions of the dimensions. 

The blackbody energy flux of a body having cylindrical symmetry can be calculated 
according to Planck's law (5-9) 

} L -

E =-f crT 4 
(x )dx = CJT 4 (5-36) 

La 
The measured temperature profiles in the pulse tubes and regenerators are linear and 
so the temperature profile becomes 

Here T 0 is the temperature at the hot si de of the element, at x=O. TL is the 
temperature at cold side, at x=L. This means the temperature gradient is always 
negative. 
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x + 
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Figure 5-6 Front view of the elements in the heat transfer calculation. On the left hand side the 
dimensions of a poise tube element are given. On the right the dimensions of the radialion 
shield can be seen. The index 'p' stands for vacuum chamber, 'i' stands for one of the foor 
elements in the vacuum and 'm' is for the insulating material 

Table 1 Typical valnes used in the calculations 

Element T o (K) TL (K) Area (10-3m2
) % (1 09K4

) 

1---
pulse tube 1 300 120 7.2 2.67 

~---~ 

re enerator 1 300 120 12.1 2.67 
1------'-' 

pulse tube 2 300 25 15.1 1.77 1--........_ 
re enerator 2 120 25 11.1 0.05 

L........:....:;_, 

The value for the area is that foranopen cylinder, because only this side will 
contribute to the net radiation heat transport. The values in the last column are found 
by substituting (5-37) in (5-36) and solving the integral using Newton's binomium to 
expand the integrand in a series. This expansion is 

E =!_(TL -T0 Y +T0 (TL -T0 Y +2T0
2 (TL -T0 Y +2T:(TL -T0 )+T0

4 (5-38) 
cr 5 

Where the bar overtheE indicates an average over x. Now, the amount of radiation 
of every cold part of the pulse tube cooler is known.The assumption that all elements 
are concentric cylinders, simplifies the calculation of the view factors. Keeping in 
mind that the view factor Fij is defined as the fraction of the radiation leaving surface 
i that is intercepted by surface j. Because the pulse tube elements are all partly 
convex and partly flat, no radiation leaving their surface will 'see' itself. lf i is the 
bigger surface and j the smaller one 

Fjj = 0 (5-39) 

According to equation (5-23)this means that 

Fj; = 1 - Fjj = 1 

This, in combination with (5-22) gives 
AF A F. =-}_)_1 =-} 

IJ A A 
I I 

(5-40) 

(5-41) 

Where the result of (5-41) is used. If now (5-23) is used for the second time, all view 
factors for two concentric cylinders are known 

AF A 
F;; = ]--1 

-
11 = ]--1 (5-42) 

A; A; 
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In Table 2 the areas of the different elements are calculated. In this table the area of a 
closed cylinder is determined. This is done because it is assumed that the total 
radiation heat transfer is the sum of the radiation heat transfer of the elements and 
the heat view factor for a long small open cylinder is approximately the same as a 
long small closed cylinder. 

Table 2 Areas of the elements in the pulse tube cooler 

element outer diameter (m) length (m) area (10-2m2
) 

pulse tube 1 0.02 012 0.82 
regenerator 1 0.033 0.12 1.42 
pulse tube 2 0.014 0.37 1.66 
regenerator 2 0.026 0.141 1.26 

vacuum chamber 0.27 0.50 53.9 
radiation shield 0.24 0.35 35.4 

The rate of heat transfer from the vacuum chamber to the i 'th element of the cooler 
without the radiation shield becomes for the situation without radiation shield 

Ebp- Ebi 
q - ----'------
i- ]-EP ] 1-E. (5-43) 

--+--+--' 
EPAP ApFpi EiAi 

Where the 'p' stands for the pot of the vacuum chamber. The second term in the 
denominator can be replaced using (5-41) giving 

The rate of heat transfer factor in the case that there is a shield becomes 

(5-45) 

lf the view factor in the denominator is again replaced and both si des of the 
insulating material have the same reflection coefficient a (and therefore the same E) 

Ebp- Ebi 
q.=~----~-------

1 1- EP ] 
2 

]- E ] ]- E (5-46) --+-+ __ m +-+--' 
EPAP Am EmAm A 1 EiA; 

Note from these last results, that only the blackbody radiation is relevant, so that in 
(5-36) no emissivities are used. 

The ratio in the amount of radiative heat flow when not having and when having 
insulation is expressed by dividing the denominators of. (5-44) and(5-46). This gives 

(5-47) 
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5.5 Heat flow rate reduction 

Now if the emissivities are known, the calculations can be made. The steel of all 
elements in the pulse tube is alloyed stainless steel (X 1 OCrNiS 18%-9% ). The 
vacuum chamber is made of oxidised steel. The insulating material used is NRC-2 
superinsulation. It is a Polyester film with a high purity aluminium deposit on one 
side. Therefore, in Table 3, the value of polished aluminium is taken. The NRC-2 is 
only 6.4 Jlm thick, so that the heat flow through conduction is very small. The 
effective surface area is small, so that a good vacuum can be maintained. 

Table 3 Values for the emissivities of the used materials. The values are found on page 10-284 of 
the 'Handhook of chemistry and physics'[LIDJ 

material val oe 
oxidised steel 0.8 

XlOCrNiS (stainless steel) 0.35 
polished aluminium (superinsulation) 0.05 

Table 4 Heat flow rates with insulation (q;) and without insulation (q;') 

element qï' (W) 
0.9 0.7 
1.5 1.0 
2.1 1.3 
2.0 1.4 

total 6.5 4.3 
The essential heat flow reduction is that to the cold heat exchanger. The first order 
effect of using insulation is a 2.2W reduction of heat flow to the system. 

From a measurement of the cooling power versus temperature, depicted in Figure 
5-7 it can be seen that a 2.2W reduction in load results in a cold tip temperature drop 
of lOK. 

This lowered temperature profile increases the difference in room temperature and 
the local temperature and this leads to an increased value of the radiation heat flow. 
However, this is a higher order effect. The relative size of this effect can be 
estimated by 

(5-48) 

This means that the change in heat transfer is of the order 1 o·4w and therefore the 
effect is negligible. A lower cold tip temperature leads to an altered conductive heat 
flow through the walls of the regenerators and the pulse tubes. This can be seen from 
the amount of heat that flows via conduction 

q =IJ. T )A dT (5-49) 
dx 

Where À is the heat conduction coefficient and A is the cross-sectionat area of the 
pulse tube or regenerator. Because À depends on temperature, not only the 
temperature difference, but also the temperature profile is important. 
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Cooling povver vs. tei'J1)elëlture 
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Figure 5-7 Measured valnes ofthe cooling power versus the cold tip temperature ofthe cooler. 
Also the equation of the trendfine is given 

To get an impression of the heat conduction, compared to the radiative heat flow, 
calculated heat flows for the same elements and for the same temperatures as in 
Table 1 are given in 
Table 5. 

Table 5 Heat flows in the elements of the putse tube cooler caused by conduction 

Element i To(K) TL(K) Awaii (10"6m2
) Q,(W) 

pulse tube 1 300 120 30.6 0.68 
regenerator 1 300 120 51.1 1.14 
pulse tube 2 300 25 21.2 0.23 
regenerator 2 120 25 40.1 0.37 

total 2.42 

5.6 Conclusions 

Insulating the cooler with superinsulation, reduces the heat flow in first order from 
6.5W to 4.3W. Therefore the net cooling power at a given temperature is increased. 
Because of the reduced heat flow the temperature lowers. The increase in radiated 
heat because of this lowered temperature is of the order 1 o·4w and therefore can be 
neglected if it is compared to the first order reduction in radiation heat by the 
insulation. 

Together with the change in radiative heat transport as the temperature gradient 
changes the amount of heat transported via the walls of the pulse tube elements 
changes. For the used system the calculated value of the conductive heat transported 
to the cold tips of the cooler is 2.4W 

The use of insulation already becomes advantageous at higher cold-tip temperatures. 
For the assumed constant emissivities in the temperature region of interest, the heat 
flow is proportional to (TH 4- TL 4). To illustr:1!e this, a numerical example is given. 
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The heat radiated from a body at room temperature to a body at T=OK is Q0 . The net 
radiative flow is Y2 Q0 when the temperature of the cold body is heated up to 
T=252K. 

On our set-up, there is not only a radiation shield, but also all the cold parts of the 
cooler are surrounded by highly reflective materiaL In the same way that the shield 
on which the calculations are performed gives an extra resistance for incoming 
radiation heat, the extra layer will provide an extra radiative resistance. The more 
layers there are, the more resistance. Because of the small thickness of the film, the 
conductive heat transport through the film is small. According to the calculations it 
is clear that the radiation flow from the environment to the system is of the order of 
several watts. 
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6. Experiments tor validation of the model 

6. 1 Introduetion 

The function of the electrical model presented in the next chapter, is to predict the 
distribution of the flows through the two stages of the cooler at a given temperature. 
Also the influence of the dimensions of the elements of the pul se tube cooler can be 
seen. 

The sizes of the resistances and the capacities used in the electrical model are 
calculated from a model. This model is based on theoretica! assu~tions, described 
in 'Program for the calculation of power loss over a regenerator'[ 1. 

To check the correctness of this model, measurements are performed that are 
compared to the model. 

The first part of this chapter describes the theory of the measurements and the 
calculations of the final pressure wave amplitude and mass flow. The second part of 
this chapter describes the performed measurements and in the third part of this 
chapter the results from the measurements are compared to the results following 
from the model. 

6.2 Determining pressure wave and mass flow 

The measurements are performed on the system depicted in Figure 6-1. Also 
indicated are the pressure meters and diodes used for the measurements, together 
with their numbering. This numbering is used in the description of the measurements 
given below. 

6.2.1 Order of the measurements 

The calculations described in [JUIJ start at the mass flow and pressure drop at the cold 
end of the second stage regenerator. From these quantities and an assumed 
temperature profile of the regenerator, the mass flow and the pressure wave 
amplitude at the hot end of the second stage regenerator are calculated. 

The mass flow at the cold end of the first stage pulse tube is added to the mass flow 
at the hot end of the second stage regenerator to give the total mass flow at the cold 
end of the first stage regenerator. From this total mass flow, the pressure wave 
amplitude and the assumed temperature profile of the first stage regenerator, the 
pressure wave and the mass flow at the hot end of the first stage regenerator are 
calculated. This is now explained in some more detail. 

The pressure wave in the second stage buffer is measured. This is done with pressure 
transducer #1. Because measurements show a saw-tooth shape, that can be seen in 
Figure 6-6, the rnass-flow through the orifice is calculated using the formula 

· c~ 6 m = - ( -1) 
() !1t 
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Where the capacity Cis the capacity for an adiabatic volume. This capacity is given 
by 

C=MVb 
yRT 

(6-2) 

Wh ere M is the mol ar mass of helium, V b is the volume of the buffer and y is the 
ratio of the specific heats. 

pl 

p2 p3 

p4 

y 

TLl 

TL2 

Figure 6-1. Schematic overview of the cooler, showing the pressure meters and temperature 
diodes used for the validation of the model. The arrows indicate pressure transducers. The open 
triangles are temperature diodes 

The mass flow at the cold end of the second stage pulse tube is given by 
. Th . MV, ap, 

m =-m +----
1 T " 'RT at I y. 

(6-3) 

Where the index '1' stands for low temperature, 'h' for high temperature and 't' for 
tube. The pressure in the pulse tube is measured with pressure transducer #2. The 
first term on the right in (6-3) is the temperature scaled volume flow through the 
orifice. The second term on the right is due to storage of fluid in the volume of the 
pulse tube. 

The massflow following from (6-3) and the measured pressure wave at the cold side 
of the second stage pulse tube are inserted in the excel sheet. The temperature profile 
over the second stage regenerator is measured with T2 and TL2. From the mass
flow, the pressure wave and the temperature profile the pressure and the mass flow at 
the hot end of the second stage regenerator are calculated. The calculated pressure 
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should equal the measured pressure in the first stage pulse tube, that is measured by 
pressure transducer #4. These values are compared in the third part of this chapter. 

From the pressure wave in the first stage buffer, measured by pressure transducer #3, 
the mass flow through the orifice to the hot end of the first stage pulse tube can be 
calculated using (6-1) and (6-2). By measuring pressure transducer #4, the mass flow 
at the coldendof the first stage pulse tube can be calculated with (6-3). 

At the cold end of the first stage regenerator, the mass flows at the hot end of the 
second stage regenerator and the mass flow at the cold end of the first stage pulse 
tube are added. This is done by adding the real parts and the imaginary parts of both 
flows. The pressure is the same in both cases. lf the phase angle is regarded from the 
hot end of the second stage regenerator to the coldendof the first stage regenerator, 
a discontinuity arises. 

The total mass flow and the pressure wave at the cold end of the first stage 
regenerator are again inserted in the excel sheet, together with the temperature 
profile over the fist stage regenerator, measured with Tl and TL I. The hot end 
pressure wave and mass flow are calculated. The pressure wave and mass flow are 
compared to measured values. 

The change in pressure wave depends on the pressure drops over a piece of 
regenerator. Therefore, the general formulae for the pressure drops over a piece of 
regenerator material are now described. 

6.2.2 Pressure drop in the first stage regenerator 

The first stage regenerator is a stainless steel cylinder filled with gauzes. The 
pressure drop over a piece of the regenerator filled with gauzes is given in "A 
correlation of the resistance to air flow of wire gauzes" l ROl. In this artiele 
Grootenhuis gives arelation for the pressure loss for several filling factors. The 
calculation of the filling factor is based on the assumption that the gauzes are straight 
bars, crossing one another perpendicularly. This gives a filling factor of 

Wh ere 

1t 
fgr = 

4
't (6-4) 

t 
't=-

d 
(6-5) 

This is the ratio of the distance between the centers of two successive wires t and the 
diameter d of these wires. The value of t is calculated from the 'number of mesh per 
inch' value, which in our case is 230. 

In the artiele of Mulder [MVLJ, a small correction to the filling factor of (6-4), based 
on a more realistic model of the gauzes is given. The gauzes are no longer straight, 
they are bent, as can be seen in Figure 6-2. 
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b 

t 

Figure 6-2 Schematic of stacked gauzes, taken from 'Warmtewisselaars for the poise tube 
cooler'[BRUI. The dimensions used in the formulae can be seen. dis the diameter ofthe wire of 
the gauze, b is the distance between two gauzes and t is the distance between two successive 
wires of the same gauze 

The corrected filling factor becomes, with the distance between two gauzes t is two 
times the wire thickness 

(6-6) 

Now the Grootenhuis Reynoldsnumber is calculated. The diameter is an equivalent 
diameter, given by 

d = ---.!!_(1- 4/8, ]

2 

eq 4 fgr 1t 
(6-7) 

The velocity in the Grootenhuis Reynoldsnumber is the velocity of the gas between 
the gauzes, so that the Grootenhuis Reynoldsnumber becomes 

(6-8) 

fgr 

Where V0 is the superficial velocity. This is the average velocity that the fluid would 
have in the column if no packing were present. The pressure drop according to 
Grootenhuis is calculated according to 

fgr 1 2 /1[ 
!1pgauzes = 8'1' ( r PVo- (6-9) 

1-J 2 d gr 

where, !11 is the lengthof the stack of gauzes. The resistance factor 'I' is only a 
function of the Grootenhuis Reynoldsnumber. This relation is given in supplement A 
at the end of this chapter and is considered confidential information by Signaal 
USFA. 

6.2.3 pressure drop in the second stage regenerator 

[BYRJ The problem of flow around spheres in a packed column can be treated with the 
theory of the flow around submerged objects, like the motion of air around an 
airplane wing or the flow across tubes in a heat exchanger. 
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In this approach the packed column is regarded as a bundie of tubes with weird 
cross-section. This means that the form of the cross-sectionis not necessarily a 
simple circle or rectangle. It is assumed that the packing is uniform everywhere and 
that there is no 'channeling'. In actual practice, channeling frequently occurs and the 
formulas given hereare not valid. It is also assumed that the diameter of the packing 
material is small in comparison with the diameter of the column in which the 
packing is contained and that the column diameter is constant. 

In the case of the second stage regenerator, the average diameter of the spheres is 
ds=0.22rnm. The inner diameter of the regenerator is a cylinder of dr=2.5 cm. This 
means that the assumption of small packing diameter to container diameter is valid. 
The packing is also uniform everywhere. 

The pressure drop for a packed bed is defined by 
L 1 2 

Po- PL =d4ç·2PVo (6-10) 
s 

Where po-PL is the pressure difference over a length L, ç is the friction factorand v0 

is the superficial velocity. 

6.2.3.1 Laminar flow 

The packed bed has hydraulic diameter Rh. For a laminar flow the average velocity 
in a circular tube of radius Rh and length L the average velocity <v> is given by the 
Hagen-Poiseuille equation 

(6-11) 

The hydraulic radius may be expressed in termsof the 'void fraction' E of the packed 
bed and the wetted surface a per unit volume of bed a 

(6-12) 

The quantity a is related to av. this is the ratio of the total partiele surface and the 
volume of the partieles, via 

a= a)l-E) (6-13) 

The quantity av is used to define the mean partiele diameter D 

(6-14) 

In the case of spheres D equals diameter of the particles. The relation between the 
average velocity <v> and the void fraction is given by 

(6-15) 

Inserting these equations in the Hagen-Poiseuille equation gives the result 
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(po- pJ d.; EJ 
V = --"'--'"-------=-'-

0 L 2·36rt (1-eY 
(6-16) 

Where ds is the sphere diameter. From the fact that the path of the fluid is longer than 
the length of the container and from ex perimental measurements a smaller value for 
the factor 2 on the right hand si de of ( 6-16) is expected. In [BLE] this factor is 
changed to 25/6. 

This is the Blake-Kozeny equation, generally valid for void fractions smaller than 
0.5 in the laminar region of (d5pvo/rtH1-er1<10. The corresponding friction factor is 

ç= (1-eY 75 (6-17) 
E

3 
dsPVo 111 

6.2.3.2 Highly turbulent flow 

The same treatment can be repeated for highly turbulent flow in packed columns. 
The start is again the expression for the friction factor definition for flow in a 
circular tube. For highly turbulent flow in tubes with any appreciable roughness the 
friction factor becomes a function of the roughness only. A unique friction factor f0 

may be used for turbulent flow. Making the same substitutions leads to the result 
Po-PL 3.501 2 1-E 

L =d2pvo--;;--- (6-18) 
s 

Where the factor 3.50=6f0 is basedon experimental data. This is the Burke-Plummer 
equation, valid for ( d5pvo/rtH 1-er1> 1000. The corresponding friction factor is given 
by 

6.2.3.3 Total pressure drop 

1-E 
ç=0.857-3-

E 
(6-19) 

The total pressure drop over a piece of regenerator is given by the actdition of the 
Blake-Kozeny and the Burke-Plummer equation. The combination of these equation 
is the so-called the Ergun equation. lf the void fraction E is replaced by (1-f), where f 
is the filling factor , this equation, applied to our case, becomes 

(
150rtv f 2 1.75pv2 f \u 

~p spheres = d.; (1- J y + d, (1 _ J y )regenerator 
(6-20) 

Where the first term on the right gives the laminar part of the equation and the 
second term on the right gives the turbulent part of the pressure drop. A graph of the 
Ergun equation is given in Figure 6-3. 

6.2.4 Tempersture profile 

Both pressure drops in the first and second stage regenerator, given by (6-9) and 
(6-20), depend on the viscosity of the gas Tl· The viscosity depends strongly on 
temperature. Therefore, the temperature at different positions of the regenerators, is 
measured during the measurements. 
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Figure 6-3 Dimensionless pressure drop over a packed bed as given by the Ergon equation. 
Dependenee of the friction factor on the dimensionless number for a packed bed 

6.3 Measurements 

6.3.1 Pressure measurements 

The pressure transducers give a piezo voltage. Every transduceris connected to an 
individual amplifier. The calibration is done by applying a constant pressure that can 
also be read off a gauged pressure transducer that is accurate within <5%. The 
resonance of these pressure meters is 20 kHz, so that no problem arises in measuring 
dynamic pressures of approximately 2 Hz. 

The general form of the pressure wave in the cooler has a constant part that depends 
on the filling pressure. The pressure also has a varying part. This varying part 
changes in time during a period and it varies throughout the cooler. The initia} 
amplitude that goes into the cooler at the hot end of the regenerator, gets smaller as a 
result of flow resistances in the cooler. The main contributions to this resistance are 
the matrix of the regenerator and the small cross-sections of the orifices in 
combination with the viscosity of the fluid. Volumes, like in the regenerators, the 
pulse tubes and the buffers, cause storage of fluid in the cooler. The measurements 
of the pressure shapes at the locations indicated in Figure 6-1 show similar pressure 
forms in both pulse tubes, both regenerators and both buffers. The shapes of the 
pressure waves are also similar in all validation measurements. A description of the 
different shapes will follow next. 

The amplitude of the pressure wave is biggest at its source, the compressor. The 
compressor maintains an almost constant pressure difference between its low- and 
high pressure side. The valve alternately connects the high and low pressure side of 
the compressor to the pulse tube system by rotating a gas control unit. Because of the 
fact that this control unit rotates, the opening in between the compressor conneetion 
and the system is oot constant in time. The resulting pressure wave is the trapezium 
wave that cao be seen in Figure 6-4. 
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Figure 6-4. Example of the pressure wave on the hot end of the first stage regenerator. The time 
per division is 100ms and the peak peak pressure ditTerenee is 16.8 bar. The average pressure is 
18.1 bar 
In the regenerators the amplitude of the pressure wave is reduced because of 
resistance from the regenerator materiaL Also a part of the mass flow entering the 
hot end of the regenerator is stored in the volume of the regenerator. The original 
trapezium wave is smoothened. This can beseen in Figure 6-5. . . 
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Figure 6-5. Typical pressure wave form in the poise tube. The time per division is 100ms and 
the peak peak pressure ditTerenee is 8.4 bar. The average pressure is 18.1 bar 
Fluid going from the pulse tube to the buffer must pass the orifice. Because of this 
flow restrietion and the large volume of the buffer the pressure variation in the buffer 
is small compared to the pressure amplitudes in the buffer. 

The shape observed and depicted in Figure 6-6 is a triangle. This form indicates a 
practically constant increase of the pressure every half of a period, that leadstoa 
constant mass flow through the orifice. 

t 
Figure 6-6. Shape of tht: 1u·essure wave in the buffer. The time per division is 100ms. The peak 
peak pressure ditTerenee is 1.8 bar. The average pressure is 18.7 bar 
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6.3.2 Tempersture profile of the regenerator 

In Table 1 locations of the diodes placed on the regenerator are given. 

Table 1 Locations of the mounted diodes for measuring the temperature profile, measured from 
the first stage hot end heat exchanger 

diode#~~1~----~2~----~3~----~4~----~5~----~6~~~ 
y(cm)~~4~.7----~~10~.1~ __ ~1_2.~3 ____ ~1_6~.9~--~2~1.=1 ____ ~2~5~.6~~ 

In between the first and the second stage regenerator, there is a void volume, 
assumed to be at constant temperature. The length of this volume is neglected in 
Figure 6-1. For the model this means that the cold part of the first stage regenerator 
is directly connected to the hot end of the second stage regenerator. The temperature 
profile at the surface of the points indicated in Figure 6-1 is measured. The 
measurements are based on the temperature dependenee of diodes. 

There are two diode types. There are two Lakeshore diodes, that are calibrated and 
are accurate up to 0.01K. These diodes are mounted at the coldendof the first and 
second stage pulse tube. The other diodes are BAS 16 diodes, placed in series and 
biased with a l=l.OOmA stabilized current source. All diodes are calibrated at T=77K 
and T=273K. 

Because of the placement in series, the current of 1 mA flows through ·all diodes and 
though the connecting wire, because of the limited number of feedthroughs from the 
vacuum to the outside of the system. This means that a part of the measured voltage 
drop is due to a current flowing through a wire with resistance. For this reason the 
connecting wire constantane (42.5Q/m of length L=0.20m) is used in between two 
diodes. The voltage over the diode is the measured voltage minus a value of 
~V =8 .Sm V independent of the temperature of the wire. A schematic of the set -up is 
depicted in Figure 6-7. 

diode #1 diode #2 diode #3 ............... . diode #6 

l=l.OOmA 

Figure 6-7 Schematic overview of the chain of diodes that is used to measure temperatures. The 
voltage difference over one diode and a fixed length of the constantane wire is measured 

A labview program reads out the voltages and converts these values to temperatures. 
The frequency of the measurements can be set and the temperature dependenee at the 
different places can be seen. An example is given in Figure 6-8. 
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Figure 6-8 Cooldown of the system as measured by the labview program. The changes of the 
temperatures at different parts of the two regenerators can be seen 

From the temperature measurements a linear temperature profile over the regenerator 
is seen. An example is depicted in Figure 6-9. 
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Figure 6-9 Tempersture profile in the first and second stage regenerator. The linear profile tbat 
is used in several calculations is also indicated 

6.3.3 Determining the filling factor 

The pressure drop over the second stage regenerator, given by the Ergun equation 
(6-20), has astrong dependenee on the filling factor. The initialexcel sheet assumes 
a ciosest sphere packing and the according filling factor of f=0.74. There are several 
reasoos why this filling factor can not be obtained: the spheres do not have the same 
diameter, but the diameters vary between 0.18 mm and 0.25 mm and for practical 
reasoos the spheres are 'poured' into the regenerator (after which they are vibrated), 
so that there is a more or less random placement. For this reason, the filling factor is 
determined experimentally. 

The filling factor is determined using only using basic measuring means: a balance 
and a measuring jug. The lead has a purity of 99.99%. The weight of the lead is 
m=0.146kg. The volume in which the lead spheres are contained is V=24.3ml. The 
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density of the matrix with lead spheres is Ps=6.020 g/ml. The density of pure lead is 
found in [LID]: ppb=ll.3 g/ml. The filling factor can be calculated by dividing the 
density of the lead spheres by the density of pure lead: f=0.53. This value is inserted 
in the calculations of the pressure drop. 

6.3.4 Mass flow measurement 

The mass flow generated by the compressor depends solely on the pressure in the 
return line of the compressor. The data relating the pressure and the standard volume 
flow is provided by Leybold, the manufacturer of the compressor. This relation is 

v.[ stan::~: m' )=13.B{ st::~~' },(bar )+3.6{ stan::~: m') (6_21 ) 

Multiplying the standard volume flow with the density of helium at standard 
conditions (p0=1.013 105 Pa; T0=296K) and converting toSI-units gives for the mass 
flow 

m( ~ )=6.35 ·JO-' p, (Pa)+ /.69 ·JO--' (6-22) 

This value is compared to the calculated value. In Figure 6-10 the shape of the 
pressure wave in the return line of the compressor is shown. 

Figure 6-10 Shape ofthe pressure wave inthereturn line of the compressor. The low pressure is 
5.7bar, the average pressure is 9.2 bar and the high pressure is 12.7 bar. From these pressores 
the mass flow can be calculated using (6-22). The low mass flow is 3.8g/s, the average mass flow 
is 6.0g/s and the highest mass flow is 8.2 gis 

6.4 Results from the validation measurements 

The important parameters and the theoretica} and measured quantities of the different 
measurements are given in Table 2. The fields of the quantities used for validatien 
are colored gray. The angle r that is introducedas a property is the angle between 
the, imaginary, stored volume flow and the, real, volume flow at the coldendof the 
regenerator. Validatien measurement #6 is performed with closed orifices, which 
means that the pulse tube cooler operates as a basic pulse tube. 

The amplitude of the pressure wave in the first stage pulse tube that is calculated is 
within 10% of the measured pressure amplitude. The calculated amplitude of the 
pressure at the hot end of the first stage regenerator, for brevity indicated with 'after 
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valve', is also within 10% of the measured values. The calculated mass flow is 
(53±4)% of the measured mass flow. 

Table 2 Important parameters and theoretical and measured quantities of the validation 
measurements 

01easurenaent(#) 1 2 3 4 5 6 

Cv (10"2
) orifice 1 1.75 2.17 2.17 2.17 2.2 0 

Cv (10"2
) orifice 2 1.90 2.17 2.17 2.17 2.17 0 

p •• (bar) 18.1 17.9 18.7 18.6 16.6 17.7 

f(Hz) 2 2 1.8 1.8 2 2 

Tct(K) 112.5 108.6 119.7 190.6 184.1 199.2 

Tc1(K) 46.4 110.2 91.1 96.8 86.6 118.1 

Dieasored pressure BDiplitudes (bar) 

buffer2 0.67 0.93 0.86 1.19 0.92 0 

tube2 3.71 4.18 4.93 5.15 4.18 6.29 

buffer 1 0.15 0.16 0.16 0.54 0.41 0 

Dieasored DlBSS flow (gis) 

secoud stage orifice 0.26 0.36 0.30 0.38 0.36 0 

rt(rad) 0.288 0.314 0.434 0.347 0.344 1.571 

first stage orifice 0.12 0.12 0.11 0.42 0.32 0 

rl(rad) 0.704 0.723 0.835 0.411 0.437 1.571 

calculated DlBSS flow (10"3kgls) 

cold end tube 2 1.73 1.49 1.08 1.36 1.30 0.58 

cold end tube 1 0.41 0.45 0.40 0.64 0.57 0.32 

To get an impression of the dependenee of some important quantities on the final 
pressure wave and mass flow at the hot end of the first stage regenerator, these 
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quantities are changed with 5% and the influence on the mass flow and pressure 
wave is viewed. The results are given in Table 3. 

Table 3 Changes in pressure wave amplitude and mass flow at the hot end of the first stage 
regenerator resulting from a 5% increase or 5% decrease of several quantities. 

relative change in mass relative change in final 
property flow(%) pressure wave 

amplitude(%) 
+5% -5% +5% -5% 

viscosity +0.10 -0.01 +1.33 -1.33 
frequency +2.43 -2.40 +0.23 -0.22 

average pressure -1.39 +1.55 -0.11 +0.12 
filling factor stage 1 -0.31 +0.31 +0.54 -0.52 
filling factor stage 2 -0.74 +0.89 +2.45 -1.82 

cold end mass flow stage 1 +0.59 -0.59 +0.16 -0.16 
cold end mass flow stage 2 +2.14 -2.12 +1.27 -1.26 
pressure wave amplitude 

+2.31 -2.28 +3.73 -2.73 
stage 2 
angle r +0.43 -0.43 -0.01 +0.01 

6.5 Conclusions 

The model that is used for calculating Rand C values in the next chapter, is 
validated. From these measurements it follows that the pressure drop is calculated 
with a 10% accuracy. Because of the dependenee on several measured quantities, 
this is within the measuring inaccuracies. The calculated mass flow is (53±4)% of 
the measured mass flow. Th is leads to the condusion that the values calculated for R 
and C can be used in an electrical analogue for descrihing the cooler. If the 
discrepancy in the measured and the calculated mass flow is caused by the model, 
the model in the next chapter will give bad results. 
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7. An electrical analogue 

7. 1 Introduetion 

In this chapter, an electrical model is presented with which the pressures and volume 
flows in the two-stage pulse tube cooler can be represented. lf the R and C values of 
the previous chapter are inserted for the regenerators, the existing set-up should be 
modeled. 

In the first part of this chapter formulae for the resistance of the regenerator matrix 
and the capacity of the different volumes are compared to those descrihing the 
electrical components. This is done to see if the elements of the cooler can be 
replaced by electrical components. The second part of this chapter describes the 
results following from the model. 

7.2 Justification of the analogy 

7.2.1 Electrical relations 

[PER] First, the definitions for the electrooie components are given. It is assumed that 
the resistance R and the C are ideal. This means for the resistance 

V= IR (7-1) 

R 

I 
... V ... 

And for the capacity 

I =CdV (7-2) 
dt 

c 
+ 

I I OIIIJo 0 
I 

... V ... 

7.2.2 Equations for the pulse tube cooler 

7.2.2.1 Adiabatic volume 

The pulse tubes and the buffers are void volumes, considered to have no significant 
exchange of heat with the surroundings in one period. For an adiabatic volume 
Poissons equation is valid 
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dV =- Vo dp 
'YP dt 

(7-3) 

Where V0 is the volume of the element. lf the difference in volume flow d V is 
identified with the current and the pressure with the voltage, from equation (7-2) the 
size of the capacity of such a volume is given by 

c = vo 
ad 'YP (7-4) 

Where the index 'ad' stands for 'adiabatic'. The fact that the difference in volume 
flows appears in equation means that the current is increased or decreased. The 
volume flow that is stored in the volume of the cooler is represented by a parallel 
capacitance. 

7.2.2.2 lsothermal volume 

The regenerator is parted into several pieces. These parts are taken to be isothermal. 
For a fixed isothermal volume conservation of mass gives [SCHJ 

:tiiJ pd't+ Ifp(~·}:)df =0 (7-5) 
V F 

Where V is the volume of the part of the regenerator and F is the surface of this 
volume. The normalto the surface n points outward by convention. In this way, the 
product n·y is positive if fluid goes out of the system. Fora fixed cylindrical volume 
this can be rewritten as 

d . 
V0 -p+pdV =0 

dt 
Combining this with the ideal gas law for an isothermal hypothesis; T=T 0, gives 

Vo dp =dV 
p dt 

And again comparing this equation to (7-2) gives the size of the capacity of an 
isothermal piece of volume V0 

vo cis=-
p 

Where the index 'is' stands for isothermal. 

7.2.2.3 Resistance of the orifices 

(7-6) 

(7-7) 

(7-8) 

The pressure drop over the resistances is not small compared to the average pressure. 
Therefore the general expressionfora flow resistance is given by a friction factor 
multiplied with the kinetic energy of a flow 

I 
l1p = ç-pv2 (7-9) 

2 
Where v is the velocity of the fluid in the orifice opening. Multiplying both sides 
with A 2 

, where A is the area of the orifice opening and consictering the fact that 

V= A 2 v 2 (7 -1 0) 

Gives the relation between pressure drop and volume flow 
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(7-11) 

This relation leads to an expression for the resistance of the orifice 

(7-12) 

The exact value of the resistance is not important in practice, because the resistance 
is variabie and all values of interest can be chosen. The dependenee of the orifice 
resistance to flow can be found in [HOK]. 

7.2.2.4 Flow resistance of the regenerator matrix 

An isothermal piece of regenerator matrix gives rise toa flow resistance. lf only the 
laminar term is regarded, this gives 

~ =-Tl4iVm (7-13) 

Rewriting this for an isothermal piece of matrix and integrating over the length of 
the piece of the regenerator gives 

2 2 2 llzL . RT 7 4 P -Po= An ( -1 ) 

Here it is assumed that no fluid accumulates in the piece of regenerator. Using the 
i deal gas law, this can be rewritten 

2 2 nzL · 
p -Po= 2~ pV (7-15) 

Where p and V must be taken at the same point. The next assumption that is made is 
the fact that the pieces of the regenerator are so small that the pressure drop over it is 
much smaller than the constant part of the pressure 

P =Po+~;~<< Po (7-16) 
This gives the final result for the pressure drop 

~= 11zLV 
A 

Comparing this with (7 -1) shows that the resistance of a piece of regenerator 
material 

7.2.2.5 The freezing effect 

R=llzL 
A 

(7-17) 

(7-18) 

The regenerator has a temperature gradient. This means that an effect must be added 
that takes into account that a volume element that flows into a piece of regenerator 
material cools down and decreases in size. This is based on conservation of mass and 
is thought to appear between two isothermal parts of the regenerator 

m. =m m out (7 -19) 

Which, using again the ideal gas law, is equal to 
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V. Tout V 
out = T in (7-20) 

In 

This can be implemented in the network by using a current controlled current souree 
in between two parts of different temperature, having an amplification factor 

a= (1- Tout Î (7-21) 
T,n ) 

7.2.2.6 The compressor 

The combination of the compressor and the rotating valve gives rise to an altemating 
pressure wave at the hot end of the first stage regenerator. If pressure is identified 
with voltage, this means that the driving force of the network is a voltage source. To 
compensate for the non-ideality of the source, an intemal resistance must be added. 

7.2.2.7 Reference voltage 

In order to be able to define a pressure difference, a reference pressure is needed. 
This is the same as a reference potential. In the simulation this reference potential is 
taken zero, so that the voltages in the system correspond to the absolute pressure. 

7.2.2.8 Conneetion of the elements 

The connections of the different electrical components in the network is based on the 
placement of the components in the pulse tube cooler. The minor orifices are closed, 
because their effect on the flow is negligible. The bypass orifices are also closed 
initially; they can be considered in a later stage. The system for which an electrical 
network representation is made is depicted in Figure 7-1. 

Figure 7-1 Set-up of the cooler, consisting of the elements that are simulated. Th is means the 
bypass orifices and minor orifices are closed 

In Figure 7-2 the electrical network representing this cooler is given. This networkis 
simplified for convenience. The simplification is representing the regenerator by 
only one resistance and one capacity. In the real simulation program each 
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regenerator bas 10 different resistances and 10 different capacities to account for the 
temperature gradient over the regenerator. 

Now, the sequence of the elementsis explained. The starting point is the driving 
force of the system; the oscillating pressure difference at the high pressure side (hot 
end) of the first stage regenerator. This is connected to the resistance and parallel 
capacity of the first stage regenerator. A correction for the high temperature volume 
flow at the hot end of the regenerator and the average temperature of the regenerator 
must be made. This is done by placing a current amplifier in between the voltage 
supply and the resistance of the first stage regenerator. 

The fluid coming out of the first stage regenerator can go into two directions; it can 
go into the second stage regenerator and it can go into the first stage pulse tube. 
These are parallel branches. 

If the gas goes into the second stage regenerator the volume flow must again be 
amplified to account for the temperature change from the average temperature of the 
first stage regenerator to the average temperature of the second stage regenerator. 
This is done, using a current controlled current souree with amplification factor a.3. 
This volume flow goes to the resistance and the capacity of the second stage 
regenerator. 

The gas going from the regenerator to the second stage pulse tube is again at a lower 
temperature and a current controller with amplification factor a.4 is inserted in the 
network. The fluid can be stored in the pulse tube and it can flow through the orifice 
to the buffer volume. Therefore, the pulse tube is parallel to the combination of the 
resistance of the orifice and the capacity of the buffer volume. 

lf the fluid goes into the first stage pulse tube the temperature changes from the 
average temperature of the first stage regenerator to the cold end temperature of the 
first regenerator. The amplification factor to account for this effect is a.2. The 
capacity of the pulse tube is again placed parallel to the resistance of the orifice and 
the capacity of the buffer volume, as is already described for the second stage. 
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V compressor 

Current controlled 
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a.1 
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C regenerator 1 stage regenerator 

a.2 

R orifice 1 

I· 
a.3 

i 1 ptece of the seconq 
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C buffer2 ...___ _ ___. a.4 
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Figure 7-2 The electrical network representing the putse tube cooler set-up of Figure 7-1. Only 
one part of the actual10 partsof both regenerators is indicated for simplicity. The missing 9 
parts are suggested by the dotted line. The amplifying factors a.for the current sourees are given 
by (7-21) 
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7.3 Results trom the simulations 

7.3.1 qualitative comparison 

The values in the simulation described now are those calculated for validation 
measurement 1. The input pressure, that can be seen in figure 6-4, has the same 
average pressure and the same amplitude, but the shape is simplified to a trapezium. 
This can be seen in Figure 7-3. 

V 

l9 .es ·· 2ö.ci~' 

t 

Figure 7-3 Voltages in the electrical model (One Volt corresponds to lPa. The trapezium wave 
is the input voltage. Of the other signals the one with the largest amplitude is the pressure in the 
first stage poise tube. The other is the pressure wave in the second stage poise tube. 

Comparison of the measured pressure wave in 6-5 and the response to the initial 
pressure wave in Figure 7-3 shows that the typical pressure wave form present in the 
measurements, is also present in the response from the simulation. The differences 
that can be seen are due to the fact that a simplified shape of the pressure wave is 
used in the simulation. 

The pressure waves in the first and second stage buffer, following from the 
simulation, are depicted in Figure 7-4. 
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Figure 7-4 Voltages in the electrical model. The voltages corresponding to the pressure in the 
first stage butTer and the pressure in the second stage butTer are shown. The signal with the 
highest amplitude corresponds to the pressure in the second stage butTer 

Camparing the typica1 pressure wave form in the buffer, given in figure 6-6 and the 
simu1ated responses in Figure 7-4, again shows good resemb1ance. In the simu1ation 
the trapezium form of the input pressure is unrecognizab1e and the typica1 triangu1ar 
shape is visib1e. 

7.3.2 Quantitative comparison 

lf the pressure wave amplitudes in the pulse tubes and in the buffers are compared, a 
quantitative comparison is made. 

Table 1 Comparison of the simuialed and the measured pressure wave amplitudes 

simu1ated 8p(bar) measured 8p(bar) 
relative difference 

(%) 
pulse tube 1 3.86 4.04 -5 
pu1se tube 2 3.44 3.71 -7 

buffer 1 0.20 0.15 +30 
buffer 2 0.56 0.67 -16 

The pressure waves amplitude in the buffers have some deviation from the measured 
values. This is probably caused by the uncertainty in the calculation of the resistance 
of the orifices via (7-12). The resistance of the orifice is calculated by dividing the 
pressure drop over the orifice by the volume flow through the orifice. This volume 
flow is a small number that is also based on the pressure difference in the buffer. The 
measuring uncertainty appears both in the numerator and the denominator. 
The size of the pressures wave amplitudes in the pulse tubes is close to the measured 
values. This is a validation for the both model described in the previous chapter and 
for the electrical analogue, because this shows that the combination of the R and C 
values of the regenerator and the electrical analogue leads to correct results. 
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7.4 Applying the electrical analogue 

Because of the quantitative and qualitative agreement of the model and the 
measurements, the model can be used to see the influence on volume flow and 
pressure wave in different parts of the system by inserting the correct resistance and 
capacity values. 

In the initial configuration of the cooler, the low temperature of the first stage 
regenerator is approximately 11 OK, which is high if this value is compared other 
two-stage systems. To see if this problem can be solved by changing the diameter of 
the first stage regenerator, the model is used. 

The volume flow and the pressure wave of the model at the cold end of the first stage 
regenerator of the cooler with a regenerator with inner diameter d=32mm is 
compared to a regenerator with inner diameter d=41.5mm. The results can be seen in 
Figure 7-5 and Figure 7-6, respectively. 

l.O . - . . 30 

PH 

p(MPa) 
-10 

-
2

-t
0
9:sa 19.68 19:78 19:8!1 19: ,. 

c li(ctl)+i(cbl))•lOOOO Q v(frlt1:2)/100000D 
Time 

t(s) 

Figure 7-5. Scaled Pressure wave and volume flow at the coldendof the first stage regenerator, 
which bas inner diameter d=32mm. At the locations indicated marked with an asterisk the 

0 5 3 ° 5 3 values are PH=21.6 bar, PL=14.0 bar, VL =-7.7 10- mIs and VH =5.3 10- mIs 
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Figure 7-6.Scaled pressure wave and volume flow at the coldendof the first stage regenerator, 
which bas inner diameter d=41.5mm. At the locations indicated with an asterisk the values are 

· -s 3 · -s 3 p8 =22.1 bar, PL=13.7 bar, VL =-8.3 10 mIs and V H =5.7 10 mIs 

The regenerator with an inner diameter of 41.5mm has a bigger pressure wave 
amplitude and a larger mass flow at the cold end of the first stage regenerator. This 
means that the gross cooling power of the first stage regenerator increases. 

A regenerator of this diameter has been mounted to the system, but the experiments 
did notshow a decreasein temperature of the coldendof the first stage regenerator. 

7.5 Conclusions 

Under the assumptions made above, the flows and the pressure drop in a pulse tube 
cooler can be simulated using an electrical analogy, given by Figure 7-2. The volume 
flow in the cooler is represented by the current and the pressure by the voltage in the 
electrical network. 

The response of the network on the initia! signal, simulating the input pressure wave, 
bears a good resemblance to measured pressure wave in the pulse tubes, both 
quantitative and qualitative. The quantitative agreement between simulation and 
measurement shows that the electrical model is correct and it shows that the R and C 
values calculated in the previous chapter is correct. The model can be used to gain 
insight in the propagation of pressure waves and the distri bution of mass flows in a 
two-stage pulse tube cooler. 
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