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Summary 

At the KVI a laboratory facility 'the radon vessel' has been built to study radon transport 
in. soil under well defined and controlled conditions. It consists of a 2 m high vessel with a 
diameter of 2 m, filled with sand. The radon concentration in the soil can he determined 
at several different depths. 

This report is an account of the rnadelling of radon transport in this laboratory facility. 
Based on the fundamental equations that describe radon transport in porous materials, 
three techniques are considered to find values for the radon concentration in soil. The 
fust technique is an analytica! method to find an expression for the radon concentration 
in soil as function of depth and time under diffusive conditions only. To obtain values for 
the tortuosity and ernanation factor, this expressionwas fitted to experimental data. The 
other two techniques imply numerical procedures based on the finite-difference approach. 
The fust numerical model calculates the radon concentration as function of time in one 
spatial dimension, while the other model is able to performthese calculations in two spatial 
dimensions. Experimental data, obtained under combined diffusive and advective radon 
transport, were analysed by means of the two numerical models. 

From this exercise, it is concluded that radon transport in the laboratory facility under 
advective conditions can only he understood and described with the 2D model, i.e. in 
this situation radon is transported not only in the axial direction of the vessel, but also in 
the radial direction. Further, model predictions of the radon concentration with the 2D 
model are accurate within 15% when values for the tortuostiy and ernanation factor are 
used that were found using the analytica! expression for the radon concentration under 
diffusive conditions only. However, it is possible to obtain model predictions accurate 
within 5%, using slightly different values for these parameters. Indications are present 
that the ernanation factor and tortuosity may have changed during the experiments with 
the radon vessel. 
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Chapter 1 

Introduetion 

Natural materials consist of a variety of different elements, from the lightest element hy
drogen to the heaviest element uranium. The distribution of elements in the solid surface 
of planet earth is far from homogeneous. Locally high concentrations of heavy elements 
can occur in solid rock. Same of these elements are radioactive and belang, except 4°K, 
to one of the three natural accuring decay series, namely that of uranium, thorium or 
actinium. Each of these series contains the decay of a radium isotape into a radon isotope. 
Radon is an inert gas. This implies that it has little affi.nity to get chemically bound to 
other materials. In contrast to solid rock, sediments like sand, clay and gravel originate 
from a large area and therefore the distribution of heavy elements in these materials is 
more homogeneous. In general also the concentration of heavy elements is lower. 

The health risk for humans with respect to radioactivity lies in the fact that radlation 
may cause damage in matter. For radon, the radon progeny predominantly are of risk for 
humans. These progeny may adhere to dust-particles in air that, in turn when inhalated, 
may attach to the tissue in our lungs. In the decay of the radon-daughters a-particles are 
emitted which damage the lung tissue and somayinduce lung cancer. According to the 
latest investigations in the Netherlands 450-1800 fatallung-cancers per year occur due to 
radlation from radon progenies [Ba91]. 

In the Netherlands we are living on sediments like sand and clay and as aresult the 
research at the KVI invalving radon transport in soil is carried out for these type of 
materials. 

Radon isotop es have different half-lifes: 3.85 days for 222Rn, a progeny of 238U, 56 
seconds for 220Rn, also called thoron and originating from 232Th. The third isotape 219Rn 

has a half-life of approximately 4 seconds. When radon decays while it is still in the soil, its 
daugther element will be bound to the solid phase and will not contribute to the exposure 
dose. Due to its relatively long half life 222Rn has the largest chance to be exhalated into 
free air and consequently most measurements are executed to determine the concentration 
of this particular isotape in air. For this reason 'radon' will be used in this report, referring 
to 222Rn. 

In Fig. 1.1 the decay series of 238U is shown. The half life of the parent nuclide 238U is 
much langer than the half lifes of all its progenies. Under the assumption that the earth is 
ca. 5·109 years old and that none ofthe elements between 238U and radon escape, it implies 
that the activity of all these elements in this series is the same (secular equilibrium). As 
a consequence the production rate of radon is constant as function of time. 
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Figure 1.1: Decay scheme of 238U. 

The amount of radon and thoron that is produced depends on the activity concen
tratien of 226Ra and 224Ra, the direct parents of radon and thoron, respectively. These 
activity concentrations can he measured by means of gamma-spectroscopy. A device for 
this purpose is available at the KVI. 

In the experiments described in this report, measurements of radon concentratien in soil 
concern only radon which is present in the air-filled pore space. This will he a fraction of all 
the radon that was formed in the soil. Part of it stays inside the grains or inside the liquid 
phase. There are also indications [Ro91a] that the fraction of radon ( ernanation factor) 
which escapes out of the solid phase into the pore space is a function of the pore-water 
content. Presently this moisture dependency of the ernanation factor is being measured 
with an instrument specially designed for this purpose [An92a]. In addition to this the 
ernanation factor also depends on size, shape and composition of the soil particles. 

Before radon can escape into the air that we breathe, it has to move through the 
material in which it was formed. Radon transport takes mainly place in the porespace of 
the material. Driving forces for this transport are diffusion and advection. The latter is 
caused by a presstll'e gradient of the air in the pore space. 

Diffusion, driven by radon concentratien gradients, is most significant in the gas phase. 
The diffusion coeffi.cient of radon in air ( = 1.1 · 10-5 m2 s-1 ) is about 1000 times larger 
than in water. Nevertheless, diffusion in the aqueous phase may not be neglected because 
frequent interrnittent blockage of soil pore segments by water will occur. If soil is saturated 
with water, there is no gas phase and all d.iffusion takes place in the liquid phase. As a 
result the di.ffusion coefficient can vary over at least three orders of magnitude depending 
on the moisture content of the soil. 

Advection, resulting from pressure-driven flow of soil gas, carries radon at the soil 
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gas velocity. The relative importance of adveetion depends on the magnitude of pressure 
gradients and permeability of the soil. Pressure gradients applied over the soil in the 
experiments described in this report were in the order of 1 Pa m -l. For these pressure 
gradients Darcy's law may be applied which states that the transport of soil gas is linear 
proportional to the pressure gradient. 

The exposure in the indoor environment is larger than the outdoor exposure due to 
accumulation of radon in indoor air and to long er residence time. Soil ( appr. 70%) and 
building materials ( appr. 30%) are the most important sourees for indoor radon [Ba91]. 
Investigations of radon in:filtration in dwellings [Me91] show that radon transport in soil 
is a complicated process in which pressure gradients, permeability, porosity, ground water 
level and water content of pores have a large infiuence on radon production and transport. 
Therefore validation of models on the basis of measurements of radon concentration in soil 
under natural conditions is an almost impossible task, because of the relatively rapid and 
uncontrollable variation of parameters that infiuence radon concentration. With respect 
to this, one of the recommendations stated in [Me91] was to study radon transport in soil 
under controlled conditions. 

The laboratory facility (the radon vessel) that has been built for this purpose will be 
described in this report. The emphasis of this work will be on the mathematica! description 
of radon transport in soil, applied to the geometry and conditions valid for this facility. 
Chapter 2 will give an outline of the experimental facility and procedures involved for the 
determination of radon activity concentration. In Chapter 3 the fundamental equations 
descrihing radon transport in soil will he derived. The models considered can be divided 
into 3 parts, covering Chapters 4, 6 and 7. First, in Chapter 4, a time-dependent analytica! 
salution for diffusive radon transport in a homogeneaus material will be derived with ap
propriate boundary conditions. Analytica! solutions can be derived for even more complex 
situations (e.g. time-dependent solutions with diffusive and advective radon transport), 
but it was noticed that this exercise is extremely complex and minute. For this reason it 
was decided to focus on numerical recipes. In Chapter 5 the principles of fini te differences 
are presented as well as the effects of discretisation on the numerical solution. In Chapter 6 
a one-dimensional numerical procedure will he presented that calculates the radon activity 
concentration as a function of time and space in a non-homogeneaus material for various 
boundary conditions under diffusive and advective conditions. When the radon vessel was 
built, it was assumed that radon transport in the sand column would almast be completely 
one-dimensional. In order to check this assumption, a two-dimensional (2D) model was 
constructed partly based on the methad used for the lD numerical model. This model 
will be described in detail in Chapter 7. Finally the results of the fust experiments with 
the radon vessel will be presented in Chapter 8 and will be compared with the models and 
some preliminary conclusions will be drawn. 
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Chapter 2 

Experimental methods 

2.1 Introduetion 

Measurements of radon concentrations in soil under various but controlled conditions were 
performed using a laboratory facility that has been described in detail in [Va92a]. In short, 
this facility consists of a 2 m high vessel with a diameter of 2 m, filled with soil. The vessel 
can be closed with a height-adjustable lid. In gener al, soil, in the Netherlands mainly 
existing of clay and sand, is a porous material. Such a material can be described as being 
composed of three different phases. viz, solid phase ( soil grains ), gas phase ( air-filled pore 
space) and a liquid phase ( water-filled porespace ). With probes inserted radially at several 
heights in the vessel the radon concentration, the pore-water content and soil permeability 
may be measured. In this chapter the laboratory facility and experimental procedures will 
be described. 

2.2 The radon vessel 

2.2.1 General description and features 

The laboratory facility, shown schematically in Fig. 2.1, consists of a stainless-steel vessel 
with a diameter and height of 2 m, filled with soil. These dimensions have been chosen 
on the basis of the available space in the building, the maximum load of the fl.oor and 
the diffusion length of radon which, for highly porous materials, is in the order of 2 m. 
Consequently, only a minor infl.uence of boundary effects is expected and for wet soil those 
effects are probably even negligible. 

Since the vessel, when filled with soil, contains a mass of about 10 tons, the bottorn 
is made somewhat concave for strength. The vessel is surrounded by a watertight ring in 
which the lid can be lowered. The water inside the ring acts as a seal for air and radon. The 
space between the lid and the soil is meant to simulate a crawl space under a dwelling and 
is adjustable in height. Multi-functional probes are inserted radially at 9 different heights. 
The centre of the perforated section of the probes is situated exactly in the middle of the 
vessel. With these pro bes, air, present at the central axis of the vessel, can be sucked out 
of the sand for radon activity concentration analysis. Also the pore-water content can be 
determined by means of measuring the pore-water suction with a pressure transducer. 
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Figure 2.1: Schematic drawing ofthe vessel. 1) multi-functionalprobe; 2) perforated 
cylindrical box; 3) drainage tube (not present at the moment); 4) adjustment point 
for height of the lid; 5) flange; 6) sleeve; 7) lid of the vessel; 8) soil. 
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The air permeability of the soil near that particular pro he may be derived by inducing 
an air flow through the probe and by measuring the flow and the air pressure increase 
needed to reach this flow. The main objective ofthe radon vessel experimentsis to measure 
the radon con centration ins i de the soil as function of depth (radon concentration profile) 
under various conditions. The following conditions can be controlled: 

Soil type: An optima! soil for a designed experiment can he selected. Another possibility 
is to have two or more different layers of soil in the vessel. 

Ground-water level: Through a water inletjoutlet in the bottorn of the vessel, water 
may enter or leave the soil. The time schedule for the radon vessel experiments did 
not permit measurements of the infiuence of the ground-water level on the radon 
concentration before September 1993. Until May 1993 only measurement with dry 
soil have been executed. For this reason also the model tests, although suited for 
moisturised and non-homogeneous soil, have been restricted to dry, homogeneous 
sand. 

Pressure gradient in the soil: A perforated box with a diameter of 162 cm and a height 
of 3 cm is situated at a depth of ca. 163 cm under the soil surface. Via a plastic 
tube, entering the vessel at the centre of the bottorn and also entering the pressure 
box at the centre, air can be pumped into or sucked out of the pressure box. The 
box itself is filled with a perforated glass-fiber grating and is covered at both si des by 
perforated metal plates. By pumping air through the soil a pressure field is induced 
inside the soil. Measurements with different flow rates have been carried out. 

lrigation of soil: With the use of sprinklers in the lid, rain fall can be simulated. Ex
periments with this feature have not been executed. The models do not have the 
possibility to simulate rain fall, although probably only a small effort is required to 
add this phenomenon, that so often occurs in the Netherlands. 

Crawl-space parameters: The height of the air column under the lid is adjustable from 
ca. 5 to 50 cm. In addition, also the ventilation rate of the pseudo crawl space can 
be varied. Both can he modelled and measurements are in progress. 

2.2.2 The radon vessel geometry 

In Fig. 2.2 the vertical cross-section of the vessel through the symmetry axis is shown. 
The cavity at the centre of the bottorn is closedon top and surrounded by a fine stainless 
steel mesh through which sand can not penetrate. This cavity was constructed with the 
aim that water can enter or leave the vessel without taking sand with it. During the 
measurements this cavity was closed at the bottorn with a flange. 

To supply the vessel its needed firmness, two metal rings were constructed: near the 
top and at the location where the concave bottorn of the vessel is attached (in further 
discussion, when the word 'ring' is used, it is meant as a reference to the latter ring). 
Especially the ring, covering approximately one third of the horizontal cross-section at 
that particular location, has an infiuence on the transport of radon and the pressure field 
inside the soil. The top of the pressure box is at a depth of 163 ± 0.5 cm and its bottorn 
is located exactly inside the ring, leaving a space of only 0.5 cm between the ring and the 
box. The diameter of the pressure box is 162 cm. 
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Figure 2.2: Vertical cross-section of the radon vessel through the symmetry axis. 
Dimensions are given in centimeters. 
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Nine probes radially penetrate the vessel at nine different depths below the soil surface. 
In Table 2.1 the depth of the probes are indicated. Accuracy of the probe depth is about 
5mm. 

probe number probe depth (cm) 
1 10 
2 15 
3 20 
4 30 
5 40 
6 60 
7 80 
8 120 
9 150 

Table 2.1: Depth of the probes inside the radon vessel relative to the surface of the 
sand column. 

2.3 Soil type 

In general, soils may he characterised by the following parameters: 

Porosity: This is the volume fraction of the total bulk volume which is not occupied by 
the grains. 

Permeability: The air flow through soil is directly proportional to the applied pressure 
gradient (at small gradients ). The permeability is the constant defining the relation 
between air flow and pressure gradient. 

Bulk dry density: Mass per unit bulk volume of dry soil. 

Tortuosity: This is a factor which indicates the ratio between the straight distance from 
point A to point B ( distance much larger than the mean grain size) and the path 
length for a partiele rnaving from point A to point B in the pores of a porous medium. 
The tortuosity is an important factor for ditfusion processes and is also related to 
the grain-size distribution and pare-water content. 

Water-retention curve: The functional relationship between the pare-water content 
and the pare-water pressure is given by the water-retention curve. Soils existing 
mainly of large grains tend to loose water easily. When part of the soil is saturated 
with water, these soils will show a small transition range from wet to dry soil, whereas 
soils with mainly small grains ( clay) will retain water even at low water pressure, 
resulting in a large transition range. 

Radium content: Defined as the radium activity per unit bulk dry mass. Depending on 
origin and composition, radium content of sand varies from approximately 3 to 20 
Bq kg-1 in the Netherlands [Va92b]. 
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Ernanation factor: The fraction of radon that is available for transport. The ernanation 
factor depends on the pare-water content. 

Based on desired soil characteristics for the fust measurements with the radon vessel 
the sand type 'Ankersmit 0.25-0.50 mm' was selected [Va92b]. The parameters for this 
sand type are given in Table 2.2. 

Grain size 
Porosity 
Bulk dry density 
Tortuosity (dry) 
Permeability 
Radium content 
Ernanation factor 

0.25 - 0.50 mm 
0.36 ± 0.018 

(1. 76 ± 0.09) · 103 kg m-3 

0.73 ± 0.06 
(5.45 ± 0.13) · 10-11 m 2 

3.68 ± 0.13 Bq kg-1 

0.243 ± 0.013 

Table 2.2: Parameters of the sand type 'Ankersmit 0.25- 0.50 mm', that was used 
in the radon vessel experiments. 

The ernanation factor and tortuosity were calculated from experiments carried out in 
the radon vessel, see Chapter 8. Farmer independent measurements of the ernanation factor 
of this sand resulted in a value of 0.10 ±0.03 [Va92b]. Supplementary experiments with 
the sameinstrument indicated 0.13 ±0.02 (not published). It is not clear what causes this 
discrepancy; experiments are in progress to exarnine this. Since this report focusses on the 
rnadelling of radon transport in soil, an extensive discussion on the measuring techniques 
wil! be omitted. The value of the permeability was determined from measuring the air 
pressure at the probes with an air flow through the sand column [Va93a]. Parameters 
given in Table 2.2 are taken as input for the models. The water-retention curve can be 
found in [Va92, p. 15 g]. 

Another parameter involved, but not characteristic for the soil type, is the homogeniety 
of the sand column in the vessel. Regarding the validation of radon-transport models, a 
good homogeneaus soil is required. From a check ofthe homogeniety, described in [Va93c], 
it was concluded that deviations from the ideal case are less than approximately 15%. 

2.4 Radon-concentration analysis 

To measure a radon-concentration profile inside the sand in the vessel, air samples were 
taken via the probes located at nine depths under the sand surface. Since we are only 
interested in the radon concentration inside the sand, fust 0.5 liter is sucked out of the 
probes and discarded (the volume of air inside the probes, ca. 0.31iter, is not of interest). 
Then a second sample of 0.5 liter is taken with a piston. (The functional relationship 
between the radon concentration and the amount of air that is sucked out of the pores has 
been determined. From this function it was observed that, at fust, the radon concentration 
increases with increasing air volume and thereafter, the radon con centration is more or less 
constant as function of the air volume. It was decided to sample the air volume at which 
the radon concentration has just reached the constant value.) With this procedure about 
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9 liter of soil gas is removed from the sand when all nine probes are sampled. Regarding 
the tot al air volume inside the sand column, which is approximately 2 m 3 , the disturbance 
of the radon concentration profiles due to sampling is likely to he negligible. 

After the piston is filled with soil gas, radon and thoron concentrations will decrease 
due to radioactive decay. To measure only the 222Rn concentration, the piston is left 
undisturbed for 15 minutes or longer. After this period it is assumed that all thoron 
(220Rn), with a half life of about 56 seconds, will have decayed into its daughter products. 
Then the air inside the piston is led through a filter into an evacuated Lucas cell. This 
filter is used to intercept all radon and thoron daughters. 

A Lucas cell is an airtight metal cilinder that has a transparant window at one end 
and an air inlet / outlet at the other end. The inside of the cell ( except for the window) is 
covered with a scintillation material sensitive to a-radiation. In the decay series of 222Rn a

particles are produced by 222Rn and its daughter products. The Lucas cell can he mounted 
onto a monitor (Pylon model AB-5 portable radiation monitor from Pylon Electronic 
Development Company, Ltd. Ottawa, Canada) which is equipped with a photo-multiplier 
tube to count the number of light pulses from the scintillation materiaL Routinely, the 
number of counts in 30 minutes is stored into memory for subsequent time intervals during 
ca. 24 h. Regarding the fact that several monitors and Lucas cells are used, all the 
monitors and Lucas cells have been calibrated to eliminate systematic errors introduced by 
different efficiencies [Va93b]. The relative standard deviation in the activity concentration 
determined with this procedure is calculated to he less than 5%. 

To he able to correct for possible systematic errors, for each pro he the same combination 
of piston, Lucas cell and Pylon monitor was used. 

2.5 Radon-profile measurements 

In this report the measurements with the vessel until May 1993 will he discussed and 
compared with calculations. Until that date only measurements of radon concentration 
as function of depth (radon-concentration profile) without the lid and with dry soil were 
performed. In principle two types of conditions inside the vessel have been examined: 

Type 1: In this case only diffusion is the driving force for radon transport; no air flow 
was induced through the sand column. 

Starting from an initia! condition in which the radon concentration is practically zero 
inside the sand, the radon concentration will increase due to radon production. The 
radon atoms formed will decay, and may also escape at the top of the sand column 
(no lid on top ofthe vessel). These processes, combined with diffusion, will generatea 
radon concentration profile that will develop as a function of time until equilibrium is 
reached. Consiclering the half life of radon, a measurement of the complete ingrowth 
from zero to equilibrium concentration takes about three weeks. A measurement of 
a radon profile takes about one day. For this reason the time resolution is limited to 
one day. 

To start with zero concentration inside the sand a flow rate of 50 L min-1 for 24 
hours is induced through the pressure box. Measurements of the radon concentration 
in the soil just after flushing showed that at all depths the radon concentration was 
below 40 Bq m-3• 
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Two measurements were carried out to determine radon profiles as function of time. 

Type 2: These measurements were performed with an air flow induced inside the sand 
column in the upward direction via the pressure box. In this case, besides di:ffusion, 
also adveetion plays a role. Because the equilibrium state is reached sooner than in 
the case of diffusive transport only and consiclering the minimum time resolution of 
one day, only radon profiles were measured in the equilibrium state. For each flow 
rate through the pressure box, three radon profiles were measured. 

In Table 2.3 the measurements with the radon vessel that are discussed in this report are 
arranged schematically. 

type description measurement profile taken 
1 diffusion 1 at t = 24, 48, 72, 96, 120, 144 h 

2 at t = 7, 31, 55, 79, 103, 127, 151 h 
2 diffusion 1 flow = 0.1 L min ·l steady state 

+ 2 flow = 0.2 L min-1 

" adveetion 3 flow = 0.4 L min-1 

" 4 flow = 0.8 L min-1 

" 5 flow = 2.2 L min-1 

" 6 flow = 6.5 L min-1 

" 7 flow = 10 L min-1 

" 
Table 2.3: Overview of the measurements with the radon vessel described in this 
report. 
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Chapter 3 

Equations for radon transport 
porons materials 

• In 

In this chapter the equations descrihing radon transport in porous materials will he derived. 
In this derivation the effect of moisture in the soil and adsorption on the surface of the solid 
phase is (partly) accounted for. However, model calculations and measurements have only 
been executed for dry sand. Further, in these calculations, it is assumed that adsorption 
of radon to sand grain surfaces can he neglected for dry sand. 

3.1 Some definitions 

A soil volume V (m3
) containing gaseous, liquid and solid material may he considered as 

the sum of contributions from various phases of interest. For example, the volume may he 
subdivided into 

V = V9 + Vw + V", (3.1) 

where g, w, s refer to gaseous, liquid, and solid phases, respectively. From Eq. (3.1) the 
volume of pore space (Vp) per total volume, é, called porosity, may he derived: 

Vp V" 
é = - = 1 - - = éa + éw, 

V V 
(3.2) 

where éa is the volume of gas space per total volume, called air porosity, and éw is the 
volume of liquid per total volume, called water porosity. The fraction of water saturation 
of the pores, m, is defined as: 

éw 
m=-. 

é 

3.2 Radon generation and decay 

(3.3) 

Radon is formed in the decay of radium, present in the soil grains. The radium activity 
per unit bulk volume is given by pC Ra, where pis the bulk density of dry soil and CRa the 
radium activity per unit dry bulk mass. The rate of change of the number of radon atoms 
(NRn) in a bulk volume V is determined by the decay and production (radium activity) 
of radon: 

(3.4) 
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where À is the decay constant of radon ( = 2.1 · 10-6 s-1 ). The rate of change of the 
number of radon atoms in the pore volume (N~n) is, multiplying the production term in 
Eq. (3.4) with the radon ernanation factor Tl (the fraction of radon atoms that become 
available for transport) gives 

(3.5) 

Multiplying this equation with the decay constant À and using the relation EVC = ÀN~n' 
where C is the radon-activity concentration in the pore space, results in: 

dG =-.XC+ T/PÀCRa. 
dt E 

(3.6) 

The second term at the righthand side of Eq. (3.6) is defined as the radon production term 
S (Bqm-3s-1 ): 

(3. 7) 

This generation rate may he divided into three terms, Sa, Sw and S8 , reflecting the erna
nation of radon atoms into the air-filled pore parts ("'a), water-filled pore parts ( "'w) and 
solid surface ( "'s). Therefore we have the relation: 

pÀCRa 
S=(T/a+T/w+T/&) =Sa+Sw+Ss• 

E 
(3.8) 

3.3 Radon transport 

3.3.1 Diffusion 

Ditfusion in isotropie media is based on the hypothesis that the ra te of transfer of a diffusing 
substance through an unit area F (m-2 s-1 ) is proportional to the concentration gradient 
measured normalto this area, i.e. Fick's law: 

F = -DVC, (3.9) 

where D (m2 s-1 ) is the bulk ditfusion coeffi.cient. 
In termsof the bulk flux ofradon activity j: (Bqm-2 s-1 ) caused by diffusion, we may 

write 
(3.10) 

where the subscript dis a reference to diffusion and Ca is the radon activity concentration 
(Bqm-3 ) in the air-filled pore space. We assume that radon transport in the liquid phase 
is negligible over a distance that is much larger than the grain size. But actually, for 
porous materials the bulk ditfusion coefficient D can he written as 

(3.11) 

in which Ta and T w are so called tortuosity factors of the material for transport in the 
air and liquid phase and where Da and Dw are the ditfusion coeffi.cients of radon in air 
and liquid, respectively. The tortuosity factors account for the effect of the tortuous path 
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of radon atoms in the materiaL Etfectively the result is a smaller ditfusion coefficient 
(0 < r ~ 1, further in this report r is used to specify ra)· For wet soil there is ditfusion 
in the air-filled pore space as well as in the water-filled pore space. This means that D 
will decrease with increasing moisture saturation. Theoretica! developments to describe 
the moisture dependenee of the bulk ditfusion coefficient are hampered by the number of 
parameters involved. In [Ro91b] an empirica! relation between diffusion coefficient and 
moisture saturation is stated. 

3.3.2 Adveetion 

Gases in soil can be displaced by bulk movement of the soil air phase in response to 
differences in air pressure. These pressure differences can be induced by wind, rainfall, 
temperature and ventilation effects. Here we assume only ventilation, e.g. that the soil gas 
moves in response to pressure differences imposed at the boundaries. For the magnitude 
of the pressure gradients applied in the radon vessel ( < 20 Pa per meter), Darcy's law 
( equation of motion for a porons medium) may be used: 

- kr'! q = --vp, 
JL 

(3.12) 

w here q is the bulk flux of soil gas ( m 3 m- 2 s - 1 ), k the intrinsic permeabili ty of the medium 
(m2 ) and JL the dynamic viscosity of air (1.83 ·10-5 Pas). The equation of continuity for 
flow through a porons medium is [Bi60]: 

(3.13) 

where Pa is the density of air. Since in the radon vessel experiments the pressure differences 
over the sand column are less than 40 Pa (0.04% of atmospheric pressure), the air can be 
considered incompressible, e.g. Pa is independent of p. Then, combining Eqs. (3.12) and 
(3.13), results in: 

V'. (k\i'p) = 0. (3.14) 

Later, Eq. (3.14) will be used in the derivation of the time-dependent equations for radon 
transport. The bulk flux of radon activity j: (Bqm- 2 s-1 ) caused by adveetion is obtained 
by multiplying Eq. (3.12) with the radon activity concentration: 

(3.15) 

3.4 Time-dependent equations for radon transport 

The formulation as presented in this sectionis based in a large part on [An92b] and [An93]. 
It is assumed that the partition of radon between the gas phase, liquid phase and radon 

adsorbed on the solid phase of the pore space is permanently in equilibrium. From Henry's 
law we can write for the liquid-vapor partitioning: 

(3.16) 
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where Cw (Bqm-3 ) is the radon activity concentration in the liquid (water) phase and 
L is the Ostwald coeffi.cient ( dimensionless form of Henry's constant). L is 0.26 at 20°C. 
A table of L as function of temperature can he found in [An92b]. The amount of radon 
adsorbed on solid surfaces in pores is also linear proportional to the radon concentration 
in the gas phase: 

(3.17) 

where Cs (Bq kg-1 ) is the adsorbed radon concentration and ka (m3 kg-1 ) the radon 
surface-adsorption coeffi.cient. This coeffi.cient depends on soil type and moisture satura
tion. Data presented in [Ro91a] shows that adsorption is negligible for dry coarse sand, 
although values up to 1 for ka were measured for sand with activated charcoal. Further
more the adsorption coeffi.cient will decrease with increasing moisture saturation [Ro91a]. 

We assume that transport of radon in the liquid phase over a distance larger than the 
grain size is negligible. Effectively this means that we take Dw = 0. This assumption is 
only valid when soil is only partly moisturised and most transport takes place in the gas 
phase. The derivation hereafteris not valid for soils having a high pore-water content. For 
these soils, the (spatial) distribution of gas and liquid phases in the pores and probably 
also the kinetics of the phase partitioning must be taken into account in the derivation of 
time-dependent equations for radon transport. 

Consicier a volume (V) of soil, much larger than the volume of soil grains, in which we 
have soil grains, pore water, pore gas and solid surfaces in the pores. We may write for 
the radon concentration in the water phase in the volume V: 

which may be written as: 

Vw &Cw _ VP S _ Vw >..C 
v at - v w v w, 

&Cw éw& = ESw - EwÀCw· 

For radon adsorbed on solid surfaces we have: 

(3.18) 

(3.19) 

(3.20) 

where C8 is the adsorbed-radon concentration (Bq kg- 1 ). Finally for radon in the air-filled 
pore space we can write, using conservation of mass within the volume V: 

(3.21) 

With Eqs. (3.8), (3.16) and (3.17), Eqs. (3.19), (3.20) and (3.21) can be combined into one 
equation for radon transport in the gas phase: 

(3.22) 

where the quantity f3 is the partition-corrected porosity, de:fined as: 

(3.23) 
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and J (Bqm- 2 s..:. 1 ) specifies the bulk radon-activity flux: 

- - - k j =ia+ id = -Ca-'VP- D'VCa. 
J..L 

(3.24) 

Thus, in full detail, Eq. (3.22) is written as, using Eq. (3.14): 

8Ca k 
(3~ =ES- (3>-.Ca +-'\lp· 'V Ca+ V· (D"Y'Ca)· 

ut J..L 
(3.25) 

If the soii is homogeneous and dry, and if adsorption may he negiected, Eq. (3.25) is 
simplified into: 

8Ca k 
~ = S- >.Ca+-'\lp· 'V Ca+ V· (De 'V Ca)· 
ut EJ..L 

(3.26) 

Here we have introduced the e:ffective di:ffusion coefficient De that can he written as: 

(3.27) 

Ditfusion length 

Another variabie that is often used is the di:ffusion length of radon in soil. The physical 
meaning of this variabie can best he eiucidated with the following example. 

Suppose we have a semi-finite column of dry (no adsorption), homogeneous sand and 
no pressure gradients inside the sand pores. Then, in one dimension and in equilibrium, 
Eq. (3.26) reduces to, 

(3.28) 

where z is the space variable. If the concentration at z = 0 is zero and the sand column 
extends from z = 0 to z = oo, then the solution of this di:fferential equation for z 2 0 is: 

(3.29) 

where l is the di:ffusion length: 

(3.30) 

The di:ffusion length is the charaderistic distance travelled by the radon atoms during one 
half-life 
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Chapter 4 

Analytica! ditfusion model 

To interpret measurements of radon concentration as a function of time and height in 
the radon vessel, a model has to he availab~e. In this chapter the salution of the time
dependent ditfusion equation derived in the previous chapter with houndary conditions 
applicahle to radon exhalation from dry, homogeneaus porous materials will be discussed. 
In this analytica! model the effect of a flow through the porous material is not taken into 
account and the effect of moisture is also not included. The latter can he introduced by 
means of using 'effective' coefficients in the differential equations [Ro91h]. The equations 
were solved by using Laplace-transformations. 

4.1 Experimental set-up and boundary conditions 

The one-dimensional analytica! ditfusion model can he applied to experimentalset-ups that 
are comparable with the KVI radon vessel. Schematically Fig. 4.1 shows such a set-up, 
consisting of a soil column of height h inside a closed (hesides for possible leakage at the 
top) cylinder leaving an air column of height d above the sand. 

Diffusive radon transport in a dry and homogeneaus soil is described by Eq. (3.26) 
without the advective term. In one dimension this is represented by 

( 4.1) 

where, for convenience, the notation C is used for the radon-activity concentration in the 
air space of a pore insteadof Ca· To find a unique salution of Eq. (4.1), it necessary 
to apply two boundary conditions and one initial condition. The bottorn of the vessel is 
impermeable for radon. This means there will be no radon flux at z = 0. The flux of radon 
is proportional to the concentration gradient (Eq. (3.10)). Consequently this results in the 
following boundary condition: 

oC- 0 
{)z - ' z = 0; t > 0. (4.2) 

There is a halance in the steady-state situation between the exhalation and the loss of 
activity due to decay and ventilation (leakage ). If there is imbalance, the activity concen
tration at the interface ( z = h) will change with time, according to the following boundary 
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leak 

z = h+d 
air 

Z=h 

Z=Ü 

Figure 4.1: Schematic presentation of a radon vessel as used in the 1D analytica! 
diffusion model. 

condition 
IJC EDeoC 
Bt = -d OZ - (..\ + Àteak)C, Z = h; t 2: 0. (4.3) 

Here we assume that the concentration just inside the pores of the material is the same as 
in the volume above the sand column ( continuity condition) and that gas in this volume 
is completely mixed. As an initia! condition, we have several possibilities. The fust one 
that will be considered in Section 4.2 is 

c = 0, 0 ::; z ::; h; t = 0. (4.4) 

fu Section 4.3 a solution will be given when C at t = 0 is equal to the equilibrium 
concentration with d = oo. fu that case we can write for the initia! radon concentration: 

C = ~ ( 1 _ cosh( f)) . 
À cosh( ~) 

(4.5) 

4.2 Solution when C = 0 at t = 0 

The method of Laplace transformation (see [Cr56, p. 17-22]) is used to find the concen
tration as a function of time and height. Suppose f(t) to be a known function of t for 
positive values of t. Then the Laplace transfarm f(p) of f(t) is defined as 

00 

f(p) = J e-pt f(t)dt, (4.6) 
0 
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where p is a number su:ffi.ciently large to make the integral ( 4.6) converge. The Laplace 
transform of the differential equation ( 4.1) is then 

00 00 00 00 

J e-ptac dt = D I e-pta
2
c dt- À! e-ptCdt + J e-PtSdt (4.7) 

at e az2 . 
0 0 0 0 

Integrating the fust term in Eq. ( 4. 7) by parts we have 

00 00 

I e-pt ~~ dt = [ce-ptl: +pI ce-ptdt = -Cit=O +pC= pC, (4.8) 

0 0 

since Clt=O = 0 due to initial conditions. Further, if we assume that the order of differ
entiation and integration can he interchanged, we may write the second term in Eq. ( 4. 7) 
as: 

00 00 
2 2 2-

D 
I 

-pt a cd - n a j c -ptd - n d c 
e e az2 t - e az2 e t - e dz2 . 

0 0 

The transform of the constant production rate S is 

Using Eqs. (4.8), (4.9) and (4.10) in Eq. (4.7) we find 

- d2 C - S 
pC= De-d 2 - .\C + -. 

z p 

Similarly the transformed boundary conditions ( 4.2) and ( 4.3) are 

and 

dG - = 0, z = 0, 
dz 

- dG -
pC = -b- - .\iC, z = h. 

dz 
In which the dummy variables b and Ài have been introduced as: 

b _EDe 
- d ' 

( 4.9) 

(4.10) 

(4.11) 

( 4.12) 

(4.13) 

(4.14) 

The general solution C of the differential equation ( 4.11) consists of the sum of a 
particular solution c part and the solution eh om of the homogeneous differential equation: 

- - - s 
C = Chom + Cpart =A cos(kz) + B sin(kz) + p(p + .\) (4.15) 

with 

( 4.16) 
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The variables A and B can he found from boundary conditions {4.12) and {4.13). After 
some algebra this gives 

s 
A= -p(p+ .\)(cos(kh)- P~\; sin(kh)); B = O. 

So the salution of Eq. ( 4.11) is 

with 

C = S _ S cos( kz) 
p(p+ ,\) n(p) 

n(p) = p(p + .\)( cos(kh)-~ sin{kh)). 
p +Ai 

( 4.17) 

{4.18) 

{4.19) 

The final step is to calculate the inverse transformation of C. In general ( see [ Cr56, p .21]), 
it may he stated that if a transfarm y has the farm 

- f(p) 
y = g(p)' ( 4.20) 

where f(p) and g(p) are polynomials in p which have no common factor, the degree of f(p) 
being lower than that of g(p ), and if 

( 4.21) 

where at, a2 , ••• , am are constants which may he realor complex but must all he different, 
then the function y(t), which transfarm is y(p), is given by 

y(t) = t f(ar) ea,.t. 
r=l g'( ar) 

( 4.22) 

Here g'( ar) denotes the value of d~:) when p = ar. Eq. ( 4.22) still holds for m = oo. The 
justification of this assumption involves the theory of functions of a complex variabie in 
order to carry out a contour integration and can he found in [Ca59]. 

Using Eq. ( 4.22) we find for the fust term on the right-hand side of Eq. ( 4.18): 

C s ( -Àt) o=~ 1-e . ( 4.23) 

The subscript j in the solutions Cj refers to the corresponding term of the series in Eq. 
(4.22). Since the salution (4.23) does not refer toa term in Eq. (4.22), the subscript 0 
is used. The denominator n(p) of the second term at the right-hand side of Eq. {4.18) 
can he written in a farm given by Eq. (4.21) with an infinite number of factors, where 
a1 = 0, a2 = -,\ and a3 •••• , aoo are the p's for which 

(kh) 
_ bk sin( kh) 

cos - \ . 
p +Ai 

( 4.24) 

Using Eq. ( 4.16) this can he written as 

ktan(kh) + Dek2: ,\- Ài = 0. ( 4.25) 
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The k and p values for which Eq. ( 4.25) is valid are denoted by kr and Pn r = 3, 4, ... , oo. 
The subscripts 1 and 2 are for the roots of the fust two terms of n(p): p1 = 0 and 
p2 = ->.. From Eq. ( 4.24) it follows that Eq. ( 4.25) is only valid for k :f. 0 (when the top of 
the cylinder is open (b = 0, d = oo), it is seen that the roots ofEq. (4.24) are kr = x(r- ~), 
r = 3, 4 ... oo ). This means that n(p) only has a single root for p = ->. (k = 0), originating 
from the factor (p + >.). Also the negative values of k are not considered. This is related 
to the complex theory of inverse transformation and devolves on the requirement that p 

and k must have an injective relation ( one to one correspondence ). The requirement that 
the p values for which Eq. (4.25) is valid must all be different, may be checked grafically. 
The derivative of n(p) with respect top is given by 

( 4.26) 

· p(p + >.) sin(kh). 

To find Cj, j = 1, ... , oo, it is necessary to calculate n'(Pr ), r = 1, ... , oo. The solutions 

are, itemised for r = 1, r = 2, and r 2: 3: 

• r = 1, P1 = 0 

In this case k1 = ±i/"f = ±f, where lis the ditfusion length. The salution is 

S ( cosh( f) ) 
C 

1 = - I cosh( ~) + ;,R: sinh( ~) · 
( 4.27) 

• r = 2, P2 = ->. 
Now k2 = 0 and it appears that there are two solutions. One in the case that there 
is no leakage, i.e. Ài = >., and the other one when there is some leakage. (When 
Ài = ). we find the salution by taking the limit for p---+ ->.of Eq. ( 4.18), using Eq. 
(4.16)). We obtain 

C - s (1 5>..,>..; ) -Àt 2-- --- e . 
). 1+..4. 

eh 

( 4.28) 

Physically, it may seem strange that the expression for C2 changes dramatically when 
Ài = >.. But also Eq. ( 4.31) changes completely when Ài = >.. This is related to the 
positive roots of Eq. (4.25): The root closetop = ->. ( smallest k) will disappear 
when Ài = >.. As a result the salution for Ài = ). + E with E ---+ 0 converges to the 
salution for Ài = >., which is required from a physical point of view. 
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• r = 3, ... , oo 
As we only need to know n'(p,.) when Eq. ( 4.25) is satisfied, we can rewrite Eq. ( 4.26) 
as 

, dn(p) 
n (p,.) = --;ïp lp=pr = 

[(
p,. + ..\) (1 + }!!!:___)- h(p,. +..\i)-~] (k h) k b 

p,. p,. + Ài 2De 2b 2 COS ,. ' ,. > O; > O. ( 4.29) 

The relation between k,. and p,. is given by Eq. ( 4.16): 

k2- _p,. + ..\ 
,. - De ' ( 4.30) 

and the solution is given by 

C _ -S ~ cos(k,.z)ePrt 
rest - L....." n' ( ,. ) · 

r=3 p 
( 4.31) 

When the top of the cylinder is open (b = 0, d = oo ), Eq. ( 4.29) can not he used. In 
that case Eq. (4.26) must he used to find values ofn'(p,.). 

4.2.1 Ultimate solution 

The ultimate solution in the case that at t = 0 the radon concentration is 0, consists of 
the sum ofEqs. (4.23), (4.27), (4.28) and (4.31): 

S ( cosh(f) e-Àt Loo cos(knz)eP"t) c - - 1 - - --6À À - ..\ 
- ..\ cosh(!!:) + eD. sinh(l!) 1 + .É.. ' i n'(Pn) ' 

l ldÀi l eh n=1 

( 4.32) 

where kn are given by substituting Eq. ( 4.14) into Eq. ( 4.25), i.e. the positive roots of 

( 4.33) 

and Pn is related to kn by 
( 4.34) 

and n'(Pn) is given by 

'( ) = [( Pn + ..\) (1 Eh) _ dh(Pn + Ài) _ ~] (k h) 
n Pn Pn Pn + Ài + 2d 2ED e 2 COS n ' d -100. ( 4.35) 

In the case that d = oo we have the solution 

C = S ( 1 _ cosh( f) _ ..\ f cos(knz)eP"t) 
..\ cosh( ~) n=l n'(Pn) 

( 4.36) 

with 

k = ~ (n- ~) 
n h 2 ' 

( 4.37) 

and Pn is related to kn, given by Eq. ( 4.34 ). 
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Figure 4.2: Radon profiles as function ofheight and time in the sand column given by 
Eq. ( 4.32), with De = 3 ·10-6 m 2 s-1 , € = 0.36, d = 0.5 m, h = 2 m, ..\ = 2.1 · 10-6 

s-1 and Ài = 4.2 · 10-6 s-1
• Radon concentration is in units Ï· At t = 0 the radon 

concentration is 0. Radon profiles are given after 1, 2, 3, 5 and 20 days. 

Fig. 4.2 shows radon profiles, calculated with Eq. ( 4.32), of a sand column with para
meters (listed in the figure caption) that are reasonably in agreement with the quantities 
in the radon vessel experiments. For the effective diffusion coe:fficient 3 · 10-6 m 2 s-1 is 
taken. Later, after the fust radon vessel experiments, it became obvious that this was 
about a factor 3 smaller than the effective radon diffusion coe:fficient of the sand inside the 
vessel. 

4.3 Solution when C at t = 0 is equal to the equilibrium 
concentration with d = oo 

In the case that Clt=O :/= 0, according to Eq. (4.8), we obtain an extra term in the trans
formed differential equation ( 4.11 ): 

- d2C - S 
- C(z)lt=o +pC= De-d 2 - ..\C + -. 

z p 
( 4.38) 
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The boundary condition at z = 0 (Eq. ( 4.12)) remains unchanged, but the boundary 
condition at z = h (Eq. (4.13)) changes to 

- dG -
- C(z)it=o +pC= -b dz - ÀiC, z = h; t > 0. ( 4.39) 

The salution is found similarly as in Section 4.2. 
Suppose we have a material in equilihrilllll exhaling into free space ( d = oo) and that 

we enclose the sample at time t = 0, leaving an air space of height d above the top of the 
sand-column. The initial condition for the concentration distribution within the material 
is given by Eq. ( 4.36) in the equilibrilllll state ( t --+ oo ): 

C( ) I _ ~ ( _ cosh( f)) 
Z t=O- 1 h • 

À cosh( y) 
( 4.40) 

The particular solution of Eq. ( 4.38) is given by 

C art=- 1- . - S ( cosh( f) ) 
P pÀ cosh( ~) 

( 4.41) 

Thus, in general, the salution is 

_ _ _ . S ( cosh( f)) 
C = Chom + Cpart =A cos(kz) + B sm(kz) + \ 1- h • 

P"- cosh( y) 
( 4.42) 

The variables A and B can he found using the boundary conditions ( 4.12) and ( 4.39). 
After some algebra this gives 

A= Sbtanh(~) ; B=O. 
pÀl((p + Ài) cos(kh)- bk sin(kh)) 

{4.43) 

So the solution of Eq. ( 4.38) is 

-- 1- +-'-"'------'-''-'-:-----'-----'-C 
_ S ( cosh(f)) ~r tanh(~) cos(kz) 

pÀ cosh(~) n(p) 
( 4.44) 

with 
n(p) = p((p + Ài) cos(kh)- bk sin(kh)). ( 4.45) 

With Eq. 4.22 we find for the salution of the fust term on the right-hand si de of Eq. ( 4.44) 
(p = 0 is the only root): 

Co = §_ ( 1 _ cosh( f)) . 
À cosh( ~) 

( 4.46) 

The same as the initial condition. Note that from Eq. ( 4.43) it is seen that A = 0 when 
b = 0 ( d = oo ). In that case Eq. ( 4.46) presents the final solution: the radon concentration 
does not change, as could he expected. This implies that the derivation hereafter is only 
valid for b > 0. 
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The zero's of n(p) are: Pl = 0, and the roots of Eq. ( 4.25), denoted by Pr, r = 2, ... , oo. 
The derivative of n(p) with respect top is given by 

n'(p) = dnd(p) = (2p + Ài + pDbh) cos(kh) + 
P 2 e 

+ ( -bk + ph(p + Ài) + ..J!!!_) sin(kh). 
2Dek 2Dek 

Thus we have the following cases: 

• ". = 1, p = 0. 
The solution is 

S ( 1 ~. tanh( ~) cosh( f) ) c1 =- • h b • h ; 
À cosh( T) + Z>.; smh( T) 

• r = 2, ... , oo; pis a root of Eq. (4.25) (k > 0). 
N ow the solution is 

b = EDe. 
d 

C _ §_ ~ anh(!!_) r~ cos(krz)ePrt 
rest - À l t l ~ n'( r) ' 

r=2 p 

where n'(Pr) is given by 
1 dn(p) 

n (Pr) = ~~P=Pr = 

( 4.4 7) 

( 4.48) 

( 4.49) 

( 4.50) 

[(
Pr + Ài) ( 1 h(pr + Ài)) bh] 

Pr Pr +À -2 - 2b + 1 + 2De cos(krh), kr > 0; b > 0. (4.51) 

The relation between kr and Pr is given by Eq. ( 4.30 ). 

There is however a special case when Ài = À. Then p = -À is a root of the denominater 
n(p), and the limit for p---+ -À (and k ---+ 0) must he taken of Eq. (4.47). When this is 
carried out, it will result in the following solution for p = -À 

C = _§_ (~tanh(~)) e->-t. 
À 1 + e; ( 4.52) 

At fust sight it seems strange that only when Ài = À this expression adds to the .final 
solution. But examining the positive roots of Eq. ( 4.25) shows that the root close to 
p = -À ( smallest k) will drop for Ài = À. 

4.3.1 Ultimate solution 

In summary, the solution for the radon concentration within the material in the case that 
at t = 0 the radon concentration is the equilibrium state with an infinit space above the 
material is the sum of Eqs. (4.46), (4.49), (4.50) (and Eq. (4.52) when À= Ài), which, 
after some rearranging gives: 

C-S( cosh(f) ~tanh(~)e->.tc EDe h(h)~cos(knz)ePnt) 
- - 1 - - u>. >.. + - tan - L...., , 

À cosh(~)+f,&sinh(~) l+e; '' ld l n=l n'(Pn) 

(4.53) 
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Figure 4.3: Radon profiles as function of height and time in the sand column given 
by Eq. ( 4.53), with De = 3 ·10-6 m 2 s-1

, E = 0.36, d = 0.5 m, h = 2 m, À = 
2.1 ·10-6 s-1 and À; = 4.2 · 10-6 s-1

• Radon concentration is in units Ï· At t = 0 
the sand column is covered with a lid leaving an air column of 0.5 m above the sand, 
and the radon concentration profile is the equilibrium state with d = oe. Profiles 
are given 1, 2, 3, 5 and 20 days after enclosure. 

where kn are the positive roots of 

and Pn is related to kn by 

and n'(Pn) is given by 

1 [(Pn +À;) ( 1 hd(pn +À;)) Eh] 
n (Pn) = Pn Pn +À -2 - 2EDe + 1 + 2d cos(knh), b > 0. ( 4.54) 

Fig. 4.3 shows radon profiles, calculated with Eq. ( 4.53), of a sand column with the 
same parameters as used to calculate the profile in Fig. 4.2. At t = 0 the sand column, 
previously in the equilibrium state, is enclosed, leaving an airspace of height 0.5 m above 
the sand. 
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Chapter 5 

N urnerical metbod 

5.1 Introduetion 

In the previous chapter an analytica! salution for radon transport was derived for ho
mogeneous soil without advection. However, measurements with the radon vessel under 
advective conditions have also been carried out so that a model that includes adveetion 
is needed to interpret these measurements. At the moment analytica! solutions of the 
equilibrium state in case of combined adveetion and diffusion that treat the radon vessel 
with the pressurebox as a one-dimensional set-up are available. 

In this chapter we will focus on a numerical method to solve the radon transport 
equation (Eq. (3.25)). The reason for this numerical approach is twofold: 

1. Although analytica! solutions provide more insight in the problem; the derivation 
can he very complex and minute. As a result it is limited to simple set-ups. Another 
consequence is that finding a salution for set-ups with position dependent variables, 
for example the diffusion coefficient or the partition-corrected porosity (Eq. ( 3.23) ), 
is a non-trivial task. 

2. Since in reality the radon vessel is a three-dimensional object, one and two dimen
sional solutions are only approximations of the real situation. But two-dimensional 
calculations are expected to represent the real situation in a better way. The nu
merical recipes presented in this chapter will he used in a lD ( chapter 6) and 2D 
( chapter 7) numerical method. 

5.2 Method of finite differences 

The numerical method used to solve the radon-transport equation is based on the finite
difference approach (An84]. In this approach, the continuous problem domain is 'dis
cretised' so that the dependent variables are considered to exist only at discrete points. 
Derivatives are approximated by differences resulting in an algebraic representation of the 
partial differential equation (PDE). 

One of the fust steps to he taken is to replace the continuous problem domain by a 
finite-difference meshor grid. Suppose we want to solve a PDE for which U( x, t) is the 
dependent variable. Then the (x, t) plane will he divided in a two dimensional grid (j, n), 
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Figure 5.1: Finite-difference grid. 

see Fig. 5.1, with j = 0 the left boundary and j = J the right boundary; n refers to 
t = ntlt, n ~ 0. In this section we will assume that the grid spacing is uniform. Later, 
the appropriate equations are derived for a non-uniform grid that is used in the model. 
Toeach value of j corresponds a value Xj· Also, toeach value of n corresponds a value tn. 
Grid-spacings are tlx and ilt. 

Further, we introduce the following shorthand notation: 

(5.1) 

where k and I are integers. A Taylor-series expansion for U(xj + ilx,tn) about U(xj,tn) 
gives: 

aU a2U (ilx)2 
U(xj + ilx,tn) = U(xj,tn) + ax lz;,t,.ilX + ax2l:z:;,t .. -2- + .... (5.2) 

From this we can form the 'forward' difference: 

(5.3) 

Switching now to the shorthand notation, we have 

au u~+l- u~ 
axlz;,t .. = J tlx J +O(ilx), (5.4) 

where we have used the order of ( 0) notation. Also the 'backward' difference can he found 
from the Taylor series expansion: 

giving: 

(5.6) 
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We can substract Eq. (5.5) from Eq. (5.2) and obtain the 'central' difference: 

!:Iu ur:- 1- ur:- 1 
_u I . = J+ J- 0(~ )2 
8x x,,t,. 2~x + x . (5. 7) 

We can also add Eq. (5.5) and Eq. (5.2) to obtain an approximation to the second deriva-
tive: 

(5.8) 

These types of fini te differences could also have been made inthet-direction and it should 
be emphasized that in the above only a few examples were given of the possible ways in 
which fust and second derivatives can be approximated. 

lt is convenient to utilise difference operators to represent finite differences. We have 
forward, backward and central operators for application in the fust derivative: 

~iUj Uj+l- Uj 

VjUj ur:-- ur:- 1 J J-

5jUj Uj+l - UJ"-1 

For application in the second derivative we have: 

(forward), 

(backward), 

( central). 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

The operators defined in the above are used for spatial derivates. Similar difference 
operators for time derivates can he defined. For example the forward operator with respect 
to time is given by: 

(5.13) 

5.3 Finite-difference schemes 

In this section several finite-difference schemes for solving the ditfusion equation and the 
adveetion equation will he discussed. Each scheme has its advantages and disadvantages. 
Based on these properties of difference schemes a most suitable methad for the problem 
at hand can he chosen. This procedur~ is foliowed since the 2D-model is constructed 
in such a general way that each of the schemes contemplated hereafter can he applied. 
The flexibility of the 1D-model is somewhat less since the approach used in this model 
is somewhat different. (In the 1D-model we make use of the requirement of continuity of 
radon flux at each gridpoint. In doing so, it is not necesarry to apply special boundary 
conditions at interfaces between two different media.) 

5.3.1 Finite-difference schemes for the diffusion equation 

The explicit, implicit and an intermediate form of finite-difference presentations and their 
(dis )advantages will he present ed. 

31 



Explicit method 

In a finite-difference approach the ditfusion equation ( derived from Fick's law: F = - D ~~ 
and using conservation of mass) 

(5.14) 

may he written as 
~nUj 8}Uj 
-s;t = D (~x)2" (5.15) 

If all Uj are known at any time tn, Eq. (5.15) enables Uj+l to he calculated directly ( that is, 

explicitly). Thereafter Uj+ 2 can he calculated from Uj+1 and so on. The advantage of this 
methad is that programmingis easy and computing times are short. A main disadvantage 
is that, using Eq. (5.15), this numerical methad is only stabie when 2D~t::; (~x )2 [Ca69] 
( stability of finite-difference schemes is discussed in section 5.3.2). This means that if a 
a finer grid-spacing is choosen (~x small, giving a better approximation of the PDE) the 
maximum allowed time step will he smaller too. In the case of a non-uniform grid, the 
maximum time step will he determined by the smallest ~x, which could result in a large 
computing time. 

Another point of consideration is that the value Uj can only he infl.uenced by Uj±1
1 

and Uj- 1 • Physically Uj is determined from all Uj's at time level n- 1. 

lmplicit method 

The implicit method avereames both these di:ffi.culties at the expense of a more com
plicated calculational procedure. It consists of representing the second derivative by a 
finite-difference farm evaluated at the advanced point of time tn+l, instead of tn. The 
difference presentation of Eq. (5.14) then becomes 

~ U>:t s~u~+l 
n J J J 

-s;t = D (~x)2 . (5.16) 

lt is concluded [Ca69] that the implicit methad is unconditionally stable, thus regardless 
the ratio of ~t and (~x )2 • The disadvantage is that the value Uj+l can not he calculated 
directly. With the implicit methad a number of linear equations (as much as grid points) 
has to he solved. Each equation ( except at the boundaries) describes the relation between 
three adjacent points. As a consequence the matrix for this system of linear equations is 
tridiagonal, and Thomas algorithm (Appendix 1) is used to solve this system. 

Intermediate implicit method 

Bath the explicit and implicit methods just described lead to truncation errors of O[~t + 
(~x )2]. To obtain 0( ~t )2

, we may write, using Eq. ( 5. 7), for the derivative ~~ at the 
half-way point (j,n+~): 

(5.17) 
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For the approximation of the second derivative with respect to x a weighed mean at the 
time levels n and n + 1 may be taken: 

ä2U B8~un+I + (1- B)82Un 
I J J J J 

äx2 Xj ,tn+9 = ( .ó.x )2 + ... ' (5.18) 

where the value B is anywhere in the range 0 :::; B :::; 1. The resulting finite-difference 
approximation is: 

(5.19) 

For e = ~we have the so called Crank-Nicolson Method (also referred to as 'time-centred'). 
With this method the truncation error is O[(.ó.x) 2 + (.ó.t)2]. This is the only value of e at 
which the approximation (5.19) is second-order accurate in time. (For some combinations 
of B, D and grid spacing, the truncation errorinspace ofEq. (5.19) may be offourth order 
or even of sixth order [ An84]. However, since in the roodels a non-uniform grid is used, 
these combinations may only occur for some of the grid points). It can he shown that the 
discretisation scheme (5.19) is unconditionally stabie for ~ :S B :S 1 [Ca69]. Note that for 
e = 0 we have the explicit scheme (5.15) and for e = 1 it is the same as the total implicit 
scheme (5.16). For 0 < B < ~ the explicit scheme dominates; a tridiagonal matrix must be 
solved and, for stability, the maximum allowed time step is limited. 

To have a large flexibility, Eq. (5.19) is implemented in the 2D-model and the value 
e can he chosen by the user. Consiclering the properties of the schemes discussed, it is 
recommended to apply a value of B between ~ and 1. 

5.3.2 Finite-difference schemes for the adveetion equation 

An adveetion equation is of the type 

äU äU 
8t + c äx = 0; c > 0. (5.20) 

Eq. (5.20) describes a wave propagating in the positive x direction with a velocity c. There 
are numerous finite-difference schemes for this equation, but since in our problem we have 
combined diffusion and advection, the scheme descrihing adveetion ought to he 'compa
tible' with the scheme used for diffusion. This means for example that if a total implicit 
scheme is used to represent the diffusion of radon, the scheme for the adveetion of radon 
also has to he total implicit and vice versa. The only flexibility we have here is the finite
difference scheme of ~~. In section 5.2 three schemes were presented for the fust derivative: 
the forward, backward and central finite-difference schemes (Eqs. (5.4), (5.6) and (5.7), 
respectively ). In case the schemes give different solutions, the one that represents the real 
solution (of some known test case) the best may he prefered. To decide which scheme 
to take, some charaderistics of finite-difference schemes will be outlined fust. The terros 
discussed are stability, dissipation and dispersion. 

Stability 

The stability of a numerical method describes the growth of errors while computations are 
being performed. The type of stability analysis discussed is called Fourier or N eumann 
analysis [ An84]. 
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A numerical solution, at some time level n, can he regarcled as the exact salution 
( which would he obtained with a computer with infinite accuracy, thus not the analytica! 
solution) plus errors due to round-off. These round-off errors influence the salution at time 
level n + 1; thus introduce extra errors at that time level. A stabie scheme prevents these 
errors from growing during the computation steps whereas an unstable scheme does not 
have this property and the errors may grow larger, which eventually might blow up the 
solution. 

Stability analysis of a finite-difference scheme is performed by substituting an initia! 
salution in the scheme and calculate how much the salution will differ from this initial 
salution aft er one time step. The initia! salution (in space) is assumed to he composed 
of waves with different frequencies. For example, if we have a grid with 5 grid points 
and the distance between the fust and last grid point is L, then three waves are possible 
with wavelengths 2L, L and ~L. The analysis examines the growth of the amplitude of 
each of these waves and the results are lumped in the amplification factor G, which is 
the amplitude at the new time level divided by the amplitude at the initial time level as 
a funetion of the frequency of the initia! wave. If the absolute value of the amplification 
factor for some frequency is larger than 1, the solutions ( or errors) having this frequency 
will grow. On the other hand, if G < 1 for some frequency, the error will remain limited. 
The criterium for stability is that G must he equal or smaller than one and in general the 
amplification factor is a function of the frequency of the initia! wave, of the grid spacing 
ó.z, ó.t and, in case of the adveetion equation, of c. Performing such an analysis for the 
finite-difference approximations of the adveetion equation with the three possible schemes 
for the fust spatial derivative shows that a forward scheme is unstable ( assumed that 
the grid on the z-axis is defined such that the grid-point index j changes positively in 
the positive z-direction). But if c would he smaller than 0, i.e. a wave propagating in 
the negative z-direction, a backward scheme is unstable. For this reason we speak about 
an upwind ( or upstream) scheme when the fust spatial derivative at point j involves the 
adjacent grid point from which the wave will propagate. Central and upwind schemes are 
stable, but still have different effects on the numerical solution. In order to judge which one 
is preferabie under what circumstances, two other properties of finite-difference schemes 
will he discussed. 

Dissipation and dispersion 

All finite-difference schemes are approximations of the partial differential equation they 
represent and introduce a truncation error for which we used the order of ( 0) notation. 
These truncation errors actually exist of a number of terms with different derivatives. 
The consequence for the salution will he elucidated on the basis of one finite-difference 
approximation of the adveetion equation. Befare giving this approximation, we return to 
the backward finite-difference scheme in space, Eq. (5.6), which can he written as: 

Uj- Uj_ 1 aU 82U (ó.z) 
Ó.z = {)z l:z:;,t,.- /)z2l:z:;,t,.-2- + .... (5.21) 

In the same way the forward scheme for the time derivative can he written as: 

u~+l- U"!-
J J 

ó.t 
(5.22) 
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The approximation ofEq. ( 5.20) with an explicit finite-difference scheme with backward 
differencing for the spatial derivative and forward differencing for the time derivative is: 

u~+ 1 - ur:- ur:- - un 
3 .ó. 3 + c 3 3

-
1 = O·, c > 0. 

t .ó.x 
(5.23) 

Substitution of Eqs. (5.21) and (5.22) in Eq. (5.23) gives the equation that is solved exactly 
with this approximation: 

aU aU .ó.t a2U c.ó.x a2U 
at + c ax = -2 at2 l:~:j,tn + -2- ax2 l:~:j,tn + .... (5.24) 

The left-hand side of this equation corresponds to the adveetion equation and the right
hand side is the truncation error which is generally not zero. The significanee of terros 
in the truncation error can be more easily interpreted if the time derivative terros are 
replaced by spatial derivatives. To replace ~

2

tV by a spatial derivative term, we take the 
partial derivative of Eq. (5.24) with respect to time. The resulting expression is added to 
the expression obtained from taking the partial derivative of Eq. (5.24) with respect to x, 
multiplied by -c. The final result is: 

a2U a2U 
at2 l:~:j,tn = C

2 ax2 l:~:j,tn + O[.ó.t + .ó.x]. (5.25) 

Substitution of this second derivative with respect to time in Eq. (5.24) gives 

aU+ eau=(- c
2
.ó.t + c.ó.x) a

2UI . t + ... 
at ax 2 2 ax2 :~:,, n • 

(5.26) 

This is the partial differential equation which is actually solved when the finite-difference 
method (Eq. (5.23)) is applied to the adveetion equation (5.20). The right-hand side of 
Eq. (5.26) is the truncation error (which contains second and higher-order terms, but the 
latter were not calculated precisely in the derivation above) since it represents the difference 
between the original PDE and the finite-difference approximation to it. The lowest-order 
term of the truncation error in the present case contains the partial derivative ~:f{ which 
makes this term similar to damping ( or diffusion, but this is confusing since the term 
'diffusion' is also used for the combined effect of dissipation and dispersion, see further). 
Damping tends to reduce all gradients in the solution and the effect, which is the direct 
result of even derivative terros in the truncation error, is called dissipation. Another effect 
of numerical schemes is called dispersion, that is the direct result of the odd derivative terros 
which appear in the truncation error. As a result of dispersion, phase relations between 
various waves are distorted (the phase velocity of the waves is a function of frequency). 
For example if at t = 0 we have a block-form as initial condition ( composed of waves with 
different frequencies ), the adveetion equation describes that this block-form would travel 
undistorted with velocity c. A finite-difference scheme with mainly dispersion will show 
wiggles in the solution aft er some time-steps. If the scheme mainly shows dissipation, these 
wiggles will be smoothed as well as the whole solution. Figure 5.2 illustrates the effects of 
dissipation and dispersion on the computation of such a discontinuity. 

A parameter frequently used in the analysis of the behaviour of finite-difference ap
proximations of the adveetion equation is the Courant number v: 

.ó.t 
v=c- . 

.ó.x 

35 

(5.27) 



(a) (b) (c) 

Figure 5.2: Effects of dissipation and dispersion. (a) Exact solution. (b) Numer
ical salution distorted by dissipation errors. ( c) Numerical salution distorted by 
dispersion errors. 

With reference to stability analysis, the amplification factor G is aften written as function 
of (among other variables) the Courant number. Further, it is seen that thesecond-order 
term of the truncation error in Eq. (5.26) is zero when v = 1 (keeping track of higher
order terms reveals that these are all zero when v = 1 and the adveetion equation is solved 
exactly; but when the grid spacing is non-uniform, this will never occur since v is not 
constant over the grid in that case). The amplification factor and the truncation error 
are related in the sense that dissipation corresponds to an amplification factor which is 
smaller than unity. A decrease of G is accompanied by an increase of the even derivative 
terms in the truncation error. Dispersion errors are not related to the magnitude of the 
amplification factor. 

Properties of finite-difference approximations at hand for the adveetion equa
tion 

In the section on approximations of the ditfusion equation, it was concluded that an im
plicit scheme is favourite above an explicit scheme, whether total implicit or time-centred. 
Therefore, since in our problem we deal with combined di:ffusion and advection, schemes 
with B between ~ and 1 are stabie for the advective part of the partial di:fferential equa
tion. As a result, in principle, an infinite number of schemes is possible. In view of the 
stability criterium, only schemes with B = ~ or 1 will be considered. Moreover, it was 
concluded in the farmer section that for the spatial derivative a central or upwind scheme 
ought to be used. The two possibilities for bath time and space di:fferencing, results in 
four finite-di:fference schemes for the adveetion equation. 

In the following, the 4 possible schemes are itemised with, shortly, their specific prop
erties. Extended information can be found in (An84]. In Chapter 7 we will discuss which 
scheme under what circumstances is preferabie for our problem. 

lmplicit upwind: The discretisation scheme is 

ó.nUTf VjUT}-+1 
--

3 +c 3 =0; 
êl.t ó.x 

error O(ó.x + tl.t], (5.28) 
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and the factor for the second space derivative in the truncation error is 

c~x 
-

2
- (1 + v). 

From this it is seen that for large Courant numbers this method introduces a lot of 
dissipation. With respect toradon transport, the dissipation might he more than the 
physical diffusion. The amplification factor is close to 1 for very low wave numbers 
( this is valid for all schemes discussed) but decreases rapidly for higher wave numbers. 
At high Courant numbers the decrease of G is very fast. 

In general, with respect to the behaviour of finite-difference schemes, the fust term 
in the truncation error (in this case a second-order term) is dominating above the 
other terms. Expressions for the magnitude of third and higher-order terms can he 
found in [ An84] 

Time-centred upwind: The discretisation scheme is 

~nUj V'iUj+l + V'iU} 
~+c 2~x =0; error O[~x + (~t)2 ], ·. 

and the factor for the second space derivative in the truncation error is 

c.ó.x 
2 

(5.29) 

Here the dis si pation is independent of the time step (Courant number) applied in the 
numerical process. But still, a high velocity ( c) might give much dissipation. The 
amplification factor does not differ much with the implicit upwind method. Only it 
will stay closer to unity for high Courant numbers. 

ImpHeit space centred: The discretisation scheme is 

.ó.n Ur:< ó i ur:+I 
--

3 +c 3 = O· 
.ó.t 2.ó.x ' 

error O[(.ó.x )2 + .ó.t], 

and the factor for the second space derivative in the truncation error is 

~c2 .ó.t. 
2 

(5.30) 

Depending on the velocity and time step, dissipation might he present. The am
plification factor is close to unity for very low and very high wave numbers. For 
intermediatewave numbers and Courant numbers larger than 0.1, the amplification 
factor is small. 

Time centred; space centred: The discretisation scheme is 

.ó. Ur:t ó·U:'+l +ó·Ur:t 
~ +c 3 3 3 3 = 0; 

.ó.t 4.ó.x 
(5.31) 

In this casethereis no even space derivative in the truncation error; the leading term 
contains a third derivative. The factor for this term is: 
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As a result this scheme has no dissipation, only dispersion. The amplification factor 
is 1 for all Courant numbers. 

In this chapter we have shortly outlined the basics of the method of finite differences. 
In the next chapter, on the lD-model, the numerical method is based mainly on the 
principles of finite-differences, but a slightly different approach is used to represent the 
governing PDE. Therefore, much of the characteristics of the schemes described above can 
not he applied directly to the lD-method. On the other hand, in the 2D-model, schemes 
are applied that are nearly identical to the schemes discussed in this chapter. Consequently 
a discussion of what type of scheme to use, is left to Chapter 7 in which the 2D-model is 
present ed. 
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Chapter 6 

lD numerical model 

In this chapter a finite-ditference approximation of the one dimensional form of Eq. ( 3.25) is 
presented. After rearranging terms and using C insteadof Ca for the radon concentration 
in the air filled part of a pore, this equation may be written as 

äC ä äC k dp äC 
(3- = -(D-) + ---- (3>..C +ES. 

Öt Öz Öz J.L dz Öz 
(6.1) 

Solutions are found with appropriate boundary and initia! conditions. To keep the appli
cability of the model as general as possible, soil parameters in Eq. (6.1): radon production 
term S (Bq m-3s- 1 

), permeability k (m2), partition corrected porosity (3, porosity E and 
bulk ditfusion coefficient D (m2 s-1 ) need not be constant but may be functions of z. 

6.1 Discretisation procedure 

In Fig. 6.1 a schematic drawing of the radon vessel is shown. Schematically it is the same 
as used in the analytica! ditfusion model in Chapter 4, only with the pressure box added. 
For numerical calculations a grid was established on the domain 0 ~ z ~ h with only 
grid points in the area where soil is present. One grid point represents the whole pressure 
box. In Fig. 6.1 the grid spacing is uniform, but this is not a requirement; the 1D-model 
presented hereafter is also valid for a non-uniform grid. Each grid point is numbered using 
the counter j; j = 0 denotes the grid point at z = 0 and j = J denotes the grid point at 
z = h. Consequently there are J + 1 grid points. Each volume containing soil between 
2 adjacent grid points is parameterised by the soil parameters S, k, (3, E, D and the grid 
spacing ó.z. This means that each of these volumes is homogeneons and as a result the 
soil parameters are also indexed. The soil parameters and the grid spacing for the volume 
between grid points j and j + 1 are indexed by j. For example D 5 corresponds to the 
ditfusion coefficient for the soil between grid points 5 and 6. In the same way the grid 
spacing Ó.Zj is the distance between grid points j and j + 1. 

On the other hand, the radon concentration Cj and the pressure Pi are calculated 
precisely at the position of the grid points; n is used to index the time step. 
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Figure 6.1: Schematic presentation of the radon vessel used in the 1D numerical 
model. 

6.2 Finite-difference schemes 

6.2.1 Calculation of the pressure field 

The factor of the fust spatial derivative in Eq. (6.1) contains the pressure gradient. Con
sequently, since the soil can be inhomogeneous, the pressure field must be calculated fust. 
This is carried out using the 1D-form of Eq. (3.14): 

:z ( k ~~) = 0. (6.2) 

Notice that Eq. (6.2) states that the air flow k~~ must be constant. Using this requirement, 
a finite-difference scheme for Eq. (6.2) is: 

kj-l(Pj- Pi-d kj(Pi+l- Pj) 
-=----_:__:~-=----:....:.. - = 0. ( 6. 3) 

azj-l azj 

The pressure is prescribed at the top of the pressure box and at z = h. At z = 0 there is 
no flow and we have P1 = P0 • This system of equations is tridiagonal and the unlmowns 
Pj are calculated with the Thomas algorithm (see Appendix). 

6.2.2 Calculation of the radon concentration 

In the derivation of the finite-difference scheme a slightly different approach is used than 
presented in Chapter 5. This approach is based on the requirement that the bulk radon flux 
must he continuous. With this method it is not needed to apply special finite-difference 
schemes at interfaces between two different media. (Each points it treated as a boundary 
between two media, also when soil parameters do not change). 
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Scheme for radon transport inside soil 

Consider the grid points j - 1, j and j + 1 with soil type A between the points j - 1 and j 
and soil type B between points j and j + 1. Then this continuity requirement implies the 
following condition for t > 0: 

( 6.4) 

N ote that the bulk radon flux caused by adveetion ( C kV' p) is not involved in this equation 
since the calculation of the pressure field is based on the continuity of k\i'p. 

Further, for the diffusion term in Eq. (6.1) we can write for medium A using Taylor 
expansion: 

&
2
C I 2Dj-1 ( &C ) 

Dj-1 &z2 A= (~zj_ 1 ) 2 Cj-1- Cj + ~Zj-1 a:;- IA + O(~z), ( 6.5) 

and for medium B: 

(6.6) 

With these equations and applying the general approach for the time differencing ( com
parable with Eq. (5.19)), we obtain for the finite-difference scheme ofEq. (6.1) in medium 
A: 

f3 
Cj+1- Cj- () 2Dj-1 (cn+1 cn+l &Cl ) 

j-1 ~t - (~Zj_t)2 j-1 - j + ~Zj-1 Bz A,tn+l 

( B) 2Dj-1 (en en ~ &Cl ) ()kj-1&pl &Cl + 1- (dzj_1)2 j-1- j + Zj-1 &z A,t,. + ---;;,- &z Aaz A,t,.+ 1 

+ (1- B) k~1 ~~IA~~ IA,t,.- Bf3j-1>..cj+1 - (1- B)f3j-1>..Cj + Ej-1sj-1· (6.7) 

In a similar way the finite-difference scheme in medium B is obtained: 

(6.8) 

These two schemes can he coupled by using the continuity of radon flux. For this purpose, 
since we are dealing with two time levels, Eq. (6.4) is rewritten such that both time levels 
are used: 

(6.9) 

By substituting for the two terms between brackets in Eq. (6.9), as can he obtained from 
Eqs. (6.7) and (6.8), the final result is: 
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A· ) D kj-1( ) 2 j-1 + -- Pj- Pj-l , 
J.L 

(6.11) 

2Djfj.Zj-l kj-1 (P ) 
Ij. - -- i- Pj-1 . 

Zj J.L 
(6.12) 

All the variables at the right-hand side in Eq. (6.10) are known at a certain time tn (At 
t = 0 initia! values for the radon concentration must be given) and again we have an 
system of equations that is tridiagonal. The truncation error in Eq. (6.10) is Q(!j.z) 2 when 
grid spacing is uniform. From Eqs. (6.5) and (6.6) the truncation error might be expected 
to be fust order in space, but keeping track of fust-order errors during the derivation will 
show that these will cancel. Further, for 0 = 0.5, the truncation error in time is Q(!j.t)2 • 

Scheme for the grid point representing the bottorn of the vessel 

The bottorn of the vessel is impermeable for radon and a boundary condition must be 
applied for this grid point (j = 0). At this position we have no radon flux, or: ~~ = 0. 
According to Eq. (6.6) we have the following approximation for the second derivative for 
t > 0: 

(6.13) 

With this equation the finite-difference scheme is obtained directly from Eq. (6.1) without 
the adveetion term because, as was already discussed, there is also no air flow at the 
bottom. The result is: 

Cn+1 (/3 20Dojj.t 0/3 ..\/j. ) cn+1 (- 20D0 jj.t) = 
o o + (fj.zo)2 + o t + 1 (!j.zo)2 

en (/3 _ 2(1- O)Dojj.t _ (1 _ 0)/3 ..\Ij. ) en ( 2(1 - 8)Dojj.t) 
o o (jj.zo)2 o t + 1 + (jj.zo)2 . (6.14) 

Disadvantage of this scheme is that the truncation errorinspace is 0( /j.z ). This is one 
of the two grid points ha ving this property ( the truncation error for the grid point that 
represents the pressure box is also fust-order accurate) but the effect on the solution is 
likely to be small regarding the fact that the second spatial derivative of the solution at 
this position will he small. 
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Scheme for the grid point representing the pressure box 

The pressure box is treated as a cavity in which the radon concentration is instantaneously 
mixed; the radon concentration is the same everywhere inside the box. For this reason 
the pressure box can he represented by one grid point. The change of radon concentration 
inside the box is determined by the rate at which the air flow enters and leaves the box, 
the radon concentration of the incoming air, radioactive decay of radon and fluxes caused 
by diffusion. 

Suppose grid point jP represents the pressure box and having medium B above the 
box and medium A under the box, then we have the following equation for the radon 
concentration inside the pressure box: 

(6.15) 

where dbox (m) is the thickness of the pressure box, f (m s-1
) ( = ~ :~) the flow rate of 

the incoming and outgoing air, C0 (Bqm-3 ) the radon concentration of the incoming air 
and À ( s-1 ) the decay constant of radon. The derivation of the finite-difference scheme for 
Eq. (6.15) is straightforward. Again using the general approach for the time differencing 
and replacing ~:iA by backward and ~: iB by forward finite differences (see Eqs. (5.6) and 
(5.4)) the final result is: 

(6.16) 

Although this scheme involves three grid points, the truncation error in space is O[.ó.z] 
since the fust spatial derivative of the radon concentration at this grid point need not 
he continuous, especially when an air flow is induced. To obtain second-order accuracy a 
difference scheme that include more than three grid points is necessary. Disadvantage in 
that case is that the matrix that represents the system oflinear equations in not tridiagonal. 
Extra calculations have to he performed in order to make the system tridiagonal after 
which Thomas algorithm can he used. Adaption of the programme for the 1D-model could 
be carried out. On the other hand the 2D-model, to he presented in the next chapter, 
gives a better representation of the real situation inside the radon vessel. For this reason 
impravement of the 1D-model was not a priority and adaptions were postponed. 

Scheme for the grid point representing the surface of the soil column 

At the top of the soil column in the radon vessel, radon can escape into the pseudo crawl 
space. For this cavity we have the boundary condition: 

ac ac 
7ftdcr = -ÀidcrC- DJ-1 aziA, (6.17) 
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where der (m) is the height of the crawl space, Àï (s-1 ) the decay constant of radon plus 
leakage of the crawl space and A is a reference to the soil at the surface. From Eq. (6.17) 
it is seen that the advective radon flux is nat considered. This is due to the fact that 
the amount of radon that enters the crawl space is the same as the amount of radon that 
leaves the crawl space (bath caused by advective fluxes only). 

To maintain a second-order truncation error it is nat allowed to use a simple 2-point 
backward di:fference scheme for the fust derivative. This time a 3-point formula is used 
[An84]: 

(6.18) 

This equation is only valid when l:izJ_ 2 = l:izJ_ 1 (program takes care of this) and when 
soil parameters do not vary in these last two grid spacings. With this approximation 
accurate in second order, the final re sult for point J is directly derived from the boundary 
condition Eq. (6.17): 

(6.19) 

This is the last equation in the whole system of linear equations that has to he solved. 
However, this system is nat completely tridiagonal since the last equation describes a 
relation between CJ, CJ-1 and CJ- 2 • Therefore, the last two equations in the system, 
i.e. the equations for grid point J - 1 and J, are combined such that the fust non-zero 
coeffi.cient in the last row of the matrix that describes the system will become zero. Then 
the matrix is tridiagonal and again Thomas algorithm is used. 

Some remarks concerning the use of these schemes 

A peculiar point of interest is that for certain values of D, grid spacing and velocity of air 
(~~~), the variables Aj orBjin Eq. (6.10) can become zero or close to zero. This may 
cause a division by zero or overflow error during the computation. However, during our 
calculations this never accured and smallest values of Aj or Bj observed were in the order 
of 10-16 and did nat stop the computation. 

A useful parameter which arises when solving equations desribing combined di:ffusion 
and adveetion is the mesh Reynolds number defined by 

cl:iz 
Reaz = D' (6.20) 

where cis the velocity of the air flowing through the sand column. This non-dimensional 
parameter gives the ratio of adveetion to di:ffusion and is often refered to as the Peelet 
number. When Reaz > 1 adveetion dominates above di:ffusion and the numerical behavior 
of the finite-di:fference scheme is mainly determined by the advective part. 
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In view of using this parameter it is seen that Aj or Bj can hecome exactly zero when 
ReAz = 2. When this occurs Eq. ( 6.10) hecomes, in principle, upwind. lt is hard interpret 
the consequences for the numerical solution, especially because () may he chosen anywhere 
between 0 and 1. Testing of the scheme showed that, using () = 0.5, the scheme produces 
oscillations when ReAz > 2. These wiggles are physically not possihle for radon transport 
and a requirement during the use of the models was that oscillations were not allowed, 
although the exact effect on the solution of small wiggles was not studied. These tests were 
carried with a block-form as initial profile for the radon concentration. The classification 
of this test can be called 'severe' since for radon transport such situations are not likely 
to occur. When () = 1, the scheme does notproduce oscillations for any value of ReAz· 
Although this is only the case when the air velocity is large, i.e. the dissipation makes the 
solution smooth. When air veloeities are very low (no dissipation) and also the diffusion 
is very low ( wiggles in the solution are not damped), the scheme with () = 1 also produces 
oscillations. 

Consiclering the radon vessel experiments, where the air veloeities are small ( 1 - 40 
J.Lm s- 1 ) and the diffusion coeffi.cient is in the order of 10-6 - 10-5 m 2 s-1 , there is actually 
no need to worry about computational oscillations in the solution. 

6.3 Comparison with analytica! solutions 

Analytica! solutions obtained with the method described in chapter 4 were compared 
with numerical solutions. These were the only time-dependent solutions available. When 
adveetion is present, only analytica! solutions are available of the equilibrium state. These 
solutions were also compared. 

6.3.1 Time-dependent diffusive radon transport 

As mentioned before, the one-dimensional analytica! model can he applied to experimen
tal set-ups that are comparable with the radon vessel of which Fig. 4.1 is a schematical 
presentation. It consists of a sand column of height h inside a closed cilinder leaving an air 
column of height d above the sand. Only diffusive radon transport is modelled. At t = 0 
the radon concentration is assumed to he 0. Fig. 4.2 shows radon profiles calculated with 
this analytica! model. These profiles were also computed with the numerical method at 
several different grid spacings, time steps and values of B. In Table 6.1- 6.4 the deviation 
(per cent) from the analytica! salution is present ed. 

Each table contains three groups of 4 rows. A group refers to one grid point in space. 
The upper group indicates the grid point at the bottorn (z = 0 m), the middle group the 
central grid point (z = 1 m) and the last group the grid point at the top of the sand 
column (z = 2 m). The columns indicate the time and refer to 1, 2, 3, 5 and 20 days after 
t = 0. The rows in each group denote the time step at which the numerical calculation was 
carried out. Row 1 - 4 respectively indicate a time step of 10, 100, 103 and 104 seconds. 
The values in Table 6.1 are computed with a grid spacing of 0.01 m. The grid spacing for 
the values obtained in Table 6.3 is 0.02 m and in Table 6.4 it was 0.04 m. All values in 
these three tables are computed with () = 0.5. Table 6.2 gives values for () = 1 and grid 
spacing 0.01 m. From the data in these tables the following is concluded: 
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6.z = 0.01 rn () = 0.5 
6.t ( s) T = 1 day T = 2 days T = 3 days T = 5 days T = 20 days 

at bottorn 
10 0.00014 0.00038 0.00046 0.00049 0.00043 

100 0.00014 0.00038 0.00046 0.00049 0.00043 
1000 0.00018 0.00033 0.00040 0.00045 0.00043 

10000 0.064 -0.0043 -0.0053 -0.0034 0.00021 
in middle 

10 0.00093 0.00086 0.00080 0.00073 0.00059 
100 0.000938 0.00086 0.00080 0.00073 0.00059 

1000 0.00071 0.00077 0.00075 0.00070 0.00058 
10000 -0.020 -0.0084 -0.0046 -0.0026 0.00036 

at top 
10 0.015 0.0074 0.0049 0.0032 0.0019 

100 0.016 0.0074 0.0049 0.0032 0.0019 
1000 0.016 0.0074 0.0050 0.0032 0.0019 

10000 0.078 0.015 0.0068 0.0013 0.0016 

Table 6.1: Relative deviation ( ·10-2 ) frorn analytica! solution for 6.z = 0.01 mand() = 0.5. 
Soil parameters and geornetry as in Fig. 4.2. The positions bottorn, middle and top 
correspond to z = 0, 1 and 2 rn. 

~z = 0.01 rn B=1 
6.t ( s) T = 1 day T = 2 days T = 3 days T = 5 days T = 20 days 

at bottorn 
10 0.0013 0.0016 0.0015 0.0012 0.00048 

100 0.012 0.013 0.011 0.0078 0.00092 
1000 0.12 0.12 0.10 0.073 0.0054 

10000 1.13 1.17 1.01 0.71 0.050 
in middle 

10 0.0026 0.0020 0.0017 0.0014 0.00063 
100 0.018 0.012 0.010 0.0074 0.0010 

1000 0.17 0.11 0.094 0.068 0.0056 
10000 1.62 1.12 0.90 0.65 0.051 

at top 
10 0.014 0.0079 0.0057 0.0040 0.0020 

100 0.0087 0.013 0.013 0.011 0.0026 
1000 0.051 0.069 0.090 0.086 0.0093 

10000 0.58 0.60 0.82 0.80 0.076 

Table 6.2: Relative deviation ( ·10-2 ) from analytica! solution for 6.z = 0.01 m and () = 1. 
See also Table 6.1. 
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• The truncation errorinspace is practically O(.ó.z) 2• This can beseen by camparing 
the errors at different grid spacing at small time steps. 

• According to theory the truncation error in time for () = 0.5 is O(.ó.t) 2 • The data 
does not give a decisive answer. The overall truncation error is probably largely 
determined by the grid spacing. From data with () = 1 it is concluded that the 
truncation error in time is 0 ( .ó.t). 

• The errors increase with increasing grid spacing and time step. As long as the ratio 
(~~); < circa 30, the solution is hardly improved by decreasing the time step. A 
strange phenomenon is that at grid spacing .ó.z = 0.04 relatively good results are 
obtained with the largest time step (104 s ). 

• Using () = 0.5 gives better results than using () = 1. 

• Errors are largest at the top of the sand column. This is not surprising since at 
that position the solution is most curved ( second spatial derivative is largest at this 
position). Also at the top we see that the error decreases as function of time, while 
at the bottorn it is more or less the reverse. 

• Quantitatively it can be stated that, when using a grid spacing of 0.01 m and a 
time step smaller than 103 seconds, the relative error ( with respect to the analytica! 
solution) is smaller than 2 · 10-4 for times in the order of one day, while at larger 
times, when the equilibrium state is ahnost reached, the relative errors are smaller 
than 2 · 10-5 • Such deviations are completely acceptable. 

6.3.2 Advective and diffusive radon transport, equilibrium state 

Analytica! solutions of the equilibrium state for combined diffusive and advective radon 
transport are available [Va93d] for the set-up shown in Fig. 6.1 with no lid (der = oo ). 
In Fig. 6.2 the radon profiles are presented for several air flows entering the pressure 
box. Solutions found with the numerical method ahnost exactly reproduce the solutions 
obtained with the analytica! procedure. In Table 6.5 the deviation (per cent) between 
the analytica! and numerical results are presented for several air flows at three different 
positions: at the bottom, in the pressure box and in the middle of the vessel. In these 
calculations the grid was not uniform; grid spacing varied from 0.1 mm near the bottom, 
the pressure box and the top of the sand column to 1 cm in the middle of the vessel. The 
total number of grid points was 234. From the data in Table 6.5 it is concluded that 

• The numerical results deviate more for higher air flows, assuming that the analyti
ca! results are correct. There are some difficulties involved in the calculation of the 
radon concentrations in the analytica! case. One of them is that a (small) system 
of equations must be solved numerically. Also, it was observed that an analytica! 
salution could not be obtained for air veloeities larger than approximately 20 J.LID ç 1 

( corresponding with a pressure in the pressure box of approximately 10 Pa and an 
air flow of 4 L min-1 ). 

• The highest mesh Reynold number is approximately 0.03 at the air flow of 1.6 
L min-1• Consequently diffusion is dominating over adveetion for all air flows tested. 
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~z = 0.02 rn 8 = 0.5 
~t (s) T = 1 day T = 2 days T = 3 days T = 5 days T = 20 days 

at bottorn 
10 0.00055 0.0015 0.0018 0.0019 0.0017 

100 0.00055 0.0015 0.0018 0.0019 0.0017 
1000 0.00059 0.0014 0.0017 0.0019 0.0017 

10000 0.0045 -0.0031 -0.0039 -0.0019 0.0014 
in middle 

10 0.0036 0.0034 0.0031 0.0029 0.0023 
100 0.0036 0.0034 0.0031 0.0029 0.0023 

1000 0.0034 0.0033 0.0031 0.0028 0.0023 
10000 -0.017 -0.0058 -0.0022 -0.00041 0.0021 

at top 
10 0.061 0.029 0.019 0.012 0.0077 

100 0.061 0.029 0.019 0.012 0.0077 
1000 0.061 0.029 0.019 0.012 0.0077 

10000 0.12 0.036 0.021 0.010 0.0073 

Table 6.3: Relative deviation (·10-2
) frorn analytical solution for ~z = 0.02 rn and 8 = 0.5. 

See also Table 6.1. 

~z = 0.04 rn 8 = 0.5 
~t (s) T = 1 day T = 2 days T = 3 days T = 5 days T = 20 days 

at bottorn 
10 0.0022 0.0059 0.0072 0.0077 0.0068 

100 0.0022 0.0059 0.0072 0.0077 0.0068 
1000 0.0022 0.0059 0.0072 0.0077 0.0068 

10000 0.0061 0.0012 0.0015 0.0038 0.0066 
in middle 

10 0.014 0.013 0.012 0.011 0.0092 
100 0.014 0.013 0.012 0.011 0.0092 

1000 0.014 0.013 0.012 0.011 0.0092 
10000 -0.0064 0.0042 0.0072 0.0081 0.0090 

at top 
10 0.24 0.11 0.077 0.050 0.030 

100 0.24 0.11 0.077 0.050 0.030 
1000 0.24 0.11 0.077 0.050 0.030 

10000 0.30 0.12 0.079 0.048 0.030 

Table 6.4: Relative deviation ( ·10-2) frorn analytical solution for ~z = 0.04 rn and 8 = 0.5. 
See also Table 6.1. 
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• Although a fine grid spacing was applied near the pressure box, still the highest 
errors occur at this position. 

• Quantitatively it can he stated that the errors relative to the analytica! salution are 
in the order of 10-5 - 10-4 • These errors are completely acceptable. 

lt was observed that, when using a uniform grid with grid spacing 1 cm, the deviation was 
ah out 3 percent. Especially refinement of the grid near the pressure box gi ves much better 
results. This is an indication that the truncation error in space for the grid point that 
represents the pressure box is larger than for the other points. Time step used during the 
computation was 3600 s and () was 0.5. The equilibrium salution is not very sensitive to 
the magnitude of the time step (in fact, a time step of about 50 days immediately produces 
this solution). Also changing to () = 1 does nothave a large infl.uence. Extreme variations 
of the time step or applying values for () between 0.5 and 1 introduce relative errors smaller 
than 0.02 percent ( with the adapted non-uniform grid). 

The largest air flow employed inthetest is 1.6 L min-1 , but air flows up to 104 L min-1 

are still possible to calculate with the numerical model. In Section 5.3.2 four different 
schemes for the adveetion equation were discussed. With () = 0.5 the advective part of 
the scheme (6.10) is (at very large flows) time centred and resembles the space centred 
scheme ( only in the sense that it is certainly not upwind). Consequently, when adveetion 
is dominating, dispersive errors may blow up the solution. This is observed when using 
intermedia te and small timesteps. At large timesteps this does not occur, but the salution 
is highly unstable and does not converge. On the other hand the salution is much more 
stabie when () = 1 and when not too small time steps are used. But then dissipation 
is probably larger than the physical diffusion and the salution may not reflect the real 
situation. 

Since these large air flows were not introduced in the radon vessel experiments, the main 
problem of the numerical model is the truncation error for the grid point that represents 
the pressure box. As already discussed, this can be solved by using a five-point scheme for 
this grid point. The time schedule for the present investigations did not allow to work this 
possibility out. The adaption of the program will probably he carried out in the future. 

Another problem is that the air enters the pressure box in the centre, but leaves it 
through the whole area of the perforated plates. Thus the air flow inside the box will not 
only he in the z-direction. Radon is carried with this air flow from the central axis of the 
vessel. In order to model this a 2D-model is necessary, as discussed in the next chapter. 
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Figure 6.2: Radon profiles as function of height at several air flows entering the pres
sure box. Profiles are obtained from analytica! or numerical solutions (bath methods 
give almast the same results ). Values for parameters used: De = 3 ·10-6 m 2 s-1 , E = 
0.36, f3 = 0.36, d = oo, h = 2 m and À = 2.1 · 10-6 s-1 . The pressure box is situ
ated between z = 0.2 mand z = 0.23 m. Radon concentration is in units Ï· Values 
at the profiles ind.icate the air flow in liters per minute. 

air flow (1 min-1) at the bottorn in pressure box in the middle 
0 0.0044 0.0045 0.0026 

0.1 0.0061 0.0063 0.0034 
0.2 0.0069 0.00ï2 0.0033 
0.4 0.0075 0.0080 0.0025 
0.8 0.0090 0.010 0.0023 
1.6 0.010 0.014 0.0040 

Table 6.5: Percentual deviation of numerical solutions from analytica! solutions. Most of 
the radon profiles tested are presented in Fig. 6.2. 
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Chapter 7 

2D numerical model 

In this chapter a 2D finite-difference model will he outlined, mainly based on difference 
schemes and techniques presented in Chapter 5. The 1D-model made use of the continuity 
of radon flux. Regarding extra diffi.culties accompaning the two-dimensional problem, it 
becomes more complicated to apply this method, which proved to give good results in the 
1D-model. In the construction of the model the requirement of continuity is considered, but 
with this method restrictions are imposed on the scope of application of the model. These 
constraints, discussed in section 7.2.4 , are not severe but care must he taken when using 
the model. On the other hand it is not necessary to use the continuity of radon flux since 
the differential equation descrihing radon transport is derived based on this requirement. 
Therefore also finite-difference schemes are considered that directly represent this partial 
differential equation. 

7.1 Discretisation procedure 

In Fig. 7.1 a schematic drawing of the radon vessel is presented, as is used in the 2D 
numerical model. A grid is established on the domain 0 :::; z :::; h + d, 0 :::; r :::; R, where 
r denotes the distance from the central axis and R the radius of the vessel. Consequently 
we are dealing with a cylindrical coordinate system. As in the 1D-model, the grid spacing 
need not he uniform. Each grid point is numbered using the counters i and j. In the 
r-direction i = 0 denotes the grid point at r = 0 and i = I refers to the grid point at 
r = R. In the z-direction j = 0 denotes the grid point at z = 0 and j = J refers to the grid 
point at either z = h (for example to model the radon vessel without the lid) or z = h + d. 
Each volume between two adjacent grid points is homogeneaus and is parameterised by 
the radon production term, the partition corrected porosity, the porosity, the permeability, 
the bulk diJfusion coeffi.cient, the decay parameter ( with possible leakage included in case 
that the grid points are situated in the pseudo crawl space) and the grid spacing, either ó.z 
or ó.r. Notice that these volumes have a rather strange form as indicated in Fig. 7.2. The 
parameters in each of these volumes are indexed by (i, j) and have an extra superscript z 
or r to indicate whether they apply to the volume between grid points (i, j) and (i, j + 1) 
or between grid points (i, j) and (i + 1, j), respectively. For example D4 8 denotes the 
diJfusion coeffi.cient for the volume between grid points ( 4,8) and ( 5,8 ). In 'the same way 
the grid spacing Ó.Zj is the distance between grid points (i,j) and (i,j + 1). On the other 
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Figure 7.1: Schematic presentation of the radon vessel, used in the 2D numerical 
model. 

i,j+1 

1,j 

Figure 7.2: Part of the two-dimensional grid established on the r, z-plane presented 
in Fig. 7.1. Indicated are the volumes (rings around the central axis) between two 
adjacent points. The soil present in these volumes is taken to be homogeneous. 

52 



• • 
.. -. -:- -- ------- ~------. --- ----------:--.-----.-. ~ . 

Figure 7.3: Finite-difference grid for the control volume method. 

hand, the radon concentration C~i and the pressure Pi,j are calculated precisely at the 
position of the grid points; n is used to index the time step. 

In contrast to the 1D-model, there are more than one grid points inside the pressure 
box and in the air volume above the top of the sand column. Both volumes are treated as a 
medium (like sand). Consequently, there are no special boundary conditions like Eqs. (6.15) 
and ( 6.17) for the pressure box and the air volume. The grid is set up such that grid points 
are also present precisely at boundaries between two media, at the geometrie boundaries 
z = 0, z = h + d ( or z = h ), r = 0, r = R and at the boundaries of impermeable volumes. 
The ring and also the outer edge of the pressure box, that are metal objects, reflect such 
impermeable volumes. These objects are not treated as a medium, but boundary conditions 
are applied to the grid points at the surface. 

7.2 Finite-difference schemes 

7.2.1 Calculation of the pressure field 

The pressure field is calculated using a so called control volume approach [An84] that is 
more accurate than other methods, especially near boundaries, because it keeps the discrete 
nature of the salution methad in view at all times. In this approach the conservation 
statement is used instead of a Taylor-series expansion of the terms in the governing partial 
differential equation. The problem domain is divided in control volumes (rings around the 
central axis of the vessel) about each grid point. The boundaries of the control volumes 
( called interfaces) are established halfway between adjacent grid points, except at the 
geometrie boundaries and the central axis, where the grid points are not 'inside' the control 
volume but are situated at the boundary itself, see Fig. 7.3. Consiclering the conservation 
of mass we can state that the amount of air that enters a control volume must be equal to 
the amount of air that leaves it. From Eq. (3.12) it is seen the air flux is proportional to 
kV p. This equation is applied at the interfaces of a control volume by assuming that the 
pressure profile between two.adjacent grid points is linear. By multiplying the flux with 
the area (m2 ) represented by the interface, the air volume that leaves or enters the control 
volume through that specific interface is obtained. Summation of the air flows through 
each interface of one control volume must yield zero. 

Consider a grid point (i, j) somewhere inside the problem domain. Then the area Atjl,j 
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(m2) represented by the interface between grid points (i,j) and (i+ 1,j) is given by: 

i+1 j ( 1 ) 1 ( ) A..' = 27r r· + -ó.r· ·- ó.z· 1 + ó.z· l,J l 2 l 2 J- J ' 
(7.1) 

and the radial air flow F/j 1
·j (m3 s-1 ) through this area is written as 

(7.2) 

Proceeding in the same marmer with the other three interfaces, summation of the four air 
fl.ows and multiplying with ~ finally results in: 

( 
,. T;- t.Ó.Ti-1 ) ( ,. T; + t.Ó.T; ) 

Pi-1,j ki-1,j .Ó.Ti-1 (.ó.Zj-1 + .Ó.Zj) + Pi+1,j k;,j .Ó.T; (.ó.Zj-1 + .Ó.Zj) 

(p kt,j -1 p kt,j ) ( ( A A ) } (( A )2 ( A )2 )) + i,J-1 -- + i,j+1- Ti L.J.Ti + L.J.Ti-1 + - L.J.Ti - L.J.Ti-1 
.Ó.Zj -1 .Ó.Zj 4 

( 

r Ti - t.Ó.Ti-1 ,. Ti + t.Ó.Ti) 
-P;,j ki-1,j .6. . + k;,j .6. . (.ó.Zj-1 + .Ó.Zj) 

r,-1 r, 

P ( 
ki,j-1 ki,j ) ( (A A ) 1 ((A )2 (A )2 )) 

- i,j ~ + ~ Ti L.J.Ti + L.J.Ti-1 + - L.J.Ti - L.J.Ti-1 = 0. 
L.>.ZJ-1 L.J.ZJ 4 

(7.3) 

The finite-difference scheme for grid points at the geometrie boundaries or at the surface 
of an impermeable area is derived according to the same procedure. For those grid points 
the size of the surface of the interface between the control volumes will be different. For 
grid points where air enters the radon vessel, i.e. at the center (r = 0) of the pressure box, 
and where air leaves it, i.e. at the surface of the sand column ( or at the top of the air 
column above the sand), the pressure is prescribed (is set at a constant value). 

The system of equations obtained is no long er tridiagonal. N ow each row of the matrix 
descrihing this system contains five non-zero elements and the matrix is said to be penta
diagonal. The diagonal does not contain zero elements. This system of equations is solved 
iteratively, using Gauss-Seidel iteration. This iteration procedure converges when [An84] 

1. The sum of the four elements in a row that are not on the diagonal is smaller than 
or equal to the element on the diagonal in that row. 

2. For at least one row this sum is smaller than the element on the diagonal. 

For all rows in the matrix the fust requirement is valid and the rows refiecting grid points 
for which the pressure is prescribed the only non-zero element is on the diagonal and the 
second requirement is satisfied. The procedure of Gauss-Seidel iteration consists of: 

1. Making initial guesses for all unknows. (Starting with 0 for all u.nknows is allowed) 

2. Solving each equation for the unknown whose coefficient is largest in magnitude (in 
this case that will be the unknown for the diagonal element), using guessed values 
initially and the most recently computed values for the unknows thereafter. 

3. Repeating iteratively the solution of the equations in this manner until changes in 
the unknows become 'small'. 

54 



Mathematically the problem is expressed as 

(7.4) 

an,1P1 + an,2P2+ an,nPn Vn. 

In this system of equations, the pressure P has only one index ( n) to indicate the grid 
point. Since (I+ 1) * (J + 1) grid points are present, this index for the pressure ranges 
from 0 to (I+ 1) * ( J + 1 ). If we index the pressure row by row in the established grid and 
if we have 10 grid points in one row ( r-direction), the only 5 non-zero elements in row k in 
system 7.4 are ak,kl ak,k±1 and ak,k±10 (non-existing elements like a1 ,_9 are assumed to be 
zero). The program-loop in pseudo-Pascal to solve this system using Gauss-Seidel could 
be 

WHILE "some criterium" DO 
FOR k := 1 to n DO 

BEGIN 
New_Fk .- ( Vk - ak,k-1 * Pk-1 - ak,k+l * Pk+l 

-ak,k-10 * Pk-10- ak,k+10 * Pk+to)/ak,ki 

.- Pk + w(New_Fk- Pk)i 

In this short loop the new value assigned to Pk is its old value plus a relaxation parameter 
w multiplied with the change of Pk found with the Gauss-Seidel iteration step. If w > 1 this 
method is called successive over-relaxation and substantially speeds up the convergence 
rate. Optima! values for w observed were about 1.95. 

As a criterium to stop the iteration process, the sum of the absolute deviaton in the 
rows of system (7.4) is regarded. Mathematically it is expressedas 

n n 

total error = L Vk - L ak,l Pz • (7.5) 
k=1 1=1 

Values of the total error used to stop the iteration process during model tests were ap
proximately 10-10 • In these tests the grid contained about 2500 grid points. 

7 .2.2 Introduetion of two space coordinates for time-dependent trans
port 

Regarding only diffusive transport for the moment, it is possible to proceed in a similar 
way as was presented in Section 5.3.1, where Eq. (5.16) gives an implicit fi.nite-difference 
scheme for one dimensional diffusion. Starting from this equation a simple two-dimensional 
scheme for diffusion in Cartesian coordinates and uniform grid would be 

-----'1,"'"3 = D 1 ,,3 + 3 1,3 • 
!),.nUT'. (8?U':'7 1 8~U':'7 1 ) 

/),.t (/)..x )2 ( l)..y )2 
(7.6) 
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Unfortunately, the resulting system of equations is no longer tridiagonal and for example 
Gauss-Seidel iteration is necessary to solve for each time-step. This would result in an 
enormons amount of computing time. For this reason it was decided to focus on the 
alternating-direction implicit (ADI) method. The principle is to employ two difference 
equations which are used in turn. The fust step is a kind of prediction. In one direction 
the discretisation is implicit, in the other direction explicit. The second step interchanges 
both directions, i.e. the direction for which the discretisation was explicit (implicit) in the 
fust step, is implicit (explicit) in the second step. 

Staying with diffusive transport, a homogeneons medium, Cartesian coordinates and 
a uniform grid this two-step scheme, using the general intermediate implicit method (Eq. 
(5.19)), is given by 

step 1: 
ün+l- un 

'&,] '&,] 

At 

step 2: 
un+l- un 

t,J t,J 

At 

The predicted valnes Üi~J 1 , obtained with an implicit discretisation for the J:-direction 
in the fust ADI-step, are used again in the second ADI-step for an explicit discretisation 
in the same direction. This scheme is unconditionally stabie and the truncation error is 
O[(Àt)2 + (ÀJ: )2 + (Ày)2

] [Ca69]. During Step 1, a tridiagonal matrix is solved for each 
row j of grid points and during Step 2, a tridiagonal matrix is solved for each i row of grid 
points. 

Advection, decay and production of radon is simply introduced by adding the corre
sponding difference operators. For example the right-hand side ofEq. (7.7) becomes, using 
a central scheme for the fust derivative: 

i :z: t - n+l n J Y J n 
( 

Dó2 
c ó· ) ( ) ( Dó~ c ó.) 

(ÀJ: )2 + ÀJ: - ,\ BCi,i + (1- B)Ci,i + (Ày)2 + b..y Ci,i + Sï,i• 

in which C:z: and cy are the air veloeities in the J: and y-direction. The expression for the 
second step is straightforward and does not introduce any difficulties. 

7 .2.3 Calculation of the radon con centration 

Since the radon vessel is symmetrie around its central axis, we must find a finite-difference 
scheme for the two-dimensional form of Eq. (3.25) in cylinder coordinates: 

f38C =ES_ f3,\C +'!._(op 8C + 8p8C) + ~ 8 (rD~) + 8 (D~ff:), (7.9) 
at JL 01' ar 8z 8z 1' 01' 8z 

where the 4>-coordinate is omitted. 

Schemes without using the continuity of radon flux 

First, finite-difference schemes are considered that directly represent the partial differential 
equation (7.9). The schemes for the fust three termsin Eq. (7.9) at grid point (i, j) are: 

13
ac 
at 

c~t1 - c'l}. 
~ f3'!'. ~,J t.,J 

t,} b..t 
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j3>..C 
ES!". 

t,J 

::::; f3ij>..r;:jci,j· 
(7.11) 

(7.12) 

In these schemes the index m refers to a weighed mean with respect to the grid spacing. 
For example: 

(7.13) 

if the discretisation is in the z-direction. The same applies for the r-direction. With this 
method it is guaranteed that at a boundary between two media and with a non-uniform 
grid the correct amount of radon is produced ( and decays ). A disadvantage ofthis approach 
is that the production or decay does not take place exactly at the correct position. 

The discretisation of the remaining termsin Eq. (7.9) yields: 

kap ac --- ;:::: 
J.l- ar ar 

kap ac 
;:::: ---

J.l- az az 

1 a (rD~~) 
;:::: 

r ar 

a(D~) 
az 

in which 

F.,. = 
.!_ (ki,;t::..r;-1 (Pï+1,i- P;,;) + k[_1,;ilri(P;,;- Pï-1,;)) 
J.l- t::..r; (t::..r; + t::..r;_t) t::..ri-1 (t::..r; + t::..r;_t) 

-y.,. 

'Yz 

Fz = 
.!_ (ki,;t::..z;-1 (Pï,i+1- P;,;) + kf,;_1t::..z; (P;,;- P;,;-1)) 
J.1- t::..zi (t::..z; + t::..z;-1) t::..z;-1 (t::..z; + t::..z;-d 

t::..r7 = (1 - -y.,. )t::..r; 

t::..r7-1 = -y.,.t::..ri-1 
t::..z-:r 

1 

t::..z]-1 

= 

= 

(1 - 'Yz)l::..z; 

'YzilZj-1 

D":. 1 1 1-~ = ll.."t'iFr - Re.o...,.; 

= 
Di-t,j 1 

- a'"i-tP,. Re.o,..,.i-1 
= 1 

:ÏD~. 
= 1 - ____!,L_ = 1 1 

ll.~;Fz. - Re.o...i 
Di . .z-t = - 1 = Az;_ 1 Fs Re.o,.,. 1 J-1 = 2 

if F.,. > o and Re a.,.; >2 

if F.,. < 0 and Re.o..,.i-1 < -2 

if -2 < Re a.,. <2 

if Fz > 0 and Re.o.zi >2 

if F. < 0 and Re.o.zi_ 1 < -2 

-2 < Re.o.z < 2. 

(7.14) 

(7.15) 

(7.16) 

(7 .17) 

(7.18) 

(7.19) 

(7.20) 

(7 .21) 

(7 .22) 

(7.23) 

(7 .24) 

In these equations the operators 5;, 5r, 5; and 5 z have been defined and are convenient 
shorthand notations for the corresponding difference scheme. F,. and Fz respresent the 
approximated air flow (m s-1 ) at point (i, j) in the r and z-direction, respectively. The 
parameters Ir and 1 z ( refered to as 1) can have val u es between 0 and 0.5, and play a 
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role when adveetion is dominating. This will be discussed later. Further notes consiclering 
these schemes: 

• The difference scheme for fust derivatives is, in fust instance, without consiclering 
the effect of Ir and lz, 'weighed' centraL This means that a weighed mean is taken 
of the forward and backward differencing scheme. Most weight is given to the scheme 
with the smallest grid spacing. With this method a more accurate approximation is 
obtained. 

• The air flows Fr and Fz are calculated with this same method. Although here we 
have the pre-knowledge that k\lp is continuous and both terms at the right-hand 
side in Eqs. (7.18) and (7.19), apart from the weigh-factor, do not differ much. 

• The term reflecting radial diffusion is written in the so called conservative form. The 
non-conservative form would be: 

In [An84] it is discussed that a difference scheme based on the non-conservative 
form may lead to numerical di:ffi.culties in situations where the coe:ffi.cients may be 
discontinuous. The same applies to the diffusion term in the z-direction. 

• In Section 5.3.2 four finite-difference schemes for the adveetion equation were dis
cussed. In the 2D-model, by varying 1 and (), it is possible to obtain all these four 
schemes with their different characteristics. The parameters Ir and lz are used to 
vary the schemes for the fust derivatives of the radon concentration from central 
to upwind. The amount of dissipation depends on the mesh Reynold number ( or 
Peelet number, see Section 6.2.2), time step and on which scheme is being used. 
Dissipation, although unwanted, is necessary at high flow rates to avert oscillations 
which may even blow up the solution. As long as the absolute value of the Peelet 
number is smaller than 2, 1 will be 0.5 and the schemes remain centraL Diffusion 
is dominating and oscillations do not occur. If the Peelet number is larger than 2, 
1 is adapted such that the schemes will become more upwind. As a result these 
oscillations, observed for implicit as well as time-centred schemes, will be damped 
because of the dissipation accompaning upwind schemes. The formulas for Ir and 
lz (Eq. (7.24)) are arbitrary. The consequence of taking these formulas is that the 
'new mesh' Reynolds number will he exactly 2 and oscillations will just not occur. 

In the model, the fust step of the ADI-method is implicit in the r-direction, resulting in 
the final scheme: 

é~+'-C!'. 
t 1. (.l1'n '·1 '·1 s ep . 1-'i,j ;).t 

(7.25) 
c~-!" 1 -C!'. 

t 2. (.l1'n '·1 '·1 s ep . 1-'i,j ;).t 
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Notice that in these two steps the m-index has two different meanings. In the fust ADI
step it concerns a weighed mean in the r-direction, whereas in the second ADI-step a 
weighed mean is taken in the z-direction (see discussion at Eq. (7.13)). 

Schemes using the continuity of radon flux 

In this section the finite-difference schemes will be discussed based on the requirement 
that the radon flux must be continuous. Consequently this method largely resembles the 
method used in the 1D numerical model. However, in the two-dimensional case difficulties 
arise how to employ this requirement. We only found an approximate method how to deal 
with the continuity ofradon flux. (Actually the appropriate procedure would be to add the 
four radon fluxes for one control volume surrounding a grid point and add production and 
decay of radon, which gives an expression for the rate of change of the radon concentra ti on 
~~ within this volume. The operator splitting is applied in a similar way as discussed 
before. However, it was decided to focus on the Taylor-series method mainly because this 
method is described extensively in literature for time-dependent problems.) 

Change of soil parameters in the z-direction 
In the case that soil parameters only differ in one direction, let us say the z-direction, 

a difference scheme is derived based on the requirement that the radon flux caused by 
diffusion is continuous in this direction. Physically, this is a reasonable assumption since 
the diffusive flux in the r-direction will be continuous because soil parameters do not 
change in that direction. This means that we do not have to consider the four fluxes 
surrounding a grid point, but only the two fluxes in the z-direction because the two fluxes 
in the r-direction will cancel ( opposite signs ). Thus, if there is a change in soil parameters 
from medium Az to medium Bz only in the z-direction, we have the boundary condition 
during step 1 of the ADI procedure: 

Df,j-1 ~~ iA•,tn = Df,j ~~ iB•,tn· (7.26) 

In a similar way as was presented inSection 6.2.2, expressionscan be obtained for ~~ IA•,tn 
and ~~ iB• ,tn. Although here, in the fust ADI-step, we must add the normal finite-difference 

schemes for the r-direction to these expressions. So, the expression for ~~ iA•,tn is found 
from: 

(7.27) 

ë~t1 - er:-. 
(3 ~. t,J t,J = (82 + 8,. - (3~ .>,.~ ·) (eë~t1 + (1 - B)Cr:t ·) 

t,J t1t ,. t,J t,J t,J t,J 

(7.28) 
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Substitution ofEqs. (7.27) and (7.28) in the boundary condition Eq. (7.26) gives the finite
difference scheme for the fust AD I-step for grid point (i, j). Note that there arealso special 
schemes for boundary points. For example at the edge of the vessel (r=R), the radon flux 
in the r-direction must be zero. In that case a Taylor-series expansion is carried out that 
includes the boundary point and the adjacent grid point in the r-direction with the pre
knowledge that ~~ = 0. The further derivation of the scheme is similar to the method 
described above. 

In the second step of the ADI procedure, which is implicit in the z-direction, we make 
use of the boundary condition with a weighed mean of the two time levels ( similar to Eq. 
(6.9)): 

Df,i- 1 (o~~ IA•,t,.+ 1 + (1- O)~~IA•,t,.) = Df,i (o~~IB•,t,.+ 1 + (1- O)~~IB•,t,.). 
(7.29) 

Again, the expressions for the terros between brackets is found with similar procedures. 
For example the fust term is obtained from: 

c~t1 -C:t. ( ) 
!3 '!'. '·1 

'·
1 = (62 + 6 ) oé~t 1 + (1 - O)C"'!- · t,J-1 flt I' I' t,J t,] 

(7.30) 

Change of soil parameters in the r-direction 
If there is a change in soil parameters (from medium A~" to medium B~") in the r

direction, we start with the non-conservative form of the radial diffusion term in homoge-
neous soil: 

la (rD 8c) D aC a2C _ ar = __ + D--. 
r ar r ar ar2 

(7.31) 

The term ~~ ~~ disappears since the Taylor-series expansion is in medium A~" or B~", i.e. 
we deal with a homogeneaus soil volume. The boundary condition during both ADI-steps 
is: 

I' ( aë ac ) I' ( aé ac ) 
Di-1,j 0 ar IA",tn+l + (1- 0) ar IA",t,. = Di,j 0 ar IB",tn+l + (1- 0) ar IB",t,. . 

(7.32) 
The expres si on for the fust term between brackets ( the one for the second term is found 
with a similar procedure) in the fust AD I-step is obtained from: 
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(7.33) 

and in the second ADI-step the expression for the fust term between brackets in Eq. (7.32) 
is obtained from: 

c~+l- cr:t. 
f3 r t,J t,J - (82 + 8 f3r .Àr ) (cn+l en ) 
i-l,j fl.t - z z - i-l,j i-l,j i,j + i,j 

(7.34) 

This completes the derivation of the finite-difference scheme in which the continuity of 
radon .flux is being applied. Final :finite-difference schemes have not been given, mainly 
because the derivation is straightforward. 

Treatment of the boundary points 

At impermeable boundaries we demand that the radon .flux in the direction perpendicular 
to this boundary must be zero, mathematically expressed as ~~ = 0 or ~~ = 0. The Taylor 
expansion contains two grid points for this direction and consequently the truncation error 
is 0(/l.z) or 0(/l.r). At corners we have ~~ = 0 and ~~ = 0. The central axis (r = 0) is 
treated as an impermeable boundary in the r-direction. At this position we assume that 
If ~~ = 0, although actually a singularity is introduced by the radius r in the denominator. 
Further we assume that the grid points situated at angular points (at the corner) of an 
impermeable object can be regarcled as normal grid points, having an adjacent grid point 
in each direction. The latter procedure is only an approximation of the real situation and 
it was observed in some tests that it may lead to errors if advective transport is dominating 
at those grid points. 

7.2.4 General remarks concerning the use of the 2D-schemes 

1. The question arises whether to use the scheme that describes the PDE directly 
(method 1) or the scheme that is derived based on the continuity of radon flux 
(method 2). There are two points for attention concerning the second method: 

• The second method can not be used if soil parameters change in both directions 
at a certain grid point (i, j). During initialisation of the model, care must be 
taken to avoid the preserree of such grid points. 

• Essentially, the differencing scheme for the fust derivative is ( similar to) central 
and it is not possible to change it into an upwind scheme. Therefore, oscillations 
may occur when the Peelet number is larger than 2. 
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When diffusion is dominating (Peelet number smaller than 2), tests have shown that: 

(a) Both methods are identical when soil parameters only varyin the z-direction. 

(b) The solution of the two methods slightly differ (relative error in the order of 
10-4 ) when soil parametersvaryin the r-direction. This is probably related to 
the extra term If ~~ for radial diffusion and to the absence of the term D ~~ 
at time level n + 1 in the boundary condition Eq. (7.32) (i.e. the condition of 
continuity of diffusive flux only ineludes the old and predicted situation; not 
the final situation after one time step). 

From this we can draw the following conelusions: 

• The affirming results of both methods is an indication that they are correct. 

• It is a matter of taste which method to use as long as the Peelet ( mesh Reynolds) 
number is smaller than two. 

• It is recommended not to use the second method when the Peelet number is 
larger than 2 (at that particular grid point). 

2. When advective transport dominates, we have an upwind scheme in case of the fust 
method. These type of schemes are characterised by relatively large dissipation and 
damping of unwanted oscillations. The time-centred upwind scheme, however, does 
not damp oscillations at Courant numbers (Eq. ( 5.27)) higher than approximately 
10 ( this is very for radon transport, but may occur at the centre of the pressure 
box). In these situations it is recommended to use a total implicit scheme. Disad
vantage is that this scheme introduces even more dissipation but theoretically, all 
oscillations are damped and it is expected that at all magnitudes of the time step, 
the solution is smooth. Unfortunately, insome situations, this is not the case for the 
two-dimensional scheme. The cause of this is not understood completely. Probably 
the preelietion made in the fust step of the ADI-procedure deviates too much from 
the eventual salution found in the second step. 

We may conelude that if oscillations occur under advective conditions, this can be 
suppressed by the following countermeasures: 

(a) Changetoa total implicit scheme (0 = 1) and if this does not help: 

(b) Reduce the time step until the oscillations disappear. 

It should be emphasised that these countermeasures are only effective if the pressure 
field was calculated accurately enough. 
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Chapter 8 

Results, conclusions and 
recollllllendations 

In this chapter the results will he presented of model calculations of radon transport in 
the radon vessel with the lD and 2D numerical model. These calculations are compared 
with measurements of the radon concentration in the sand at the central axis of the vessel. 
Based on this comparison conclusions will he drawn. Before model calculations could he 
carried out, it was necessary to ohtain values of the ernanation factor and the tortuosity of 
the sand presently inside the vessel. These parameters were derived from an analysis with 
the analytica! diffusion model presented in Chapter 4. The procedure used to determine 
these parameters will he outlined. 

8.1 Determination of the ernanation factor and the tortu
osity 

Initially it was planned to measure the ernanation factor (and lateralso the tortuosity) of 
the sand inside the vessel with independent measurements. The ernanation factor can be 
measured with an exhalation meter, developed at the KVI. A description of the instrument 
and the methad to determine the ernanation factor are decrihed in [Va92h]. In short: this 
instrument consists of a closed volume with a sample inside of which the ernanation factor 
is to he determined. Radon atoms will escape from the sample and the ionised radon 
progeny that are produced in the decay are electrostatically collected on a foil just in front 
of a solid-state detector. The count ra te is a measure for the radon concentration inside 
the volume. From this radon concentration the ernanation factor can he calculated if the 
radium concentration is known (e.g. from 1-ray spectroscopy ). With this instrument the 
radon ernanation factor of the sand presently in the radon vessel was determined several 
times. This resulted in an average value of approximately 0.13. However, the experimental 
data of the radon vessel experiments could not he reproduced with this ernanation factor. 
These experiments readily indicated an ernanation factor of at least 0.2. For this reason 
it was decided to ignore the results of the experiments with the exhalation meter for the 
time heing. At the moment measurements are in progress and planned to examine the 
cause of this discrepancy. 

Further, it is planned to measure the tortuosity of the sand in an independent expe-
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riment. The principle of this measurement is that the electrical conductivity of a sand 
column saturated with a saline solution depends on the tortuosity ( due to the path elan
gation of the ions in the solution). The construction of this instrument is in progress, so 
that for the fust model calculations it was unevitable to rely on the value of the tortuosity 
determined from a radon vessel experiment itself. Consequently two parameters, the tor
tuosity and the ernanation factor, had to he determined before model calculations could 
he performed. 

In Chapter 4 an analytica! expression was derived for diffusive radon transport in 
which the radon vessel was treated as a 1D set-up. This analytica! model describes the 
radon concentration as a function of time and height without adveetion and with an initial 
condition that the radon concentration is zero at every height. Also an expression was 
derived with another initial condition, but this situation is not considered in the radon 
vessel experiments. In Table 2.3 an overview of the measurements with the radon vessel is 
given. In the measurements of type 1, starting from an initally zero radon concentration, 
the ingrowth of the radon concentration in the vessel without the lid was determined 
without adveetion as a function of height ( the nine probes) and time. The analytica! 
expres si on (Eq. ( 4.53)) was fitted to the experiment al data. For this purpose the radon 
concentration was considered as a function of time for each probe individually because the 
radon concentration at a position close to the bottorn reaches a higher concentration in 
equilibrium than at a position closer to the top of the sand column [Va93c] . Thus, nine 
fits, in which the tortuosity r and the ernanation factor "' were the two parameters to he 
determined, were produced for the nine probes. Each fit gives values for r and "'and the 
resulting average values for the ernanation factor and the tortuosity are ( already given in 
Table 2.2): 

T = 0.73 ± 0.06 
", = 0.243 ± 0.013. 

These values were used as input for the numerical roodels to analyse the measurements of 
type 2 in which we have combined diffusive and advective radon transport. These fits are 
only valid when the radon vessel can he treated as a one dimensional set-up. 2D-model 
calculations show that this is the case. 

8.2 lD-model calculations 

1D-model calculations were carried with the parameters given in Table 2.2 and with the air 
flows induced in the sand column given by the type 2 measurements in Table 2.3. Further 
points of interest consiclering the 1D-calculations are: 

• The height of the radon vessel was 1.86 m. This height was taken to correct for the 
curved bottorn of the vessel. The height of the vessel is 2 m at the central axis only, 
see Fig. 2.2. 

• The top of the pressure box was situated 1.63 m below the top of the sand column 
( same distance as in reality) and the thickness was 0.03 m. Thus the bottorn of the 
pressure box was situated 0.2 m above the effective bottorn of the vessel. 
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• The grid spacing was not uniform but varied from 0.1 mm near the pressure box to 
1 cm inside the sand. The reason for the refinement of the grid near the pressure 
box is based on considerations discussed in section 6.3.2. 

• For the grid point that represents the top of the sand column, the radon concentra ti on 
was taken 0 Bqm-3 . Also the radon concentration of the air flow that enters the 
pressure box (Co in Eq. 6.15) was taken 0 Bq m-3 • It was confumed experimentally 
that these radon concentrations are close to zero. 

In summary, for the quantities that occur in Eq. ( 6.1) the following values were taken: 

f3 
D 
k 
,\ 

= 0.36 
= 2.89 · 10-6 m 2 s-1 

= 5.45 · 10-11 m2 

= 2.1. 10-6 s- 1 

= 0.36 
= 0.243. 1760. 2.1. 10-6 • 3.68 
= 3.3 · 10-3 Bqm-3s- 1 

(The bulk ditfusion coeffi.cient D for dry soil is, according to Eq. (3.11), the porosity times 
the tortuosity times the ditfusion coeffi.cient of radon in air.) 

8.2.1 Results 

In Fig. 8.1 the results are presented for the 1D-model calculations. Also the experimental 
data are presented for the air flows as indicated in Table 2.3. The error bars for the radon 
concentration are, if not visible, within the size of the markers. From Fig. 8.1 one notices 
that the model calculations give a reasonable description of the data at J = 0, 6.5 and 
10 L min-1 • For the intermediate flows the calculations are not able to reproduce the 
concentration values in the region above the pressure box. Here the data show a much 
larger dip than the calculations. It was already noticed at the end of Chapter 6 (1D 
numerical model) that the air enters the pressure box at the centre. As aresult the air in 
the pressure box will also flow in the radial direction. With the 1D-model it is impossible to 
include such a flow and the effect of this radial flow must he analysed with the 2D-model. 

8.3 2D-model calculations 

In Fig. 8.2 a schematic presentation is shown of the radon vessel without the lid as used 
in the 2D-model calculations. The quantities characterising the sand and the dimensions 
in the z-direction were the same as used in the 1D-model. Features that were dealt with 
in the 2D-model are the radial dimensions of the pressure box and the ring, situated at 
the same height as the bottorn of the pressure box. Further points of attention for the 
2D-model calculations are: 
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2D-model calculations. Dimensions are in meters. 
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• At the radius of the pressure box an impermeable object was modelled with a thick
ness of 3 mm and a height of 4 cm. In reality the outside of the pressure box is 
closed. The reason for taking an impermeable object with a larger height than the 
pressure box itself is that in this case we do not have grid points for which the soil 
parameters change in more than one direction (see the discussion in Section 7.2.4). 
This deviation from reality in not considered to be serious. 

• The radius of the pressure box was 0.805 m (including the object that doses the 
pressure box at this position) and the inner radius of the ring at the same height was 
0.81 m, leaving only a space of 5 mm between these two objects. 

• The height of the ring at the same height as the pressure box was 1 cm. 

• The pressure box was treated as a medium. The parameters for this medium were: 

f3 = 1 
D = 1.1 · 10-5 m 2 s-1 

k = 1·10-4 m 2 

). = 2.1 · 10-6 s-1 

E = 1 
ES = 0. 

The main differences with the sand parameters are the value of the permeability k 
and that no radon is produced inside the pressure box. The k-value for the pressure 
box is about a factor 107 larger than of the sand. This number is arbitrary since 
we do not know the permeability of the pressure box. We do know that it is much 
higher than of the sand. Taking in the calculations a k-value which is an order in 
magnitude higher or lower than 10-4 m 2 showed hardly changes in the calculated 
radon concentration. 

• In case an air flow is induced inside the sand column, air enters the pressure box at 
the centre and leaves the sand column at the top. The pressure field was calculated 
with boundary conditions that the pressure is zero at the top of the sand column 
and has a certain positive value at the centre of the pressure box. A possibility is 
to fix the pressure for all grid points at r = 0 in the pressure box. However, it was 
decided to fix the pressure at one grid point; i.e for the grid point at r = 0 m and 
z = 0.215 m. For this grid point the radon concentration was set at a constant value. 
This value represents the radon concentration of the incoming air and was set at 
0 Bqm-3 • 

• The grid spacing was non-uniform in both the z and r-direction. In the z-direction 
the grid was most refined in the middle of the pressure box (grid spacing 1 mm) 
and was most coarse (5 cm) in the middle of the vessel. In the region close to the 
pressure box the grid spacing was 5 mm. 

In the r-direction the most refined grid was situated at the narrow region between the 
pressure box and the ring (grid spacing 1 mm). Near the central axis the grid spacing 
was refined to 5 mm, whereas the grid spacing at other radii was approximately 4 
cm. 
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Figure 8.3: Pressure field in the sand part of the radon vessel represented by isobars. 
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8.3.1 Results 

Before radon concentrations can he calculated with the 2D-model, the pressure field must 
he calculated fust. This includes a numerical procedure itself and the form of this pressure 
field greatly infl.uences the radon concentration distribution inside the vessel. 

The pressure field 

In Fig. 8.3 the pressure field inside the sand is shown when the pressure at the centre of the 
pressure box is set at 1 Pa. From this figure it is seen that the pressure field is stratified 
horizontally except for the region just above the ring. Between the pressure box and the 
bottorn of the vessel the pressure differences are very smalland are close to 1 Pa. Since the 
air flow is vertical and uniformly distributed over the radius there is almost only diffusion 
and no radial advective radon transport inside the sand. In contrast with the situation 
in the sand, the pressure field in the pressure box is stratified vertically, see Fig. 8.4. 
This means that the air flow is almast totally in the radial direction in the pressure box, 
as could he expected in view of the high permeability of the box in comparison with the 
permeability of the sand. N ear the outer radius of the pressure box, the pressure is 0.99993 
Pa. Thus the pressure differences inside the box are very small, but since the air flow is 
proportional to k\lp stilllarge air flows occur in the pressure box. In the neighbourhood of 
the central axis, in the middle ofthe pressure box, the air speed is approximately 5 cm s- 1 

when the pressure at the centre is 1 Pa, corresponding with an air flow of 0.34 L min-1 . 

In the radon vessel experiments air flows up to 6.5 L min-1 were induced, corresponding 
with an air speed at the central axis of about 1 m s- 1 (!). At this air velocity the mesh 
Reynolds number (Eq. (6.20)) is approximately 300. The consequences of this large mesh 
Reynolds number will he discussed later. 

The radon concentration 

In Fig. 8.5 and 8.6 the results are presented of calculations of the radon concentration 
in the equilibrium state for air flows varying from 0 (only diffusion) to 6.5 L min-1 . In 
the case that we only have diffusive transport, the radon concentration as function of the 
radius r varies only slightly. With reference to the fitting procedure in which the ernanation 
factor and tortuosity were determined when only diffusive transport takes place, the 2D
model calculations strongly support the assumption of the one-dimensionality. Under 
combined diffusive and advective conditions we see that the radon concentration has a 
two-dimensional structure. This is probably caused by the advective radial transport of 
radon inside the pressure box (radon enters the pressure box due to diffusion). In the sand 
the air flows are vertical and variation of the radon concentration as function of the radius 
will he smoothed by radial diffusion. For this reason, at low air flows, the isoconcentrates 
are stratified in the upper layer of the sand column. This area of horizontal stratification 
becomes smaller at higher air flows because the radon atoms move faster to the top of the 
sand column with increasing air velocity. In other words: less time is given to the diffusion 
process to smooth the radon profile. 
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Due to radial transport of radon in the pressure box, the radon concentration at the 
central axis of the vessel is lower than calculated with the 1D-model. In Fig. 8. 7 the radon 
concentration at the central axis, calculated with the 2D-model, is given in combination 
with the experimental data. This figure may be compared with Fig. 8.1 were the results 
of 1D-calculations were presented in a similar manner. It is seen that the 2D-model gives 
better values of the radon concentration at the central axis. This is an indication that the 
predicted two-dimensional structure of the radon concentration in the vessel gives a better 
representation of the real situation. 

However, assuming that the error bars of the data points are correct and there were no 
systematic errors involved in the measurements, the 2D-model still does not describe the 
radon concentration correctly. See c.q. the curves for J = 0.1, 0.4, 0.8 and 2.2 L min-1 . 

One notices that for J = 0 and 0.1 L min-1 the calculations yield lower values, whereas 
for J = 0.4, 0.8 and 2.2 L min-1 the calculated values come out too high. At the moment 
it is not clear what causes this difference. 

First, the 2D-model is not tested thoroughly; it can not be garantueed that model 
calculations are correct although the fact that using two different techniques ( with and 
without applying continuity of radon flux) give almast the same results, seems reassuring. 
Still, since both methad are based on the finite-difference approach, this is not a good 
prove of correctness. 

Secondly, the tortuosity and permeability in the horizontal and vertical direction need 
not be the same ( depending on the manner of compaction). Especially at intermediate 
flow rates this might be of large influence on the radon concentration at the central axis. 
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Thirdly the sand parameters between the type 1 and type 2 measurements may have 
changed. Model calculations were performed with values for the ernanation factor and the 
tortuosity found with the type 1 measurements. If these parameters have changed, the 
input parameters were incorrect for the rnadelling of the type 2 measurements. In Chapter 
2 it was discussed that the ernanation factor increases with increasing moisture content. 
If the sand was moisturised during the type 1 experiments, the ernanation factor found 
could have been higher than was the case during the experiments with combined diffusion 
and advection. Moreover, during these experiments an air flow was continuously induced 
in the sand column. This might have dried the sand. If these assumptions are correct it is 
not justified to rely on the val u es found for 17 and T. 

For these reasons 2D-model calculations have been performed with another ernanation 
factor and tortuosity to check if it was possible to reflect the experimental data better. 
The result of this 'trial' is presented in Fig. 8.8. This figure is similar to Fig. 8. 7, only 
the diffusion coe:ffi.cient was 20% lower and the ernanation factor was 10% lower. It is seen 
that the calculations fit the experimental data much better. The fact that the diffusion 
coe:ffi.cient had to he lowered supports the possibility that the sand was moisturised in the 
diffusion experiments. 

At the moment measurements are in progress with the lid installed, leaving only a 
space of 6 cm between the top of the sand column and the lid. In this situation, without 
advection, the radon concentration is practically equal everywhere in the sand because 
radon can not escape into free air. With this experiment the ernanation factor can he 
determined more precisely and preliminary results indicate an ernanation factor of ap
pro:ximately 0.21, indeed about 10% lower than determined with the type 1 experiments. 
After these measurements, diffusion experiments must he carried out to check whether the 
diffusion coefficient is also lower than measured earlier. 

8.4 Discussion and recommendations consiclering the 2D
model 

8.4.1 The pressure box 

The pressure box was modelled under the assumption that it can he treated as a porous 
medium. In reality the pressure box is fi.lled with a glass fiber grating with openings 
through which air can he transported. The air flow is probably turbulent because of the 
intermittent blockages of the grating and different positions of the openings. As a result, 
next to the permeability of the box, the diffusion coe:ffi.cient is not well known too. Model 
tests with a diffusion coefficient of 1.1 · 10-4 m 2 s-1 for the pressure box resulted in a 
higher radon concentration at the central axis. The increase was higher for points close to 
the pressure box ( about 10%) than for points closer to the top of the sand column. Tests 
with a smaller diffusion coe:ffi.cient showed that the decrease of the radon concentration 
at the central a:xis of the vessel was minima!. Probably dissipation due to the numerical 
procedure was dominating over diffusion in the pressure box (tests were carried out with an 
air flow of 3.4 L min-1 ) so that a lower diffusion coefficient doesnotmake much difference. 
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The centre of the pressurebox 

From Figs. 8. 7 and 8.8 it is seen, as was mentioned at the beginning of Section 8.3, that the 
radon concentration at the centre of the pressure box is zero when an air flow is induced. 
In the model calculations the grid point at the centre of the pressure box acts as a sink 
for radon. Radon 'disappears' at this grid point due to diffusion. At low air flows the 
concentration gradient close to this grid point can he large and the radon loss might he 
substantial. At large air flows the radon concentration at this position is very low and 
gradients are small. However, when the mesh Reynolds number is in the order of 300 (air 
flow approximately 6.5 L min-1 

), the dissipation is, using an upwind scheme and () = 1 
and a small time step (such that v stays small), also about a factor 300 larger than the 
diffusion coeffi.cient of radon in air. Fortunately, the concentration gradient at the centre 
of the pressure box is about 10-7 Bq m-3 m-1 so that the lossof radon due to dissipation 
can he neglected. 

A possible salution to avoid the problem of radon loss at low air flows, is refinement 
of the grid at the centre of the pressure box. As a consequence the sink is smaller and air 
flows are larger close to the grid point where the radon concentration is set at a constant 
value (in the calculations it was 0 Bq m-3 ). On the other hand when refinement ofthe grid 
in the pressure box is carried out, the pressure differences between adjacent grid points 
become even smaller. As a result, due to round-off, this may lead to lossof accuracy (also 
the convergence rate in the calculation of the pressure field drops considerably ). For these 
reasans this measure is not recommended. Another salution is to model the plastic tube 
through which air enters the pressure box at the centre. With this methad the radon 
concentration is fixed at the inlet of the tube and a radon profile will be established inside 
the tube. The concentration gradient at the inlet will he smaller than at the centre of the 
pressure box so that loss of radon is less. The pressure field inside the tube need not he 
calculated in the iteration process because only the air velocity, which can he calculated 
from the pressure field in the sand, is of importance. Implementation of this methad in 
the 2D-model is highly recommended. 

The perforated plates of the pressure box 

The pressure box is covered at both sides with perforated roetal plates. The perforation 
is, in comparison with the grain size of the sand, very coarse (a fine me tal mesh attached 
to the roetal plates prevents the sand grains from entering the pressure box). For this 
reason it is not justified to model the plates as a medium in the model. Also the thickness 
(3 mm) causes diffi.culties when it is tried to model these plates as a medium. In model 
calculations these plat es were not considered and radon was free to diffuse into the pressure 
box. Physically, these plat es act as a harrier for radon diffusion. Moreover, the air velocity 
locally in the openings of the plat es will be larger than the air velocity in the sand column. 
The only correct way to solve this problem is to model all the openings individually. 
Because in reality these openings are 3 mm, this requires a lot of grid points in the r
direction. Presently, it is not possible to have that many grid points due to limitation 
of available memory. It must he said that memory management of the programme that 
perfarms the 2D-model calculations is not yet very intelligent and substantial impravement 
concerning this can be attained. 
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8.4.2 The radon vessel 

The 2D-modelling has been executed withaflat bottorn and consequently with an effective 
height for the vessel. In reality the bottorn of the vessel is curved. For this reason cal
culations should be performed with a curved boundary as well. Model initialisation with 
a curved boundary is not implemented in the 2D-model and adaption of the programme 
probably requires considerable effort. Although it is not expected that computations with 
a curved boundary will have a large effect on the radon concentration above the pressure 
box, it recommended to add this possibility in order to analyse the infl.uence of the curved 
bottorn quantitatively. 

8.4.3 Model tests 

As was already stated before, it is not garantueed that the 2D-model is correct. To check 
this several model tests have to he performed. The lD-model was tested by comparing 
the results with analytica! solutions. This should also be carried out with the 2D-model, 
although analytica! solutions for 2D-problems are much more difficult (if not impossible) 
to find, especially for cylindrical symmetries. Furthermore, test cases should he performed 
with non-homogeneaus soil, for example with two different soillayers. 

Another possibility is to measure the radon concentration in the sand not only at the 
central axis, but also as function of the radius. This may he carried out by means of 
inserting a hollow needie axially at the top of the sand column at different radii. With 
this needie air may he sucked out of the sand for radon concentration analysis. With the 
experimental data the 2D-structure could he visualised and compared with the calculated 
radon concentration. Such experiments are planned. 

8.5 Conclusions 

In this report the mathematica! description of radon transport in porous materials has 
been discussed. This theory has been applied to the situation in the laboratory facility 'the 
radon vessel', with the use of 3 models. An analytica! model for diffusive radon transport 
in homogeneaus soil and two numerical models that calculate the radon concentration for a 
one and two-dimensional situation as function of time. Model calculations were compared 
with measured values. From this exercise the following conclusions can he drawn: 

• Under diffusive conditions only, the radon vessel can he modelled in one dimension. 
This is indicated by 2D-model calculations, presented in Fig. 8.5 (a). Under these 
circumstances the analytica! time-dependent model given in chapter 4 can he used 
to describe radon transport. 

• When an air flow is induced in the sand column in the radon vessel, lD-model 
calculations are not adequate due to radial radon transport in the pressure box 
( when the box is at over pressure) and 2D-model calculations are necessary. 

• With input parameters based on measurements with only diffusion, the 2D-model 
prediets the radon concentration at the central axis of the vessel within 15%. Recent 
measurements with the radon vessel show that some input parameters might have 
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been too high. Model tests with adapted input parameters show that the radon 
concentration can he predicted within approximately 5%. 

• In order to check the rnathema ti cal description of radon transport, input parameters 
for the modelling should he obtained with measurements independent of the radon 
vessel itself. The ernanation factor and the tortuosity were determined on the ba
sis of radon vessel experiments. Presently efforts are undertaken to measure these 
parameters independently. 

Finally, especially the 2D numerical model has provided us more knowledge of the 
situation in the radon vessel. The reasonable agreement between theory and modelling 
on the one hand and experimental data on the other hand has given more certainty with 
respect to our understanding of radon transport in soil. However, for the moment this 
knowledge is limited to the simple condition with homogeneaus dry soil. Experiments 
carried out on more complex situations are planned of which it is hoped that they can also 
he understood with our present insight, although we can only he sure that new di.fficulties, 
either experimentally or theoretically and numerically, will have to he coped with. In any 
case the final goal, to he able to assess radon transport in situ better on the basis of the 
radon vessel experiments, has drawn a bit nearer. Hopefully the 2D numerical model, 
after enhancement and extension, will contribute to the analysis of the real situation 
under houses and thereby also, by calculations of the effectiveness of countermeasures, to 
the reduction of the radon concentration in our interior environment. 
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Appendix A 

Thon1as algorithm 

Thomas algorithm describes a simple method to solve a tridiagonal system of linear equa
tions. Mathematically such a system can he written, using matrix notations: 

0 
0 

At 
e2 
0 
0 
0 

Bt 
A2 
e3 
0 
0 

0 
0 

0 
B2 
A3 

0 

0 
0 

0 
0 

B3 

0 
0 

0 0 
0 0 
0 0 

0 

0 0 
0 0 

0 
0 
0 
0 
0 

en-1 
0 

0 Ut Dt 
0 u2 D2 
0 u3 D3 
0 
0 

(A.1) 

in which Ai, Bi, ei and Di (i = l...n) are known and Ui (i = l...n) are the unknows 
for which the system has to he solved. The fust step in Thomas algorithm is to combine 
two equations subsequently such that all coe:fficients ei become zero. First row 1 and 2 is 
combined, then row 2 and 3 etc. It is expressed as 

(i=2 ... n) (A.2) 

where the 'becomes' sign (: =) is used. With this procedure the new matrix only has 
two non-zero values in each row. In the last row, however, the only non-zero value is .An 
and we can directly obtain the unknown Un: 

·- Dn Un·--
An 
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Row n -1 of the new matrix describes arelation between Un and Un_ 1 and therefor, since 
Un is known, we can obtain Un_ 1 • Proceding in a similar way, all Ui can be found. It is 
expressed as: 

D·- B· * U·+1 U··- t t t 
t .- Ai (i=n-1...1) (AA) 
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