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Abstract

The resolution of images obtained by Inverse Synthetic Aperture Radar (ISAR) is mainly
determined by the bandwidth and angular span of the recorded data. Conventional imaging
techniques do not use the available data very efficient: the application of a Fast Fourier
Transform implies a limited resolution and the loss of valuable data in the focusing step.

In this report, the use of a data extrapolation technique is proposed. By means of
the Burg method, the extrapolation coefficients of the linear auto-regression model are
calculated. The quality of the extrapolation with this model is investigated with various
signals and model orders. The results are compared with the characteristics of the data of
variou~ objects in ISAR. It is concluded that the extrapolation technique will provide the
best results when it is applied to the rectangular data grid that is obtained after focusing of
the data. Extrapolation of the frequency axes gives a moderate quality, while extrapolation
of the angular span gives very bad results. The above-mentioned conclusions are especially
true when the target can be described as a configuration of point scatterers.

With the use of extrapolation techniques, a new focusing scheme is proposed that
preservates all the available data. It results in an improved cross-range resolution, which
is mainly based on original data. Higher resolution in both directions can be achieved
by using extended extrapolation after the new focusing scheme. When data with small
bandwidth and small angular span is used, a four fold resolution improvement is achieved
compared to conventional equal resolution imaging. This is both the case with measured
data of a configuration of cylinders and a model of a Boeing 747. With larger bandwidth
and angular span, the resolution enhancement after extrapolation is limited. Because a
larger data set can describe more complex targets, the point scatterer model is not valid
anymore. As a consequence, the quality of the extrapolation is influenced.
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Chapter 1

Introduction

The history of mankind is characterized by a everlasting desire to know more and more.
Since seeing more means knowing more, a lot of skill is dedicated to perception techniques.
One of these techniques is RAdio Detection And Ranging (RADAR). Different methods are
developed to improve the discernability of objects, for example Synthetic Aperture Radar
(SAR). Characteristic of this technique is the use of different observations in which the
position of the antenna has changed. When all these observations are combined an image
of the object can be created. A variant to SAR is Inverse Synthetic Aperture Radar (ISAR)
in which the movement of the object is used instead of the movement of the antenna. By
viewing the object from different angles and combining these observations, an image is
made.

Recent developments in ISAR are mostly concerned with the improvement of the res
olution. Many of the methods developed are based on the principle of Auto-Regression
(AR). These techniques provide an important resolution improvement. The image can be
obtained by calculating the AR-spectral density, but this implies that the amplitude- and
phase information is lost. One method that does not have this drawback is linear data
extrapolation. This means that the resolution is improved by applying the FFT to an
enlarged effective bandwidth.

The quality of the extrapolation is influenced by the character of the data on the
extrapolated axis. In general, linear extrapolation algorithms will cause severe errors in
the extrapolated data when the the model cannot describe the input data. It appears
that angular extrapolation is not possible with targets consisting of point scatterers. This
problem can be solved by using a higher center frequency without aspect axis extrapolation
[Mog92] which results in smaller cell-sizes. A disadvantage of this method is that the image
is obtained by an FFT that is performed on a data set that exists of extrapolated points
only. Therefore, alternative ways for the extrapolation of the data are presented.

When a focused image is required, the frequency- vs aspect angle data should be con
verted to a rectangular grid. This results in the loss of data because a this grid forms
a rectangle which must fit in the circular data area of the frequency- vs aspect angle
data, This results in a poorer resolution of the image. In this report, a focusing scheme
is presented which solves this problem by using a rectangular area that contains all the

1



2 Using Auto-Regression Extrapolation Algorithms in High Resolution Imaging Radar

data. Since this rectangle contains empty areas, extrapolation is used to obtain a complete
rectangle. This new focusing scheme appears to be a good starting-point for extended
extrapolation which results in a significant resolution improvement.

The report exists of three main parts:

• Principles of conventional ISAR: a short introduction to the principles of imaging with
Inverse Synthetic Aperture Radar. The differences between focused and unfocused
imaging and the theory of image resolution are explained. (Ch. 2)

• Signalprocessing: first, an overview of different signal processing techniques is given.
This leads to the derivation of the Burg method. Then the application of the Burg
method for data extrapolation is described. The behaviour of the method with
different data sets is investigated. (Ch. 3 & 4)

• Application of extrapolation in ISAR: with the knowledge of the characteristics of
the Burg algorithm, an optimal use of extrapolation in ISAR is discussed. It appears
that the performance of the extrapolation can be improved by applying it in the last
stage of the imaging. By using a new extrapolation scheme, the available data is
used in a most efficient way. The different extrapolation schemes are compared and
verified by using simulated and measured data. (Ch. 5 & 6)



Chapter 2

Principles of ISAR imaging

2.1 Introduction

Inverse Synthetic Aperture Radar (ISAR) distinguishes itselves from other radar systems
by the ability of obtaining images from the target by combining various angular observa
tions of the target. From an observation of a target from one single angle, only (down-)
range information of the target is obtained. This results in the one-dimensional reflec
tivity function, representing the scattering centers of the object. It is acquired from the
amplitude- and phase information in the received signal. The larger the bandwidth of the
received signal, the better the down-range resolution. When observations of the target
from different viewing angles are available, the one-dimensional reflectivity functions are
combined to obtain a two-dimensional image of the object. The second dimension of the
image is called the cross-range and its resolution can be improved by using a larger angular
span.

2.2 Two-dimensional imaging

In Fig. 2.1 an example of a target is given. The reflection of the target is described by a
two-dimensional function g(x, y) in the xy-plane, which coincides with the target. The x
axis corresponds to the cross-range, the y- axis to the down-range. An Radar Cross Section
(RCS)- measurement is performed by rotating the object with respect to the probes. A
second coordinate system is defined by the u- and v- axes in which the probes are on a
fixed position on the v- axis. The angle () between the two coordinate systems corresponds
to the rotation angle of the target. The coordinate systems are related to each other by:

go(u,v) g(x,y)
u xcos()-ysin(), (2.1)
v - x sin () + y cos ().

It is assumed that the object is at a distance R from the origin of the coordinate systems.
This distance should be large enough to guarentee that the target is in the far-field zone

3
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Figure 2.1: Configuration of probes and target.

of the probes. At angle 0, the reflected signal from the object is obtained by integrating
the reflection 9 from points with equal phase. These points are represented by planes at a
constant range u. This leads to a one-dimensional reflectivity function with respect to the
range v:

00

po{v) = J90{U,v)du.
-00

(2.2)

The signal that is received at angle 0 is obtained by integrating the contributions from
each range v. These contributions are represented by (2.2) together with a phase factor
representing the travelled distance 2v with respect to the reference point on the object:

00

G{O) Jpo{v)exp{-j47rv/>.)dv,
-00

00 00

J J9o{u,v)exp{-j47rv/>.)dudv.
-00 -00

(2.3)



Principles of ISAR imaging 5

The ReS of an object with respect to the x, y- coordinate system is obtained by substituting
(2.1) in this expression:

00 00

G(O) = J Jg(x, y)e-i4{(YCosfJ+xsin(})dxdy.
-00 -00

When two new variables are introduced, i.e.

f 2f. 0 2. 0
x =~ sin = I sin ,

2f 2
fy = ~ cos 0 = I cos 0,

Eq. (2.4) can be written as

00 00

G(Jx, fy) = J Jg(x, y)e-i2tr(!:"x+!YY)dxdy.
-00 -00

(2.4)

(2.5)

(2.6)

(2.7)

This symbolises a Fourier Transformation with its inverse representing the two-dimensional
reflectivity function expressed in coordinates fixed on the object:

00 00

g(x, y) = J JG(Jx, fy)ei2tr(J:<x+!YY)dfx dfy.
-00 -00

(2.8)

G(Jx, fy) can be considered as a spatial spectrum of the reflectivity function g(x, y). It is
obvious that this spectrum is equal to G(J,O) which is the received signal with respect to
the frequency and aspect angle. The received signal is available on discrete frequency- and
aspect angle points which are on a circular data grid represented by

(2.9)

To calculate g(x, V), a Fourier Transform should be performed on G(J,O). When this is
done with an FFT, data points on a rectangular grid should be used as indicated in Fig.
2.2. This is not the case with the measured points. Two methods exist to calculate the
FFT:

• unfocused imaging: When the angular span E> is small, the circular grid points almost
form a rectangular grid. The measured points can be used in an FFT directly. Since
this introduces errors in the position of the data points, the image will be deformed.
The larger the angle span, the larger the deformation of the image.

• focused imaging: to calculate an FFT with a rectangular grid over a larger angular
span, the data points should be placed on a rectangular grid defined by the fx, fy
axes. Since these do not coincide with the measured points at the circular grid, an
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Rectangular area with
rectangular grid
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imaging.
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equal resolution

imaging.
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circular grid

used with
unfocused imaging.

Figure 2.2: Areas on the data grid used by imaging methods.

interpolation should be performed to calculate the value of G at the rectangular grid.
After performing an FFT on this grid a focused image is obtained. The penalty paid
for this focusing is the loss of resolution. From Fig. 2.2, it is observed that in the
case of equal cross- and down-range resolution, large parts of the measured data set
are unused because a square area is needed.

2.3 Resolution and Range

The quality of the image that is obtained from the available data will depend on the
bandwidth, the angular span and the spacing of the samples. These parameters cause a
theoretical limitation to the resolution and the size of the image. These limits are directly
related to the Nyquist sampling theorem. Further, the characteristics of the processing
method will influence the quality.
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2.3.1 Unfocused imaging

7

The down-range position of a scatterer is derived from the round-trip propagation delay
T. When the scatterer is at range R, the delay will be

2R
T-- c' (2.10)

where c denotes the velocity of light. Since the time- and thus the down-range distribution
is obtained from a signal with a certain bandwidth B, it will have a limited resolution.
This is indicated by the down-range cell size:

(2.11)

where the relation B!:J.T = 1 is used, which is the general uncertainty relation between
Fourier pairs [Men91]. In this example, the total bandwidth is used. Therefore this down
range cell size can be considered as the optimum down-range resolution. When window
functions are used, the resolution will be poorer.

When the frequency response is sampled on N discrete steps at distances !:J.I, the
bandwidth will be

B = (N - l)!:J.I. (2.12)

When the Fourier transform of this bandwidth is calculated with an FFT, the resulting
down-range will exist of N points as well. This indicates that only a limited range is
available. When the spacing between the range points as given by (2.11) is multiplicated
wi th N - 1, the total available down range is obtained:

C
RD = !:J.R(N - 1) = 2!:J.j" (2.13)

The resolution of the cross-range is derived by considering the approximation that is made
with the unfocused imaging:

sin e ~ e,
cos e ~ 1,

1= 10 +!:J.I - 10 (1 + ~:) ~ 10. (2.14)

These approximations are only valid when both the angular span 8 and the bandwidth
B are small. This means that the angular span is represented by a section on the Ix
axis. The lx-range that is used determines the resolution. It is calculated by applying the
approximations to the definition of Ix in (2.9) and substituting the maximum angle 8 :

210
f "" -8Xmax""""" •

C
(2.15)
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This results in a cross-range cell size

c
pc = 2f

0
0' (2.16)

The total available cross-range is given by multiplying the cross-range cell size with M -1,
where M represents the number of points in the FFT:

c
Rc = Pc(M -1) = 2b.Ofo'

2.3.2 Focused imaging

(2.17)

To determine the resolution of a focused image, the size of the used fx, fy area should be
known. This rectangular area should be inside the circular area that is available. Therefore,
parts of the circular segment will be lost: when the total bandwidth should be used, the
angular span becomes zero; when the total angular span is required the bandwidth becomes
infinitely small. Consequently, a compromise between these two situations should be found.
From Fig. 2.3 the edges of the area can be determined [Mar89]. The lower frequency, fmin,

fx . fxmm max

8
t;mn

Figure 2.3: Definition of areas and boundaries with focused imaging.

that is used indicates the lowest value of fy:

f - 2fmin
Ymin - C • (2.18)



(2.19)
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The angle span at the lowest frequency determines the boundaries in the fx-direction:

2fmin 0
fxmax = - fxmin = -e- tan 2'

9

It is clear that these values increase when the lowest frequency is increased. This means
that the cross-range resolution improves, but the down-range resolution deteriorates. The
upper value of the fy-axis is limited by the size of the fx-range. It is obtained by calculating
the length of the side of the triangle which is composed by the positive fx-axis and the
frequency axis.

fYmax = (
2f meax ) 2 _ f2

xmax' (2.20)

The cell sizes are obtained by calculating the reciprocals of the area sizes:

1 1
Pd = - = ,

y fYmax - f Ymin
(2.21 )

1 1
pc = - = . (2.22)

X 2fxmax

When equal resolution in cross-and down-range is required the cell size is given by [Mar89]:

5e
Pd = Pc = ( ).

4 -2fmin +J5f'/nax - f'/nin
(2.23)

The points on the fx, fy grid are obtained by interpolation and therefore their number is
determined by the interpolation. Since the step size between the data points determines
the size of the area that is imaged, this is influenced by the number of points that is used
by the interpolation. This is indicated by:

1 1 1
Rd = Pd(N - 1) = y(N -1) = !::!J,.fy(N _ 1) (N - 1) = /j,.fy' (2.24)

where N is the number of points used in the FFT. Care should be taken that the number
of points is chosen correct. When it is too small aliasing effects can occur; when it is too
large, interpolation errors can cause incorrect imaging at the edges of the area because the
area becomes too large.

2.4 Limitations of the conventional methods

Limitations in the resolution are caused by the fact that G in (2.8) is not available over
an infinite integration area. The image is obtained by calculating the spectrum of G with
an FFT with a limited input area. A basic property of the FFT is that the number of
input points always equals the number of output points. The image size is defined by the
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spacing of the input points and the resolution by the range of the input area. When the
resolution has to be improved, a larger input area should be available for the FFT. When
the available input area contains more information about the target than is revealed by
the FFT, it is necessary to extrapolate the area. The extrapolation technique should thus
translate the target information to areas outside the available part in a consistent way.



Chapter 3

Linear Prediction Techniques

3.1 Introduction

In this chapter some of the fundamentals of spectral estimation and discrete signal process
ing will be presented. With this knowledge, a method for linear prediction of discrete-time
signals is derived. It is assumed that the samples of the signals can be considered as real
izations of a stochastic process. At time n, the process is defined by the random variable
x[n]. A sequence of N random variables is represented by the complex vector

x[O]
x[l]

...
x= x[n]

x[N]

(3.1 )

A general expression for the linear prediction of the n-th sample from the previous samples
is given by

p

x[n] = - L a[k]x[n - k].
k=l

(3.2)

In this linear difference equation the new sample is obtained from p previous samples
multiplied by a complex weight vector a. This vector models the signal x by omiting
redundant information. Therefore the number of components in the weight vector is smaller
than the number of samples in x. A method to obtain the vector awill be presented in
this chapter.

11
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3.2 Description of some signal processing fundamen
tals

3.2.1 Correlation

When x is considered as a stochastic process, a mean value of the random variable can be
defined x[n] by [Pap65]

Jl[n] = E{x[n]}. (3.3)

where E denotes the ensemble average (at time n). Further, the autocorrelation function
of the process x is defined as

RxAm, n) = E{x[m]x*[n]}; m, n = 0,1,2, .... (3.4)

Combining the values for all m,n results in the matrix R xx = E{xxH }, where H indicates
the Hermitian of the vector. When the definition of the autocorrelation function is con
sidered, it is obvious that this function describes the relation between individual samples.
This information is of great importance when the development of the process in time has
to be described.

In the case of a Wide Sense Stationary (WSS) process, both mean and autocorrelation
are independent of time. This results in a positive semidefinite autocorrelation matrix R xx ,

because the values on a diagonal are all equal. The elements of one diagonal are indicated
by RxAk), where k = n - m.

The ensemble averages may be approximated by time averages if the process is ergodic
[Kay88]. The autocorrelation matrix R can be written as

R I· 1 ~ -4-4H= 1m N L.J xx
N-+oo k=l

(3.5)

in this case. This implies that the autocorrelation can be calculated from a segment of a
single realization.

When two signals, x and y, are available the cross-correlation matrix is defined by
R xy = E{ xyH}. It is a quantity that indicates to which extent two signals are correlated.

3.2.2 Geometric Representation of Signal Characteristics

The principles of linear estimation can be explained more easily when a geometric repre
sentation of the variables is used. It should be noted that this representation is only valid
for a certain class of signals as indicated below.

The geometric description concerns the second-order statistics of the random variables.
Vectors in an inner product space are used as a representation of the second-order central
moments of the joint probability function of a number of variables. This implies that the
vector representation can be used to specify the correlation between variables.
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The inner product of two random variables x[m] and x[n] is defined as

< x[m], x[n] >= E{(x[m] - p[m])(x[n] - p[n])*}.

13

(3.6)

When the mean of both variables is zero, this expression is equal to the autocorrelation
(3.4). In general, two random variables are called uncorrelated if the autocorrelation is
equal to the product of their means, as indicated by

E{x[m]x*[n]} = p[m]p*[n]. (3.7)

(3.8)

When the autocorrelation equals zero, the variables are called orthogonal. It is obvious
that in the case of zero-mean variables uncorrelated is equal to orthogonal. This means
that the inner-product becomes zero.

In the case of zero-mean real-valued random variables the inner-products can be related
by the angle between two vectors. The norm of the vectors is obtained by

< x[m], x[m] >= U;'l IIx[m]1I = Um,
< x[n],x[n] >= u~ Ilx[n]11 = Un'

The angle .,p is obtained by the following relation between inner product and cross corre
lation:

< x[m],x[n] >= E{x[m]x[n]} = umunp(x[m],x[n]) = IIx[m]II'llx[n]11 cos.,p. (3.9)

The variable p is a measure for the correlation. Since -1 ~ p ~ 1, p can be replaced
by cos.,p with -1r ~ .,p ~ 1r. So, the correlation of two real-valued random variables is
expressed by the angle between two vectors, defined by

cos.,p = p(x[m], x[n]).

3.2.3 Correlation Canceling

(3.10)

(3.13)

In many signal processing algorithms the goal is to estimate signals from other signals.
The principle of correlation canceling is frequently used to achieve this [Orf90]. When
two zero-mean random variables, represented by the vectors Xl and X2 are available with
RX1X2 =I 0, a linear operation can be defined that provides the vector ethat is uncorrelated
with X2:

e=xI-Hx2, (3.11)

where H is a N x M - matrix and Rex2 = O. In Fig. 3.1, this is illustrated in the following
way: x = HX2 is the projection of Xl on X2. Therefore, HX2 is the part of Xl that is
correlated with X2. e is perpendicular to X2 and thus represents the part of Xl that is
uncorrelated with X2. The matrix H is obtained by using [Orf90]

Rex2 = E{ex~} = E{(XI - HX2)X~} = E{XIX~} - HE{X2X~} = RX1X2 - HRX2X2 ' (3.12)

With Rex2 = 0 the matrix becomes

H R R-I E{ ........H}E{ .... ....H}-l= XIX2 X2 X 2 = XIX2 X2 X2 .

The vector x can be considered as the best linear estimate of Xl based on X2. e is the error
of this estimation.
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~e

Figure 3.1: Correlation canceling.

3.2.4 Orthogonalization

The concept of correlation canceling can be used to orthogonalize a vector space. A number
of random vectors describes a vector space. But these vectors can contain redundant
information. When they are orthogonalized, they describe the vector space in the most
efficient way. This modeling is the basis of many signal processing algorithms.

The vectors x and if can both represent a certain number of signal samples, for example

{x[I], x[2], ... ,x[N]}, {y[I], y[2], ...y[M]}. (3.14)

All these samples are random variables, each described by a vector in an inner product
space. When N is larger than M and the components of if are all orthogonal, it is possible
to define a subspace Y. This is a subspace of the space X spanned by the components of
x. If the part of X that is in the subspace Y can be described, the residu of the space
X will be perpendicular to the subspace Y. This is the same principle as the correlation
canceling with two vectors. [Orf90] In Fig. 3.2 an example is given with M = 2 and N = 3.
The subspace Y is spanned by the orthogonal vectors y[l] and y[2]. The vector x[k] can
be decomposed in a part parallel and a part orthogonal to the subspace Y. These parts
are the projection of x[k] on Y which is indicated by Irk] and elk]

x[k] = Irk] +elk] (3.15)
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Figure 3.2: Decomposition of a vector.

Since elk] is perpendicular to Y, for all the components of Y the inner product can be
written as

< e[k],y[i] >= E{ey[i]*} = 0 for all i

x[k] can be described in terms of Y by

M

x[k] = L ak[i]y[i]
i=1

The ak [i] coefficients are obtained by using (3.16) in

(3.16)

(3.17)

< x[k],y[i] >=< (x[k] + e[kD,y[i] >=< x[k],y[i] > + < e[k]'y[i] >=< x[k],y[i] >

= C~I ak[j]y[j], y[i]) = j~1 ak[j] < y[j], y[i] >= ak[i] < y[i], y[i] > (3.18)

Now the coefficients are ak[i] =< x[k], y[i] > < y[i], y[i] >-1 = E{x[k]y[i]*} E{y[i]y[i]"'} -I.
These coefficients describe the projection of the vector x[k] on the V-plane:

M

x[k] = L E{x[k]y[i]*}E{y[i]y[i]*} -Iy[i]
i=1

(3.19)
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This can be considered as the best description of x[k] when only Y is available. When
(3.19) is performed for all components of X, an orthogonal decomposition in terms of Y is
obtained. This is denoted by

... A +... E{ ......H}E{ ......H}-I ...X = x e = xy yy y. (3.20)

When (3.20) is calculated, each signal component will obtain an error component perpen
dicular to the existing orthogonal basis. When each error component is considered as a
new dimension of the existing basis, the number of dimensions will increase except in the
case that the error is zero. Therefore each new component is called the evolution of the
signal. When this process is used to built an orthogonal basis it is called Gram-Schmidt
orthogonalization. With this technique an orthogonal basis is constructed from the evo
lution components. The first component in the new basis is equal to the first component
from the existing base. The following components, which all represent a random variable,
are obtained by projection:

y[l] = x[l],

y[2] = x[2] - E{x[2]y[1]}E{y[1]y[1]}-l y[1]'

y[3] = x[3] - E{x[3]y[1]}E{y[1]y[1]}-l y[1] - E{x[3]y[2]}E{y[2]y[2]}-l y[2],

n-l
y[n] = x[n] - L: E{x[n]y[i]}E{y[i]y[i]}-l y[i].

i=1

(3.21 )

The vector if is the most efficient description of the signal x. The number of components
of if is equal or less to the number of components in x. When a sample x[k] in (3.21) can
be described by the samples y[i] in the summation, the new sample y[n] will be zero. The
information provided by the sample x[k] is totally redundant in this case because it can be
described by the available dimensions.

3.2.5 Autoregressive Model

As indicated in the introduction, the goal of this chapter is to apply linear prediction
techniques to discrete time signals. Equation (3.2) shows how a sample is predicted from
the previous ones. This equation is an implementation of the Autoregressive (AR) Model.
This model describes a signal with the following linear difference equation [Kay88]:

"x[n] = - L a[k]x[n - k] - t[n],
k=1

(3.22)

where x[n] denotes the data samples and t[n] a noise sequence that drives the model and
describes the random nature of the process. In Fig. 3.3, the model is visualized by a filter
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with delays, multipliers and a summator. The z-transform of the delay line is

p

A(z) = ~ a[k]z-k.
k=O
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(3.23)

When the driving noise is a white noise sequence with zero mean and variance (72 the

Output

x[n]

Figure 3.3: Autoregressive Filter.

z-transform of the autocorrelation function of the output of the process is

(3.24)

where H(z) denotes the transfer function of the filter. This filter is stable and causal when
all zeros of A(z) are within the unit circle of the z-plane. The power spectral density
(PSD) of the process is calculated by substituting z = exp(j27rJ) in (3.24). In Appendix
A examples of z-transforms for different signals are given.

3.3 Modeling of Random Signals

The techniques for extrapolation are based on the modeling of the available data. This is
done by describing the signal as a discrete process with the autoregressive (AR) model.
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The ark] coefficients describe the evolution of the signal based on its past (auto regression)
and p denotes the number of samples from the past that is used (order of the model).

There are different methods to obtain the vector a. A reliable method is described by
Burg. To understand the Burg method it is useful to explain the Yule-Walker equations
and the Levinson algorithm first.

3.3.1 Yule-Walker equations

Equation (3.24) relates the z-transform of the a-coefficients with PAR(Z) which is the z
transform of the autocorrelation function of the process. Since the autocorrelation can
be calculated in the case of an ergodic process, this relation is the starting point in the
modeling of signals. Equation (3.24) can be rewritten as

(3.25)

Taking the inverse z-transform gives [Kay88]

where * indicates a convolution. Rewriting this gives

p

Rxx[k] = - L a[1JRxx [k - 1] + (J2h*[-k].
1=1

With h*[-k] = 0 for k> 0 and h*[O] = 1 the Yule-Walker equations are obtained:

(3.26)

(3.27)

(3.28)

The Yule-Walker equations can be derived in an alternative way by evaluating the signal
samples as vectors in an inner product space [Kay88]. The optimal linear prediction method
will minimize the mean square error p between the predicted and the actual sample:

p = E{lx[n]- x[nW} = IIx[n]- x[n]11 2
• (3.29)

Since the prediction is based on the available vector space, the error made in the prediction
will be perpendicular to this space. This implies that the inner product between the error
vector and all previous samples will be zero:

< x[n - k], x[n]- x[n] >= 0 k = 1,2, ... ,p. (3.30)
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With (3.2) this becomes

p

< x[n - k], x[n] +L a[l]x[n - l] >= 0,
,-,.-.

p

La[l] < x[n - k],x[n -l] >= - < x[n - k],x[n] > .
1=1

19

(3.31 )

The inner products are related with the cross-correlation by (3.9) and (3.4). This gives

p

L a[l]Rxx[k - l] = -Rxx[k] k = 1,2, ... ,p.
1=1

The minimum error is found by writing (3.29) as

(3.32)

P =< x[n] - x[n], x[n] - x[n] >=< x[n], x[n] - x[n] > - < x[n], x[n] - x[n] >. (3.33)

Since the predicted sample is an element of the space spanned by the older samples and
the prediction error is perpendicular to this space, the last term in (3.33) is zero. This
results in the minimum error

p p

PMIN =< x[n], x[n] > +L a[k] < x[n], x[n - k] >= Rxx[O] + L a[k]Rxx[-k]. (3.34)
k=1 k=1

Equations (3.32) and (3.34) are equal to Yule-Walker equations in (3.28). The error PMIN

is equal to the variance 0'2 of the driving noise. The unknown variables in the Yule-Walker
equations are the vector aand the noise density 0'2. An efficient solution method is the
Levinson algorithm, which will be explained next.

I

3.3.2 Levinson Algorithm

The Levinson Algorithm calculates the a-coefficients by recursion. When the coefficients of
a k - I-th order predictor are available, it is possible to calculate the coefficients of a k-th
order predictor by Gram-Schmidt orthogonalization. This proces is started by calculating
the a-coefficient of a first-order predictor

xdn] = -adl]x[n - 1].

Using the derivation of (3.32) for p = 1 gives

adl] = _ < x[n - 1], x[n] >
< x[n - 1],x[n -1] >

(3.35)

(3.36)

This is just the projection of x[n] on x[n - 1] as depicted in Fig. 3.1. The result is equal
to (3.13) which describes the correlation canceling. The vector x[n - 1] denotes the first
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(3.39)

dimension of a vector space that describes the signal. The unit vector belonging to this
dimension is

-b x[n-1]
eo = II x [n _ 1]11' (3.37)

Combining the previous expressions, the first-order prediction can be written as the pro
jection of x[n] on the first unit vector

xI[n] =< e~, x[n] > e~. (3.38)

When the sample x[n - 2] is available too, the a-coefficients of a second-order predictor
can be calculated. This new sample can give new information about the process, but it
can also contain information that was already contained in x[n - 1]. Therefore, only the
new information should be extracted from the new sample. This is achieved by perform
ing Gram-Schmidt orthogonalization to the samples. The method can be considered as
backward prediction: x[n - 2] is predicted from x[n - 1]. The result, x[n - 21n - 1] is
information that was in x [n - 1] already. The error of this backward prediction, e~ is the
new information (innovation) in x[n - 2]. It is obtained by projecting x[n - 2] on eg which
represents the direction of x[n - 1]. This is depicted in Fig. 3.4.

e~ = x[n - 2] - x[n - 2/n - 1] x[n - 2]- < e~,x[n - 2] > e~,

-b e~
e1 Ile~II'

(3.42)

eLl = x[n - k]

e~ is the normalized version of the vector that contains the new information and can
therefore be considered as the unit vector of a new dimension. Now x[n] is projected
on this error term. The result is the new information about x[n] that is contained in
x[n - 2]. When this is added to xdn], the prediction of x[n] based on the last two samples
is obtained:

x2[n] = x.[n]+ < eL x[n] > e~. (3.40)
Since the second-order prediction should be based on the last two samples, it should have
the form

x2[n] = -a2[1]x[n - 1] - a2[2]x[n - 2]. (3.41)

In the projection term of (3.40), both x[n - 2] and x[n - 1] are included, and therefore it
is not possible to obtain the new a2-coefficients directly. They will be derived later.

When more samples are available, the above-mentioned sequence is repeated with the
earlier samples. Therefore a general notation for k points is given now. The normalized
error vector eb indicates the direction of the new information in a backward projection of
x[n]. (3.37) indicates that the first backward error is just the available vector x[n -1]. The
following error vectors, eLl represent the new information in x[n - k] and are obtained by
projection of x[n - k] on all the existing dimensions:

k-2

L: < e~,x[n - k] > e~,
i=O

b
ek-l

IleLIIi'
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Figure 3.4: Vector representation of backward prediction

The prediction is updated with this new information with

k-l b [ ] >
A () " [.] [ ] < ek-l' x n b
Xk n = - ~ ak-l z x n - 1 + Ileb 1/ 2 ek-l"

1=1 k-l

21

(3.43)

The first term in this expression is the previous prediction Xk-l. The normalized inner
product is called the reflection coefficient

(3.44)

The backward prediction can be written in a similar way as the forward prediction, with
the prediction coefficients represented by vector b:

k-2
xb[n - k] = - L bk- l [i]x[n - 1 - i].

i=O

When this prediction is subtracted from x[n - k], the error term (3.42) is obtained:

k-l

eLl = ~ bk- l [i]x[n - 1 - i].
i=O

(3.45)

(3.46)
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(3.43) is now written as

k-l k-l
Xk[n] = - L ak-l [i]x[n - i] - kk L bk- l [i]x[n - 1 - i].

i=l i=O

(3.47)

It can be proved, by rewriting the Yule-Walker equations, that the backward- and forward
prediction coeffients are related directly by

ak-l[l] = bk_l[k -1 -l] 1= 0,1, ... , k-l.

Using this, (3.47) becomes

k-l k-l
xk[n] = - L ak-l [i]x[n - i] - kk L ak_l [k - 1 - i]x[n - 1 - i]

~l ~o

k-l
- L(ak-tli] + kkak_tlk - iDx[n - i] - kkx[n - k].

i=l

(3.48)

(3.49)

These equations indicate how the k-th order prediction coefficients are obtained, because
they can be written as

k

xk[n] = - L ak[i]x[n - i],
i=l

(3.50)

with
i = 1,2, ... ,k -1,
i = k.

(3.51)

This expression shows the essence of the recursion. The new reflection coefficient kk and
the prediction coefficients ak-l are sufficient to calculate all the prediction coefficients ak.

To conclude the derivation of the Levinson method, it will be explained how the re
flection coefficient is related with the signal samples. First, the error term from (3.46) is
written as

k-l
eLl [n - 1] = x[n - k] + L ak-l [i]x[n - k + i].

i=l

(3.52)

by using (3.48). The inner product in the numerator of the reflection coefficient (3.44) can
now be written as

k-l
< eLl, x[n] >= Rxx[k] + L ak-l [i]Rxx[k - i].

i=l

(3.53)

The denominator is the inner product of the new error vector with itself. One of these
error vectors is written as in (3.42). Now the inner product can be written as

k-2

< eLl' eLl> - < eLl' (x[n - k] - L < e~, x[n - k] > e~) >
i=O

k-l
< eLI,x[n - k] >= Rxx[O] + L ak-l[i]Rxx[-i].

i=l

(3.54)
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by using the fact that the new error vector is perpendicular to all previous error vectors.
The reflection coefficient can now be written as:

(3.55)

When this expression and the auto-correlation matrix are known, all coefficients can be
calculated easily by recursion. The process is initialized by calculating adl] with (3.36).
Finally, a recursive expression of the prediction error power p from (3.29) is given. In each
step, the prediction is improved, and therefore the error will decrease [Kay88]:

(3.56)

If the reflection coefficient kk has length zero, the prediction coefficients are not updated
and the error will not decrease. If Ikkl2 = 1, the sample x[n - k] provides all the infor
mation about x[n] and therefore the prediction error will become zero. If this is the case
the recursion should terminate. When these situations do not occur, the process can be
repeated until k reaches the value p which is the desired order. The error that remains is
equal to the variance of the driving noise of the process:

3.3.3 The Burg method

2
U = pp. (3.57)

Next, a method will be described that estimates the prediction coefficients from the signal
samples directly. The Levinson method uses the autocorrelation coefficients. In each
recursion step a reflection coefficient is calculated which is equal to the new prediction
coefficient. Further, the previous prediction coefficients are updated with the reflection
coefficient. The autocorrelation should be known in advance when the Levinson method
is used.

The Burg method calculates reflection coefficients from the signal samples directly.
As with the Levinson method, these coefficients are sufficient to describe the prediction
coefficients. It should be emphasized that the Burg method is an estimation method. In
the same way as the autocorrelation is approximated by (3.5), the reflection coefficients as
calculated by Burg can be considered as approximations.

When the prediction coefficients are calculated from the signal samples, all samples
should be used. The quotient of two successive samples will depend on the index of the
samples due to the time-depend nature of the signal. Therefore, an arbitrary quotient
cannot be used to calculate the first-order prediction coefficient al [1]. Each quotient can
be considered as an estimate of the prediction coefficient. It is denoted by

a 1 _ x[n] x[n - k]
l,n[ ] - x[n - 1] # x[n - k - 1]' (3.58)
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where n is the index and the hat symbolises the approximation. Since the prediction
coefficient depends on the index of the sample, the same will be true for the forward- and
backward errors as indicated by (3.22) and (3.52). For recursion step k and sample index
n they are written as

e£[n]
k

x[n] +L ak[i]x[n - i],
i=l

(3.59)

k

e~[n] = x[n - k] +L ai:[i]x[n - k + i].
i=l

(3.60)

The Burg method calculates the average backward and forward prediction error of each
subsequence and minimizes the sum-squared error

(3.61 )

with

(3.62)

(3.63)

where N denotes the number of available samples. The forward- and backward prediction
errors are calculated in an iterative way. When the recursive expression for the prediction
coefficients, (3.51) is substituted in the expression for the forward- and backward error,
they become

enn] = eLl [n] + kkeLI [n - 1],

et[n] = eLl [n - 1] + ki:eLl [n].

The recursion is initialized with

e~[n] = e~[n] = x[n].

(3.64)

(3.65)

(3.66)

When samples x[O] ..x[N - 1] are available, the forward prediction error is available from
n = 1 to N - 1 and the backward prediction error from n = 0 to N - 2.

The average estimated prediction error (3.61) can be minimized by choosing the op
timum reflection coefficient kk. This is done by substituting the recursive forward- and
backward errors in (3.61) and differentiating it with respect to the reflection coefficient.
When the result is set to zero and solved, the result is

(3.67)
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A complete flow-chart of the Burg method is given in Appendix B. An important char
acteristic of the Burg method is its stability. The method will provide poles inside the
unit circle only. This results in extrapolation coefficients that cannot cause exponentially
increasing signals. An advantage is that the extrapolation will never cause numerical over
flow. Since some signals cannot be described properly by the Burg algorithm, tests of the
algorithm using different signals will be described in the next chapter.

3.4 Example of the calculation of the prediction co
efficients with the Burg method

Since the derivation of the Burg method is rather abstract, an example of the application
is given now. The same processing steps as indicated in the flow chart of App. B are used.

The spectral estimation techniques as presented are all intended for use with stochastic
processes. The effect of using a deterministic signal is illustrated now. Suppose that three
samples of a deterministic process are available, then the maximum order that can be used
is 2, because the maximum order is the number of samples minus one. Using the signal
expj7l"4n results in the samples as given in Table 3.1. The algorithm is initialized by taking

Table 3.1: Values of samples

n Real Imag
1 ~V2 ~v2
2 0 1
3 -hl2 ~V2

the available signal samples as prediction errors. When the reflection coefficient from (3.67)
is calculated with these values, the result is:

-2 (x[2]x*[1] +x[3]x*[2]) 1.1
kl = (lx[2]/2 + Ix[1]12) + (Ix [3]12+ Ix[2]12) = -2"V2 - J2"../2. (3.68)

Since this is the initialization step, this reflection coefficient is equal to ad1]. Calculating
the error with (3.56) results in

(3.69)

This result can be explained by the fact that the length of the reflection coefficient in
(3.68) equals one. This means that all information about an arbitrary x[k] can be found
in x[k - 1] by a first order prediction. When the available signal samples x[k] from Table
3.1 are multiplied by -adl], it is observed that x[k + 1] is obtained without any error.

Since the first order predictor has a error equal to zero, it is not possible to calculate
the second order predictor with these samples. When the error coefficients from (3.65)



26 Using Auto-Regression Extrapolation Algorithms in High Resolution Imaging Radar

are updated they appear to be zero. The reflection coefficient cannot be calculated then
because the denominator equals zero.

In Appendix C, an example is given where the values of the signal samples are slightly
different. In that case a very little prediction error remains and the second order reflection
coefficient can be calculated. In Table 3.2 the results are given. It appears that the first
coefficient is approximately zero. In fact, this is a first order predictor again, based on an

Table 3.2: Values of second order prediction coefficients

n Real Imag
1 rvO rvO
2 rvO rv -1

older sample. This result is rather obvious, because the samples belong to a first order
process.



Chapter 4

Applicability of the Burg method

4.1 Introduction

When the Burg method is used for the calculation of the extrapolation coefficients, it is
important to understand the behaviour of the algorithm with respect to the kind of signal,
the number of available samples and the order p. In this chapter, an evaluation of these
is given. For better understanding, an alternative application of the Burg method, the
calculation of AR-spectra, is presented first.

4.2 Calculation of auto regression spectra with the
Burg method

The Burg method is intended to calculate the vector a, which can be used to represent the
prediction coefficients. But there is another application that is worth mentioning because it
is often used in imaging techniques. This is the calculation of the AR-spectrum as defined
by (3.24). The calculation of the power spectral density (PSD) of the AR-spectrum is used
as an alternative to the FFT when the spectrum of a process is required. This method
provides very sharp peaks in the spectra, but the amplitude of these peaks is undefined.
This is caused by the fact that each peak is a representation of a pole, which are zeros in
the numerator of the expression of the AR-spectrum.

In Fig. 4.1 examples are given for a single complex exponent expjn and a cosine. To
obtain this spectrum, (3.23) and (3.24) are calculated for z = exp(j2nf). It is observed
that an exponent is described by a single peak, defining its frequency. Therefore, a first
order AR-model is sufficient. The cosine is represented by two peaks. This is caused by the
fact that a cosine is a combination of two complex exponents. Thus a second order model
is required for a real valued cosine. It can be concluded that the poles in the numerator of
the polynomial expression of the AR-spectrum each describe a single periodic process. It is
important to have knowledge of this fact when an arbitrary signal is supplied to the Burg
algorithm. When the order is too low the signal cannot be described completely, when

27
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dB
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o

Figure 4.1: Autoregression power spectra of a complex exponent and a real-valued cosine.

it is too high, spurious peaks and line splitting can occur because different poles have to
describe the same spectral component.

4.3 Using the AR-model for extrapolation

When the auto-regressive model is used to extrapolate signals, its performance will depend
on a number of factors. It is important to know to which extent the AR-model can describe
the signal and what the result of the extrapolation will be using this model.

The order p of the AR-model determines the number of poles of the spectrum. With
order p = 1, one pole in the spectrum can be described. As indicated in the last paragraph
this is equivalent with a complex exponent exp(jwn). Since the polynomial expression in
the AR-spectrum is equivalent with the prediction coefficients, it can be concluded that the
way in which signals are described correctly by the spectrum also determines the possibility
for extrapolation of the signals.

The signals as represented by an AR-spectrum are infinite and periodic. Since the
Burg algorithm is performed on a limited number of samples, they do not describe a true
periodic signal. Thus the Burg algorithm can be considered as a method to determine the
periodical components in a number of samples. Decaying signals can be described by the
real valued poles inside the unit circle at the z-plane. Even when the samples describe
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a non-periodical signal, the Burg algorithm will calculate coefficients that belong to a
periodical signal. When the available non-periodical samples are extrapolated, the result
will be a periodical signal, existing of multiple complex exponents. The higher the order,
the better a non-periodical signal can be described in this way, but the result cannot be
correct. When no periodic components can be detected in the available signal, the only
alternative is an extrapolation that decays rapidly.

In general, when the order is too low, the number of spectral components will be
limited. Even when the signal is periodic, this can cause problems, because not all spectral
components can be described. When the order is chosen too large, all the extra poles
have to describe the same spectral component. When minor errors occur in the poles, for
example caused by noise components, non-existing spectral components can be created.
They can affect the extrapolation in an incorrect and unpredictable way. Further, the
order of the extrapolation determines the number of samples from the past on which the
extrapolation is based. This means that original signals samples are used in a larger range
of the extrapolation. Since errors often occur due to the fact that the extrapolation is
based on already extrapolated samples, a larger order can sometimes provide a larger
extrapolation factor.

4.4 Examples for various signals

4.4.1 Linear combinations of sinusoidal signals

A single complex exponent can be described by a single pole z = p expiO• When this pole is
on the unit circle, it represents the function cos On +j sin On. To apply the Burg algorithm
to this function, an order p = 1 is expected to be sufficient. But this means that with two
input samples only the signal can be described completely. It is obvious that these cannot
be two arbitrary samples, because the sampling theorem should be respected. This can
be considered as a an upper limit: in each period (211" rad), at least two points should be
available. But it is not clear what is the minimum distance between the two points. In
Fig. D.1 three examples are given where the samples of the signal are at mutual distances
of 0.01 rad, 0.1 rad and 1.0 rad. When these are extrapolated, it is clear that even two
points at very small distances supply enough information to describe the complete signal.

When a single real valued cosine has to be described, an order p = 2 is required.
Therefore at least three data points are required. In Fig. D.2 four examples are given in
which three points from a cosine are extrapolated. The increase of the phase between the
first and the last sample is variated in these examples. Is observed that the extrapolation
is not correct when the available samples are too close together. When the first and last
sample are separated by 5.625 degrees (= 0.1 rad) the period of the extrapolated cosine
decreases. It is remarkable that the extrapolation of the single exponent performs much
better than this extrapolation. These examples show the importance of the presence of
phase information.

When more exponential components are available the order should be increased to
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describe them all. In Fig. D.3 a signal consisting of three exponential components is
extrapolated with order p = 2, 4, 6 and 50. As expected, order 2 is too low to extrapolate
this signal. With order 4, the first period is extrapolated well, but the last extrapolated
period is disturbed somewhat. The higher orders do not harm the extrapolation visibly.
It appears that using a higher order here is the best guarantee for correct extrapolation.

Finally, a modulated signal, consisting of a multiplication of two complex exponents
is investigated. Ten periods of high frequent component contain one period of the low
frequent component. The input samples that are used contain less than one period of the
low frequent component. The result of an extrapolation with order p = 10 is depicted in
Fig. DA. It appears that both the high- and low frequent part of the signal are extrapolated
well.

4.4.2 N on-sinusoidal periodic signals

Each periodic signal can be described as a summation of sinusoidals. But for signals like
a square-wave, the number of sines becomes infinitely large. Since a model with order
p contains a limited number of sines, it is not possible to describe a square-wave fully.
However, when only a limited number of samples is available, a square-wave can often
be described by a very small number of sines. It appears that sometimes a rather good
description of the square-wave can be made by the AR-model and that the result of the
extrapolation is acceptable. In Fig. D.5 some examples are given. Two periods of a
square wave, each existing of twelve samples, are used as input of the Burg algorithm. The
extrapolations with a lower order are clearly sinusoidal. It is observed that an increasing
order gives a much better result as expected. With order 20, the first extrapolated period
only contains small errors. But the next periods, which are extrapolated from already
extrapolated data show an increasing error because they are based on already extrapolated
samples. It is concluded that in most cases the extrapolation of a square-wave is less
succesfull.

4.4.3 N on-periodic signals

Since a non-periodic signal cannot be described by a combination of complex exponents,
a correct extrapolation is expected to be impossible. The Burg algorithm tries to fit the
available samples into a signal that is inside the unit circle of the z-plane. This can be a
periodic or decaying signal. This is illustrated in the following example: in Fig. D.6 a ramp
of 10 real valued samples is extrapolated. As expected, the extrapolation is a combination
of sinusoids and decaying exponents. When the order is increased the ramp is continued
during the first samples, but in the later samples it will always be a periodic and decaying
process.

Next, a signal with a linear increasing frequency is investigated, represented by cosn2 •

The result is depicted in Fig. D.7. In all cases a strongly decaying exponential term is
present. The periodic components seem to be based on the last samples of the input signal.
It is clear that none of these extrapolations give a satisfactory result.
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Finally, a signal proportional to ~ is taken. Again the result contains a strongly decaying
exponent, but no periodical components at all. In Fig. D.8 the result is given for different
orders. The higher the order the better the continuation between original and extrapolated
samples. It is clear that the Burg algorithm recognizes the decreasing components of the
signal and tries that to fit exponentials on it.

4.4.4 Combination of periodic and non-periodic signals

When a combination of periodic and non-periodic signals is extrapolated, it is interesting
to know in which matter the extrapolation of the periodic components is damaged by the
presence of the non-periodic components.

First, a multiplication of a ramp and a sine, n sin n is extrapolated. From Fig. D.9 it is
observed that the periodic component is preserved well and that the ramp is extrapolated
in a similar way as a single ramp. The result is the original sine modulated with a periodic
function that is caused by the incorrect extrapolation of the ramp.

Next, the Sine-function si~n is extrapolated. The result is depicted in Fig. D.lO. It
is notable that the result with order 4 is rather good. But the higher orders give a very
unsatisfactory result. This effect can be explained from the fact that a lower order does
bases its extrapolation on outer parts of the input area only, which do not contain the high
peak.

It can be conluded that these combinations of two signals give results which do strongly
dependent on the order of the extrapolation and therefore the extrapolation can never be
reliable. It appears that the result is also influenced by the number of samples that is used
as input of the Burg algorithm. So, this type of signals can only be extrapolated when
knowledge about the character of the signal is available in advance.



Chapter 5

Application of extrapolation
techniques in ISAR

5.1 Introduction

The extrapolation technique as presented in the preceding chapters can be used in ISAR
to enlarge the bandwidth and thus to improve the resolution. Examples of this application
are given in [Mog92] and [MIT92]. For a succesfull utilisation of the extrapolation it is
necessary to investigate the characteristics of the data. This should be done for the different
steps of the imaging process, for different targets and for different sizes of bandwidth and
angular span. It appears that there are large differences in the suitability of the data traces
for extrapolation for these different cases.

Another problem with the existing imaging methods is the fact that a considerable
amount of data is discarded in the focusing step. Therefore, a new focusing algorithm is
presented that uses the available data more efficient by extrapolation.

Furthermore, the extrapolation can be used for the improvement of the resolution by
increasing the size of the area that is used as input of the FFT. Four different methods are
presented to achieve this. Two of these methods use the new focusing algorithm.

5.2 Characterization of ISAR - data

When improvement in the resolution in both cross- and down- range is required, an extrap
olation will be necessary for both directions. The cross-range resolution is provided by the
angular span and the down-range resolution by the bandwidth. For better resolution these
have to be enlarged. It is obvious that the frequency- or angle axes cannot be extrapolated
unconditionally. The quality of the extrapolation will depend strongly on the character of
the signal that has to be extrapolated. Therefore the signals belonging to different targets
have to be examined. As discussed in Chapter 4, the best results are achieved with periodic
signals.

An example of a target is the point scatterer. When a point scatterer is observed from

32
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a certain angle, the received signal GU, ()) as described by Eq. (2.4), will be sinusoidal
with respect to the frequency because g(x, y) is a delta function and () a constant. This
suggests that for each angle, the frequency range of G can be extrapolated. But the aspect
angle axes of G for a fixed frequency show an increasing or decreasing period in the case
of a single point scatterer. In the Chapter 4 it has been shown that such signals cannot
be extrapolated succesfully. This is illustrated in Fig. 5.1: for a scatterer at (x, y) = (0.1,
0.1) meter, the received signal is plotted with respect to the angle for a fixed frequency.
From the angular span, two subspans are taken, A and B. They are both extrapolated to
the original angular span. It is seen that both extrapolations are incorrect and that the
amplitude and position of the scatterer are not reconstructed correctly. Since the resulting
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Figure 5.1: Comparison of cross-range extrapolation methods. Method A: subspan A of
angle span; method B: subspan B of angle span; method C: subspan after focusing.

image should be a point scatterer, it is concluded that the input of the FFT has to be
sinusoidal in both directions. When the frequency vs. aspect angle data is used as input,
the result will be an unfocused image. A point scatterer is imaged incorrect then because
the aspect angle axis is not sinusoidal. This is exactly the same problem as with the
incorrect extrapolation: both the FFT and the linear extrapolation require a sinusoidal
signal. The way this is achieved in the case of the FFT is polar formatting or focusing
[Men91]. Consequently, it is concluded that the extrapolation for the cross-range should
be performed after the focusing. This is shown in Fig. 5.1 by method C. With an arbitrary
subspan of the Ix-axis a correct extrapolation is performed and the resulting scatterer has
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a correct amplitude and position.
It can be concluded that in case of a small angular span, the error made by leaving

out the focusing step is negligible. However, in the case of angular extrapolation this is
not true anymore. The extrapolated function will have an incorrect period and after FFT
processing this will result in a point scatterer that is imaged with errors, depending on
which part of the angular span was used for extrapolation.

The only axis that has not been mentioned already is the Jy axis. It is clear that the
data along this axis is suitable for extrapolation too, because focusing results in sinusoidal
data in both directions of the frequency space in the case of point scatterers.

When the target does not consist of point scatterers, the result of the extrapolation
will depend of the character of the data on the axes which are extrapolated. In general an
object has a certain scattering characteristic which is a result of its shape. This scattering
depends on the frequency and the angle from which the object is observed. With a point
scatterer, this reflection is just constant for all frequencies and angles. Only the position of
the point scatterer determines the character of the received signal. In fact the information
about the position is identical for all objects. The information about the shape of the object
can be considered as a modulation of the position information. This effect is illustrated in
Fig. 5.2. The aspect angle axes of a rectangular bar and a point scatterer are compared.
The following simulations are done:

• Point scatterer at x = 50 cm,

• Bar at x = 0 cm,

• Bar at x = 50 cm.

The point scatterer is represented by a sine on the aspect angle axis. In general this sine
will have a varying frequency, except when the scatterer is at y = o. The bar at x = 0 is
represented by a Sinc-function. When the bar is positioned at the position of the scatterer,
it is seen that the sinusoidal information about the cross-range position is modulated with
the Sinc-function that represents the bar. From simulations it is learnt that the Burg
algorithm cannot extrapolate a Sinc-function accurately. This example shows that in case
of an incorrect extrapolation of the Sinc, the information about the position of the object
will remain preserved. Another conclusion is that in case of a very small bandwidth the
sinusoidal information about the target remains available. After extrapolation, this will
result in a point scatterer instead of a bar.

It can be concluded that processing with the Burg algorithm leads to images with point
scatterers because the result of the extrapolation is always a combination of sinusoidal
signals.

In the next paragraph the different applications of frequency- and Jy-axis extrapolation
will be considered.
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Figure 5.2: Aspect angle distributions for bar and point scatterer at x = 0 and 10 cm.

5.3 Method for focused imaging with preservation
off all data

After it is determined which axes are most suitable for extrapolation, a new imaging
procedure will be presented. In Fig. 2.2 it has been observed that large parts of the
available angular span are not used by the focusing algorithm. Our goal is to use as much
of the available data as possible with the fewest extrapolations.

5.3.1 Concept of the new focusing method

When all the available data has to be used, some data should be obtained by extrapolation,
because a rectangular area is needed as input of the FFT. When a rectangle is defined by
taking the full bandwidth at () = 0 and the full angular span at the highest frequency,
the upper and lower corners of the rectangle will contain no data. In the upper corners,
frequencies outside the available bandwidth are required and in the lower corners a larger
angular span is necessary. To calculate the extrapolated points from as many input points
as possible, it is the most efficient to obtain the upper corners by extrapolation of the
frequency axes. The lower corners cannot be obtained by frequency axis extrapolation.
Since angular extrapolation is not usable, the only option is to apply polar formatting
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Figure 5.3: Definition of areas used by new focusing scheme.

(focusing) to the available area. Now fx, fy- data points are available. But these points do
not form a rectangular area because the lower corners are not extrapolated yet. They can
be obtained by extrapolation of the fx- or fy-axes. Looking at the points that are available
for this extrapolation, makes clear that the fx-axis extrapolation is preferred because it is
based on original data only. When fy-axis extrapolation is used, the axes with the larger fx
values are based mainly on points that were obtained by the frequency-axis extrapolation
before the focusing.

As observed in Fig. 5.3 two small areas belonging to larger angles with the lowest
frequencies are not used. The reason for this is the fact that these areas provide too less
information for fx -axis extrapolation.

The total focusing scheme is summarized by the following steps:

• Determine the fx, fy-area: fx-range determined by maximum frequency at largest
angle, fy-range by minimum and maximum frequency at 0 = o.

• Frequency axis extrapolation: the highest frequency is determined by the upper
corners of the rectangle by substituting the maximum values of fx and fy in Eq.
(2.9).

• Interpolation of the available data: this is the actual focusing step which results in a
fx, fy data grid in a rectangular area. Since the available data does not constitute a
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rectangular area, some points are not calculated.
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• fx-axis extrapolation: The remaining points are obtained to fill the complete rectan
gle.

• Imaging: by applying an FFT to the data the actual image is obtained.

5.3.2 Resolution of the new focusing method

As can be seen in Fig. 5.3, the new focusing technique will provide a resolution enhance
ment in cross-range mainly. The reason for this is that the conventional imaging methods
use the bandwidth rather efficient already.

The resolution obtained by the new focusing method is derived from the size of the
fx, fy area used by the FFT. The edges in the fy -direction of the enlarged rectangle are
indicated by:

f
- 2fmin

Ymin - C

f
- 2fmax

Ymax - C

(5.1)

(5.2)

which are directly derived from the lower and upper frequency which are used. The fx
range is defined by the angular span at the upper frequency:

2fmax . 0
fxmax = - fXmin = -c- S111 "2 (5.3)

The down- and cross-range cell sizes can be calculated by substituting these values in
equations (2.21) and (2.22). An example is given for a frequency span from 7 to 9 GHz
and an angle span of 30 degrees. In Fig. 5.4 this area is depicted. The rectangular area
belonging to these values, the square area for equal resolution and the enlarged rectangle
are indicated each. The resulting resolutions are presented in Table 5.1. When the total
available angular span is used with conventional imaging some bandwidth is lost. When
equal resolution is required, the angular span becomes much smaller, but the bandwidth
can be used more efficient. The new scheme uses the complete bandwidth and angular
span and therefore provides the smallest cell sizes, which result in the highest resolution.
To obtain the same cell sizes with the conventional imaging method, an angle span of 36.8
degrees and a bandwidth of 2.3 GHz is required. This case is indicated in the last column
of the table.

The performance of this method compared to conventional focusing methods depends
strongly on the available bandwidth and angular span. When the bandwidth is relatively
large and the angular span small, the area that can be used by the conventional method is
almost as large as the extended rectangle that is used by the new method. But when the
bandwidth is small and the angular span large, the conventional focusing methods can use
a small angular span only. This means that the information of some angles is discarded
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Figure 5.4: Example with data available with B = 2 GHz, fo = 8 GHz and (3 = 30 degr.

totally. The new method can use the complete angular span and thus provides a large
resolution enhancement in such a situation.

The applicable angular span wi th the new method is not unlimi ted however. The
maximum span is reached when point with the maximum frequency and the maximum
angle touches the lower corner of the rectangular area. In that case the extrapolation of
the fx-axis is not necessary anymore because the complete area is filled with original data.

5 .4 Using extrapolation for higher resolution

To obtain better resolution in both directions by extrapolation, different methods are
available. As reported earlier, extrapolation can be performed on the frequency axis and
on both the fx- and fy axes, or on combinations of those. Some of these combinations are
given here:

• A: Extrapolation of the frequency-axes to very high frequencies [Mog92]. When the
frequency band is extrapolated to higher frequencies, for example by a factor of
three compared to the original center frequency, the same angular span will provide
much larger values of fx. Thus, this will provide a resolution improvement in both
directions. Disadvantage is that only extrapolated data is used as input of the FFT.
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Table 5.1: Comparison of imaging methods

Conventional imaging New focusing scheme Conv. imaging
Uneq. res. res. Uneq. res. Large data set

usable B 1.82 1.92 2.00 2.30
usable () 30.0 16.0 30.0 36.8

fxmax 12.49 6.41 15.5 15.5

fYmin 46.6 46.6 46.6 46.6

fy'm"'" 58.7 59.4 60.0 60.0
down cell (cm) 8.3 7.8 7.4 7.4
cross cell (cm) 4.0 7.8 3.2 3.2
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• B: Extrapolation of the fx-and fy-axes after conventional focusing. This can be
done with both equal and unequal resolution imaging. After the interpolation step
in conventional imaging, the fx, fy-plane can be extrapolated in both directions.
Disadvantage is that a considerable amount of data is discarded, which need to be
reconstructed again by extrapolation.

• C: Extrapolation of the fx-and fy-axes after using the new focusing method. The
extrapolation can be performed on the larger rectangle that is obtained with the new
focusing scheme in both fx- and fy- directions. This implies that in the total imaging
process extrapolation on frequency-, fx- and fy-axes is used.

• D: Extrapolation of the frequency- and fx-axes. When the extrapolation as described
in the previous section is proceeded to a larger bandwidth, the resolution will increase
further. For example, the frequency axes can be extrapolated to higher frequencies
with a factor of 3 before focusing. Lower frequencies will provide too less information
in the focused rectangle and thus are not used. After focusing of the complete area
that is available, the fx-axes can be extrapolated until a rectangular area is obtained.

The areas that are used by the four methods are indicated in Fig. 5.5. The last two
methods both use the new focusing scheme but are rather different. Method C uses the new
focusing scheme with a rectangular area that is defined by the available data as described
in the previous section. After the focusing, the much larger rectangular area is obtained by
extrapolating as far as desired. Method D extrapolates the frequency axes until the larger
rectangular area that is needed for the desired high resolution is filled complete at the
upper corners. The lower corners are obtained by fx axis extrapolation. The interpolation
for the focusing is performed after all extrapolations.

It is difficult to predict which method will perform better. Therefore, in the next
chapter they will be compared by performing them on simulated and measured data.
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~~~I Area obtained by extrapolation= ! in direction indicated by black lines.

~§31 Area obtained by extrapolation= ,discarding available data.

___IAreas with original data.
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D

Figure 5.5: Four methods for resolution enhancement by extrapolation. A: frequency axes
only, B: fx, fy-axes after conventional imaging, C: fx, fy-axes after new focusing scheme,
D: frequeny axes with new focusing scheme.



Chapter 6

Simulations and Measurements

6.1 Introduction

To verify the usefulness of the focusing algorithm and the further extrapolation, simulated
and measured data from different targets can be used. In this chapter a simulation and a
measurement of points scatterers and a measurement of an airplane model are used.

6.2 Definition of targets

A well defined target can be constructed from separate point scatterers. For these we have
used 6 aluminum cylinders, with a height of 3 em and a diameter of 2.S em. The cylinders
are located at (0.0, 0.0), (-0.30, 0.0), (0.0, -O.IS), (0.0, -0.30)' (2v'0.07S,2v'0.07S) and
(2J0]5,2J0]5) meter. They are located at different heights to make them all visible
from all angles. Data is available from 4 to 14 GHz, 360 degrees around. A more complex
target is a scale 1: 100 Boeing 747 model. Its RCS has been measured 360 degrees around
in a frequency range from 1.6 to 14.3 GHz. Parts of the available data can be used for
each desired bandwidth and angular span.

The RCS measurements are carried out on the Compact Antenna Test Range (CATR)
of the Antenna Lab at the Eindhoven University of Technology.

An alternative to measurements is simulation [Ger93]. Simulations of different targets
can be performed by using the simulation program RCSI9. Examples of available targets
are point scatterers, cylinders and flat plates.

6.3 Examples of extrapolation of different axes

The simulation of the six point scatterers was used for a verification of the possibility to
extrapolate the different axes. The data is available in an angular span of 30 degrees and
a bandwidth of 2 GHz with a center frequency of 8 GHz. In Fig. 6.1, the original data
is plotted in a rectangular and a circular (polar) data grid. The polar data grid clearly

41
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shows the periodicity of the data in both Jx- and Jy-directions. Next an extrapolation is
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Figure 6.1: Contour plots of the reflectivity from a simulation of six point scatterers with
respect to the frequency and aspect angle.

performed on the frequency- and the aspect angle axes. Both axes were extrapolated by a
factor of 3 in each direction. The result is given in Fig. 6.2. It is clear that the aspect angle
extrapolation gives a unsatisfactory result as expected. The result of the extrapolation of
the frequency axes is more succesful. But the higher frequencies are rather deformed, so it
can be concluded that an extrapolation factor 3 is too high, even with this simple target.
After focusing of the data a one-directional extrapolation is performed in the Jx- and Jy.
direction. The results for extrapolation factor 3 are given in Fig. 6.3. It is clear that the
extrapolation in the Jx, Jy plane provides a very good result in both directions. It appears
that the assumption concerning the possibility of extrapolation in Jx· and Jy·direction is
valid for the simulated point scatterers. The performance of the extrapolation along the
frequency axis falls short.
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Figure 6.2: Contour plots of extrapolated reflectivity distribution from six scatterers with
respect to the frequency and aspect angle.

6.4 Influence of the order of the model

As indicated in the previous chapters the order of the auto-regressive model influences the
number of complex exponents that can be extrapolated. Since a point scatterer can be
described by a single exponent on the fx-and fy-axes, it is expected that the number of
point scatterers which can be distinguished in the target, is a lower limit for the order.
When the order is too high, the quality of the image is expected to be influenced by
incorrect extrapolation. In various references [MIT92], [Mog92] an order equal to one third
of the number of points is mentioned, which can be considered as a compromise.

In Fig. E.1, E.2 and E.3 the result obtained from extrapolations with various orders is
given. The extrapolated area as well as the resulting image is depicted. The input consists
of simulated data from 6 point scatterers. The extrapolation factor of the fx- and fy-axes
equals 4.0. The number of points of the input data at a single axis is equal to 128. The
following orders are used:

• 0, which is equal to zero padding. This gives no new information at all. It is clearly
visible that sidelobes are present around the point scatterers.

• 6, which represents the minimum order because it is equal to the number of scatterers.
It is observed that the quality of the extrapolation is satisfactory when it is based on
original data. When the extrapolation factor becomes to large, the result deteriorates.
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Figure 6.3: Contour plots of extrapolated reflectivity distribution from six scatterers with
respect to the Ix-and Iy-axis.

When the extrapolation is based on already extrapolated data, which is the case in
the corners of the square, the result is poor. The image belonging to this data
contains many disturbances.

• 12, is the double of the minimum order. The quality of the extrapolation is somewhat
better, but still not satisfactory. The same yield for the quality of the image.

• 43, which represents one third of the data points. The extrapolation of the original
data is of high quality, but in the outer corners of the area, some distortion is visible.
The resulting image does not show many disturbances.

• 127 which is the maximum usable order. This gives the best quality. The distortion
in the outer corners is less than with order 43. The resulting image is of excellent
quality.

Since this is a noiseless simulation the highest orders cannot be degraded by the influence
of noise. Therefore, an example of an extrapolation on measured data from 6 cylinders is
given now. In Fig. 6.4, images are presented which are obtained from extrapolations with
order 43 and 127. All parameters are unchanged compared to the previously simulated
point scatterers. When the order equals one third of the number of points, the result of
the extrapolation gives a good resolution enhancement, with a large dynamic range. With
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Figure 6.4: Images of 6 cylinders with four fold extrapolation on fx- and fy- axes with
order p =43 and 127.

the highest order the distortion at lower levels increases significantly. This makes clear
that a high order can degrade the data seriously. It is concluded that in most cases the
extrapolations with the order equal to one third of the number of points give the best
results.
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6.5 Use of the new focusing scheme

6.5.1 Description of different experiments

The most important feature of the new focusing scheme is the preservation of original data.
This is done by using extrapolation. The algorithm is tested in two different situations:
with a limited data set and with a large data set. The limited data set provides an image
of very poor quality when used with conventional imaging methods, the large data set has
a very large bandwidth and an angle span of 180 degrees. The new focusing scheme is
implemented in the VAX-VMS FORTRAN-program SuperBurgFocus and is compatible
with the data format of the program Image which performs conventional ISAR imaging.

6.5.2 Examples with limited data set

A small data set is taken from the measurement of the 6 cylinders: 8.0 to 9.0 GHz, 20
degrees angular span. From this data an image with the conventional technique is created
(see Fig. 6.5a). Due to the requirements of equal resolution imaging only 7 degrees angular
span can be used. This image is used further as reference.

Next, Fig. 6.5b gives the enhancement acquired when extrapolating the missing edges
in the enlarged rectangle, using as much original data as available. The order of the
extrapolation is one third of the number of points. This clearly results in a better cross
range resolution. The same is done with a small data set of the measurements of the Boeing
747. The limited data set has an angular span of 30 degrees and a frequency band from 7
to 9 GHz. In Fig. 6.6a the conventional imaging technique was used with equal resolution.
The useable angle span was 16 degrees. The resulting image has a very poor resolution.
The two engines on one wing are not distinguishable as separate objects. In Fig. 6.6b the
new focusing scheme was used. The improvement of the resolution is remarkable. The
engines and wingtips are clearly seen in this image.

6.5.3 Examples with a large data set

Since the new focusing scheme can use a larger angular span at once, images can be made
which are not obtainable by the conventional method. When data from measurements
of the Boeing 747 with a bandwidth from 1.6 to 14.3 GHz and an angular span of 180
degrees are available, the conventional method will use only 148.9 degrees in case of equal
resolution. When unequal resolution is used with the conventional imaging, an angle of
166.5 degrees can be used but this causes a considerable limitation of the useable bandwidth
and thus a larger cell size. In Table 6.1 the cell sizes of the images from the three methods
are given. When the cell-sizes are compared it is clear what is the benefit of the new
method: in both directions the maximum available resolution can be reached. This in
contrast with the conventional methods where an improvement in one direction means a
deterioration in the other direction. Images of these cases are given in Fig. 6.7. With the
new focusing scheme an angular span of 167.2 degrees can be used, with maintenance of
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Figure 6.5: Images of 6 poiilt scatterers with 1 GHz bandwidth and 20 degrees angular
span. A: conventional imaging using 7 degrees, B: new focusing scheme, using all data.
Dynamic range: 21 dB.

the complete bandwidth. It is clear that this results in an image with a lot of details then
the equal resolution image obtained from the conventional method. The front side of the
main wings and tail are fully visible in this image. Further, some details in the engines can
be distinguished. The image with unequal resolution as obtained with the conventional
focusing method as almost the same resolution in cross-range direction. But due to the
low down-range resolution, this overall quality of this image is poor.

Table 6.1: Resolution of the images with large data set

method: new scheme eq.res non. eq. res
x-cell size (em) 0.53 1.30 0.55
y-cell size (em) 1.18 1.30 4.97
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Figure 6.6: Images of B747 with 2 GHz bandwidth and 30 degrees angular span. A:
conventional imaging using 16 degrees, B: new focusing scheme using all data. Dynamic
range: 36 dB.

6.6 Using extended extrapolation for high resolution

The new focusing scheme as described above gives some resolution enhancement, particu
larly in the cross-range. When a much higher resolution is required, an extended extrap
olation should be performed to obtain a much larger input range for the FFT. The four
different extrapolation methods are compared by using a limited set of measured data. Ex
trapolation factors that give a four-fold resolution enhancement compared to conventional
imaging with equal resolution are used with each method.

6.6.1 Examples with a limited data set

The limited data set from both the configuration of cylinders and the B747 from the
previous section is used as input of the four methods. In Table 6.2 the extrapolation
factors off all axes with the different methods are presented. The extrapolation factor is
defined by the bandwidth increase due to the extrapolation. With method C & D the
extrapolation factor of the Ix-axes is variable because of the availability of original data.
The resulting images with the four methods are given in Fig. 6.8 for the 6 cylinders and
Fig. 6.9 for the Boeing 747, together with an image with the same resolution obtained
by conventional imaging methods with a larger data set as input. When all images are
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Table 6.2: Extrapolation factors of extended extrapolation methods

target extrapolation A B C D
SIX fx 1 4.0 1.26 ""1.42 1.26",,1.42

scatterers fy 1 4.0 3.92 1
frequency 7.4 1 1 4.0

fx 1 4.0 1.67""2.15 1.67""2.15
B747 fy 1 4.0 3.89 1

frequency 8.0 1 1 3.85

compared with the reference image, some important conclusions are drawn:

49

• Extrapolation of the frequency axes gives unsatisfactory results. The image obtained
with method A, which is based on data obtained completely by frequency extrapola
tion, is not recognizable at all. This can be explained by the very high extrapolation
factor which is necessary to obtain an area which is large enough to construct a square
area which is four times larger than the original. Method D, which uses frequency
extrapolation in combination with the new focusing scheme, performs better. This
method uses all the available data and therefore the frequency axis extrapolation
factor can be limited.

• Extrapolation of the fx, fy-axes is the most reliable. The image obtained with method
B is based on the small square area that is available after conventional focusing.
Notwithstanding the fact that a lot of data is lost with this method, the quality is
still satisfactory.

• Extrapolation in combination with the new focusing scheme gives the best result.
This is the case with method C the fx,Jy-axes are extrapolated after using the new
focusing scheme. This implies that a smaller extrapolation factor can be used because
more original data is available. The quality of this image is superior to all the other
methods. When it is compared with the reference image, which is based on a much
larger data set with conventional imaging, it is concluded that the quality is almost
equal.

• The results with the four methods are equal with both targets. Since the Boeing 747
is a rather complex target it can be concluded that the results are valid for all types
of targets.

• When the resulting images are examined, it is worth noting that they look like a
combination of point scatterers mainly. This is caused by the bandwidth of the input
data which is so small that the conventional imaging method cannot distinguish
individual point scatterers. As concluded earlier from theoretical considerations, the
Burg method gives good results with point scatterers. It is evident now that this is
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also the case with the measured data because the available bandwidth does contain
all information about the point scatterers in the targets, but more complex structures
are not described.

6.6.2 Examples with large data set

It has been shown that the Burg method works well with the extended extrapolation
of a small data set. This implies that the image will exist of point scatterers mainly.
Furthermore, the new focusing scheme has been used with a large data set which means that
only small parts are extrapolated. Finally, the extended extrapolation will be performed
on a large data set. This implies that the data contains information about the shape of
objects which should be extrapolated. Since of the large bandwidth and angular span, the
point scatterer model is not valid anymore in this case. The simulations have shown that
in this case the shape of the objects can be affected, but the information about the position
will be extrapolated well. Since the new focusing scheme and method C have proven to be
reliable, they are used here.

For a verification of the functionality of the extrapolation in this case, a large data set
from the Boeing 747 model is taken. The bandwidth is 6 GHz with a center frequency of 8
GHz. The available angular span is 90 degrees. The extended extrapolation is performed
on the fx, fy-axes after using the new focusing scheme. In Fig. 6.11, the resulting image
is given when the extrapolation factor in both directions is equal to 2, 3 or 4. This is
conform method C as described in the previous chapter. The result is compared with an
image obtained by using order 0 (zero padding) and with an image obtained from the
new focusing scheme without further extrapolation. Information about the images is given
in Table 6.3 When all the images are compared, it is concluded that the quality of the

Table 6.3: Information about the images with large data set

method: 2 * extr. 3 * extr. 4* extr. 4 * pad. no extr.
x-cell size (cm) 0.47 0.31 0.23 0.23 0.92
y-cell size (cm) 1.25 0.83 0.63 0.63 2.50
max. refl. (dBsm) -33.4 -38.0 -41.3 -45.5 -27.5

extrapolated images is not really better. It is remarkable that the maximum values of the
images differ significantly. The maximum values of the zero padding case and the example
without extrapolation are limits that determine the quality of the image with extrapolation.
The latter can be considered as a correct image. The zero padding on the other hand will
decrease the amplitude because only zeros are added which give no information. The same
will be the case when the extrapolation generates irrelevant or incorrect information. As
usual, the points with maximum reflection at the B747 are the engines. It is observed that
the maximum value decreases significantly when the extrapolation factor increases. But
the values are all higher than with zero padding. So, the extrapolation gives some relevant
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new information. A better way to compare the images, is to look at an enlarged part of
one engine. Enlarged images of the left engine in Fig. 6.12 clearly show the differences
in quality. The zero padding gives no new information at all, whereas the extrapolated
images give a better reconstruction of the frontside of the engine. The cross-range size
of the engine is accurately depicted especially with extrapolation factor 3 and 4. In the
down-range direction, the reflectivity has a high peak in a very small area. It seems that
the frontside of the engine is imaged as a flat plate with the width of the engine. When the
images of extrapolation factor 3 and 4 are compared, it is clear that extrapolation factor
3 supplies all the new information. Factor 4 only has lower levels but no new details.

In general it can be concluded that the extended extrapolation on a large data set
provides some enhancement in the quality, but the performance is much poorer than with
the extrapolation on a small data set. The decrease in amplitude that occurs, shows that
parts of the extrapolation are not correct. This agrees with the assumption that signald
which do not represent point scatterers cannot be extrapolated very well.
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Figure 6.7: Images of Boeing 747 from large data set, 1.6-14.3 GHz, 180 degrees angular
span. A: with new focusing scheme, B: conventional equal resolution, C: conventional
non-equal resolution.
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Figure 6.8: Images of 6 cylinders with extended extrapolation from bandwidth 8.0-9.0 GHz,
20 degrees angular span according to method A to D and reference image from bandwidth
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Figure 6.12: Enlarged images of B747 engine obtained from data with frequency range
5.0-11.0 GHz and 90 degrees angular span with extended extrapolation using method C.
A: No extr., B: 2 * extr., C: 3 * extr., D: 4 * extr., E: 4 * zero padding.



Chapter 7

Conclusions

It can be concluded that extrapolation techniques based on auto-regression techniques pro
vide a powerful tool for resolution enhancement in imaging techniques such as ISAR. The
Burg method has shown to be a reliable procedure to calculate the prediction coefficients.
Advantages of the Burg method is its stability and efficiency. The cost of the stability
is that some signals cannot be extrapolated. When periodic signals are extrapolated the
result is good and the influence of the order of the extrapolation is small.

After investigating the possibilities of the extrapolation with the Burg method, it ap
peared that the best results could be achieved when a focused data set is used. When the
extrapolation is applied to this rectangular data array, the result is very good in case of
point scatterers. In the different simulations it appeared that extrapolation of the aspect
angle axis gives very bad results and extrapolation of the frequency axis moderate quality.

Conventional focusing techniques do not use the available data very efficiently. A new
focusing technique that uses extrapolation is described. This technique preserves all the
available data and provides a good basis for further extrapolation.

When further extrapolation is performed after focusing with this technique, a four
fold resolution improvement is realized compared to conventional imaging of the same
data. This extended extrapolation gives the best result when the input contains data that
provides very low resolution with conventional imaging. When the extended extrapolation
is performed on a larger data set, the resolution is improved three times, but not all details
of the image are depicted correctly.
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Appendix A

Z-transform of different signals
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Appendix B

Flowchart of the Burg Algorithm

The BURG algorithm is presented in a FORTRAN style flow chart. The original program
is described in [Kay88].

Input Parameters:

x - Complex array with N data points
N - Number of data points
IP - AR model order desired

Output Parameters:

A - Complex array of dimension MaxOrder of AR filter
parameter estimates arranged as A(l) to A(IP)

SIG2 - Excitation white noise variance estimate

Other Parameters:

EFK - Forward prediction coefficients
EBK - Backward prediction coefficients
SUMN - Numerator of the reflection coefficient
SUMO - Denominator of the reflection coefficient
AA - Array with reflection coefficients
RHO - Prediction errors

***********************************************************************
INTEGER N. I. J. K. IP. MaxOrder. MinPos. MaxPos
REAL Sig2. Rho(Maxorder).RhoO
COMPLEX X(MinPos: MaxPos). A(MaxOrder). EFK(Minpos: Maxpos).

* EBK(Minpos: Maxpos). EFK1(Minpos: MaxPos).
* EBK1(MinPos: MaxPos). AA(MaxOrder. MaxOrder).SUMN.SUMD
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Compute the estimate of the autocorrelation at lag zero
RHOO=O.
DO I=1,N

RHOO=RHOO+ABS(X(I))**2/N
END DO

Initialize the forward and backward prediction errors
DO I=2,N

EFK1(I)=X(I)
EBK1(I-1)=X(I-1)

END DO
Begin recursion

DO K=1, IP
Compute the reflection coefficient estimate

SUMN=(O. ,0.)
SUMD=(O. ,0.)
DO I=K+1,N

SUMN=SUMN+EFK1(I)*CONJG(EBK1(I-1))
SUMD=SUMD+ABS(EFK1(I))**2+ABS(EBK1(I-1))**2

END DO
AA(K,K)=-2.*SUMN/SUMD

Update the prediction error power
IF(K.EQ.1) RHO(K)=(1.-ABS(AA(K,K))**2)*RHOO
IF(K.GT.1) RHO(K)=(1.-ABS(AA(K,K))**2)*RHO(K-1)
IF(IP.EQ.1)GO TO 90
IF(K.EQ.1)GO TO 50

Update the prediction error filter coefficients
DO J=1,K-1

AA(J,K)=AA(J,K-1)+AA(K,K)*CONJG(AA(K-J,K-1))
END DO

Update the forward and backward prediction errors
DO I=K+2,N

EFK(I) = EFK1(I)+AA(K,K)*EBK1(I-1)
EBK(I-1)= EBK1(I-2)+CONJG(AA(K,K))*EFK1(I-1)

END DO
END DO

Noise variance equals prediction error
90 SIG2=RHO(IP)

DO I=1,IP
A(I)=AA(I,IP)

END DO
***********************************************************************
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Example of a calculation with the
Burg Algorithm

x(n = 1) - (0.7071067,0.7071067)
x(n = 2) - (o.OOOOOOOE +00, 1.000000)
x(n = 3) - (-0.7071067, 0.7071067)

order = 1

RHOO - 0.9999999
EFI<I(n = 2) - (o.OOOOOOOE +00, 1.000000)
EBI<I(n = 1) - (0.7071067,0.7071067)
EFI<I(n = 3) - (-0.7071067, 0.7071067)
EBI<I(n = 2) - (o.OOOOOOOE +00, 1.000000)

SUMN(k = 2) - (0.7071067,0.7071067)
SUMD(k = 2) - (2.000000, O.OOOOOOOE + 00)
SUMN(k = 3) - (1.414213,1.414213)
SUMD(k=3) - (4.000000, O.OOOOOOOE +00)
AA(refl.coeffl) - (-0.7071068, -0.7071068)
RHOO - O.OOOOOOOE +00
SIG2 - O.OOOOOOOE +00
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order = 2

EFI«n = 3)
EBI«n = 2)

- (1.1920929E - 07, -1.1920929E - 07)
- (-1.1920929E - 07, -1.1920929E - 07)

SUMN(k = 3) - (O.OOOOOOOE +00,2.8421709E -14)
SUM D(k = 3) - (5.6843415E - 14, O.OOOOOOOE + 00)
AA(refl.coeff2) - (O.OOOOOOOE + 00, -1.000000)
RH01 - O.OOOOOOOE + 00
SIG2 - O.OOOOOOOE + 00

updateAA(l ) - (5.9604645E - 08, 5.9604645E - 08)
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Examples of extrapolation with
different signals

3 input points extrapolated

Width of input
area (rad):
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Figure D.l: Example of the extrapolation of a complex exponent.
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Figure 0.2: Example of the extrapolation of single cosine.
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Figure D.3: Example of the extrapolation of a summation of three exponents.
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Figure D.4: Examples of the extrapolation of a modulated complex exponent.
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Figure D.5: Examples of the extrapolation of a square wave.
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Figure D.6: Examples of the extrapolation of a ramp.
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Figure D.7: Examples of the extrapolation of a signal with increasing frequency.
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Figure D.S: Examples of the extrapolation of *.
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Figure D.9: Examples of the extrapolation of n sin n.
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Examples of the influence of the
order on the extrapolation
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Figure E.!: Contour plots of focused data and images of 6 point scat terers with four fold
extrapolation on fx- and fy- axes with order p = o.

73



74 Appendices

-40 .

O.

-60.
I.

-.5

DOWN-RANGE (m!I. -I.

A---------.----LIl-----1-20.

Oy= 6 My= 4.0 Ox= 6 Mx= 4.0 Oy= 6 My= 4.0 Ox= 6 Mx= 4.0
26. 6SCAT6.RPI SIMULATION RC (sm)

Log Mag (dBsm)

13. Max: -I. 93823

~
E

".-1 .005

O.
X
LL

-20.
-13.

-40.

-26. -60.
27.3 40.3 53.2 66.2 79.2 -I. -.5 O. .5

FY ( 1/m) CROSS-RANGE (m)

-40 .

O.

-60.
I.

-.5
DOWN-RANGE (m)I. -I.

,./---------;t----I11----l-20.

O.

-40.

-60.
-I. -.5 O. .5

CROSS-RANGE (m)

-20.

Oy= 12 My= 4.0 Ox= 12 Mx= 4.0
6SCATl2.RPI SIMULATION RC (sm)

Log Mag (dBsm)
Max: -.679454

79.2

13.

-13.

X
LL

E

".-1 .005

Figure E.2: Contour plots of focused data and images of 6 point scatterers with four fold
extrapolation on fx- and fy- axes with order p = 6, 12.
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Figure E.3: Contour plots of focused data and images of 6 point scatterers with four fold
extrapolation on fx- and fy- axes with order p = 43, 127.
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