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SUMMARY 

At ECN, the Netherlands Energy Research Foundation, an experimental aerodynamic program was 

started in March 1991. The objectives of the program are to investigate instationary and 3-

dimensional aerodynamic effects on rotating blades of a full-scale commercial Horizontal Axis 

Wind Turbine. 

The aerodynamic experiments at ECN consist of pressure measurements and five-hole spheric 

probe measurements at the 30%, 60% and 80% radial stations of a rotor blade with radius 12.5 

meter. 

First a static test will be performed with tbe blade mounted on a non-rotating facility. The pressure 

measurements will lead to information about 3-dimensional effects. These 3-dimensional effects are 

due to tbe finite length, the twist and the taper of tbe blade. 

The inflow conditions are measured a few meters from the blade. It is necessary to correct these 

conditions for the 3-dimensional effects. 

The Lanchester-Prandtl lifting line model was applied in two different ways to obtain the corrected 

angles of attack, the so-called 20 equivalent angles of attack. Methad A uses 20 circulation 

values derived from pressure measurements at tbe instrumented sections and metbod B uses 20 

circulation values which are calculated from tbe geometry of the test blade. 

First some methods to compute tbe downwash for a given elliptical circulation distribution were 

investigated. The so-called ECN metbod 2 gave tbe most accurate approximations of tbe 

downwash. This metbod uses tbe routine QA WC from Quadpac, a subroutine package for 

automatic integration. 

In metbod A tbe circulation is given at tbe instrumented sections. Then a spline is interpolated 

through these data points and tbe root and tbe tip where tbe circulation should be zero. 

When an elliptical circulation distribution between the root and tbe tip is assumed, it is found that 

this procedure gives a very inaccurate approximation of the real circulation. Consequently the 

computed downwash differs significantly from tbe downwash belonging to an elliptical circulation 

distribution. 

Concluded is that due to this poor approximation methad A is not reliable for the ECN 

experiments (the ECN test blade bas 3 instrumented sections). 

Next computations for a FFA, The Aeronautical Research Institute of Sweden, wind tunnel 

experiment have been performed. This wind tunnel experiment is similar to a non-rotating blade 

experiment tbat will be performed at ECN. 

FFA used methad A to compute the 20 equivalent angles of attack. Their computations have been 

reproduced and some alterations to their computation methad have been investigated. It was found 

that a small change in tbe position near the tip where tbe boundary condition is applied bas great 

effect on the on the computed 20 equivalent angles of attack. 
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FFA set the circulation erroneously to zero at l.OIR. It is found that the computed 20 equivalent 

angles seem to be much more realistic when the circulation is set to zero at l.OOR. FF A reported 

that they will recalculate their results. 

In metbod B the positions and the number of data points are not prescribed, for the central part of 

the blade where 20 CL(a) data are available. Then for this part of the blade a reasonable 

approximation of the circulation is expected. However near the root and the tip, the circulation has 

to be estimated in a rather arbitrary way. 

A natural cubic spline fit is proposed to approximate the circulation distribution. This 

approximation gives solutions that seem to be realistic. However the sensitivity of the solutions to 

the approximations near the root and the tip still has to be investigated. 

The computations of the downwash for an elliptical circulation distribution already revealed that 

deviations of the approximated circulation near the root and the tip from the elliptical circulation 

distribution have only a small effect on the computed downwash values at some distance of these 

regions. This is a reason to believe that the method gives good approximations of the 20 

equivalent angles of attack at the instrumented sections. 
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SYMBOLS & ABBREVIATIONS 

symbol explanation units 

A asymptotic convergence factor [-] 

A aspect ratio of wing [-] 

b span of wing [m] 

c chord length of aerofoil [m] 

wing mean chord [m] 

Co drag coefficient [-] 

CL lift coefficient [-] 

CP pressure coefficient [-] 

D drag force [N] 

dECN length of the aerodynamic profile of the ECN test blade (m] 

dFFA Iength of the aerodynamic profile of the FF A test blade [m] 

iJ,k unit veetors along the x-, y- and z-axes [-] 

L lift force [N] 

n unit vector in the direction normal to the aerofoil [-] 

p pressure [Pa] 

R radius [m] 

r radial position [m] 

s area; wing area [m2] 
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T 

t 

V~ 

w 

a 

Urwisl 

r 

'1. 

e 

V 

p 

temperature 

time; thickness 

uniform inflow velocity 

tangential velocity 

downwash velocity 

tangential and normal force components per unit span 

angle of attack 

geometrical angle of attack 

twist angle of the blade 

circulation; vortex strength 

vorticity 

strength of vortex sheet 

thickness 

downwash angle 

angle (polar coordinates) 

kinematic viscosity 

air density 

ABBREVIATIONS 

AOA 

ECN 

FFA 
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angle of attack 

The Netherlands Energy Research Foundation 

The Aeronautical Research Institute of Sweden 

Symbols & Abbreviations 

[0] 

[s]; [m] 

[m/s] 

[m/s] 

[m/s] 

[N/m] 

[0] 

[m2/s] 

[ 1/s] 

[1/s] 

[m] 

[0] 

[0] 

9 



Determination of 20 equivalent angles of attack Symbols and Abbreviations 

HAWT 

LE 

TE 

zoc 
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Horizontal Axis Wind Turbine 

Leading Edge 

Trailing Edge 

Zero, Operate and Controle mode (electronic pressure transducer) 
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1 INTRODUCTION 

This report is the result of an investigation into methods to determine 2-dimensional equivalent 

angles of attack for a non-rotating wind turbine rotor blade. Several methods to compute the 

downwash by means of the Lanchester-Prandtl lifting Iine model will be presented and evaluated. 

The most appropriate metbod is validated by computation of the downwash of an elliptically 

loaded aerofoil, which also can be resolved analytically. A successive substitution process to 

determine 20 equivalent angles of attack based on geometrical data of the blade is compared with 

the same process using data from measurements. 

This investigation is part of an experimental aerodynamic program which was started in March 

1991 at ECN. The objectives of the program are to investigate instationary and 3-dimensional 

aerodynamic effects on rotating blades of a full-scale commercial Horizontal Axis Wind Turbine, 

HAWT [1]. 

Recently, several computer codes for the calculation of dynamic loads on a wind turbine have been 

assessed by comparing calculational results mutually and by comparing calculational results with 

measurements, see [2]. The aerodynamic models implemented in these computer codes are all 

based upon the blade element-momenturn equations, see [2.1]. No instationary aerodynamic effects 

were taken into account. The modelling of 3-dimensional effects in stall was limited. It was found 

that the differences between measurements and calculations were getting larger in cases where 

instationary aerodynamic and 3-dimensional effects were expected to become important. However, 

the comparison in [2] was made with measurements of total blade loads. These loads consist of an 

aerodynamic and mass induced component and are integrated over a certain spanwise length. This 

gives only indirect information about the aerodynamics at blade element level. Therefore direct 

measurements of aerodynamic properties relevant for dynamic load codes are needed. Apart from 

the ECN measurements a limited number of such aerodynamic experiments have already been 

performed or are under preparation (see [3], [4], [5] and [6]). 

The aerodynamic experiments at ECN consist of pressure measurements and five-hole spheric 

probe measurements at the 30%, 60% and 80% radial stations of a rotor blade. The radius of the 

blade is 12.5 meter, which is Iarger than the size of the rotor blades in the aerodynamic 

experiments mentioned above. This results in Reynolds numbers which are representative for 

medium sized wind turbines. 

Two kind of tests will be performed: 

* a static test with the blade mounted on a non-rotating facility; 

* a dynamic test with the blade mounted on the HA WT-25 at ECN. 

ECN-1--93-036 11 



Determination of 20 equivalent angles of attack 1. Introduetion 

The test program should lead to: 

* a verification of existing aerodynamic models; 

* the development of new aerodynamic models which are to be implemented in codes 

for calculating dynamic loads. 

It is expected that the static test will already lead to interesting infonnation. For example in [4] it 

is found that the CL(a) curve of a wind turbine blade in non-rotating conditions differs from the 

CL( a) curve in the wind tunnel. Another reason for perfonning a static test is that it is preferabie to 

gain some experience with the instromentalion at a facility which is well accessable. 

Similar experiments have been perfonned by FF A, The Aeronautical Research Institute of Sweden, 

in a wind tunnel. Ronsten [14] reports about static pressure measurements on a non-rotating wind 

turbine rotor blade (radius is 2.375 meter) which were compared with 20 calculations. The 

measurements were carried out in a low-speed wind tunnel. The Lanchester-Prandtl lifting line 

model was applied to obtain 20 equivalent angles of attack for the non-rotating blade. Pressure 

distributions, at the instrumented sections, were calculated at the 20 equivalent angles of attack 

with XFOIL, a 20 aerofoil analysis code. The XFOIL pressure distributions were compared with 

data for the non-rotating blade. Good agreement was found, especially at Reynolds numbers 

exceeding 500 000 at all radial stations, but for the nearest station to the tip, r/R = 99 %. 

One of the FF A wind tunnel experiments will be used to validate the methods to compute the 20 

equivalent angles of attack. 

First insection 2 the expertmental setups of the experiments at ECN and FFA will be presented. In 

section 3 the theoretical background and the different methods to compute the 20 equivalent 

angles of attack will be outlined. In section 4 the results of the computations of the downwash and 

the 20 equivalent angles of attack for the considered FF A wind tunnel experiment will be 

presented. Finally in section 5 the most important conclusions are summarized and a 

recommendation for the computation of the 20 equivalent angles of attack for the non-rotating 

blade experiments at ECN is made. 
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2 EXPERIMENTALSETUP 

2.1 INTRODUCTION 

This chapter introduces the aerodynamic experimental facilities at ECN and FFA. The setup of the 

non-rotating and the rotating aerodynamic testfacility at ECN will be outlined in section 2.2. The 

non-rotating blade wind tunnel experiments of FF A will be discussed in section 2.3. These 

experiments are similar to some non-rotating field experiments that will be performed at ECN. 

A description of the instrumented wind turbine rotor blade of ECN (see section 2.2.3 and 2.2.4) as 

well as a description of the FFA test blade (section 2.3.2) is included. 

ECN-I--93-036 13 



Determination of 20 equivalent angles of attack 2. Experimental setup 

2.2 THE AERODYNAMIC TESTFACILITY AT ECN 

2.2.1 Non-rotating facility 

The test blade is mounted at a height of 3 meters vertically to a tower. The erected blade cao also 

be lowered 90° into a horizontal position. With the aid of a standard wind turbine yaw mechanism 

the blade cao be rotated around its spanwise axis (pitching). An electrooical control board 

connected to a PC is used to operate the yaw motor. The blade is able to pitch with a speed of 6 
0 /sec within a range of two times 360°. 

A pressure scanning system of Scanivalve Corp. as described in [9] is located inside the test rotor 

blade. The pneumatic and electrical supply lines connected to the pressure scanning system are also 

integrated inside the blade. Three radial stations 30%R, 60%R aod 80%R are equipped with 

respectively three pressure scanning modules, ZOC 14. The scanning modules are integrated into 

thermal control units. The ZOC 14 pressure scanning module is ao electrooie pressure scanner 

which accepts 16 pneumatic inputs and converts them to computer compatible electrical signals. 

Each group of 8 pressure tap inputs contains its own calibration valving which allows a single 

ZOC 14 module to incorporate multiple pressure ranges for maximum flexibility. 

The integral calibration valve is operating on 4 modes: operate, calibrate, purge aod leak test; each 

actuated by applying the appropriate pneumatic control pressure. This calibration valve allows the 

ZOC sensor to be automatically calibrated on line. 

The inflow velocity, denoted by V_, will be measured with an anemometer. A complete system 

hookup is displayed in figure 2.1. 

ECN-I--93-036 14 
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pneuutic hooltup 

-.- referenc:e preuure lines 

eaUbration pr•••ure lines 
30% radial station 

-- ... e.ontrol pressure Unes 12.5 Hter rotor blade 

l 
referenc:e pressure line 

~11 
I ~~ 

i '/, 
I 11 

.i Ij 
! I, 
' li 

.... U .... : .... ~ I il 

i ~11 ~_j ~~~-~~' ==-1 
tiltable test fac:ili ty 

Figure 2.1: System architecture of the non-rotaring test facility, [24] 

The non-rotating conditions can be described by the expected Reynolds numbers and the 

geometrical angles of attack (AOA). Data recorded by Weast [17] reveals that the air density pand 

the dynamic viscosity 11 can be represented, for a specific air temperature T (in °C) and air 
pressure Parm (in mbar), as 

p = 1.293 Patm 

1 + 0.00367 T P, (2.1) 

11 = 1.827 w-s + 3.5 I0-8(T - 18) for 18 oe :s;; T :s;; 40 oe 

where p. = 1000 mbar is the standard atmospheric pressure. The cefficients in the relationships 

between p and T and 11 and T will be slightly different when T < 18 oe. The Reynolds number at 
a eertaio spanwise position r is given by 

Rf!..). p(P _.1)·V (.; fi.; J 
-lR 11(1) 

(2.2) 

where c(r/R) is the local length of chord. The chord indicates the local width of the rotor blade. 

The range of expected Re numbers along the span, for veloeities given by V_ = [5,30] m/s, P- e 
[950,1050} mbarandT E [18,30] oe, is shown in tigure 2.2. 
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Q) 

0:: 

1E+06 

1E+os~~~~--~~~~~ 

------·a 

-- b 

-c 

0.00 0.20 0.40 0.60 0.80 1.00 

r/R 

2. Experimental setup 

Figure 2.2: The expected range of Re numbers for measurements under non-rotating conditlans is 

defined by the boundary lines, indicated by A and B. Line C indicates the situation: 

T = 20 °C, Patm = 1000 mbar, and V~= 20 mis. 

2.2.2 Rotating facility; HA WT 25 

In this section the rotating facility will be illustrated to indicate the experimental conditions of the 

experiments that will be perfonned after the non-rotating blade experiments. In the rest of this 

report the infonnation given in this section will not be used. 

After the static experiments the test blade will be mounted to the HA WT 25 located at the ECN 

test field, see figure 2.3. The local geometrical inflow velocity will be deduced from measurements 

with five-hole spheric probes wich are mounted to the blade on a tapered rod next to the 

instrumented section. How this velocity can be measured will be outlined in section 2.2.4.2. 
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Figure 2.3: System architecture of the rotaring test facility, [24]. 

2. Experimental setup 

I 

The valving system is integrated into the spaeer part of the turbine hub. During standstill the valve 
will be connected to carry out the calibration of the ZOC modules. 

2.2.3 Geometry of the blade 

The experiments will be carried out on a standard mass produced Aerpac WPX-25 blade. The 
characteristics of this blade as described in [ 1] are: 

radius 
chord at root 
chord at tip 
twist 
profiles 

ECN-1--93-036 

= 12.5 m 
= 1.562 m 
= 0.412 m 
= 120 

NACA 4416-4424 
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Determination of 20 equivalent angles of attack 2. Experimental setup 

The rotorblade is of the type Aerpac 25 WPX and is 12.1 meter long. To conneet the rotorblades 

to the HA WT a conneetion part is inserted and consequently the radius, R, of the swept area is 

12.5 meter. The length of the aerodynamic part of the blade, indicated by the aerodynamic profile, 

along which the different types of NACA 44 profiles are distributed is 10 meters. The aerodynamic 

forces are assumed to act on the blade along the interval [8%R,100%R], the length of this interval 

is docN = 11.5 m. In tigure 2.4 a schematic presentation is shown of the blade with the locations 

(30%R, 60%R and 80%R) of the instrumented sections. 

I 
I 
I 
I 
I 
I 
I< 

R •12.500 m 

80%R 

d •11.500m 
ECN 

12.100 m 

80%R 

I 
I 

71 

Figure 2.4: A schematic presentation of the test blade of ECN. The instrumented sections (30%R, 

60%R and 80%R) and the interval dEcN along which the circulation is assumed are 

indicated. 

The blade is manufactured of glass tibre polyester compound. The tapered chord blade is equipped 

with NACA 4416-24 aerofoils. In tigure 2.5 the chord and twist distribution along the span are 

shown. 
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Determination of 20 equivalent angles of attack 2. Experimental setup 
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Figure 2.5: (a) Radial chord and (b) twist distribution. 

r /R [-] 

(b) 

The relations for the chord and the twist distribution. c(r/R) and ~wisr(r/R), are 

c(~) . 1.85 - 1.44 ; ' [m] 

a~ .. {!...J = - 7.36 + 39.59 !... - 20.78 (!...J 
·- R R R 

(2.3) 

These relations are only valid along the part of the ECN test blade equipped with the aerodynamic 

profiles. This part of the blade is given by the interval 

0.20 s; r/R s; 1.00. 

The blade sections consist of various NACA 44 profiles. Each type of profile is specified with 

additional digits, AB. and indicated by NACA 44AB. The value of AB is defined by the relation 

t 
AB = -·100 (2.4) 

c 

where t indicates the thickness of the profile and c is the chord. The ratio t/c, indicating the type of 

profile, along the blade is shown in figure 2.6. 

25 
+ 

23 

0 
$2 21 

u 19 -::::-

17 

15 
0.00 0.20 0.+0 0.60 0.80 1.00 

r/R 

Figure 2.6: The ratio tic, indicating the type of profile NACA 44(tlc), along the span. 
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Determination of 20 equivalent angles of attack 2. Experimental setup 

The data used in tigure 2.5 and 2.6 were given by Aerpac. 

For the instrumentation of the blade it was cut into two parts along the span. Both parts were 

supported during the instrumention. Later, both parts were glued together again. This operation 

could have lead to a deformation of the blade. At several spanwise positions measurements of the 
local sections will be required in order to tind possible changes in the geometry. 

2.2.4 lnstrumentation of the blade 

2.2.4.1 Pressure taps 

At three radial positions (30%R, 60%R and 80%R) the blade is instrumented with pressure taps to 

measure the pressure distribution. Using this pressure profile, the lift, the pressure drag and the 

aerodynamic moment on a blade section can be deduced. The number of pressure holes per radial 

station is 48, with 32 pressure holes on the suction side and I6 at the pressure side. The 

distribution of the pressure taps in chordwise direction is quadratic: 

where: 

(
n - IJ x = 'C 
N-I 

(2.5) 

x = distance of pressure inlet hole from the leading edge along the chord length 

c = chord 

n = rank of inlet hole 

N = total number of inlet holes 

This ensures that the highest density of pressure taps is located at the leading edge, see tigure 2.7. 

Figure 2.7: The distribution of the pressure taps at a radial station. 
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Determination of 20 equivalent angles of attack 2. Experimental setup 

An investigation has been carried out to detennine the response of pressure tubes to fluctuating 

pressure signals, see [7]. The frequency range of interest is 0 - 40 Hz, see [8]. lf the diameter of 

the inlet holes and the tubes is chosen 1 mm and if the length is 1 m the amplification or damping 

is found to be less than 10 %. Because of the distance the signal has to travel through the tube, 

experimental results showed that a time lag of about 5 w-3 seconds has to be considered for all 

relevant frequencies. Also a frequency dependent phase shift was measured. 

2.2.4.2 Five-hole spheric probes 

A main goal of the experiments is to measure the magnitude and the direction of the relative wind 

velocity at an blade element An effective way to do so is by means of a five-hole spheric probe as 

designed by Brand [11]. At the sphere surface five holes are manufactured to tap the local 

pressure. The angle subtended by the inlet holes is 15° with respect to the centre point in front of 

the sphere, see tigure 2.8. The two pairs of symmetrically opposite holes indicate the flow 

direction and the centre hole indicates the flow magnitude. 

z 

x 

Figure 2.8: The jive hole spheric probe, [IJ]. 

lf the Reynolds number of the flow is sufficiently large, the theory of inviscid fluid flow cao be 

used to express the pressure in a measuring point at the surface of the sphere as a function of the 

inflow angle and the inflow velocity. (1be inflow angle is the angle between the measuring point 

and the stagnation point.) In the coordinate system of the sphere the inflow angle bas two 

components: the azimuthal inflow angle and the longitudal inflow angle. Together with the inflow 

velocity these inflow angles are the inflow quantities. For a spheric probe with two pairs of 

symmetrically opposite measuring points (whose positions are defmed by the geometrical base 

angle) and a central measuring point, the inflow quantities can therefore be estimated by measuring 

ECN-1-93-036 21 



Determination of 2D equivalent angles of attack 2. Experimental setup 

the pressure coefficients. 

Windtunnel experiments have been carried out to determine the features of this velocity sensor. 

These experiments showed that, for inflow angles which are not too large, the measured values of 

the pressure coefficients agree with their theoretica! values provided that these values are 

compensated for the error in the position of the measuring points. More importantly, it appeared 

that there is a linear relation between the measured and the set values of the inflow angles, and 

measured inflow velocity and the set angle between the measuring point at centre of the sphere. In 

practice, these relations must be used as calibration lines, in particular when the resolution of the 

pressure measurement is poor. 

The five-hole spheric probe is large enough to carry a Scanivalve ZOC 23 pressure scanner [9]. 

With the aid of insulating material the scanner is protected against varying ambient temperatures. 

The electric cable and the pneumatic nylon tubing for the ZOC 23 calibration and purge mode is 

located inside the rod. 

Three spheric probes mounted on atapered rod will be attached to the test blade. The length of 

each rod is equal to the local chord length. The rods will be set at an angle of 14° to the local 

chord. The locations of the connections between the rods and the rotor blade are given by the 

positions of the instrumented sections shifted 0.625 m towards the tip. 

The inflow velocity at every spanwise position can be approximated by a linear inter- and 

extrapolation applied upon the three measured values. 
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2.3 NON-ROT ATING BLADE WIND TUNNEL 
EXPERIMENTSOF FFA 

2.3.1 Introduetion 

The wind tunnel experiments for the non-rotating blade have been performed in Sweden in the 

FFA-LTl low speed wind tunnel. The pressure measurements were used to obtain the 2D 

equivalent angles of attack and thus the "20" CL(a) relation. It should be noticed that these 

pressure measurements belong to the three dimensional situation. 

As a first approximation the geometrie angle of attack was used. Convergence was achieved after 

10 to 20 iterations with the criteria that the AOA, angle of attack, at any radial station should not 

differ by more than 1/100 of a degree between successive runs. This was explicitely not claimed to 

be the accuracy of the method. 

The computed 20 equivalent angles of attack were used to calculate pressure distributions at the 

instrumented sections with XFOIL, a 20 analysis code. The XFOIL pressure distributions were 

compared with data for the non-rotating blade. Good agreement was found especially at Reynolds 

numbers exceeding 500 000 at all radial stations except for r/R=99%. 

2.3.2 Geometry of the blade 

The length of the wind turbine test blade, a conventional STORK 5WPX, is 2.375 m. The radius R 
of the swept area is 2.675 m. The length of the aerodynamic part of the blade along which the 

different types of section are distributed is 2.000 m. The length of the interval [15%R,l00%R] 

along which the aerodynamic forces act on the blade is dFFA = 2.274 m. The pressure distribution 

was measured at 8 spanwise positions, 30%R, 55%R, 75%R, 85%R, 92.5%R, 95%R, 97.5%R and 

99%R. Each instrumented section is equipped with 29 pressure taps. The l<lCation of the 

instrumented sections and the interval along which the circulation distribution is assumed, indicated 

by dFFA• are shown in figure 2.9. 
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R = 2.675 m 

dFFA = 2.274 m 

Figure 2.9: A schematic presentation of the instrumented test blade of FFA. The locations are 

shown of the instrumented sections (30%R, 55%R, 75%R, 85%R, 92.5%R, 95%R, 

97.5%R and 99%R) and the interval dFFA along which the circulation distribution is 

assumed. 

The radial chord and twist distribution are shown figure 2.10. 
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Figure 2.10: Radial (a) chord and (b) twist distribution. 
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The linearized relations for the chord c(r/R) and the twist a,wisl(r/R) distribution are 

ECN-1--93-036 

{~) = 0.380 - 0.257 ~ 

a".{~)= 9.73 - 9.48 ~ 

[m] 
(2.6) 
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These relations are only valid along the aerodynamic part of the blade given by the interval, 

0.25 :s; r/R :s; 1.00. 

The blade geometries at the instrumented sections were measured at the FF A workshop after the 
pressure taps had been installed and are included in Appendix D. 
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3 THEORY 

3.1 INTRODUCTION 

The angle of attack of a wing section in uniform parallel flow is given by the geometrical angle of 

incidence. The lift force acting upon this section varles with the angle of incidence as will be 

shown in section 3.2.1. A rectangular wing of finite span equipped with the same section in 

uniform parallel flow will have at every spanwise position a different lift force acting upon the 

considered section, although the geometrical angles of attack are the same. This is because of a 

spanwise velocity component which ensures a continuous pressure distribution along the span, see 

section 3.2.3. Otherwise, at the two ends of the span the pressure at the lower wing surface would 
be higher than at the upper wing surface. 

At the trailing edge of a wing of finite span at incidence, the velocity of the air in the vicinity of 

the lower wing surface and the upper wing surface are equal in magnitude but different in 
direction. This 30 flow effect, caused by the air tending to flow around the wing tip from the 

pressure side to the suction side of the wing, results in the shedding of vorticity and the formation 

of a vortex wake. In the vortex wake the vortex lines are approximately orientated in free-stream 

direction, i.e. away from the trailing edge, and they are not located near the surface of the 

generating wing. According to Hoeijmakers [12] the interaction between the vortex wake and the 

surface pressure at the generating wing can be indicated as weak, because of their distance. It 

should be notleed that this approach is only valid for small angles of attack, i.e. below stall. At 

stalling conditions also vortices will be shedded along the span at the teading edge. This will lead 

to an interaction between these vortices and the vortex wake. 

If the Reynolds number is large, convection is much larger than diffusion and the vorticity in the 

wake remains a thin free shear layer. In classical wing theory it is assumed that the wake of a 

wing of finite span may be represented as a vortex sheet embedded in potentlal flow. When weak 

interaction is assumed the vortex sheet is flat, undistorted and situated in the same plane for all 

incidences. This rigid wake assumption is to good approximation valid for lightly loaded large
aspect-ratio wings as indicated by Hoeijmakers [12]. The aspect ratio is a measure of the length 

versus the width of a wing. 

The vortex sheet in the wake is assumed to be rigid and the boundary conditions on the wake, are 

not imposed explicitly but instead assumed to be satisfied. Hoeijmakers [12] indicated that this 

approximation is only valid at a distance from tip, because by comparing computed and measured 

pressure distributions the discrepancy caused by assuming some suitable position of the wake and 

not satisfying the full boundary conditions will be most evident in the region near the trailing edge 

and near the wing tip. 
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An other limitation of this model is given by the fact that the trailing sheet of free vortices is 

found to be unstable and cannot persist due to the velocity induced by the vorticity contained 

within the layer, the layer tends to roU up into vortex cores situated at both ends of a wing. 

According to Milne-Thomson [13] the actual state of the wake can be described as a campromise 

between the model of the wake consisting solely of tip vortices and that which gives the wake as a 

vortex sheet. 

In this report the vortex sheet is assumed to be rigid and stable. 

The vortex sheet induces a downward velocity component along the trailing edge, which increases 

the drag and reduces the lift. This effect can be taken into account by reducing the geometrie angle 

of attack to the so-called effective angle of attack. A methad to do this is described by the 

Lanchester-Prandtl lifting line model. see 3.2.4. 

In section 3.2 the theoretica! background is given, conceming characteristics of 2D low speed 

aerofoils, the 2D analysis code XFOIL. characteristics of aerofoils of finite aspect ratio and the 

Lanchester-Prandtl lifting line model. In section 3.3 the lift distribution along an aerofoil of finite 

aspect ratio will be discussed. 

Two different methods to compute the downwash will be presented in section 3.4. Approximation 

methods to represent the circulation distribution along the span of the blade are outlined in section 

3.5. Finally in section 3.6 some methods to compute the downwash will be discussed. 
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3.2 THEORETICAL BACKGROUND 

In this chapter a general introduetion into the relevant theories and models which were formulated 
by Clancy [15], Milne-Thomson [13], Prandtl & Tietjens [18], and Moran [19] will be given. 

3.2.1 Some characteristics of 2D low speed aerofoils 

An aerofoil is a body which, when set at a suitable angle to a given airflow, produces much more 
lift than drag. To fulfil this requirement, the body should be shaped something like the section 

depicted in figure 3.1. This shape is designed to ensure streamline flow as far as possible. The 
leading edge is rounded to ensure smooth flow. The trailing edge is sharp, so the Kutta condition 
may be satisfied, the wake kept thin, and any region of seperated flow kept as small as possible. 

These features help to achieve high lift and low drag. 

XX : chord line 

c : chord length 

: maximum thickness 

YY : camber line 
Free stream d :camber 

a : the incidence or angle of attack 

Figure 3.1: The shape of a section of an aerofoil, [15}. 

The following are important geometrical features of the section which is shown in tigure 3.1: 

(a) The chord line, XX. This is a reference straight line which is drawn, by convention, through 
the eentres of curvature of the teading and · traHing edges. 

(b) The chord length, c, which is the distance between the points of intersection of the chord 
line with the teading and trailing edges. 

(c) The maximum thiclrness, t, measured normal to the chord line. It is usually expressed as a 
fraction of the chord , t/c, called thickness/chord ratio. 

(d) The caniber line, YY. This is the locus of points halfway between the upper and lower 
surfaces, distances being measured normalto the chord line. 

(e) The camber, which is the maximum distance, d, of the camber line from the chord line, 
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expressed as a fraction of the chord, i.e., d/c. 

(t) The attitude of the aerofoil, as expressed by the angle between the chord line and the free 

stream velocity vector. This angle, denoted by a, is called the incidence, or angle of attack. 

When a section as shown in figure 3.1 is placed in a unifonn parallel airflow with a eertaio angle 

of attack, the pressure distribution along the chord can be expressed in tenns of the pressure 

coefficient c;, 

c = p - p_ 
p 1 2 

2pv_ 
(3.1) 

where pis the considered pressure, p is the air density, v_ is the unifonn inflow velocity and pao 

is the pressure in the unifonn flow. In figure 3.2 a possible distribution of CP is displayed. 

x 
ë 

Figure 3.2: A pressure distribution along the chord of a section, [15]. 

Out of this pressure distribution the inviscid aerodynamic force acting upon the section can be 

calculated. The aerodynamic force may be resolved into two components, one nonnal and one 

parallel to the free stream direction. These components are respectively called lift and drag, and 

denoted by L and D. 

L and D can be deduced from the pressure distribution. Take the chord line as x-axis and a nonnal 

to it through the leading edge as y-axis. The x-axis devides the aerofoil surface in an upper and a 

lower surface. Let X and be the components of the aerodynamic force in these directions. 1be 

force nonnal to the chord (in the y-direction) per unit span Y is then 

c 

Y = J(p,(x) - P~(x))dx (3.2) 

0 

Pu(x) respectively p1(x) are the upper and lower surface pressures at a position x along the chord. 

The force tangential to the chord (in the x-direction) per unit span X can be obtained by 

inlegrating the pressure distributions along the y-axis. The lift and the drag is given by 
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L = Y cosa - X sina 
D = Y sina + X cosa 

(3.3) 
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This calculation is illustrated in figure 3.3. 

ft gure 3.3: lllusrration of the re lation between l:,.. b.. Q. K and r. 

The lift curve 

The lift varles with the angle of incidence. For a two-dimensional aerofoil with moderate positive 

camber this is shown in figure 3.4. The zero lift angle is denoted by <Xo-

Stalling ex. 
angle 

Figure 3.4: A typicallift curve of a two dimensional aerofoil with moderate positive camber, [15]. 

As the angle of attack increases from the zero lift value, the cuJVe is linearover a considerable 

range. As the effects of separation begin to be feit, the slope of the cuJVe begins to fall off. 

Eventually the lift reaches a maximum and begins to decrease. The angle at which it does so is 
called the stalling angle and the corresponding value of the lift coefficient is denoted by Ct-. It 
should be noticed that the Ct.max depends on the Reynolds number. Generally, the higher the 
Reynolds number the greater the tendency to resist separation. Thus increasing Reynolds number 

delays separation and increases Ct.max. A typical stalling angle is 10 to 15 degrees, this depends on 

the type of profile. For the region between the zero-lift angle, ao. and an angle smaller than 50% 

to 75 % of the stalling angle the lift cuJVe is linear. If the flow is inviscid and incompressible the 

theoretica! first derivative in this region is 27t. 

The profile drag 

The drag of a two-dimensional aerofoil is called profile drag; it is the sum of form drag (or 

pressure drag) and skin friction caused by viscous stresses. For a well designed aerofoil at low 
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incidence the wake is thin and the fonn drag is very much smaller than the skin friction. As the 

incidence approaches the stalling value the separation point moves forwards, causing the wake to 

thicken. The fonn drag therefore increases very rapidly and at stall is greater than the skin friction, 

which does not vary much with incidence. 

3.2.2 The 2D analyses code XFOIL 

With the 20 analysis code XFOIL it is possible to detennine the 20 aerodynarnic coefficients CL 

and C0 if the geometry of the considered section is given. The conditions are described by the 

angle of attack, the Reynolds number and the Mach number. The pressure distribution is computed 

by calculating the boundary layer characteristics, shape coefficients, viscous stresses and transition 

points. 

Method 

XFOIL divides the poblem into a viscous and an inviscid part. The inviscid flow around the profile 

is computed by means of the panel method [19]. The viscous part of the solution is calculated out 

of boundary layer descriptions. Considering the thickness of the boundary layer both parts can be 

combined. An iteratif process detennines the solution for the whole problem. 

Example 

As an exarnple what XFOIL can do the following calculation is included. Consicter the shape of a 

section given by 100 datapoints. see tigure 3.5 . 

.(!,9() ~_,_l_~•L.o.L ~ 
-0.~ 0.0~ 0.15 0.25 0.35 0.45 0.5~ 0.6~ 0.7~ ll ~-· 0 "' 1.0~ 

x/c [-] 

Figure 3.5: The geometry of a section described by 100 datapoints. 

The situation has to be described by the Reynolds number, the Mach number and the considered 

angle of attack. By varying the angle of attack a CL-a characteristic as displayed in tigure 3.6 is 

computed. 
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Figure 3.6: A Cca characteristic calculated by XFOIL using: the geometry given in figure 3.5, Re 

= 750,000 and Mach = 0.170. 

Also the drag coefficient is calculated and some other 20 aerodynamic coefficients. 

Disadvantages 
Some disadvantages of XFOIL are: 

* 
* 
* 

the lift is overestimated < 10 %, depending on Re and the angle of attack; 

the stalling angle is overestimated; 

the drag is underestimated. 

3.2.3 Aerofoil of flnite aspect ratio 

3.2.3.1 Geometrical characteristics of a tinite wing 
The geometry of a finite wing is shown in figure 3.7. The same parameters as defined by Clancy 

[15] are used to descrilJe the geometry of the wing. 

--
... 

Figure 3.7: The geometry of afinite wing. 

The definitions of the parameters which describe a fini te wing are listed below: 

(a) The span of a wingis the distance between two wing tips and is denoted by b. 

(b) The planform of the wing is its shape as projeeled onto a plane parallel to the wing cholds 

or to specified wing chords if the wing is twisted. 
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(c) The wing area S, is the area of the planfonn of the wing. 
(d) The geometrie mean chord, denoted bye. is the wing area divided by the span. 

(e) The aspect ratio, denoted by A, is the span divided by the geometrie mean chord. Thus A = 
b/e = b2/be = b2/S. Fora two-dimensional wing the aspect ratio is infinite. 

(f) A tapered wing is one for which the chord near the tip is less than the chord near the wing 

root. 
(g) A twisted wing is one for which the section chord lines are not all parallel. This implies that 

the geometrie incidence varles across the span. 

3.2.3.2 The downwash velocity at the trailing edge 
When a wing is producing lift, the pressure on the upper surface in general is less than the 
pressure on the lower surface. When the wing is finite, however, there can be no discontinuity of 
pressure at the wing tips. i.e. the upper and lower surface pressures must tend to the same value at 
the tips. Thus there is a spanwise pressure gradient on both surfaces, the pressure increasing from 
root to tip on the upper surface and decreasing from root to tip on the lower surface. The air 
flowing over the upper surface will therefore acquire an inward velocity component, while on the 
lower surface there will be an outward velocity component. At any spanwise position, the flow 
leaving the two surfaces at the trailing edge will be moving in two different directions. So that the 
flow will include vortices being continuously shed all along the trailing edge. The main 
consequence of these vortices is that they induce a downward velocity in the immediate vicinity of 
the trailing edge. This so called downwash velocity is denoted by w and will reduce the effective 
angle of attack of the wing as will be shown later. The angle of attack will have to be corrected 

with the downwash angle, e, 

w 
& = arctan _ v_ (3.4) 

In general, the downwash angle varles across the span and it also varles in the streamwise 
direction. The downwash reaches its ultimate value Iittle more than a chord length behind the 
trailing edge and the mean value at the wing is about one half of this ultimate value. 

3.2.3.3 The generation of the vortex system 

Milne-Thomson [13] describes the generation of a vortex system as follows. Consider steady 

motion, which will establish when a steady stream occurs past a fixed aerofoil. This motion can 
also be described by supposing that the aerofoil starts into motion suddenly, in still air, with the 
velocity V originated by a suitably applied impulse, in order to see how the vortex system in the 

established steady motion might be generated. The velocity will be maintained by a suitable 
tractive force. 
After some time has elapsed the situation can be described with a vortex system as shown in tigure 
·3.8. 
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figure 3.8: The vortex system created aftersome finite timet. 

Helmholtz's second theorem. see Milne-Thomson [13]. states that the product of the magnitude of 

the vorticity and the cross-sectional area is constant along a filament. It follows from this that a 

vortex filament cannot tenninate in the interlor of a fluid or gas. The vortex lines shown in figure 

3.8 consist of vortex filaments. Since the vortex lines cannot tenninate in the fluid, the sheet l:, see 
figure 3.8, will be bounded at its after end by a vortex line EF known as the starting vortex. As t 

increases the wake I lengthens. The vortex lines. between the starting vortex and the trailing edge, 

CD, are called the free vortex lines and the enclosing vortex lines on the aerofoil itself are called 

the bound vortex lines. 

As the pattem lengthens with Iapse of time the picture becomes that of an aerofoil trailing behind 

it horseshoe vortices. This lengthening must increase the energy of the wake, because the vortex 

sheet induces veloeities on a larger volume of air. This energy must be supplied to the system. To 

maintain the motion it is necessary to take a tractive force in account which implies a resistance, 

this resistance is known as the induced drag. 

The situation as shown in figure 3.8 is not stable. The trailing sheet of free vortices tends to roll 

up, in a way that at sufficient distance bebind the aerofoil a section of the wake by a plane 

perpendicular to the direction of motion would show two cylindrical vortices whose distance apart 

is less than the span. 

The actual state of the wake can be described as a compromise between the wake consisting solely 

of two tip vortices and the wake consisting of continuously shed free vortex lines along the trailing 

edge. 
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3.2.4 The Lanchester-Prandtl lifting line model 

In this chapter a brief discussion about the Iifting line theory will be given. The general idea is that 

an aerofoil can be represented by a line along which the circulation, r, is continuously spread. 

3.2.4.1 Assumptions 

As discussed in the previous section, the loss of circulation along the span will be discounted in 

the creation of free vonex lines, in order to fulfil Helmholtz's second theorem, that a vonex 

filament cannot terminare in the interlor of the fluid. 

lf the bound vonex lines shown in tigure 3.8 are all assumed to be situated along the trailing edge, 

a vonex sheet is created which is the base of the Lanchester-Prandtl lifting line model. 

The assumptions for a wing are: 

(a) The wing has a large but tinite aspect ratio. 

(b) The trailing edge may be regarded as a straight line. 

(c) The direction of the velocity is perpendicular to the leading edge. 

The lift of an aerofoil of tinite aspect ratio. under the given conditions and as shown in tigure 3.8, 

is 

!::. =- 5_L. 

b 

7 

L = pv_J r(y) dy 
b 

-7 

(3.5) 

where !_is a unit vector in the positive sense of the z-axis. The chosen x-axis is defmed parallel to 

the uniform inflow velocity V-· see tigure 3.8. 

B y 

z 

ft gure 3 9: A finite aerofoil with the chosen axes. 
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3.2.4.2 The lifting line model 

The downwash 

In [16] Steketee outlines the folowing denvation of the effective angle of attack. 

Because of assumption (b) the aerofoil can be represented by a straight line. After a long time the 

free vortex lines will be half infinite ( -oo < x < 0), see figure 3.9. 

figure 3.10: The created vortex sheetaftera long time. 

An infinite vortex line with circulation rinduces at a distance r a tangential velocity v9, 

(3.6) 

This is illustrated in figure 3.11. 

figure 3.11: The velocity induced by an infinite vortex fine with circulation rat a disrance r. 

Using the fonnula of Biot-Savart the downwash velocity dw(y) induced by one half-infinite vortex 

line, with strength Yx(y'), at position y' is 

dw(y) = "( x(y')dy' 

41t(y - y') 
(3.7) 

y' is the spanwise position of the vortex line and y is the spanwise position where the contribution 

dw(y) to the downwash w(y) of rx<y') is calculated. 
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The total downwash at the spanwise position y will be 

The free vortex lines 

b 

"'! (yl\d I 

"'Ó') = _1 J'Yx 'Y 
41t b y - y' 

-"'! 

3. Theory 

(3.8) 

The strength of the free vortex lines can be detennined as follows. Assume that the incident 

airflow has no rotation. This can be written as 

y=Vx~=O (3.9) 

which of course implies 

(3.10) 

Fora volume element V, defined by the planes 1:1 and ~. intersecting the span at y respectively (y 

+ dy) and the plane M as shown in figure 3.12, can be written 

JJJv:r dV = o (3.11) 
V 

This means that the resulting circulation of the enclosed volume is zero. 

-z-1 11 -
figure 3.11: The enclosed bound vortices lines. 

Applying the Gauss theorem yields, 

Jfy-n dS + J[y-n dS + Jfy-n dS - 0 
I 2 

(3.12) 

Using the Stokes theorem the second integral becomes, 

J j1. ." dS = 1. ." a dy = y "'()' )dy (3.13) 
M 
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where ö is the negligible thickness of the vortex sheet. The third and the first integral can be 

written as f(y + dy) respectively - f(y). Thus the strength of a free vortex line at position y is 

'Y (y) = - d f(y) 
x d y 

The effective angle of attack 

The downwash in (3.8) becomes with (3.14) 

b dr(y~ 
"!- --

~) = _1 f dy' dy' 
47t b y - y' 

·-r 

(3.14) 

(3.15) 

Using (3.4), (3.8) and (3.14) the effective angle of attack at every position along the span can be 

deduced by solving the equation, 

b dr(y') 
"!- --

+ arctan _I_ J dy' dy' 
41tV_ b y - y 1 

(3.16) 

·-r 

where a.gco(Y) is the geometrical angle of incidence at a section at spanwise position y and V_ is 

the uniform inflow velocity. In tigure 3.13 the effective angle of attack is displayed in a vector 

diagram. 

Figure 3.13: Vector diagram of the velocity V and the downwash at a certain spanwise 

position and the induced velocity w. 

The change in magnitude and direction of the loc al inflow velocity (V := V eff) results in changes of 

the 20 aerodynamic coefficients, like CL and C0 . 
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3.3 The circulation distribution along an aerofoil of finite 
aspect ratio 

If an aerofoil of finite aspect ratio is placed into a unifonn airflow, the resulting circulation 

distribution along the span depends upon the following geometrical parameters: 

* 
* 
* 

the types of 20 sections along the span; 

the taper of the blade; 

the twist of the blade; 

The circulation distribution will also depend upon the relative position of the blade towards the 

incident airflow and the magnitude of the intlow velocity. 

Given a eertaio circulation distribution the downwash can be calculated and a possible geometry of 

the aerofoil can be derived. This will be oulined for an elliptical circulation distribution in section 

3.3.1. The next step is to find a circulation distribution when the geometry of the blade is given. 

Betz [26] calculated the circulation distribution of a rectangular wing of constant profile and 

constant angle of attack. This will be discussed in 3.3.2. Finally in 3.3.3 the circulation distribution 

along a wind turbine rotor blade. when placed in a unifonn airflow, will be discussed. 

3.3.1 The elliptic circulation distribution 

If the circulation distribution along the span is elliptic, the downwash can be calculated 

analytically, see [18]. This result will be used to estimate the accuracy of the designed algorithms. 

Downwash 
Along a span b the following elliptical circulation distribution is assumed 

f(y) = r,fffi (3.17) 

, r0 is a constant. The downwash along the span is constant for an elliptical circulation 

distribution. Applying (3.15) the downwash is given by 

(3.18) 

Substituting Ç = y/(b/2), yields 
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(3.19) 

Geometry 

Assuming that the profiles along the span are the same and that there is no twist (i.e. all profiles 

have an equal angle of attack), the lift per unit span is given by 

L(y) = CL ~p V 2 c(y) 
2 

In 20 potential theory the lift is given by 

L = pV f 

and we find the relation 

f(y) - c(y) 

(3.20) 

(3.21) 

(3.22) 

Thus, an elliptical lift distribution can be realized by a wing which consists of two semi-ellipses as 

shown in figure 3.14. 

figure 3.14: Wing with elliptic lift distribution; the shape of the wing consistsof two semi-ellipses. 

3.3.2 Circulation distribution along a reetangolar wing of constant profile 
and constant angle of attack 

In section 3.3.1 a circulation distribution was prescribed and a possible geometry of tbe blade was 

deduced. The problem of determining 20 equivalent angles of attack is equal to the problem of 

determining the circulation distribution along a blade of a specific geometry. In 1919 Betz [26] 

calculated the circulation distribution along a reetangolar wing of constant profile aod constant 
angle of attack. For this wing the circulation distribution along the span deduced from (3.20) and 
(3.21) is constant. In the sequel the circulation distribution along a wind turbine rotor blade.will be 

derived from the geometrical angles of attack. The differences between this circulation distributioo 

and the constant circulation distribution will be assessed. It is expected lhat if these cimllation 
distributions are similar the real circulation distributions (3-dimensional) will also be quite similar. 
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The results of Betz's calculations are shown in figure 3.15. 
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3. Theory 

Figure 3.15: Distribution of circulation along the span of reetangu/ar wings of various aspect 
ratios (P = 2bl1tC), [26]. 

In tigure 3.15 a parameter P is used. detined as 

p = .?:_!!_ (3.23) 
1t c 

which is proportional to the aspect ratio of the wing. In tigure 3.15 it can be seen that the lift 

distribution for very small aspect ratios is practically elliptical. For larger aspect ratios the 

distribution becomes flatter and for the case of an intinitely long wing the rectangular distribution 

results. 

3.3.3 Conditions to be satisfied by the circulation distribution along a 
non-rotating wind turbine rotor blade 

In this section conditions will be defined which have to be satistied by a circulation distribution 

along the span of a non-rotating wind turbine rotor blade. The results of the eUiptical and 

rectangular aerofoils combined with the 20 data belonging to the sections of the considered wind 

turbine rotor blade will be used. 

The instrumented wind turbine rotor blades of ECN and FF A are described in section 2. The 

geometry of these blades is more complex than the elliptical and rectangular aerofoils, which have 

been discussed before. due to the taper. the twist and the varlation in aerodynamic profile. 

First. the locations where the boundary conditions (circulation equal zero) have to be satistied 

should be detined 

boundary conditions: r(yr) = f(yR) = 0 

where Yr = 100%R is the position of the tip and YR is a position detined at the root. The position 

YR is detined in agreement with the assumptions from FFA, YR = 15%R was assumed for the FFA 
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test blade. lf we take the same ratio of the disrance from YR to the beginning of the aerodynamic 
profile and the distance between the root and the beginning of the aerodynamic profile, YR = 8%R 
for the ECN test blade. The intervals along which circulation is distributed are denoted by dFFA and 

d6cN as indicated in figure 2.9 and figure 2.4. 

A first approximation of the circulation along the span is made by ignoring 3-dimensional effects 
and assuming that the circulation is determined by 20 CL values at every spanwise position y. 
These 20 CL values are determined by the local geometrical angles of attack ageo(Y) and will be 
denoted by CL(y,ageo(y)). Using (3.20) and (3.21) the circulation is derived from 

(3.24) 

In this relation the twist and chord distribution are taken into account. This circulation distribution 
will be refered to as the initial circulation distribution. 

Using this approximation of circulation distribution three situations can be distinguished. It should 
be noticed however that from YR to the beginning of the aerodynamic profile no accurate 20 
aerodynamic data is available. This interval will therefore not be taken into account. The three 
situations are: 

(a) All geometrical angles of attack smaller than the zero lift angle. Then the initial circulation 
distribution is negative along the span. 

(b) Some of the geometrical angles of attack are below their zero lift angles. The initial 
circulation distribution along the span is partly negative and partly positive. 

(c) All geometrical angles are greater than the zero lift angles. The initial circulation distribution 
is positive. 

When these three situations are compared with the situation of the rectangular aerofoil some 
general remarks will lead to a condition which has to be satisfied. In situations (a) and (c) the 
initial circulation distributions are approximately straight lines. For the rectangular aerofoil the 
corresponding circulation distribution would be constant. Three general assumption for the real 
circulation distribution (3-dimensional) in (a) and (c) are made when oomparing these with the 
calculated circulation distribution for the rectangular aerofoil (Betz [26] see section 3.3.2): 

(1) The absolute values of all true circulation values will be lower than the initial values, 

(2) Nearer the tip and the root the difference between the real and the initial circulation values 
will increase, 

(3) High gradients in the circulation distribution can be expected at the boundaries if the 
circulation distribution is elliptical. The real circulation distribution will be assumed to 
approach the root and the tip elliptically. 
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Based on these assumption the following condition should be satisfied by the real circulation 

distribution of type (c) 

(3.25) 

For situation (a) this condition reads 

(3.26) 

It should be noticed that, because of the shape of the 20 CL-ex characteristics, situation (c) can be 

subdivided in: 

(c.l) All geometrical angles are greater than their zero lift angles and some of them are greater 

than 75 % of their stalling angles. The initia! circulation distribution is positive. 

(c.2) All geometrical angles are greater than 75 % of their stalling angle. The initial circulation 

distribution is positive. 

Below 75 % of the stalling angle the 20 CL-ex characteristic can be approximated by a straight line 

(see figure 3.4). This wiJl be of interest for the choice of a downwash calculation methad (see 

section 3.6). 

When the circulation at a finite number of spanwise positions is either calculated by the 

approximation methad given above or by measurements the circulation along the whole span can 

be found by interpolation. Interpolation methods will be discussed in section 3.5. 

From a given a circulation distribution the effective angles of attack can be calculated. Some 

methods to to calculate the downwash will be outlined in section 3.6. 
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3.4 METHODS TO DE TERMINE 2D EQUIVALENT 
ANGLES OF ATTACK 

3.4.1 METHOD A: Using pressure measurements at the instrumented 

sectio os 

For the FFA and ECN blade the spanwise positions of the instrumented sections (y;) are given by: 

FFA: y1 = 30%R, y2 = 55%R, y3 = 75%R, Y4 = 85%R, y5 = 92.5%R, y6 = 95%R, 

y7 = 97.5%R and y8 = 99%R 

ECN: y1 = 30%R, y2 = 60%R and y3 = 80%R 

The angles of attack at the instrumented sections (a) can be represented by a = (a1, ••• , aN)r, 

where N indicates the total number of instrumented sections (FFA: N = 8 and ECN: N = 3). 

From measurements at an instrumented section located at Yi• the aerodynamic forces Xi and Yi can 

be calculated with (3.2). Using (3.3) yields 

L. = Y cosa - X sina 
I I I I I 

(3.27) 
D = Y sina + X cosa 

I I I I I 

The circulation is given by 

L. 
f=-' (3.28) 

I pV 

Through these discrete values of the circulation distribution a function can be interpolated. The 

different methods to do this will be discussed in section 3.5. Then the following successive 

substitution process is proposed to determine the 20 equivalent angles of attack. 

Successive substitution process 

A first approximation of the circulation distribution can be made by using the geometrical angles 

of attack, indicated by a 1 = ~..,, where 1 indicates the first iteration. Then the effective angles of 

attack a 2 = g.,rr detennined by means of the Lanchester-Prandtl lifting line model, see section 3.2. 

It is assumed that this yields a better approximation of the circulation distribution. This procedure 

will be repeated until the maximum relative difference between the successively calculated 

corrected angles is less than 1 %. The resulting angles are called 20 equivalent angles of attack. 

The 20 equivalent angles of attack will yield an approximation of the circulation distribution. 
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The proposed successive substitution process in mathematica! fonn is given by 

with 

and 

CJ!•' = a 
-geo 

j = 1,2, ... 

(
w(y aj)J 

I ( = arctan ~-

dr(y.aj) 
Yr -

. 1 f dy w(y .a') = _ dy 
,_ 47t y - y 

Y. I 

i = 1, 2, ... , N 

3. Theory 

(3.29) 

(3.30) 

(3.31) 

where j indicates the iteration step, YR is the position of the root (as defined in section 3.3.3), and 

Yr is the position of the tip. 

Tbc convergence of the system (3.29) is assessed from the highest asymptotic convergence factor 

(see [21]), 

1 ~ i~ N, j ~ 3 (3.32) 

The criterium is 

(3.33) 

It should be noticed that FF A applied 

(3.34) 
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3.4.2 METHOD B: Using 2D data betonging to the sections of the 

aerodynamic profile of the blade 

Another method to determine the 20 angles of attack uses the geometry of the blade and its 20 lift 

coefficient data to determine circulation values corresponding to the local angles of attack. This 20 

data is only available along a certain interval, denoted by Iaeroo of the span given by 

FFA: Iaero = [30%R,99%R] 

ECN: Iaero = [20%R,99%R] 

There are two possible ways to get 20 CL -a data: 

1. From measured wind tunnel data. In general wind tunnel data are available for the profiles 

which are specified by the blade manufacturer. 

2. The measured geometry of the profiles is used to compute the CL-a characteristic betonging 

to each specit1c geometry. This computation can be performed by XFOIL, a 20 analyses 

code (see section 3.2.2). 

In the sequel possibility 2 will be used because: 

* The shape of the blades specified by the manufacturer is not accurate anymore (because the 

blades were cut in two parts for instrumentation purposes). 

* No wind tunnel data is available for profiles such as NACA 44 with t/c = 19.5. 

lt is possible to choose a number of N positions within Iaero at which circulations values can be 
deduced out of 20 CL-a characteristics. These positions will be indicated by Yi and the local angles 

of attack will be denoted by a= (ai, ...• aN). 

Every ~ implies a CL(Yi·~) value. If the section is represented by a thin straight fmite line 

(neglecting thickness and camber) in 20 potential flow. the circulation at a certain position Yi is 

given by 

1 r = _v c(y.) CL(y.,a(y.)) 
I 2 I I I Y. EI 

1 uro 
(3.35) 

Then a function is interpolated or fitted through the values ri and the boundary conditions. From 

the same successive substitution process as proposed in section 3.4.1 the 20 equivalent angles of 

attack can be determined. 
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3.5 APPROXIMATION OF THE CIRCULATION 

3.5.1 Introduetion 

In the previous section it is explained that a set of discrete ei reulation values r 1, ... , r M is given 

complemented with the boundary conditions ro = r(yJ = 0 and r M+I = HYr) = 0. Then there are 
several interpolation methods and least square interpolation methods to approximate the real 

function of the circulation distribution. 

Several interpolation methods are considered because each of them gives a different approximation 

and a different representation of the circulation along the span. The type of approximation ofcourse 

influences the computed downwash values. Each representation of the circulation distribution 

allows a specitïc metbod to calculate the downwash, see section 3.6. 

For convenience the data points will be renumbered: 

where N = M + 2 is the total number of data points. The same transformation for the 

corresponding spanwise position gives Y; with i = 1, ... , N. 

A spline interpolation is discussed in section 4.5.2 and a spline fit in section 4.5.3. Other methods: 

Fourier sine series interpolation, a least squares approximation of trigonometrie interpolation and a 

so-called quadratic interpolation will be outlined in section 4.5.4. 

3.5.2 Spline approximation 

In the following the data is represented by (y;.f), i = 1, 2, ... , N with y1 < y2 < ... < YN· The real 

function is indicated by r(y), so r{y) = f;. H2[y1,yN] is the group of functions that can be 

differentiated and their second derivative is continuous within <y;.Y;+1>, i = 1, 2, ... , N-1. The 

spline approximation will be denoted by s(y), see [27] and [28]. 

Notice, that the first derivative of a cubic spline is continuous along [y1,yN]. 

Natural cubic spline interpolation 
This metbod of approximation will be explained by the words in the name. 

interpolation: s(y;) = f;. i = 1,2, ... , N 

cubic spline: (i) the order of the polynomial within [y;.Y;+d is 3 

(ii) s E C2[YJ•YN] 

natura!: minimization of the bending energy E8 defined by 
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YN 

EB(g) = fl g"(y) )2dy 
y, 

Also some boundary conditions have to be considered; 

The first derivative of the spline at (y1+y2)(2 and (yN-YN-1)!2 is given by 

and the second derivative of the spline at y1 and YN is given by 

s"(y1) = 0, s"(yN) = 0. 

The spline approximation is determined by miniruizing EB(g). so s(y) := g(y). 

Natural cubic spline fit 

3. Theory 

(3.36) 

The definition of the natural cubic spline is given above. The same boundary conditlans have to be 

satisfied. The fit is defined by a least squares approximation 

N 

K(g) = ED;· ( g(y) - rj )2 s; N 
i=l 

where D; are weight coefficients. For this application these are defined by 

~r; is the absolute error in f;. 

1 
D=--, <~ry 

I 

(3.37) 

(3.38) 

The spline approximation is determined by miniruizing EB(g) satisfying the condition K(g) s; N, so 

s(y) := g(y). 

So a spline fit will smoothen the approximated function because of the least squares 

approximation. 

3.5.3 Other approximation methods 

Linear interpatation of the first derivative 

Consider N linear distributed positions along the span. y1• y2, •••• YN· The circulation at these 

positions is denoted by ri' r2 ..... r N· The first derivative of the circulation is calculated at N-1 
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r 1 - r r' I = ~· I 
1+.,.. 

• Y;.1 - Y; 
i = 1,2, ... ,N-1 (3.39) 

Linear functions can be deduced to describe f'(y) for the successive intervals, y
1 

- y
3
fl, y

3
fl - Ysfl· 

... , YN-Ifl - YN as follows 

j = 1 

j = 2, ... ,N-1 

j = N 

where Ai and Bi are given by 

. - df(y) = B . -ay I 

- df(y) = B 
- N dy 

y. I - Y I 
)+""! )-"'! 

B. = A ly. I + B. I 1 ,_ )-"! )-

(3.40) 

j = 2,3, ... ,N-1 

j = 3,4, ... ,N 

Ai and Bi are coefficients that make f'(y) continuous along the span. f'(y) is now determined by 
the coefficients Ai and Bi. and f'(y) is linear within each defined interval. 

Fourier sine series interpolation 

Given a number of N data points rl. r2 .... , rN at Yl• Y2• .... YN• it is possible to approximate f(y) 
with a Fourier sine series. see [15]. A parameter 6 can be introduced, such that 

y = (3.41) 

, so that 6 = 0 at y1 and 6 = 1t at YN· Then r can be written as a function of 6, 

f(6) = 2 (yN- y1) V LAn sin n6 (3.42) 
n•l 

a sine series is chosen to satisfy the boundary conditions (f = 0 at y
1 

= YR and YN = YT). 

The Fourier coefficients A" will be determined by the calculation method of the downwash, see 
section 3.6.3. 
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Least squares approximation of trigonometrie interpolation 

If an odd number, N = L+ 1, of equally spaeed circulation values along the span is available, the 

circulation distribution can be approximated by the following least squares approximation of 

trigonometrie interpolation, see Ralston & Rabinowitz [29]. The deduced Fourier series will be 

denoted by F. 

For convenience the following transformation, Yi = f(l;). is introduced. Since y1 = YR and YL+I = YN 

= Yr• 

S i - 1 = 1t. 
i -L- i = 1, ... ,2L+1 

(3.43) 

i = 1, ... ,L+1 

In order to find a sine series the circulation at the positions Si for i = L+2, ... , 2L+ 1 is defined by 

r =- r i 2(L+l)-i i = L+2, ... ,2L+1 (3.44) 

Now r(l;) is represented by an odd function with period 21t which implies that there is no 

contribution of a Foutier eosine series. The complete set of functions that are needed to fit exactly 

the given values ri. are sin 1;. sin 21;, ... , sin Ll;. These functions satisfy an orthogonality 

relationship over the discrete set of points { sd. yielding 

0 j*k 
2L 2L + 1 
E sin j'Çi sin fÇi = j = k * 0 (3.45) 
i:O 2 

0 j = k = 0 

If smoothing is required it is possible to use just enough sine functions, m, to provide a good 

approximation to the true function r(s) (r(si) = r). r(l;) is approximated by 

m 

Fm(S) = L ai sin jl; m<L (3.46) 
i=l 

in direct analogy with standard Fourier-series notation. The coefficients ~ will be determined so 

that the sum of the squares of the differences ri - F m(S;) will be minimized. Using the 

orthogonality relations (3.45) in the normal equations of the least squares method, see [29] yields 

2 
2L 

a. = E ri sin jl;i 
J 2L + i=l 

(3.47) 

2 
2L 

21tij 
= E r sin j = 1, ... ,m 

2L + 1 I 2L + 1 i=l 

The resulting squares difference Öm2 defined as 
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(3.48) 

can be calculated for a given m to indicate the distance of the approximation to the data points. 

Statistica! considerations, see [Ralston & Rabinowitz], show that if the null hypothesis [see Wilks 

(1969)] is correct, the expected value of 

~2 -
vm - ..."....",.----~ 

2(L - m) 
(3.49) 

will be independent of m for m = M, M+ 1. ... , L. In practice, since M is not known, the nonnal 

equations will be solved for m = I. 2 .... ; crm2 is computed, for those calculations where crm2 

decreases significantly with increasing m. The computation is stopped only after several crm values 

are almast the same. lf the Fourier sine series fit exactly through the datapoints, ri, Öm2 = 0. 

3.5.4 Evaluation 

lf the integral (3.15) is considered it is clear that the behaviour of the first derivative of the 

approximation is of great importance. The presentation of the approximation offers the possibility 

of to use different calculation methods in order to detennine this integral. These different 

calculation methods will be outlined in section 3.6. Also the advantages and disadvantages of these 

calculation methods will be discussed. 

The proposed approximation methods can be classified by indicating the behaviour of the 

approximation: 

Approximation method: 

* natural cubic spline interpolation 

* natura! cubic spline fit 

* Linear interpolation of the first derivative 

* Fourier sine series 

ECN-I--93-036 

Behaviour of the approximation: 

The oscilations in r are minimized 

(uncontrolled) 

- dr(y)/dy is continuous within <y1,yN> 

- The oscillations in r are minimized (controlled) 

- dr(y)/dy is continuous within <y1,yN> 

r(y) is continuous within the successive 

intervals: 

<Yi-112.Yi+tn>, j = 2, ····• N-1. 

- dr(y)/dy is continuous within <y1,yN> 
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* Least squares approximation of 

trigonometrie interpolation 

3. Theory 

- dr(y)/dy is continuous within <y1,yN> 

- The oscillations in r cao be minimized 

( controlled) 

The best approximation method will be selected in section 3.6, where the different calculation 

methods of the downwash are discussed. 

The accuracy of the data points will be important for the decision if ao approximation should be ao 

interpolated or a fitted function. 

Notice, a fit cao be seen as a transformation of the interpolated approximation. This transformation 

of the interpolated function is closely related to the weight coefficients consictering the natural 

cubic spline fit The Fourier sine series fit/transformation cao oot be controled. 
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3.6 DOWNW ASH APPROXIMATION METHODS 

3.6.1 Introduetion 

According to the Lanchester-Prandtl lifting line model, see section 3.2 the downwash is given by 

dr(y~ y,- __ 

w(y) = _1_J dy' dy' 
47t y - y' 

Y. 

(3.15) 

where the circulation is given inbetween the locations YR and YT· The circulation distribution is 

approximated by one of the methods which were discussed in section 3.5. The first derivative of 

the circulation, dr(y)/dy, is continuous within <YR•YT> for all proposed approximation methods. 

In this section six methods to compute the downwash will be outlined. In the numerical 

calculations an elliptic circulation distribution is assumed. This distribution gives a downwash 

which can also be calculated analytically, see section 3.3.1. This offers the possibility to determine 

the accuracy of each algorithm by comparing the computed results with this analytical value. 

When an elliptical circulation distribution is assumed, the value lct2rtdy2 l is infinite at YR and YT· 

This implies that in total three singularities have to be considered: 

1) 1/(y-y') = oo at y = y'; 

2) dr(y)/dy = oo at y = YR and y = YT· 

ad 1) Three methods to handle this singularity will be considered, i.e.: 

(a) The singularity at y = y' in the integrand f(y,y') 

dr(y) 

f(y.y~ = dY dy 
y - y' 

(3.50) 

can be dealt with as recommended by Prandtl & Tietjens [18]. They suggested to take 

the so-called "Cauchy principal value" of the integral, defmed by 

l:~ [y'J ~.y~ dy + Î f(y.y~ dy] 
Y. y1 + E 

(3.51) 

This definition is such that the value of y' has to be approached from both sides at the 

same rate. Both partsof the integral tend to infinity, but their sum has a fmite limit 

(b) A polynomial within the interval~·= <y'-ö,y'+Ö>, ö << (YT- YR) is assumed. Then 
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it is possible to detennine the contribution of 0y. to the integral analytically. Consicter 

a 4th order polynomial of the circulation distribution, 

(3.52) 

so 

(3.53) 

Introducing z = y - Yi• the integral is 

Y; + Ö dr(y) +Ö 

J dy- dy = Jczi c c 2 d + 2 + 3 z + c4 z z 
Y;- ö y Y; -ö 

[ I I ]•Ö r ]•Ö 1 r 2]·11 1 r 3]•Ö = c1 In z _6 + c21.z _6 + 
2

c31.z _6 + 
3

c41.z _6 

(3.54) 

Since eS << (Yr - YR), the contribution of the third order tenn will be neglected. The 

coefficient c2 can be determined by interpolating a 3rd order polynomial. 

(c) If the circulation distribution is represented by a Fourier sine series, it is possible to 

use the Glauert integral formula, see [15], 

lt 

f cosne de sinne' - 1t. 
0 cose - cose' - sine' 

(3.55) 

Introducing the narnes of the different methods to compute the downwash it is possible to 

indicate how this singularity is handled in each method: 

FFA-method 

ECN-method 1 

& ECN-method 2 

& Semi-analytical method 

: (a) 

: (b) 

Monoplane equation method & Fourier sine series fit method : (c) 

The methodes to compute the downwash will be explained in section 3.6.2 and section 3.6.3. 

ad 2) The function 1/(y-y') can be considered as the weight function of dr(y)/dy. The behaviour 

of the weight function indicates that the influence of the singularity at the tip increases when 

approaching the root and the tip, respectively. The integrands belonging to an elliptical 

circulation distribution at y = 0.75*(Yr-YR)+YR and y = 0.90*(Yr-YR)+YR are shown in figure 

3.16. 
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Figure 3.16: 
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Integrands belonging to an elliptic circulation distribution at Ya = 0.75*(Yr 

YR)+YR and Yb = 0.90*(YrYR)+YR· 

A comparison of these integrands show that the integrand in tigure 3.16 (b) has relatively high 

gradients in the integrand and relatively high values of the integrand within <0.90*(Yr-YJ+YR·Yr>· 
This leads to the condusion that at the root or the tip the inlegration metbod has to be more 

sophisticated to satisfy the same accuracy of the approximated downwash. Computations of the 

downwash in these regions will be made to evaluate the performance of some of the proposed 

methods, see section 4.1. 

First a natura! cubic spline representation of the circulation will be considered. Three methods 

(FFA-method, ECN-method 1 and ECN-method 2) will be discussed in section 3.6.2. Next, a 

metbod (Semi-analytical method) that uses the linear interpolation of the first derivative to 

approximate the circulation distribution and two methods (Monoplane equation method, Foorier 

sine series fit method) that use a Foorier sine series to represent the circulation will be discussed in 

3.6.3. Finally, in section 3.6.4 the advantages and disadvantages of the proposed methods will be 

discussed. 

3.6.2 Circulation represented by a natoral cubic spline 

FFA-method 
Ronsten [30] interpolated a spline using routines from XFOIL aiK1 approximated the integral, 

which delermines the downwash by summation of surfaces belonging to successive infinitesimal 

intervals along the span and the values of the integrand. The total number of intervals M depends 

on the size of the intervals Yi+l/2 - Yi-112• 
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so 

Yr - YR A 
y. I - y. I = = uy ,.7 ,_7 M + 1 

1 (M-i-1 r'(y.) 
w(y) = - L ' . L1y 

47t J=l Y; - y1 

M f"(y) J + ~ . • L1y + w . (y.) L..J SIRg I 

j=M-i+l Y; - Yj 

P(y. !) r'(y !) 
1- 1+4 

wsing(y) = --4
- • (Y; - Y;_l) + --- • (Y· I - Y·) 

Y; - Y;_l 7 Y; - y. I 1+7 I 

4 l+4 

3. Theory 

(3.56) 

(3.57) 

where wsiniYi) represems the contribution to the integral over <Yi-ln•Yi+Jn>. Every data point at the 

center of an interval is indicated by Yi as well as Yi i and j are integers. If i and j are reals a 

spanwise position inbetween two data points is indicated. 

The principal value of the integral can be determined by increasing M. The value of M in Ronstens 

calculations was HY. A problem may occur wsing(y) = oo - oo. This calculation could lead to errors 

due to the representation of reals by the processor. 

ECN-method 1 
The requirement of a smooth first derivative of the circulation is satisfied by representing the 

circulation distribution by a spline. When the singularity is isolated in the interval <yi-o,yi+O>, the 

contribution of integral over the interval <YR•Yi·O> u <yi+O,yr> can be calculated by means of the 

Trapezium or the Simpson rule [21 ]. The contri bution of the integral over <yi-o,yi+O> can 

analytically be solved as was outlined in 1 (a) insection 3.6.1. 

ECN-method 2 
Instead of treating the singularity as described in ECN-method 1, a subroutine named QAWC can 

be used. This subroutine originates from Quadpac 1. Quadpac is a Subroutine package for 

Automatic integration. The subroutine determines the "Cauchy principal value" as defined in 1 (a) 

of section 3.6.1. 

The subroutine was designed by Piessens and de Doncker from Appl. Math. & Progr. Div. -

K. U.Leuven in 1980. This is the most sophisticated available subroutine for these kind of 

computations according to van Gilllleken [31]. 

3.6.3 Other methods 

Semi-analytical metbod 
lf the circulation is approximated by a linear interpolation of the first derivative (see section 3.5.3), 

it is possible to solve the integral analytically for every interval <yi_112,yi+112>. The integral for every 

interval becomes 
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y 1 df(y) y-dY 
y I Y; - y 

,.. .. 
yfi·~ AjY + B. Yfi·~( AjY1 + B. J 

dy = ' dy = -A. + ' dy 
J 

y. I Y; - y y. I Y; - y 
,-.,. J-.,. 

= [ -AjYf'"~ + (AjY; + B) [-In IY; - y IC'~ 
}-., ,..""!' 

(3.58) 

[ 
ly. - y. 1 IJ I J· 

= A.(y. 1 -y. 1) + (AjY· + B.) In 7 

J )+"'! )-"'! I J IY; - yj+ 1 I 
"'! 

The interval which contains the singuiarity can be soived by poiynomiai interpoiation as shown in 

1 (b) of section 3.6.1. 

The accuracy of calculated downwash does not increase by using a linear interpolation of the first 

derivative but this metbod gives an analytica! solution of the integral. 

The monoplane equation 

This is a conventional metbod that is described in several books like Clancy [15], Prandti & 

Tietjens [18], Milne-Thomson [13] and Moran [19]. lf the circulation distribution is represented by 

r(a) = 2 (yN - y1) V EAn sin na (3.59) 
n:1 

with 

y = (3.60) 

then ris a function of a so that a = 0 at Y1 and a = 1t at YN and the boundary conditions r = 0 at 

Y1 = YR and YN = Yr are satisfied. 
The dr can now be represented as 

so that equation (3.15) becomes 

w(a) = 
(y - )V K E nAn cos na 

T YR f n=1 dB 
21t y - y 

0 r R (cosa - cosa) 
2 I 

(3.62) 

~ K 

= ~ E nAn f cos na dB 
1t n•1 0 cos a - cos ai 

which, using Glauerts integral formula see section 3.6.1, gives 

ECN-1--93-036 57 



Determination of 2D equivalent angles of attack 3. Theory 

It is assumed that: 

L
~ nA sin ne 

w(S.) = V n 
1 

I • e 
n=l sm i 

(3.63) 

* wN << rt/4 ~ arctan (wN) = wN 

* The CL -a characteristics can be represented by straight lines for every 

spanwise position. 

The first assumption yields 

(3.64) 

If XFOIL results are used two possibilities are proposed to deduce straight lines which are 

represented in figure 3.17. Figure 3.17 (a) showshow a straight line should be fitted through the 

data for the whole domain. How a straight line should be fitted for data of intervals of the whole 

domain is shown in figure 3.17 (b ). 

t 

Figure 3.17: 

/- t / / 

(a) (b) 

Illustration of the representation of the 2D Cca characteristics in the 

considered model. Straight lines fit through (a) the whole interval and (b) smal/ 

intervals of a. 

In both cases the CL -a characteristic is described by two constants: <Xo and dCJda = a, for every 

successive substitution. If the effective incidence and the geometrie incidence are measured, not 

from the free stream velocity vector, but from the local zero-lift angle, the characteristics will only 

be described by the lift-curve slope a. In the case of the method shown in figure 3.17 (b), a new 

value of a should be determined after every iteration fora each interval, so a will be denoted by ai. 

If the local lift-curve slope ai(y;) varles across the span, the locallift coefficient will be given by 

(3.65) 

so that 
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P··'(y) - 1 (y) V ci•'(y) - 1 (y) V i(y) i•'(y) . - -C . L . - -C . a . Cl; . 
I 2 I I 2 I I I 

(3.66) 

and 

(3.67) 

Notice that p+'(y) is the circulation distribution that is deduced from the corrected angles ~+1(y). 

This implies that the successive substitution process as described in section 3.5 is not quite similar 
to this method. Still the lift-curve slope is detennined by the preceding ai(y). 

Using equation (3.67) yields 

2fi•'(y) 
w(v ,ai) = V ai(y.) - --.,...---

1 - I a'(y) c(y) 

Inserting equations (3.63) and (3.66) yields 

r. nA" sin ne . e 4(yr - yR)r.A . e 
Lt ---,........"....- = a'( ) - Lt sm n 
n=l sine ai(y) c(y) n=l n 

Introducing !Jj(e) = ai(e)c(e)/4(yT - YR), yields, when multiplied by ~(e) sin e, 

L (J.I'(e)n + sine) A" sin ne = pi(e) a! sine 
11+1 

(3.68) 

(3.69) 

(3.70) 

which is an equation from which the Fourier coefficients may be detennined since pi(9) and a(9) 

are known, i.e. the wing geometry is fully specified. It is only necessary to evaluate a limited 

number of coefficients. If m coefficients are needed to give sufficient accuracy, equation (3.70) 

should be written for m different values of e. i.e .• at m different spanwise positions, and the 

resulting m linear equations must then be solved simultaneously. Equation (3.70) is known as the 

monoplane equation. 

Investigation into using a Fourier sine series fit 
The description of this metbod to compute the downwash is not complete. lt is included to give a 

bases for futher investigations. 

The general idea of this metbod is to represent the circulation distribution by a Fourier sine series. 

By using Glauerts integral fonnula the downwash is given by (3.63). In the monoplane equation 

metbod the Fourier coefficients ~ had to be detennined out of a set of monoplane equations. 

Another way to detennine these coefficients is to fit a Fourier sine series. If an odd number, L+1, 

of equally spaeed circulation values along the span is available, the circulation distribution can be 
approximated by the following least squares approximation of trigonometrie interpolation. 
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As shown in section 3.5.3 Fm(Ç) is an approximation of f(Ç). Fm(Ç) is simular to (3.59) only the 

coefficients should be changed. 

(3.71) 

Using the same denvation as in (3.61), (3.62), and (3.63) it is necessary to make the transfonnation 

ç = g(y). 

r (Yr + YRJ ~ = g(y) = y - 2 

Define s = - g(yR) = g(yJ = (Yr - YR)!2. The transfonnation in (3.60) can now be written as 

It is possible to describe Ç with Ç, 

Now Ç can be expressed in 9 

Inserted in equation (3.62) yields 

ç = - s cos e 

Ç=-s+2s.ç 
1t 

ç = h(S) = ~ (1 - cos e} 
2 

m 

~~ E j aj cos j ~ ( 1 - cos e} 
w (9.) = ..",...,.._1_..,.. f j=l 2 

m I 2(yT - yR) 0 cos e - cos ei 
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d9 

(3.72) 

(3.73) 

(3.74) 

(3.75) 

(3.76) 
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3.6.4 Evaluation and conclusions 

If the downwash is calculated near the tip or the root, it is necessary to have a good approximation 

of the integrand. This is because the gradient of the first derivative of the circulation distribution 

increases (see figure 3.16). A smaller stepsize in the integration method implies a better 

approximation of the integral. 

Three ways were proposed to handle the singularity at the spanwise position where the downwash 

is calculated, were proposed. The so-called principal value of tbe integral can be determined by 

approaching tbe singularity from both sides at the same rate. The problem of imptementing this 

metbod is tbe finite accuracy of the processor to represent reals. The subroutine QAWC will check 

the accuracy of tbe approximation. 

The second possiblity was to interpolate a third order polynomial through tbe circulation values at 

an interval symmetrical around tbe singularity, <y'-ö,y'+Ö>. Intbis way the contribution fortbis 

interval can be analytically calculated. This analytical calculation will require Jess processor time 

tban tbe determination of tbe principal value of the integral. Still the problem remains what value 

ö should have and how accurate tbe approximation of the circulation within 0y. will be. 

The monoplane equation metbod us~s Glauerts integral formula. An important restrietion to tbe 

monoplane equation metbod is that the CL -a characteristics have to be approximated by straight 

lines. Glauerts integral formula is also used in the Fourier sine series fit metbod. My efforts of 

descrihing tbis method revealed that a prescribed eosine distribution of the data points is needed. 

This implies a restietion to the flexibility of this metbod. In tabel 3.1 the advantages and 

disadvantages of each metbod are listed. 

No metbod is described to handle the singular behaviour of tbe integrand at tbe root and tbe tip. lf 
dr(y)/dy is infinite at the root and/or the tip. the size of the integration interval will be changed to 

<yR+ç,yT-Ç> with ç << (yT-YR). The influence of this change can be seen when tbe downwash for 

an elliptical circulation distribution is computed. However, it should be noticed tbat tbe nearest 

position to tbe tip where tbe downwash has to be determined is 80%R, considering the application 

of tbis method to tbe lifting line calculation of ECN. Since 1/(yT-80%R) is relatively small, tbe 

influence of tbe proposed transformation is also expected to be small. 

In chapter 4 tbe following three methods will be used and compared: 

ECN-1--93-036 

FFA-method 

ECN-metbod 2 

(see section 3.6.2) 

(see section 3.6.2) 

Semi-analytica) metbod (see section 3.6.3) 
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I METHOD 
11 

ADVANTAGES I DISADV ANTAGES I 
FFA-method * variabie stepsize * singularity is nol omitted, 

(section 3.6.2) this could lead to errors 

* rough inlegration method 

ECN-method 1 * variabie stepsize * a can only be approximated 

(section 3.6.2) 

* singularity is analytically * difficult implementation into 

resolved the program 

ECN-method 2 * sophisticated method to * the singularities at YR and YT 
(section 3.6.2) calculate the principle value have to be omitted 

of the inlegral 

Semi-analytica! * the inlegral can be resolved * finite interval size, 

method analytically determined by the location 

(section 3.6.3) of the data points 

* discontinuities in the 

approximated second 

derivative of the circulation 

distri bution 

Monoplane * the problem is reduced to * wN has to be srnall 

equation method solving a mxm matrix 

(section 3.6.3) * if the whole CL -a 

characteristic is represenled 

by a straight line, the 

calculation is not valid near 

stall 

Fourier sine * the problem will be reduced * the method is not complete 

series fit method to the addition of 

(section 3.6.3) contributions belonging to the * not flexible: the position of 

significant Fourier the data points will be 

coefficients determined by the 

calculation method (eosine 

distribution) 

Tabel 3.1: Advantages and disadvantages of the described methods. 
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4 CALCULA TI ONS 

4.1 DOWNWASH COMPUTATION FOR AN ELLIPTIC 
CIRCULATION DISTRIBUTION 

4.1.1 Introduetion 

lf an elliptic circulation distribution is assumed along an aerofoil, the downwash w can be 

represented non-dimensionally (see section 3.3.1): 

b · w(y) 1 
--:::::--= ro 2 

(4.1) 

where y indicates the spanwise position. The downwash for an elliptic circulation distribution is 

constant along the span. 

There are two reasans why the downwash of an aerofoil with an elliptical circulation distribution is 

calculated: 

A) The results obtained with the calculation methods described in section 3.6 can be compared 

with the analytical value of the downwash and mutually. So it will be possible to indicate 

the accuracy of the different calculation methads and to determine which methad gives the 

best approximation of the downwash. In this chapter the downwash is calculated by means 

of the Semi-analytical methad, the FFA-method and the ECN-methad 2. 

B) lf the elliptical circulation distribution is approximated by a function which is interpolated or 

fitted through a discrete set of data points, see section 3.5, it is possible to get an impression 

of the number and the positions of the data points that are needed to get an acceptable 

approximation of the analytical salution of the downwash. 

Por the calculations described in A) the analytical first derivative was used. The results are 

described in 4.1.2. As a result the calculation methad which gives the best approximation of the 

analytical value of the downwash is found; this calculation methad will be used to compute the 

described calculations in B). It should be realized that there are some restrictions to the positions 

of the data points that can be chosen. If methad A (described in 3.4.1) is used to determine 20 

equivalent angles of attack, the locations of the data points are given by the positions of the 
instrumented sections and the positions of the root and the tip. On the other hand in method B 

(described in section 3.4.2) the number and positions of the data points are free to be chosen along 

the aerodynamic profiles, see section 3.4.2 (FFA-blade: Iaero = [30%R,99%R]; ECN-blade: Iaero = 
[20%R,99%R]). 
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Three different distributions of data points along the span have been considered: 

1) A linearly distributed set of data points along the whole span. Through these data points a 

natura! cubic spline was interpolated. This has been done for a various number of data 

points. 

2) A set of data points at spanwise positions corresponding to the positions of the instrumented 

sections of the FFA rotor blade was assumed. Through these data points a natura! cubic 

spline was interpolated. This is the procedure used by FFA to approximate the circulation 

distribution along the span. If an elliptic circulation distribution is be assumed along the FFA 

rotor blade, the accuracy of the FF A method can be assessed. 

3) A linearly distributed set of data points along an interval corresponding to the interval 

defined by the aerodynamic profile, Iaero• of the test blade of FFA and ECN. Between the 

root, r(yR) = r( -b/2) = 0, and the beginning of the aerodynamic profile no data points were 

taken. Also at the interval between the end of the aerodynamic profile and the tip no data 

points were taken. 

Through these data points a natura! cubic spline will be interpolated or fitted. This gives an 

indication for the general accuracy of the method when the circulation distribution is approximated 

as described above. The results are presented in section 4.1.3 and in section 4.1.4 the results wil be 

discussed. 

4.1.2 Comparison of calculation methods to compute the downwash 

The downwash is computed with three different methods. The analytica! first derivative of the 

elliptical circulation distribution is used in the FFA-method and the ECN-method 2. The so-called 

Semi-analytica! method makes use of a discrete set of circulation values along the span. This 

discrete set of data points consists of 100 linearly distributed data points along the span. In figure 

4.1 the results of the computations are shown. 
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4. Computations 

Figure 4.1: Values of the downwash belonging to an elliptical circulation distribution computed 

with (ECN) the ECN method 2, (FFA) FFA method and (S-A) the Semi-Analytica/ 

method next to ( anal.) the analytica/ solution. 

In tigure 4.1 it can be seen tbat for evry metbod tbe agreement witb the analytical values is poor 

near tbe boundaries. The reason for tbis bad approximation bas already been indicated in section 

3.6.1. In tigure 3.16 tbe behaviour of the integrand was shown for tbe downwash calculated near to 

tbe boundary b{l. High gradients in the integrand imply high gradients in tbe first derivative of the 

circulation distribution. These high gradients in tbe integrand require a high density of accurate 

values of the integrand. i.e. an integration metbod witb a small stepsize. 1be Semi-analytical 

metbod bas tbe least accurate values and tbus results in the poorest agreement. 1be FFA-method 

bas more accurate values which are linearly distributed. The ECN-method 2 has a flexible number 

of data points and the desired relative accuracy of tbe successive detennined downwash values can 

be set. 

It is expected that the accuracy of the 3 methods beoomes better for lower gradients of tbe 

circulation distribution near tbe boundaries. 

A limitation to the applicability of ECN-method 2 is the infinite tirst derivative of tbe circulation 

at the boundaries. To avoid this problem, the integration interval is changed to I = [yJb...,ylb,...l = 
[-0.4995,0.4995]. This kind of transformation already was proposed insection 3.6.1. 

In figure 4.1 the criterium for the computed downwash in subroutine QAWC, which is 

implemenled in the ECN-method 2. was tbat the relative difference of tbe successive 

approximations, wfln' should be less than 0.01. The definition of w., is 

where j indicates tbe number of iteration. The same calculations have been perfonned with w., 

equal to 0.1 and 0.001. The results are shown in figure 4.2. 
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4. Computations 

Figure 4.2: The computed downwash with ECN-method 2 for werr equal to 0.1, 0.01 and 0.001. 

For werr = 0.001 no improvement is seen. and for w.rr = 0.1 the approximation of the downwash 

gets worse. 

In the sequel the computations will be perfonned with the ECN-method 2 and werr will be set to 

0.01. The error that occurs by interpolating or fitting a spline is assumed to be relatively larger 

than the error resulting from the criterium werr = 0.01 The choice of werr also gives more freedom 

to the behaviour of the spline compared to werr = 0.001. This is because the behaviour of the 

inlegrand also delennines the highest accuracy that can be reached, see subroutine QA WC. 

In the next section the effect of a spline interpolation or a spline fit through a discrete set of 

circulation values of an elliptical circulation distribution will be investigated. 

4.1.3 Different distributions of the data points along the span 

Linearly distributed data points along the span 
In tigure 4.3 the first derivative of a spline interpolated through 10 linearly distributed data points 

along the span is shown next to the analytica! first derivative. 
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Figure 4.3: First derivative of the interpolated circulation distributions through (N=JO) JO and 

(N=JOO) 100 linear distributed data points along the span next to the analytica/ first 

derivative of the circulation distribution. 
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Figure 4.4: The computed downwash for an interpolated spfine through (N=JO) JO and (N=100) 

100 linear distributed data points a long the span next to the analytica/ value of the 

downwash. 

At ylb = -0.35 and y/b = 0.35 the computed downwash for a interpolated spline through 10 linear 

distributed data points shown in tigure 4.4 is overestimated by 50 %. The computed downwash for 

a spline interpolated through 100 data points is overestimated by 0.4 % at ylb = -0.40 and y/b = 
0.40. The oscillation in the first derivative of the interpolated circulation distribution near the 

boundaries is the result of the claim of least bending energy (1bis claim belongs to the interpolated 

natura! cubic spline, see section 3.5.2). 
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Distribution of data points corresponding to the Jocations of the instrumented sections of the 

FF A test blade 

A spline interpolated through 10 data points corresponding to the 8 instrumented sections along the 

span of the test blade of FF A and the positions of the root and the tip. lf the positions of the data 

points (15%R, 30%R, 50%R. 75%R, 85%R, 92.5%R, 95%R, 97.5%R, 99%R and 100%R) are 

indicated by xi, i = 1, ...• 10. a transformation H can be introduced to give the corresponding 

positions Yi for the elliptical circulation distribution. 

x - 0.15R b 
I •b--

Y; = H(x) = l.OOR - 0.15R 2 = _2_ _ 0.68 
b 0.85R 

The length l.OOR - 0.15R was defined in section 2.3.2 as dFFA· In figure 4.5 the situation is shown 

schematically. 

-... --- --~------J 
I 

Figure 4.5: A schematic impression of the considered situation, for the FFA test blade. 

In tigure 4.6 the computed downwash along the span is shown for the approximated circulation 

distribution. 
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Figure 4.6: The computed downwash of an interpolated spline through JO data points which are 

located at positions corresponding to the instrumented sections of the FFA test blade 

next to the analytica/ solution for the elliptical circulation distribution. 

The downwash at the instrumented section which is ciosest to the root is overestimated by 32 %. 

Futhennore the downwash at the tip is different from the result obtained with the elliptical 

circulation distribution. The main reason for this difference is the oscillation in the first derivative 

of the approximated ei reulation distribution. Figure 4. 7 shows the first derivative of this 

approximation. 
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Figure 4.7: The first derivative of the approximated circulation distribution through data points at 

positions corresponding to the instrumented sections of the FF A test blode. 

Note: For an elliptical circulation distribution the approximation of the circulation through 1he 
described positions with an natural cubic spline interpolation, is not reliable to use. lf the 

results presented in figure 4.6 are used in a successive substitution process as described in 
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section 3.4.1 the accuracy of the result of this process cannot be estimated. The reason is the 

poor approximation of the successive circulation distributions. 

An interval of linearly distributed data points 

The considered intetval is related to the aerodynamic profile of the test blade, see figure 4.8. This 

intetval is considered because data will only be available within this intetval when metbod B will 

be used to delermine 2D equivalent angles of attack (see section 3.4.2). The transformation is 

indicated in figure 4.8. 

--+-· 
0 

tr 

Figure 4.8: Interval along the blade with a linear distribution of the data points. An elliptic 

circulation distribution is assumed. 

Tabel 4.1 specifies the values of the parameters introduced in figure 4.8 for the FFA test blade and 

the ECN test blade. 
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FFA-blade ECN-blade 

R 2.675 m 12.500 m 

d 2.274 m 11.500 m 

Jaero 2.000 m 10.000 m 

x/Re 

[A,B] [0.30,0.975] [0.20,0.975] 

y/b E 

[C,D] [ -0.323,0.471] [ -0.370,0.473] 

Tabe/4.1: Parameters introduced in figure 4.8. 

The FF A wind turbine blade: 

The interval where the data points are linearly distributed is given by: I = [C,D] = [-0.323, 0.471] 

(see table 4.1). 

In tigure 4.9 the results of the downwash computation are shown for 50, 100 and 200 data points. 
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Figure 4.9: Computed values of the downwash for the circulation distributions given by inter

polating a spline through 50, 100 and 200 linear distributed data polniS along the 
interval [-0.323,0.471]. 

The downwash is clearly overestimated near the edges of the defined interval. 1be downwash 

appears to be independant of the number of data points when y < 0. For y > 0 dle prediction of the 

downwash is improved when the numbers of data points is increased. This impravement is due to 

a better approximation of the elliptical circulation distribution for y > 0. A high density of data 

points leads to a better approximation, due to the high gradients in the function. 
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For the FFA test blade also some calculations have been performed with a titted natural cubic 

spline, see section 3.5.2. A set of 100 linear distributed data points along the interval I was taken. 

Different values for the relative accuracy of the circulation values at the data points, ~nr. have 

been considered: 0.1, 0.01 and 0.001. The weight coefficients betonging to the circulation values 

used in the spline fit are detined by 

D - I 

,- W·r.J i = 2, ... , N-1 

Dl = DN = 1000 . (D.) rmax 

In tigure 4.10 the circulation distributions represented by the splines for the different fits are 

shown. 

Figure 4.10: 
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The circulation distributions described by the fitted splines, ~rtr = 0.1, 

~rtr = 0.01 and &rtr = 0.001. 

1be computed downwash for the different spline fits are shown in tigure 4.11. 
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Figure 4.11: The computed downwash for the fitred splines with órJf = 0.1, órJf = 0.01 

and órJf = 0.001. 

In tigure 4.10 and figure 4.11 the effect of the different circulation distributions on the downwash 
can be seen. The oscillations in the computed downwash for óf/f = 0.001 are due to the accuracy 
of the computation of the principal value by means of the subroutine QA WC. The accuracy can be 

increased when some settings in this routine are changed. This is not necessary because óf/f = 
0.001 will not be used futher on. Clearly óf/f = 0.01 gives the bestand most reliable results. 

The ECN wind turbine blade: 
Within the considered interval I= [C,D] = [-0.350,0.471] 100 data points were linearly distributed. 
Through these data points and the circulation values at the boundaries a natural cubic spline was 
interpolated. Results of the calculations are shown in tigure 4.12. The relevant difference in the 

geometry is the ratio of the length of the aerodynamic profile Iaero and the length of the interval of 

the span at which the circulation distribution is assumed. The instromenled sections of the ECN 

test blade are also indicated in tigure 4.12. 
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figure 4.12: Computated va/ues of the downwash for the circulation distributions given by an inter

polation of a spline through 100 data points linear distributed along the interval 

[0.350,0.471 ]. 

The relative error 11w/w in the approximation of the downwash at the instrumented sections, given 

by 11w/w = 2 ((b w(y))/f0 - 1/2). is presented in tabel 4.2. 

I X i I Yi 
11 

11w/w I 
0.30R -0.26b 0.08 

0.60R 0.07b 0.01 

0.80R 0.28b 0.01 

Tabe/4.2: The relative error in the approximation of the downwash at the corresponding 

positions Y; of the instrumented sections X;. 

If a relative error 11w/w :s; 0.10 is assumed to be acceptable, the following interval can be deduced 

from the results shown in tigure 4.12: ylb e [ -0.30,0.43]. This inte~al corresponds to the interval 

x/R e [0.18,0.86] along the wind turbine rotor test blade of ECN. 

4.1.4 Discussion and conclusions 

Evaluation of the methods to compote the downwash 
The computation of the downwash of an aerofoil with an elliptical circulation distribution is com

puted with three different methods: the Semi-analytical method, the FFA-method and the ECN

method 2. The results in tigure 4.1 show that the ECN-method 2 gives the best approximation of 

the analytical value of the downwash. In the ECN-method 2 the relative difference between the 
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successive computed values of the downwash (wer,) serves as a cut off criterium. The best value for 

wer, is 0.01. A smaller value of wer, does not lead to an improverneut as can be seen in figure 4.2. 

lt should be realized that the value of werr leads to restrictions of the integrand behaviour and thus 

the spline behaviour. 

In a later stage the errors in the circulation deduced from XFOIL will be used for the computation 

of the 20 equivalent angles of attack should be considered. An estimation of the accuracy of the 

circulation values deduced from XFOIL computations is given by drtr = dCJCL = 0.10, see 

section 3.2.2. 

Interpolation of natura! cubic splines through different distributions of data points along the 

span 

Linearly distributed data points along the span 

The results with a linearly distributed set of 100 data points along the whole span show that the 

downwash dw/w in the interval: y/b E <-0.4,0.4> can be calculated with an accuracy of 0.004. 

Because of the behaviour of the spline and the high gradients in the first derivative of the 

circulation distribution. a good approximation near the boundaries (i.e. the root and the tip) cannot 

be made. 

Distri hution of data points corresponding to the locations of the instrumented sections of the FF A 

test blade 

If the data points are given by the positions that correspond to the 8 instrumented sections and the 

data points at the boundaries. the calculated downwash is very inaccurate. This is because the 

circulation distribution represented by the spline differs significantly from the elliptical circulation 

distribution. 

lt is shown that an interpolated spline can cause oscillations that are incorrect. A relatively smal! 

oscillation will have a relatively larger effect on the first derivative of the circulation than on the 

circulation itself. This means that caution is needed with the use of splines in this application. 

To avoid a physically unrealistic approximation of the circulation the conditions defined in section 

3.3.3 are considered to define a physically realistic circulation. This condition should be put in an 

algorithm which checks and, if necessary. alters the circulation distribution. 

An interval with linearly distrihuted data points 

The intervals were defined for the FFA test blade and the ECN test blade. If data points are 

available within these intervals. the number of data points is variable. The difference between the 

computed and the analytica! value of the downwash increases when approaching the edges of the 

defined interval. The bad approximation of the elliptical circulation distribution near the boundaries 

is the reason for this increasing difference. 

The relative accuracy of the computed downwash values for the ECN test blade within 

[0.18R,0.86R] is less than 0.10. This is assumed to be acceptable. lf the circulation distribution 

along the wind turbine rotor blade is more or less similar to the an elliptical circulation distribution 

this computation method will give an acceptable approximation of the downwash at the 

instrumented sections. 

Because the approximation of the downwash is very accurate for the remaining part of the defined 

interval it can be concluded that the downwash is mainly determined by the circulation distribution 
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in the vicinity of the spanwise position where the downwash is computed. 

Fitting a natural cubic splines through linearly distributed data points within an interval 

With a spline fit the oscilations due to a spline interpolation can be eliminated. This computation 

was perfonned for the FFA test blade. Different distributions for the weight coefficients (defined 

by dr;r, see (3.71)) were considered. For drtr = 0.10 the approximation of the downwash was 

very inaccurate and for drtr = 0.001 the requested relative accuracy of the downwash was not 

reached at several positions due the spline behaviour. The best choice was drtr = 0.01. Again 

assuming that a relative accuracy of less than 0.10 is acceptable, the interval [0.26R,0.68R] can be 

deduced from the results shown in tigure 4.11 where this assumption is satisfied. If the circulation 

distribution along a blade is more or less elliptical the described method can be used in this 

interval. 

Recommendations for the computation of 2D equivalent angles of attack 

The required density of data points depends on the gradients in the circulation distribution. It must 

be realized that the aim of the study is to develop a metbod that gives good approximations of the 

downwash at the instrumented sections of the wind turbine blade of ECN. As already mentioned 

the main problem occurs at the boundaries of the circulation distribution. High gradients near the 

boundaries require a high density of data points. Then the interpolated spline will approximate the 

real circulation distribution in an accurate way. 

An other problem at the boundaries is the inaccurate computation of the downwash due to the 

integrand behaviour. 

These two problems combined with the fact that the downwash is mainly determined by the local 

circulation distribution have led to the idea to skip the computations at the ends of the circulation 
distribution. A physically realistic circulation distribution near the boundaries, when computing 20 

equivalent angles of attack by means of metbod B is proposed in section 4.2.3.3. The problem of 

this approach will be that it is hard to quantify the accuracy. The computations which are discussed 

in this chapter only indicate an accuracy for an elliptical circulation distribution. 
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4.2 CALCULATIONS WITH DATA OF A FFA WIND 
TUNNEL EXPERIMENT 

4.2.1 Introduetion 

In Sweden aerodynamic experiments similar to those that will be perforrned at ECN have been 

done in a wind tunnel. For the non-rotating blade was placed in the FFA-LT1 wind tunnel. For 

several combinations of the inflow velocity V~ and the pitch angle, the pressure distributions were 

measured at the instrumented sections. For each combination 2D equivalent angles of attack were 

computed by means of metbod A (described in section 3.4.1). Using the geometry of an 

instrumented section, which was measured after the instromentalion of the blade, the corresponding 

2D equivalent angle of attack was used to calculate the pressure distribution at the considered 

section by means of XFOIL. The XFOIL pressure distributions were compared with measured data 

for the non-rotating blade. Ronsten [14] concluded that " Good agreement was, found, especially at 

Reynolds numbers exceeding 500 000 at all radial stations but for r!R = 99% ". 

The high Reynolds numbers assured that the potential theory gave a good approximation of the 

flow. 

In [14] is not explained why the XFOIL pressure distributions disagree with the data for the non

rotating blade at r!R = 99%. This could be explained by an inaccurate approximation of the flow 

by the Lanchester-Prandtl lifting because of: 

* The existance of the so-called tip vortices (see section 3.2.3). 

* The interaction between the vortices shed at the teading edge and the vortex wake because 

of separation effects due to relatively large angles of attack. This interaction is described by 

Hoeijmakers in [12] and was already mentioned in section 3.1. 

But also the computed approximation of the downwash could contribute to the disagreement (see 

section 4.1). 

The wind tunnel experiment for the non-rotating blade can be described by the uniform inflow 

velocity V~ and the pitch angle. This experiment is defined by 

V~ = 56.25 m/s 

pitch angle = 10 deg 

The geometry of the blade has already been presented insection 2.3.2. 

In section 4.2.2 results of calculations of 2D equivalent angles of attack betonging to the described 

experiment will be presented. In section 4.2.2.1 the calculations presented by FFA are reproduced 

and two alterations to their metbod are investigated. These alterations are: 

1) To compute the downwash the ECN-method 2 is used insteadof the FFA-method. 
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2) The location of the boundary condition r/R = 101% at the tip is changed to r/R = 100%. 

The applicability of method A to the non-rotating blade experiments at ECN is investigated in 

section 4.2.2.2. Only the data of three instrumented sections (30%R, 55%R and 85%R) of the FFA 

test blade were used. The computed 20 equivalent angles of attack were compared with the results 

when all instrumented sections are used. This will give an indication for the effect of different 

numbers of data points. Finally the results will be discussed in section 4.2.2.3. 

Computations of the 20 equivalent angles of attack by means of method B, described in section 

3.4.2, are presented in section 4.2.3. This method uses 20 CL -ex characteristics deduced from the 

geometry of the blade to approximate the circulation distribution. This is a purely theoretica! ap

proach to compute the circulation distribution along the span of a wind turbine blade according to 

the Lanchester-Prandtl lifting line theory. This means that a circulation distribution is formed by 

using 20 CL values belonging to the assumed angles of attack. When a downwash computation is 

performed on this circulation distribution and the obtained effective angles of attack are the same 

angles of attack as were used to construct the circulation distribution these angles are called the 20 

equivalent angles of attack. At a later stage pressure measurements at the instrumented sections 

will indicate the difference between the real situation and this model. 

As a first approximation of the circulation distribution along the span of the wind turbine blade the 

20 CL values belonging to the geometrical angle of attack computed with XFOIL will be used. 

These values can be deduced along the aerodynamic profile of the blade indicated by Iaero see 

figure 2.9. Since the circulation values have to drop to zero at the tip and the root in order to 

satisfy the boundary conditions. several approximations of the circulation distribution using the 

deduced 20 CL values were considered. Note, that the deduced 20 CL values belonging to the 

geometrical angles of attack will not give a good approximation of the circulation distribution near 

the root and the tip. 

The conditions defined in section 3.3.3 will be checked, in order to get an approximated circulation 

distribution which is physically realistic. The assumed conditions are: 

* boundary conditions: r(yR) = r(yr) = 0 with YR = 0.15R and Yr = l.OOR; 

* r(y) ~ 0 V y E [0.15R, l.OOR]; 

* d2f/dy2 ~ 0 V y E [0.15R, l.OOR]. 

The computations that have been performed with method B are: 

1) For a set of linear distributed data points along the span (i.e. [0.15R, I. OOR]) the circulation 

distribution was approximated by a linear interpolation of the first derivative. At the interval 

[0.30R,0.85R] circulation values were determined with XFOIL. At [0.15R,0.30R] and at 

[0.85R,l.OOR] an elliptical circulation distribution was fitted. 

The downwash was computed with the Semi analytical method and the results are presented 

in section 4.2.3.1 
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2) A spline was interpolated through data points which were chosen in the interval 

[0.30R.0.925R] complemented with f(0.15R) = f(I.OOR) = 0. In the intervals [0.15R,0.30R] 

and [0.925,1.00R] no circulation values were prescribed. Due to the spline behaviour the cir

culation distribution in these intervals will depend on the computed values of the circulation 
distribution within the interval [0.30R,0.925R]. After each iteration the conditloos which had 
to be satisfied for the approximated circulation distribution were checked. 
The downwash was computed with the ECN-method 2 and the results are presented in 
section 4.2.3.2 

3) Consictering the accuracy of the calculated circulation values, using XFOIL, a natural cubic 
spline was fitted through linearly distributed data points in the interval [0.30R,0.925R] and 
the boundary conditions. (When using 2D CL data of regular NACA 44 profiles smoothing 
can be justified by the difference between the geometry of the sections of the instrumented 
blade and the NACA 44 profiles). The weight coefficients were defined as described in 
(3.38). This fit can be seen as a transformation to fulfil the assumed conditions. 
Calculations have been done with different L\r;r values. One value of L\r;r was selected to 
investigate the effect of the different numbers of data points. The downwash was computed 
with the ECN-method 2 and the results are presented in section 4.2.3.3. 

4.2.2 Calculations with metbod A 

First, the computations as performed by FFA have been reproduced; this described in in section 
4.2.2.1. The souree code of the FFA computations, which was kindly affered to ECN [E-mail], was 
implemented in a program. Datafiles with FFA experimental data and results of FFA computations 
were also available. After the FFA results had been reproduced some alterations to the computation 
method were made. The results of these computations are presented in section 4.2.2.2. Finally, in 
section 4.2.2.3 the applicability of their method to the experiments at ECN is investigated by 
consictering only three instrumented sections. 

4.2.2.1 Reproduetion of the results of FF A 
The results of the computations performed by FFA are displayed in tigure 4.13 and figure 4.14. 
Data of the circulation values betonging to the geometrical angles of attack, and the circulation 
values betonging to the computed 2D equivalent angles of attack are displayed in figure 4.13. This 

data was computed by FFA and by the author. 
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Figure 4.13: 
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(IT=O) The initia/ circulation distribution betonging to the geometrical angles of 

attack and (IT=2) the circulation distribution betonging to the 2D equivalent 

angles of attack computed by FFA and by the author. 

The computed 20 equivalent angles of attack computed by FFA and by the author are presented in 

figure 4.14. In this tigure the geometrical angles of attack are indicated too. 

Figure 4.14: 
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(AOA_geo) The geometrical angles of attack, the computed 2D equivalent 

angles of attack (FFA_IT) by FFA and (IT=2) by the author. 

A comparison of the results in figure 4.13 and tigure 4.14 show that the computations perfonned 

by the author and by FFA are identical. This reveals that the used computation methods are equal. 
At the tip the computed 20 equivalent angles of attack are oot in agreement with the Lanchester

Prandtl lifting line theory:. the 20 equivalent angles of attack should approach 0o as the circulation 

at the tip goes to zero. A simple calculation on bases of a 20 CL-a characteristic (detennined by a 
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computation of XFOIL) corresponding to the instn1mented section nearest to the tip (0.99R) has 

been perfonned. This calculation shows that the computed circulation at this position is not equal 

to the calculated circulation, using the 20 CL -a characteristic. 

Using: 

v_ 
c(0.99R) 

CL(0.99R,ll 0 ) 

= 56.25 m/s; 

= 0.122 m; 

= 1.60; 

the circulation can be calculated using (3.24), 

1 m2 

r2D(0.99R) = - V c(0.99R) CL(0.99R,11) = 5.49 -
2 s 

This 20 circulation corresponds to the computed 20 equivalent angle of attack at the considered 

section. Assuming the accuracy of the CL values calculated with XFOIL computes inaccurate 

values of CL say llCJCL = 20 % there is still a significant difference between the calculated 

circulation value (r(99%R) = 5.5 ± 1.0 m2/s) and the computed circulation value (r(0.99R) = 2.3 

m2/s) see figure 4.14. 

When it is realized that the Lanchester-Prandtl lifting line model approximates the real flow 

situation, it is expected that the effect of this limited model will be most significant at the tip and 

the root since (as described in section 3.2.3.3) the vortex sheet tends to roll up at the ends of a 

wing (the boundaries). 

A condusion could now be that this great difference of the circulation values at the tip is due to 

the limited modelling of the real flow at the tip by the Lanchester-Prandtl lifting line model. 

However the accuracy of the computation method should be considered first. The considered 

specifics of the computation method are: 

* the behaviour of the spline; 

* the accuracy of the method that was used to calculate the downwash. 

This will be investigated in section 4.2.2.2 

4.2.2.2 Alterations to the method of FF A 

The souree code [30] revealed that the circulation value at the tip erroneously was set to zero at 

Yr = 1.01R. First, the effect was investigated of changing it from 1.01R to l.OOR. Next, insteadof 

the FFA-method to compute the downwash, the ECN-method 2 was used. 

Boundary condition applied at r/R = 100% insteadof r/R = 100% 

The denominator of the integrand, which is used to compute the downwash, is given by the first 

derivative of the interpolated spline. The boundary condition is applied at Yr = l.OOR instead of Yr 

= l.OOR. The effect of this change to the first derivative of the approximated circulation 

distribution is shown in figure 4.15. 
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Figure 4.15: 
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First derivative of the interpolated splines with Yr = 1.01 R and Yr = 1.00R. 

Considering the interpolated spline which corresponds to YT = l.OlR, it can be seen that at a 

certain distance from the tip the second derivative is positive. A physical reason for such behaviour 

of the circulation distribution could be a signifant change in the geometry of the wind turbine test 

blade at the tip. The geometrical data of FF A reveals that the chord distri bution along the span is 

very smooth and linear, but that the twist distribution along the span is not linear at the tip. So it 

could be possible that the condition d2r/dy :::;; 0 couldn't be satisfied, due to this behaviour of twist 

at the tip. 

Considering the interpolated spline belonging to YT = l.OOR this condition is satisfied. 1be effect 

of this difference to the computed 20 equivalent angles of attack can be seen in figure 4.16. 

Figure 4.16: 
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The computed 2D equivalent angles of attack for (FFA_IT) Yr = l.OJR and 

(IT=2) Yr =1.00R nextto (AOA_geo) the geometrical angles ofattack. 
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In tigure 4.16 it can be seen that the 20 equivalent angles of attack tend to go to zero. The 

location of Yr = l.OOR is also in agreement with the true location of the tip. 

Again a calculation can be done to deduce f 20, belonging to the computed 20 equivalent angle of 

attack at y = 0.99R. Now using CL(99R,4.1 °) yields 

I m2 
fw(0.99R) =- V c(0.99R) CL(0.99R,4.1°) = 3.09 _ 

2 s 

Considering that dCJCL = 20% the difference between f 20{0.99R) = 3.1 ± 0.6 m2/s and f(0.99R) 

= 2.4 m2/s belonging to the interpolated spline is signiticantly smaller. 

Still before assigning this difference to the limitations of the described lifting line model the 

accuracy of the computation of the downwash should be looked at. For an elliptical circulation 

distribution the computation of the downwash at the tip is relatively inaccurate and also depends 

on the method that is used see section 4.1.2. 

Computation of the downwash by means of ECN method 2 

The results of the computations shown above were obtained with downwash computations by 

means of the FFA-method. The computations with Yr = l.OOR and yT = l.IOIR have also been 

perfonned with the ECN-method 2 which is for an elliptical circulation distribution more accurate, 

see tigure 4.1. In tigure 4.17 the computed 20 equivalent angles of attack are shown when the 

boundary condition is applied at l.OlR. 

Figure 4.17: 
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The computed 2D equivalent angles of attack when the boundary condition is 
applied at Yr = /.OIR and the downwash is computed with (FFA_IT) the FFA 

method and (IT=2) the ECN method 2. 

It can be seen in tigure 4.17 that the 20 equivalent angles of attack differ at the tip. This 

difference is due to the more accurate approximations of the downwash with the ECN metbod 2. 

In tigure 4.18 the computed 20 equivalent angles of attack are shown when the boundary 
condition is applied at l.OOR. 
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Figure 4.18: 
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The downwash betonging to the 2D equivalent angles of attack computed with 

(IT=2) the FFA-method and (ECN_IT) the ECN-method 2. 

It is surprising to see only a small difference at the instrumented section at y = 0.975R can be 

observed. At this position the FFA-method is less accurate than the ECN-method 2. This is 

because of the local behaviour of the tirst derivative of the interpolated spline, see tigure 4.15. The 

tirst derivative of the circulation distribution at this position cannot be approximated with a linear. 

In the remaining part of the blade the behaviour of the tirst derivative is by approximation linear. 

This explains why the FFA-method is now almost similar to the ECN metbod 2. 

It is not possible to say how accurate the computed downwash values exactly are. It is assumed 

that, if the tirst derivative of the circulation distribution is relatively linear in the vicinity of a 

considered spanwise position, the downwash computation has a relative error less than 1 %, based 

on the results shown in tigure 4.1 for an elliptical circulation distribution. 

The reason why the computated downwash values at y = 0.99R are the same only indicates that the 
local behaviour of the tirst derivative of the circulation distribution is such that the FFA-method 

gives a relatively better approximation of the downwash than in the case of a not so linear local 

first derivative of the circulation distribution. 

The approximation of the downwash at y = 0.99R with the FFA-method is as good as the ap
proximation of the downwash with the ECN-method 2. 'The same accuracy of the downwash as for 

the elliptical circulation distribution is assumed because of the behaviour of the first derivative. 

It should be noticed that all the results belonging to this specific experimented were obtained after 

three iterations of the successive substitution process. This means that there is little accumulation 

of errors due to inaccurate approximations of the downwash. This fast convergence is due to the 
large absolute ratio of the measured values of the normal force per unit span (denoted by Yi) and 
the tangentlal force per unit span (denoted by XJ The data in appendix B reveals that IY /Xi I ~ 
100. Using (3.27) it is clear that small changes in the assumed angles of attack yield only very 

small changes in the successive computed circulation values (3.28). 
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4.2.2.3 Applicabilty of method A to the experiments at ECN 

The same computation has been perfonned consictering only three instrumented sections, 0.30R, 

0.55R and 0.85R. In tigure 4.19 the circulation distributions obtained with a spline interpolation 
through the data of 8 instrumented section is shown next to the interpolation through the 
considered three data points. In this way a situation is created simHar to the experiments at ECN. 

Figure 4.19: 
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The circulation distribution belonging to an interpo/ation through N = 8 and 

N = 3 data points. 

In tigure 4.19 it can be seen that there is great difference between the circulation distributions near 
the tip. In tigure 4.20 the computed 2D equivalent angles of attack are shown belonging to both 
circulation distributions. 

ECN-1-93-036 85 



Determination of 2D equivalent angles of attack 4. Cornputations 

Figure 4.20: 
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Computed 2D equivalent angles of using a spline interpolated through (N=3) 5 

data points (0.15R, 0.30R, 055R, 0.85R and l.OOR) and (N=8) JO data points 

(0.15R, 030R, 0.55R, 0.75R, 0.85R, 0.925R, 0.95R, 0.975R, 0.99R and l.OOR) 

next to (AOA_geo) the geometrical angles of attack. 

The greatest difference between the cornputed 20 equivalent angles of attack occurs at y = 0.85R. 

This could be expected since the greatest difference between the local first derivatives also occurs 

at y = 0.85R. The difference between the cornputed 20 equivalent angles of attack is 0.5°. The 

ratio 0.5°/((\co- a(20 equivalent)) is 0.25 which is not acceptable. 

4.2.2.4 Discussion and conclusions 

The circulation distri bution calculated with the 20 equivalent angles of attack obtained by FF A 

revealed that r(0.99R) :t:. r 20(0.99R.a.(20 equivalent)). The first derivative of the circulation 

distribution shows that the condition d2rtdy2 ~ 0 was not satisfied. 

When Yr was changed frorn l.OIR to l.OOR this condition was satisfied and the difference between 

r(0.99R) and r 20(0.99R.a(2D equivalent)) becarne smaller. The computed 2D equivalent angles of 

attack were also more realistic. Because of the tendency of these angles to approach 0o when 

approaching the tip. Since the tip is located at l.OOR and the results are more in agreement with 

the assumed Lanchester-Prandtl lifting line model at y = 0.99R. it is concluded that the best 
approximation of the 20 equivalent angles of attack is obtained when the bowldary condition is 

applied at Yr = l.OOR. 

Setting Yr to l.OOR the downwash computation within metbod A was also perfonned by the EeN

metbod 2 instead of the FFA method. No significant changes were seen. So considering the 

circulation distribution along the test blade for this experiment both methods compote the 
downwash with the same accuracy. 

It is clear that when the behaviour of the first derivative of the circulation distribution is linear the 

downwash can be computed more accurately by all methods than when high gradients occur. Since 
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the behaviour of the first derivative of the circulation distribution is by approximation linear in the 

vicinity of the instrumented section and only three iterations were needed it assumed that the 

accuracy of downwash values can be indicated by the accuracy of the computed downwash values 

for an elliptical circulation distribution. 

Finally a computation was performed with only three data points located at 0.30R, 0.55R and 

0.85R. The computations revealed that especially at the tip the circulation distribution was different 

as could be expected. The largest difference 0.5° between the computed 20 equivalent angles 

occured at y = 0.85R. This difference is not acceptable because 0.5°/(ageo - a(20 equivalent)) = 
0.25, which indicates an accuracy of 25 % of the determined 20 equivalent angles of attack when 

the computed 20 equivalent angles of attack considering all instrumented sections are assumed to 

be correct. 
It is shown that using only 3 data points will result in an inaccurate approximation of the 20 

equivalent angles of attack. 
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4.2.3 Calculations with metbod B 

Metbod B is described in section 3.4.2. This metbod uses 20 CL-u characteristics deduced from 

the geometry of the blade to. approximate the circulation distribution. This is a purely theoretical 
approach to compute the circulation distribution along the span of a wind turbine blade according 
to the Lanchester-Pmndtl lifting Iine theory. 

First calculations were performed with the Semi-analytical method, see section 4.2.3.1. At the root, 

[0.15R,0.30R], and at the tip, [0.85R.l.OOR], an elliptical circulation distribution was fitted to the 
approximated circulation distribution along [0.30R,0.85R]. This was assumed to be a reasonable 
approximation. Since the gmdients of the circulation distribution at the root and the tip are high, 

this will result in relatively high computed values of the downwash and so the 20 equivalent 

angles of attack will approach <Xu (CL(<Xu) = 0 ~ f = 0). 
Next in section 4.2.3.2 the results of a spline interpolated through Iinear distributed data points data 
points which were chosen in the interval [0.30R,0.925R] complemented with the boundaries 
(r(0.15R) = f(l.OOR) = 0) are shown. Within the intervals [0.15R,0.30R] and [0.925,1.00R] no 
circulation values were prescribed. For every approximation he conditions, described in section 
4.2.1, were checked. The downwash was computed by means of the ECN method 2. 
It was found that this successive substitution process did not converge although the computation of 
the downwash was more accurate. Considering the accuracy of the 20 CL values computed by 
XFOIL a natural cubic spline fit is applied.(When using 20 CL data of regular NACA 44 profiles 
smoothening can be justified by the differences between the geometry of the sections of the 
instrumented blade to the NACA 44 profiles.) The results of calculations performed with different 
values of ~rtr and for one of these values with a different number of data points are presented in 

section 4.2.3.3. 

4.2.3.1 Using the Semi-analytical metbod to compute the downwash 

A number of 101 data points were chosen along the span. XFOIL data was used to describe the 
circulation distribution in the interval [0.30R,0.85R]. The circulation distribution at the root, 
[0.15R,0.30R], and at the tip, [0.85,1.00R], was described by a fitted ellipsoid. The fit is such that 

the first derivative is continuous at 0.30R and 0.85R, and infinite at 0.15R and l.OOR. In figure 
4.21 the computed values of the downwash are represented next to the resulting downwash values 

of the computation by FF A. The FF A calculations were performed with method A and are just 
presented he re to give a reference. V is the uniform inflow velocity, w is the downwash velocity, y 

is the spanwise position and R is the radius of the windturbine rotor blade. It can be seen in figure 
4.21 that the successive substitution process does not converge. 
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The downwash along the span. fT indicates the number of successive 

substitutions. 

The circulation distribution along the span after every iteration is shown in tigure 4.22. 
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Figure 4.22: The circulation distribut/on along the span. IT irrdicates the number of succes

sive substitutions. 

The successive substitution process does not converge because of the discontinuos behaviour of the 

first derivative. Two reasoos for this behaviour will be investigated, namely: 

• 

• 

inaccurate computation of the downwash by means of the Semi analytical metbod which will 
lead to invalid 20 circulation values; 

inaccurate 2D CL values detennined by computations of XFOIL . 

Next the effect of a more accurate metbod will be investigated using the ECN metbod 2 to com
pote the downwash and a spline is interpolated through the data points to assure a continuous first 

derivative. It is expected that a continuons first derivative of the circulation distribution along 

[YR•YT] not only results in less noisy successive downwash values, but also gives more accurate 
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values of the downwash. 

4.2.3.2 Using a natural cubic spline interpolation 

A spline is interpolated through 98 data points linear distributed within [0.30R,0.925R] plus the 

positions 0.15R and l.OOR to satify the boundary conditions and the downwash is computed with 

ECN method 2. Next to the fact that after the tirst iteration the circulation distribution has also 

negative values (see tigure 4.23) the downwash distribution along the span after the tirst iteration 

is not continuous (see tigure 4.24). 

Figure 4.23: 

Figure 4.24: 
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The computed downwash for 2 iterations using a spline interpo/ation through 98 

points within [0.30R,0.925R]. IT indicates the number of successive iterations. 

91 



Determination of 20 equivalent angles of attack 4. Computations 

The approximation of the circulation distri bution after the first computation of the downwash does 

not satisfy the conditions formulated in section 3.3.3. It is expected that a fit of an ellipsoid, as 

described in section 4.2.3.1, at the root and the tip will assure that the conditions are satisfied in 

the intervals [0.15R,0.30R] and [0.925R, l.OOR]. Still the oscilations within [0.30R,0.85R] will 

occur. In tigure 4.25 the geometrical angles of attack are displayed next to the first corrected 

angles of attack. 

- AOA_geo 
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-2L-~--~~--~~~~--~~--~~ 

0.00 0.20 0.40 0.60 0.80 1.00 

y/R [-) 

Figure 4.25: The geometrical angles of attack next to the first corrected ang/es of attack. 

Because the distribution of the corrected angles is relatively smooth, the oscilations in the 

circulation are accounted to a combination of inaccurate CL values, which were detennined by 

XFOIL, and the spline behaviour. 

Next a spline fit will be applied to smoothen the circulation distribution and to assure that the 

conditions at the root and the tip are satisfied. 

4.2.3.3 Using a natural cubic spline fit 

A spline is fitted through data points within [0.30R,0.925R] and the boundary conditions. The 

weight coefficients are give by (3.38). This fit smoothens the oscillations and transfonns the 
computed circulation distribution after every iteration. 1bis transfonnation wil assure that the 

conditions are satisfied. After the spline is fitted the conesponding angles of attack are deduced 

from the XFOIL data files. The successive substitution process can now be represented as shown 
in tigure 4.26. 
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iteration: 0 

a.O) XFOIL data, i.e. circulation values, along the aerodynamic profile of the span is used at 98 linear distributed 

spanwise positions, y e [30%R,92.5%R], compiemenled with the positions l5%R and l00%R (the locations 

of the boundaries). 

b.O) A spline is fitled through the data points 

c.O) Determination of the 2D AOA's (AOA = angle of attack) corresponding to the circulation distribution 

described by the spline. 

d.O) The downwash is calculated at the 98 data points: y e [30%R,92.5%R] 

e.O) The effective AOA's corresponding to the assumed circulation distribution are determined. 

iteration: 1 

a.l) XFOIL data along the aerodynamic profile of the span is used at 98 linear distributed spanwise positions, y 

e [30%R,92.5%R], compiemenled with the positions I5%R and 100%R. 

b.l) A spline is fitted through the data points 

c.l) Determination of the 2D AOA's belonging to the circulation distribution described by the spline. 

the criterium is checked: 

The determined 2D AOA's are compared with the former 2D AOA's. If the requested criterium is satisfied the 

processis stopped and the determined 2D AOA's are called the 2D equivalent angles of attack 

d.l) The downwash is calculated at the 98 data points: y e [30%R,92.5%R] 

e.l) etc. 

Figure 4.26: A schematical presentat/on of a methad to ca/culate the 2D equivalent angles of 

attack for the considered FF A wind tunnel experiment. The letters a,b,c,d and e 

indicate the different types of calculations a/so the number of the peiformed 

iterations is indicated. 

The computations have been perfonned for various values of drtr which imply different values of 

the weight coefficients. For drtr = 0.10 the transfonnations of the data points are shown in figure 

4.27. 
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Figure 4.27: 
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The circulation distribution deduced from XFOIL data next to the fitted values 

of the circulation distribution for óflf = 0.10. 

The applied yields a good approximation in the centre of the interval. However the approximation 

is less good at the root and the tip. The transformation is applied to eliminate accuroulating 

inaccurate approximations of the downwash near the boundaries. 

The intluence of different weight coefficients 

The first and the resulting spline fit of the successive substitution process for different values of 

óOT, 0.05, 0.10, 0.15, 0.20 and 0.30, are shown in figure 4.28 and figure 4.29. 

Figure 4.28: 
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The initia/ spline fit of the successive substitution process for Àrlf' Is 0.05, 

0.15 and 0.20. 
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Figure 4.29: 
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The resulting spline fit of the successive substitution process for L\rtr is 0.05, 

0.10, 0.15 and 0.20. 

The number of iterations, I. needed to satisfy the criterium la1-a1·'1 S 0.01 deg are presenled in 
tabel 4.1. 

örtr I 

0.05 50 

0.10 13 

0.15 7 

0.20 9 

0.30 5 

Tabe/4.1: The number of iterations next to the assumed relative accuraey of the drculation 

values that determined the spline fits. 

In tigure 4.28 it can be seen that the circulation distribution is sharpened when the value I!J'/f' is 
increased. 

Tile ditierences between the resulting circulation distributions. shown in tigure 4.29. deaease at an 
interval between the intersections of the initial approximations of the circulation distributioos. 
Outside this interval there are only minor changes copared to the initial situation. 
In tigure 4.30 the geometrical angles of attack are presented next to the computed 20 equivalent 
angles of attack and the angles of attack derived from the resulting circulation distribution (using 
XFOIL CL-a characteristics) when L\rtr = 0.10. 
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Figure 4.30: 
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(AOA_geo) The geometrical angles of attack, (AOA_2D) the computed 2D 

equivalent angles of attack and (AOA_fit) the angles of attack betonging to the 

resulting circulation distribution (derived from XFO/L Cca characteristics) 
when drtf = 0.10. 

It can be seen in tigure 4.30 that the 20 equivalent angles are relatively well approximated in the 
interval [0.40,0.80]. 

In tigure 4.31 the geometrical angles of attack are presented next to the computed 20 equivalent 

angles of attack and the angles of attack derived from the resulting circulation distribution (using 
XFOIL CL-a characteristics) when dr/f = 0.20. 

Figure 4.31: 
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(AOA_geo) The geometrical angles of attack, (AOA_2D) the computed 2D 

equivalent angles of attack and (AOA_fit) the angles of attack belonging to the 

resulting circulation distribution (derived from XFOIL CL-a characterlstics) 
when drtr = 0.20. 
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In tigure 4.31 shows that the accuracy of the approximation of the 20 equivalent angles of attack 
gets worse when df/f increases. 

Computations with dfff = 0.01 have also been performed but the criterium ja;-a.i-1 1 ~ 0.01 deg 
at every spanwise position could not be met This is due to oscilations in the successive computed 
corrected angles of attack at the root and the tip, see tigure 4.32. These oscilations occur because 
all approximations of the circulation distribution do not satisfy the condition: d2r!dy ~ 0. 

Figure 4.32: 
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The angles of attack derived from the successive circulation distributions (using 
XFOIL Cca characteristics). /T indicates the number of iterations. 

The Intluence of different numbers of data points 
The accuracy of the 20 CL values detennined by XFOIL is approximately dCJCL = 0.10. Since 
r - ~ the accuracy of the deduced circulation values, df/f, is set to 0.10. Por a different number 
N of linear distributed data points in the same intetval as the former computation the 2D 
equivalent angles were computed. 
The 2D equivalent angles of attack were computed for N is 25, 50, 75 and 100. The results for 
each computations were the same as the results presented in tigure 4.30. In tigure 4.33 the 
resulting approximations of the circulation distribution for each number of data points is shown. 
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Figure 4.32: 
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The resulting approximation of the circulation distribution when a spline is 

fitted through N linearly distributed data points in the interval [030R,0.925R] 

and the positions 0.15R and l.OOR (órlr = 0.10). 

In tigure 4.32 it can be seen that the resulting approximations of the circulation distribution are 

identical which result in the same 20 equivalent angles of attack. 

4.2.3.4 Discussion and conclusions 

The computations by means of metbod B using the Semi analytical metbod to compute the 

downwash did not converge. 

The accuracy of the computed values by means of the Semi analytical metbod and the accuracy of 

tbe XFOIL data were investigated. The accuracy of the computation metbod of the downwash was 

investigated by using the ECN metbod 2 instead of the Semi analytical metbod. This change of 

metbod implied also anotber interpolation method. First a natural cubic spline was interpolated 

through tbe data points. Next also considering the accuracy of XFOIL data a natural cubic spline 

fit was applied. 

Using a natural cubic spline interpolation 
After the first iteration tbe approximation of the circulation distribution did oot satisfy the defined 

conditions. i.e. oscillations occured. also in the interval [0.30R.0.925R]. and the approximation of 

the circulation distribution had negative values. Looking at the results of the downwash 

computation for an elliptical circulation distribution (figure 4.1) it can be concluded that the 

downwash in the interval [0.30R.0.925R] is computed very accurately using the ECN metbod 2. So 
the oscillations caooot be accounted to tbe accuracy of the computations by means of the ECN 

metbod 2. It is assumed that the oscillations are due to a combination of inaccurate XFOIL data 

and the spline behaviour. Next a natural cubic spline fit was considered to smoothen the 

approximation. 
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Using a natural cubic spline fit 

The spline fit does not only smoothen but also transfonns the circulation distribution because 

spline is forced to satisfy the boundary conditions by setting D(yR) = D(yr) = 1000 (D)max· This 

transfonnation resulted in a smooth approximation with smal! differences to data in the centre of 

the interval [YR·Yr1 and larger differences near YR and Yr· 

This way also accuruulating errors near the tip by successively computing relatively inaccurate 

downwash values have less intluence on the detennination of the 2D equivalent angles of attack. 

The intluence of different weight coefficients 

The weight coefficients depend on the accuracy of the XFOIL data, since llCJCL - llftr. 

Calculations were perfonned for llftr is 0.05, 0.10, 0.15 and 0.20. It was seen that 

the number of iterations increases with decreasing llf/f, 

the smaller llf/f the more realistic the computed 2D equivalent angles of attack. 

The intluence of different numbers of data points 

Asume that the accuracy of the XFOIL data llCL/CL = 0.10 (see section 3.2.2). In the interval 

[0.30R,0.925R] a number of 25, 50, 75 and 100 linear distributed data points were considered. It 

was found that the computed 2D equivalent angles of attack were not intluenced by the number of 

data points. This means that the natura! cubic spline fit for this computation is independent of the 

density of data points in the interval [0.30R,0.925R]. 
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5 CONCLUSIONS 
DATIONS 

AND RECOMMEN-

Computation of tbe downwasb 

Three methods were used to compute the downwasb out of the circulation, which is given at a 

number of sections along the span. 1t was shown that the ECN metbod 2 was the most accurate 

and flexible metbod to compute the downwash. 

The circulation was assumed to be elliptical. Even if this circulation deviates considerably near the 

tip and the root from the elliptical circulation, the effect on the downwash at the sections some 

distance from the tip is limited. 

Determination of 2D equivalent angles of attack by means of metbod A 

In metbod A, the circulation is given at the instrumented sections. Then a spline is interpolated 

through these data points and the root and the tip where the circulation should be zero. It is found 

that this procedure gives a very inaccurate approximation of the real circulation. 

Obviously the solutions in the successive substitution process wiJl be influenced by the inaccurate 

approximations of the circulation distributions. Subsequently the accuracy of the computed 20 e

quivalent angles of attack will depend on the accuracy of the approximated circulation 

distributions. 

It can be concluded that, since the real circulation distribution is poorly approximated by a natura! 

cubic spline interpolated through 5 data points, metbod A is not reliable for the ECN experiments 

(the ECN blade has 3 instrumented sections). 

Determination of 2D equivalent angles of attack by means of metbod B 

In this metbod the positions and the number of data points are not prescribed. This is at least true 

for the central part of the blade where 20 CL( a) data are available. Then for this part of the blade 

a reasonable approximation of the circulafion may be expected. 

However near the root and the tip, the circulation has to be estimated in a rather arbitrary way. The 

chosen approximation near the root and the tip delermines whether or not the successive 

substitution processs will converge. 

Obviously the final solution will also be influenced by the approximation near the root and the tip. 

The proposed natural cubic spline fit to approximate the circulation distribution gives solutions that 

seem to be realistic. However the sensitivity of the solutions to the approximations near the root 

and the tip still has to be investigated. 

The computations of the downwash for an elliptical circulation distribution already revealed that 

approximations near the root and the tip of the circulation distribution have a small effect on the 

computed downwash values at some distance of these regions. This is a reason to believe that the 

metbod gives good approximations of the 20 equivalent angles of attack at the instrumented sec

tions. 
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Determination of 2D equivalent angles of attack 5. Conclusions & Recommendations 

It is recommended to compute the 20 equivalent angles of attack by means of methad B using 
ECN methad 2 to compute the downwash. 

ECN-I--93-036 100 



REFERENCES 

[1] J.G. Schepers, M. Späth, A.J. Brand, "Aerodynamic test program at ECN", Proceedings of 

the 5th IEA symposium on the Aerodynamics of Windturbines, Stuttgart, 1992. 

[2] H.J. van Grol, H. Snel, J.G. Schepers, "Wind Turbine Benchmark Exercise on Mechanical 

Loads, A State of the Art Report", ECN-C-91-030. 

[2.1] F.H. Fockens, "Windenergie-conversiesystemen", college w79, multidisciplinair Energie 

Centrum, T.H.D., 1986. 

[3] A. Bruining, W.A. Timmer, "Airfoil characteristics of rotating wind turbine blades", Proc. 

EWEC, Amsterdam. 1991. 

[4] H.A. Madsen, "Aerodynamics of a Horizontal-Axis Wind Turbine in Natural Conditions", 

Ris0-M-2903, 1991. 

[5] C.P. Butterfield, "Aerodynamic pressure and flow-visualization measurements from rotating 

wind turbine blade", Proc. 8th ASME Conference. Houston, 1989. 

[6] J.M. Bellia, R.L. Hales, "Pressure Transducer Measurements on a Small HA WT Rotor:, 

Proc. EWEC, Glasgow, 1989. 

[7] M. Späth & N. Stefanatos, "Survey on frequency responses of pressure tubes installed in a 

12.5 meter rotor blade", ECN- report 92- 028, Petten, 1992. 

[8] C.P. Butterfield, "Three - dimensional airfoil performance measurements on a rotating wing", 

SERI!fP-217-3505, 1990. 

[9] Manual HYSCAN 2000; Scanivalve Corporation. 

[10] M. Späth, "lnstrumentation of an AERPAC WPX 25 wind turbine blade", ECN-93-XXX, 

1993. 

[11] A.J. Brand et al., "The measurement of inflow velocity and angle with a spheric probe", 

ECN- report 93 - 005, Petten, 1993. 

[12] H.W.M. Hoeijmakers, "Computational Aerodynamics of Ordered Vortex Flows", NLR TR 

88088 U, Ph.D. thesispresentedat University of Technology, Delft, The Netherlands, 1989. 

[13] L.M. Milne-Thomson, "Theoretical Aerodynamics", Dover publ. inc., New York, 1966. 

ECN-I--93-036 101 



Determination of 20 equivalent angles of attack References 

[14] G. Roosten, "Statie pressure measurements on a rotating and a non-rotating 2.375 m wind 

turbine blade - comparison with 20 calculations", Elsevier Science Publishers B.V., Wind 

Energy: Technology and lmplementation. EWEC '91, Amsterdam, 1991. 

[15] L.J. Clancy, "Aerodynamics", J. Wiley & Soos, New York, 1975. 

[16] J.A. Steketee, "college aero 2", reader D-19, vliegtuigbouwkunde T.H.D., Delft, 1975. 

[17] R.C. Weast, "Handbook of Chemistry and physics", 62th edition, The Chemical Rubber Co .. 

[18] Prandtl & Tietjens, "Applied Hydrodynamics and Aerodynamics", Dover publ. inc., New 

York, 1957. 

[19] J. Moran, "an introduetion to Theoretica) and Computational Aerodynamics", J. Wiley & 

Soos, New York, 1984. 

[20] W.H. Presset al., "Numerical Recipes", Cambridge University Press, Cambridge, 1986. 

[21] C.J.J.M. van Ginneken. "Inleiding Numerieke Methoden", reader 2N210, Wisk & Inf, TUE, 

Eindhoven, 1991. 

[22] W. Bierbooms. "lnstationaire Aerodynan1ica", lW 92.055R, lost. voor Windenergie, T.U.D., 

Delft, 1992. 

[23] J.G. Schepers, "Voorstel voor een aerodynamische testfaciliteit bij ECN", ECN report 91 -

022, Petten. 1991. 

[24] M. Späth, "Instalation of a pressure scanner system in a 12.5 meter rotor blade", ECN -

report 91 - 062, Petten, 1991. 

[25] I.H. Abbott & A.E. von Doenhoff, "Theory of wing sections", Dover Publ. lnc., New York:, 

1959. 

[26] A. Betz, "On airfoil theory with special consideration of rectangular wings", Dissertation, 

Gottingen, 1919. 

[27] C.J.J.M. van Ginneken, "Aigorithmen voor het vereffenen en aanpassen van experimentele 

data", Computing Centre Note 19., TUE. Eindhoven, 1983. 

[28] H.O. ter Morsche et al., "Spline Approximatie", na-doctorale cursus toegepaste en industril!le 

wiskunde, TUE. Eindhoven, 1992. 

[29] A. Ralston, P. Rabinowitz, "A first course in numerical analysis", McGraw-Hill, Inc., 

Tokyo, 1983. 

ECN-1--93-036 102 



Determination of 2D equivalent angles of attack References 

[30] G. Ronsten, private communication. 

[31] C.J.J.M. van Ginneken, private communication. 

ECN-I--93-036 
103 


