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Summary 

The so-called core-annular mode of two-fluid pipe-line flow can be an attractive 
method for the transportation of viscous crude oil. In core-annular flow a thin water 
film surrounds the oil core and acts as a lubricant, reducing the pressure gradient 
considerably. Due to a complicated and not yet very well understood flow in the 
water, the buoyancy force on the lighter oil co re is counterbalanced by viscous forces 
and pressure. It is believed that waves on the oiljwater interface play an essential 
role in this balance. The theoretica! description of these interfacial waves in core
annular flow with a small viscosity ratio (l'water ~ 10- 41-'oil) is the subject of this 
report. 

To predict whether or not a transition of a flat to a wavy interface will take place, 
we analyse the behaviour of an infinitesimal disturbance, with a certain wavelength, 
of the originally flat interface in time. A negative growth rate means extinction of 
this disturbance; a positive sign, however, means that the disturbance will become 
larger and larger, whereafter non-linear effects may saturate this linear growth. 
This results in interfacial waves with a finite amplitude. The differential system 
governing the interfacial instability is obtained by subtracting the Navier-Stokes and 
continuity equations for the undisturbed flow from those for the disturbed flow. The 
simultaneous solution of these equations together with the appropriate boundary and 
interfacial conditions provides a dispersion relation from which the instability of the 
flow can be inferred. This complicated stability problem is treated by the method 
of matched asymptotic expansions, based on a small parameter proportional to the 
ratio of viscosities of water and oil. 

An axisymmetric analysis reproduces, correct to a few per cent, the results of 
a stability analysis for a simple two-dimensional Couette flow of oil and water, 
provided that the oil core is much thicker than the water layer. A non-axisymmetric 
stability analysis reveals that a description of interfacial waves should take non
axisymmetric modes into account. The growth rates of the non-axisymmetric and 
axisymmetric modes are of the same order of magnitude. This supplements the 
current picture on the formation of these waves in core-annular flow. The lowest 
cut-off O:iow, i.e., the value of the wave number o: below which disturbances are 
stable, decreases as the tangential mode number increases. Therefore, observed 
wave patterns may be expected to include relatively high wavelengths, which are 
stabie according toa pure axisymmetric analysis. Up till now, however, appropriate 
experimental observations to compare the results of the non-axisymmetric analysis 
to, are not available. 
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"Is het niet vreemd dat mensen tijd kunnen vinden voor haat, terwijl het leven 
eigenlijk te kort is om voldoende liefde te geven?" 

Albert Schweitzer 
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Chapter 1 

Introduetion 

1.1 Core-annular flow 

A bout one half of the subterranean oil-reserves may be considered as very viscous, 
giving problems in the winning, transportation and processing of this oil. To facili
tate the flow of a highly viseaus crude oil through a pipe-line, it has been customary 
to reduce the viscosity through the addition of a hydracarbon diluent or through 
the instaBation of heating equipment at eertaio intervals along the pipe-line. The 
farmer metbod requires the presence of a supply of light oil in the direct environment 
of the heavy oil; the latter system is both inconvenient and costly. 

Figure 1.1: Core-annular flow: the cross-section of a pipe-line showinga thin water 
film surrounding an oil core. 

A more elegant possibility is the simultaneous transport through the pipe of the 
highly viseaus oil and a non-diffusive "low-viscosity" liquid such as water. Exper
iments to examine this possibility [RHG59] [CGH61] have been carried out for a 
series of different flow patterns, in cl u ding water drops in oil, stratified flow, concen
tric oil-in-water (core-annular) flow, and oil drops in water. The measured pressure 
drops over the pipe indicated that the addition of water can greatly reduce the pres
sure gradient. It was found that of all flow patterns observed the one most desirabie 
for simultaneous flow was the one with the highly viseaus crude oil as a care and the 
water only in the annular space between the care and the pipe wall (figure 1.1). The 
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experiments showed that with this core-annular flow the pressure drop over the pipe 
could be of the same order of magnitude as the pressure drop for the flow of water 
alone at the same meao velocity as for the mixture. The annular water film can be 
very thin and thus the required amount of water small. The lubricating effect of 
the water film leads to a supple transfer, i.e., a high volume flux, of the oil. The 
equipment to separate the oil and the water after transportation may be considered 
as standard. 

Figure 1.2: Experiment with oil-water core-annular flow. The oil flows from the 
right to the left, with velocity 0.5 m s- 1. The water fraction is 20 %. 

Due to a complicated and not yet very well understood flow in the water, the 
buoyancy force on the lighter oil core is counterbalanced by viscous forces and pres
sure. It is believed that waves on the oilfwater interface play a crudal role in this 
balance, mainly because a finite angle between the interface and the pipe wall gives 
rise to lubricating forces ("lubricating-film model", [0086]). This model enables 
us to calculate the pressure gradient for core-annular flow in a horizontal pipe-line, 
provided that we know the wavelength, amplitude and shape of these waves. Ex
periments with oil-water core-annular flow prove the existence of such waves, as is 
shown in tigure 1.2. Figure 1.3 illustrates the current picture of the hydrodynamica} 
stability of the core-annular contiguration [OSvdW+ 84] [0086]. A narrowing of the 
water layer on one side of an interfacial wave and a broadening on the other side 
leads to a pressure distribution as indicated. Due to the buoyancy force on the 
lighter oil core, the thickness of the water film is dependent on the azimuthal angle 
[0086]. This means that the pressure distribution is somewhat smoother at the 
bottorn than at the top. So, on one side of the wave the pressure is higher at the 
top than at the bottom. However, at the other side of the wave the pressure at top 
is lower than at the bottom. lf the shape of the interfacial waves is asymmetrie, 
such a pressure distribution will give rise to a netto downwards force on the oil core, 
thus counterbalancing the buoyancy force. Note that by this pressure gradient, the 
water at the bottorn is driven back to the upper film and vice versa. This means 
that, superposed on the flow in the axial direction of the pipe, there is an oscillatory 
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tangen ti al film flow; this tangential flow changes direction from one side of the wave 
to the other. 
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Figure L3: Illustration of the possibility of a balance of forces working on the rel
atively light oil core. The water film at the top is somewhat thinner than at the 
bottom. The dasbed curve gives an indication of the pressure distribution as func
tion of the axial coordinate [0086]. Rp denotes the radius of the pipe. The flow is 
from the right to the left, so that the water moves from the left to the right with 
regard to the core. 

In this report, we investigate the interfacial stability of core-annular flow with 
a small viscosity ratio. For crude oil, the ratio of viscosities of water to oil can he 
very small, less then 10-5 for very viscous crude oil. To predict whether or not a 
transition of a flat to a wavy oilfwater interface will take place, we make use of 
some underlying ideas from the theory of hydrodynamica} (in)stability [DR81]. We 
analyse the behaviour of an infinitesimal disturbance, with a certain wavelength, 
of the originally flat interface in time, with a special interest in the sign of the 
growth rate of this disturbance. A negative growth rate means extinction of the 
disturbance; a positive sign, however, means that the disturbance will become larger 
and larger, whereafter non-linear effects may saturate the linear growth [PMR90]. 
The combination of all these saturated and periodic disturbances are observed as 
interfacial waves with a finite amplitude (figure 1.2). The discussion in the previous 
paragraph showed that these waves are essential for the stability of the core-annular 
configuration, which leads to the paradox that the stability of core-annular flow 
depends on the instability of the oil/water interface [MBD+91]. 

The viscosity jump across the interface is an important cause of instability 
[Yih67]. Yih showed that this instability exists irrespective of the magnitude of the 
Reynolds number of the flow, so that this instability cannot he the high Reynolds 
number instability observed in Poiseuille flow. In fact, we might interpret instability 
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due to viscosity stratification as a viseaus analogue of the Kelvin-Helmholtz instabil
ity [DR81]. A Kelvin-Helmholtz instability finds its origin in a velocity jump across 
the interface of two fluids; instability due to viscosity stratification arises from a 
difference in the velocity gradient across the interface. 

Miesen et al. [MBD+91] give a comprehensive review of the extensive literature 
on the analysis of the stability of a liquidfliquid interface due to a difference in 
viscosity. They divide this literature into five parts: papers concerning the stability 
of the interface with respect to disturbances that are "long", "short" and "inter
mediate" in length, papers studying the interfacial stability numerically, governing 
all wavelengths, and those dealing with non-linear theory. In the following, a short 
summary of this review is presented, with a special attention to publications which 
will be referred to in this report. 

Yih [Yih67] studies the stability of plane Couette flow in two layers separated 
by a planar interface with respect to long waves. He focuses on the effects of the 
viscosity difference ofthe two fluids and on the ratio ofthe layer thicknesses. He finds 
that some of these flows are stabie and some are unstable. Flows with a smalllayer 
of the less viseaus fluid near a wall, i.e., lubricating flows, are stable. Hooper et al. 
[HB83] consider the stability of Couette flow of two fluids separated by a plane layer 
in an infinite region, without boundaries. They find that the flow with a flat surface 
is always unstable to very short waves when surface tension is neglected. Surface 
tension stahilizes the shortest waves. Renardy [Ren85] and Hooper et al. [HB87] 
study the stability of Couette flow to disturbances of arbitrary wavelength. They 
show that the asymptotic analyses for long waves (e.g., [Yih67]) and short waves 
(e.g., [HB83]) for Couette flow between two plates may miss unstable situations: 
waves with intermediate wavelengtbs can have positive growth rates. 

Hickox [Hic71] studies the stability of Poiseuille flow of two fluids when the less 
viseaus fluid is located centrally. He shows that all such flows are unstable. Joseph 
et al. [JRR84] study, numerically, the same contiguration considered by Hickox 
[Hic71], but with the more viseaus fluid located centrally and for viscosity ratios 
::::: 0(1). They find that the interface for this flow is stabie with respect to long 
waves, provided that the annulus is thin. This is in agreement with experiments by 
Miesen et al. [MBD+91] (section 1.2) indicating that only intermediate wavelengtbs 
are present in observed wave patterns. Preziosi et al. [PCJ89] study numerically 
the interfacial stability of core-annular flow in a cylindrical geometry with the care 
fluid as the more viseaus one, taking both surface tension and non-axisymmetric 
disturbances into account. They use parameter values applicable to the experi
ments by Charles et al. [CGH61], in which the viscosity ratio of the two fluids is 
approximately 0.05. lt is found that axisymmetric disturbances are always the more 
unstable ones. A theoretica! stability study of core-annular flow, with a very small 
viscosity ratio and with respect to axisymmetric disturbances, is given by Hu et 
al. [HLJ90], with the more viseaus fluid located centrally. Surface tension is not 
paid attention to. Two cases of instability conesponding to different positions of 
the critica! point in the annulus are considered. They find that the interface is only 
stabie to long wavelengths, in agreement with [Yih67], and that the growth rate of 
the disturbances is by far the largest when the critica! point is close to the interface. 
Miesen et al. [MBD+91] presents a linear stability analysis immediately applicable 
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to practical circumstances (see section 1.2). They assume in their analysis the dis
turbances to be axisymmetric, as is suggested by results of the analysis by Preziosi 
et al. [PCJ89]. This allows the cylindrical geometry to be replaced by a simple 
plane one, provided that the oil core is much thicker than the water layer. Distur
bances with intermediate wavelengtbs are found to he unstable; those with short 
wavelengtbs are stabilized by the action of surface tension. Comparison between a 
(kind of) Fourier decomposition of observed wave patterns and the analysis reveals 
an excellent qualitative agreement between theory and experiment, but also some 
quantitative discrepancies. 

In this report we present a linear analysis of the interfacial stability of core
annular flow with a small viscosity ratio. Charaderistic values of the physical pa
rameters involved are in the range of the experiments by Miesen et al. [MBD+91]. 
Section 1.2 goes into this subject. In chapter 2 a set of differential equations govern
ing the stability of the oilfwater interface is formulated. Basic ingredients will be the 
well-known continuity and Navier-Stokes equations, representations of the conser
vation of both mass and momentum. In chapter 3, the interfacial stability with re
spect to axisymmetric disturbances is investigated, an extension tonon-zero surface 
tension compared to [HLJ90]. In chapter 4, a more complicated non-axisymmetric 
analysis is carried out. lts results are compared tosome statements made by Preziosi 
et al. [PCJ89], which say that the growth rates of non-axisymmetric modes ought 
to be smaller than those of the axisymmetric modes. Finally, chapter 5 completes 
this report with a review of the main conclusions that can be drawn from both the 
axisymmetric and the non-axisymmetric analyses. 

1.2 Characteristic values of the physical parame
ters 

As is mentioned before, the values of the various parameters used in this report 
apply to the experiments by Miesen et al. [MBD+91]. Typical values for their 
experimental conditions are listed below. 

• pipe diameter ~ 0.1 m 

• oil velocity ~ 1 m s- 1 

• oil mass density ~ 970 kg m-3 

• dynamic viscosity of oil ~ 10 Pa s 

• water fraction ~ 0.15 

• water mass density ~ 1000 kg m-3 

• dynamic viscosity of water ~ 10-3 Pa s 

• water layer thickness ~ 0.5 - 5 mm 

• surface tension ~ 0.02- 0.05 N m-1 
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The Reynolds number for the oil core then is 0(1), the ratio of the viscosity of water 
and oil m = 0(10-4), the ratio of the radius of the pipe and the core a :::; 1.1, and 
the dimensionless surface tension parameter S, also known as the inverse Weber 
number (equation 2.60)), is of the order of 10-4• Observed wavelengtbs À were 
typically of the order of the radius Ro of the core, giving a dimensionless wave 
number a = (27r / .\)Ro of the order of 10. 



Chapter 2 

Formulation of the problem 

After a general introduetion to core-annular flow, as given in chapter one, we con
centrate on the lormulation of a set differential equations governing the stability 
of the oiljwater interface. The well-known continuity and Navier-Stokes equations 
play the leading part in the derivation of the differential system. Section 2.1 deals 
with the undisturbed or primary flow and pays attention to the conventions we use 
in this report. In section 2.2 a small harmonie disturbance is added to the primary 
flow, which results in a stability governing system, consisting of eight coupled dif
ferential equations and twelve boundary and interfacial conditions. In section 2.3 a 
strategy of salution is presented for this, as wiJl soon turn out, complicated stability 
problem. 

2.1 Primary flow 

In this section we study the oiljwater flow in a pipe-line for a perfectly flat interface, 
known as the primary flow. As becomes clear in the next section, it is essential that 
this primary profile is a solution of the Navier-Stokes equations. If we include the 
buoyancy force on the lighter oil core, we cannot find a salution of these equations. 
For this reason, we neglect in a first approximation this buoyancy force by matching 
the oil and water density: 

Po= Pw = P· {2.1) 

For a physical justification of this simplification, we can think of a relatively short 
time scale in which unstable infinitesimal disturbances grow to interfacial waves with 
a finite amplitude, thus preventing the oil core of the continuation of its upwards 
motion (0086]. We will return to this point in chapter 5. 

Without the effect of gravity, the oil core is located concentrically in the pipe
line, surrounded by the annular water film. The two fluids are assumed to he non
diffusive and incompressible. The primary flow is illustrated in figure 2.1. Under 
the influence of a pressure gradient dpjdX the fluids move from the left to the right. 
Pressure, dynamic viscosity, radial and axial coordinates are denoted by p, p, R, 
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and X, respectively. Because of the symmetry, both in the oil and in the water the 
only non-zero velocity in the primary flow is the axial one w(R). The primary flow 
satisfies the continuity and Navier-Stokes equations, which are given in complete 
form in the next section, equations (2.18)-(2.21). Since the gradient of the primary 
flow and the flow direction are orthogonal, inertial forces do not play a role and the 
equations reduce to: 

O = _ dp /Jo..!!__ [Rdw(R)] 
dX + R dR dR ' 

(2.2) 

for the oil (0 $ R $ Ro) and, 

O = _ dp /Jw ..!!__ [Rdw(R)] 
dX + R dR dR ' 

(2.3) 

for the water (Ro $ R $ Rp). These equations express conservation of momenturn 
in the axial direction. For a thorough derivation and some aspects of the N avier
Stokes equations, see [Sch68). 

Rp 
p J.l."' water 

Ra 
oil p 

lR J.Lo 

--- _. x 
Figure 2.1: Definition sketch. 

The general solution for the axial velocity w(R) is given by: 

w( R) = - 4~o :~ [-R
2 +A In(~) + B] , (2.4) 

for the oil (0 $ R $ Ro) and, 

1 dp [ 2 R ] w( R) = - 4/Jw dX - R + C In( R) + D , (2.5) 

for the water (Ro $ R $ Rp), in which A, B, C en D are arbitrary constants 
(that may appear in another context in other calculations). These four constants 
are determined by the two boundary conditions 

w(R = 0) = finite, 

w(R= Rp) = 0, 

(2.6) 

(2.7) 
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which express the requirements of fini te velocity on the axis of symmetry and no-slip 
at the rigid boundary, and the two interfacial conditions 

w(R f Ro) 

Jl dw(R) I 
0 

dR RTRo 

(2.8) 

(2.9) 

continuity of velocity and shear stress across the interface, respectively. 
of the constants yields: 

Elimination 

1 dp ( 2 2) 1 dp ( 2 2) 
w( R) = - 4Jlo dX Ro - R - 4Jlw dX RP - Ro ' (2.10) 

for the oil (0 $ R $ Ro) and, 

1 dp ( 2 2) 
w( R) = - 4Jlw dX RP - R ' (2.11) 

for the water (Ro $ R $ Rp), which is a parabolic profile, completely analogeous to 
a single-fluid Poiseuille flow. 

Following a standard procedure in fluid mechanics of non-dimensionalizing all 
quantities, we introduce the ratios 

R 
r 

Ro' 
(2.12) 

a 
Rp 
Ro' 

(2.13) 

J-lw m 
J-lo 

(2.14) 

and scale the primary flow, i.e., the profile (2.10) and (2.10), with the centerline 
velocity w(O): 

W(r) 

W(r) 

~ 
W(OT 

~ 
W(OT 

1- mr2 
a<~+ m+ 1' 

a2- r2 
a2 + m + 1' 

0$r$1, (2.15) 

1$r$a. (2.16) 

In this report, we non-dimensionalize length with respect to the radius ofthe core R0 , 

velocity with respect to the centerline velocity w(O), time with respect to R0 /w(O) 
and pressure with respect to pw(0)2 • The axial coordinate is, for instance, denoted 
in a dimensionless form by 

x 
x=-. (2.17) 

Ro 
A survey of all symbols, both with and without dimension, can be found at the end 
of this report. 

Finally, it is important to note that the velocity gradients at the interface are 
different for the two fluids, as indicated by the shear stress condition (2.9). The 
different gradients due to viscosity stratification prove to be the main cause of in
stability and we may call this instability a viscous analogue of the Kelvin-Helmholtz 
instability, as already noticed in chapter one. 
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2.2 Differential system governing stability 

We investigate the stability of the interface through an addition of small distur
bances to the primary flow. The basic ingredients of this approach are al ready, in 
a qualitative sense, formulated in the previous chapter. For a searching discussion 
of the method, [Lin55] andfor [DR81] should be consulted. The derivation of the 
differential system governing stability, as presented in this session, follows for the 
greater part the very clear one given by Hickox [Hic71]. We start with the continuity 
and Navier-Stokes equations 

(2.18) 

V UV 
Vt + uvR + R ve + wvx + R 

V 
Wt + uwR + R we + wwx 1 "(2) = --px + - 'i1 w , 

p p 
(2.21) 

where (u, v, w) are the veloeities corresponding to the cylindrical coordinates (R, fJ, X), 
subscripts indicate partial differentiation, and 

()2 1 {) 1 [)2 ()2 

'i1
2 
= 8R2 + R aR + R2 afJ2 + 8X2 • 

(2.22) 

We now assume that the primary flow is disturbed so that the veloeities and 
pressure consist of their initial value in the main flow plus a small disturbance. We 
denote the total veloeities and pressure as 

u u' 
' 

(2.23) 

V = I v, (2.24) 

w W+w', (2.25) 

p p+p', (2.26) 

since only the axial velocity and the pressure have initial values different from zero. 
The primed quantities represent disturbances of the primary flow and are assumed 
to be small enough, so that products of these terms can be neglected when com
pared to other terms in the equations. This is the essence of the linear theory of 
hydrodynamica! stability. Remark that there is always a certain interval of time, 
whatever its length, in which this assumption is fully correct. 

The four partial differential equations (2.18)-(2.21) contain coefficients in front 
of (a differential operator on) the four variables u, v, w and p which only depend 
on the radial coordinate R. Such a nature of these equations strongly invites us to 
separate the axial, the angular and the time dependent part of the solution from 
the radial one. Thus, we assume the disturbances to have the forms 

u'(r, fJ, x, r) = w(O)iG(r)eia(x-cr)+in8, (2.27) 
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v'(r, 0, x, T) 

w'(r, 0, x, T) 

p'(r, 0, x, T) 

w(O)H(r)eia(z-cT)+in9, 

= w(O)F( r)eia(z-cT)+in9, 

= pw(0)2 P(r)eia(z-cT)+in9, 

15 

(2.28) 

{2.29) 

(2.30) 

where G, H, F and P are dimensionless functions of the dimensionless coordinate 
r; a, T, and care the dimensionless wave number, time and speed, respectively; i is 
the imaginary unit. The parameter n can he zero or any integer value and is the way 
by which the angular dependenee of the disturbance is expressed. In general c can 
he complex. It is the sign of its imaginary part which will determine the stability 
or instability of the interface, as can he seen from the exponent in the equations 
(2.27)-{2.30). Thus, if the imaginary part of c is positive, waves conesponding to 
this c will grow on the interface. 

The disturbance in the location of the interface, which is indicated in dimension
less form by 77( (}, x, T), satisfies 

dTJ 
= w(O) dT 

u' (~ + W ~) TJI = iG(1)eia(x-cT)+in8, 
OT OX r=l 

(2.31) 

or, equivalently, 

TJ(O, x, T) = G(1) eia(x-cr)+in8 
a [W(l)- c] 

(2.32) 

The description of a disturbance in termsof an exponent eia(x-cr)+in9 is known as 
the metbod of normal modes [DR81]. An advantageofthe neglect ofnon-linear terms 
is that if the wave A with certain wavelength ÀA and mode number nA and wave B 
with wavelength ÀB and mode number nB travel with respective speeds c(aA, nA) 
and c(o-8 , nB) satisfying the dispersion relation, their sum can also represent a 
physical relevant disturbance. This means we can restriet ourselves to an analysis of 
the behaviour of a single arbitrary normal mode, without lossof generality. At each 
moment, the algabraic sum of all disturbances results in an infinitesimal modification 
~r in the location of the interface: 

1
00 00 

~r(O,x,T)=Re daL A(a,n)eia(z-cT)+in9, 
-oo n=-oo 

{2.33) 

where Re indicates the real part and A( a, n) is the infinitesimal amplitude of the 
disturbance characterized by a and n. In experiments, we only observe the combi
nation of disturbances grown to interfacial waves with a finite amplitude. The main 
disadvantage of our restrietion to a linear theory is that we can only predict which 
modes wil! be present in an observed wave pattern, but not their amplitudes. 

The differential system governing stability is obtained by subtrading the Navier
Stokes and continuity equations for the undisturbed flow from those for the disturbed 
one. Combination of the equations ( 2.2 )-( 2.3), {2 .27)-{2 .30) and {2 .18 )-( 2.21) resul ts 
in the dimensionless and linearized set 

{2.34) 
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o:(W- c)F + GW' = -o:P-* [F'' + ~F'- ( o:2 + ~) F] , (2.36) 

for the infinitesimal disturbances in the oil {0 $ r $ 1), and 

o:(W- c)G = P'- W [a"+ ~G'- ( o:2 + ~) G- ~H] (2.38) 

{2.40) 

(2.41) 

for those in the water {1 $ r $ a). Primes are used to indicate differentiation with 
respect to r, and ~ is the Reynolds number based on the oil core: 

(2.42) 

The equations (2.34)-{2.37) for the oil and the corresponding ones for the water 
{2.38)-(2.41) constitute eight linear ordinary differential equations in two times {0 $ 
r $ 1 and 1 $ r $a) four unknowns F(r), G{r), H(r), and P(r). The simultaneous 
solution of these equations together with the appropriate boundary and interfacial 
conditions will provide a dispersion relation from which the instability of the flow 
can be inferred. 

The boundary conditions expressing finiteness of velocity along the axis of sym
metry and no-slip at the rigid boundary are 

and, 

I G(O) = finite I , 
I H{O) = finite I , 
I F(O) = finite I , 

(2.43) 

(2.44) 

(2.45) 

(2.46) 
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IH(a)=Oj, 

IF(a)=OI. 
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(2.47) 

(2.48) 

The interfacial conditions are obtained from the requirements of continuity of 
velocities, shear stresses and normal stress across the interface. Strictly speaking, 
these conditions must he evaluated at r = 1 + 'f/, the location of the interface 
in the disturbed flow and not at the originally flat interface, r = 1. We take 
this modification into account by means of a Taylor expansion in 7J round r = 1. 
Continuity of the radial and tangential veloeities u and v then requires that 

I G(r r 1) = G(r! 1) I' 
I H(r r 1) = H(r! 1) I' 

(2.49) 

(2.50) 

respectively. An error of 0(772) is encountered in applying (2.49) and (2.50) at r = 1 
instead of at r = 1 + 7], since there is no gradient of radial or tangential velocity 
in the mean flow. In that case, the second term in the expansion is a product 
of two infinitesimal quantities. Continuity of the axial velocity w requires a more 
careful formulation due to the radial gradient of axial velocity in the primary profile. 
Continuity of w demands 

(F + 7JW')Irp = (F + 7JW')Ir11 , (2.51) 

or, by expressing 7J in termsof the radial velocity (equation 2.32), 

[F + W'G ] I - [F + W'G ] I a(W- c) rjl - a(W- c) r!l 
(2.52) 

The interface is not able to take up shear stress, which requires continuity of the 
shear stresses er r:r and er r9: 

( au aw) I (au ow) I J-1 -+- -J-1 -+-
0 ox or ril+'l - w ox or rll+'l' 

(2.53) 

and, 

J-lo [r :r (;) + ~ ~~] Ll+'l = J-lw [r :r (;) + ~ ~~] lrll+'l' (2.54) 

respectively. In a linearized form these requirements are expressed as: 

[ 
I W"G ] I - [ I W"G ] I F - aG + a(W- c) rjl - m F - aG + a(W- c) r!l ' (2.55) 

and, 

I (H'- H- nG)Irjl = m (H'- H- nG)Irlll, (2.56) 
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in which use is made of equation (2.32) to eliminate TJ· 
The normal stress condition at the interface is the most complicated because 

the difference in normal stress across the interface -is counterbalanced by the action 
of surface tension. The physical origin of this tension lies in the fact that at the 
liquid-liquid interface the intermolecular (Van der Waals) forces are unbalanced and 
interfacial molecules thus experience a net pull into the bulk of the liquid. Energy is 
therefore needed to transfer a molecule from the bulk to the interface. It is common 
to consider the interface as an astringent skin, with the property that it contracts 
with the same force per unit length, irrespective of the area. We call this force 
per unit length the surface tension T. From a thermodynamica! point of view, this 
surface tension gives rise to a competition between changes in surface energy (a 
term TdA in the first law of thermodynamics) and external work (a term pdV in 
the same law). Problably the most striking example of the effect of surface tension 
is the spherical shape of a rain drop, which minimizes the surface energy for a 
given volume. According to Laplace's law, the difference in pressure (the so-called 
capillary pressure) across an arbitrary surface can be expressed as 

(2.57) 

where R1 and R2 are the principal radii of curvature of the surface. The term 
between brackets denotes the total curvature of the surface: the sum of the separate 
radii of curvature of its intersections with two orthogonal planes. 

Taking into account surface tension, the normal stress condition at the interface 
becomes 

( -p- P
1 + 2jjo ~~)I 

RfRo 
( , 6u') I ( 1 1 ) -p-p +2jjo- =-T -+- . 

bR R!Ro R1 R2 

(2.58) 

We evaluate the radius of curvature R1 in a plane which contains the axis of sym
metry and R2 in a plane perpendicular to the axis. A radius of curvature is positive 
if the center of curvature lies in the oil. To O(TJ2), the condition (2.58) transforms 
into [PCJ89] 

(-P+2ic')l _ (-P+2mic')l =-~ (o: 2 $~-lc)l , ~ rfl T dl C r=l 

(2.59) 

where S stands for the dimensionless surface tension parameter 

T 
S = pRow(0)2 • 

(2.60) 

The effect of surface tension is proportional toa factor (o:2 + n2 - 1): a relatively 
strongly bended interface (o:2 + n2 > 1) would be stabilized if only surface tension 
played a role. Notice, however, the possibility for a destabilizing effect of surface 
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tension on infinitesimal, axisymmetric (n = 0) disturbances with wavelengtbs Jonger 
than the circumference of the oil core (a < 1). This so-called capillary instability 
can be stabilized by the viscosity difference between the two fluids if the Reynolds 
number is large enough. It is this instability that leads to a minimum velocity 
of the oil below which core-annular flow is not stabie [PCJ89]. The core-annular 
contiguration breaks down and changes to a contiguration of oil slugs in water. 

Summarizing this section, it is seen that the boundary and interfacial conditions 
given by (2.43)-(2.50), (2.52), (2.55)-(2.56) and (2.59) can be used in conjunction 
with the governing differential equations to provide a salution to the stability prob
lem. There are thus a total of twelve boundary and interfacial conditions that must 
be applied to the solutions obtained from the governing equations (2.34)-(2.37) for 
the oil and the corresponding ones (2.38)-(2.41) for the water. If we take, only for 
a moment, all coefficients in these equations as constant and suppose that F, G, H 
and P are proportional to a certain exponent e"r, there will be six possible values 
for"' (Substitute this exponent in the equations and you will find six eigenvalues K-). 
This means that the order of the two differential systems is six. Since six constauts 
arise in the salution of each set of equations, there are a total of twelve constauts 
to be determined from the twelve conditions. The homogeneaus differential system 
represents an eigenvalue problem since c must take on specific values in order that 
the salution not be identically zero. In the chapters three and four we will search 
for the dispersion relation for c(a, 3?, m, a, S, n), or, equivalently, the growth rate 
Im[ac(a, 3?, m, a, S, n)]. 

Finally, two important remarks. Firstly, the neglect of the convective term u' · 
'Vu', in which u' indicates a disturbance in the three-dimensional velocity field, in 
the N avier-Stokes equations for the disturbed flow does not mean that we do not 
pay attention to the convective terms at all. These terms are still present in the 
left-hand sicles of (2.34)-(2.36) and (2.38)-(2.40), but only in a linear form. Secondly, 
the procedure in this section of subtracting the equations of motion and continuity 
for the undisturbed flow from those of the disturbed one, makes only sense if the 
primary flow is a solution of these equations. lt was mainly for this reason we did 
not take into account the buoyancy in the previous section. 

2.3 Method of solution 

For the investigation of the hydrodynamic stability of core-annular flow, we look 
for a certain small parameter which can help us to estimate the magnitude of the 
various termsin our governing system, including the boundary and interfacial con
ditions. As is strongly suggested by the constitution of the equations (2.38)-(2.41) 
and the practically relevant values of the wave number, the Reynolds number, and 
the viscosity ratio (section 1.2), we introduce 

lf=~l (2.61) 

as this small parameter. Say, for instance, m = 0.0001, a= 10, and 3? = 10, which 
results in f = 10-6 , so that f ~ 1. The smallness of this parameter is the key to 
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success in the stability analysis by Hu et al. [HLJ90] and will also form the basis 
for our extension of their work to non-axisymmetric interfacial waves, and including 
the effect of surface tension. 

After an expansion of the veloeities G, H, F and the pressure P, the primary 
profile W and the velocity c of the disturbance in terms of the parameter f:, we 
obtain, formally seen, an infinite set differential systems each cortesponding to a 
eertaio order in f:. We restriet ourselves to the lowest order in f:, which turns out to 
he a sufficiently accurate approximation for the description of interfacial waves in 
core-annular flow. 

The expansion of the various quantities in f: and the negotiation of only the high
est order in the equations is in fact a mathematica! expression for the physically not 
surprising dominanee of viseaus forces over the convective terros in the oil core 
and the opposite in the water. As is a well-known phenomenon in ftuid mechanica, 
however, we must he careful in our comparison of the magnitude of the viseaus and 
inertial terros in regions where derivatives of the veloeities and pressure are expected 
to dominate these quantities themselves. We therefore argue that within most of 
the annulus the viseaus forces are much less important than the terms of inertia. In 
some regions, however, the viseaus force may he of the sameorder of magnitude as 
the inertia. These regions are the viseaus boundary layer at the pipe wall where the 
no-slip boundary condition is required, the viseaus boundary layer at the interface 
where the interfacial conditions are prescribed, and a so-called criticallayer where 
the velocity of the disturbance equals the primary one (Re (W-c) = 0). From avail
able experimental results we know that observed interfacial waves in core-annular 
flow propagate with almost the samevelocity as the oil core, i.e., W(l). This means 
the viscous boundary layer and the critica} layer coincide for practically interesting 
circumstances. Appendix A presents an estimation ofthe (dimensionless) thickness 
of both the boundary layer at the pipe wall and the combined boundary and critica} 
layer at the interface. The first one turns out to he of an order f:! and the second 
f:i. Figure 2.2 illustrates the thus obtained classification of the contiguration into 
different zones, each with its own charaderistic ratio of viscous and inertial terms. 

r=O r=l 

I 
r ~a-t! 

r=a 

Figure 2.2: Division of the core-annular contiguration into four regions, based on a 
for each region charaderistic balance of forces. 
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The assumption that the primary flow W, which is easily expanded in i as 

W(r) = 1 + O(i), 0 ~ r ~ 1, (2.62) 

2 2 
W(r) = a - r + O(i) 

a 2 -1 ' 1 ~ r ~a, (2.63) 

is equal to the velocity c in the boundary layer at the interface implies that we can 
write c as 

I c = 1 + Cl d + ... I ' (2.64) 

where c1 will be a number of an order equal or smaller than one. According to 
(2.62) and (2.63), the undisturbed flow is supposed to be uniform in the oil core 
and parabalie in the water. lf the water layer thickness is much smaller than the oil 
thickness (a- 1 < 1), the primary profile in the water can even betaken as linear 
(MBD+91]. 

Summarizing, our strategy during the analysis of the interfacial stability with 
respect to both axisymmetric (n = 0, chapter three) and non-axisymmetric (n f. 0, 
chapter four) modes will be: 

• an expansion of F, G, H, P, W and c in terros of the parameter i, 

• solving, correct to the leading order, the four differential equations (2.34)
(2.37) or (2.38)-(2.41) for the oil core, the bulk ofthe water and the two bound
ary layers, with special attention to the dominant character of the derivatives 
in these two layers, 

• a formulation of some conditions intended to guarantee a transition of the 
solution in the water to the one in the boundary layer at the pipe wall and at 
the interface (so-called matching conditions), 

• the application of the boundary and interfacial conditions, 

• a derivation of the dispersion relation for c in terros of the wave number, the 
Reynolds number, the viscosity ratio, the core/pipe radius ratio, the surface 
tension and the non-axisymmetric mode number by requiring a non-trivia! 
solution of our homogeneaus system, 

• an evaluation of this relation, our main purpose, 

successively. 



Chapter 3 

Axisymmetric disturbances 

The stability of the oiljwater interface in core-annular flow for axisymmetric dis
turbances (n = 0) is our subject in this chapter. This axisymmetry reduces the 
number of relevant differential equations in each fluid with one and the total num
ber of boundary and interfacial conditions with four. According to the strategy of 
salution presented in section 2.3, the differential equations are to be solved in four 
regions: the bulk of the water, two boundary layers and the oil core. The sections 
3.1-3.4 each deal with a region. Imposing the boundary, interfacial and matching 
conditions results in section 3.5 in an expression for the growth rate of axisymmetric 
disturbances, an extension to non-zero surface tension compared to {HLJ90}. In the 
same section we discuss its implications. 

3.1 The solution in the annulus 

Figure 3.1: Position of the interface when it is axisymmetrically disturbed. The 
amplitude of the disturbance is '70· 

If we restriet ourselves to an axisymmetric disturbance, a hypothetical cross-section 
of the pipe-line perpendicular to the axial direction will always show a circular 

22 
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interface. For fixed x, the radius of the interface is a harmonie function of time, as 
is illustrated in figure 3.1. When n = 0, the equations of motion (2.35) and (2.39) 
uncouple from the other equations in (2.34)-(2.41) and may, if required, he solved 
after these other equations in the system have been solved. In order to determine 
the stability of the flow, it will not he necessary to solve (2.35) and (2.39) at all. 
Thus, the order of each differential system is reduced by 2, and there will he a total 
of 8 constants to he determined instead of 12. For a description of axisymmetric 
disturbances, we can omit the tangential velocity from consideration. A look at 
the Navier-Stokes equations for the radial and axial direction ((2.34) and (2.36) or 
(2.38) and (2.40)) and at the continuity equation ((2.37) or (2.41)) learns that, for 
n = 0, we can reduce these three coupled differential equations to only one for one 
ofthe unknowns G, F or P. After eliminatingthe axial velocity disturbance, i.e., F, 
and the pressure, i.e., P, thesetof equations for the oil (0 $ r $ 1) can he reduced 
to a single equation for the radial velocity disturbance, i.e., G: 

( )
2 ( ) 

1 21 1 2 . 21 1 2 
- D +-D---a G-a(W-c) D +-D---a G=O, 
a~ r r 2 r r 2 

(3.1) 

where D denotes differentiation with respect to r. The equations for the water 
(1 $ r $a) similarly give: 

( )
2 ( ) 

m 2 1 1 2 . 2 1 1 2 - D +-D---a G-t(W-c) D +-D---a G=O, 
a~ r r 2 r r 2 

(3.2) 

An expansion of Gin (3.2) in termsof the parameterf = mj~a, results, correct 
to the lowest order in f, in the equation 

( 2 1 1 2) D +;D- r 2 -a G=O, (3.3) 

for the radial velocity disturbance in the bulk of the water (where W-c= 0(1), 
according to the expansions (2.63) and (2.64)). In equation (3.3) the viscous forces 
in the annulus are neglected. Formally speaking, we should discriminate between 
the symbol Gin (3.2) and the one in (3.3). In the first equation it denotes the radial 
dependent part of the radial velocity disturbance (see (2.27)), while in the second 
equation it only denotes the leading order of this velocity. However, taking only this 
order into account turns out to he accurate enough for a satisfying description of 
interfacial waves. Thus, because there will never he reason for confusion, we do not 
indicate the difference between a variabie and the lowest order term in its expansion. 
The general salution of the modified Bessel equation (3.3) is 

I Gann(r) = C1It(ar) + C2I<1{ar) I, (3.4) 

for the radial velocity disturbance in the bulk of the water. Here, ItO and I<1(·) 
are the modified Bessel functions of the first (I) and second (I<) kind of order 1. C1 
and c2 are arbitrary constants to he determined by the interfacial and boundary 
conditions. 
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3.2 The salution in the boundary layer at the pipe 
wall 

By requiring a halance of viscous and non-viscous terms in the differential system 
(2.38)-(2.41), we may expect the thickness of the houndary layer at the pipe wall 
to he ahout d, irrespective of the mode numher n, as is shown in appendix A. For 
axisymmetric disturhances, this estimation can he carried out in a simple way hy 
using equation (3.2). Near the wall W-c = 0(1) and a halance of the leading 
terms, i.e., the highest derivatives, then requires 

(3.5) 

or, 

O(DG) =(-te. (3.6) 

In the houndary layer, differentiation with respect to r gives rise to a factor C 1. 
This invites us to introduce a "stretched" coordinate 

a-r 
Ç=-,-, 

(l 
(3.7) 

so that dj dr = -f-1 dj dÇ, and Ç = 0 at the pipe wall. Th is expresses the dominant 
behaviour of derivatives in the boundary layer. Since Ç = 0(1), the layer thickness 
is approximately d. 

By changing to the new variahleÇ and using the expansions (2.63) for the primary 
velocity W and (2.64) for the velocity c of the disturhance, equation (3.2) for the 
radial velocity disturhance in the houndary layer hecomes: 

(3.8) 

correct to the lowest order in f. The notation De stands for differentiation with 
respect to Ç. The salution of this equation with constant coefficients is given by 

(3.9) 

where C3 , C4 , C5 , and C6 are arbitrary constants. 

3.3 The salution in the boundary layer at the in
terface 

A same reasoning as the one in the previous section allows us to expect the thickness 
of the houndary layer at the interface to he fî. The difference in thickness of the 
two houndary layers has its origin in the fact that ohserved waves have almost the 
same velocity as the fluids at the interface, which means W-c~ 0(1) near the 
interface, while W-c= 0(1) near the wall. We introduce the stretched coordinate 

r-1 
z = T' (3.10) 
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in the boundary layer at the interface. In terms of this variable, the highest order 
equation for the radial velocity disturbance reads: 

4 • ( 2z ) 2 DzG +a Ct+ a2 _ 
1 

DzG = 0, (3.11) 

in which use is made of the equations (2.63), (2.64), (3.2) and (3.10), and Dz denotes 
differentiation with respect to z. 

The solutions of the equation 

d
2
w . ( 2z ) 

dz2 + a Ct + a2 - 1 w = 0 (3.12) 

are so-called Airy functions [AS64]: 

A i [- ( •' ~ I ) l ( z + ~ ( a2 
- I)) ,••] , (3.13) 

where <P = 1r /6, 57r /6 or -7r /2. So we may write the solution of equation {3.11) as 

I Gint(z) =G7+ Csz + C9X9(z) + CtoXto{z) I , (3.14) 

where 

X9(z) = r dz {i dÈAi [- (-i:-) t (i+ Ct (a 2 - 1)) e5,..i/ 6] , J+oo J+oo a 1 2 
(3.15) 

and, 

Xto(z) =i~ dz i~ dÊAi [- (a2 ~ 1) i (Ê+ c;(a2 -1)) e,..i/6]· (3.16) 

The choice for <P = 57r /6 and <P = 1r /6 is arbitrary in the sense that an Airy function 
(3.13) with <P = -7r/2 is a linear combination of those with <P = 57r/6 and <P = 1rj6. 
The symbols G7, Cs, C9, and Cto indicate arbitrary constants. 

3.4 The solution in the core 

Application ofthe expansions (2.62), for the primary velocity W, and (2.64), for the 
velocity c of the disturbance, reduces the differential equation (3.1) for the radial 
velocity disturbance in the oil to 

( )

2 
2 1 1 2 D +-D---a G=O, 

r r 2 
(3.17) 

again correct to the leading order in f. In this approximation we neglect the inertia, 
i.e., the second term in (3.1), of the flow in the oil core. The solution of (3.17) equals 

I Gcore(r) = Cult(ar) + Ct2r/o(ar) + Ct3Kt{ar) + Ct4rKo(ar) I, (3.18) 

where It(-), Io(·), KtO and Ko(·) are modified Bessel functions ofthe first (/) and 
the second ( K) kind of order 1 and 0, respectively. Cu, Ct2, CtJ, and Ct4 are four 
new arbitrary constants. 
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3.5 Results of the axisymmetric analysis 

The expressions for the radial velocity disturbance in the four regions enable us to 
derive the dispersion relation from which the growth rate of axisymmetric distur
bances can he calculated. For that purpose, we determine the constants C1 •.. C10 

and C11 •.. C14 by means of the interfacial, boundary and matching conditions. 
Finiteness of the radial velocity in the oil (3.18) yields 

(3.19) 

since only the modified Bessel functions of the first kind are convergent in the limit 
r - 0. The requirement of a transition of the salution Gwau(Ç) in the boundary 
layer at the pipe wall to the salution Gann(r) in the bulk ofthe water, i.e., matching 
of the two solutions [DR81], can he expressed in termsof a Taylor expansion round 
r =a: 

(3.20) 

The left-hand side of this equation represents the radial velocity (3.4) in that part 
of the water where the bulk in fact becomes the boundary layer (a-r ~ 1); the 
right-hand side represents this velocity (3.9) in that part where the boundary layer 
at the pipe wall coincides with the bulk (Ç ~ 1). The factor fk, with kan arbitrary 
exponent, is a consequence of the homogeneaus character of the differential equation 
(3.2), which means that we may multiply each salution (3.4) and (3.9) with two, 
not necessarily the same (i.e., k 'I 0), arbitrary factors. Combination of (3.4), (3.9) 
and (3.20), for f! ~a-r~ 1, results in the matching-conditions 

1 
k 2' 

0, 

c6 = o. 

(3.21) 

(3.22) 

(3.23) 

The exponent k = 1/2 implies that radial velocity disturbances near the wall are 
about a factor f-! smaller than those in the bulk ofthe water, a consequence ofthe 
impermeability of the wall. According to equation (3.23), we only allowan exponent 
in (3.9) with a negative real part, so that the salution stays bounded for large values 
of e. 

A Taylor expansion analogous to (3.20), round r = 1, matches the salution 
Gint(z) in the boundary layer at the interface to the salution Gann(r) in the bulk 
of the water: 

(3.24) 

where I is an exponent with a same origin as kin (3.20). According to this expansion, 
the exponent I and the constants C1, C2, C1, C8 , C10 satisfy: 

0, 

C1h(a) + C2K1(a), 
0, 

0, 

(3.25) 

(3.26) 

(3.27) 

(3.28) 
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in which use is madeof{3.4) and {3.14). Only the Airy function (3.13) with <P = 51r/6 
tends tosome fini te value as z - +oo, as indicated by (3.28). Because the exponent 
I is zero, we may expect the radial velocity disturbance in the bulk and the boundary 
layer at the interface to he of the sameorder of magnitude. 

For n = 0, we can express the boundary conditions (2.46) and {2.48), and the 
interfacial conditions (2.49), (2.52), (2.55) and (2.59), in termsof the radial velocity 
disturbance. We use the expansions (2.62), (2.63) and (2.64), and the equations 
of motion, (2.36) and (2.40), and continuity, (2.37) and (2.41), to eliminate the 
pressure and axial velocity disturbances and obtain: 

Gwau(r =a) = 0, 

DGwau(r =a) 0, 

Gint(Z = 0) Gcore(r = 1), 
2 

[ci(a2 _ 1)] Gcore(r = 1), 

0 [D2 + D- 1 + a 2
] Gcore(r = 1), 

and, 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

correct to the lowest order in L Taking the effect of surface tension in the leading 
order normal stress condition (3.34) into account makes the difference between the 
stability analysis by Hu et al. [HLJ90] and our analysis. For practically interest
ing circumstances, as will soon turn out, it is this surface tension that stahilizes 
disturbances with relatively short wavelengths. 

Now we have formulated all conditions in termsof the radial velocity disturbance, 
the derivation of a relation governing the growth rate of axisymmetric disturbances 
is only a question of straightforward algebra. The equations (3.14), (3.18), (3.19), 
(3.27), and (3.28) transform the requirement of continuity of the axial velocity across 
the interface, i.e., (3.32), into 

Cgx'(O) = Ll()- 1)] [Cuh(a) + c12/o(a)]' (3.35) 

where the prime denotes differentiation with respect to z and x'(O) is an abbreviation 
for x~(z = 0). The normal stress condition (3.34) can he written as 

Cg~ax"'(O) = -2a2 [Cu (alo( a)- /1(a)) + C12ah(a)] 

[ iS~!a! (1- a 2
)] 

+ C!mt [Cuh(a) + c12(a)]' (3.36) 

in which use is made of (3.14), (3.18), (3.19), and two relations for the derivatives 
of modified Bessel functions [AS64]: 

dfi(y) lo(Y)- ~h(y), (3.37) 
dy y 
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dlo(Y) 
dy 

= ll(y). (3.38) 

Equation (3.33), the expression for the continuity of shear stress across the interface, 
reads: 

Cunlt(n) + C12 [lt(n) +alo( a)]= 0, (3.39) 

according to (3.18), (3.19), (3.37), and (3.38). The equations (3.35), (3.36) and 
(3.39) form a linear and homogeneaus system in the three constants C9 , C11 and 
C12· In order that these constants are not identically zero, giving a trivia! salution 
of (3.1) and (3.2), the determinant of this system must he zero. This finally yields 

1_~11 0 _ n(a2 -1) ( 2 _ 2 /~(n)) i(a2 -l)S~!ni(l- n 2
) 

c 0 - ?R 1+n a I () + 1 . 1 X 1 a 2m3 

(3.40) 

From this expression, the growth rate Im( nc1 d) can he calculated in termsof the 
wave number n, the Reynolds number ~. the viscosity ratio m, the ratio pipefcore 
radius a, and the surface tension S. For zero surface tension S, the dispersion 
relation (3.40) reduces to the one formulated by Hu et al. [HLJ90]. It can also be 
shown that in the limittoa two-dimensional, plane geometry (Ro--+ oo or a--+ 1), 
the expression (3.40) is identical to the dispersion relation derived by Miesen et 
al. [MBD+91]. Note that the derivation of (3.40) in fact only requires the use of 
three interfacial conditions, provided that it is guaranteed that the solution for the 
radial velocity disturbance stays hounded in each region (see, for instance, (3.19) 
or (3.23)); the stahility of the oil/water interface is more or less determined by the 
fluid mechanics in the direct environment of the interface. 

The problem in calculating the growth rate from (3.40) is that both x'(O) and 
x"'(O) depend on c1 (see (3.15)), so that the growth rate is only implicitly given 
by (3.40). This prohlem can be solved hy approximating x'(O) and x"'(O) by a few 
termsintheir Taylor expansions round c1 = 0 (rememher that O(ct) ~ 1): 

(3.41) 

and, 

x"'(O) ~- (-2-) i e57ri/6 [dAi (0)- (-2 -) t e57ri/6 Cl (a2- 1) 
a 2 - 1 dy a 2 - 1 2 

d
2
Ai(O) (-2-)f l01ri/ 6 (c1( 2 _ 1 )) 2 ~d3Ai(O)l 

dy2 + a2 - 1 e 2 a 2 dy3 ' 
(3.42) 

respectively [MBD+91]. Using these two approximations, (3.40) is simply a complex 
quadratic equation in c1 , from which the growth ra te can be calcalated very easily, 
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using a software package such as, for instance, "Mathematica". Taking the term 
proportional to c~ in the expansion of x'(O) into account, does not change the 
solution of (3.40) significantly. The same holds for the term proportional to q 
in the expansion of x"'(O). Therefore, we restriet ourselves to the expansions (3.41) 
and (3.42). We only choose the root c1 with the negative real part, in order to 
he consistent with observations that the speed Re(c) of the waves is just a little 
bit smaller than the primary velocity W(l) of the fluids at the interface, i.e., the 
assumption that there is a criticallayer near the interface. 

The shape of the curve in figure 3.2, which is obtained by solving the quadratic 
equation (3.40), is charaderistic for the relation between the growth rate and the 
wave number (for fixed values of ~. m, a, and S). The oil/water interface is 
stabie with respect to axisymmetric disturbances with relatively long (a < a1ow) 
and short (a > ahigh) wavelengths. Infinitesimal disturbances with intermediate 
wavelengtbs (alow < a < ahigh), however, are able to grow to interfacial waves 
with a finite amplitude, which results in a shape of the interface as illustrated in 
figure 1.2. We see, by camparing the curves for S = 8 · 10-4 and S = 0, that 
the stabilization of disturbances with short wavelengtbs is due to surface tension. 
From an experimental point of view, we are mainly interested in the val u es of the 

0.2 

0.1 

-0.1 

Figure 3.2: Growth rate Im(ac1Et) versus wave number a when ~ = 6.25, 
m = 0.0001, a= 1.04 and S = 0.0008. For this small value of a, the two-dimensional 
analysis by Miesen et al. (MBD+], the dasbed curve, can hardly be distinguished 
from the three-dimensional analysis, i.e., equation {3.40). The curve with S = 0 
clearly demonstratea the stahilizing effect of surface tension on disturbances with 
relatively short wavelengths. 

cut-offs a1ow and a high, because these values may be compared to, respectively, the 
highest and lowest wavelength present in a Fourier decomposition of an observed 
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wave pattern. Appendix B shows that, for relatively short wavelengths, the solution 
of (3.40) can be approximated by 

! o~S ( 5(a- 1)) ( ~2m ) ! Im(oc1 f ) = --2- + 0.3362 1-
6 04(a _ 1)5 ' (3.43) 

i.e., an explicit expression for the growth rate as function of o, ~' m, a and S. 
We see that the surface tension S, which becomes more important for increasing o, 
contributes negatively to the growth rate. From (3.43) follows for the cut-off Ohigh: 

( ) ( 5 3) -t 
ohigh = 0.844 1-~ (a-~ ~s , (3.44) 

in which is assumed that (a - 1) «: 1. Note that ohigh approaches infinity in 
the limit to zero surface tension and that Ohigh is only weakly dependent on the 
Reynolds number and the viscosity ratio. If we base our stability analysis on a two
dimensional, plane geometry insteadof a cylindrical geometry, we obtain [MBD+91]: 

(
(a- 1)5~83)-t 

Ohigh = 0.844 m , (3.45) 

the limit of (3.44) for Ro -+ oo. The growth rate according to the two-dimensional 
limit is indicated in figure 3.2 ( dasbed curve). Thus, including the curvature of the 
pipe gives rise to a correction of O(a- 1) in the prediction of Ohigh· Appendix B 
also gives an approximation for the lowest cut-off O/ow: 

10/ow = 0.409 (1-~) ~~' (3.46) 

where the two-dimensional analysis [MBD+91] prediets 

0/ow = 0.409J a ~ 1. (3.47) 

Comparing the equations (3.44) and (3.46) to (3.45) and (3.47) learns that in an
alyzing axisymmetric disturbances a replacement of the cylindrical geometry by a 
two-dimensional plane one is correct within a few per cent, provided that the oil 
core is much thicker than the water layer ((a- 1) «: 1). The values of O!ow and 
Ohigh are smaller in the three-dimensional stability analysis. For higher values of 
the ratio a, e.g., O(a- 1) = 10- 1, the approximations (3.44) and (3.46) are not 
valid. In this case, as is shown in appendix B, especially O/ow is smaller than the 
value predicted by (3.46). From a physical point of view, this is nota surprise. An 
important parameter descrihing the effect of a finite curvature is the ratio of the 
wavelength of a disturbance and the circumference of the pipe. This means we may 
expect the influence of the curvature on the stability of the interface to increase with 
a decreasing wave number. 
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At first sight, the presentation of the solution Im(cl[a, !R, m, a, S]) of the dis
persion relation (3.40) demands six-dimensional graphics. By changing to the three 
combinations 

.ro = -(a2 -1)a [1 +a2- a2J~(a)] !R-1 
Il(a) 

(3.48) 

Yo = 2 i 2 (a!R)* -(a - 1) (1 -a ) -;;- S, (3.49) 

zo = (a2 - 1)i(a- 1) Im(cl), (3.50) 

of the parameters c1, a, !R, m, a and S', however, we are able to reproduce the 
solution in only three dimensions. Appendix B goes into this subject. The reduction 
in dimeosion implies that the curve of neutral stability is not determined by the five 
independent paramaters a, !R, m, a, and S', but by the two parameters .ro and Yo· 
Some contour lines in the parameter space (.ro, Yo) are shown in figure 3.3. The 
curve zo = 0 represents the curve of neutral stability. For fixed ~. m, a, and S', a 
growth rate spectrum as drawn in figure 3.2 follows from figure 3.3 by means of the 

parameter curve ( .r0 (a), Yo(a), (a2 - 1)-! (a- 1)-1at! zo(a)). 

2 STABLE 
zo= 0 

1.5 

1 INSTABLE 

0.5 

4 5 

-0.5 

Figure 3.3: Contour lines zo = constant calculated from (B.1) in appendix B. The 
x-axis is the parameter .ro defined in (3.48), the y-axis the parameter Yo defined in 
(3.49) . The values of only these two parameters determine whether a disturbance 
with wavelength a grows or oot. 

This chapter is ended with some concluding remarks. We have shown that the 
ioclusion of a third dimeosion in a stability analysis of the oil/water interface for ax
isymmetric disturbances, leads to the same qualitative picture as a two-dimensional 
analysis. The quantitative differences are small, provided that the oil core is much 
thicker than the water layer. A comparison between a (kind of) Fourier decompo
sition of an observed wave pattem (see [MBD+91]) and our axisymmetric analysis 
would reveal an excellent qualitative agreement between theory and experiment, 
but also some quantitative discrepancies. These conclusions are equivalent to those 
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drawn by Miesen et al. [MBD+9t] in their comparison between the two-dimensional 
theory and the experiment. It is important to note that the difference between, on 
the one hand, theory and experiment is greater than the difference between, on the 
other hand, the two- and three-dimensional theories. In the next chapter, we will 
shift our attention to the more complex situation of non-axisymmetric disturbances 
(n =f:. 0), which can, of course, only be stuclied in a cylindrical geometry. 



Chapter 4 

N on-axisymmetric 
di st ur bances 

---------

In this chapter, we investigate the stability of the oil/water interface in core-annular 
flow with respect to non-axisymmetric disturbances (n ::j:. 0). Although the concept 
which leads to an expression for the growth rate of these disturbances is similar 
to the one for axisymmetric disturbances, some complications in solving the equa
tions of motion and continuity (2.34)-(2.41) turn a non-axisymmetric analysis into 
a mathematically extensive, but nevertheless physically interesting, extension of the 
previous chapter. In the sections 4.1-4.4, the differential equations (2.34)-(2.37) and 
(2.38)-(2.41) are solved in the bulk ofthe water, the two boundary layers and the oil 
core. Imposing the boundary, interfacial and matching conditions results in section 
4.5 in an expression for the growth rate of non-axisymmetric disturbances. In the 
same section, we campare an evaluation of this relation tosome statements made by 
Preziosi et al. {PCJ89}, which state that non-axisymmetric disturbances are more 
stable, in the sense that they have smaller growth rates, than the axisymmetric 
modes. 

4.1 The salution in the annulus 

If we add a non-axisymmetric disturbance to the primary flow, a hypothetical cross
section of the pipe-line perpendicular to the axial direction will show a shape of the 
interface as is the case in tigure 4.1. For fixed axial coordinate x and azimuthal angle 
0, the radius of the interface is a harmonie function of time (see (2.32)). To obtain 
the form (3.4) of the axisymmetric radial velocity disturbance in the annulus, we 
neglected the viscous forces in this region. A generalisation of this simpHeation to 
the non-axisymmetric analysis means that we have to solve the following reduced 
equations of motion and continuity 

a(W- c)G = 

a(W- c)H = 

P' 
' n 

--P r , 

33 

( 4.1) 

(4.2) 
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.. ... 
\ 

34 

\;--r = 1 + 7Josin(acr) 
I 
I 

r = 1 {equilibrium) 

Figure 4.1: Graphical example of a non-axisymmetric disturbance ( n = 4). Compare 
this to tigure 3.1. 

a(W- c)F + GW' = -aP, {4.3) 

, 1 n ( ) aF+ G + -G + - H = 0, 4.4 
r r 

in the annulus, correct to the lowest order in the parameter l. A mathematicaljustifi
cation ofthis generalisation can he achieved by expanding the equations (2.38)-{2.41) 
in terms of e, and taking into account only the leading order. After substituting 
the expansions (2.63) for the primary velocity W and {2.64) for the velocity c of 
the disturbance and eliminating the disturbances H, F and P, the four coupled 
equations (4.1)-(4.4) reduce to an (single) equation for the disturbance G: 

G" [(1- r 2
) (n2 r2 + a 2r4

)) + G' [(1- r2
) (3n2r + a 2r3

))-

G [(1- r 2
) (n4 + a 4r4 + a 2r 2 + 2a2n2r 2

)- n2 (1 + 3r2
)) = 0. (4.5) 

For n = 0, this equation reduces, of course, to {3.3). A solution of ( 4.5) in terms 
of transeendental functions is not available. Note, however, that we are in fact only 
interested in the solution of (4.5) for the interval!< r <a, where (a -1) <: 1. For 
this reason we could substitute y = ( r - 1) into ( 4.5) and might try to solve this 
equation by means of a generalized power series 

00 

Gann(Y) = :~::::ajyi+•, {4.6) 
j=O 

where the negotiation of only the first few terms is expected to be sufficient, since 
y <: 1. The number s follows from the indicia! equation of {4.5) [Kre88]. Another 
way to obtain an approximate solution of {4.5) is by assuming n <:a, so that (4.5) 
approximately reads: 

G" + ;c'- ( a2 + 
1 ~;n

2

) G = o, (4.7) 

with the general solution 

Gann(r) = A1I"(ar) + A2K"(ar). (4.8) 
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Here, lv(-) and Kv(-) are the modified order v = v'1 + 2n2 Bessel functions of the 
first and second kind, respectively, and At and A2 are arbitrary constants. The 
advantage of ( 4.8) above ( 4.6) lies in its compactness and similarity to (3.4). A 
comparison between a function consisting of two independent power series ( 4.6), 
each resulting from a solution of the indicia! equation of (4.5), and the function 
( 4.8), by means of the software package "Mathematica", reveals that these solutions 
show indeed the same behaviour for 1 < r < a. 

As will turn out in section 4.4, we are not able to reduce the four leading order 
equations of (2.34)-(2.37) in the oil core to an equation governing only the radial 
velocity disturbance. In this respect, it is useful to write down also the expressions 
for P, H and F in the annulus: 

Pann(r) = 

Hann(r) 

Fann(r) 

At--;- jdr(1- r2 )Iv(ar) + 
a -1 

a j 2 A2-2-- dr(1- r )I<v(ar), 
a -1 

n j 2 -Al ( 2) dr(1- r )Iv(ar) 
r 1- r 

n j 2 -A2 ( 2) dr(1- r )Kv(ar), 
r 1- r 

At d A2 d A1 A2 • 
---lv(ar)- --Kv(ar)- -lv(ar)- -l\v(ar) 

a dr a dr ar ar 
n2 j 

+A1 2 ( 2 ) dr(1- r2 )Iv(ar) 
ar 1- r 

n2 J +A2 2 ( 2 ) dr(1- r2)Kv(ar), 
ar 1- r 

in which use is made of (4.1), (4.2), (4.4), and (4.8). 

(4.9) 

(4.10) 

(4.11) 

4.2 The solution in the boundary layer at the pipe 
wall 

As is shown in appendix A, a non-zero mode number n does not affect the thickness 
d of the boundary layer at the pipe wal!. Therefore, we can use again the stretched 
coordinate (3.7) to express the dominant behaviour of the gradients of the distur
bances in this boundary layer. Changing to the coordinate Ç, and substitution of 
(2.63), (2.64) and the expansions of G, H, F and Pinfin the equations of motion 
and continuity (2.38)-(2.41), reveals that that leading order term of the radial ve
locity disturbance G is a factor c! smaller than those for the other disturbances 
H, F and P. This is a consequence of the impermeability of the wal!. From (2.38), 
it follows that the lowest order term of P is independent of Ç. As follows from 
(2.39)-(2.41), the Jeading ordertermsof the velocity disturbances satisfy: 

-aH = _'!!_p- iaDlH, 
a 

( 4.12) 
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-o:F -o:P- io:DiF, 
n 

o:F+ DeG+ -H = 0, 
a 

36 

(4.13) 

(4.14) 

where, as mentioned above, P is a constant. The solutions of these equations with 
constant coefficients are: 

Pwau(Ç) = 
Hwau(Ç) = 

A3, 

.!.!_A3+ A4ep{ + Ase-P{, 
ao: 

Fwau(Ç) 

Gwou(Ç) 

= A3+ A6eP{ + A1e-p{, 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

with p = e31ril4 . The symbols A3, A 4 , A5 , A6, and A1 indicate some more arbitrary 
constants. 

4.3 The solution in the boundary layer at the in
terface 

By neglecting the non-dominant zeroth and first derivatives in the viscous terms, 
and the radial velocity disturbance in the equation of continuity, (2.38)-(2.41) reduce 
to 

o:(W- c)G P'- im G" 
~ ' 

(4.19) 

o:(W- c)H -~P- im H" 
r ~ ' 

(4.20) 

o:(W- c)F + GW' -o:P- im F" 
~ ' 

( 4.21) 

n 
o:F+G' + -H 0. (4.22) 

r 

Since the thickness of the boundary layer at the interface is independent of the 
mode number n (see appendix A), we can use again the stretched coordinate (3.10) 
in this layer. Changing to this coordinate z and substitution of (2.63), (2.64) and 
the expansions G =Go+ Gtd + ... , H =Ho+ H1d + ... , F = Fo + F1d + ... , 
and P =Po+ P1cS + ... ,in (2.38)-(2.41) shows that the equations (4.19)-(4.22) are 
correct to the leading order and that the leading order terms of G and P are a factor 
ei smaller than those of F and H (Go= Po= 0). This leading order term of Pis 
constant, as follows from ( 4.19). The remaining three equations ( 4.20)-( 4.22) can he 
reduced to a (single) equation for the non-axisymmetric radial velocity disturbance 

(4.23) 
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Note that this equation is fully equivalent to (3.11), governing the axisymmetric 
radial velocity disturbance. According to section 3.3, the solution of ( 4.23) equals: 

I aint(z) =As+ A9z + AtoXto(z) + Anxn(z) I, ( 4.24) 

where we redefine Xto(z) as the integral (3.15) with tiJ = 57r/6 and xn(z) as the 
integral (3.16) with tiJ= 1rj6. By using the general solution (4.24) and the equations 
(4.19)-(4.22), we find for the disturbances P, Hand F: 

P;nt(z) = (a2 _ 1 ~:2 + 02 )As, (4.25) 

= A12Ait2(z) + At3Ait3(z)- (a2 _ 1~~~2 + 02) Asl(z), (4.26) 

Fint(z) A9 Ato , ( ) An , ( ) n . ( ) --- -x1o z - -x11 z - -At2Az12 z 
Q Q Q Q 

n . 2n2 i 
--At3AZt3(z) + ( 2 1) ( 2 2)Asl(z), a a- an+a 

( 4.27) 

where Ai12(z) and Ait3(z) are defined as the Airy functions (3.13) with t/J = 57r/6 
and tiJ = 1r /6, respectively. A12 and A13 are arbitrary constants, primes denote 
differentiation with respect to z, and the integral I(z) equals 

I( ) =A" ( ) t d_Ait3(z) _A" ( ) t d_Ait2(z) 
z z12 z l+oo z N(z) Zt3 z l+oo z N(z) , (4.28) 

in which 

N(z) = Ait2(z)Ai~3 (z)- Ai~ 2 (z)Ait3(z). ( 4.29) 

4.4 The solution in the core 

Analogous to section 3.4, we neglect the convective terms in the oil core, so that the 
equations of motion and continuity (2.34)-(2.37) for this region become: 

0 = P'- .!._ [a"+ !a'- (a2 + n2 

+ 1) a-
2
n H] , 

~ r r 2 r 2 (4.30) 

0=-~P-.!._ [H"+!H'- (a2 + n2

+1)H- 2nc], 
r ~ r r 2 r 2 (4.31) 

i [ " 1 , ( 2 n
2

) ] 0 = -aP- 'iR F + ;F - a + r 2 F , (4.32) 

1 n 
aF+a' +-a+ -H = 0, 

r r 
(4.33) 

correct to the lowest order in f.. For n = 0, the three equations ( 4.30), ( 4.32) 
and (4.33) can be combined to the (single) eqtiation (3.17) for the radial velocity 



Chapter 4. Non-axisymmetric disturbances 38 

disturbance. In the non-axisymmetric case, however, we are only able to reduce the 
four equations ( 4.30)-( 4.33) to two coupled equations of two of the four variables G, 
H, F and P. 

Notice, however, that we are not so much interested in the solutions G(r), H(r), 
F(r) and P(r) for arbitrary values of the radial coordinate, as we are for r ~ 
1. In the next section, we will derive an expression for the growth rate of non
axisymmetric disturbances by imposing the interfacial conditions, quite analogous 
to the procedure foliowed in section 3.5. With respect to the solutions in the core, 
these interfacial conditions only require knowledge of the values of the functions 
Gcore(r), Hcore(r), Fcore(r) and Pcore(r), and their derivatives in r = 1. For this 
reason, we introduce a coordinate y = (1 - r) < 1, substitute this coordinate into 
the system ( 4.30)-(4.33), and expand the factors 1/(1-y) and 1/(1-y)2 by means of 
a geometrie series. If we assume that taking only the lowest order in y into account 
is accurate enough for our non-axisymmetric analysis, the factors 1/r and 1fr2 in 
these equations may he replaced by 1: 

0 P'- 4 [G" + G'- (a2 + n2 + 1) G- 2nH] , (4.34) 

0 n i[" , (2 2 ) ] -~P-3i H +H-a +n +1 H-2nG, (4.35) 

0 -aP- 4 [F" + F'- (a2 + n2) Fj, ( 4.36) 

0 aF+ G' + G + nH. (4.37) 

These four coupled and homogeneous equations with constant coefficients can easily 
he solved by means of the "vector" 

(4.38) 

Substitution of this eigenvector into ( 4.30)-( 4.33) implies that the exponent "' must 
he a salution of the equation 

"'(3a2 + 3a4 + 6a2n2 + 3n4
) + K.2 (1- 3a4 + 3n2 - 6a2n2 - 3n4) 

+ K.3 (1 + 6a2 + 6n2
) + K.4 

( -2 + 3a2 + 3n2) - 3K.5 - K.6 = 0. (4.39) 

The six eigenvalues "-j(a,n), withj E {1,2,3,4,5,6}, each determine a set ofthree 
coefficients H K., Ft<. and PK.: 

F" = 

n (-3a2 +"'- a 2 K. + 2K.2 + K.3 - n2 - K.n 2) 
(a2 + a4 _ a2"_ _ a2"_2 + 2K.2n2 _ "_n2 _ "_2n2 + n4)' 

a (1 + a2 + a2"_ _ 2"_2 _ "_3 _ n2 + "_n2) 
(a2 + a4 _ a2"_ _ a2"_2 + 2K.2n2 _ K.n2 _ "_2n2 + n4)' 

i (a2 _ "_ _ "_2 + n2) (1 + a2 + a2"_ _ 2"_2 _ "_3 _ n2 + "_n2) 

~(a2 + a4 _ a2"_ _ a2"_2 + 2K.2n2 _ "_n2 _ "_2n2 + n4) 

( 4.40) 

( 4.41) 

( 4.42) 
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Thus, the general solution for the velocity and pressure disturbances m the oil 
becomes 

(Gcore(r), Hcore(r), Fcore(r), Pcore(r)) = 
6 

L At3+j (1, H"i' F"i' Pte;) e"ir 1 

j=l 

where A14, Ats, At6, A11, Ats, and A19 are arbitrary constants. 

4.5 Results of the non-axisymmetric analysis 

( 4.43) 

Now we have solved the equations of motion and continuity for the velocity and 
pressure disturbances in the four regions, an expression for the growth rate of the 
non-axisymmetric modes, in terms of a, 3?, m, a, S, and n, is within reacho But 
first, we have to consider the ratio of the leading order terms of the disturbances 
within and between these regionso In section 402, we concluded that the leading 
order term of Gwall is a factor C~ smaller than those of Hwal/ 1 Fwall and Pwal/o 
This means that if the pressure disturbance is given by P = Po+ P1d + 0 0 0' the 
expansion of the radial velocity disturbance will not read G =Go+ G1d + 0 0 0' but 
G = G0d + G1 f + 0 0 00 Matching of the solution Gwau(Ç) in the boundary layer 
at the pipe wall to the solution Gann(r) in the bulk of the water, requires that the 
leading order of Gann is a factor f-! larger than the one of Gwal/o This follows 
from a matching procedure as carried out in (3020)0 Table 401 gives an account of 
the various ratios of the leading order terms of the disturbances in the four regionso 
The ratios between different columns follow from Taylor expansions like (3020) and 
(3024); those between rows are prescribed by the equations of motion and continuityo 
From this table, we see, for instance, that the axial velocity disturbance near the 
interface is a factor c! larger than the radial velocity disturbance near the pipe 
wal I. 

wall annulus interface co re 

G d 1 1 1 
H 1 1 (-! 1 
F 1 1 ct 1 
p 1 1 1 1 

Table 401: Ratio leading order terms within and between the four regionso 

Matching ofthe disturbances in the boundary layers at the pipe wall (4.15)-(4018) 
and the interface ( 4o24)-( 4027) to those in the bulk of the water ( 408)-( 4011) imposes, 
amongst others, the following conditions (based on Taylor expansions similar to 
(3020) and (3024), and table 401; and correct to the lowest order in f): 

As= A1 = 0, ( 4.44) 
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Gann(r =a) 

Fann(r =a) = 

and, 

Ag= 0, 

Au= A13 = 
Gann(r = 1) = 

0, 

A3, 

0, 

As. 

(4.45) 
( 4.46) 

(4.47) 

( 4.48) 

( 4.49) 

The conditions (4.44) and (4.48) guarantee finiteness of the solutions (4.15)-(4.18) 
and ( 4.24)-( 4.27) for large e and z' respectively. 

The lowest order boundary conditions (2.46)-(2.48) at the pipe wall require 

Gwau(e = 0) 

Hwau(e = 0) 

Fwau(e = 0) 

0, 

0, 

0, 

(4.50) 

(4.51) 

(4.52) 

and the conditions (2.43)-(2.45), expressing the requirements of finiteness of the 
velocity disturbances on the axis of the pipe, imply that we can only allow the 
exponents Kj in ( 4.43) with a positive real part, so that the value of e"r decreases 
as r decreases. These exponents approximate the behaviour, round r = 1, of the 
convergent (for r ! 0) solution of the equations of motion and continuity in the oil 
core. If we arrange the solutions Kj of ( 4.39) in such a way that the real part of K1, 
K2 and K3 is positive and the real part of K4, Ks and K6 is negative, the coefficients 
A11, A1s and A19 will have to vanish: 

A11 0, 

A1s = 0, 
A19 0. 

(4.53) 

(4.54) 

(4.55) 

The requirements of continuity of the radial, tangential and axial velocity across 
the interface are, correct to the lowest order in c, expressed by 

-As- X1o(O)A10 + e"• A14 + e"~ A1s + e"• A16 = 0, (4.56) 
2ni/(O) . 

( 2 ) As+ Az12(0)A12 = 0, ( 4.57) 
a - 1 ac1 

[ 
2 2n

2
i/(O) ] A [-x~0 (0) 2x(O) ] A 

(a2 - 1)ac1 + (a2 - 1)a(a2 + n2) s + a + (a2 - 1)ac1 
10 

- nAil2(0) Al2 = 0, (4.58) 
a 

in which use is made of (2.49), (2.50), (2.52), (2.62)-(2.64), ( 4.24)-( 4.27), ( 4.43), 
(4.47), (4.48), (4.53)-(4.55), and table 4.1. The prime indicates differentiation with 
respect to z. Use of the condition (2.55) for the continuity of shear stress Urz:, the 
equations of motion (2.37) and (2.41), and the solutions (2.15) and (2.16) of the 
undisturbed Navier-Stokes equations, allows the condition (2.56) for the continuity 
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of u,.e to be written as [Hic71]: 

(G" + G' + (a
2 

+ n
2

- 1) G] l,.u = m (G" + G' + (a2 + n2
- 1) G] l,.r1

• 

(4.59) 

Correct to the leading order in e, the two shear stress conditions (2.55) and ( 4.59) 
re ad 

(4.60) 

and, 

(4.61) 

respectively, according to (2.62)-(2.64), (4.43), (4.47), (4.48) (4.53)-(4.55), and table 
4.1. The sixth interfacial condition, the normal stress condition (2.59), requires 

[ 
K 2i K s ( 2 2 )] A -P" 1 e 1 + -Kte 1

- -.1-- a + n -1 t4+ 
!R l 3 CkCt 

[ 
K 2i K s ( 2 2 )] -P"~e ~ + 10 K2e 2

- -.1-- a + n - 1 Ats+ 
:.tt (J QCt 

[ 

K 2i K. s ( 2 2 )] -P"•e 3 + 10 K3e 3
- -.1-- a + n -1 At6+ 

n t•ac1 

(4.62) 

again correct to the lowest order. This equation is based on (2.62)-(2.64), (4.24)
(4.27), (4.43), (4.47), (4.48), (4.53)-(4.55), and table 4.1. 

The equations ( 4.56)-( 4.58) and ( 4.60)-( 4.62) form a linear and homogeneaus 
system in the six constants As, Ato, A12, At4, Ats and At6· In order that these 
constants are not identically zero, giving a trivia! solution of the equations of motion 
and continuity, the determinant ofthis system must be zero. A long, but in principle 
simple, calculation expresses this requirement as 
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-K1 - K?}] + [(a2 - 1)2a{a2 + n2)(Îc1x'] { [a{K2 + K~- K3- K~) + F,.lK2 

{-1 + a 2 + n2 + K3 + K~)- F,.3 K3{-1 + a 2 + n2 + K2 + K~)] {2iK1- P,. 1 ~) 

+ [a{K3 + K~- K1- KÎ)- F,. 1 Kl{-1 + a 2 + n2 + K3 + K~) + F,.3 K3 

(-1 +a2 + n2 + Kl + K~)] {2iK2- P .. l~) + [a{Kl + K~- K2- Kn + F,.lKl 

(-1 + a 2 + n2 + K2 + K~)- F,.lK2{-1 + a 2 + n2 + K1 + Kn) 

(2iK3- P .. 3~)} = 0, 

(4.63) 

where K, F,. and P,. are given by {4.39), (4.41), {4.42), and x' and x are abbrevations 
for dx 10(0)/dz and X10(0), respectively. It can be easily verified that this relation 
is invariant under permutations in the subscripts 1, 2 and 3, which is a consequence 
of the arbitrary numbering of the eigenveetors in { 4.43). A Taylor expansion of 
the functions x and x' round c1 = 0, completely analogous to (3.41) and (3.42), 
turns ( 4.63) into a polynomial equation in c1 , from which the growth rate of non
axisymmetric disturbances can be calculated very easily, using a software package as, 
for instance, "Mathematica". The difference between solutions c1 (a,~. m, a, S, n) 
based on, on the one hand, a quadratic and, on the other hand, a cubic equation 
turns out to he negligible, so that we expand x and x' correct to O(ci). 

Figure 4.2 depiets the charaderistic relationship between the growth rate lm 
(adel) and the wave number a, for n = 0, 1, 2, 5, and 10. There are two ways to 
obtain the n=O-curve. The first possibility is to use the expression (3.40) for the 
growth rate of axisymmetric disturbances. Furthermore, we can use the relation 
( 4.63) with n = 0, but this requires some caution. For n = 0, the equation ( 4.39), 
which determines the eigenvalues Kj, can he factorized as 

(4.64) 

If we arrange the three solutions with a positive real part, i.e., K1, K2 and K3, in 
such a way that K1 and K2 are the roots of the first factor of ( 4.64) and K3 is 
the root of the second factor, the denominator of the three coefficients H ,. 3 , F,.3 

and P,.3 will become zero, as follows from {4.40)-{4.42). The root K3(a), satisfying 
(1 + a 2 

- K3 - K5) = 0, in fact expresses a degeneration, when n = 0, of the 
matrix from which the eigenval u es Kj follow ( equations ( 4.34)-( 4.37)). In terms 
of the dispersion relation ( 4.63), this degeneration can be removed by "taking" 
K3 = oo. So, application of ( 4.63) to axisymmetric disturbances makes only sense if 
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it is divided by ll':a = oo and made sure that the eigenvalues Kt and 11':2 are indeed 
solutions of the first factor of ( 4.64). Note that if we had foliowed from the beginning 
the procedure of the previous chapter, where the tangential velocity disturbance is 
omitted from consideration, we would have obtained only the first factor of (4.64) 
in the eigenvalue equation for the axisymmetric disturbances in the oil. 

Figure 4.2: Growth rate Im(ac1f!) versus wave number a for the mode numbers 
n = 0, n = 1, n = 2, n = 5, and n = 10, when !R = 10, m = 0.0001, a = 1.025, and 
S = 0.0005. The n = 0-curve and the n = 1-curve almost coincide. 

A look at tigure 4.2 learns that the growth rate of axisymmetric and non
axisymmetric disturbances with relatively short wavelengtbs are almost the same. 
The difference between the growth rate of a non-axisymmetric and an axisymmetric 
mode increases for decreasing wave number a and increasing mode number n. This 
tendency can he understood in termsof the ratio nfa, giving an indication of the 
influence of a non-zero mode number on the results of an axisymmetric analysis. 
Note that the growth rate of the first non-axisymmetric mode (n = 1), can hardly 
he distinguished from the one of the axisymmetric mode, even for small values of a. 
The maximum growth ra te of the non-axisymmetric modes is only weakly dependent 
on n and is, for larger n, reached at smallervalues of a. A more significant change 
is found in the value of the lowest cut-off a1ow, which decreases for increasing n. 
Thus, an evaluation of the dispersion relation ( 4.63) reveals that in the description 
of interfacial waves in core-annular flow both axisymmetric and non-axisymmetric 
modes should he taken into account. The growth rate of both modes is of the same 
order of magnitude, so that even non-axisymmetric modes with a relatively high 
mode number, e.g., n = 10, will play a role in core-annular flow under practically 
interesting circumstances. This condusion does not agree with the assumption made 
by Miesen et al. [MBD+91] that the stability of the oilfwater interface is mainly 
determined by axisymmetric disturbances. Satisfaction of this assumption would 
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have required that the growth rates of the non-axisymmetric modes had been nega
tive or much smaller than the one of the axisymmetric mode, for all values of a (so 
that alow(n -:f:. 0) > Ck/ow(n = 0) and ahigh(n -:f:. 0) < ahigh(n = 0)). Nevertheless, 
Miesen et al. tind a good agreement between experimental observations and their 
two-dimensional analysis, especially in a qualitative sense. These observations, how
ever, are restricted to the top ofthe pipe (tixed azimuthal angle), so that a possible 
presence of non-axisymmetric interfacial waves was not paid attention to. 

One of the conclusions from a (numerical) analysis by Preziosi et al. [PCJ89], 
for m ~ 0.05, is that axisymmetric disturbances are "always" found to be less stabie 
than the non-axisymmetric ones. Preziosi et al. put some arguments forward which 
suggest that the axisymmetric modes ought to be most dangerous. The stahiliz
ing effect of surface tension appears only in the normal stress condition (2.59) at 
the interface and is proportional to (a2 + n2 - 1): the larger the mode number, 
the larger the stahilizing influence of surface tension. Also, the fact that Squire's 
theorem [DR81] holds for the plane analogue of our stability problem [HPP86] sug
gests that two-dimensional disturbances in the plane of flow are most dangerous, 
even when surface tension is not important. However, a look at tigure 4.2 learns 
that the growth rate of non-axisymmetric disturbance with a relatively long wave
length can be positive while the growth rate of a axisymmetric disturbance with 
the same wavelength is negative. The shape of the curves in tigure 4.2 is equivalent 
to tigure 2 in [PCJ89], so that we might argue that our non-axisymmetric analy
sis confirms, in a qualitative sense, the findings of Preziosi et al.. Here, however, 
appears the ambiguous nature of terminology such as "axisymmetric disturbances 
are more unstable than non-axisymmetric ones" or "axisymmetric disturbances are 
most dangerous". Preziosi et al. meao with these statements that the maximum 
growth rate of an arbitrary non-axisymmetric mode is smaller than the maximum 
growth ra te of the axisymmetric mode. From a semantic point of view, however, it 
is also justified to interpret their statements as indicating that the growth rate of 
a non-axisymmetric disturbance is smaller than the growth rate of the axisymmet
ric disturbance with the same wavelength, irrespective of this wavelength. Figure 
4.2 shows that this second interpretation is not correct and it demonstratea that 
observed wave patterns are expected to include relatively high wavelengths, which 
are stabie according to a pure axisymmetric analysis. In the approximation of the 
equations of motion ( 4.30)-( 4.32) and continuity ( 4.33) in the oil co re by ( 4.34)
( 4.37), we have assumed that 0( ~;) < 1. Due to this assumption, we are not able 
to predict the highest wavelength possible in core-annular flow (smallest value of 
a1ow as function of n), but that does not affect the condusion that a description of 
interfacial waves is incomplete if non-axisymmetric modes are not considered. 



Chapter 5 

Conclusions and 
recommendations 

Our investigation of the stability of the oilfwater interface in core-annular flow with 
a small viscosity ratio, both with respect to axisymmetric and non-axisymmetric 
disturbances, is based on the metbod of matebed asymp\otic expansions, using f = 
mf?Ro: as a small parameter. As the ratio of viscosities of water to oil m tends to 
zero, the interfacial wave tends to a standing wave convected with the velocity of 
the flow at the interface and the maximum growth rate tends to zero (see (2.64)); 
we get a neutrally stabie standing wave in a coordinate system moving with the 
velocity of the interface. A fundamental assumption we make in the linear stability 
analysis is that the critica! point, where Re(W - c) = 0, is close to the interface 
within a distance of order d, as is strongly suggested by the experiment [MBD+91). 

As is already noticed in [MBD+91), a typical dimensionless growth rate of 0.4 
(see figure 4.2) implies that waves willalmost form instantaneously on the surface of 
the core. With a velocity of 1 m s-1 and a pipe radius of 0.1 m, this dimensionless 
growth rate gives a dimensional one of 4 s- 1, so that the amplitude of a disturbance 
grows by a factor e in only 1/4 s. 

The most important condusion to be drawn from the axisymmetric analysis 
is that it reproduces the results of the two-dimensional analysis by Miesen et al. 
[MBD+91): the values ofthe two cut-offs O:/ow and O:high are in a cylindrical geometry 
only a few per cent smaller than those in a two-dimensional geometry, provided that 
the oil core is much thicker than the water layer. 

Furthermore, the non-axisymmetric analysis reveals that a description of inter
facial waves in core-annular flow should also take the non-axisymmetric modes into 
account, because these modes turn out to have growth rates comparable to those 
of the axisymmetric modes. The non-axisymmetric analysis supplements the cur
rent picture of the formation of these waves. The lowest cut-off O:/ow decreases as 
the mode number n increases, which may be qualitatively understood in terms of 
Squire's theorem fora quasi-plane ((a- 1) ~ 1) geometry [DR81) [HPP86). This 
theorem indicates that the phase velocity c(o:, ,B, ?R) of a disturbance in the x-y 
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plane, proportional to ei(or+P!I), equals the velocity c( ii, á?) of a disturbance parallel 
to the x-axis, proportional to eior' provided that ii2 = a 2 + /32 and aá? = a~. 
Generalisation of this theorem to a quasi-plane geometry, where the mode num
ber n is believed to take on the role of the wave number /3, and using the relation 
(3.46), indicating a decreasein Oiow(n = 0) fora smaller Reynolds number, implies 
Oiow(n :/; 0) < Oiow(n = 0). 

Up till now, appropriate experimental observations to campare the results of 
the non-axisymmetric analysis to, are not available. A Fourier decomposition of 
the radius of the interface, measured on a eertaio moment of time as function of 
both the axial coordinate and the azimuthal angle, could reveal to which extent the 
predictions of the non-axisymmetric analysis agree with the experiment. Note that 
such an (expensive) experiment requires a considerable amount of devices measuring 
the distance of the wall to the interface, along a circumference of the pipe. 

A natural continuation of the research on the theory of the interfacial stability 
of core-annular flow with a small viscosity ratio would seem to he the inclusion of 
non-linear effects. Th is might show, for instance, a decrease of the growth rate of the 
interfacial waves when their amplitudes become larger, thus saturating the linear 
growth of these waves. 
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Chapter 6 

N omenclature 

a ratio radius of pipe and radius of core [-] 
A area [m2] 
Ai(·) Airy function [-] 
Ai arbitrary constant,j E {1, ... ,19} [-] 
c dimensionless phase velocity [-] 
c1 coefficient in expansion c = 1 + c1 ei + ... [-] 
Cj arbitrary constant,j E {1, ... ,14} [-] 
F radial part of axial velocity disturbance [-] 
F K. coefficient in eigenvector oil core [-] 
G radial part of radial velocity disturbance [-] 
H radial part of tangential velocity disturbance [-] 
HK. coefficient in eigenvector oil core [-] 
lv (-) modified Bessel function, first kind, order 11 [-] 

Kv(·) modified Bessel function, second kind, order 11 [-] 

m ratio viscosity of water and oil [-] 
n mode number or tangential wave number [-] 
p pressure [Nm-2] 
P radial part of pressure disturbance [-] 
P K. coefficient in eigenvector oil core [-] 
r dimensionless radial coordinate [-] 
R radial coordinate [m] 
R1 principal radius of curvature [m] 
R2 principal radius of curvature [m] 
Ro radius of oil core [m] 
Rp radius of pipe [m] 
S dimensionless surface tension [-] 
T surface tension [N m- 1] 

u radial velocity ( disturbance) [ m s-1] 
v tangential velocity (disturbance) [m s- 1] 

V volume [m3] 

w axial velocity [m s- 1] 
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W dimensionless axial velocity [-] 
x dimensionless axial coordinate [-] 
x0 combination of parameters c1, a, !R, m, a, and S, according to (3.48) [-] 
X axial coordinate [m) 
Yo combination of parameters c1, a, !R, m, a, and S, according to (3.49) [-] 
z stretched coordinate according to (3.10) 
zo combination of parameters c1, a, !R, m, a, and S, according to (3.50) [-] 

a dimensionless wave number corresponding to x-axis [-) 
f3 dimensionless wave number corresponding to y-axis [-] 
E dimensionless small parameter m/!Ra 
TJ dimensionless disturbance of the interface [-] 
() azimuthal angle [-] 
"' eigenvalue in oil care, i.e., salution of (4.39) [-] 
À wavelength [m) 
J.lo dynamic oil viscosity [Pa s] 
J.lw dynamic water viscosity [Pa s] 
Ç stretched coordinate according to (3.7) 
p mass density [kg m-3] 

Po oil mass density [kg m-3] 

Pw water mass density [kg m-3 ] 

r1'rx shear stress in r-x plane [N m-2] 

rrre shear stress in r-0 plane [N m-2] 

r dimensionless time [-] 
x(·) double integral over Airy function, according to (3.15) and (3.16) [-] 



Appendix A 

Thickness of the two 
boundary layers 

After eliminating the axial velocity disturbance F and the pressure disturbance P, 
the equations of motion and continuity (2.38)-(2.41) reduce to the following two 
equations for the radial and tangential velocity disturbances G and H: 

( ) a ( ra 1 ra ( ) 1 im a W-c G = -- W- c)H - -WH- - W-c H - -
n n n n~ 

[H" 1H1 ( 2 n
2 

+ 1) H 2nc] imr [H"' 1H" +- - a+-- -- -- +- -
r r2 r2 n~ r 

im[c" 1G1 ( 2 n
2
+1)c 2nH] - +- - a+-- --

~ r r2 r2 ' 
(A.1) 

and, 

-W-c G +- +-H + W =- W-cH+-- H +-H-( )( 
1 1 G n ) G 1 ra

2 
( ) i ram [ 11 1 1 

r r n n~ r 

( 
2 n

2 
+ 1) H 2nc] im [(c1" 1G11 2 G1 2 G nH11 a+-- -- +- +- -- +- +-

r2 r2 a~ r r 2 r 3 r 

--H +-H +- G +- -- --H +-H - a+-2n 1 2n ) 1 ( 11 1 G1 1 G n 1 n ) ( 2 n
2

) 
r2 r 3 r r r 2 r r 2 r 2 

(A.2) 
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Appendix A. Tbickness of tbe two boundary layers 

Introduetion of the stretched coordinate 

a-r e = -{J-, 
( 

53 

(A.3) 

for the boundary layer at the pipe wall, where O(W- c) = 1, expresses the dominanee 
ofthe derivatives, i.e., O(dfdr) = cfJ with {3 > 0, in this layer. The equations (A.1) 
and (A.2), correct to the leading order in f:, give 

= o[.!.(-tJ H] + o(.!.(l-a{J H], 
n n 

(A.4) 

= o(( 0: + n) H] + o[( :2 

+ n) (1
-

2fJ H]. (A.5) 

The "equation" (A.4) allows six possible dominant combinations: dominanee of the 
first and the second term over the third and the fourth, i.e., O(G) = 0[f:1- 2fJG] ~ 
O[ftf-fJ H] and O(G) = 0[f1- 2fJG] ~ O[ftfl-JfJ H]; dominanee of the first and third 
term over the second and fourth, etcetera. The same holds for the "equation" (A.5). 
It can be easily verified that the only consistent value of {3 in these 6 x 6 possibilities 
turns out to be {3 = 1/2, so that the thickness of the boundary layer at the pipe 
wallis approximately d, irrespective of the mode number n. 

Introduetion of the stretched coordinate 

r-1 
z=--, 

('Y 
(A.6) 

for the boundary layer at the interface, where O(W- c) = {Y, expresses the dom
inanee of the derivatives, i.e., O(dfdr) = f:--r with "f > 0 in this layer. A same 
reasoning as for the exponent {3 shows that "f equals 1/3. This means that the 
thickness of the boundary layer at the interface is approximately d, irrespective of 
the mode number n. 



Appendix B 

Contour lines in the 
(xo, Yo, z0) space 

Using the two approximations (3.41) and (3.42) for x' and x"', the expression (3.40) 
for the growth rate of axisymmetric disturbances is a quadratic equation in cl. 
Putting c1 = Re( ct) + i Im( ct) allows this complex equation to be written in 
two parts: one representing Re( LH S) = 0 and one representing Im( LH S) = 0, 
where LHS is an abbreviation fortheleft-hand side of (3.40) after the use of (3.41) 
and (3.42), with Ai(O) = 0.3550, dAi(O)fdy = -0.2588, d2 Ai(O)fdy2 = 0 and 
d3 Ai(O)/dy3 = 0.1775. Elimination of Re(ct) from one of these equations and 
change to the coordinates xo, yo and zo, as defined by (3.48), (3.49) and (3.50), 
yields the (single) equation 

[ (2.531 - 1.837 z5 - zó) + yo( -1.186 + 1.291z5) + Y5 (0.1388- 0.25z5)] + 

xo [( -5.845 + 4.742zo- 6.364z5 + 5.164zg) + Yo (7.531- 7.007zo + 2.235z5-

4zg) + Y5( -3.034 + 3.228zo) + yg(0.3726- 0.5zo)] + x5 [( -2.748 + 21.91zo-

16.24z5 + 5.961zg- 8zó) + Yo (5.238- 22.35zo + 15.49z5) + Y5 ( -1.11+ 

5.216zo- 5z~)] +x~ [( -7.066 + 24.7zo- 40.85z~ + 20.66zg) + Yo (3.311-

11.11zo + 20.86z5 -16zg)] +x~ [(6.621zo -17.77z5 + 23.84zg -16zÓ)] = 0. 

(B.l) 

For fixed values of zo, this relation gives the contour lines Yo(xo) as illustrated in 
figure 3.3. 

Neglecting surface tension, that is, assuming that Yo < x0 , and setting Im(c1) = 
0, i.e., zo = 0, yields the equation 

xg + 0.3888x5 + 0.8264xo - 0.3580 = 0, (B.2) 
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with the real solution zo = 0.3349. This means that the lowest cut-off a1ow is, in a 
first approximation, a solution of 

- (a2
- 1)a [ 1 + a 2

- a 2 ~5(~~] = 0.33493?. (B.3) 

For a1ow > 3, so that [1+a2 -a2/~(a)/11 (a)2] :::::-.-a, and (a-1) «: 1, we cao 
approximate this solution by (cf. equation (3.46)) 

( 
a-1) nr 

alow = 0.409 1 - - 4- V -;;::::!• {B.4) 

For larger wave numbers a only the first terms in (3.41) and (3.42) seems to be 
important; substitution of these first termsin the dispersion relation (3.40) results in 
an explicit expression for the growth rate of axisymmetric disturbances ( cf. equation 
{3.43)) 

.1 a~S ( 5(a- 1)) ( ~2m ) ! Im(ac1f3) = --2- + 0.3362 1-
6 

a 4(a _ 
1
)5 (B.5) 

From (B.5) follows for the highest cut-off ahigh (cf. equation {3.44)) 

ahïgh = 0.844 (1- 5(a1~ 1)) ca- ~slRsa) -t (B.6) 

Another way to obtain this expression follows from (B.1). For zo = 0, a large 
wave number a and a small enough surface tension parameter S, this equation 
approximately reads 

x~ [-7.066 + 3.311yo] = 0, (B.7) 

so that Yo ~ 2.134. After using (3.49) and (a- 1) «: 1, this gives an approximation 
for ahigh equivalent to (B.6). 


