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Gert Streutker 

Hot electrons in Silicon devices 

ABSTRACT 

For small bipolar and mos-transistors substrate currents calculated with a local electric 
field model are usually several orders too large. This is because the assumption that the 
electron temperature is in equilibrium with the lattice temperature no longer holds: the 
electrons are hot. To calculate the electron temperature, an extremely simple model is 
presented, based on the Hydro-dynamic energy equations, that calculates the electron 
temperature. With the calculated temperature distribution and known empirical mod
els for impact ionization, excellent agreement is found between predicted and measured 
avalanche currents for deep submicron bipolar and mos-transistors. The model extends 
the validity range of device simulators to future generations. 
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Chapter 1 

Introduction 

The advent of submicron devices for Very Large Scale Integration (VLSI) integrated cir
cuits requires an assessment of the applicability of the physical models used to calculate 
devices characteristics. The starting point of these calculations are simulation programs 
, such as MINIMOS (39] and PISCES (40], based on the so-called Drift-Diffusion ( D.D. 
) model. The D.D.-model is essentially derived from the Boltzmann Transport Equations 
( B.T.DE. ) using small non-equilibrium perturbation to the thermal equilibrium distri
bution. Physical models used by these simulators, e.g. carrier mobility and avalanche 
multiplication, has generally been calculated as a function of the local electric field ( E ) . 
Th.is approach assumes that a steady-state relation between the electric field and the distri
bution function of the carriers exists, which is reflected by a space- and time-independent 
balance of the total energy gained by the carriers in the field and lost by them to the 
phonons. 

However, in extreme small structures with large inhomogeneous fields under highly non
equilibrium conditions carriers can attain energies far in excess of their thermal equilibrium 
value: they become 'HOT' ('HOT'-electrons). The local instantaneous balance must be 
generalized by a set of space- and time-dependent 'Hydro-Dynamic' (H.D.) balance equa
tions for moments of the B.T.E. [l]. 

In this thesis we derive a closed set of H.D. balance equations for carrier density (n), the 
mean momentum ( m*v) and mean energy ( £) per carrier. Application to Silicon devices 
revealed that the complex set of H.D. equations can be simplified to such an extend that it 
can easily be implemented, as postprocessing, in existing device simulators without hardly 
any extra computation time. 

The starting point, chapter 2, will be the discussion of the dom;nant collision mechanism 
experienced by the carriers. The results are theoretically calculated momentum and energy 
relaxation times. 

In chapter 3 the B. T .E. are briefly discussed and reduced to a set of energy- momentUin
conservation equations ( Reduced Hydro-Dynamic equations, R.H.D.-eqn. ) applicable to 
Silicon semi-conductors. 

Chapter 4 presents the numerical implementation of the R.H.D.-eqn. into a simulation 
program (R.H.D.-program). The calculations of carrier velocity ( i.e. momentum) and 
energy distribution ( i.e. carrier temperature Te ) is compared with Monte Carlo calcula-
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tions ( chapter 5 ) and simplifications are pointed out. The simplifications ( chapter 6 ) 
results in a decoupling of the e<L_;y continuity equation from the momentum continuity 
equation and introduces an energy relaxation length >.e: the mean distance traveled by 
the carrier between two subsequent energy relaxing collisions. 

In chapter 7 the empirical local imr~"t ionization model is discussed. The model is altered 
in such a way that it can be used to measure Ae. 

Measurement results for bipolar- and MOS-transistors are presented in chapter 8, where 
we fit >-e with the measurements. 

In chapter 9 the validity range of the pr0posed simplifications are discussed. 

Chapters 8 and 9 are extended reprints of papers presented at the IEDM 1991 conference 
[27] and ESSDERC 1992 conference [37] respectively. 
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Chapter 2 

Scattering mechanisms 

As charge carriers flow through a device they are subjected to carrier-phonon, carrier
impurity and carrier-carrier interactions. The transi_tion rate P( k, ft) of a collision be
tween a carrier and a phonon, an impurity atom or an other carrier, is defined as the 
probability per mtit time that a carrier with crystal momentmu k scatters to a state with 
crystal momentum ft. The transition is accompaitied by an exchai1ge of momentum /J and 
energy between carrier ai1d crystal atom. The transition must obey the conservation of 
momentum and energy. In tltis chapter we mainly evaluate the collisions between electrons 
colliding with the vibrating crystal lattice atoms. Other scattering mechanisms will only 
b2 discussed briefly, because they are relatively mtimportai1t compared to electron-phonon 
scattering. 

2.1 Electron-phonon scattering 

In tltis section we evaluate the collisions between the t:!"avelling electrons with the vibrating 
crystal atoms. In describing tltis type of collisions, phonons play an important role. We 
will show that the vibrating atoms produce a scattering potential Us ( r, t). Tltis scattering 
potential together with Fermi's golden rule ([7]) is used to calculate the transition rate 
P(k, kt). To find an expression for Us(r, t), we first present a comprehensive overview of 
how phonons are described ([5]). 

2.1.1 Crystal lattice vibrations: PHONONS 

Basically, phonons represent the vibrations of the crystal lattice. If an atom is displaced 
from its equilibrimn position, the bonding forces tend to push it back, so it oscillates a.bout 
its equilibrium position. We want to find a. mathematical description for the vibration of 
crystal lattice atoms. 

The lattice atoms can be visualized as an array of poin ;-masses com1ectecl by springs 
(fig. 2.1 ). The masses are just the positive ions. The spring's are not so obvious. If 
the potential energy Usp is at a ntinimum, the lenght of the spring's is l

0
. It resists any 
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Figure 2.1: Visualization of atoms in a lattice 

attempt to change its length. If the spring is ideal, the potential energy can be written as 

Usp = ~Ksp(l - lo) 2 {2.1) 

where Ksp is the spring constant. The force exerted by the spring is given by Hooke's law 

(2.2) 

2.1.2 Mono-atomic lattice 

We start with describing a lattice with one atom per primitive cell (mono-atomic). For 
simplicity, let us consider a one dimensional array of atoms ( fig. 2.2 ) and consider only 
nearest-neighbour interactions. Assuming that Um is the displacement of the m-th atom 

'--~--' I I 

m-2 m-1 m m+l m+2 

Figure 2.2: Representation of a mono-atomic lattice. a is the space between two atoms 

from its equilibrium position in the lattice, the force exerted on the m-th atom by the 
spring on the left is K sp( Um-1 - Um), while that exerted by the spring on the right ( the 
other neighbour ) is Ksp( Um - um+l) the total force on the m-th atom is: 

Fsp = Ksp(Um-1 - Um}+ Ksp(Um - 11,m+i) 

From Newton ·s law. the equation of motion of atom 1. 1, is: 
2 d 1lm Ksp 

-
2

- = --(1i,m+l +um-1-2um) 
dt M 

© Philips Electronics N.V. 1993 
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where M is the mass of an atom. If there was no coupling, each atom would then be an 
independent oscillator. The established coupling make that if we push an atom aside and 
let it go, it will set in motion the neighboring atoms, and so on. 

This rather complicated motion is visualized by the use of so called normal modes. Con
sider a traveling sinusoidal displacement pattern of the form: 

um(t) 
Um(t) 

u13eim/3ae-iw(f3)t + u~e-imf3aei<v(/3)t 
2lu13lcos(m,Ba - w(,B)t + <f>B) (2.5) 

u13 is a complex number whose magnitude is lu13I and with phase <f>B· f3 is the phonon 
wave vector ( a scalar because we consider I-dimension ). Equation 2.5 states that the 
movement of the m-th atom is supposed to have an in time dependence exp(-iw(f3)t). 
Denoting (8 = mf3a - w(f3)t + </>B) and insert eqn. 2.5 into eqn. 2.4 results in: 

2w
2
lu13icos(8) = ;; lu13i[cos(8 + {3a) - 2cos(8) + cos(8 - /3a)] (2.6) 

Making use of the identity cos( 8 + {3a) = cos( 8 )cos(f3a) - sin( 8 )sin(f3a) and the identity 
cos( e - {3a) = cos( e )cos(f3a) + sin( e )sin(f3a) we have for the dispersion relation, a 
relation between w and /3: 

2 2Ksp 
w = ~ (1 - cos(f3a)) (2.7) 

or by a trigonometric identity it may be written as: 

2 2Ksp 2 . 2(/3a) w = -- sin -
M 2 (2.8) 

Fig. 2.3 shows a plot of the dispersion law w(f3). Since cos( mf3a) is the same as cos( m(f3a+ 
271")), Um is the same for some value of /3 and for /3 + 271" /a. That is why the dispersion 
curve is normally plotted over the range -71" /a < /3 < 7r /a : its first Brillouin zone. 
The displacement pattern Um for any value of f3 outside this range is the same as that 
corresponding to some value of /3 within this range. 

The energy associated with the vibration is obtained by adding the kinetic energy of the 
atom to the potential energy of the spring. The kinetic energy of atom m is given by: 

£kin. 

£kin. 
(2.9) 

The potential energy is more difficult to calculate. For a harmonic oscillator, the total 
energy oscillates between the kinetic and potential energy. Hence, the total energy £

101 
is 

of phonons with wave vector /3 simply equal to the maximum value of the kinetic energy: 

(2.10) 

where N is the total munber of atoms. The equation of motion ( eqn. 2.4 ) is linear 
so any complicated vibration can be visualized as a superposition of normal modes with 
different values of f3. By adding the individual normal modes the total energy of the lattice 
vibration is: 

£ = L 2pDw 2(/3)/ua/ 2 (2.11) 
/3 
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Figure 2.3: Dispersion curve 

where p is the density of the solid and n is the volume. 

The quantum theory requires that the energy of any oscillation with a resonant frequency 
w(/3) be quatized in units of nw: 

£(/3) = 1iw(f3)(no(/3) + 1/2) (2.12) 

The quantum energy is viewed as a particle called a phonon. no(/3) is an integer: the 
number of phonons with wave vector /3, and is given by the Bose-Einstein factor (see next 
section). We neglect the zero-point energy hw/2 and with eqn. 2.10 we have a r.elation 

for luBI 
(2.13) 

Inserting eqn. 2.13 in eqn. 2.5 results in an equation for the displacement of a vibrating 
lattice atom: 

u (x t) = ~ [a ei[,13x-w(,13)t] + a* e-i[,13x-w(,13)t]] 
m' y~ ,13 ,13 

(2.14) 

where ja,13j 2 = n0 (f3). Note that x can only have discrete values ma because at these sites 
we have positioned a lattice atom that vibrates. 

2.1.3 Number of phonons: Bose-Einstein factor 

The number of phonons with wave vector /3 , can be any number and the average value 
n 0 (/3) at equilibrium is given by the Bose-Einstein factor. 

(2.15) 

For 
(2.16) 
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eqn. 2.15 reduces to : 

(2.17) 

which is known as equipartition and is usually valid for acoustic phonons. Eqn. 2.17 tells 
us simply how many phonons we need to account for the thermal energy. 

2.1.4 diatomic lattice 

How will the dispersion relation look like in a crystal with two ( = diatomic ) or more 
( = polyatomic) atoms per primitive cell ? We consider a cubic crystal where atoms of 
mass M 1 lie on one set of planes and atoms of mass M2 lie in a plane interleaved between 
those of the first set. Again, let a denote the repeat distance of the lattice in the direction 
normal to the lattice planes (i.e. the distance between nearest identical planes, not nearest
neighbour planes) and consider the problem in one dimension (i.e. planes becomes single 
atoms, fig. 2.4 ). 

_,,.,.,, ... ~ a 

Ml ~ 

- - - - -~·.A.IN'- b 

- - - - - c 

Figure 2.4: Visualization of a diatomic lattice (a), acoustical vibration (b) and optical 
vibration ( c) 

The equation of motion are known from eqn. 2.4 

d
2

um _ ~( + 2 ) 
dt2 - M Vm Vm-1 - Um 

d
2

vm _ ~( + 2 ) 
dt2 - M

2 
Um+I Um - Vm 

(2.18) 

where u is the amplitude of atoms with mass M 1 and v that for atoms with mass M
2

, and 
as before we suppose the solution is in the form of traveling waves : 

um(t) = 2ju13jcos(rn/3a - w(f3)t +<PB) 
v,,,(t) 2jv13jcos(rn/3a - w(f3)t +<PB) 

After substitution of eqn. 2.19 into eqn. 2.18 we have: 

-w2u = ~[v(l + e-i/3a) - 2a] 
2 h ·n 

-w· v = ~[1L(e•µa + 1) - 2·u] 

(2.19) 

(2.20) 

12 
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which has only a solution if the determinant of the coefficients of the unknowns u and v 
vanishes. This results in: 

(2.21) 

and can be solved exactly for w~. It is more instructive to find a solution for the two 
extremes: {3a ~ 1 and {3a = ±7r. For small {3a we expand cos({3a) = 1 - tf32a 2 + .. and 
the two roots become: for the optical branch 

2 ( 1 1 ) 
w = 2Ksp M1 + M2 (2.22) 

and for the acoustical branch 

w2 = !K ( 1 ) r:i.2a2 
2 sp M1 + M2 tJ 

(2.23) 

If M1 ~ M2 then the optical branch reduces to: 

t2.24) 

while the acoustical branch results in 

w2 ~ K r:i.2a2 (-1-) 
sptJ 2M1 (2.25) 

So, for {3a ~ 1 the difference between the optical branch and the acoustical branch is that 
for the optical branch w is constant while the for the acoustical branch w is a function of 
{3. 

For the other extreme ( {3a = ±7r ) the roots are: 

w2 = 2!fg
w2 = 2!fg 

for optical and acoustical branches respectively. 

(2.26) 

In the diatomic crystal two types of vibrational branches are found. Substitution of 
eqn. 2.22 into eqn. 2.20 gives 

(2.27) 

and is interpret as nearby light and heavy atoms displace in opposite direction but their 
center of mass is fixed ( fig. 2.4 c ). It corresponds to an optical mode. 

The other mode is found on substitution of eqn. 2.23 into eqn. 2.20 

v=u (2.28) 

This means the atoms move together in the same direction ( fig. 2.4 b ) and corresponds 
to the acoustic modes described for the mono-atomic crystal. 

A characteristic feature of elastic waves in poly atomic crystals is that for certain frequen-
. l · . lik 1 t. Thi t f . b t l2K.; d fiK; cH~s t ielf is no wave e sou 10n. s occurs a requenc1es e ween y M-: an y ~· 

There is a frequency gap at boundary f3max = ±~ of the first Brillon.in zone (fig. 2.5 ). 

© Philips Electronics N.V. 1993 13 



(I) 

Figure 2.5: Simplified dispersion curve 

2.2 Phonon emission and absorption rates 

The vibrating "ions" generate in time varying potentials which interact with traveling 
electrons and results in absorption and emission of phonons, i.e. exchange of momentum 
and energy between carriers and crystal atoms. For this process the momentum and 
energy should be conserved. The rate of absorption (Ra(f,/J)) and emission (Re(f,/J) can 
be calcclated using the time-dependent Fermi-Golden-rule [7] [8], 

- - 211" I 12 P(k,k') = r; Hf,k' o(ep - e-;:;± nw(f3)) (2.29) 

where 

(2.30) 

with Us( i) time independent term of the in time varying potential Us( i, t) of the vibrating 
lattice atoms and e the energy of the electrons. Remember that P( k, k') is the transition 
rate defined earlier and is split in emission and absorption rates in one of the next section. 

So, to apply Fermi-Golden-Rule, we first have to find Us(i, t). To calculate this perturbing 
potential, we make use of the deformation potential model [6]. 

2.2.1 Phonon scattering rates 

Lattice vibrations deform the lattice producing an in time varying potential (i.e. scattering 
potential). It seems reasonable to assume that the scattering potential Us( i, t) due to a 
phonon with wave vector /J is proportional to the amplitude of the vibration, provided it 
is small. 

(2.31) 

where Ka is a constant (eV/cm). In eqn. 2.31 u/J(i,t) is the movement of an atom and 

is described by eqn. 2.14. We 0 plit eqn. 2.31 into an absorption potential, U5, and an 

14 © Philips Electronics N.V. 1993 



emission potential u5 

Us( i, t) = Us( T)e-iw(/3)t + Us( T)eiw(/3)t (2.32) 

where 

Ua(;;'\- K ~ i/J•r s r 1 - 13y~a13e (2.33) 

and 
(2.34) 

The last equation states that U5( T) is the complex conjugated of U,~( T). The term ab
sorption and emission will become clear later. 

To evaluate Fermi' s golden rule ( eqn. 2. 29) we have to calculate the matrix element for 
absorption ( [6] ): 

I 

H~, _ = ~ je-ik .ru:S(T)eikerd3r 
k ,k H 

With eqn. 2.33 for Us inserted in eqn. 2.35 we have 

with the solution 

_, - - _, - -
for k = k + f3 and for k f. k + f3: 

H~, _ = 0 
k ,k 

The scattering potential results in a transition rate of 

with _, - -
k = k+f3 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

The delta functions represent energy-conservation. Hence, the rate of phonon absorption 
is given by 

(2.41) 

where _, - -
k =k+f3 (2.42) 

The rate of phonon absorption is thus proportional to the number of phonons ( n13) present. 
- _, 

Calculating pe ( k, k ) will result in an equation where the rate of phonon emission is also 
proportional to the number of phonons present. It means that the emission of phonons 
is stimulated by the presew:e of phonons. This is called stimulated emission. However, 

© Philips Electronics N.V. 1993 15 



there is also a process called spontaneous emission. How is this formulated ? The correct 
answer is obtained replacing n(3 by ( n(3 + 1 ): 

(2.43) 

where uow 
_, - -
k =k-{3 (2.44) 

must be fulfilled. 

2.2.2 Deformation potentials 

Iu the previous section equ. 2.31 defines a scattering potential. Iu au earlier section we 
found that there are two types of phonons: Acoustic Phonous ( referred to as A.P. ) aud 
Optical Phonons ( referred to as 0 .P ) . They cause different K /3, thus different scattering 
potentials. Iu this section we will calculate these two different K13's. 

Acoustic-Phouous (A.P.): For these vibrations, ueighbouriug atoms move iu the same 
direction aud only the magnitude of the displacement varies from atom to atom. The 
difference iu displacement between two adjacent atoms ( average distance a ) can be 
approximated by 

I u( a) - u( 0) I = ( V' u) a (2.45) 

The change iu distance from one atom to au adjacent atom introduces a change in the 
conduction- aud valence-baud edge. Thus a carrier that is in transition from one atom to 
a neighbouring atom experiences a change in energy ( U A.P. ) aud, provided the variation 
in lattice spacing is small, the change in energy is proportional to I u( a) - u( 0) J. Hence, 
the scattering potential for acoustic phonons is 

ou(x, t) 
UA.P.(x,t)=DA ox (2.46) 

where D A is the acoustic deformation potential. Iusertiug the relation for the crystal atom 
displacement (eqn. 2.14) iuto eqn. 2.46 results in 

UA.P.(x,t) = ±iDAf3u(x,t) (2.47) 

Comparing with eqn. 2.31 we have: 

(2.48) 

Optical-Phonons ( 0 .P. ): Now the neighbouring atoms move in the opposite direction while 
the center of mass is fued. The displacement produces a change in lattice spacing directly. 
The effect is that the carrier that is in transition from one atom to its neighbouring 
atom changes its energy by an amount proportional to the atomic displacement. So, the 
scattering potential for optical phonons is written as 

Uo.P.(x, t) = Do1t(x, t) (2.49) 

where Do is the opt: :ctl deformation potential. Again comparing this result with eqn. 2.31 
we now have: 

(2.50) 

16 © Philips Electronics N.V. 1993 



For later use an approximation for WA.P.(f3) and wo.P.(f3), based on previously found range 
for {3, is given. From fig. 2.5 we prop:-::'" ~hat for smallf3, the dispersion relation for acoustic 
modes can be approximated by 

nw A.P. = ncsf3 (2.51) 

where Cs is the sound velocity in the crystal. 

When carriers are scattered by optical phonons and remain within the same valley, only 
small wave vectors are involved and the dispersion relation can be approximated by : 

nwo.P. = nwo (2.52) 

Note that the A.P.-energy is much lower than the O.P.-energy and that the energy of an 
O.P. is constant with momentum. 

~ -i ~ ~ 

2.3 changing arguments: k, k - - > k, f3 

_, - -
In a previous section we saw that the momentum equation relates k , k and f3 with one 
another. Thus specifying two of them ( e.g. k and iJ) automatically specifies the other (e.g. 
k'). The scattering rates, evaluated previously, are a function of the particle momentum - _, 
before and after the collision, i.e. a function of k and k . We can easily define a scattering 
function Ra that takes k and iJ as arguments: 

(2.53) 

which tells us the rate at which an electron in state k absorbs phonons with wave vector 
iJ, and Re : 

(2.54) 

the rate at which it emits phonons with wave vector if. This transformation is only 
because, as we will see, it turns out to generate simpler algebra. The result for Ra is: 

(2.55) 

with the constraint ( fig. 2.6 ) 

(2.56) 

and for Re: 

(2.57) 

with the constraint (fig. 2.6 ) 

(2.58) 

In the above relations we see that the /j functions conserves the energy and eqn. 2.56 
and eqn. 2.58 conserves crystal momentum. For non-vanishing scattering functions, the 

© Philips Electronics N. V. 1993 17 



k k 

Absorption Emission 

Figure 2.6: Relation between k-; , k and iJ. 

arguments in the 6-functions can be written as: 

0 = £ - - £ - - ± 1iw(f3) k k±/3 
0 = 2:*(k2 - lk ±/312 ± 2m:w(/3)) 

0 = 2:*(~2kf3cos(Bp) -/32 ± 2m:w(/3)) 
(2.59) 

_ li
2

k(3( ( ) m*w(/3)) _(3_) 
0 - ~ m* cos (}P - lik/3 ± 2k 

where m* is the effective carrier mass and £=(h2k2 )/(2m*) the energy of the electron. 

For phonon absorption we have : 

m*w(/3) /3 
cos( (}P) = hk/3 - 2k (2.60) 

and for emission the result is: 

m*w(/3) /3 
cos( (}P) = hk/3 + 2k (2.61) 

The above two equations gives a relation for the angle (}P between k and the exchanged 

momentum iJ for the emission and absorption process and must always be fulfilled. The 
absorption and emission rates can be rewritten in terms of k, iJ and (}P as 

where C13 is: 

2.4 Relaxation times 

C - 7rm*/K13j2 
13 - pfHi.2kf3w(f3) 

(2.62) 

(2.63) 

{2.64) 

In the following chapters we will frequently refer to so called relaxation times [[9]]. From 
the scatter function ( P( k, k') ) the following relaxation times may he defined: 
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Life-time r( k ): This is the free time for collisions for electrons in state k. It is defined as 

1 '"" - -r(k) = L-::; P(k, k') 
k' 

(2.65) 

This equation gives us the rate at wh.ich carriers with crystal momentum k scatter to any 
other state. 

Momentum relaxation-time Tm(k) : After a scattering event the incoming carrier with 
velocity v is deflected by an angle 0. So the velocity component in the direction of its 
original motion is v.cos(O). The relative change in the velocity component is 

k-k'cos(O) () 
k = 1 - cos (} (2.66) 

This is also the relative change in the corresponding momentu::J. component. Hence, the 
momentum relaxation time Tm(k) is given by a modification of eqn. 2.65 

_1_ = ~ (k - k'cos(O)) P(k, ft) 
Tm(k) - k 

k' 

(2.67) 

Energy relaxation-time Te( k ): The fraction of energy loss for a collision process with prob

ability P( k, kt) is simply 

k
2 

- k
12 

= ( - k
12 

) k2 1 -2 
k 

(2.68) 

and in the same way as for momentum relaxation time, the energy relaxation time Te(k) 
is defined by 

1 ( k'2) - -
Te(k) = ~ 1 - J;i P(k, k') 

k' 

(2.69) 

In fig. 2. 7 we illustrate how the collisions affect a group of electrons injected at t = 0 with 
momentum k. After a time t = T < Tm(k) < Te(k) the electrons are deflected by small 
angles. It takes a time t = Tm ( k) to fully randomize electrons momentum. As indicated 
by fig. 2.7 the momentum is relaxed after Tm(k) but it takes t = Te(k) to relax energy 
(denoted by the length of the vectors) to its equilibrium value. 

2.4.1 Calculation of relaxation times 

To calculate the lifetime, momentum- and energy- relaxation time, we replace P by: 

(2.70) 

and ( '£;;i ) is converted into a:i integral ( [9] ) : 

n j n fn= j1 ~-+ -
3 

di]-+ -
2 

d(f3)f32 d(cos(Bp)) 
_ 87r' 47r O - I 

(2.71) 

f3 
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Figure 2. 7: Visualization of the relaxation times 

The integral over /J is confined to the limits f3min and f3max, because f3 has to obey equation 
2.60 and 2.61. Since cos(B) is restricted to the range between -1 and +1 the equations 
2.60 and 2.61 determine the minimum and maximum values for the wave vector of the 
phonons (/J) involved in the interaction. 

~or A.P. with eqn. 2.51 and eqn. 2.60 we find the following range of permitted values for 
f3 : 

,B~in = 0 
* ,B~ax = 2k(l + ~kc,) 

,B':nin = 0 (2.72) 

* ,B':nax = 2k(l - ~kc,) 

and f3 must be positive and real. This gives a condition for the emission of an A.P., i.e. 
1ik 2: m*c8 : to emit an A.P., the electron must travels faster then t,he speed of sound in 
the crystal. Or in other words the electron can only emit an A.P. if its momentum exceeds 
the crystal momentum. 

In this thesis we are focussed on transport of electrons in Si. At room temperature, 
the velocity of sound in silicon is Cs r::::: 106cm/ s and the maximum electron velocity is 
Vsat = 107 cm/ s. Hence: 

1ik 
and thus 

m*c .. 

m*vsat 

f3':nax = f3':nax = 2k 

(2.73) 

(2. 74) 

This shows that acoustic phonon scattering is nearly elastic. The maximum change in 
carrier energy resulting from A.P. scattering is estimated from: 

(2.75) 

In relation to the electron energy kbT: 

6,.[max l0-3eV 
---~ <<1 

kbT ~ 25.10- 3eV (2.76) 
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The magnitude of f3max should be compared with 7r /a, i.e. we determine the range of iJ 
in the first Brillioun zone. Assuming m* ~ m 0 , which is rather crude, and a ~ 5A the 
comparison gives: 

f3max = 2m*vsat ~ l/4 
7r /a n7r /a (2.77) 

and thus acoustic phonon scattering involves phonons with wave vectors near the center 
of the Brillouin zone. This justifies to the approximation of the dispersion relation in an 
earlier section. 

For O.P. the range permitted for f3 is given by 

/3a . = J k2 + 132 - k man 0 

(J~ax = Jk2 + /35 + k 

/3e . = k - Jk2 + (32 man 0 

/3e = k + J k2 - (32 max 0 

(2. 78) 

The emission of an O.P. only occurs if the root in equation 2.78 is real valued. This gives 

the condition k2 ~ f35 , i.e. ~~: ~ liwo; the electron can only emit an O.P. if its energy 
is greater than the 0.P.-energy 1iw0. The O.P. energy is &o.P. = 1iw0 ~ 50meV which 
is comparable with the thermal energy kbT of an average carrier at room temperature. 
Therefore 0.P. scattering is to be considered non-elastic. 

If we assume 1ik ~ m*c5 and k2 ~ f35, f3min will be zero in all cases and f3max = 2k. 
Equation 2.41 and 2.43 can be transformed in terms of Re and Ra ( see eqn. 2.70 and 
2. 71 ) and using these results the previously defined relaxation times are then given by: 

1 {2k {32ncf3 
r(k) =lo df3 47r2 (2no + 1) (2.79) 

1 kbT {2k {34f!Cf3 
Tm(k) = 1iw(f3) lo df3 47r2k2 (2.80) 

_1_ = {2k d{3{32f!Cf31iw(f3) 
Te(k) lo 47r2&k 

(2.81) 

where e k the energy of the electron: 

ek = - 1
-(nk)2 

2m* 
(2.82) 

The above set of equations can be solved after inserting the appropriate functions for Kf3 
( eqn. 2.48 in eqn. 2.64 and 2.50 ) and 1iw(f3) ( eqn. 2.51 and 2.52 ). Table 2.1 presPnts 
the results. 

For silicon we have the following physical constants: 

Wo 
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1.44 * 10-18 

17.6 * 10-9 

9000 
0.32 * m*o 
99.4 * 1012 

v 
V/m 
m/s 

kg 
l/s 

(2.83) 
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II II A.P. O.P. !12.£.. 
TAP II 

1 D2TI..rn*kbk n51 ;_, "' -kbk D2w2 
7;2-T 113n:pc; r1 3 n:pw~ D0 c, 

1 D2 Trn*k~k DP irn*kbk D2w5 
Tm(k) r. n:pc; r,3 n:pw5 D2c2 

0 ' 

1 2D2m*
2 k D2m*' 2D2k2 

Te(k) r.an:p h~n:pk 155 
__I__ 

Tmlk) 
1 1 

T zmir~ w~m"' 

Te(k) L b kbTLk2 

~ 
2m*c2 w2m* 
7itf: kbTik2 

e 

Table 2.1: Relaxation times. The first two coloms represents the results for A.P and O.P 
respectively. The last colom is the ratio between A.P. and O.P. The last three rows are 
the ratio's between relaxation times 

If we assume a maximum electron energy of Ek = l.OeV the maximum momentum 1ik = 
305 * 10-21kg.m/s or k = 3 * 109m-1 

. These physical values are used to calculate the 
ratio between the T's for each type of relaxation process. 

2.4.2 A.P. relaxation process 

We see from table 2.1 that the life-time and the momentum relaxation time are both the 

same: Tm(k) = 1. 

u T 2m*c2 
ror Te(k) = T-:;rr we recognize two energy terms: the denominator kbTL (~ 25meV) 

is the electron energy which is much greater then the numerator 2m*c~ , i.e. four times 

the kinetic energy of sound in the crystal. The same arguments are valid for ~:/:/. In 

conclusion we see that for A.P. the energy relaxes much slower than momentum; this 
means Te ( k) > > Tm ( k). 

2.4.3 O.P. relaxation process 

The same procedure as for A.P. is followed: try to find physical quatities for the denomi
nator en numerator of the ratio's in table 1.1. 

TI . T _ Tm(k) _ w2m* li2 
ie ratio Tc ( k) - Te ( k) - kbTLk2 is found <ifter multiplication with Ji 2 

(hi.vo) 2m* 

kbT(hk )2 

We can relate the electron energy to an electron temperature: 

(2.84) 

(2.85) 
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so 

(2.86) 

For electrons in equilibrium with the lattice, i.e. Te = TL = 25meV and 1iw0 = 63meV, 
Tm(k) > re(k). But for higher electron energies ( i.e. higher electron temperatures ) it 
changes rapidly into Tm(k) >> Te(k). 

In conclusion: for electrons at room temperature 

A.P. 
O.P. 

: T = Tm(k) ~ Te(k) 
: T = Tm(k) > Te(k) 

(2.87) 

but for highly energetic electrons we found that, for both types of phonons, the energy 
relaxes slower than momentum does 

A.P. 
O.P. 

: T = Tm ( k) ~ Te ( k) 
: T = Tm(k) ~ Te(k) 

2.4.4 A.P. relaxation v.s. O.P. relaxation 

(2.88) 

The question remains: which type of phonon is the most effective relaxation process? This 
is of particular interest for electrons with high energies. 

For the ratio between A.P. and O.P. we have 

(2.89) 

(2.90) 

(2.91) 

The subscript max in eqn. 2.91 means that the value is valid for electrons with an energy 
of leV. Lower electron energy decreases the result. So, the momentum relaxation time is 
morP or less the same for both types of phonons while the energy relaxation time of 0.P. 
is much shorter than for A.P. Hence, most of the electron energy is relaxed by O.P. as 
already ·.vas suggested. 

The final result is plotted in fig. 2.8. We see that momentum relaxation-time are more 
are less the same for both types of phonons (solid line and dashed line). Energy will relax 
due to the O.P. collisions mainly (dash-dot line). 

The difference between momentum- and energy-relaxation depends on the energy of the 
electron. If its energy is more than 100 me V, the former relaxes much faster than the 
latter. 

This important conclusion should be remembered for later use. 
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Figure 2.8: Relaxation time as a function of electron energy 
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2.5 Impurity atom scattering 

The impurity atoms are irregularly distributed in a semiconductor and also the spacing 
between them is much larger than between the lattice atoms. It may be assumed that 
the thermal motion of an impurity atom has no effect on other impurity atoms. The 
perturbation potential produced by the impurity atoms may, therefore, be considered to 
cause interaction with the electrons in an isolated manner. In other words, when discussing 
the interaction between electrons and impurity atoms, we may confine our attention only 
to the interacting electron and the impurity atom and forget about all the other electrons 
and atoms. In addition, the mass of the impurity atoms being many times larger than 
the electron mass, it is ahuost always justified to assume that the field produced by the 
impurity atom is independent of time, the position of the atom remain fixed. Thus the 
interaction of electrons with impurity atoms are essentially interactions with fixed forces. 
Because the forces are of electrostatic nature, the scattering rate decreases for increasing 
electron energy. Ou the other hand, with increasing electron energy, phonon scattering 
becomes more and more dominant. 

The large difference in mass also results in perfectly elastic scattering process [9]: 

lfl = lk1 1 (2.92) 

For these reasons we state that, to compare momentum- and energy-relaxation times, 
impurity scattering is of no importance. 

For the interested reader, the problem of calculating impurity scattering rates has been 
treated with two different formulations: The Conwell and Weisskopf approach and the 
Brooks and Herring approach. A review article has appeared in: Chattopadhyay and 
Queisser, "Electron scattering by ionized impurities in semiconductors", Reviews of Mod
ern Physics, vol. 55, no. 3, July 1983. 

2.6 electron-electron scattering 

In the previous sections we considered collision which involves only one electron. This is 
valid for low electron concentrations. However, for large electron concentration, electron
electron scattering ( e-e scattering) becomes important. The only implication of this colli
sion process is a redistribution of carrier momentum and energy there is no exchange with 
the outer world: it only tends to smooth the distribution function towards a Maxwellian 
shape [8]. 

2.7 Summary 

The calculations presented so far gives us useful knowledge of the type of mechanism 
which may be important in given conditions. This is used in the next chapters to set up 
the correct simulation models for the special phenomena under investigation. The general 
picture we obtained is that: 

(i) phonon scattering is more effodive at higher temperattues and higher carrier energies. 
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(ii) acoustic phonons can exchange an arbitrary amount of energy but are not very effective 
in restoring energy equilibrium. 

(iii) optical phonons can only exchange energies up to a few hundred Kelvin and therefore 
be very effective in absorbing energy:, i.e. restoring energy equilibrium. 

(iv) ionized impurity scattering becomes unimportant as the carrier energy increases. It 
only exchanges momentum not energy. 

( v) electron-electron scattering only influences the shape of the distribution function. It 
does not dissipate momentum nor energy. 

The most important conclusion is that, from theoretical calculations, we have shown 
that Tm(k) << re(k). This is a valuable result and will be used to simplify the electron 
transport equations which are formulated in the next chapter. 
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Chapter 3 

The HydroDynamic equations 

The theory of nonlinear electronics transport in semiconductors is mostly based on the 
Boltzmann transport equation ( B.T.E. ) and extensions of it. Consequently there exists 
an enormous amount of original papers and reviews on that subject. From a general point 
of view, there is probably no need for reviewing the Boltzmann equation once more. The 
following treatment is ment to provide an introduction and reference guide for the reader 
of this thesis. 

3.1 Boltzmann transport equation BTE 

Charged particles can be characterized in terms of their position r , momentum k and 
time t. Let J(T, k, t) be the characteristic distribution function. ff we follow the motion of 
the particle in a hydrodynamic sense, the derivative off ( r, k, t) with respect to the time, 
along a particle trajectory rand k vanishes: 

d - -Jif(r, k, t) = 0 (3.1) 

Expanding the total derivative, the Boltzmann Transport Equation ( B.T.E. ) reads 
( [3] ,[25] ,[17]: 

r}1_ - £1 + !ll ar + !ll ak - 0 dt - at ar· at ak· at - (3.2) 

The forces F acting on the distribution function causes a change in momentum: 

ak _ £ 
at - n (3.3) 

f is constituted from forces due to external applied electromagnetic fields Fe and internal 
crystal lattice forces F;: 

(3.4) 

The effect of internal forces acting on the distribution function is evaluated statistically 
by obtaining an internal collision expression as a function of a scattering probability: 

F; .~ = j dk-,(f(k-,).P(k-,, k) - J(k).P(k, k')) 
n ak 
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Where P( k, kt) is the probability that a carrier will scatter, changing its wave vector form 

k to ft. 
The BTE is expressed as: 

f}j_at + v~ + Fe-~ = jr dkt(J(kt).P(kl, k) - f(k).P(k, kt)) 
ar h ak 

where v = ~f , the group velocity. 

k 

k+dk 

\ 
out-scattering 

in-flow 
f(r)v 

in-flow 
f(k)dk/dt 

in-scattering 

r 
r+dr 

Figure 3.1: Representation of change in carrier density in 8t 

(3.6) 

Eqn. 3.6 is visualized in fig. 3.1. The figure depicts a region in two-dimensional position
momenturn space ( rand k ). In a time 8t, the distribution function changes ( in- or 
decreases ) only due to a net difference between in-flow and out-flow ( in both position
and momentum-space ) or due to a net difference between in-scattering and out-scattering. 
Referring to eqn. 3.6, on the left hand side, the first term accounts for the change in time 
of tne distribution function. The second term is the change in position and the third term 
the change in momentum. The right hand side represents the change of the distribution 
function due to collisions. 

3.2 Hydrodynamic equations 

To find a solution for equation 3.6 is extremely difficult. By taking the first three moments 
of the BTE awl carrying out a series of integrations one obtains the carrier-, momentUin
en energy-conservation equation. 

28 © Philips Electronics N.V. 1993 



The hydrodynamic model consists of a set of equations describing conservation of particle 
number, momentum, and energy solved in conjunction with Poisson's equation. An equa
tion describing conservation of some ( scalar or vector ) quantity X ( k) can be created by 
multiplying the Boltzmann transport equation 3.6 by X(k) and integrating over k-space 
[1], yielding: 

Jdk%fX + jdkll.:..~f X + jdk~.~f X = 0 ak ar (3.7) 

~ (n < X >) + \1 • (n < vX >) + !nE• < \lkX >= (o(;X)) 
ut 11 t roll 

(3.8) 

In equation 3.8 < > denotes a weighted average defined as 

I xfdk 
< x >= -J Jdk 

(3.9) 

where the normalization integral gives the total charge carrier density; 

n = j fdk (3.10) 

vis the group velocity defined by the k-space gradient of energy, v = \1k£(k)/n, and E 
is the electric field . The term on the RHS of eqn. 3.8 represents the dissipation of X(k) 
due to collisions. For X(k) one takes: 1 , nk or£. 

After lengthy and tedious bookkeeping the final result is the so-called set of Hydro
Dynamic Equations ( because of the analogy with the fluid dynamics ) [1]: 

particle continuity 

on _ [on] -;--- + \7 • ( nva) = -;---
ut ~ oo/I 

(3.11) 

momentum continuity 

onva _ _ qnE 1 [onva] 
--!) + \7 • (nvava) + -* + -* 'V(nkbTe) = -!l-

ut m m ut coll 
(3.12) 

energy continuity 

onw - - [onw] -- + \7 • (nvaw) + qnva • E + \7 • (nvakbTe) + \1 • S1 = ~ m ut ~ 
(3.13) 

where w =< £ >= m*vJ/2 + 3kbTe/2. Since §f ( the heat current ) is formally an addi
tional unknown, related to the third moment of J(k), it is mostly ad hoe approximated by 
a Fourier law as Sj = -K,\!Te· In the above set of equations n is the number of electrons, 
va is the electron drift velocity and Te is the electron temperature. These physical quanti
ties originate from the approximation for the distribution function f: namely a Displaced 
Maxwellian shape is assumed [2] 

(3.14) 

In this function, the spread of velocity around the drift velocity va is characterized by an 
electron temperature temperature Te· For a detailed analysis see [17] [11] [1] [2]. 
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3.2.1 Collision terms: 

The collision term represent the time rate of change of X and in general can conveniently 
he expressed as 

[~:Loll = [~:Loll.re/ + [~:Loll.par (3.15) 

i.e. in a collision relaxation term (coll.rel) representing collisions between particles with, 
for example, lattice atoms ,impurities , lattice imperfection, etc. The other collision term 
is a particle collision term (coll.par) representing phenomena such as particle Recombina
tion/ Generation. 

The relaxation collision term in general can be expressed using the relaxation time ap
proximation [18],[11] 

[
8J] _ _ J - Jo 
Ut coll.re[ - T 

(3.16) 

where Jo is the distribution function at equilibrium and T the relaxation time. It expresses 
the characteristic time with witch a function J, not in equilibrium with the environment, 
relaxes back to its equilibrium Jo. 

The collisions between particles can be expressed as: 

[8J] - = -R(n,p) 
Ut coll.par 

(3.17) 

where R( n,p) is the recombination-generation model as commonly used in the D .D. model, 
i.e. the Shockley-Read-Hall, Auger and avalanche models ([33]). 

The collision terms that occurs in eqn. 3.11 is replaced by: 

[an] - --nR 
Ut coll -

(3.18) 

For the momentum continuity, eqn. 3.12, we have 

[
8nv] __ nv _ vR 
Ut coll - Tm 

(3.19) 

where the first term on the R.H.S. is the momentum exchange with, for example, the 
lattice and the second term is the momentum loss due to the 'recombination/generation' 
of carriers. 

The last collision term, in eqn. 3.13,is replaced by 

[
8nw] = _ n(w - w0 ) _ wR 

Dt coll Te 
(3.20) 

Here the first term on the R.H.S. is the energy exchange with for example the lattice ( 
phonons) and the second term the energy loss due to the 'recombination/ generation' of 
earners. 

In the above equations. Tm is the momentum relaxation time and Te the energy relaxation 
time. which are not the same as the ones theoretically analyzed in the previous chapter 
(Tm(k) and Te(k)). After applying a special weighted average a relation between them can 
be found. However, the general result between Tm(k) and Te(k) can be extended to the T's 
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defined in this section. In the previous chapter we showed that for low electron energies 
Tm( k) > Te(k) while for electrons with high energies it changes into Tm(k) < Te(k ). Suppose 
the switching point is at electron energy Cs. Now consider the following two situations. 

Situation a: The majority of the electrons exhibit an energy below Cs· This means that 
for most of the electrons Tm(k) > Te(k). 

Situation b: The majority of the electrons exhibit an energy above C8 • This means that 
for most of the electrons Tm(k) < Te(k). 

If the electron distribution function f is characterized by eqn. 3.14 and va and Te is such 
that f corresponds with situation b, then Tm < Te for f. If f corresponds to situation a 
then Tm >Te. 

So, without calculating the exact relation between the theoretical calculated T's and the 
ones defined in this section we showed that for low Te (i.e. 'low electron energies') Tm >Te 
while for hot-electrons Tm < Te. 
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Chapter 4 

Solving the equations 

In this chapter a method is presented to solve the Hydro-Dynamic equations. An important 
assumption made is that the carrier current ( J) in a device is constant. This assumes that 
recombination/ generation of carriers is neglected and implies that we restrict our analysis 
to bias conditions for which the number of generated electron/hole pairs is very small 
compared to the current J. Later we will calculate the number of electron/hole pairs 
generated due to avalanche multiplication and check the assumptions made. 

The equations presented so far are for 3-dimensions. In the following we reduce this to 
I-dimension: \l -t d/ dx and vectors become scalars. 

4.1 Reduced HydroDynamic equations ( R.H.D. eqn.): 

To solve the set of H.D.-equations we propose the following simplifications: 

• steady state i.e. %t = 0 

• negligible recombination-generation rate ( R ~ 0 ) 

• negligible momentum flux ( v \l v ~ 0 ) 

• negligible energy flux ( Sf ~ 0) 

With the first two assumptions, the particle continuity equation (eqn. 3.11) reduces to 

J = -qnvd = constant ( 4.1) 

with n the electron den:;ity and Vd the velocity of the electrons. Equation 4.1 gives us a 
relation between n and 'Vd. For any situation where, for example, the electron density n 
is given, the corresponding v is easily calculated. Later we will make use of this relation 
to transform a calculated carrier density distribution into a carrier velocity distribution. 

For the momentum- and energy- continuity equation ( eqn. 3.12 and eqn. 3.13 ), the 
simplifications result in 

( 4.2) 
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\lT 2qE _-~Te - To 
e + 5kb - 5 VTe (4.3) 

Both differential equation are of first-order and have the general form 

( 4.4) 

Rewriting of the momentum continuity equation into the general form gives 

(4.5) 

where we use<l 
Pm = k\lTe + qE n ,· ) Jm* 

k T fm(n = n; Qm = k T 
b e qTe b e 

(4.6) 

and the energy continuity equation becomes 

(4.7) 

where 
Pf,(T)=-~Te-To.Q =-2qE 

e e e 5 VTe ' e 5kb (4.8) 

At this moment it is not possible to separate Pefe(Te), because up to know we didn't give 
a model for Te. In a later section we will derive a model for Te and see that it is a function 
of the electron temperature (Te)· This means that the energy equation is nonlinear in 
contrast with the momentum equation which is linear. 

4.2 Solution process 

To solve the coupled set of PDE's we rewrite eqn. 4.5 and eqn. 4. 7 as 

X1(n, Te)= \ln + Pmfm(n) - Qm = 0 

X2(n, Te) := \lTe + Pefe(Te) - Qe = 0 

(4.9) 

(4.10) 

There are two basic approaches to solve this set. The first is a nonlinear operator Gauss
Siedel/ Jacobi iteration and the second is a Newton-like iteration [19] [31]. We will use 
the first one to calculate a solution for the R.H.D. eqn. After calculating an electric field 
distribution (E), the solution process is described by iterating the following steps (fig 4.1): 

• Step 1 : Initialize n and Te 

• Step 2 : Solve X 1 and update n 

• Step 3 : Solve X 2 with updated n and update Te 

• Step 4 : Check convergence. If convergence is not achieved goto step 2, otherwise 
stop. 

This method of solving the PDE's is known to be slowly converging but for the type of 
problem we have encountered it was easy to implement and fast enough to work with. 
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re eat 

Generate an 1-D electrical field 
distribution either from a Poisso~ 
solution or from an analytical 
function 

Make use of equilibrium relations 
to initialize n and T

9 

Solve x1 to find a new n while T 9 
is fixed 

Make use of the previously calcu
lated n and solve X z:.o update T 9 

Repeat until the updates for n and 
T9 are smaller than 

end 

Figure 4.1: Basic flow diagram to solve the coupled equations X1 and X 2 • The final results 
are carrier concentration n and carrier temperature Te 

4.2.1 Approximate solutions 

The two differential equations X 1 and X 2 can only be solved in an approximated man
ner. The best known techniques are the finite difference and the finited element methods 
([25],[31],[20],[32]) . These two techniques achieve a solution for the equations by ap
proximating a continuous system as a finite set. By doing so, the problem can be solved 
numerically with the use of a computer. 

In the Finite Difference (F.D.) technique, the differential equation is approximated at 
discrete points using interpolation polynomials. A difference equation at each point is 
the result and associated approximation errors are easily determined. Solving differential 
equations with the finite F.D. approach is by far the simplest to implement. 

4.2.2 I-dimensional Finite Difference 

An I-dimensional F.D. schemes for first order differential equations is developed in this 
section. 

The first step is to specify mesh points on the interval [a,b] ( fig. 4.2 ) for which we want 
to solve the R.H.D. eq. Then, for first-order differentiation at any point on the interval , 
we can choose between the following tlu-ee discretization schemes ([20]): 
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Figure 4.2: Discretization of a I-dimensional space in n+l (unequal) intervals 

Forward difference operator 

( 4.11) 

Backward difference operator 

(4.12) 

Central difference operator 

(4.13) 

where 6, 6 and 6 is a point on the interval of interpolation. The last term in each of the 
above equations reflect the approximation error made for the discretization. These errors 
are of second order for the first two operators and of third order for the last operator. To 
discretize the differential equations we will not use the Central difference operator because 
it is unstable in terms of convergence. 

The next step is to apply the differential operators on the generalized differential equation 

( eqn. 4.4 ) 
\lZ + PJ(Z) - Q = 0 (4.14) 

Backward difference: 

The backward difference operator results in a matrix equation of the form 

X = [A].Z + {Pf(Z) - Q}.h = O (4.15) 

with 
1 

[A]= 
-1 +1 

-1 +1 
(4.16) 

-1 +1 

Z1 h1 

Z= Z; h= h; (4.17) 

Zn hn 
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P1 

P = Pi Q = q; ( 4.18) 

Pn 

with hi= x; - Xi-l· For the Pi and q; we take there mean value on the interval [xi-l,xi]· 

Forward difference: 

The Forward difference operator results basically in the same matrix equation with the 
only differences that A is slightly changed, i.e. 

-1 1 

[A]= 
-1 +1 

-1 +1 
(4.19) 

-1 

and Pi and q; are here the mean values on the interval [x;, x;+1] and h; = Xi+1 - x;. 

4.2.3 Newton-method, convergence 

The matrix equation is solved using a Newton method. This is an iterative method and 
converges if the matrix is diagonal dominant ([21]). This means that, for a matrh:: equation 
of the form 

[M]x = b (4.20) 

for each row of the matrix M, the absolute value of the diagonal element is greater than 
the absolute value of the off-diagonal elements in the same row 

n 

IMi,il ~ L IMi,jl ( 4.21) 
j=l 

for i :/; j. The convergence criteria for the Backward difference scheme is found if we look 
at the i-th element: 

(Zi - Zi-1) + (pif(Z;) - qi).hi = 0 

Z;(l + p;.hi) - Z;-1 = q;.hi 

which is diagonal dominant if 

1(1 + p;.h;)I ~ 1 ::::} p;.h; ~ o 

For Forward difference we find, considering again the i-th element: 

(Z;+1 - Zi) + (pif(Z;) - q;).h; = O 

- Z;(l - p;.h;) + Z;+ 1 = q;.h; 

and is diagonal dominant if 

(4.22) 

( 4.23) 

( 4. 24) 

( 4.25) 

( 4.26) 

( 4.27) 
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In conclusion, we found that the choice of F.D. scheme depends on the sign of the Pi· For 
the momentum equation, Pm ( eqn. 4.6 ) can either be negative or positive, depending on 
the value of V'(Te) and E. Hence, the matrix equation might be a mixture of forward
and backward- difference. 

In case of the energy equation, however, the Pe ( eqn. 4.8 ) is always positive valued. 
The argumentation is as following: We start with the assumption that v > 0 at the 
boundary. Because \i' ( nv) = 0 and n is always positive, v is always positive and does not 
change sign. Hence, Pe in the energy equation is always positive valued and we apply a 
Backward difference scheme to discretize the energy continuity equation. 

Now we have described a solution method to solve the R.H.D. eq., but still have to find 
models for the relaxation times Tm and Te ( remember that Tm and Te are actually weighted 
averages). Also an initial guess to start the iteration process has to be formulated. Both 
problems are dealt with in the next section. 

4.3 Tm and Te models 

In this section we show how a model for Tm and Te is found based on the ideas of Baccarani 
[12] and will show the discrepancy in the result, i.e. Te is a function of de impurity 
concentration which is not true [9]. 

The basic idea is that diffusion is energy independent [22] [23] [24]. For electrons at room 
temperature we have the Einstein equation 

(4.28) 

where µno is the electron mobility for bulkmaterial at room temperature (To). For electrons 
with an temperature Te the diffusivity is 

and should be the same as the value for room temperature (Dno). Thus 

and by definition 

q 

the momentum relaxati011 time is expressed as 

m*µTo 
Tm= ---

q Te 

( 4.29) 

(4.30) 

(4.31) 

( 4.32) 

To derive a model for Te we start with the steady state solution, i.e. d/ dx = 0, for the 
energy continuity equation ( eqn. 4.3): 

(4.33) 
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which gives 
1kb(Te - To} T - _,,2 ____ _ 

e - qvdE ( 4.34} 

The relation between the electron velocity and the electric field is 

Vd = µE ( 4.35) 

and substitution of eqn. 4.35 in eqn. 4.34 gives 

1kb(Te - To} T - _,,2 ____ _ 

e - qµE2 ( 4.36} 

Next we eliminate E. Rearranging eqn. 4.30 into 

( 4.37} 

With the bulk mobility relation [25] 

µn = ----r===== 
1 + (µnoE }) 2 

v.,at 

( 4.38} 

and insert this in eqn. 4.37, gives 

Te= To 1 + (µnoE)
2 

Vsat 
(4.39} 

This equation, Te as a function of the electric field, is used as an initial guess to start the 
iteration procedure. From eqn. 4.39 we have 

(4.40} 

and substitution of this in eqn. 4.36 finally gives 

3 kbµnoTeTo 
Te= - 2 

2 qvsat(Te +To} 
( 4.41} 

Fig. 4.3 shows the relaxation times as a function of electron temperature. Notice that 
for higher temperature Tm < < Te and that Te becomes temperature independent. This is 
exactly what was found from theoretical calculations. 

The last step, before we can start the iteration process, is to find an initial guess for n. 
With eqn. 4.35 we can calculate an initial value for the electron velocity and rewrite the 
result,using \7( nvd) = 0, in an electron concentration. 

4.4 Discrepancy in the Te relation 

The model for the energy n~laxation time is 
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Figure 4.3: Relaxation times as a function of electron temperature 
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First we notice that it is a function of the electron temperature. When Te > > To it 
becomes independent of temperature 

(4.43) 

but still is a function of µn 0 , the electron mobility for bulk material. This means that 
changing the bulk dope concentration will change Te. However, electron collisions with 
impurity atoms is elastic and therefore only relax momentum, not energy. Despite the 
inconsistency in the Te model, we will show in the next chapter calculated electron velocity 
and energy distributions, based on the presented equations, and analyze the result. 

4.5 The coefficients Px and Qx 

Finally we have found relations for the relaxation times. With these we can calculate Qm 
and Pe. 

For the momentUlll equation Qm, as defined in eqn. 4.6, becomes 

( 4.44) 

For Pefe(Te) in the energy equation we have 

( 4.45) 

( 4.46) 

and 

f. (T) = (T; - TJ) 
e e TeTo ( 4.47) 

where we observe that fe(Te) is not linear in T which makes the energy equation a first
order non-linear differential equation and can be solved with the Newton solution method. 
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----- -------------------------------------------~ 

Chapter 5 

Simulation results 

In this chapter we compare results from the Reduced Hydro-Dynamic calcUlations with 
Monte Carlo calculations. After a brief discussion, the R.H.D. eqn. are used to calculate 
velocity and teE1perature distributions for a rectangular electric fie~~! distribution and we 
show that it is allowed to decouple the momentum and energy equation from one another. 

5.1 R.H.D. eqn. vs. Monte Carlo calculations 

A computer program that solves the R.H.D. eqn. is written and compared with a Monte 
Carlo simulator [13]. To start the programs we need an electric field distribution as an 
input. In this paragraph we use the calculated electric field distributions of a CCD device 
[26]. The geometry of the CCD device was obtained by TEM-pictures and introduced into 
a 2-dimensional (2-D) Poisson solver. A Poisson solver calculates the electric field profile 
for a given distribution of charge carriers using the following Poisson equation: 

V 2 '11 = 'l(n - p - C) 
E 

(5.1) 

where '11 is the electrostatic potential, q the elementary charge, E the permittivity, n the 
electron concentration, p the hole concentration and C the net dope concentration. 

The solution depends, of course, not only on the device geometry and doping profile 
but also on the bias conditions. As an example fig. 5.1 shows a calculated electric field 
distribution along the Si - Si02 interface. 

Although a CCD is basically a 2-D device, we assume that the transport of electrons from 
one gate to the other gate is along the interface, i.e. it operates in one dimensional ( 1-D). 
Tb.:s means that the electrons that contribute to the current experiences the same electric 
field distribution. 

In fig. 5.2 the calculated velocity distribution from Monte Carlo and R.H.D. program 
calculations are shown. Both calculations agree very well with one another. Fig. 5.3 shows 
the temperature distribution. Again, both programs give the same results. Although it 
seems that the solution from the R.H.D. program is retarded compared to Monte Carlo 
results. this is easy explained and changed. We have just to iernember that for the R.H.D. 
program the parameter µno is not fixed and can be adjusted. This parameter has to be 
fitted with experimental result:-.. Because we are, at this point, only interested in a more or 
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Figure 5.2: Electron velocity calculations 
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Figure 5.3: Temperature distribution 

less global comparison, we do not intend to find the parameter µno that calculates exactly 
the same result as obtained from Monte Carlo calculations. 

5.2 R.H.D.-program using a rectangular field 

We have shown that with the R.H.D.-program we can calculate velocity and temperature 
distributions and will analyze the calculations for a rectangular field distribution as shown 
in fig. 5.4 The electrons travel from left to right. 

The dash-dot line shows the drift velocity distribution of the electrons. We recognize a 
velocity overshoot peak at .5µm and, what is more important, we see that the velocity 
starts to increase even before the electrons are in the high electric field region. This is 
explained by the fact that the electrons in the area behind .5µm are accelerated by the 
electric field, resulting in a shortage of electrons in the region just behind .5µm. This 
shortage of electrons introduces a diffusion of carriers from the left (region before .5µm) 
and these electrons, who are not in the high field region, gain a higher velocity. I.e. as if 
they feel the electric field in front of them. The reverse situation occurs around lµm were 
the electrons are suddenly slowed down because of the abrupt decrease in the electric field. 
There is a smplus of electrons behind lµm introducing a diffusion of electrons from right 
to left resulting in a decrease in electron velocity just before the end of the high electric 
field region. 

A more important observation is that the electrons travel through the high electric field 
region with approximately v.rnt ( = 107 cm/sec.). Only a small clistance is traveled with a 
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Figure 5.4: Calculations for a .5 µm wide rectangular electric field. 

velocity below and/or above Vsat· This behaviour is used to reconsider the set of R.H.D. 
eqn. once more. We propose the following simplification: a constant electron velocity ( Vd 

= v sat). Hence the energy equation is decoupled from the momentum equation and has 
now the following form: 

'VT+ 2qE = 3(Te - To) 
5kb VsatTe 

(5.2) 

This integral equation is extremely simple to solve and is discussed in the next section. 

For completeness: in fig. 5.4 the dashed line shows the electron temperature distribution. 
The flat regions in the temperature distribution indicates that the electron temperature 
in this region is in equilibrium with the applied electric field. In a later chapter we will 
analyzt.. different electric field forms and present situation where equilibrium is not reached. 
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Chapter 6 

The simplification: vd Vsat 

In the previous chapter the simplification v = Vsat was proposed. ~or now we don't 
concern about the justification ( the condition for which this simplifications holds will be 
investigated in a later section) but we will give solutions for eq. 5.2 

6.1 The energy equation 

The general form of a first order non-linear P.D.E. with F' = \1 Fis : 

F' + (3F = a(x) 

with the solution 

F(x) = ( A(xo) + 1: a(s)ef38 ds) e-f3x 

To get an integral equation for Te we transform the energy equation ( eqn. 5.2): 

into: 

2qE(x) 

5kb 

1 To 2qE(x) 
\!Te + Ae Te = Ae - 5kb 

introducing an enerhy relaxation length Ae defined by: 

5 
Ae = JVTe 

Comparing eqn. 6.1 and eqn. 6.4 one identifies the general form: 

F(x) 
a(x) 

(3 

T(x) 
- Tu - 2qkfx) 
- Ae 5 "b 

l 
Ae 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

A(xo)= 300 K, because Te(xo) = 300 K ( boundary condition ). After performing a few 
integrations and a transformation, the final result is simply 

2q lx (•-x) 
Te(x) = 300K - - E(s)e -'e ds 

5kb Xo 
(6. 7) 
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It looks as if the temperature will decrease if the electron travels its way "up" the potential 
('l/1). Of course this is not the case. We have to keep in mind that E = -d'l/J/dx, so the 
E(s) < 0 if the potential (1/1) is "up" (eqn. 6.7). 

Without notice we assumed >-e constant. The thought behind the assumption is that Te 

and v may vary while there mean product is constant [12] 

(6.8) 

This may seem arbitrary but the problem with the Baccarani relations is that his Te is a 
function of the mobility, what is wrong, and this means for >-e the following: 

(6.9) 

making it energy independent assume Te ~ To and neglect Tm, then 

(6.10) 

thus >-e is still a function of the mobility, i.e. the doping concentration. 

In our case, however, we showed that both Te and vd are constant and therefore >-e is 
constant. In the chapter dealing with experimental results >-e is used as a fit parameter 
to fit calculated with measured data. 

6.2 Non-analytical solutions 

H the integral can not be solved analytically we can simply apply a numerical integration. 
Because of the exponential behaviour of the integral, the step size should be carefully 
-:hosen. We will also present an 'exact' integration method. This can be accomplished 
because of the exceptional form of the integration. 

To solves the energy integral on a trajectory [O, x], we first split the integral in parts 

1x 1a1 1a2 1an n-1 1a(m+1) 
f(s)ds = f(s)ds + J(s)ds + .... + f(s)ds = L f(s)ds (6.11) 

0 ao a1 an-I m=O a(m) 

with a0 = 0 and a11 = x, and apply an integration rule on each interval (i.e. each integral 

part faa(~~)+ 1) f ( s )ds of the sununation can by evaluated and as such the summation can 

be performed ). In the next sections we will present two integration rules: SIMPSON-rule 
ancl an EXACT-rule. 

6.2.1 SIMPSON-integration 

The first integration rule discussed is the SIMPSON-integration [19]. Because it is a well 
known numerical method, we will only present its mathematical form: 

(6.12) 
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with 
Xo am 

X1 !(am + am+l) 

X2 am+l 
h !(am+l - am) 

The last term 
9
1
0

h5 j(4)(0 is the error made by this integration. 
summation can easily be implemented into of program. 

6.2.2 EXACT-integration 

(6.13) 

The rule as such and the 

Because the form of integrand J( s) is exactly known ( eq. 6.7 and eq. 6.11), we can evaluate 
exactly the integration on each interval. The integration on the interval [xm, Xm+1], has 
the following form: 

{6.14) 

were ( = ~ 1 and ".ssumed constant. On the interval [xm, Xm+1], E(.c) is constant (Em) 
and the int~gral is approximated by: 

(6.15) 

where x is the position for which the temperature is calculated. The model to calculate 
electron temperature distributions, discussed in this section, is referred to as !NT-model 
{ INTegral-model ). 

6.3 INT-model vs. R.H.D.-model 

To show the difference between the !NT-model and R.H.D-model, the same rectangular 
electric field distribution (fig. 5.4) is used to calculate electron temperature distributions. 
In fig. 6.1 the result is shown. Both program generate approximately the same temperature 
distribution. The maximum temperature is the same for both models. 

The rectangular electric field form seems rather artificial but it is not. It is the typical 
field form for a bipolar transistor with an intrinsic layer in the collector [27] or n+nn+ 
structures [28]. Other typical fields forms are discussed in the section where we analyze 
the validity range of the !NT-model. 

The great advantage of the !NT-model is the difference in computation time. Firstly, the 
R.H.D. programming code is approximately 60 times larger than the INT code (no more 
then ;::::: 20 fortran rules). Secondly, the R.H.D program is an iterative program while the 
INT program is simply a summation. The combination of these differences makes the 
!NT-program extremely fast and simple to implement in existing device simulators. 

Unfortunately Te can not be measured in a real device. Only derived phenomena such as 
gate current, avalanche current , degradation [16], light emission [14] can be measured. In 
the next chapter we will use measured avalanche currents to determine the parameter Ae. 
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Figure 6.1: Electron temperature distribution calculations for a rectangular electric field 
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Chapter 7 

Impact Ionization 

hnpact ionization occurs in many semiconductor devices and mostly causes unwanted 
parasitic effect. For bipolar devices the break-down can be triggered by either avalanche 
or tunneling. For MOST devices impact ionization plays a more important role in device 
degradation due to hot-carrier effects and bipolar parasitic breakdown. The working of 
some devices is based on avalanche generation, such as impatt diodes and in an avalanche 
photo detectors, where the internal multiplication is used to increase the signal to noise 

ratio. 

In this chapter the impact ionization is formulated into an empirical model followed by a 
section presenting the shortcomings. A panacea is given for these shortcomings. 

7 .1 Modeling the Impact Ionization 

The impact ionization rate a is defined as the number of electron-hole pairs generated by 
a carrier per unit distance traveled. 

1 dn 
a=-

ndx 
(7.1) 

It is different for electrons (an) and holes ( ap). The particle has ~o gain at least the 
threshold energy ( E; ) for ionization before an impact ionization event occurs. In general, 
the ionization rates depend on the probability for the carriers to reach this threshold 

energy, which is proportional to 

(7.2) 

and this is not only a function of the local field ( local model ) but also of the history of the 
particle (non-local model). The multiplication factor M is determined by the ionization 

rate 

1- - = adx 1 la 
M o 

(7.3) 

Break-down occ1rrs when the integral on the right-hand side of eqn. 7 .3 equals unity, i.e. 

M ____, x. 
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7.1.1 Local impact ionization model 

Fig. 7.1 shows experimental results of an vs. E for Si-devices. A difference is found 
between bulk and surface impact ionization [26]. The curves can be represented by [29] 

impact 
ionization 
rate 
an (cm-1J 

a ex t.i:p( -const.j E) (7.4) 

electric field Ex105 I V/cml-
5 4 3 2 1.5 1.25 

2 3 4 5 6 7 8 9 
- E-1x10-s IV/cml 

Figure 7 .1: Empirical impact ionization for electrons in Silicon as a function of the elec
trical field, measured in the bulk ( aB) and near the Si - Si02 interface (as) 

Let us consider the canst. in eqn 7.4 for the local impact ionization model. The main 
assumption of the local impact ionization model is that the energy of the electrons is in 
equilibrium with the applied electrical field E. This implies that only slow changing electric 
field distribution are allowed. So it is assumed that 

(7.5) 

Then eqn. 7.2 becomes 

Un ex exp(-5E;/2qE>..;) {7.6) 

and thus 

canst. = 5E;/2q>..; (7. 7) 

If the impact ionization formulas in fig. 7.1 are described by this model, it follows that, 
with E; = l.leV, the electron mean free path for impact ionization(>..; ) are 57 A at the 
surface and 89 A in the bulk [26]. 
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7.1.2 Non-Local impact ionization model 

The local model has been used as a model for many device generations. However, state 
of the art devices exhibits a difference in measured versus calculated avalanche current. 
The difference doesn't only occur for e.g. a MOST type device but also for small bipolar 
transistors. In other words: it is not a device related phenomena but is typically of physical 
origin. 

The reason for the difference is found in the assumption for the local impact ionization 
model: the energy of the particles responsible for avalanche are in equilibrium with the 
electric field. In small bipolar and MOS- transistors the particles gain much less energy 
than according to the maximum electric field. This is due to non-local heating and the 
small width of the E-field peak. The driving force for impact ionization is not the local 
value of the E-field it self but the accumulated energy of the particles while percolating 
the field. The accumulation of energy is calculated with the energy continuity equation we 
elaborated on in earlier sections. In the previous chapter we analyzed :.eve1a.: programs to 
calculate the electron temperature distribution. This temperature is transformed into an 
effective field Eef f using the steady-state solution for the energy relation ( ET-relatioi.) 

5 kb 
Eef!Ae = --(T - To) 

2 q 

This ET-relation is the same used as a initial guess for the solvers presented earlier. 

The proposed procedure is as follows 

- calculate the E-field distribution for a bias condition 

- calculate the electron temperature distribution for the E-field 

- calculate Eef f 

- us a( Eeff) instead of a( E) 

(7.8) 

The crucial factor is the parameter >..e used to calculate the electron temperature dis
tribution. In the next chapter we present experirr'.ental results with which we extracted 

Ae. 
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Chapter 8 

Experimental results 

The p1ogram described is used to simulate results obtained by measuring avalanche cur
rents in several devices. In this chapter we present these results and it is shown that we 
have to take Ae = ti50A for the simulations to be consistent with the performed experi
ments. The next section is a compressed reprint of the paper presented at the IEDM 1991 
conference in Washington [27]. 

8.1 INTRODUCTION 

We investigated a series of MBE-grown bipolar npn-transistors with i-layers between 500 
A and 3000 A at the BC-junction. Using the simplified energy model we find that, in order 
to fit the measurements, Ae must be 650A. We extended this method further to MOS
transistors as a simple post-processing procedure in MINIMOS, and applied it to a set of 
deep submicron MOS-transistors. Excellent agreement with measured substrate currents 
is found if the reduced impact ionization at the surface [26] was taken into account and 
again Ae = 650A. 

8.2 BIPOLAR TRANSISTORS 

Fig. 8.1 shows the SIMS-doping profiles of two npn-bipolar transistors with effective in
trinsic layers of 900 A resp. 2800 A. 

For a given E-field ( e.g. calculated with a conventional device simulator) the electron 
temperature T(x) is easily derived from the simplified energy balance equation: 

dT T - T0 2 q E( ) - + + -- x = () 
dx A, 5 k (8.1) 

where T0 is the lattice temperatme. The energy relaxation length Ae is assumed to he 
constant. From fig. 8.2 it appears that for bias-conditions where Emax is about the same 
in both transistors. the resulting Tmax is appreciably lower for dev. 1 than for dev. 2 due to 
the much smalh~r E field-width. For the impact ionization the well known v.Overstreaten
de Man model [34] ( lta(E). see I~g. 8.4 ) is nsed. It is transformed to aB(T) using the 
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steady state E-T relation 
5k 

>..eb = -(T - To) 
2q 

(8.2) 

by taking ddT = 0 in eqn. 8.1. Fig. 8.3 compares the measured and calculated multiplication 
x 0 

factors M - 1 = J aB(T)dx. ':':.,: calculations only fit the measurements if Ae = 650A. 
The conventional calculations with aB(E) deviate strongly, particularly for small devices. 

8.3 MOS TRANSISTORS 

From 2D Hydro-Dynamic and Monte Carlo- simulations of submicron MOS-transistors it 
appears that non-local effects are only significant in the direction of current flow, while in 
the perpendicular direction the temperature varies only gradually. As an approximation, 
we determine from conventional drift-diffusion device simulations the current channel that 
goes through the region of maximum carrier generation, and calculate the electric field 
Es along this path (see fig. 8.5). The choice of this current channel is not very critical 

-·-·-·-·-·-·-·-·-·-· 

Figure 8.5: Electron current in channel 2 flows through the region of maximum carrier 
generation; the neighbouring channels 1 and 3 carry each 20 3 of the total current. Cal
culated maximum electron temperature is approximately equal in each of these channels 
because the temperature gradient perpendicular to the flow lines is rather small in the 
region of maximum generation. 

just because of the weak temperature variation in the perpendicular direction. Along this 
channel the electron temperature is calculated with the simplified energy model ( fig. 8.6 
) in the same manner as for bipolar transistors. However, it will be shown that instead of 
aB(E) the reduced surface impact ionization as(E) {see fig. 8.4), transformed to as(T) 
using the above given E-T relation, has to be used. The multiplication factor becomes 
M - 1 = Isub = f as(T)ds. 

A set of deep submicron MOS-transistors with gate lengths down to 0.13µm were fab
ncated [16] with E-beam lithography in four scaled MOS-processes A,B,C and D with 
design rules of resp. 0.15;J,m, 0.25;Lm, 0.35;J,m, 0.5µm ( gate oxide thickness varied from 
55A to 130A ) . The calculated E-fields are very steep and have effective widths in the 
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range of only 300A to 500A (see fig. 8. 7). Fig. 8.8 shows the lsub values for transistors 
with the same effective channel length ( Leff = 0.5µm made in the different processes) 
The measured lsub values could only be fitted by the simulations if a 8 (T) and Ae = 650A 
was used and it appears that Isub saturates for the 0.15µm process. This is the result 
of the extremely small width of the E-field distribution resulting in a strongly reduced 
electron temperature in the downscaled process A. In fig. 8.7 we compare this influence 
of the field-width for process A, B and D. The bias conditions were so chosen that the 
Emax-values were about the same. It is seen that the 0.15µm process has a much lower 
Tmax than the 0.5µm process. 

8.4 CONCLUSION 

It is shown that with the simplified energy balance equation, having only one parameter 
>.e = 650A, and different empirical models for the impact ionization in the bulk and at 
the interface , avalanche currents in small Bipolar and MOS-transistors, are accurately 
predicted. 

The ET-relation agree well with Monte-Carlo calculations (fig. 8.9). We assumed that the 
electron mean energy is ~ kbT. From the above given expression of Ae = ~VTe and assurning 
v = v.rnt = 1.10 7 cm/ sec in the high field region, it follows that Te = 0.4 psec. Th.is value 
agrees also well with Monte-Carlo simulations and is nearly independent of energy. 

It is shown that for MOS generations below 0.25µm the hot carrier generation saturates 
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due to the non-local carrier heating and small E-field width 

This procedure can easily be implemented in existing device simulators without hardly 
any extra computation time and extends, in a consistent way, the validity range of these 
simulators to future device generations. 
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Chapter 9 

Validity range 

The validity range of the proposed simplifications is presented in this chapter. It is a 
reprint of the paper presented at the ESSDERC'92 conference [37]. 

9.1 INTRODUCTION 

Calculation of the electrical device characteristics ( 1-V-plot, Gununel-plot, substrate cur
rent etc. ) is usually based on the Drift-Diffusion approach. However, for deep submicron 
transistors, predicted avalanche currents are usually several orders too large because the 
electron energy is no longer proportional to the electric field. Recently, a simplified energy 
model for non-equilibrium transport in the base-collector junction of bipolar transistors 
was proposed [36], [36], [27]. It was extended for MOS-transistors ( [27] ) where excellent 
agreement with measured substrate currents was found if empirical avalanche parameters 
are used ( [26] ). 

In this paper we will demonstrate that for silicon devices the energy equation can be 
decoupled from the momentum equation, and derive the validity range of this decoupling 
in terms of an effective electric field width. 

Calculations for deep sub-micron silicon devices show that also the electric field form 
becomes an important factor for avalanche generation. Measurements of the avalanche 
mu!tiplication agree very well with calculations for small MBE-grown bipolar silicon de
vices. 

9.2 RD-EQUATIONS 

The hydrodynamic model consists of a set of equations describing conservation of particle 
number, momentum and energy. The RD-equations presented by [35] are simplified by 
making the following assumptions: Recombination/Generation and heat flux are neglected, 
'U ( dv / dx) = 0, and assuming the electron energy as entirely thermal ( E = ~kb Te). This 
reduces the RD-equations into the following set of coupled equations (RD-model): 

(9.1) 
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A 

dTe 2qE(x) 3 Te -To -+ = -----
dx 5kb 5 vr( 

(9.2) 

9.3 RESULTS 

We started our investigation calculating velocity and temperature distribution for different 
forms of the electric field, which are characteristic for typical Si-devices (fig. 9.1), A: 
rectangular (e.g. p-i-n junction), B: saw-tooth with a quadratic increase (MOST-device) 
and C: a saw-tooth with a quadratic decrease (asymmetric p-n-junction). 

------Emax .--- Emax 

B 

-

Figure 9.1: Three electric field forms. The effective field width Ii is defined at half of the 
Emax (FMRW). 

In fig. 9.2 calculations with the RD-model are plotted for a rectangular field distribution 
and it appears that the velocity overshoot peak disappears well before T max is reached. 
This is for two reasons. First, for a high electric field the momentum relaxation time r m is 
much smaller than the energy relaxation timer( ( [35]) and as a result the electrons reach 
momentum equilibrium (v = Vsat) much faster than energy equilibrium. And secondly, 
before the electrons penetrate the high field region the average electron velocity already 
starts to increase due to diffusion. 

In the region with the largest contribution to the avalanche generation, the drift velocity 
can be very well approximated by the constant maximum drift velocity Vsat· 

Therefore the energy balance equation can be decoupled from the momentum equation 
and simplified to: 

(9.3) 

with the solution 
2 q rx (u - x) 

Te(x) =To+ 5 kb Jo E(u)exp -Ae du (9.4) 

where Ae = 5vsatre/3. It is assumed that the electric field E( u) is the constant Em within 
a discretization interval [?Li, u;+ 1] and as a result the integration of eqn. 9 .4 within the 
interval can he approximated by : 

(9.5) 

where x is the position for which the temperature is calculated. 

To find the range for which the simplification v = Vsat is valid, we compare the model 
based on eqn. 9 .3 (denoted !NT-model) with the RD-model. 
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Figure 9.2: Calculations for a .511,m wide rectangular electric field. Dotted line: Te calcu
lated with !NT-model, other lines: RD-model. 

Fig. 9 .3 shows the multiplication factor as a function of the electric field width 8, calculated 
according to a local avalanche model (a( E)) and a non-local avalanche model ( a(T)) 
presented in [27], for the three electric field forms (fig. 9.1). From this figure we see that 
for an electric field width FMHW 8 < lµm the multiplication factor, using the non-local 
avalanche model, starts to deviate from the local avalanche model and that even down 
to a width 8 of 200A the multiplication factor, using the non-local avalanche model, are 
almost the same for both models (RD-model or !NT-model). Though fig. 9.3 depicts the 
multiplication factor for the three field forms as a function of the FMHW 8 and a constant 
Emax = 2 * 10

5
V /cm, it is more illustrative to show the multiplication factor as a function 

of the applied voltage Viias = J E(x)dx (fig. 9.4). It is clear how important the field form 
in terms of a multiplication factor is: e.g. if Viias = 3V we see that the multiplication 
factor for field form 'A' is ;:::::: 15 times higher than for field form 'C' although Emax is the 
same for both. For field form 'C' the energy gain of the electrons, passing the 'potential 
energy Vbias ', is the smallest. Hence, the doping profile has to be optimized in such a way 
that for the corresponding 'electric field' distributions the electrons gain the least amount 
of energy. 

9.4 CONCLUSIONS 

We have demonstrated that it is allowed to decouple the er1 ergy equation from the momen
tum equation and to use the resulting simplified energy equation ( eqn. 9 .3) for calculating 
the electron temperature <uHl predict avalanche currents. 
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It is shown that avalanche calculations using the simplified energy eqn. 9.3 and a temper
ature dependent avalanche model are valid down to electric field FMHW 8 ~ 200.A. 

For deep sub-micron silicon devices it appears that not only Emax and the electric field 
width but also the shape of the field is important for avalanche generation. 
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Chapter 10 

Conclusions 

From measurements we conclude the following: 

• It is shown that with the simplified energy balance equation, having only one pa
ra.meter Ae == 650A, and different empirical models for the impact ionization in the 
bulk and at the interface , avalanche currents in small Bipolar and MOS-transistors, 
a.re accurately predicted. 

• From the measured Ae == 650A it follows that Te == 0.4 psec. and agrees well with 
Monte-Carlo simulations. 

• It is shown that for MOS generations below 0.25µ,m the hot carrier generation sat
urates due to the non-local carrier heating and small E-field width. 

Numerically it was found that: 

• The numerical procedures can easily be implemented in existing device simulators 
without hardly any extra. computation time and extends, in a. consistent way, the 
validity range of these simulators to future device generations. 

• It is allowed to decouple the energy equation from the momentum equation and to 
use the resulting simplified energy equation for calculating the electron temperature 
and predict avalanche currents. 

• A va.la.nche calculations using the simplified energy and a. temperature dependent 
avalanche model a.re valid down to electric field FMHW 6 ~ 200.A. 

• For deep sub-micron silicon devices it a;;-pears that not only Emax and the electric 
field width but also the shape of the field is important for avalanche generation. 
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