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Abstract

In this report the electromagnetic effect of a wire grid used in a reinforced
concrete structure is calculated. An extemal current source loop induces an
eddy current in the wire-grid structure. This configuration is an idealisation
of an induction loop for generating audio signals for people with a hearing
problem. Using an equivalent impedance of a cylindrical wire, an integral
equation for the current in a wire is formulated. By subdividing the wire-grid
into elementary loops, the integral equation is discretized for the unknown
circular eddy currents in each elementary loop of the grid. The method of
moments is then used to calculate the circular current in each elementary
loop. The secondary current along each elementary wire of an elementary
loop is calculated as the difference between the currents in the two adjoining
elementary loops sharing the elementary wire. Once the current distribution
on the grid is known, the total scattered field is obtained as the summation
of the fields radiated by the elementary wires in the wire-grid structure. In
this report, only the calculation of the current distribution in the wire-grid
structure is carried out and the computed results are presented and compared
with experiment for model validation. The results indicate that the numerical
approach developed in this report is suitable for building a complete design
tooI for the induction loops mentioned above.
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Chapter 1

Introduction

A useful aid for people with a hearing problem is a listening device with
a rnicrophone. Most of these hearing devices are equipped with a small
receiving coil for picking up an alternating magnetic field, which is caused
by an induction loop. An induction loop referred to here is the electrical
installation used for improved quality of sound installed in public buildings,
such as theatres.

Earlier work on the subject of induction loops is described in the articles
by F.W. Umbach [1], D. Bosrnan [2], E. de Boer et al. [3], E. de Boer [4], D.
Bosman and L.J.M. Joosten [5]. They concentrated on how a magnetic field
ean be rnanaged by using multiple loops, phase shifting and analytica! design
and do not consider the effects of condueting objects in the vicinity, sueh as a
wire grid inside the reinforced concrete fioor, on the electromagnetic fields of
the induction loop. The induction loop carries a low-frequeney current linear
to the audio signal from the conventional audio equipment. The varying
eurrent in the loop causes an alternating rnagnetic field. For the strength of
the generated magnetic field norms have been established [6]. In practice it
is often difficult to cornply with these norrns as the reinforcement steel, metal
plates and other conducting objects produce additional magnetic fields whieh
add to the strength of the rnagnetic field from the induction loop. To deal
with this problem it is often neeessary to apply a trial and error procedure
on loeation to obtain an optimum configuration.

In this report, theoretical development is carried out to calculate the
effect of a piece of reinforcement iron on the al ternating magnetic field of
an induction loop. The reinforcernent structure is described by a wire grid
(only the conductive object). Nurnerical results have been compared with
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experimental results for model validation. A software package, based on the
theory described in this report, can be developed to predict the effect of a wire
grid structure and an installation of an audio configuration on location can
be optimized from computer simulation using the software package developed
in this report.
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Chapter 2

Theoretical Formalism

2.1 Statement of the problem

The theoretical problem we are going to solve can be described as follows:
we assume a source loop in which a certain prescribed current I circulates,
as schematically shown in figure 2.1. Further, there is a wire-grid structure
composed of cylindrical conductors. An elementary conductor of finite con
ductivity having a radius a and length L, which is used to construct the
wire-grid structure, is also shown in the figure. The junctions of the wire
grid are assumed to be ideal, which means that the current at a junction can
flow without resistance to any connected conductor.

The wire grid is composed of k x m = n square loops. Each square
loop referred to is an elementary loop of size L by L meters and consists
of four cylindrical conductors shared by the neighbouring loops, except at
the edges of the wire grid. The structure is embedded in free space with
permittivity Ee = Eo (free-space permittivity) and permeability Me = Mo
(free-space permeability).

The source current loop produces an incident electric field Ei. Due to this
incident field, secondary currents are induced in the wire-grid structure. The
secondary currents cause a scattered electric field ES. We assume that the
stubs at the edges of the wire grid produce a negligible scattered field. The
incident field at a point is added to the scattered field to yield the resulting
electric field E at that point. We will not consider the effect of the scattered
field on the current loop.

To compute the scattered field, we need to know the amount of current
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Wire grid structure

Current loop

Figure 2.1: The configuration.

induced in the wire-grid structure. For calculating the currents in the grid
we use the so-called method of moments (MoM) [7], [8]. We will determine
the primary electric field (free-space incident field) on every elementary con
ductor and calculate the resulting secondary currents in the wire grid.

2.2 Basic equations

2.2.1 Maxwell's equations

The electromagnetic behaviour of the configuration can be described with
the help of Maxwell's equations in the time domain:

'V xE = -otB

'V x 1-l = :J + OtT)
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\7·B=O

\7·V=p

\7 . :T = -OtP·

(2.1c)

(2.1d)

(2.1e)

Above, calligraphic letters with bold faces are the time-domain vectorial field
quantities and gt is abbreviated by at. Various symbols used above are
(together with their units):

Electric field strength

Magnetic field strength

Dielectric displacement

Magnetic flux density

Charge density

Electric current density

Permeability

Permittivity

Conductivity

The value of the permittivity of free space is EO = 8.8542 . 10-12~ and
the permeability is f.1,o = 47r . 10-7.j'~. In addition we will use the following
constitutive relations:

V=EE

B = f.1,1l

:T = (JE.

(2.2)

(2.3)
(2.4)

Because we are interested in the frequency-dependent behaviour of the wire
grid, we study Maxwell's equations in frequency domain. We apply tempo
ral Fourier transformation to equation (2.1) to obtain the frequency-domain
Maxwell's equations. We define the Fourier transformation with respect to
time as follows:

00

F(w) = FT (.r(t)) = J F(t)e-iwtdt.
t=-oo

6
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The inverse Fourier transformation is then defined as,

00

F(t) = FT- 1 (F(w)) = ~ J F(w)ejwtdw.
21f

w=-oo

(2.6)

A time derivative of a function is transformed as, assuming that F(t) is
continuous:

FT (8t:F(t)) = jwF(w). (2.7)

The application of the Fourier transformation [cf. equations (2.5 - 2.7)] to
equations (2 .la - 2.le) yields the following Maxwell's equations in frequency
domain:

\J xE = -jwB

\J x H = J + jwD

\J·B=O

\J·D=p
\J. J = -jwp.

(2.8a)

(2.8b)

(2.8c)

(2.8d)

(2.8e)

Further, equations (2.2 - 2.4) are written for the case of a linear, isotropic,
and instantaneously reacting material as:

D=éE

B = J.lH
J=aE.

(2.9)

(2.10)
(2.11)

2.2.2 The quasi-statie Maxwell equations

When studying electromagnetic fields, we consider the effect of currents on
magnetic fields and of electric charges on electric fields, and the connections
between these, as described by Maxwell's equations, eqs. (2.8a- 2.8e). In our
case we will only look at magnetic fields and currents induced by these, and
vice versa. Charges are not taken into consideration, because the conduc
tivity of the wires is high and the wavelengths are large, and this causes an
extremely small divergence of the current J in the conductors. Therefore the
charge density in equation (2.8e) is neglected, and the dielectric displacement
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eurrent in (2.8b) is then also negleeted. With these eonsiderations, equations
(2.8a - 2.8e) reduce to:

\7 x E = -jwB

\7xH=J

\7·B=O
\7. J = O.

(2.12a)

(2.12b)

(2.12c)

(2.12d)

(2.13)

This set of equations is often referred to as the quasi-statie Maxwell equations
([9] (Chapter 9), [10] (pp. 462-574) and [11] (pp. 234-241)).

For our quasi-statie model, the wavelength À must be much larger than
the dimension l of a scattering objeet. We write:

À = -7 2:: 10
2

X l.

Here c is the speed of light in vaeuum and f is the frequency. If the largest
dimension of the seattering objeet is lOOm, in ease of a large theatre for
example, then we will use an upper frequeney limit fmax as:

c
fmax ::; 102 X 100 = 30kHz. (2.14)

If the approximate size is only 2m, whieh will be the ease in our test eonfig
uration, the highest frequency at which the quasi-statie model is applicable
will be 1.5MHz. We will use a frequency range of 1Hz - 150kHz.

2.3 Vector potential for field computations

In the following, a veetor potential A will be introdueed for the magnetic
field in the quasi-statie approximation (2.12). To fully specify A, we use
both its eurl and its divergenee. When we take

B = \7 x A, (2.15)

we see that \7 . B = 0, i.e. B is solenoidal. Next we need to ehoose the
divergence. Using equations (2.15) and (2.12b) we ean derive an equation
for A in terms of the eleetric current density J:

\7 x (\7 x A) = \7(\7 . A) - \72A = j.LJ.

8
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For a statie magnetic field it is convenient to use the Coulomb Gauge condi
tion [12],

\7. A = O. (2.17)

With the above consideration, equation (2.16) simplifies to Poisson's equa
tion:

\72A = -j1.J.

This equation (2.18) has the following solution:

A(r) = ~ rrr J(r') dV'.
471" JJl Ir - r'l

v

(2.18)

(2.19)

Here V is the volume of the current source. To compute A(r), we need
to compute J in the volume of the wire. After the vector potential has
been calculated, we can determine the magnetic field strength from equation
(2.15). If we use equation (2.15) in equation (2.12a) we obtain:

\7 x E = -jw\7 x A,

or,

\7 x [E + jwA] = 0,

where right-hand side is a null vector. Equation (2.20) yields:

E = - jwA + \7 cP.

(2.20)

(2.21)

Here we introduced the scalar potential cP, since the curl of any gradient
equals zero. This potential represents the effect of the space charges. In
absence of such charges, equation (2.21) can be written as

E = -jwA. (2.22)

In the above equation (2.22), the electrie field E may be considered as a
scattered field due to an induced current density J in the wire [cf. equation
(2.19)] and equation (2.22) is rewritten as

ES = -jwA,

where ES represents a scattered field.

9
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2.3.1 Development of an integral equation

We now develop an integral equation for the currents in the wire-grid struc
ture. The electric field E at any point in the configuration is given as:

E = Ei + ES. (2.24)

Considering equation (2.24) at a point in the wire grid, equations (2.23)
and (2.24) yield an integral equation for the current density in the wire-grid
structure [cf. equation (2.19)]:

E(r) - Ei(r) = -jwA(r), for r E wire grid. (2.25)

This equation is used to obtain the current density in the wire-grid con
figuration. In the next chapter, we will discretize the wire grid into small
elementary loops and use the method of moments to obtain the current on
each small loop. At the moment let us consider a single wire, with a vol-

-{......_Vw_irc O_'__Jz_-,-)~(-+)-~) z

Figure 2.2: Single wire with volume V and longitudinal eurrent.

urne Vwire , as shown in figure 2.2. We assume that it only has a eurrent in
the longitudinal direction. The vector potential A(r) for this wire, given in
equation (2.19), is written as:

A(r) = /-10 rrr JAr')Uz dV'. (2.26)
47f JJJ Ir - r'l

Vwire

In the above equation we use /-1 = /-10, i.e. the magnetic permeability of the
wire is equal to that of the free space. Considering the longitudinal current
I, the total field E at a point on the central axis of the wire ean be written
as Z I, where Z is the equivalent impedance of the wire. Using this and
equation (2.26) in equation (2.25) we write the following integral relation for
the wire:

ZI(r)uz - Ei(r)uz = -jw~;!!! ~;(~)r~ÎdV" rE wire. (2.27)
Vwire

In section 2.3.3, we will discuss the computation of Z.
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2.3.2 The current density distribution in a circular
Wlre

Referring to the wire-grid configuration in figure 2.1 we assume that every
elementary conductor in the configuration has a cylindrical shape. In this
section we derive the behaviour of the current density in one conductor.
The results will be used in the other sections of this report. We consider
a conductor as a massive cylindrical waveguide with properties Ci, J-Li and
ai embedded in a medium with properties Ce, J-Le and Oe, as shown in figure
2.3. A cylindrical coordinate system (p, </J, z) with its z-axis coinciding with
the axis of the cylinder will be used. This problem has also been worked
out in [13] (pp. 524-537) with a different approach. We will use the quasi-

Figure 2.3: Layout of cylindrical conductor.

statie Maxwell equations, which were discussed earlier, for the solution of
the problem. We assume that the z-dependence of the current density is
negligible and that there is no </J-dependence of the current density. Using
the eonstitutive relations for Band J [cf. equations (2.9 - 2.11)], equations
(2.12a - 2.12d) yield for the electric field inside the cylinder,

or,

\7(\7 . E) + \72E = -jWJ-LiOiE,

From equation (2.12d),

\7. E = 0,

which reduces the above equation (2.28) to

\72E = /);~E.

11
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Here "'~ = -jW/-LiCJi represents the wavenumber in the radialdirection. Equa
tion (2.30) represents a Helmholtz equation for the electric field. The pene
tration of the electric field in the wire depends on the values of "'i, given by
its real and imaginary parts, i.e.,

Here

(1 ')VW/-LiCJi '(3"'i = +) -2- =a+} . (2.31)

a = (3 = JW/-L;CJi = 1, (2.32)

where cS is known as the skin depth. This parameter is plotted in figure 2.4

f[Hz]

Figure 2.4: skin depth for a cylindrical conductor with a radius of 3mm as
function of frequency.

using the properties CJi = 1.02· 107
y
A and /-Lr = Ei = 500, which are repre-
m Ilo

sentative for reinforcement iron, in equation (2.32). From equation (2.30),
the z-component of the electric field E can be shown to satisfy the following
equation in cylindrical coordinates:

2 1 28p E z + -8pE z - "'i Ez = O. (2.33)
P

The bounded solution Ez of this equation in the wire involves the modified
Bessel function IO(KiP) of order 0 and is given by:

(2.34)
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In (2.34) the constant C is unknown. It must be determined by applying the
required boundary condition. Assume:

(2.35)

where E za is the electric field component on the surface at p = a, the radius
of the cylindrical wire. The constant C is then determined from equation
(2.35) as

(2.36)

(2.37)

Use of this constant in equation (2.34) leads to the equation for Ez:

Ez = Eza 10(KiP) for p ::; a,
1o(Ki a)

Using equation (2.11) and (2.37), the z-component of the current density
Jz in the wire is written as

(2.38)

where Jza is the current density at p = a. To obtain the total current 1
through the conducting wire we first integrate Jz over a surface perpendicular
to the z-axis, i.e.

211" a

1 = J JJz (p)pdpd1J
ifJ=Op=O

1 211" a

= Jza 1
0

(Ki a) JJ10(KiP)pdpd1J
ifJ=Op=O

_ J 27rah (Ki a)
- za KJO(Ki a) .

(2.39)

(2.40)

(2.41 )

In equation (2.41), 11 is the modified Bessel function of order 1. From this
we obtain Jza as a function of the total current 1:

(2.42)
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Using equation (2.42) in (2.38) yields the following expression for the current
density:

(2.43)

The current I can be related to the average current density Juvg by:

(2.44)

(2.45)

Equations (2.43) and (2.44) yield the following expression for the current
density as a function of the radius relative to the averaged current density:

Jz (p) /'ï,iaIO (KiP)
J~vg 2h(/'ï,ia)'

Using the computed values of Ki [equation (2.31) and figure 2.4] in equation
(2.45) the normalized current densities for several frequencies are plotted in
figure 2.5.

15

o
.~ 10
è-;;;
c
a.>

"0

ë
a.>
t:: 5
8

3 2 1 012
·3

Radius wire x 10 [m]

3

Figure 2.5: Normalized current density in the z-direction in a wire for fre
quencies ranging from 10Hz (curve with minimum gradient) to 105Hz (curve
with steepest gradient).
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2.3.3 Impedance expressions

We relate the electric field on the central axis of a cylindrical wire and on
the surface to the total current in the wire I by an equivalent impedance Zp
of the wire, where p = 0 and p = a, respectively. We calculate Zp with the
following relation:

E ( ) - JAp) - Z I
z p - - p,

CY
(2.46)

(2.47)

(2.48)

Using equation (2.43) for Jz(p), the value of Zp is calculated for p = a and
p= 0:

Zp-a = "'Jo ("'ia) ,
- 21raCYih ("'ia)

"'-Zp-o = 1 ( •

- 21raCYih "'ia)

These functions are plotted in the figures 2.6 and 2.7, using ai = 1.02.107v~,

J-lr = 500 and a = 3. IQ-3.

./
./

/"
./

/"

,-
/"

/-
/."

""",,-
./ ----- "

/

/

/

/

/

f [Hz]

Figure 2.6: Equivalent impedance at different frequencies, calculated at p =
a, absolute value (solid line), real part (dashed) and imaginary part (dot
dashed).
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Figure 2.7: Equivalent impedance at different frequencies, ca1culated at p =
0, absolute value (solid line) , real part (dashed) and imaginary part (dot
dashed).

2.4 Analytical calculation of the vector po
tential for wire current

The total vector potential at a point inside a wire has contributions from the
wire itself and other parallel wires in the grid that carry a current. We will
obtain an analytical solution for the vector potentialof a single wire with
current J.

Let us consider the general expression for the vector potential as aresuit
of the current in the wire, equation (2.26), which can be written in cylindrical
coordinates with its origin at the centre point r = 0 of the wire with current
density Jz (figure 2.8):

(2.49)

where we have taken the position of 0 as r. We analytically evaluate the
expression (2.49) for a point at the centre of the wire axis and for a point
outside the wire. The current density Jz(p) in a wire is given by [cf. equation
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L ~. ~

-----( 0---7A, (~Z
~ ~L..

2

Figure 2.8: Cylindrical wire in cylindrical coordinate system.

(2.43)]:

(2.50)

We use the first-order approximation for the Bessel function 10 for large
argurnents from Abramowitz and Stegun [14] (chapter 9.7),

eP

Io(p) ~ . ft>=. ' p > 0, Re(p) > 0,
v 27fp

to write equation (2.50) as:

Let us consider Ir - r'l. For r = 0,

Using equations (2.52) and (2.53) in equation (2.49) we have:

(2.51)

(2.52)

(2.53)

L

I "2 27r a J7l It p'

/'i,i 110 J J J p' e' dp'd4>'dz'. (2.54)
27faI1(/'i,ia)J27f/'i,i 47f Vp'2 + Z'2

z'=-~ 1/1'=0 p'=O

We conclude from the exponent in the integrand that it will have the largest
value at p = a. Therefore we approximate the integrand by using a first-order

17



Taylor expansion around p = a, i.e.,

VP I ~ ~Vä=a::::::;;:
,jp2 + Z2 p=a j a2 + Z2

+ (~ (a' :lZ')~ + 2y'ä,j~' + z') (p - a) + 0 ((p - a)') . (2.55)

(2.56)

Using the first two terms of equation (2.55) in equation (2.54) and evaluating
the integrals results in the following expression:

Az(r = 0) = I eK-i
a

Mo
11(Kia )aj27rKia 47r

[
1 ( ~ +Va2

+ (~f) 1 L 1
( a - -) log + -----;=======

2""i _~ + Ja2 + (~f Ki Va2 + (~)2 .

For higher frequencies, when the value of Ki is large, equation (2.56) reduces
to the same expression as would have been derived if the current was assumed
to flow only along the surface. This simplified version uses the following
current density:

1
JAp) = -2Ó(p - a),

7ra

in equation (2.49) and we get

Az(r=O)=MO/IOg( ~+Ja2+(~)2).
47r -~+Ja2+(~)2

Equation (2.56) can be written as:

(2.57)

(2.58)

(2.59)

where F1(r'-tr) is the factor between the current on the wire between two
points r~ = f(p, cP, Zl) and r; = f(p, cP, Z2) and the vector potential at a
point r on a parallel wire, defined as:

18



[( 1) (~ + Va2
+ (~)2) 1 L 1a - - log + - (2.60)

2~i _~ + Va2 + (~)2 ~i Va2 + (~)2

We define F1'(r'--'tr) for equation (2.58) in the same way:

(2.61)Fl'("~') = :log (!~++~:2++(~;;2) .
An alternative procedure of analytical evaluation of equation (2.54) is given in
appendix A, which leads to the same solution as obtained in equation (2.56).
An error estimate has been carried out with this alternative solution. Second
and higher order terms appear to have a negligible effect on the solution.

For calculating the vector potential at a point on a wire parallel to the
source wire (figure 2.9), we may assume that the current is eoncentrated on
the z-axis. The current density is then defined as:

r = (p,z)

_ ...._+-_oI--_~Z
.ó = (Z'2,pd))r' = (z' --1\)-I hv-v

Figure 2.9: Straight wire.

(2.62)

where U(p) is the unit step function. The distance between the point rand
a point r' on the eonductor is

Ir - r'l = V(z - Z')2 + p2. (2.63)

Substituting (2.62) and (2.63) in equation (2.49) results in the following:

z'2
A ( ) - Ilo! / 1 d 'z p, Z - Z

411" z'=z; v(z - z,)2 + p2

19



ILol (-(Z - z~) + J(z - Z2)2 + p2)
= -log

4n - (z - zD + J(z - zi)2 + p2 .

This expression is written as:

where F2(rl-tr) is defined as follows:

(2.64)

(2.65)

(2.66)
ILo (-(Z - z~) + J(z - Z2)2 + p2)

F2(rl-tr) = -log .
4n -(z - zI) + J(z - zi)2 + p2

A special case of expression (2.64) arises when the point r is in line with the
source wire (figure 2.10). The distance between source and field point is now:

p

I

Figure 2.10: Straight wire, point on the same axis.

Ir - r'l = v(z - z')2. (2.67)

Using equations (2.62) and (2.67) in equation (2.49) leads to:

Az(z) = ~~ [log (z - z~) sgn (z - z~) - log (z - z~) sgn (z - z~)],
(2.68)

or Az = F 3(r/-tr)l, where

F 3(rl-tr) = I-to [log (z - z~) sgn (z - z~) - log (z - z~) sgn (z - z~)J .
41f

(2.69)

The point z may not be situated between zi and Z2' Equations (2.60), (2.61),
(2.66) and (2.69) will he used in chapter 3.1 for evaluating various functions
Fr-tr' depending on the location of rand r'o
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2.5 Integral equation involving magnetic per
meability contrast

In the preceding section, the value of the permeability of the wire is consid
ered to be equal to that of the embedding free space, /-1-0' Here we develop
an integral equation under the assumption that the magnetic permeability
of the wire is different from /-1-0. Considering the wire of length Land radius
a, as shown in figure 2.11, we write

/-1-(r) = /-1-0 + (/-1-1 - /-1-o)U(a - p) [U (z + ~) - U (z - ~)], (2.70)

--{,--,---fll__~(~ z

Figure 2.11: A conducting wire of length Land radius a with permeability
/-1-1,

where U(p) is the unit step function. Considering the above we write the
constitutive relation [cf. equation (2.10)]

Thus,

B = /-1-(r)H.

\7 x B = \7/-1- x H + /-1-\7 x H = \7/-1- x H + /-1-J.

(2.71)

(2.72)

In equation (2.72) and onwards we no longer list the argument of /-1-. Consid
ering the relations given in equations (2.16) and (2.17), we easily derive

The gradient of equation (2.70) is calculated neglecting the end faces:

\7 /-1- = - (/-1-1 - /-1-0)8(p - a) [U (z + ~) - U (z - ~)] Up'
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where u1] is a unit vector in the 7]-direction. We assume that the magnetic
field H is a function of the radius only. Using the above equation, we find:

-Vf-L xH

(f-Ll - f-Lo)ó(p - a) [U (z + ~) - U (z - ~)) up x H

(f-Ll - f-Lo)ó(p - a) [U (z + ~) - U (z - ~)) (up x uq,)Hq,(p, q;, z)

(f-Ll - f-Lo)ó(p - a) [U (z + ~) - U (z - ~)) Hq,(p, q;, z)uz . (2.75)

With equation (2.75), (2.73) becomes

V 2A = (f-Ll - f-Lo)ó(p - a) [u (z + ~) - U (z - ~)] Hq,(p,q;, z)uz - f-LJ.

(2.76)

The solution of this above equation (2.76) is:

A(r) = ~ rrr f-L(r')J(r') dV' _
471' JJJ Ir - r'l

Voo

f-Ll - f.Lo 1~'i ó(p' - a)Hq,(p',q;',z')[U(z' +~) - U(z' - ~)]dV' (277)
Uz 4 I 'I ' .71' r-r

Voo

which reduces to

A(r) = f-Ll rrr J(r') dV' _ Uz f-Ll - f-Lo rr Hq,(a, q;', z') dA' (2.78)
471' JJJ Ir - r'l 471' JJ Ir - r'l '

Vw Sw

where Vw and Sw are the volume and the surface of the conductor, respec
tively. We write equation (2.78) as

where

A1(r) = ~ rrr J(r') dV',
471' JJJ Ir - r'l

Vw
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and

(2.81)

If we assume that the total current I(z') is concentrated on the central axis
of the wire, equation (2.80) simplifies to

I(z') d '
Ir - r'l z.

(2.82)

Neglecting the effects of the two end faces, we write equation (2.81) as:

L
"2 27r

A 2 (r) = u z
P1

- Po [ I 1 I [ Hq,(a,c/>',z')adc/>'dz'.
4rr r - r'

z'=-ï q,=O

(2.83)

The circular integral of the magnetic field around the wire is equal to the
total current through that wire (Stokes theorem), i.e.,

27r

[ Hq,(a, c/>', z')adc/>' = I(z').
q,'=O

Equation (2.83), via equation (2.84) simplifies to:

L

A ( )
_ PI - Po [2 I(z') d '

2 r - Uz I I z.4rr r - r'
Z '-_l:.

- 2

(2.84)

(2.85)

Calculation of vector potential A(r) [cf. equation (2.79)] involves the evalu
ation of equations (2.82) and (2.85) for a field point either inside the source
wire or outside of it. We now solve equations (2.82) and (2.85) for a point
inside the wire. We assume that the frequency is large enough to treat the
current density as a surface current that flows along the edge of the wire.
For this situation, we can use the following definition:

(2.86)
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With this consideration equation (2.82) has been calculated before in sec
tion 2.4. We use the result, equation (2.58), with the difference that the
permeability Jl is now JlI:

Substituting equations (2.86) and (2.84) in equation (2.83) we obtain:

( V ( )
2 )( )1 1. + a2 + b.

A2(r = 0) = Uz Jll - Jla log 2 2.

471' -~+Ja2+(~)2

Using equations (2.87) and (2.88) in equation (2.79) yields:

(2.87)

(2.88)

(2.89)

This calculation shows that we can replace Jl by the free-space permeability
value Jla in equation (2.19) as is done in equation (2.26). For smaller fre
quencies the potential Al should be replaced by the more complicated form
treated in equations (2.50 - 2.56) and the value of f-li becomes of interest in
the "self term" .

For a field point outside the wire, the expressions for vector potential
A(r) is [cf. equations (2.79), (2.82) and (2.85)]:

A(r)

L
2"

= Uz f-ll J
471'

Z'-_b- 2

b

I(z') d I Jll - Jla j2z - u ----'--
Ir-r'l z 41T

z'=-t

l(z') dz
'Ir - r'l

L

= Uz f-la J2
471'

z'=-t
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Chapter 3

Fields of a wire-grid structure

3.1 Integral equation formalism for current
in the wire-grid structure

We refer to figure 2.1 of a wire-grid structure, which is composed of elemen
tary cylindrical wires. An incident field Ei induces a secondary current in
the wire-grid structure, which in turn produces a scattered electric field ES.
The measured field at any point is the sum of the incident and the scattered
fields [cf. equations (2.25) and (2.26)]. To calculate the scattered field, the
induced currents [cf. equation (2.26)] in the wire-grid must be known. To
calculate the current in the wire grid, we write the following integral equation
from equations (2.24 - 2.26):

Ei(r) = E(r) + jw~; JJJ 1:~;'ldV"
Vwire grid

(3.1)

Here E(r) is the total electric field at an arbitrary point rand J(r') is the
unknown current density, which relates to the current I(r') fiowing along the
length of the wires in the wire-grid structure. To ca1culate the current in
the wire grid we subdivide the wire-grid structure into n = k x m square
elementary loops as shown in figure 3.1. We observe Kirchhof's law that
the sum of the currents at a junction equals zero, and assume that there
is a certain circular current Ij, j = {I, ... , n} fiowing through each square
element. Thus equation (3.1) is written in the following discretized form:
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'----.-----'
L

Figure 3.1: Mesh of n = k x m elements of size L x L.

(3.2)

Let us consider four points riq, q = {l, ... , 4}, at the centres of four elemen
tary wires forming the ith square element, as shown by the dots in figure 3.l.
Now equation (3.2) is considered at the four points riq (for an approximate
integration of the fields along the four sides of a square element) to write
equation (3.2) at the ith element as follows:

~ E! = ~ E. + . /-lo ~~ {{( T iq . J j (rj) dV'.
LJ tq LJ tq JW 4 LJ LJ JJJ I 'I } for i = 1, ... ,n,
q=1 q=1 7f q=1 }'=1 riq - r jVelement j

(3.3)

where Tiq is the tangential vector along the relevant wire segment. Expressing
the electric field Eiq in terms of the equivalent impedance Z of the wire and
the current along a side of the ith element, we write equation (3.3) as follows:

~ E~ = ~ Zl· + 'w/-lo~~ ({{ Tiq' Jj(rj) dV'· ~ . 1
LJ tq LJ tq J 4 LJLJ JJJ I. -'I } lorz= , ... ,n.
q=1 q=1 7f }=1 q=1 V. . r zq r j

element J

(3.4)

Referring to figure 3.2, the current I iq (for q = {1, ... , 4}) is the current
along the elementary wires at points q = {1, ... , 4} of the element i. We
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Figure 3.2: Currents in an element, I i is a certain current through element i.

first express the current I iq along an elementary wire as the difference of
the circular currents between two neighbouring square elements sharing the
elementary wire. Considering this we can express the first term in the right
hand side of equation (3.4) in terms of circulating currents in the square
elements and write [cf. figure 3.2]:

4

L ZIiq = Z(Ii - Ii-d + Z(Ii - Ii- k) + Z(Ii - Ii+l) + Z(Ii - Ii+k)
q=1

(3.5)

We substitute equation (3.5) in equation (3.4) and write:

4

L Efq = 4ZIi - Z(Ii-1 + Ii- k + Ii+1+ IHk )
q=1

+jW~; tt I!! ,iq. ~(T dVj, for i = 1, ... , n.(3.6)
)=1q=1 v. . rzq r j

element J

We now consider the integral in the right-hand side of equation (3.6). It
expresses the effect caused by a current density in the volume of square
element j on a point q of element i. Integrating over the cross-sectional area
of a wire and assuming a circular current Ij flowing through the four sides
(p = {1, ... , 4}) of the elementary square, we can replace the volume integral
in the right-hand side of equation (3.6) as fol1ows:

(3.7)
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The factor Fpj~qi, describes the effect of a wire of element j at a point on
element i (schematically shown in figure 3.3), and is given by [cf. equations
(2.56), (2.58), (2.64) and (2.68); repeated for convenience):

Figure 3.3: Effect of one element on another.

[(a__1 ) log ( ~ + Ja2

+ (~)2 ) + ~ L ]

2Ki _~ + Ja2 + (~)2 Ki Ja2 + (~)2 '
for a field point on the current wire of element j,

_ 110 (-(z - z~) + V(z - z~)2 + p2)
F pj~qi - -log ,

41f -(z - zD + V(z - z~)2 + p2
for a field point outside a wire of element i, and

110
F pj-tqi = 41f

[log (z - z~) sgn (z - z~) - log (z - z~) sgn (z - z~)) ,

(3.8)

(3.9)

(3.10)

for a field point outside the wire along the axis of the current wire. We use
equation (3.7) in equation (3.6) and write:

4

L Efq(r) = 4Zfi - Z(Ii-l + f i - k + fi+l + f i+k )

q==l

n 4 4

+jw L L L Fpj~qJj for i = 1, ... , n.
j==lq==lp==l
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Equation (3.11) ean be rewritten as:

n

Ai = 4ZJi - Z(Ii-1 + Ji- k + Ji+1 + Ji+k) + jw L Bijlj ,
j=l

where

4

Ai = L Efq(r) ,
q=l

4 4

Bij = L L F pj --+ qi .
q=lp=l

(3.12)

(3.13)

(3.14)

Now we eonsider the first two terms at the right-hand side in equation
(3.12), and express these in a matrix form as follows:

4ZJi- Z(Ii-1 + Ji- k + Ji+1 + Ji+k)

= Z ( ai-kl' .. ai-iJ ai, ai+1, ai+k,· ..)
( ,Ji - k, ... , Ji - 1, Ji, JH11 ,Ji+k, .. .)T . (3.15)

Here ai = 4, and ai-k = ai-1 = aH1 = ai+k = -1, which eorrespond to the
ith square element and the ones surrounding it. However, we assign a zero
value to the quantity, whieh eorresponds to a fietious square element earrying
a zero current, used to express the current along an elementary outermost
wire of an outermost square element in the wire grid.

In addition, the last term in the right-hand side of equation (3.12) is
rewritten as:

(3.16)

With (3.15) and (3.16), equation (3.12) is now written for element i as:

(3.17)
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Considering this equation for all elements i = {I, ... ,n} equation (3.17) is
written in the following partitioned matrix form as:

where

[A] = [L][I].

[L] = [ZUS]] + jw[[B]]].

(3.18)

(3.19)

Here [I] is a column matrix with n elements of circular currents, and [[SJ]
and [[B]] are the coupling and the scattering matrix, respectively. They
are square matrixes with n x n elements. The square matrix [[SJ] has the
following elements (assuming that all the elements are initially zero):

[[
SJ] . { ~:; ~ 1 ~; ; - k /\ j = i-I /\ j = i + 1/\ j = i + k(3 20)

. aij =0 : (i=tknj=tk+l)/\ .
(i = tk + 1 n j = tk), t = {I" .. ,n - I},

and is schematically shown in figure 3.4 for k = 12 and m = 6, where the
non-zero elements on the diagonals are marked with a dot. The elements Bij

'.

"

j> 72

Figure 3.4: Layout of the sparse matrix [[SJ] for a k x m = 12 x 6 wire-grid
structure.

of the square scattering matrix [[B]] are defined in equation (3.14). Equation
(3.18) is solved for the circular currents in [I] by inverting L:

1= L- 1A. (3.21)
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For evaluation of an element of [A], which represents an incident field
on element i, we consider figure 3.5. An external source loop of current Is
produces an incident field at the i th element. Considering equation (3.13) we
then write:

444

Ai = L Efq(r) = -jw L L Fp~qiIs'
q=l q=lp=l

Here the factor Fp~qi is [cf. chapter 2.4]:

q=l

(3.22)

Figure 3.5: Incident field computation of an induction loop with current Is.

/-Lo (-(Z - z~) + J(z - Z~)2 + p2)
Fp-tqi = -log ,

47f -(z - zU + J(z - ZD2 + p2
or,

/-Lo
Fp-tqi = 47f

[log (z - z~) sgn (z - z~) - log (z - z~) sgn (z - z~)] ,

if the field point is on the same axis of the source wire.

3.2 Numerical results

(3.23)

(3.24)

For numerical computations of the theory that has been developed in the
last section, we consider the configuration shown in figure 3.6. The wire-grid
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structure, embedded in a free space, is composed of 72 elementary squares.
The size of each elementary square loop is 15cm x 15cm. The radius of
an elementary wire is 3 . 1O-3cm. A wire C I C2 , which represents a side
of an induction current loop, runs at a height of 4 cm from the wire grid.
ClC2 also runs along the centre of the broad side of the wire grid. This
configuration corresponds to the actual set-up for which the measurements
were performed as described in Chapter 4. Using equation (3.21) the total

1.1. .=500r,l

r 0";=1.02' 107 AY 1m- 1

8.=80

l.l.e=/-lO
0".=0

1.8 m

Figure 3.6: Set-up used for ca1culations.

current through each elementary wire is ca1culated. For frequencies of 10Hz
and 1kHz the current in each conductor on the wire grid is shown respectively
in the figures 3.7 and 3.8. The length of an arrow is proportional to the
amplitude of the currents. The orientation represents the phase relative to
the exciting current. In the figures 3.7 and 3.8, the zero-phase orientation of
the currents in the grid is to the right or upwards. Figure 3.9 shows the
normalised current at point 1 in figure 3.6 for different frequencies (along
the abscissae), for two different impedance terms given in equations (2.6)
and (2.7). High frequency approximation of equation (2.56) yields the same
result. In figure 3.10 the corresponding phase at point 1 (on a wire element
at centre and vertically below the source induction wire) is plotted. Similar
plots of normalised current and phase are also shown in figures 3.11 and 3.12
for a point 2 (on a wire element on the edge of the wire-grid structure) on the
wire-grid structure. The different expressions for the impedance yield very
different phase diagrams, while the amplitude diagrams also changed.
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Figure 3.7: Currents flowing through the wire-grid structure at f = 10Hz.
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Figure 3.8: Currents flowing through the wire-grid structure at f = 1kHz.
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Figure 3.9: The current at point 1 of the wire grid (figure 3.6), at different
frequencies.
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Figure 3.10: Phase of the current at point 1 (figure 3.6), at different frequen
cies.
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Figure 3.11: The current at point 2 of the wire grid (figure 3.6), at different
frequencies.
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Figure 3.12: Phase ofthe current measured at point 2 (figure 3.6), at different
frequencies.
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Chapter 4

The experiment for model
validation

To verify the theoretical results, physical measurements have been made. In
this section, the experimental set-up has been described briefiy, and results
are displayed and compared with theoretical results for model validation.

4.1 The configuration

A schematic diagram of the experimental set-up is shown in figure 4.1. The
set-up consists of a small rectangular current loop. A piece of reinforcement
iron was mounted verticallyon a wooden frame. The reinforcement iron was
symmetrically placed with respect to the side of the current loop, as shown
in figure 4.1. The distance between the wire of the loop and the reinforce
ment iron was 4 centimetres. An alternating current is passed through the
rectangular current loop. We assume that only the current wire closest to
the wire grid has infiuence and thus the effects of the other three sides of the
current source are neglected. The magnetic field associated with the current
induces a secondary current in the wire-grid structure.

A homemade Rogowski coil, which is connected to a loek-in amplifier, is
used to measure the current through a piece of wire, which passes through
the Rogowski coi!. The Rogowski coil produces an alternating voltage, which
is linearly proportional to the alternating current fiowing through the wire in
the centre, and thus gives a measure of the current in the wire. A current not
fiowing through the center of the Rogowski coil caused a meter reading error
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of approximately 2 percent. The advantage of a loek-in amplifier is that it
makes it possible to measure very small signals which otherwise could not be
measured because of noise and disturbances. The loek-in amplifier was put
into a so-called EMC cabinet. An EMC cabinet prevents any disturbances
from causing a meter reading. Mutual influence between the set-up and other
iron objects is only significant within centimetres from the set-up. Because
other iron objects were located at least one meter away from the measurement
set-up we assume that these objects had no influence. The used equipment is

Current Loop~

Rogowski eoil

1.8 m
O.9m

15emx 15em

'\
Wire grid strueture

Figure 4.1: The experimental set-up.

listed in table 4.1. The amplifier was merely a power supply and an integrated
amplifier module for audio purposes, with no further filtering. The amplifier
was capable of delivering power at frequencies up to 100kHz. The dimensions
of the Rogowski coil are given in figure 4.2. A list of materials used in the
experiment is given in table 4.2.

4.2 Results

In figure 4.3, the configuration of the current wire (represented by a thick
line) and the reinforcement iron is schematically shown. The amplitude and
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~ instrument I type
EMC-eabinet 1 x 1 x 2m
amplifier based on a module HY60, manufaeturer ILP

gain 30dB, Power: 30W,
frequeney range: 15Hz - 50kHz

multimeter Hewlet Paekard, HP34401A - multimeter
function generator Hewlet Paekard, HP33120A - 15MHz

funetionjarbitrary waveform generator
Loek-in amplifier EG&G instruments- Prineeton Applied Research

loek-in amplifier model 5302, in R- () mode.
Rogowski eoil home made, shown in figure (4.2)

Table 4.1: Instrumentation in the experiment.

~ material I deseription

wire-grid strueture Piece of reinforcement iron, 6 x 12 elements
are 15 x 15em, made of eorroded rough
iron with a diameter of 6 . 10-3m, eross
points are spot welded.

eurrent wire 10 meters of eopper wire
wooden eonstruetion two wooden tables

Table 4.2: Material deseription for the experiment.
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100 tums

5cm
subject

~ 0

Figure 4.2: The Rogowski coil.

phase of the currents is measured at point 3 on the wire of the current loop
and at points 1 and 2 on the reinforcement iron.

Is )

Figure 4.3: Locations 1, 2, and 3 for the Rogowski coil on the current wire
and the wire grid.

Three measurements of the amplitude ratio R1(w) and phase difference
<Pl(W) of the currents at points 1 and 3 were made. The first measurement
was performed on October 27, 1998, the second on March 18, 1999 and the
third on March 26, 1999. In the figures 4.4 and 4.5 the average values of these
measurements (presented with stars) are plotted along the ordinate of the
figures against the frequencies along the abscissae. The maximum difference
between the current amplitude ratio measurements at three different times
was 22 percent and the maximum difference between the phases was 1.9
degrees. Because the three measurements were performed on three different
dates on different locations, we may conclude that the reproducibility was
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reasonable. For comparision, the calculated curves from section 3.2 are shown
in the figures by solid lines.

10,4 L.-----'-:-__--'-::--_~-:--_~

10" 102 )0' 10"

f[Hz]

Figure 4.4: The current amplitude ratio Rl (w): measured curve (marked
with star) and calculated curves (solid lines) for the given inpedances.

150

100

I 50

~ 0
s
.. -50

-100

Figure 4.5: The phase difference cPI(W): measured curve (marked with star)
and calculated values (solid lines) for the given impedances.

The current amplitude ratio measurements between points 2 and 3 (cf.
figure 4.3) and the calculated results are shown in the figures 4.6 and 4.7.
We can conclude from figures 4.4 - 4.7 that the calculated curves using
impedance equation (2.47) are doser to the measured curves. Because the
current density is largest on the surface of a wire due to the skin effect we
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Figure 4.6: The current amplitude ratio R2(w): measured curve (marked
with star) and calculated curves (solid lines) for the given inpedances.

only use impedance expression (2.47) from now on, which also produces a
closer match with the experimental measurements.

4.3 Study of the effects of the material pa
rameters

To study the parameter dependence, computations are made with different
values of the relative magnetic permeability /-Lr, the conductivity (J" and the
radius of the wires a. The radius a has influence via the vector potentialof
equation (2.60) and the impedance expression (2.47). The parameters /-L and
(J" mainly have influence via the impedance expression (2.47).

It is of interest to observe the effects of the material parameters such as
radius, conductivity and permeability on the measurements. In the figures
4.8 and 4.9 the value of /-Lr is varied, while the radius a = 3 . 10-3 and
the conductivity a = 1 . 107 are kept constant. Prom these figures it can be
observed that the measurements are closer to the calculated curve for /-Lr = 50
and as the value of /-Lr increases the deviations of the computed values from
the measurements increase. In the figures 4.10 and 4.11 the value of (J" is
varied with a = 3 . 10-3 and /-Lr = 500. It follows that increasing the value
of the conductivity a causes the curves to move upwards and to the left. In
figures 4.12 and 4.13 graphs are shown for different values of the radius a for
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Figure 4.7: The phase difference cP2(W): measured curve (marked with star)
and ca1culated values (solid lines) for the given impedances.

(J = 1 . 107 and J.Lr = 500. Here it can be seen that increasing the diameter
of the wires also moves the curves upwards and to the left.

Finally we tried to fit the ca1culated curves to the measured curves by
changing the parameters J.L and (J. The radius of the wire is kept constant,
a = 3· 10-3 . If we look at equation (2.47) for the resistance, where equation
(2.31) is used to ealculate the value of "'i, which has a major infiuence on
the shape and position of the curves, we see that the J.L and the (J appear
together in the variabie "'i and (J appears in the nominator of equation (2.47)
onee. We can change the product of J.L and (J to change the value of "'i,
which has its main influence on the numerator of equation (2.47), and if we
change the value of (J while we keep the product J-U7 constant, we change the
denominator of equation (2.47). Playing with these parameters we can move
the curve horizontally by changing the value of }-L, while vertical movement
is achieved by changing the value of (J and J.L while the product }-L(J is kept
constant. Although these rules are not completely consistent they appear to
be helpful in determining parameters for fitting the curves to the measured
curves.

Parameter fitting yields the values (J = 6.5 . 106 v~ and }-Lr = 80. In the
figures 4.14 and 4.15 the phase and the current at points 1 and 2 are shown
where the optimised parameters are used.
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Figure 4.8: Calculated phase and amplitude response for different values of
relative magnetic permeability /-Lr, and the measured curves at point 1.
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Figure 4.9: Calculated phase and amplitude response for different values of
relative magnetic permeability /-Lr, and the measured curves at point 2.
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Figure 4.10: Calculated phase and amplitude response for different values of
conductivity (5, and the measured curves at point 1.
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Figure 4.11: Calculated phase and amplitude response for different values of
conductivity (5, and the measured curves at point 2.
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Figure 4.12: Calculated phase and amplitude response for different values of
radius of wire a, and the measured curves at point 1.
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Figure 4.13: Calculated phase and amplitude response for different values of
radius of wire a, and the measured curves at point 2.
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Chapter 5

Conclusions and
Recommendations

In this report we proposed a method to calculate the induced currents in a
wire grid which represents the conducting part of a reinforcement construc
tion. Using the quasi-static Maxwell-equations, the computation of these
currents williead to the determination of the secondary electromagnetic fields
produced by a wire-grid structure.

Electrical currents (or current densities) in an elementary wire have been
related to the vector potential through an integral representation. It is in
teresting to observe that, in case of high frequencies, this vector potential
representation remains the same if the magnetic permeability of the wire is
considered to be equal to that of the free-space value or to other values for
consideration of a magnetic permeability contrast with the free space.

An analytical expression for the vector potential considering a field point
on the axis of the wire due to the frequency-dependent current distribution in
the wire could be derived for simpIe implementation in a computer. Also the
vector potential expression for high frequencies, for which the current flows
completely along the surface of the wire, has been derived. Both solutions
yielded almost the same results.

Two impedance expressions have been derived for a cylindrical wire. One
combines surface electric field and the total current and the other the electric
field in the centre of the wire and the total current. The currents calculated
have been compared with the measurements, and it appeared that the use of
former impedance relation yielded better results.

The integral equation has been discretized by decomposing the wire grid
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into elementary loops and assuming a circular current in each elementary
loop of the grid. Matrix equations have been formulated to calculate the
current along the wires of the elementary grid.

For model validation, measurements of current are performed on a piece
of reinforcement iron in free space. Amplitude and phase of current as a
function of the frequency at two points on the grid are displayed. These
measurements are compared to the calculated values at those points. The
calculated curves using the impedance expression with surface currents were
close to the measurements. The matching between the measurements and the
calculated curves can be improved easily by adjusting, with the help of a trial
and error process, various parameters such as radius, magnetic permeability
and electrical conductivity of the wire-grid material.

Our calculations do not take into consideration the induction of electric
currents in the wires by the scattered field. Further research may be carried
out to study the effect of the scattered field if the external source wire is
located close to the wire grid. The resistance which arises on junctions in
the wire grid due to spot welding is also not considered in the calculation in
this report. Finally, tests in practical configurations are necessary to evaluate
the calculations.
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Appendix A

Calculating a vector potential
using integration by parts

Consider equation (2.54) for the vector potentialof a cylindrical wire:

We write equation (1) as:

where

a( ) I ..;p KiPd
9 a, Z = V 2 2 e p.

p +z
p=O

This can be written as:

a

g(a, z) = I f(p) eKiPdp,
p=o
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(5)

where

JiJ
f(p) = Vp2 + Z2

We solve equation (4) by using integration by parts. We expect that the
argument in the exponent in equation (4) is so large for p ~ a that the limit
p = 0 may be replaced by p = -00. We write:

a

g(a, z) = I f(p) eKiPdp
p=-oo

a

= e-Kia I f(p) eKi(p-a)dp.

p=-oo

(6)

We now substitute p - a = -p. It folows that p = a - pand dp = -dp. We
also have e-KiPdp = d~:iiP. We write (6) as:

00 ~a 00

g(a, z) = eKia I f(a - p) e-KiPdp = ~Ki J f(a - p) de-KiP. (7)
p=o p=o

We integrate the right-hand side of equation (7) repeatedly by parts:

00

e
Kia

1

00

e
Kia Ig(a,z) = _e-KiP f(a - p) - - J'(a - p) e-KiPdp

-K' 0 -K-
t p= zp=o

e
Kia

/00 e
Kia

1

00
= - _e-KiP f(a - p) - -2e-KiP J'(a - p)

Ki p=o K,i p=O

00

e
Kia I+-2 f"(a - p) e-KiPdp.
K·

t p=O

(8)

Because a third partial integration will involve a K 3 , and K, is large even
for low frequencies (K, = 307 at f = 5Hz), this will add a negligible value.
Therefore we use the first-order approximation from equation (8), where the
integral is neglected, to evaluate (3). Substituting equation (5) in equation
(8) yields:

(9)
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Substituting this in equation (2) and performing the integration over z
and cP results in the following expression:

(10)

or:

(11)
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