
 Eindhoven University of Technology

MASTER

Numerical calculations of the flow field with a non-linear actuator disk model and a streamline-
adapted grid

van de Vorst, H.J.A.

Award date:
1989

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/792e90bb-8b71-4f54-9333-948986833cbe


Technische Universiteit tU)Eindhoven 

Faculteit der Tech

nische Natuurkunde 

Vakgroep TRANSPORT

FYSICA 

Titel: 

Auteur: 

Verslagnummer: 

Datum: 

Beqeleider(s): 

Den Dolech 2 

Postbus 513 
5600MB Emdhoven 

Telefoon !040) 47 9111 
Telex 51163 

Numerical calculations of the flow 

field with a non-linear actuator disk 

model and a streaml~ne-adapted grid. 

H.J.A. van de Vorst 

R - 987 - A 

8 maart 1989 

J.A.C. Falcao de Campos (Maritiem Research 

Instituut Nederland) 

A. Hirschberg (TUE) 

Verslag van het afstudeeronderzoek verricht bij het MARIN te Wageningen 

in de periode januari - november 1988. 



SUMMARY 

The axisymmetric flow field of an inviscid and incompressible fluid 

behind an actuator disk has been calculated. The flow field has been 

described by a streamfunction w and the tangential component v of the 

velocity vector. 

For two different circulation distributions, different loadings and 

advance coefficients an iterative scheme has been tried out to solve the 

non-linear integral equation. The vertex distribution was continuous and 

an adaptive grid has been used. 

Convergence was not attained with this scheme but in spite of that the 

last iterations have been compared with the literature. 



NUMERICAL CALCULATIONS OF THE FLOWFIELD WITH 

A NON-LINEAR ACTUATOR DISK MODEL AND A 
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1. INTRODUCTION 

To let a ship sail through the water at a certain speed, the resisting 

force due to the water has to be overcome by a propulsive force. This 

propulsive force or thrust, is usually generated by a propeller. 

The velocity field associated with an actuatordisk model for the 

propulsive action of a propeller is of considerable scientifical 

interest in a number of applications. The numerical evaluation of this 

velocity field is investigated in this report. 

An actuator disk is an infinitely thin plane, at the place and with the 

dimensions of the propeller, in which external farces act on the medium 

flowing through it. 

The lifting line theory [MAN 48] can be used to calculate the 

instationary velocity field behind a propeller with a finite number of 

blades. It has been shown [HOU 65] that the time average or zeroth 

harmonie of this flow field is equivalent, in the linear theory, to the 

velocity field behind an actuator disk exerting an axisymmetric 

force field with axial and tangential force components on the fluid. In 

this way an actuator disk can be seen as a propeller with an infinite 

number of infinitely thin blades of varrishing chord rotating with an 

angular velocity n. 

In the linear theory it is assumed that the by the propeller induced 

veloeities are smal! in comparison with the inflow velocity We +ORe -x -r 
These veloeities are induced by helicaidal vortex sheets with constant 

pitch shed from the propeller blades. 
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helicaidal surface 

Fig. 1.1 Helicaidal surface with constant pitch 

However, this is only true for lightly loaded propellers having a small 

thrust coefficient, CT. 

For moderately or heavily loaded propellers the induced veloeities are 

not small anymore and non-linear effects resulting in slipstream 

contraction and pitch variatien of the helicoidal vortex sheets must be 

taken into account. In this case non-linear theory has to be applied. 

For the actuator disk, with the axisymmetric assumption, the linear 

theory can easily be extended to the non-linear theory. 

For the finitely-bladed model this would require complex computations of 

vortex sheet roll up. 

l'------------
0 x 

Fig. 1.2 Slipstream contraction in the non-linear theory 

Furtheron the fluid is supposed to be inviscid because, in general, it 

is assumed that the effects of vorticity may be properly described by 

inviscid flow theory. 
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Consiclering the flow of an incompressible and inviscid fluid through an 

actuator disk placed in a uniform inflow, an elliptic integral equation 

which determines the flowfield, is derived in chapter 2. The derivation 

of this integral equation is based on the description in the paper of Wu 

[WU 62] and is valid for an arbitrary non-uniform circulation 

distribution. 

The purpose of the present work is a numerical calculation of the flow 

field with a non-linear actuator disk model using a continuous vortex 

distribution, an uniform inflow profile and a prescribed circulation 

distribution. The external force field is supposed to impart only axial 

and tangential forces on the fluid. 

The positions of the streamsurfaces are calculated directly using an 

adaptive grid, this contrary to Coesel [COE 79]. 

Coesel used a fixed grid and divided the vorticity field into discrete 

'vorticity-cylinders'. The positions of the streamsurfaces were found by 

interpolation. 

Greenberg and Powers [GRE 70] also investigated the non-linear actuator 

disk but they used a piecewise constant circulation distribution. 

In chapter 3 the numerical treatment of this integral equation is 

descri bed. 

For different values of the thrust coefficient, CT , and the advance 

coefficient, ~. the velocity profile at given (cross) sections can be 

calculated when the position of the slipstream is determined. The 

advance coefficient is the ratio of the freestream velocity W, and the 

velocity OR . The results of these calculations are shown in chapter 4. 

In chapter 5 conclusions are drawn and the accuracy of the method is 

discussed. 
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2. THE MODEL 

2.1 Governing equations 

Consicier the uniform flow of an incompressible and inviscid fluid 

through an actuator disk. The disk, having radius R, is supposed to be 

of negligible thickness and exerting axial an tangential forces on the 

fluid. The uniform free-stream velocity is W. 

Choose a cylindrical coordinate system (r,S,x) fixed in the space, with 

the origin at the disk center and the x-axis in the free-stream 

direction (Fig. 2.1). 

The velocity g has the following components: g=(u,v,w). 

Fig. 2.1 Definition of the coordinate system 

The equation of continuity can be identically satisfied in axisymmetric 

flow by introducing the streamfunction ~(x,r) related to the velocity 

field as fellows: 

1 a ~ 
u =u' - r a x 

1 a ~ 
w = W + w' =- -

r a r 

where the primed terms are perturbation quantities. 
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The kinematics of the flow is thus fully described by the stream 

function ~ and the tangentlal velocity-component v. 

The relation between the vorticity vector, ~ 

~ = rot !:! 

= (w ,W 0 ,W ) , is: r v x 

(2-2) 

Inserting (2-1) into (2-2) gives an expression for the vorticity 

components 

w 
r = 

a v 

a x 

The equation of motion is as fellows 

where p 

du 1 = - _ grad p + F 
dt p 

the density of the fluid 

the fluid pressure 

1 a(vr) 

r ar 

(2-4) 

(2-3) 

p 

E the external force field per unit mass exerted on the fluid at 

the disk. 

Making use of the stationarity of the problem equation (2-4) becomes: 

!:! x ~ = grad H - E (2-5) 

where 

(2-6) 

is the total head. 
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Now introduce a new coordinate system (s.~.S), s along and ~ normal to 

the trace of the streamsurfaces in the meridional plane. 

The relation between the partial derivatives in s and ~ direction and 

the derivatives in the (r,S,x) system is as fellows (see Appendix A ) 

a 
as 

a 
a~ 

= 

= 

[
u a 

V ar 
s 

1 
+ w ~ l a x 

(2-7a) 

[ w~-u~] ar ax 
(2-7b) 

where V is the velocity component in the meridional plane, in the 
s 

s-direction, 

2 2 
=u + w (2-8) 

Outside the actuator disk there are no external forces, so the equation 

of motion (2-5) yields 

!! x ~ = grad H (2-9) 

The dot product of !! and ~ with (2-9) gives 

(2-10) 

Hence, outside the disk the surfaces H=const coincide with the 

axi-symmetric streamtubes and vortextubes, the latter existing in the 

slipstream of the disk. 

The slipstream of the actuator disk is the region downstream of the disk 

containing all the streamtubes that have crossed it. 
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Writing down the three components of the reduced equation of motion 

(2-9) gives 

aH __ +ww
8

-vw 
ar x 

= 0 (2-lla) 

uw -ww =0 x r 
(2-llb) 

(2-11c) 

Eliminating CaJ and CaJ from (2-11) writes x r 

u a H + w a H = a H = 0 (2-12) 
a r a x a s 

This means that in absence of external forces the total head, H, is 

constant along a stream surface. So we may write 

(2-13) 

Substituting (2-3) in (2-11) gives 

a H V a (vr) = 0 
+ w Ca.l8 

a r r a r 
(2-14a) 

u a (vr) + w ~a (vr) = 0 (2-14b) 
r a r r a x 

aH V a (vr) 
--- - u (a)8 = 0 

r a x 
(2-14c) 

a x 
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From (2-14b) it follows that 

a (vr) = 0 

a s 

vr = f ( IJl ) 

This means that the angular momenturn is conserved along the 

streamsurfaces. 

(2-15) 

(2-16) 

Multiplying (2-14a) with w, (2-14c) with u and substracting gives 

ws = - r a H + ~ (vr) a (vr) 
a IJl r a IJl 

Equating (2-3b) and (2-17) yields 

1 [ a
2

1Jl 1 8IJl a
2

1Jl l = dH - -----+-- --
2 a 2 r ar a 2 diJI r x r 

(vr) d(vr) 

2 diJI 
r 

(2-17) 

2-18) 

This is a non-linear elliptic partial differential equation for the 

streamfunction governing the axi-symmetric flow outside the disk. 

As it can be seen the right-hand side is a non-linear function of IJl • 

In order to determine this right-hand side we consider the equations and 

forces inside the disk. 

The dot product of g with the equation of motion (2-5) gives 

a H 1 
- =- (g.I) (2-19) 
a s v 

s 
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So the total head, H, changes inside the blade row proportional with the 

work done by the external forces. The S-component of (2-5) yields 

8 (vr) = r FS 
(2-20) 

8 s V 
s 

From (2-20) it fellows that the total angular momenturn varies along a 

streamtube at a rate proportional to the moment of tangential blade 

force. 

The blade forcefield E is supposed to have the following behaviour in 

the streamline coordinate system 

(2-21) 

where ö(s) is the Dirac delta function and s0 the s coordinate of the 

disk. 

Using this special behaviour of the force field and integrating (2-20) 

from s=-oo to s=s gives 

rv = 0 (2-22) 

This means that, while passing through the disk, there is a jump FS/Vs 

in the tangential velocity, v. 

Furthermore, the force exerted by the blades on the fluid is required to 

be perpendicular to the relative velocity. Assuming that the blades 

rotate with angular speed ü, we may write 

(y - ür~s ) . E = o (2-23) 
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From this it fellows that 

!! . .E = OrF8 (2-24) 

Combining (2-24) with (2-22) and (2-19) gives 

a H = O r F 19' = 
0 

a ( vr) (2-25) 
a ~ V as 

s 

Integrating from s=-oo to s=s results in 

(2-26) 
p 

H = Ho + n r V 

Thus we finally find the following equation for the flow outside of the 

blade row in the slipstream 

d(vr) 

dl/I 

with the following boundary conditions 

181/1 __ -+W. 

r ar 

81/1 -+ 0 as x -+ oo 

ax 

as x -+ -oo or r -+ oo 

(2-27) 

(2-28) 

Equations (2-22) and (2-27) are a system of partial differential 

equations for 1/1 and v. The equations are non-linear because first the 

right-hand side of (2-27) is in general non-linear in 1/1 and second the 

region where the right-hand side is non equal zero is nat known at 
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forehand. 

The radial distribution of circulation f(r), is supposed to be known at 

the disk so the rotational momenturn becomes known at the disk. 

rv (s = s~) = f(r) 
27T 

and also F
8 

becomes known from (2-22). 

(2-29) 

Summarizing the right-hand side of (2-27) is only known at s=-oo and 

s=s~ . This causes diffculties in solving the equations. 

We now introduce the following non-dimensional quantitities: 

r 
r = x= 

R 

x 

R 

u 
!!= -

w 
r·= r 

WR 
(2-30) 

Substituting this in (2-27) and further omitting the prime gives 

d(vr) 

d'lt 

Using a perturbation streamfuntion ~ defined by 

1/1 (x,r) = 1/10 (x.r) + ~ (x.r) , 

gives for equation (2-31) 

1 a 
r ar 

- 11 -
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2 
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with the homogeneaus boundary conditions at infinity 

a..p a..p __. 
0 as x -.. - oo or as r -.. oo (2-34) 

ar ax 

as x -.. + oo 

Because of the fact that the operator, eperating on ! , on the left-hand 
r 

side is linear we can apply Green's theerem and convert the boundary 

value problem into a non-linear integral equation . 

..P (x,r) =rIJ G(x-x' ,r,r') w8 (x' ,r') r' dx' dr' 

D(x,r) 

(2-35) 

The domaio of integration D(x,r) is the region for which w8 (x,r) # 0 and 

it is unknown a priori. 

The Green's function, G(x-x',r,r'), is associated with the operator 

(2-36) 

The Green's function represents the streamfunction induced by a ring 

vertex with unit circulation (KUC 53] and has the following ferm 

- _1_ I (x-x') 2 + (r+r')2' G (x-x' ,r,r') = -.1 
21Trr' 

(2-37) 

2 where the modulus, k ,of the complete elliptic integrals, K(k) and 
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E(k), is given by 

k2 = ----------------
4rr' 

(2-38) 
2 2 (x-x') +(r+r') 

r 

x' 
·(r,e,x) 

T 

Fig. 2.2 Interpretation of the Green's function 

The tangential component of the vorticity has the following ferm 

w{J r [ 
r2 - vr l d(vr) 
À dl[! 

(2-39) 

It is clear that equation (2-35) has to be solved in order to determine 

the streamline pattern. This is the subject of the two following 

paragraphs. 

2.2 The first order approximation 

The integral equation (2-35), determining the streamfunction ~at a 

given field point (x,r), can be solved iteratively starting from a 

first order approximation. This approximation is discussed below. 

The first order approximation is based on the linear theory, where the 

vorticity is transported by the undisturbed flow. In this case we have 

straight stream- and vortextubes. 

The vorticity shed from the disk is approximated linearly. 
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d(vr) 

dl[! 

0(1) O(é) O(é) 

Neglecting the term of order O(é2 ) gives 

2 r d(vr) 

À dl[! 

(2-40) 

(2-41) 

To first order, with 1[/0 = ~ r 2 being the strearnfucnction of the 
2 

undisturbed strearn, we have 

a(vr) ~ a(vr) = a(vr) dr = 1 df(r) 1 (2-42) 
r 

Substituting this in eqnation (2-41) gives for the linear approxirnation 

of the vorticity 

r df(r) 

27rÀ dr 
(2-43) 

So the equation that has to be solved for each point in the first order 

approxirnation is the following 

,P (x,r) = -r II G (x-x',r,r') 

D(x,r) 

~ df dx' dr' 
27rÀ dr' 

(2-44) 

This equation can be solved because the dornain D(x,r). where the 

vorticity is non-equal zero, is known. Equation (2-44) becornes 
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1 00 

~ (x.r) = -r I I G 

0 0 

(x-x' ,r,r') ~ df' dx' dr' 
2-rrÀ dr' 

Equation (2-45) can be written as follows 

1 

-/1 (x,r) I ~00 ( * ' *) r' df' dr' = -r r ,r ,x ----
2TrÀ dr' 

0 

with 

00 

* . * I -/1
00 

(r ,r ,x)= G(x-x',r,r') dx' 

0 

(2-45) 

(2-46) 

(2-47) 

-/1 is the induced streamfunction by a semi-infinite vortex cylinder with 
00 

unit strengthand can be deduced from integration of Green's function 

from x= 0 to x= oo [COE 79]. 

where 

7r 

t: 

* for r ( 1 

* for r z 1 

- 15 -
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(2-49b) 



2 4r* 
k = 1 --------------

*2 * 2 x + (r + 1) 

2 
a =----

* x x = 
r 

* r r = 
r 

(2-50) 

(2-51) 

(2-52a) 

(2-52b) 

2 
K(k), E(k) and nca lk1) are complete elliptic integrals respectively of 

the first, secend and third kind. 

2.3 Higher order approximations 

In the higher order approximations the integration will be clone not in x 

and r but in the (s.~) coordinate system. The integration in these 

coordinates has several advantages; 

1. the integration area is less complicated than in the x-r- domain, we 

nearly have a rectangular domain. (See Fig. 2.3) 

2. the veloeities at given points can be calculated very easily because 

of the fact that 

V 
s 

= 1 éJil1 -- (2-53) 
r 8n 

n being the normal to the streamsurfaces. 
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-t--l.line s=tonstant 
~p--~ f-- . -

!i,{'f') 
8 
0 

-1.20 -Q.I!IQ o.oo \.60 :.oo : .• o :.ao '·" x-ns 

r [\ 
\ 
\ 
1 

r 
0 I . s 

Fig. 2.3 Integration domain in the (x,r)- and (s.~)-domain 

One of the possible disadvantages is the calculation of the boundary of 

integration in s-direction, s0 (~). For this a few grid points on the 

left side of the disk are needed. 

In the various iteration steps the s-coordinate fellows the curve of the 

streamsurface when As is decided to be constant. This means in the x-r 

domain a condensation of the integration points where it is necessary. 

This is also an advantage of integrating in s and ~ . 

Transformation of the integral introduces a jacobian in the integral 

equation (2-35). The jacobian of this particular transformation is known 

and equals 1/r'V with V the meridional velocity v2 = u2 + w2 
s s s 

The jacobian can also be calculated very easily as mentioned above. The 

integral equation becomes 
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>P (x,r) = -r I I G (x-x' ,r,r') [ r~2 - vr·] d~:r') dx' dr' 

D(x,r) 

= -r I I G (x-x'(s',,P'),r,r'(s',,P')) [ r'
2

(:',>f-') 

D(s,"') 

vr'(s',"'') l d(vr') 
dl[!' 

= -r I I G(s',>l'') 

D(s.w) 

[ r~2 - vr·] 

a(x .. r.) I ds' dl[!' 
a(s' ,w') 

d(vr') 

dl[!' 

1 

r'V 
s 

ds' dl[!' 

(2-54) 

After introducing the tip streamfunction as a normalisation factor the 

equation for a streamsurface becomes 

* w(x.r) = 1[1 1[1(0,1) = 1[10 + "'(x,r) = 

"'Jo . 1 ) oo 

~2 
+ r I G(x-x',r,r') 

0 so ("'.) 
[
r,2- vr·]d(vr') _1_ds' dl[!' 

À dl[!' r'V 
s 

(2-55) 

with * 1[1 = 1[1 1[1 (0,1) 

dl[!= 1[1 (0,1) dl[!* (2-56) 
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3. NUMERICAL SOLUTION 

3.1 Introduetion 

In the method described in this report no use is made of discrete vertex 

sheets, but the vorticity is supposed to be continuous. 

The advance ratio, À , and the thrust coefficient, CT , are the input 

parameters of the problem. Given the thrust coefficient, the circulation 

distribution, which is also supposed to be continuous, can be calculated 

by equation (3-1) once the form is known [WU 62]. 

1 

vr dr = 2À
2 I [~- r(r)] r(r) dr 

À 411T 21T 
0 

The thrust coefficient is here defined as T/7Tp02R4 

As an example let us have a look at the following circulation 

distribution 

(3-1) 

r( r) = K r ~ 1-r' (3-2) 

The factor K has to be determined from equation (3-1). Substituting 

equation (3-2) in (3-1) gives an expression for K and so the circulation 

distribution is given and also the angular momenturn (rv) at the disk. 

3.2 First order approximation 

Using the linear approximation of the vorticity shed from the disk 
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(2-43), the perturbation streamfunction at the tip, ~(x,r)~(0,1). can 

be calculated. To do this a fixed grid with constant Ar and Ax, is used 

and the streamtubes are supposed to be straight. For (x,r) = (0,1) the 

induced stream function by each semi-infinite vortex cylinder with unit 

strength, is deduced from integration of Green's function from X=O to 

X:oo (Ch. 2.2) and equals 

co 

I G ( 0-x · . 1. r ' ) 

0 

dx' = ~ (0 ,1/r' ,r') 
00 

(3-3) 

After integration in X-direction of each vortex tube multiplication by 

the strength of each vortex-sheet (which is not a function of X) is the 

next step, foliowed by the integration in R-direction. 

~(0,1) 

1 

= _I~ dr(r') 
27rÀ dr' 

0 

~ (0. 1/r' ,r') dr' 
00 

(3-4) 

Here a problem arises when the choice is made to use the circulation 

distribution given by equation (3-2). The first derivative of r(r) with 

respect to r is singular in r=1. To circumvent this difficulty the 

integration is done partially giving 

1 

~(0,1) = [r(r') ~~ (0. 1/r',r') ]
0 

+ 
27rÀ 

00 

1 

I r(r') ~ { r'~00 (0.11r' ,r') } dr' 
dr' 27rÀ 

0 
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The first term equals zero because f(O) = f(1) = 0 . This results in 

1 

~(0, 1) = I r(r') ~ { ~ ~ (0, 1/r' ,r') } dr' 
dr' 2vÀ 

00 

0 

~(0,1) = 
1 + ~(0,1) 
2 

(3-6) 

(3-7) 

After this the perturbation streamfunction is calculated at each 

gridpoint in the same way as mentioned above 

2 
r 

~(x,r) = + r 
2 

1 

Jr(r') ~{~~ (0, 1/r',r')} 
dr' 2vÀ 

00 

0 

dr' (3-8) 

Once the streamfunction, ~(0,1) = 1 + ~(0,1) , is known at the tip, it 
2 

is used to divide the interval~= 0 to ~ = ~(0,1) in pmax-1 equidistant 

intervals in the ~-direction. 

* ~ = ~ ~(0,1) 
p p 

= p-1 ~(0, 1) 
pmax-1 

p = 1,pmax (3-9) 

Now, in a fixed grid the streamfucnction is known at all gridpoints. The 

positions of the streamsurfaces ~ are found by a tracing procedure: at 
p 

given axial stations the radii of the streamsurfaces ~ , with 
p 

equidistant intervals in ~. are found by evaluation of cubic splines. 

This completes the first order approximation. 
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3.3 Grid generation 

Given the positions of the streamsurfaces in the previous iteration 

step, a new grid is generated. 

With the gridpoints (x,r) of the previous iteration step the are length 

along the tip streamline, ~ ,is calculated between the tip and the pmax 
point (x,r)= (x ,r) at which the streamlines are supposed to be 

e 
parallel. This length is called Se. 

The new gridpoints (x k • r k ) are found by interpolation with pmax, pmax, 
cubic splines, between them the distance along the tip streamline equals 

Se/kmax = As. 

As = Se (3-10) 
km a x 

k = O,kmax (3-11) 

~t----Jine s=constant 
=::::--:i t---=::::-

~('f') 
• ·r 

••. zo -a.t10 --o.1o o.oa 

T \ 
\ 
\ 
1 

r 
0 I . s 

Fig. 3.1 The (s.~)-grid in both coordinate systems 
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The lines S=constant are approximated with straight lines between 

successive streamsurfaces starting from W 
p 

defined by the streamsurfaces W and W 
1

. 
p p+ 

= w pmax 
the s = 

. For the streamtube 

constant line is 

taken orthogonal to the line w = wp+1 but due to the fact that the line 

is approximated by a straight line it will not interseet orthogonally 

the line w = w . 
p 

This is done for every line k=constant, meaning S=constant, thus 

generating a new grid consisting of the points (x k , r k) P=1,PMAX 
p, p. 

and K=O, KMAX. 

From the above it fellows that the step size in neither x- nor 

r-direction is constant but within an iteration step the step size in Y! 
and S is constant. It is clear that in a next iteration step the values 

of Aw and AS will be different again. Sectien 2.3. explained the 

advantage of this. 

By interpolation the function s0p(wp) P=1,PMAX can be found, also giving 

the point (O.r0 ) P=l.PMAX. 
,p 

The Jacobian of the transformation, 1/rV , can be calculated easily for 
s 

each point (x k , r k)' using the new grid. p, p. 

r' V 
s = (3-12) 

an 

n being the normal to the streamsurfaces, in our case the are length 

along the lines S=constant. Because of the fact that the intersecting 

lines are straight lines, the are length equals the length of the 

intersecting line. So Aw/An gives the value of r'V in the middle 
s 

between two streamsurfaces. By linear interpolation and linear 

extrapolation for Wp=WPMAX 

found. 

the value of 1/r'V at the gridpoints can be 
s 
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3.4 Evaluation of the integral in higher approximations 

In further approximations it was decided to calculate the positions of a 

discrete set of streamsurfaces immediately instead of calculating the 

perturbation streamfunction at every fieldpoint and, after adding ~O = 1 
2 

r 2 to it, trace certain streamsurfaces. This is supposed to be more 

accurate than using a tracing procedure. 

Given the grid with gridpoints (X ~·r k)' P=1,PMAX K=O,KMAX, the new 
p,l\. p. 

position of each streamsurface fellows from equation (2-55) by solving 

the quadratic equation for every r . P=1,PMAX I=ILMAX,IRMAX after 
p,l 

evaluation of the integral (3-13). 

(n-1) 
I (r k'x k) = p. p. 

d(vr') 

d~ 

1 

r'V 
s 

ds' d~* 

(2-48) 

I 
(n-1) 

(3-13) 

n-1 meaning that the integrals are evaluated at points that foliowed 

from the previous iteration step thus the points (x k'r k). This n-1 
p. p. 

will be ommitted further. 

The two-dimensional integral of (3-17) first is changed into two 

one-dimensional integrals 
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1 (X) I I G(x-x',r,r') [ r~2 - vr·] 
d(vr') 

dl/! 

Yl*=o S=So 

1 

I d(vr') 

dl/! 

* 1/! =0 

[ j G(x-x' ,r,r') 

S=S 
0 

[ r~2 - vr·] 

1 ds' dl/!*= 
r'V 

s 

1 d ' -- s 
r'V 

s 

(3-14) 

The integrand of the integral in s-direction (s-integral) is calculated 

at the discrete points (x k' r k). For calculation of vr see (2-29) 
p, p, 

and (2-15) and for 1/r'V see 3.2. 
s 

Furthermore the s-integral is discretized by using splines based on the 

value of the integrand on the gridpoints (x k' r k) and the 
p, p, 

corresponding are lengths Sk K=O,KMAX. So at the interval between two 

gridpoints the integrand is approximated by a polynomial of the third 

degree. Then the spline is integrated from S=S0 to S=Se, where the 

streamlines are supposed to be parallel. 

The contribution to the s-integral from S=Se to S:oo is found by 

evaluation of the stream function induced by a semi-infinite ring vertex 

cylinder. 

The Green's function, G(x-x' ,r,r') has a logarithmic singularity [WU 62] 

when the evaluation point (x,r) is at the same streamsurface where the 

s-integral is being calculated (x=x'and r=r'). The singularity is 

integrated using an expansion around the singular point when evaluating 

the s-integral. This expansion is given in Appendix B. 

If for a given fieldpoint (x k' r k) the s-integrals along each stream 
p, p, 

tube are known, integration in IJl-direction can be made. To this end each 
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s-integral is multiplied by d(vr') (which is a result of splining vr 
dl[! 

with 1[1 followed by taking the derivative of the spline). The result is 

* splined with 1[1 and the value of the total integral (3-14) then fellows 

frorn integration of the spline. This is contrary to the first order 

approxirnation where partlal integration was used. 

After convergence is attained the axial and radial veloeities can be 

calculated using r'V and the local slope of the strearntube. 
s 

3.5 Iterative scherne 

The following iterative scherne was used: 

1. At the field points of a fixed grid the strearnfunction is calculated 

using a linear approxirnation of the vorticity shed frorn the disk. The 

strearnsurface pattern is found by a tracing procedure. 

2. A new (s,w)-grid is adapted to the strearnsurface pattern giving the 

points (x k'r k). p, p, 

3. On the new gridpoints the perturbation strearnfunction is calculated 

using the sarne gridpoints for the integration. 

4. For each gridpoint the new position is calculated by solving a 

quadratic equation for the new r-coordinate, so generating a new 

strearnsurface pattern. 

Steps 2 to 4 are repeated until converganee is achieved. 
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4. NUMERICAL RESULTS 

Introduetion 

In order to investigate the convergence behaviour of the iteration 

process, a moderately loaded parabolic circulation distribution was 

chosen, with a thrust coefficient, CT, of 0.01 and an advance ratio, À, 

of 0.1 

The initia! computations were carried out with 23 axial stations and 15 

radial stations. The axial stations from x = -0.6 to x = 4. with Ax = 

0.2, the radial stations fellow from 

p - 1 

pmax - 1 
1/1(0,1) 

Without using a relaxation procedure the streamsurfaces proved to cross 

eachother after 3 or 4 iterations. So, it was decided to use 

underrelaxation in the calculation of the perturbation streamfunction at 

the girdpoints ~(x,r). 

(4-1) 

In spite of this underrelaxation oscillations occurred while calculating 

éNt __ along a line s =constant (giving rV ). These oscillations were 
an s 
caused by oscillations in the coordinate n and could best he prevented 

by introducing a secend relaxation facto, w2 , for the radii rp.k" 

n n-1 [ n n-1 ] 
r k = r k + w2 r k - r k p, p, p, p, (4-2) 

It is clear that both relaxation factors, w
1 

and w
2

, are coupled somehow 

but it is not possible to use only w1 . 
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I 

The values of the relaxation factors have been chosen as fellows: 

= 0.25 

= 0.20 

Figs. 4.1. 4.2 ' 
4.3 ' 4.4 and Tables I and II show 

different iteration steps. 

lil - :::--
(/')2 

~g:= 
a:c ~::-::: 

I 
<r --0 

Q 

8 
Q 

·1-00 -o.eo -o.zo o.zo Q.6Q 1.00 1-•0 1.80 2.20 z.eo 
X-RS 

lil 

(f):il 
a:c 

I 
<r 

Q 

Q 

8 
Q 

-1-00 -o.eo -o.20 o.zo 0-60 1.00 1-•0 1.80 2-20 2.60 

X-RS 

~ 

(f):il 
a:c 

I 
<r 

0 

~ 
Q 

-l-00 -o.eo -0.20 0-20 Q.6Q 1.00 1.40 1.80 2.20 2.60 

X-RS 

~ 

(f):il 
a:c 

I 
<r 

0 

0 

8 
Q 

·1·00 -o.eo -o.20 0.20 0-60 1.00 1.40 , ... z.zo 2.60 

X-RS 

Fig. 4.1 Streamsurface pattern af ter different 
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Figs. 4.1a to 4.1d show the streamsurface pattern after different 

iterations. It is clear that the streamsurface pmax-1 starts 

oscillating. 

~(0,1) 

0,7 

it. number 
5 10 

Fig. 4.2 w(O,l) as a function of the iteration number 

Fig. 4.2, the value of the streamfunction at the tip, ~(0,1), as a 

function of the iteration number, shows nothing irregular only that the 

convergence is slow. 
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lteration x = 0.2 x = 1.0 x = 2.0 x = 3.9 

0 .9606 .9055 .8908 .8849 

1 .9584 .9047 .8905 .8846 

2 .9563 .9028 .8890 .8832 

3 .9540 .9004 .8873 .8816 

4 .9524 .8985 .8861 .8805 

5 .9512 .8971 .8853 .8798 

6 .9503 .8960 .8848 .8794 

7 .9495 .8950 .8843 .8791 

8 .9488 .8942 .8838 .8788 

Table 1: The radius of w at different axial stations pmax 
as a function of the iteration number 

lteration x = 0. x = 0.2 x= 1.0 x = 2.0 x = 3.9 

0 .9557 .9158 .8654 .8520 .8466 

1 .9537 .9156 .8658 .8528 .8472 

2 .9526 .9165 .8652 .8526 .8468 

3 .9511 .9171 .8642 .8521 .8461 

4 .9499 .9179 .8636 .8520 .8458 

5 .9490 .9190 .8634 .8523 .8458 

6 .9483 .9201 .8633 .8527 .8461 

7 .9477 .9213 .8634 .8531 .8464 

8 .9474 .9224 .8636 .8535 .8467 

Table 11: The radius of w 1 at different axial stations pmax-
as a function of the iteration number 

From Table 11 it is also fellows that the streamsurface pmax-1 starts to 

oscillate at axial stations right from x=O. 
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c 7th 
0,5 t.10th 

Fig. 4.3 The axial induced veloeities at x = 0 and x = 3.9 

after different iterations 

From Fig. 4.3 it is clear that oscillations also occurr in the axial 

induced velocity at x = 0 after 4 iterations. 

0,1 u 

-0,1 

0 X=O 
• x=1,0 

-0,3 x x=3,9 

Fig. 4.4 The radial induced veloeities in x = 0, x=1 and x = 3.9 

after 10 iterations 

So, from the Figs. 4.1 and 4.3 and Table 11 it fellows that the method 

failed to converge. 
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After taking a closer look at the first order calculation it became 

clear that this calculation was not so good as it seemed to be. The 

tendency in the slope of the different streamsurfaces at x = 0 did not 

agree with the intuitively expected tendency; that is the streamsurface 

corresponding with pmax having a greater slope than pmax-1. 

Increasing the number of axial and radial stations only in the first 

order could not prevent the streamsurface pmax-1 having a greater slope 

at x = 0 than the streamsurface pmax. 

With a doubled number of gridpoints in axial direction in all iteration 

steps, the program failed to make 10 iterations. After 1 iteration 

problems with the generation of the grid caused the program to stop. 

With a doubled number of gridpoints in radial direction in all 

iterations th program succeeded in making 5 iterations befere probieros 

with the grid generation stopped the program again. The streamsurface 

pmax-1 still oscillated and at x = 0 the tendency in the slope of the 

streamsurfaces was still the same, i.e. the slope of the streamsurface 

pmax-1 being greater than the slope of the streamsurface pmax. 

In order to investigate whether this tendency was due to the limits of 

the discretization with cubic splines, the number of gridpoints around 

the axial station x = 0 was increased. This because of the fact that 

around x = 0 the influence of the disk is very large. 

To prevent internal problems with the indices the axial stations left of 

x = 0 were the same but right of x = 0 the distribution of axial 

stations was changed in the following way: 

x (I) = [ ~O r Se I = 0, ... ,20 (4-3) 
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Fig 4.5 Streamsurface pattern after 5 iterations, condensation of 

gridpoints around x = 0 

As can be seen in Fig. 4.5 the streamsurface pattern is again nat 

regular, especially in the neighbourhood of the three uppermost 

streamsurfaces 

From the calculations mentioned above it also becomes nat clear whether 

the intuitively expected tendency in the slope of the streamsurfaces at 

x = 0 is a right one or not. 

Because of the fact that the combination À= 0.1 , CT= 0.01 and a 

parabalie circulation distribution was nat found in [COE 79] or [GRE 

70], it becomes nat clear from this point either. 

In spite of the fact that the methad failed to converge, calculations up 

to the 10th iteration were done for two cases with a parabalie 

circulation distribution and for one case with a approximated Goldstein 

circulation distribution [HOU 63] . The values of ~ and À and also the 

circulation distribution are shown in Table III. 

CT À r(r) 

Parabalie 0.063 0.25 12.7 r (1 - r) 

0.01 0.1 3.9 r (1 - r) 

Goldstein 0.01 0.1 2.1 r ~ 1 - r 
I 

Table III: Data used for calculations 
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In all these cases 23 x 15 gridpoints were used and constant relaxation 

factors w
1 

= 0.25 and w
2 

= 0.2. 

The results of these calculations are shown, discussed and, as far as 

they are meaningful, cpmpared with the literature. 

Case 1 (parabolic, CT = 0.063 , À = 0.25) 

In Figs. 4.6 to 4.9 the results for Case 1 are shown. 

<f)2 
a:é 

I 
a:: 

0 

0 

Fig. 4.6 Streamsurface pattern after 10 iterations 

0,75 f(0;1) 

0,70 

0,651 
it 

5 10 

Fig. 4.7 ~(0,1) as a function of the iteration number 
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Fig. 4.8 Axial induced veloeities at x= 0, x= 1. and x= 3.9 

after 10 iterations 

0,1 u 

-0,1 

-0,3 

~ 
oX=O \J 
~::~ . 

Fig. 4.9 Radial induced veloeities at x= 0, x = 1. and x= 3.9 

after 10 iterations 

The results, shown in the Figs. above, roughly correspond with what you 

expect from linearized theory: the streamsurface pattern, the axial 

induced velocity at x = 0 being about half the value of the axial 

induced velocity at x = 3.9 (x~ oo) . [GEN 77] 
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However, in Figs. 4.8 and 4.9 two things are striking: first the strange 

behaviour of the velocity at x= 1. and x= 3.9 in Fig. 4.8 if r ~ 1 

(and about the same behaviour of the line x = 0 in Fig. 4.9) and 

secondly the asciilation in the line x = 0 at r ~ 0.6 (Fig. 4.8) 

For the latter there is no theoretica! explanation and the same is true 

for the oscillation in the line x= 3.9 at r ~ 0.85 (Fig. 4.9). Coesel 

also finds an oscillation in the axial induced velocity at x= 1.2 and r 

~ 0.3 (Fig. 4.11a). 

The behaviour of the different lines when r ~ 1, fellows from the fact 

that the values of the induced veloeities are linearly extrapolated for 

the gridpoints on~ thus introducing an error. Interpolation would pmax 
prevent this, see Conclusions Chapter 5. 

The behaviour of the axial induced veloeities for x= 1 and x= 3.9 if r 

~ 0 is due to the growing influence of swirl if the radius of the 

vertextube bacomes smaller. 

At the tip, (x,r) = (0,1), the axial induced velocity is negative. 

In Figs. 4.10 to 4.12 the results of Case 1 are compared with [COE 79], 

supposing that the last iteration is a reasanabie approximation of the 

converged salution (see Fig. 4.7). 
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Fig. 4.10a Comparison of the axial indueed veloeities at x= 0 
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Fig. 4.10b Comparison of the radial indueed veloeities at x= 0 
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Fig. 4.11 Comparison of the axial indueed veloeities at x= 1.2 
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Fig. 4.12 Comparison of the position of the tip streamsurface 

In spite of the fact that Coesel has introduced a hub (r = 0.1) the 

computed axial veloeities at x= 0 and x= 1.2 do not differ much (less 

than 10 percent total axial velocity),as you can see in Figs. 4.10 and 

4.1la 

However, what you expect is (supposing that the last iteration is a 

reasonable approximation of the converged solution) the induced 

veloeities to be smaller than the induced veloeities found by [COE 79] 

consiclering the fact that, by introducing a hub and keeping CT and À 

constant, the vortex tubes are stronger because of the difference in 

circulation distribution. r 1 = 12.7 r (1-r) and !COE = 14.2 (r-h) (1-r). 

The correspondence between the radial induced veloeities at x = 0, as 

can beseen in Fig. 4.11b, is less than for the axial induced veloeities 

but the general behaviour as a function of r agrees well. 

The values of r 00 agree well (r00 Coe= 0.86 and r 001 = 0.87). 

The tip streamline has the same behaviour as you can see in Fig. 4.12 

In view of the above it can be concluded that in spite of the fact that 

the solution is not a converged solution, the results correspond well 

with the results found by Coesel [COE 79] for the same CT and À . 

Case 2 (parabolic, CT= 0.01 , À= 0.1) 

In Figs. 4.13 to 4.16 the results for Case 2 are shown. 
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Fig. 4.13 Streamsurface pattern after 10 iterations 
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Fig. 4.14 w(0,1) as a function of the iteration number 
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Fig. 4.15 Axial inducèd veloeities at x= 0, x= 1. and x= 3.9 

after 10 iterations 

- 39 -



-0.1 

0 X=O 
• x=1,0 

-0,3 x x=3,9 

Fig. 4.16 Radial induced veloeities at x= 0, x= 1. and x= 3.9 

after 10 iterations 

As already discussed above the results do not fellow from a converged 

solution, but the last iteration is supposed to be a good approximation 

of the converged salution (see Fig. 4.14). 

About the same probieros as in Case 1 arise in Case 2: the oscillations 

insome lines (Figs. 4.15 and 4.16) and the behaviour of the streamlines 

near the tip. 

So in spite of the fact that loading is smaller, numerical probieros 

still occur. 

Supposing that the last iterations are good approximations of the 

converged solutions, the results of Case 2 are compared with the results 

of Case 1 in Figs. 4.17 to 4.19. 
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x case 1 

• case2 

0,5 

Fig. 4.17 Comparison of the axial indueed veloeities at x= 0, 

x= 1.0 and x= 3.9 

0,1 u 

-0,5 

Fig. 4.18 Comparison of the radial indueed veloeities at x= 0, 

x= 1.0 and x= 3.9 
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Fig. 4.19 Camparisen of the position of the tip streamsurface 

As expected you can see that the induced axial and radial veloeities are 

smaller (about 10 percent) than in Case 1. 

If we campare r and the tip streamline (Fig. 4.19) we see that the 
Cl() 

differences are very smal!, rro1= 0.87 and rroz= 0.88 Arro= 1.1 percent. So 

in spite of the fact that the induced veloeities in this case are 

smaller, the tip streamline and also r correspond quite wel!. 
Cl() 

The difference between Case 1 and Case 2 in Figs. 4.17 and 4.18 when r ~ 

0 is clear. The influence of swirl plays an important role in explaining 

this difference. 

Case 3 (Goldstein, CT= 0.01 , À =0.1) 

First of all for some reasen the program stopped after generating 4 

iterations; probably this was due to problems while generating a new 

grid with an oscillating streamline ~ 
1 

(Fig. 4.20). pmax-
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Fig. 4.20 Streamsurface pattern after 4 iterations 
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Fig. 4.21 ~(0,1) as a funetion of the iteration number 
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Fig. 4.22 Axial indueed veloeities at x = 0 and x = 3.9 as a 

funetion of the iteration number 
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Fig. 4.23 Axial indueed veloeities at x= 0, x= 1. and x= 3.9 

after 4 iterations 
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Fig. 4.24 Radial induced veloeities at x= 0, x =1. and x =3.9 

after 4 iterations 

The plot of the axial induced velocity at x = 0 as a function of the 

iteration step (Fig. 4.22) shows an non-explicable behaviour. The only 

explanation can be numerical instability. 

The streamline pattern itself (Fig. 4.20) looks quite reasonable. 

At x= 0 the axial induced velocity is negative as r ~ 1 (Fig. 4.23), 

the radial induced velocity is positive as r ~ 0 (Fig. 4.24). 

From the fact that the program stopped after generating 4 iterations it 

is clear that the approximated Goldstein circulation distribution causes 

more difficulties for this iterative scheme than a parabalie 

distribution with the same loading and advance coefficient. 

From Fig. 4.21 it is not clear whether the last iteration is a good 

approximation of the converged salution but in spite of that the results 

of Case 2 and Case 3 are compared in Figs. 4.25 to 4.27 

- 44 -



1,0 w 

0,5 

o case2 

x case::: 

Fig. 4.25 Comparison of the axial indueed veloeities at x = 0, x = 

1. and x= 3.9 
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Fig. 4.26 Comparison of the radial indueed veloeities at x = 0, x = 

1. and x= 3.9 
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Fig. 4.27 Comparison of the tip streamsurfaee 
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Camparing Case 3 with Case 2 shows that, although the loading and 

advance coefficients are the same, the maximum induced axial and radial 

veloeities are not the same (about 10 percent difference). See Figs. 

4.25 and 4.26. Because of the fact that the circulation distribution is 

not the same in these cases it is clear that the radius of maximum 

induced velocity and the maximum induced velocity differ. The strength 

of the vortex tubes depends on the circulation distribution thus 

changing the radius of the maximum induced (axial) velocity. For the 

same reason nothing can be said about the maximum induced velocity. 

Also the tip streamline and r differ a little but it should not be 
co 

forgotten that only 4 iterations were made. 

In Fig. 4.28 the axial induced veloeities at x= 0 and x= 1.2 of Case 3 

are compared with [GRE 70] in spite of the fact that it is not clear 

whether the last iteration is a good approximation of the converged 

solution. 

w 
0, 

x case 3 

0,4 

0,2 

-Q2 

Fig. 4.28 Comparison of the axial induced velocity at x = 0 and 

x = 1.2 

Camparing the results of case 3 with [GRE 70] gives, although Greenberg 

uses only 9 or 10 radial stations and a piecewise constant circulation 

distribution, that the axial induced veloeities do not agree well Fig. 

4.28. 
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Because of the fact that Greenberg and Powers find a piecewise constant 

axial induced velocity [GRE 70] and the present results follow from a 

not converged solution, it is clear that the general form of the 

function can differ somewhat. 

Greenberg also finds a negative axial induced velocity but not at x = 0 

but at x= 1.2. Some remarks about this will bemadein the Conclusions 

(Chapter 5). 

The value of r agrees well (r ~ 0.89). 
00 00 
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5 CONCLUSIONS 

The main conclusion that has to be drawn is, regarding the results in 

Chapter 4, that the process did not converge for the tested cases, this 

is spite of the (smal!) relaxation factors necessary to prevent problems 

with the generation of the grid. It is believed that the main problem 

causing the troubles, however, lays not in the grid of grid generation 

but in the calculation of the meridional velocities. 

If we compare the meridional veloeities at the tip streamline at 

different axial stations for all cases (1,2 and 3) with the expected 

values in the linear case, we see a large difference. In the linear case 

the induced velocity at the tip streamsurface goes to zero as x~ (Fig. 

5.1). Nothing of this can be found in case 1, 2 or 3. (Figs. 4.8, 4.15 

and 4.23) 

For Case 1 the program was temporarily modified in such a way that in 

all iterations the meridional veloeities artificially (and certainly not 

realistic) went to 1 from the radius of maximum velocity to the radius 

of the tip streamsurface by a parabolle function (Fig. 5.2). This was 

clone for the gridpoints from x= 1.8 to x= 4 in which interval the 

streamsurfaces were supposed to be parallel. The results of this run 

after 5 iteration steps are shown in Figs. 5.3 and 5.4. 

Fig. 5.1 The axial induced veloeities at the tip streamsurface 

in the linearized theory 

- 48 -



' ' r 
,5 1,0 
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Fig. 5.3 Streamsurface pattern after 5 iterations 
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Fig. 5.4 The axial induced veloeities at x= 0, x= 1 and 

x= 4 for case 1 withand without artificially 

changed meridional veloeities 
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From Figs. 5.3 and 5.4 it is not entirely clear whether the process 

converges better this way, but one thing is sure: even if the solution 

is not a converged solution , the solution is physically more realistic. 

In Fig. 5.4 it can can be seen that by influencing the strength of the 

uppermost vertextubes (by changing 1/rV ) the complete axial induced 
s 

velocity profile changes. 

In the unmodified case the meridional velocity at the tip streamsurface 

follows from extrapolation, so by introducing a couple of extra 

streamtubes outside the slipstream or by calculating the meridional 

veloeities with Biot-Savart, the veloeities at the tip streamsurface 

will tend towards theoretically expected values. The latter possibility 

is very expensive in terms of computation time. 

After the program is modified in the right way a proper look must be 

taken at the first order approximation - especially to the slope of the 

three uppermost stream surfaces - to determine whether the approximation 

has changed and in which way. 

In spite of the fact that no converged solutions were generated the 

nonlinear features are clear: 

1 Besides of contraction of the slipstream (from 13 percent in Case 1 to 

11 percent in Case 3) that occurs in both linear and non-linear theory 

[GEN 77]. pitch variatien of the helical vertextubes occurs caused by 

the change of axial velocity and the effects of swirl. 

2 For Case 1 and 2 the radius of maximum induced velocity differs from 

r = 0.5, as it is obtained in the linearized theory, neglecting the 

effects of swirl. The contraction of the slipstream and the pitch 

variatien influences the position and thus the strength of the vortex 

tubes which results in an other non-symmetrie axial induced velocity 

profile. 
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For Case 3 the radius of maximum induced axial velocity is 0.67 in the 

linearized theory, in the non-linear case it is about 0.85 but, it must 

be remarked that this fellows from a nat converged solution. 

Greenberg finds the maximum induced axial velocity between r = 0.5 and 

r = 0.7 but is must be remarked that a piecewise constant velocity 

profile is found. 

3 The induced axial velocity at x = 0 is nat half the value of the 

induced axial velocity at x = ro ( in our case x = 3.9) as in the linear 
ro 

case. 

As far as the data allow us, we can see that the axial velocity through 

the disk is continuous (Fig. 5.5 for Case 2) 

x r=0,7 
• r=O,S 
r r=0,3 

1,0-t----~~-----,...----.-----...::.X w u ~ 

Fig. 5.5 Continuity of the axial velocity through the disk 

Besides that, the streamsurfaces are already parallel at x= 1.5 which 

means that the velocity profiles are completely developed then. 

Supposing that the last iteration is a good approximation of the 

converged solution, the correspondence of the results of Case 1 with the 

results of [COE 79] is wel! (in spite of the fact Coesel uses a hub). 

The results of Case 3 do nat agree wel! with the results found by 

Greenberg [GRE 70]. The radial induced veloeities are nat compared. It 

must be remarked that it is nat clear whether the last iteration in Case 

3 is a good approximation of the converged solution. 
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So, it must be concluded that first of all the program must be modified 

in such a way that converganee is finally achieved. In order to do this, 

the first order approximation must be investigated further and secondly 

special attention must be paid to the calculation of the meridional 

veloei ties. 
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NOMENCLATURE 

A(r*) function 

CT thrust coefficient (dimensionless with ~pü2R4) 
D(x,r) integration area 

E(k) complete elliptic integral of the secend kind 

~r·~s·~ unit veetors of the coordinate set (r,S,x) 

F external force field per unit mass 

F ,F 0 ,F componentsoffin the coordinate system (r,S,x) 
r v x 

G(x-x' ,r,r') Green's function 

H total head (Bernoulli constant) 

H
0 

total head of the uniform stream 

K(k) complete elliptic integral of the first kind 

k.k
1 

modulus of elliptic integrals 

kmax maximum number of grid points in axial direction (right 

from x = 0 ) 

n 

p 

Po 
pmax 

r 

* r 

r 
00 

(n) 
r . 
p,l 

r p,k 
r O,p 
R 

s 

s 
e 

U,V,W 

coordinate normal to the streamsurface 

fluid pressure 

fluid pressure of the uniform stream 

maximum number of gridpoints in radial direction 

radial coordinate 

non-dimensional coordinate 

radius of the pmax-th streamsurface at infinity downstream 

radius of the i-th element on the p-th streamsurface in 

the n-th iteration 

radius of the k-th element on the p-th streamsurface 

radius of the p-th streamsurface at the disk 

radius of the disk 

coordinate along the trace of a streamsurface 

length of the tip streamsurface at which all stream 

surface are parallel 

s coordinate at the disk 

thrust 

velocity vector 

components of g in the coordinate system (r,S,x) 
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V 
s 

w 
x 

* x 

x 
e 

x . 
p,l 

x p,k 

a 

r 
ó(x) 

s 
À 

TI 
p 

1[1 

1[10 

-/1 

-/lp 

* -/lp 

( * * ') -/1 x ,r ,r 
co 

meridional velocity 

axial free-stream velocity 

axial coordinate 

non-dimensional coordinate 

axial coordinate from which all streamsurfaces are paral

lel 

axial coordinate of the i-th element on the p-th stream

surface 

axial coordinate of the i-th element on the p-th stream

surface 

parameter of the complete elliptic integral of the third 

kind 

circulation 

Dirac delta function 

angular coordinate in the coordinate set (r,S,x) 

advance coefficient 

complete elliptic integral of the third kind 

fluid density 

total streamfunction 

streamfunction of the uniform stream 

perturbation streamfunction 

perturbation streamfunction of the p-th streamsurface 

non-dimensional streamfunction of the p-th streamsurface 

streamfunction induced by a semi-infinite ring vortex 

cylinder with unit strength 

vorticity vector 

components of ~ in the coordinate set (r,S,x) 

relaxation factors 

propeller angular velocity 
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APPENDIX A: Derivation of the partial derivatives a/aw and a/as 

First, let us make a change of "meridional" variables, from (x,r) to 

(s.~). The variabiescan be defined so that the surfaces of constant s 

are orthogonal to the surfaces of constant ~. Thus, 

V~ . Vs = ~ s + ~ s = wrs - urs = 0 r r x x r x (A-1) 

To relate a and ~- to a and a •t Bs 8W 8x ar ' we Wrl e 

(A-2) 

(A-3) 

Combining eqs. A-1 and A-3 we have 

ur~ + wx~ = 0 (A-4) 

and eqs. A-2 and A-4 finally yield 

a 1 [w~-u~J = 
aw rV2 ar ax 

(A-5) 

s 

a 1 [u~+w~J = 
as V ar ax 

s 

(A-6) 

where V is the meridional velocity component s 

(A-7) 

Copied from [GRE 70]. 
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APPENDIX B: Expansion of the Green's function 

The Green's function is given by 

G(x-x',r,r') = _
2
1r-:-r-' J (x--x')

2 
+ (r+r'/ [ [ 1-k:] K(k)- E(k)l (B-1) 

with K(k) and E(k) complete elliptic integrals with modulus k 

k2 = -------
4rr' 

(B-2) 
2 2 (x-x') +(r+r') 

When the evaluation point (x,r) and the integration point (x' ,r') 

coincide (k2=1), the elliptic integral K(k) is singular. Because of the 

the fact that the integration is done in s instead of x, an expansion in 

s is made. 

Using a cubic spline through (x.,r.) the first and secend derivative 
1 1 

from a function f(s) to s in s = s. are continuous. So a Taylor 
1 

expansion around s = s. gives 
1 

f(s) = f(s.) + 
1 
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(B-3) 



This Taylor expansion is valid in (s.-é,s.+é) only when é is chosen 
l. l. 

smal!. 

8y splining x' and r' with s the Taylor coefficients can be calculated. 

x' (s) = x. + [ax·] (s-si) +~ [a2~·] (s-si)2 
l. as S=S. 2 

l. as s=s. 
l. 

r' (s) [ar·] +~ [a2r·] 2 = r. + _ (s-si) -2- (s-si) l. as s=s. 2 
l. as s=s. 

l. 

From (8-4) and (8-5) the following relations can be deduced 

x.-x 
l. -A S + = 1 r. 

l. 

r 1 + 8
1
S + = 

r. 
l. 

with 

Al [ax·] = 
as S=S. 

l. 

81 = [ar·] 
as s=s. 

l. 

and 

A s2 
2 

8 s2 
2 

A2 
1 [a2x·] = -- r. 
2 as2 s=s. l. 

l. 

82 = 1 [a2r·] r. 
2 as2 s=s. l. 

l. 
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(8-4) 

(8-5) 

(8-6) 

(8-7) 

(8-8) 

(8-9) 



S s-s. = 1 

r. 
1 

(B-10) 

For the elliptic integrals the following expansion can be used 

K(k') = A + [A-l]k'2 + ~ [A-~]k'4 + 25 [A _ 37]k'6 
4 64 6 256 30 

(B-11) 

E(k') = 1 + l [A - .:]k'
2 

+ ~ [A-
13

]k'
4 

+ ~ [A-~Jk· 6 (B-12) 
2 2 16 12 128 5 

with 

k'
2 = 1 - k

2 

A = ln _
4 

_ = ln _
4== 

jk.2' j 1-k2' 

Expansion for k' 2 

with 
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L00 = 1 
L01 = B1 

(B-13) 

(B-14) 

2 2 L02 = (1/4)A1 + B2 + (1/4)B1 
L03 = (-1/2)A1A2 + (1/2)B1B2 

2 2 L04 = (1/4)(A2 + B2) 



Finally this gives 

with 

L2 = (114)LB2 
L3 = (1/4)LB3 - (1/4)LB2Lo1 

2 L4 = (1/4)(LB4 - LB3L01) + (1/4)LB2(L01 - L02) 

Expansion for A 

with 

A
0 

= ln(8) 

A1 = (l/2)(L01 - LB3/LB2) 

A2 = (1/2)[L02 - (1/2)LO~- LB4/LB2 + (1/2)(LB3/LB2)2] 

A3 = (l/2)[L03 - L01Lo2 + (1/3)LOÎ + LB3LB4/(LB~) - (1/3)(LB3/LB2)3] 

A4 = (1/2)[L04 - L01Lo3 - (1/2)LO~ + LO~L02 - (1/4)LOi- (1/2)(LB4/ 

2 2 3 LB2) - LB3LB4/LB2 ] 

Expansion of E(k) 

Using (B-12) and the expansions for k' 2 and A the expansion for E(k) 

becomes 
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with 

E2 = (1/2)(A0-l/2)L2 
E3 = (1/2)[(A0-1/2)L3 + A1L2 

E4 = (1/2)[(A0-1/2)L4 + A1L3 + 

A2L2] + (3/16)(A0-(13/12))L~ 

Expansion for K(k) 

EZ = (l/2)L2 
Ej = (1/2)L3 

E4 = (1/2)L4 + (3/16)L~ 

Using (B-11) and the expansions for k' 2 and A the expansion for K(k) 

becomes 

with 

Ko = Ao 
Kl = Al 
K2 = A2 + (1/4)(A0-l)L2 
K3 =A3 + (1/4)(A0-l)L3 + (1/4)A1L2 
K4 =A4 + (1/4)(A0-l)L4 + (1/4)(A1L3+ 

A2L2) + (9/64)(A0-(7/6))L~ 

Expansion of 1-k
2
/2 
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K0 = 1 

Ki = 0 
Kz = (l/4)L2 
Kj = (l/4)L3 
K4 = (1/4)L4 + (9/64) 

L2 
2 



with 

H0 = t/2 

H1 = 0 

H2 = ( l/2)L2 
H3 = (1/2)L3 
H4 = (1/2)L4 

Expansion of [ 1-k: J K(k) - E(k) 

Defining R = HK - E gives 

with 

R
0 

= H
0

K
0 

- 1 

Rl = HOKt + HlKO 
R2 = HÓK2 + HlKl + H2KO - E2 

R3 = HOK3 + H1K2 + H2Kl + H3KO -E3 

R4 = HOK4 + H1K3 + H2K2 + H3Kl + H4KO - E4 

RO = HOKO 

Ri = HoKi + HlKO 

Ri = HoK2 + HtKi + H2KO - Ei 

R3 = HoK3 + HtK2 + H2Ki + H3KO -E3 

R4 = HoK4 + HtK3 + H2K2 + H3Ki + H4KO - E4 
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Ex:Qansion of 1 J 2 (x-x') + 
21Trr' 

1 J (x-x' )2 + 
2' 

(r+r') = 
21Trr' 

with 

Fl = B1 

F2 = (1/4)(A12 + B12) + B2 

F3 = (1/2)(-A1A2 + B1B2) 

F4 = (1/4)(A22 + B22) 

with 

F' = 1 1 
Fi = (1/2)F1 

Fj = (1/2)F2 - (1/8)F1
2 

(r+r') 
2' 

~J 1Tr 

F4 = (1/2)F3 - (1/4)F1F2 + (1/16)F1
3 

[x;x' ]
2 

+ 
2' 

(1+r'/r) = 

FS = (1/2)F4 - (1/4)F1F3 - (1/8)F2
2 + (3/16)F1

2F2 - (1/32)F1
4 
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with 

_1 . J [x-x']2 + 
21Tr r 

with 

ro = 2F(to 

i 1 (l+r'/r) = _ 
2rrr. 

1 

r 1 = 2(F0P1 + FiP0) 

r 2 = 2(F0P2 + FiPt + F2P0) 

r 3 = 2(F0P3 + FiP2 + F2Pt + FjP0) 

r 4 = 2(F0P4 + FiP3 + F2P2 + FjP1 + F4Po) 

ExQansion of 1 j 2 (r+r1 [ [ 1-k: J K(k) - E(k) l (x-x') + 
21Trr' 

1 

21Trr' 

_1 G 
21Tr. 

1 

j 2 (x-x') + (r+r' )2' [ [ 1-k: J K(k) - E(k) l 1 = _TR = 
21Tr. 

1 

- 64 -



with 

with 

CO = TORO 

Cl =TORI + TIRO 

C2 = TOR2 + TlRl + T2RO 

C3 = TOR3 + T1R2 + T2Rl + T3RO 

C4 = TOR4 + T1R3 + T2R2 + T3Rl + T4RO 

co = TORO 

ei = ToRi + TtRo 

C2 = ToRi+ TtRi + T2RO 

Cj = T0Rj + T1R2 + T2Ri + T3R0 
C4 = ToR4 + TlRJ + T2R2 + T3Ri + T4RO 

Expansion of 1/rVs 

Splining 1/rVs with s along w = constant gives the Taylor coefficients 

[ 
a(l/rVs) ] 

as s=s. 
1 

and 

So the expansion of 1/rVs around s = 

1/rVs(s') = (1/rVs) + 
s. 

1 

[ aZcu~vs)] as s=s. 
1 

s. gives 
1 

[ 
a(l/rVs) ] (s-si) + [ a

2
(t/rVs)] 

as S=S. a 2 
1 s s=s. 

1 

- 65 -



with 

2 Expansion of r /À - vr 

Keeping in rnind that vr = constant along ~ = constant gives 

2 
C = r /À - vr 

with 

2 c0 = -(r /À - vr) 

2 c1 = -(r 1À)2B1 
2 2 c2 = -(r 1À)(2B2 + B1 ) 

2 c3 = -(r 1À)2B1B2 
2 2 c4 = -(r 1À)B2 
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2 Expansion of (r /À- vr)(l/rVs) 

(r2
/À - vr) (1/rVs) = C V = D 

with 

Do = voco 

Dl =voel + vtco 

D2 = VOC2 + VlCl + V2CO 

D3 = voc3 + vtc2 + v2ct 

D4 = voc4 + vlc3 + v2c2 

Total expansion of G(x-x' ,r.r')(r' 2
/À- vr')(l/r'Vs) 

The total expansion of G(x-x' ,r,r')(r' 2
/À- vr')(l/r'Vs) is found by 

multiplying the expression for G and D and is called U. 

with 

UO = DOGO 

. Ul = DOGl + DlGO 

U2 = DOG2 + DlGl + D2GO 

U3 = DOG3 + D1G2 + D2Gl + D3GO 

U4 = DOG4 + D1G3 + D2G2 + D3Gl + D4GO 
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Uö = DOGO 

ui = Doei + D1GO 

U2 = DoG2 + D1Gi + D2GO 

U3 = DoG3 + D1G2 + D2Gi + D3GO 

U4 = DoG4 + D1G3 + D2G2 + D3Gi + D4GO 

So the following integration has to be calculated term by term 

s.+é 
1 +é/r. 

I = 1 I u ds = 
1 I 1 U dS 

2rrr. 2rr / 
1 s.-é -é r. 

1 1 

using 

Inl~ si 

and 

I xmln(a+bx) dx = _ 1 

rn+1 
xrn+ - ___ ln(a+bx) + 

[ 
1 (-a)rn+1 l 

brn+1 

(-1)kxrn-k+2ak-1 

k-1 (rn-k+2)b 
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[GRA 80]. 


