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Sununary 

Subject of this report is the direct recombination of spin

polarized atomie hydrogen, H++, adsorbed on a film of superfluid 

helium. A H++ gas is rather stable against recombination, only 

the weak spin-spin interactions among ·the H++ atoms result 1n a 

slow depolarization and subsequent recombination. 

Until now a relaxation reaction has been thought to be the 

dominant process responsible for the decay of the H++ density. 

However, for the adsorbed hydragen gas measured decay rates and 

calculated relaxation rates differ by a factor of 35. 

If the experimental results are exepted, (and some doubt about 

their reliability still exists, ref. 6) other reaction mechanisms 

have to be looked for •. A possible candidate is the direct recom

bination process. In contrast to the relaxation process it does 

not depend on a transition between the lowest two hyperfine states 

of hydrogen, followed by a recombination in subsequent collisions. 

The proposed reaction mechanism involves a mixing in of the 

recombinant S = 0 state during callision of the H++ atoms. This 

singlet admixture leads to direct recombination, with the He-film 

acting as a third boQy. Because the interaction with the He-film 

is extremely complicated (ref. 20), a simplified recombination 

mQdel has been developed. In this model data of a comparable re

combination process is used to calculate the recombination rate ~b· 

On the basis of this model the recombination rate 1s estimated 

to be 

~b 7.8 10-17 2 
cm /s (T = 0.2K, B = 10.T). 

This 1s very small compared to the experimental surface decay rate 

G surf. ,exp. 
1.4 10-12 2 

cm /s" 
' 

so that the direct recombination process seems to have no signifi

cant influence on the stability of the H++ gas. 
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1. In troduc ti on 

The hydragen stom is among the simplest systems encountered in na-

ture. lts simplieity makes it an ideal test ocject and as such it 

had an important part in the deuslapment of Quanturn Mechanics and 

Uuantum Electrodynamics. It never played this role in the research 

on systems exhibiting quanturn phenomena on a macroscopie scale, 

such as superconductivity, sup2rfluidity, spin waves and 

Bose-Einstein eondensation. Reason for this is the instability of 

ar. atomie hydragen gas. At higner densities H recombines explosively 

to H2 and unoer terrestrial oircumstances it only exists in molecular 

farm. 

Nevertheless, the creation of a dense and relatively stable 

atomie H-gas seems feasible. The H-H interaction depends strongly 

on the total spin S of the electrons. Whereas for S = 0 the inter

atomie potential has an important attracti~e part responsible for 

the recombination, it is essentially repulsive if S = 1 and then 

there is no bound state. Two H atoms with parallel spins farm an 

S = 1 state. ware it possible to polarize the electron spins, the 

gas would be stable against recombination. 

Although this idea is nat new, only recent developments in low

temperature physics made its realization possible. The stabilization 

takes place in a streng magnatie field of typically 10 T at tempe

ratures of only a few hundred millikelvin. The magnatie field sepa

rates the eleetron-spi~-up statas energetically from the electron

spin-down states. At 10 T the energy differenee is about 13 K and 

only the two lower hyperfine states, indicated la> and lb>, become 

oeeupied (fig. 2.1). The leeman energy of the proton spins is much 

lower than tlîe thermal energy so they are directed randomly. 

In the la> state the antiparallel direction of the electron and 

proton spins eausas a partial depolarization of the electron spins, 

through the Fermi-contact term in the hyperfine interaetion. A small 

admixture {E :: 0.025/B, 8 in Tesla) of the wrong spin statas enebles 

the reeombination of la> atoms among themselves or with lb> atoms. 

f'lore 1a> than lb> atoms a:e involved in this process, so aftar a 

while the lé> level is dapleted, leéving a gas of lb> atoms. This 

gas in wi,ich t::cth electron and p:·oton spir1s are polarized (doubly 

polarized hydragen H ~ +) is rather stable. 
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The necessary confinement of t~e gas in a container of some sort 

poses an interesting problem. If tne container is made of a material 

like copper, a large part of the H-atoms become adsorbed to the walls 

and magnatie impurities on the surface have a depolarizing effect 

on them. Ta minimize the interaction with the walls of tne container, 

these are coated with superfluid 
4

He. The interaction between a 

He-film ano hydragen atoms is very weak. Because of its symmetry 

He has a negligible influence on the spin state of a hydragen atom. 

The van der Waals-interaction between helium and hydragen causes 

the adsorption of H-atoms to the He-film. The adsorption energy 

is only about 0.9 K but this is much higher than the temperature 

of the gas (0.2 K) so a sizable portion of the H-atoms is actually 

bound to tne film. Although restricted in their motion perpendicular 

to the surface these atoms move freely parallel to it. In this way 

the collislons of adsorbed H-atoms are nearly 2-dimensional and in 

many respects very different from volume collisions. The helium 

film has an important role in the recombination. Only the pressnee 

of a third partiele makes recombination possible. Collisions of 

three hydragen atoms are nat very frequent but for surface recombi

nation this is nat necessary: the film acts as a third partiele and 

nearly all recombination takes place at the surface. 

Even a H J. ~ gas is not absolutely stable. Oepoiariziog inter

action between the lb> atoms results in a slow decay to molecular 

hydrogen. The rather weak electron-electron and electron-proton 

spin magnetic dipale interactions make a transition from the I~ 

to the la> state possible. This interaction tends to restare the 

equilibrium between 1a> and lb> statas and is therefor called 

relaxation. Aftar the transition fellows the immediate recombination 

of the newly formed ta> atom with a lb> atoil1 and because relaxation 

is a much slower process then recombination, the farmer determines 

the decay rata. 

The relaxation process has always been thought to be the main 

process responsible for the dacay. It hes been a subject of study 

in our group for some years now. Relaxation rates for a 3-dimensional 

gas have been calculated and they admirably agree with experimental 

results. However, the important surface relax2tion rats does nat. 

Ever more sophesticated models pradict much toa low decay rates. 

A discrepancy of a factor of about 35 still exists. The failure 
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to predict correctly the decay rate led us to a search for decay 

mecnanisms specific for the surface. Quite exotic interactions between 

helium film and acsorbed hydragen atoms have been tried, but the 

interaction between helium and hydragen is very weak indeed and 

the influence of the helium film on the spinstate of the hydragen 

atoms is negligible. One important aspect of surface processas is 

the omnipresence of third particles, helium atoms, for recombination 

reactions. Realisation of this fur1aamental difference betwsen surface 

and volume reactions leads to the question: "Is direct recombination 

between b atoms possible ? 11 Scattering to S = 0 statas is impossible: 

Singlet statas have an energy of approximately the electron Zeeman 

eneryy of 13 K {at B = 10 T) above the ground state {a triplet state 

with ~1 5 = -1) and this energy is nat available befare the collision. 

But, although therG will be na singlet state present aftar the collision, 

it is conceivable tnat during it 5 = 0 statas are mixed in due to the 

electron-proton interactian. These singlet statas could give rise to 

direct recombination. Since there are na transitlans to final S = 0 

statas this process cannot be treated by simply calculating an 

S = 1 ~ S = 0 cross sectian. The callision with a third body in the 

farm of a surface He-atom is necessary to make the formation of a 

bound H
2 

system energetically possible. A proper description of this 

three-particle collisian, however seems unattainable. Indeed, because 

of tne correlation of a single He-atom with the rest of the film, 

a single-partiele description of this atom seems unjustified. however, 

there exist experimental data on the a-b surface recombination. 

The accumptior may now be introduced that a-b and b-b recombination, 

as far as the interaction with the surface is concerned, are essen

tially the same. In chapter 2 a recombination model is presented. 

For bath a-b and b-b processas a set of coupled equations has to 

be solved. The singlet solutions, in combination with the experimental 

a-b recombination rata are used to estimate the b-b recombination 

ra te. 
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The organisation of this report. 

Following this introduction, chapter 2 is a colleetien of sections 

and such diverse subjects as the molecular and atomie spin statas 

for hydrogen, the film potential, arecombination model etc. In 

chapter 3 a Hamiltonian for the scattering problem is presented. 

The various couplinç interactions are discussed and a set of coupled 

differentlal equations is derived, with a methad to solve them. 

Chapter 4 gives information on the salution of the triplet part of 

the coupled equations. Finally, in chapter 5 the singlet solutions 

are presented and an estimate of the b-b recombination rate. 

A few general remarks to conclude this introduction. 

All calculations have been restricted to only ons relativa kinatic 

energy of 0.2 K and a magnatie field of 10 T, these being typical 

experimental circumstances. 
-10 Distances are always expressed in atomie units, a = 0.52 10 m, 

0 

energies usually in Keluin. The tempersture of the gas is only a 

few hundred millikelvin. As a result, only the sleetronie ground 

statas of hydragen atoms and molecules enter into the calculations. 

These are the four ls hyperfine statas of atomie hydragen and the 
3[+ and l[+ molecular states. 

u g 
It would make this report unreadable if raferences ware given 

on every detail. A valuable souree of information, also on volume 

processes, is the Ph. D. thesis of J.v.d. Eijnde {11). This is a 

compilation of work done in our group over the last four years. 
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2. Hydrogen, atoms, molecules and gas 

2.1 Atomie and molecular states 

The ls ground state of a hydragen atom has an orbital angular 

momenturn of O, so the magnatie energy levels only depend on the 

electron and proton spins, 5 and I. The effective spin Hamiltonian 

is: 

H = t a a · ä + B (•• crz - u crz) e p rp p re e ' 

where a 
8 

and ; are Pauli spin veetors for electron and proton, 
p 3 

a is the hyperfine constant Bl.l l.l l.l /3rra ~ 68 mK, l.l and l.l the 
o e p o e p 

spin magnatie moments and 8 the applied magnatie field. The 

z-direction is parallel to 8. 
The hyperfine statas of this Hamiltonian are, in order of deereasing 

energy, 

!d> = lt1) 

/c) = 11'~>+ e: l1t .t> 
lb> = lv t> 
la) = 1{. t>- e: rt- t> 

(t indicating electron spin up, ris proton spin down, etc.) 

If B ~ 0.05 T a good approximation for e: is: 

e: = 0.025/B (B in Tesla). 

At B = 10 T e: is only small, there fore the normalization factor 
2 -t 

(1 + e: ) for the a and c statas is usually omitted. The energy 

levels of the hyperfine statas as a function of the magnatie field 

Of the molecular sleetronie states only the lowest two are taken 

into account. These are the 
1r; (5=0, M

5
=0, singlet) and 

3r: 
(5=1, M

5
:o, ± -1, triplet) states. For our purpose the spatial part 

of these states is sufficiently accurately described with normalized 

and (anti) symmetrized products of atomie ls funetions, the soealled 

Heitler-London funetions. The spinstatas can be chosen to be (anti) 

symmetrie combinations of the hydragen hyperfine states la> -- ld> 

but most of the time it is more convenient to express them as eigen

statas of the total electron and proton spin operators S and I z z 
(eigensLt~s at v

8
• see sec 3.5) s, M

5
, I, MI • Sametimes a 

representation in arrow notation is more illustrative: 

for instanee 11,-l,O,O} = i- ~(;t- l~)/112 
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E/kB 

17 m 
E :::Q 
1s B (T) 

-51 m 

d 'V t± 

c rv H-e:H 

I 
I 
113.5 K 
I 
I 

10 

b 'V +f 
mK 

a rv +±-e:H 

Fig. 2.1 Rabi diagram (not to scale): four ls hyperfine energy levels 
of atomie hydrogen as functions of the magnetic field B. 

2.2 The interatomie potential 

The H-H interatomie potentiel depends strongly on the total spin S 

of the electrans (fig. 2.2). 

expanded scale 
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Fig. 2.2 a) Singlet (S=O) and triplet (Szl) potentlal curves as 
functions of the relative distance r between the H-atoms. b) triplet 
states on enlarged scale at B= 10 T. 
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Tne S = D, singlet, potential has a dee~ minimum containlng a ground 

state at -4.4~ eV and numerous vibrational and rotational excited 

levels, (fig. 2.3) whereas the S = 1, triplet, potential is essentially 

repulsive. The s:tallow von der Waals well of 6.5 K does nat allow a 

bound sta~e. Instead of the rather inaccurate potantials that are 

the r8sult of the Heitler-London approuch, the very accurate ones 

provided by Ko±os and ~olniewicz (21,22) are used. 

t -
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Fig. 2.3 H-H molecular 

statea near the thres

hold of the singlet 

potentia1. 
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2.3 Staoilizetion 

We now return to the stabilization of atomie hydragen which was 

touched apon already in the introduction. Recombination of H-atoms 

is only possible if their electron spins are anti-parallel. In that 

case, provided a third partiele is available, recombination to highly 

excited states near the continuurn level will take place, followed 

by a rapid casesding to the ground state (5). With knowledge of the 

hyperfine stetes and the S = 0 and S = 1 potentials, the possibility 

to stabilize an atomie H-gas bacomes evident. This can be done by 

applying a streng magnatie field and lowering the tempersture of 

the gas to a few hundred millikelvin. At 10 T field strength the 

energy difference between lb> and 1~ levels is approximately 13 K, 

between la> and lb> only 55 mK so at a tempersture of 0.2 K the 

accupation of the lb> and IB> levels sill be about the same but 

IC> and Jd> are depopulated. A gas of Ja> and Jb> atoms is already 

electron spin polarized to a nigh degree, but the Ja> atoms still 

cary an admixture of the wrong electron spin. As a result of this 

small depolarization, recombination between la> as well as between 

la> and Jb> atoms is still possible: 

a + a -> H2 

a + b -> H2 

Since more 1a> than lb> atoms are involved in the recombination, 

the la> level is rapidly depleted leaving a gas of only lb> atoms. 

This gas in which both the electron and proton spins are directed 

anti-parallel to the magnatie field (H J.l) is relativily stable and 

our starting point to further analysis. 
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2.4 Oecay 

Even a gas of H is not absolutely stable. Fig 2.4 gives an impression 

of the evolution of the hydragen density in a typical experiment. 

const. HH 

destr. 

0 1000 2000 3000 
t (sec.) 

Fig. 2.4 Density of hydragen H+ as a function of time. In a schematic 
way the figure shows the filling of the cell, rapid recombination 
decay, relative constancy thereafter, and the destructien of the 
sample by a heat pulse. 

There are several different processas by which the singlet state, 

necessary for recombination, could again become present in a H~S gas. 

The first is a transition from the lb> to the la> state. This 

process has been called relaxation because it tends to restere thermal 

equilibrium between la> and lb> levels. The mechanism for this tran

sition is the magnatie dipale interaction between lb> atoms during 

a collision. This is nat a transition directly to a singlet state 

so na recombination between the colliding atoms will take place. 

lnstaad, recombination will rapidly follow in subsequent collisions 

between the la> atom and other lb>atoms. Since recombination is a 

much faster process than relaxation, the decay rate is determined 

~ by the relaxation rate. Every new la> atom disapaars quickly in 

a recombination reaction. The only possible transition is b + b ->a + b, 

(b + b ->a + a can be ignored. It involves a double proton spin 

flip ar alternatively an E
2 

term (ref 11, page 57)). A transition 

to lc> ar ld> is impossiele owing to their energy separation. This 

energy is nat available. 
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The relaxation b•a has always been considered the dominaDt process 

responsible for the decay. Experimentel and theoretical relaxation 

rates do agree for the volume but these for the He-surface do nat. 

The theoretical surface relaxation rats is about 35 times smaller 

than experiments seem to indicate. 

A second possibility is a direct recombination process between 

lb> atoms. The interaction with the helium film could result in an 

admixture of singlet states. A discussion of the rather complicated 

mechanisms would lead toa far but an extensive discussion can be 

found in refs 19 and 20. They show that the interaction with the 

surface is too small to have an appreciable effect. 

An in~eraction between lb> atoms that couples the S = 1, bb: 

state to S = 0 would be a third possibility. It cannot be an exchange 

interaction, since there ate no spins up to exchange. Neither can 

it be a dipale-dipale interaction between electron spins: This inter

action is symmetrical under exchange of the electron spins and does 

nat couple between a symetrical S = 1 and an anti-symmetrical S = 0 

spin state. But there is the dipale interaction between the electron 

spin of one and the proton spin of another atom. This electron-proton 

magnatie dipale interaction does indeed couple S = 0 and S = 1 states, 

but is very weak relativa to the energy difference between these 

states. So its effect can only be small. However, one has to campare 

this with a-b recombination where the admixture of the singlet state 

is of the order E. This is enough fora recombination rate much 

larger than necessary to explain the apparent relaxation rates. 

The value of K b required for an explanation of the discrepancy 

would be 35 G ~ 1.4 l0-16 m2/s, Kab = 7.2 lo-
14 

m
2
/s (at T = 0.2 K, 

8 = 10 T, ref 1). Also, as will, be explained in one'of the next 

sections, direct recombination seems in soma ways a more effective 

process than a-b recombination. Recapitulating, there are two pro-

cesses: 

1 b+b -> a+b 

a + b ~ H
2 

2 

"' ' . 
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They lead to the decay rate equations: 

dn /dt = a 

dnb/dt = 

n + nb a 

n << nb a 

2 2 
-Gn - K abnanb - 2Kbbnb b 

= nH 

nH :::: nb 

1 

2 

3 

4 

na' nb, nH being the densities of la>, lb> and H-atoms, while Kab 

and Kbb are the recombination constants and G the relaxation constant. 

Now, n is always very small so from 1 fellows: 
a 

The eliminatien of Kabnanb in 2 and approximation of nH with nb gives: 

2 
dnH/dt = -2(G + Kbb)nH 

Clearly a direct recombination process cannot be distinguished from 

a relaxatiQn process by only measuring the total hydragen density. 
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2.5 The recombination model 

The surface recombination is a complicated process. It cannot be 

treated as a simple two-particle scattering problem since no scat

tering to singlet statas take place. Only a temporary admixture of 

these st2tes is possible. 

The usual chemica! reaction mechanisms are (8): 

1 H + HeH -? He + H
2 

2 H; + He -7> H2 + He 

For the first process, the assumption would be that there i~ a 

number of HeH molecules in the gas available and that the raarrange

ment reaction 1 leads to recombination. However, H does nat bind to 

He. The second process depends on the existence of a rnatastabla 
~ 

resonance H
2 

formed in a two-body collision. The lowest orbiting 

resonance v = 14, j = 5 at an energy of 60 K above the threshold 

of the triplet potentiel {10,23) does nat contributs at a tempera

ture of 0.2 K. 

This leaves us only ~he mechanism of a direct three body 

H + H + He recombination. Calculations for this mechanism have been 

done but only for a three dimensional gas (8). For recombination 

on a surface of He-atoms things promise to ba much more complicated. 

At present, the interactlans of H and H2 with the He-film are not 

understood very well. In a recombination reaction it does nat seem 

improbable that the dynamica! modes of the film play an important 

part in the process. The He-film can absorb energy and momenturn 

in a collectiva ar single-partiele excitation. _____ _ 

Because the inclusion of the interaction with the dynemies of 

the film makes the problem extremly difficult to handle, we propose 

a different way to estimate the b-b recombination rata. lnstead of 

a calculation from first principles we use the experimental infor

mation on a-b surface recombination. This can ba done in the follow-

ing manner• The conditlans for recombination are: 

1. the wave function has a component in the S = 0 space. 

2. A third partiele of some sort must be present to conserve energy 

and momenturn in the recombination process. We assume this third 

body to be a He-atom of the film. A camparisen is made between a + b 

and b + b collislons at identical fluxes. The total S = 0 probability 

within a critica! relativa distance r is calculated for both 
c 
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2.6 The interaction with the surface 

The hydragen atoms are supposed to move freely papallel to the surface 

but are bound to it by a surface potential. The precise farm of the 

potential is nat known. The Hamiltonian governing the motion of a 

single hydragen atom perpendicular to the surface is: 

H (z) = 
s 

+ V (z) 
liJ 

Experimentally H (z) turns out at have only one bound state with 
s 

a binding energy of approximately 0.9 K. As a model potential the 

one introduLGd by Stwalley {24) has been taken. Its farm is: 

3 
V (z) = -c3/(z - z ) w 0 

with a hard wall at z = z ' c3 is the 
4 0 

long range van der Waals-inter-

action constant for a He film: c
3 

= 3 1482.16 K·a and z has been 
0 0 

ohosen in such a way as to obtain a binding energy 0.91 K: 

z = 2.4321 a • 
0 0 

The results do nat seem to be very sensitive to the farm of V . w 
The H-atoms do nat penetra te the He-jilm because of the high effec-

tive potentiel (42 K, ref 5) of H in liquid 
4 

He. fhe surface potentiel 

for H2 is fundamentally different from that for H. There is even the 

possibility that H
2 

éan penetrate the surface and in that case a 

porential with a hard wall is totally inappropriate. Another aspect 

is the huge kinetic energy available for the particles in the minimum 

of the singlet potential. On average the singlet well is about 10.000 

times desper than the surace potential and recombination even to 

the high v = 14, j = 3 state, sets free an energy of about 60 K. 

Bath the uncertainty about and the apparent insignificance of the 

surface potentiel for singlet statas are reasans to omit this paten

tiel altogather and to treat particles in an S = 0 state as free. 

This has as a consequence that, whereas the scattering problem is 

cylindrically symmetrie in the triplet channels and therefàre treated 

in cylindrical coordinatesf,~, z, 2, in the singlet channels the 
A B 

remaining interactions are spherical symmetrie and a treatment in 

spherical coordinates is more appropriate. Because in the whole 

of the problern the z centre-of-mass coordinate is nat separable 

the solutions in the singlet channels become parametrically depen

dent on Z or its Fourier transfarm K. 
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3. The coupled-channels equations 

3.1 The Hamiltonian 

As indicated in previous chapter, we want to find a stationary 

salution of the Schrodingerequation descrihing the mutual scat

tering of two H-atoms adsorbed to the He-film. The Hamiltonian 

for this problem ~s 

H T + V + V + V + V 
c B w s 

with T the kinetic energy, 

V the Coulomb interactions, 
c 

VB the Zeeman energy of the electrans and protons, 

V the spin interactions 
s 

and V the surface potential. 
w 

Figure 3. 1 illustrates the choice of coordinate system. 

/ 
/ 

/ 

z 

/ 

B 

/ 

/ 

A 

/ y 

~--- - --- - --. 
' 

Fig. • 3.1 

(3-1) 
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The protons are labeled A and B, the electrous 1 and 2, r is the 
-

relative position of nucleus A to B, p is the projection of r on 

the surface. The electron coordinates are defined relative to a 

point C halfway between A and B. The z-direction has been chosen 

perpendicular to the surface, ~ is the position of the cetre-of

mass of the nuclei over the film. The Laplacian operator !:J. has a 

label r, p, r
1

c or r2ccorresponding to the two or three-dimensional 

coordinates with respect to w ich the differentiations have to 

take place. 

The centre-of-mass motion parallel to the surface is separable, 

of no interest to the scattering problem and therefore omitted. 

The surface potentia1 breaks the symmetry in the z-direction so 

the centre-of-mass motion in this direction has to be retained. 

The relevant terms Ln T are (ref. 16) 

Tt2 -fi2 d2 2 
T T - /:). -- (-2 + l2) (3-2) 

e m p 2mp êlz A ê)zB p 

For the singlet channels it is more convenient to write this as 

T 
h2 112 i 

T --t:J. ---2 
e m r 4m a~ 

(3-2a) 
p p 

Here, T LS the kinetic energy of the electrons, 
e 

T 
t2 

(/:,. + !:J. ) 
e 2m r1c r2c e 

(3-3) 

The Coulomb interaction between all participating particles is 

V 
c 

2 
e 

41TE 
0 

(;- ') _1_+_1_) 
L rij rl2 

i=l,2 
j=A,B 

The Zeeman energy of protons and electrous LS 

(3-4) 

(3-5) 

with v , l1 electron and proton magnetic moments, a. dimension-
e ·P L 

less Pauli spinvectors. 

There is no Zeemanterm due to electron orbital magnetic moments 

because of the symmetry of the L: states. That due to nuclear 

motion is ignored 
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The surface potential is the same one as introduced ~n section 

2.6 but now for two atoms: 

(3-6) 

The last term ~n the Hamiltonian, V , ~s a colleetien of sp~n 
s 

interactions. 

V 
s 

Proton-proton interactions can be neglected: ~ << ~ 
P e 

The Fermi-contact term is 

(3-7) 

~ nr:::::: .&... 1 a" _ _ 
V FC = 't7i f·.e t-t-r 3 ?- ( ~; ·Oj) bc ~} - HT !Je -:3 l<J; • o;J Sc~11 ) (3-8) 

c = t,z 
j ~ 1'1,11. 

the electron-electron dipole interaction 

(3-8) 

and the electron-proton interaction 

(3-1 0) 
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3.2 The basis functions 

The coupled-channels methad to solve the time independent 

SchrÖdinger equation H~ = E~ is based on the expansion of the 

wave function in a set of basis functions of all coordinates 

except p or r, the two or three-dimensional interatomie distance. 

This set of basis functions must contain spin functions, orbital 

electron wave functions, functions for the angular dependenee of 

the motion of the nuclei and functions descrihing the position 

of the atoms with respect to the surface. 

The spin functions IS,M
8

,I,M:( chosenare eigenfunctons of 

VB. A shorter notatien for them is r 5
, s varies over the 16 spLn 

states: 

(3-11) 

or 

(3-11 a) 

The motion of the electrans during callision is treated in 

Born-Oppenheimer or adiabatic manner. the electron wave functions 
1E+ and 3E+ are orbital eigenfunctions of H , the Hamiltonian 

g u' e 
for the electron motion. 

H T + V 
e e c (3-12) 

H 1 E+ V (r) 1 E+ 
e g 0 g 

(3-13) 

H 3E+ V 
1 
(r) 3E+ 

e u u 

The electron functions are parameterically dependent on r, the 

r-dependent eigenvalues V
0

, v1, singletand triplet potential, 

act as interatomie potentials. 

The basis functions for the spatial motion of the nuclei 

differ markedly for the initial S = 1 and final S = 0 states 

The latter are treated without surface potential. this makes 

the choice of sphericalcoordinates advantageous, the basis 
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functions are spherical harmonies, Y (8,~). In the case of the 
lm . 

triplet states , treatement in cylindrical harmonies, el.m~, and 

surface states 1.s more suitable. 

Details about the surface states, ~ , follows 1.n chapter 4, 
K 

here it suffices to say that they are orthonormal eigenstates of 

H w, 

H 
w 

H ~ 
W K 

V 
w 

The actual expansion of the wave function is 

'/r-~ 
l,M,S 

+ 

(3-14) 

(3-14a) 

Not all combinations of spin and spatial functions are possible. 

For a system of Fermions, like this two-electron two-proton system, 

the antisymmetrization postulate demands that the total wave function 

is antisymmetrie under exchange of electrans or protons. Table 3.1 

gives the symmetry of the separate orbital and spin basis functions. 

Table 3.1 Symmetry of the basis functions 

~K i imcpi ylm lL:+ I 31::+ s = 0 s 0 s = 1 s q 
i e r g u I = 0 I - 1 1- 0 I - 1 : 

' 
i mi 1 

PAB 
I + r(-1) !(-1) + + + 

pl2 + + + + + + 

Fr om table 3 0 1 it can be deduced that for 

s 0 functions 1 + s + I = even 

s functions m + s + I = even 

These symmetry rules, l.n combination with the synnnetry character 

of the perturbation operators give the selection rules for tran-

sition. 
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3.3 The coupled-channels equations 

Before continuing the derivation of the coupled-channels equations, 

a more convenient shorthand for the basis functions is introduced: 

( ) I + rs Yl e,cp 2: m g ll,m,s,O> 

lm,K,s, I> 

'flo 1/r ~ F
1 

(r,~) 

1 ,m, s 
, m, s 

11 ,m, s, 0) 

'fll J/{p ~ R (p) 
m, K, s 

m, K, s 
lm,K,s,D 

The SchÖdinger equation is 

(H - E) ( 'fl 0 + 'fl 1 ) = 0 

For the triplet channels the Hamiltonian is written as 

H 

In the 

H 

-h2 
+ H + H + V + V = -- 11 m p e w B s p 

singlet channels V is ignored and H 
w 

+H +V +V 
e B s 

t_2 ;)'L 
---2 

4m 'ê>~ 
p 

changes to 

(3-16) 

(3-17) 

(3-18) 

(3-19) 

(3-19a) 

After multiplying equation 3-18 with <l,m,s,Oi or <m,K,S 11I 

and integrating over all coordinates of the basis fun~tions 

the result is 

[ - 'h '1. ( L + l ( L ... 1) ) + I I + -~ 1 
è) t E f] F. 

tml' êha. J- 1 Vo """' ä"f'k +. P..,s- LMS(r;2) 

= 0 
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···--· ---------- -------------~- ---------------..,....----~-
' ' - - -- -- - -----------------~-------------:---~'------~--r--+--~-T----:---:--:-r+:· 

~. "f 2_<t1.t.s~trVs 'Ir ~f~Jr~:ZJlt)J_ts~~ot4=~ct=~~ ·3,-~ 
·· t•;M~< -- - ~ ~ ~ · ~·~ rl_$.._c_ -~--__,_-;-,-~---"-~-:-t+-:----{~-7-T~ 

These equations are difficult to solve. The problems are: 

In the first place the large dDnensionallity of the equations. 

Sixteen spin states times 20 surface states times two dozen or 

so Ylm and eim~ states is just a little too much. 

A second problem is the awkwardness of the coupling terms between 

the triplet and singlet channels. because of the different choice 

of coordinates for singlet and triplet channels the expansion 

coefficients R and F can not be taken out of the integration 

brackets. This definitely spoils the structure of the equations. 

A last problem Ls the fact that the singlet equations are diffe

rential equations of two instead of only one variable. The ~-
2 2 

dependenee of F and the a /êJ~ term ask for an extra set of basis 

functions for the ~~otion. An expansion in a continuous set of 
. f ~2,.... 2 i u . . . . . eLgenstates o u to~ , e , LS possLble. ThLs LS equLvalent to 

a Fourier transformation of~ toK, replacing -~/d~2 by K2 • 

It LS clear that the coupled equations need simplification 

before they can be solved. This simplification is possible because 

of the different character of the singlet and triplet solutions. 
·-

If the atoms are far apart only the triplet states with M
5 

= -1 

are occupied. because of the high Zeeman energy the singlet 

channels are not accesible. However, due to the coupling between 

triplet and singlet states and the deep minimum of the singlet 

potential, occupation of the singlet channels is possible at small 

interatomie distances. 
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The coupling between different spin channels is only weak and 

therefore the amplitude in the singlet channels is expected to be 

small everywhere. This makes it possible to ignore the influence 

of the singlet channels on the solutions Ln the triplet ones and 

even the coupling between the singlet channels themselves. The 

same is true for the coupling between the triplet channels, only 

the amplitude Ln the entrance spLn channels differs markedky from 

zero. To find the solutions in the singlet channels, we only use 

the coupling from the triplet to the singlet channels, to find 

the triplet solut~ons only the spatial coupling between the sur

face states is of importance. 

~n this way the scattering problem can be devided into mana

geable parts. First one has to solve the triplet equations: 

+ ~ ( ~ I ~ (t) I ~ '> R J p) 
I x- )( MX.S 

}( 

= 0 

(3-21) 

The next step LS a trnsformation of the spatial part of the tri

plet solution to an expansion in spherical harmonies. Restricting 

ourselves for the moment to a single spin channel, the spatial 

part of the solution in this channel is: 

(3-22) 

with 

(3-23) 

The integrals 3-23 differ from zero only if m = m' and if Ylm' 

and eim~~ have the same symmetry under exchange of the nuclei. 
K 
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To fulfil this last condition, from table 3.1 it fellows that 

1 and m have to be both odd or both even, so 1 + m = even. 

The actual computation (app. E) of the C 's is sraightforward 
lm 

but rather computer-time consuming. 

With these transformed triplet solutions the singlet equations 

become a set of deccupled inhomogeneous equations, one equation 

for every spin and spatial channel: 

[::..h: L + Lllil1 
rv'AI' ~ ra. ~ Vo + ~~p. Z~t. i- ~~:~ -E} tt1~.-1~) (3-24) 

= r :.Stlilr· 2) 
I 

-~ ( l.t1. ~.ol Vs [ x.t1,($,,) fs 3 ~;> Çr-i[t~t) (3-25) 
V~~ . .. .. . ... 

The ê>
2
/o't

2 
term still complicates the equations. In a first 

approach it was just ignored. The kinetic energy of the centre

of-mass in the z-direction is probably negligible compared to the 

relative kinetic energy. A more elegant way to get rid of this 

term is a Fourier transformation of 3-24, 3-25 from 'l; to K, the 

centre-of-mass momenturn in the z-direction. The singlet eq tations 

change to 

.S. (r.l<) 
lt'\S 

F ('r, K) 
L11S 

00 

= f c! 1. ei. "è ..$ lt. '2 ) 
0 ll'\s 

OI:) 

; fd~ 
0 

iJ<~ ST-,) .. 
e. Ll1S_t-.~ .. 

(The integration can be taken from 0 to 

the triplet solutions are zero if 't < 0) 

because 



27 

Here, ç indicates the proton and electron spLn coordinates. To 

find the integrals the equations 3-24 and 3-26 are solved for a 

discrete set of ~ or K values and the integrations change to a 

summation over these sets. 
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3.4 The coupling to the singlet channels 

Which couplings between singlet and triplet states are possible 

depends on the symmetry character of these states and the inter~ 

actions. The part of V responsible for b-b recombination ~s the 
s 

proton-electron dipale interaction VSI' the interaction that leads 

to a-b recombination is the Fermi-contact term VFc· This can be 

seen as follows: The only interactions that .give a coupling 

between singlet and triplet states are electron-proton ones (see 

also app. A). These are VSI and the electron-proton part of VFC" 
3 3 Their respective strengtbs are of the order C /r and C /a 

ep ep o 
(C = ~0 /4TI ~ ~ ). The Fermi-contact term doesnotchange the 

ep e p 
the total projection of S and I on the z-axis, M5 + MI, so it 

does not couple the bb, I 1,-1,1,-1>, spinstate to any other one. 

Hence, b-b recombination depends on v
51

. In the a-b process both 

VFC and VSI give a coupling between S = 1 and S = 0 states but 

VSI decreases with 1/r
3 

hence its minor importance relative to 

VFC. 

The spatial part of the dipale interaction is a tensor operator 

of rank two, that of the Fermi-contact term a scalar. Bothare 

invariant under spatial inversion and do not couple between 

states of different spatial proton permutation symmetry. 

The bb,triplet state is a 11,-1,1,-1> spin state in combination 

with spherical harmonies with even 1 and m (the surface states 

now being transformed to spherical harmonies, the symmetry rules 

are 1 + S +I= even, 1 + m =even). The only singlet states with 

the same parity and spatial symmetry are the Ylm 10,0,0,0) states 

with 1 again even. The relevant spinstates for a-b recombination 

are (app. A) 11,-1,0,0> and 10,0,1,-1> so the spatial states are 

spherical harmonies with odd 1 and m. 

The difference in spatial symmetry between a-b and b-b proces

ses has an importand effect. Recombination depends on the ampli

tude of the wave function at small internuclear distance. Now, b-b 

scatering is possible with m = 0, 1 = 0, so without centrifugal 

harrier. In a b-b callision the relevant 1 and mvalues are odd, 

the centrifugal harrier is always present and this greatly sup

presses the amplitude. 
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The spin matrix elements are 

bb : (3-30) 

• S SI 
wah r = 10,0,0,0), r = 11,-l,l,-1) 

and 1, 1 1
, m 1 even 

ab (3-31) 

S SI 
wi th r = I o, o, I , - I~ , r II,-1,0,0) 

and 1, 1 1
, m1 odd. 

Evaluation of the spin and spatial electron parts (app. C) leads 

to simple expressions for the matrix elements: 

~4'~ 
- 3 Vs 

r 

2 

" d(
2

) (6 ) y2].1(6,<P) L ].l,-2 B 
].J=-2 

I6/3 C !a3 
ep o 

(3-32) 

(3-33) 

where d~~~2 (6B) is a reduced Wigner D function for a rotation 

from a coordinate system coupled to the magnetic field to a system 

with the z-direction perpendiculer to the surface, eB is the angle 

betweenBand the surface normal (ref. I2). 

Substitution of 3-32 in 3-30 gives the total dipole matrix 

element: 

C ep 4. (6-;' 
- 3 \Js 

r 

2 

~ d~~~2(eB) {ylm I y2J.ll yl 1m1) (3-34) 

].1 =-2 

1, 1 1 
, m' even J.l + m' - m = 0, 11 ' - 21 ~ 1 ~ jl ' + 21 

And the Fermi-contact matrix element follows from 3-31 and 3-33: 

(3-35) 
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The integral over three spherical harmonies ~n eq. 3-34 ~s (app. B) 

l 

= ((21+1) 45TI(21 '+I ))
2 

Col 02 01 ') ( 1 ~ ml ',) (Ylml y2~ 1 yl'm') \..m,... 
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4. The triplet ch2n:els 

4.1 The choice of the surface basis functions 

Thu dominant inten,ctions CoO\.:erning the dynar;;ics of the H-H surface 

callision are the surface and the triplet potential. The farmer 

binds tne H-atoms to tne film and keeps their motion nearly two

dimensional. 

There is or;ly one 1-perticle bound state, ~ (z), for a hydragen 
0 

ato;; on a helium film. If the atoms are far apart only the part of 

tne wave function corresponding to a product of two single-partiele 

ground states survives. This ~0 (zA)~0 (z 8 ) state is of course the 

two partiele ground state. It is symmetrical under exchange of the 

nuclei A and B and because the triplet potential does not couple 

between states of different symmetry only symmetrical surface states 

enter into the calculations. 

The triplet potential causes an abrupt disturbance of the gentle 

motion of the atOii:S along the surface. Fio,ure 4.1 gives an impression 

of the "'Otion duriflc) collision. 

I 

H 

I • I 

I 
I 

I 

I 
I 

I 
I 
~ 
I 

I 
I 

HELIUM 
( 

If the particles are far apart 

they move at the sar:;e distance 

above the surface, but approaching 

another the triplet potential 

pushes one of the atoms away 

from the surface, the ether closer 

to it.Their separation in the 

z-direction becomes quite large. 

Fig. 4.1 
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This notion of the dynemies of ~he cullision determines t~e 

choice of basis functions for the rnatien norc:al to the surfece. 

They must include Functions ~hicn have their maximum if z 
A 

to enable an approxirr:ation of tne \1)
0

\1)
0 

ground state, as tuell as 

functions that are zero arounrj zA = z
8 

to avoid the strongly repul

sive triplet potential, of importsnee for s~aller distance. Since 

the particles do nat leave the surface an exponentiel decay for 

large z is obligatory. A possible choice is a set of analytic basis 

functions: 

(4-1) 

for IZI ~ A 

(4-2) 
0 f'or IZI < A 

where z = ZA - zg while k is chosen to be the 2-dimensional H-H 

scattering length: A = 2.5 a • Furthermore, À is optimized by mini
a 

r::izing the energy o1 the <P~ 1 sL_•te: À = 0.199. This t:/>~ 1 is a good 

approxirnétion of tne two-particle -Jround state. Two characteristic 

analytica! functions ars shown in figure 4.2. 

30 30 

27 z 27 
24 2 

24 

21 21 

18 18 

15 15 

12 12 

9 9 

6 6 

3 3 

0 0 
0 6 12 i 8 24 30 0 a 6 12 18 24 

a) b) 

30 
zl 

Fig. 4.2 Behaviour of the new analytic b8sis functions ~K, shown 
schematically in contour lines, a) for ~mn functions, and b) for ~!n 
functions. 
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The above-,.,en;;ioned set ,,f 2nalyticé.1 functiuns is r1eitr.er c•rth::::

normal nor a set uf eioenfunctions ~K o~ H • To remave these obstacles _, w 

we enrploy two basjs trar1sformations. 0rthonormalization is attained 

by a process of Gr2m-Scnmidt orthonormalization. This can be done 

in sucir 2 1.0ay that there still exists a distinction between C/)P. and 

cp0 
functions. We shall inJicc.te the new functions with cp~ 5 and <1>~ 5 • 

11 second transformation takes the {<P~ 5 ,<1>~ 5 } basis to a bEsis cf 

eigenfunctions of H • Within this set no jistinction can be made 
w 

between <P0 and q,A functions. {111 <1>'K's ere a mixture of C/>
0 and r/JA 

péHts. 

ln the understandir1g of the callision process both the cf>~ 5 ,cf>~ 5 
and <1>x basis functions have their role. If the particles are widely 

separ~ted the surface basis ~K is more appropriate. There is no 

interaction via the triplet pctential and the only occupied state 

is the surface ground state. At smaller distances the triplet po

tential eausas a mixing of the surface states. They all feel the 

triplet potential to some degree. 

-1 0 
10 

2 4 6 8 10 12 14 16 18 20 -1 

0 
I 

-2 
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-3 
10 

a:: -4 
........ 10 
N 

liE 
liE 

LL -5 
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-6 
10 

-7 
10 

0 2 4 6 

0 .•. :; 

8 10 12 14 16 
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Fig. 4.3 Probability density as function ofp, 

being [r_}(o)/f, for E = 0.2 K and 20 channels. 
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-5 
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-6 
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-7 
10 

18 20 

~ ) 0 
Also shown are the projected parts on the ~ and 

r:pA subspaces. 
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T~e transfor~ation of ths solutions to the ~~.,~~- oasis sho~s 
u2, ~:::; 

what hapeens in the surface cellision (fig 4.3): The triplet oo

tential is fully ei fective ir, tne ct>~ 5 channels, in the 1>~ 5 channels 

it is much less repulsive. The ~0 part of the wave function is re

flected, the ~A part carries on to the origin with much less decrease 

of amplituje. 
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4.2 The numerical salution 

The numerical salution of the coupled-channels equations (C.C.E.) 

poses an interesting problem. The triDlet equations are (s~e 3-21), 

. !2/m a2 1n energy units h 
p 0 

[-:;1 + LJ.i ... E"'-1( ... El!. .. -~ R (f) f'J. • H)(S 

+L Vr:r: {f) ~~ x•lf) :;; 0 (4-3) 
)(' 

with 

Vx}(' ftJ = <~)(I Vi (r) I ~) 

Ew,'}( = (~ lHwl ~.) 
)( l( 

Dnly if m = 0 it is useful to treat this scattering problem with 

more than one surface state. If m is greater than zero, the eentri

rugal barrier keeps the atoms out of the region ~here the triplet 

potentlal is effective. It then suffices to use only the '- rrface 

ground state anj the C.C.E. reduce to a simple second order equation. 

Returning now to n-; = D, we choose tr.e e1~8Liy' scalc in such way 

that the energy of the surface r1round ~tate, E 
1

, plus the Zeeman 
w, 

energy E coinc1de with zero. Tne C.C.E may be written in a more 
B,s 

compact i.nd transparent farm. 

i 
d."' 2 R ( D' = u (J ) R 'P) ( 4-4 ) 
~ -I =I -

i 

an N-dimensional secend order aif•erential equation, with 

Ul<l<'(f) = -l/4f2 + Ew,K- Ew,l- E + Vl<K'~) (4-5) 

For/~~~the off-diagonal termsof ~ tend to zero, the diagonal ones 

toa constant, (E - E 
1

- E). Equation 4- 4 has N independent 
w '',( w, 

vector solutiGns regular at origin. The usual way to find these 

solutions is <;;o sté1rt nurnericél intergation at some point Ps near 

the origin wit~ N independent vector solutions R. taking R~.(f) = D, 
-J ~J s 

Rxj<fs + h) = ~~j" (h is the integration step). The solutions are 

integrated up toa value ofp where the coupling, the triplet po

tential, becomes negligible. There a linsar combination of the N 

independent solutions is formed in such a way as to ensure a smooth 

transition to the asymtotic colutions, cosine-like in the open 

channels (usually only one) exponentially Jecreasing in the closed 
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ones. D~ring ths integration,at some r~dial points,linear combination 

cf the N solutions is necessary to maintain tne linear independenee 

(Ref 25). 

The ohosen inte~ration methoo, a 4th order modified Numerov 

one, is vary etficient wit~ s~cund crder equ~tions without first 

order term, but hes una disadvantage. It is very inaccurate near 

the sinl~ul<:.ri ty c.;t the origin caused by the..:J../4p2 centrifuge! poten-
i 

tial. Usually this is no problem because a repulsive potential, like 

tne triplet potential, keeps the particles away from the origin. 

However, our model with ~0 and~A functions has been devised just 

to allow the particles to pass on top of each ether and to reach 

the origin. In the ~A channels the repulsive potentlal is nearly 

absent and the l/4f potentlal beco:-nes a nuisance. Here the inlegra

tion methad fails but there is an elegant way to avoid this problem. 

When the particles are rnaving on top of each ether the three-dimen

sional dist<:nce I"" does nat change much with the two-dimensionalf. 

The triplet matrix elements in the ~A channels are essentially 

constant up top = 0.25 a
0

• (This is true for the ~A channels but 

net for ány of the surface ch~nnels ~K because these are mixtures 

of.<P0 and cp~ functions.) If we now think of the C.C.E. in termsof 

ct>~s 
j; 

and ~CS channels the picture beoomes clear. The ~olutions in 

the <1>~ 5 channels are 

for the qC~ channels are constant 
._,~ 

zero near the origin, the matrix elements 
2 

(apart from the l/4p term) and 

near the crigin the C.C.E. may be resricted to the 
A 

<Pcs space. 

d
2RA A A 

~ = U R -d-L. - (4-6) 

Again a transforr;1ation takes the C/>~ 5 basis to a new one, also of 

the A-subspace, in which UA is a constant diagonal matrix. The C.C.E. 
r~,A 

in the ~G5 subspace change to a set of decoupled equations. 

dzR~ 
--~2 = 

df =..á.f.L ~ R~ + V .. R~ 
~ 1.1. 1. 

(4-7) 

~Ji th 

A A 2 
V .. = U .. + l/4p 

1.1. ~1. • 

The analytica! solutions tothese equations with constant V .. are 
1.1. 

(modified) cylindrical Bessel functions. Knowing the solutions with 

respect to one basis back trar1sforrnation enajles us to start th;c, 

integration of the C.C.E. at SCfTIB distance from the singularity 

• 

l
i 

. 

' 
.. ~ 
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with the exact scluticns, thus ensurin~ the correct inteçration 

of the equations. The importsnee of this rather co~plicated methad 

to start the int2gration is illustrated by figure 4.4. It shows 

the tutal rBdial prouability as f,,,nction of r for three different 

calculations. 
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Fig. 4.4 ~robability density as function ofp, 
for E = 0.2 K, a: the correct salution (20 channels) 

b: with an incorrect start 

of inlegration (20 channels) 

c: with only the surface ground state. 

First for a one-channel calculation. Necessary, this one channel 

corresponds to the surface ground state and leaas to a head-on 

callision of the atoms. Secondly tor a 20-channel calculation with 

correct start cf the integration. Clearly a seizanle fraction of 

the partiele passes on top of each other. This should be compared 

with tl1e third curve, for a calculation in which the integrc.tion 

is started in the usual but incorrect way, indicated previously in 

this section. Lne can see that the influence of the storting methad 

is not restricted to the region close to the or1g1n but is still 

noticeable for f = 20 a
0

• Visualization of the 4-dimensional (~, 
p, ZA and z

6
) wave function is rather difficult. An atcempt has 

been made in fig. 4.5. It shows for different values ofp the probability 

density function on the ZA,ZB space 
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5. The singlet channels 

5.1 The singlet equations 

The equations for the singlet channels are 

+ EP..s- E}Fct).l = t-Sc.-,~) (5-1) 
' ln~ Lns 

The structure of the equations ~s the same for both a-b and b-b 

recombination. They form a set of inhamogeneaus but decoupled 

secoud order differential equations in two variables, r and ~. 

The zero of the energy scale coincides with the asymtotic (r~oo) 

level of the triplet M8 = -1 potential, EB,s ~s the difference 

between the Zeeman energy of the singlet state and that of the 

b-b triplet state, E 2~ B. 
B, s e 

As shown in chapter 3 the souree terms are, ~n the case of 

b-b recombination: 

(5-2) 

where 1, 1', m' even, m' m- ~ and ll-215. 1'~ 11+21 

and for a-b recombination: 

(5-3) 
L, 1'1 a c\ ol 

Because ~n both processes there is only one initial and one 

final spin state involved, the spin index s has been dropped. 

A Fourier transformat on ~ ~ K replaces -a 2 ;a~2 
by K

2 

and Flm and Slm by there Fourier transforms: 

= 
'V Jd~ -iK~ 

F lm (r, ~) F lm (r ,K) e 
0 (5-4) co 

~lm(r,K) J d~ -iK~ 
slm(r,~) = e 

0 

The triplet salution vanishes if ~ < 0 so the lower boundary 

for integration is 0. 
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The real and imaginary parts of ~lm and ~lm are calculated 

separately as sine and eosine transforms((with upper index s and 

c, respectively). 

s 
F lm (r ,K) 

_) 

etc. 

We are interested ~n the total S 

origin: 
~ <'D 

~ f dr I d~ 
l,m o ó 

(5-5) 

0 probability around the 

(5-6) 

and by virtue of Parseval's theorem and the symmetry in K, K + -K, 

this is equal to 

L 
l,m 

fc. ,.:-
r r 

2 ' -: dr dK 
2'TT; 

•) 

(5-7) 

A simplified procedure to find approximate solutions to eq. 5-1 

~s to om1..'t the '2 ~'>!2. 2 · h k' · f h ~ a tOu term, asum~ng t e ~net~c energy o t e 

centre-of-mass motion ~n the z-direction to be of minor importance. 

Now, ~ can be treated as parameter t.o the singlet solution.. Our 

calculations show that this is a good approximat:Lon (see table 5.1). 
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5.2 a-band b-b solutions 

Although the equations for a-b and b-b recombination are formally 

the same, the solutions are fundamentally different. 

The dipale interaction, in the b-b case responsible for the 

coupling to the singlet channels, decreases with l/r3 and is only 

effective in a region around the origin. The particles enter this 

region (in the triplet channels) only if m = 0. Channels with 

higher m do not contribute anymore. Outside the range where the 

coupling ~s effective the possitive Zeeman energy causes an expo

nential decay of the singlet solutions. Figure 5.1 shows a typical 

coupling term and the corresponding solution. 

The situation is different for a-b recombination. The Fermi

contact term has no finite range but there exists a constant 

coupling for larger r that generates a small-amplitude oscillation 

in the singlet channels at every radial distance. Figure 5.2 shows 

again a typical souree term and solution. 

Outside the well of the singlet potential the kinetic energy term 

-"t2;m '0
2

/?Jr 2 becomes negligible with respect to EB and so do 
p ,s 

the centrifugal and singlet potential. Equation 5-1 reduces to 

s1 (r,~)/EB m ,s 
(5-8) 

The souree term s
1
m is a product of the radial part of the triplet 

salution and the effective fermi-contact coupling 16/3 C /a
3

, 
ep o 

so the constant ratio between singlet and triplet solutions is 

-16/3 C !a3 1/21-l B. This is exactly (proton zeeman energy ignored) 
ep o e 

equal to -E(ref. 11). Of course this is nothing more then expected. 

The salution for larger r shoud be an antisymmetrie product of la> 

and lb> states, (ab- ba)/{2 = 11,-1,0,0}- EIO,O,I,-1}. 

The Fourier transformation changes eq. 5-1 to 

and the asymtotic equation (eq. 5-8) changes also 

S ( K) '(E + h
2
K

2
/4m ) 

1 r' i B m , s p 
(5-10) 

Now a deficiency of our model becomes apparent. The ratio between 

singlet and triplet solutions is no langer constand but depends 

on the energy of the centre-of -mass. Of course there is no eer-

responding effect in physical reality. 'The singlet channels have 
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Of course there is no corresponding effect in physical reality. 

The singlet channels have been treated without surface potential, 

as free states,because near the origin the relative kinetic energy 

overshadows the surface interaction and an escape from the surface 

is conceivable. This is no longer true for larger inter atomie 

distance. Here a proper description should again include the inter

action with the surface. lf the atoms are far apart their internal 

state is independent of the z-motion but this independenee is only 

assured if for both the singlet and the triplet part of the wave 

function the z-motion is treated identically. 

However, beca u;e only the solutions around the origin are of im

portance for the recombination, the treatment of the singlet. solu

tions as free states still seems justified. 

Another effect of the inclusion of the t -motion Ls the 

appearance of resonances if EB - E + t 2K
2

/4m coincides wit~ 
,s p 

the energy of a singlet molecular state. In contrast to the K-

dependence of € this ~s a realistic effect. During the transition 

to the singlet state the total energy of the system LS redistributed 

over the relative motion of the atoms, the ~otion and the Zeeman

energy of the singlet state. T~s redistribution may take place in 

such a way that the relative energy corresponds to the energy of a 

bound state. 

The resonant contributions to the S = l + S = 0 transition will 

be very small. They are only of t~d order in the spin-deEendent 

perturbation, the non-resonant background contribution i$ of first 

order. Furthermore, the most important resonances (v = 14., j = O,. 

I, 2, 3) appear forenergLes of 50 Kelvin and more_ below the 

energy of the bb state. Corresponding large values of K are not 

significantly represented in the K- spectrum of tiie t--motLon. A 

much nearer resonance has v = 12, j = 10 but l~s largèr thaQfour 

are of no importance around the origin. The.y- only appear fot very 

large r. 
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5.3 Numerical integration 

An equation of the type 

46 

2 2 
(-d /dr + V(r)) F(r) = S(r) ( 5-1 1 ) 

with S(r) finite for r-;.oo, V(r) reaching a constant positive 

value and boundary conditions for F(r) 

-regular at the origin 

-exponentially decreasing or at least finite if r 

has a salution of the farm 

F(r) = F (r) + Fh (r) par om 
(5-12) 

with Fh a salution of the homogenious equation, regular at the om 
origin, and F a particular solution. The coefficient has to 

par 
be chosen in such a way as to fulfil the boundary conditions. 

In general the numerical integration of eq. 5-11 does not give 

a salution that fulfils the boundary conditions. The homogenious 

salution is also needed to construct the correct F(r). 

Starting the integration somewhere near the origin the homogeneaus 

salution will explode as soon as V(r) is positive. The same is true 

for F (r), any small admixture of the homogeneaus salution causes par 
an exponential increase of the solution. To avoid this numerical 

instability bath equations are integrated simultaneously. Whenever 

one of them reaches a specified level, the homogeneaus salution is 

divided by 100 or so, or a new inhamogeneaus salution is made by a 

linear combination of F and F F . = F + Fh , that makes 
_ hom par' par par om 
F locally equal to zero. The integration can be stopped as soon 
par 

as this repeated compensation process does not change the salution 

~n the radial range of interest anymore. 

In the region where V'(r) is positive the influence of the souree 

term at r = r on the salution in the vicinity of r is limited to 
0 0 

a range 6 of approximately 1//V (o is of the order of 10 a in the 
0 

problem under discusion). Outside the region where the souree term 
-r/6 . 

is prsent the salution decreases as e . The oppos~te is also 

true. If the coupling is turned on on an interval r 1 < r ~ r
2

, 

r
2 

- r
1 

>> 6, the salution on thus interval converges rapidly 
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~.e. within a distance of the order of o within the interval, to 

the salution that would be obtained if the souree term were present 

over the whole range of integration. 

For the a-b process this means that it ~s not necessary to 

continue the integration to larger r to get the right E-admixture 

nearer to the origin. 
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5.4 Results, discusion and conclusions 

Following the methad to estimate a recombination rate, K, as in

dicated in section 2.5, we suppose Kab and ~b to he proportional 

to the S 0 probability within a radius r . The recombination 
c 

rate ~b 

l:c,2,--
11 :: o, : l,! 1.. 

I 

l '!: 4., l, --

111 
:: ! I, ~ ~>--

- 10 _) 
1o c.,_.'Z-,5 ( ï: o. 1 K , R. .- 1 Cl T ) 

The b-b souree term (eq. 5-2) is dependent on \ the angle between 

the direction of the magnetic field and the surface normaL because 

the solutions of an inhamogeneaus equation are linear in the souree 

teru the b-b salution depends on \ in the same way. This dependenee 

1s g1ven by the reduced Wigner D functions d ( 2) (e ) (app. C). 
m,-2 B 

They are (ref. 13) 

dC 2) ce ) 
2,-2 B sin \eB/2) 

dC 2) ce ) 
1,-2 B ~ sineB (cos eB - 1) 

d( 2) (e ) 3/8 . 2 
o,-2 B Sl.n eB 

d( 2) Ce ) -1 sineB (cos eB + 1) 
-I, -2 B 2 

d( 2) Ce ) 4 
-2,-2 B cos ceB/2) 

In contrast to the relaxation process there still is a non-vanishing 

contribution to ~b' even if eB = 0. The surface relaxation rate Gs 

is zero if e = 0 because l!.m in the relaxation process is even and 
B 

!:!. (~ + ~\) = 1. lf eB = 0 the quantization axis for the spin angular 

momenturn coincides with that for the orbital angular momentum. Then 

the z-component of the total angular momenturn is conserved and the 

relaxation transition is not possible. For the direct recomhinati.on 

process • (M + H ) = 2 and all l!.m in tne range { -2, Z} are allowed. 
Ll S I 

If e 
B 

0 f:!.m has to he -2 to conserve the total M. 
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One sh.oud bear in mind that of a a-o gas only halve- the a-b pairs 

are ~n the antisymmetrie (ab -ba) I 12 state that couples, via VFC, 

totheS = 0 state
1
so the averageS = 0 probability is only halve 

of tha t f or the antisyrnmetr ie pairs. He nee the factor I I 2 in the 

denominator of eq. 5-13. 

Table 5.1 The s 0 probability within r 10 a c 0 

bb 

1 0 2 4 sum 

m 0 • 183 .347 .206 .736 10-13 

m ±1 .394 .208 .602 11 

m ±2 .707 .164 .871 11 

K m 0 .141 .328 .165 .635 11 

m ±I .374 .159 .527 11 

m ±2 .657 . 117 .773 11 

ab 

1 = 3 sum 

m ±I . 706 .021 .727 10-6 

K m ± 1 .590 .024 .614 I0-6 

'tt C:C 

of integrals 
r f 2 

The value the jdr j d23 lm(r,23) and 
'r, ::.:...~ 

0 0 
,~ 

- dr \ dK !Flm(r,K)i2 is displayed _...,.-.. 
~n rows .. 

' 
0 à 

labeled 23 or K, respectively. 

Table 5.1 g~ves the S = 0 probability within r = 10 a a 

c 0 

Tabulated are the contributions for the re-le-vant values of 1 and m, 

with the 23-energy ignored (calculation.s in the 23- repre.-s.entat:Lon) 

as well as wi th this energy included (K re.-pre.-sentation) a The SB 

dependenee is not included. 
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Figure 5.3 shows ~b as a function of eB. The difference between 

the calculations with the ~ energy included and without this 

energy is only small, of the order of 5%. 

0 .2 .4 .6 .8 l . 2 l. 4 l . 6 
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0 .2 .4 .6 .8 l . 2 1 '4 l . 6 

eB (rad) 

Fig. 5.3 

~b as a function of eB 

Our choice of r , r = 10 a , is somewhat arbitrary but a change 
c c 0 

of r in the range of 8 a < r < 12 a has no dramatic effect 
c 0 c 0 

··-··- -· ------
on ~b· From fig. 5.3 we estimate the average value of ~b to be 

~b (T = 0.2 K, B = 10 T) 

If we campare this with the experimental surface relaxation rate G 
s 

G 
s 

-12 2 
1. 4 10 cm Is (ref. 1) 

it is quite clear that the direct recombination reaction has no 

significant influence on the stability of the H++ gas. 
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A disapointingly low value for ~b has now been obtained and 

~n view of its insignificance for the decay rate one might ask 

wether this could not have been foreseen without the elaborate 

calculations presented in this report. We do not think so. The 

following arguments were motivation for a more detaited calculation 

of ~b: 

a The Kab recombination constant is more than four order of mag

nitude larger than the theoretical surface relaxation rate and 

still 500 times larger then the experimental G • A b-b process 
s 

with comparable efficiency would give an appreciable contribution 

to the aparent relaxation rate. 

b The interactions responsible for a-o and b-b recombination, 

VFC and v
51

, are of the same order in a region around the origin, 

although v
51 

rapidly decreases with l/r
3

. 

c Most important, the b-o recombination is possible with m = 0 

partial waves as initial states, a-b only with m = 3 so the 1/r 

decrease would be partly compensated by the larger amplitude of 

the b-b triplet salution for smallervalues of r. 

Looking at the actual calculations, this last argument ~s 

still correct but the difference between m = 0 and m = I solutions 

~s not as large as expected. The m = I solutions are suppressed 

by the centrifugal harrier. Although this harrier is not present 

for m = 0 channels the triplet potential takes over its role: 

only outside the repulsive part of the triplet potential the m = 0 

solutions start to grow considerably. 

Also, the contribution of the coupling for r > r to the 
c 

amplitude of the solutions for r < r should not be underestimated. 
c 

After transition to the singlet state, outside the well of the 

singlet potential the system falls back to the triplet state with-

~n a rather short time, corresponding to a distance of about 10 

So S = 1 + S = 0 transiiions that take place for r > 20 a have 
0 

not much influence on the amplitude in the singlet channels for 

a • 
0 

r < r . However, a significant fraction of the S = 0 state produced 
c 

in the radial range 10 a < r < 20 a will iudeed reach the singlet 
0 0 

well. 
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This is illustrated in figure 5.4. It shows a-b solutions, first 

a normal one with complete souree term, then one for which the 

souree term is taken equal to zero for r < 10 a and finally one 
0 

with s1m equal to zero for r < 20 a
0

• The importance of the coupling 

betweem 10 and 20 a 
0 

is clear: For the a-u process it contributes 

2/3 of the amplitude for r r . It is in this region that the 
c 

difference between a-b and b-b processes is most important. Here, 

the triplet solutions grow rapidly, hence the dominanee of the 

coupling Ln this region in the case of a-b recombination,but the 
3 

1/r b-b coupling is already very weak compared to the constant 

a-b one. So the b-b S = 0 probability within r does not profit 
c 

at all from a greater flux of particles produced farther away. 

A conclusion from the discusion in preceding paragraphs may 

he that it is nearly impossible to estimate beferehand the imper

tanee of competing effects of increasing triplet solutions and 

decreasing coupling. Such estimates of ~b may well result in 

errors of orders of magnitude. 

Some doubt may exist on the validity of the recombination 

model presented in chapter 2. The proportionallity of Kab and ~b 

to the S = 0 probability is probably not strictly true, and only 

justified because of the similarity between the ~-b and b-b 

collisions. 

The way in which the surface interaction is treated for the singlet 

channels, i.e. total omission of the surface, only retaining the 

total ~ momenturn already present in the initial b-b state,is not 

wholly satisfactory. However, it does not seem very likely that 

a more accurate description, including surface bound states and 

continuurn states would lead to changes in ~b of more than a 

factor 2. 
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Appendix A 

Spin functions and spin operators 

A.I. Spin functions for two electrons, 

Ln IS,MS> and arrow representation. 

lo,o> 
11 , I> 

11, o> 
IJ' -I> 

1/{2 (H - H) 

H 

1/{2 (H + H) 

H 

A.2. Spinstates for atomie hydrogen, 

(eigenstates of VB + VFC) 

In order of decreasing energy 

a 

b 

c 

d 

lH> 

lH>+ t: lH> 

lH> 

I H.>- E lH> 

Out of these I6 symmetrical and anti-symmetrical H-H spin states 

can be made. To list some of them: 

a a 

(ab + ba) /h 

(ab - ba)/12 

bb 

(ac + ca)//z 

(ac - ca) !h 

(bd + db) ;h 
(bd - db) ;h 

(bc + cb)/12 

(he - cb)/h 

{!I,-I,I,I>- t:!I,O,I,O> + 

2 2 
E !I,I,I,-I> +t:!O,O,O,O> }/(l+t:) 

---z 
{!1,-I,I,O>- t:!I,O,I,-1> }/ll+t:: 

2 
{!I,-I,O,O>- slo,o,I,-I> }/lt+t: 

II -I I -I> 
' ' ' 

{(l-t:
2
)!I,O,I,O>- (l-s

2
)!0,0,0,0> + 

----z 
2s!I,-I,I,I>- 2s!I,I,I,-I> }/l2+2s 

{-!O,O,l,O> + ii,O,O,O> }//z 

{ II,O,I,O> + io,O,O,O> }fh 
{-11,0,0,0>- lo,O,I,O> }/12 

---z' 
{ II,O,I,-1> + t:jl,-I,l,O> }/ll+t:: 

~ 
{-10,0,1,-I>- sii,-1,0,0> }/ll+t:: 
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A.3. Spherical spin operators 

The following spin operators are tensor operators of rank 2, acting 

on a two-spin system of spins A and 1 (ref. 14). 

2 0 0 +1 -1 -1 +I 
L:

0
(I ,A) 20

1 
0 + 01 0A + 0 0A A I 

b. 0 
M 

2 13 1 0 0 1 
L:

1
(I,A) 01 0A + 011°A b.M ::a +I 

2 13 -I 0 0 -I 
~I (l ,A) 01 0A + 01 0A b.M -I 

2 16 1 I 
L:2(1 ,A) 01 0A ll = 2 

M 

2 16 -I -I 
~2 (I ,A) 01 0A ll -2 

M 

The ~operators are one-spin operators: 

0 z 
0 0 

+ + 
2lt> 0 11 -1> 0 I+> 2' 2 

-~l I 0 h2 > 0-lt> 21+> 

0zls,m > 
s 

2m ls,m > 
s s 

01'0A (-I) J.l 0-J.l0J.l 
1 A 

z z I { + - + 
01 0 + 2 01 0A + 01 0A} A '\1 0 
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Appendix B 

Spherical harmonies 

The spherical harmonies are defined by 

Here, P1m(8) is a normalized Legendre polinomal, satisfying the 

orthonormality property ~n cosG 
1 

' 
Jd(cos8) P1m(8) P1,m,(8) ö11T 

-1 

The spherical harmonies form a complete orthonormal set on a sphere, 

with the orthonormality relation: 
I lTr 

Jd(cos8) [dcpY1m(8,<P) Yl'm'(EJ,cp) 
-I 

ó 
11' Ó I mm 

The integral of three spherical harmonies has a simple expression: 

((21 1 + 1)(212 + 1)(213 +I))~ 
4n 

(
jl j2 j3) 

The Wigner 3j symbols m
1 

m
2 

m
3 

are tabulated. The integral ~s 

only different from zero if: 

m +m +m =0 
1 2 3 

112 - 131 s 11 ~ 112 + 1) 
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Appendix C 

The spin matrix elements 

The matrix elements 

(C-l) 

with 

(C-2) 

or 

Vs = Vr:c c:f? - - 6 ( r: .. ) 8Tï 
= C5" •• \): T (C-3) 

l J 'I ( = 1;z 
J ~A, I!. , 

rs= I o, o, 1, -1) r~= 11.'1.0,0) 

determine the possible couplings. 

Bath interactions consist of a sum of four terms, interactions 

between electron l and proton A, 1-B, 2-A and 2-B. the contrbutions 

of these terms are equal. This is easily demonstrated: 

From the equalities 

<21ABjOAl j21AB> 

which is just a relabeling of the electrons, and 

<21ABjOAlj21AB> <12ABjOAljl2AB>, 

which involves the exchange of the particles 1 and 2, giving a 

mLnus sign in bra and ket each, it follows that 

< 12AB I 0 Al ji 2AB> (C-4) 
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The dipole matrix element 

The effective dipole matrix element is 
.----, 2. 1 1./ ('; 

( c ).YZI..~ fA-< ,:,, ... 1 ~ct.fl)/,_~(~,")lrs'J\+ > <c-5) 
I er V .[" c:_ (- I ) f L ~ f4 r. .3 L.,. 

f-l•- :1. 11'1 

To facilitate the evaluation of the matrix element the dipole 

interaction has been written as a product of spherical spin 

operators ~;(I,A) and spherical harmonies Y~m(r 1 A) (ref.l4, app. A). 

The spin part of C-5 can be calculated separately. Only l:;(I,A) 

results in a coupling between lü,O,O,O> and I 1,-I, 1,-l> spin states 

6 
~,-2 

6 
~,-2 

6 
~,-2 

2 
< 0' 0' 0' 0 IE-~ ( I 'A) II '-I ' I ' - I > 

16<(t~- ~t)(t~- ~t) lt~t~> 

This result substituted Ln C-5 gives 

(C-6) 

(C-7) 

The quantization axis of the functions Y~ (r
1

A) is parallel to 

the magnetic fiel ,B. The electron functions have the internuclear 

axis as their axis of symmetry and to find the matrix element C-7 

the spherical harmonies Y~,-2 (r 1 A) has to be rotated to the 

molecular frame. 

But first we will rotate it to 

the xyz (surface) frame. This 

is a rotatien over eB to the 

z axLs (fig. C.l): 

= 

2.. 

4 

V 

ï 
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Here, the d~~~ 2 (8B) are reduced WignerD functions (ref. 13). 

The dipole matrix elements change to 

~ L/xy2 "' 
. t;-t 1 /7;ii' ~ tü ( ')"" • 11,.. (r~~~) 

1
..3\-1-) 

l' 1/ó eRf v ~ *=·~ 14 ,-2 (el!.) L~ 1 r;; t-u. 
(C-9) 

Now we rotate the Yxyz(r ) to the molecular frame 
2 lA 

(C-10) 

(2) 
D ,(~~8,y) areWignerD functions fora rotatien over the 

]..!]..! 

Euler angles ~' 8,and y, ~ and8 are the angular coordinates of r 

with respect to the xyz frame. tiecause of the cylindrical symmetry 

of the problem y is of no importance. 

This last rotatien results in an expression for the matrix element 

I 

< rs '[
1
.1 Vsrl (r J[~ > = 

(C-11) 

mol 
The electron functions are cylindrical symmetrie and only the Y

20 
term contributes. The WignerD function DG~b*is, up toa factor of 

/4n/5 a spherical harmonie: 

(C-12) 

A lengthy derivation leads to a rather complicated analytical 
3 

expression for the matrix element <~jY/r I~> but for not too small 

interatomie distance (r > 2 a ) its asymtotic value may be substi
o 

tuted: 

- /,f;, (C-13) 
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The asymtotic value follows \Jhen the finite extent of the electron 

wave functions is neglected. An electron is either at position A 

orB. substitution of C-12 and C-13 in eq. C-11 gives 

, 
< rs Ir; 1 Vsr I rs .3 [_: > 

,, rr r~ _!_ ~~ ('1) 

s Vinr t- 3 L J.,._,-2 (~) 
!"= -~ 

(C-14) 



64 

The Fermi-contact matrix element 

The effective Fermi-contact matrix element LS 

(C-15) 

Again the spin and spatial parts can be separately calculated. 

rly approximations similar to those used in the calculation of 

the dipole matrix elements the electron part is 

The spLn part is 

J/12 • J/12 • ' • 2 • I 

1 

I/ + -
+ 12 \T. cr: + --•-A-

(Only underlined terms contribute) 

These results substituted in C-15 give 

I 

< rs 'r; I VFC \ r~ :\ L ~ > = 
i 

I 6 -
3. 

I 
~J 

0 

(C-16) 

(C-17) 

(C-18) 
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Appendix D 

Energy units and constauts 

The Hamiltoniai in the SchrÖdinger equation 

d . . . 12 ' 2 1 1 1 . ~v~s~on by h tm a .The actua ca cu at~on 
p 0 

all pote rt:ials etc. expressed in this enegy 

~s dimensionless after 

are best performed with 

unit. A more practical 

unit is the Kelvin and the fact that most of the potentials and 
-2 

interactions are of a magnitude between 10 and 10 K makes it a 

suitable unit in a general discusion of the callision problem. 

We have 

f/ /m a 
2 <---» 171.99 K p 0 

The constand for the electron-proton interaction, 

c 
~-3 -
a 

0 
4TI 2 

<--> 6.4022 10-3 K 

I 
3 
a, 

0 

The bb, two electron spin-down, Zeeman energy ~s 

E -2 
f.!Bgs 

B 
B,s 2 

-7.2802 10-2 'h2
;m a 

2 
p 0 

<-> -1.3450 1 0 l K 

at B 10 T. 
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appendix E 

The transformation of the triplet solutions 

The spatial part of the triplet functions is 

(E-1) 

(E-2) 

With k,l,m,n dependent on K. 

Only one value of m' is of importance (m' = 0) so summation over 

m' is omitted, A coordinate transformation zA, zB~ ~, z 

Zp. =- L -t Z/2. 

z, = "l - z/2 

changes the surface basis functions to 

(E-3) 

Because of the (-l)m-j + (-l)n-L part, only those terms in the 

summatien contribute for which m-j+m-j is an even integer. This 

makes the ~~~,z) functions even in z, as they shoud he, the or 

original ~K(zA,zB) functions being symmetrical under exchange of 

zA and zB. 

To use the triplet salution in the souree term of the singlet 

equations, the expansion E-1 has to he changed to an expansion in 

spherical harmonies Y 1m(8,~) with ~ dependent expansion coeffici

ents clm(r,~): 

(E-5) 
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Figure E.l gves the choice of coordinates, the circle indicating 

integration over 6, with r kept constant. As becomes apparent from 

figure E.2 the integration shoud not always be carried out over 

the complete sphere, if ~ is less than r/2 only the part between 

6 . and n - e . should be taken into account because zA, zb ~ 0. mLn mLn 

fig E.2 

zT 

p 

fig. E.l p 

Instead of cos6, 6 itselve has been taken as integration variable 

because the behaviour of Y 1m(6,~) is smoot~c::, as a function of e.t-,. 
Sinc.e the functions are even the integral '.:· can be replaced byl: · !' 

Writing Y
1
m(6,<P) = :P

1
m(6) eim<P /Ii7r, wher~'plm(6) are normalizel,~, ·. 

Legendre polinom~ls we find: 
rrlz. 

clM (r) t) : 2 L J~~~. ote ~11lê) F.x,,/(J//f- ~--n {2.,Zf: 
· )( 9nw -- ···---- -- ·-- --·-···-··--;----~-~~--~--·-~----~-~--

(E-7) 

The expansion coefficients Clm(r,~) have to be calculated numeri

cally for a grid of r and ~ points, approximately 10,000 are 

necessary to obtain reasonable accuracy. With 20 basis functions 

and with the summatien indices i, j in eq. E-4 running over 0--4, 

equation E-7 consists of a triple summatien over up to 20x5x5 

6-integrals. So, although mathematically straightforward the 

transformation as a numerical process is very time consuming. 


