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Summary 

In this work the process of magnetic field generation by self-inductive 
action in a plasma is anylized. Only axisymmetric isothermal plasmas are 
considered. A discussion , based on the time-dependent electron and ion 
momenturn equations , yields qualitative information concerning the field 

generating mechanism. An analysis of the time-independent momenturn equations, 
based on the introduetion of so-called flux functions , results in an ex
pression for the magnetic induction on the axis. From this expression it is 
shown that magnetic field generation will occur if axial potential and/or 
pressure gradients are present. With this result we can at least qualita
tively explain the so-called retrograde motion of cathode spots in a vacuum 
discharge. Finally , the experimental determination of the self-generated 
magnetic field in a small hollow cathode are is presented and is discussed. 



Samenvatting 

In dit werk wordt bekeken hoe en in welke mate de door een plasma zelf 
opgewekte magneetvelden de stromen en stromingen in het plasma beïnvloeden. 
We hebben ons daarbij beperkt tot omwentelsymmetrische , isotherme plasmas. 
In een tijdsafhankelijke analyse van de electronen- en ionenimpulsvergelijk

ingen is nagegaan wat de oorzaken en wat de gevolgen van magneet- en stroom
veldgeneratie zijn. Een beschouwing van de tijdsonafhankelijke impulsver
gelijkingen leert dat magneetveldgeneratie zal optreden indien er sprake 
is van axiale potentiaal- en/of drukgradiënten. Met deze conclusie is het 
mogelijk om op zijn minst qualitatief de retrograde beweging van cathode 
spots in een vacuumontlading te verklaren met het zelf opgewekte magneét..l~ 
veld. Ten slotte is experimenteel het zelf opgewekte magneetveld in een 
holle cathode boogje bepaald. 
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CHAPTER 1 : lntroduction. 

In this work we will discuss the process of magnetic field generation 
by self-inductive action in the plasma : the currentdistribution in a 
plasma produces a magnetic field (the self-field) which will influence 
the motion of the plasma ( by the Lorentz force ) and in this way inter
act with the currentdistribution thus altering the magnetic field distri

bution ( as described by Maxwell 's equations ). This coupling between the 
current density j and the magnetic induction Bis schematically given in 
figure 1-1 

Current distribution 

Motion of the plasma 

Momenturn equations 

Magnet ie 
induction B 

Fig 1-1 Schematic representation of the inductive 

action of a plasma. 

This description is general. However we can distinguish classes of 
plasmas where the influence of the self-field will be negligible and 
plasmas where it will play an ( important ) role. 

For example earlier theoretical and experimental work has shown that 
the self generated field cannot be neglected in the following cases 
1) Laser produced plasmas ( e.g CHA 73 , STA 73 , WID 73 , VAT 82 ) 
2) Theta pinch devices ( e.g HEW 84 , HUT 84 ) 
3) Plasma gun devices ( e.g WIT 70 ) 
4) Vacuum circuit breakers ( e.g SCH 83 , SCH 84 , NEM 83 , AGA 84 ) 

Although the analysis to follow is , under the assumptions made , 
quite general we will focus on the vacuum circuit breaker. 

6) The references quoted above all deal with laboratory-scale plasmas. 
However , the self generated magnetic field can also play an important 
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role on planetary or solar scale. Whe then arrive at the very inter
esting dynamo problem : can the coupling between the current density 
j and the magnetic field ê , described earlier this section , be self
consistent and account for the observed earth and solar magnetic field. 

The objective of the work to be presented in the next chapters is to 
find out what causes magnetic field generation. Further our aim is to 
examine what distinguishes the class of plasmas where field generation 
is important from the class where it cann be neglected. We will limit 
the discussion to axisymmetric isothermal plasmas. 

In chapter 2 we will consicter the basic assumptions and equations. In 
chapter 3 we will give a time-dependent , qualitative discussion on mag
netic field generation whereas in chapter 4 a time-independent , quanti
tative analysis is presented. In chapter 5 the results of chapter 4 will 
be applied to the vacuum circuit breaker. In chapter 6 we will give the 
results and the discussion of the experimental determination of the self
generated magnetic fields in a small hollow cathode are. 
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CHAPTER 2 Basic equations and general assumptions. 

Section 1 : Geometry 

In this chapter we consider the basic assumptions and equations 
used in this work. As discussed in chapter 1 our aim is to under
stand and calculate the field generating mechanism. We will limit 
ourselves to axisymmetric plasmas. Frequently we will use cylindrical 

coordinates ( r , ~ , z ) to describe the system. In that case the 
axis of symmetry coincides with the z-axis. 

z 

P( r , ~ , z ) 

y 

Fig 2-1 : Cylindrical coordinates. 

The assumed symmetry implies that all physical quantities are functions 
of r and z only , so 

a = o 
ä~ 

( 2-1) 

Consider a vector a with components ar , a~ and az. For calculation 
and interpretation it is useful to decompose this vector in two parts 

a poloidal part ~P and a toroidal part ~t , so that 

a = ~P + ~t (2-2) 



2-2 

Here ~ is a vector in the r-z plane : ~ = ar~ + az~z , whereas 
~t is an azimuthal vector : ~t = a~~~ . This nomenclature is closely 
connected to the one used in literature concerned with dynamotheory 
(MOF 78). One advantage of the description (2-2) can beseen if we 
look at the curl of the vector a : 

(2-3) 

We see that vxat is a poloidal vector and vx~ a toroidal one. 
Looking at the divergence of~ we find 

, we see that v ·~ = 0 implies that v·~ = 0. In this way it is possible 
to describe the poloidal part of a solenoidal vector~ by introducing 
what we shall call fluxfunctions. As v·a = 0 , we introduce the vector
potential ~ through 

a = vxA - - (2-5) 

In cylindrical coordinates the components of (2-5) become 

a a = -- A ar '\ r az <1> (2-6a ) 

a a 
a <I> =- A -- A a <I> A A az r ar z r z (2 -6b ) 

az 
1 a 

{rA</> A <I> ) = rär az ' (2-6c 

The quantities accuring in each of these equations are also given 
( in brackets ). We see that we are dealing with two sets of quantities: 
( a , a , A ) and ( a , A , A ). These sets are nat coupled 

r z ~ ~ r z 
through the definition (2-5).Writing for the equations (2-6a ) and 
(2-6c ) 

-1 a 
ar = 2Tir äz 2TirA<I> (2-7a ) 
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(2-7b ) 

, we can ascribe a simple physical meaning to the quantity 2n rA~ 

The differential 

(2-8) 

represents the flux across the infinitesimal annulus obtained by 

rotating the line element joining ( r , z ) and ( r + dr , z + dz ) 
about Oz. In this way we can calculate the flux i1l through a surface a 
S , bounded by an axisymmetric curve C through 

( 2-9) 

Here A~(C) is the value of A~ on the axisymmetric curve C. In this 
way we can represent the flux through S by the val ue 2 n r A~ on the 
boundary of S. It is therefore appropriate to describe this value as 
the fluxfunction i1l of the field a. The poloidal part of a can then a -
be written 

a =~V~ xe -p crrr é1 -cp ( 2-10) 

From this equation it follows that 

a· V~ = 0 - a 
(2-11) 

and the veetors a lie on sqrfaces of constant flux ( we will call 
these surfaces fluxsurfaces ). If a is not identical to 0 , we can ..;.p -
consicter the space being filled with nested , non intersecting flux-

surfaces. The z-axis is a degenerate surface corresponding to !lJa =0 . 

If besides a we also have an other solenoidal vector , say ~ , we can 
in+the same way define fluxsurfaces <I>b . In general these two sets 
of surfaces will not coincide ( besides ilJa , ilJb = 0 ) , we can intro
duce a coordinatesystem ( ilJa , <P , ilJb ). - For-example in a stationary 
situation both the current density j and the magnetic induction ê are 
solenoidal veetors and we can introduce current-flux surfaces and mag
netie-flux surfaces.It then might be useful to describe the physical 
processes using the coordinatesystem ( <I>j , <P , <I> 8 ). This will be 
subject to further study. 
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Sectien 2 : Maxwell •s equations 

In the next chapters we will frequently use the following Maxwell 
equations ( in differential form ) 

'i7 • B = 0 
(2-12a) 

vxB = ~0 ~ 
(2-12b) 

'i]X~ 
a B = - 3t (2-12c) 

Here ~is the magnetic induction ~ j the current density ~I the 
electric field and ~O the permeability of vacuum. In the stationary 
state the RHS of (2-12c) vanishes and the electric field can be derived 
from a potentialfunction , say x 

vxE = 0 + E = - 'ilX (2-13) 

In an unsteady situation (2-12b ) is generally modified by the in

clusion of Maxwe11•s displacement current; it is well known however 
that this effect is negligible in treatment of phenomena whose time
scale is long compared to the time for electromagnetic waves to cross 
the region of interest. As this condition is certainly satisfied in 
our case ( laboratory-scale , e.g circuit-breakers to be treated in 
chapter 5) , we shall neglect displacement currents throughout. This 
has the effect of filtering electromagnetic waves from the system of 

governing equations. 

Using (2-12b ) we find V'i = ~ : the vector ~ 1~0 is in fact the 
vectorpotential for the currentdensity i· Applying the results of 

se ct i on 1 we introduce the fl uxfuncti ons ~i and ~B as fo ll ows 

~ . = l 2nr B <P 
1 

'V~ .xe <P ~p = 2nr J. ~0 J. - (2-14a ) 

1 
'V<J?Jix~ ~ <PB = 2nr A <I> êp = 2nr (2-14b ) 

Here A~ is the azimuthal component of the vectorpotent i al A ( ~ =V x A ) . 
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By using the toroidal component of ( 2-12b ) we can also express j 
~ 

<PB through 

j~ = -1 1 s ~ 
"~' 110 27fr B 

in tenns of 

Here S is the Stokesoperator given by 

Summarized the components of ~ and B are given by 

jr 
-1 a jz = 1 a ~ 1 = '2Tir- ~. 27fr 'är ~ Bef> = 11o 21rr <P j a z J. 

B = -1 a 
Bz 

1 a <P 
j<f> 

-1 1 
27fr ä ~B = 27fr ä B = 27fr 5 <PB r llo 

( 2-15) 

(2-16) 

(2-17a ) 

(2-17b ) 

We see that there are two sets of quantities : the set (jr,jz,B$) 
is linked to the current flux <P. , whereas the other set (B ,B ,j,~,) 

J r z ~ 

is coupled to the magnetic flux-<PB. These two sets are notcoupled 
through Maxwell •s equations. Howevër there is a coupling by means of 

the equations governing the plasma , which we will consider in the 

next section. 

S~on '! -: 1l1he p 1 asl118"' eqtlltiotls 

To describe the plasma we will use the continuity- and momentum
equations of the electrans , ions and neutrals as they can be derived 

from the Boltzmann equation using the moment methad ( BRA 65 ) . 
We will limit ourselves to the ath and 1th moment , of which the last 
one is emphasized. In the derivation of these equations we have made 

some assumptions we will discuss here. 

1) The ions in the plasma are singly ionized and only one type of ion 

is present. We will furthermore neglect the mass difference between 
the ions and the neutrals. 

2) We will assume quasineutrality n =n. e 1 

Although this assumption implies the equality of the electron- and 
iondensity in the continuity- and momentumequations , it does not 
mean that the chargedensity p can be taken zero in Poisson•s equation. 
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3) We assume that the degree of ionization is high enough to assure 
that the following ordering is valid 

\) •. >> \). 
11 10 

(2-18) 

Here vei , veo ,v;; and v;
0 

are respectively the collisional 
frequencies for electron-ion , electron-neutral , ion-ion and 
ion-neutral collisions. In the temperaturerange of 1-5 eV this 
implies that the degree of ionization a= ne/{ne+n0) must exceed 
a few per cent {SCH 79) . In that case we can use the transport
equations as derived by Braginskii ( BRA 65 ) , and neglect the 
electron-neutral friction. The ion-neutral friction however has 
to be taken into account. 

4) We will assume that both the electron gas and the ion gas can , 
toa good approximation , be considered to be isothermal i.e 

VT 
---.9: 
T 

a 

a = e , i (2-19) 

This relation has been verified experimentally for the diffuse 
region of the vacuum switch {SCH 83 ). 

5) Electron viscosity is neglected 
6) Ion viscosity is also neglected. When the mean free path of the 

ions becomes comparable to the gradient length of the pressure 
this neglect will lose its validity , and viscosity effects have 
to be taken into account ( SCH 83 ). 

Under these assumptions the continuity equations are given by 

a + V· ( n w = Souree atne conti nu i ty electrons e-e (2-20a 

a + V. ( n w. ) = Souree atne continuity i ons 
e _, 

(2-20b ) 

a +V·('nw) = -Souree 
continuity neutrals atno 0:-0 (2-20c ) 

In these equations w is the systematic velocity of species a , defined 
-a 

by 
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w ( t , r ) = -n1 Jv f (t,r,v ) dv -ex ex -ex ex - -a -a (2-21) 

Here f ( t , r , v ) is the time-dependent distributionfunction 
Ct - -

of species in 6-dimensional phase space. The 11 Source 11 term represents 

the net ionization. Summation of equations 2-20 a , b and c gives the 
conservation of mass law ( in differential form ) 

( 2-22) 

In the derivation of (2-22) we have neglected the mass carried by 
the electrons. The momenturn equations are given by 

m n D 
electron e e trt~e = -V'pe - ene~ -ene~ex~ T ene rl .i 
momenturn 

i on 

momenturn 

neutra 1 

momenturn 

D m.n -0tw. = -V'p + en E +en w.xB 1 e -1 e e- e-1 - - ene ,;u j_ -Rio 

n D = _nPo + Rio m; 0 lrt~O v 

Here D/Dt is the material derivative defined by 

D 
Ut 

a + (w_ :V ) 
= ät 

(2-23a ) 

(2-23b ) 

(2-23c ) 

(2-24) 

In writing equations (2-23) we have implicitly assumed that we will 
use Euler•s description throughout : the physical quantities are 
time and place dependent. The ion-neutral friction is represented 
by the Rio term , whereas the en rr j term represents the electron-- e--
ion friction. The tensor~ is called the resistivity tensor. The 
electron-ion friction shows a tensorcharacter due to the fact that the 
electron velocity distribution is nota shifted ~1axwellian distributio.n 
as the Coulomb cross-section diminishes with increasing electron energy. 
The distributionfunction is then distorted in such a way that the mean 
velocity w - w. i.e the transport of electric current depends more 09 

~ ~ : 
the fast electrans so that the frictioncoefficient is smaller than for 
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a true shifted Maxwellian. This effect would vanish if the electron
electron collisions , which tend to establish a Maxwellian distribution , 
were to occur much more frequently than the electron-ion collisions 
which distart the distribution.Since the electron-electron callision 
frequency vee is of the same order as the electron-ion callision 
frequency vei , however , an 11 effect of order unity 11 is obtained , 
that is to say , the distartion of the Maxwellian is of the same order 
as the shift ( BRA 65 ). 

In the motion of the electrans with respect to the ions across a 

strong magnetic field the correction to the shifted Maxwellian is 

of the order of l/{we •e) where we •e is the electron hall parameter. 
So when we~ >> 1 this correction can be neglected. In a strong 
magnetic field the coefficient of friction between electrans and ions 
is than smaller for a transverse current than for a longitudinal 
current , that is to say , the longitudinal electric resistivity n11 
is smaller than the transverse resistivity n

1 
.When we are dealing 

only with singly ionized i ons ( i .e Z=l ) we find n n;;= ~n 1 

As yet the ( total ) magnetic field is unknown and we have to take 
into account the tensorcharacter. To calculate the ene~ i term we 
consider a curvilinear orthonormal coordinate system given in figure 

2-2 

e ~I . unity vector paralle 1 to ~ -.Ll . 
e 
- L 1 : unity vector perpendicular to B 
e 
- .L 2: unity vector perpendicular to B 

Fig 2-2 :Curvilinear coordinate system. 

With respect to this coordinate system the resistivitytensor has the 

farm 

~-= Ll ( 2-25) 
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Because we have limited ourselves to isothermal plasmas"n11 depends 

on the magnetic field strength and the electrondensity whereas ry; 
depends on the electrondensity only 

(2-26) 

As the spatial dependenee of n11 is through the Coulomblogarithm we will 
tak~,~ 1 to be a constant. Using the coordinatesystem of figure 2-2 
the current density is given by 

j•ê j·ê 
j = jll + ~ = -2 ê + (j - -2 ê) 

B B 

Combination with (2-25) yields the electron-ion friction 

en n ; = e- 11. 

, where 
Y = ( nl I - \ )I nl I 

j·B 
=ene~ {(1-y)j + y~ ê} 

B 

(2-27) 

( 2-28) 

( 2-2 9) 

The scalar y represents the tensor character of the resistivity. 
For a plasma with singly ionized ions 

-1 < y~ 0 (2-30) 

The lower boundary is valid forstrong magnetic fields ( i.e weTe >> 1) 
whereas the up per boundary refers to a weak magnet i c field ( we Te« 1). 
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CHAPTER 3 : Derivation of generating equations a qualitative approach 

Introduetion 

In this chapter we shall derive the so called generating equations. 

These equations give the time-dependenee of the magnetic induction ~· 
Principal reason for looking into the time-dependent equations is to 

find out which are the causes and which the concequences of field
generation. This chapter will give a qualitative picture of field
generation whereas in the next chapter a more quantitative approach 
will be taken based on a time-independent analysis. 

Section 1 : Derivation of the generating equations from 
the electron momenturn equation. 

Consicter the electron momenturn equation (2-23a ) 

n m {~tw +(we·IJ\w }= -'Vp -en E-enewexB +ene .!l i e e d -e - 1~e e e- - - - ~ 

Using the vector equation 

'! 
(w ·IJ)w = 'ï/(~w )- w x('ï/xw) -e -e e -e -e 

, and introducing the vorticity ~ 

f = 'ï/XW - e -e 

(3-1) 

(3-2) 

( 3-3) 

the electron momenturn equation can , after deviding by ene , be 

written as 

~·~ 
-~ -~exê +ry)- Tl§' y(J.- -2 ~) 

B 
(3-4) 

In this derivation we used (2-28). The last term on the RHS equals 
zero if we neglect the tensorcharacter of the resistivity : y= 0. 

Taking the curl of (3-4) we get 

1 a m m 
IJx~ =-'ï/x(--=--4Jp )- "'t(~ r )+'ï/x{w x(~ r -B)} en e a e -e -e e -e -e 

j·B 
+ n;;l7x.j_- YlJI 'ï/x{y(j_- -: ê)} 

8 
(3-5) 
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In this equation ~/ is taken as a constant. Because we are dealing 
with an isothermal plasma (i.e T , T. =constant) the first term on e 1 
the RHS vanishes as 

1 kTe 
- Vp = -Vln(n ) en e e e 

e 
( 3-6) 

By using Maxwe11•s equations (2-12b) and (2-12c) equation (3-5) 

can be transformed to give 

Cl a me m Tl;; 
~tB=-(- r ) -Vx(w x{~ r -B}) t-17 2 8 + 
a - Cl t e -e -e e -e - 11

0 

j. B 
Tl;; vx { y (:i- - : ~)} 

B 

(3-7) 
This equation is similar to the well-known induction equation of 

magnetohydrodynamics and is in fact a generating equation for the 

magnetic induction ~· The LHS gives the time derivative of the 
magnetic field. In order to evaluate the physical meaning of the 

RHS of (3-7) , we first consider the idealized limit of perfect 
conductivity ng + 0 

~ m m 
:!... ( B - ..!. r ) = vx{ w x ( B - ~ r )} 
Cl t - e -e -e e -e 

lhi~.equation shows there is a close formal resemblance between the 
magnetic induction Band the vector derived from the vorticity m /e r . - e ~ 

This resemblance was first pointed out by Elsasser ( ELS 46 ) and 

exploited by Batehel ar (BAT 50 ) in the consideration of the action 

of turbulence on a weak random magnetic field. Although there is a 
resemblance , there also is a curious difference in that the vorticity 

is closely connected to ~ through definition (3-3) , whereas the 

magnetic induction has no such direct connection. 

We exploit the similarity by introducing the generalized magnetic 

i nducti on s* 

me 
B - - r - e -e 

(3-8) 

, by which (3-7 1
) can be written in the simple farm 

3 s* = Vx(w'xB* ) at - -e -
(3-9) 
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The right hand side can be expanded to give 

Vx( w xB* = -B*V·w + ( R*·v)w - ( w ·V) s* -e - -e - -e -e (3-10) 

resulting in the equation 

(3-11) 

The LHS of this equation is the material derivative of the generalized 
magnetic field 

~ B *- ( B~V )w + B *v · w = 0 ut - - -e - -e ( 3-12) 

We see that B*is a complete Helmholtzian vector ( KOC 64 ). Further
more (3-12) is in fact a generalization of the Helmholtz equation 
from ordinary fluid mechanics. Using Fridman•s theerem ( KOC 64 ) we 

* come to the following statements concerning the generalized field B 

1) The field lines of B*are preserved : every field line preserves 
its individuality in the sense that every field line moves in space 
tagether with the field particles which constitute it ; the field 
lines can be regarded as being 11 frozen 11 in the fluid : if a material 
curve CL , rnaving with the electron fluid , coincides with a ~!line 
at t=O , then when ~=0 it coincides with a ~!line for all t> 0, 
and each B~line may therefore be identified in this way with a 
material curve. 

2) The intensity J of the vector tubes associated with the generalized 

magnetic field , defined as 

J = JJ rr. !]_ do (3-13) 
I 

is preserved. In (3-13) I is the cross-section of the tube. 

We must notice though that in the derivation of Fridman's theorem 
the souree term in the continuity equation is taken zero. Thus the 
statements above are true only when indeed this souree term is ne
gligible. As in most cases the electron cyclotron frequency will be 
large compared to the rotational frequency of the electron fluid , 
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the electron inertia can be neglected and the above statements for 

the ge~rali:zed magneti-e field reduce to more strict ones concerning 

the magnetic field alone. In this restricted case the 11 frozen-field 11 

property can also be derived using Faraday's law giving Alfvén's 
theerem ( MOF 78 ). 

So far for the case of perfect conductivity. We now consicter the 
case of finite resistivity given by equation (3-7). The third term 
on the RHS represents the action of diffusion. The quantity ~/ ;~0 
is called the magnetic diffusivity of the fluid and has dimensions 

2 -1 
length time . This term describes the decay of the generalized 
magnetic field through ohmic dissipation. As we have neglected the 
viscosity effects the only term which describes the dissipation of 
both the generalized and the 11 real 11 magnetic field is the resistivity. 
It might be interesting to look whether the established similarity 
between vorticity and magnetic field is enlarged by incorporating 
viscosity effects , which is in ordinary fluid dynamics the dissipating 
mechanism connected to vorticity. 

As mentioned before in most cases the electron inertia can be neglected. 

If we furthermore for the moment disregard the tensor character of the 

resistivity , equation (3-7) can be reduced to give 

n;; 
= \lX { w x B } + - V' 2 B 

-e - f-lo - {3-14) 

The relative importance of the two terms on the right hand side of 
this equation is given by the magnetic Reynolds number Rm 

\Vx( w x ê ) I f-loweo 1o 
-e = ~( R ) , where R = m m n;; ( 3-15) 

Here weO is a typical magnitude for the velocity field ~ and 10 a 
typical scale-length over which it varies. The magnetic Reynoldsnumber 

Rm can be regarded as a dimensionless measure of the conductivity in a 
given flow sisuation. If R >>1 the diffusion term is relatively un-

m 
important and the frozen-field picture should be approximately valid. 
If R << 1 , the diffusion dominates and the ability of the flow to 

m 
distart the field from whatever distribution it would have under action 
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of diffusion alone is severely limited. In that case the induction 
equation is given by 

a 
ät ê = ( 3-16) 

which describes the free decay of the magnetic field. 

The conclusions concerning the relative importance of the terms 

based on the magnetic Reynolds number are of course of a preliminary 
nature and will require modification in particular contexts. 

Section 2 Derivation of the generating equations from 

the ion momenturn equation. 

Consicter the ion momenturn equation (2-23b) 

n m.{~tw.+(w.·l.l)w.}= -1.7p +enE +en w.xB -enn i -Rio e 1 a -1 -1 -1 e e- e-1 - e== "' (3-17) 

Analogous to the electron momenturn equation we can derive generating 

equations from the ion momenturn equation. The only difference is that 
we have to include the ion-neutral friction and make some sign modi
fications. This results in 

a mi m. n11 
- (B+ - r. )= vx{w.x(B+ ..l r. )}+··- 'V 2 B + at - e -1 -1 - e -1 11 0 -

Here r. is the i onvorti city defi ned by 
. -1 

r. = 1.7xw. -1 _, 

j_. ê 1 . 
ry;vx{y(j_- -g2 ~ )}- 1.7x{ene~1o} 

(3-18) 

(3-19) 

In the derivation of expression (3-18) we made the assumption that the 
ion gas , just like the electron gas , is at a constant temperature. 
The interpretation of the first and second term on the RHS is the same 
as in the first section of this chapter.There are a few differences 

when compared to the electron equation worth noticing m. 
1) The most striking difference is the occurrence of!!_+~ !.i in stead 
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me 
of B r . e -e 

2) As noticed befare in most cases it will be correct to neglect 
electron inertia in the electron momenturn equation. This will 
in general nat be correct for the ion inertia. 

3) The Reynoldsnumber connected to the ion equation will in general 
besmaller than the Reynoldsnumber associated with the electron 
equation , sa relatively speaking the diffusion plays a more im

portant role in the ion equation than in the electron equation. 

By using the neutral momenturn equation (2-23c ) , we can write for 

the last term on the RHS of {3-18). 

1 . m,. nO D 
"x- Rl 0 " ( ) 
V ene- =v X e ne lJt'!to ( 3 -20) 

Section 3 : Generating equations for an axisymmetric geometry 

The equations derived in the last two sections are , under the 
assumptions made , quite general. In this section we shall consicter 
a special geometry in that we will look at axisymmetric situations. 
As was pointed out in section 2-1 it is fruitful to write each vector 
in that case as a sum of a poloidal and a toroidal vector.We then get 
generating equations for bath the poloidal and the toroidal field 

components. 

§ 3-1 : The electron momenturn equation. 
First consicter the electron momenturn equation (2-23a ) and write 

B = !!p + .ê.t ( 3-21a ) 

(3-21b ) 

Under neglect of the electroninertia substitution of these equations 
in the electron momenturn equation , and using the results of section 

2-1 yields 
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for the poloidal component 

n j·ê 
= ~x( ~epxêp) + :~ ~2êp + ~/ ~x{y( jt- --s;- êt)} ( 3-22a ) 

for the toroidal component 

a ~ j·B 
ät!\ = \?x(~ep{~t + ~etxêp) +iJ \7

2êt + n;; \?x{y(j - .::_: B )} (3-22b 
0 p B2 -p 

For the moment we will neglect the tensor character of the resistivity, 
so that the equations (3-22 ) become 
for the poloidal component 

(3-23a ) 

for the toroidal component 

(3-23b ) 

Every term in equations (3-23) equals zero when there is no poloidal 

field. So if there is no poloidal field to start with it cannot be 
generated afterwards. In fact there is a souree term "missing" on the 
right hand side of (3-23a ). 
The situation is different for the toroidal component : toroidal 
magnetic field can be generated if there is a poloidal field component. 
So toroidal magnetic field can be generated if there is a poloidal field 
present , but on the other hand a toroidal magnetic field does not lead 
to poloidal field generation. The above statements are well known from 
dynamo theory. For example the fact that if no external poloidal field 
is applied no steady axisymmetric state is possible was established by 
Cowling : Cowling•s neutral point arguement ( MOF 78 ), which we will 
consicter here. 

As we will consider a situation without an externally applied field 
the fluxfuncti on i ntroduced in chapter one is zero at i nfi ni ty and on -~~~ ... 
the ax is Oz ( by symmetry ) . I f ~ is not i den ti ca lly zero , there mus t:~t 
exist at least one point , the so called neutral point , in the ( r , z)'. 

plane where ithe fluxfunction. <P8 is maximum or minimum , depending on the .. 
sign of the poloidal field. A't-this neutral point N , B vanishes and t~ -p 
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~-lines are closed in the neighbourhood of N. 

N 

Fig 3-1 : The neutral point N in an axisymmetric plasma 

Let CE be a closed ~-line near N of small length E , and let SE 
be the surface in the (r , z ) plane of which c€ is the boundary 

( see fig. 3-1 ).Suppose the field ~ is stationary , then the toroidal 
component of the electron momenturn equation (2-23a ) is , with neglect 
of the electroninertia , given by 

1·ê 
~epXêp = (1-y) Tl;;~t + rwy - Bt 

B2 

Integration over the surface SE gives 

J J w xB ·n da JI ( 1 ::'rv' 'ï/XB ·n = -ep -p - -p -
s s 

E: E: 

( 3-24) 

da + II 1·ê 
~y -2 ~t 'I} da 

s B 
E: 

Near the neutral point the poleidal magnetic field is at least linear 
in e , so the integrand of the last integral on the RHS reduces to 

j·B 
fl;;Y - ~ ~t''l -+ TlgY.it 

B ( t: -+ O) 
( 3-26) 

With this equation (3-25) becomes 
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rJ w xB n d J -ep -p . a 
s 

E: 

= JJ 1}; \7 x B • n d a ]la -p -
s 

E: 

( 3-27) 

The fact that the tensorcharacter plays no role near the neutral point 

N is of course quite evident because near this point the toroidal 

current density is directed along the magnetic field so that 

( E + a) 
{3-28) 

With the help of Stokes theorem the RHS of (3-27) can be rewritten 
to give 

fJ. W xB d J -ep -p • n a 
s 

E: 

= f rw s . t dÀ 
]1 -p -c a 

E 

Let Be: be 
{3-29) is 

the average value of 1~1 on Ce: ; the right 
then Tl;; EB to -1 eadi ng order. F or the LHS we 

]la E: 

IJ w xB · n_ do -ep -p 
~ 

max(wep J B S 
. E: E: 

SE 

(3-29) 

hand side of 

find 

{3-3a) 

Here max(wep) is the maximum value of lwepl in the volume we consicter 
and Be: the mean value over Se: . Hence 

n;; ~ 

- E: B ~ max(w ) B S 
]10 E: ep E: E: 

{3-31) 

Moreover , since Be; + a as e: +a , the mean value of I Bpl over Se: 
is evidentily less then Be: when e: is sufficiently small , so 

Tl;; 
- E: ~ ma x ( w ) S ]la ep E: 

( E: +a) ( 3-32) 

2 
But , as e:+ a , Se: = ( e: ) and this is clearly incompatible with {3-32) 

for any finite value of max(wep) ~o19.f . The implication is that the 
induction effect , represented by w xB in (2-25) , cannot compensate -ep-p 
for the diffuse action of the term ~jt in the neighbourhood of the 
neutral point. So we come to the conclusion that no steady axisymmetric 

state is possible in which a poloirlal field is generated. The only 

possibility left is to apply an external magnetic field ~xt' 
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In that case there is a souree term on the RHS of {3-23a ) namely 

~p x~,ext· To some extent we have found experimental verification 
of this property in the experiment to be described in chapter 6. 

~thout doing any calculation we can make one qualitative statement 
concerning the self-generated field in the case an external field is 
applied. The self-generated field should not be such that a maximum 
or minimum in the total flux function occurs because then Cowling•s 
neutral point arguement would still be applicab1e and so no poloidal 
magnetic field could be generated which is in contradiction with the 
assumptions made. we shall work out this qualitative statement in order 
to get to a more quantitative one. Suppose we apply a homogeneaus ex
ternal field~= Ba ~z . The fluxfunction corresponding to such an ex
ternal field can be written 

( 3-33) 

If we call the self-generated magnetic field ~ , and the associated 
flux function ~B then the total fluxfunction can be written as 

-g 

( 3-34) 

For a neutral point to occur it is necessary that there is a point N 
in the ( r , z ) plane where 

Vci>g = a 
-tot ( 3-35) 

So 

1) ~ cp 21TBar + d = 0 = ar ~B ar ~tot -g 
( 3-36a 

2) Q_ cp = d =0 
a z .êtot az tPg 

-g 
(3-36b ) 

Using equation (2-la) this results in 

B = -Ba z,g 
(3-37a ) 

B = 0 r,q 
(3-37b ) 
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So we have a neutral point when there is a point in the ( r , z) 

plane where (3-37) is satisfied. If we look only at the self
generated field , there is a neutral point N . The self-generated 

9 
poloidal field pattern is schematically given in figure 3-2 

Fig 3-2 : The self-generated poloidal field pattern 

Condition (2-37b ) is satisfied at the dotted c In order to 
have a self-generated poloidal magnetic field condition (2-37a ) should 
not be satisfied at this curve. 

First we will consider a special situation : besides axisymmetry 
we will assume that the plasma has also planar symmetry with regard 
to the plane z=O. In that case the most simple form the fluxfunction 
can have on the dotted curve A-A' is to be seen in figure 3-3 

~B 
-g 

r 

B . ax1s 

Fig 3-3 Sketch of a) the fluxfunction , b) the field B 
9 z, 
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In figure 3-3b the z-component of the self-generated magnetic field 
is given as derived from the fluxfunction ( fig 3-3b ). 

refering to figure 3-3 we can conclude that in order that poleidal 
field-generation is possible 

1) for a diamagnetic plasma sign B . = aXlS -si gn Ba ) 

1
8axisl < I B01 {3-38a ) 

2) for a paramagnetic plasma ( sign B . = sign Ba ) aXlS 

IBminl < I B0 1 ( 3-38b ) 

The measurements to be discussed in chapter 6 show that the plasma 

we used is paramagnetic in the sense defined above. Also the plasma 
of a vacuumswitch ( see chapter 5 ) has this property ( SCH 83 ). 

If the plasma under consideration does not have plane symmetry, 
the situation gets more complicated , because the function describing 
the z-component of the self-generated field along the curve where 
B =a can get more complex. In order to have poleidal field generation r,g 
in this more complex situation , the condition 

Bz,g) -Ba a long curve where Br,g=a {3-39a ) 

Bz,g < -Ba along curve where Br,g=a ( 3-39b ) 

Has to be satisfied. In principle (3-39) only holds on the curve where 
B =a . We think however that these conclusions can be extended to the r,g 
plasma as a whole in that we find through {3-39a) and (3-39b ) a global •. 
estimate of the lower respectively upper limit of the self-generated field. 
These estimates will be more reliable when the derivations from planar 

symmetry are small. 

Concluding we can say that we have shown that for poleidal field 
generation an external field is necessary.Furthermore we came to bath 
qualitative and quantitative statements concerning the poleidal field-
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generation. Of course it is quite evident that these conclusions 
are only valid under the assumptions made. It might well be that 
poleidal field generation can occur without an external field being 

applied. If for example the time scale of the essential processes 

under consideration is so short that the plasma cannot be considered 
as being quasi-stationary , a poloidal field might occur and influence 
the physical processes. Perhaps this is the case in laser produced 

plasma•s or in plasma focus discharges. 

Another possibility is that Cowling•s neutral point arguement is 

no langer valid when terms we have neglected are taken into account 
e.g the thermal force when we consider non-isethermal plasmas. 

Furthermore it is well known from dynamo theory that a poleidal 
can occur under the action of random motions or turbulence or when 

there is a slight derivation from pure axisymmetry. We will notdeal 

with that here but refer to literature ( MOF 78 ). 

Befare looking at the ion equation in the next sectien we shall 

first give special attention to the tensorcharacter of the resistivity. 
This character is for the poleidal field incorporated in the last two 
terms on the RHS of equation (3-22a ). It will be profitable to rewrite 

these two terms in the form 

( 3-40) 

As -1 < y ~ 0 the character of the first term in equation (3-40) 
remains unchanged : it still describes the diffusion of the magnetic 

field. We want to calculate the partial field generation due to the 
last term of equation (3-40). Therefore consicter 

(3-41) 

We are interested in the poleidal field generation close to the axis. 

Thereto we integrate (3-41) 

= ( 3-42) 
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Here CE is a infinitesimal non-moving circle round the axis with 
radius e • The circle spans the surface S8 • The LHS of equation (3-42) 
represents the time derivative of the magnetic flux through SE : 

}t JJ ~P·~ da = ~t ws(t) (3-43) 
S E 

E 

Using Stokes theory the right hand side of (3-4~ becomes 

IJ 
j·B J ~·B 

- n11 Vx( y- ~ êt )·Q da = -ry1 y---;- ~t·~ dÀ (3-44) 
S B C B 

E E 

So 

~t w s ~ t) = - rw J 
(3-45) 

c 
E 

We will introduce the following notation to indicate whether a 
quantity , say x , is positive or negative 

sign x = + 

sign x = -

Near the axis 

j·B lid j B - - z z 

for x > 0 

for x < 0 
( 3-46) 

(3-47) 

So because both the r and ~-components of ! and ~ tend to zero 
near the axis , the sign of~·~ is determined by the sign of jzBZ 

Using Maxwell 's equation (2-12b ) we find furthermore 

si gn B 
t 

A 

= si gn j z 

As S is infinitesimal 
E 

• ,T, ( t) = si gn Bz s1 gn 'i's 
E 

The s\gn of the RHS of (3-45) is given by 

(3-48) 

( 3-49) 

( 3-50) 

(3-51) 



3-15 

where we used the fact that y~ 0. With equations (3-50) and (3-51) 
we can conclude that 

si gn = sign Bz = sign <I> 5(t) 
E: 

(3-52) 

This equation shows that the tensor character of the resistivity tends 
to strengthen the self-generated field. This conclusion is valid at least 
near the axis. So in calculating the poleidal magnetic field near the 
axis we find , under neglect of this tensor character , a lower limit 
of the poleidal field. We will perfarm this calculation in the next 

chapter. 

§ 3-2 : The ion momenturn equation 

In this subsectien we calculate the generating equations for the 
poleidal and toroidal magnetic field , in the same way as for the 
electron equation , using ion momenturn equation (2-23b ). The result 
is for the poleidal component 

Cl m. m. Tl;; 
"t ( B + - 1 r. ) = vx { w . x ( B + ...2. r . )} + - V2 B 
a -p e -1 p -1 p -p e -1 p llo -p 

~·~ 1 . 
+ Tl;; vx{y(jt- --; êt)} - vxene ~~ 0 

(3-53a ) 

and the toroidal component 

Cl mi 
at( êt + e- rit) 

m. m. 
= Vx{ w. ( Bt+ - 1 r. t) + w. tx ( B + - 1 r. ) -1p - e -1 -1 -p e -1p 

~. ê 1 i 0 ( 3 -53b ) 
+ n// Vx{y(i -- B )} - vx~ 

" ~P 82 -p ene-p 

When both ion and neutral vorticity can be neglected , equation (3-53a ) 
takes the same form as equation (3-22a ) and the same conclusions as de
rived from these equations are valid. This is the only thing we shall 
say here concerning the ion equation. We will give a more elaborate dis
cussion concerning the heavy partiele equations in the next chapter. 
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CHAPTER 4 The generating equations for an axisymmetric 
system : a quantitative approach. 

Introduetion 

In the last chapter we did some qualitative statements concerning 
magnetic field generation in axisymmetric plasmas • These statements 
were the result of a time-dependent analysis. In this chapter we will 
follow a more quantitative approach. The analysis given here will 
concern steady situations only i .e a la t=O. Using the steady electron 
momenturn equation we will , by substitution of fluxfunctions for both 
the electric current and the magnetic field , derive a relation between 
these two functions by working out a near-axis analysis.In order to make 
such a calculation possible we assumed that the electric current is 
carried almast completely by the electrans , an assumption that is to 
a good approximation valid for the vacuum switch ( SCH 83 ). Further
more it will be true fora broad class of plasmas. In formula this 
assumption is given by 

(4-1) 

Section 1 : The electron momenturn equation 

With these considerations the electron momenturn equation can , after 
division by ene , be modified to 

1 E 1 . B . 
0 = --en V Pe - - +-en J.X- + Jl J. 

e e 
( 4-2) 

Because we are dealing with a stationary plasma the ~-component of 
this equation gives the electrondensity 

1 
( 4-3) 

Taking the curl of the poloidal component of (3-1) , and using the 
steady state Maxwell equation vx~=~ and (4-3) we find 

( 4-4) 
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Because we have taken the curl of the poloirlal part of the electron 
momenturn equation , the poloirlal part of equation (4-4) is identically 

satisfied. As we see this is an equation in ~ and ~· In chapter 3 we 

have seen that the tensorcharacter of the resistivity tends to strengthen 

the self-generated field , at least near the axis. We will therefore 
neglect this tensorcharacter and thus hope to find a lower limit for 

the self-generated field near the axis. We do this by substitution 

of the fluxfunctions ~j and ~B in equation (4-4). This calculation 
will be dealt with in tne next sëction. An alternative approach , though 
principally the same , is given in Appendix A. The calculation given 

there is more elaborate and does not neglect the tensorcharacter of 

the resistivity from the beginning , this in contrast with the next 
sectien where it has been neglected completely. 

Sectien 2 :Substitution of the fluxfunctions. 

Under neglect of the tensor character of the resistivity equation 

(4-4) reduces to 

Tl;! j~ ( vx{ jx ê )p }= vx( ~/ jp 
(j x~n<P (4-5) 

This equation can be transformed to an equivalent equation in terms 

of the fl uxfuncti ons 1>~ and 1>8 : 

S ~B 
1 vx{-

2Tir 

llo 
= --- s~J..~<P (4-6) 

2Tir 

HereSis Stokesoperator defined in chapter 2 ( equation (2-16) ). 

As befare we neglected the spatial dependenee of nu . With some 
elementary vectorcalcules the LHS can be expanded so that 

S ~B lxv~ . + v[-
5

~-8 
)<PJ J. 1Jo2Tir 

( 4-7) 

In the following sections we will analyze these last expressions 

(4-6) and (4-7). 
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Section 3 : Near axis analysis 

In this section we will make a Taylorexpansion for bath ~~ and ~B 

Because of symmetry 

~l( r=O , z ) = ~ê( r=O , z ) =0 ( 4-8) 

Furthermore also the linear term in the Taylorexpansion is absent 
because jz and Bz have to be finite ( see equation (2-17) ). So both 
~j and ~ê are at least quadratic in r and one can write 

00 

~~(z) 1 an n n a rn ~ ~ ( r 'z ) I r=O ~.(r,z) = L ~.(z)r =nr ( 4 -9a) 
.J. n=2 J. J. 

00 

~~(z) 
1 Clm m m ärm ~B(r,z )\ r=O ~ 8(r,z) = L <P 8(z)r =iiiT 

m=2 - ( 4-9b) 

n m 
Here <Pj and ~B are functions of z alone. We will assume that 
<Pj(z) and <Pê(z) lo not vanish , implying that Bz(r=O) 'f 0 and 
jz(r=O) 'f 0. The following is only valid under these assumptions. 
From the analysis given in Appendix A it follows that <~>1 = 0 
and ~B = 0. The only assumption made in deriving this result is 

-
the constancy of rv;· 

The function ~ 8 ( r,z ) represents both the self-generated and 
the possible external magnetic field. If the external field is a 
homogeneaus field directed along the z-axis , B t = B0 e , then -ex -z 
the associated flux function is given by 

~B (r,z) = nB r2 
- ext 0 ( 4-10) 

So this partial flux function is a pure quadratic function in r 
and diverges as r + oo, The fluxfunction associated with the self
generated field however is zero at infinity. If we substitute these 
expansions in (4-5) we find 

( d
2 

2 Q,j..4) 2 (d
2 

2 QA-.4)2 
dz 2~~ + L'jJê ~~ az 2~B + L'jJB 

~~ ~ { ------- }+ _l <P2d { } = 
J. UZ d d 2 Baz 2d 2 2 d 2) 

( 2 2 2 2) ~0 - ( 
~ ldz~ ê - ~ ê ëfz~ ~ ~ ~dz~ ê - ~ ê dz<P ~ 

-(d 2 r~-.2 QA-.4) ":T. 2'1' • + L'jJ . 
UZ J. J. 

(4-11) 
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Equation (4-11) gives arelation between ~. and ~B , in termsof the 
expansion (4-9). This equation can be trantformed-to an equivalent 
one in terms of J.. , Band n on the axis: - e 

d 1 ~Oene d jz(r=O) 2 
Bz(r=O) az {en- ( j~/r)r=O }= dz{( ) } 

e 4 ene(r=O) 
( 4-12) 

We thus find an expression for the axial magnetic field. Using equation 
(4-1) we can also write 

2 

Bz(,.=O) %z ( ~electron) = - voe 
4
"e %z (wez(r=O) l2l e;f ( f~,jzl r=O+ 2 }~,jzl r=O 

(4-13) 

Here ~electron is the rotational frequency of the electron gas close to 
the axis. 

From equation (4-13) we see that magnetic field generation is associated 

with an axially accelerated electrongas. Such an acceleration may be caused 
by an electric field and/or by a pressure gradient. So for example field 
generation may play a role in the cathode spots of a vacuum are. The second 
term on the RHS of equation (4-13) represents the ohmic diffusion and depends 

on the geometry of the current flow-lines. 

Section 4 : The heavy partiele momenturn equation 

In this section we will consicter the steady state heavy partiele momenturn 
equations. Under the assumption (4-1) the electron momenturn equation (4-2) 
and Maxwell •s equations (2-12) constitute a set of ten equations with ten 
unknowns : j . ê , ~ and ne . As we consider an isothermal electron gas , 
the electron temperature serves as a parameter. So with known boundary con
ditions the electron momenturn equation and Maxwell •s equations determine j, 
B and n . So when looking at the heavy partiele equations these physical - e 
quantities can be regarded upon as known , or externally determined 

ion n m.(w. ·'ïJ)w
1
.= -'ï/p. +en E +en w.xB -ene Jl j -Rio 

A 1 -1 - 1 e- e-1 -
momenturn ...:=. 

(4-14) 
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neutral (4-15) 
. momenturn 

In the derivation to follow we take into account the tensor character 

of the resistivity. In equations (4-14) and (4-15) we underlined the 
quantities known from the electron momenturn equation. Because the ion 
temperature is assumed to be constant (equation 2-19 ) also the vp. 

1 
term is known. In fact equations (4-14) and (4-15) and the continuity 
equation (2-22) constitute a new set of seven equations with seven un
knowns : w. , w

0 
, n . From this point of view the field generation 

-1 - 0 

is determined by the electron momenturn equation , and the ions move in 
externally determined force fields. This is possible because we neglected 
the direct coupling between the electrans and ions in the electron momenturn 
equation by leaving out the 
transfer from the electrans 
we assume the current to be 

en w.xB term. Of course there is a momenturne-l -
to the ions through the nJ term ;however , if 
carried by the electrans this coupling does 

not depend on the ion velocity. As a matter a fact , under this assumption, 
the ~; term can be expressed in n , w and B only • So although this term 

::!!,L e -e -
finds its origin in the electron-ion friction it does nat couple the 
electron momenturn equation to the ion momenturn equation. 

If we add (4-14) and (4-15) , thus eliminating the ion-neutral friction 
Bio , we find the heavy partiele momenturn equation 

By using vector equation (3-2) we find 

n m.w.x(vxw. )+n m.w x(vxw )=~n m.V(w~)+~n m.V(w2)+Vp.+Vp e 1 -1 -1 o 1 -o -o e 1 1 o 1 o 1 o 

-en E-en w.xB+en ni e- e-1 - e~ 

The toroidal component of this equation reads : 

{ n m.w.x(vxw.)+n m.w x(vxw )}~ =ene(~ i)~- ene(~1-xê)~ e 1-1 -1 o 1-o -o ~ ~ ~ 

( 4-17) 

(4-18) 
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In most cases the first term on the RHS of this equation is the dominant 

one. This follows from the assumption that the current is carried almast 
completely by the electrons. This simplification reflects itself in the 
toroidal component of the electron momenturn equation as 

(4-1~ 

Working out the (~a·V)~a-terms (a= i ~ o) in equation (4-18) ~ this 
equation can be transformed to give 

(4-20) 

From this equation we see that if poloidal fieldgeneration is to occur, 
i.e j~ F 0 ~ rotation of the heavy particles is essential. In fact the 
rotation of the ions is a direct consequence of magnetic field generation~ 
whereas the rotation of the neutrals is an indirect one : their rotation 
is due to the ion-neutral friction. Equation (4-20) furthermore implies 
there is an effective angular momenturn transfer to the heavy particles 
through the torque represented by the term on the R~ of equation (4-20). 
This can beseen by combination of (4-20) with the equations of continuity, 

(2-20 b,c).For simplicity we will consider souree-free situations ~ i.e 
v·n w = 0 (a= i~o ).Under this assumption we can write 

a a 

Integration over a non-maving volume V , bounded by surface S ~ and using 
Gauss law yields 

JJ (nemirwi~)~i·Q da + JJ (n 0m1 rw~)~0 ·Q da = 
s s 

(4-22) 

JIJ ener( nJ )~dT - JIJ ener(~ixê)~ dT 
V V 

The LHS represents the net flow of angular momenturn , while the RHS 
represents the total external torque on the heavy particles in V. So 
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equation (4-21) is the angular momenturn equation for the heavy particles 
in differential farm. 

We return to equation (4-18) and write by using the toroidal component 
of the electron momenturn equation 

( 4-23) 

This result is exact : neither the tensor character of the resistivity 
nor the en w.xB term are neglected. By introducing the vorticity for e-1 -
the ions ( [i) and for the neutrals ( [

0
) through 

r. = IJxw. 
-1 -1 

r = vx w -o -o 

, we obtain from (4-23) 

{(n m.w. )x r + (n m.w )x r e 1 -1 -. o 1 -o -
1 0 

+ j x § }<P =0 

( 4,-24) 

( 4-25) 

( 4-26) 

Decomposing each vector in its poloidal part and its toroidal part , 
equation (4-26) is equivalent with 

(n m.w.) x r. + (n m.w ) x r + J. xB =0_ e 1-1 p -1p o 1-o -op p -p (4-27) 

If the souree term in the continuity equations can be neglected , 
each vector occurring in this equation is solenoidal. This means that 

we can express each of these veetors in terms of flux functions , as 

discussed in chapter 1. We already did this for the ~p and êp terms 

= _l_ 'V~.x e_~ ~. = 2nr BP 
jp 2nr J ~ J ~o (4-28) 

1 
n m.w. = ---'V~ x ~~ 
e , _, p 2nr mi ~ 

( 4-29) 

(4-30) 



1 r. =_, 
2Tir 

\71>r.x ~ _, 

1 n
0
m1.w0

p= --- v~ x ~ 
- 2Tir mo --v 
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1 
Ia = v~r x ~ ; ~r = 2Tir wrv~-. 

2Tir -o -o ~ 

(4-31) 

(4-31) 

( 4-32) 

Here Mi~ respectively M0 ~ are the toroidal componentsof the vector 
potential associated with the mass flux of the ions and neutrals , 
as defined by 

n m.w. = vxM. e ,_, _, ( 4-33) 

n m.w = vxM o 1-o -o 
( 4-34) 

In the same way as descri bed in chapter 1 the lli functi ons can be 
i nterpreted as flux functi ons. Sa lli is the flux functi on for the m. 
mass flux associated with the ions ! and llir. represents the flux 
of vorticity. Analogous interpretations are iialid forill and illr 

ma -o 

With these definitions and elementary vector calculus equation (4-26) 

can be written in an elegant farm : 

\7~ . x m1 

or alternatively 

vx{ ~ .v~r + 1> v~ + ~ o~ } o m1 . mo "'r "'·v"'B = _, -o J. - -

( 4-35) 

( 4-36) 

Again we see from this equation that there is a symmetry between the 
mass- and vorticity flux on the one hand and the current- and magnetic 
flux on the other. Equation (4-36) will be the basis for a near-axis 
analysis to be discussed in the next sub-section. 
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section 5 : Near axis analysis of the heavy partiele momenturn equation 

Equation (4-36) implies that the expression between parenthesis 
can be derived from a potential. For simplicity we will limit ourselves 
,just like we did for the electron momenturn equation , to a close-
axis analysis. There we expand the flux functions in terms of r 

<P = ~ f.n(z)rn <Pn = _1 ~ n <P (r,z)l 
a. n=2·· a. a. nl C1r a. r=O (4-37) 

a. =j,ê,mi,mo,[i,[o 

Only terms of order two or higher occur; as earlier for the current 
density and the magnetic field we assume that the mass fluxes of 

bath the ions and neutrals are finite at the axis. As wi~ and w0~ 
are zero at the axis , a lso \ilr. and \ilr are at least of second order 
. -1 -o 1n r. 

With the expansions (4-37) the r-component of the vector between paren
thesis in (4-36) can be written as 

{ <Pm.V<Pr. + <Pm V<Pr + <J>.V<J>B }r= 2r3 { 
1 -1 o -o J. -

And in the same way we find for the z-component 

4{ 2 d 2 <P2 d ~2 <P2d 2} +8"(r5) 
{ !Ïlm.V!Ïlr. + !Ïlm V!Ïlr + !ÏlJ..VIÏlB }z= r cJ>m1.az<P[1· + moëfz ~o + jäz<P~ 

1 -1 o -o -
(4-39) 

With these two component-expressions and equation (4-36) we find 

{ 2 d ,~,2 2 d 2 } + { ,~,2 d ,~,2 z d 2 } { ,~,2d ,~,2 ,~,2d ,~,2 } 0 <Pm.ëfz'+'r. - <Pr.ëfz<Pm. '+'m ëfz'+'r - <Pr ëfz<Pm
0 

+ '+'jdz'+'~- '+'~ëfz'+'j = 
1 -1 -1 1 o -o -o 

(4-40) 

In view of the definitions (4-28) to (4-32) equation (4-40) can also 
be expressed in terms of the physical quantities near the axis 

~ { j (r=O,z) ~ B (r=O,z) - B (r=O,z)~d j (r=O,z)} =0 
Z UZ Z Z Z Z 
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Here ~-(r=O,z) respectively ~ (r=O,z) is the rotational frequency of 
1 0 

the ions and the neutrals near the axis , given by 

wi<P(r,z) 
~. (r=O ,z) = 1 im -----

1 r+O r 

w ocp ( r ,z) 
~O ( r=O , z) = 1 i m 

r+O r 

(4-42) 

(4-43) 

Equation (4-41) can be written in several ways e.g 

2 d j ( r=O) 
{Bz(r=O)} az ( B

2
(r=0) ) = 

z (4-44) 

2 d n m.w. (r=O) 2 d n m.w (r=O) e 1 1 z ) o 1 oz ) 
-2 ~i (r=O,z) az( ~.(r=O,z))- 2 ~o (r=O,z az( ~.(r=O,z) 

1 1 

Equation (4-44) can be seen as the counterpart of equation (4-13) 
derived from the electron momenturn equation. It links the motion 
of the heavy particles to the current density j

2 
and the magnetic 

induction B
2 

on the axis. 
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CHAPTER 5 The vacuum circuit breaker : implications of 
the self-generated magnetic field. 

section 1 : Introduetion 

Circuit breakers are used to proteet transmission and distribution 

systems from the electric energy released during overloads. When such 
a failure occurs the circuit breaker should isolate the defective part 
of the electric system from the remaining distribution system. 

A circuit breaker consists of a pair of electric cantacts , one 
of which is movable. If an overlaad occurs , the cantacts are seperated. 
After contact seperation the current does not drop instantly to zero , 
but will be sustained by the medium between the electrades of the circuit 
breaker. This medium can consist of gas , oil or semiconductor or can be 
a vacuum. For the vacuum switch the material evaporated from the cathode 
and I or anode is the active medium. Thus 11metal vapour switch 11 would 
be a more suitable name. 

For alternating currents , interruption is normally obtained by ex- ,. 
tinguishment of the are near a current zero. During interruption there 
is an interaction between the extinguishing are and the circuit , in that 
a transient voltage is generated over the breaker ( the recovery voltage) 
and if this stress is withstood by the dielectric medium in the gap , 
interruption occurs. Thus the ability of the switch to interrupt the 

current efficiently depends on the rate of recovery of the dielectric 
strength across the gap. In figure 5-1 rates of recovery are given for 

several materials (ARM 74) 

1600 A, 6.35mm GAP 

80 PRE55URE OF GA5E5=1atm. 

20 

10 100 1000 10000 

Time of current zero, p.S 

Fig 5-1 Rise of recovery strength of vacuum 
compared with that in other media. 
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In vacuum , the dispersal of the metallic vapour-ions is a very rapid 
process and gives rise to extremely high rates of recovery. In practice, 
single units have shown voltage recovery rates of the order of 20 kV/~s 

which is about 10 to 20 times that achieved in gas blast circuit breakers 
( ARM 74 ). Furthermore vacuum circuit breakers have a high hold-off 
voltage and a low arcing time as can be seen from figure 5-2 

0 5 1 0 1. 5 

Distonce (cm l 

a) oe breakdown strength 
in uniform field. 

20 2.5 

0.07 

006 
AIR CIRCUIT BREAKER 

0.05 
BREAKER 

0.04 

u /VACUUM CIRCUIT G> 

"' BREAKER 
- 0.03 
~ / 
i= 

0.02 

0.01 

0 

0 100 1000 10 000 
Interrupted current, A 

b) Arcing times 

Fi~ 5-2 : Comparison of oe breakdown strength and arcing times. 

This low arcing time in combination with the low arcing voltage during 
the interruption process produces only low energy dissipation in the 
vacuum interrupter , much less than the conventional methods of switching. 
The consequence is that the contact erosion is relatively low , giving 
rise to long life. Therefore the application of vacuum circuit breakers 
is already widespread. A diagram of a vacuumswitch is shown in figure 5-3 
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Fig ·5-3: Diagram of a vacuum circuit breaker. 

The outer envelope , which is made out of glass or ceramic , contains 
a pair of contacts. These electrades are fixed on the two flanges , 
which in turn , are sealed to the envelope. The fixed contact stem is 
either brazed to the flange or forms an integral part of the flange. 
The moving contact stem is connected to the second flange through a 
metal bellows which allows for the necessary movement of the moving 
contact rod and provides hermetic sealing against atmosphere. The 

_7 
switches are sealed off at a pressure of 10 torr or less , after 
special processing to outgas the contacts and other parts. 

However the excellent properties of the vacuumswitch are limited to 
currents below approximately 10 kA , where the are eenstricts and an 
anode spot is formed giving rise to an increased erosion of the anode 
and thus decreasing the dielectric strength. It is therefore useful 
to look for measures which counteract the anode spot formation caused 
by constriction of the are ( SCH 83 ). One way of preventing constriction 
is to use contact geometries that produce a magnetic field which causes 
the anode spot to spread across the anode thus avoiding excessive electrode 



5~ 

wear. Furthermore research is being done concerning the mechanism 

governing the constriction. Understanding this mechanism could lead 
to improved circuit breaker design. Recent work has shown that besides 
an externally applied magnetic field also the self-generated magnetic 

field plays an important role in understanding the constriction phenomena 
( SCH 83 , SCH 84 , SHE 78 , NEM 83 , AGA 84 ). In fact the workof 

Schellekens ( SCH 83 ) triggered the work presented here. However these 
quoted references are mostly concerned with the azimuthal magnetic field 

and neglect the axially generated field or treat it incompletely. 

The self-generated magnetic field not only plays a role at the anode 
side and in the interelectrode plasma , also at the cathode self-generated 
magnetic fields may occur and could play an important role in the 
physical processes. 

At the cathode the current is concentrated in a number of parallel 
discharges , each of them having a foot-point at the cathode surface 
the so-called cathode spot with a typical diameter of several micro
meter ( DAA 78 ). At this spot the dissipated heat , due to ohmic 
losses , will be sufficient to bring the metal to its boiling point 
( ECK 80 ). The evaporated metal has an almast hundred per cent ionization 
probability ( DAA 78 ). The current flow from metal to the are is thought 

to be carried by thermal field emission ( DAA 78 ) , although also 
other mechanisms play a role ( MAL 81 ). Each cathode spot can sustain 
a limited amount of current. On capper electrades this limit is between 
75 and 100 Ampères ( DJA 71 ). If the total current is increased above 
this value , a new cathode spot will be formed. Combination of this 
maximum current per spot with the .average diameter we find current 

12 2 
densities of about 10 A/m ( for capper ) ( DAA 78 ). Various ex-
perimental results on the physical parameters of the near-cathode plasma 

of the vacuum are lead to the following values (LYU 78 ) 

1 23 26 3 
heavy partiele density nh ~ 0 - 10 1/m (5-1a ) 

23 24 
1/m

3 
electrondensity ne ~ 10 - 10 (5-1b ) 

heavy partiele temperature Th ~ 1-2 eV (5-1c ) 

electron temperature T ~ e 0,5 - 2 eV (5-1d ) 
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We note however that there is an astonishing spread in the experimental 

data concerning the physical parameters of the cathode spot. Thus far 
the description of the vacuum circuit breaker and some of the physical 

quantities. Further information can be found in literature ( e.g RAG 77 ~ 

LYU 78 ~ MAL 81 , KIM 82 , HAN 83 ). In the next sections we will examine 
how and to which extent the self-generated magnetic field influences 
some processes occurring in the vacuum are plasma. 

Section 2 : The plausibility of poloidal field generation 

in vacuum circuit breakers. 

In chapter 4 we derived an expression for the self-generated magnetic 
field ( equation 4~3 ). As argued in that section field generation will 
play an important role in situations where the electronfluid is strongly 
accelerated along the axis. This acceleration may be due to strong axial 
electric fields or strong pressure gradients along the axis or a com
bination of bath. This will be the case near the cathode spot where the 

electrongas expands from the hot spot in a relatively low pressure medium. 
As the electron acceleration is thus the cause of poloidal fieldgeneratien 
this field must be generated in the near-cathode plasma. It will ~l•o 

have its effect on the interelectrode plasma. Indeed self-generated 
axial magnetic field near the anode was measured by Schellekens ( SCH 83 ). 

In his analysis he used these results to calculate ( under some assumptions) 
the azimuthal current density. With this result Schellekens has calculated 

the force density j~Bz~ext in relation with the anode spot formation. In 
this calculation the generated field has been neglected. Near the cathode 
this assumption is nat justified. The result of the measurements of Schel
lekens is given below 

I- 1: Bz external _s40 
1-·-- 2 

"'0 
........ 2: Bz measured 

r-30 ' ' Q) .... 
•r- ..... _ 

4- ..... 
u20 

1 ·---·-·-.-·-
·r-
+l 
OJ10 s:: 
O"l 

~0 
0 10 20 30 40 

radius (mm) 

fig 5-3 Magnetic field distribution in a 10 kA are 

( Bz,ext = 20 mT ). 
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The positive flux ~+ , corresponding to the care of the magnetic field 
_6 

profile ( r< 25 mm ), equals approximately 1,5·10 Vs. From the figure 
we will estimate the mean generated magnetic field Bz near the cathode 

spot. Although the derivation below is a preliminary one it will give 

an estimate of the magnitude of the generated field near the spot. 

Figure 5-3 gives the field distribution in a 10 kA are. At this current 

the interelectrode plasma is sustained by some hundred cathode spots , 

each carrying a current of about 100 Ampères. As the external magnetic 

field is 20 mT , the are plasma is in the diffuse are regime ( SCH 83 ): 
the cathode spots feed the are with metal vapeur plasma , so that the 
region in between the electrades becomes filled with a diffuse plasma.The 

anode acts as a passive current collector only.So the are can be repre

sented schematically as in figure 5-4 

~ diffuse p1asma 

Fig 5-4 : The diffuse are ( I = 10 kA , B t = 20 mT ). z,ex 

If we assume that the possitive flux~+ is generated by the cathode spots 
_8 

then we must conclude a flux per spot of 1,5·10 Vs. Calling the charac-

teristic radius of a cathode spot ~we find for the mean magnetic field 
in the spot 

1\ = ~ ·10-8_1_ 
1:..2 

( 5-2) 

As the characteristic si ze of the craters on the cathode is some micro
meters , we see that near the spot the self-generated magnetic field will 

probably play an important role. 

In the derivation of (5-2) we assumed that the field was generated at 
the spots. However the experiment to be described in chapter 6 suggests 

·that also at the anode side poleidal field generation may occur. If tltis 

' 
·'·' 
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is the case we cannot use the measurements of Schellekens to estimate 

the mean magnetic field at the spot. Whether indeed field generation 
shall occur near the anode will be subject to further study. 

Sectien 3 ; The retrograde motion 

One of the most striking phenomena occurring in vacuum discharges 

is the motion of the cathode spots : 

1) When the number of cathode spots exceeds one , these spots are 
observed to move into a direction opposite to what is expected 
from Ampère 1 s 1 aw. Stark · wás the fi rst to abserve thi s motion 
and called it the 11 retrograde 11 (=reversed) motion (STA 03). · 

Fig 5-5 : The mutual repulsion of cathode spots. 

2) When a to the cathode transversal magnetic field is applied , the 

cathode spots also are observed to move ~ under certain conditions~ 
in the opposite , retrograde direction, contrary to the Ampèrian rule·. 

( e.g HER 66 , EMT 80 , DRO 81 , NEM 83 ). 

Fig 5-6 The retrograde motion of a cathode spot 
in an external transverse magnetic field. 

Many attempts have been made to explain the retrograde motion of the 
cathode spot. However , at the present time we feel there is no general-
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ly accepted quantitative or qualitative model that explains the observed 
phenomena. However the self-generated poloidal field component is not in
corporated in any of the references cited above. In this section we want 
to examine whether this poloidal field can account for the retrograds·motion 
We will limit ourselves in this discussion to the phenomena mentioned 
under 1). 

Consider a single stationary cathode spot. We want to calculate the 
magnetic field generated by this spot. By introducing the vectorpotential 
for the magnetic induction B 

B = V x A ( 5-3) 

, Maxwell •s equation (2-12b ) can be written as 

2 
V A = - flo J_ (5-4) 

Here we used the Coulomb gauge V·~= 0 • Equation {5-4) is the vector 
form of Poisson•s equation , of which the integral salution is given by 

- llo J j (() 3 
~(~) d x• 

-4TI 1~-~·1 
( 5-5) 

, where the integral extends over all of the currents that contribute 
to the field. Using equation (5-5) we can express the vector potential 
12. in terms of the current dens i ty .i_. Th en us i ng ( 5-3) we can express 
the magnetic indunction in terms of j. We will do this for the poloidal 
field component. Because of the axisymmetry the toroidal field-component 
can be calculated much easier using Ampère•s law directly 

r 

B cp ( r , z ) = ~TI~ J 2n r • j z ( r • .. z ) d r • ( 5 -6 ) 
0 

This is an exact result. 

In order to calculate the poloidal field we need the toroidal part 

of the vector potential A : 

3 
d x• (5-7) 
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we now consicter the properties of the poloidal magnetic field at a 

distance from the cathode spot which is large compared to the radius 
of the cathode spot. A complete treatment of this problem can be made 
using vector spherical harmonies ( JAC 75 ) , a treatment in fact ana
logous with the multipale expansions in electrodynamics. However we will 
be content here with only the lowest order of approximation. 

Starting with equation (5-7) we expand the denominator in powers of 
~~ measured relatively to a suitable origin in the localized current 
distribution ( the cathode spot ) , shown schematically in figure {5-7) 

p 

Fig 5-7 : Localized current distribution. 

We use the expansion 

1 1 X·X 1 

- - + ---"3+ .••••. 
I?S- ~·1 I?SI I?SI 

{5 -8) 

Then the toroidal component of the vector potential will have the ex
pansion 

llo 1 J j,Jx_~) d3?S•+ 
4iT 1~1 '!' 

)J x I 0 - • I I 3 I 
T:" - 3 • J,~, (x ) x d x + 
~TI ~~~ '!' - - -

(5-9) 

Because j is a localized , solenoidal current density distribution, 
the firs~term equals zero ( PAN 78 ). In fact this term vanishes ~ 
cause no magnetic manapoles are known to exist. The second term can 

be wri tten ( JAC 75 ) 

x • 
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It is customary to define the magnetic moment density or magnetization 

{5-11) 

and its integral as the magnetic moment~ 

= ~ J rIj (x I )e /x I 
<P - -z - {5-12) 

The last equality follows from the assumed symmetry.The magnetic moment 

~ can be related to the rotation of the heavy particles through equation 
(4-20). With the definition of~ the ~-component of the second term in 
equation {5-9) is the toroidal magnetic dipale vector potential 

f-lo 
A<f>,dipole = 4n {5-13) 

This is the lowest non-vanishing term in the expansion of A. The mag
netic induction component can be calculated by taking the curl of 
equation {5-13) 

f-lo B --p,dipole - 4-iT 
3Q(Q·~) - ~p 

I~ 13 ( 5-14) 

Here n is a unit vector in the direction of~ along OP in fig 5-7 ) .. 
Thus the far field~ can be found by combination of equations {5-6) 
and (5-14). Because we are interested in the far field , the integral 
occurring in equation (5-6) reduces to I , the total current carried 
by the cathode spot for capper < 100 A) so : 

far field : 
- m e -z-z 

{5-15) 

The poloidal part of this expression is an approximation whereas the 
toroidal part is exact. \~e see the far field is characterized by the 

total current I and the dipale strength mz. In the literature concerned 
with cathode spot motion the first term on the RHS of equation {5-1~ is 
usually taken into account whereas the second is not • 

,. ".··,l 
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As far as the far field i5 concerned we will consicter the cathode 
spots as magnetic dipales distributed over the cathode surface. This 

assumption in fact implies that the integral occurring in the expression 
for the magnetic dipale (5-12) is limited to the near cathode region of 
the spot. This assumption fincts some justification in the theoretical 
wo~k presented in chapter 3 , where we showed that field generation 

is likely to occur in regions where the electron gas is accelerated. 
Experiments equal to those described in the next chapter could yield 

information concerning the validity of this assumption. 

We will now consicter two cathode spots and examine the motion of these 
spots. Sa we are concerned with the motion of one spot due to the 
magnetic field {5-15) of the other. We will assume that the distance 
between the spots is large compared to the radial dimensions of the 
cathode spot , so the dipale term will be the dominant one in the multi
pale expansion (5-9) and (5-15) is valid. We will furthermore assume 
that bath of the spots carry a current I. We will denote the magnetic 

moments of the spot by mz1 and mz2 respectively. We want to calculate 
the force on the near cathode plasma of each cathodespot. The poloidal 
and toroidal field components are schematically given in figure 5-8 

toroidal poloidal 

Fig 5-8 : The poloidal and toroidal field components of 
the field generated by the spots. 

In this figure B ( S ) is the magnetic field at spot S due to cathode 
-1), 

spot a . Because the own magnetic field of a spot , say A , dominates 
the field of the other spots at the spot A , the internal processes in 
a spot are governed by its own magnetic field. Sa what the field generating 
mechanism is concerned , the spots can be treated as independent. The . 

. • ','Je 

• 
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motion of the spot as a whole however is determined by the magnetic 
field due to the other spots. We have seen that bath toroidal and 
poloidal field can play a role in this respect 

1) Force due to toroidal magnetic field. 

If we characterize the axial dimensions of the magnetic dipale 
( i . e the reg i on where fi e 1 d genera ti on occurs) by a·z then the 
force due to the toroidal magnetic field is given by 

- llo r 2 oz 
eS F = e 

r 2n R -r ( 5-16) 

Fig 5-9 : Force due to the toroidal magnetic field. 

As the poloidal current densities for both spots are directed 
towards the cathode , this force is an attracting one. 

2) Force due to poloidal magnetic field. 

As the radial and axial dimensions of the field generating region 
are small compared to the inter cathode spot distance R , the force 
exerted on the current distribution in the spot can be expressed in 
terms of the magnetic dipale moment ~ ( JAC 75 ) 

(5-17) 

The magnetic field due to spot 1 at spot 2 is given by 

m 
B =- 2.l.e 
-p R3 -z (5-18) 

The first term in the expression for ~ ( equation 5-15 ) can be .::·1~~'.·, 
. negle.tted as we have assumed that thei' radial and axial dim,ensions , ... 
. :,of the spot are small in comparison to R , which implies that 11 and ~ . . . 

m can be regarded as perpendicular. Combination of the last two· 
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equations gives the radial force due to the poloidal magnetic field. 

-m m 3m m 
F(R)= ~[{ Z1Z2}] = Z1Z2 

r ar R 3 r=R . R 4 ( 5 -19) 

We see from this equation that the force the spots exert on one another 

due to the poloidal field gradient is a repelling one when the magnetic 

moments have the same orientation , i.e m21 ·mz2 > 0. When an external 
magnetic field is applied , it is likely that this will be the case. 

A decisive answer has to be found in a time-dependent analysis. In the 

case no external field is applied we have seen in chapter 3 that in the 
model given there no poloidal field generation can occur. At this stage 
we cannot say whether the other options for field generation ( e.g field 
generation by turbulence ) allow the description as given in this section. 
We note however that Cowling•s theorem only applies to axisymmetric dis
charges. As we are interested in the mutual force between cathode spots 
we thus fundamentally disturb this axisymmetry. The question whether 
field generation occurs in the absence of an external field , in a 
plasma consisting of a number of discharges is beyond the scope of this 
work.However if field generation occurs in configurations or by mechanisms 

nat incorporated in this work , equation 5-19 will still be applicable 
if the region where field generation occurs can be considered to be small 
in comparison with the inter spot distance R. 

Summarized we conclude that besides a attractive force due to the 
toroidal magnetic field of the spots , also a repulsive force is present 
if poloidal field is generated. Assuming that the dipolestrength is the 

same for bath spots the 
is given by 

IF r,repulsivel 

IFr,attractivel 

ratio between the repulsive and attractive force 

=---- ( 5-20) 

In order to explain the 11 retrograde 11 motion , we must demand 

2 3 

lloi R oz 
( 5-21) 

6n 

We want to link this expression to the current densities j
2 

and j~ in 
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the near cathode plasma. We define the average current densities j
2 

and 

3~ by 

I = TIj /),2 
z (5-22) 

and 

( 5-23) 

Here !), is the characteristic spot radius. Using {5-22) and (5-23) , 
condition (5-21) can be transformed giving an equivalent condition 

in terms of 3
2 

and 3~ 

( 5-24) 

4 3 

For !), ~ 10 m and oz ~ 10 m we find 

( 5-25) 

Here R is the inter spot distance in millimetre. Under the assumptions, 
concerning oz and !), , made we see that up to some 5 cm we can explain 

the retrograde motion by assuming in the spot a toroidal current density 
smaller than the axial current density , implying that the pitch of the 
current lines is smaller than one. A further reduction of the product 

2 
f),·oz by e.g a factor of hundred reduces this distance to about 1 cm. 

Although we do not claim that indeed the poloidal field generation 
satisfies conditions (5-21) and (5-24) , we feel we have shown that 
it is quite possible. We conclude that qualitatively poloidal field 
generation can explain the retrograde motion. Whether indeed quanti
tatively the retrograde motion can be ascribed to poloidal field generation 
has to be verified by experiment , similarly to the one described in 

the next chapter. 
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CHAPTER 6 Experimental set-up and results. 

Introduetion 

In this chapter we will discuss the experimental determination 

of the self generated magnetic field in the plasma of a small 
hollow cathode are. In section 1 the experiment and the measuring 
methods are given whereas in section 2 the results are presented and 
discussed. 

Section 1 Experiment and measuring methods 

The small hollow cathode are we used is an easy to operate device , 
frequently used as an ion line souree (RUT 83) . The configuration 
we used differs from earlier set-ups in that the housing is made of 
( pyrex ) glass. This was done to prevent distartion of the magnetic 
field by metallic parts. The hollow cathode are is schematically 
shown in figure 6-1. See also the cover foto of this report. 

1/ 40 
j gas I' " flow • r-glass housing ï 

/anode 1-tantalum 
'-- glass 

---insulation 
';'"'" r-

~ 0 

~cathode co ~ 
'6l. -V r- V 

V V 
V ~ roeopper 
/ / 
/ / 
~ ~ 

)tO high vacuum pump j gas flow 

The hollow cathode are cathode 

Figure 6-1 : The small hollow cathode are 

The cathode tip is made of a hollow tantalum pipe ( inner diameter 
1 mm , outer diameter 2 mm), fixed into a hollow capper housing 
which is caoled at the end , just like the anode. 



6-2 

The cathode can be moved with regard to the anode , thus making it 

possible to vary the distance from the cathode tip to the anode. 

Through the cathode argon gas is fed . The flow is adjusted to give 
a filling pressure of approximately 0,7 torr. In the experiment to be 

described later we operated the are in the DC-mode ( Ioc= 100 mA ) , 
and superimposed a current pulse of some hundred Ampères during 
0,6 ms. The electric scheme of the current supply is given in fig. 6-2. 

L 
,- -- - - - ~- ·--

1---...;_i ~ LY I 
I l Cl I 
.!..._ ____ - --1 

1------ -~ DC-supply 
1 :0-1 kV 

I 

, _____ _! 

D1: 1N4007 

D2: BYX 52 900R L : 0,2 mH 

C1: 1360 ~F/900 V 

c2: 1035 ~F/900 V 

Fig 6-2 : The current supply of the hollow cathode are . 

The DC-supply we used : Heizinger , transitor netzgerät HN 15001. 
The current pulser in the figure above is only represented schematically. 
A more elaborate description is given by Rosado ( ROS 81 ) , who also 
used this pulser. For our aim the representation of the pulser as in 
fig. 6-2 suffices. In the DC mode switch S ( in fact a silicon controlled 

rectifier ( thyristor ) ) is open and the current through the hollow 
cathode are ( HCA ) is limited by the resistance R1+R2 to approximately 
100 mA. The DC-supply also charges the capacitance c2 . When S is closed 
the voltage across the HCA is increased by almast all of the voltage 
across the capacitance c1 ( adjustable from 0 to 500 V ) , and a pulse 
current is superimposed on the DC current. When this occurs we see , 
looking at the discharge , an intense flash. The purpose of the capacitor 
is to proteet the DC power supply from the current pulse. After 0,6 ms 
the pulse current is terminated by opening again the switch S.The pulse 
current is determined by measuring the voltage across the shunt Rs (6,9 m~). 



6-3 

~o· prevent commgn mode, and to isolate the oscilloscope from the re

maining of the system ( for safety and to prevent ground loops ) this 
voltage is measured by using an isolating transformer. This transfarmer 
has an almast flat frequency responce between 500 Hz and 200 kHz. As the 

rise time of the pulse current is about 10 ~s and the length of the pulse 

is 0,6 ms , this way of determining the current does nat involve severe 
distartion of the signal. The signal is , just like all other signals, 
measured by using a starage oscilloscope ( type : Tektronics 466 starage 
oscilloscope ). Thus far the operation of the HCA. We will now discuss 

the measurement of the magnetic field during the current pulse. We 
determined these fields by using several coils , usually refered to 
as diamag&etic loops. The voltage induced in one loop is proportioQal 

to the change in flux <Ptot encl osed by the 1 oop , and we can wri te .• , 
using Faraday's law : 

a 
Eind= - ät <Ptot ( 6-1) 

If the coils consist of N coinciding windings , i.e the separation 
between the windings is much smaller than the radius of each winding, 

6-1 can also be written as : 

Eind = - N' }t <PA = - N· }t J B·n do ( 6-2) 

A 

Here A is the area of one winding, and <PAthe flux enclosed byeach 

winding. We find the flux <PAby integration of the induced voltage Eind 
by means of a RC network : 

diamag. loop 
·-- ---- -~ 
Re-integrator 

V > 
os-ei 1 • 

R: 100 k~ 

C: 12 kpF 

A: 100 x 

Fig 6-3 : Determination of magnetic flux 

The time constant of the integrator : RC=1,2 ms. Befare the signal is 

displayed on the starage oscilloscope it is amplified 100 times by a 
Philips PM 6045 pre amplifier ( bandwith 0,5 Hz -100kHz (- 3 dB ) ). 
The voltage we measured on the oscilloscope is thus related to the flux 
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by -100·N 4 

~A(t) = -8,3·10 N ~A 
R·C 

(6-3) = 

In this expression the non-ideality of the integrator is neglected. 
The methad of integration described here is used for all loops. We 

will first consider the loops we used to measure the magnetic field 
outside the HCA. We determined this field by using 12 concentric , 
plane loops ( 2 n loops ) , of 5 windings each , and with diameters of 
9 , 17 , 25 , 33 , 46 , 56 , 66 , 78 , 86 , 106 , 126 and 146 mm. 

Furthermore we used 8 quarter section loops ( ~ n loops ) to determine 

whether the discharge was symmetrie. To check whether indeed we detected 
magnetic field , and no common mode , we used two 11 dummy 11 coils with 
diameters of 29 and 146 mm. These coils consisted of 6 bifilar wounded 
turns , thus reducing the effective surface of the coils to approximately 
zero. To reduce furthermore the noise both the connectorleads of the 
loops and of the HCA were twisted. The axis of all these loops coincide 
with the symmetry axis of the electrode arrangement. This arrangement 
and the loops are schematically represented in the next figure : 

Concentric loops Quarter section loops 

fig 6-4 The diamagnetic loops 
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In the experimental set-up it was also possible to vary the distance 
z from the cathodetip to the plane of the coils. This has made it 

possible todetermine the fluxfunction <Pn (R. ,z z0 ) , where R. is 
- E 1 1 

the radius of loop i and z
0 

the distance from the cathode to the glass 
wall. The loops and the HCA itself are placed inside an external coil. 

D.L = Diamagnetic loops E.C = External coil 

fig 6-5 : The external field. 

These external coils produce a homogeneaus axial magnetic field Bz 

( relative variation, over HCA < 2% ( RAA 81) ) , variable from 
_2 _2 

-8·10 to 8·10 Tesla. This concludes the discussion concerning 
the experimental set-up 

Section 2 : Results and discussion. 

With the equipment described in the last section we measured the 
distribution of the generated magnetic flux outside the HCA. A typical 

measurement is given in figure 6-6 

~ 
_j I end [lL-__.,T..._1_7S_A 

~ IE-u2ms 
___...-- ct>end [ 

~ ~0,2ms 

~ -7 
1,2·10 Vs 

1' 

a) The current pulse b) The loopsignal 

Fig 6-6 : The current pulse and loopsignal. 
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Figure 6-6a represents the currentpulse and figure 6-6b the flux 

enclosed by the 33 mm loop. The drop in the signal I{t) is caused by 
the slow discharge of the capacitance of the current pulser ( c1 in 
figure 6-2 ). The drop in the signal ~ (t) is caused by the non
ideality of the RC integrator ( RC=l,2 ms ). At the end of the current 

pulse the oscillations in the signal ~ (~ are negligible and we can 
consider the plasma to be quasi-stationary. An explanation for the 
aceurenee of the oscillations in the beginning , has to be found by 

performing a time-dependent analysis. As our objective , at this stage , 
was to describe magnetic field generation in a stationary plasma , no 
attempt has been made to explain these oscillations as yet. 

Fora quasi-stationary state measuring ~ d and I d gives arelation en en 
between the current and the fluxchange due to that current. In the 

following performing a measurement means determining ~end and Iend' 
From the measured signal ~end it is also possible to determine the 
average magnetic field. For the signal given in figure 6-6b we find 

_4 
in this way an average field of approximately 2,8·10 T . Just like 
in all the other measurements , the plasma behaves paramagnetic near 
the axis : close to the axis the generated field in the are strengthens 

the applied axial magnetic field. This was also the result of the ex
periments done by Schellekens ( SCH 83 ) , who measured the axial field 
generated in vacuum arcs. All the measurements done indicate that indeed 
we determined magnetic fields and no camman mode : the signals from the 
two dummy coils was always negligible compared to the signals from the 
other loops. To be sure that the measured flux is due to an axial field , 
the signals from the quarter-section loops have also been checked : the 
variations in these signals were , unless stated otherwise , less than 
some 30 %. The field measured , due to a possible contraction of the 
current to a certain region , thus disturbing the symmetry , would give 

rise to a highly asymmetrie fluxdistribution over the quarter loops. 
Indeed if no external magnetic field was applied such an asymmetrical 

distibution was obtained: 

Fig 6-7 

I d= 175 A en 

_8 
Fluxdistribution ( in 10 Vs) over the 

quarter-section loops·~ i t= 0 T .. · ex . 
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The fluxdistribution sketched in figure 6-7 can be thought of to be 

caused by a contraction of the current along A-A'.We can also estimate 
the field due to a possible inclination of the axis of the loops with 
respect to a (symmetrie) discharge. The flux originating from the main 
current canthen be shown to besmaller than ( SCH 74 ): 

~I,max = ~0 sI tan ( a/2) ( 6-4) 

,if the loop is displaced by the distance s ( the closest approach of 

both axis ) and inclined by the angle a with respect to the centre of 
the discharge. Comparison of the flux 6-4 and the measured flux in the 
situation described in figure 6-7 ~ with the measured flux given in 
figure 6-6 shows that the effects described above are negligible. We 
find a further arguement that the field measured is an axial field in 

the fact that measurements, to be described later on , show that the 
field from the 2 n loops tends to zero when the external magnetic field 
is reduced. We therefore conclude that the signals measured indeed re

present axial magnetic fields. 

Using this interpretation we measured the generated axial field for 

different values of the applied magnetic field. During these measurements 

the current pulse was kept constant : Iend=220 A ( Ibegin=280 A ). 
The distance from cathodetip to the measuringcoils was approximately 

_2 
26 mm. The axial magnetic field was varied from 0 to 6·10 T. 
Two different types of signals , or modes , were measured , represented 

i n fi gure 6 -8 : 

0,2 ms 
_:r_ 1,2·10-7 
T Vs 

t 

Mode 1 Mode 2 

Fig 6-8 : The two modes observed. 

0,2 ms 

+ 1 ,2·10 
Vs 

t 

Mode 1 is characterized by a steep peak in the beginning and a stabilization 
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of the signal at a "plateau-value" ( the drop in the signal at this 
plateau is due to the non-ideality of the RC integrator ). Mode 2 

differs from mode 1 in that the stabilization occurs at a relatively 

high level • Mode 1 occurs most frequently at low external fields 

whereas mode 2 predominates at higher fields. It is interesting to 

note that in mode 2 the signal !Pend is approximately two times that 
of mode 1. The difference between the signals given in fig 6-6b and 6-8 

has to be ascribed to the difference in electrode configuration. In the 
latter case the distance from cathode to the glass wall was about 27 mm 

whereas in the configuration corresponding to the signals given in 
fig. 6-8 this distance was approximately 20 mm.In general the signals 
measured showed a tendency to become more "smooth" and regul ar when the 
cathode-glass distance was increased. In the figure below the results 
of these measurements are plotted ( we only measured the flux for the 

four smallest loops). 

1,M2 

flux !PB , 30 

( 10-7 Vs) 

a,Mb : loop a , mode b 
1: 33 mm 
2: 25 mm 
3: 17 mm 

.. 25 
~ ·. "' 
' 

20 

15 

10 

5 

4: 9 mm 
I 

1,2 2,.0 2,8 3,6 

2,M2 

2,M1 

3~M2 

---------~------------~1 

4,M2 
I 

6,0 
External field 

8,0 
10 - 2T) 

Fig 6-9 The measured fluxdistribution for the four smallest 

loops at different external fields. ( Iend=220 A ). 
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From this figure we see that the generated field tends to zero for 
decreasing external magnetic fields.We already encountered this cha
racteristic phenomena in chapter two as Cowling•s anti-dynamo theory , 

stating that in an axisymmetric situation no poloidal fieldgeneration 

can occur if no external field is applied. However as stated above the 
discharge is highly asymmetrie in that case. Therefore the question 

remains whether the non-aceurenee of selfgenerated poloidal field in 
our experiment can be seen as a verification of Cowling•s theory , or 
whether it has to be ascribed to the lack of symmetry involved. 

A second interesting result is obtained by measuring the fluxdistribution 
at several clearances between the HCA and the diamagnetic loops. Such 

a measurement yields a result as plotted in figure 6-10. The accuracy 
' ·' of the mea~ured values is about 5-10 %. 

distance to cathode tip (mm) 

60 

4,8 
50 

6,0 

40 7,2 

12 
30 

0 
~ ~ 9 17 25 3 3 4 6 78 86 106 126 14 6 

diameter (mm) 
56 66 

Fig 6.;.10 -2 
Measured fl uxpattern ( Bext= 6 ·10 T; Iend=22_0

8 
A ) . 

( the numbers represent the enclosed flux in 10 Vs) 
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In this figure we connected the points with equal flux , thus constructing 
the flux-pattern. From this figure we clearly see that at the axis the 
plasma generates a magnetic field which reinforees the applied field. 
At larger radius we recognize the return flux ( as v·~=O the total ge
nerated flux through a plane z=constant must equal zero ). In chapter 5 
we derived the magnetic field due to a magnetic dipale along the z-axis. 
We found that for the far field is given by: 

~0 3Q(mznz) - mz~z 
êp(~) = 4n 3 (6-5) 

I ~I 
Here n is a unit vector in the direction of x , and m the dipale strength: - z 
m=m e . - z-z 
~ 8 (r,z) 

Using this result we can determine the maximum of the fluxtunetion 

at constant z. 

m z -z 
(6-6) 

From figure 6-10 we can determine the maximum flux as tunetion of z. 
The result is given in the next figure were we plotted z versus 1/ ~max' 

distance to cathode tip (mm) 

60 

50 

40 

30 

20 

10 

5 

cathode tip 

glass housing 

10 15 

1/ ti> (106 
ma x 

1 

Vs 

Fig 6-11 The dipale structure of the selfgenerated 
magnetic field. 
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From this figure we see that , to a good approximation , the far field 

fluxpattern in figure 6-11 can be thought to be caused by a virtual 
magnetic dipole close to the glass wall. In this picture the derivation 
of the point measured nearest to the HCA has to be ascribed to the 
break down of the dipoleapproximation at close distances. Using 6-6 

we find for the dipolestrength ( by linear regression ): 

t · t t t k · t t 9,4·10- 3 Am2 neares po1n no a en 1n o accoun 

(6-7) 
-2 2 

nearest point taken into account 1,0·10 Am 

This calculation also yields the intercept with the vertical axis , z0 
i.e the position of the virtual dipole , and the correlationcoefficient r: 

nearest point not 
taken into account z0=26 mm r=0,99 

nearest point ( 6-8) 

taken into account z0=24 mm r=0,99 

As the glass wall is at approximately 27 mm , we see the virtual 

dipole lies close to this wall. 
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Appendix A 

In this appendix we will derive equation (4-11) in an alternative 
way. In contrast to the calculation presented in chapter 4 we will 
not neglect the tensor character of the resistivity from the beginning, 
but will incorporate it in the derivation to follow. Then in the end 

we will neglect the tensorcharacter and find equation (4-11). In chapter 

4 we first combined the electron momenturn equation with Maxwell 1 S equation 

vx~=Q and then substituted the near axis expansions {4-9).Here we will 
first substitute the near axis expansions in the electron momenturn 
equation and then derive equation (4-11) by using Maxwell 1 S law. So 
principally the derivations in this appendix and in chapter 4 are equi
valent and only the sequence of the steps taken differs. Therefore the 
analysis given here will be very concise and we will frequently refer 
to chapter 2 and 4. 

Consider equation (4-3). We will not neglect the tensor character of 
the resistivity. We will neglect however the spatial dependenee of TV! • 
Substitution of the expressions (2-17) for the components of~ and ê 
in (4-3) yields 

1 -2nrry; (y-1) S<D B + Jlo y~ J. ( V<D J. • V<Dê - <DJ. S <Dê ) } 
en-= { ]1 

e V<D. xv<D 8 )~ 0 (a-1) 
J. -

If we substitute the Taylor expansions (4-9) in equation (a-1) and 
look close to the axis we find 

1 
ene 

(r +0) 1 -nry; (y-1) 

:> r Jlo (a -2) 

If we assume that the plasma has a finite non-zero density on the axis 
we must conclude 

(a -3) 

Higher order terms in the expansions then give 

( r +0 ) 
;> 

d 2 
2 Q,j, ~+) Jlo Y 2 2 

az 2~B + '-"~'B +- ( ~J..) } +fr(r) 
~2 

B 
( a-4) 
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The scalar y can also be expanded and we find close to the axis 

( a-5) 

Here Yo is the value of Y on the axis. As the calculation given here 
is valid only whenB (r=O) FO,also YoFO. Substitution of the expansions z 
for ~. , ~Band Yin the electron momenturn equation (4-2)~gives , in 
combi*ation with expression (a-5) , the electric field components : 

n r [( Y 0 
-
1 ) d 2 2 

-1 a Y1 -uo ( az 2cfls+&p(3)+.voYo(cflj) lcfls 1 - arPe+- - - - {-cp 2 ( 
en 2n ,j,2d ,j,2 _ ,j,2~ ,j,2 llo !? 

e ~êcrz~j ~jdz~ê 

d .l d 2 ( 2 ) cp~ ] 
+(yo-1) dzcpl -yo -;;;a-zcflê + 9' r 

B 

and 

(r ~o) ..:!._ a 11 ( 2 h-2 h -7 ~ p + -4 4cp . + 2h r ~ . 
dZ e TI J J ene 

2 +r 

{ 1 d 2d 2 
+y o. cp 2ctz~ Jëfz<P B 

B - -

+ 2(h+1 )rh-1 cp. h+1 
J 

(a -6) 

( a-7) 

In the expression for E
2

,h is the order of the term in the expansion 
for ~. following the quadratic one. 

J 

~. 

i' 

Consider the radial component of the electric field (a-6). The ex
pression in square brackets is a function of z alone. We will call this 
function fr(z). Integration of (a-6) then yields an expression for the · 
potential x, valid close to the axis 



d 
dz 

A-3 

x 

2 (r -+0) kT n;; r 
----+) - ~ln(n ) + -- f (z) + Z(z) + (J"(r3) 

e e 41T r 
(a-8) 

Here Z(z) is a function of z alone. The axial component of the electric 
field is linked to the potential function x by 

2 
a rwr d d 3 
"z x = -:r f (z) + -:r Z(z) + Er(r ) 
o 4 'Ir UZ r UZ 

(a-9) 

Comparison of equation (a-9) with equation (a-7) then leads to the 
following conclusions 

1) As na linear term occurs in equation (a-9) we must conclude 

~~(z) = 0 
J 

2) The function Z(z) must satisfy 

d Tlj' ~~ 
. dzZ(z) = J = n;1 j

2
(r=O) 

1T 

3) Comparison of the quadratic terms gives 

~2 ~~ 
~ . J 

J( d
2 

2 OA-4) (d 2)2 
--; dz 2~ B+Uf' B - --;---2 ai B 
~ - - (~ ) -B B 

(a-10) 

(a-ll) 

= 

(a -12) 



A-4 

This equation is quite complex. Therefore we make a simplification 
in that we neglect the tensor character of the resistivity. In that 
case elementary calculation shows that equation (a-12) reduces to 

equation (4-11). 
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