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Summary 

Different models of the flow through a wind turbine have been 

studied. According to the existing literature the agreement between 

experimental results and the momenturn models of Glauert and de Vries is 

unsatisfactory. Therefore the vortex model of Greenberg has been con

sidered; working out this model for a wind rotor has appeared to be too 

laborieus. Further, the influence of a singularity at the edge of an 

actuator disk has been discussed. A force field model starting from a 

surface covered with pressure dipales appears to be more suitable. 

This model has been applied to a purely two-dimensional actuator strip 

problem and an axisymmetric actuator disk problem. The linear part of 

the actuator strip problem has been worked out numerically; the linear 

part of the model leads to an over-estimation of the drag- and the power 

coefficient, especially for high loadings. 
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1. Introduetion 

The wind energy group of the Eindhoven University of Technology 

makes researches into the application of wind energy, especially 

for developing countries. Further the group is engaged in university 

research; the work that underlies this report is a part of this 

research. 

The maximization of the power output of a wind turbine is one of 

the questions in which the wind energy group is engaged; it is a very 

important problem in the design of a wind turbine. The power output is 

usually given in terms of a power output coefficient: 

This coefficient is the ratio between the power output of the wind 

turbine and the power of the undisturbed flow through a circular disk 

with radius R in a plane perpendicular to the flow. The maximization of 

the cp of a wind turbine is a problem which can only be solved after 

obtaining a profound insight into the flow through the wind turbine. 

Severalflowmodels have been made to obtain this insight and to estimate 

the maximum possible power coefficient. In thls report only propeller 

type horizontal-axis wind turbines are consid~,red. Almast all flow models 

for these make use of momenturn theories. The most important models of 

this category are the models of Lanchester-Betz, Glauert and de Vries. 

The Lanchester-Betz model makes use of a purely axial momenturn theory; 

its result is the so-called Lanchester-Betz limit: the Cp can not exceed 

the value 16/27. For the derivation of this limit see ref. [1) and (1aJ. 

The limit has been based upon the Rankine-Froude theorem; according to 

this theorem the induced axial velocity in the far wake is twice the 

induced axial velocity at the rotor. 

The theory of Glauert (2J tries to incorporate the wake rotation; 

in this theory a number of unproven assumptions is made. According to 

Glauert the tangential veloeities in the wake represent a eertaio amount 

of kinetic energy; this results into a decrease of the maximum Cp. 

The model of Glauert is discussed further in chapter 2. 

The model of de Vries (31 doesnotmake use of a number of assump

tions made by Glauert; these are discussed in the next chapter. 
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This model results into higher values of the Cp than the Glauert 

model; the Cp can exceed the Lanchester-Betz limit at low tip speed 

ratios. 

Jansen and Smulders t4J drew up a rotor design theory based upon 

the theory of Glauert. However, results of experiments showed this 

theory not to meet the requirements, particularly not at low tip speed 

ratios: according to the experiments the Cp can exceed the theoretical 

optima. 

After that Reijnen (SJ made up a new theory based upon the theory of 

de Vries C3). But experiments indicated that rotors designed according 

to the theory of Reijnen achieved worse than the rotors made according to 

the theory of Jansen and SmuLders. 

Therefore two other types of flow models have been studied: vortex 

models and pressure dipale models. The model of Greenberg (6,7] is a 

vortex model which starts from a so-called actuator disk with an axisym

metric distribution of bound vorticity. This actuator disk generates an 

axisymmetric distribution of trailing vorticity in the wake. Because the 

exact shape of the wake is nat known before, it is very difficult to 

calculate the induced velocities. Even in the case of uniform circula

tion distribution one needs a very complicated iteration technique 

to calculate the shape and strength of the trailing vortex sheet. 

The model of Greenberg is discussed in chapter 3. 

Because the model of Greenberg appeared toa laborious and compli

cated the flow problem has been tackled in a different way. In the force 

field model of Madsen [8,9] an actuator surface with a distribution of 

pressure dipales represents a wind turbine. This model makes use of a 

set of Euler equations and the equation of continuity. The nonlinear 

terms in the Euler equations are treated as second order farces. In the 

first instanee these terms are omitted and the remaining linear problem 

is solved. After that the complete problem is solved by an iteration 

technique; this is much simpler than the iteration in the Greenberg model. 

The model of Madsen, which has been worked out for a vertical-axis wind 

turbine, has been adapted and applied to the power output optimization of 

a horizontal-axis wind turbine. 

Up to now only the linear part of a so-called actuator strip problem 

has been worked out; this problem is purely two-dimensional. It appears 

that a linear model over-estimates the values of the drag- and the power 

coefficient. Further no wake expansion occurs. In a Cp - CD,ax diagram 
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the difference between the Lanchester-Betz model and the linear part of 

the force field model is very small up to CD,ax ~ 0.5. 

This report has been divided as follows: 

In chapter 2 the momenturn theories of Lanchester-Betz, Glauert and de Vries 

are discussed. The third chapter treats vortex theories, especially the 

theory of Greenberg. After that the influence of singularities at the 

edge of an actuator disk is discussed. 

In chapter 4 the force field model is developed and applied to a purely 

two-dimensional actuator strip problem and an axisymmetric actuator disk 

problem. Further the effects of wake rotation and viscous forces are 

discussed. 

ChapterSconsists of a presentation of the obtained numerical results and 

a discussion of these results. 

Finally, in the sixth chapter conclusions are drawn and a few recommen

dations are given. 
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2. Momenturn models 

2.1. The Lanchester-Betz model 

The flow models making use of momenturn theories, shortly called 

momenturn models, are discussed in this chapter. The oldest is the 

Lanchester-Betz model. The conclusion of this model is a maximum value 

of 16/27 for the Cp. This is the optimum between two extremes: 

1. a large air flow through the rotor disk from which only a small 

amount of energy is extracted 

2. a small air flow through the rotor disk from which a large 

amount of energy is extracted. 

According to the Lanchester-Be~z model the following formula can be 

derived: 

Maximization of this formula yields: Cp = 16/27 for ~o = ~· 

The derivation is given in ref. [SJ, appendix 1, in [IJ and in [la]. 

(1) 

Because the Lanchester-Betz model is a one-dimensional model no 

conclusions can be drawn about the influence of the tip speed ratio of 

the rotor and other parameters. Because of this one-dimensionality no 

rotor design theory can be drawn up. For drawing up a rotor design theory 

one neects a more extended flow model which takes into account the tangen

tial veloeities and the tip speed ratio of the rotor. One of these models 

has been developed by Glauert. 

2.2. The Glauert model 

Glauert [2] drew up a flow model starting from the following points: 

1. The rotor is approximated by a rotating, energy-absorbing disk 

through which air can pass. 

2. This disk is put into an air flow which has a purely axial 

directed velocity outside the influence of the disk. 

3. Because the disk extracts energy from the air flow the velocity 

of this flow decreases; because of the conservation of mass the 

streamtube enclosing the disk expands. 
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4. The rotating disk absorbs energy by a torque exercised on it. 

As a reaction the disk exercises an opposite torque on the air 

flow. Therefore tangential veloeities arise in the air flow; 

these veloeities have a direction opposite to the tangential 

velocity of the disk. 

When symmetry of rotatien is supposed the points described above can be 

summarised in figure 1. 

I 

'\.1.( ) 
I 
11.\_.('1:.-} __,
I 

1T -

Figure 1. Model for a rotor disk put into an axial air flow. 

The meaning of the symbols in figure 1 is given in the list of symbols. 

Glauert has made a number of assumptions in his model; the most 

important are the following: 

• 

1. u(r) = t (Vo + u...,(r.,. )); rand r_ refer to the same annular 

streamtube. 

This assumption results from the purely axial Rankine-Froude 

theory. 

2. The tangential veloeities at the rotor disk are half as large 

as the tangential veloeities just behind the disk. 

3. As boundary conditions for the pressure are used: 

p(R) = p'(R) = P-CR-) =Po· 

4. The pressure in the far wake is equal to the pressure outside 

the wake; centrifugal forces in the wake are not taken into 

account. 

5. Different annular streamtubes do not influence each other; 

this means that the momenturn equation may be used in its diffe

rential form. Goorjian has proven [12J that this differential 

momenturn equation is invalid • 
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On account of these assumptions Glauert (2] derives the following rela

tions between Àr and the induction factors a and a': 

( 1 - a) ( 1 - 2a) = a ' ( 1 + 2a ' ) À ; (2) 

a' = (1 - 3a)/(4a- 1) (3) 

For the Cp the following formula has been derived: 

Cp = +- / (1- a(r)) a'(r) À; dÀr 
0 

(4) 

A derivation of the equations (2), (3) and (4) is also given by Reijnen 

(SJ. These equations yield the relation between Àopt and CP,max given 

in figure 2. 

o.o~o~----~r-----~r-------6~------r-------r--------------------2. l.f 10 ----; À.~ 

Figure 2. Relation between Cp,max and jlopt according to Glauert. 

Reijnen tested the rotor design theory based upon Glauert's theory 

experimentally. Ris experiments resulted in power outputs of non-optimal 

rotors which approximated the theoretical limits for ideal rotors. 

These results led to the conclusion that optimal rotors can exceed the 

power output limit according to Rotor Design ([SJ p. 40). The conclusion 

can be drawn that the theory according to Rotor Design can be improved. 

An alternative flow model has been presented by de Vries (3]. 

This model is dealt with in the next paragraph. 
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2.3. The model of de Vries 

De Vries (3] made up a flow model which resembles the Glauert model 

but does notmake some of Glauert's assumptions. The following assumptions 

are not made by de Vries: 

a) u(r) =! (Vo + u00 (r..,.)) 

b) p_(r_) = Po 

c) There is no wake expansion with respect to the tangential veloci

ties. 

d) The axial momenturn equation may be used in its differential 

farm. 

The assumptions made by de Vries are: 

1) The circulation is constant in each elemental annular streamtube 

indicated in figure 3; this constant is the same for all elemen

tal annular streamtubes in the wake: 

cv(r).r 2 = cv-(r..,.).r:...,. =constant across the wake. 

2) The axial and radial veloeities are constant through the actuator 

disk. This implies in combination with assumption 1) that u = con

stant across the actuator disk. 

Figure 3. Annular streamtube within total streamtube. 

De Vries [3] derived formulae for the axial velocity at the rotor 

disk, the circulation in the wake and the power output from the rotor; 

these formulae are given below. 
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First the formulae are non-dimensionalized using the basic quanti

ties p, V0 and R. This yields: 

u = ! (S) 

IA- CA-
(6) 

= u 
2 

(1 - u .. ) 
2 

Cp (u - u.,o) (7) 

With these formulae the Cp can be maximized at a given À = ~opt: 
- at a given À = À opt there is one value of u at each value of u_. 

- at each combination of u and u_ the Cp can be calculated by 

using formula (7) 

- the Cp can be maximized by consiclering all possible combinations 

of u and u_ 

- formula (6) yields the values of a' (r) at each combination of 

u. u.., and À opt. 

The results for the CP,max as a function of Áopt are given in figure 4: 

r~ 
I. 

o.B 

ó.6 

0.'1 

0.2. 

o.o 
0 2 1.4 10 

Figure 4. CP,max as a function of Àopt according to de Vries. 

Reijnen (SJ has tested de Vries' theory by camparing it with experi

mental results. He has conclpded that the agreement between theory and 

experiment is quite unsatisfactory; see ref. {SJ pp. 37-40. 
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Because of the disagreement between theory and experiment Reijnen indi

cates a number of critical points in the theory ([5) pp. 41-49). 

Same of these points will be commented in the next chapter. 

But first a revised model of de Vries is discussed; this model has 

been published very recently (see ref. (11]). 

2.4. A revised model of de Vries 

De Vries has drawn up a revised model, which is very similar to the 

old model. There is one very important difference: the revised model does 

start from the assumption that u(r) =-! (Vo + u..,(r-)). 

In this model all quantities are non-dimensionalized. 

F h h bb . . A À r rotor . d A . f h urt er t e a reVJ.at1.on = rr 1.s use ; 1.s a measure o t e 

loading intensity of the actuator disk and of the axial drag coefficient 

when the wake rotation is negligible. The following formulae can be 

derived for a uniform rotor circulation: 

u 
A 

= 1- A- (2À (8) 

Combining the law of continuity and the assumption that u = -! (Vo + u_.) 

yields: 

(RR )2 _ -
u_ 

u 

It appears from the equations (8) and (9) that a uniform circulation 

distribution results in constant veloeities u and u.o. 

The quantity A can be solved from the equations (8) and (9). 

This yields (in dimensionless quantities): 

A = 2.À 
2 u 

U..,o 

It follows that for ). ~ QD: 

1 
1)} 2) 

(9) 

(10) 

(11) 
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The power output coefficient is given by: 

Cp = A u ( 12) 

It appears that Aopt~ 8/9 and (Cp)opt---+ 16/27 for À ---:l'ooO. 

For lower values of ~ the values of Aopt and (Cp)opt decrease; a compa

rison between the results of Glauert and the results of the revised model 

of de Vries is given in figure 4a. 

o.'-1 

0.2 

/J.D 

Je Vries 

~Giaued. 
I 

I 

I 

I 

0 '2. 6 8 10 ~À~ 

Figure 4a. Comparison between the model of Glauert and the revised 

model of de Vries. 

The only important difference between the model of Glauert and the 

revised model of de Vries is in fact that de Vries takes into account the 

decrease of the wake pressure as a result of centrifugal forces. 

The conclusion can be drawn that differences in the assumptions that 

have been made can have a substantial influence on the Cp, especially for 

low values of X . 
It should be noted that the limit (Cp)opt -o,s for Àopt ~o has 

no practical value because of two reasons: 

l) According to de Vries A ___..1.0 when u...., -o, also at low values of 

Àopt• But A= 1.0 means that r rotor---=- when Àopt -----.0, which is 

physically impossible. A finite value of r rotor requires that A --.,.0 

when Î\.opt -o; this implies that (Cp )opt ~0 because u always re

mains finite. 
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2) The wake becomes turbulent if u_.~o; the theory of de Vries is 

invalid for a turbulent wake. 

Finally, it should be noted that the revised model of de Vries can not 

be tested because no experimental results are available. 

The conclusion can be drawn that the existing momenturn roodels do 

not give satisfactory results. Therefore two other types of flow roodels 

have been studied: vortex roodels and force field models. These will be 

treated in the next two chapters. First the question is discussed why 

the momenturn roodels are unsatisfactory and why the assumptions have been 

made. 

2.5. Discussion of the momenturn roodels and the assumptions made in these 

roodels 

Up to now the question has not been discussed why the momenturn 

roodels are so unsatisfactory. The underlying problems are of bath mathe

matica! and physical character. 

Mathematically, there are more variables than equations. 

Therefore it is necessary to make a number of assumptions reducing the 

number of variables. Further, assumptions must be made to simplify the 

equations making it possible to solve them analytically. 

Physically, the influence of wake expansion and wake rotation on 

the pressure field is not understood. This influence should be under-

stood to calculate the mutual interference of two different elemental 

annular streamtubes; an exact knowledge of this interference should produce 

an extra equation. 

In section 4.3. a start is made to obtain this knowledge. 

The assumptions have been made because of the problems just mentioned. 

Assuming that the axial momenturn equation may be used in its differential 

farm has been proven to be wrong (Goorjian (12]). Goorjian refers to the 

general momenturn theory of the accelerating actuator disk (Glauert [13]). 

In this theory Glauert takes into account the centrifugal farces in the 

wake and he does not assume that u=! (V 0 + uoO). If this theory is 

applied to a decelerating actuator disk with a uniform circulation dis

tribution it produces the same equations as de Vries' theory (3). 
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However, there is one very important difference between both theories: 

de Vries does not make use of the axial momenturn equation in its differen

tial form. He writes this equation in the integral form. But he only works 

out his theory for an actuator disk with a uniform circulation distribu

tion. Further he assumes that the axial and radial veloeities are con

stant through the actuator disk. Werking out de Vries' theory in general 

appears to be too difficult. 

Glauert has developed a different theory of wind rotors (2) because 

he has used it in combination with a blade element theory; it has appeared 

to be simpler to use this different theory. 

The Rankine-Froude theerem (u = t (Vo + u_.)) has also been derived 

for a flow without wake rotatien but with u = u(r) and u_.= uo-(r_.). 

However, this derivation makes also use of the axial momenturn equation in 

its differential form. 

The conclusion can be drawn that the mutual interterenee of two dif

ferent elemental annular streamtubes may only be neglected if the wake 

expansion is very small (lightly loaded actuator disk). Only in that case 

the Rankine-Froude theerem may be applied. 

Finally, it should be noted that the high lift leads that should 

occur at low tip speed ratios (À~O) can not be sustained by real rotor 

blades; À ---+0 implies that Cp ~o because of this physical restric

tion. 
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3. Vortex considerations and vortex models 

3 .1. Vortex considerations; comments on Reijnen' s recommendations 

Flow models making use of a system of bound and trailing vortices 

are treated in this chapter. In this type of models the velocity field 

consists of two parts: 

1) An unlimited uniform flow. 

2) The velocity field induced by the system of bound and trailing var

tices generated by the wind turbine. 

The Biot-Savart law is used to calculate the veloeities induced by 

a system of vortices. This law can be written as follows for a line vor

tex with circulation r : 

r j c..i - ~)x s!ê. 
Yind = 4 rr ~~ -1J 3 (13) 

In (13) Cl-~) is the vector from a field point to the line element 

ds; r is positive when a screw turning in the direction of the cîrcula

tion moves into the direction of s!ê_. The integral has to be taken over 

the complete line vortex. 

According to Stokes' proposition the following applies: 

f y . s!ê. = r encl (14) 

In (14) the integral must be taken over a closed curve; r encl is 

the circulation enclosed by this curve. Formula (14) is convenient to cal

culate induced veloeities in axisymmetric problems: it has to be applied 

to a circle for which r and x are constant in the cylinder co-ordinates 

x, r, f . 

The vortex system of a wind turbine. 

Consider the vortex system of one turbine blade as indicated in 

figure 5. This system consists of a bound vortex at the blade, a hub 

vortex which is a straight line along the positive x-axis, a tip vortex 

which is a helix on the expanding streamtube and a vortex sheet which 

farms a deformed helical surface between the positive x-axis and the tip 

vortex. 
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Figure 5. The bound and trailing vortices of a turbine blade. 

If r(r) is the circulation of the bound vortex as a function of r, 

then the strengthof the hub vortex is equal to -r(o) and the tip vortex 

has a strength equal to r(R). The strengthof the vortex sheet just be-

hind the blade is 1 (r) = - ~;. This follows from the fact that a field 

of vorticity is always souree free. 

For calculating the power output of a wind turbine it is necessary 

to calculate the velocity field at the rotor. This problem is very com

plicated because the shape of the trailing vortices depends on the veloei

ties induced by the vortex system, that means the problem is strongly non

linear. (A trailing vortex is always aligned with the flow as it has to 

be free of Kutta farces.) 

The problem can be simplified in two ways. The first is as follows: 

take a rotor with B blades and blade circulation r(r). This rotor has a 

total circulation rrotor(r) = Br(r). Let the number of blades increase 

to infinity and the circulation per blade decrease to zero keeping the 

total circulation equal to rrotorCr). The result is an actuator disk 

covered with bound vorticity. 
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This bound vorticity forms a vortex sheet consisting of radial vortex 

lines. The strengthof this sheet is equal to rrotor (r)/2nr. 

The trailing vorticiy is now distributed over the complete wake. 

lts strength can be characterized by ~ = curl ~; just behind the disk 

the following applies: 

w (r) = x 
d rrotorCr) ...;;,.__.;;..d;,..r;;..;;..;;;__ I 2 n r 

Further the trailing vorticity is aligned with the flow in the wake. 

(15) 

The second simplification is an actuator disk with a uniform cir

culation distribution: rCr) is a constant. In this case is wxCr) = 0; 

the trailing vorticity consists of a hub vortex along the positive x-axis 

and a vortex sheet on the streamtube through the edge of the disk down

stream from the disk. The complete vortex system is illustrated in figure 

6. 

Figure 6. The vortex system of an actuator disk with uniform 

circulation distribution. 

The vortex system given in figure 6 can be decomposed into two 

parts. One part is a distribution of vortex rings on the edge of the 

wake; the other part consists of a distribution of vortex lines on the 

edge of the wake and in the planes f = constant of a cylinder coordinate 

system, the hub vortex and the bound vortex sheet at the disk. An illus

tration of this decomposition is given in figure 7. 
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Figure 7. Decomposition of the vortex system of an actuator disk 

with uniform circulation distributio~. 

Because each of the two parts of the vortex system forms a sub

system which is souree free these parts can be considered apart. 

The velocity field induced by each system can be calculated; the velocity 

field induced by the complete vortex system is the sum of these two 

fields. 

The velocity field induced by a vortex ring with radius R in the 

plane x = 5 is: 

= _[_ J (! -~) X .1ê. _ _c._ {e In R (R - r cos f ) d f 
.Yind(x) 4rr ring 1~-11 3 

- 4rr -x ((x-5) 2 +R 2 +r 2 -2Rrcosf) 372 + 

t rr R (x-~) cosfdf + e /" R (x-~) sinf df 1 
+ .fu- ((x- ~) 2 +R 2 +r 2 -2Rrcos f )3/2 -f ((x- 5 ) 2 +R 2 +r 2 -2Rrcos <f )312 

(16) 

In (11) is r = ï/ Y2 + z
21

; ~ = (x,r,o) in cylinder coordinates. 

From (16) it appears that the tangential component of the induced 

velocity is zero: it makes no difference whether the integral is taken 

from o to 211 or from - rr to 1T' ; the integrand of the last integral in 

(16) is an odd function of f . 
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After calculating the velocity field induced by the vortex system 

of figure 7b it appears in the same way that the radial and axial compo

nents are zero. The resulting integrals are given in appendix A. 

By using formula (14) it appears that the velocity induced by this vortex 

. rrotor subsystem is Cvx,vr,v~ ) = (o,o,o) outs1de the wake and Y. = (o,o 2 rrr ) 

inside the wake. At the rotor disk and at the edge of the wake the indu-

d 1 . ( rrotor) ce ve oc1ty is y_ = o,o 4 TTr • 

The conclusion can be drawn (see also appendix A) that the vorticity 

can be split into a meridional part inducing only tangential veloeities 

and a tangential part inducing only axial and radial velocities. 

It fellows from the character of theintegrals (appendix A) that this con

clusion is also valid for an expanding wake and for an actuator disk with 

a non-uniform circulation distribution. 

These results can be argued as fellows: because the vortex system 

of figure 7b is souree free the strength of the hub vortex is equal to 

rrotor; the total circulation of the trailing vortex tube is also equal 

to r rotor• but in the opposite sense. It fellows that r encl = r rotor 

for a circle in the plane x = ~ and with radius r when r < R( 5 ) and 

r encl = o when r ===" R( 5 ) . R( 5 ) is the radius of the trailing vortex 

tube. Because the velocity at a vortex sheet is the average of the veloei

ties on bath sides of the sheet the last result applies. 

The velocity field induced by the distribution of ring vertices is 

v = (vx,vr,o); the calculation of this field is very complicated since 

the shape of the trailing vortex tube is nat known; an argumentation 

making use of formula (14) is nat possible. The calculation of vx and vr 

has to be done numerically; Greenberg [6,7] has worked out a methad to 

solve this problem which will be treated in the next paragraph. 

Greenherg's salution also contains the shape of the trailing vortex tube 

and the density of the ring vortex distribution. 

Finally a few comments on Reijnen's recommendations are given in this 

paragraph. The recommendations to be commented are the items 1.3. and 2.1. 

((SJ pp. 41-47). 

In item 1.3. Reijnen introduces a factor f: he argues that 

rrotor 
= f.- at the rotor disk; this factor is relatèd to the rate of 4 TT'"r 

expansion of the wake. (Reijnen uses the notatien 2nw(r)r 2 for rrotor·) 
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He made probably a mistake by taking into account only the tip vortices; 

he had to consider also the hub vortex. Besides a tangential component of 

the induced velocity exists in front of the rotor disk; this is in con

tradietion with Thomson~Kelvin's theorem: according to this theorem the 

circulation of a ei rele in the plane x = s should be zero for ~ < o; 

this means that vf = o in front of the disk. 

In item 2.1. Reijnen postulates that the relative velocity field in 

front of the rotor should be used in Kutta-Joukowski's law. A different 

point of view is the following: the local relative velocity field must be 

used in Kutta-Joukowski's law: this means that only the veloeities indu

ced by the trailing vorticity should be taken into account because the 

velocity induced by the bound vorticity is zero at a rotor bláde. 

However, when a blade element theory is applied the streamline curvature 

of the induced velocity field must be taken into account. 

3.2. The model of Greenberg 

The first vortex model of the flow through a heavily loaded actuator 

disk has been developed by Wu [10). In his model the flow is described by 

a stream function and a tangential velocity component. A nonlinear inte

gral equation is obtained for the stream function; this has to be solved 

by successive approximation. A boundary value problem is formulated with 

a prescribed arbitrary radial distribution of circulation. Wu only indi

cated a way to solve the problem numerically; he did not present a numeri

cal solution. Greenberg was the first who presented a numerical salution 

[6,7J; he used a slightly different mathematica! equation. 

In the model of Greenberg the flow field is defined by a tangential 

velocity component vf 

defined by: 

V = r 
1 ~ 
r à x 

and a stream function V . The stream function is 

(17) 

(18) 
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Wu [10) has shown that 1p must satisfy the nonlinear partial differential 

equation: 

" 
2 1JJ _ 1 :l 1r1 + "~ 2 11.1 d ( rv ) 

" -?- ..!!.....L o ~ = - ( Jl r 2 + rvlll ) d 4 d r r ~ r ox 1 
(19) 

Because integral equations are more amenable to iterative salution than 

differential equations, equation (19) is converted to: 

(20) 

In (20) Q1(~) is a Legendre function of the secend kind and degree ~ 
2 

with argument: 

(21) 

The slipstream region is denoted by D . (The slipstream is the body of 

fluid which has already passed through the disk; the boundary of ~ is 

not known at the outset.) Equation (20) can be written in a way giving 

more physical insight: 

1jl (x,r) = V ~r' + ff G( ~ , f ;x,r)(.llr +vf ) d(~ ~f ) de d S (22) 

The function G(~.e ;x,r) is a Green's function; in physical terms it is 

the stream function induced at a field point x,r,' by a ring vertex of 

unit strength oriented as shown in figure 8. 

'~ 't fJ I I 

e 

:x: 

Figure 8. Ring vertex interpretation of Green's function. 
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In the case of uniform circulation distribution: 

= const - 2rr 
inside D 

(23) 
= 0 outside 'D 

equation (22) can be converted to (see [6,7)): 

V 2 r or 'P (x , r) = - 2- + G ( s , R ( ~ ) ; x , r) 1 ( 5 ) d 5 
0 

(24) 

In (24) is 1 ( s) the circulation per unit ~ -length of the ring vortex 

distribution as indicated in figure 7a; R( ~)is the radius of the wake 

boundary as a function of~ . An expression for 1 ( s) follows from the 

fact that the wake is force free as it moves downstream. A force free 

wake means that the vortex lines are aligned with the flow. This requires 

the edge of the wake, which is a vortex tube,. to be a streamtube; that is 

V R 2C:x> jtl'lfl 1p(x,R(x)) = +-- + G( s ,R( S);x,R(x)) I ( ~)d ~ = 
0 

const. 

= 1J' (O,R) (25) 

In (25) R(x) denotes the radius of the wake as a function of x. 

Further the pitch of the trailing vorticity must be just right, that is 

(in the case of a wind turbine): 

r /2 IT R(x) v'v~ + v; I 

'Is = -AR(x) + vf (26) 

In (26) ls is the circulation per unit s-length as indicated in figure 

7b. Since r s Vv~ + v;· = 1Vx and vf (R) = - r /4 TTR, it follows from 

(26) that: 

(27) 
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r 
d1f/ 
iJr (27) can be written as: Since vx 1 =-

{ 
1 /1!'/fP dG } !(x) Vo + R(x) h ( s,R( s);x,R(x)) rCs )d S = 

= 
- .nr 

21T' (28) 

The equations (25) and (28) are the governing equations of the complete 

problem. These equations can be made dimensionless by relating lengths 

to R, veloeities J 'I and )' s to V o, r to V oR and 1J' to V oR l; the dimen

sionless equations are: 

R ll", 01111 

11J(x,R(x))= 2 + J G (~,R( S );x,R(x)) j ( ~ )d S = ïp(0,1) 

)'(x) { 1 + R~x) r ~; ( 5 ,R( S) ;x,R(x)) 1 ( ~ )d S} = 

- ).r 
21T 3rr2R 2 

(x) 

.JlR In equation (30) À is the rotor tip speed ratio = v:-· 

(29) 

(30) 

The equations (29) and (30) have to be solved by iteration; the iteration 

scheme is given in (6) p. 94. It appears from t7J pp. 57-81 that the re

quired computer programme is rather long and complicated. Adapting the 

programme to the Burroughs B-7900 computer at the Eindhoven University 

of Technology seems te be very laborieus. 

A nonuniform circulation distribution is approximated by a piece

wise uniform circulation distribution. In this case the model is more com

plicated. Instead of one vertex tube at the wake boundary there is one 

vertex tube for each jump in the circulation; all vertex tubes contribute 

to the induced velocity field. This means that a summatien over all ver

tex tubes has to be carried out in the equations (29) and (30). 

The following equations apply for a piecewise uniform circulation dis

tribution: 
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The equations (31) and (32) have to be satisfied on each vortex tube 

r = Rk(x); Kis the number of vortex tubes. 

(31) 

Because of the complexity of the iteration procedure and the com

puter programme there has been searched for a less complex model; such 

a model is the pressure field model which will be treated in chapter 4.1. 

An important aspect of the model of Greenberg and of various other 

models has nat been discussed so far, namely the singularity which occurs 

at the edge of the actuator disk. This singularity will be treated in the 

next paragraph. 

3.3. The edge singularity of a heavily loaded actuator disk; 

the Sparenberg spiral 

A problem that has nat been discussed so far is the flow singulari

ty at the edge of an actuator disk. This singularity depends on the 

laadfarm of the actuator disk. 

According to Greenberg the edge singularity consists of a square 

root singularity in the ring vortex density: ~ (x) is proportional to 
1 . 

x-2 in the limit for x--JO. In the case of a piecewise constant circula-

tion distribution all vortex tubes have a square root singularity in the 

ring vortex density. The strength of the singularities depends on the 

jump of the disk circulation at a vortex tube and on the tip speed ratio 

f h d . k (f 11 h d · Vo 1 ) o t e 1s or a prope er on t e a vance rat1o JlR = ~ . 

Greenberg neglects the singularities of the inner vortex tubes. 

The kind of singularity is dictated by the kernel ~~in equation (30): 

S ~ = 0 ( s - x)-1 for ~~x; the integral in (30) must converge for 

each value of x greater than or equal to zero. 
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The flow turns sharply around the "lip" of the slipstream. This beha

viour is the same as the behaviour of the flow around a half-infinite 

flat plate. For the latter the following applies: 

Q.t. - u - iv = tA; -t 
d 3 - (A = real) (33) 

In (33) f is the complex velocity potential and ; = S + l1) ; u and v 

are the velocity components in the ~ - resp. ~ -direction. It follows 
l 1 

that::!... ( ~ ,o-) = -tA ~-2 and v ( ~ ,o+) = tA 5-2; this yields: 

(34) 

It appears from (34) that a square root singularity in 1 ( 5) is charac

teristic for the flow around a half-infinite flat plate. 

A completely different kind of flow singularity at the edge of an 

actuator surface has been derived by Sparenberg [14,15). He only considers 

actuator surfaces with constant normal laad. Sparenberg starts fr-om the 

fact that two force fields which differ by a vector field that is the 

gradient of a scalar function ~ (x,y,z) induce the same velocity field 

while their pressure fields:' differ by 11 (x,y,z) itself. 

Only at the edge of an actuator surface having a constant normal 
L: 

load the force field is rotational. This problem can be dealt with by 

adding another actuator surface having the same edge and a normal load 

in the opposite direction. This results into a cancelling of the rotation 

of the force field at the edge of both surfaces. This means that the 

difference of two actuator surfaces having the same edge and the same 

constant normal load is formed by an irrotational force field. If V12 is 

the volume in between two actuator surfaces s1 and s2 having the same 

constant normal laad F~ and the same edge, it follows: 

P2 (x,y,z) = P1 (x,y,z) (x,y,z) (35) 

P2 (x,y,z) = P1 (x,y,z) - F~ (x,y,z) é (36) 

s1 and s2 induce the same velocity field. From the fore-going it appears 

that only the edge of an actuator surface with constant normal load is of 

importance for the induced velocity field. 



- 29 -

In the following an actuator half-plane is considered in a fluid 

without incoming velocity. This half-plane "coincides" with the (y,z)

plane for y ~0, its edge is the z-axis. The flow induced by the actuator 

half-plane with constant normal laad is the same as the flow induced by 

an actuator surface placed along the - still unknown - free vertex sheet 

shed by the edge of the actuator half-plane. Then we have the "free" 

vertex sheet with a normal laad F~ • Because the shape of this surface 

is nat important it has no direction on leaving the edge; this implies 

that the sheet could have a spiral behaviour. 

Sparenberg has derived the following equations in which a complex 

representation of the (x,y)-plane has been used: the shape of the vertex 

sheet is given by: 

2 = eCl+i)8 
' 

-et~~~~~<8<tJIO, (37) 

The strength of the vertex sheet has the constant value: 

(38) 

It appears further that the absolute value \~1 of the velocity is uni

formly bounded in the whole plane. The character of the singularity can 

be destroyed rather easily because of the boundedness of the veloeities 

at it. 

Sparenberg has assumed that sufficiently close to the edge of an 

actuator disk of finite dimensions the spiraling behaviour of the vertex 

sheet dominates. However, this assumption is nat toa convincing because 

the spiral can be destroyed easily. Sparenberg postulates that it is dif

ficult to find another rational behaviour. For instanee a square root 

singularity would imply a concentrated suction force at the edge of the 

disk; this is nat in agreement with the prescribed constant normal laad. 

However, the question can be put whether a prescribed constant normal 

laad is physically realistic. Perhaps the aforementioned disagreement 

should be put the ether way round: there are always concentrated suction 

farces at the edge of an actuator disk and the spiraling behaviour of 

the vertex sheet does nat exist. 
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The conclusion can be drawn that the real character of the edge 

singularity of an actuator disk is still unknown. It is important to 

investigate the edge singularity because it can influence the power 

output and the momenturn balance of an actuator disk. For instance, the 

existence of concentrated suction forces at the edge of the disk leads 

to an extra term in the momenturn equation. For optimizing the power out

put of an actuator disk it is necessary to know the relation between the 

edge singularity and the load distribution near the edge of the disk. 
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4. Models starting from an external force field 

It has appeared in the previous chapter that the model of Greenberg 

is rather complicated and working out this model is very laborieus. 

Therefore a different type of flow models has been studied: models that 

start from an external force field. These models belang to the dynamic 

models, just like the momenturn models. Opposite to the dynamic models 

there are the kinematic models; the model of Greenberg belengs to the 

latter type. 

A non-viseaus incompressible and stationary flow is considered in 

this chapter. The stationary Euler equations apply for this flow: 

e:t...· Vy_=- IJP+i (39) 

Equation (39) can be written in two or three dimensions; i is the external 

force field acting on the fluid; i is a function of the space coordinates. 

The force field .f can be concentrated in a surface, which is called an 

actuator surface. This actuator surface represents for instanee the farces 

acted on the fluid by the blades of a wind rotor; the path of the rotor 

blades defines the shape of the actuator surface. Two different cases are 

considered: the actuator strip and the actuator disk. The farmer is the 

part of the (y,z)-plane for which lyl ~R; the latter is the part of the 

(y,z)-plane for which y2 + z 2 < R2
• 

The actuator disk is treated in paragraph 4.2. and the actuator strip in 

the next paragraph. 

4.1. The actuator strip covered with pressure dipales 

In this sectien a two-dimensional flow problem is treated because of 

its relative simplicity. Consider the following two-dimensional analogon 

of a wind rotor: an infinite series of wings rnaving in the z-direction 

and with their span in y-direction; the wings are equidistant. A survey 

of this structure is given in figure 9. The wings move with constant speed 

U; their span is equal to 2R. The undisturbed flow has a velocity V0 in 

x-direction; the ratio U;vo is the analogon of the tip speed ratio. 

The distance between two successive wings is d. 
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Figure 9. Two-dimensional analogon of a wind rotor. 

Consicter the following: U;vo~>l; this means that the relative flow 

direction experienced by the wings is almost parallel to the z-axis and 

the lift force is almost parallel to the x-axis. The lift force per unit 

of width is a function of y. The structure of wings is represented by 

the following force field if U;vo~~: at each wing there is a force per 

unit of width L (y) in the negative x-direction acting on the fluid. 

Now let the distance between two successive wings and the lift force at 

the wings decrease keeping the ratio L ( Y) I d constant. Wh en d and L. ( y) 

decrease to zero the result is an actuator strip with normal load 

Ap(y) = lày); Ap(y) is the pressure jump across the strip as a function 

of y. This actuator strip induces a purely two-dimensional flow: v2 ; 0; 

vx = vx (x,y) and vy- vy (x,y). The actuator strip represents a flow 

field given by the following equation: 

f (x,y,z) = _2. (x f;o or fyl >R) (40a) 

f (x,y,z) =- L\p(y) J (x) ~x (x = 0 and Jyl 'SR) (40b) 

In equation (40b) $(x) is the Dirac S-function. 

In the following all equations are non-dimensionalized, using the 

basic dimensions f , R and V o. 

R 
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The velocity vector components are written as: 

(41) 

In (41) wx and wy are the perturbation velocities. 

When fx and fy denote the components of the force field f, the Euler 

equations take the form: 

(42a) 

~ ~ ~ .h_ 
d X + Wx d X + Wy 'J y = - j3 y + fy (42b) 

The equation of continuity takes the form: 

(43) 

Using the induced or second order volume farces: 

(44a) 

(44b) 

the equations (42) are rewritten in the form: 

(45a) 

~.::.l_p_ 
d x = d y + fy + 8Y (45b) 

Now we differentiate the first equation of the system (45) with respect 

to x and the second with respect to y; the equation of continuity is 

differentiated with respect to x. Combining the resulting equations yields 

the following Poisson type equation: 
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"\2 "'2 "'fx "'~f .,g ~g .. 
d o d o ( a -E..::.:L) (-a_x Jl.:::..L) 
~ + J? = a;- + dy + ilx + éJy (46) 

Respecting the boundary condition p -..o for Vx 2 + y 21 ~"""' the salution 

can be written as: 

p(f) = 2~ jfd~ d"'\ 
fx(x- ~ ) + fï(y-'Wj) 

(x- ~ ) , + ( y-"' ) 2 
(47) 

p(g) = 2~ ffd"F,d"J 
gx(x- ~ ) + gï(y-"1) 

(x- ~ ) 2 + (y--,)2 (48) 

The integrals have to be performed throughout the region where the farces 

f and g are acting. 

The veloeities can be found by integrating the equations (45): 

(49a) 

Wy = -~ iy p(f) dx' + If y - J j p ( g) 
-~ y 

dx' + Igy = 

= wy(f) + wy(g) (49b) 

In (49) is: 

Ifx = I f dx' Ify = Jx fy dx' x -- -- (50) 

Igx = t gx dx' Igy = t 
-OI" 

gy dx' 

The equations (49) show that the final salution can be written as a 

sum of two parts. One part is a function of the prescribed force field i 
and the other part is a function of the induced farces R· 

The linear salution 

As fx and fy are acting on the surface of the actuator strip only, 

which is the case for the force field given by equation (40), the equation 

(47) can be considered as a salution to the linear Laplace equation. 
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The salution can be worked out to be: 

P(f) 
__ 1 j 1 x A p( "J )d "l 

- 21r -1 x, + (y- "l), (S1) 

The induced velocity field can be worked out to be: 

wx( Ap(y)) 1 j 1 xAQ{"'l2d~ ~ = =--Wx 2Tr -1 x' = (y- "t)" only in the wake 
(S2) 

wy( Ap(y)) 
1 /1 {y- ~ 2 dp{ !I 2d !I Wy = = 2 rr x"+ (y-"J), -1 

(S3) 

The term (- óp(y)) has to be added only in the region x ~o and IYI ~ 1. 

The non-linear salution 

The non-linear salution is obtained through an iteration technique 

following the scheme: 

(S4a) 

wn = w (f) - Jfx _l_ p(gn-1)dx' + Igy-1 = wy(f) + wy(gn-1) 
Y Y -o- ay (S4b) 

where w~, wy is the result of the nth iteration. When equation (48) is 

differentiated with respect to y and integrated with respect to x it 

can be shown that ((3], appendix A): 

/
x + p(g)dx' = 211t Jfd S d'YI gx(y-"') - gy(x- S) 

-(10 tiY 'J ' (x-;),+ (y-1J)• + Igy (SS) 

Now the essential problem in the non-linear salution is to work out the 

integrals (48) and (55). An approximate salution is achieved by dividing 

the integration area into a number of rectangular elements. Within each 

element the functions 8x• gy are described by linear interpolation func

tions, determined from the four corner point values of gx and gy, respec

tively. 
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The integrals (48) and (SS) of these interpolation functions can be 

worked out analytically for such a rectangular element (see tBJ , p. 8 

and appendix B). A summatien across the total number of elements has to 

be carried out to find an approximate solution of the integrals (48) and 

(SS) for the complete area of integration. Finally the integration of 

Igx can be carried out numerically using the simple trapezoidal rule. 

It should be noted that the non-linear part of the solution wx(g), 

wy(g) is thus available in the nodal points only, whereas the linear 

part wx(f), wy(f) can be found in an arbitrary point. 

The induced forces gx, 8y depend upon the velocity and its spatia1 

derivatives. Different methods of differentiation can be used (see [3] , 

pp. 8-9). 

A computer programme has been made for the calculation of the linear 

part p(f), wx(f), wy(f). This programme calculates p(f), vx(f) and vy(f) 

fora number of points (xi, Yj); these points are the nodal points of a 

rectangular mesh. After this a stream function 1p(x,y) is calculated for 

these points; streamline diagrams based upon this stream function are 

drawn. The numerical results are treated in chapter S. The non-linear 

part of the actuator strip problem has not been worked out for the time 

being. 

A more realistic problem, which is related to the actuator strip 

problem, is the actuator disk problem. In this case the actuator disk is 

not covered with bound vorticity but with pressure dipoles. 

The problem is formulated in terms of a pressure jump across the actuator 

disk; this pressure jump is a result of a force field that is analogous 

to the force field described in this paragraph. 

The actuator disk problem is treated in the next section. 

4.2. The actuator disk covered with pressure dipoles 

In this section the force field model is applied to a force field 

that is concentrated in a circular disk; this disk is the part of the 

plane x = 0 for which r ~ R; the problem is expressed in the cylinder 

co-ordinates x,r,f . The force field can be split into three parts: an 

axial, a radial and a tangential part. The axial part is responsible for 

the deceleration of the flow, the radial part represents concentrator 

effects and the tangential part causes wake rotation. 
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The complete problem described in this sectien is axisymmetric, that is 

all variables are independent of f . 

The system of Euler equation becomes (~ = 0): 

(56a) 

(56b) 

(56c) 

This system can be written in the form: 

(57a) 

(57b) 

(57c) 

The terms 8x• gr and gf are the induced or secend order volume farces. 

They are defined in the same way as 8x• 8y in the previous section. 

The equation of continuity takes a different form because of the cylinder 

co-ordinates: 

(58) 

The Poisson type equation for the pressure becomes: 

(59) 
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The solution of (59) can be written as: 

(60) 

(61) 

The integrals have to be performed throughout the volume region where the 

forces i and Rare acting. 

The veloeities can be found by integrating the equations (57): 

wx = - p(f) + Ifx - p(g) + Igx (62a) 

Wr = - r g p(f) dx' + Ifr - /_x d p(g) dx' + Igr 
}

00 
ur _

00 
Tr (62b) 

(62c) 

The terms Ifx etc. have the same meaning as the similar terms in the 

equations (50): an integration from x' = -oo to x' =x keeping rand f 
constant. The final solution can be written as a sum of two terms: one 

being a function of i and the other being a function of R· 

The linear solution 

If the force field i is concentrated in the actuator disk, the 

equation (56) can be considered as a solution to the linear Laplace 

equation; the solution can be worked out to be: 

1 I !Q1T p(f) = 4 1T sds df 
-x A p + Fr(rcoscp -s) - Ff r sincp 

(x~ + r~ + s~ - 2rs cos r )3/2 
(63) 

In equation (63) the terms Fr and FT are surface forces!; dp is the 

pressure jump across the disk; Ap is positive for a decelerating actuator 

disk. The terms Ap, Fr and Ff describe the complete force field i: 
these terms can be a function of s. 
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The velocity components wx, wr and w' can be calculated by integrating 

the equations (S7) putting R = Q· This will be discussed in appendix B. 

The non-linear salution 

The non-linear salution is obtained through an iteration technique 

following a scheme similar to the iteration scheme of the actuator strip 

problem. 

However, it appears that deriving an equation similar to equation 

(SS) is rather difficult. This problem will be discussed in appendix B. 

After deriving an equation similar to (SS) the type of rectangular 

elements used for the actuator strip problem can be used to find an 

approximate salution to the actuator disk problem. The remarks on page 27 

apply also for the actuator disk problem. 

As we have seen an actuator disk can be considered in different ways. 

Two of them are the actuator disk in which a force field is concentrated 

and the actuator disk covered with bound vorticity. In fact it is the 

same problem that has been worked out in different ways. The resemblance 

between these ways will be treated in the next section. 

4.3. The relation between the force field model and the vortex model of 

Greenberg, the influence of wake rotatien and of viseaus effects 

The equations governing the force field model are the equation of 

continuity and the system of Euler equations. 

The Euler equations can be written as follows (in dimensionless quanti

ties): 

V • V .Y. = - t7P + f (64) 

Equation (64) can be reformulated as: 

V (~V 2 
) - V x ( V x y) = - up + f (6S) 

With H = p + ~v 2 and ~ = V x v this can be written as: 

'V H = .Y. x ~ + f ( 66) 
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Because f is Q outside the actuator disk the following applies there: 

V • ~ H = w t:1H = 0 (67) 

This means that the surfaces H = constant coincide with the axisymmetric 

streamtubes and vortex tubes. On basis of the last two equations Wu has 

derived ([10), pp. 134-135) equation (19), which is the governing equation 

of the vortex model of Greenberg. 

The influence of wake rotation 

The tangential part of the force field described in the previous 

section results in tangential veloeities in the wake, that is wake rota

tion. These tangential veloeities only influence the second order part 

of the pressure field. This influence is caused by the term wf /r in the 

second order force component gr; this term represents the centrifugal 

farces in the rotating wake. The tangential part of the force field it

self has no influence on the pressure field because Ff is independent 
-

of f , so the last part of the integrand in equation (63) is an odd func-

tion of f which makes this part of the integral equal to zero 

/

2 rr rr 
( = _; ) • 

It can be shown that an actuator disk with a uniform circulation 

distribution can be represented by a force field with a tangential compo

nent: 

<' 1 S 1 + wx(O,r,f) 
ff = Ff (o,r,f ). O(x) =; Ff (o,1,f ). (x) 1 + wx(o, 1,f) (68) 

It follows from equation (62c) that: 

dW<p 
( o, r, <p ) S (x') - wx iJ x (69) 
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Because ff = ~ = o for x< o this can be written as: 

o+ 
wr ( 0 +' r' f ) = ! ( ff + gf ) dx' = 

o+ =I {Fr (o,r,r)- Wx wf (o+,r,r)} Jcx')dx' (70) 

-9r-w w r wiP 
The terms wr and do not appear in (70) because they are con-

r 

tinuous functions of x. Equation (70) results in: 

A uniform circulation distribution implies that: 

1 
r 

It fellows from equation (71) that Ff (o,r,f) can be written as: 

(1 + wx) (o+,r, f) 
(1 + wx) (o+,1, f) 

(71) 

(72) 

(73) 

Equation (73) directly results into equation (68). The force field given 

by equation (68) corresponds to a disk circulation: 

2 Tr Ff (o,1,f) 

= 1 + wx ( 0' 1' f) 
In general the relation between r (r) and Ff (o,r, f) is: 

r (r) 
= 27Tr. Ff (o,r,cp) 

1 + wx ( o, r, f ) 

(74) 

(75) 

It appears that the axial part of the force field representing an 

actuator disk with circulation r ( r) does not only depend on r ( r) but 

also on the tip speed ratio of the disk; the dependenee of ,a p on A is 

an effect of the centrifugal forces in the wake, which are related to À • 
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It can be shown that the relation between 6 p, rand À is gi ven by: 

Àr(r) ~ 
a1 p ( r ) = 2 TT + 3 7T2 r 2 (76) 

Equation (76) is made plausible by the consideration given below. 

In dimensionless quantities the Kutta-Joukowski law can be written as 

fellows: 

Fuft = v • r . 1 (77) 

In (77) Flift is the lift force, r is the circulation of a bound vortex, 

v is the magnitude of the relative velocity perpendicular to the vortex 

and 1 is the length of the vortex. In the case of a vortex sheet equation 

( 77) yields: 

Fuft = v • '1 • A or 
Flift 

A = V • l (78) 

In equation (78) I is the circulation per unit of length of the vortex 

sheet and A is the area of the sheet. The direction of the lift force is 

perpendicular to the relative velocity and to the direction of the vortex 

lines. In the case of an actuator disk the f-component of the relative 

velocity is equal to lr +i (wf (o+,r) + wf (o-,r)); 1 has the value 

r(r). the vortex lines have a radial direction. It fellows that the 
2 rr r ' 

axial part of the lift force is given by: 

F {1 + } rcr) A = lip = v. '( = 1\. r + i ( wf ( o , r) + w f ( o-, r)) . 2 rr r (79) 

Because wf (o-,r) = o and wf (o+,r) = ~J~) this results in equation 

(76). 

The equations (75) and (76) give the relation between the vortex 

model and the force field model for an actuator disk representing a wind 

rotor without concentrator effects. 
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The term r;ff'~~ accounts ·for the influence of wake rotation on the pres

surejumpacross the disk. It appears that the pressure jump increases in 

the case of wake rotation; this means that the wake pressure decreases. 

The decrease of the wake pressure can be seen as a result of the centri

fugal farces in the wake. 

A force field which cannot satisfy the equations (75) and (76) is 

not a realistic representation of a wind rotor. The conclusion can be 

drawn that d p and Ff are not independent of each other. 

The special case in which Ff = o (no wake rotation) is represented 

by taking the limits: À~_,and r(r)~o. The product Àr(r) remains 

a bounded function of r. 

Viseaus effects 

The force field model treate~ in this chapter starts from a non

viseaus flow. In a real flow viseaus effects always play a role. 

These effects are important in the far wake and in regions with large 

velocity gradients. Large velocity gradients occur at the disk if-

F~ ~ o, at the edge of the disk, at the boundary of the wake and at 

the positive x-axis in the case of wake rotation. Viseaus farces can be 

incorporated in the model in the following way (see c3l' p. 12): 

~ .b-ax = - dy + fy + gy + 8y,viscous 

(80) 

where: 

l l 

1 d wx d wx 
8x,viscous =- ( a X 2 + 'Jyl ) Re 

l l 

1 d WY. + 
d WY. 

8y,viscous =- ( d xl (Jyl ) Re 

(81) 

and: Re = 
VgRf 

t' 
(82) 
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The effect of the viseaus farces would be a spreading of the vorti

city out into the flow. This spreading out has of course an influence on 

the induced veloeities wx, wy and on the power output coefficient of the 

actuator strip. 

In the case of an actuator disk the viseaus farces have the same 

type of effects; it is more complicated to work out these farces: the 

term V 2~ has to be expressed in cylinder co-ordinates. 
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5. Numerical results and discussion 

The linear part of the actuator strip problem has been worked out 

numerically. A computer programme has been made; this is treated in appen

dix C. The results to be shown are due to the following laadfarm of the 

actuator strip: 

Óp (y) =a+ b{1- IYim + 2 ~ sin (2n IYim)} (83) 

In equation (83) ap (y) is the decrease of the pressure across the strip 

as a function of y. The constants a and b are real constants; m is a posi

tive integer constant. This laadfarm has been chosen because it offers 

different possibilities. The first is a uniform loeadform (a j o, b = o) 

and the second is a laadfarm for which jy (äp(y)) is a continuous func

tion (a= 0, b jo). The second laadfarm approximates a uniform loadform 

if m-Otfl. 

A more convenient measure of the loading intensity rather than the 

constants a and b is the drag coefficient Cn,ax• which is defined ~s fel

lows (in dimensionless quantities!): 

Co,ax 
1 

= / tlp( '-J )d-Y) 
-1 

(84) 

The power coefficient of the actuator strip can be defined in the 

following way: 

rl 
Cp = _{ l1 p ( "1 ) • V x ( 0' 1'J ) d "J (85) 

Because the linear salution to the Euler equations is vx (o,,) = 

1 - tAp( "1 ) the Cp can be written as fellows: 

(86) 

The flow field, the drag coefficient and the power coefficient have 

been calculated for the following combinations of a, b and m: 
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Loadform a b m 

I 0.25 0 1 

II 0.5 o· 1 

III 1.2 0 1 

IV 0 0.5 1 

V 0 0.5 3 

VI 0 0.5 10 

VII 0 1.2 3 

Table 1. Different loadforms at which calculations have been 

performed. 

The loadforms I - III show the influence of the maximum load intensity 

on the flow field, the CD,ax and the Cp; the loadforms II and IV- VI 

show the influence of the value of m (loadform II also corresponds to 

a= 0, b = 0.5 and m = o0 ). Loadform VII shows the influence of a high 

value of ~Pmax for m = 3. 

The induced flow fieldsand wake profiles have also been calculated 

for the loadforms II an IV. 
Two different meshes have been used. Both meshes have the size 

x= [-3,9) and y = (0,41. The first mesh has 100 nodes and the second 

mesh 400. The values of the x- and y-co-ordinates of the nodes are given 

in appendix C. The first mesh has been used for the loadforms I - III 
and VI; the second mesh has been used for the other loadforms and for 

the calculation of the induced flow fieldsandwake profiles for the load

forms II and IV. 

The numerical results are presented as streamline diagrams. 

These diagrams have been made in the following way: first a stream func

tion 1p has been calculated for each nodal point of the mesh. This has 

been done by integrating a linear interpolation function for vx between 

two successive nodal points in the y-direction. The integral can be written 

as follows: 

lP(xi,yj) - 1Y(xi•Yj-1) = 

= ~Yj 
Yj-1 



- 47 -

Equation (87) is worked out te be: 

The value of the stream function lp can now be calculated for each nodal 

point (xi,yj). Because the problem is symmetrie about the x-axis this 

axis can be taken as the streamline 1p = 0. Further Y1 is chosen to be 

zero, so for each point (xi,y1) the value of the stream function is zero. 

Now a standard subroutine available at the Eindhoven University of 

Technology has been used; this subroutine uses a mesh of points (xi,yj) 

provided with a value of 1fCxi,yj) to calculate a number of points of a 

streamline ~ = constant; these points are connected by straight line 

pieces (see appendix C). 

Also the induced flow fields belonging to the laadfarms II and IV 

are presented in the way described above. The wake velocity profiles be

longing to these laadfarms are presented as diagrams. Each diagram con

sistsof five functions ~,inJxk,y); xk has the values -3, -1, 1, 3, 9 

respectively. Each function vx(xk,y) consists of a number of points 

(jj,vx(xk,yj)); these points are connected by straight line pieces. 

The same values of Yj have been used as for the mesh of 400 points (xi,Yj). 

Each velocity profile has been provided with a different type of marks. 

The flow field diagrams are presented on the pages 52 - 58, the 

induced flow field diagrams on the pages 59 - 60 and the velocity 

profiles on page 61. The difference between the values of 1p of two 

successive streamlines is constant; this constant has been chosen to be 

0.125 for the total flow fields and 0.05 for the induced flow fields. 

The figures 11 - 13 show that the flow is decelerated only slightly 

at laadfarm I, moderately at laadfarm II and heavily at laadfarm III. 

The deceleration of the flow at laadfarm III is so strong that backflow 

occurs. Further it can be seen that at the half-line y = 1, x ~0 con

centrated vorticity occurs; this is indicated by a sharp kink in each 

streamline that crosses this half-line. The concentrated vorticity cor

responds to the cylindrical vortex sheet in a linear actuator disk model. 

The conclusion can be drawn that only the second order farces cause ex

pansion of the vortex sheets. Finally it can be seen that there is a 

stagnation point near the point (1.5, 0): a streamline branches off from 

the streamline y = 0 at this stagnation point. 
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The figures 12 and 14 - 16 show the influence of the loadforrn at 

the sarne maximurn loading APrnax = 0.5. At loadforrn IV the inner part of 

the wake is decelerated strenglier than the outer part. This effect also 

occurs at the loadforrns V and VI but there it is not so strong; this 

irnrnediately corresponds to the function Ap(y). It is clear that the 

difference between the flows at the loadforrns II and VI is very srnall; 

this rneans that rn = 10 is already a good approxirnation of a uniform 

loading (rn = ~). This is also indicated by the value of the drag coeffi

cient which is 0.927. 

Figure 17 shows that backflow occurs at loadforrn VII. This backflow 

is not so strong as the backflow at loadforrn III: at loadforrn III there 

is a strearnline ~ = -0.125; this strearnline is absent at loadforrn VII. 

The backflow is shown by the stagnation point near the point (1,0). 

The kinks in the strearnline 1f = 0 that branches off frorn the x-axis are 

a result of numerical inaccuracies. 

If the strearnlines outside the wake are considered as functions 

y = y(x) then the displacement y(o0) - y(-oo) of a strearnline is a rneasure 

of the drag coefficientCD,ax· This can be made clear as fellows: for 

x~-t:IO the value of "f is equal toy because vx(-co,y) = 1; for x----toO 

the following applies because vx(co ,y) = 1 for y ~ 1: 

1p(ocr,y) -1fl (oo,1) = y- 1 (y ~ 1) (89) 

Because vx(~.y) = 1 - ~p(y) for /yJ ~ 1 the displacement of a strearn

line can be written as: 

y(co) - y(--) = 1 - 1p(c:J0,1) = /
1 

Ap(y) dy = t CD,ax 
0 

(90) 

It should be noted that equation (90) only applies for the linear part 

of the force field model. 

The induced flow fields presented in the figures 18 and 19 show that 

the induced flows behave thernselves as souree flows in the region outside 

the wake. At loadforrn II the induced strearnlines show a sharp kink at 

the half-line y = 1; x~ 0. These kinks are a clear indication of the 

presence of concentrated vorticity at this half-line. The absence of kinks 

in the induced strearnlines at loadforrn IV indicates that in this case the 

vorticity is distributed across the wake. 
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This can be explained by the following formula for the vorticity in the 

far wake: 

(91) 

Equation (91) only applies for the linear part of the force field model. 

The figures 20 and 21 show the induced velocity profiles at the 

loadforms II and IV, respectively. It can be seen that the strongest 

deceleration of the flow takes place between x= -1 and x= 1, that is 

in the vicinity of the actuator strip. At x = 9 the deceleration of the 

flow has taken place almost completely. The loadform can be read directly 

from the induced velocity profil~ in the far wake, because there the in

duced velocity wx is equal to- Ap(y). The velocity profile at x= 9 is 

already a good approximation of the profile at x=~. In figure 20 the 

jump in the velocity profiles indicates the concentrated vorticiy; in 

figure 21 the slope of the profile at x = 9 is a measure for the vorticity 

in the far wake. 

Finally, the power coefficient ánd the drag coefficient have-been 

calculated for each loadform. At the same maximum value of dp(y) the 

drag coefficient for a uniform loading is twice as large as the drag coef

ficient for m = 1. The value of CD,ax rapidly increases when the value of 

m increases. 

It appears that the power coefficient is over-estimated in a linear 

model. This can be made clear by equation (86). At a uniform loading 

equation (86) is equal to: 

Cp = 2 d p( 1 - t A p) (92) 

This power coefficient has a maximum value 1.0 for Ap = 1.0; com

pared with the Lanchester-Betz limit this value appears to be rather high. 

Also the drag coefficient is over-estimated; the Co,ax has a value of 2.0 

in the linear model if vxc~.y) = 0 across the far wake; the maximum 

value of the CD,ax in the Betz model is equal to l.O. 

The over-estimation of the power coefficient and the drag coefficient 

is caused by linearizing the Bernoulli equation. 
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In dimensionless quantities the linearized Bernoulli equation can be 

written as fellows: 

The real Bernoulli equation is the following: 

1 2 H 
p + 2 1~1 = 0 

(93) 

(94) 

The equations (93) and (94) apply outside the wake; inside the wake 

the value of H0 decreases because of the power extraction by the actuator 

strip. If vx(~.y) = vy(oo,y) = 0 inside the wake then 4p = ~H = 1 

according to the linear equation and Ap = AH = 0.5 according to the 

real Bernoulli equation. 

The over-estimation of the Cp and the Cn,ax finds expression in 

figure 10, in which the Cp has been drawn as a function of the Cn,ax· 

This has been done for the Lanchester-Betz model, for the linear part of 

the force field model applied to an actuator strip with a uniform pressure 

dipole distribution and for the numerical results presented in this chap

ter. It appears that the Lanchester-Betz model and the linear part of the 

force fie~d model agree very well up to Cn,ax ~0.5. Further, figure 10 

indicates that the Cp is optimal at a given Cn,ax when the pressure dipale 

distribublon at the actuator strip is uniform. 
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Figure 10. The Cp as a function of the Cn,ax for different flow 

models. 
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6. Conclusions and recommendations 

It appears from experimental results that the rotor design theories 

drawn up according to the models of Glauert and de Vries are unsatisfac

tory. 

The mutual interterenee of two different elemental annular stream

tubes may only be neglected if the wake expansion is very small. 

Only in that case the Rankine-Froude theorem may be applied. 

Working out the vortex model of Greenberg numerically seems to be 

very laborious. 

The flow singularity at the edge of an actuator disk can have a con

siderable influence on the optimal power output; the presence of suction 

forces at the edge of the disk should beinvestigated especially because 

such forces influence the momenturn balance. 

The force field model has the advantage that it can be applied step

wise: firstly the linear part can be worked out, after that the non

linear part and viscous effects can be incorporated. 

The force field model can be extended to actuator disks with tangen

tial and/or radial loadings. 

The tangential forces at an actuator disk representing a wind rotor 

appear to be coupled to the axial forces. 

Difficulties arise at adapting the two-dimensional force field model 

to a three-dimensional axisymmetric problem; it is interesting to inves

tigate the differences between both problems. 

The way in which the second order volume forces lead to wake expan

sion should be investigated especially. 

The vorticity in the far wake as a function of y is equal to ~Y ap(y) 

in the linear part of the force field model. 

The induced flow belonging to a decelerating actuator strip or disk 

behaves itself outside the wake as a souree flow. 

The linear part of the force field model over-estimates the power 

coefficient and the drag coefficient of a decelerating actuator strip or 

disk. 
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Appendix A: The velocity field induced by the rneridional vortex systern 

sketched in figure 7b. 

The vortex systern presented in figure 7b consists of a hub vortex, 

a bound vortex sheet at the disk and an axisymrnetric trailing vortex sheet. 

The velocity induced by the hub vortex is given by the following in

tegral (all quantities are non-dirnensionalized): 

.Yind (~) = 

(Al) 

The velocity induced by the bound vortex sheet can be written as: 

.Yind (~) = ~x 
r /1 /2n r sin! dsd~ 

IJ rr l {xl l l 2rs cosfJ 3/2 + r + s 

+~ 
r /1 /2Tf -x sin! dsdf 
J rr' {x2 l l 2rs cos f1 3/2 + r + s 

+~ 
r /1 /rr X COSf dsd~ (A2) 11 lT 

2 
fxl + l l 

2rs cosr) 372 r + s 

The velocity induced by the trailing vortex sheet can be worked out 

to be: 

r 
+~ 3 "l 

In the equations (Al), (A2) and (A3) r is the rotor circulation; in 

equation (A3) R is the wake radius as a function of ~ . 

(A3) 
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It appears that the integrands of the axial and radial components of 

the induced velocity in (A2) and (A3) are odd functions of f . So the 

conclusion can be drawn that the velocity field induced by the complete 

vortex system is purely tangential. 
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Appendix B: Integration of the eguations (57) 

Integrating equation (57b) appears to involve difficulties. 

Those difficulties are caused by the term $; where p = p(f) + p(g); 

they are connected with the three-dimensional character of p(x,r,f ). 

If p is expressed in cartesian co-ordinates, then p(f) can be 

written as: 

(Bl) 

If the term -~ ~ dx' has to be calculated in a three-dimensional 

flow, the same kind of difficulties occurs; however, this does not happen 

in a two-dimensional problem. 

This fact is connected with the following: in a two-dimensional pro

blem the next two equations apply: 

~ {t-~ 2 L {x-\ 2 
Tx (x- ; ) + ( y- 1) ) 2 

= dy (x- 5 ) 2 + ( y- "! ) :z 
(B2) 

and: 

..L {x- S 2 = _d {t- ::!12 
dX (x- ~ ) :z + ( y- "l ) :z dY (x- ~ ) + ( y- 1J ) :z 

(B3) 

By applying the equations (B2) and (B3) it is relatively simple to cal-

culate the term ~x ~ p(f)dx'. Note that the singularity in the inte-
-- y . 

grand mustbetaken into account (see [JJ, appendix A). 

In a three-dimensional problem these equations become: 

(y_:'\) = 
+ (y-"))2 + (z-;),}3/2 

d 
= h {Cx- 5 ) 2 

{x- S 2 (B4) 
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and: 

(x-'\) -
+ (y-"'l)l + (z- S)lp/2-

d (y-"l) 
- ay {(x-s)l + (y-"l)l + (z-72l}3/2-

d 
- ~ z {Cx- ~) l (BS) 

(z- ; ) 

It is the last term in equation (BS) that causes the difficulties mentioned 

in the preceding: the term ~Y can not be written as the partial derivative 

with respect to x of a relatively simple expression. The same happens to 

the term Sr if p is expressed in cylinder co-ordinates. 

The following has still to be done: an expression for ~x~ dx 1 

-.o dr 

has to be found and the singularity in~ has to be taken into account. 

The latter can be done by dividing the integral ~x ~p dx 1 into 
-.o t~r 

J ~-' .Q.Q. dX I and JX ...112. dX I ; af ter that the limit f0r e---,) 0 iS 
-- Jr s+! ar 
taken. 
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Appendix C: Explanation of the computer programme 

The numerical results presented in chapter 5 have been obtained by 

running a computer programme named WEG/RK/STRIP. A listing of this pro

gramme is given on the pages 70 - 71. 

The programme starts with file declarations; after that two libra

ries are bound to the programme. One of these libraries is the NAG 

(Numerical Algorithms Group)-library; the other is the plotter-library 

which has been made by the computing-centre of the Eindhoven University 

of Technology. Both libraries and the programme itself have been written 

in FORTRAN. 

Next the programme reads a number of input data; these are given in 

the list of programme parameters on the pages 72- 73. 

The loop enclosing the lines 1160- 11~0 calculates the pressure 

field and the velocity components on a meshof field points (xi,yj); 

this happens according to the equations (51), (52) and (53). The function 

DOlAHF is a NAG-subprogramme that calculates the value of a defined in

tegral; the integrand may have singularities at the end of the integra

tion interval. 

Next the programme calculates the values of the drag coefficient and 

the power coefficient according to the equations (84) and (86). 

The function DOlBAF is a NAG-subprogramme calculating the value of a de

fined integral; the integrand may not have any singularities. The function 

DOlBAF makes use of an auxiliary subprogramme called DOlBAZ. 

Finally the subroutine STRLIN is called; this subroutine draws the 

streamline diagrams. Firstly this subroutine calculates a stream function 

~ on the meshof field points (xi,yj). 

After that a number of points of a contour ~ = constant is calcu

lated; these points are connected by straight line pieces, which results 

into one streamline. This procedure is repeated for a number of values 

of ~. The diagram is completed by drawing an x-axis, a y-axis and a 

lattice of dashed lines. In the subroutine STRLIN a number of subprogram

mes of the plotter-library is used. The function CONTRI calculates a 

number of points of a contour ïp = constant; the subroutine POLYGN con-· 

nects these points by straight line pieces and the subroutine SLP is 

used to conneet the first and the last point of a streamline by a straight 

line piece if this streamline is a closed streamline. 
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WEG/RK/STRIP 
DATE & TINE PRINTED: THURSDAY, APRIL 4, 1985 (~ 09:25:11. 

1000 FILE 1(KHID=DISK,TITLE='WEG/RK/DATA1' ,FILETYPE=7) 
1010 FILE 2(KIND=REMOTE) 
1020 BLOCK GLOBALS 
1030 $ INCLUDE "PLOTTER/FORTRAN/DECLARATION ON APPL" 
1040 END 
1050 S INCLUDE "PLOTTER/FORTRAN/ALLSURS ON APPL" 
1060 $ SET AUTOBIND 
1070 $ BIND = FROM NAGF/= ON APPL 
1080 EXTERNAL DELTAP, DP, DVY, DCP, DOlRAZ 
1090 COMMON PI,A,B,M,XC,YC,NX,NY,X(40),Y(40),VX(40,40),VY(40,40) 
1100 READ (1,1000) NX,NY 
1110 DI~ENSION PF(40,40) 
1120 READ (1,1001) A,B,M 
1130 READ (1,1002) (X(I),I=1,NX),(Y(I),I=1,NY) 
1140 PI=4.*ATAN(1.0) 
1150 IFAIL=O 
1160 DO 10 I=1,NX 
1170 DO 10 J=l,NY 
1180 XC=X(I) 
1190 YC=Y(J) 
1200 PF(I ,J)=D01AHF( -1., 1., 1. E-5 ,NPTS ,RELERR, DP, 1000, IFAIL) 
1210 IFAIL=O 
1220 IF ((X(I).LE.O.).OR.(ABS(Y(J)).GT.l.)) GOTO 20 
1230 VX(I,J)=l.-PF(I,J)-DELTAP(YC) 
1240 GOTO JO 
1250 20 VX(I,J)=1.-PF(I,J) 
1260 30 CONTINUE 
1270 VY(I,J)=DOlAHF(-l.,1.,1.E-5,NPTS,RF.LERR,DVY,lOOO,IFAIL) 
1280 IFAIL=O 
1290 10 CONTINUE 
1300 CDAX=D01BAF(D01BAZ,-1.,1.,10,DELTAP,IFAIL) 
1310 IFAIL=O 
1320 CP=D01BAF(D01BAZ,-1.,1.,10,DCP,IFAIL) 
1330 WRITE (2,2002) CDAX,CP 
1340 CALL STRLIN 
1350 1000 FORHAT (214) 
1360 1001 FORMAT (2FR.5,I4) 
1370 1002 FORHAT (5FR. 5) 
1380 2002 FORHAT ('OCDAX=' ,F8.5/' CP=' ,FR.5,/) 
1390 STOP 
1400 E~~ 

1410 
1420 REAL FUNCTION DELTAP(ETA) 
1430 Cût1MON PI,A,B,M 
1440 DELTAP=A+B1<( 1. -(ABS(ETA) )>'•*M+SIN(2. *PI*(ABS(ETA) )*>~M) 
1450 */(2.*PI)) 
1460 RETURN 
1470 END 
1480 
1490 REAL FUNCTION DP(ETA) 
1500 Cür1MON PI ,A, B,H,XC, YC 
1510 DP=-1. *XC*DELTAP(ETA) / ( ( XC*XC+(YC-ETA)'''*2) *2. *PI) 
1520 RETURN 
1530 END 
1540 
1550 REAL FUNCTION DVY(ETA) 
1560 Cüt-IMON PI ,A, B,H, XC, YC 
1570 DVY=(YC-ETA)*DELTAP(ETA)/((XC*XC+(YC-ETA)**2)*2.*PI) 



1580 
1590 
1f100 
1610 
1620 
1630 
1640 
1650 
1660 
1670 
1680 
1690 
1700 
1710 
1720 
1730 
1740 
1750 
1760 
1770 
1780 
1790 
1800 
1810 
1820 
1830 
1840 
1850 
1860 
1870 
1880 
1/~90 

l<JOO 
1910 
1920 
1930 
1940 
1950 
1960 
1970 
1980 
1990 
2000 
2010 
2020 
2030 
2040 
2050 ' 
2060 
2070 
2080 
2090 
2100 
2110 
2120 

RETURN 
END 
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REAL FUNCTION DCP(ETA) 
COMNON PI,A,B,H 
DCP=DELTAP(ETA)*(1.-o5*DELTAP(ETA)) 
RF. TURN 
END 

SUBROUTINE STRLIN 
INTEGER NPTS(10), KPART(lO) 
REAL XISO( 400), YISO( 400) ,PSI( 1600) ,XX( 1600), YY( 1600) 
COMMON PI,A,B,M,XC,YC,NX,NY,X(40),Y(40),VX(40,40),VY(40,40) 
DO 10 I=1,NX 
DO 10 J=1 ,NY 
XX( NY)'< (I -1 )+J) =X( I) 
YY(NY*(I-1)+J)=Y(J) 

10 CONTINUE 
DO 20 I=1,NX 
PSI(NY*(I-1)+1)=0o 
DO 20 J=2,NY 
PSI (NY*( I-1 )+J)=PSI (NY*( I -1 )+J-1 )+o S:'<(VX( I, J)+VX( I, J-1) )* 

:'((YY(NY*( I-1 )+J)-YY(NY*(I-1 )+J-1)) 
20 CONTINUE 

CALL NEHOBJ( IOBJ) 
DO 30 K=2,42 
JFAIL=CONTR1(K*o125-lo25,NX,NY,XX,YY,PSI,1,NPARTS,NPT~,KPART, 

*XISO,YISO) 
IF (JFAILoNE.O) WRITE (2,2000) K,NPTS(l) 
ICOUNT=O 
IF (NPARTSoEQoO) GOTO 30 
DO 30 L=l, NP ARTS 
CALL POLYGN(IOBJ,ICOUNT+1,ICOUNT+NPTS(L),XISO,YIS0,1) 
IF (KPART(L).E().1) CALL SLP(IOBJ,XISO(ICOUNT+NPTS(L)), 

:':YISO(ICOUNT+NPTS (L)), XISO(ICOUNT+ 1), YISO( ICOUNT+ 1), 1) 
ICOUNT=ICOUNT+:"~PTS (L) 

30 CONTINUE 
DO 50 H=l,3 
CALL SLP(IOBJ ,-3o ,M,9o ,H,3) 

50 CONTINUE 
DOnON=1,1l 
CALL SLP(IOBJ,N-3o,O. ,N-3o,4.,3) 

60 CONTINUE 
CALL SLP(IOBJ, 0., 0 o, 0., l. , 1) 

2000 FORNAT(" UPPERBOUND TOO SHALL FOR K=",I2/ 
*" UPPERBOUND HUST BE AT LEAST",I4) 

CALL COAXIS (IOHJ, 2 o , 2 o , 26 o , 2. , 12, 2,-3 o , 9 o , o TRUE o , • FALSE. , o 4) 
CALL COAXIS (IOBJ,2.,10. ,2o,2o,4,2,4.,0o,oFALSEo ,oTRUEo,o4) 
CALL BAXIS (IOBJ,-3o,4o,9o,4o,12,0,o5) 
CALL BAXIS (IOBJ,9o,4o,9o,Oo,4,0,o5) 
CALL MDRWO 1 ( 90, IOBJ, 0 o , 0 o , 28 o , 12 o , -3 o , 0 o , -3 o , 4 o , 9 o , 0 o , 

;,2. '2. '2., 10. '26. '2 0) 
CALL DISPOB(IOBJ) 
RETURN 
END 
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The meaning of the programme parameters is given in the list below 

(table Cl): 

parameter 

DELTAP 

DP 

DVY 

DCP 

DOlBAZ 

PI 

A 

B 

M 

XC 

YC 

NX 

NY 

X(I) 

Y(J) 

PF(I ,J) 

VX(I ,J) 

VY(I,J) 

DOlAHF 

NPTS 

RELERR 

IFAIL 

DOlBAF 

STRLIN 

ETA 

NPTS(I) 

KPART(I) 

NP ARTS 

PSI 

XISO 

YISO 

meaning 

the strip loading Ap(y) 

integrand in equation (51) 

integrand in equation (53) 

integrand in equation (86) 

auxiliary NAG-subprogramme 

the number rr 

the constant a in equation 

the constant b in equation 

the constant m in equation 

auxiliary x-co-ordinate 

auxiliary y-co-ordinate 

(83) 

(83) 

(83) 

number of different values of x in the mesh (xi,yj) 

number of different values of y in the mesh (xi,yj) 

x-co-ordinate of a field point (xi,yj) 

y-co-ordinate of a field point (xi•Yj) 

pressure in the field point (xi,yj) 

x-component of the velocity in the field point (xi,yj) 

y-component of the velocity in the field point (xi,yj) 

subprogramme calculating the value of a defined integral 

output parameter of DOlAHF 

output parameter of DOlAHF 

output parameter of DOlAHF and DOlBAF indicating whether 

DOlAHF or DOlBAF has failed or not 

subprogramme calculating the value of a defined integral 

subroutine drawing a streamline diagram 

an integration variable 

output array of CONTRI containing the number of points of 

each part of a contour 

output array of CONTRI containing the kind of each part of 

a contour 

output parameter of CONTRI containing the number of parts of 

a contour 

the stream function ~ 

array containing the x-values of the points of a contour 

array containing the y-values of the points of a contour 



parameter 

XX 

yy 

IOBJ 

K 
L 

M 

N 
JFAIL 

CONTRI 

ICOUNT 

POLYGN 

SLP 

NEWOBJ 

MDRWOl 

DISPOB 

BAXIS 

COAXIS 

Table Cl. 
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meaning 

input array of CONTRI containing the x-values of a mesh of 

points 

input array of CONTRI containing the y-values of a mesh of 

points 

parameter indicating an object to be drawn 

auxiliary parameter 

auxiliary parameter 

auxiliary parameter 

auxiliary parameter 

parameter indicating a failure in the set of input parameters 

of CONTRI 

subprogramme calculating the co-ordinates of a number of 

points of a contour 1p = constant 

auxiliary parameter containing an index of the arrays XISO 

and YISO 

subroutine connecting· a number of successive points by 

straight line pieces 

subroutine connecting two points by a straight line piece 

subroutine connecting the integer parameter IOBJ to an object 

subroutine mapping and drawing an object to be drawn 

subroutine disconnecting the integer parameter IOBJ and an 

object 

subroutine drawing an axis with interval dashes 

subroutine drawing an axis with interval dashes and annotation 

Meaning of the programme parameters and narnes of sub

programmes. 

The input data of the programme WEG/RK/STRIP are supplied by a file 

on disk named WEG/RK/DATAl. The input file is updated for each new set of 

input parameters. The output data are put in a remote file (on a display 

terminal). 

Two different meshes of points (xi,yj) have been used; mesh 1 has 

100 nodes and mesh 2 has 400 nodes. The co-ordinates of the nodes are 

given in table C2. 
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mesh 1 mesh 2 

x i Yj x i Yj x i Y· J 

-3.0 0.0 -3.0 0.0 0.2 1.0 

-1.5 0.5 -2.0 0.2 0.3 1.02 

-0.5 0.8 -1.0 0.4 0.5 1.05 

-0.1 0.95 -0.5 0.6 1.0 1.1 

0.1 1.0 -0.3 0.7 2.0 1.2 

0.5 1.05 -0.2 0.8 3.0 1.5 

1.5 1.2 -0.1 0.85 4.0 2.0 

3.0 1.5 -0.02 0.9 5.0 2.5 

6.0 2.5 0.02 0.95 7.0 3.0 

9.0 4.0 0.1 0.98 9.0 4.0 

Table C2. Co-ordinates of the nodes (x i , y j) of the meshes 1 and 2. 


