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Smmlary. 

The dynamics of non-interacting electrans in a (quasi-) 

one-dimensional, ringshaped conductor will be treated. The electrans 

experience both an induced electromotive force and elastic scattering. 

We will explain how the combination of acceleration and scattering leads 

to quasi-randomization of the phases, which are present in the 

time-dependent wave functions. As a consequence of this unexpected and 

interesting phenomenon one can assign "Ohmic" resistance to the 

conductor under circumstances where one would not expect it a priori in 

view of the presence of quantum-interference effects and the absence of 

a randomizing reservoir. 
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1 . INTRODOCTION. 

The interest in electronic transport properties of low-dimensional 

structures has tremendously increased during the past decade. This 

includes the purely one-dimensional cases although, until present, the 

interest here has been on a rather theoretica! and conceptual level. 

Nevertheless, the present state of technology has brought us close to or 

even at the actual fabrication of well-defined nearly one-dimensional 

systems, such as thin wires and thin rings. 

In the present thesis we will report on a theoretica! study of 

electrical conduction in a closed ring-shaped wire, where the 

cross-section of the wire is thought to he so smal! that electrans can 

effectively he treated as one-dimensional. 

In a paper by Landauer [1] (nowadays to he considered as a classic 

paper) a formula is derived which assigns resistance to a 

one-dimensional system with elastic scattering only, albeit that this 

formula is claimed, here and in later publications [2], to he applicable 

under circumstances in which effective phase randomization takes place 

elsewhere (e.g. in the electrical contacts). Hence, according to 

Landauer, and later also to Buttiker [3], one-dimensional systems 

without leads nor any other "source of irreversibility" cannot possibly 

show resistive behaviour. It is exactly this idea which we will 

challenge in the present thesis. In fact, we will present evidence that 

even a model system as simple as a one-dimensional ring in which 

independent electrans experience elastic scattering due to the presence 



of one single delta-function potential, can be assigned resistance 

although no external phase randomizing mechanism is present at all. 

In 1983, Buttiker, Imry and Landauer have dealt with the electrical 

properties of a normal-metal (i.e. non-superconducting) loop without 

cantacts [4]. They predicted that in response to a constant induced 

electromotive force, an oscillating current would occur. In view of the 

clear analogy with the well-known Josephson-oscillations in 

superconductivity (that is, replace the charge 2e of a Caoper-pair by 

the charge e of a single electron), the authors introduced the name 

Josephson-like oscillations. 

Two years earlier, Lenstra and van Haeringen [5] developed a 

dynamic theory of non-interacting electrans in one-dimensional 

disordered systems driven by an electric field. Since they deal with 

wave functions which satisfy periadie boundary conditions, their theory 

is applicable without modification to ring-shaped systems. According to 

their theory, the system should exhibit normal metallic conduction for 

not too weak applied electric fields, while for very weak fields one 

would enter the regime of Bloch-like oscillations, that is, obtain a 

vanishing DC conductivity. It has also been argued by Lenstra and van 

Haeringen [6,7] that the current response can be described, at least 

qualitatively, with the use of a Boltzmann-type of equation. However, 

the aspect of randomization rernained obscure, until recently two 

articles appeared in which self-randomization is shown to occur as a 

consequence of the electron dynamics, even though no external 

randomizing mechanism is present [8,9]. 



----------

The purpose of the present thesis is to explicitly workout the 

above-mentioned ideas for about the simplest model system one can 

possibly think 
1
of in the theory of electronic conduction. The system to 

be stuclied is a ring in which the electrans can be treated as 

non-interacting and free to move in one dimension only. These electrans 

experience scattering due to one single delta-function potential. 

The theory is developed in chapter 2. The stationary states and 

energy spectrum for the ring with delta-function potential are obtained 

in section 2.3. Time dependenee is introduced in section 2.4 where we 

derive equations which govern the time-evolution of probability 

amplitudes under the influence of a driving electric field. How the 

dynamics give rise to reversibility on the one hand and phase 

randomization on the other hand, is shown in section 2.5. 

Chapter 3 is fully devoted toa presentation of numerical results 

obtained with the algorithm based on the theory of chapter 2. Charge 

distributions, electrical current and energies are being calculated. A 

new quantity is introduced and calculated. This quantity is shown to 

behave in some respects as an entropy, which it is not. 

The important question as to whether the results of chapter 3 also 

could have been derived, at least qualitatively, with the use of a 

Boltzmann-type of equation is dealt with in chapter 4. A Boltzmann 

equation is derived (section 4.1), and integrated in order to obtain the 

solution, with the use of which current, energy and entropy are 

calculated (section 4.2) and confronted with the results of chapter 3 

(section 4.3). 



2. QUANTIJM-MEOIANICAL TIIEORY OF A ClffiED ONE-DIMENSIONAL LOOP. 

2.1 .Basic theory. 

In this section we will develop the general theory of the dynamics 

of non-interacting electrans in a one-dimensional ( 1D ) loop. The 

system, which we consider, consistsof a normal-metal ( i.e. 

non-superconducting ) ring with circumference Land a potential U(x). 

where x measures the position along the wire ( see figure 2.1.1. ). We 

assume, that the cross-section of the wire is sufficiently small, 

justifying a one-dimensional treatment. We will treat the electrans as 

non-interacting fermions, which, as a matter of course, satisfy the 

Pauli-principle. All relevant quantities, which we will calculate 

lateron, such as the charge-density distribution, the electrical current 

and the total energy, are additive in the contributions due to each 

Fig. 2.1.1. The (quasi-} one-dimensionaL 

toop, encompassing a magnetic fieLd. 

By uarying the magnetic fieLd in time, 

an etectromotiue force is induced in 

the toop. 
~ viiRE 

I MAGNETIC FIELD 



independently moving electron. In order to study the dynamics of the 

electrons, we assume the presence of an induced electromotive force, 

which is due to a time-dependent magnetic flux, encompassed by the loop. 

If A is the component of the vectorpotential along the loop, associated 

with the applied magnetic field, then the wave function of one electron 

in the ring is a solution of the time-dependent Schrödinger equation 

H1 éN(x, t) = ( _: {~ .!_- eA } 
2 

+ U(x)) l[!(x, t) , 
at 2m i ax 

(2.1.1) 

subject to the periodic boundary conditions 

l[!(x+L,t) = l[!(x,t) . (2.1.2) 

In principle, knowledge of all one-electron wave functions at all times 

t allows us to calculate the above-mentioned quantities. To be specific .. 

the charge-density p(x,t), the current j(t) and the energy E(t) are 

given by 

and 

p(x,t) = ell[!(x,t)l 2 

L 

j(t) =;I dx l[!(x,t)*[ ~~x- eA] l[!(x,t) 
0 

L 

E(t) =I dx l[!(x,t)*[ ~m[ ~ ~- eA ]
2

+ U(x) ] l[!(x,t) 
0 

(2.1.3) 

{2. 1. 4) 

(2.1.5) 

Since we intend to study the action of a constant electric field 

along the loop, we will assume that A depends linearly on time, i.e. 

A = -Ft , (2.1.6) 

where the constant F is the magnitude of the electric field. 



To solve the Schrödinger equation (2.1.1) we will use the expansion 

\ a(t) 
~(x,t) = L c 1(t) u1 (x) , (2.1. 7) 

1 

where 

a(t) = eFLt/K , (2.1.8) 

while the functions u~(x) satisfy the time-independent or "stationary" 

Schrödinger equation 

[ lf2r _1 _a + a_ )
2 J a a a ~ + U(x) u1(x) = ~ 1 u 1(x) 

2m i 8x L 
(2.1. 9) 

with boundary condition 

a a 
u 1 (x+L) = u 1 (x) (2. 1.10) 

The advantage of representation (2.1.7) is that ~(x,t) is expressed 

a as a time-dependent linear combination of the "stationary" states u
1

(x) 

with eigenenergles ~~- The time t, however, is present in these 

"stationary" states, but only as a parameter via a as given in (2.1.8). 

Transitions of one "stationary" state toanother will manifest 

themselves by the time-dependenee of the absolute values of the 

coefficients c 1(t). 

The functions ~~(t), which are related to the u~(t)'s by 

a iax/L a 
~ 1 (t) = e u

1
(t) , (2.1.11) 

satisfy the usual Schrödinger equation 

lf2 8 2 a a a [- __ + U(x) ] ~1 (x) = ~ 1 ~ 1 (x) , 
2m ax2 

(2.1.12) 

with the rather unusual boundary condition 

a ia a 
~ 1 (x+L) = e ~ 1 (x). (2.1.13) 
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In the next sections we will solve (2.1.12) forsome special 

potentials U(x). Note that solving (2.1.12) subject to {2.1.13) is fully 

equivalent to solving {2.1.9) subject to (2.1.10). For later convenience 

and following Lenstra and van Haeringen [5], we wil! choose an eventual 

a-dependence in the u~(x) such that 

L 

I a *a a dx u
1 

(x) _ u
1 

(x) = 0 
o Ba 

For later use we also mention the relation ( for 1 ~ 1' ) 

L 

I a *a a dx u
1
(x) __u

1
,(x) . 

o ax 

the complete proof of which can be found in [10]. 

(2.1.14) 

(2.1.15) 

Next we sustitute (2.1.7) in (2.1.1) and multiply the obtained 

expression with u~(t)(x)*. where the asterix * denotes the complex 

conjungate. After integration over x from 0 to L we obtain the following 

set of differential equations for the ck(t)'s : 

~ck(t) =(-i ~ck(t) -l [i:~m J~{~~(x)~~~(x)}]c 1 (t)J, (2.1.16~ 
dt l ~ l~k ~-~1 ° ax a=a(t) 

where we used (2.1.15). 

The original problem of determining the salution of (2.1.1) has 

been reformulated in terros of solving either (2.1.9) or (2.1.12) in 

order to obtain "stationary" states, and solving (2.1.16) in order to 

obtain the respective probability amplitudes. 

The expressions for the charge density p(x,t), the electrical 

current j(t) and the energy E(t), in terros of the ~~(t)(x)'s and the 

c 1(t)'s, are given by (see (2.1.3) to (2.1.5)) 



a(t) 2 

p(x, t) = e 12: c 1 {t) y>l (x) I , 
1 

(2.1.17) 

L 
. -ietr \ [ I a( t) * a a( t) ] * J(t) = -m- L dx y>l {x) - y>l o (x) c 1 (t) c 1 o (t) 

1,1 0 ax 
{2.1.18) 

and 

L 

E( t) = l [I dx{.p~(t)(x)* 
1. 1 0 0 

[
-11? a2 

] _- + U(x) 
2m ax2 

(2.1. 19) 

where it is understood that the y>~(t)(x)-functions are normalized to 

uni ty. 

We want to emphasize, that (2.1.17), (2.1.18) and (2.1.19) are 

expressions for one electron. To obtain results for more electrans we 

have to add the contributions due to each electron. In genera!, each 

contribution will be different due to the fact that the electrans 

initially occupy different states {the Pauli-principle ). Furthermore, 

if we start with orthonormal wave functions, they remain orthonormal, 

since the time-evolution operator is unitary. This implies that if the 

Pauli-principle initially holds, it will allways hold. In the next three 

sections, we will derive expressions for the y>~(t)(x)'s and the c
1
(t)'s 

in the empty-lattice case (U(x) = 0) and in the case of a delta-function 

potential. 



2.2. Application to the empty-lattice case. 

Here we wil! assume that the potential U(x) equals zero everywhere. 

The solutions of the time-independent Schrödinger equation (2.1.12} with 

boundary condition (2.1.13) are then given by 

~a( ) _ 1 i{2~l+a)x/L 
~~ x - __ e , 

vt 
(2.2.1} 

with l = 0, ±1, ±2, ... (we wil! use a tilde- to indicate quantities 

corresponding to the empty-lattice case ). As a consequence the 

u-functions ( see {2.1.11} ) in this case are given by 

~a( ) 1 i {2~1 )x/L u
1 

x = __ e . 
vt 

(2.2.2} 

-a -a 
Note that both ~ 1 (x) and u1(x) fulfil the orthonormality condition 

L L r -a *"a r -a *"a Jdx ~~(x) ~~,(x) = Jdx u 1 (x) u 1 , (x) = o11 , (2.2.3} 
0 0 

The corresponding eigenenergies are given by the parabalie functions 

-a ~ 
E.l = _ (2~l+a} 2 

2mL2 
(2.2.4} 

After substitution of {2.2.1) in {2.1.16} it can be seen that the 

second term on the right-hand side of (2.1.16) wil! vanish. Hence 

(2.1.16) reduces toa simple set of independent first order differential 

equations with solutions 

t r . -i -a( t.) 
c 1(t) = c 1(0) exp[ Jdt {-- E.l } ] 

0 tf 
(2.2.5} 

In fig 2.2.1 the energy spectrum (2.2.4) is shown. If we start with 

c 1(0) = o
11

. ( i.e. the initia! values betonging toaneigenstate ), it 

is impossible that a coefficient c 1 ,(t) with l#l' wil! become non-zero, 
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Fig.2.2.1. Energy spectrum in the empty-

iattice case. The arrow indicates the 

trajectory in (E-a)space of an eLectron 

under the infiuence of a constant 

eiectric fieLd. 

-r 7T 31! 511 

since the equations for the c 1(t)'s are notcoupled ( see (2.2.5} ). This 

implies that an electron will stay in the sameband if time goes by, 

which is illustrated by the arrowin fig. 2.2.1. In this case the current 

is linearly increasing with time ( see (2.1.18} ). while the energy is 

quadratic in time ( see (2.2.4} ). 

In fig 2.2.1 one also notices that degeneracies occur at the 

intersections of parabalie bands, i.e. at a= q~. with q = 0, ±1, ±2, ... 

One of the main effects of a weak non-zero potential is to remave these 

degeneracies ( see fig. 2.2.2 ); another implication is that the equation 

for the c 1(t)'s (2.1.16} will be coupled. If we start again with an 

eigenstate labeled by 1, the c 1 ,(t)'s with 1'#1 will now become non-zero 

in the course of time. Note that both in the empty-lattice case and in 

the case of a non-zero potential the eigenenergy spectrum is periadie in 

a with period 2~. 



Fig.2.2.2. Energy spectrum in the case 

of a wenk potential. One notices that 

the degeneracies which were present in 

the empty-lattice-case disappeared, 

while the structure is still periadie 

in a with period 2rr. 

i' a 
1 

__ ......._ __ ......._ __ ..__ __ .L.+a 

-TT TT 3TT STT 

In order to study a well-defined system with elastic scattering, we 

wil! consider in the next section a potential of the form C*ó(x), where C 

is a sufficiently smal! constant. 



2.3. "Stationary" states and energy spectrum for a weak del ta-function 

potential. 

In this section we will assume that the potential U(x) is given by 

U(x) = pL o(x), (2.3.1) 

where p is a measure for the strengthof the potential. We assume that 

p>O and sufficiently small, as will be specified lateron. 

. . . 1 i(2~l+a)x/L S1nce thesetof funct1ons (2.2.1), 1.e. the set {vr e }, 

with 1 = 0, ±1, ±2, ... , is a complete set compatible with the boundary 

a condition (2.1.13), we can expand the eigenfunctions ~ 1 (t) of (2.1.12) 

in these plane waves. We assume that the potential is sufficiently weak, 

so that solutions for the "stationary" wave functions and the energy 

spectrum can be obtained by using degenerate perturbation theory near 

each band-intersection. In practice, this means that we approximate the 

perturbed wave functions in the neighbourhood of a degeneracy by a 

linear combination of the two unperturbed plane waves which were to be 

degenerate in the empty-lattice case. Within one period of a ( i.e. 

-~12<a<3~/2 ) two types of degeneracies show up; those which occur at 

a=O (type I) and those which occur at a--u (type II). This is also 

illustrated in fig 2.3.2. The unperturbed wave functions to be 

considered in the neighbourhood of a--0 are ( without the normalization 

i(2~l+a)+iX (a) -i(2vl-a)+iX (a) . factor ) e 1 and e 2 , while the correspond1ng 

eigenenergies are given by ~~l = ~2(2Tl+a) 2 . We have added a-dependent 

phase factors exp[iX1(a)] and exp[iX2(a)] to the unperturbed plane 

waves. The functions x
1
(a) and x2(a) will be specified lateron to ensure 



the continuity of the wave functions and their derivatives with respect 

toa. In the presence of the delta-function potential, the ( perturbed ) 

wave functions ~~(x) will be written as 

a( ) _ 1 [ i(2~l+a)x/L+iX 1 (a) b i(-2~l+a)x/L+iX2 (a)] ~l x - _ ae + e 
vt 

(2.3.2) 

Using standard methods, we arrive at the set of equations for a and b 

p ei(X2(a)-Xl(a))J [a J [ 0 J 
~ = (2.3.3) a a 
é_l - é + p b 0 

This set has non-trivial solutions only when the determinant vanishes. 

Equating the latter to zero then yields for the eigenenergies 

(2.3.4) 

For these eigenenerg i es the coefficients a and b satisfy 

b = h a la (in the case of él,+) (2.3.5) 

and 

a = -h * b la (in the case of él,-), (2.3.6) 

where 

The normalized wave functions can now be expressed as 

c 1 I h 12 > -1/2 
a _ + la [ i{2~l+a)x/L+iX 1 (a) ~1 - e 

,+ vt 
+ hlaei(-2~l+a)x/L+iX2 (a) ] 

(2.3.8) 

and 

( I 1
2)-112 

a _ l+ hla [ h * i{2~l+a)x/L+iX 1 (a) _ i(-~l+a)x/L+iX-(a) ] 
~1 - 1 e e "'2 .- vt a 

(2.3.9) 

Equations (2.3.8) and (2.3.9) refer to values of a such that ~/2(a(~/2 



Fig. 2 . 3 .1. Bandlabeling to be used 

throughout this report. 

l V V V \. 

·{ 
s{ 
4{ /VVV 
3{~ 
2(~ 
1{ ........ ~~~ {l 

0 2'11 4'11 6'11 

( type I degeneracies ). The situation for ~/2(a(3~/2 is completely 

equivalent, but more complicated due to the asymmetry in the labeling of 

the plane waves involved. Thusfar, the perturbed wave functions have 

been labeled using the !-index, which belongs to the composing plane' 

waves. It wil! be more convenient to use a new labeling, such that each 

periadie ( as a function of a ) energy band is labeled by one and the 

same index. We wil! therefore label the bands by n = 1,2,3, ... starting 

from the lowest band ( see fig 2.3.1 ). The wave functions corresponding 

to the n-th band wil! be denoted by qE(x) ( see fig 2.3.2 ). where it is 
n 

understood that 4eCx), aqE(x)/8x and 84ECx)/8a are continuous function n n n 

of both x and a. 

It is clear that ~(x) is given by different ~~(x)-functions, 

depending on whether a mod (2~) (i.e. a reduced to the interval 

[-~/2,3~/2]) corresponds toa type I or a type II degeneracy. For the 
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~a 
/ 21+1 

;...-..- 1 

Type 1 Type I I 

ÖPÇ!enerac.les deger,eracles 

Fig.2.3.2. Detail of the energy spectrum in the case of a delta-function 

potential. The two different types of degeneracies are indicated. The 

qE·s are the wauefunctions betonging to band n. 
n 

type I situation with -~12<a<~l2 we wil! identify 

~l+l(x) =~~.+(x) ( odd-numbered bands ) 

and 

( even-nurobered bands ) 

(2.3.11} 

(2.3.12} 

a a 
with ~l.+(x) and ~ 1 ._(x) as given in (2.3.8) and (2.3.9). For the type 

II degeneracies we will apply the same method. Since we want to 

determine the wave functions ~1 (x) and ~l+l(x), we have to use 

perturbation theory near the degeneracies 2 and 3, respectively ( see 

fig 2.3.2 ). The result are ( ~12<a<3~/2 ) 
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~1+1 {x) 

< +I l2>-112 1 vl~ [~ei(2rl+a)x/L+iX3(a)_ei(-2u(l+l)+a)x/L+iX4(a)l 
{2.3.12) 

and 

~1{x) 
< +I l2>-1/2 1 vl~ [ei(2r(l-l)+a)x/L+iXs(a)+~ei(-2ul+a)x/L+iXs(a) ]. 

{2.3.13) 

where 

and 

"'a "'a 2 1
/2 "'a "'a 

~=[{(;1-12: t-1) +1} - (t1-~p- e-1)]ei{X5(a)-~{a)) (2.3.15) 

In {2.3.12) and (2.3.13) the phase ang1es x3 . x4 . x5 and ~serve the 

same pupose as x1 and x2 before did; their presense enables US to make 

"smooth" connections between the different representations of ~1 (x) and 

~l+1 (x) as function of a. 

10 

ö .... 
.c 

5 

I h ' 
I Joo.f 

--/2 0 

Fig.2.3.3. IUustrating the quaUtatiue behaviour of the lh1al. lh2al 

and jh3al as a function of a. 
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As announced, we assume p to be small. To be precise, we assume 

that p is much smaller than the average distance between two energy 

bands near the Fermi-energy. This implies that lh1al>>l for a=-v/2 and 

lh1al is almost zero for a:v/2. For lh2al and 1~1. relations of the 

samekind holdat a:v/2 and a=3v/2. Examples of lh1al' lh2al and 1~1 

as function of a can be seen in fig.2.3.3.The behaviour of hla' h2a and 

h3a' as observed in (2.3.8), (2.3.9), (2.3.12) and (2.3.13) implies that 

we may represent in good approximation the 4E(x)'s by single plane waves 
n 

at a=-v/2, v/2 and 3v/2. 

We now have expressions for the 4E(x)'s for -vl2<a<3v/2. For values 
n 

of a outside this interval we can simply reduce a to the interval 

[-v/2,3v/2] by use of the modulo operation. The procedure leads to 

different expressions for different a-regions, i.e. after reduction to 

the a-interval [-v/2,v/2] and [v/2,3v/2]. However, we must ensure the 

continuity of 4E(x) and aqE(x)/Ba as functions of a. This can be done ~Y 
n n 

proper choices of the phase angles ~(a). Choosing X1=X3=X5=0, x2=a+v/2, 

and X
4

=X6=a-v/2 will make ~(x) and ~(x)/Ba continous functions of a. 

The stationary wave functions are now given by 

~l+l(x) = 

(1 lh 12)-1/2 
+la [ i(2vl+a)x/L h i((-21rl+a)x/L+a+v/2))] e + 

1 
e 

vt a 
(2.3.16) 

and 

~1 
I 1

2 -112 
= (l+ hla ) [ h *ei(21rl+a)x/L _ ei(-21rl+a)x/L+a+v/2) ] 

vt la 
(2.3.17) 

for the a-interval [-v/2,v/2], while 
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~l+1(x) 
(1 lh 12)-1/2 

+vL 2a [h~ei(2ul+a)x/L_0i((-2v(l+l)+a)x/L+a-v/2)] 
(2.3.18) 

and 

c 1 I h 12 > -112 
~ ( ) + 3a [ i(2~(l-1)+a)x/L h i((-2~l+a)x/L+a-~/2))] 
~21 x e + 3ae . 

vt 
(2.3.19) 

for a in the interval [~/2,3rr/2]. 

Note that in this form the ~-functions are not only smoothly 
n 

connected at a=rr/2 but also at a=3rr/2 and so on. 

The small discontinuities, which still exist at a mod (~) = rr/2 are 

related to the fact that the h. -functions (see fig 2.3.3) are not zero 
1a 

or infinite at a=-~12, ~12 and 3~/2. This is the price paid for the 

simple two-wave mixing model employed here. However we do not think that 

this will affect any of the conclusions to be drawn lateron. 
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2.4. Time-dependent probability amplitudes in the presence of a 

delta-function potential. 

Insection 2.1 we have derived a set of differential equations for 

the c (t)'s ( see (2.1.16) ). We wil! now substitute the expressions 
n 

(2.3.16) to {2.3.19) for the ~a(t)(x)'s in (2.1.16). Wethen notice that 
n 

-within a-intervals [(q-1/2)v,(q+1/2)v] with q = 0, ±1, ±2, ... - the 

coupling of the differential equations almost vanishes except for the 

coupling between the two neighbouring bands, which resulted from the 

degeneracy removal. Hence, for each respective a-interval of length v, 

thesetof differential equations (2.1.16) splits in subsets of only two 

equations, which can be solved independently. For -vl2<a<vl2 the 

coefficients c21 (t) and c21 +1(t) are coupled, while for vl2<a<3v/2, 

c21 _1(t) and c21 (t) are coupled with 1 = 1, 2, 3, .... As a 

representative example for all other subsets we will solve the two 

equations belonging to bands 21+1 and 21, with -v/2(a(v/2. The equations 

are given by 

ieFK/m a ] 
a D21+1.21 c2l(t) 

E21+1,2l a=a(t) 

(2.4.1) 

d 
crc:2l(t) 

ieFK/m a * ] 
a D21+1,2l c2l+l(t) 

E21+1,21 a=a(t) 

where 

a 
E21+1,2l 

a 
D21+1.2l 

and ca denotes the energy of band n. 
n 

(2.4.2) 

(2.4.3) 
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Introducing the abbreviations 

n = 21; tfu1reFt z - Lmp 

we can write (2.4.1) in the more convenient form 

d 
-;--ed ( z) z n 

2 
. ( n z = -11 z - +-- + n n 2 8z n 

n 
-1 

2(z2 +1) cn+1(z) 

.!. - .!. ~ ) c (z) + 
2 2 n 

(2.4.4) 

(2.4.5) 

and these equations should be solved for -z <z<z , which is equivalent n n 

to -1TI2<a<1TI2. We prefer, insteadof dealing with {2.4.5), to introduce 

the transformation 

z 

bn+1 (z) cn+1(z) exp[i1n Jdy(zn ~ + 8~2n + 
1 ~~>] = -+ 
2 o n 

(2.4.6) 
z 

b (z) c (z) exp[i1n Jdy(zn ~ + 8~2n + 
1 ~j y2+1 ) ] • = 2-n n 

o n 

after which (2.4.5) transfarms into 

(2.4. 7) 

d 
-7--bd (z) z n 

In the actual numerical procedure, we will deal with (2.4.7). Once the 

initia! values of b 1(z) and b (z) at z = -z are given, the values of n+ n n 

bn+ 1(z) and bn(z) can be calculated by integration of {2.4.7) from -zn 

to z and the results can be summarized by the matrix multiplication 
n 



{2.4. 8) 

where R and T are scalar quantities. 
n n 

One easily proofs that the transition matrix {2.4.8) is unitary, which 

implies that IT 1
2 + IR 1

2 = 1. Since numerical results show, that T is n n n 

realand positive, we only have to calculate R as a function of z and 
n n 

on· The results are shown in fig 2.4.1a and 2.4.1b, for 100~zn~1000 and 

10-4 ~0n~10~. The numerical results show that for on not too small ( 

0 >o . , where 0 . is a decreasing function of increasing z ) we have n m1n m1n n 

in good approximation IR I ~ exp{-~0 /4). The argument of R may he n n n 

approximated by -~/4, at least in a certain region of the (z ,0 )-plane 
n n 

(see fig 2.4.1b). 

Having obtained solutions for the b (z )'s, we can now use the n n 

inverse of {2.4.6) to obtain solutions for the c {z )'s. This yields 
n n 

[ 
cn+1(zn)J = e-iAn (e-iBn*Rn Tn ][ cn+1(-zn)J (2.4.9). 

c (z ) -T eiBn R* c (-z ) 
nn n n n n, 

where 

2 1 A = z 0 (n + ---12 ) + z o n nn n nn (2.4.10) 

B = ::::-z21 o j 1+z2 + 2on ln( 
n n n n 

z + .;-;;;; ) . 
n n 

(2.4.11) 

If we perfarm these matrix multiplications for all two by two 

subsets in the interval -z <z<z we are able to calculate all c (z )'s. n n n n 

Since for other a-intervals the procedure is completely equivalent, it 

is now possible todetermine the c (t)'s at a=(q-1/2)~. with 
n 

q=1.2,3, ... , if their values at, say, a= -~/2are known. The whole 

problem has been reduced to succesive matrix multiplications. where each 
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basic matrix is of order two. Thus, we have obtained an algorithm, which 

is most suitable for numerical implementation. 

In termsof the coefficients c (t), expressions (2.1.17}. (2.1.18) n 

and (2.119) can be written as (a= (q-1/2)~. with q=1,2,3, ... ) 

and 

p(x,t) =el\ c (t) ~(t)(x)l
2

• L n n 
n 

j(t) = s ~~ 1 [ lcn(t)l 2 n- lcn+1(t)l 2 (n+1}] 

n=even 

E(t) = ~~= 1 lcn(t}l
2 

n
2 

, 

n 

(2.4.12} 

f(2.4.13) 

(2.4.14) 

where s=1, if a reduced to the interval [-~/2,3~/2], is -~/2 and s=-1 if 

a, reduced to the interval [-~/2,3~/2], is ~/2. 



2.5. Self-induced phase-randomization and reversibility. 

It was recently recognized by Lenstra and van Haeringen [8,9], that 

under certain suitable conditions a peculiar and unexpected sort of 

randomization effect shows up in the c (t)-coefficients, as aresult of 
n 

multiple matrix multiplications. To study this effect we have to examine 

the phase angles A and B , which are present in the transition matrix n n 

(2.4.9). It is convenient to express A and B in termsof the band n n 

index n. Therefore, we will introduce 

z 
n 

(2.5.1) 

where lnF and znF denote the values of ln and zn at the Fermi level nF. 

In accordance with (2.4.4) we have 

= (2.5.2) 

The phase angles A and B can now be written as n n 

(2.5.3) 

and 

For realistic parameter values, especially the A 's can assume quite 
n 

large values. For instance, with nF)2000, L=l~ m, and F=l V/m, the 

first term of An is about 5.106 for n's in the order on nF. 

The randomization effect of A is basically related to fact that if 
n 
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n (A mod 2TI)/2TI (B mod 2TI)/2TI 
n n 

1990 0. 51779554 0.54644510 
1991 0. 203886 77 0.02036348 
1992 o. 30177710 0.49428197 
1993 0.81146652 0.96820056 
1994 0.73295503 0. 44 21192 5 
1995 0.06624264 0.91603805 
1996 0.81132933 0.38995695 
1997 0.96821512 0.86387595 
1998 0.53689999 0. 33779506 
1999 0.51738396 0.81171428 
2000 0.90966702 0.28563359 
2001 0.71374917 0.75955301 
2002 0.92963041 0.23347254 
2003 0.55731075 0.70739216 
2004 0.59679017 0.18131189 
2005 0.04806869 0.65523172 
2006 0.91114629 0.12915166 
2007 0.18602299 o. 60307169 
2008 0.87269878 0.07699183 
2009 0.97117366 0.55091207 
2010 0.48144763 0.02483242 

Table 2.5.1. The phaseangles A and B , reduced to the interval [0 2rr] n n ' 

and divided by 2rr as a function the bandindex n. { 1 =0.21, z =111. 
nF nF 

we reduce the A 's to the interval [0,2~]. they seem to form a random 
. n 

distribution of angles. This quasi-randomness is illustrated in table 

2.5.1, where we show A and B (after reduction to the interval [0,2~] n n 

and after dividing by 2~) in the case of 0 =0.21, z =111. and nF=2000. 
nF nF 

To illustrate that our set indeed behaves like a real random set we also 

calculated for the above-mentioned parameter values the various moments, 

[
A mod 2~ ]m 

< n >. with m 
2~ 

= 1,2, ... ,7 averagedover 1000 different n's. 

Within in accuracy of 10-a they were equal to (m+1)-1
, which are the 

expected values fora random set in the interval [0,1]. 
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n (A mod 2TT) /2TT . (B mod 2TT) /2TT 
n n 

1990 0.02083 0.01942 
1991 0.27083 0.79400 
1992 0.02083 0.56854 
1993 0.27083 o. 34310 
1994 0.02083 0.11766 
1995 0.27083 0.89222 
1996 0.02083 0.66678 
1997 0.27083 0.44136 
1998 0.02083 0.21590 
1999 0.27083 0.99046 
2000 0.02083 0.76502 
2001 0.27083 0.53958 
2002 0.02083 0.31416 
2003 0.27083 0.08870 
2004 0.02083 0.86326 
2005 0.27083 0.63782 
2006 0.02083 0.41238 
2007 0.27083 0.18696 
2008 0.02083 o. 96150 
2009 0.27083 0.73608 
2010 0.02083 0.51062 

Table 2.5.2. The phaseangles A and B , reduced to the interval [0,21TJ n n 

and divided by 21T as a function the bandindex n. ( ; =u/10, z =100. 
nF nF 

and nF=2000). Note that in this case the phases An do not randomize. 

. 
For some special choices of the parameters (e.g. z =100, 0 =rr/10 

nF nF 

and ~F=2000. see table 2.5.2) no randomization occurs. More generally, 

in the presence of a delta-function potential it is always possible to 

choose parameter combinations in such a way that the set {A mod 2~} 
n 

constitutes a very restricted set of phases (2 in the above example) 

only. In such cases there is clearly no phase-randomization in the A 's. 
n 

This is an artifact of our delta-function potential model. For all other 

potentials the parameter p will become dependent on n. This can easily 

be understood if we reeall that the p's showed up as Fourier components 

of the potential (see (2.3.2)). 
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~n-1 
TT 0 TT 2TT 3TT 

Fig.2.5.1. DetaiL of the energy spectrum; showing three different 

trajectories in (E,a)-space. 

Sorne of the consequences of phase-randornization can be shown in the 

following way. Consider in the band structure, as indicated in fig 

2.5.1, an electron starting in P with coefficient cp=1 and collect all 

contributions to the coefficient cQ. There is one contribution due to 

each trajectory connecting P and Q. The contributions of each trajectory 

wil! be denoted by rn(i),where i labels the differenttrajectoriesas 

indicated in fig 2.5.1. In Q we have cQ=~(i)_ In the calculations of 
1 

electronic quantities such as current and energy, weneed all accupation 

nurnbers lcQI 2 in all different Q-points at a given time. In the above 

exarnple we can write 



(2.5.5) 

and this relation has a more general validity also. The whole idea is 

now that if the A 's farm a quasi-random set, the second term of (2.5.5) 
n 

wil! lead to fluctuating (in time) contributions when substituted in 

expressions like (2.4.13) and (2.4.14), i.e., there will be an averaging 

effect in these quantities. Hence, apart from fluctuations, the 

qualitative (time-averaged) behaviour of the quantities will be 

correctly described by taking into account the first term of (2.5.5) 

only. Precise phase-relations, although conserved, appear to be less 

important, except in those exceptional cases in which phase 

randomization does not occur. 

So far, the ideas still have to be numerically demonstrated, as 

will be done insection 3.1. We want to emphasize at this point that our 

system is deterministic and reversible in time. By deterministic we mean 

that, once the coefficients to startwithare given, all coefficients at 

later times are determined. By reversible we mean that, if at a certain 

moment the field and the veloeities are reversed, the time-evolution 

follows from then on the same pattern in opposite direction. 

We will show numerically insection 3.1 that determinism and 

reversibility are not at all in contradiction with the above mentioned 

randomization effect. On the contrary, it illustrates ones more, that 

what we really have is quasi-randomness. 

Now suppose, we do not know the deterministic rules which govern 

the time-evolution of the c 's. Since the latter occur to us in a sense n 



as random and uncorrelated, it would be tempting to apply a statistica! 

theory, such as Boltzmann's transport theory, in order to predict the 

current and energy development. Could our quasi-randomness play the same 

role as the assumption of "Molecular chaos" or the "Stosszahlansatz" in 

the Boltzmann equation usually does? If so, what happens then with the 

reversible nature of our system? 

In chapter 4 we will return to these questions and develop a 

Boltzmann-like theory for our system, making the assumption of complete 

phase-randomization. 
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3. NUMERICAL RESUL TS AND DI~SSION. 

In this chapter we present the numerical results obtained. With the 

aid of the transition matrices (2.4.9) we wil! calculate the 

coefficients c (t) at successive discrete times 
n 

K m 
t = eFL a = eFL (q-1/ 2 ) 

with the number of time steps q=1,2,3, ... 

(3.0.1) 

Once we have numerical values for the c (t)'s the quantities of 
n 

interest, such as the charge-density distribution, the electrical 

current and the total energy, can be calculated. As the initia! 

condition for each electron we wil! start in an eigenstate, i.e. c (q=O) 
n 

= ö , where n is a fixed given band index. If we want to study more 
nn o 

0 

electrans we repeat the above-described procedure - taking different 

n 's of course, in order to satisfy the Pauli-principle - and add the. 
0 

corresponding contributions to the quantities of interest. We stress, 

that it is notcorrect to calculate many-electron properties by filling 

the bands in advance and perfarm one calculation, because then we would 

not start in a proper many-electron eigenstate, but, apart from 

normalization, in a mixed single-electron state. 

We have always taken an ~ number of electrons, initially 

occupying neighbouring bands. This is convenient in order to avoid 

irrelevantly high initia! values of the current. Starting with two 

electrans (or an even number) in neighbouring bands, the one-electron 

contributions wil! be pairwisely highly compensating, leading to an 
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almast vanishing initia! current. However, most of the results to be 

presented are insensitive to whether an odd or an even number of 

electrans is considered, that is, after some time. The only reason for 

taking an even number of electrons is to avoid weird-looking pictures. 

We will study the electrans near the Fermi level (with bandindex 

nF). In real rings, nF equals the number of participating electrons. 

Hence we must think of 1•105
, or so. However, we will consider in the 

calculations values of nF between 200 and 400. This yields a 

considerable reduction in computation time. We claim, that the essential 

features, stuclied bere, are unaltered by this drastic reduction of nF. 

Furthermore we will restriet ourselves to such values of ~ and z , n n 

that R may be approximated by exp(-~1 /4). This implies that the band 
n n 

gaps are not too smal! and the fields are nat too strong 
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3.1 The current. 

In fig. 3.1.1 the result of a current calculation is shown for two 

electrans with nF = 300, 1 = 0.0255 and Z = 100. The electrans 
nF nF 

initally occupy the bands with n = 260 and 261, respectively. One may 

recognize that after about 20 time steps the current more or less 

saturates, albeit that the fluctuations around the "time-independent" 

value, i.e. 35 ~e~mL2 , are enormous. These fluctuations, however, 

considerably reduce as the number of electrans is increased. This is 

shown in fig. 3.1.2. where initially all bands with 220 ~ n ~ 299 are 

filled (i.e. there are 80 participating electrons). The short-time 

fluctuations have almost disappeared, except for a sort of ripple, the 
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Fig.3.1.1. Current as a function of the number of time-steps q (q is 

introduced in (3.0.1)). No regutarity is observed at first sight, but if 

we increase the number of eLectrons, one recognizes saturation (see fig 

3.1.2) (1 =0.0255. z =100., nF=300, and the initiatty occupied bands 
nF nF 

are given by n=260,261) 
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FLg.3.1.2. Current as a function of the number of time steps. 8aturation 

is cLearLy visibLe now. However, some fLuctuations stilt 

exist.(a =0.0255, z =100., nF=300, and the initiatty occupied bands 
nF nF 

are given by 220~n~299) 

period of which is fully compatible with the 2u-period in a. A 

persisting fluctuation, with typical period Aa ~ 30u is present, the 

origin of which is not yet clear to us. This might be a long-time memory 

effect related to persisting correlations in the phase-angles, which, as 

we recall, are only seemingly random. 

One also notices by camparing fig. 3.1.1 and 3.1.2, that the 

current is fairly linear in the amount of electrons. In a paper by 

Lenstra and van Haeringen [9], it has already been shown, that the 

saturation value is also roughly linear in the applied field (which is 

-1 
proportional to 1 , see also fig. 4.3.2 ). Both the linearity in the 

nF 

applied field and the linearity in the number of electrans strongly 

suggests "ohmic" or even "resistive" beha.viour. 
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Usually, resistance is assigned to dissipative systems only. Our 

system is clearly not dissipative in the sense of energy dissipation. 

Still, it seems to us that is develops resistive-like behaviour, which 

is due to phase-randomization, and not to energy dissipation. Instead, 

we might introduce here the notion of dissipation of phase information. 

To illustrate how the phase-randomization is responsible for the 

resistive behaviour, we show in fig. 3.1.3 the current development for 

three closely spaeed 1 's. In one case the current does not saturate, 
nF 

while in the other cases saturation does occur. The case in which 

60 

'( =0.01050 
(\ nF I 

~~~'VJ,oo 
rJ/J I 

nurnber of timesteps 

Fig.3.1.3. Current response for three closely spaeed 7 's. For 
nF 

0.01040 

1 =~/300 no randomization and no saturation occurs, whtle in the other 
nF 

cases, both randomization and saturation occur.(zn =100., nF=200, and 
F 

the initially occupied bands are gtven by n=198,199) 



saturation is not happening, corresponds to 1 = ~/300, Z = 100 and nF 
nF nF 

= 200, and one easily verifies that the set of phase angles {A mod 2~} n 

consists of four elements only. For the two other values of ln this set 
F 

consists in principle of a non-restricted number of irregularly spaeed 

angles. 

In the absence of saturation small oscillations are present in the 

current development. These oscillations are due mainly to the fact that 

on and zn are dependent on n. If we remave this n-dependence, i.e. put 

on and zn equal to constants, the oscillations significantly reduce. 

Already in 1970, Landauer [1] introduced the concept of 

phase-randomness of wave functions in order to derive a formula for the 

resistance of a one-dimensional wire in between two heat baths ( or 

"Ohmic" contacts), where the electrans in the wire experience elastic 

scattering only. In Landauer's derivation the randomization of the 

phases is essential and the idea was that the two heat baths took care 

of that. Indeed, Landauer's theory strongly suggests that the 

introduetion of at least one heat bath is really needed if one attempts 

to assign resistance to a system in which scattering of electrans is 

fully elastic. It seems to us that the quasi-randomness of the phases in 

our deterministic system plays a similar role as real randomness does in 

Landauer's system. According to our view, the Landauer formula should be 

applicable to non-dissipative (in the above sense) systems also. It 

would be worthwile to investigate this further. 
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Fig.3.1.4. Durrent development. After 90 time steps the fieLd and the 

veloeities are reversed. This calculation demonstrates the reversibility 

of our system.{l =0.0255, z =100 .• nF=200, and the initially occupied 
nF nF 

bands are given by n=198,199) 

In fig. 3.1.4 we demonstrate the reversibility of our system. We 

reversed the electric field and the veloeities after 90 time steps, 

whereafter the current returns to its initia! value, following exactly 

the original time development. This calculation also demonstrates, that 

round-off errors play no role of importance, as a randomization 

mechanism. Since the coefficients c (t) might be more sensitive to 
n 

round-off errors, we also checked them after reversing the field. 

Starting with c
1 

= ö
11

, , ultimately only a probability of 1.10-S had 

appeared in all other bands together. We estimate that this loss of 

significant numbers can influence the qualitative behaviour only after 

performing more than 105 time steps, i.e. at least 103 times as many as 

was done here. 
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rapid ftuctuaions with period 2 are ]osephson-osciLLations. The slow 

beats with period 36 are the subtle results of the smalt but 

non-uanishing tunneling-probabilities and coherent interference effects. 

{l =rr, z =100., nF=200, and the initiaLLy occupied bands are given by 
nF nF 

n=198.199) 

In fig. 3.1.5 the current-development in the case of a very weak 

field without phase-randomization is shown (l :v, z =100 and ~=200). 
~ nF .1' 

In this case the electrons have only a probability of 0.7% per 

scattering event to tunnel toanother band (i.e. the Zener-tunneling 

probability). If the electrons would remain in their bands, the velocity 

would be an oscillating function of time. In fact, we would then have 

the Josephson-like oscillations, which were predicted by Buttiker, Imry, 

and Landauer [4]. The oscillations with period Aa=2v in fig 3.1.5 are 

these Josephson-like oscillations. However, we see more interesting 

things in the figure: The average current is increasing with time and we 

see beats with a period of Aa=36v (equivalent with Aq=36). This 

numerical result shows that Zener-tunneling, although very weak, cannot 
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be neglected, since it introduces coherent interference effects, such 

that after as few as 10 time steps (i.e. 5 periods of a) drastic 

deviations from the expected simple Josephson-like phenomena occur. 
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3.2. Charge-density distribution and energy. 

To calculate the charge-density distribution we use (2.4.12). In 

fig 3.2.1 the charge-density distribution along the wire for two 

electrons is shown at succesive times corresponding to a=-v/2, 9u/2, 

19u/2, ... , 49u/2. One notices that, initially, the charge is 

homogeneously distributed over the wire, while as time proceeds the 

distribution seems to randomize more and more. 
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Fig.3.2.1. Charge distribution of two electrans at succes!ve times 

q=0,5,10, ... ,25. Self-induced phase-random!zat!on leads to 

charge-density randomization. (7 =0.0255, z =100., nF=200, and the 
nF nF 

initialLy occupied bands are given by n=198,199) 



Fig 3.2.2 illu;;~r3.tes that the charge ~s moving indeed. Here the 

charge-distribution is shown at times t corresponding to values of a 

between 19.500rr and 19.508rr at u-intervals .Aa::lO-orr. 

m = 0 

m 

m 2 

L 

x 

Fig.3.2.2. Illustrattng the flo~ of charge due to t~ electrons. Charge 

distributtons areshownat q=20+aAq, where Aq=0.001 and -=0,1,2, ... ,8. 

Cl =0.0255, z =100., nF=200, and the tntttally occupted bands are nF nF 

giuen by n=198,199) 



To calculate the energy we use (2.4.14). In fig. 3.2.3 and 3.2.4 

the current and the energy are shown as functions of time for nF=2000, 

0 =0.0255 and z =100. In fig. 3.2.3 and 3.2.4 a special feature of our 
nF nF 

system is demonstrated, whether the current saturates or not, the total 

energy increases. This implies that the system does not reach a 

stationary state. Usually dissipative systems (in contrast with 

non-dissipative sytems, like ours) do reach a stationary state. The 

increasing of the energy can be explained by using a variant of 

Ehrenfest's theorem, 

d 
dt Etot = FL j(t), (3.2.1) 

the proof of which can easily be given: One calculates the total 

time-derivative of the hamiltonian and uses the time-dependent 

Schrodinger equation (2.1.1) Aftersome rearrangements one recognizes 

the current-operator, after which (3.2.1). follows. Note that (3.2.1) is 

an exact relation, which can also be used to check the numerical 

consistency. 

We will come back to the typical non-stationary aspect as 

demonstrated by the system's ever-increasing energy ("heating" up of the 

electrons) in chapter 4, in the context of a Boltzmann-type of equation 
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3.3. The .. entropy ... 

In this section we will return to the quasi-randomness of the 

phases. In a system with stochastic randomization, entropy can be 

considered as a measure for the "amount of disorder". The entropy a in a 

quantummechanical system is defined by 

a = Tr[p(t)lnp(t)J, {3.3.1) 

where p(t) is the socalled "statistica!" or "density" matrix, which, in 

principle, carries all relevant information of the system in it. The 

operator lnp is the operator, whose eigenvalues are equal to the 

logarithms of the eigenvalues of pand whose eigenveetors coincide with 

those of p. 

In our system, the initia! state veetors are eigenvectors, which 

makes the initia! entropy zero. However the entropy (3.3.1.} will remain 

zero also for later times, because the unitary time-evolution operator 

will carry the system over in pure states. 

Although the proper entropy (3.3.1) is zero, in agreement with the 

lack of real randomness, the quasi-randomness nevertheless suggests that 

an alternative definition of entropy might be useful in quantifying the 

amount of quasi-randomness. We will therefore introduce the quantity S 

{which we will also refer to as "entropy") defined by 

s = l (3.3.2) 

electrans n 

A remark has to be made here. One must realize that (3.3.2) defines an 

entropy which is fixed to the "stationary" states of which the c s are 
n 



the corresponding probability amplitudes. Of course, such a "subjective" 

definition of entropy can only have a very restricted usefulness, i.e. 

only in situations, where one choice of "stationary" statesas a basis 

is physically more meaningful than any other choice of basis states. 

In fig. 3.3.1 we show the "entropy" for the sarne case, for which 

the current and energy are shown in fig. 3.2.3 and 3.2.4. The shape of 

the entropy curve is representative for all calculations performed. Note 

that the horizontal scale is a logaritmie one. In all cases considered, 

the entropy had the J-shape, where the position of the first kink 

roughly corresponds to the typical time· interval ( to be interpreted as 

the "collision time") after which current saturation occurred. The 

meaning of the second kink (in the figure situated around 102) is 
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Fig.3.3.1. The "entropy" as a ftmCtion of the number of time steps for 

the same parameters as used to catcutate the current and energy in 

fig.3.2.3. and 3.2.4. 
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obscure to us. It seems to indicate the presence of a second typical 

timescale, which is not obvious from observations of the current 

behaviour. 

Except for very special cases (e.g. the time-reversed case of fig. 

3.1.4) we have never seen the entropy to decrease. However, the increase 

rate of entropy shows clear dips as a function of 1 precisely at those 
nF 

values where phase-randomization and current saturation is absent. 

We do not have a theory around, or a justification for, the 

introduetion of the entropy. It must be seen as no more than a first 

step on a way towards a complete and elaborate theory. 

By construction, our entropy is additive in the number of 

electrons, in contrast to the real entropy of a system of 

non-interacting fermions in thermal equilibrium. The reason for this is, 

that our subjective definition does not take proper account of the 

indistinguishability of the electrons, whereas the real entropy does. We 

will return to this problem in chapter 4, where we will derive a 

Boltzmann equation to describe global properties of our system, and 

after solving it, calculate the usual Boltzmann entropy. 
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4. STATISTICAL D~IPTION BASED ON A BOLTZMANN EQUATION. 

4.1. Derivation of a Bol tzmann eguation. 

In the previous chapters we have used the Schrodinger equation to 

describe the dynamics of electrons in our system. If we want to study 

the behaviour of the electrons only roughly, the Schrodinger equation 

has turned out to be rather cumbersome. By making use of the 

phase-randomization effect,the theory of which has already been treated 

insection 2.5, we will derive a Boltzmann-type of equation. 

We start at time T, exactly in between two degeneracies (see fig 

4.1.1), with known coefficients c (T) of the wave function 
n 

ik x 
~(x,T)=Lc (T)e n , where k is the wave vector, belonging to bandnat 

n n n 

time T. k will be specified lateron. We will relate the c -coefficients 
n n 

somehow to an occupation probability, whose time evolution can be 

described in a Boltzmann-like manner. We will therefore first calculate 

the c 's during one period of time, corresponding to one period of a, 
n 

i.e. T~t~T+2~eFL. Using (2.4.9), one easily calculates the 

coefficients at time T+~eFL, (denoted by c"). We then have 
n 

[ 
-i(A +A ) -i(B ) -i(B -B ) * 

c~+ 1 = e n n+1 {-e n RnTn+1cn+2 + e n n+1 RnRn+1cn+1} + 

-i(A +A ) -i(B ) ] + e n-1 n {e n-1 T R c + T T c } n n-1 n n n-1 n-1 

(4.1.1) 

and 

" [ -i (A +A 1) { T T i (B 1) T R* } en = e n n+ n n+lcn+2 - e n+ n n+lcn+l + 

(4.1.2) 
-i(A +A ) -i(B -B ) * i(B ) * ] + e n-1 n {e n-1 n R R c + e n R T c } n n-1 n n n-1 n-1 ' 

where c = c (T). n n 
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Fig.4.1.1. DetaiL of the energy spectrum as a function of time (-e~L a) 

Indicated is the correspondence between the probabiLities fk(t) and the 

coefficients c (t}. n 



We now introduce a probability distribution fk (t) for an electron 
n 

to have the velocity ~/mat time t. The time t will be chosen in 
n 

between two degeneracies. As we have seen before, at these moments an 

electron has an almast sharp velocity (or momentum), because the 

corresponding wave functions can then be represented by one plane wave. 

We define 

"' 
fk (t) - (4.1.3} 

n 

where 

(4.1.4) 

The sign of k indicates the direction of the velocity. For example, for 
n 

the band with index n+1 and at timeTor T+2vK/eFL the velocity is 

positive, while for the sameband and at time T+VKieFL the velocity is 

negative. We will denote the k belonging to band n with k (see fig. 
n 

4.1.1). 

If we make the simplifying assumption that the T 's and the R 's n n 

are independent of n and have magnitudesTand R, one easily derives 

from (4.1.1) and (4.1.2) that 

and 

lc~+112 = R2T21cn+212 + R4lcn+112 + T2R21cnl2+ T41cn-112 

(4.1.5) 

+ g 1(A 1,A +1.B ,B +1 .B 1,R,T,c 1,c ,c +1 ,c +2) n+ n- n n n n- n- n n n 

(4.1.6) 

+ g (A 1,A 1,B ,B +1,B 1,R,T,c 1 ,c ,c +1 ,c +2). n n- n+ n n n- n- n n n 

where gn+
1 

and gn are known functions, which in contrast to the other 



termsin {4.1.5) and (4.1.6) heavily depend on the A 's and B 's n n 

(explicitly through A 1,A 1.B ,B 
1 

and B 
1

, and implicitly through n+ n- n n+ n-

the A and B -dependence of the c 's). If the phases A are random, the n n n n 

functions g heavily fluctuate. By this we mean that at fixed t, g is 
n n 

an irregular function of n, fluctuating around zero in a seemingly 

random way, while the same applies for g at fixed n as a function of t. n 

This can he seen if one looks more closely at the exact expressions for, 

(4.1.7) 

* c + n 

A 

Using the definition of the fk{t) {4.1.3) and the equality 

CIRI 2 +ITI 2
)

2 =IRI 4 +ITI 4 +2IRTI 2 =1 expressions {4.1.5) and (4.1.6) lead to 

fk+~/L{T+2TK/eFL)-fk+~/L(T)+T4 [fk+~/L(T)-fk-~/L(T)]+ 
(4.1.8) 

and 

(4.1.9) 

-IRTI 2[fk+~/L(T)+fk~/L(T)-2f_k(T)] = gn 

The left-hand sides of {4.1.8) and (4.1.9) strongly suggest a 

Boltzmann-like equation, while the right hand-sides represent 

fluctuating functions of time. The time scales of these fluctuations are 
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"' of the order of several periods of a. If we average fk(t) over several 

different but closely spaeed t's and k's, we are able to define a new 

smooth function, fk(t), which can be considered as continuous in both k 

and t. Hence k and t need no langer be restricted to special values 

only. 

"' "' It is now possible to associate the average of fk(T-2vtifeFL}-fk(T) 

with a first derivative with respect to time and the average of 

" "' 
fk(T)-fk_2~/L(T) with a first derivative with respect tok. The 

definitions of the partial derivatives are given by 

a:~(t) : ~ ( fk(T+2vtifeFL} - fk(T) ) 

and 

(4.1.10) 

8fk(t) _ L ,. ,. 
8k = 2~ ( fk(T) - fk-~/L(T)), (4.1.11} 

where < a > denotes the mean value of the function "a" averaged over a 

several closely spaeed k's and t's. If we average over a sufficiently. 

large number of g 's, its mean value will go to zero (the phases A are 
n n 

assumed to be random). If we apply the definitions (4.1.10} and (4.1.11) 

and take the < g )'s zero, expressions (4.1.8} and (4.1.9} can be 
n 

written as 

and 

If we finally introduce an effective field Feff 

F eff = F T
4 

(4.1.12} 

(4.1.13} 

(4.1.14} 
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and the backscattering rate W 

w = ~L IRI2T2 (4.1.15) 

we obtain the Boltzmann equations 

afk(t) eFeff afk(t) 
- w [fk(t)-f_k(t)] at - h ak (4.1.16) 

and 

af_k(t) eFeff af_k(t) 
+ w [fk(t)-f_k(t)] at = h ak (4.1.17) 

We want to emphasize that (4.1.16) and (4.1.17} can only give a 

rough description of the behaviour of our system. More specific, it 

cannot be expected that results of e.g. a current calculation based on 

the integration of (4.1.16} and (4.1.17) will show fluctuating behaviour 

as observed in fig. 3.1.1 and 3.1.2. What we in fact hope is that the 

present theory will predict correct time-averaged versions of the exact 

results of chapter 3. 

It is stressed that we assumed that the T 's and the R 's were n n 

independent of n, i.e. of the energy of the electrons. Not making this 

assumption would imply that both the effective field and the 

backscattering rate become energy dependent. 
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4.2. Non-stationary solution of the Boltzmann eguation. 

To solve the Boltzmann equation (4.1.16) for fk(t) we wil! first 

derive an analytic salution for the function gk(t)=fk(t)-f_k(t). Lateron 

we wil! use the expression for gk(t) in order to obtain an analytic 

expression for the fk(t). In a paper by Lenstra and van Haeringen [6] a 

methad is given to obtain the salution for the gk(t), by which, in 

principle, gk(t) can be solved for every time t. They only give the 

solutions for t(~~eF (kF is the absolute value of k at the Fermi 

level).Following the above-mentioned method, we differentiate 

expressions (4.1.16) and (4.1.17) with respecttot and subtract the 

obtained expressions. Using (4.1.16) and (4.1.17) again, we arrive at 

the homogeneaus damped wave equation 

[ 
a2 a e 2 F2 a2 

at2 + 2 w at -~ ak2 

where we replace Feff by F. 

As the initia! conditions at t=Ü ,we shall put fk(O) 

for lkl<kF 

for lkl>kF. 

(4.2.1) 

(4.2.2) 

Note that this corresponds toa situation, in which all states with 

energies below the Fermi energy are occupied by electrons and all other 

levels are empty. This is different from the initia! values, used in 

chapter 3, where only a few energy levels were occupied by electrons. 

However, as far as the energy and the current are considered this is no 

problem as we wil! see in section 4.3. For the entropy it makes quite a 

difference (see also section 4.3). 
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To solve (4.2.1) we use the transformation 

(4.2.3) 

A 

and derive expressions for g (t) (see fora precise derfvation [10]). 
x 

This yields for gk(t) 
()() 

{4.2.4) 

for t>O. After performing the integration [11] the solution of (4.2.1) 

can be written as 

"' 
gk(t) = gk-k (t) - gk+k (t), 

F F 
"' 

where the functions gk(t) are given by 

"' { e-Wt I
0

[Wvf t2-~k2/e2F2 ] 
gk(t) = 0 

if Ik I < eFt/K" 

if Ik I > eFt/K", 

with I the modified Besselfunction of order zero. 
0 

(4.2.5) 

{4.2.6) 

l 

Since we have an expression for gk{t), the Boltzmann equation 

{4.1.16) can be written as the inhomogeneous linear partial differential 

equation 

ofk{t) eF ofk{t) 
at + ~- ak = -w gk(t). 

to be solved with the initia! values {4.2.2) 

To solve {4.2.7) we wil! use the transformation 

k = q + eFs/K" } 

t = s 

One easily verifies that the functions h {s) defined by 
q 

h {s) = f + F _is) q q e sltf" 

(4.2.7) 

{4.2.8) 

{4.2.9) 



satisfies 

ah (s) 

Js = - W gq-eFs~s) = Mq(s) (4.2.10) 

Since q is only a parameter in (4.2.10), we can solve (4.2.10) by 

integration. If we also use the inverse of {4.2.8), we obtain for fk{t) 

s 

fk(t) = [ hq(O) + Jds' Mq(s') ] 

0 s = t 
q = k- eFtM. 

(4.2.11) 

This procedure is equivalent to integrating the original differential 

equations along the curve k=q+eFtM for -ro(q(oo (see fig. 4.2.1). 

~r 
" / 

/k = q + eFt/'i'l 

/ 
/ 

II / IV 

III / 
/ 

I V 

/ 
-k q 0 k 

F F 
k 

Fig.~.2.1. (R,t)-plane with six regions, alt corresponding to different 

expressions for gR(t). The dotted curue indicates the pathof 

integration to solue the inhomogeneous differentlal equation (~.2.7) 

.. 



IE we look more closeJy at gk(t), we see that gk(t) equaJs zero in the 

regions I, III, V of the (k.t)-plane (see fig. 4.2.1), which makes the 

integration trivia!. In the other regions the integration is more 

complicated, but it is PGssib!e to express (4.2.1!) in functions J(~.f). defined by 

Tl 

J(r,,f) ~ 1 - e-f ~dt e-t I0[~] • 

0 (1.2.12) 

which are described by Luke [12]. Also tabular oaterial of these 

integrals ex!sts (see e.g. Brinkley and Brlnk!ey [13]) . 

.• /" 

0 

+ 

Fig.4.2.2. 

The probobility distr!bution as functton of the d!menstonless 

A A A A A k and the dimenstontess time t for W.0.6 ( for k, t and W see 

wave1l1111iber 

text). 
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Using the dimensionless quantities, t=eFt/hkF, k=klkF and 

W=hkFW/eF, it is possible to rewrite the Boltzmann equation {4.1.16) in 

such a form that the initia! three parameters (F, kF and W ) are 

replaced by only one parameter (W). This implies that the shape of the 

function fk{t) does not change if we use other parameters F, kF and W 

and leave W unchanged. The numerical integration of (4.2.11) is quite 

easy. As annexample we calculated fk(t) in the case of W=0.6, which is 

shown in fig. 4.2.2. 

Both equation {4.2.11) and fig. 4.2.2 show that the probability 

distribution does not tend to a time-independent distribution. 

Nevertheless, it is possible to give an analytica! proof that the 

current saturates after some time at the time-independent value 

jsat=e2Fv~2~. where vF is the Fermi velocity [6]. This fully 

resembles the situation in chapter 3, where it was also noticed that, 

although no stationarity was reached in any way, the current more or 

less saturated at a time-independent value. 

For calculating the current j(t), the energy E(t) and the Boltzmann 

"entropy" S{ t), we use 
(10 

j(t) etl} = 2vm dk k fk{t), (4.2.13) 

-<10 

(10 

E( t) = ~L Idk k2 fk(t) (4.2.14) 

-<10 

and 
(10 

S(t) = 2; Idk fk(t) ln fk(t). (4.3.15) 

-<10 
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a b c In fig. 4.2.3 , 4.2.3 and 4.2.3 the current, the energy and the 

entropy are shown for the same case as mentioned above. The discussion 

of these results wil! be postponed until the next section. 
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of the dimensionLess time,t. (W=0.6) 
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4.3 Comparison with guantummechanical results. 

We have now obtained two sets of results corresponding to the two 

different descriptions for our system. One is directly based on the 

Schrödinger equation, while the other is basedon a Boltzmann equation. 

In principle the first metbod is exact, except for the two-dimensional 

perturbation theory, used to obtain the "stationary" states and energy 

bands. This latter approximation is required from a practical point of 

view rather than being a fundamental approximation. The description 

basedon the Boltzmann equation is intrinsically an approximative one, 

since it is known beforehand, that precise details such as the 

(deterministic) fluctuations or eventual persistent correlations can 

impossibly be reproduced. In this section we will campare the numerical 

results obtained using the two above-mentioned methods. In this respect 

it is stated that most of the calculations in chapter 3 were for two 

electrons, initially occupying high-energy states (near the Fermi

energy) with opposite currents. In the Boltzmann approach on the other 

hand, we have always dealt with initia! situations, in which all states 

with -kF < k < kF were occupied, where ~ is the Fermi wave-number. 

However, it can be shown, using the linearity of the Boltzmann equation, 

that the salution for fk(t), with two electrans only, that is, one 

initially at kF and the other at -kF' has a simple relationship to the 

salution for fk(t) withall the !kl-points up to ~ occupied by say N 

electrons. This relationship is such that the respective currents and 

energies are just proportional toeach other, i.e. 
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(4.3.1) 

Unfortunately, this is not true for the entropy, simply because the 

entropy is not linear in fk(t). This is one of the reasons, why 

entropies poorly campare to each other as we will see below. 

In fig. 4.3.1 we have drawn three different energy versus time 

curves. The solid curve, which is somewhat fluctuating, is the result 

calculated in chapter 3, with parameter values 1 = 0.0255 ; Z = 100 
nF nF 

nF = 200. In the Boltzmann calculation weneed values for the 

backscattering rate W (4.1.15) and the effective field strength Feff 

(4.1.14). However, there is a small complication in that Wand Feff were 

considered in the Boltzmann approach to be level-independent, which is 
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Fig. ~.3.1. The comparison of the energy curves corresponding to the two 

descriptions (see text). The somewhat fLuctuattng curve is the resuLt 

obtained using the method of chapter 3, whiLe the straight soLid Line is 

the result obtained using the BoLtzmann approach (for the same 

parameters). The dotted Line is obtained by fitting the backscattering 

rate in the BoLtzmann approach. 
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an approximation. 

When camparing Boltzmann results with those obtained in chapter 3, 

it seems reasanabie to choose values for Wand Feff corresponding to 

their values in chapter 3 at the initally occupied levels. This leads to 

the straight solid line in fig. 4.3.1. The slope of this curve is seen 

to be smaller than the exact result by a factor of about 2/3. We do not 

really understand this large deviation. It seems as if the effective 

backscattering rate to be used in the Boltzmann approach is only 2/3 of 

the value which it is supposed to have at the Fermilevel (through 

(4.1.15)). One might even speak bere of an "almost universa!" effect, as 

can be seen from fig. 4.3.2. Apart from the straight line, this figure 

is taken from [9]. Each dot represents an average saturation current 

""--.! 
E - • +'= • • QJ • • • t= • • 
VI ••• ...... 
c 

•• • ::J • • c • • -c •• QJ 
I t... 

t... • ::J 
u 
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Fig.~.3.2. The dots indicate the saturation values obtained as a 

function of the field, which is proportional with 1 . The solid curve 
nF 

indicates the sateration values corresponding to the Boltzmann approach. 
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level calculated at corresponding values of 1 with nF=200 and z =100. 

nF nF 

The straight line connects all corresponding results in the Boltzmann 

approach. In the majority of cases the true current is seen to he about 

3/2 times as large as the Boltzmann prediction and this also suggests. 

that we are using an effective W, which is about 3/2 times too large. 

We wish to emphasize that almast perfect reproduetion (apart from 

fluctuations) of the energy curve can he obtained by optima! fitting of 

W. The best fit in this sense is the dotted curve in fig. 4.3.1, which 

has been obtained with a backscattering rate which is 0.677 times the 

old one. 

The only possible explanation we can think of so far, is that, in 

spite of the quasi-randomnessof phase angles, certain persistent 

correlations may exist which lead to a smaller backscattering rate, than 

expected. If such would he the case, our derivation of the Boltzmann 

equation insection 4.1 would still he suffering from a serious flaw.· 

For the sameparameters as in fig. 4.3.1, the respective current curves 

are given in fig. 4.3.3. These curves do not provide new information in 
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Fig.~.3.3. Currents as a function of time for the same cases as in 

fig.4.3.1. 
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view of the exact relation (3.2.1), which as a matter of fact is an 

exact relation between current and energy in the Boltzmann approach as 

wel!. 

Let us now turn to the comparison of entropies. We abserve 

remarkable differences between the two entropy curves in fig. 4.3.4 and 

4.3.5. Not only their shapes are different, but also their magnitudes. 

All calculated "subjective" entropies (chapter 3) have the typical 

J-shape, and, by construction are additive in the number of electrons. 

The Boltzmann approach entropy, however, exhibits no second kink and is 

not additive in the number of electrons. We wish to advocate bere, that 

the "entropy" definitions used are not comparible to each other. In the 

Boltzmann theory, fk(t) is the probability in a many electron system for 

state k to he occupied by an electron. The Ie (t)l 2 from chapter 2 on 
n 

the other hand are probabilities for one given electron to occupy state 

(or band) n. Hence, we have to be careful when dealing with summation~ 

over electrans (chapter 3) and summations over states (chapter 4). For 

quantities, which linearly depend on both fk(t) and lcn(t)l 2
• such as 

current and energy, it is very well possible to campare results based on 

the two descriptions. This dependenee is, however, non-linear for the 

entropy, which is the reason that similar expressions, that are 

different in the type of summations (i.e. over electrans or over states) 

lead to non-comparable results. 
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This can be illustrated by considering, e.g. the energy (2.4.14) 

E(t) = 2 [ 2 lcn(t)l 2 é~(t)] (4.3.2) 
electrons n 

= 2 [ (4.3.3) 
n electrons 

(4.3.4) 

Hence, the two summation types are interchangeable. Consider now the 

"entropy" (3.3.2). 

S(t) = 2 
electrons n 

Ie (t)l 2 ln n 
n electrons 

2 fk(t) ln fk(t). 

k 

(4.3.5) 

(4.3.6) 

electrons 

(4.3.7) 

Clearly (4.3.5) is different from (4.3.7). It might have been more 

adequate to start with (4.3.6) insteadof with (4.3.5) as the definition 

of "entropy". In that case we expect to obtain results, which are better 

comparable to results basedon (4.3.7). This expectation has not yet 

been verified. 
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