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Summ.ary 

In ion scattering spectroscopy ions which have been reflected from the surface 
of asolid are analysed with respect to their energy spectrum. It is of impar
tanee that the scattered ions are focused onto the entrance of the energy
analyser. Besides it is necessary that their energy can be adapted to the 
analyser's pass energy. Using an electrastatic zoom lens the combination 
variabie energy- constant focusing can be realised. 
The present zoom lens is of unusual conical symmetry. For calculating the 
lens properties an available charge density metbod bas been adapted and 
extended. In this method. a boundary element method. fi.rst the charge den
sity distribution at the lens electrades is calculated. Next partiele trajectories 
can be calculated for arbitrary starting conditions. 
Results of trajectory calculations have been used to obtain zoom lens curves. 
One of the conclusions is that up to pre-accelerations by a factor 6 the scat
tered ionscan be focused in the desired way. 
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1. Introduetion 

1.1 Surface Physics 

In surface physics the properties of the outermost atomie layers of a solid are stu
died. Diiferences with the underlying bulk layers can bedescribed in termsof e.g. surface 
segregation and relaxation. The results of surface physics are of critica! importance in 
matters related to adhesion. as with coatings. or related to chemical reactions at a surface. 
as with catalysis. Further the miniaturising in micro-electronics increases the importance 
of surface physics. 

To study the outermost layers of solids several techniques have been developed. The 
basic principle of most of them is that a beam of particles or electromagnetic radiation is 
directed towards a surface. One of the components (ions. electrons. radiation) which is 
coming back from the surface is analysed with respect to its angle-dependence. energy. fre
quency or mass. In practice a combination of techniques should be used to get a full 
understanding of the surface. Examples of well-known techniques are Auger Electron 
Spectroscopy (AES or Auger). X-ray Photo-electron Spectroscopy (XPS). Low Energy Elec
tron Diffraction (LEED) and Low Energy Ion Scattering (LEIS). 

The Auger process is shown schematically in figure l.l.a. An inner electron shell (of 
ionisation energy EA) of some atom is ionised by means of a high-energetic electron or 
photon. The vacancy created in this way is filled by an outer electron (at energy EB). The 
de-excitation energy of this process is used to emit another electron (energy EF ). the so
called Auger-electron. This electron bas a kinetic energy characteristic for the emitting 
atom and is detected. 

Fig. t.t.a Schematic representa
tion of the Auger process 

Fig. l.l.b Principle of X-ray photo 
emission 
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In figure 1.1.b the principle of the XPS technique. related to AES. bas been outlined. Here 
the ionisation is achieved by an X-ray quantum. and now the energy of the directly ejected 
electron is object of study. Both AES and XPS inform about the composition of the sur
faces. To obtain information about the geometry of a surface LEED can be applied. Here a 
beam of low energy electrons is directed towards the sample. If the surface layer bas a 
regular structure and if the de Broglie wavelength of the electroos is less than the basic 
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lengtbs of the surface primitive cell. electrans can be scattered generating a diffraction pat
tem. From this the geometry and dimensions of the surface atomie lattice can be calcu
lated by means of the Bragg relation. 

The LEIS method. finally. just as Auger and XPS. can be used for element-analysis. 
The principle and a practical design of an apparatus for this metbod will be described in 
next section. It will be shown that LEIS can also be used as a means for structure
analysis. 

1.2 Ion scattering, EARISS 

In the LEIS technique ions which have been scattered at a surface are detected. In 
first order approximation the interaction of each ion with the surface can be treated as a 
classica! two partiele collision. A classica! treatment is allowed because low energy ions, 
i.e. ions with an energy of several keV's, have a de Broglie wavelength which is negligible 
in comparison to the effective range of the scattering potential. The collisions are binary 
because the characteristic distance for perceptible core-core repulsion is far less than the 
atomie spacings. Further in good approximation the surface atoms are free. for the interac
tion time of the ions at the surface is short compared to the characteristic time of the lat
tice vibrations at the surface. Applying the laws of conservation of energy and of momen
turn a simple expression can be derived. irrespective of the nature of the interaction poten
tial. which relates mass ratio, scattering angle and energy before and after collision. For 
the special case of an ion (or atom) of mass m 1• being scattered elastically at a heavier tar
get atom (mass m 2 ) at rest. the energy befare and af ter scattering (E 1 and E 3), the scatter
ing angle 6 and the mass ratio r = m 2/m 1 are found to bedependentof each other as 

(1.1) 

So at given E 1• 6 and r the energy of the scattered ion can be calculated. (1.1) can be 
solved towards r. which gives equation (1.2). Equation (1.2) shows the use of ion scatter
ing spectroscopy for element-analysis. For from the experimental parameters uniquely fol
lows the unknown mass-ratio. 

r = --= 
E 1-2.JE;E;cos6 + E 3 

E 1-E3 
(1.2) 

LEIS can be made sensitive to the atoms of only one monolayer by scattering noble 
gas ions. These ions have high neutralisation probability (e.g. 99.9% per callision for He+ 
ions) and so ions scattered from deeper layers. which undergo multiple collisions in their 
way back to the surface. will be neutralised befare they can escape from the surface. The 
surface selectivity attainable in this way is far better than the selectivity of other beam 
techniques like AES and XPS. 

As mentioned befare LEIScan also be used for analysis of the surface structure. One 
souree of information is given by the occurrence of double collisions, especially at grazing 
incidence. The relative number of double collisions depends on the relative positions of the 
atoms at the surface. Another souree of information consists of shadowing effects which 
are detected if the direction of incidence is such that one type of atoms is bidden bebind 
another type. 
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At the Surface Physics group of Eindhoven University two experimental setups are 
available for ion scattering spectroscopy. The first is NODUS (Non-Destructive and Ultra 
Sensitive single atomie layer surface spectrometer). A schematic diagram of the target sec
tion of NODUS is shown in figure 1.2. The energy selection and focusing of scattered ions 
in this apparatus is 

Fig. 1.2 Cross-section of NODUS 

performed by a so-called cylindrical mirror analyser. For a comprehensive description of 
NODUS see [Ack-86]. The present report however deals with EARISS. the second 
apparatus. 

A major problem in ion scattering spectroscopy is the surface damage caused by the 
impact of the ions. The dose of ions can be minimised by maximising the efficiency of 
detecting scattered ions. To make more efficient use of the scattered ions the past few 
years a novel apparatus has been built which is capable of imaging at the same time ions 
scattered at different energies and at different azimuthal angles: the EARISS (Energy and 
Angle Resolved Ion Scattering Spectrometer). An outline of the apparatus is given in figure 
1.3. The primary beam is focused with lens B onto he target. By means of diaphragms 
D 1 ( window) and D 2 (pupil) the (effective) size of the scattering object and the scattering 
angle are defined. The narrower the diaphragm slits the better defined the angle of scatter
ing but also the lower the intensity of the transmitted secondary beam. In the present 
design the diaphragms fix the scattering angle at 145 o with an uncertainty of about 1.5 o. 

In future it will be possible to change this scattering angle by means of additional 
defiection plates in front of the window. Ions which come from the sample with an 
azimuthal velocity component will have a spiralising path in the analyser before reaching 
the detector. and so will decrease the (azimuthal) angular resolution. To intercept ions 
with a too large azimuthal velocity component an azimuth-selector. consisting of several 
plates with narrow slits. can be placed between D 1 and D 2 [Boe-83]. Af ter passing the 
pupil the ions are focused by zoom lens E onto the entrance of the analyser. It is this 
zoom lens which was subject of the present study. It will be dealt with in following sec
tions. In the analyser the ions are spatially separated depending on their energy. Ions of 
energy EP. the so-called pass-energy of the analyser. follow the central trajectory shown 
in figure 1.3, and are focused onto the middle of the detector. whereas ionsof higher resp. 
lower energy are deflected in such a way that finally they are focused onto the detector at 
smaller resp. larger radial distances. The energy-image at the position of the detector 
achieved with this analyser is almost linear [Hel-86]. By its shape the analyser further
more accepts ions in a full azimuthal cone and focuses them onto the detector with an 
impact angle close to the normaL By the way. strictly speaking beams are not focused 
onto the the detector itself. In front of the detector there is a couple of channel-plates. at 
the first of which the focusing occurs. The impact of an ion at the first channel-plate is 
translated to a gausian shaped cloud of electrons at the detector. The detector, finally. 
consists of a number of sickle- and ring-shaped conducting electrades on an isolating plate 
[Kni-8 3 ]. The signals from the electrodes give both the radial and angular position on the 
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Fig. 1.3 Cross-section of EARISS 

detector of the electron cloud. 

1.3 The zoom lens 

When the analyser is operated at a pass-energy EP ions in the energy-interval 
EP ( 1-8) ~EP ~EP ( 1 + 8) can reach the detector. 8 is a constant independent of energy. 
8:::::: 1/16. So when increasing resp. decreasing the pass-energy EP . larger resp. smaller 
parts of the secondary spectrum will be detectable. To adapt the ion energy to the pass
energy the ions must be accelerated or decelerated before entering the analyser. Large 
acceleration must be applied when it is desired to image a considerable part of the secon
dary spectrum at the same time. Because there is an upper limit to the voltages at which 
the analyser can be operated. the part which can be imagedat the sametime is limited. An 
alternative to imaging the whole energy in a few parts at the detector is scanning the 
energy spectrum. If the multidetector is replaced by a single-ring-detector the latter 
metbod even is the only possible one. Making an energy scan implies that successively the 
whole range of energies of the spectrum is accelerated or (for energies higher than Ep) 
decelerated towards EP and consequently is imaged at the middle of the detector. An 
advantage of such a scanning metbod is that for the successive energies the trajectory in 
the analyser and the position at the detector is the same. So then the differences in meas
ured intensity cannot be caused by imperfections in the analyser or in the detection sys
tem. 
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During operation the first electrode of the zoom lens is held at target potential. The 
acceleration or deceleration of the scattered ions from energy E 0 (keV) to energy EP (keV) 
at the entrance of the analyser is defined by the potential of the last electrode of the zoom 
lens. i.e. simply put voltage V 4 (kV) = -(EP -E0 ) to that electrode. The zoom lens 
however must also be capable of focusing the ions onto the entrance slit of the analyser. 
This report deals with calculations which have been done to obtain the desired operating of 
the zoom lens. In chapter 2 the requirements of the lens will be stated precisely and a 
survey of earlier work (in the design-stage) on the subject will be given. In chapter 3 
some methods to calculate lens-properties will be described and the metbod used bere will 
be explained in detail. Results of (computer-) calculations will be presented in chapter 4. 
They range from tests on simple lenses for which data by other authors are available to 
the final model of the EARISS zoom lens. In chapter 5. finally. the results will be dis
cussed and conclusions will be drawn. 
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2. Characterising the zoom lens 

2.1 Ion opties, a description in phase-space 

Requirements on charged partiele beams in zoom lenses and in other beam transport 
elements and the properties of such elements can be described in a formalism whieh is 
quite analogous to that familiar in light opties. One of the analogies is the resemblance 
between the index of refraction in light opties and that in ion opties. see figure 2.1. 

i 

q 

~ sin i = r-v; sin r 

sin i = 1(V;" 
sin r vv; 

Fig. 2.1 Refraction in light opties and in partiele opties 

Purther an electrostalie lens as shown in figure 2.2. which is symmetrical with respect to 
the z -axis. and which bas field-free regions for z- co. can be described in terms of focal 
lengtbs and principal planes which is identical to the use of these parameters for a 
cylinder-symmetrical glass lens in light opties. Por a definition of these parameters con
sider the asymptotic behaviour of an ion which comes from the field-free region at the left 
respectively the right side of the lens. in a direction parallel to the z -axis towards the ori
gin S. The asymptote of the trajectory of the partiele after it bas passed the region of 
focusing crosses the z -axis in F 2 and in F 1 and the original asymptote in the principal 
plane H 2 and H 1 respectively. The distances from H 2 to F 2 and from F 1 to H 1 are 
denoted by f 2 and f 1 respectively. With the help of F 1• F 2• H 1 and H 2 for each object 
an image can be constructed in the way shown in figure 2.2 for an .object at z,. Por an 
object at H 1 rigorous continuation of this image-construction metbod gives an image in 
H 2• This justifies the construction for an arbitrary trajectory like w in figure 2.2. 

A convenient way to calculate trajectories is by means of matrix methods. In first 
order approximation the displacement r 2 and the angular divergence r 2' = dr2/dz after 
each beam transport element can be described as linear transformations of the input 
parameters r 1 and r 1' at the beginning of the element. So the transformation information 
can be put in a matrix. The transformation of w in figure 2.2 from z, to Zq is. in termsof 
matrix calculation. a multiplication of three matrices: 

(2.1) 

A 1 is the matrix for a transformation in a field-free region (potential V 1) along the dis
tanee z, to H 1• A 2 takes into account the strength of the lens in a transformation from 
H 1 to H 2• and A 3 again is a matrix fora field-free region (potential V 2), now from H 2 to 
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---- -----,-------- -----......----------
5 

--------------- ---------------

Fig. 2.2 Image forming in partiele opties and definition of focal lengths. 
f 1· f 2• F 1 and F 2 as shownare positive. 

zq. The transformation matrices are those well-known from light opties: 

1
1 L 

AL= 0 1 

fora field-free drift space of length L along the z-axis. and 

1 0 

(2.2) 

(2.3) 

for the transformation from H 1 to H 2 in a lens. Multiplication of A 3 • A 2 and A 1 gives 

1-
rq = 
rq 

I 

in which 

P1=ft-Ft 

P2 = F 2- I 2· 

zb-P2 

12 

1 

12 

zb-P2 f 1 
(pl-zv)(1- /

2 
)+f

2
(zb-p2) 

_ J 1 + P1-zv 

I 2 I 2 I 1;:·1· (2.4) 

(2.5) 

(2.6) 
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Some further characteristics with respect to figure 2.2 and the matrices can be 
deduced with the help of the Liouville theorem. This theorem states that for systems the 
dynamics of which can be derived from a Hamiltonian the flow in the so-called phase
space is incompressihle. Fora system consisting of particles withno mutual (or negligihle) 
interaction phase-space can be defined to be a six-dimensional space with as co-ordinates 
the real space co-ordinates (in an orthogonal co-ordinate system) and the conjugate com
ponentsof momentum. When working in a phase-space hased on cylindrical co-ordinates 
according to Liouville the hypervolume in phase-space containing all (r .c/>.z ·Pr ·P<P·Pz} 
comhinations of a heam, measured with respect to the motion of the beam as a whole. will 
be constant in time. If the motions in the r . cl>. and z direction. relative to the beam 
motion. are independent, then the occupied part of phase-space even is restricted to three 
sections in the (r ·Pr ). (cf> .p <I>) and (z ·Pz) plan es, each of which has a constant area. 
Matrices descrihing linear transformations in such a plane of constant area have unity 
determinant [Ban-66]. Applied to the above lens (fig.2.2) this means that a matrix B 
descrihing the transformation from (rP ·Pr,) to (r9 ·Pr

9
) has a determinant equal 1. 

Transformation of co-ordinate (r •Pr) to (r .r') as used in formula (2.1) reveals that 
matrix A bas elements such that 

(2.7) 

in which Pz and Pz denote axial components of momentum. measured with respect to a 
p 9 

co-ordinate system at rest (as opposed to Pz • which is relative to the beam motion). In 
paraxial approximation (2. 7) can be put equal to 

I V 1112 
det(A) = v: . (2.8) 

in which V 1 and V 2 denote the potentials at the electrades measured with respect to the 
potential at which the kinetic energy of a partiele equals zero. From (2.1). (2.2) and (2.3) 
we ohtain 

ft 
det(A) = -. 

I 2-

and so. comhining (2.8) and (2.9). 

(2.10) is known as the Helmholtz-Lagrange relationship. 

(2.9) 

(2.10) 

The conservation of phase-space area as a consequence of Liouville's theorem as an 
alternative can be expressed hy Ahbe's sine law which relates two independent image
forming "rays" like u and v in figure 2.2 as 

(2.11) 
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In paraxial approximation (2.11) again reduces to a representation of the Helmholtz
Lagrange relationship: 

(2.12) 

which. with f 1 = h 2/a 1 and f 2 = hda 2 is equivalent to (2.10). Defining the linearand 
angular magnification as M = h 2 /h 1 and M ex = a 2/a 1 respectively. (2.12) can be castinto 
the form 

M Mcx= (2.13) 

This relation between M and M ex imposes a severe restrietion on the possibilities of a zoom 
lens. 

2.2 The detecting system in terms of phase-space transformadons 

The zoom lens and other beam transport elements of EARISS will be described in 
(r,r')-space. with ra local radial distance. measured with respect to the central trajectory 
s 0 (see figure 1.3). In the following for convenience this space will be denoted as "the" 
phase-space. The occupied part of phase-space at the pupil is shown in figure 2.3.b. Rays 
1 and 2 in this have been drawn in figure 2.3.a. 

window puil 

0.2H 

-- ~~=$$~~~· 
H = 5 mm 
a1 = tan a1 

= 0.029 

12.5 H 7 H 
a

2 
= tan a

2 
= 0.000 

Fig. 2.3.a The acceptance of particles by the window-pupil combination 

To obtain a maximum energy-resolution within the possibilities of the detector. the 
phase-plane at the pupil. representing a beam of certain energy. must be transformed to a 
vertical phase-plane at the position of the detector. The extension in r -direction of this 
phase-plane must be small. The analyser transfarms a vertical phase-plane at its entrance 
slit (positioned in this case at a distance of 37 mm from the pupil) to an in first order 
vertical plane at the detector. with a linear magnification of about two [Hel-86]. So the 
actual focusing must occur in the zoom lens. This can be stated more precisely in terms of 
optica! imaging. See again figure 2.3. The phase-plane at the pupil can be transformed back 
to the window by tracing back rays 1 and 2. giving a vertical phase-plane at the window. 
The zoom lens now must image this window-object at the entrance of the analyser. with a 
minimum linear magnification. 
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analyser 

-u 

Fig. 2.3.b Plw.se-diagram. at the pupil, and its transformation back to the window 
and forward to the ano.lyser entrance 

2.3 Earlier work., design of the zoom lens 

The zoom lens was designed using the first order calculations of Boelens [Boe-83]. In 
bis calculations Boelens used as a model for an EARISS zoom lens a slit lens of planar 
symmetry. Data for such a lens were available in [Har-76]. Some objectionscan be men
tioned against using a lens of planar symmetry as a model for a zoom lens as used in 
EARISS. lt lack.s the rotational symmetry and the finite. non-constant radius of curvature 
of the conicallens in EARISS. New focallengths must be calculated to characterise such a 
lens. Before this can be done. however. it must be checked whether the linear transforma
tions introduced in paragraph 2.1 are allowed. Can the lens be considered as symmetrical 
with respect to the geometrical z -axis (defined in figure 2.5) and. if so. is there linearity in 
r and r' in first order approximation. Without this a straight z -axis with flat principal 
planes cannot even be defined. 

Generally a lens of fixed position and n elements (on variabie potentials V 1 •••• .Vn ) 
can be used to maintain constant (n -2) properties of an image. while the remaining pro
perties are varied. Such a lens bas (n -1) independent voltage ratios V; /Vi. with i E 
( l, ... .n ). and i ;é j. When one of these ratios is changed to change a property of the image. 
the (n -2) remaining can be used to keep constant (n -2) other properties of the image. A 
restrietion is that the Helmholtz-Lagrange relationship (2.13) must be satisfied for each 
object-image pair. So in the present situation in which the object-image distance must be 
kept constant while the energy of the image is varied a lens of at least three elements is 
needed. 

The model Boelens used was the three slit lens from [Har-76]. with a gap width to 
slit height ratio of l.O. The slit height H was taken 4 mm. By means of this lens he made 
an attempt to image a spectrum from 0 to 4 keV in four parts at the detector while operat
ing the analyserat a pass-energy of 5.5 keV. (In the preliminary design 8 for the analyser 
was 1/11.) With the pupil at a distance of 3 H before the lens (measured with respect to 
the mid-plane of the lens) and the entrance slit of the analyser 2 H after the lens. only 
the 0-1 and 1-2 keV sub-spectra could be imaged in the desired way at the analyser 
entrance. For the 2-3 and 3-4 keV spectra this lens at this position was not appropriate. 
Particles of these energies. undergoing less acceleration and coupled to this less focusing 
than those of lower initia! energy. were focused at a plane after the analyser entrance. 
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However by moving the three-element lens a distance H into the direction of the pupil. 
the image plane could be made to be at the entrance. On account of this observation a 
four-element lens was proposed which had to be used as a kind of movable three-element 
lens. This lens is shown schematically in figure 2.4. The data for the voltages to be 
applied to the lens. and the corresponding co-ordinates of the angular points of the phase 
plane at the analyserentrance can be found in table 2.1. 

z = -2 H 
p 

spectrum 2 - 4 keV v
1 

pup i 

H H 

z = -3 H p 

z = 3 H 
a 

z = 2 H a 

f 

H = 4 mm 

z 

anaZyser 

Fig. 2.4 Schematic cross-section of four slit lens system used in I Boe-83 / 

A schematic diagram of the actually constructed lens is contained in figure 2.5.a. Figure 
2.5.b shows a representation of this lens which makes it comparable with the lens-system 
in [Boe-83]. Note that the second aperture has a greater thickness than the other apertures. 
The intention of this construction-detail is the following: As can be seen from table 2.1 
imaging the 3-4 keV spectrum requires (for the model lens in figure 2.4) a voltage of 11 
keV on electrode 2. The electrical field strength around this electrode is then in the neigh
bourhood of 2. 75 kV /mm, which is relatively high. To avoid micro-discharges in this 
situation it is favourable to fit the electrode with relatively smooth edges. i.e. with a large 
radius of curvature. 

Supplementary to the objections mentioned at the beginning of this paragraph. com
parison of figure 2.5.b with figure 2.4 gives a further indication to take the data from table 
2.1 only as a first start to characterise the zoom lens. In units H e.g. zP and Za are consid
erably larger in figure 2.5.b. 
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available phase-plane at 
from [Har-76] the analyser 

vl v2 v3 v4 
V2 v3 v4 

spectrum - - - rl al r2 a2 
vl vl vl 

(keV) (kV) (kV) (kV) (kV) (mm) (rad) (mm) (rad) 
0-1 0 0 -1 -5 1.0 2.0 6.0 0.09 -0.029 -0.14 -0.029 

1-2 0 0 -7 -4 1.0 8.0 5.0 -0.17 -0.040 -0.34 -0.039 
1.0 4.5 3.0 0.16 -0.036 -0.17 -0.030 

2-3 0 -8 -3 -3 5.0 2.5 2.5 0.13 -0.016 -0.32 -0.033 
3.75 2.0 2.0 0.32 -0.006 -0.18 -0.027 

3-4 0 -11 -2 -2 
4.75 1.7 1.7 0.19 -0.019 -0.30 -0.030 
3.75 1.4 1.4 0.32 -0.013 -0.17 -0.028 

pupil: r 1 = r 2 = 0.4 mm a 1 = 0.026 rad a 2 = -0.0087 rad 
H = 4mm 

Table 2.1 Data for imaging a 0-4 keV spectrum in 4 parts at the detector. Calcu
lated using a planar lens rrwdel / Boe-83]. Note that V 1 , V 2 • V 3 and V 4 in 
V 2/V 1• V 3/V 1 and V 4/V 1 are measured with respect to the cathode potential. 

anaZyser> 

/5mm 
".. p 

~35° 

~çp 

I 

I 
Fig. 2.S.a Cross-section of EARl SS zoom lens, in a meridian plane 
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Fig. 2.S.b Schematic cross-section of EARl SS zoom lens, to be compared with 
figure 2.4 
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3. Numerical analysis of partiele tra jectories 

3.1 Methods for field calculation 

A review on methods to calculate the properties of electrastatic (and magnetic) lenses 
of axial and planar symmetry is given by Mulvey and Wallington [Mul-73]. In this report 
only electrastatic lenses with no space charge inside will be considered. The calculations 
can almost always be separated into two parts. namely the part concerned with solving 
Laplace's or Poisson's equation to find the potential distribution within the lens. and that 
concerned with the ray tracing in order to obtain focal properties. Mulvey and Wallington 
discuss five computational methods for obtaining the values for the potential. The confor
mal transformation method. the separation of variables method. the charge density 
metbod (c.d.m.). the finite difference metbod (f.d.m.) and the finite element metbod 
(f.e.m.). 

In the conformal transformation metbod the electrode boundaries of an electrastatic 
lens in a real plane are transformed to a complex plane in which the boundary conditions 
to be applied to Laplace's equation are simpler. Laplace's equation remains invariant under 
the transformation. The solution of Laplace's equation in complex space is transformed 
backwarcts to real space. In practice the conformal transformation metbod can only be 
used to calculate the potential in the plane of symmetry for lenses of planar symmetry. 

Characteristic of the technique which is known as the separation of variables metbod 
is that the potential is written as a finite series of products of functions in which each 
function depends on one variable. i.e. co-ordinate. only. The terms of the series are taken 
to be formal solutions of Laplace's equation with unspecified boundary conditions. As a 
consequence for example for the case of a cylinder-symmetrical lens the terms usually 
involve Bessel functions. Unknown coefficients in the series must be determined by apply
ing appropriate boundary conditions. 

More generally used than the above two methods are the charge density method. 
finite difference metbod and finite element method. 

The charge density metbod bas been used in this paper and will be described exten
sively in next section. Essential for this metbod is that (in a self-consistent way) the 
charge density on the electrades is calculated from the known potential function on the 
electrodes. The potential function is related to surface charge by an integral equation. In 
order to solve this equation a point matching metbod is applied. The electrades are divided 
into small parts. and the potential at the centre of each part is calculated. Knowing the 
charge density at the boundary of the electrades the potential and electric field at any 
point inside the lens can be calculated in a straightforward way. 

The fourth metbod mentioned is the finite-difference method. In this metbod the 
Laplace operator is. according to the name of the method. approximated by a finite 
difference. The potential distribution inside a lens can be found by means of a point
matching method. For this purpose the region inside the boundaries of the lens is divided 
into a mesh and at the mesh lines nodal points are defined. Next the Laplacian at each 
node is expressed. according to the finite-difference chosen. in termsof the potential at that 
node and at neighbouring ones. This results in a (band-)matrix equation from which the 
potentials at the nodes can be solved. The potential and field at non-nodal points can be 
found with interpolation methods. 

A mesh which covers the whole interior of the lens is also used in the finite element 
method. For N nodal points in this mesh the potential function as a solution of Laplace's 
equation is expanded in a series of N basis-functions. each of which bas the value 1 at 
exactly one nodal point and 0 at all other nodal points. The expansion coefficients in the 
series for which the truncation error in the potential is minimal can be found by means of 
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a variational method. The result is a set of linear equations in the expansion coefficients. 
Just as in the finite difference metbod the equations can be combined in a band matrix. A 
disadvantage of both methods is that. compared to the charge density method. a relatively 
large computer memory is required to store the elements of the band matrix. An mustra
tion of this can be found in the report of Aarts [Aar-85]. who calculated the focal proper
ties of a fairly simple three element lens. A further aspect inherent to the f.d.m. and 
f.e.m .. which is probiernatie especially when treating lenses with relatively large gaps 
between electrodes. is that closed boundaries with appropriate conditions on them must be 
defined. Above-mentioned aspects contributed for a great part to the decision to use the 
charge density metbod for calculating the EARISS zoom lens. 

3.2 The charge density metbod 

The version of the charge density metbod which will be treated below is applicable 
only for electrastatic lenses with rotationally symmetrie, metal electrodes. Lenses of coni
cal symmetry like the EARISS zoom lens are special cases of such lenses. Furthermore it is 
assumed that space charge effects are negligible. The charge density metbod can also be 
made applicable to lens systems of other symmetry (or no symmetry at all). lens systems 
in which dielectrics are included and/or in which space charge effects must be taken into 
account. When dielectrics are included the appropriate c.d.m. can best be derived from a 
formal expression of the potential in terms of Green's functions. followed by applying 
Dirichlet or Neumann boundary conditions to the boundaries of the region of interest. The 
charge density metbod is then found to be a special case of the so-called boundary element 
metbod (b.e.m.). 

The actual c.d.m. is derived directly from the well-known integral form of Poisson's 
equation: 

(3.1) 

Here V(r.J is the potential at the point L. p is the charge density. and the integration is 
over all space (occupied by charge). By (3.1) the potential at infinity is implicitly normal
ised at zero. For systems of cylindrical symmetry it is suitable to use cylinder co
ordinates (r ,cf> .z ) in which the z -axis is the axis of symmetry: 

V(r .z) = - 1 - JJJ p(r' .z') r'dr'dz'd cf>. (3.2) 
41TEo J(r-r' )2+2rr' (1-coscf>)+(z -z' )2 

Note that in (3.2) V and p because of the symmetry are independent of cf>. By integration 
over the azimuth a complete elliptic integral of the first kind K (k ) is introduced into the 
integrand: 

V(r .z) = - 1- JJ r'K(k) p(r' .z' )dr'dz'. 
1TEo J(r' +r )2+(z' -z )2 

(3.3) 

where 

(3.4) 



and 

4rr' k2 = 
(r' +r )2+(z' -z )2 · 
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(3.5) 

With the charge being restricted to the surfaces of the electrades the integration in r' -z' 
plane actually consists of line integrals over the electrodes' surfaces. A line integral is 
most appropriately handled with when switching from the variables z' and r' to the dis
tanee s along the line as a new variable. Then z' and r' become functions of s. with 
(dr' /ds )2+(dz' /ds )2 = 1. and (3.3) is reduced to 

V (r .z) = _1_ J r' u(r' .z' )K (k) ds'. 
7TEo J(z' -z )2+(r' +r )2 

(3.6) 

where <T is the surface charge density. In the case of two or more electrades (3.6) must 
be read as being a formal notation fora set of distinct line integrals. 

To calculate the charge density on the surface a point-matching procedure is applied. 
The intervals of integration are subdivided into N subintervals. In (r .cp .z) space this 
means a subdivision of the electrades into small rings around the z -axis. The (known) 
potential at the centre of each subinterval is equated to the sum of the contributions from 
all subintervals separately: 

1 N r. 
7TEo i=l J 

interval i 
j= l.. .. .N (3.7) 

Next the usual approach (see e.g. [Eng-84]) is to approximate the charge density at each 
segment i (i= 1 toN) by an uniform charge density <Ti. From (3.7) then results a set of 
linear equations from which the <Ti can be solved. In the present report however a 
different approach is pursued: The charge density is approximated by a smoothed quadratic 
function. The algorithm which will bedescribed bere was developed by Kasper [Kas-83]. 

The charge density at a segment is expanded into a Taylor series around the mid
point si of the segment: 

<T(s) = r.M (s -si )l (l)( ) 
<T Si • 

l =0 l! 
(3.8) 

Further for facility in following derivations the segment width wi is introduced and the 
integrand in (3.6) divided by <T is denoted by H: 

Substitution of (3.8) and (3.9) in (3.7) gives 

M N 
V(ri .zi) = L L 

l=O i= I 

(3.9) 

j = l. .... N (3.10) 
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When u<0>(s;) is separated. and with defining s as a local co-ordinate with respect to the 
segment's centre. this becomes 

N 

E 
i= 1 

W;/2 

J dsH (s; +s .ri .zi) u<0>(s;) = 
-w;/2 

M N 

= V(ri .Zj)- L L 
l= 1 p= 1 

In matrix notation thesetof equations (3.11) can be replaced schematically by 

M 
A<0>u<o> =V- EA(l>u<n. 

l= 1 

(3.12) 

As in [Kas-83] M is put equal to 2 and an algorithm is derived for the calculation of uO> 
and u<2>. u<l) and u<2> are determined in such a way that across the boundaries of seg
ments within an electrode both u<0>(s) and u 0 >(s) are continuous. The explanation of 
the algorithm is based on figure 3.1. where the charge density function on segments n -1 
and n of an arbitrary electrode j is shown. 

sn-wn/2 

sn_1+wj2 

s n 

Fig. 3.1 Cluzrge density function on segments n-1 and n. At s = Sn -wn /2 two 
quodratic paroholas are to be joined tagether in such a way that they have a com
mon tangent (broken line). 

Electrode j is assumed to have Ni segments in total. The derivatives u<O(s) at an arbi
trary place of the shown interval can be calculated by use of finite di:fference formula 
(3.13). This formula is of order two which means that it gives a truncation error equal 
zero for polynomials of order two or less. Applied at s = Sn -wn /2 = Sn • both with for
ward and backward di:fferentiation based on characteristic s -points. it gives equations 
(3.14) and (3.15). 

y'(O) = 3y(0)-4y(-h)+y(-2h) 
2h 

(3.13) 

(3.14) 
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(3.15) 

Combination of (3.14) and (3.15) leads to a tridiagonal system of u-values at the end
points of the segments sn_ 1, sn and sn+ 1: 

2~n ~N--1 J 
(3.16) 

where 

kn = (wn /2)- 1
. 

Because of (3.8) u(sn_1) and u(sn) in (3.16) are equal to u<0>(sn_1) and u<0>(sn) respec
tively. Applying appropriate boundary conditions for u(s 1) and u(sN

1 
+wN/n) the tridi-

agonal system can be solved to give the charge density at the boundaries of the segments 
as a function of the charge density at the mid-points of the segments. Which boundary 
conditions must be applied depends on the geometry of the electrode. If the electrode has 
a closed end, i.e. r=O for s=s1 or s=sN+1• the first derivatives of u at that end must be 
zero. Applying (3.15) and (3.14) for s = s 1 and s = sN+1 respectively then results in the 
equations 

(3.17) 

(3.18) 

lf the electrode has an open end a boundary condition can be found from a quadratic 
extrapolation from the interior values. For u(S 1) and u(sN+l) the equations become 

(3.19) 

(3.20) 

The (total) matrix equation which results in the latter case is shown in (3.21). 



3k t<T (O)(s 1)+k 2<T (O)(s 2) 

4 [ k 1u <o>(s 1)+k 2<T (O)(s 2)] 

4 [kN-1u<o>(sN-1)+kNu<o>(sN)] 

kN-1(T(O)(sN-1)+3kN<T(O)(sN) 
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(3.21) 

When u(i 1) to u(iN) have been obtained the u(i>·s needed in (3.11) can easily be calcu
lated: 

(3.22) 

(3.23) 

The most straightforward metbod for solving u<0>(s 1) ..... u<0>(sN) is now the fol
lowing. With (3.22) and (3.23) u<l) and u<2> in (3.11) can be eliminated. Next the 
resulting matrix equation can be combined with (3.21) in a novel (2N +1)x(2N +1) 
matrix equation in which u<0>(s 1) ..... u<0>(sN ). u(i 1) ••..• u(SN+1) are the unknowns. 
However for solving this equation by standard methods more than 4N 2 memory positions 
are needed. Therefore Kasper proposes to solve (3.11) towards the u<0>(s;) by means of 
an iterative solution method. in which the largest parts to store are the three N XN 
matrices A <o>.A (1) and A <2>. 

First of all in this metbod the matrices A <o>.A <1> and A <2> are calculated by numeri
cal integration on each segment the function H ·s 1 /l! (see (3.11)). Matrix A (o) is inverted 
toA <o>- 1

. Secondiy a zero order a~proximation for u<o> is calculated from A <o>u<o> = V. 
or. using the inverse of A <o>: u<0 = A <o>- 1-v. For each electrode separately next the 
smoothing procedure is applied. This means that first the zero order approximation u<o> is 
substituted in tridiagonal matrix equation (3.21) (or in a modified matrix equation if the 
boundary conditions differ) to calculate an approximation for CT at the boundaries of the 
sefments. This CT is. together with the u<o>. used to calculate a first approximation for 
<T 1) and u<2> by means of (3.22) and (3.23). After finishing the smoothing procedure the 
iteration can start: With approximations for u<l) and u<2> the original set of equations 
(3.11) can be solved to obtain a new approximation for u<o>. smoothing is applied. etc. 
The iteration procedure is made to proceed until (3.24) is fulfilled: 

E= 

iN+1 J (u (O)[k l(s )-u (O)[k -11(s ))2ds 

_o _ ___,,----------- ~ Eo. 
sN+1 J (u<o)[Ol(s ))2ds 

0 

(3.24) 

where k is the actual iteration number. (3.24) is not the only possible stop-criterion. It 
must be noted that when using (3.24) locally a great relative error can be admitted. 

After calculating the charge density at the electrodes the potential and electric field at 
any place in space can be calculated from (3. 7) and (3.25) and (3.26). 
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E = -~= z f)z 

N , ( , ) 

=- L J ds' [ ' )2 .r z 2Xz' 2 ' 2 V>E(k )u(s') 
i=1segmi '7TEo(r -r +(z -z) (r +r) +(z -z)] 

(3.25) 

E =-()V= 
r àr 

- N J ' r' [r•2-r2+(z' -z )2] I , 
-- L, ds [( , )2 ( , )2]'12 [( , )2 ( , )2]E(k) -K(k) u(s )(3.26) 

i=1segmi ?TEor r+r +z-z r-r +z-z 

Here E(k) is a complete elliptic integral of the second kind. 

Tr/2 

E(k) = J Jt-k 2sin29d 9 
0 

It enters the equations when taking the derivative of K: 

dK (k ) = .!.I E (k ) - K (k ) I· 
dk k 1-k2 

(3.27) 

(3.28) 

Por calculating focal properties of lenses for a wide range of voltages on the elec
trades an equally wide range of calculated charge density distributions must be available. 
With a lens on which at the same time independently m different voltages 
(V 1• V 2 •...• V m) can be set however only m times a charge density distribution needs to be 
calculated by means of the above procedure. m linearly independent (V 1• V 2 ••..• V m) 
combinations can by superposition give each desired combination. Superposition in the 
same way of the corresponding charge density distributions gives the charge density distri
bution needed. 

3.3 Practical aspects 

calculation of elliptic inte~:rals 

The complete elliptic integrals of first and second kind K (k ) and E (k ) are calculated 
using the metbod of successive Landen's transforms. A subroutine based on this metbod 
was developed by Van Engelshoven [Eng-85]. Recurrence relations in three components 
a. b and c forma scale. from which K(k) and E(k) can be calculated: 

an +1 = (an +bn )12 

bn +1 = .Jan bn 

Cn +1 = (an -bn )12 

(3.29) 



K(k) = lim !!__l_ 
n -too 2 an 

The initia! values have to betaken as 

a 0 = 1 

b0 = Jt-k 2 

c 0 = 2-k 2 . 
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(3.30) 

(3.31) 

(3.32) 

In practice on the average only 3 to 4 iterations have turned out to be necessary for 
obtaining an accuracy in K(k) and E(k) better than 10-10. 

calculation of inte~als in ~:eneral 

The matrix elements A j~z >. j ;é i. are calculated using a 7-point Gauss rule. The 
interration subroutine which bas been developed is capable of integrating vector functions. 
Aj~o. AN>. AN> are dealt with as being componentsof a vector function. This saves much 
overhead time and calculating three times the same elliptic integrals. The accuracy of the 
integrals which are calculated using above subroutine bas been tested by means of integra
tors based on 15- and 21-point Gauss-Kronrod rules. These integrators were taken from 
the QUADPACK package ([Pie-83]). 

Matrix elements A;[1) cannot be calculated using the above 7-point formula. When k 
approaches 1 (see(3.5)). K(k) becomes singular. Actually the singularity is of a loga
rithmic type. With e = 1-k 2 it can be derived that 

(3.33) 

One way to deal with an integrand containing such a singularity is to expand the integrand 
in a series in e and next integrate analytically. Another way is to take the logarithmic 

function In; as a weight function and next derive a special Gauss-type integration for

mula. just like known formulas like Gauss-Chebyshev can be derived. In present study a 
6-point Gauss-type integration formula is used. taken from [Kas-82]. The accuracy of the 
results when using this formula bas been checked by means of a subroutine (QAGS) from 
QUADPACK which can integrate singularities. 

The fields inside a lens are calculated using the same integration subroutines as with 
the calculation of Aj~ll. j ;éi. Because the field evaluations are by far the most time con
suming part in trajectory calculations an attempt bas been made to speed up the integra
tion. When using a Gauss rule with less points probably only about a factor 2 in com
puter time can be saved without considerable loss of accuracy. A further reduction in time 
can only be achieved with an automatic integration subroutine which is applied to the 
whole integration interval of each electrode. Automatic integrators which have been tested 
in present study are QAGN and QAGS from QUADPACK and AUTINT from ACCUUB 
(see [Vor-74]). all adaptive routines. They were less economie than was expected. Even 
with only moderate accuracy requirements they needed more integration points than when 
successively applying the 7-point formula on all electrode segments. The reason is that 
the charge density function bas a discontinuity in its second derivative at the segments' 
boundaries. and that the automatic integrators have an error control based on the approxi
mation that higher derivatives in the integrand are smooth. Only an automatic integrator 
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with a different kind of error control could be efficient in present case. 

For positions near the boundaries of the electrades (3.25) and (3.26) are unsuitable. 
Special expressions can be derived for this case. see e.g. [Hoo-80]. As an alternative the 
well-known expression (3.34) for the field at the surface of a conductor. normal to that 
surface. can beused: 

E = CT 
Eo 

(3.34) 

However because in present study there is no interest in calculating partiele trajectories 
which start from an electrode (i.e. a cathode) or which pass near to an electrode. no atten
tion bas been paid to the calculation of near-boundary fields. 

matrix solution (A <o>u<0 >= .. .) 

In previous discussion it was stated that A <o>u<0>= V and equation (3.12) could be 
solved using the inverse of matrix A (o). The actual approach however is a bit different. 
Now the system of linear equations is solved using aso-called Crout-algorithm (see [Vel-
81]). In this algorithm matrix A is first decomposed into an upper triangular matrix U 
and a lower triangular matrix L (: an W -decomposition). Next u<o> is found by solving 
both of the triangular systems La= V (or V replaced by the right-hand side of (3.12)) 
and U u<0 >= a. The decomposition of a (n Xn )-matrix requires about n 3/3 multiplications 
and divisions (in the following denoted by operations). Solving the two triangular sys
tems takes n 2 operations. which is as much as in a normal matrix vector multiplication 
Ax = y. Calculating the inverse of A is expensive in comparison to an W -decomposition. 
It requires at least n 3 operations. 

In the original Crout-algorithm a partial pivoting technique was included. However 
for all lens models which were tested (cylinder lenses. aperture lenses and the EARlss
zoom lens) no interchanges (of rows) in the matrices did actually occur. So in the final 
version of the algorithm the partial pivoting part was dropped. 

Some authors who describe a charge-density metbod propose to solve the matrix 
equation using an iterative metbod like the Gauss-Seidel one or the Jacobi one. Using these 
methods in present case probably will not be more economie than using a Crout-algorithm. 
Consicter the case of a lens with m independent voltage ratios. where calculation of the 
charge density distribution takes k 0 steps using Kasper's method. For this lens in total 
mk 0 times a matrix equation must be solved. All these matrix equations contain the same 
matrix A. After decomposing A using a Crout-algorithm the salution of the mk 0 matrix 
equations takes mk 0n 2 further operations. How many operations (in total) are needed 
when using an iterative matrix solution metbod cannot be said on beforehand. It depends 
on the number of iterations. Each step in the iteration (n.b. also the first one) requires n 2 

operations (see [Vel-81]). When according to Kasper's metbod a zero order approximation 
for u<o> bas been obtained. this can be taken as first estimation in the iterative solution of 
the matrix equation for obtaining Kasper's second approximation for u<o>. And in its turn 
the second approximation for u<o> as first estimation in the calculation of the third 
approximation for u<0>. etc. It seems reasonable to assume that using this metbod in the 
second to k 0-th step of Kasper's algorithm for each step only a few. say five. iterations 
will be necessary. So then these steps for m potential combinations will require about 
5m(k 0-1)n 2 operations. The question is. however. how many iterations will be needed to 
obtain an accurate value of Kasper's zero order approximation for u<0>. From the above it 
is clear that only if significantly less than n /(3m) iterations are needed the total costs of 
an iterative metbod like Gauss-Seidel or Jacobi can be less than that of a direct method. 
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matrix solution: tridiagonal matrix 

The solution of the tridiagonal system (3.22) is achieved by a subroutine which in 
fact is a simple version of the Crout algorithm. The matrix is again decomposed. but now 
only three one-dimensional arrays are needed to store all information about the matrix. 

subdivision of the electrodes into segments 

Consider an electrode which bas a (sharp) corner with opening angle a. It can be 
proved (see el [Jac-74]) that near that corner the componentsof electric field vary pro
portional top Tr/Ol)-l. where p is the distance from the corner. The same proportionality 
holds for the surface charge density near p= 0. The dependenee on p is shown for some 
special cases in tigure 3.2. 

/ 
~ 

a. = rr/4 a. = rr/2 

1 

a. = Tf 

p-1/3 

p-1/2 

ClllüZOüübilllilt,llllll 1l1111 

a. = 2rr 

Fig. 3.2 Variation of the sw-face charge density (and the compments of electric 
field) with distance p from the cornerforsome opening angles. 

When a is larger than TT the charge density becomes singular as p-+ 0. 

An appropriate way to handle this singularity is to choose the widths of successive 
segments in this area such that the total charge on each segment is the same [Ren-81]. 
Besides with this metbod the total number of segments can be kept relatively small (com
pared to an uniform segment distribution). In the algorithm which bas been developed for 
the segment generation a combination of two types of segment-width distribution are 
used. The uniform distribution and a distribution ideal for a= 2TT (i.e. the edge of a 
sheet). In the latter case for the i -tb segment from the edge the boundaries and from 
these the segment width are 

b· = a (i -1)2 
'I 

(3.35) 

w; = a (2i -1). 

where a is the minimal width that is admitted. 

3.4 Methoeis for ray tracing 

3.4.1 Straightforward salution of equations of motion 

The motion of charged particles in an electric field obeys to 
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(3.36) 

For a system with motion in only two independent directions two components of (3.36) 
are of interest. Consider motion in x and in z direction in a carthesian co-ordinate sys
tem. The pair of equations for this situation can be transferred to four differential equa
tions of first order as shown in (3.37). 

dx - = V x 
dt 

dvx 
!J....E = dt m x 

dz 
(3.37) 

- = Vz 
dt 

dvz !J....E -- = dt m z 

Taking time t as independent variable, and for given begin-conditions r_(t = 0) = Dl and 

~~ (t = 0) = y_0, r and ~~ at any time can be solved by numerical integration of (3.37) 

using standard methods. 

For convenience the above equations have been dealt with in a dimensionless form. 
With r... = L cL* • t = tot* • and V = V 0 v* (3.36) and the begin conditions become 

d2r* =- qVo ~~2'fJ*V* = qVo ~~ 
dt* 2 m Lo m Lo 

r* (t* = 0) = rn.-1-
- "-'-' Lo 

dr* ( • ) t o 
--==;-- t = 0 = Y.o-· 
dt Lo 

(3.38) 

Here V 0 is the potential. measured with respect to the place at which the particles have 
zero kinetic energy. When choosing IY.o I = L 0/t 0 the factor in front of 'fJ * v• disappears. 
as can beseen from the law of conservation of energy (3.39). 

Set of equations (3.38) so becomes 

d 2r * = - .!_ 'fJ • v* = .!_ E* 
dt* 2 2 2-

• ( • ) 1 r t =0 = rn.-
- "-'-' Lo 

dr: (t * = 0) = (cos(cp0 ). sin(cpo))T. 
dt 

(3.39) 

(3.40) 
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in which cf>o is the angle of the partiele's path at t * = 0. 

3.4.2 Paraxial ray equations 

From the equations of motion (3.36) in combination with the energy conservation 
law (3.39) ray equations can be obtained by elimination of time t. In a carthesian co
ordinate system (x .y .z) the derivation of a ray equation for x as a function of z proceeds 
as follows. 

With x being a function of z only the x -component of the equations of motion can 
be written as 

(3.41) 

With the help of the z -component of (3.36) d 2z /dt 2 is eliminated. The coefficient 
(dz /dt )2 must be eliminated using (3.39). For this purpose the latter is put in the form 

dz 
dt 

After substitution (3.41) becomes 

(3.42) 

(3.43) 

An analogous equation is obtained for y (z ): simply replace all occurrences of x in (3.43) 
by y. 

Calculating trajectories with.a ray equation like (3.43) offers hardly any advantages 
over the approach of paragraph 3.4.1. Again derivatives of potential V to x and y (and 
here even V itself). distributed over a two dimensional domaio (in (x .z ) space) are needed 
when calculating a set of trajectories. For trajectories near an axis in (x .z) space however 
paraxial ray equations are derivable in which only the potentials on that axis and its axial 
derivatives are needed. This will be shown in the following for a system of rotational 
symmetry and fora system of conical symmetry. 

rota tion-symmetrical systems 

The derivation of a paraxial ray equation for systems of rotational symmetry is 
well-known from literature. See for example [Gro-81]. from which the following deriva
tion was taken. In paraxial approximation x. y. dx /dz and dy /dz are small so higher 
order terms like (dx /dz )2 and (dy /dz )2 can be neglected. (3.43) now reduces to 

(3.44) 
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Next V around the axis is expanded into powers of x and y; because of symmetry the 
series is actually one in (x 2+y 2): 

(3.45) 

Por 4> 1(z) and cl>2Cz) expressions in axial potentials 4>(z) or derivatives of it can be found 
from substitution of (3.45) in Laplace's equation V' 2V = 0. Tbe second order derivatives 
to x • y and z of V are 

(3.46a) 

(3.46b) 

(3.46c) 

Next requiring that the coefficients of (x 2+y 2 ) 0 and of (x 2+y 2) 1 in Laplace's equation 
equal zero gives: 

So 

44> 1(z) = -4>"(z) 

164>2(z) = -4>{(z ). 

1 1 ( V(x .y .z) = 4>(z )-44>"(z )(x2+y2)+ 64 4> 4)(z )(x2+y2)2+ ... 

and in first order approximation we obtain for V (x .y .z ) • ..a.Y_ and E: ax az 
V (x .y .z ) = 4>(z ) 

~v ...:. 1 ....... ( ) Jl..:...- ---v z x 
àx 2 

~:::: 4>'(z ). 
àz 

Substitution of (3.49). (3.50) and (3.51) in (3.44). with x replaced by r. leads to 

44>r" +24>'r' +4>"r = 0. 

(3.47a) 

(3.47b) 

(3.48) 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

If now the potential and its first and second order derivatives to z on the axis are known. 
from (3.52) pa tbs can be calculated at arbitrary starting conditions for (r .r') at z = z 0 . 

systems of conical symmetry 

Also for systems with this symmetry in a straightforward way a paraxial ray equa
tion can be developed. An appropriate co-ordinate system for descrihing paths around an 



axis 6=6 0 is the (z' .r l/>) system from figure (3.3). 

Fig. 3.3 Local eerordinale sys
tem around 0= 00 

z 

x 

The carthesian co-ordinates (x .y .z) are related tothese local co-ordinates as: 

where 

x = (bz' +ar )coscf> 

y = (bz' +ar )sincf> 
z = (az' -br ). 

a = cosOo 

b = sinOo. 

The Lagrangian L (z' .r .cf>) for an electrastatic system of this symmetry is 

28 

y 

(3.53) 

(3.54) 

(3.55) 

Th is can be checked by transf or~ling the Lagrangian in carthesian co-ordina tes L (x .y .z ) 
with the help of (3.53). When L has been obtained. the equations of motion are given by 
the Eulerian equations: 

- -
.!!__ éJL = {JL 
dt {Ji' {Jz' 

(3.56a) 

- -
.!!__ {JL = 9..f_ 
dt éJr är 

(3.56b) 

- -d éJL _ {JL 
dt à~ - àcf> 

0 (3.56c) 

For facility of notation from now on z' will be denoted by z. Substitution of (3.55) in the 
Eulerian equations leads to 

z = (bz +ar )b~ 2-!LE 
m {Jz 

r = (bz +ar )a ~2- !LE 
m {Jr 

(3.57) 

(3.58) 



z (bz +ar )(bi +ar )ei>+ (bz +ar )2~ = - !f._ à~ . 
m à'f' 
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(3.59) 

For the derivation of a path equation r is considered as being a function of z. In a way 
quite analogous to that used in former section t is eliminated. The equation from which is 
started is now (3.58 ). and the law of conservation of energy must be written down in 
(z .r .f/>) co-ordinates: 

2 
dz + dr 
dt dt 

2 

+ (bz +ar )2 !!:...!É._ 
dt 

2 

The path equation which results is: 

1+ dr 
dz 

+ 
1+ 

2 
2V 

+(bz +ar )2 

2(bz +ar )bV !!:...!É._ 
dz 

dr 
12 

- +(bz +ar )2 

dz 

2 

!!:...!É._ 
dz 

12 
+~ dr 

àz dz 

2(bz +ar )a V I dd<f> 

2 

z -~--......-----,1,........--z--"----r-1-~""TI..,.. 2 à - 0. 
1 + dr +(bz +ar )2 !i!/!_ r 

dz dz 

(3.60) 

(3.61) 

For calculating the focal properties of the EARISS zoom lens only paths with 
d f/>/dz = 0 are taken into account. With d f/>/dz = 0 (3.61) reduces to 

(3.62) 

In paraxial approximation a further simplification can be achieved by putting l+(dr /dz )2 

equal to 1. By the way the equation is then the same as (3.44). The reason is that in case 
of <i>= 0 equations (3.57), (3.58) and (3.59) have the same form as the equations of motion 
in carthesian co-ordinates. 

Next V. à V làz and à V làr must be expressed in the potential cl> on the axis r = 0 
(i.e. 6= 60 ) or in cl>'s derivatives to z. As in the former section for solving this problem V 
around the axis is expanded into a Taylor series and substituted into Laplace's equation. 
The Taylor series to be applied here is one in r. Because of symmetry f/> does not occur in 
it: 



Laplace's equation in (z .r .f/>) co-ordinates can be derived from 

'\12V = __ 1_ 

where 

e 1 =e 2 =1 

e3 = (bz +ar). 

So 

0 = (bz +ar)'\/ 2V 

= ~ ((bz +ar)~)+ _d_((bz +ar) av) + 
uZ éjz éjr éjr 

1 ~ 
(bz +ar) éjf/> 2 • 

Substitution of (3.63) gives for the three terms in (3.67) 

..il((bz +ar) av) = 
àz àz 

= b 41'+b 41"z +(a 41"+b 411'+b 41t"z )r +(a 41 1"+b 412'z )r 2+ ... 

_g_((bz +ar)~)= 
àr ar 

= a 411+2b 412z +(4a 412+6b 413z )r +(. .. 413+ ... 414)r 2+ ... 

1 a2v = 0 
(bz +ar) àcf>2 · 
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(3.63) 

(3.64) 

(3.65) 

(3.66) 

(3.67) 

(3.68a) 

(3.68b) 

(3.68c) 

In order to satisfy '\1 2V=O the coefficients of the termsin r 0
• r 1. r 2. etc .. in '\1 2V must 

be equal zero. From (3.68 ): 

coeff r 0 = 0: (a 411 +2b 412z) = -(b 41'+b 41"z) 

coeff r 1 = 0: (4a 412+6b 413z) = -(a 41"+b 411'+b 41 1"z) 

coeff r 2 = 0: (. .. 413+ ... 414 ) = -(a 41 t"+b 412'+b 412"z) 

(3.69.0) 

(3.69.1) 

(3.69.2) 

(3.69.n) 

Equation (3.69.n) gives a solution for 41n+2 if in former equations 41n+1• 41n and 41n-1 
(and especially derivatives to z of the latter two) have been calculated. The fi.rst equation 
(3.69.0) however in principle contains the two unknowns 411 and 412 . To make a solution 
possible in present case the choice 411 = 0 bas been made. This means (see (3.63)) that in 
fi.rst order approximation the potential bas been taken to be symmetrie with respect to the 
z -axis (of the local co-ordinate system). Equations (3.69.0). (3.69.1) and following are 
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now solved successively: 

(3.70) 

-a <l>"-4a <1>2 a (2<1>'+<1>"z) 
<1>3 = ------ = 

6bz 6b z 2 (3.71) 

etc. 

To obtain a paraxial ray equation in terros of <I> only the expression for <1>2 is needed. In 

first order approximation V.~ and ()V in (3.62) are: 
()z är 

V = <I> (3.72a) 

~ = <I>' (3. 72b) 
()z 

()V = 2r <1>2 = -(<l>'+<l>"z ).!:... 
àr z 

With (3.72) and for z ~0 the final paraxial ray equation becomes 

2<1>r" +<l>'r' + ~+<I>" r = 0. 
z 

(3.72c) 

(3.73) 

It is interesting to compare this paraxial ray equation with that for systems of planar 
symmetry. The derivation for the planar symmetry case is given amongst others by 
[ Gro-81] and leads to 

24»x" +41'x' +41"x = 0. (3.74) 

We find that there is only difference between (3.73) and (3.74) when 41'/z is not small 
compared to 41". For z-+ oo. when the radius of curvature in the conical system 
approaches oo. there is no difference at all. 

3.4.3 Integrating dift'erential equations, practical aspects 

In the original version of the program the integration of the differential equations 
(3.40) was performed using a Runge-Kutta code of order 4 with constant step size. Tests 
did show that when tracing a trajectory from one side of a two element lens to the other 
side for only moderate field gradients already 40 steps had to be taken to achieve an 
acceptable accuracy. Then for each trajectory 160 derivative. i.e. electric field. evaluations 
are needed. In present case the electric field is very expensive to evaluate. It requires 
integration over the surfaces of all electrodes. multiple calculation of elliptic integrals. etc. 
For this reason an attempt has been made to find a code which uses a minimum of deriva
tive evaluations. In accordance with a recommendation in [Hoo-80] first DIFFSYS from 
[Bul-66] was tested. This code. based on an extrapolation method. however appeared not 
to be eflicient in present case. For situations in which the Runge-Kutta code needed 160 
evaluations DIFFSYS took not less than 225 evaluations. Further it did give relatively 
few output points. Finally a salution has been found in taking code STEP from DEPAC 
([Sha-75]). This code. a step oriented integrator. uses a variabie order. variabie step 
Adams method. In [Sha-76] this and other codes are extensively compared. and one con
cludes that it is one of the most eflicient codes when equations are very expensive to evalu
ate. In present case it appears to require less than 100 evaluations where the Runge-Kutta 
code requires 160. Besides if the accuracy demands are increased the number of function 
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evaluations increases only moderately. And as another advantage at very low cost extra 
output points can be obtained using an associate interpolation routine INTRP. 

The integration of the paraxial ray equations is also performed using STEP and 
INTRP. In the calculations the axial potential function bas been approximated by a series 
of coupled polynomials of degree 2 (compare the charge density function on the electrodes· 
surfaces). Although by doing so a discontinuity of the second derivative is introduced. for 
moderate accuracy demands no probieros did arise when using STEP for the integration. 
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4. Results 

4.1 2-element cylinder lens 

Cylinder lenses are frequently used in partiele opties because they are simply to 
align. Besides they screen beams from stray fields. For the idealised case of two coaxial 
cylindersof half-infinite length held at different potentials butwithno gap between them. 
the potential distribution can be expressed exactly in terms of Bessel functions. But for 
the case of cylinders separated by a finite distance no exact solution does exist. Further in 
such lenses the potential distribution. and so the focal properties. depend on the wall
thickness of the cylinders. Several authors present calculated data for cylinder lenses. 
Most accurate data for thin-walled lenses are believed to be those of Harting and Read 
[Har-76]. Thick-walled lenses have been described accurately by Natali et al. [Nat-72]. 
In the following only data for thin-walled cylinder lenses will be calculated. When calcu
lating the charge density on the surfaces of these lenses the charge sheets on the inside and 
outside surfaces can be regarcled as a single charge sheet. So the number of segments 
needed when using a charge density metbod is halved. 

gap G=O.lD 

The smallest gap G : lens diameter D ratio used by Harting and Read is 0.1. For 
comparison a lens with this G ID value was also dealt with in present study. The lens 
model used consisted of two cylinders with open ends at z = -5.0 and z = 5.0 (in units 
D ). Harting and Read closed the endsof the cylinders with a 30 o cone. for computational 
reasons as they said. In present lens model the cylinder ends were left opened. The 
cylinders were divided into 30 segments. with a minimum segment width 0.045 and a 
maximum width 0.5. Some calculated trajectories. for voltage ratios V 2/V 1 from 5 up to 
80, are shown in figure 4.1. 
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.14 

.13 

.12 

.11 

.11 

·.OI 

·.12 

·.13 

·.14 

L ·.IS 

5 

V2/Vl 

-5.11 ·til ·3.11 -2.11 -1.11 .11 1.11 2.U 3.11 UI S.H 
z 

P/U2UJg5-80/GgQD lD 

Fig. 4.1 Partide trajectvries for several values of V 2/V 1· G = O.lD 

V 1 and V 2 are the voltages applied to the left and right electrode. They are measured with 



34 

respect to that voltage at which the partiele's kinetic energy equals zero. The trajectories 
were obtained from a straightforward integration of the equations of motion as described 
in section 3.4.1. The integration took about a hundred function evaluations. When calcu
lating the trajectories care must be taken not to start too near the ends of the lens. From 
tests it appeared that best can be started at a distance greater than about 1.5 D from the 
end. The focallengths corresponding to the trajectoriesof figure 4.1 are given in table 4.1. 
together with the results of Harting and Read ( who give their results in not more digits 
than shown). As can beseen there is a good agreement. 

present results [Har-76] 
Vz N=30 N=560 -
v1 /1 F1 fz Fz /1 F1 fz Fz 

5.0 1.76 2.78 3.95 2.48 1.77 2.78 3.95 2.48 
10.0 0.80 1.62 2.54 1.18 0.80 1.62 2.54 1.19 
20.0 0.45 1.20 2.04 0.64 0.46 1.21 2.05 0.64 
40.0 0.30 1.03 1.90 0.32 0.30 1.03 1.90 0.32 
80.0 0.22 0.95 1.97 0.10 0.22 0.94 1.97 0.10 

Table 4.1 Focollengths for lens G = 0.1D 

A more direct check of the accurateness of the charge density metbod used is possible 
by means of a comparison with data provided by Van Hoof [Hoo-80]. Using a charge den
sity metbod with extrapolation of the results he calculates for a cylinder lens of gap 
G = 0.1D (and with cylinder length L = 5D) the axial potential function when 
(V 1.V 2)= ( -1.1). In the following this function will be denoted by ~0(z ). Van Hoof 
claims bis calculations have an accuracy of about 10-s %. 

z/D 0.025 0.1 0.25 0.5 1.0 
present results 

0.06527 0.2554 0.5711 0.8572 0.9864 
N = 30 

~o(z) 
present results 

0.06553 0.2564 0.5728 0.8575 0.9868 
N = 52 

VanHoof 
0.06559 0.2566 0.5731 0.8577 0.9868 

N=oo 

Table 4.2 Axial potential ~0(z) for lens G = 0.1D 

Results of present calculations. for two values of segment number N. are compared with 
(rounded) data of Van Hoof in table 4.2. Present data disagree by up to 0.5% for N= 30 
and by up to 0.1 % for N = 52. In [Hoo-80] no calculated data are given for the axial 
potential when (V 1.V 2)= (1.1) (: ~1(z )). [Hoo-80] seems to assume. justas [Har-76] does. 
that in that case the axial potential exactly equals 1 for all z. Results of present calcula
tions .not shown. for N = 30 and N = 52. differ about 0.2 % from that value. 

gap G = l.OD 

In previous work in our group Van Engelshoven [Eng-85] calculated a few focal 
lengtbsfora lens with G = l.OD using a simple charge density method. Mainly to check 
the accuracy of present work in comparison with bis work focal properties have been cal
culated fortheG = l.OD case too. The basic lens model used in present study consistedof 
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two cylinders with open ends at z = -6.0 and at z = 6.0, which were divided into N = 32 
segments of widths between 0.5 and 0.45 (all in units D ). The results of Van Engelsho
ven disagree by 2 up to 3 % with those of Harting and Read. Present results for the same 
voltage ratios have a much better agreement. See table 4.3.a. N =32. and table 4.3.b. 

present results 
N = 32 N = 56 N = 84 (long lens) 

v2 
ft Ft f2 F2 ft Ft f2 F2 ft Ft f2 F2 -

vt 
5.0 2.64 4.13 5.91 3.72 2.63 4.11 5.89 3.71 2.63 4.13 5.89 3.71 

10.0 1.16 2.34 3.66 1.69 1.15 2.32 3.64 1.68 1.15 2.33 3.62 1.67 
20.0 0.63 1.69 2.80 0.82 0.63 1.68 2.79 0.82 0.62 1.68 2.78 0.80 
40.0 0.39 1.41 2.47 0.33 0.39 1.40 2.47 0.33 0.39 1.41 2.45 0.32 
80.0 0.27 1.28 2.43 0.01 0.27 1.28 2.42 0.01 0.27 1.28 2.41 0.00 

Table 4.3.a Focallengths for lens G = l.OD . present results 

Harting and Read V. Engelshoven 
(1976) (1984) 

v2 
ft Ft f2 F2 Ft -

vt 
5.0 2.59 4.13 5.79 3.57 4.01 

10.0 1.12 2.35 3.55 1.56 2.29 
20.0 0.61 1.71 2.71 0.72 ---
40.0 0.38 1.44 2.39 0.26 --
80.0 0.26 1.31 2.36 -0.06 --

Table 4.3.b Focollengths for lens G = l.OD . previats results 

However the overall agreement with [Har-76] is less than that in table 4.1. Using formula 
(2.10) for checking the results didn't bring relief. Using the f 2 and ft values listed in 
table 4.1 to calculate f 2/ ft gives results for the new calculated series and that of [Har-
76] which have same order of magnitude. The di:fference with the theoretica! (V 2/V t)'h is 
less than 1 % in both series. 

lt was tried to achieve a better agreement with [Har-76] by using smaller segments 
(N = 56) and by besides taking cylinders with their ends at z = -10.0 and 
z = 10.0 (N = 84). 

The in:fluence of this on the axial potential can be seen from table 4.4. where 4>0(z) 
and '~>t(z) have been listed. 4>1(z) (for N = 32) besides has been plotted in fi.gure 4.2. 
Changing from N = 32 toN= 56 gives a maximal change in 4>0(z) of 0.7 %. The change in 
'~>t(Z) is (relatively) smaller, namely less than or equal to 0.2 %. The further increase of 
N (to 84) by means of lengthening the cylinders causes only minor di:fferences in 4>o(z ): 
up to 0.05 %. However 4> 1(z) depends strongly on the length of the cylinders. It changes 
in present case by almast 1.5 %. The changes in potential functions appeared to be not 
suftkient to cause a shift in the calculated focallengths towards those calculated by Hart
ing and Read. See again table 4.3. 

The di:fferences found with H. and R. are now believed to be caused by the following. 
In [Har-76] the focal properties are calculated by integration of paraxial ray equation 
(3.56) for which as axial potential function has been taken: 



z/D 0.00 0.05 0.1 0.5 

N = 32 0.00000 0.07001 0.14004 0.66937 
<l>o(z ) N = 56 0.00000 0.07053 0.14108 0.67257 

N = 84 0.00000 0.07057 0.14115 0.67270 

N = 32 0.8878 0.8886 0.8907 0.9449 
<l>1Cz) N = 56 0.8893 0.8900 0.8921 0.9460 

N = 84 0.9024 0.9031 0.9050 0.9524 

Table 4.4 Axial potential <110(z) and <11 1(z) for lens G = 1.0D 

l.ll 

.'fi 

.I 

N 
~ .as 

C) 

11 

L 

::::::> .11 
-5.81 -3.11 -1.01 1.11 
z 

Fig. 4.2 Axial potential <11 1(z) for lens G = 1.0D 

1 1 
Cl>(z ) = 2(V 1 +V 2> + 2(V 2- V oe!>0(z ). 

3.11 5.11 
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1.0 

0.95988 
0.96047 
0.96049 
0.9929 
0.9931 
0.9939 

(4.1) 

(4.1) implicitly contains the assumption that <11 1(z) ( the axial potential function for the 
case (V 1.V 2)= (1.1). as already used before) bas exactly value 1. However the above listed 
results (see table 4.4) indicate that this is not true. at least for lenses with cylinder
lengtbs up to about 10. In order to have better evidence that the axial potential used by 
[Har-76] indeed causes the ditferences with present results. the trajectory calculations were 
repeated (for N = 32) using the paraxial ray equation. In the calculations one time C1> 1(z) 
was taken to be equal to 1. and another time calculated values for C1> 1(z) were substituted. 
It appeared to be difficult to integrate the paraxial ray equation with such an accuracy that 
the focallengths had an accuracy of three digits. Because of the (implicit) discontinuity of 
the second derivative in the axial potential function the accuracy demand in the 
integrator-subroutine had to be chosen with great care. The focal properties finally found 
are shown in table 4.5. 



N = 32 N = 32 
~tCz) calculated ~tCz) = 1 

v2 
ft Ft f2 F2 ft Ft f2 F2 -

vt 
5.0 2.65 4.13 5.90 3.72 2.56 4.09 5.79 3.58 

10.0 1.16 2.32 3.62 1.66 1.11 2.32 3.53 1.55 
20.0 0.64 1.72 2.82 0.83 0.60 1.70 2.69 0.71 
40.0 0.40 1.43 2.49 0.34 0.38 1.43 2.38 0.26 
80.0 0.27 1.30 2.44 0.00 0.26 1.30 2.33 -0.06 

Table 4.5 Focal lengths for lens G = 1.0D. present results, using paraxial ray 
equations 
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Although the effect of taking ~tCz )= 1 on F t• which already had a relatively good agree
ment with the H. and R. values. is not clear. the effect on ft (especially at the lower vol
tage ratios). f 2 and F 2 is evident. E.g. whereas f 2 previously disagreed by up to 3 % 
with the H. and R. values. the difference when ~tCz) = 1 has a maximum of about 1 %. 

Now that the focal properties have been calculated using both the original equations 
of motion and the paraxial ray equation. it is interesting to campare the computer times 
taken by the respective methods. Calculating the trajectories from the equations of motion 
required. for a lens of only 32 segments. more than a minute each trajectory. The require
ments when using the paraxial ray equation are minimal compared with this. After ~0(z) 
and ~tCz) have been calculated once each trajectory takes only about one second. 

4.2 3-element aperture lens 

To have better evidence that the charge density metbod as used gives correct results. 
the metbod also bas been tested on more complicated lenses. One of them was a cylinder
symmetrical 3-element aperture lens with a gap A : aperture diameter D ratio of 0.5. and 
with an aperture thickness of 0.05D. The lens was shielded by cylindersof diameter 5D 
at the first and third electrode. The electrades were divided into a total number of N = 63 
segments. Ion trajectories were calculated by direct salution of the equations of motion. 
Some results of calculated focallengths are shown in table 4.6. 

present results [Har-76] 
v2 N=63 N=560 -
Vt 

f2 F2 f2 F2 

-0.9 0.40 0.04 0.40 0.03 
-0.5 1.19 1.12 1.18 1.11 
-0.3 2.04 2.00 2.02 1.98 
0.0 4.67 4.65 4.65 4.63 
5.0 2.80 2.74 2.77 2.71 

10.0 1.58 1.38 1.57 1.37 
20.0 1.31 0.81 1.32 0.78 
40.0 1.56 0.21 1.59 0.16 

Table 4.6 Focallengths for lens A = 0.5D . V 3/V t = 1.0 

Listed values are for the situation in which the lens is used as an einzellens. i.e. energy 
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befare and after passing the focal region is equal. Then besides f 1= f 2 and F 1= F 2. As 
can be seen from table 4.6 there is a good agreement with the results in [Har-76]. The 
deviation when V 2/V 1 is caused by the circumstance that in present situation the trajec
tory integration was stopped at z = 6, whereas there for V 2/V 1 the ion had not reached its 
asymptotic path yet. 

4.3 EARISS zoom lens 

model for calculations 

Largest part of the lens properties which will be presented in this section have been 
calculated using a model for the electrades as shown in azimuthal cross-section in figure 
4.3. For the calculation of the charge density the electrades shown were divided into seg
ments of widths varying from 0.22 mm up to 2.4 mm. The total number of segments N 
was 293 then. 
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Fig. 4.3 Azimuthal cross-section of the zoom lens rruxiel used in the colculations 

Calculation of the charge density with this segmentation. for three independent combina
tions of electrode potentials, required a computer starage of 2.3 Mbyte and a computing 
time of 65 minutes. Forsome tests a model with N = 414 was applied. For this model the 
requirements were 4.3 Mbyte storage and 2.3 hours computing time. 
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Figure 4.3 differs from figure 2.5.a, in which the actual geometry of the lens is 
shown, with respect to the following three aspects. 

a. The curvature of the electrode-endings in the gap bas been approximated by a 
number of five chords in stead of by half a circle. However it is expected that because of 
the small angle (36 o ) between neighbouring chords and the small maximum distance 
among the chords and the circle-half ( < 0.04 mm) this approximation will give a negligi
bie error in the calculated lens properties. This seems to be confirmed by results of calcu
lations with the N = 414 model. in which seven chords replace the five chords of N = 293 
and in which besides a smaller minimum segment width (0.15 mm) is used. Plots of tra
jectories for N = 414, drawn at a normal scale, are indistinguishable from those for 
N = 293. At the risk of labouring the obvious as a further check the potential at the z
axis for the five chords model was compared with that for the seven chords model. Some 
results have been listed in table 4. 7. 

V 1.V 2.V 3,V 4 0.0,0.0,1.0,1.0 0.0,0.0,1.0.2.0 

N~ 22.0 24.5 22.0 24.5 

293 0.6636 0.4502 1.01164 1.45945 
414 0.6642 0.4504 1.01155 1.45961 

Table 4.7 Axial potentials in the gap among the electrodes fora more (N = 414) 
or less (N = 293) accurate model. all potentials in the sameunits 

z = 22 mm is the position at the third electrode. z = 24.5 mm is half-way the third and the 
fourth electrode. The differences in potential between N = 293 and N = 414 in table 4. 7 
have a maximum of 0.1 % or 0.0006 kV (when electrode potentials are in kV). The 
differences in magnitude and angle of the electrical field. which have not been listeet are 
0.0003 kV /mm and 0.1 o at most. 

b. In figure 4.3 the ends of the gaps among the electrodes have been closed fora part 
using cylinder segments at z = 13.5 mm (= 2. 7 H ). N.B. in three-dimensional space these 
segments are parts of a cone. In reality there is no such closing but the electrodes extend a 
longer distance in r -direction. though it is with a corner in them (see figure 2.5.a). No 
doubt the electrodes in figure 4.3 have an expanse in r -direction enough to give correct 
near-axial fields. Tests did show leaving out the closings had no influence on the calcu
lated focal properties. 

c. In figure 4.3 both the front-side (small z) and the back-side (large z) of the lens 
have been closed using longish closing boxes. The one at the front-side extends up to the 
pupil (z = 0 mm). the one at the back-side up to 2 H in the analyser (z = 50 mm). These 
boxes have been added to obtain field-free regions at the endings of the lens. Forthese are 
necessary to make possible the definition and calculation of focallengths. Into the region 
at the fourth electrode which is meant to be field-free in principle fields from the third 
electrode and from the analyser will penetrate. In practice the analyser is operated in such 
a way that the potential at the main path s 0 (see figure 1.3) inside it is very close to the 
initial value of the fourth electrode"s potential [Hel-86]. So it is quite acceptable to extend 
the fourth electrode in z -direction. The only objection against the model for the fourth 
electrode could be that the second aperture. which is in facta so-called Herzog-correction 
element for the analyser. bas been dropped. This could result in more field penetratien 
from the third electrode into the fourth one. But tests did show that e.g. at z = 31 mm. 
i.e. halfway the authentic fourth electrode. the axial potential differs only up toa maximal 
value of 0.1 kV from the potential at the fourth electrode when the third electrode is 
operated at potentials differing by up toa maximal value of 4 kV from the potential at the 
fourth electrode. The electric field at that position then bas values up to 0.04 kV /mm. 
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which is small for particles of energy a few keV's. 

As with the region in front of the first electrode it is believed to be field-free in good 
approximation. At the far side with respect to the central axis of the experimental setup 
the region is screened by the pupil-electrode. At the other side there is screening by an 
electrode at target potential of einze! lens B (figure 1.3) and by again the pupil-electrode. 
By the way. if space in front of the first electrode would be completely empty. an ion 
starting from the position of the target would oot go along a straight trajectory towards 
the opening of the zoom lens. In preliminary calculations it was found that then the tra
jectory is infiuenced by a kind of dipole-field. 

calculation of focal properties 

In the first instanee a large number of paraxial trajectories was calculated for the 
standard model (N = 293) by a direct solution of the equations of motion as described in 
section 3.4.1. Each trajectory costed more than 20 minutes computing time, with an aver
age of 85 field evaluations. Some results for the trajectoriesof ions which start in a direc
tion parallel to the z-axis are shown in appendix A in fi.gures a.l.a up to a.l.d inclusive 
and in figure a.2. Figures a.1 are for the V 4/V 1 = 2.0 case. figure a.2 for V 4/V 1 = 6.0. The 
choice of the (V 2/V 1• V 3/V 1) combinations in the shown figures is oot quite arbitrary, as 
will be clear when reading following section concerning the lens as a zoom lens. 

Most striking in shown figures is that the focal points don't coincide with the z-axis 
but lie below, i.e. in the direction of the central axis of the apparatus. Obviously there is 
no optica! axis which coincides with the geometrical z-axis. Nor the radial position rp of 
the calculated focal points with respect to the z -axis is constant either. rp appeared to 
vary between -0.03 mm and -0.01 mm. Further the position of the principle planes, and 
so the magnitude of f 1 and f 2 cannot be determined accurately. Of course non-paraxial 
trajectories could have been used for the determination of the focal properties. but then 
possibly the results should have been infiuenced by the occurrence of spherical aberrations. 
In a further section there will be returned to the occurrence of spherical aberrations. The 
focallengths which can be derived from figures a.1 and a.2 have been listed in table 4.8. 

V2 v3 v4 
/1 -

fl/1 fl/2 
I 2/f 1 - - - Fl /2 F2 

v1 v1 v1 .Jv ~V1 
2.0 0.5 2.0 2.40 3.06 3.46 2.20 0.4 0.4 1.02 
2.5 4.5 2.0 3.06 4.60 4.48 1.00 0.16 0.02 1.04 
0.5 1.5 2.0 2.26 4.04 3.26 1.86 0.02 0.02 1.02 
0.5 0.5 2.0 1.60 2.44 2.20 1.68 0.06 0.06 0.97 
2.0 2.5 6.0 2.06 4.50 4.86 1.60 0.10 0.16 0.96 

Table 4.8 Foa:d lengths derived from jigures a.l and a.2 (appendix A). for trajec-
tories calculated by direct solution of equations of motion. foa:d lengths are in un
itsH 

F 1 and F 2 are measured with respect to z = 22 mm. which is the position in the middle of 
the third electrode. T 1 and T 2 are mean values of f 1 and f 2 respectively for r o= 0.03 
mm and r 0=-0.01 mm. where r 0 is the radial position with respect to the z-axis at the 
beginning of the trajectory. fl/ 1 and fl/ 2 denote the deviation from the meao values for 
these r 0 • T 2/ f 1 disagrees by up to 4 % with the theoretic (V 4/V 1)'

12
. 

However the accuracy of f 1 and f 2 may be. the computer time for each trajectory is 
far too large to be able to study systematically the possibilities of the lens as a zoom lens. 
For this reason in section 3.4.2 a paraxial ray equation was derived. In view of the above 
noticed shift of the focal points an axis which lied 0.02 mm below the z -axis was taken to 
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expand the potential around. for three independent combinations of electrode potentials. 
Results of trajectory calculations using the paraxial ray equation can also be found in 
figures a.1 and a.2 of appendix A. Calculation of these trajectories only required a com
puter time of about one second each trajectory. New calculated focallengths are shown in 
table 4.9. 

v2 v3 v4 r-r 0 = 0.03 mm r-r 0 = 0.05 mm 
- - -

/1 F1 12 
f 2/f 1 

F2 
f 2/f 1 

v1 v1 v1 F2 
JV4/V 1 

/1 F1 12 
Jv 4/V 1 

2.0 0.5 2.0 2.37 2.89 3.42 2.19 1.02 2.38 2.90 3.34 2.19 0.99 
2.5 4.5 2.0 3.07 4.76 4.45 1.10 1.02 3.10 4.66 4.42 0.98 1.01 
0.5 1.5 2.0 2.29 3.97 3.33 1.89 1.03 2.30 3.99 3.19 1.77 0.98 
0.5 0.5 2.0 1.57 2.40 2.17 1.65 0.98 1.55 2.38 2.20 1.66 1.00 
2.0 2.5 6.0 1.97 4.36 4.83 1.63 1.00 1.99 4.47 4.84 1.62 0.99 

Table 4.9 Focol lengths for the voltage ratio combinations of figures a.l and a.2 
(appendix A). for trajectDries colculated with a paraxiol ray equation. focol 
lengths are in units H 

The agreement with focal lengtbs from farmer calculations. see table 4.8, is surprisingly 
good. 

The relevanee of the obtained focallengths for further calculations can be checked to 
a eertaio extent in following way. When tracing trajectories by direct solution of the 
equations of motion for given object distance Zp the conjugate image distance Zq is found. 
and vice versa. The (zp. Zq) combination found is to be compared with the (zp. Zq) combi
nation which is obtained from direct matrix-calculation using the calculated focallengths. 
An example of an (zP • Zq) combination obtained from direct ray tracing is shown in figure 
4.4. Starting at Zq = 2.8 H for the voltage ratio combination (V 2/V 1• V 3/V 1• V 4/V 1) = 
(1.0,5.0.3.0) zP = -5.0 H is found. The focallengths calculated in paraxial approximation 
give for the same voltage ratio combination (zP. Zq) = (-5.04,2.8). Tests fora few other 
combinations did show comparable good agreement. 

the lens as a zoom lens 

In section 2.2 it was described that the considered lens is used as a zoom lens in the 
EARISS setup. With an object effectively situated at the position of the window indepen
dently of the pre-acceleration the image must be kept constant at the position of the ana
lyser entrance. As a function of V 4/V 1 then at least one of the voltage ratios V 2/V 1 and 
V 3/V 1 must be varied. How the occupied part of phase plane at the position of the ana
lyser would be if V 2/V 1 and V 3/V 1 both had value 1. i.e. if both the second and third 
electrode were kept at target potential. is shown in figure 4.5. Hereforsome V 4/V rvalues 
the phase diagram at the analyserentrance (z = 37.0 mm = 4.4 H) bas been drawn. It was 
derived from the focallengths calculated using the paraxial ray equation. An explanation 
to figure 4.5 has already been given insection 2.3. For V 4/V 1 near to 1 there is few focus
ing action and the phase-diagram doesn 't rota te enough. For large V 4/V 1 there is strong 
focusing action and the phase-diagram can even rotate beyond the desired vertical position. 

Position zb. where. for given focal lengtbs and phase-diagram at the pupil. the 
phase-diagram will be imaged. i.e. transformed to a vertical one. can easily be derived 
using matrix equation (2.4). Combination of the equations for ub

1 
and ub

2
• the dimension-

less co-ordinates of the transformed rays 1 and 2 from figure 2.3.b. gives when ub
1
= -ub

2 

equation (4.2). 
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Fig. 4.4 Conjugale object-image pairs, obtained from trajectory tracing 
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Fig. 4.5 Pluzse-diagram at the anolyser entrance when V 2/V 1 = V 3/V 1 = 1 
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(4.2) 

As an alternative z6 could also have been obtained as being the image distance z
9 

for an 
object at position zP = zw. where index w denotes the window. 

Using (4.2) in present study a search was made for (V 2/V 1.V 3/V 1) combinations at 
fixed V 4/V 1 that have a z6 coinciding with Za. The focallengths needed were calculated 
using the paraxial ray equation. For convenience all the time the middle of the third elec
trode was taken as a reference plane, from which the focallengths, z6 and Za were meas
ured (in units H ). The desired z6 must be equal to 3.0 then. Results of calculations are 
shown in figure 4.6.a. in curves which represent z6 = 3.0 for different values of V 4/V 1• 

The curves actually have been found using a computer-program which contains a subrou
tine for finding zeros. Shown curves have their equivalence in literature as (P .Q )-curves. 
In present report however they will be defined as zoom lens curves. The behaviour of 
ub

1
• o:b

1 
and o: 62 on the curves bas been drawn in figures 4.6.b and 4.6.c. 

v;,;vll 
5 

4 

3 

2 

V/Vl 

6.0 

5.5 

5.0 

4.0 
~-

2.0 

~ 
1.0 

0 2 3 4 5 -
V2/Vl 

Fig. 4.6.a Curves representing (V 2/V 1.V 3/V 1 ) combinations for which zb = 3.0 H 

Figure 4.6.a can · be explained to some extent using a qualitative con templation in 
terms of a "movable" lens. lf V 4/V 1= 1.0 the lens is an einzel lens per definition. Taking 
besides one of the voltage ratios V 2/V 1 or V 3/V 1 equal to 1 the lens approximately is a 3-
element einzellens. When neglecting differences in radius of curvature between successive 
lens elements and differences in gap-width between the electrades the only difference 
between (V 2/V 1;é 1.0, V 3/V 1= 1.0) and (V 2 /V 1= l.O. V 3/V 1;é 1.0) is the distance from 
the lens up to the pupil. In first case the focusing region bas shifted most towards the 
pupil and so then the largest drift space up to the analyserentrance is left for turning the 
phase-diagram to a vertical one. One can expect in that case also a voltage ratio should be 
applied which differs less from 1 than in the second case. This is confirmed by figure 4.6.a. 
When using the "middle" electrode in accelerating mode for V 3/V 1 = 1.0 V 2/V 1 must be 
taken equal to 3.1. whereas when V 2/V 1= 1.0 a higher value is found for V 3/V 1• namely 
V 3/V 1= 3.5. When using the middle electrode in decelerating mode the adjustments must 
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Fig. 4.6.b ub 1 on the curves of figure 4.6.a 
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Fig. 4.6.c ab 1 and ab 2 on the curves of figure 4.6.a 

be V 2/V 1 = 0.3 and V 3/V 1 = 0.2 respectively. By tbe way above contemp lation only bolds 
if object distance Zp exceeds image distance Zq • Furtber it bas not been studied systemati
cally wbetber tbe differences in radius of curvature and in gap widtb can be neglected. 
But e.g. in tbe V 4/V 1= 1.0 case a calculation of tbe focal lengtbs for (V 2/V 1.V 3/V 1) = 

(3.5.1.0) and (V 2/V 1.V3/V 1) = (1.0.3.5) gives (f 1.F1.f 2 .F2) = (3.19.3.10.3.16.0.84) and 
(f 1.F 1./ 2.F 2 ) = (3.02.2.40.3.04.1.91) respectively. For a clean comparison of F 1 and F 2 

tbey sbould be measured witb respect to tbe second electrode for tbe first case. Tben tbey 
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become (F 1.F 2)=(2.00,1.94). 

Let's return to figure 4.6.a. It appears to be that also when using the lens in 
accelerating mode (V 4/V 1 > 1) the maximal value of V 3/V 1-accelerating is greater than 
that of V 2/V 1-accelerating. The difference between the minimal V 3/V 1-decelerating and 
the minimal V 2/V 1-decelerating however is not unambiguous. Further it is found that 
V 4/V 1 has an upper limit of 6 for present application. When V 4/V 1 = 6.0 V 2/V 1 and 
V 3/V 1 must be somewhere between 6 and 1, with V 2/V 1 <V 3/V 1, to decrease the focal 
strength of the lens at most. More precise values for V 2/V 1 and V 3/V 1 are hard to predict 
in advance. But in [Har-76] for a planar 3-slit lens following values are given. When 
V 4/V 1= 6.0 (N.B. the third electrode now is the last one) focal lengtbs are at maximum 
when V 2/V 1= 2.5. In light of this value combination (V 2/V 1.V 3/V 1)=(2.0.2.6) from figure 
4.6.a seems not unreasonable. 

Now that zoom lens curves have been found yet an answer must be found to the 
question which (V 2/V 1.V 3/V 1) combination will be most ideal at given V 4/V 1. The 
answer will depend on further focal properties like spherical aberrations and magnification 
and on practical aspects with respect to the operation of the lens. 

The occurrence of spherical aberrations bas not been investigated systematically in 
present study. In fact the investigation was confined to calculating changes in focal 
lengtbs during variation of the initia! distance r 0 to the axis. The calculations were per
formed by a direct solution of the equations of motion. Only four voltage ratio combina
tions were tested. all for V 4/V 1 = l.O. Results of the trajectory calculations are shown in 
figures h.l. in appendix B. Focal lengtbs which can be derived from the figures when 
r 0= 0.5 mm are listed in table b.l. For comparison the paraxial focallengths and associate 
zb values have also been listed there. A condusion that can be drawn seems to be that for 
V 2/V 1 = 1.0 the aberrations are minimal when the third electrode is used in accelerating 
mode. This condusion is supported by literature [Rea-70] in which fora 3-element lens in 
the area about V 3/V 1 = 1 relatively smallest aberration coeffi.cients were found when using 
the middle electrode in accelerating mode. The figures in appendix B give few further 
information. Only it appears that in fact the changes in zb when increasing r 0 are rela
tively small ( < 0.1 H ). 

Although from the above hardly any tangible information about the aberrations is 
obtained, it must be expected that when operating the zoom lens in EARISS aberrations 
will be of minor importance. For because of the selecting action of the window-pupil com
bination the maximum distance to the z -axis will stay small in comparison to the slit 
height in the electrode. Except when the first electrode passed bas a strongly decelerating 
potential the maximum distance to the axis will be about 0.1 H. Trajectori~ with r 0= 1.0 
mm= 0.2 H as shown in figures b.1 are only of academie interest then. 

More important for the determination of the operation mode for the lens seem to be 
the requirements with respect to the linear magnification M. Insection 2.2 it was put that 
the lens should give a minimum linear magnification M. From figure 4.6.b can be con
cluded that for obtaining minimum M the lens must be operated at approximately lowest 
V 3/V 1 values of the zoom lens curves shown in figure 4.6.a. However because of the 
Helmholtz-Lagrange relationship, equation (2.12). a small M gives a large angular 
magnification M "'" This effect is evident in figure 4.6.c. A largeM"' wouldn't give prob
Ieros if not the fact is there that the EARISS analyser transforms a vertical phase-diagram 
at its entrance to a again a vertical phase-diagram at the detector only if in the first 
phase-diagram amax< 0.03rad ([Hel-86]). For greater amax the top of the transformed 
phase-diagram curves towards the u -axis. For this reason. especially at low V 4 /V 1 values, 
large parts of the V 2/V 1.V 3/V 1 curves shown in practice cannot be applied. E.g. for 
V 4 /V 1= 1.0 those combinations for which 0.5 <V 2/V 1 < 2.5 are certainly not acceptable. 
V 2/V 1 must be used in a strongly decelerating or accelerating mode then. and further 
when V 2/V 1 is in decelerating mode V 3/V 1 must be in accelerating mode. For higher 
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V 4/V 1 above noticed problem diminishes. and from V 4/V 1= 4.0 towards higher values in 
fact there is no problem at all. 

Another reason not to try to achieve the minimum M for each V 4/V 1 value is that 
the minimum M value is not a constant equal for all V 4/V 1 values. When making an 
energy scan it is more favourable to have an approximately constant M over the V 4/V 1 

values in the energy scan. Some possibilities for energy scans are shown in :ligures 4. 7.a en 
4.8.a. Curves shown in :ligure 4. 7.a are for constant V 2/V 1, those in :ligure 4.8.a for con
stant V 3/V 1. The associate ub

1 
bas been sketched in :ligures 4.7.b and 4.8.b. 

4 

3 

0+-----~------.-----~------r------r-----,--
0 2 3 4 5 6----+ 

V/Vl 

Fig. 4.7.a Curves representing (V ~V 1.V 3/V 1) combinations for which Zb = 3.0 H 

In the light of the above discussion :ligure 4. 7 in fact is of no practical importance, at 
least not for V 4/V 1 <4. because then V 2 should be adjusted strongly to obtain a vertical 
phase plane without a too large angular magni:lication. But nevertheless certainly the 
V 2/V 1= 1.0 curve is interesting to show because it can be compared with (zoom lens) 
curves in literature for three element aperture lenses. 

Quite another. practical. aspect when choosing among the possible combinations in 
:ligure 4.6 is whether the sign and absolute value of the electrode potentials associate to the 
voltage ratios shown are desired or even allowed in practical operation of the zoom lens. 
As with the sign of the potentials there is the complication that it is not possible to reverse 
the potential of the second and third electrode during an energy (i.e. V ~V 1) scan. As 
with the height of the electrode potentials accelerating potentials on the second and third 
electrode can cause problems. especially at low V 4/V 1. It is just at low pre-accelerations 
that the scattered ions have highest initial energy. As already noticed before using the 
third electrode as the controlling electrode for the zooming action requires higher voltage 
ratios than using the second. How large the associate electrode potentials can be then is 
shown in following example. 
Imagine Ne+ -ions of energy E 1= 3 keV are scattered at a Au -surface. According to equa
tion (1.1) the energy after scattering. for 9= 145°, is E 3= 2.07 keV. It is not unusual to 
operate the analyser with pass-energy EP= 2.5 keV for this situation. An energy scan is 
madestarting at V 4/V 1= l.O. Consider the case that both V 2 and V 3 are less than or equal 
to zero (accelerating mode). Combinations (V 2/V 1.V 3/V 1) = (1.0,3.5) and (V 2/V 1.V 3/V 1) 
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Fig. 4.8.a Curves re presenting (V 4/V 1.V 2/V 1 ) combinations for which zb = 3.0 H 

= (3.1.1.0) for V 4/V 1= 1.0 give potentials V 3= -6.25 kV and V 2= -5.25 kV respectively. 
Now it is better to use the second voltage ratio than the :fi.rst. Besides (see section 2.3) the 
second electrode has a shape which allows the relatively highest field gradients around it. 

Another practical aspect is that the adjustment of the electrode potentials should not 
be critica!. With this I mean that e.g. when the lens is operated at given V 4/V 1 a 
(V 2/V 1.V 3/V 1) combination slightly different from the calculated one must not give a 
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vertical phase-diagram at quite a different zb. Stated differently. if the calculated 
(V 2/V 1.V 3/V 1) combinations have a certain unaccurateness it is of importance that they 
are not in a region in which the partial derivatives of zb towards V 2/V 1 and towards 
V 3/V 1 are large. 
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Fig. 4.9 Curves re presenting (V 2/V 1.V 3/V 1) combinations for which zb = 2.5 H 
or zb= 3.5 H 

From tigure 4.9 however it can beseen that. at least in the V 4/V 1= 1.0 case. the zoom lens 
curves are rather equally spaced. (N.B. V 2/V 1-decelerating and V 3/V 1-decelerating in fact 
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cannot be expressed accurately in the scale of figure 4.9.) So present aspectseemsnot to be 
important. 

Above discussion in fact dealt with the adjustment of the lens electrodes when 
EARISS is used in a scanning mode. When EARISS is operated in such a way. using the 
multi-detector. that at the same time a considerable part of the whole energy spectrum 
after scattering is imagedat the detector things are more complicated. As stated before the 
combination analyser-detector accepts particles of energy Ep(l-8):::;;E:::;;Ep(1+8). The 
zoom lens is adjusted for the main energy EP. Por this energy at V 4/V 1 ideal voltage 
ratios are V 3/V 1 = (V 3/V 1) 0 and V 2/V 1 = (V 2/V 1 ) 0 . Imagine all voltage ratios are 
accelerating ones. Ions of lower and higher energy than EP will undergo greater resp. 
smaller accelerations for the electrode potentials associated with (V 4/V 1) 0 • (V 3/V 1) 0 and 
(V 2/V 1) 0 . Porionsof energy E=EP (1-8) following relations can be derived. 

(4.3) 

(4.4) 

(4.5) 

E.g. if (V 4/V 1) 0= 4 from (4.3) it appears that V .JV 1= 5. To obtain the desired focusing 
also for E=EP (1-8) now a ((V 2 /V 1) 0 .(V 3/V 1) 0 ) combination should be used which gives 
a (V 2/V 1.V 3/V 1) combination using (4.4) and (4.5) that is an element of the V 4/V 1= 5 
curve. Prom figure 4.6.a it can be seen that the right side of the V 4/V 1= 4 curve is 
wrongly situated with respect to the V .JV 1 = 5 curve. 
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S. Conclusions and discussion 

It is believed that the charge density metbod as used in present report gives accurate 
results. Calculated lens properties are in good agreement with those available from other 
authors. 

Main objection to present metbod is that each evaluation of the electric field requires 
an integration over all electrode surfaces. With a number of segments of about 300 this 
appears to be a very time-consuming task. It bas only been possible to obtain the modes 
for operating the EARISS zoom lens after expanding the potential around an axis and 
introducing a suited paraxial ray equation which can calculate the trajectories using the 
expansion coefficients. To be able to solve the equations of motion efficiently without the 
need of using paraxial approximations I think the charge density metbod must be com
bined with the calculation of the electric fields on a mesh of points about the axis. The 
mesh needs only extend over the region which is crossed by partiele trajectories. To obtain 
the fields at the mesh points possibly the charge density metbod can be combined with the 
finite element method. 

The zoom lens appears to be usabie for the purpose for which it was designed. Up to 
pre-accelerations by a factor 6 the scattered ions can be focused in the desired way. 
Further although there is no optical axis which coincides with the geometrical axis the lens 
propertiescan be derived accurately using matrix calculation in phase space. 

For low pre-accelerations V ,)V 1 a choice can be made among different V 2/V 1 and 
V 3/V 1 ratios for the zooming action. Which of them is best is hard to say because many 
different aspects are of importance. At present stage measurements are needed. In fact 
during this study already some preliminary measurements have been carried out. But 
because of a failure in the detection system no differences even between an adjustment 
with nearly horizontal phase-diagram and one with vertical phase-diagram could be dis
tinguished. 
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Fig. a.l.a Paraxial trajectDries in EARISS zoom lens, both from a paraxial ray 
equation and from a direct solution of the equations of motion. 
(V 2/V t.V 3/V t.V ~V 1J = (2.0,0.5,2.0) 
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V2 v3 v4 
non-paraxial paraxial 

I r. + 0.02 mm I = 0.5 mm - - -
V1 v1 V1 11 F1 12 F2 zb /1 F1 12 F2 Zb 

(H) (H) (H) (H) (mm) (H) (H) (H) (H) (mm) 

2.5 3.9 1.0 4.10 1.30 3.92 1.46 3.07 3.88 1.77 3.97 1.42 3.04 
2.5 0.55 1.0 3.06 2.92 2.98 1.86 2.95 3.01 2.% 3.02 1.89 2.98 
1.0 3.45 1.0 3.02 2.36 3.10 2.00 3.05 3.05 2.38 3.07 1.96 3.01 
1.0 0.2 1.0 2.00 2.14 1.93 2.13 2.55 2.10 2.21 2.09 2.28 2.76 

Table b.l Change in focallengths and position vertical phase plane due to spheri
cal oberration 
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