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Summary 

As a surveying investigation of the interference effects of electrans 

in condensed matter researches have been made into four different 

subjects. 

ln a theoretica! investigation the residual resistance of 

one-dimensional disordered systems of finite length has been studied. 

Some results of the numerical evaluation of a model system are found to 

be in agreement with the existing sealing theory of localization, while 

other resul ts can be fitted by a newly derived, more genera!. sealing 

law. 

In addition three subjects have been investigated experimentally. At 

temperatures in the millikelvin regime experiments have been performed on 

a point contact between two pieces of capper. The resul ts of these 

experiments were rather disappointing due to problems wi th the 

piezoelectric device used to control the contact. Non-linearities, 

however, have been observed in the i-V characteristics of a contact which 

was probably polluted with oxides. 

The properties of a CaAs-AlCaAs heterostructure with lateral 

constriction have been investigated at temperatures between 15mK and 4.2K 

as a function of the de current through the sample and the applied 

magnetic field. A mul ti tude of phenomena has been observed, which have 

not yet been interpreted. 

Finally point-contact experiments have been carried out with high-Te 

superconducting material. In a superconducting point contact between two 

pieces of YBa2Cu309-y the de Josephson effect has clearly been observed 

up to temperatures of about SOK, while magnetic field dependent 

interference of supercurrents could be observed up to 66K. 
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Until some few years ago the observability of electronic quanturn 

interference effects in solids seemed to be the exclusive province of 

superconductivity. The observed macroscopie quanturn phenomena are a 

consequence of the long-range coherence, which is the essence of 

superconductivi ty. A beautiful example of this is the magnetic field 

dependent interference of supercurrents in multiple superconducting 

junctions. 

This autocracy of superconductivi ty has now been overthrown by the 

results of experiments with so-called mesoscopic normal-metal and 

semiconductor devices, which have recently become available due to 

advances in microfabrication technology. The experiments provide clear 

evidence of quanturn interference effects in nonnally conducting 

materials. 

Measurements e.g. of the magnetoresistance of submicron wires display 

so-called universa! conductance fluctuations. In smal! rings (diameter on 

the order of 1~) the resistance as a function of the applied magnetic 

flux shows oscillations with a period of hle (with h Plancks constant and 

e the charge of the electron), due to the Aharonov-Bohm effect, and 

oscillations with a period h/2e as a manifestation of "coherent back

scattering". Measurements of the resistance of two-dimensional and quasi 

one-dimensional conductors (e.g. thin metallic films) clearly prove the 

presence of so-called localization behaviour inside the conductors. All 

these experiments are performed at temperatures on the order of 1K. (For 

an extensive review see for instanee Ref.7 of chapter 1) 

The discovery of these effects may eventually have a profound impact 

on our view of the solid state on a mesoscopic scale, i.e. between the 

macroscopie and the truly microscopie. The interference effects observed 

in mesoscopic devices appear to be related to apariodie disordered 

potentials, e.g. due to lattice defects, rather than to the periodic 

potentials commonly used to describe conducting properties of materials 

on a macroscopie scale. 

In the Low Temperatures group of the Eindhoven Univarsity of 

Technology we were interested in starting experiments related to the ones 

described above. Within the context of this aim surveying investigations 

have been made on four different subjects, which have in common that they 

all somehow concern electron interference phenomena. 
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In the first chapter of this report a theoretica! study is presented 

on the resistance of one-dimensional disordered systems of finite length. 

Al though the main goal of this investigation, which I have performed 

together wi th Daan Lenstra from the Theoretica! Physics group of our 

university, was to get a deeper insight in the basic features of quanturn 

interference, the results turned out to be much more than that. In 

chapter 1 a new sealing theory of the resistance due to localization 

effects wil! be worked out, which is supported by results of the 

numerical evaluation of a model system. 

In the following three chapters three experiments are described which 

all, in a sense, have to do with point contacts. 

Chapter 2 describes some introductory experiments with a point 

contact between two pieces of copper at temperatures in the millikelvin 

regime. These were meant as an instigation to quanturn interference 

experiments in normal-metal double point contacts. 

In chapter 3 the results are presented of measurements of the 

properties of a GaAs-AlGaAs heterostructure. This heterostructure has a 

lateral constriction, which serves as a kind of point contact between two 

areas of the two-dimensional electron gas present at the interface 

between GaAs and AlGaAs. Some of the results can possibly be attributed 

to interference and localization effects. 

The experiments described in chapter 4 can be seen as a return to the 

roots. Wi th the newly discovered ceramic superconductor YBa2Cu309- y, 

which has a critica! temperature of about 95K, point-contact experiments 

have been performed in which the de josephson effect has been observed, 

as well as interference of supercurrents. 



Chapter 1 I 3 

l.Localization effects and voltage-dependent sealing of the resistance in 

one-dimensional svstems 

l.I. Introduetion 

As a fundamental contribution to the experimental search for electron 

interference effects we wanted to get a deeper insight in the basic 

features characterizing quanturn interference phenomena. The fact that a 

huge amount of work has already been done in this field makes the litera

ture rather inaccessible to those who are not very at home wi th the 

subject. Therefore we decided to confine ourselves to the study of a 

rather simple model system. Evaluation of the properties of the model 

system could then be combined with a study of existing literature. As the 

obtained results were rather surprising the investigation began to lead 

lts own life, which resulted in an extension of, as wel! as a new contri

bution to existing theory. 

To be more specific, we wil! investigate in this chapter the 

properties of the so-called quanturn resistance of one-dimensional 

systems. This quanturn resistance is defined as the ratio of the voltage 

difference applied to the conductor, to the current through the conduc

tor. This resistance is a consequence of the interf erenee of electron 

wave functions caused by to multiple scattering events. lts behaviour 

wil! be studled as a functlon of the voltage difference across the 

conductor. and as a function of the length of the conductor, assurning 

that the system is stationary and at zero temperature. 

An extensive review on theories of electrons in one-dimensional 

disordered systems can be found in Ref.4. 

The model system to be evaluated is a one-dimensional chain of delta 

function scatterers, which are wel! separated by random intervals. In the 

chain a constant electric field is present, that is, the electrical poten 

tial is a linear function of the pos i tion along the chain. The energy 

absorbed by the electrons in the electric field is assumed to be dissi

pated inside incoherent electron reservoirs to which the conductor is 

connected. Hence the conducting properties of the chain (generally 

denoted "wire" in this chapter) can be calculated on the basis of the 

Schrödinger equation of the electrons inside the wire. All phase 

relations inside the wire are conserved. An important quantity in this 

context is the transmission probability, which is generally dependent on 

the energy of the incoming electrons as wel! as on the potentlal 
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difference across the wire. 

In section 2 of this chapter we wil! study the general properties of 

the resistance of one-dimensional systems, in which localization effects 

(explained in section 1.2.1) play an important role. First of all a 

proper definition of the resistance of a one-dimensional system is 

needed. To this end we wil give a short derivation of the Landauer 

resistance formula [1] which defines the resistance in terms of the 

transmission properties of the one-dimensional conductor. This is 

foliowed by the derivation of a more general expression, which, contrary 

to Landauer' s formula. takes into account the influence of a finite 

potentlal difference across the wire. 

Sealing of the quanturn resistance with the length of the system will 

be investigated starting from a theory presented by Andersen et al. [2]. 

This theory is based on Landauer's resistance formula and prediets expo

nentlal sealing of the resistance with length, in the case of negligible 

potentlal difference. This behaviour is attributed to localization 

effects. To account for the sealing behaviour, numerically obtained for 

our model system in the presence of a significant potentlal difference, 

we will present a more general description of the sealing of quanturn 

resistance. 

In section 3 the model system is described, as well as the matrix 

formalism which will be used to calculate the transmission properties of 

the system. 

Resul ts of computer calculations are presented in sectien 4. The 

resistance of the model system will be studled as a function of the 

applied potential difference across the wire. The sealing behaviour at 

zero potentlal wil! be compared to the theory of Andersen et al .• and a 

new sealing behaviour wil! be found in the presence of finite electric 

fields. 



Chapter 1 I 5 

1.2.Resistance of a one-dimensional system 

1.2.1.The idea of localization 

Electron transport in disordered lattices has been subject to 

theoretica! studies for the last 30 years. Although a lot of questions 

have not been answered satisfactorily yet, a consensus on methods and 

definitions has been established among theoreticists, and a firm 

mathematica! basis is in the process of being worked out. In the last few 

years the subject has become more or less a hot topic, as the technica! 

development of semiconductor and metal microstructures enabled experimen

talists to verify the predictions set out in the theory (see e.g. Ref.7). 

The key concept in those theories on the conductance in lattices with 

static disorder is the idea of localization. In contrast to the extended 

wave functions in periodic potentials, the wave functions in disordered 

potentials tend to be localized. This means that each eigenfunction of 

the Hamiltonian of the system has an amplitude maximum at a well defined 

pos i tion, while it is found that in most systems the amplitude has 

exponentially decreasing slopes. The decrement of these slopes can be 

expressed in terms of a localization length 1, i.e. the distance from the 

centre of the wave function at which the amplitude has reduced to e- 1 

times its value near the centre. When the system is large enough (L > 1) 

the electrens will thus become trapped in the disorder. A very illustra

tive example of this is given by Mott and Twose [5], who consider real 

wave functions in a one-dimensional Kronig-Penney potential. A more 

recent review can be found in Ref.S. 

In general a distinction is made between weak and strong 

localization. In the case of weak localization the disordered potentlal 

is weak and can be treated wi th some perturbation theory. An enhanced 

backscattering probability is predicted, due to constructive interference 

of multiple coherent elastic scattering paths of a single conducting 

electron. This results in an increased residual resistance of the-system. 

Strong localization theory prediets that electrens actually become 

localized when the dimensions of the system are large enough compared to 

the localization length. In a physical situation this does however not 

result in an infinite residual resistance, as conductance can still take 

place through the mechanism of electron hopping, i.e. electrans tunneling 

from one localized state into another are still able to move through the 

conductor. In one-dimensional systems there is always localization 
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behaviour of the "strong" type. The resistance always scales exponenti

ally with length [1,2], although this localization behaviour will only be 

apparent when the length of the system is comparable to or larger than 

the localization length, where the latter only depends on the strength of 

the disordered potentlal and not on the length of the system. 

In general localization behaviour will only be observable when the 

elastic and inelastic mean free path, due to other scattering mechanisms 

such as electron-electron or electron-phonon interaction, are larger than 

the localization length of the disordered lattice. Otherwise the phase 

coherence of the electrons is destroyed, causing annihilation of inter

ferance effects. Therefore localization effects can only be seen in the 

residual resistance, measured at low temperatures. 

Localization is also suppressed by magnatie fields, as in the 

presence of a magnetic field the symmetry of the electron motion under 

time reversal is broken. This means that time reversed paths can no 

longer interfere constructively. 

All localization theories have in common that they describe the 

average behaviour of disordered systems, that is the properties of the 

ensemble averages taken over all possible scatterer distributions. These 

properties wil! of course differ from the properties of an individual 

system with fixed scattere• distribution. It is found that the residual 

resistance of disordered systems is very sensitive to the exact scatterer 

distribution and the exact energy of the electrons contributing to the 

net current. This results in so-called universa! conductance fluctuations 

[6], which have been observed in microstructures in the magnetoresis

tance, as a function of the Fermi energy, and as a function of the impu

rity configuration (different resistance of similar samples). The ampli

tude of the fluctuations in the conductance is found to be of order e 2 /h. 

In this chapter we wil! concentrata on the strong localization 

behaviour of one-dimensional systems. 

1.2.2.The Landauer resistance formula 

Landauers formula [ 1] defines the resistance of a one-dimensional 

system in terms of its transmission and reflection probabilities. It can 

be derived in various ways, some complicated and well funded, others 

simple but somewhat off-hand. The simple derivation presented bere can be 

found in Ref.4. Insection 1.2.3 we will derive a more general expression 

which bas Landauer's formula as a special limiting case. 
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For simplicity of notatien we define the direction of currents to be 

equal to the direction of the veloei ty of the electrens. Potent ia! 

differences are defined as the difference between a potentlal to the left 

and a potentlal to the right of a given system (AV=V!-Vr)· The charge of 

the electrens e is defined as +1.6022•10- 19
• This means that electrens 

wil! be accelerated in the direction of the applied electric field. 

jo ..------.. jt 

j, • I R.T t----

Flg.1.2.1 A one-dimensional 
scatterer with a current jo 
entering from the left and 
reflected and transmitted 
currents Jr and Jt leaving to 
the left and right respectively 

Consider a one-dimensional conductor. A current jo enters from the 

left, a reflected current Jr leaves on the left, and a transmitted 

current Jt leaves on the right (see Fig.1.2.1). A net current through the 

10 conductor is carried by electrens in an energy band e6V near the Fermi 

level. Therefore only the electrens in that energy band have to be taken 

into account in the derivation presented below. The electron density no 

on the left is then due to both the entering and reflected currents; 

hence it is given by 

na = (jo + Jr)/ve (1.2.1) 

with v the electron's (Fermi) velocity, and e its charge. 

The electron density on the right is 

nt = Jtlve (1.2.2) 

Denoting by R and T the reflection and transmission probabilities, 

respectively, that is 

Jr = R•jo Jt = T•jo (1.2.3) 

and taking into account that R+T=1, it follows that the density 

difference 6n between the connecting leads to the left and the right is 

6n =na - nt = (jo+ Jr - Jt)lve = 2Rjo/ve (1.2.4) 
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On the other hand, the densi ty difference is related to the voltage 

difference öV through 

dn dn 
ön = dE öE = dE eöV (1.2.5) 

since the electrons change their energy by öE passing through the 

conductor. In one-dimension, the density of electrons per unit wavenumber 

k is 1/v, and dE/dk=hv. Therefore, 

dn _ dn 
1 

dE __ 1_ 
dE - dk dk - rllV 

Combining eqns.1.2.4-1.2.6 we obtain 

(1.2.6) 

(1.2.7) 

The resistance ~ is given by the ratio of the current j t passing 

through the conductor and the voltage difference öV across it. Use of 

eqns.1.2.3 and 1.2.7 then yields 

2rll R 
~ = öV/jt = -;z f (1.2.8) 

When spin degeneracy is taken into account the resistance is reduced to 

half this value, resulting in 

rllR 
~ = ez f 

1.2.3.General resistance formula including electric field 

(1.2.9) 

The approach followed in this section is based on Ref .3. In that 

artiele Büttiker et al. derive a generalized Landauer resistance formula, 

which is also valid when the reservoirs have finite temperature. They 

consider the situation depicted in fig.l.2.2. A one-dimensional scatterer 

with transmission and reflection coefficients T(E) and R(E) respectively 

is connected to perfect, identical one dimensional conductors, which in 

turn conneet to reservoirs in which the electrons are in equilibrium at 

given temperature and chemica! potentlal (Fermi energy). The left 
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Ftg.1.2.2 A one-dimensionat 
scat terer connected to 
incoherent electron reservoirs 
by means of two ident ical ideal 
conductors 

reservoir emits electrons up to a Fermi-energy ~1 and the reservoir to 

the right emits carriers up to a Fermi-energy ~2 • It is essential to 

realize that the carrier densities in the one-dimensional conductors can 

be characterized by chemica! potentials ~~ and ~,., which in general 

differ from ~1 and ~2 respectively. In this way the reservoirs can still 

be asumed to be in equilibrium, while the nonequilibrium distribution 

near the scat terer, due to the presence of currents, is taken into 

account by the perfect conductors. On the basis of this model we will 

derive a resistance formula in which the dependenee of the transmission 

coefficient on the electron energy as wel! as the potentlal difference 

across the scattering wire are taken into account. Contrary to Büttiker 

we will still assume zero temperature. 

E being the energy of the incoming electron, and (~,-~,. )/e the 

potentlal difference across the 1D wire, the current through the 

scatterer is given by 

(1.2.10) 

The net current is thus determined by the transmission of electrons in 

the interval between ~ 1 and ~2. In order to be able to calculate this 

expression we shall first write ~~-~,. in terms of ~1 and ~2· 

The electron density n 1 (including spin) within the energy interval 

between ~ 1 and ~2 in the ideal condutor to the left is given by 

(1.2.11) 

with 

(1.2.12) 
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so that 

(1.2.13) 

In these equations l1 is the length of the ideal conductor to the left. 

kr and vr are the wavenumber and velocity at the Fermi-level 

respeetively. In the same way n,., the densi ty in the conductor to the 

right, ean be written as 

(1.2.14) 

The veloei ty of the electrens wi th energy Jlt ~ E ~ JL2 is assumed 

independent of E as the dependenee of the integral on the wavenurnber k is 

mueh weaker than the dependenee on T(k) ( this is confirmed in sectien 

1.4.3 by Fig.1.4.1 where it can be seen that T(k) is a rapidly 

fluetuating funetion of k). From the difference between n1 and n,. , 

--
2
--

11

r1

dE (1- T(E,JLI-Jlr)] - 'IThvr ,_ 
(1.2.15) 

the differenee between the chemica! potantials Jll and Jlr can be 

ealeulated : 

Jll - Jlr ( ) BE (nl _ n,.) ~2kr 8kr = nl - nr 8n = -m-- 8n (1.2. 16) 

In a one-dimensional system kr=(N/4)•(2v1L)=nv/2 so that 8kr/8n:v/2. 

Therefore we find, using eq.1.2.15, that 

(1.2.17) 

With eq.1.2.10 we can write eq.1.2.17 as 

eV = (Jlt - Jl2) - 1Tfl j = eVo - 1Tfl j e e 
(1.2.18) 
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Eq.1.2.18 tells us that the potentlal difference V across the scatterer 

is equal to the total potentlal difference V0 between the reservoirs 

minus some potentlal difference which could be interpreted as the 

potentlal difference across the ideal conductors. In that view those 

conductors would together have a resistance equal to vh/e2 , although it 

is, in a sense, rather peculiar to attribute resistance to ideal 

conductors. 

We now define the resistance of the scatterer as ~V/j, so that 

(1.2.19) 

The denominator of the first term of this expression can be interpreted 

as an average of the transmission over the energy of all the electrens 

involved in the net current through the scatterer. 

For very small potentlal differences T is independent of E in the 

interval of integratlon, and the energy average is of course equal to 

T(Er) so that 

rn 1 rnR 
~ = er ( T(Er) - 1 ) = erf (1.2.20) 

This is again the Landauer resistance formula (see section 1.2.2). 

1.2.4.The Anderson sealing theory of localization 

In Ref .3 Anderson et al. present a metbod to describe the locali

zation behaviour of a one-dimensional chain of rather weak scatterers, 

which are wel! separated by random intervals, as a function of the length 

of the chain. As the resistance of such a chain is heavily dependent on 

the relatlve positlons of the scatterers, a general descriptlon of the 

behaviour can only be given on the basis of the ensemble average of some 

suitable quantity characterizing the system. This need not necessarily be 

the resistance as we wil! see furtheron. The ensemble must contain all 

possible random distributions of the scattering eentres on the chain. 

First we shall derive an expression for the total resistance of a 

system which is composed of two scattering segments, in terms of the 



Chapter 1 I 12 

resistance of each separate segment. While Andersen et al. work with a 

matrix connecting incoming and outgoing currents, we shall proceed on the 

basis of a scattering matrix which connects the wave functions on both 

sides of the scatterer. We use the Landauer resistance formula, which is 

va lid at zero temperature and negligible voltage difference across the 

scatterer. 

• 
. I R,.T, 

• 

Fig.l.2.3 Two scattering wire sections separated by an empty space 

Fig.1.2.3 depiets the situation under investigation. Two wire 

sections are separated by an empty space. The wave functions on either 
ikx -ikx side of the system are generally denoted by plane waves ~J=AJe +BJe 

(j=l(left),r(right)). The relation between the wave functions can be 

expressed as 

(1.2.21) 

where U1 is a 2x2 matrix descrihing the scattering properties of the i-th 

scatterer, and T21 is a 2x2 unitary matrix taking account of the phase 

shift of the wave functions over the empty space between the scatterers. 

In section 1.3.3 it will be shown that the most general 

representation of u, is 

[ 1/t, 
r,/t1 l u, = (1.2.22) 

r1 11 /t1 11 1/t, 11 

where t 1 and r 1 are simply related to the transmission and reflection 

probabilities T1 and R,, respectively, by 

(1.2.23) 

The matrix T2 1 can be written as 
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(1.2.24) 

in which dis the distance between the scatterers. From eqns.1.2.21-24 we 

can derive the total transmission probability of the composed system, in 

terms of the transmission probabilities of the individual scatterers, as 

follows. The 1-1 matrix element of U2T21U1 is : 

This yields the total transmission coefficient T=lti 2=1-R, 

where 

By rewriting eq.1.2.26 we find the dimensionless 

~ = ~·e2/Tb = RIT (~ being the resistance) of the system 

(1.2.25) 

(1.2.26) 

(1.2.27) 

resistance 

(1.2.28) 

Taking the ensemble average of the resistance, as Landauer [1] does, 

we see that the eosine term in eq.1.2.28 averages to zero. Eq.1.2.28 then 

reads 

~ A A A A 

<~> = <~1> + <~2> + 2<~1><~2> (1.2.29) 

Landauer converts this into the following sealing equation, in which a is 

the "classica!" resistivity, and L is the lengthof the system: 

" 1 2aL 
~ = 2 (e - 1) (1.2.30) 
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,.. 
This equation gives exponentlal sealing for ~ > 1. According to Andersen 

et al. however this scal ing law is less adequate for a very subtie 

reason, that is, it is correct for the so-called mean resistance but not 

for the typical or scale resistance. This is related to the faet that the 

resistance has a rather singular and very non-Gaussian distribution, 

which implies that the resistance ltself is not a statistieally well 

behaving quantity. The resistanee fluetuations in faet dominate the 

ensemble average. 

Andersen et al. [3] therefore propose to find a new sealing variabie 

whieh has a more or less Gaussian probabi !i ty distribution, and which 

scales linearly with the length of the system L. They find that 
,.. 

ln(1+~)=1n(1/T) is an appropriate quantity in this sense. The probability 

distribution does obey the requirements they set, and its linear sealing 

can be derived from eq.1.2.26 as fellows: 

ln(T) = ln(Tt) + ln(T2) - ln(1 + R1R2 + 2~R1R2 eos8) (1.2.31) 

Si nee 

(1.2.32) 

is zerofora and bas defined by eq.1.2.31, we have 

<ln(T)>phase average = ln(Tt) + ln(T2) (1.2.33) 

and thus the ensemble average yields 

,.. ,.. ,.. 
<ln(1+~)> = <ln(l+~t)> + <ln(1+~2)> (1.2.34) 

,.. 
The sealing implied by this equation is ln(l+~) = al, or 

" al 
~ = e - 1 (1.2.35) 

It ean be shown that a is the inverse localization length, lA-t. The 

localization length is defined as the incre~ent of the amplitude 1~1 2 of 

a localized wave function ~ with exponentially inereasing slopes. 
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Thus an exponentlal sealing law is found for large resistances, as in 
" " " 

that case ln(l+~) approaches 1~. For srnall resistances ln(l+~) reduces 
" to ~. giving classica! addi tivi ty. This resistance found by averaging 

ln(1/T) is the typical or scale resistance. The resistance found by 
A 

averaging ~as in eq.1.2.30 represents the so called mean resistance. 

1.2.5.The influence of electric fields, selfaveraging and Drude-like 

behaviour 

The exponentlal sealing behaviour described in the preceding section 

is deduced for the case of an infinitesimally smal! potentlal difference 

across the scattering wire. As far as we know, there is as yet no 

quantum-resistance sealing theory of localization which includes the 

effects of a finite potentlal difference. 

The idea of a finite voltage difference influencing the sealing and 

other statistica! properties of the quanturn resistance is most 

interesting, as it may significantly increase our understanding of 

electron localization in disordered systems. 

One reason for expecting important effects is that an electric field 

changes the effective path length between two scatterers, thus 

influencing the interference of electron waves. Another reason is that at 

high voltages (but still smal! compared to Er/e) the energy integration 

in the resistance given by eq.1.2.19 introduces a kind of self-averaging, 

which is completely absent in the sealing theory of Anderson et al. [2]. 

At first instance, one might even expect the resistance to scale linearly 

with length at high potentlal differences, in which case we would have 

the simple Drude formula : 

rnL 
~ = ez r 

with 1 the elastic mean free path. 

(1.2.36) 

We wil! however show that this expression is a little too simple. 

Instead we have found a new exponentlal sealing law (see section 1.2.6 

and 1.4.6) whose typical sealing length is always larger than the 

Anderson localization length. For a chain of delta function scatterers 

the following empirica! relationship appears to fit the data : 

~ = ~ t (efaL - 1) (1.2.37) 
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with f<l and a=l/lA. where lA is the Anderson localization length found 

by ensemble averaging ln(1/T) in the case of V=O (see below eq.1.2.35). 

The origin of this behaviour is not yet fully understood, but we are able 

to make it plausible on the basis of a few realistic assumptions. This 

will be done in the next section. 

1.2.6.A new sealing theory of quanturn resistance at high potentials 

Let us consider the situation in which a typically short scattering 

segment ( length L2, transmission probability T2) is added to a much 

longer segment ( length L1, transmission probabi !i ty Ti). By typically 

short we mean that T2 can be treated as a constant on the relevant energy 

interval, that is ~1 ~ E ~ ~2 (see eq.1.2.19). We can write Tt as the sum 

of the mean transmission f1. averagedover the energy, and a deviation T 

which averages to zero under energy averaging : 

(1.2.38) 

Eq.l.2.26 then gives the total transmission probability of the combined 

system : 

(1.2.39) 

In this equation cos..Ji is assumed to behave more or less as a random 

function of E in the energy interval of integration, with a distribution 

which is assumed to be uncorrelated to the distribution of T values. This 

allows us to perform two independent averaging procedures in order to 

find an expression for T in terms of ft and T2. 

Assuming any ..J1 value in the interval [0,2v] equally probable, the ..JI 

averaging yields 

~ = T2 (T1+T) (1.2.40) 
1 - (1-T2)(1-fi-T) 

To be able to perform the averaging over T, it is convenient to rewrite 

this expression in the following way (with R1=1-T1 and R2=l-T2) 

~ = T2 (T1+T) 

1-R1R2 
(1.2.41) 
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As (1-T2) is small, this expression can be Taylor approximated by 

rJ' = T2 (ft+T) 

1-RtR2 
(1.2.42) 

and the averaging over T can be carried out. Only terms which are second 

order in T yield a non-zero contribution, so that 

( 1.2.43) 

Let us now approach the situation from the opposite point of view. 

Suppose that the total ensemble averaged dimensionless resistance of the 

combined system of the two segments can be written as : 

A A A A A 

~ = ~t + ~2 + f·~t~2 (1.2.44) 

where f can be interpreted as a sealing indicator. Note that Landauers 

expression (eq.1.2.29) can be put into the form of eq.1.2.44 with f=2. We 

also mention that the sealing law according to Andersen et al. [2] can be 

put into this form with f=1. Using the dimensionless Landauer resistance 
" formula ~RIT we can rewrite eq.1.2.44 in terms of the transmission 

coefficients ft and T2 and the reflection coefficients R1 and R2 of the 

two segments. 

[ = Rt + R2 + f•RtR2 
f ft T2 ftT2 

( 1.2.45) 

This leads to the following expression for the total transmission 

probability of the combined system 

(1.2.46) 

or 

(1.2.47) 
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Cernparing eqns.1.2.43 and 1.2.47 now yields the following relationship 

between (T2> and f : 

(1.2.48) 

As Tt=Tt+T and <T>=O, it can easily be seen that <T2), the second 

momenturn of T, is actually the varianee of T1 , so that we can relate the 

sealing indicator f to the varianee of T 1 under averaging over the 

energy. 

In order to derive the sealing law implied by eqns.1.2.44 and 1.2.48 

with f assumed to be a constant independent of system length, we rewrite 

eq.1.2.44 in infinitesimal form. To this end we need to make the 

following identifications 

ft = T(L); f = T(L+dl); T2 = T(dl) = 1-dT ( 1. 2.49) 

where T(dl) is the ensemble averaged transmission coefficient of an 

infinitesimally short wire (length dl), implying that dT is 

infinitesimally smal! too. Up to first order in dT we can write 

eqns.1.2.44 and 1.2.48 into the form 

A A A 

~(L+dl) - ~(L) = [1 + f·~(L)]dT (1.2.50) 

. 1-T(AL) I or, us1ng dT AL ALlo dl, 

A A 

d~(L) = [1 + f·~(L)] a dl (1.2.51) 

where 

lim 1 - Ï(AL) dT d -
a: ALlO AL- - =dl=- dl!(L) (1.2.52) 

Note that since it is an ensemble average in T(AL) (T2 is assumed to be 

energy independent), the quanti ty a is in fact equal to the inverse 

Anderson localization length, lA-t (see eq.1.2.35). 

The general solution of eq.l.2.51 is given by 

(1.2.53) 
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which is precisely the empirica! ferm of eq.1.2.37 that wil! be found in 

sectien 1.4.6. The sealing indicator f is given by eq.1.2.<48. It is 

difficult to predict from this relation its numerical value without 

computing it fora given model system, as wil! be done in sectien 1.4.6. 

By rewriting f in the ferm 

- 2 
f = 1 - T - <T > 

f- f2 
(1.2.54) 

and by realizing that always f2 ~ Ï; (T2> ~ f and <T2> ~ f2. it is easy 

to see that 

O~f~l. (1.2.55) 

This proves that if the sealing in the presence of a finite voltage 

difference across the scattering wire is given by eq.1.2.53, the 

resistance never grows faster than in case of pure Andersen localization 

(f=1). 

Let us remark that in the context of the present theory linear 

sealing of the resistance (i.e. classica! additivity) wil! never be 

found, except for short systems with L<lA. in which case the first order 

Taylor approximation of eq.1.2.37 and of the Andersen sealing law 

eq.1.2.35 are identical, or for systems with f=O. Only when effective 

thermal randomization, which destroys persisting dynamica! phase 

relations, would take place in between the scattering segments, linear 

resistance sealing can be observed. However no such randomization within 

the wire is assumed, neither in the derivation given above, nor in the 

model system to be considered in sections 1.3 and 1.4. 

It is of course tempting to interpret the occurrence of a smal! value 

of f (i.e. 0 ~ f < 1) as if the wave functions have effectively lost some 

coherence. This cannot be taken literally because all phase relations are 

strictly conserved and taken into account in the calculations. One could 

however speak of quasi-randomization induced by a voltage-related energy 

integration (see eq.1.2.19). 
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1.3.A one-dimensional chain of delta function scatterers 

1.3.1.Definition of the one-dimensional system 

The system that we will investigate in this chapter, and to which we 

shall refer as 10 wire, is depicted in fig.1.3.1. lt is a wire of length 

L, which consists of a chain of N delta function potentials with strength 

H, (i=1,N), placed at random positions x 1 along the wire. 

i 
-------1 

_./ I 

I 

i 
I 

I 

' 

; ,, 
.1_ - - ~ 

eV 

I 
0 

---...__ 

l 

------ lr Ff.g.1.3.1 Schematic drawing of 
the potenttaL energies inside 
the system, mich consists of 
the lD wire with deLta-function 
scatterers and constant 
etectric fieLd, and the ideaL 
conductors mich conneet the 
wire to eLectron reservoirs 

A constant electric field F is present so that the potentlal inside 

the wire changes linearly with x, resulting in a potentlal difference V 

across the wire (f=VIL). This constant electric field bas been chosen to 

represent a zeroth order selfconsistent solution of the potentlal 

distribution in the presence of a de current in the chain. 

The stationary Schrödinger equation for an electron in this system 

is 

[ 
n2 82 ] 

- 2m öx2 + U(x) - efx ~(x) = 

with 

N 
U(x) = 2 H,•ö(x-x,) 

1=1 
0 < x, < L 

(1.3.1) 

(1.3.2) 

We now introduce a dimensionless length f::x/L, and rewrite eq.1.3.1 in 

the dimensionless form 

(1.3.3) 



with 

K = k·L 

H1 = 
2~1L 

" 2meFL3 

v = n? = 2meVL2 

n2 
2mEL2 

Ko 
2 = -n=-27""- = E 
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(1.3.4) 

I f the wave functions on the left hand side of the system are 

represented by plane waves with wave numbers ±Ko. then the wave function 

to the right is represented by plane waves with wave numbers ±(K0
2 +V) 112

• 

Conneetion of the system to electron reservoirs is done by means of 

two identical ideal conductors as already described insection 1.2.3. The 

potentlal difference V across the wire differs from the total potentlal 

difference Vo between the reservoirs by (Tfl/e2 )•j, when j is the current 

through the wire (see eq.1.2.18). 

1.3.2.Ceneral approach 

Starting from the stationary Schrödinger equation (eq.1.3.3) we will 

develop a scattering matrix formalism. The scattering matrix, which 

relates incoming and outgoing plane waves on the left hand side to 

incoming and outgoing ones on the right hand side, determines the 

transmission and reflection probabilities of the 10 wire. 

The total scattering matrix S of the system is defined as the product 

of the scattering matrices S1 of the individual delta function scatterers 

and the translation matrices T1 which account for the shift in phase and 

effective wave number in the areas of constant electric field strength 

between the scatterers 

(1.3.5) 

With the transmission probability obtained in this formalism, the 

resistance of the wire can be calculated with formula 1.2.19. This will 

be done as a function of the voltage difference across the 10 wire, the 

length of the wire and the number and strength of the delta function 

potantials. 
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1.3.3.Properties of the scattering matrix 

A one dimensional scatterer can always be described by a 2x2 

scattering matrix, relating the plane wave functions ~(Jl=AJelkx+BJe-lkx 

(j=l(left),r(right)) on either side of the scatterer (see fig.1.3.2): 

(1.3.6) 

For the moment we shall assume that the potentlal difference across the 

scatterer is negligible, so that the wave nurnber k is the same on both 

sides. 

A,eikx -
B,e·ikx -

Ftg.l.3.2 Ptane 'IIXI.Ve functions 
to the teft and to the rtght of 
the scat terer 

The scattering matrix can also be defined in an al ternative way, 

relating all incoming plane waves to all outgoing ones: 

(1.3.7) 

This matrix is different from the one in eq.1.3.6 but they are of course 

unambiguously related. 

The Schrödinger equation for the electron wave function reads 

[ - ~2 + U(x) ] ~(x) = k2 ·~(x) (1.3.8) 

with U(x) the potentlal inside the scatterer. Any two linearly 

independent solutions ~. and ~b with the sarne k can easily be shown to 

satisfy : 

~ [ ~b :· -~. :b ] = 0 

Two linearly independent solutions involved in eq.1.3.7 are 

~a ( I l 

~b (I l 

(1.3.9) 

(1.3.10) 
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Eq.1.3.9 now requires that 

d.r. ( I l d·'· ( I l d•'• ( ,. ) d''' ( ,. ) I/tb ( I l __ 'f'a _ 1/t ( I l __ 'f'b _ 1/t (,. l __ 'f'a _ ,,, (,. l __ 'f'b 
dx a dx - b dx 'ra dx (1.3.11) 

Substitution of eq.1.3.10 in eq.1.3.11 then yields 

(1.3.12) 

As in the model described in this chapter the magnetic field is left 

out of consideration, we have to require symmetry of the equations under 

time reversal. Concretely this means that when I/tb is a solution of the 

Schrödinger equation, so is I/tb 
11

• Again 1/t. and I/tb 
11 must obey eq.1.3.9, 

which results in 

or combining this with eq.1.3.12 

IJl s IJl 
54 = ~ - s4 - s3 

(1.3.13) 

(1.3.14) 

The scattering matrix of eq.1.3.7 can now be written in a form in which 

requirements 1.3.12-14 are incorporated : 

With this result the matrix of eq.1.3.6 can also be rewritten. 

r iep,. te 
1 -lept te 

(1.3.15) 

(1.3.16) 

It can easily be shown that T and p are related to the transmission and 

reflection probabili ties T and R resp. of the system in the following 

way : 

(1.3.17) 
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From current conservation it can be deduced that T+R=l. The determinant 

of the matrix equals unity. 

The last matrix in eq.1.3.16 is the most general representation of 

the scattering matrix in the absence of electric and magnetic fields. For 

the case of a potentlal difference across the scatterer, we have net been 

able to derive such a general ferm. In that case namely the wave numbers 

on both sides of the scatterer are no langer equal, but related to the 

potentlal difference by 

( 1.3.18) 

Current conservation then leads to the following relationship between T 

and R : 

(1.3.19) 

A well estimated value for VM/k 1 is eV/Er. Thus it can be seen that in 

general the sum of T and R no langer equals uni ty when the potential 

energy difference due to the electric field becomes a significant 

fraction of the Fermi energy. 

1.3.4.Matrix for the scattering of plane waves by a delta function 

potential 

We assume a delta function potentlal of dimensionless strength 

H1=(2mllh2 )•H 1 at f=f 1 (see eq.1.3.3 and fig.1.3.3). Near this scattering 

centre we define a plane wave function ~(f) with energy Ê=K, 2 as 

~df) = Al •eiK, (f-f') + BI •e -iK, (f-f i) 

~r(f) = Ar•eiK,(f-f,) + Br•e-!K,(f-f,) 

B, -

f < f, 

f > f, 
(1.3.20) 

Fig.1.3.3 Amplitudes of the 
ptane wa.ve fwu;tions near a 
detta-fwu;tion scatterer at 
f=fi 



Chapter 1 I 25 

At f=ft the following conditions must be satisfied 

I. lim lim 
IJ!r(f) 

fTf1 IJ!,(f)=f!fl (1.3.21a) 

lim diJ!, (f) lim diJ!r(f) "' 11. - E!EI + HI•IJ!(ft) = 0 
fTf1 df df 

(1.3.21b) 

This leads to a scattering matrix S descrihing the relationships between 

the various amplitudes : 

(1.3.22) 

with 

I A I Ht H1 
"' 1-i·- -i·-

S(Ht .Kt) 2Kt 2Kt (1.3.23) = 
1+i· Ht . Ht 1·--2KI 2Kt 

The determinant of this matrix is equal to one as predicted in section 

1.3.3. 

1.3.5.Matrix for the translation in a constant electric field 

Let us now consider the area of constant electric field between two 

scatterers at f=ft and f=fi+1 (see Fig.1.3.4). The Schrödinger equation 

is given by 

(1.3.24) 

"' "' wi th V(f)=-V•f, V being the dimensionless field stength or potentlal 

difference. The solution of this differentlal equation can be found by 

means of the Wentzel-Kramers-Brillouin (WKB) approximation method. 

I 
I 2 
K;., 

Ftg.1.3.~ The interval of 
constant electric field between 
two scatterers 
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Provided that V(f) is a slowly varying function of f the salution of 

eq.1.3.24 is approximated by 

(1.3.25) 

with 

(1.3.26) 

" K(f) is the "local" wavenumber, which for V(f)=-V•f is given by 

" 
K(f) = JKo 2 + V•f = JK1 2 + V•(f-fl) ~ K1 + V·~~f 1 ) (1.3.27) 

The requirement for V(f) is obeyed when IV•fi<<Ko2
• We can now calculate 

u0 (f) for f1<f<f1+1 

u
0 (f) = f,~ (K, + ~,(f'-f,)}df' 

" 
V )2 = KI (f-f I ) + 4K I (f-f I (1.3.28) 

" With K1+1=K1+V•(f1+1-f1)/2K1 this can be rewritten to 

u0 (f) = Kl(tl+1-fl) + Kl+1(f-fl+1) 
" 

+ 4~1 •{(tl+1-fl) 2 +(f-fl+1) 2
} (1.3.29) 

For f 1<f<f1+ó with O<ö<<tl , that is f near and to the right of f1. we 

see that eq.1.3.28 leads to a plane wave approximatlon of the wave 

function ~I(f) : 

(1.3.30) 

asthelast term in eq.1.3.28 is second order in ó. In the same way ~r(f) 

can be approximated by a plane wave function for tl+1-ó<f<tl+1 with 

O<ö<<tl+1• that is f near and to the leftof tl+1 : 
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(1.3.31) 

In this way the wave function to the right of the scatterer at f=f 1 

can be written as a plane wave function as wel! as the one to the left of 

the scattererat f=ft+1· A matrix Tt can now be defined, which transforms 

the (complex) amplitudes A1 and 81 of the plane waves at f=f 1 into the 

(complex) amplitudes Ar and Br of the plane waves at f=ft+1 : 

(1.3.32) 

with 

(1.3.33) 

where lt=ft+t-ft· The matrix Tt thus accounts for the phase shift of the 

wave function in the area with length lt between the scatterers at f=ft 

and f=ft+i· Amplitude effects are neglected in this WKB approximation as 

can be seen in eqns.1.3.31 and 1.3.33 from the fact that the diagonal 

matrix elements of Tt both have magnitude one. 

1.3.6.The total scattering matrix 

As already described in sectien 1.3.2 the total scattering matrix of 

the 10 wire containing N delta function scatterers is simply the product 

of the scattering and translation matrices of the successive scatterers 

and areas of constant electric field respectively. The set of plane waves 

on the left hand side of the 10 wire with wave numbers ±Ko and energy E 

is transformed to a new set of plane waves with wave numbers ±Kt to the 
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left of the first delta function potential at f=ft. by the translation 

matrix To(Ko.lo) which adds to the wave function the phase shift 

accumulated in the interval la. 

This wave function is then transformed to a set of plane waves on the 

other side of the scatterer, with the same wave number, but different 

amplitudes as determined by the reflection and transmission probability 

amplitudes of the scatterer. This procedure is repeated for the interval 

lt and the scat terer at f=f 2, etcetera, unti 1 the wave function has 

"traversed" the last interval of constant electric field IN. 

The total scattering matrix can thus be written as 

A A 

St(Ko.HI,fi(i=1,N)) = T(KN,lN) S(HN,KN) 

A A 

S(H2.K2) T(Kt.lt) S(Ht.Kt) T(Ko.lo) (1.3.34) 

lt relates the plane wave function \lt,=A,eiKof+B,e-Kof near f::O to the 
iK f K f A plane wave function \ltr=Are N+l +Bre- N+l (KN•1=(Ko2 +V) 112 ) near f=1, as 

fellows 

(1.3.35) 
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1.4.Results of computer calculations 

1.4.1.Calculated guantities 

In this sectien we will introduce and discuss briefly the quantities 

which are to be numerically evaluated in this chapter, and explain how 

they will be calculated. The quantities of interest are : 

I. The transmission probability of a wire with fixed N,x 1 and H1 (i=1.N) 

in the presence of a voltage difference V across the wire as a 

function of the energy E (or equivalently the wave nurnber k) of the 

incident electrons. 

11. The resistance of a wire at zero voltage difference and fixed 

strength Ht and relative positions Xt of the delta function 

scatterers. 

III. The ensemble average of the above mentioned resistance, where the 

ensemble consists of wires with the same length and scatterer 

density, but with different relativa positieris of the scatterers. 

IV. Current through and resistance of a given wire, as a function of the 

electric potentlal difference applied between the reservoirs. 

V. The energy average of the transmission of a given wire at fixed 

potentlal difference 

ad I : The transmission probabi !i ty of a wire is simply deduced (see 

sectien 1.3.3) from the total scattering matrix, which is defined in 

sectien 1.3.6. For a given wire we will need this quantity as a function 

of the energy in order to obtain the resistance of the wire wi th 

eq.1.2.19. 

ad II : Using Landauers resistance formula (section 1.2.2) the resistance 

of the wire is found as a function of the transmission probabi !i ty 

T(E,xt.Ht (i=l.N)). 

ad III : By means of a random generator wires are defined with a random 

distri bution of a fixed number of scatterers. Not the resistance is 

averaged, but the quanti ty In( 1/T). Calculation of this average as a 

function of the length of the system, while keeping the densi ty of 

scatterers constant, yields the general sealing properties of the system 

at V=O. The quanti ty In( 1/T) scales linearly with the length of the 

system, and bas a Caussian-like probability distribution, that is 

according to the theory of Andersen et al. (see sectien 1.2.4). 



Chapter 1 I 30 

ad IV : The current j through the wire is def ined by the integral of 

eq.1.2.1. In order to calculate this current however the actual potentlal 

difference V across the wire, which differs from the total potentlal 

difference Va between the reservoirs, must be known. V is calculated 

iteratively by first setting V equal to Va and determining the first 

order approximation of the current j. Eq.1.2.18 then yields a first order 

approximation of the actual V. Although eq.1.2.18 actually can only be 

solved in a selfconsistent iteration process, it was found that the 

chemica! potentlal difference across the wire, found after just one 

iteration, already approximates the correct solution with an inaccuracy 

of a few percents at most. The current can now be calculated again. 

Substitution in eq.1.2.19 then gives the resistance of the given wire. 

ad V : The transmission probabili ty of the wire for an electron with 

energy E is calculated taking into account the voltage difference across 

the wire ( the actual voltage difference V). This is done for several 

energies, equidistantly distributed over a certain energy interval, so 

that the transmission probabili ty can be averaged over the energy by 

dividing the sum of all the transmission probabilities by the number of 

transmisslons calculated. The result of these calculations will be 

helpful in checking some consistency requirements around the sealing 

indicator f (see section 1.2.6). 

1.4.2.Introduction of dimensionless parameters 

In section 1.3.1 the dimensionless Schrödinger equation is intro

duced, involving a set of dimensionless parameters, which are scaled 

using of the length of the wire L and the constant (2mlh2
). These 

parameters are summarized again below : 

f = x/L (0 ~ f ~ 1) 

K = k·L 

EA - 2ml 2 . E - K2 -tT -
A 2ml 
H =vH 

2ml2 
J..l = fT"J..l 
A 2mel2 
V = n2 •V 

~ ml2 

J =~j 
A e2 
~ = Vb~ 

(position) 

(wavenumber) 

(energy) 

(strength of a scatterer) 

(chemica! potentlal difference) 

(voltage difference) 

(current) 

(resistance) (1.4.1) 
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" " It can easily be seen that V = ~. so that no distinction has to be made 

between these two quanti ties, the electrical and the electrochemical 

potentlal (difference), in the computer calculations. Defining resistance 

as V/j the dimensionless resistance given above should actually be 

V/j = (2e2/h)·~ in this case. In literature however the definition 

~ = (e2/vh)·~ is generally accepted, as the constant (e2 /vh) often shows 

up in resistance formulae (see e.g. eqns.1.2.9 and 1.2.19). 

The values of the dimensionless quantities have been chosen to 

reprasent the concrete situation of a wire of length 1~ (L0 ), containing 

10 delta function scatterers, with a Fermi energy Er in the reservoir to 

the leftof 2.7eV (the standard wire). The strengthof the scatterers has 

been chosen to establish a rather low average transmission near the Fermi 

level. For simpilcity all delta function scatterers have equal strength. 

The dimensionless constants corresponding to the above mentioned 

values in the standard wire are : 

" Lo = 1.0 

Er = 8.0•107 

Ho = 8.0•103 (1.4.2) 

When the length of the system is varied, all dimensionless input 

parameters have to be scaled with L or L2 accordingly, i.e. the values of 
" " K and H in the standard wire wil! have to be multiplied by (Lilo), and E, 

V and ~ will have to be multiplied by (Lilo) 2
. 

1.4.3.Transmission as a function of the wave number 

In Fig.l.-4.1 the transmission at V=O of a chain of ten randomly 

placed delta function scatterers is shown as a function of the wave 

number K, which has been chosen in a regime relevant for the calculations 

presented furtheron in this section. In this context randomly placed 

means that the positions f 1 of the scatterers are uncorrelated draws from 

the uniform distribution on the interval [0,1]. It is obvious that T(K) 

is a heavily fluctuating, almost random, function of K. 

The influence on T(K) of an applied potentlal difference across the 

wire can be seen from Fig.1.4.2a and 1.4.2b. In these figures the 

transmission probabili ty as a function of K is depicted in a smaller 
" interval of K. Fig 1.4.2a shows the situation at V=O. When a potentlal 

difference is applied across the wire the interference pattem changes. 
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Ff.g .1. 4.1 
Transmission as a 
func t ion of wave 

A 

number at V=O for 
a chain of ten 
randomly placed 
delta function 
scatterers with 

strength H=Ho 

Ff.g.L4.~ 
Transmission 
versus wave 
number for a 
standard wire 

A 

toith V:O 

Ff.g.l.4.2b 
Transmission 
versus wave 
ru..unber for a 
standard wire 

A 

with V=2•106 
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Peaks start to move a long the K-axis, some of them becoming smaller, 
" others becoming larger. Fig.l.-4.2b depiets the situation at V=2•106

, 

which is completely different to the situation at V:O. 

The transmission characteristics shown above are the result of subtie 

interference effects inside the wire. Each pair of delta function 

scatterers has a set of resonant frequencies, which are in most cases 

very different from the resonant frequencies of the other scatterer 

pairs. The resonance pattern between two scatterers is shown in 

Fig.1.4.3. 

along the 

When a larger nurnber of scatterers is placed equidistantly 

wire, the resonant frequencies coincide and a 

band-structure-like transmission characteristic is 

Fig.l AA). 
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1.4.4.Resistance as a function of the electric potentlal difference for 

several configurations 

Fig.1.4.5 shows the resistance versus voltage characteristics of two 

standard wires, each consisting of 10 delta function scatterers with 

dimensionless strength H=8•103
, but with different scatterer 

distributions. The dimensionless Fermi energy in the reservoir to the 
"' left is Er=8•107

, and the voltage, which is the potentlal difference Va 

between the two reservoirs to the left and to the right, is varied 

between 103 (practically zero in this case) and 107
• 

20 

ca: 

10 

0 
103 

At low 

decades of 

wires. The 

104 105 

.... 
Vo 

voltages the resistance 

Va, but differs by as 
"' 

"' Ftg.L4.5 
different 
fWtCtion 

Reststance ~ of two 
standard 10ires as a 
of the voltage 

difference Vo appt ied between 
the reservoirs 

of both wires is constant over a few 

much as a factor of ten between the 

resistances at V=103 are equal to those calculated at V:O. 
"' 

This beautifully shows the strong dependenee of the resistance at V:O on 

the exact distributions of the scattering centres. The average resistance 

at Va:O was calculated according to the theory of Anderson et al. (see 

section 1.2.4) by averaging ln(1/T). For an ensemble of 2000 wires with 

different random scatterer distributions it was found that 

<~>Va=O = 4.95•(vh/e2
) (see also the next section). 
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At moderate potentlal differences the resistances of both wires are 

of the same order of magnitude. Their strong dependenee on V however is 

very different. The relative magnitude of the variations is l~il~1. 

The variations in the resistance as a function of voltage become much 
A 

smaller at high voltages (1 to 10% of Er). Here IA!!ii~0.2. The wires now 

tend to have the same resistance. This has also been found for a few more 

wires with the same parameters. It can be concluded that at high 

potentlal differences the R-V characteristics of all scatterer 

distributions converge to a uniform behaviour with a rather well defined, 

voltage independent, resistance. The resistance value obtained for this 

particular set of standard wires is 2.7±0.2 (in units Th/e2 ). 

The above found resistance behaviour as a function of the electric 

field can be completely understood on the basis of the T(K)-K-V 

dependences described in section 1.4.3. In the case of small potentlal 

differences the current is calculated by integrating over a small 

interval AK from (Êr-Vo) 112 to Êr 112
• At V=104 e.g. AK=0.5, which is much 

smaller than the average period of the transmission peaks, so that T(K) 

can only vary by a small amount AT CIATI<<1). The resistance is therefore 
A 

independent of V, but strongly dependent on the accidental value of T(K) 

for K near Kr. which can be any value between 0 and 1. 

For somewhat larger potentlal differences the integration interval 

will contain a few transmission peaks (AK~10 at V=2x105
). The resistance 

value now becomes less dependent on the actual value of T(K), but 
A A 

substantial variations will occur as a function of V. As Va increases 

more peaks and valleys of the transmission characteristic are included in 

the interval of integration. Whenever a valley is included the resistance 

will increase slowly, whereas it will display a sudden drop whenever a 

peak is included, for such a peak can be interpreted as a conductance 

channel with an extremely small resistance. 

At high fields the interval of integration will contain so many peaks 

(AK~110 at V=2x106
) that the influence of another peak, appearing within 

the interval of intgration, becomes of minor significance. The amplitude 

of the resistance fluctuations will therefore be much smaller than at 

moderate potentlal differences. 

The resistance at high potantials is found to be smaller than at zero 

potential. In the following sections the sealing of the resistance in 

both potentlal regimes will be studied. The relationship between both 

resistances can be translated into a sealing indicator, the theoretica! 

background of which has been dicussed insection 1.2.6. 
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1.4.5.Scaling as a function of the lengthof the system at low potentlal 

differences 

According to the theory of Anderson et al. (see section 1.2.4) the 
"' ensemble average of ln(1+~)=ln(1/T) should scale linearly with the length 

of the system, that is, when the potentlal difference across the wire is 

negligible. In order to investigate this behaviour we calculated ln(l/T), 

taking V=O, for an ensemble of NR one-dimensional wires wi th random 

distribution of the delta function scatterers. This has been done for 

wires containing 5 scatterers (L=0.5•10- 6m), 10 scatterers (L=Lo=10- 6m), 

20 scatterers (L=2•10-6m), 50 (L=5•10- 6m), and 70 scatterers (L=7•10- 6m). 

The results are shown in Fig.1.4.6. The error bars in the figure denote 

the standard deviation of the averages. The ensemble average scales 

perfectly linear with L. The localization length obtained from Fig.1.4.6 

is 1A=0.56xlo. or 1A=5.6x10-7 m. 

... 
...... .... 
i 

10 

5 

5 

Llin units L0 1 

10 

Ftg.1.4.6 Ensembte average of 
tn(l/T) as a flUlCtion of tength 

"' at V=O for chains of detta 
flUlCtion potentiats toith a 
fixed scatterer density and 
constant scatterer strength, 
corresponding to the parameters 
for the standard toire. The 
error bars depiet the standard 
deviation of the ensembte 
average 

Assuming that ln(1/T) scales linearly with length the localization 

length can be estimated by taking 1/TN equal to (1/T,)N, with TN the 

transmission probabili ty of a wire containing N scatterers and T 1 the 

transmission probability of the individual scatterers. With (11Ti)=1.2 

for the standard wire and ln(1/T to)=Lo/lA we then find a localization 

length of 0.55•L0 . This is in accordance with the ensemble average 

obtained above. 
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I 

c 

1nl1/Tl/Ont1/Tll 

Fig.1.4.7 Galculated probability distributtons of ln(1/T) in the case 
of a) an ensemble of standard wires, b) an ensemble of wires with a 
length of 7 times the length of the standa.rd wire, and scat terer 
strength and density equal to the case of the standa.rd wire, and c) 
an ensemble of wires with the same tength and scatterer density as 
the standard wire, but with double scatterer strength. NR is the size 
of the ensemble 

The standard deviation however is large compared to the ensemble 

average itself. From the histogram in Fig.1.~.7a it can beseen that the 

probability distribution of the standard wire is not really Caussian. 

This can be attributed to the relatively smal! resistance of the standard 

system, resulting from its small length (compared to the localization 

length) and the smal! strength of the delta function scatterers, for at 

greater lengtbs (N::SO or 70) the probabi !i ty distribution behaves much 

more Caussian-like (Fig.1.~.7b). Calculations of the ensemble average of 

a set of wires with greater scatterer strength also showed much more 

Gaussian-like behaviour (Fig.1.~.7c). 

lt may be concluded that the Andersen sealing theory of localization 

gives a very good description of the sealing behaviour of our system of 

delta function scatterers in the case of negligible voltage difference. 

1.~.6.Scaling of the resistance at high potentlal differences 

As described insection 1.~.~ the resistance at high potentlal differ 

ences of similar wires (same length, same scatterer density, same scatter 

er strength, different scatterer positions) is almost constant and equal ,.. 
over a whole decade in V (from eV/Er::0.025 to eV/Er::0.125), that is, the 

resistance does not depend so much on the exact scatterer positions 

anymore. Hence there is no longer a need to consider ensemble averages. 

Obviously this is due to the intrinsic energy averaging in the resistance 

expression (eq.1.2.19). 
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I t is now interesting to see how the resistance scales wi th the 

length of the wire. Therefore the resistance of wires of several lengtbs 

(0.2,.un to 2,.un). keeping the scatterer densi ty constant, is calculated. 

For every length this is done for two similar wires and three potentlal 

differences in the regime of interest for each wire. The average of these 

six resistance values is then taken to be the resistance of wires of that 

particular length at high potentlal differences. This resistance is found 

to scale exponentially with length obeying the following, empirically 

determined relationship 

(1.4.3) 

In section 1.2.6 a metbod was given in which f can be related to the 

varianee of the transmission probability T under energy averaging 

(eq.1.2.48). We have checked that relationship by averaging the 

transmission probability over the energy in the interval defined by the 

chemica! potentlal difference between the reservoirs, taking into account 

that T depends on the potentlal difference across the wire determined by 

eq.1.2.18. We find that f~.37 in our situation. 

-

-
ca: 

4 -

-

2 

8 

Ftg.l.~.8 CQLcuLated reststance 
A 

~ at high potenttaL differences 

{Vo ~ 2•106
) compared to the 

va.tue predicted on the basis of 
the energy average of the 
transmiss ionprobabi ti ty by the 
sealing ta.w of eg .1.2.53 {or 
eq.1.4.3) combined with 
eq.1.2.48, for systems of 
severat Lengths but wi th the 
same scat terer strength and 
density as the sta.nda.rd wire. 
The error bars denote the 

A 

uncertainty in ~ due to smaLt 
voltage dependent fluctuations. 

Substituting this value of f into eq.1.~.3 and takinga equal to the 

inverse Anderson localization length found for the standard wire in 

section 1.4.5, we can estimate the resistance as a function of the length 
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of the system. The results of this are depicted in fig.1.4.8. Along the 
A 

horizontal axis the predicted value of ~ is drawn, and along the vertical 

axis the resistance value calculated with the scattering matrix formalism 

is drawn. The error bars denote the standard deviation with respect to 

the average taken as described above. lt can be seen that these two 

results are in beautiful agreement. 

1.4.7.Some general remarks 

We have seen that the transmission probability of our model system is 

a heavily fluctuating function of the wave number of the incident 

electrons, as well as of the distribution of scatterers along the wire. 

This means that the resistance at negligible potentlal difference, given 

by Landauer's formula, displays fluctuations as a function of the Fermi 

energy and the scatterer configuration, which can be related to the 

universa! conductance fluctuations mentioned in sectien 1.2.1 [3]. In our 

strictly one-dimensional case the maximum amplitude of the fluctuations 

is infinite, in contrast to the finite amplitudes observed in experi

ments in quasi one-dimensional systems. This finite amplitude is probably 

caused by self-averaging due to parallel conductance through multiple 

channels. From the results discussed in sectien 1.4.4 it is clear that 

universa! conductance fluctuations should also be observable as a 

function of the applied potentlal difference. 

As the electron energy and the scatterer configuration seem to play 

an equivalent role wi th respect to e.g. resistance fluctuations, we 

strongly believe that energy averaging and ensemble averaging are not as 

distinct as is suggested by the way these two processes are aften treated 

in the literature, but are in fact closely related on principal grounds. 
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l.S.Conclusions 

In this chapter the properties of the quanturn resistance have been 

numerically evaluated for a model system, the one-dimensional chain of 

delta-function scatterers. Results have been obtained concernlng the 

dependenee of the quanturn resistance on the potentlal difference applied 

across the conductor, and concernlng the sealing witb tbe lengtb of tbe 

system. The latter has been done in the case of negliglble potentlal 

difference as wel! as in tbe case of a substantial potentlal dlfference 

across the wire. These resul ts have not only been compared to existlng 

theory, but also a new theory has been developed lnspired by tbe outcome 

of the computer calculations. 

First of all a general resistance formula bas been derived, in wbich 

the energy averaging, due to a finlte potentlal difference across the 

wire, is taken into account. With tbis formula the reslstance of tbe 

model system has been calculated as a functlon of tbe potentlal 

difference. At low voltages tbe reslstance is very mucb dependlng on tbe 

exact pos i tions of tbe scatterers along tbe wlre. The reslstance is a 

heavily fluctuating function of tbe applied potentlal difference. Ibis 

can be completely understood on the basis of tbe properties of tbe 

transmission probabill ty as a functlon of tbe energy of tbe incident 

electrens and the applied electrlc field. 

At high potentlal differences the vol tage-lnduced energy averaging 

results in a single resistance value for all posslble scatterer 

dis tributlens, which is largely independent of tbe applied potentlal 

difference, i.e. apart from smal! fluctuatlons. 

Sealing of tbe quanturn resistance of the model system at low 

potentlal differences was found to obey tbe exponentlal sealing law of 

Andersen et al. At high potentlal differences a different tbough still 

exponentlal sealing behaviour was obtained. A new sealing theory, 

introducing a sealing indicator f, bas been worked out. Taking f=0.37 

this theory perfectly fits the data. Tbe sealing law due to Andersen et 

al. is a limi ting case of this new sealing law wi th f=l. For these 

reasens we have great confidence in the significanee of of tbls new 

theory, even though lt still slightly lacks some foundation in terms of 

physical interpretation of tbe assumptions wbicb have to be made in 

derivation. The most important one is tbe assumptlon tbat tbe sealing 

indicator is independent of tbe length of tbe system. Al tbough tbe 

results of tbe calculations of tbe model system do confirm tbis, lt can 
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not yet be proved from a theoretica! point of view. Also the meaning of 

the sealing indicator in relation to the applied potentlal difference is 

not yet very clear. Hence there is still some work to do on this new 

sealing theory. 

In addi tion i t would be very interesting to check the new theory 

experimentally. For electronic systems a generalization of the sealing 

formula into a multi-channel formula is needed to make the theory 

applicable to physical quasi-one-dimensional systems. A way to test the 

theory in i ts present one-dimensional form could possibly be found in 

experiments with laser light and fibres [9]. This system is surprisingly 

analogous to the electronic system described in this chapter. 
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2.Normal-metal point centacts at low temperatures 

2.1. Introduetion 

The inspiration for the experiments presented in this chapter was 

found in macroscopie quanturn interference effects which are observed in 

superconducting material, or more specific in superconducting point 

centacts ([1], see also chapter 4 of this report). Single superconducting 

junctions, for instance, between two pieces of bulk superconductor show 

very non-linear i-V characteristics, e.g. containing a part where the 

voltage across the junction is zero in the presence of a non-zero de 

current (de Josephson effect). In multiple point centacts the i-V charac

teristics even show-magnetic field dependenee (interference of supercur

rents). When V~ 0 Josephson junctions emit rf radiation. The de voltage 

measured across a junction is in fact the time average of voltages with 

high frequency components (ac Josephson effect). 

Responsible for all these quanturn interference effects is the 

macroscopically extending, superconducting wave function descrihing the 

electrical current in a superconductor. In normal metals macroscopie 

interference effects can also be observed if, among other requirements, 

the phase coherence of the electron wave functions is preserved over 

distances comparable to or larger than the typical distances between 

scattering obstacles. 

This requires that the conductor is at a very low temperature (no 

phonons involved, long inelastic mean free path), so that the effective 

mean free path is determined by elastic, phase preserving, collissions. 

The energies (voltage differences) involved must be smal! compared to the 

Fermi energy because large voltage differences can cause self-randomiza

tion (see chapter 1), and smal! compared to pbonon excitation energies. 

In metals and semiconductors at lK, phase coherence lengtbs of the order 

of 1~ are well realizable [3]. 

Microstructures and point centacts are examples of systems in which 

these condi tions could possibly be met. In these systems one or more 

dimensions are smal! compared to the phase coherence length of the 

electrons, which is essential for the observability of interference 

effects. A lot of work bas already been done, especially in the field of 

normal-metal and semiconductor microstructures. Aharonov-Bohm 

oscillations, universa! conductance fluctuations, and other localization 

effects ([3], and see also chapter 1 of this report) are examples of the 

phenomena observed in those experiments. 
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At our univarsity we unfortunately do not have any facilities for the 

production of microstructures. For this reason, but also because of the 

experience with superconducting point contacts present in our group, we 

have decided to start with an investigation of the possibili ties of 

normal-metal point contacts. Our final goal would then be to study 

interf'..,rence effects and magnetic field dependences in "' double point 

contact (see fig.2.1.1). In superconducting point contacts the inter

ferance phenomena of multiple junctions are based on the non-linear i-V 

dependenee of single junctions. Therefore it seemed reasonable to start 

with single-point-contact experiments to examine the feasability of our 

ideas. This would also give us the opportunity to develop the technica! 

skill of establishing adjustable point contacts inside a dilution 

refrigerator, which is needed to provide the required low temperatures. 

Fig.2.1.1 Schematic drawing of a double point contact 

Normal-metal point contacts are qui te conwnonly used for measuring 

phonon and electron band spectra. In the higher temperature regime (T>IK) 

the behaviour of these contacts is well understood [2]. The set-up used 

in these spectroscopy experiments usually consists of a sharp etched tip 

or spear ( curvature lJ.Ull) and an anvil of the material under investi

gation. The spear can be moved towards the anvil by means of a screw 

mechanism, operated from outside the dewar when the measurements are 

performed at low temperatures. Somatimes piezoelectric elements are used 

for fine adjustments. 

In our case mechanica! adjustment from outside the dewar cannot be 

used, as the point contact will have to be established inside the mixing 

chamber of a dilution refrigerator. Therefore we decided to use 

piezoelectric bimorph elements suitable for displacements on the order of 

a few hundred micrometers. Instead of a sharp etched spear we preferred 

to work with a rather blunt tip. This in analogy to Nb-Nb superconducting 
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point contacts, where irregularities in the contact area of a blunt point 

contact provide a number of smal! contacts. 

As an introductory experiment we have been looking for non-linear i-V 

characteristics in a single copper-copper point contact. Bending of the 

bimorph element under thermal stresses appeared to consti tute severe 

problems. A non-Ohmie contact has been established, but from changes in 

the characteristics due to readjustments of the contact i t could be 

deduced that the contact area was polluted e.g. with oxides. In experi

ments with a clean gold-covered point contact only linear 1-V character

istics could be observed. The dlfflcul ties in eperating the bimorphs 

could not be resolved. 

Having the opportunity to do more promising experiments in a point

contact-like semiconductor heterostructure, i.e. a Hall bar configuration 

wi th a lateral constriction (see chapter 3), we decided to stop this 

rather unsuccessful experiment. 

2.2.Experimental set-up 

2.2.1.Piezoelectric bimorph elements 

As our point-contact device has to be operated inside a dilution 

refrigerator, we need some sort of remote control system to move tip and 

anvil towards eachother and (re)adjust a contact during the experiments 

at low temperatures. A possible way of doing this is the application of 

piezoelectric devices, of which the so called bimorph elements have the 

most convenient properties. They combine a relatively large displacement 

with suitable size and simplicity of operation. 

The piezoelectric bimorph elements used in our devices were obtained 

from Philips [4]. They consist of two thin strips of PXES piezoelectric 

ceramic, bonded together and polarized perpendicularly to the plane of 

the plate. In a series bimorph the polarization direcUons of the two 

strips are antiparallel, whereas they are parallel in a parallel bimorph. 

The strips are nickel plated. Three different ways in which bimorph 

elementscan be connected toa voltage souree are shown in Fig.2.2.1. 
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Fig.2.2.1 Three different unys to conneet a piezoel.ectric binwrph 
element 

When an electric field is applied by means of the nickel electrades the 

strips will either expand or contract in the directions perpendicular to 

their polarization axis. When the bimorph element is connected as in 

Fig.2.1.1a or 2.1.1b, one of the strips will expand, while the other one 

contracts. This forces the plate to bend. Connected as in Fig.2.1.lc both 

strips will expand or contract but in general not with the sarne amount. 

This also causes the plate to bend. In Ref.-4 the deflection per voltdat 

roomtemperature (in m/V) is given by: 

d = 9.0•10- 10121h2 

d = 4.5•10- 1012 /h2 

(parallel bimorph) 

(series bimorph) 

Here 1 is the free length of the bimorph and h the total thickness. The 

maximally allowed field strength is SOOV/mm. Table 2.1.1 gives the 

specifications of the bimorphs used in our point contact devices. 
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type a * b * c (in mm) deflection at 300V 

I (series) 6 * 25 * 0.6 150 J.UD 

II (parallel) 12 * 30 * 0.6 450 J.UD 

lil (parellel) 6 * 35 * 0.6 650 J.UD 

Table 2.1.1 PiezoeLectric bimorph types used in the experiments 

2.2.2.Point-contact devices 

In the course of the experiment three devices have been manufactured. 

The first two devices are essentially the same, except for the holder 

material and the applied bimorph type. The third one has been fitted with 

two bimorphs, mounted in such a way that bending of the bimorphs due to 

thermal stresses could be compensated. 

A schematic drawing of our first point-contact device is given in 

fig.2.2.2a. The holder bas been made of Vespel, a metal filled polymer, 

which bas been chosen because of i ts homogeneous thermal expansion 

properties. However, after the device had been made, the material 

appeared not to be completely insulating. The resistance of the material 

between two points on the surface about one centimeter apart was found to 

be 2Mü. Implications for the conneetion and grounding of current and 

voltage leads to the device will be discussed lateron in section 2.2.3. 

One end of a series bimorph (type I, see table 2. 1 . 1) has been 

soldered to a brass plate, which in turn has been serawed on one side of 

the holder. On the other end of the bimorph an OFHC (Oxigen-Free 

High-purity Copper) copper anvil has been cemented with Stycast 2850. To 

the opposite side of the holder another brass plate has been attached, 

into which the tip (also OFHC copper) can be screwed. Through a hole in 

the holder the tip can be moved towards the anvil and a rough preadjust

ment can be done. A nut secures the adjustment. 

After some experiments both tip and anvil have been covered with a 

5000 Ä thick gold layer by means of vapour deposition in order to prevent 

oxidation of the contact area. 
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Fig.2.2.2 Dra.wing of a) the first and second point-contact device, 
and b) the third point-contact device 

The holder of our second device bas been made of Epibond, a perfectly 

lnsulatlng synthetic material. A parallel bimorph (type 11) is used. This 

time the anvil bas been attached to the bimorph with a piece of cigarette 

paper soaked in CE-kit (CE7031). Both tip and anvll are again covered 

with a 5000 A gold layer. 

The third device (see Fig.2.2.2b) bas been designed to be insensible 

to distortions of the bimorphs under thermal stresses, provided that both 

bimorphs respond to temperature changes in the same way. Two parallel 

bimorphs (type 111) have been mounted in a translation symmetrie configu

ration. One end of the bimorphs bas been soldered on a brass plate, which 

in turn bas been screwed onto the brass bolder. On top of the bimorphs 

'riders', made of OFHC copper, have been fixed with CE-kit and cigarette 

paper. One of them serves as the anvil, while the other one holds the 

tip, which is again preadjustable by means of a screw mechanism. 
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Voltage leads are soldered on the nickel plating of the bimorphs. 

Current can be supplied to the contact through a twined pair of current 

leads. In the same way voltage differences across the contact can be 

measured by means of a twined pair of measuring leads soldered to tip 

holderand anvil. 

2.2.3.Electric circuit 

recorder 

R.• 50ohms 
R0 • 3.3 kilo-ohms 
R, • 1 kilo-ohm 
R2•100 kilo-ohms 

lock-in amp. 
or 

microvoltmeter 

point 
contact 

bimorph 

Ftg.2.2.3 Electric circuit for de and ac measurements 

With the electric circuit shown in Fig.2.2.3 de measurements of i-V 

characteristics can be performed as well as measurements of the differen

tlal resistance (dV/di) versus current by means of an ac phase sensitive 

detection method. 

The de current souree can supply a maximum current of about 2~. In 

order to superimpose a small ac current (iac) upon this de current (idc) 

the generator output signa! of a lock-in amplifier can be coupled in over 

a lOOkn resistance. From the voltage difference across this resistance 

the amplitude of the ac current can be calculated, while the de current 

can be measured over a lkO resistance. 

De or ac voltage differences (V d c and V ac resp.) across the point 

contact are measured with a microvoltmeter or a lock-in amplifier respec

tively. A high-voltage souree is used to drive the piezoelectric bimorph 

element. 

In our first set-up the fini te resistivi ty of the Vespel, of which 

the holder has been made, presented some difficul ties concerning the 

grounding of the circuit. To ensure that the high driving voltage of the 

bimorph does not affect the point-contact measurements, the holder and 
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all conducting parts attached to it have to be kept at de ground. This 

means that the tip must always be at zero potential. As the output of the 

high voltage souree as wel! as the generator output of the lock-in amp 

and one of the input plugs of the ~V-meter are grounded, conneetion of 

the equipment has to carried out wi th care in order to prevent ground 

loops. This problem has been resolved in our second point-contact device. 

2.2.4.Low temperature eguipment 

Testing of the devices and preliminary experiments have been 

performed in a liquid helium dewar, which could be pumped to a minimum 

temperature of about l.lK. The actual experiments have been done in our 

large 3 He circulating dilution refrigerator [6]. In its present 

configuration a minimum temperature between lOmK and lSmK is easily 

obtained. The point-contact device is mounted inside the mixing chamber, 

where it can be connected to a set of twined and coaxial wires leading 

out of the cryostat to the electronic equipment. 

2.2.5.Treatment of the contact area 

The OFHC copper, of which tip and anvil of our first device have been 

made, is always polluted with oxides and thelike when exposed to air. For 

that reason tip and ar..v!l were always etched clean wi th nitric acid 

befare assembly of the device into the refrigerator. From our experiments 

(see sectien 2.3) though it was evident that even after this treatment 

there was still some kind of dirt on the surfaces of tip and anvil. Once 

a contact was established its responce to changes in the bimorph voltage 

gave the impression that the contact area was rather sticky. The contact 

resistance could not be adjusted in a continuous way. 

This problem has been resolved by means of a gold layer of thickness 

5000A, which was vapour deposited on tip and anvil. We were aware that 

this might influence i-V characteristics of the point contact, but as the 

experiments were also meant as an investigation of the possibilities of 

piezo-controlled point-contact devices this was no insurmountable 

objection. 
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2.3.Results 

2.3.1.Behaviour of the devices when operated at low temperatures 

In first instanee our first point-contact device, containing a series 

bimorph, worked qui te satisfactorily. After a rough preadjustment at 

roomtemperature contacts at low temperatures could easily be established. 

The only problem was that the contact resistance could not be adjusted 

continuously wi th the driving voltage of the bimorph. The resistance 

remained constant under slow variations of the bimorph voltage, but did 

change by jumps when the voltage was swi tched over one or two hundred 

volts. This indicates pollution of the contact area. The resistance could 

be varled between 10 and 1000. 

Tip and anvil were then covered with gold to overcome the difficulty 

described above. The problem was resolved, thus proving that oxides did 

indeed influence the contact properties. Contact resistances measured at 

4.2K were much smaller than 10. This time however bending of the bimorph 

under thermal stresses presented tremendous difficulties. When the device 

was tested in a liquid helium dewar, the thermal bending after cooldown 

appeared to be larger than the maximurn voltage-controlled deflection of 

the bimorph. Tip and anvil were pressed together so tightly that the 

contact could not be broken with the maximally allowed bimorph voltage. 

This made i t very difficul t to make a good preadjustment at roomtem

perature so that the bimorph would still be able to establish a suitable 

contact at low temperatures. The bimorph always bended towards the tip, 

but the deflection was not reproducible. There were also indications that 

the vol tage-induced deflection of the bimorph at low temperatures was 

much smaller than at roomtemperature. 

Therefore the performance of the bimorphs was studled in a transpar

ent dewar at roomtemperature, 11K and 4.2K, with the new, second, device, 

also with a gold covered tip and anvil, but this time with a holder made 

of insulating material, and a parallel bimorph. lt was found that the 

deflection at a certain voltage at T=4.2K is a factor of five smaller 

than at roomtemperature. At 11K the deflection is already smaller by a 

factor of 2.5. These results are confirmed by Ref.S. In these (optica!) 

measurements surprisingly no significant thermal bending could be 

observed. 

A reasonable preadjustment was made and the device was again 

installed in the dilution refrigerator. After cooling down tip and anvil 
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were once again pressed together tightly (contact resistanc~. Hl). A 

following attempt was more successful. An adjustable contact could be 

established, which was somewhat unstable perhaps due to mechanica! 

vibrations. 

Our third device bas only been tested in a liquid helium dewar. The 

preadjusted distance between tip and anvil was agaln signlflcantly 

changed by thermal bending. The two bimorphs apparently did not dlstort 

by the same amount, so that the bending was not completely compensated by 

the configuratlon design. The establlshed contacts suffered from a lot of 

mechanica! lnstability, whlle the response to varlatlens in the bimorph 

voltage was completely lrratlonal. 

2.3.2.Non-Ohmic resistance of a dirty copper-copper point contact 

De as well as ac measurements, performed with our first point contact 

device in a liquid helium dewar at 4.21<, did not show any observable 

deviations from Ohmic behaviour, i.e. linear dependenee between i and V. 

Point-contact resistances were typically on the order of 100. From the 

amplitude of the noise the relative davlation IARJRI can be calculated to 

besmaller than 2x10- 4 . 

In measurements at temperatures below 100mK the point-contact rasis

tanee was usually on the order of 1000. Non-ûhmic behaviour was first 

observed at T=26rnK in a contact with a resistance of 860 at idc equal to 

zero. While the de 1-V characteristic seemed to be perfectly linear, 

small changes in the contact resistance could be observed in ac measure

ments of dV/di as a function of i de. Contact resistance R versus de 

current idc is shown in Fig.2.3.1a. Below idc=l~ the resistance 

increases with i de. This is foliowed by a slow decrease for higher de 

currents. The maximum relative deviation is IAR1Rimax=0.005. After some 

time the reslstance of thls contact suddenly dropped to 20, probably due 

to some kind of mechanica! shock. As this resistance value is too low to 

detect such small relative deviations as mentloned above, we established 

a new contact with a resistance of 1300. This time even larger deviations 

( IAR1Rimax=0.012) were observed. Fig.2.3.1b shows an example of the 

resistance measured as function of the applied de current. In contrast to 

Fig.2.3.1a a sharp decrease of the resistance is observed at low i de. 

Above 1~ the resistance again increases with increasing current. 

In the llquid helium cryostat of our dilution refrigerator a 

superconducting magnet (maximum field ST at 65A) is present. With this 
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Fig.2.3.l Two different examptes of non-Ohmie reststance in a dirty 
copper-copper point contact 

magnet a field (~lT) has been applied to the point contact. Significant 

and reproducible changes in the curvature of the R-i characteristic have 

been observed. These measurements could not be repeated to investigate 

the B dependenee more accurately as, for reasans unknown, the next day 

when we resumed the experiments no non-Qhmic contact could be 

established. 

2.3.3.0hmic behaviour of a clean gold-covered point contact 

In point contacts, in which both tip and anvil had been covered with 

a gold layer, no deviation from Ohmic behaviour could be observed, 

neither at T=4.2K nor at temperatures below lOOmK. In the case where tip 

and anvil were pressed together tightly by the thermal bending of the 

bimorph the contact resistance was typically 0.10. In contacts which had 

actually been established at a temperature of 40mK the resistance was on 

the order of a few ohms. This is smaller by a factor of hundred compared 

to the dirty-copper point contact. This means that relative deviations of 

the same magnitude as in the experiments described in section 2.3.2 would 

in this case correspond to voltage changes on the order of nanovolts. 

This is at the limit of our measuring accuracy. 
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The contact resistance could be adjusted more or less continuously by 

means of variatien of the bimorph voltage, as can be seen from Fig.2.3.3. 

For voltages below 29V the contact is stabie and the resistance can be 

varied. When the bimorph voltage is changed from 29V to 30V the contact 

becomes unstable, and when the bimorph voltage is increased more the 

contact will eventually be breken. This proves that these gold covered 

centacts are indeed much cleaner than the copper centacts described in 

the preceding section. 

ct 
E 

0 0.2 0.4 0.6 

V(mV) 

0.8 

Ftg.2.3.2 Behaviour of the i-V characteristtc of a clean contact 
as a function of the voltage Vb applied to the bimorph 

2.4.Concluding remarks 

In an OFHC copper point contact non-Ohmie behaviour of the resistance 

has been observed. A magnatie field appeared to affect the curvature of 

the R-idc characteristic. The contact resistance was quite large (1000), 

which can be attributed to the presence of an oxide layer. As tip and 

anvil had been etched clean this oxide layer must have grown on the 

copper surface in the short while in which the copper is exposed to air 

befere installation of the device in the dilution refrigerator. In gold 

covered centacts the resistance was much smaller (10) and no deviations 

from Ohmic behaviour have been observed. 

The operatien of piezoelectric bimorph elements at low temperatures 

presented several problems. The maximum deflection of a bimorph element 

at liquid helium temperature is reduced by a factor of five, compared to 

roomtemperature. Oefleetiens due to bending of the elements under thermal 

stresses were usually larger than this maximum voltage-controlled 

deflection, and appeared to be not very reproducible. 
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The experiments have been stopped because opportunities with better 

prospects for success in short term were offered to us. This however does 

not mean that this subject must be abandoned completely. I think that the 

described results clearly show promising possibilities, although a lot of 

technica! skill wil! have to be developed to make these experiments more 

successful. During my research period there was unfortunately no time for 

that. 
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3.Measurements in a point-contact-like GaAs-AlGaAs heterostructure 

3.l.Introduction 

Experiments, closely related to our work on normal-metal point 

centacts (see section 2), have been performed by Dick van de Marel from 

the Delft Univarsity of Technology (TUD). The results of bis preliminary 

experiments done at temperatures above 1K on a GaAs-AlGaAs hetero

structure, originally obtained from Philips Natuurkundig Laboratorium, 

indicated possible localization behaviour. It would be very interesting 

to further investigate the properties of the sample at temperatures in 

the millikelvin regime, for localization behaviour is a property of the 

residual resistance, and i t is suppressed or even destroyed by the 

electron pbonon interaction which is present at higher temperatures (see 

section 1.2.1). In this chapter we report the results of experiments 

carried out with this sample in our dilution refrigerator [6]. 

In the type of GaAs-AlGaAs heterostructures as used in our experi

ments conductance takes place in a two-dimensional electron gas (2DEG), 

which is formed at the interface between the GaAs and the n-doped AlGaAs 

(see Ref .2 for general information on heterostructures). Inspired by 

metal point-contact measurements [1] the heterostructure was originally 

designed for spectroscopy experiments in the 2DEG. Wi th this technique 

for instanee the electron-pbonon interaction can be studied. 

6 

Ftg.3.l.l Schematic drawing of the geometry of the sample 

The sample is in fact a Hall bar with a small lateral constriction 

(see Fig.3.1.1). This constriction is about 10 ~ wide, which is probably 

too much to be suitable for spectroscopy experiments. Nevertheless it is 

still interesting to study the influence of the constriction on the 

properties of the 2DEG. In this context measurements of the 

Shubnikov-de Haas effect and the Quanturn Hall effect [7] might give 

useful information about the condition of the 2DEG. 

Since these experiments were the first of this kind, we decided not 

to look for any specHic effect, but to make an inventory of all 
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interesting behaviour occurring as a function of temperature, magnetic 

field and applied de current. The experiments have been performed 

together wi th Dick van de Mare! (TUD) and John Williamson (Philips 

Natuurkundig Laboratorium). 

A variety of interesting phenomena has indeed been observed. On a 

surface view some of these effects can be categorized within the frame

werk of al ready known effects and theor i es, al though it is sometimes 

surprising that the effects actually do occur in this configuration. 

Other phenomena seem to be new. At present it is unknown which features 

are unambiguously associated wi th the geometry of the sample and which 

are more or less accidental. 

Partially due to the fact that experiments with the recently 

discovered high-Te superconducting materials summoned the complete 

attention of all partleipants in the experiments described in this 

chapter, we lacked time to have a closer look at the multitude of results 

and to find a suitable interpretation of the observed phenomena in terms 

of existing theories. Therefore I shall not elaborate on theoretica! 

backgrounds in this chapter. Instead I shall only try to characterize and 

categorize the results in a surveyable manner, referring to literature 

whenever appropiate. 

3.2.Experimental set-up 

3.2.1.The GaAs-AlGaAs heterostructure 

A schematic outline of the device is given in Fig.3.2.1. The sample 

i tself is a GaAs-AlGaAs heterostructure [2] etched in the form of a 

rectangular strip with eight narrow tracks leading to it. Two wedge 

shaped parts have been etched out of the middle of the strip, thus 

dividing it into two halves only connected by a small constriction in the 

centre of the sample. Along the two short sides of the strip and at the 

end of the narrow tracks areas of heavily doped n• GaAs are present, 

providing the necessary electrical connections to the 2DEG at the 

interface of the heterostructure. 

Thin golden wires conneet these centacts to golden contact points on 

the plastic holder in which the sample ha!> been mounted. By means of 

1~ Niomax wires the device is soldered to contact points on a holder 
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Fig.3.2.1 Schematic outline of the device, consisting of the 
GaAs-AlGaAs heterostructure and the plastic holder in mich it ha.s 
been mounted 

(diameter 29mm) which is suspended in the mixing chamber of the dilution 

refrigerator. These contact points are connected to sets of twined and 

coaxial wires leading to the measuring equipment. 

Centacts 1 and 6, which are mainly used as current centacts, have 

been connected to a coaxial wire, while the contact pairs 2-10, 3-4, 8-9 

and 5-7 have been connected to twined pairs of wires. The latter centacts 

are mainly used as voltage probes. 

3.2.2.Measuring set-up 

The current source, used in the experiments, consisted of a voltage 

souree in series with a 100k0 resistance. In exactly the same manner an 

ac current from the generator output of a lock-in amplifier can be 

applied (see Fig.3.2.2). This combined ac and de current souree can be 

connected to centacts 1 and 6. A lock-in amplifier was used to measure 

the ac voltage difference between any desired pair of centacts as a 

1--E---'---<>1 

~------L------~6 

R •100kilo-ohms 

Fig.3.2.2 Combined de and ac current souree 
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response to the applied ac current. In this way dV/di is measured, which 

is equal to the differentlal resistance between the centacts. In some 

experiments at low magnetic fields the Hall voltage between centacts 3 

and 9 was monitored for accurate and sensitive maasurement of the 

perpendicular magnetic field using a second lock-in amplifier. 

Wi th this set-up the resistance R 1 J between centacts i and j (wi th 

i,j€{2,3,4,5,7,8,9,10}) can be measured as a function of a de current 

idc 16 through contact 1 and 6. Magnetic fields up to 6T are applied by 

means of the superconducting magnet which is present in the liquid helium 

cryostat of the dilution refrigerator. With a magnet outside the cryostat 

low magnetic fields can be applied. This is needed as for fields smaller 

than 10mT the current souree of the superconducting col! is not suitably 

adjustable. 

With the dilution refrigerator [6] in eperation temperatures can be 

established from 200rnK down to about 10mK. Befere starting the cooling 

process and during warming up temperatures between lK and 4.21< can be 

established in a stationary way. 

Measurements were carried out during a perled of three weeks. In the 

weekends between the runs the dilution refrigerator was warmed up to 77K. 

3.3.Results 

In the experiments presented below a reststance (R23 or R34
) has been 

measured as a function of the applied de current idc 16 and the applied 

magnetic field B. To get a clear view of the relationships between the 

various results it is convenient to picture oneself a three-dimensional 

space with idc 16 and B as x- and y-coordinates, and the measured 

resistance as the z-coordinate. The figures presented in this sectien can 

then be interpreted as cross-sections of a three-dimensional landscape by 

a plane parallel to either the x- and z-axis or the y- and z-axis. 

3.3.1.Resistance as a function of de current at several temperatures 

Fig.3.3.1a and 3.3.1b show the resistance R34 across the constriction 

and the resistance R23 of the bulk 2DEC as a function of the de current 

i de 16 through centacts 1 and 6. This has been depicted for several 
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Fig.3.3.la 
Reststance R34 as a 
functton of de current 
at several temperatures 
measured during the ftrst 
run. 
The absolute values of 
R34 . 16 0 at tdc = are 

T=21mK 
105m.K 
1.6K 
'*·2K 

R34= 63'* o 
5820 
591 o 
5880 

Fig.3.3.lb 
Reststance R23 as a 
functton of de current 
at several temperatures 
llleasured during the ftrst 
run . 
The absolute values of 
R23 at i 16 0 de = are 

T=18mK 
105m.K 
1.6K 
'*·2K 

R23= 321 o 
316 o 
3200 
31'* o 

temperatures between lSmK and 4.2K. The data were taken during the first 

of the three runs in which the experiments in the dilution refrigerator 

have been performed. 

Al though the R-i curves of resistances R23 and R34 are different, 

their dependenee on temperature is similar. At low temperatures 

(T = 18mK, 105mK) a smal! peak (AR ~ 50) in both the resistances R23 and 

R34 is visible for smal! de currents. This peak disappeares at 

temperatures above lK. Measurements with smaller ac currents showed that 

this peak was actually somewhat sharper than can be seen from the 

figures. 

Apart from this peak the R-i curves for lidc 16 l < ~ are 

temperature independent up to about 2K. At 4.2K, however, the decline of 

R34 in that regime is a few ohms smaller than at lower temperatures (the 

dasbed line is again the R-i curve at T=l.6K, and bas been drawn to 
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facil itate comparison). For larger de currents ( I id c 16 1 > 30j:.LA) the 

curves are almest independent of temperature. The R-i curves are slightly 

asymmetrie under reversal of the direction of the current. The resistance 

between cernparabie contact pairs on the opposi te side of the sample 

(contacts 10-9 and 9-8) was found to behave in a similar way. 

Fig.3.3.2 
Reststances R34and R2::J 
as a fwtetion of de 

T=40mK current Ïdc 16 for sev-
eral. temperatures mea-

1.3K sured during the second 
un. The absolute va.l.ues 

4.2K 
of R34 and R23 at Ïdc 16=0 
are : 

R23 T•4.2K T=40mK R::J"= 5590 
1.3K 568 0 
4.2K 5540 

-60 -40 -20 0 20 40 60 T=4.2K R2::J= 153 0 
ï!IIJ.A) 

After warming up the dilution refrigerator to 11K and cooling down 

again (the secend run) the behaviour of the sample was quite different 

from the behaviour in the first run. The R-i curves are shown in 

Fig.3.3.2. The resistance drop in R34 for lidc 16 l < ~ is a factor of 

two larger than in the curves of Fig.3.3.1, but still declines for T > 
2K. There is no peak near idc 16::0. The bulk resistance R23 is almost 

independent of de current as wel! as temperature. The R34-idc 16 curves 

are still asymmetrie. 

3.3.2.The influence of moderate magnetic fields on the R-i dependenee 

Varying the magnetic field between 0 and lT appeared to alter the the 

R-i characteristics drastically. Resul ts obtained in the first run are 

shown in Figs.3.3.3a and 3.3.3b. The figures can be interpreted as an 

outlook on the three-dimensional idc 16-B-R landscape in the direction of 

the B-axis. The resistance maxima in R34 and R23 are suppressed by a 
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Ftg.3.3.3a 
Resistance R34 as a 
function of de current 
measured during the first 
run for ~na.gnetic fields 
up to 0.6151'. 
The absolute va.lue of 
R34 at Ïdc 16=0 and .8=0 
is 589 0. The distonces 
between the curves are 
absolute. 

Ftg.3.3.3b 
Reststance R23 as a 
function of de current 
aeasured during the first 
run for ma.gnetic fields 
up to 1.4frr. 
The absolute va.lue of 
R23 at Ïdc 16=0 and .8=0 
is 316 0. The distonces 
between the curves are 
absolute. 

magnetic field of about 0.3T. For higher fields both the R34-idc 16 and 

R23-id c 16 curves change into a wedge-like shape. The minimum of these 

curves near idc 16:0 was in fact infinitely sharp within the accuracy of 

the measurements. This could be seen from measurements with smaller ac 

currents (see Fig.3.3.4). Larger ac currents namely smear out sharp 

features in the dV/di-i characteristics which have a breadth smaller than 

the amplitude of the ac current. 
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0.5 0.2 0.1 0.02 0.05 

VVV~ 
Fig.3.3.4 The mtntmum in the R23 -idc 16 curve at B=1.48T measured with 
different amplitudes of iac 16 

Resul ts obtained in the second run are depicted in Fig.3.3.5. Here 

the R34-i dependenee is also drawn in the case of a reversed direction of 

the applied magnetic field. Again the resistance maximum decreases with 

increasing IB 1. Note that for B = +0.61ST and B = -0.615T the shape of 

the R34-idc 16 curves is almost identical, while for smaller IBI there is 

a significant difference between the curves corresponding to opposi te 

magnetic field directions. For fields larger than 0.6T again wedge-shaped 

R34-idc 16 curves are observed. The R23-i curve was found to be only 

slightly B-dependent, but also tending towards a wedge-like shape for 

fields near lT. 

Fig.3.3.5 
Reststance R34 as a 
function of de current 
measured during the 
second nm for magnette 
fields between +0.615T 
and -0.615T. 
The absolute value of 
R34 at Ïdc 16=0 and B=O 
is 559 0. The distonces 
between the curves are 
absolute. 

The way in which the R-i curves depend on the magnetic field appeared 

to be hardly affected by temperature, despite the fact that the shape of 

the R-i curves themselves is temperature dependent, as described in the 

preceding section. 
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3.3.3.Shubnikov-de Haas oscillations and quanturn-Hall effect 

The (magneto)resistance R23 between the centacts 2 and 3, and the 

(Hall- )resistance R93 between centacts 9 and 3, measured at i de 
16::0 

during the first run, are shown in Fig.3.3.6a. The Hall resistance is not 

completely quantized on the plateau's and displays some strange dips. The 

Shubnikov-de Haas minima are not neat either, as for instanee the 

resistance (actually dV/di) even becomes negative. From these deviations 

from normal behaviour information might be obtained about the electronic 

properties of the 2DEG. The small fluctuations on the larger Shubnikov

de Haas peaks are not noise, but a reproducing feature commonly observed 

in normal Hall bars at low temperatures (the millikelvin regime). 

0 

T=18mK 

Ftg.3.3.6a. 
resistance 
Ftg.3.3.6b 
during the 

a 

0 

B(T) 

T•20mK 

1 4 

B(T) 

Ma~toresistance R23 of the bulk 2DEG and Hatt
R 3 measured during the first nm at T=18rnK; 

Magnetoresistance R34 a.cross the constriction aea.sured 
first run at T=20mK 
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Fig.3.3.6b shows the magnetoresistance R34 measured across the 

constriction at T=20mK during the first run. It can be seen that the 

period of the oscillations differs from the period in the bulk resistance 

R23
. Measurements of R34 at T=1.6K are depicted in Fig.3.3.7. The period 

of the Shubnikov-de Haas oscillations is the same as in Fig.3.3.6b. The 

minima, however, do not reach zero resistance at this temperature and 

spin splitting is suppressed. 

T=1.6K 

o~--~----~--~----~--~----~~ 
0 2 3 4 6 

B(T) 

Ff.g.3.3.7 
magnetoresistance R34 

m.easured during the 
first run at T=1.6K 

Results of the second week are shown in Figs.3.3.8 and 3.3.9, in 

which the direction of the magnetic field is reversed compared to the 

situation of Figs.3.3.6 and 3.3.7. It can be seen that the behaviour of 

the Hall resistance as wel! as the behaviour of the minima in the 

Shubnikov-de Haas oscillations are still not neat. The Hall plateau's are 

still not neatly quantized and the minima in the magnetoresistance are 

not equal to zero. The period of the oscillations is different from the 

periods in Figs.3.3.5 and 3.3.6. 
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4 5 

B(T) 

Ftg.3.3.8 The magnetoresistance R34 across the constriction at 
T=1.3K and 30mK and the Hall-reststance R39 at T=1.3K, all measured 
during the second run. The direction of the ma.gnetic field is 
reversed compared to the situation of Figs.3.3.6 and 3.3.7 

3 

2 

1 

4 

B(T) 

Ftg.3.3.CJ 
lagnetoresistance R23 

~n.ea.sured during the 
second nm. at T=30mK 

3.3.4.Magnetoresistance at moderate magnetic fields 

The magnetoresistance for B in the regime below O.ST measured between 

different centacts and in different runs, was found to vary considerably. 

·0.5 0 0.5 

B(T) 

Ftg.3.3.l0 
Nagnetoresistance 
moderate .agnetic 
aeasured during 
second nm. 

R23 at 
fields 

the 
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This can beseen in Figs.3.3.6 to 3.3.9, as wel! as in Fig.3.3.10, where 

R23 versus B, rneasured in the second week of the experirnents, is depicted 

for IBI < 0.6T. The rnagnetoresistance has a strong antisymmetrie 

component. This could already be seen in Fig.3.3.4 too. 

The rnagnetoresistance of the sarne contact pair was different in 

different runs. This can be seen by cernparing Figs.3.3.3a and 3.3.4. In 

the first run R34 at i de 16::0 decreases with increasing rnagnetlc field, 

while in run two R34 at idc 16::0 increases. 

3.3.5.Resistance as a function of de current in high rnagnetic fields 

The resistance R23 or R34 being in a zero resistance minimum of the 

Shubnikov-de Haas oscillations, we determined the R-idc characteristics 

as a function of the magnetic field. Fig.3.3.11 gives an example of the 

R34-l dependenee at T=20rnK, with R34 the resistance measured across the 

constriction. Apart from the peaked structure the general behaviour is 

rather symmetrie. 

T•20mK B=4.92T 
Ftg.3.3.U 
Reststance R34 across the 
constriction 
as a func t ion 
i. n a 1110.gne t i. c 
4.92 T 

~n.easured 

of i. d c 
16 

field of 

Fig.3.3.12 shows the dependenee of the R23-idc 16 curves on the 

applied magnetic field. These figures reveal a very detailed structure of 

the three-dirnensional idc 16-B-R23 landscape. At B = 5.04T the resistance 

R23 at idc 16::0 is just on the edge of a Shubnikov-de Haas minimum. When 

the rnagnetic field is increased R23 (idc 16::0) moves further towards the 

centre of the minimum, and the zero resistance part in the R23-idc 16 

characteristics is found to widen. Peaked structure appears when 

B ~ 5.41T. The structure gets higher and more peaked wlth increasing B. 

At T=1.6K the effect was also observed, although the peaked structure was 

less sharp. 
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T=20mK T=20mK 

8=5.66T 

Fig.3.3.12 Reststance R23 of th.e bulk 2DEG as a function of th.e de 
current idc 16 measured in magnetic fiel.ds between 5.04T and 6.15T 

Phenomena like those presented in Figs.3.3.11 and 3.3.12 are also 

reported by Kirtley et al. [4]. They too have performed measurements in a 

GaAs-AlGaAs heterostructure with a lateral constriction (see Fig.3.3.13). 

The experiments were performed at temperatures on the order of O.SK. The 

effect is called voltage-controlled breakdown of the quanturn Hall effect. 

An attempt is made to give an interpretation on the basis of a simplified 

model. In contrast to our observations Kirtley et al. claim that they 

have demonstrated the breakdown to be in the constriction region by 

monitoring the multiple contacts of their pseudo Hall bar sample. In our 

measurements the breakdown is observed in the bulk resistance R23 as well 

as in the resistance R34 across the constriction. 

Fig.3.3.13 
Pseudo Hall. bar configu
ration used by Kirtl.ey 
et al.. [4] 
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3.3.6.Magnetoresistance at low magnetic fields (B < 0.1T) 

More accurate measurements of the magnetoresistances R23 and R34 at 

low magnetic fields showed a small peak (AR ~ 10) at B = OT. When the 

applied magnetic field was increased the bulk resistance R23 displayed a 

smooth increase. The resistance R34 across the constriction increased 

too, but showed reproducible aperiodic resistance fluctuations, as can be 

seen from Fig.3.3. 14 in which an example of the R34-B characteristics 

measured at T = 100mK is given. These fluctuations strongly resembie the 

so called universa! conductance fluctuations observed in submicron n•caAs 

wires, which are reported by Whittigton et al. [5]. In the past few years 

universa! conductance fluctuations have been observed in a variety of 

microstructures [3]. 

... ..... .. .., 
a: 

T=100mK 

0 200 400 600 

B(gauss) 

Ftg.3.3.11t 
Jfa.gnetoresistance R34 in 
smalt magnetic fields at 
T=100mK. 
De currents up to lÛJ.L.Á 
a.re a.pplied through 
cantacts 1 a.nd 6 . 

The height of the peak at B = OT as well as the amplitude of the 

fluctuations were found to be suppressed by small de currents 

(idc ~ 1~) as can also be seen from Fig.3.3.14. The fluctuations have 

been observed at temperatures up to 4.2K. 
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The peak at B = OT was already observed in measurements of R23 versus 

B during the first run. More extensive measurements were performed during 

the second and third run, which resul ted in the observation of the 

fluctuations in R34
. This means that the peak in the R-idc curves near 

Îdc 16=0, observed in the first run (see Fig.3.3.1), cannot be related to 

the peak in the R-B dependance. 

... 

0 10 

T= 14mK 

20 
B(gauss) 

30 

Fig.3.3.15 
lagnetoresistance R34 

~&easured 1n0re a.ccuratel.y 
in very smal.l. magnette 
fiel.ds at T=l4mK. A de 
current up to 2.5J,LA is 
appl.ied through conta.cts 
1 and 6 . 

When this peak was investigated with still higher accuracy it was 

discovered that i t actually consisted of two separate peaks. This is 

shown in Fig.3.1.15. The splitting of the two peaks is suppressed by a 

small de current. 
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3.4.Concluding remarks 

In conclusion it may he stated that the GaAs-AlGaAs heterostructure 

with lateral constriction, investigated in this chapter, has displayed a 

mul ti tude of interesting phenomena. 

study the results, summarized 

lt is however necessary first to 

in the preceding section, more 

systema tically, and secondly to perferm supplementary measurements to 

obtain more information about the different phenomena as wel! as about 

the relationships between the effects. Most of these measurements do net 

necessarily have to be performed in a dilution refrigerator, as a lot of 

effects were also observed at temperatures between 1K and 4.2K 
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4.Macroscopic quanturn phenomena in high-Te superconducting material 

4.l.lntroduction 

Si nee the discovery of the superconductivity of mercury (cri ti cal 

temperature Tc=4.16K) by Kamerlingh Onnes in 1911, scientists have been 

looking for superconducting material with ever higher Tc. In 1973 this 

resul ted in the discovery of Nb3Ce wi th a transition temperature of 

23.2K. No further progress was made until 1986, when Bednorz and Müller 

[2] reported the existence of percolative superconductivi ty at 

temperatures of about 30K in a La-Ba-Cu-0 system. An avalanche of new 

discoverles foliowed and in the beginning of 1987 the critica! 

temperature of Y-Ba-Cu-0 systems was found to be wel! above the boiling 

temperature of liquid nitrogen [3]. The single-phase compound YBa2Cu309-y 

(YBCO) has a transition temperature of about 95K, strongly dependent on 

preparatien conditions. 

These new ceramic superconducting materials are made by means of a 

process of repeated pulverization, cold pressing, heating and sintering 

[6]. The first samples were very inhamogeneaus and multi-phase. 

Improvements in production technique resulted in better though still very 

poreus material. 

The superconducting properties are usually determined by measuring 

the resistivity and susceptibility of bulk samples. True characterization 

however in terms of classica! superconductivity [1] can only be done by 

examinatien of macroscopie quanturn phenomena such as the Meissner effect, 

flux quantization and the ac and de Josephson effect, because these 

effects prove the existence of a superconducting wave function. 

In view of our experience in the field of superconducting multiple 

point cantacts between pieces of niobium or tin [ 4.8], we were very 

interestad in performing this kind of experiment wi th this new high-Tc 

superconducting material. josephson effects, which can be observed in 

this experiment, are essential for possible applicatlon of this new 

material in devices such as SQUID' s, which can be used as sensors in 

magnetometers, as amplifiers, switching or rectification devices in 

electronics, etc., or maybe even in superconducting computers. 

The material (YBa2Cu309-y) we used, was kindly supplied by 

A.A. Menovsky's group of the Univarsity of Amsterdam [6]. lts critica! 

temperature is 93.5K. Fig.4.1.1 shows the resistance of one of our 

samples versus temperature, determined with a four terminal method. 
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Fig.~.l.l reststance as a function of temperature of one of our 
YBCO sampl.es 

In this chapter I shall first give some theoretica! background, 

necessary for the understanding of the ac and de josephson effect, 

foliowed by a description of our experimental set-up. The main body of 

this chapter is formed by an artiele to be publishad as a Rapid 

Communication in Physical Review B, in which we present our results on 

the observation of macroscopie quanturn phenomena in superconducting point 

contacts between YBa2Cu309-y and tin and between two pieces of 

YBa2Cu309-v· After that I shall discuss some ideas for further 

investigations. 

4.2.The Josephson effect 

The ac and de Josephson effects are macroscopie quanturn interference 

effects which can be observed when two pieces of bulk superconductor are 

weakly connected either by a thin oxide layer, or by a superconducting 

point contact, by a narrow constriction, or by a super-normal-super 

sandwich junction. Through this junction a de current can flow in the 

absence of a voltage difference (de josephson effect). When a constant 

voltage difference is established across the weak link this supercurrent 

wil! oscillate with a frequency (2e/h)V and amplitude i1. causing electro 

magnetic radlation wi th the same frequency (ac Josephson effect). In 

double contacts or contacts of fini te extension the supercurrents give 

rise to interference phenomena as a function of the applied magnetic 

field. 
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In this section I shall not give a detailed theoretical description 

of the Josephson effect. I shall only give some basic formulae which are 

necessary for the understanding of the essential features of the effect. 

More information can be found in Refs.4,8 and 9. 

Let us first consider the case of a single weak link. The system can 

be described by means of two macroscopie wave functions 

(4.2.1) 

for each piece of bulk superconductor, which are coupled by means of 

Hamilton equations (see Refs.4,8). This leads to a supercurrent is 

through the junction : 

is(t) = i1 sin(A~(t) -
2~ I~ Asds) 

1 
(4.2.2) 

(4.2.3) 

with A~=~ 1 -~2 the phase difference across the weak link and A the vector 

potential, which is integrated over the thickness 6 of the contact layer. 

The voltage V across the contact is given by 

(4.2.4) 

* When V(t)=O the phase difference A~ is constant and a de current is 

with maximum amplitude i1 (critica! current of the Josephson junction) 

will flow through the weak link (de Josephson effect). When V is constant 

in time the supercurrent 

(4.2.5) 

will oscillate (the ac josephson effect) with a frequency 

(4.2.6) 

If the junction is in the resistive-superconductive region (V(t)~). 

a normal current in(t) also has to be taken into account, which is equal 

to : 
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- Y.W. in - Rn (4.2.7) 

with Rn the ideal ohmic resistance of the junction. 

Taking i=is(t)+in(t) constant in time and slightly larger than i 1 , 

* V(t) is found to be periodic in A~ (t) with period 2w. The voltage V(t) 

is a sharply peaked function of time with a time average equal to 

(i > it) (4.2.8) 

For i<it we find V(t)=O. The resulting current voltage characteristic is 

given in Fig.4.2.1. 

v-constant i= constant 

., 
a b c 

V V V 

Ftg.~.2.l Current-voltage charactertstics of a single supercon
ducting point contact : a.) using a voltage souree, b) usi.ng a 
current source, c) when there is a combination of ac tapedances in 
series or in parallel with the junction. 

In the case of a symmetrie double point contact (see Fig.4.2.2) the 

total supercurrent through the junction is equal to the sum of the 

supercurrents through the individual point contacts : 

(4.2.9) 

The wave function must be single valued. This leads to the following 

requirement for the phase, integrated over a loop through the contacts 

and through the two bulk superconductors : 
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Fig.~.2.2 Schematic drawing of a double point contact 

( 4.2.10) 

This equation relates the phase differences across the weak links to the 

total enclosed flux t, which is given by 

(4.2.11) 

Here B .L is the magnetic field applied perpendicularly to the area 0 

enclosed between the centacts ( there is no magnetic field inside the 

superconductors [1]). t. is the selfinduced flux which is equal to : 

1 1 
t. = 2 Lia - 2 Lib ( 4.2.12) 

(4.2.13) 

with L the selfinductance of the loop. Therefore 

(4.2.14) 

From eq. 4.2.7-4.2.10 the maximum supercurrent ie can be calculated as a 

function of B.l. The result is shown in Fig.4.2.3a. The critica! current 

ie is a periodic function of B.LO wlth a. period equal to h/2e, the 

elementary flux quantum. The minimum critica! current is dependent on the 
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value of L. For ~ the minimum ie equals zero. In the case of a large 

selfinductance it can be shown that B~O+t.~2e, which rneans that the 

total flux enclosed between the centacts is quantized in units h/2e. 

V 
a 

-1 0 1 2 0 -1 0 1 2 

V 

Fig.4.2.3 Ola.racteristics of a d.oubte point contact as a function 
of the apptied ma.gn.etic field : a} criHeat current versus B, b} 
extremes of the i-V characteristic for va.rying B, c} Voltage dif
ference across the junction, keeping i constant. (lo=hl2e) 

Keeping the appl ied current constant in time i t can be understood 

that the voltage across a double junction is also periadie in 8~0 with 

period h/2e (see Fig.4.2.3c). Because both V at constant i, and ie depend 

on B~ the i-V characteristic of a double point contact will be 

8-dependent. This is shown in Fig.4.2.3b. 

In the case of a multiple point contact the interference pattern will 

be much more complex. Experiments however with asyumetrical multiple 

point centacts show that the direction of the rnagnetic field can nearly 

always be adjusted in such a way that two of the contacts, which enclose 

the smallest area 0 of all contact pairs present in the multiple 

junction, are enabled to dominate the interference pattern. This causes 

double point contact like behaviour. 

In sectien 4.4 we will see that a contact which seems to be a single 

point contact actually displays double-point-contact behaviour. This can 

be understood on the basis of experience wi th blunt point centacts 

between two pieces of Niobium. Due to irregularities in the contact area 

(in the case of Niobium these are cracks in the very streng oxide layer) 

several small centacts are formed. 
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The YBCO used in our point-contact experiments is a ceramic material 

with a rather rough surface, especially at fractures. Therefore a blunt 

single point contact between two pieces of YBCO or between YBCO and some 

ether material will very likely consist of two or more smaller contacts. 

The situation in the contact area is illustrated in Fig.-t.2.-t. 

Fig.4.2.4 Multiple point centacts due to irregularities in the 
contact area of a single blunt point contact 

-t.3.Experimental set-up 

The point contact set-up consists of a tip of tin or YBCO and an 

anvil of YBCO (see Fig.l in sectien -t.-t). To each of these one current 

lead and one voltage lead are connected with conducting silver paste. The 

point contact can be adjusted manually from outside the dewar by means of 

a red, to the end of which the tip has been fixed. 

The electric circuit is shown in Fig.-t.3.1. We used a four terminal 

metbod for measuring the i-V characteristics of the point contact. A de 

current is applied by means of a current souree which can supply any 

recorder Ro•330ohms 
R1 •100ohms 
R.= 50ohms 
L • 1mH 
C •470 nF 

point contact 

Fig.4.3.1 Electric circuit for de measurements 



Chapter 4 I 78 

current between zero and 25mA. The voltage difference across the contact 

is measured with a nanovoltmeter. Low pass filters are used to eliminate 

noise in current and voltage leads. For the same purpose the point 

contact is mounted in a brass screening pot. These precautions are needed 

because superconducting point contacts act as very sensitive antenna's. 

The experiments are performed in a liquid helium dewar. precooled by 

a liquid nitrogen dewar surrounding it. A temperature sensitlve diode has 

been installed, which can measure temperatures from roomtemperature down 

to about lOK with an accuracy of lK. 

A set of Helmhol tz magnets can be placed around the dewar. The 

magnets provide a field of 28Causs/A and can be rotated around the 

vertical axis. 
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4.4.Published results 

MACROSCOPIC QUANTUM PHENOMENA IN HICH-T c SUPERCDNDUCTINC MATERIAL 

A.Th.A.M. de Waele, R.T.M. Smokers, and R.W. van der Heijden 

Department of Physics, Eindhoven Univarsity of Technology, 

Eindhoven, The Netherlands 

and 

K. Kadowaki, Y.K. Huang, M. van Sprang, and A.A. Menovsky 

Natuurkundig Laboratorium der Universiteit van Amsterdam, 

Amsterdam, The Netherlands. 

Abstract 

The observation of macroscopie quanturn phenomena in a high-T c super

conducting material (YBa2Cu309-y (YBCO), Tc=93.4 K) is reported. 

Relationships between current, voltage, and magnetic field of tin-YBCO 

and YBCQ-YBCO point contacts were measured. In both cases the critica} 

current is periodic in the magnetic field, which is typical for double 

point contacts (de SQUID's). In the tin-YBCO contacts the oscillations 

were observed below the Tc of tin. In the YBCQ-YBCO contacts the 

oscillations were observed at temperatures up to 66 K, clearly 

demonstrating macroscopie quanturn phenomena in this high-Te material. 

PACS: 74.10.+v, 74.50.+r, 74.70.-b, 74.90.+n 

One of the most important properties of normal superconductors is the 

existence of a superconducting wave function with phase coherence through 

out the material [1]. lt is this property which leads to macroscopie 

quanturn effects such as the Meissner effect, flux quantization and the ac 

and de Josephson effects. In order to characterize the observations of 

the low resistivi ty in high-T c materials [2,3] in terms of classica! 

superconductivi ty i t is essential to prove that macroscopie quanturn 

phenomena do exist also in these materials. In this letter results will 

be reported of experiments on systems where a weak coupling between two 

pieces of bulk material is established by means of a point contact [4]. 
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It will be shown that macroscopie quanturn effects exist in YBa2Cu3Û9-y 

(YBCO) at least at temperatures up to 66 K. 

The principle of the method is the following: a de current I is 

applied to a rather blunt point contact. The current usually does not 

flow through one single channel, but through a smal! nurnber of channels, 

due to the irregulari ties of the contact area [5]. When an external 

magnetic field B is applied, the area between each pair of channels and 

the bulk material, contains a certain amount of magnetic flux. The 

quanturn interference of supercurrents in the channels is determined by 

the flux and leads to a dependenee of the total critica! supercurrent Ie 

on B. The de voltage V (for I>Ic) across the junction is field dependent 

accordingly. 

The I-V-B dependences often show double-point-contact behaviour, 

which resul ts in periodic oscillations of I c and V as functions of B. 

Each period corresponds to one flux quanturn lo = h/2e in the area between 

the channels and the bulk materials. 

In this letter macroscopie quanturn phenomena, as described above, are 

demonstrated using point cantacts of which one or two of the bulk 

materials is YBCO. The preparatien and the properties of this material 

are described in Ref. 6. The resistivity shows a sharp drop around 94 K. 

From the lower 1 imi t of the decay time of shielding currents in the 

material the resistivity was deduced to be less than 10- 18 Om at liquid 

nitrogen temperatures. Neither tip nor anvil were mechanically or 

chemically treated. 

I 

Fig.l Schematic diagram. of the expertmental set-up. A Uttle block 
(sizes on the order of a few mm) of tin or YBOO can be lifted up and 
doun, and rotated around a uertical a.xis. It is pressed aga.inst a 
plate of YBOO. The I-V relationship is determined with a four-termi
nal method. A magnette field is applied in the horizontal direction. 
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The 1-V characteristics were determined using a four-terminal metbod 

(Fig. 1). The point contact was manually adjusted from outside the dewar. 

Ftg.2 I-V characteristtcs of the 
tin-Y.OC::O contact at 3.65 K. The 
different curves correspond to 
different magnette field uatues. 

In the first experiment the upper (moving) part was made of tin, 

knife cut into a point. The bottorn plate was YBCO. The temperature was 

below 3.7 K. The contact was adjusted so that the value of the critica! 

current Ie was on the order of 100 ~. A set of I-V characteristics for 

several different magnetic fields is given in Fig. 2. The le-B dependenee 

(not shown here) was periodic (period 15 ~T), demonstrating quanturn 

interference of supercurrents in a double contact. 

Inspeetion of the tin point, af ter the experiment, with an optica! 

microscope showed an imprint of the sinter material. 

In the second experiment both pieces of bulk material were YBCO. An 

edge of the material was taken as the tip (see Fig. 1). First the system 

was cooled to 4.2 K. Even at this temperature the centacts showed a 

linear 1-V dependence. Only after many readjustments and applying a high 

pressure on the contact (to the level that the sample almost cracked), it 

was possible to obtain I-V characteristics with a superconducting part, 

and a field dependent Ie. Once the contact was adjusted, it was stable. 

The fact that the 1-V characteristics usually were linear suggests 

that the material has a st rong normal-conducting surface layer. The 

contact properties, in relation to the surface treatment and the porosity 

of the material, are under investigation. 

The set of two 1-V characteristics, given in Fig. 3(a), corresponds 

wi th the maximum and the minimum va lues of Ie as a function of B. The 

maximum cri tical current Im was about 5 ~. which is a rather low 

compared to what usually can be achieved in superconducting point 
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Fig.3 The I-V-B dependenee of the 
YBCO-YBOO contact at 4.2 K. 

a. I -V characteristics. The set 
of two curves represents the two 
extremes between mhich the 
characteristics oscUlate men B 
is varied. 

b. V-B characteristics for 
several different currents. The 
pertodiet ty is the resul t of a 
double point contact in the 
junction between the two pieces 
of YBOO. 

cantacts [4]. The minimum Ie is practically zero. The interference 

between the supercurrents in the channels leads to complete extinction of 

the total supercurrent. This can happen when Llm/to << 1, where L is the 

self inductance of the double point contact (4], which usually is on the 

order of 2 to 10 picohenry. 

Figure 3(b) represents the V-B dependenee for various I. Again the 

periodic behaviour is characteristic for a double point contact. The 

period was 70 ~T. corresponding with an area of about 30 ~2 • 

After measuring the 1-V-B dependenee at 4.2 K, the system was warmed 

up, leaving the contact adjustment unchanged, and monitoring the 1-V-B 

dependence. The value of Im decreased with temperature. Some examples of 

sets of I-V curves are given in Fig. 4. The zero-voltage part of the 1-V 

characteristics disappeared around 50 K, but the 1-V relationships 

remained nonlinear and 8 dependent. Voltage oscillations could be seen at 

temperatures up to 66 K. Above this temperature the oscillations were 

buried in the noise (0.2 ~V). 
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Fig.~ The extremes of the I-V characteristics (obtained by uarying B) 
at several different temperatures. Between 50 K and 66 K there is no 
zero-voltage part, but the voltage at constant current still 
osciHates with the magnette field. Above 66 K the I-V curves are 
straight lines and V is independent of the magnette field within our 
present expertmental accuracy 

The temperature dependenee of the 1-V characteristics is caused by a 

combined effect of the T-dependence of lm. in the absence of noise, and 

the rounding of the 1-V curves due to thermal noise [7]. The effect of 

the latter is determined by the parameter 7 = 1m(T)h/(2TekT). When 7 < 5 

the I-V characteristics have no zero-voltage part. With lm = 5 JJÀ the 

value of 7 = 5 is reached at T = 50 K, in agreement with the experimental 

results. 

All attempts to make a point contact with a nonzero critica! current 

at 1 iquid ni trog en tempera tures, we re unsuccessful so far. The I -V 

dependences were linear. With 7 > 5 one finds that Im should be larger 

than 9 JJÀ in order to show clear interference phenomena at 78 K. 

In conclusion we first observed clear evidence of macroscopie quanturn 

interference phenomena in tin-YBa2Cu309-y and YBa2Cu309-y-YBa2Cu309-r 

junctions. This resul t is encouraging for the application of high-T c 

materials in sensitive detectors such as ac and de SQUID's, in 

superconducting computers, etc, although thermal noise may constitute a 

severe problem. 

The authors like to thank H.M. Cijsman, W.].M. de Jonge and V.A.M. 

Brahers for their stimulating interest and cooperation. This work was 

partly supported by the Stichting FOM (Foundation of Fundamental Research 

of Matter). 
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4.5.Ideas for further investigations 

In the artiele (section 4.4) only a few of the interesting 

experirnents, which can he done with superconducting point contacts, are 

presented. 

Our rneasurernent of the B-dependence of the i-V characteristics at 

higher ternperatures for instanee can be perforrned with greater accuracy 

and sensitivity using ac rnodulation rnethods. By rneans of modulation of 

the rnagnetic field and phase sensitive detection of the voltage 

difference across the point contact i-V-B dependences rnight still be 

visible at ternperatures above 66K. The signa! to noise ratio can be 

irnproved considerably. 

lt would also be interesting to prove the presence of the ac 

Josephson effect applying radlation in the CHz frequency range to the 

junction. At voltages across a Josephson junction corresponding to an 

integer tirnes the frequency of the radlation (see eq.4.2.6), a step in 

the i-V dependenee will be visible. 

Furthermore it is necessary to exarnine new materials which rnight have 

better surface properties. More cornplicated experirnents than those 

presented in the artiele can only be done with success when establishing 

a stabie superconducting point contact has more or less become a routine 

matter. 
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An obvious conclusion to be drawn frorn the various results presented 

in the four chapters of this report is that phenornena related to 

electronic quanturn interference in solids can be studled in a large 

variety of systerns. The recent past has taught us that in this field of 

research rnutual stirnulation between theoretica! and experirnental work can 

lead to surprising new insights in the nature of matter. 

Above all that, however, I think that we have clearly dernonstrated 

that physics is fun, despite the inevi table arnount of bad luck every 

physicist will have to suffer in his quest for truth and honour. 
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