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Summary. 

In the second half of 1987 the ILEC (Isochronous Low Energy 

Cyclotron) cyclotron at the Eindhoven university of technology will 

provide an internal beam. A beam transport line has to be designed for 

the transport of the beam to several experimental setups. A major part 

of it is the switch magnet necessary for the deflection of the 3 MeV 

proton beam into the directions where the expertmental stations are 

positioned. Besides this function the magnet will be used for the 

measurement of the momenturn spread within the proton beam. In this 

report the dimensions of the magnet and the setup for the momenturn 

spread measurement are determined. Use has been made of a program 

written by the author of this report and of the program 'Transport'. 
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Preface. 

Since the beginning of 1982 a project has been started in the group 

cyclotron applications within the group partiele physics at the faculty 

of physics of the Eindhoven university of technology. Aim of the project 

is to build a small A.V.F. cyclotron called ILEC (Isochronous Low Energy 

Qyclotron). ILEC will be used for investigations of space charge effects 

on the beam emittance, momenturn (or energy) spread and on the maximum 

beam current achievable. This research is meant to contribute to the 

theories developed in our staff group descrihing collective space charge 

effects on the process of acceleration. ILEC will supply a 3 MeV proton 

beam with a small momenturn spread. This will be used for the PIXE 

(Particle Induced X-ray Emission) and SPIXE (Scanning PIXE also called 

microprobe) experiments. As a further application ILEC is thought to be 

used as an injector for the EUTERPE starage ring, to be completed in the 

nineties. 

In this report first ideas are described for the beam transport 

system, which will transport the ILEC proton beam (with a magnetic 

rigidity of 0.25 Tm) to the experimental setups. The most important part 

within this system is a switch magnet which has to deflect the beam in 

the directions where experimental stations are positioned. Besides 

deflecting the beam the magnet will be used for the measurement of the 

momenturn spread within the beam. 

In this report a study is presented of switch magnets. A circular 

magnet is chosen. The setup for the measurement of the beam momenturn 

spread using this magnet is given. The magnet will be positioned at an 

intersectien of the existing and the new proposed beam transport system 

(see chapter 4). Therefore the magnet must also be capable of bending 

the beam of the existing system in the desired directions. 
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In chapter one a general theoretica! view of topics in beam 

transport problems will be presented. This will be used in the 

succeeding three chapters. In chapter two three kinds of switch magnets 

will be discussed, the circular, the semicircular and the Hansford 

switch magnet. A motivation for the choice of the circular switch magnet 

will be given. In chapter three we will deal with the methods for 

measuring a beam emittance and its related phase space densities. In the 

second section a method for measuring beam emittance will be presented 

which will be developed in the near future. In chapter four we will give 

detailed information on the setup for the measurement of the momenturn 

spread of the ILEC proton beam. Here we will also present the dimensions 

of the circular switch magnet to be build. In this chapter use will be 

made of a program designed by the author and of the program 'Transport' 

(BR077}. 

- 2 -
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1..... General Theory. 

The salution of theoretica! problems in beam transport can be 

obtained with two different methods. One metbod solves the differential 

equation of motion for every individual partiele in the beam. This 

metbod is used in most ray tracing programs. The second metbod uses the 

concept of phase space, and regards the motion of the volume in phase 

space which is occupied by the particles in the beam. This metbod is 

used to calculate general properties of the beam as a whole. 

In this chapter we will concentrate on the second method. This 

metbod satisfies for calculations up to second order. For calculations 

up to higher orders one best uses ray tracing programs based on the 

first metbod (BR070). First we will derive the theorem of Liouville 

valid in the phase space used and discuss the distributton in phase 

space of the points representing the individual particles in the beam. 

Secondly we will derive a general equation for the motion of particles 

deviating from an equilibrium orbit and derive some matrix matbematics 

based on a Taylor expansion up to second order for these. Finally we 

will derive some first order properties like magnification and momenturn 

resolution for the general case and we will treat the opties of 

principal planes. 

1.1 Phase space and Liouville's theorem 

For our purposes we must know the position and velocity of a 

particle. This information is contained in the three spatial coordinates 

of the partiele tagether with its three momenturn coordinates. These 

coordinates define the six dimensional phase space. Each partiele in a 

beam will be representated by a point in phase space. The beam is 

represented by the collection of these points. Because of the presence 

of an overal direction present for the beam and the finite dimensions of 

the beam (or beam pulse) in real space this collection lies within a six 

dimensional hypervolume. It is our purpose to describe movements of the 

bearn in real space under some external force, as movements of this 
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hypervolume or as movements of cross sections of lower dimensionality. 

One important feature for the collection of points within the phase 

space will now be derived. This feature is called Liouville's theorem. 

For our collection of points within the hypervolume a continuity 

relation is valid (PIE 54}. 

dn dt + n v•y = 0 (1.1.1} 

where n is a six dimensional density distributton and y is a six 

dimensional velocity. From Hamiltonian mechanics we know that any system 

of external macroscopie electric or magnette fields acting on charged 

particles is Hamiltonian. When particles undergo these forces a 

Hamiltonian exists, and the following equations of motion are valid. 

dpi é1H 
pi = dt = - Oqi (1.1.2} 

Where q
1 

are the spattal coordinates and p
1 

are momenturn coordinates. If 

we calculate the divergence of the velocity of the points in phase space 

whose motion is described by 1.1.2. we will find that this divergence 

equals zero (JUD58}. 

(1.1.3) 

One can state that the volume of points representing the particles in 

phase space for which a Hamiltonian exists behaves like an 

incompressible fluid. lf we substitute a zero divergence in our 

continuity relation 1.1.1 , we obtain, 

dn 8n - =- + v•vn = 0 dt 8t - (1.1.4} 

From 1.1.4 we derive that if there are no changes in time in the density 

of points at a fixed position, there will be no change in density due to 

- 4 -



General Theory Page 5 

change in position with time. We can write 

vn = 0 {1.1.5) 

~is statement expresses Liouville's theorem which st<tes {BAN 66) 

Und.er the action of forces uhich can be deriued from. a 

Hamiltonian, the motion of a group of particles ts such that the 

local density of the representatiue points tn the approprtate phase 

space remáins eueryuhere constant. 

When local density within the six dimensional hypervolume is constant 

the shape of the volume may change but the volume itbdlf will not. 

Fig I.l Assume an elliptical phase space contour (a). 

Und.er the action of a linear force this wilt be 

transformed to the ellipse tn the atddle (b) and 

und.er a non-ltnear force to the dtstorted contour 

(c). AU three shaded areas are equal. the dotted 

elltpse on the rtght tndi.cates the effecti.ue area. 

Liouville's theorem is not always applicable. Systems which are not 

Hamiltonian are e.g. those that involve scattering and tonization 

losses, or systems involving losses due to electromagnetic radiation 
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from accelerated charges (Synchrotron radiation}. A non-Hamiltonian 

system being described in the six dimensional phase space will have non

zero divergence in 1.1.3. hence will notpreserve the content of a 

hypervolume (JUD58}. Apparent violations of Liouville·s theorem appear 

when non-linear forces are involved (e.g. radial motion in azimuthally 

varying field (A.V.F.} cyclotrons}. Non-linear forces will only increase 

the effective volume in phase space (BAN66}. 

If a Hamiltonian separates into a sum of terms each invalving only 

one or two (p.q} pairs. the motion in the corresponding two or four 

dimensional phase spaces is independent from the other and may be 

treated separately. Inversely one may state that if the motions in real 

space are mutually independent the motion in phase space is confined to 

three planes. (x.p }. (y.p }. and (z.p }. In this case the Hamiltonian x y z 
is also separable (BAN66}. 

1.2 Emittance and Acceptance. 

In beam transport problems it is often not neccesary to work with 

the six dimensional phase space. In many beam transport devices a 

coordinate system can be chosen. such that we obtain a separable 

Hamiltonian and thus one is able to work in cross sections of lower 

dimensionality. First we will define our coordinate system. The 

z-direction is chosen to be the direction of propagation of the partiele 

beam in the median plane (horizontal plane}. The x-direction is 

perpendicular to z and lies also in the median plane. The y-direction is 

perpendicular to both x and z such that x. y and z form a right handed 

coordinate system. The definitions are illustrated in figure 1.2. The 

coordinates given hereare related to those in paragraph 1.1 by. 

(1.2.1} 

- 6 -



General Theory Page 7 

We wil! assume p and p to be small compared to the mean value of p . x y z 
The quantity IPzl is now defined as the average momenturn of the bearn. 

Fig 1.2 

' 

0 

The cartesion coordinate system (x,y,z) as used in 

this report, and the curutLtnear coordinate system 

(~.y.!) used by Brown (BR075) for the deriuation of 

his equations of motion 

With this we wil! make a conceptual simplification. We will normalize 

the momenturn axes with lP 1. This can be done without losing the z 
validity of our concepts of phase space as long as no acceleration in z 

direction takes place. When acceleration is encountered we will have to 

work in the canonically conjugate coordinates presented in paragragh 

1.1, if we want to compare properties of the input and output beam. 

Rescaling the p -axis with lP I we will obtain the momentum spread as z z 
the new coordinate. The new coordinates obtained by rescaling the p and 

x 
p -axis are derived below. The derivation of these coordinates is 

y 
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Fig 1.3 

/ 
/ 
B 

/ 

/~ 
/ 

p 

The JJWmentum of an arbitrary pa.rttcl.e f.n the 

(x,z}-pl.ane giuen in its components. 

Page 8 

equivalent for both x and y. In figure I.3 the two momenta in the median 

plane are drawn. The tangent of the angle e is. 

Px 
tan9=

Pz 
(1.2.2} 

In the partiele beams encountered in beam transport problems p differs z 
only little from lP 1. We can write p = lP I + 6. Using this we are z z z 
able to rewrite 1.2.2 as, 

p [ )-1 
tan e = IP:I 1 + ,;zl 

- x 1 - 6 + 6 -p [ [ )2 - liÇT liÇT liÇT . . . . ) (1.2.3} 

Usually beams to be handled in transport problems will have a 6 well 

below 10-2 . Therefore 1.2.3 ma.y be written as, 

(1.2.4} 

On the right hand side the normalizeel coordinate for the px -axis is 

obtained. Thus the coordinates of the transverse momenturn axis become 

the tangents of the angle between the momenturn vector of a given 

particle, and the mean momenturn vector. With the assumption px<<IPzl' 
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1.2.4. is rewritten as, 

(1.2.5) 

and equivalently, 

(1.2.5a) 

The assumption used bere is called the paraxial approximation. After 

normalizing the three momenta we achieve the following coordinate 

system. 

x-+x 

y-+y 

z-+z 

P .... e 
x 

p .... t 
y 

p .... 6 
z 

(1.2.6) 

As stated in the beginning of this section, a coordinate system can 

be found for most beam transport devices such tha.t the Hamil tonian is 

separable. Thus a motion can bedescribed separately in the (x,9), the 

(y,t), and the (z,6)-plane. The first two are used fora description of 

the beam and most of its properties. Take the (x,9)-plane as drawn in 

x--

Fig 1.4 Points in the (x,9) phase space 
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fig 1.4. The points in this plane represent the particles in the beam 

and are a projection of the points in the six dimensional hypervolume. 

When a Hamiltonian is separable the theorem of Liouville applies to 

every cross section of lower dimensionality that can be separated. 

We will now define a quantity which is associated with the area 

occupied by the points in our (x,e). or (y,t)-plane (BAN66). This 

quantity is the emittance. 

Emittance is the area in a transverse phase space occupied by the 

points which represent the beam particLes within phase space, 

divided by 11". 

The emittance will be represented by ~. The formula for the emittance 

thus is , 

area 
~=-

11" 
(1.2.7) 

The emittance as defined bere bas the dimension of length, and is most 

often given in units of mrn•mrad. In literature there is no real 

convention in the definition of emittance. Some authors define the 

emittance by its area in phase space, and do not divide it by 11". Others 

like Enge (ENG 67) use a dimensionless definition, as they rescale x, y, 

and z with some specific length. In accelerator design use is made of an 

energy dependent definition (BAN66). This will be of use if degraders 

are incorporated in the beam line. We will stick to the definition given 

above. It is evident from the definition that Liouville's theorem means 

that emittance is preserved throughout·the beam line. 

Emittance is a quantity connected with the properties of a beam. 

For transport devices we can define a complementary quantity called 

acceptsnee (JUD58). 

- 10 -
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Acceptance is the phase space region which is allowed to be fil.led 

by the physical characteristics of the given beam transport device. 

The emittance of the beam and the acceptance of the beam transport 

devices are main features for the design of a beam transport line. 

Together with the starting conditions at the entrance of the beam line, 

and the requirements at the end, they are all we need to be able to 

design a beam line. Let us regard how emittance and acceptance interact. 

Fig 1.5 

x' x' x' 

(a) (bl (c) (d) 

me acceptance of a hypothetical device is 

represented by the circles and the emittance of a 

hypothetical beam by the dashed shapes. me beam 

transmitted is shaded. In (a} the beam emittance is 

to large for complete transmission. In (b), (c}, 

and (d} the emittance ha.s a value so that the 

compl.ete beam can be transported, But the shape of 

the emittance areas (b} and (c} does not aHOtD full. 

transmission of the beam. 

In figure 1.5 we've drawn four possible situations. In I.S.a the 

emittance is larger then the acceptance of the device. lt is impossible 

to transport the beam of particles through the given system without 

losses. In I.S.b, and I.5.c, the emittance is smaller then the 

acceptance, but as shown in I.S.d the emittance bas to be formed into a 

shape such that the total emittance area falls within the acceptance 

area. 
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Beside the use of concepts such as emittance and acceptance, use is 

made of the concept of brightness. This concept is regularly used when 

ion sourees are studied. A definition used by those who study electron 

Fig 1.6 Emission from a smalt ptane souree of area S 

guns, for a quasi point source, is; 

I I 
B=-= 22 2 

s 0 1f' ro a 
{1.2.8) 

In this relation I denotes the total beam current, 0 the solid angle 

containing all the rays that emerge from a point at the souree on the 

axis {see figure I.6), S the area of the souree {S = 1rr~) and a the 

angular semi aperture at this point. For an extended source, where the 

emission angle a is a function of the distance, this formula is no 

longer valid. For a rotationally symmetrie situation it can been shown 

(WAL62) that the mean brightness may be defined in terms of the 

emittance ~. in an arbitrary (r.e )-plane by means of the relation: 
r 

(1.2.9) 

The total current of the beam is linearly proportional to the number of 

particles in the beam, or to the number of points in the phase space. So 

brightness as given by 1.2.9. is proportional to the partiele density in 

the four dimensional (x.e.y,t)-space. Relation 1.2.9 is exact only in 

- 12 -
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the situation where both the e , and the e equal e. A higher brightness 
y x 

of the beam means a greater density of points in the four dimensional 

phase space as wel! as in the two dimensional phase spaces. 

1.3 Distributtons in phase space. 

Up to this section we have only spoken of a finite volume 

containing the points in phase space. Now we will go into the 

distributtons of these points within the volume. We will start again 

with the general case of a six dimensional hypervolume. The density 

distributton is given by a function n = n(x,e,y,t,z,6). The total 

number of particles Ntot within the beam is found by taking the integral 

of this function in the six dimensions. 

Ntot = JJJJJJ n(x,e,y,t,z,6)dxdedydtdzd6 {1.3.1) 

Under the assumption that we have got a separable Hamiltonian, and 

assuming a simple partial density distributton in the (z,6)-plane, we 

calculate a partial density distributton in the (x,e,y,t)-space. 

p(x,e,y,t) = JJ n(x.e,y,t,z,6)dzd6 {1.3.2) 

with, 

Ntot = JJJJ p(x.e,y,t)dxdedydt (1.3.3) 

The mean value of p is equivalent with the brightness of the ion souree 

(assuming no losses in the beam transport). 

Integration of 1.3.2 over two more dimensions leads to, 

D(x,e) = JJ p(x,e.y,t)dydt (1.3.4) 

respectively, 

D(y,t) = JJ p(x,e,y,t)dxde (1.3.5) 
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The functions D(x.e) and D(y,t) represent the densities of points in the 

transverse phase planes. They are the projections of the six dimensional 

density distribution n(x,e,y,t,z,6) on the two dimensional (x,e), and 

(y,t)-planes. It is evident that both functions will differ. Integrating 

1.3.2 over e and t results in the (transverse) beam current density 

j(x,y) in real space. 

D(x,y) = JJ p(x,e,y,t)d9dt (1.3.6) 

with, 

D(x,y) = C•j(x,y) (1.3. 7) 

C is a constant depending upon the energy and charge of particles 

contained in the beam, and on the metbod used to measure j(x,y) (see 

Chapter 3). 

Up to this point we have said li ttle about the boundaries of 

integration, i.e. the shape of our six dimensional hypervolume or that 

of its crosssectien of lower dimensionality. Later in this chapter we 

will see that our six dimensional hypervolume ma.y be described as an 

ellipsoid, and the form of the projections of it on to the (x,e), (y,t). 

and (x,y)-plane are conveniently described by ellipses. The origin of 

these geometries will be given in paragraph 1.5.1.d. 

Assuming an ellipsoidal hypervolume we describe it with some matrix 

algebra. Define a vector in the six dimensional phase space. 

T X = (x,e,y,t.z.6) (1.3.8) 

Using this vector we can describe an ellipsoid with: 

T -1 X •a •X = 1 - = (1.3.9) 

In which gis a real definite positive symmetrie matrix. This matrix 

will be treated in detail later in a two dimensional phase space. The 
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volume of the ellipsoid is determined by g. It is given by the relation 

(BR077), 

(1.3.10) 

in which det g is the determinant of g and r is the gamma function. In 

the (x,e), and (y,t)-plane the area A of the ellips is given by; 

(1.3.11) 

in which det g is again the determinant, but now for the a-matrix 

restricted to the two dimensions given. Given the definition of 

emittance in 1.2.7 we obtain, 

1/2 
~ = (det g) (1.3.12) 

In this paragraph we will look further into the a-matrix, but 

restriet ourselves to a two dimensional phase space, especially to the 

(x,e)-plane. We will use the same notatien as used by Brown et al in the 

guidance to the program 'Transport' (BR077). The beam matrix a is 

written as; 

~= (1.3.13) 

Using the equation of the beam ellipsoid 1.3.9, restricted to the 

(x.e)-plane. we obtain; 

(1.3.14) 

In figure I.7 the ellipse given by this equation is drawn, along with 

the physical meaning of the elements of the beam matrix. The orientation 
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8 

Bmax • .Jii;,2 
'lDt ·v,..~-2_\_l ___ r~~2-, -

CENTROID 

Fig I. 7 The ellipse given by equation 1.3.14. 

of the ellipse (correlation of x, and 9} is given by the off-diagonal 

element c 21 . In figure 1.7 we see that not this element is used but 

rather a variabie r 21 • The off-diagonal term is related to this variabie 

by; 

( 1.3.15} 

The variabie r = r 21 = r 12 lies within the closed interval [-1,1]. This 

variabie is a correlation coefficient, giving the tilt of the ellips, 

and determines the intersections with the coordinate axes. Using symbols 

of figure 1.7, we are able to write the emittance 1.3.12 alternatively 

as, 

(1.3.16} 

Beside the notatien used here for the g elements ether authors use ether 

notations. Livingood (LIV69} uses: 

- 16 -
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1 
= ~2 

-(3 

Authors using the Courant-Snyder treatment use; 

= 

-a 

Page 17 

-(3 

(1.3.17) 

a 

-a 

(1.3.17a) 

The Courant-Snyder notation is often used in accelerator problems rather 

than in beam transport problems; the interpretation of its physics might 

lead to confusion (BR084). 

In this section we have obtained some rnathematics with which we are 

able to describe a two dimensional ellipse, and even a six dimensional 

ellipsoid. Yet there are different interpretations that can be given to 

these geometries, depending on the kind of function which best agrees 

with the phase space density distribution functions. We can define the 

given geometries as concrete boundaries of integration, assuming no 

points lying outside them or alternatively we use the geometriesas a 

scale for a Gaussian distribution like, 

1 T -1 
p = C exp{ - - X •o •X\ 2- = ~ 

(1.3.18) 

in which Cis a constant, and the expression between brackets is 1.3.9 

for either the two, four or six dimensional case. In the program 

'Transport' the ellipses are used in this manner when second order 

calculations are involved. 

Although the phase space ellipse or ellipsoid does not in general 

define a sharp boundary, it is a very useful instrument for studying 

beam properties in for instance, a magnetic field. 

- 17 -



General Theory Page 18 

1.4 Some mathernaties to describe partiele paths deviating from a 

central trajectory. 

To simplify our calculations, mainly in the following sections, we 

will assume that the magnetic fields we encounter have a median plane 

symmetry. This means that the magnette scalar potenttal will be an odd 

function in the orthogonal transverse direction (y-coordinate). 

4(x,y,z) = - 4(x.-y.z) (1.4.1) 

In figure 1.8 an arbitrary magnetic system M is drawn together with the 

coordinate system placed on the central trajectory. We look upon the 

median plane. The entrance and exit path of a partiele will be described 

Fig 1.8 An a.rbitra.ry ma.gnet system with entrance 

coordina.tes (x0 .e0 .y0 .t0 ,6), a.nd exit coordina.tes 

(x,9,y,t,6). The y a.nd t-coordina.te are 

perpendicul.a.r to the paper. 

in the (x0 .e0 .y0 .t0 ,6) respectively the (x.9,y,t,6) coordinate system. 

The principal objective of our calculations will be to determine 

position. direction and momenturn spread of the outcoming particles, as a 
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function of the magnetic system M. the position and direction of its 

entrance path, and the partiele's momenturn spread. We are looking for 

the functions f 1• f2 . f 3 , and f4 which are defined by the equations: 

x= r1(x0 .e0 .y0 ,t0 ,6} 

e = r2cx0 .e0 .y0 ,t0 .6} 

y = r3(x0 .e0 .y0,t0 .6} 

t = f 4(x0 .e0 .y0 ,t0 ,6} 

( 1.4.2} 

{1.4.3} 

( 1.4.4} 

(1.4.5} 

Assuming the entrance coordinates are small compared to the entrance 

dimensions, we may develop these four functions in four five-fold Taylor 

power series. This has been done by Brown (BR075}, and Enge (ENG67}. 

note: In this section and the following ones, all formulas and 

derivations will apply to the (x,e} or the (x,9,6}-space. 

Similar results can be derived for the other transverse phase 

space unless explicitly stated otherwise. 

Thus we will only develop the functions f 1 , and f2 in a three-fold 

Taylor power series and rewrite 1.4.2, and 1.4.3 as; 

x= f
1
(x

0
,e0 .6} 

e = r2 (x0 .e0 .6} 

{1.4.6) 

{1.4.7) 

The general three-fold Taylor expansion is given in appendix A. We will 

use another notation for the coefficients as is usual in standard books 

of mathematics, but corresponds to the notation used by for instanee 

Brown (BR075}. Our Taylor expansions for x, and e are written as; 

x = (xlx0}x0 + 

I 2 2 
(x xo>xo + 

(xlx0e0}x0e0 + 

and, 

(xle0}e0 + 

(xle~>% + 

(xle06}e06 + 

- 19 -
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e = (elx0 )x0 + 

I 2 2 
(e xo>xo + 

(elx0e0)x0e0 + 

(ele0 )e0 + 

cele~}e~ + 

celeoö}eoö + 

(elö}ö + 

(elö2}ö2 + 

celxoö>xoö 

Page 20 

(1.4.9} 

The coefficients of the Taylor expansion given bere can be derived with 

two different methods. They are either derived from the geometry of the 

magnetic system M, or from the equation of motion which is valid for the 

given magnetic force field. Brown (BR075) bas used the last method. He 

also uses a curvilinear coordinate system as the one drawn in figure 1.2 

in section 1.2. Brown obtains a general differential equation of motion 

in both transverse planes for an arbitrary magnetic field having 

midplane symmetry. When the five-fold Taylor expansion used by Brown is 

substituted in these two differential equations, one can derive the 

coefficients of the Taylor expansion as functions of the length of the 

trajectory done (or as functions of time}. 

1.5 Transfer matrices and Beam matrices. 

We will present a matrix formalism, to simplify calculations for a 

midplane movement described by the two Taylor expansions given in 1.4.8, 

and 1.4.9. For instanee in 1.4.8 is given, 

(xlö)ö + (1.5.1} 

+ second order terms 

for the x displacement. Taking the quadratic form of 1.5.1 we obtain, 

x2 = (xlx0 }2x~ + 2(xlx0}(xje0)x0e0 + 2(xlx0 )(xlö)x0ö + 

(xle0)2e~ + 2(xle0}(xlö)e0ö + (xjö)2ö2 (1.5.2} 

+ higher order terms 

Define a nine dimensional vector by: 

XT 2 2 2 = (x.e.ö,x .xe.xö,e .eö,ö } (1.5.3} 

- 20 -
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With this nine dimensional vector, 1.5.1, and 1.5.2 for the x 

displacement, and similar formulas for the angle 9, we can construct a 

matrix algebra incorporating both three fold Taylor expansions given by 

1.4.8, and 1.4.9, up to second order. This matrix~ is given below; 

l•l•0 l (xlo0 ) lxl6) I 1•1•~) l•l"o90 ) lxlx06) l•l~l 1•1906) 1•162) "o 
u 1"1•0 ) 19100) IOI6l I 19lx~) 19lx090) 1al"o6l 1919~) 191906) 19162) 90 

0 0 I I 0 0 0 0 0 0 

- - - - - - - - -. 2 
1•1•0>

2 
21xl"oll•l90 ) 21xl"oll•l6l 1•190 )2 2lxl90)(xl6) 1•16)2 2 

"o 

I l•l•0lfOI•0l I•I•0 H9I90l l•l•0 ll9l&l l•l90)(9la0 ) 1•190)(916) lxl6)(9l6l ... . . . "o9o I xi90H9Ix0) lxi6H9I"ol I•I6H9I90) 

I '~ 0 0 0 1•1•0> 0 1•190) 1•16) "o6 
' 191•0 >

2 
19190)2 1916)2 92 u- 219lx0)(9l90) 219lx0)(9 16 l 219190)(916) 0 

(1,\ 0 0 (olx 0) 0 19190) 1916) 906 , I 
···-i 0 0 0 0 0 62 J 

This matrix is the representation of the most general case for the 

(x,9,ö)-plane. All the elements of the matrix are coefficients of the 

two Taylor expansions, and thus are found either from the geometry of 

the problem, or are derived from the equations of motion. The advantage 

of using this matrix formalism. lies in the simplicity of running 

calculations of an entire beam line with it. For each element of the 

line we can derive such a matrix. called the transfer matrix. The 

transfer matrix of the entire beam line (the overall transfer matrix) 

will then be found by multiplication of the transfer matrices of the 

individual devices .. 

In this paragraph we will restriet ourselves to the left upper 3x3 

part of the transfer matrix, representing the first order part of the 

matrix. 

x 

e = 
ö 

- 21 -
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We will prove that Liouville's theorem puts certain restrictions on any 

transfer matrix ~· Assume a triangular area in the radial phase space, 

as drawn in figure 1.9. Without loss of generality we may assume one 

point lying in the origin of phase space. The other two points are 

(k1,ki), and (11,li)· 

Fig 1.9 

·-- ·--

An arbitrary triangle with its points at the 

origin, at (k1,ki) and (1 1,li), betng transformed 

under ttnear farces toa trtangle wtth tts points 

at the ortgin, at (~·k2> and (12 ,12)· The areasof 

both triangles are equal due to Ltouvtlte's 

theorem. 

the area A1 of the triangle is obtained from, 

(1.5.6) 

Now a device transforms this triangle to the one in the second phase 

space. Then (~·k2> will be determined by, 

-22-
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k2 (xlx0 ) (xle0 ) (xl6) k1 

k' 
2 = (elx0 ) celeo) cel6l k' 

1 (1.5. 7) 

6 0 0 1 6 

and si mi lar ly for (12 , 12). The area A2 in the second phase space is 

written as, 

(1.5.8) 

Substituting the relations to be obtained from 1.5.7, into 1.5.8, we 

obtain; 

(1.5.9) 

Recalling Liouville's theorem from section 1.1, the areasof the two 

triangles should not differ. Thus from 1.5.9 we obtain, 

( 1.5.10) 

We see that the determinant of any transfer matrix should be equal to 

unity. This supplies us with a simple but powerful mathematica! tool. We 

are able to check all our matrix multiplications by checking the 

determinant for unity. 

In section 1.3 we treated the phase space ellipse as a suitable 

form descrihing phase space areas. In this paragraph we will go into the 

effect of the transfer matrix ! on the beam matrix g. We will restriet 

ourselves to the monoenergetic particles, i.e the (x,e)-plane. Using, 

~= I (1.5.11) 

-1 T 
for the transfer matrix~· using the identity RR = 1 and ~ being the 

transposed matrix, we can rewrite equation 1.3.9 as, 

- 23-
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(1.5.12) 

from which we derive, 

(1.5.13) 

or, 

T -1 
!(1} ·~(1} •X{1} = 1 ( 1.5.14) 

This is the equation of the ellipse representing the beam at the exit of 

our ma.gnetic system. Relating g(O} to g{1) we obtain; 

T 
g( 1) = ~·g(O) ·~ (1.5.15) 

Giving the general beam matrix g(1) in all its elements we obtain, 

g(1) = = ( 1.5.16) 

(xlx0)(elx0)a11 (o) + {(xlx0)(ele0 ) + (9lx0)(xle0)}a21 (o) 

+ (xle0 )(ele0 )a22(o} 

(xlx0}(elx0}a11 (o} + {(xlx0}(ele0} + (9lx0)(xle0}}a21 (o) 

+ (xle0 )(ele0 )a22(o) 

For the special case where we have a waist in real space at the entrance 

point, i.e have an upright ellipse in the related phase space 

(o21 (0) = 0), we are able to simplify 1.5.16 as, 

- 24 -
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(1.5.17) 

In the paragraphs which will follow in this section the transfer 

matrices and the beam matrices will be derived for a drift space, a thin 

lens, an arbitrary magnetic field, and for the effect of the focussing 

and defocussing powers of the edge of a magnetic field. 

1.5.1 Drift space. 

Drift space might be defined as that part of the beam line where no 

magnetic fields or other force fields are present. It will continue its 

velocity in direction, and in magnitude. From the geometry drawn in 

x, 

z-
s 

Fig 1.10 The geometry for an arbitrary trajectory of a 

partiele in a drift space. 

figure 1.10, we see the following relations between the entrance and 

exit coordinates of a particle. 

- 25-
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(1.5.18) 

From these equations we obtain, 

1 s 
~= (1.5.19) 

0 1 

for the transfer matrix ~· The second order matrix for a drift space can 

be found in appendix B, and will be used in chapter 2. For examining the 

effect of this transfer matrix on the beam matrix we will assume an 

upright ellipse in the phase space related to the entrance point. The 

beam matrix at the exit point is found by substituting the elements of 

the transfer matrix into 1.5.17. 

g(1) = (1.5.20) 

The physical meaning of the elements of this beam matrix are, making use 

of the definitions given in figure !.7; 

(1.5.21) 

and, 

(1.5.22) 

Banford (BAN66) has defined a parameter called the characteristic length 

of the phase space ellipse. He has defined it as; 

(1.5.23) 

Using this equation in 1.5.21, we see that the characteristic length is 

- 26 -
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defined as the length for which the diameter of the beam is multiplied 

by the square root of two. The envelope of the beam as given by 1.5.20 

is drawn in figure I.ll, together with the phase space ellipse at the 

entrance and the ellipse at a distance equal to the characteristic 

length being the exit point of the system studied. We see that for large 

z the envelope of the beam approaches to a line defined by the ortgin 

and a slope of eo max· The characteristic 

_Fig 1.11 

x 

An arbitrary beam envetope in drift space, 

together with the eLLipses in phase space at the 

waist, and at the characteristic tength for this 

beam envetope. 

length of this beam is easily found by drawing a line through the 

maximal displacement at the waist parallel to the z-axis. The 

intersectien of this line with the one the beam envelope approaches to 

- 27 -
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for large z, gives the characteristic length ~· The characteristic 

length is a useful tooi in constructing beam envelopes on a drawing 

board. 

When we look closely to the movement that is sur~ested in figure 

1.11, it looks as if the ellips is rotated. But it's not. The actual 

movement of the points in phase space for an arbitrary drift distance is 

a shear movement, as drawn in fig 1.12. This figure showsus a 

x-

Fig 1.12 The shear movement tn phase space due toa drtft 

tenght S tn reat space 

movement ana.logous to the "couette flow" we lmow from Transport problems 

of incompressible fluids. One can define a velocity vector for the flow 

of phase space points ana.logous to the one for the fluids; 

!.(!!!:.> = !_(Q) + dr• (V!_)0 + ... (1.5.24) 

with, 

0 0 

vy = (1.5.25) 

p /m 0 z 

-28-
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This tensor can be separated into a deformation and a rotation tensor, 

0 p /2rn z 

g = (1.5.26) 

respectively, 

~= 

p /2rn 0 z 

0 -p /2m z 

p/2rn z 0 

for the trace of the deformation matrix we obtain, 

trace (~ = v•v = 0 

(1.5.27) 

{1.5.28) 

This is in agreement with the Liouville theorem as derived in section 

1.1. 

1.5.2 Thin lens. 

The concept of the thin lens is nota physical reality but a 

mathematica! simplification offering a very useful approximation. The 

geometry of the problem is drawn in figure !.13, fora focussing thin 

+ 

z-

Fig 1.13 The deflection of an arbitrary trajectory of a 

partiele passing through a focussing thin lens. 
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lens. The physical action of a thin lens is to change the slope of a ray 

falling on its surface by a focussing power linearly proportional to the 

displacement of the ray frorn the optica! axis. Define, 

(1.5.29) 

where P is the focussing power. The sign convention for the lens power 

will be, 

converging lens 

diverging lens 

P = positive 

P = negative 

P will be given in dioptries (1/rn). The elernents of the transfer matrix 

of the thin lens are to be derived frorn geornetry considerations. The 

relation between the entrance and exit coordinates of an arbitrary ray 

are, 

( 1.5.30) 

Using the matrix formalisrn fora two dirnensional phase space (x,9), we 

obtain the transfer matrix for the thin lens; 

1 0 

~= (1.5.31) 

-P 1 

The effect of the transfer matrix on the bearn matrix is again found by 

substitution of the elernents of 1.5.31, into 1.5.17, which fora beam 

having a waist on the entrance side of the thin lens yields 

-Pa11 (0) 

e,( 1) = (1.5.31) 

- 30 -
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The elements of this beam matrix are connected to the physical 

dimensions by (see figure 1.14 also), 

lx1 maxi = lxo maxi (1.5.32) 

and, 

(1.5.33) 

In figure 1.14 an arbitrary beam envelope in a thin lens configuration 

is drawn, together with the phase spaces related to either side of the 

+ 

I 

t----::---11 
x, I 

waist 

LEMI ACTION t 
----..... - D 11 

I 

B 

z-

Fig 1.14 An arbitrary beam ha.ving a unist on the surface of 

a thin focussing tens, and the eltipses in phase 

space before and after the lens a.ction. The 

cha.ra.cteristic tength of the beams are cha.nged by 

the tens a.ction. 
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thin lens. Again we recognize a shear movement in the flow of phase 

space points, now turned 90 degrees clockwise with respect to the 

movement drawn in figure 1.12. For this motion, however, we cannot 

derive a velocity vector and thus nota deformation and rotation matrix. 

as the movement is instantaneous. It will be evident that this is a 

consequence of the fact that a thin lens is not a physical reality. 

1.5.3 Arbitrary magnetic field with midplane symetry. 

A charged partiele travelling through a magnetic field will 

experience the Lorentz force, 

E = e•(y x B) (1.5.34) 

In this equation E is the force vector, e the electric charge of the 

particle, y its velocity, and B the magnetic field induction vector . .E. 
y, and B forma right handed coordinate system as given in figure 1.15. 

Fig 1.15 The profile of an arbitrary magnette field D. 
curving a charged partiele aoving ~ith velocity y, 

by a Lorentz force f. These three veetors form a 

right handed coordinate system. 

For a uniform time independent field, we can derive; 

Bp = E. 
e 

- 32 -
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In which B is the absolute value of the magnetic induction, p the radius 

of curvature of the trajectory of the particle, and e the electric 

charge. We obtain this equation by equating the centripetal and the 

Lorentz force. For non-relativistic mechanics we write for the momenturn 

of the partiele relative to the observer, 

{1.5.36) 

In this equation w0 is the rest mass energy of the particle, T the 

kinetic energy, and c the velocity of light. Substitution of 1.5.36 into 

1.5.35 will result in Brown's equation; 

Bp = 3.3356•p {1.5.37) 

for particles having unity elementary charge. Table I.I gives some 

values for various particles at certain energies. 

partiele rest mass energy momenturn Bp 

w0 in {MeV) P in (B~VJ in {Tm) 

proton 3 MeV 938.2 0.075 0.25 

proton 26 MeV 938.2 0.22 0.74 

Alfa 30 MeV 3727 0.47 0.78 

· Deuteron 30 MeV 1876 0.34 1.12 

Deuteron 14 MeV 1876 0.23 0.76 

Table I.I Bp values for uarious particles at different 

energies. 
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The elementsof the transfer matrix for the magnetic field with 

midplane symmetry will he derived from the equations of motion. Brown 

(BR075) has derived these equations up to the second order in a 

curvilinear coordinate system. The curvilinear coordinate system (~.y.!) 

has already been shown in figure 1.2. The equations of motion for the 

first order terms are given by Brown as. 

(1.5.38) 

and, 

(1.5.39) 

In which t is time (not a trajectory length) and n is the field index 

defined by, 

(1.5.39a) 

Up to first order their is no dispersion effect in the y-direction. As 

before we will restriet ourselves bere to movements in the median plane. 

The general salution for 1.5.38 is; 

X =A sin[< 1 -~} 
1

/

2 tl + B [(1-n} 
1

/

2 tl + P6 {1 5 40) cos P ( 1-n) .. 

and, 

For 6 = 0 (the monoenergetic particles) we can obtain the salution for 

the central trajectory, which is the trivial salution x= 0. Taking the 

initia! conditions x= x0 • and x' = x0 at t = 0 (the prime means taking 

the derivative with respect to t), we can derive the coefficients A. and 

B. Substituting these into the general salution we obtain: 
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and, 

Introducing the angle of deflection a we derive from the geometry given 

in figure !.15, 

t -=a p 
(1.5.44) 

Substituting this we obtain the following transfer matrix for the median 

plane movement in a magnetic field with midplane symetry; 

0 0 

(1.5.45) 

--1~1-/-sin[(l-n) 
1

/
2 a) 

(1-n) 2 

1 

For a uniform field having a zero field index n, the first order 

transfer matrix is thus written as; 

cos a p sin a p(1-cos a) 

~in a cos a sin a (1.5.46) 
p 

0 0 1 
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At this point we will give the movement of the points in phase 

space due to the presence of the magnetic field which leads to our first 

order transfer matrices 1.5.45, and 1.5.46. We see that this exploration 

leads to the crigin of the phase space ellipses for the transverse phase 

spaces. Let's restriet ourselves in equation 1.5.38 to 6 = 0. Taking, 

1/ 
w = (1-n) 2 

p 

we obtain a general solution for the mono energetic case; 

x = A sin wt + B cos wt 

and, 

x' = wA cos wt - wBsin wt 

We rewrite these equations as; 

x = C cos(wt-cp} 

and, 

x' = -wC sin(wt-cp} 

with, 

cp = are tan ( ~ ) 
and, 

A+ B 
C = cos a + sin a 

(1.5.47} 

(1.5.48) 

(1.5.49} 

(1.5.50) 

(1.5.51} 

(1.5.52) 

(1.5.53) 

For w2>o we obtain a non-imaginary w. The equations 1.5.50, and 1.5.51, 

desc~ibe an ellipse within the phase space (x,x'}. The eccentricity of 

the ellipse is defined by w, as shown in figure 1.16. The points in 

phase space move over the ellipses defined by 1.5.50, and 1.5.51, as 

long as they remain in the magnetic field. Drift spaces and thin lenses 

do not alter the general character of the shape of the area in phase 

space. The ellipse of a beam going through a magnette field will be 

transformed by a movement over the ellipses with an eccentricity w 

specified for the field. Through the beam line the general ellipse form 

is conserved (as long as non-linear forces are excluded}, as is the area 
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x-

Fig 1.16 Ellipses in phase space with excentricity ~

Particles in a magnetic field will move over 

different ellipses being characterized by an 

eccentricity ~-

of the ellipse (Liouville). The eccentricity. and the orientation of the 

beam ellipses are altered along the beam line. 

So far we have treated the transfer matrix in the (~.y.!) 

coordinate system as defined by BR075. Yet in this report we use another 

coordinate system. the (x.y.z) coordinate system. All we have to do is 

transfer this matrix from the given curvilinear coordinate system. to 

the rectangular coordinate system. This is done by relating x·. and y•. 

to respectively e. and t. These relations are given by Brown (BR075). 

e = x· 
1 + x/p 

(1.5.54) 

and. 

t = r.: 
1 + x/p 

(1.5.55) 

For a beam in which the deviations from the central trajectory are smal! 
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as compared to the radius of curvature (x<<p), it is allowed to rewrite 

1.5.54, and 1.5.55 as, 

e =x' (1.5.56) 

respectively, 

~ = y' (1.5.57) 

Thus for those small deviations the transfer matrices 1.5.45, and 1.5.46 

might be used directly under the coordinate transformation 1.5.56, and 

1.5.57. Penner (PEN61) bas found similar results for the transfer matrix 

elements using geometrie considerations for a uniform field. 

1.5.4. Rotated edges of a dioole marnet and its fring:e fields. 

The effect of a rotated edge (~ 1 • 2 in figure I.17} bas been 

sufficiently treated by Penner (PEN61} up to first order. He derives for 

the first order transfer matrix in the median plane for a rotated edge; 

1 0 

tan (3 
p 

1 (1.5.58} 

In which ~ is the angle of rotation. For the sign convention of ~ see 

figure I.17 in the next section. From this matrix we see tbat up to 

first order, an edge of a dipole magnet acts like a thin lens. 

The dipole edge transfer matrix in the plane perpendicular to the 

median plane, bas been derived by Banford (BAN66}. In this derfvation 

explicit use bas been made of the fringe field. The matrix derived by 

Banford is given as: 

1 0 

tan (3 
p 1 

(1.5.59) 

Apart from the sign of the lens power, this is the same matrix as the 

- 38 -



General Theory Page 39 

first order matrix for the median plane. In bath planes the transfer 

matrices show that edges of magnetic dipales act as thin lenses. In only 

one of the two planes focussing is experienced and in the other 

defocussing. 

1.5.5. Transfer matrix up to second order fora uniform magnetic field, 

wi tb a rotated and curved boundarv. 

Assume a region of uniform field with the shape as drawn in figure 

I.l7. The sign convention for the angles of rotation of the edges and 

x. 

CENTRAL 
TRAJECTORY 

Fig 1.17 A profile of an magnetic field, having inclined and 

curved edges . 1ö.e /3 1 , 2 , p, and R 1 , 2 as dra.un he re 

are positive by sign convention 

for the radius of curvature of the edges are given in this figure. Brown 

{BR064) bas given the coefficients up to second order for the Taylor 

expansion in the median plane of this magnetic system. These have been 

derived from geometrie considerations only. This was done separately for 
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tbe entrance edge, tbe trajectory tbrougb tbe magnetic field and tbe 

exit edge. The overall transfer matrix for tbe magnetic system was tb en 

found by matrix multiplication. Recalling tbe Taylor expansions; 

x = {xlx0 )x0 + {xle0 )e0 + {xlö)ö + 

I 2 2 {x xo>xo + I 2 2 {x e0 )e0 + {xlö2)ö2 + {1.4.8) 

{xlx0e0)x0e0 + {xle0ö)e0ö + {xlx0ö)x0ö 

and, 

e = {ejx0)x0 + celeo>eo + celö)ö + 

I 2 2 {e xo>xo + cele~)e~ + {9lö2)ö2 + {1.4.9) 

{elx0e0)x0e0 + celeoö>eoö + celxoö>xoö 

Brown bas given tbe coefficients in a coordinate system in wbicb p tbe 

radius of curvature of tbe central trajectory is normalized to unity. We 

will unfold tbis witb tbe transformation, 

x = px" {1.5.60) 

in wbicb x" is tbe radial coordinate used by Brown, and x is tbe 

coordinate used in tbis report. Witb 1.5.60 all lengtbs are to be 

transformed. The derivatives wi tb respect to x" will tbus be transformed 

witb; 

d 1 d 
dx = p dx" 

and, 

Transferming tbe results of Brown we obtain, 

{xlx0 ) = cos a + sin a tan P1 

{xle0 ) = psin a 

{xlö} = p{1 - cos a) 

- 40 -
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-1 2 1 2 2 = 2~sin a- cos a tanP1 } + 2P tan P2 (cos a+ sin a ta:n/3 1 ) 

+ [2al ·::.~~~. J 
= ~cos a (1 - cos a }] + ~sin2a tan

2P2) 

= - f sin
2
a + ~1 - cos a}

2
tan

2
P2 

1 = 2 sin 2a + tanfj 1 [cos a (1 - cos a} + sin a ta:n/3 1 ] 

2 + sin a tan P2 (cos a+ sin a ta:n/31 } 

= sin a (sin a- cos a ta:n/3 1 } 

2 + tan P2 (1 - cos a)(cos a + sin a tanP 1 ) 

(xle0ö) = p sin a(1 - cos a )/cos2P2 

celxo> 
cele0 ) 

(9lö) 

(elx~) 

_ si~ a + co: a(tanPt + tanP2) + si~ a tanPt tanP2 
= cos a + sin a tanP2 

= sin a + {1 - cos a )tanP2 

-1 2 = -:[tanP2[-sin a+ cos a(tanPt + tanP2) +sin a tanPtta:n/32 ] 

2p 
1 3 + ~cos a + sin a tanfj2)/2R1cos Pt 

1 2 3 
+ ~cos a + sin a tanP 1 ) /~cos P2 

=~-sin a+ cos a(tanP1 + ta:nf32) +sin a tanP1 tanP2] x 
p 

[tanPt - ta:n/32{cos a + sin atanP2 )] 

+ sin a(cos a + sin a tanP 1 }~cos3P2 
1 i 1 ........ R 1 ........ R ( i ........ R2)2 = - 2 s n a + 2 cos a ~~2 - 2 ~~2 cos a +s n a ~~ 

2 3 + p sin a /~cos P2 
2 3 = - [sin a + (1 - cos a }ta:nf32] + p(1 - cos a} ~cos P2 

1 2 
- 2 tanP2 [sin a + (1 - cos a }ta:nf32] 

= -~-sin a+ cos a(ta:nf31 + ta:n/32) + sin a ta:nf3tta:nf32] x 
p 

[1 + sin a ta:n/32 + (1 - cos a)tan2P2 ] 

3 
+[(1 - cos a)(cos a+ sin a tanPt)~cos P2J 
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(ele0ö) = -tanP2 [cos a+ sin a tanP2 ][sin a+ (1 - cos a)tanP2 ] 

3 +psin a (1 - cos a)IR2cos ~2 

1.6. First order optica! properties fora general drift-field-drift 

combination. 

In section 1.5 we have derived the transfer matrices for some 

physical devices possible in a beam line. In figure I.18 an arbitrary 

drift magnetic-system drift combination is drawn. The only restrietion 

for the magnetic system is the desired midplane symmetry for the field. 

Fig 1.18 An arbitrary drift-magnet-drift combination 

We define the object distance s0 as the drift length to the edge of the 

magnet. The second drift length is the image distance measured from the 

magnet edge: it's written as s1. When we multiply the general first 

order matrix given in 1.5, with the transfer matrices for s
0 

and s
1 

we 

obtain the overall transfer matrix~ for the system given in figure 

I.18. 

{1.6.1) 
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or, 

1 s1 0 (xlx0) 

~= 0 1 0 (elx0) 

0 0 1 0 

The elements of the overall 

brackets ( '(' ) instead of 

~= 

(xle0) (xlö) 

cele0) celö) 

0 1 

transfer matrix will 

round ones ( '(' ). 

<xlö> 

<elö> 

1 
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1 so 0 

I 0 1 0 (1.6.2) 

0 0 1 

be written with square 

I (1.6.3) 

In appendix B the first three rows of the overall transfer matrix up to 

second order for the situation drawn in figure 1.18 are given. 

Multiplication of R given in 1.6.3. with the vector respresenting the 

entrance conditions at the entrance of the overall system, 

(1.6.4) 

gives for the exit coordinate x. 

(1.6.5) 

A str_ict condition for the existence of an image af ter a drift length s1 
for an object located at a distance s0 from the edge of the magnetic 

system is that all rays emerging from an arbitrary point at the object 

irrespective of their slopes at that point. should go through one point 

at the image. Thus for the overall transfer matrix element <xle0> we 

wil! require. 

(1.6.6) 

This element written out in the first orderelementsof the three 

composing matrices gives. 
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s0(xlx0) + (xle0) + s 1{s0(elx0) + (ele0)} = o (1.6. 7) 

Th is can be rewritten as, 

image distance: sl 
s 0{xlx0) + {xle0) 

{1.6.8) - s 0{ejx0} + {eje0) 

and, 

object distance: 
s 1{eje0) + {xle0) 

{1.6.9) so =- s
1
{ejx

0
) + {xlx0) 

The focal distances of the magnetic system can now be found by either 

assuming the object distance, or the image distance going to infinity. 

s. f = lim s1 
{xlx0 ) 

- {elx0) lX 
So-'~» 

{1.6.10) 

and, 

s = lim s0 = -
{ele0) 

oxf {elx0 ) 
S1-'~» 

{1.6.11) 

When an image occurs, and we have a monoenergetic beam, i.e <xle0>. and 

ö equal zero, all that is left from 1.6.5 is, 

{1.6.12) 

In this equation <xlx0> represents the linear magnification, denoted by 

M. 
x 

{1.6.13} 

Usually this coefficient is negative for a<180 degrees. With the 

relations given in appendix B. we can rewrite <xlx0> in its composing 

elements; 

{1.6.14) 
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In this paragraph we discuss the dispersive action.of a dipole 

magnet, and derive a relation for the resolution of the system presented 

in figure I.19. We wil! assume the beam on the entrance side to have a 

homogeneaus distribution of momenturn in the transverse plane. Let the 

object (most likely defined as an aperture) have a width w0 = 2x0 . In 

this figure I.19 we wil! represent the object by an arrow. We wil! draw 

three monoenergetic images only, for p, for p+Ap end for p-Ap. 

Fig 1.19 The disperstve actton of a dtpole ~~a.gnet. Only the 

images of p-Ap, p, and p+Ap are sh.om. tn the 

figure. 

Resolution is a property for the measuring system as a whole. It is not 

completely determined by the coefficients for the magnetic field, but 

also by the metbod used for the recording of the three images described 
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above. In the situation of fig I.19 the three images are separated by a 

distance A. If we measure the width and separating distances of the 

images with a slit and an electric recording device. four different 

situations dependent on the ratios of A. the slit width si and the image 

size wi must be distinguished. 

to recorder 

Fig 1.20 The setup has a better resolution then needed for 

separate detection of the three images. 

In this situation the signals we record are of maximal intensity. 

but a segment of zero recording is present. for the fictive 

distributions given in figure I.19. The pand p+Ap signals are 

separated by more than is required for the signals to be just 

resolved. 

z z; ZZ!+--- 'i jzzzzzzz 

Fig 1.21 The setup has a better resolutton then needed 

for the separate detection of the three t.ages. 

As in case 1 the signals are recorded with maximal intensity. Again 

the separation A is larger then needed for this image size. 
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Case 3: A = s = w i i 

p 
.. 

I I -"- .. -:;.&.- P+iiP 

.... 'i __., 
(#f'( 221 1?>2>< 

Fig 1.22 The setup has an adequate resolution. 

Page 47 

As in case 1 the signals recorded have maximal intensity. But now 

they are just resolved, i.e. the separation A is just enough to get 

the images separated. 

p 

5 
Fig 1.23 The resolution is just adequate, but nat all 

the particles will be detected . 

. In this case the images are just separated, but are recorded with 

less intensity than in the previous cases. 

We see that for A = si the images of p and p+Ap are just resolved. We 

will now compute the resolution for these cases. In figure 1.19 we see 

that the radial displacement for the top of the p+Ap image is, 

(1.6.15) 

The negative sign befere M occurs because as stated in the previous 
x 
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paragraph Mx will probably have a negative value. For A = si we obtain 

from 1.6.15, and 1.6.5; 

- M x0 + s. = M x0 + <xlö>ó {1.6.16) x 1 x 

<xlö> is often called the dispersion factor {Livingood {LIV66) uses D 

instead of <xlö>). In our derivation it is assumed that the image 

distance s1 and the magnification Mx are not functions of ó. The 

momenturn resolution will be defined to be inversely proportional to the 

momenturn spread; 

Momenturn resolution: R = ö-1 
p 

{1.6.17) 

Thus by this definition and the system properties as given in 1.6.16, we 

obtain for the resolution of the system, 

R 
p 

= <xlö> 
s.-M w0 1 x 

{1.6.18) 

Other authors use the inverse definition for the resolution which means 

that they obtain small numbers for their resolutions. From the 

discussion above it will be evident that case 3 is most ideal. Here the 

separation and the image slit width equal the image size {s1 =- Mxw0 ). 

g,oo ~ 

!•oo 
~ 

-• i i 

-
AP • ~ 

~ 
~ D 

~ 

~ ~ 0 
~~ 

Fig 1.24 The intensity of transmttted parttctes, ~ the 

sttt width exceeds that of one image {left), and 

when the stit wtdth equats that of one image, 

{right). 
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Substituting tbis into equation 1.6.18 we obtain; 

{1.6.19) 

Instead of electric recording use can be made of recording on a 

pbotograpbic emulsion. Using tbis detection metbod tbe images will 

already be observed to be separated wben A bas zero value. We will 

examine si>wi' and si=wi. In figure I.24 tbe intensity curves for botb 

cases are sbown. The top of tbe p+Ap image is again positioned at 

{1.6.20) 

The images are resolved wben tbe top of tbe p+Ap image wil! be at a 

position s./2 of tbe central trajectory {see figure I.19), tbus we 
1 

obtain for tbe resolution; 

R = 2 <xlö> 
p s.-M w0 1 x 

{ 1.6.21) 

In tbe ideal situation of si = wi = -MxwO we obtain; 

{1.6.22) 

Thus witb pbotograpbic detection tbe resolution can be improved by a 

factor 2, compared to tbe metbod using a slit and an electric detector. 

Furtber reduction of si for botb metbods sucb that si < w1 is not 

very profitable. Then tbe intensity falls off rapidly. but with smal! 

impravement in resolution. In fact for si ~ 0 the resolution for the 

pbotograpbic emulsion metbod is raised to; 

R = 2 <xlö> 
p -M w x 0 

{1.6.23) 
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This would be an impravement by a factor 2. But the reduction of si is 

done with loss of intensity to be measured, as seen in case 4 for the 

electric recording method. 

Beside momenturn resolution in the literature also energy resolution 

is discussed. Energy and momenturn are related by, 

(1.6.24) 

in relativistic mechanics, the energy resolution is thus given by; 

Energy resolution' ~ = t: =[~: :~Jlp 
For non-relativistic particles 1.6.25 is rewritten as; 

While for highly relativistic particles; 

1.7. Principal planes 

JL-L-R 
-"E - Ap - P 

(1.6.25) 

(1.6.26) 

(1.6.27) 

In this section a treatment for the principal planes is given, in 

ana.logy to the treatment Livingood (LIV66) bas presented in bis work on 

dipole magnets. It is possible to describe certain properties of magnets 

in terms of distances measured from the magnet principal planes instead 

of distances measured from the physical edges of the magnet. Using the 

concept of principal planes in a analogous manner as in opties we 

redefine the magnet as a thin lens placed in the beam line. However we 

will only use this concept for single momenturn particles. For the 

(x,e)-plane (median plane) we know that the exit coordinates of a drift 
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magnetic-system drift confuguration may be written as; 

l [ ~ s~ 1 [ :: l (1.7.1) 

Equations 1.6.10, and 1.6.11 are used for finding the focal distances 

measured to the physical edge of the magnet. We have obtained 

5 ixf 

(xlx0) 
- celxo> 

(1.6. 10) 

and. 

s 
celeo) 

oxf - celxo> 
(1.6.11) 

We will derive now first the position of the principal plane on the 

image side of our configuration. The situation is drawn in figure 1.25. 

Consider a partiele startingat x0>o and with e
0

=0. Substitution of this 

PPi 

I 
I 

11 

t_ 
M 15urt 

Fig 1.25 The principat ptane on the ima.ge-side. 
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entrance condition in the general expression for the displacement in the 

image space 1.6.5 (for zero momenturn spread), we obtain consulting 

appendix B, 

(1.7.2) 

The principal plane in image space is characterized by the fact that a 

ray parallel to the optica! axis is deflected in the direction of the 

focus point in image space. In figure 1.25 we see that at the principal 

plane ppi the displacement equals x0 . So in equation 1.7.2 <xlx0>. 
equals unity, for the distance of principal plane to magnet edge Vi we 

obtain, 

(1.7.3) 

As Vi equals s1 in 1.7.2. With Sixf and Vi given, we see from the 

geometry as drawn in figure 1.25 that the focal distance to principal 

plane can be expressed as; 

_t x 

fopp , 

M I 
1 Soxt 

Fig 1.26 The principal plane on the object·side 
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fipp-
1 

(1.7.4) 

To find the position of the principal plane for object space and the 

focal distance to it, we assume a point souree of particles at the focal 

point F0 . as drawn in figure 1.26. Let x be the displacement at the 

principal plane in object space (ppo in figure 1.26) of an arbitrary ray 

startingat F0 . For this ray x0=0 and e0>o. Substituting this in the 

general expression for the displacement in the image space 1.6.5 for 

zero momenturn spread we obtain again consulting appendix B, 

From the geometry we obtain, 

x 
9o = ~r ;;;....__ (1.7.6) 

opp 
Hence, 

f = <xle0> opp (1.7.7) 

In the right hand side of equation 1.7.5. we give s1 zero value, as the 

ray beyond the magnet is parallel to the optica! axis, and thus s1 is 

not specified. With s0 = Soxf from the geometry in figure 1.26 we can 

rewrite equation 1.7.5; 

(xle0 )(elx0 ) - (xlx0 )(ele0 ) 

(elx0 ) 
(1.7.8) 

For the right hand side of this equation use bas been made of equation 

1.6.11. Using det (g) = 1 as given by Liouville's theorem we derive from 

1. 7 .8; 

f = f opp ipp 
1 

= - ~(e~lx-o~> (1.7.9) 
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Using this in the geometry as drawn in 1.26, we obtain for the distance 

of the principal plane to the border of the magnetic system; 

V = 
0 

(1.7.10) 

Thus the upstream and downstream focal lenghts, when measured from the 

principal planes, are identical. The distances of the principal planes 

ppo 

I 
ppi 

I 

I 

I 
I 
I a 

I 
p 

\ Vo 
I 

Vj I 

I 

I I 
Fc,., fpp 

11 

fpp !i 
I 

I I 
I 

M 
I 

50 I si 
I I 

Fig 1.27 The principa.l. pl.anes of a ma.gn.et system, al.l. the 

properties shoun are positive by the sign 

convention gtven. 

Image 

to the magnet edges may differ. When a magnet is described in terms of 

its principal planes, the object and image distances Pand Q are 

measured from these planes (see figure !.27). Pand Q are related to s0 
and sl by; 

{1.7.11) 
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and, 

{ 1. 7 .12) 

Substituting these expression for so and s1 into either equation 1.6.5, 

or 1.6.6, and recalling the consequences of Liouville's theorem, we 

obtain the lens formula; 

1 1 1 
'P+Q"=-f-

PP 
{1. 7 .13) 

and with the conventions of the signs of distances as given in figure 

!.27 we express the magnification alternatively to equation 1.6.8, as, 

{1.7.14) 
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~ Switch Magnets. 

An important device in the ILEC beam transport line is the switch 

magnet. With this magnet we will have tobend the beam in three desired 

directions (see Chapter 4}. Besides the function of deflection the 

magnet will also be used to measure the momenturn spread within the beam 

produced by ILEC. In this chapter three kinds of switch magnets having 

uniform fields will be discussed. These are the magnets having a 

circular cross section and a semicircular cross section of the poles and 

the configuration specified for the Hansford magnet. For these three the 

first order properties as magnification, resolution, focal distences 

etc, are compared. In all cases the resolution given will be the 

resolution for the photographic detection metbod (equation 1.6.22}. The 

choice for the circular configuration will be motivated. Then in the 

third section, the Taylor coefficients up to second order will be 

derived for an arbitrary trajectory going through the circular field 

configuration. In the last section we will discuss three special cases 

of trajectories. 

2.1. Three configurations for switch magnets. 

The differences between various magnets are based on the 

configurations of the pole cross sections. For a partiele having 

momenturn p, and travelling through a uniform field of strength B, the 

radius of curvature for the trajectory is given by, 

(1.5.35} 

The angle of deflection a depends on the length of the trajectory in the 

field (see fig I.15}. In chapter I a has been given by, 

t 
a=-

P 
(1.5.44} 

The differences between magnets are based on the different length for 
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the trajectories within the magnetic field. the different inclined field 

edges, and the different radii of curvature of the field edges (this 

last feature influences only second and higher order coefficients of our 

Taylor expansion). 

When the maximal angle of deflection for the switch magnet is 

known, we are able either todetermine t when B is known. orB when the 

length t of the trajectory is known. The first metbod is the most 

conventent in beam line design. The magnetic field in the median plane 

should not exceed 1.5 tesla. For greater field strengtbs the field 

within the magnetic circuit will be so strong that saturation effects 

easily occur at edges. This would lead to higher power dissipation and 

to misdesign of the field's shape. 

We will now first discuss the circular and semietreular field 

configurations and the configuration for Hansford's magnet. We will 

restriet ourselves to trajectories within the median plane, and will 

calculate the Taylor coefficients only up to first order. 

2.1.1 The circular field configuration. 

In figure !!.1 the geometry is given fora circular field 

configuration with radius R . A trajectory is going through it having a 
e 

non-inclined entrance angle with the field boundary. The most relevant 

feature of this field is the radius R and in conneetion with the e 
trajectory the value of p. From the geometry of figure !!.1 we can 

derive the relation between the radius R of the field, and the radius e 
of curvature p of the trajectory. We obtain, 

1 
P = R 

e t a an-2 

Which can be written using trigonometrie functions as. 

1 + cos a = R sin a 
P = Re sin a e 1 - cos a 
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So 

Object 

Fig 11.1 The circutar fietd configuration with an arbitrary 

trajectory going through it, having a zero angte of 

inctination with the fietd boundary. 

The zero entrance angle (~ 1 in figure 1.17} of the trajectory will give 

a zero exit angle (~2 }. This will be proved in sectien 2.3. A zero angle 

of inclination means there is no lens power in the median and vertical 

plane. The secend order effects (sextupole effects} due to the curved 

edge of the field are not considered in this section. Using relation 

2.1.1 together with the first order Taylor coefficients as deduced for 

this geometry from the coefficients given in sectien 1.5.5. we obtain 

for the first order Taylor coefficients, 

and. 

(xlx0} = cos a 

(xle0} = Re(1 + cos a} 

(xl6} = R sin a e 

celxo> 

celeo} 

(916} 

= (cos a -1)/R e 
= cos a 

= sin a 

(616) = 1. and (61 ... } = 0 for all ether. 

-58-



Switch magnets Page 59 

These coefficients may be used directly into the equations for first 

order properties derived in section 1.6. As (x lx
0

) equals (9 le
0

), we see 

from these equations that the two focal distances are equal. They are 

given by, 

_ S _ cos a 
8ixf - oxf - 1 - cos a Re (2.1.3) 

The relations between the object distance and the image distance given 

by 1.6.8, and 1.6.9, are rewritten as, 

Image distance: 

and, 

Object distance: 

s0cos a + Re{1 + cos a) 

s0(cos a - 1)/Re + cos a 

s1cos a + Re(1 + cos a) 
8o =- s1(cos a- 1)/Re +cos a 

The magnification is given by, 

[
cos a - 1] Mx = cos a + s1 Re 

(2.1.4) 

(2.1.5) 

(2.1.7) 

The magnification written as a function of a, R , and the object 
e 

distance s0 is given by, 

-1 

Mx = - [~I - cos a) - cos a] {2.1.6) 

For the resolution {for the photographic detection method) we obtain, 

(2.1.8) 

The resolution is thus proportional to the sine of the angle of 

deflection a. The largest resolution is obtained by bending the beam 

over 90 degrees. Further it increases with the object distance s0 • and 

it is inversely proportional to the object size. 
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The same metbod as used above will now be used for deriving the 

properties connected to the principal planes (the thin lens 

approxima.tion). The principal planes are drawn in figure 11.2, and are 

p 

Object 

Fig 11.2 Principal planes in the circular field 

configuration 

derived from the general formulae given in section 1.7. As above (xlx0). 

and (ele0 ) are equal. So the distences of the principal planes to the 

field edges are equal for both image and object side. 

- R e 
(2.1.9) 

The principal planes go through the centre of the circle, independent of 

the angle of deflection. We have already seen that the focal distances 

measured to the principal planes are in all cases equal. We obtain, 
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f pp 

R 
e 

=~----~ (1 - cos a ) (2.1.10) 

With the object, and image distance measured to the principal planes 

written as, 

(2.1.11) 

and, 

(2.1.12) 

we are able to derive all further first order properties (except 

resolution) with the lens formula 1.7.13. The circular field 

configuration can thus be described as a thin-lens geometry. 

2.1.2. The semicircular field configuration. 

In figure 11.3 the semicircular field configuration is given. The 

radius of the curved edge is r . We see that the trajectory given has no e 
inclined angle at the entrance side, but that there is a non-zero angle 

of inclination on the exit side. Thus at the exit side we have an extra 

So 

Object 

Image 

c 

Fig 11.3 The semicircular field configuration, with a 

trajectory with zero entrance angle (~ 1 ), deflected 

in an arbitrary direction. 
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lens action both in the median plane and in the vertical plane (see 

sectien 1.5.4}. From the geometry of figure 11.3 arelation can be 

determined between this exit angle and the angle of deflection. Since OA 

is perpendicular to AB and FA is perpendicular to AE, the angle FAO is 

equal to the angle BAE which both are equal to ~2 • For symmetry reasens 

the angle FOA equals ~2 also. The angle OFA equals v-a. Therefore 

2~2+(v-a}=u. From this we obtain, 

a 
~2 = 2 (2.1.13} 

From the geometry drawn in figure 11.3 we find that; 

1 re 
p = 2 sin a/2 (2.1.14} 

Using these two equations, and the general expressions for the first 

order Taylor coefficients, given in sectien 1.5.5, we obtain, 

(xlx0} (elx0} 
2tan a/2 sin a/2 = cos a =- r e 

(xle0 } = r cos a/2 celeo> = 1 e 
r 

(xlö} = 2e sin a/2 (9lö} = 2tan a/2 

and, 

(ölö} = 1, and (ö 1 ... > = 0 all the ether. 

As in the previous sectien we use these coefficients in the general 

equations for the f.irst order properties of sectien 1.6. We obtain for 

the focal length on the object side; 

1 re 
8oxf = 2 tan a/2 sin a/2 (2. 1. 15} 

and for the focal length on the image side; 

(2.1.16} 
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The object, and image distances are related by; 

Image distance: s
1 

rewritten as, 

so 
-2-tan a/2 sin a/2 + 1 

r e 

object distance: 
s1 + recos a/2 so = - ~s~_..,;;__..,;;_ ____ _ 

-2_Qtan a/2 
r 

sin a/2 + cos a 
e 
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(2.1.17) 

(2.1.18) 

The magnification for the semicircular field configuration is given by: 

(2.1.19) 

The resolution as given by 1.6.22 is written as, 

Object 

Image 

Fig 11.4 The principal planes for the median plane opties of 

a semietreular field eonfiguration. 
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(2.1.20) 

The properties connected to the principal planes are derived as in 

section 2.1.1, using the coefficients given above and the formulae of 

section 1.7. The geometry of the principal planes is given in figure 

11.4. The distances between principal planes and the edges of the field 

configuration are again given by the general equations 1.7.3, and 

1.7.10. We obtain, 

and, 

V. -
1 

V = 0 
0 

r cos a/2 
e 

For the distance focal point to principal plane we obtain, 

f 
PP 

1 re 
= -=2-tan--a/~2~s~i-n_a/...,.2~ 

(2.1.21} 

(2.1.22) 

(2.1.23) 

The relations between s1. and s0 . with respectively P, and Q are; 

(2.1.24) 

and, 

(2.1.25) 

With P, and Q and the lens formula 1.7.13, we are again able to treat 

the field configuration in a thin-lens approximation. 

2.1.3. Field configuration for tbe Hansford magnet. 

In both previous field configurations, we see tbat only a small 

part of the total field volume is being used. All investments done for 

tbat part of the field in the magnetic circuit are superfluous. 

Therefore Hansford bas designed a configuration in which maximal use is 

made of the field present. He bas sbaped an oval field configuration 

with a rotatable magnetic circuit. The field is made in a region 
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necessary for a required deflection. The action of the Hansford magnet 

is shown in figure 11.5. In this sketch we see that a circular 

configuration can be 

" ..... -- ' I' r,l' \ / ' _.., 

Ë ' ' R~ 
I 'e, "\ 'e, 

/ I \ .... 

' 
I 

... / 

I / 

~I " 
/ 

/ 
~/ 

Fig 11.5 Hansford field in position for different deflection 

angles, tagether with the circular field 

configuration giving an equivalent deflection 

angle. 

given which provides for the same angle of deflection. We see also that 

for large angles of deflection, the equivalent radius for the circular 

field increases. 1t should he noticed, however, that the radius of 

curvature for the edge of the Hansford field is much smaller than the 

radius for the field boundary of the equivalent circular field 

configuration giving the same deflection angle. This means that for the 

Hansford field the second order coefficients are increased (see 1.5.5), 

though up to first order both Hansford's and the circular field have the 

same optica! properties. From the sketch in figure 11.5 we see that for 

all deflection angles, the angles of inclination at the entrance and 

exit side equal zero. For an arbitrary deflection angle a the relation 

between the radius R of the equivalent circular field, and the 
e 

dimensions of Hansford's field is given by (see figure 11.6), 

R (AC) + R 
e = cos a/2 (2.1.26) 
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Fig 11.6 GeometricaL reLations for the Hansford fieLd 

configuration compared with an equivaLent effective 

circuLar fieLd configuration. 

2.2. Comparison of the three field configurations. 

In the first part of this paragraph in this section we will compare 

the dimensions and optica! properties of the circular and semietreular 

field configurations. First we compare the dimensions for equal radii of 

curvature of particles and for equal angles of deflection. Using the 

relations between the radii of both fields and the radii of curvature of 

the trajectories (equation 2.1.1 respectively 2.1.14) we obtain, 

r e R = 2 cos a/2 
e 
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Using this relation we can express the ratios of the cross sections and 

of the circumferences for both field configurations. For the ratio of 

the areas of the circular field and the semicircular field we obtain, 

ratio A 2 cos a/2 (2.2.2} 

The ratio of the circumference of the circular field and the 

semicircular field is given by, 

ratio C = 2 + 11" 

211" 
re 2 + 1r 
ir = =-v.;._~ cos a/2 (2.2.3} 

e 

Numerical values are displayed in table II.I for deflection angles up to 

90 degrees. From these numerical values we see that the dimensions for 

a-+ 

r e 
T e 

ratio A 

ratio c 

Table 11.1 

50 15° 30° 45° 600 75° 900 

2.00 1.9B 1.93 1.85 1. 73 1.59 1.41 

2.00 1.97 1.87 1.71 1.50 1.26 1.00 

2.57 2.55 2.48 2.38 2.23 2.04 1.82 

Rattos for the dimensions of the ctrcular 

field, and the seaictrcular for equa.l radii of 

curva.ture and equal deflectton an.gle a. 

the semicircular field are larger than those for the circular 

contiguration at the same field strength. The dimensions for the 

semicircular are up to twice as large as for the circular one, although 

they become smaller for deflection angles up to 90 degrees. The area of 
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the cross section is important because this determines the amount of 

iron (or steel) for the magnetic circuit. This amount of material is 

proportional to the area of field needed. The circumference of the field 

is important for the amount of copper (and insulation material) needed 

for the coils and for the power to be dissipated by the coil. 

In this paragraph we will compare also the first order optica! 

properties for the circular and semicircular field configurations. We 

will compare these assuming R and r having the same value. In table 
e e 

II.II numerical values for the focal length for both field 

configurations are given. They are given in units of R • respectively 
e 

a-+ 

5 ixf (R ) e 

a-+ 

50xf (re) 

5 ixf (re) 

Table II.II 

50 15° 300 45° 600 75° 9(/ 

261.8 28.3 6.5 2.4 1 0.35 0 

50 15° 300 45° 600 75° 900 

262.5 29.1 7.2 3.2 1.7 1.1 0.7 

261.5 28.1 6.2 2.2 0.9 0.3 0 

Aboue the focat distonces for a ctrcutar magnet 

are gtuen in units of R and below those for e 
the semietreular field in untts of r . For the e 
circular field the focal distonces on the 

object and image side are equal. 

r . For table II.II use bas been made of the equations 2.1.3. 2.1.15. 
e 

and 2.1.16. All other first order properties depend on the object or 

image distance. the angle of deflection and the radii R respectively e 
r . In table II.III numerical values for the resolution are given. 

e 
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depending on the angle of deflection, and the object image, in units of 

Re/w0 and re/w0 for the circular respectively semicircular field 

configuration. Use has been made of equations 2.1.8, and 2.1.20. The 

object distance is given in units of R and r respectively. Numerical e e 
values are only given in those cases where s0 > Soxf' as for the other 

object distances no images occur. More values of R are given in 
p 

appendix D for the circular field 

a~ 50 15° 300 0 600 75° 900 45 

S::3 (R ) - - - 2.8 3.5 3.9 4 0 e 

S0=10 (R ) - - 5.2 7.8 9.5 10.6 11 e 

s0=16 (R ) - - 8.5 12 14.7 16.4 17 e 

a~ 50 15° 30° 
0 600 75° 900 45 

S::3 (r ) - - - - 3.1 3.5 3.7 0 e 

S0=10 (re) - - 5.3 7.5 9.2 10.3 10.7 

s0=16 (re) - - 8.3 11.7 14.4 16.1 16.7 

Table 11.111 Above the resolution (using the photographic 

emulston detectton method) ts gtven for the 

ctrcular magnet tn units of Re/w0 and 

underneath for the semietreular magnet t.n unit 

of re/w0 , as functton of the object dtstance 

and the angle of deflection. 

configuration. The other first order properties as the magnification and 

the image distance are given in respectively table II.IV and table !I.V. 
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using the proper equations from section 2.1.1 and 2.1.2. The 

magnification is dimensionless, while the image distance is given in 

units of R respectively r , as is the object distance. Once more no 
e e 

values are given for s0 < Soxf' as for these distances no images are 

a-. 

S=3 {R ) 0 e 

S0:10 {R ) e 

s0=16 {R ) e 

a-. 

S=3 {r ) 0 e 

S0=10 {r ) e 

s0=16 {re) 

Table 11. IV 

50 15° 30° 45° 600 75° 900 

- - - 5.8 1 0.5 0.3 

- - 2.1 0.45 0.22 0.14 0.1 

- - 0.78 0.25 0.13 0.09 0.06 

50 15° 300 45° 600 75° 900 

- - - - 1.4 0.55 0.31 

- - 2.6 0.46 0.21 0.12 0.08 

- - 0.82 0.25 0.12 0.07 0.05 

Above the magnification is given for the 

circular magnet, Wld.erneath for the 

semietreular magnet, as a function of the 

object distance and the angle of deflection. 

The negative sign is omitted in the tabte. 
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a-+ 

S::3 (R ) 0 e 

s 0=1o (R ) e 

s 0=16 (R ) e 

a-+ 

S::3 (r ) 0 e 

s0=1o (r ) e 

s0=16 (re) 

Table II.V 

Page 71 

50 15° 30° 45° 600 75° 900 

- - - 22.3 3 1 0.3 

- - 22.2 4 1.4 0.5 0.1 

- - 12.3 3.3 1.3 0.5 0.1 

50 15° 30° 45° 600 75° 900 

- - - - 3.2 0.9 0.2 

- - 24.9 3.7 1.2 0.4 0.1 

- - 12.2 3 1.1 0.4 0.03 

Aboue the image distance for the circutar 

magnet in units of R and underneath for the e 
semicircutar magnet in units of r , as e 
functions of the object distance and the angte 

of deftection. 

formed. From table II.II up to table II.V we see that for equal radii of 

the cross sections the first order properties do not differ much. 

However it will be evident that either a larger field strength, or a 

larg~r length through the field is necessary for bending a trajectory to 

the sarne angle with the semicircular configuration. For equal radii of 

curvature and equal angles of deflection the resolution for the circular 

and semicircular field are equal. As can be seen in Table II.II however 

this is obtained at the expense of more area and a larger circumference. 

This would raise the cost of building and operation. For economie 

reasons the choice between a circular and semicircular field 

configuration will be made in favor of the circular field. A further 

profit for the circular field is the greater exchangeability for 

different bearn lines. 
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As for the importance of the economie factor in the design of a 

field configuration and the magnetic circuit related to it, Hansford bas 

providedus with a better solution. His field configuration reduces the 

costs of building and operation compared to a circular field 

Fig 11.7 

1·0 

0·5 

7 

\ 
\ 

I 

'" 
\ 
\ 
\ 

• 
\ I AIU " II~ID 

CIICULAI Hl~ET 
\ I AIU OI' IOTATAIL[ ' 
\ I OYAI. MAGliET 

\ I 
\ / I ..... __ / .I 

IOH: HAGNniC FIELD 
$AH[ FOR 
All Hl&NUS 

~--~~-----~----~----L---~L---~0 
10 tO IZO 150 ltO 

AIGU OF DIFUCTION (DECIUS) 

Graphic representation of the relevant rattos 

camparing the circular field configuration to the 

oual field configuration given by Hansford. 

configuration. Hansford (HAN65) bas derived the ratios for the areas and 

the circumferences of the circular field and the oval field 

configuration. The results are given graphically in figure 11.7. All 

ratios are derived using the same field strengtbs in both 

configurations. We see that up to 90 degrees the ratio of the 
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circumferences is at 1.5. The ratio of the areas will beat least 3.7 

(the value for 90 degrees deflection). The first order properties are 

all equal. Thus profit would be achieved in building costs and costs of 

operation. The Hansford field configuration and accessory magnetic 

- 'rcui t have been designed by Hansford for a beam cor·,osed of particles 

having a magnetic rigidity of 1.3 Tm. The particles in the ILEC beam 

will have a magnetic rigidity of 0.25 Tm. The size of the magnetic 

circuit fora circular field needed for 1.3 Tm would be so large that 

the extra machining costs and costs for the rotational setup needed for 

Hansford's configuration fall off against the savings of material. For 

us this would not be the case. Thus for the choice to be made, the 

rigidity of the particles, in relation to the extra machining costs 

decide the field configuration to be chosen. For par~icles of 0.25 Tm 

the best choice will be the circular field configuration. 

2.3 The circular field configuration with traiectories having an 

arbitrary angle of entrance and deflection. 

In the remainder of this chapter we will derive the coefficients of 

the Taylor expansions 1.4.8 for x and 1.4.9 for e up to the second 

order. First we will derive them for the general case of a trajectory 

having an arbitrary angle of entrance and deflection. In figure II.S 

three entrance angles have been drawn for three trajectories coinciding 

at the entrance. The circle given in the middle of figure II.S is the 

one on with calculations have been carried out in the previous sections. 

Using 1.5.58 and 1.5.59 we can derive the lens power caused by the 

inclined angle on the edge, ~+ meaning a positive sign for P by the 

definition of section 1.5.5, ~- meaning a negative sign for p. For the 

upper part of figure II . S thi s means tha t the beam having a 21 degree 

upward deflection experiences a defocussing lens action in the median 

plane, and a focussing lens in the vertical plane, at both the entrance 

and exit edges. The beams being deflected downward 45 or 90 degrees 

experience a focussing lens action in the median plane and a defocussing 
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Fig 11.8 Three different circutar field geometries 

deftecting a trajectory over a 21 degrees upward or 

over 45, resp. 90 degrees downward. 

lens action in the vertical plane. Underneath in Figure 11.8 the bearns 

experience the inverse lens actions. In the middle part according to 

section 1.5.5 no lens power is experienced at all (up to the first order 

properties). 
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In figure 11.9 the geometry for an arbitrary trajectory is drawn 

again. The first conclusion that may be drawn examining the geometry 

A 

Fig 11.9 An arbitrary trajectory having thus an arbitrary 

angle of entrance ~ 1 and deflection angle a, going 

through a uniform field with a circular geometry. 
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is the equivalence of the angle of entrance to the angle of exit. We 

obtain, 

Some other relations are given below. 

and, 
p = I AB I = I AC 

R cos 13 
L = I AE I = __;;;e~~:-sin a/2 

Using the cosine-rule in figure 11.9 for Land R we obtain, e 

and, 

Adding up these last two equations we obtain, 

2 
p = p{ L cos a/2 + R sin 13} 

e 

(2.3.1) 

(2.3.2) 

(2.3.3) 

(2.3.4) 

(2.3.5) 

(2.3.6) 

With substitution of equation 2.3.3 in the last one we obtain, 

( 
cos {3 ] 

p = Re tan a/2 + sin 13 (2.3.7) 

of which equation 2.1.1 is the special case for 13 = 0. 

The Taylor coefficients up to second order are now derived from the 

general coefficients of an arbitrary field configuration given in 

section 1.5.5, using 

(2.3.1) 

and. 

(2.3.8) 
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The last equation is obvious. The Taylor coefficients are given below. 

(xlx0 ) 

(xle0 ) 

(xlö) 

(xlx~) 

= cos a + sin a tan {j 

= p sin a 

= p(1 - cos a) 

= - ~P {sin a - cos a tan {3)
2 

+ sin a /2Re cos3
{3 

+ 1 t 2R { + i tan R )2 
2P an ,., cos a s n a ,., 

= ~ [ cos a (1 - cos a)] + ~ {sin2a tan2
{3) 

0 2 0 2 2 
= - 2 sin a + 2 {1 - cos a) tan {j 

( I e ) 1 • 2a R( { 1 ) i R] x x0 0 = 2 s1n + tan ,., cos a - cos a + s n a tan ,., 

2 
+ sin a tan {j (cos a + sin a tan fj) 

(xle0ö) = p sin a (1 - cos a)/cos2
{3 

(xlx0ö) = sin a (sin a - cos a tan fj) 

(elx0 ) 

cele0 ) 

celö> 

(elx~) 

2 
+ tan {j (1 - cos a)(cos a + sin a tan fj) 

= ~ ( -sin a + 2 cos a tan {j + sin a tan
2

{3 J 
= cos a + sin a tan {j 

= sin a + (1 - cos a)tan {j 

-1 2 2 = -:2 tan {j [-sin a+ 2 cos a tan {j + sin a tan {j] 
2p 

1 + - (cos a + sin a 
p 

+ .!. (cos a + sin a 
p 

3 tan fj)/2R cos {j 
e 

2 3 
tan fj) /2R cos {j 

e 

= - ~ sin a + ~cos a tan {j - ~ tan {j (cos a + sin a tan {3)
2 

2 3 + p sin a/2R cos {j e 
2 3 - [sin a + (1 - cos a)tan {j] + p(1 - cos a) /2Re cos {j 

1 2 - 2 tan {j [sin a + {1 - cos a )tan {j] 

=.!.[-sin a+ 2 cos a tan {j + sin a tan
2
{3]•[tan {j 

p 
- tan {j {cos a + sin a tan fj)] 

+ sin a (cos a + sin a tan fj)/R cos3
{3 

e 
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(ele0ö) =- tan ~[cos a+ sin a tan ~][sin a+ {1 -cos a) tan ~] 

3 
+ p sin a {1 - cos a)IR cos ~ e 

=- l [-sin a+ 2 cos a tan ~ + sin a tan2~]·[1 + sin a tan ~ p 

(ölö) = 1. 

+ (1 - cos a) tan2~] 
3 + {1 - cos a)(cos a + sin a tan P)IR cos P e 

{öl ... ) = 0 for all other. 

The first order properties discussed insection 1.6 are found by 

substituting the coefficients given above in the equations given in 

section 1.6. Numerical results for the resolution are presented in 

appendix D. The properties related to the principal plane opties are 

derived using the equations of section 1.7. Here we will only discuss 

the distance of the principal plane to the field boundary. Substitution 

of the coefficients needed and given above results in, 

1 - (cos a + sin a tan Pl V. = V = p --..;;._----~~o....;;..;;;..;;.......;;;._.;;;..;;.;.;~.....;..;.;;;.;;....&;...,___--:::-2 { 2. 3 . 9) 
1 0 -sin a + 2 cos a tan p + sin a tan ~ 

Using trigonometrie functions, equation 2.1.2, and 2.3.7 this can be 

rewritten as, 

V. =V = - R cos ~ 
1 o e (2.3.10) 

We see in figure 11.9 that for these values of Vi and v0 the principal 

planes will always go through the center of the circular field 

configuration and are perpendicular to the direction of propagation in 

the related object and image space. 

- 78 -



Switch magnets 

2.4 Three special trajectories through the circular field 

configura ti on. 

Page 79 

In this section threc specific trajectories through a circular 

field configuration are discussed. These trajectories will be 

characterized by the relations a=~+ v/2, ~ = 0 with arbitrary angle 

of deflection a, and ~ = 0 with a= 90 degrees. The last two have 

already been dealtwithup to first order insection 2.1.1. 

a = ~ + T/2 : Four trajectories of the collection of trajectories having 

a=~+ v/2 are sketched in figure II.10. The Taylor coefficients 

Fig 11.10 Four possible trajectartes characterized by 

a = ~ + v/2. 

up to second order are given below. Use has been made of, 

sin a = cos ~ 

cos a = sin ~ 
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and, 

P = R e (2.4.3} 

Equation 2.4.3 is derived substituting a=~+ v/2 in the relation 

2.3.7. The Taylor coefficients are given as functions of the variables 

~. and R . e 

(xlx0} 

(xle0 ) 

(xlö} 

(xlx~} 

(xle~} 

(xlö2
} 

(xlx0e0 } 

(xle0ö} 
(xlx0ö} 

(elx0} 

cele0 } 

celö> 

celx~} 
cele~} 
(9lö2) 

celx0e0) 

cele0ö} 

celxoc5) 

and, 

(ölö) = 1 

= 0 

= R cos ~ e 
= Re (1 + sin ~} 

= 0 

R 
e 

=- 2 sin~ 

R 
= ; cos2~ [sin2~ + 2 sin3~ + sin4~- 1] 

= - tan ~ cos 2{3 

= R (1 + sin ~}/cos ~ e 
= 1 

= -11R cos ~ e 
= 0 

= tan ~ + 1/cos ~ 

= tan ~ I 2R2 cos ~ e 

= 0 

= (1 + sin ~}(1 - ~ tan ~)/cos ~ + (1 + sin ~}2/2 cos3~ 
= - tan ~ IR cos ~ e 

= (1 + sin ~)IR cos2~ e 

= (1 + cos2~ sin ~ + sin3~)1R cos3~ e 

(öl ... ) = 0 for all other. 

Using the first order coefficients in the general equations for the 

first order properties of section 1.6 we obtain for the focal distances, 
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soxf = sixf = 0 (2.4.4} 

Thus the focal points coincide with the field boundaries. The relation 

between object and image distance is given by, 

R2 
e 2 

s 1 = s cos 13 (2.4.5} 
0 

Magnification is given as, 

(2.4.6} 

The resolution is written by the equation, 

R [ S0 l R = ...!:.. ( 1 + sin (3} R {3 + 1 p w0 e cos 
(2.4.7) 

The positions of the principal planes are given by equation 2.3.10, in 

the previous section. The distance of a focal point to a principal plane 

(being equal for the object and image side, see section 1.7) is given 

as, 

f = R cos {3 
PP e 

(2.4.8) 

This equation can either be derived from 1.7.9, or from the result of 

2.4.4 keeping in mind that the focal point lies on the field boundary. 

and that the position of the principal planes fora circular field 

configuration is given by, 

Vi = V = - R cos {3 o e 
(2.3.10) 

Using, 

(2.4.9) 

and, 

(2.4.10) 

tagether with the thin lens formula we are able to describe this special 

case of trajectories in a thin lens approximation. As an example we will 
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give bere the formula for the resolution derived from the equations 

2.4. 7 and 2.4.9, 

R = L {1 + sin (j)/cos (j 
p wo {2.4.11) 

IJ = 0, a being arbi trary: This particular case of trajectories bas 

already been discussed up to first order insection 2.1.1. For 

completeness the first order coefficients are printed along with the 

second order Taylor coefficients. The coefficients are given as 

functions of R and the angle of deflection a; e 

{xlx0 ) 

{xle0 ) 

{xjö) 

{xlx~) 

{xle~) 

{xlö2
) 

=cos a 

= R {1 + cos a ) e 
= R sin a e 

1 . '"'-= 4R s1n '"" 
e 

= i- Re sin 2a 

R e = - 2 {1 + cos a) sin a 

{ I e ) 1 . '"'-x x0 0 = 2 s 1 n '"" 

and, 

= R sin2a e 
2 = sin a 

celxo) 
cele0 ) 

celö) 

celx~) 

{ale~) 

celö2
) 

{elx0e0 ) 

celeoö) 

{elx0ö) 

{öjö) = 1 {öl ... ) = 0 for all other. 

= {cos a - 1}/R e 
= cos a 

= sin a 

2 = cos a sin a /2 R 
e 

1 = 4 sin 2a 

1 
= 2 {sin a + cos a) 

1 = 2R sin 2a 
e 

= sin2a 

1 2 
= R {1 - cos a) 

e 

0 IJ= 0, and a= 90 : This trajectory through the field can be seen either 

as a special case of a = (j + w/2, or as a special case of IJ:O and a 

being arbitrary. The relation between the radius of curvature p, and the 

radius R is bere, 
e 

P = R e 
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Using this we find the Taylor coefficients up to second order for these 

trajectories being functions of R only, 
e 

(xlx0 ) = 0 celxo) = -1/R e 
(xla0 ) =R (aleo) = 0 e 
(xlö) = R celö) = 1 e 

(xlx~) = 0 (alx~) = 0 

(x la~) = 0 cele~) = 0 

(xlö2
) = - R /2 celö2

) 
1 

e =-2 
(xlx0e0) = 0 (alx0e0 ) = 0 

(xle0ö) = R celeoö) = 1 e 
(xlx0ö) = 1 celxoö) = 1/R e 

and, 

(öjö) = 1 (öj ... ) = 0 for all other. 

The first order properties, and the properties used in principal plane 

opties become very simple using these coefficients. For the focal length 

we find, 

(2.4.12) 

as was already found in the more general case of a = ~ + v/2. The 

relation between object and image distance is written as, 

(2.4.13) 

The magnification is given by, 

(2.4.14) 

For the resolution we obtain, 

(2.4.15) 
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The properties for the principal plane opties become, 

f = R PP e 

Page 84 

(2.4.16} 

for the distances of the focal points to the principal planes. The 

positions of the principal planes themselves are given by; 

Vi = VO = -Re (2.4.17} 

Thus, 

SO = p - Re (2.4.18} 

and, 

Si = Q - Re (2.4.19} 

Rewriting the resolution with 2.4.18, we obtain the simple expression, 

p 
R =

p wo (2.4.20) 

From which we see that the resolution is proportional to the object 

distance in the principal plane opties. 
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3. Emittance measurernents. 

In chapter one we have defined a beam emittance (section 1.2.). and 

have discussed phase space density distributions. With these two beam 

properties, we are able to derive all specific beam properties we need 

and are able to describe all transformations of the beam during 

transport. In this chapter we will treat methods for measuring phase 

space density distributions, emittance boundaries and thus the emittance 

value for a transverse phase plane. In the first sectien we will give a 

general view of methods being used. The succeeding sectien will deal 

with a specific arrangement, using four slits and a Faraday cup. With 

this arrangement it will be possible to measure the density 

distributtons in the four and two dimensional phase spaces defined in 

chapter one. 

3.1 General view on emittance and phase space density measurement 

methods. 

In this sectien an account is given of measurement methods for the 

beam emittance and the phase space density distributions. The account 

given bere bas not the intention of being complete. Variatiens of the 

methods presented bere, or combinations of them might be used, depending 

on the beam, the partiele properties and the measurements needed. In the 

first sentence of sectien 1.1 it was said that for beam transport 

problems it was enough to know where a partiele is at a certain moment 

(in time or axial length) and where it will be going to from that point. 

It wil! be evident that these properties will not be experimentally 

determined for every single particle, but will be determined for a group 

of particles within a smal! finite volume in real and in phase space. 

First we will go into the determination of the position in a transverse 

plane. We will discuss two methods for determining this position. These 

methods are the detection with a photographic emulsion and the direct 

detection, measuring the current flow on a target of conducting 

material. For the first metbod the beam intensity and thus the flux of 

particles in a spot in the beam can be measured by the blackening of the 
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photographic emulsion using a densitometer. A disadvantage of this 

method is that the result of a measurement is not directly available. 

One will have to use some kind of vacuum loek for the changing of the 

film. Contrary to this, detection by means of a current flow is a real 

time method. 

The relation between the current flow measured and the current flow 

of the partiele beam is not always straigthforward. This complication is 

caused by collistons of the beam particles with material in the bearn 

pipe. Because of adding of secondary electrens or ions to the 'original' 

beam this last will be referred to as the 'primary bearn'. Due to this 

effect electrens will decrease the current flow for a positive beam. 

When a target material is hit by a beam, secondary electrens will be 

created increasing the current flow for a positive beam. These electrens 

have smaller mean energy then those travelling with the primary beam. 

Botheffects have the opposite effect in a current flow detection, but 

in most cases they won't cancel each other. The magnitude of these 

effects might become so large that a detection current is observed due 

to these effects being a multiple of the beam current to be detected. 

Methods diminishing these effects are available. The secondary emission 

effect can be suppressed placing a properly negatively biased ring in 

front of the collector. Electrens created by secondary emission will be 

pushed back into the collector material. Electrens created in an 

ionization process are easily separated using a transverse magnetic 

field in front of the collector. The effect of secondary particles on a 

photographic material will depend on the emulsion used. Although it is 

unlikely that there will exist an exactly linear relation between the 

beam current and the current flow observed from our collector we will 

assume such a relation in the rest of this chapter. We will discuss 

briefly the dependenee of this relation on the geometry of the 

collector. 

In the forthgoing paragraph we have seen that intercepting 

particles is a method for the detection of the position of a group of 

particles. For the determination of an angle it is necessary to know the 

position in two succeeding transverse planes. Therefore the position in 
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a the upstream plane wil! have to be determined using an aperture, while 

in the plane downstream an interception metbod wil! be used. This 

aperture can be a slit, or a grating. In figure III.l the effect of a 

Fig III.l 
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slit aperture on the beam is drawn, as is its interpretation in the 

related phase space ((y,t)-plane). In this transverse phase space plane 

an ellipse is drawn according to the interpretation given to it in 

section 1.3. The acceptance of the slit in the first plane is drawn too. 

The shaded area is presenting the part of the acceptance occupied by the 

beam being transmitted through this aperture. In the two sketches of the 

(y,t) phase spaces we recognize the shear movement characteristic for 

drift space. Assuming the slit size to be small the angles t+ and t- can 

be determined. The derivation for real space is evident. We consider 

phase space using the analogous equation for the (y,t)-plane of 1.5.18. 

The y2 displacement is given by (see figure III.1}, 

(3.1.1) 

whence, 

(3.1.2} 

As the space in which the arrangement is placed is drift space only, the 

angle t+ given by 3.1.2 is valid for the first plane too. Thus the angle 

is determined for a given displacement y and a value bas been obtained 

for the position of the emittance boundary. In a similar manner t- is 

determined. 

In figure III.2 the aperture used is a grating. Using a grating it 

is possible to measure angles for several displacements simultaneously. 

It is evident that the separation of the slits in the grating, the 

anguiar distribution within the beam and the length S of the drift space 

put restrictions on the number of y displacements to be measured. 

The methods used for the detection in the second plane can be 

photographic or electric for both arrangements. Using the photographic 

metbod for the first arrangement seems unattractive. The advantage for 

the photographic metbod in the second arrangement is that the angular 

widths for all y displacements are recorded simultaneously. The shaded 
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Fig 111.2 
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areas in the second plane of cause may not overlap. Using a densitometer 

for measuring the blackening on the film, it is possible to determine 

11ot only the boundaries of the emittance area, but also to determine the 

density distribution in the (y,t)-plane. Using the slit or the grating 

in the first plane we can also make use of real time electric recording. 

This recording can been done either with a slit foliowed by a collector 

(Faraday cup), or by an electric wire, both parallel to the x-axis and 

moving in the y-direction. In the second arrangement the dimensions of 

either the slit or the electric wire influence the measured separation 

of the shaded areas in the second plane (see the discussion on 

resolution in section 1.6). In figure III.3 a sketch is drawn for 

results that could be obtained in both arrangements using an electric 

~ -Y--

Fig III.3 The etectric recording using a conducting wire in 

the second ptane of the arrangement dra.un in 

figure III.l (teft) and figure III.2 (right). 

wire for detection. In the sketch on the left the points y1 and y2 are 

marked at lOX of the maximal current measured. For the arrangement using 

the grating the angles are derived in a similar manner. The 10% limit 

used is often necessary because of the noise signal. The phase space 

area obtained using these points will result in an emittance area with a 

boundary at which the density will be one tenthof the maximun density 

in phase space. Using a slit which is narrow compared to the width of 
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the shaded areas in the second plane, foliowed by a Faraday cup we are 

able todetermine the density function D(y.~) as defined in sectien 1.3. 

In the previous discussion the angle bas been determined using an 

aperture and an interception device in drift space. In this paragraph an 

arrangement will be discussed using a magnet for the determination of 

the angular width. The arrangement bas been drawn in figure III.4 and 

consists of a movable slit. a magnet, and a slit centeredon the optica! 

axis. With the magnet we are able to sweep the bearn over the secend 

slit. Only a field having a smal! field strength is needed for this. In 

the phase space related to the plane in which the beam is scanned the 

principles of this measurement techique become evident. The first slit 

defines an aperture around a certain displacement x. When the magnetic 

field is absent the beam will continue its original direction. With the 

centered second slit a part of the beam transmitted by the first slit is 

let through. This part is measured using a Faraday cup. In the (x.e) 

phase space of figure III.4 at the position of the second slit we see 

two coordinate systems drawn. A coordinate system having dasbed axes, 

and a coordinate system having solid axes. The crigin of the coordinate 

system having solid axis coincides with the center of the slit, while 

the crigin of the dasbed coordinate system coincides with the central 

trajectory in the beam. When the magnet is powered and the beam is thus 

deflected, we see that in the phase space at the secend slit the dasbed 

coordinate system is rnaving along the x-axis of the solid coordinate 

system. Thus we are able to determine values for the magnetic field for 

which no current o~ 10% of the maximal current is being detected in the 

Faraday cup. Knowing the relation between the field strength and the 

angle of deflection (see discussion in sectien 1.4) we are able to 

determine an angle, and thus the shape of the boundary for an emittance 

area. Using small enough dimensions for the slit sizes we arealso able 

to determine the density distributton D(x,e) discussed in sectien 1.3. 

The edges of the field don't have to be inclined, because these angles 

are so small that secend order effects are negligible. 
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Different types of magnets can be used creating the field in the 

arrangement of figure 111.4. The use of a dipole magnet may be 

considered. In figure 111.5 two different configurations for the use of 

a quadrupole magnet have been given. Both configurations will give a 

dipole like field in the rnedian plane around the origin. These 

configurations rnight be used for bearns with a smal! cross sections at 

xy=l 

------------~------------·~ 

<l>=-1 

a. b. 

Fig 111.5 Two potentint distributions t for ideatized 

quadrupotes having a dipote fietd. 

the first slit. For the smal! deflection angles needed the 

non-qniforrnity of both fields rnight be negligible. The field 

configuration of figure III.5.a is derived frorn the potential function 

<l'<x.y) using the conformal mapping metbod presented in appendix E. 

(3.1.3) 

with, 

z = y - i x (3.1.4) 
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The potential function ~x.y) for the field in the configuration given 

in III.5.b is given by, 

~x.y) = ~ arg [ exp{n
2
14} + ..J exp{vz2/2 } _ 1 ] (3.1.5) 

with, 

z = x + i y (3.1.6) 

The field strength necessary for the deflection needed is easily 

calculated using 1.5.44. Fora deflection angle of ± 3 mrad using a 

field length of 10 centimeter, the field strength will be in the order 

of 0.01 tesla. Due to the dispersive action of a uniform field having 

this field strength, the spread of the beam in the transverse direction 

due to an energy spread of 3 promille fora beam constituted of protons 

having 3 MeV energy (magnetic rigidity of 0.25 Tm) will be in the order 

of 35 ~ after a drift space of 7 meter. 

3.2. Phase space density and emittance measurements using slits. 

In this section an arrangement will be given with which it is 

possible to measure integrated phase space density distributions D(x.e) 

and D(y,t), differentiated phase space density distributtons like 

D(x,e) ~ ~~ and the four dimensional phase space density distribution 
y=v, ... =v 

p(x,e,y,t). D(x,e) and D(y,t) are the projections onto the (x,e)-plane 

resp. (y,t)-plane and for instanee D(x,e) ~ ~~ is the cross section 
y=v, ... =v 

having a thick:ness of Ay round y=O, and At around t:O. The arrangement 

is constructed with four slits and a detection.device like a Faraday 

cup. The slits are arranged as two pairs of perpendicular crossed slits. 

The arrangement is drawn in figure III.6. With the four slits it is 

possible to measure the four dimensional phase space density 

distributton p(x,e,y,t). For the slits having an aperture of AL and a 

drift length between them of S, a relation is obtained between the beam 

current transmitted by the slit configuration (and thus detected) and 
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5 

Beam direction 

used to measure the four dimensional density 

distribution p(x,e,y.~). 

the density function p(x.e,y.~). The number of particles being 

determined are, 

AN(x.e.y;~) = p(x.e,y.~) AxA9AyA~ (3.2.1) 

In this relation AN is the number of particles per unit time. Using the 

four slits we obtain (see figure 111.6) 

Ax = Ay = AL 

and for the total angular spread, 

Ae = A~ = 2 AL s 
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Thus, 

ts2 p(x,e,y.t) = 4 --4 AN(x,e,y,t) 
AL 

(3.2.4) 

~-suming a linear relation for the current detected 1~ the Faraday cup 

for singly charged particles like, 

I(x.e,y,t) = e AN(x,e,y,t) 

in which e is the unit electric charge (STE66), we obtain, 

with, 

p(x,e,y,t) = c I(x,e,y,t) 

ts2 
C=4--4 

eAL 

(3.2.5) 

(3.2.6) 

(3.2.7) 

lnstead of the second pair of slits foliowed by a Faraday cup use can be 

made of a photographic emulsion for which the blackening is measured 

with a densitometer. 

The integrated density distTibution D(x,e) can be obtained either 

directly in the setup, or indirectly from the differentiated density 

distribution. The metbod for measuring the differentiated density 

distribution is now treated. Again use is made of the four slits. The 

arrangement is drawn in figure 111.7 together with both transverse phase 

spaces at the positions of the first and second pair of slits. The 

horizontal slit in the first plane is kept at y::O after eentering on the 

central trajectory in the beam. The horizontal slit in the second plane 

is handled in a similar manner. Therefore the measurement is restricted 

to the (x,z) ::0-plane. The density distributton measured, or the 
Y-

emittance contour will therefore be related to the cross sectien of the 

four dimensiona.l phase space having y::O and 1::0. The densi ty 

distributton is written as D(x,e) ::0 ~-n· For a certain position of x=x. Y- ,w=v 1 

of the vertical slit in the first plane a current distribution is 
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Fig 111.7 
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arrangement . 
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obtained by scanning horizontally in the second plane with the second 

vertical slit. The angular spread for x=x1 can be derived for either the 

zero points in this current distribution, or for the points where 10% of 

the maximal current is detected. We will determine the constant C in, 

(3.2.8) 

Making use of equation 3.2.3 and of equation 1.3.4, we obtain, 

.!.AL AL 
2 s 

D(x,e)y::O.~::O = I I p(x,e,y.~)dyd~ (3.2.9) 

- 1 AL -AL s 2 
Thus, 

1 s 
D(x,e)y::O.~::O = 2 AL 2 AN(x,e,y .~)y::O,t::O (3.2.10) 

Camparing this with equation 3.2.4 one obtains, 

(3.2.11) 

The emittance boundary found by this metbod is only a part of a family 

of emittance boundaries, each of which encloses a certain fraction of 

the total beam current. This is where the name differentiated phase 

spac~ density comes from (partial instead of differentiated is also 

used). Integration over these densities is an indirect metbod obtaining 

the related two dimensional integrated phase space density 

distributions. In practice the differences between differentiated and 

integrated emittance values is within the error of measurement (SLU64). 

Direct measurement of the two dimensional density distributions is 

done with the arrangement presented in figure III.S. The horizontal 

slits are wide open now. When the first slit is positioned at x= x1 we 
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use the slit in the second plane to scan the part of the beam 

transmitted by the first slit. The boundary of the emittance area is 

again determined at the zero current detection points, or at the points 

transmitting 10% of the maximal current (the emittance boundary obtained 

for this 10% value may not coincide with the one discussed in the 

previous paragraph). In figure III.S we see that the density 

distributton in the (y,t) phase space is a differentiated density 

distribution, while the density distributton measured in the (x,e) plane 

is an integrated density distribution. Again we assume the density 

distributton D(x.t) to be linear related to the current distributton 

j(x.e). 

D(x.e) = c j(x.e) (3.2.12) 

In a similar manner as in the previous part we obtain for the constant 

c. 
1 s 

C=2 2 
eAL 

(3.2.13) 

It will be evident that with the arrangement given in figure III.6 

it is also possible to measure current density distributtons in the 

first and in the second plane. This is done by fully opening the slits 

in the plane opposed to the plane in which the current density is to be 

measured. The two dimensional phase space density distribution D(x,y) 

mentioned insection 1.3 is derived from the current density 

distribution using, 

with, 

D(x,y) = C j(x,y) 

1 
C=-2 

eAL 

(3.2.14) 

{3.2.15) 

Using slits in emittance measurements one has to take account of 

slit scattering. Using a pair of slits or two pairs of crossed slits the 

major distartion noticed will arise in the second plane (as the major 

part of the particles scatteredat the first slit is already being 
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intercepted by the second slit). The higher the energy of the particles 

within the beam, the thicker slits are needed to construct an aperture. 

This puts a restrietion to the use of slits. An extensive treatment of 

slit scattering bas been given by D.A. Smith (SMI64), E.J. Burge 

(BUR62), and E.D. Courant (COU51). Numeric results are presented for 

proton energies of 10 MeV up to 50 MeV, for diverse materials. 

Another important factor in the choice of slit materials is the 

possible activatien of the material by energetic particles, and the 

neutron flux induced. The third and last important factor will be the 

heat dissipation. Most slits being designed have a cooling system. The 

power to be dissipated is given by, 

W = I(~)·E(MeV) (Watts) (3.2.16) 

in which I is the total beam current intercepted in ~ and E is the mean 

energy value of the beam particles in MeV (assumed all are stopped in 

the target). 
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i.:_ The ILEC switch mgnet. 

ILEC will produce a 3 MeV proton beam (magnetic rigidity of 0.25 

Tm). This beam will be used for the PIXE (Particle Induced X-ray 

Emission) and SPIXE (Scanning PIXE) experiments. The positions of these 

experimental stations and ILEC are given in figure IV.l. We see that the 

switch magnet will be positioned approximately 4.5 meter downstreamof 

ILEC at the intersection of the old bearn transport system and the ILEC 

transport system being designed. In figure IV.1 also an indication is 

Fig IV .1 The arrangement of the II...E:C beam transport system. 

The dimensions giuen are rough approximations. 

given of the position of the arrangement for the measurement of the 

momenturn spread, together with a fictive direction in which the beam is 

to be bent when used for the injection into the storage ring EUTERPE. 

The positions of the quadrupoles used to limit the beam's transverse 

dimensions or used to focus the beam at a position desired, have not 

been drawn in this figure. As indicated before, an important function of 
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the switch magnet will be its function for the measurement of the beam's 

momenturn spread. Chiefly it is this function that determines the R of 
e 

the magnet. In the first section of this chapter we will explore some 

arrangements for the measurement of the momenturn spread using the 

circular magnet only. For each arrangement we will determine a minimal 

R at a resolution of about four thousand. In the succeeding section we e 
will explore arrangements constructed with the circular magnet and one 

or two quadrupoles. All arrangements will have a resolution of at least 

four thousand as given by the definition fora photographic detection 

method. The ILEC proton beam is assurned to have a 0.5 promille momenturn 

spread. Thus the separation of the p and p+Ap images will be such that 

it can also be detected using an electric recording method. In the third 

section we will explore the design parameters of a magnetic circuit and 

the restrictions resulting from thesefora minimal R . In the fourth e 
and last section of this chapter calculations will be presented for a 

magnet having a pole radius of 21 centimeter. Calculations done in this 

chapter have been ma~e with the programs 'swith2' {appendix C) and 

'Transport' {BR077). The emittance for the beam in the median and 

vertical plane are given below. The emittance for the median plane is 

given in the report of R de Regt {REG86), while the emittance for the 

vertical plane is given by HAG87. 

Median plane 

Vertical plane 

~ = 3 111111 mrad 

~ = 5 111111 mrad 

4.1. Arrangements for mea.suring beam IDOIDentum spread using a dipole 

field. 

All arrangements given in this section are based on the arrangement 

given in figure I.19. They make use of one dipole field only. The 

differences are based on the different central trajectories (discussed 

in chapter 2) used through the circular field configuration . All 

resolutions determined are based on the use of photographic detection. 

For the calculations done use bas been made of the program 'swith2' 

described in appendix C. In this section and in the rest of this chapter 

- 103 -



The ILEC switch magnet Page 104 

the object distance s0 is normalized with Re. 

{4.1.1) 

4.1.1. Using tralectorfes cbaracterized by B - 0 and a - 90 degrees. 

We will explore first now the use of trajectories characterized by 

~ = 0 and a = 90 degrees going through a circular magnetic field. The 

arrangement for the momenturn spread analysis is drawn in figure IV.2. 

l 

Fig IV .2 A m.om.entum spread measurement setup using the 

p = 0, a = 90 degrees trajectories through a 

circular field. 

For this arrangement a restrietion is given by demanding the image 

distance from the field boundary to be at least 10 cm, as for smaller 

dimensions no slit or photographic emulsion material can be 
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positioned in the image plane. Thus, 

{ 4.1.2) 

The object distance is thus limited by a maximum value. Bestdes this the 

object distance is subject to a second limitation. This one is caused by 

the finite dimensions of the beam pipe. The internal radius of the beam 

pipe to be used is 22.5 {mm). Thus the object distance. being drift 

space. is limited by the increase of the transverse beam spread. This 

increase of x as a function of drift length is given in chapter 1 by, 

{1.5.21} 

For drift lengtbs being several times the beam characteristic length 

x1 max may be approximated by, 

{ 4.1.3) 

For the beam pipe used x1 max must thus be kept within the dimensions of 

the beam pipe. Thus we obtain. 

{4.1.4} 

The larger the divergence of the beam the smaller the object distance 

allowed by the aperture of the beam pipe for measurements done without 

loss of beam current. 

Using the normalization of equation 4.1.1. for the equations 

2.4.13. 2.4.14 and 2.4.15 representing respectively the image to object 

distance relation, the magnification and the resolution for the 

collection of trajectories used. we obtain. 

M = -1/f 
x 
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and 

{4.1.7) 

The two limitations obtained above for the object distance are rewritten 

too. Thus the variabie f is limited by either, 

Condition A: 

or, 

Condition B: 
3 

f ~ 22.5 10 
R e

0 e ma.x 

R in mm e 

Re in mm and e0 ma.x in mrad 

(4.1.8) 

(4.1.9) 

With 4.1.7 the resolution of the arrangment given in figure IV.2 can be 

determined. First we will determine the object slit width w0 . If we want 

to measure withno lossof beam current the e0 ma.x value is derived 

directly from the slit width and the emittance value ~- Knowing eo max 

we are able to calculate the f value given by condition B,as a funtion 

of R . With 4.1.8. we will determine the f values for several R . Using 
e e 

these two conditions and the slit width w0 wedetermine an object 

distance and the R giving a resolution of at least four thousand. e 
Properties for the arrangement are given in table IV.! for slit widths 

of 1, 0.5 and 0.2 mm each. In this table also information is contained 

for the magnification and the maximal ratio of the total contribution of 

second order coefficients of the Taylor expansion to the image size 

{<xlx0>x0 ) is given. The ratios are small as on page 83 we have derived 

that most of the second order coefficients equal zero. Using this table 

we are able todetermine a field with a minimal R fora given slit e 
width, giving a resolution of four thousand using the arrangement given 

in figure IV. 2. 
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R in {mm) wo in {mm) eo max in {mrad) f~ {A) H {B) e 

590 1 6.0 5.9 6.4 

400 0.5 12.0 4.0 4.7 

250 0.25 24.0 2.5 3.0 

nd 
f s0 in {mm) M R s1 in {mm) 

2 order 
x p to <xlxo>xo 

5.8 3422 -0.17 4012 101.7 10-4 

4.0 1600 -o.25 4000 100.0 0.0009 

2.3 575' -o.44 4125 108.7 0.0056 

Table IV.I Properties for the setup given in figure IV.2 

having a resolution of at least 4000 for object 

slit widths of 1, 0.5 respectively 0.25 mm. 

4.1.2. Using traiectories characterized by a - 90 and arbitrarv B. 

The longer the path length through the field, the greater the 

dispersive effect on the beam and thus the larger the resolution for the 

arrangement. This relation can also be used for decreasing R while e 
keeping the resolution at a constant value. An arrangement using the 

trajectories characterized by a= 90 degrees and ~ being arbitrary, bas 

been drawn in figure IV.3. Due to the inclined angles for the entrance 

and exit on the curved field edges contributions of the second order 
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s, 

Fig IV.3 A setup for mea.suring momentum spread using 

trajectories through a circutar field characterized 

by a = 90 degrees and having an arbitrary ~-

Taylor coefficients will not be negligible. In the calculations done by 

running the program 'swith2' (see appendix C) wedemand the maximal 

contributtons not to exceed one tenth of the first order image size. 

These last restrictions prove to be of heavier weight than the 

li~itations given by 4.1.2. and 4.1.4., arising respectively from the 

minimal image distance required and the maximal beam spread allowed for 

the aperture of the beam pipe. The contributions of the second order 

Taylor coefficients can be decreased by decreasing e0 max (x0 max is 

being determined by the object slit size). This results in an 

arrangement in which the measurement will not be done with full bearn 

current. We will only measure the momenturn spread of a part of the bearn 

each time (see phase space sketch in figure IV.3). To be able to campare 

the results obtained for this arrangement with those obtained for the 

arrangement in the previous paragraph, two runs have been made with 
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'swith2' for an object slit width of 1 mm. In both runs a e
0 

max is 

chosen such that the total second order contributton does not exceed one 

tenth of the first order image width. The results are presented in table 

IV.II. 

R in (mm) e 

310 

215 

R 
p 

3991 

3941 

Table IV.II 

eo max in (mrad) f s 0 in (nm) M x 

1.5 8.5 2635 -o.19 

1.0 12.5 2687.5 -o.12 

s1 in (mm) nd I 2 order to <x xo>xo 

251.7 0.11 

154.8 0.10 

Properties for the setup given tn ftgure IV.3. 

having at teast a resotutton of about 4000 for 

a stit width w0 of 1 mm. The angte of 

inctination ~ is 20 degrees. lith this methad 

beam current ts cut off reductng the 

contrtbution of second order coefftctents tn 

the Taytor expanston. 

Using this arrangement we will have to scan the beam over the object 

slit to measure to total momenturn spread within the beam. As the 

momenturn spread is not necessarily uniformly distributed throughout the 

beam. The arrangement given in this paragraph shows similarities with 

the last arrangement discussed insection 3.1. The major difference is 

the angle of deflection used. In fact with the arrangement presented in 
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figure IV.3 wedetermine the density distribution in the (x,e,ö) phase 

spa.ce. 

4.1.3. Using traiectories characterized by a - B + T/2. 

In appendix D the values are given for the resolution of an 

arrangement using arbitrary trajectories through a circular field. In 

this appendix we see that for a = ~ + w/2 maximal resolution is 

achieved. In figure IV.4 the setup using these trajectories has been 

drawn. In this figure use has been made of the principa.l planes. 

t 8 

~------------~p--------------~~ 

l 
J 
I 

__.-on"~~:-.;;_:- j_- Bomax 
l 

x----

',ppi 

Fig IV .4 The setup for mea.suring the JROmentum spread 

using trajectories characterized by a = ~ + T/2. 

The formula for the resolution using principal plane opties bas already 

- 110-



The ILEC switch magnet 

been derived in sectien 2.4. It is given by, 

R 
p 

= _P_ 1 + sin (3 
cos {3 

Page 111 

(2.4.11) 

We see that the resolution increases for increasing angles of {3 

(increasing a). This is due to the larger length through the magnetic 

field. In table IV.III somevalues for R are listed. 
p 

{3 -45° -300 -10° oo 100 300 450 

R 
p 

in- 0.41 0.58 0.84 1 1.19 1.73 2.41 p wo 

Table IV.III Vatues for R (photographic detection} in units 
p 

of Plw0 for the arrangement of figure IV.4. 

In appendix D values for the total contribution of the secend order 

coefficients are listed. In sectien 2.4 we have derived that for these 

trajectories only (xlxo) and celeo) equal zero. Again we will require 

the total contribution of the secend order coefficients to be less than 

ene tenth of the image size. Using the restrietfens as formulated in 

4.1.2 for the image distance, and 4.1.4 for the beam pipes aperture, we 

are able to determine Re for a given object slit width w0 . The image to 

object distance relation is now given by, 

(2.4.5) 

It is seen that for the resolution required small dimensions can be 

achieved for R , but at expense of the total maximal contributton of the 
e 

secend order coefficients. In appendix D we also see that for larger a 
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but equal ~ the function for the total contribution of the second order 

coefficients bas a zero point. For this point little resolution is lost. 

In table IV.IV results are presented for an arrangement with 

respectively a 1, 0.5 and 0.25 mm object slit width using trajectories 

cbaracterized by ~ =30 degrees and a= 110 degrees. In table IV.V the 

result is presentedusinga ~ = 45 degrees and a= 125 degrees central 

trajectory together with an object slit width of 1 mm. With this 

arrangement no beam current bas to be lost for the minima.lization of the 

second order contribution. 

R in {mm) wo e 

270 

210 

166.7 

M R x p 

-o.14 4104 

-0.24 4080 

-0.39 4418 

Table IV.IV 

in {mm) eo max in {mrad) H {B) f s 0 in {mm) 

1 6.0 13.8 8 2160 

0.5 12.0 8.9 4.8 1008 

0.25 24.0 

nd 
s1 in {mm) 2 order 

to <xlx0>~ 

99.4 0.37 

99.4 0.3 

106.5 -o.014 

5.6 3 

nd 2 order 
to <xlx0>x0 

-o.21 

-o.75 

I 
I 

I 

500 

0 
~ a=l15 

0 
~ a=115 

Properties for the setup given in figure IV.4 

using trajectartes characterized by a = 110 

degrees and ~ = 30 degrees. 
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R in (rmn) wo e 

255 

M R x p 

-0.17 3970 

Tab1e IV. V 

in (rmn) eo ma.x in (mrad) r~ (B) f s0 in (rmn) 

1 6.0 

nd 
s1 in (rmn) 

2 order 
to <xlx0>x0 

98.9 0.26 

14.7 5.8 

nd 2 order 
to <xlxo>xo 

-0.32 
I 

1479 

0 <== a=130 

Properties for the setup drawn in figure IV.4 

using trajectories characterized by ~ = 45 

degrees, and a = 125 degrees. Object slit width 

is 1 mm. 

4.2. Arrangements for mea.suring beam momentum spread using a dioole 

field and a quadrupale configuration. 

In the previous section we have achieved smaller dimensions for the 

ma.gnetic field using different central trajectories through the field. 

In this section we will drop the restrietion formulated in 4.1.1. 

arising from the required minimal image distance s1 . We will now befree 

to reduce Re at the expense of s1. The image being formed will be 

projected with a quadrupale configuration into a plane in which we are 

able to place a detection device. In this section three quadrupale 

configurations will be explored. The configuration using one quadrupale 

with focussing lens action in the median plane, the one using two 

quadrupales both having focussing lens action in the median plane and 

the configuration constructed with two quadrupales having focussing and 

defocussing lens actions in the median plane. Use will be made of the 

orientations and movements of the phase space ellipses as described in 
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the output of the program 'Transport' (BR077). 

We will derive first now new minimum dimensions of the dipole 

field. The arrangement using the central trajectory characterized by 

~ = 0 and a = 90 degrees is drawn again in figure IV.5. In this 

arrangement use has been made of an object slit width of 0.5 (mm). From 

-- +~ ~ 
.. 

s, 

---*·+ + + 
Fig IV .5 : Aboue: 'The fi.rst part of an arrangement for the 

mea.surement of mom.entum spread. Equal. to the 

arrangement presenteel tn ft gure IV. 2 but of sma.l.l.er 

d tmens i. ons . 

l1ndernea.th: 'The pha.se spa.ce el.Upses for the aedtan 

and verttca.l. plane at the posittons tndtca.ted. 

Dtspl.acements are in lUlt angl.es are tn ~trad. 
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the restrietion obtained by 4.1.4., due to the beam pipe's aperture, we 

obtain a maximal object distance of 1875 (mm) fora beam with a vertical 

emittance as given in the beginning of this chapter. All properties 

derived are listed in table IV.VI. We will not try to decrease R e 
further, as for this field radius and the trajectories used, a field 

strength of 1.5 T will be needed in the air gap of the magnet. As stated 

before we will not try for higher field strengths. The other 

configurations discussed in the paragraphs 4.1.2 and 4.1.3. will not be 

discussed anew. The arrangement discussed in paragraph 4.1.3. however 

can always be used to increase the resolution for a momenturn spread 

arrangement having constant R . 
e 

R in (mm) wo in (mm) eo max in (mrad) f~ (B) e 

166.7 0.5 12.0 11.75 

nd 
f s0 in (mm) M R s1 in (mm) 2 order 

x p to <xlx0>x0 

11.75 1875 

Table IV.VI 

-0.09 4083 14.8 0.031 

Properties for the setup drawn in figure IV.5 

using trajectartes charactertzed by a = 90 

degrees and ~ = 0 degrees. Object sttt ~tdth 

used ts 0.5 (mm). 

For the determination of the quadrupale configurations explicit use 

will be made of the 'movements' in phase space ('Transport'). In figure 
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1875 

Ts, 
14.81 

T_, ex-

74.21 1 

+ 

1 
IDQ

1
175 

~· 
.I ~. lllDP 

+· BLDP 

vwo• · +'" 
1750 

L 

x-

Fig IV .6 Th.e arrangement ust.ng one quadrupale focusst.ng f.n 

the median plane. In thf.s ff.gure the beam contour 

has been given tagether with the phase space 

elli.pses at the positions f.ndt.cated. Th.e 

df.splacements and lengths are gf.ven f.n mm, the 

angles in mrad. 
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IY.S the ellipses are sketched at the positions given. From first order 

opties we know that a ray having an arbitrary slope and crossing the 

central trajectory at the object slit, will also cross the central 

trajectory at the image {the transverse displacement equals zero). Thus 

point A in the phase space diagrams 1 i es in both object and image plane 

on the angular axis. A ray having maximal displacement at the object 

slit will have maximal displacement at the image too. Point B represents 

this ray in the object and image plane. As for us only the image forming 

in the rnedian plane is of interest we will restriet our considerations 

in phase space to the (x.e)-plane. 

In table IY.YI we see that the image will be very small. Thus 

except for projecting the first image into a second plane, the 

quadrupale configuration will also be used to enlarge this image. The 

room available in 'bunker 6' for the rest of the quadrupale arrangement 

is approximately 2 meter. The first quadrupale configuration discussed 

will be constructed with one quadrupale only having astrong focussing 

lens action in the median plane. The configuration is drawn in figure 

IY.6 tagether with the orientations of the phase space ellipses at the 

positions indicated. The dimensions of the beam have been calculated 

using the program 'Transport' and are listed in appendix F for a beam 

having ö = 0 only. Again we see that at the second image point A lies on 

the 9-axis and point B is a point characterized by hs.ving maximal 

displacement in phase space. The formation of the second image is 

described with the transformation due to the lens action of the 

quadrupele. This transformation is poorly described by a clockwise 

turning of the ellipse. When the ellipse is turned so that it lies 

within the second and fourth quadrant, the drift length action of drift 

space BI..DP will form the image. The most important feature deterrnined by 

the lens action is e2 max· When this angle is given the drift length 

BI..DP and the image size of the second image are deterrnined for a beam 

with the emittance given. 
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1875 

Ts, 
14.81 

IVWRP 

B x-. 

30 

1~,175 

.. J 
} 175 

1--- --l 
"'o 

"//.. ----=k ~ __j}._ T7f"~·T 
D D ••• 0..2 ••• aLoP .. .... -t * . , ,., -···-+ .. . . 

BLOP 

1500 

Fig IV. 7 The setup using two quadrupales ha.ving focussing 

lens action in the ~tedian. plan.e. The pha.se spa.ce 

ellipses have been sketched for the positions 

indicated. The displacements and lengths are given 

in nun and the an.gles in mrad. 
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In the arrangement of figure IV.6 the distance VWRP is chosen to be 

rather large and hence the diameter of the beam compared to the 

quadrupole·s aperture is large too. In the second arrangement being 

• . es en ted now we wi 11 try to decrease this drift le~~h. The setup is 

drawn in figure IV.7. We see tha.t the lens power available (in figure 

IV.6 we already have used the maximal lens power available} is not 

enough to turn the ellipse into the quadrants wanted. For this a second 

and similar lens action is needed. This will be provided by the second 

quadrupale also ha.ving focussing lens action in the median plane. 

For this second arrangement we see tha.t in vertical pha.se space a 

larger final maximal displacement is reached tha.n in the one using one 

quadrupele. In order to reduce this maximal y displacement a third 

arrangement will now be presented. It uses a drift length VWRP of equal 

magnitude as the arrangement presented in figure IV.6. The arrangement 

is drawn in figure IV.S. It uses two quadrupoles. the first having a 

focussing lens action in the median plane and the second having a 

defocussing lens action. From the ellipses in the related phase spaces 

we see tha.t in the median plane the lens power of the first quadrupale 

is larger tha.n needed. The defocussing lens power of the second lens 

provides the right magnitude for e2 max· The importance of the second 

lens action can better be seen in the vertical pha.se space. The action 

of the second quadrupale turnes the ellips clockwise so that the 

characteristic length of the phase space ellipse increases. 

For all three arrangements we have obtained beam dimensions at the 

positions of the quadrupales filling the aperture in the median plane 

completely. From these large dimensions geometrie aberrations will arise 

which are not calculated by 'Transport•. These large dimensions of the 

beams arise from the large divergence of the beam leaving the dipale 

field. For accurate measurement (without the geometrie aberrations} it 

is therefore necessary to place a slit in front of the entrance of the 

dipole field. thus transmitting only a part of the beam. The beam will 

have to be scanned over this slit using a small dipole field just bebind 
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1875 

Ts, 
14.1 

VWAIP 

+ 
~~ 
~T 

, 0., D 

L 

I JM"WoJ I 

Fig IV.8 The setup using a quadrupale havtng a focusstng 

lens actton tn the JRedtan plane foUowed by one 

havtng defocussing lens action. The pha.se spa.ce 

ellipses at the tndicated posittons are sketched. 

AU displacement are given in nm and aU angles in 

mrad. 
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the object slit (w0), as there will most likely be a non-uniform 

distribution of momenturn spread within the beam. With the last 

arrangement given the smallest vertical dimensions are achieved at the 

second image plane. However our preferenee will go to the first 

arrangement, because of the use of one element less. Any error due to 

misalignment will be kept smaller. For the larger vertical dimension of 

the beam we will have to use another beam pipe tban the conventional one 

at the institute. 

4.3. The magnette circuit. 

Knowing the dimensions of the magnetic field we desire, we are able 

todetermine the dimensions of the magnetic circuit. First wedetermine 

the radius of the cross section of the magnet poles and the dimensions 

of the yoke. Next we are able to design a suitable coil with its cooling 

system and its power supply. In this section we will only discuss 

properties of the magnetic circuit which might put restrictions on the 

radius to be chosen for the circular field. At the end of this section a 

comparison is made between a circular magnet having poles with a radius 

of 166.7 (mm) and one having 210 (mm). Calculations for these magnets 

have been done by G. Brooijmans using the program 'Poisson' (BAA86). 

The magnet to be constructed will be of the H type. The magnetic 

circuit is considered to be constructed of an air gap with height g and 

cross section a 1 and of a path through iron (or steel) of length 1 with 

cross section ~· A cross section in the vertical plane for the magnette 

circuit is drawn in figure IV.9. In this paragraph we will assume a 

constant flux density in the magnette circuit. We will now derive a 

simple relation between the current needed and the field in the air gap 

in the median plane. Use will be made of two relations of Maxwell. 

! vxB = I 
~ -
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and 

v•ll = 0 (4.3.2) 

In integral notation these equations are written as. 

(4.3.3) 

and 

(4.3.4) 

~ ~ 
si------r----- ----- -

~ ~ 

Fig IV.9 Cross sectton in the vertical plane for a magnette 

circuit of the H type. 

In 4.3.3 the left hand side represents the integral over the closed path 

drawn in figure IV.9. The right hand side represents the total current 

enclosed by this path. From 4.3.4 we derive that for a B being uniform n 
over the cross section. the flux t = B•a will be constant. Writing 4.3.3 

in full and using t being constant. we obtain. 

(4.3.5) 

in which N•i is the number of ampere turns. representing the right hand 

side of equation 4.3.3. For ~>>~0 as is the case as long as no 
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saturation effects occur we simplify equation 4.3.5 to, 

N i 
B = J.L -0 g (4.3.6) 

So the number of ampere turns is proportional to the strength of the 

field induction desired and to the gap height used. In table IV.VII 

values for the permeability of steel 37, the material to be used in the 

magnetic circuit, are given as used by the program 'Poisson'. 

B in gauss 4700 8500 10700 12500 13500 14300 

J.L in J,L
0 

2299 2096 1698 1248 932 

152.00 16000 17600 18600 19600 20600 21600 

423 290 132 86 58 37 17 

Table IV.VII Vatues for the permeability coefficient of 

steel 37 giuen for increasing ualues of the 

fieLd inductance. 

634 

In this table we see tbat for 1 T saturation effects start to occur and 

tbat they cannot be neglected any more for inductances above 1.5 T. 

The gap height in the circuit will chiefly be determined by the 

vertical beam dimension. For a uniform magnetic field the motion in the 

vertical plane is being described by the transfer matrix for a drift 

space. This bas been derived insection 1.5. Fora minimal gap height to 

be achieved the vertical beam dimension bas to be kept as smal! as 
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possible. To achieve this we will put a waist in the middle of the path 

through the field. The relation between the vertical waist size and the 

vertical displacement at the field edge is given by 1.5.21. 

(1.5.21) 

Using this relation and the relation defining the emittance at the waist 

pos i tion, 

(4.3.7) 

we obtain, 

(4.3.8) 

With S and éy being constant we will search fora o 11 (0) with minimizes 

the o11 (1). A minimum is found for, 

(4.3.9) 

For the positive value of o11 (0) we obtain, 

( 4.3.10) 

and, 

(4.3.11) 

Thus it is seen that a beam requiring a minimum gap heigth has a waist 

at the middle of the path through the field and bas a characteristic 

length for the vertical phase space ellipse which is equal to one half 

of the path length through the field (R for the circular field e 
configuration). Fora= 90 degrees and ~ = 0 degrees the minimum air gap 

will be given by, 

g i = 2 ..J 2 R ~. m n e v (4.3.12) 

Thus for a radius of 210 (mm) a minimum gap aperture of 2.9 (mm) would 

be necessary. 
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For a circular field configuration calculations have been done 

using the program 'Poisson'. The program bas been runfora circular 

magnet having a 166.7 (nun} radius and a gap heigth of 20 (nun} and a 

magnet having a 210 (nun} radius and a 22.5 (nun) air gap. These air gaps 

are much larger then the minimal one calculated calculated above. This 

is because of secend order effects of the fringe field. Furthermore a 

more flexible magnet is obtained with respect to the difference in beam 

shapes to be transported. The cross sectien of the return legs in the 

magnetic circuit have an area of 1.2 times the area of the cross sectien 

of the circular poles. In table IV.VIII the magnetic inductance is 

listed for the median planes of both 

.. .. A -
Fig IV.lO The Field configuration fora magnet havtng a 

radius of the pole cross sectton of 166.7 (111A) on 

the left and the magnet having a 210 (~~a) radius 

for the pole cross sectionon the right. 

magnets. In figure IV.10 the points are indicated where saturation 

effects occur. The ratio of both air gaps is such that the two magnetic 

circuits are cernparabie (see equation 4.3.12). 
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Radius in (mm) 60.6 121.2 161.6 166.7 176.9 

B in gauss 14970 14855 13482 11267 6257 

n -4.10-3 -3.10-3 -3.56 -8.16 -8.76 

Radius in (mm) 70 140 200 210 220 

B in gauss 11995 11980 11595 8936 5447 

n -7.10-4 -4.10-3 -1.95 -9.04 -10.9 

Table IV.VIII :'The magnette inductance Band the field 

index n in the median plane as function of 

the radial displacement from the center. 

Aboue: A magnet with a radius of the pole 

cross sections of 166.7 (mm) and air gap 20 

(mm). Undernea.th: A magnet with a radius for 

the pole cross sections of 210 (mm) and 22.5 

(mm) air gap. 

The dimensions of the yoke will depend on the desired maximal angle 

of deflection. In figure IV.11 the yoke is shaped such that deflection 

angles up to 90 degrees can be achieved. This will not be enough for 

deflection of the beam transported by the old system in the direction of 

EUTERPE as indicated in figure IV.1. For using trajectories with larger 

deflection angles then 90 degrees, for instanee for increasing the 

resolution as indicated insection 4.1.3., a yoke will have to be shaped 

with larger Land D but with smaller B. 
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Fig IV.ll Top view on the yoke of a circutar fietd magnet. 

4.4. Properties for the ILEC switch marnet. 

In this section ma.in properties for the circular field magnet to be 

used in the ILEC bearn transport system are presented. In the previous 

sections we have seen that a setup in which a 166.7 (mm) radius field is 

used can be constructed having at least a resolution of four thousand. 

In the previous section calculations done with 'Poisson' show us that in 

the magnetic circuit to be built for the momenturn spread measurement 

setup presented in figure IV.6 saturations will occur. Therefore a 

magnetic circuit will be constructed having a larger radius for the pole 
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cross section of 21 centimeter. An air gap of 2 cm will be sufficient. 

It is advisable not to design the cross section for the return legs of 

the yoke to have 1.2 times the cross section of the circular poles, as 

the field strengtbs in the return legs obtained by the program are small 

enough. The main properties for the magnetic circuit are listed below. 

R = 210 (mm) e 

g = 20 (mm) 

B = 1.2 (T) 

N•i = 1.59 104 (ampere turns) 

In table IV.IX the optica! properties fora circular field configuration 

having a 21 centimeter radius are listed. It bas to be remarked that the 

R in (mm) wo in (mm) eo max in (mrad) r~ (B) e 

210 0.5 12.0 8.9 

nd 
f s0 in (mm) M R sl in (mm) 2 order 

x p to <xlx0>x0 

8.75 1837.5 -o.ll 4095 24 0.0024 

Table IV.IX Properties for the setup drawn in figure IV.5 

using trajectartes characterized by a = 90 

degrees and P = 0 degrees going through a field 

having a 21 centimeter radius. Object sttt 

~idth used is 0.5 {mm). 

cross section of the magnet poles is always slightly smaller than the 

cross section of the effective magnetic field. This finds its cause in 
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the non sharp boundary of the field at the edges of the magnet (LIV69). 

In figure IV.12 the arrangement for measuring the momenturn spread using 

the 21 cm dipole field is drawn. From the calculations done with 

'Transport' (appendix F) it is seen that the beam extent in the median 

plane at the positions of the quadrupales is smaller than in the 

configurations discussed in section 4.3. Yet it will still be advisable 

to use a slit at the entrance face of the dipole field and thus not to 

measure the total beam at once. 

Other setups as discussed in the previous sections will not be 

discussed anew. The only setup in which a full current momenturn spread 

measurement can be done is the one constructed with a circular field and 

using the trajectories characterized by a = ~ + v/2, though su~h a setup 

migth cause problems with its alignment and will complicate the design 

of the magnet's yoke. Furthermore weneed the magnetic field tobend the 

beam into the directions where other experimental stations are 

positioned, these beams would be influenced too by the second order 

effects introduced by the inclined edges of the trajectories to the 

magnet's boundary, used profitabely in the momenturn spread measurement 

setup using the circular field as presented in figure IV.4. 
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So=1837.5 

B x-

+ 

--· +· + 
c", -

+f*· 
1750 

L 

·-

Fig IV .12 The se tup f or mea.suri.ng th.e m.omentum spread 

si.ng a di.pote fi.etd and one quadrupote. In the 

figure th.e beam contour i.s dra.un. AU 

disptacements are in mm and att angtes are in 

mrad. 
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5. Conclusions and recommendations. 

For the ILEC beam transport system a circular pole magnet will be 

built having a radius of 21 cm and a 2 cm air gap. The maximum field to 

be obtained bas an induction strengthof 1.2 (tesla} in the median 

plane. This maximum strength is needed in the setup used for measuring 

the momenturn spread of the 3 MeV proton beam provided by ILEC. In 

section 4.4 this experimental setup is presented, having a resolution of 

about four thousand using an object slit width of 0.5 (mrn}. For the 

trajectories used, characterized by a = 90 degrees and ~ = 0 degrees, 

the contributions of second order coefficients in the Taylor expansion 

used in the calculations done are minute. As the ILEC proton beam is 

supposed to have a 0.05% momenturn spread the resolution of this 

experimental setup will be sufficient. A measurement will not be done 

with full current transmission. Due to the large beam extent in the 

median plane at the position of the quadrupole used, use will have to be 

made of a slit in front of the entrance face of the circular field, as 

discussed in section 4.3. The circular magnet will furthermore be used 

for the deflection of the beam in the directions of the experimental 

stations listed in figure IV.1. 

It is recommended to do some more calculations with a ray tracing 

program based on solving the equations of motion for the individual 

particles in a beam. The Taylor expansion used in this report might not 

be accurate enough for the dimensions finally obtained. Brown states 

(BR077}; ' For applications such as charged partiele spectrometers 

caution is to be used in the use of 'Transport' and in its 

interpretations ' 

Still to be done are some misalignment calculations. 

Also the configuration of the quadrupales between ILEC and the 

object slit bas to be determined. At least three quadrupales will be 

needed for this. The transverse motion of a beam is characterized by six 

quantities in phase space. Three in each transverse plane: one for the 
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maximal displacement, one for the maximal divergence, and one for either 

the emittance ~ or the related correlation coefficient. So the problem 

of matching the phase space ellipses at the exit of ILEC and the 

ellipses desired at the object slit providesus with six relations to be 

solved. At least three quadrupales are needed. Using three we obtain six 

variables: the three positions and lens powers of the quadrupoles. With 

these a theoretica! solution can be obtained. 
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Appendix A; Three-fold Taylor expansion. 

Taylor's Theorem for an arbitrary function of three variables; 

Assume the function f bas continous partial derivatives of the order n+1 

{n ~ 0) in the small interval around a point (a,b,c)~. Let h=(h,k,l) be 

a point within the region where f bas its continous partial derivatives. 

In this case there exists a value of 9 € (0,1) for which we can write; 

n 

f(i!+h) = f(i!) + l !! (h~ + k~ + l~z]m f(i!) + Rn (a.1) 

m=1 
with, 

1 [ éJ éJ éJ Jn+ 1 
Rn = (n+1)! héJx + kéJy + léJz f(i!+9h) (a.2) 

In the formulation given bere, 

under the restrictions, 

O~j~m O~i~m-j 

Insection 1.4 a special case is used of the Taylor expansion. Here i! is 

equal to Q. This special case is called the Maclaurin expansion. 

nd In this report we use the Maclaurin expansion up to 2 order 

(m~2). We'll write ~=(x,y,z) insteadof h=(h,k,l). Futhermore we'll use 
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a different notation for the coefficients of the Maclaurin expansion 

(derived from a.3}. For example; 

= öf(O,O,O) 
öxo 

( I 2} _ !_ a2f(O,O,O) 
x xo - 2! öx 2 

0 

.or ( I 9 } 
_ a2r(O,O,O) 

x xo o - ax ae 
0 0 

Give attention to the consequence of this new notation. Take notice of; 
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Appendix B; Transfer Matrix up to second order for an arbi trarv 

traiectorv in the mecHan plane of a drift-field~rift 

configuration. 

In this appendix the overall transfer matrix is given for a 

drift-field-drift configuration in the median plane. As in chapter 1 we 

will use round brackets ( "(" } for the coefficients of the field 

transfer matrix, and use square brackets ( "(" } for the coefficients of 

Fig B.l An arbitrary fieLd-drift-fieLd configuration 

the overall matrix. An arbitrary drift-field-drift configuration is 

drawn in figure B.l. The overall transfer matrix is found by matrix 

multiplication of the three separate transfer matrices. The transfer 

matrices are given in a nine dimensional space defined by t.he nine 

dimensional vector given insection 1.5. In table B.I the general 

transfer matrix for the median plane up to second order for an arbitrary 

field configuration is given. Table B.II gives the transfer matrix of an 

arbitrary drift space. In table B.III the transfer matrix of a 

drift-field-combination (the first drift bas a length of s0} is given. 
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Table B.IV finally gives the first three rows of the overall transfer 

matrix. The last six rows are not given as they are not used in this 

report. 

(xlx0) (xl80) (xl&l I Cxl~l C•l-o80l C•lxa&l C•l~l (xl806) (xl62) 

0 colx0l (8180) col&l I (81~) C8l-o80l (81-o&l (81~) (8180&) l8le2l 

0 0 I I 0 0 0 0 0 0 

- - - - - - - - -
2 x 

xO 

xl 0 

02 

Oé 

b2 

Table B.l 

Table B. 11 

c•lxa>
2 2(x I-oH• 180) 21•1-oH•I&l (xl80)2 2(x l80)(xl6 l (xl&l2 

I C• lxaH8Ixal C•lxaH8I80) C•lxaH8I&l (•180)(8180) Cxi80H8I6l (xl6)(8l6) . . . 
(x I80H8Ixal cxi&H8Ixal C•I6H8I80) 

0 0 c•l-o> 0 Cxl80) (xl6l 

colx0J2 2(8 1-aH8I80l 2C8IxaH8I&l (8180 )2 2(8l80)(8l&l C8l&l2 

0 0 (8lx0) 0 C8l80l (816) 

0 0 0 0 0 

The generat transfer matrix up to second order 

for the m.edian ptane of an a.rbitra.ry fieLd 

configuration. 

x s 0 0 0 0 0 0 0 xo 

9 0 0 0 0 0 0 0 0 90 

6 0 0 0 0 0 0 0 0 6 

x2 2S 0 SJ- 0 0 2 
"o 

xe = 0 0 s 0 0 "o9o 
x6 0 0 0 s 0 "o6 

a2 0 0 0 0 0 ~ 
86 0 0 0 0 0 806 

~ 0 0 0 0 0 62 

The gene ral. transfer aatrix up to second order 

for a drift spcu:e of a.rbitra.ry t.ength. 
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(x J"ol s0(x ix0 )+(x j60) (xj6) 

(8Jx0J s0(6ix0J•(8je0 ) (6j6) 

0 0 

- -

0 

Table B. III 
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(x Jx~) 2S0(x lx~)+(x Jx0o0 ) (xJx06) 

2 (6Jx0 ) 2S0(6jx~J•(6jx060 ) (8jx06J 

0 0 0 

- - - -
(x Jx0 )2 

2S0(x Jx0)2+2(x lx0 ) (x Je0) 2(xJx0J(xJ6J 

(x ix0 )(6 ix0) 2S0(x ix0 )(6 i"ol+(x J"o)(8 Je0) (x J"o)(8j6)+(x j6)(8lx0 J 

+ 
(xj80 )(8l"ol 

0 0 (xlx0J 

(6Jx0 )2 
2S0(6 i"oJ

2
+2{8 J"o)(8 160) 2(8J"oH8l6J 

0 0 

0 0 

~(x I~J+S0{x l"o6oJ•(x I~J 
~(e I~J+S0(6 J"oe0 )+{e Je~) 

0 

~(x i"oJ
2

+2S0 (x lx0 ) (x Je0 )+(x Je0 )
2 

~(x Jx0 )(6 lx0 )+S0 {x i"ol (8 180 ) 

+ 
s0(x j60)(e Jx0 J•(x Je0)(eje0 ) 

0 

~(6 Jx0J2 +2S0(e ix0J (6 160 )+(8 160)2 

0 

0 

(8jx0) 

0 

s0(x l"o6)+(x 1806) 

s0 (ej"o6J+(8Je06J 

0 

2S0 (x i"oHx 16 )+2(x j80 )(x 16) 

s0 (x l"o){8 I6J+S0 (x j6)(8 i"ol 

+ 
{x j8

0
)(8j6J+(x j6)(ele

0
) 

s0 {x l"o)+(x 180 ) 

2S0(8 l"oH8 16 )+2(8 j80 J (e J6 J 

s0(el"o>•18l80) 

0 

11l.e transfer matrix for an arbi trary 

drift-field combination. 
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<xlx0> = (xlx0 )+S1(ejx0) 

<xle0> = s0(xlx0}+(xje0}+S1{s0(ejx0)+(eje0 )} 

<xló> = (xló)+S1(eló) 

<xlx~> = (xlx~)+S 1 (elx~) 
<xlx0e0> = 2S0(xlx~}+(xlx0e0}+S1 {2S0(elx~}+(elx0e0)} 
<xlx0ó> = (xlx0ó}+S1(elx0ó} 

Page 138 

<xle~> = S~(xlx~)+S0(xlx0e0}+(xle~}+S1s~(elx~}+S1 {s0(elx0e0}+(ele~}} 
<xle0ó> = s0 (xlx0ó}+(xle0ó}+S1{s0(elx0ó}+(ele0ó}} 

<xló2> = (xló2}+S1(ejó2} 

<elx0> 
<ele0> 
<Ojó> 

= (elx0 ) 

= s0(elx0)+(eje0 ) 

= (Ojó) 

<Oix~> = (Ojx~} 
<elx0e0> = 2S0(elx~}+(Ojx0e0 } 
<elx0ó> = (Ojx0ó) 

<ale~> = s~(elx~}+S0(elx0e0}+(ele~) 
<ele0ó> = s0celx0ó)+(eje0ó) 

<Ojó2> = (Ojó2 } 

<óló> = 1 

all other <ój ... > = 0. 

Table B.IV : The coefficients of the first three rows of the 

transfer matrix for the median pl.ane of an 

arbitrary drift-fieLd-drift configuration. 
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Appendix C: The program 'SWITII2'. 

In this appendix some notes are given to the program 'SWITH2'. A 

complete listing can be obtained under the usercode 'MARK' using the 

password 'ERNIE' on the PDP11/73 machine ('CTO' machine) at the 

institute. With the program the numerical values for the first order 

0 0 
properties (chapter 1) can be calculated for a = a + 5 and ~ = ~ + 5 

( a has to have 5 or 90 degrees as a starting value to be set in the 

software). The program makes use of the Taylor expansion coefficients as 

listed in section 1.5.5. Use is made of the three dimensional matrices 

XAFGLD(ELMENT .a.~) and TAFGLD(ELMENT ,a.~). The values of ELMENT are 

listed below; 

(xlx0) and celxo> ELMENT = 1 I (xle0 ) and cele0) ELMENT = 2 

(xl6} and (916) ELMENT = 3 I (xlx~) and celx~) ELMENT = 4 

(xle~) and cele~) ELMENT = 5 I (xl62
) and (916

2
) ELMENT = 6 

(xlx0e0 ) and (elx0e0) ELMENT = 7 I (xle06) and celxo6) ELMENT = 8 

(xle06) and cele06) ELMENT = 9. 

The input for the program will depend on the information wanted. The 

first question will be: ' Do you want absolute or relative case YIN ( Y 
means absolute). In the absolute case the properties wanted will be 

calculated for one single R only. In the relative case the properties e 
are calculated with the proper normalizations. In the absolute case the 

second input will be the object distance coefficient f as given in 

equation 4.1.1. In the relative case the input will be in order; 

The effective radius of the field R e 
The slit width w0 . 

The displacement of the ray in the entrance coordinates for which 

the second order contributton will have to be calcutated. 

The divergence of the ray in the entrance coordinates for which the 

second order contribution will have to be calculated. 

The object distance variabief as given in equation 4.1.1. 

- 139 -



Appendix C Page 140 

Not all listings are presented bere. The subroutines 

VHRD(ELMENT}{ELMENT).FOR calculated the ratio of the Taylor coefficients 

in which ELMENT is an integer nurnber corresponding to the ones given 

above. Besides the program 'SWITH2' also programs are written for the 

principal plane opties 'PRINPL' and a program bas been written 

calculating the ratios of all Taylor coefficients to the {xlx0) 

coefficient. These other programs make use of the same subroutines as 

'SWITH2' does. So changings in the subroutines have to be done with 

great care. 
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Appendix D. Tables for the resolution and the total maximum second 

order contribution for a circular field configuration. 

In this appendix results are presented obtained by the program 

'SWITH2'. In the tables presented the resolution and the maximum total 

contribution of the second order coefficients are listed as functions of 

the angle of deflection a and the angle of inclination on the entrance 

and exit face /3. 

UITVOlR SWITH2 

EFFECTIEVE STRAAL VAN HET VELO IS 210.0 <HHl 
SPLEETBREEDTE VAN OE VOORWERPSSPlEET IS 0.50 <HM> 

XO VAN OE STRAAL IS 0.0 <HM> 
DIVERGENTIE VAN DE STRAAL IS 12.0 <HRAO> 
IMPULS-SPREIDING IS 0.5000 PROHILLE 

OE VOORWERPSAFSTANO BEDRAArJT 1837.5 <HMl 

- 145-



Appendix D Page 146 

Resolution for 0 
0 
~a~ 90 

0 

RESOLUTIE-FACTOR IN EERSTE ORDE 
DE VOORWERPSAFSTAHO IS 1837.5 (KK> 

0.0000 BETEKEND GEEN AFBEELDING Of BEELDAFSTAND >= lOO.ARe 
BETA 

45. 40. 3~. 30. 25. 20. 15. 10. 

5. 0.0 o.o o.o o.o 0.0 0.0 o.o 0.0 
10. o.o 0.0 o.o 0.0 o.o o.o o.o o.o 
1!). 0.0 o.o o.o 0.0 o.o 0.0 o.o 0.0 
20. 0.0 0.0 o.o 0.0 0.0 0.0 o.o o.o 
2:5. o.o 0.0 o.o 0.0 0.0 o.o o.o o.o 
30. 0.0 0.0 0.0 0.0 0.0 o.o o.o o.o 
35. o.o 0.0 o.o o.o 0.0 o.o o.o 0.0 
40. o.o 0.0 o.o o.o 0.0 o.o o.o 2796.8 
45. 0.0 0.0 o.o 0.0 o.o o.o 0.0 3102.2 
50. o.o 0.0 o.o 0.0 o.o 0.0 3!)16.6 3389.6 
55. 0.0 0.0 o.o o.o 0.0 3965.3 3809.0 3656.6 
60. 0.0 o.o o.o o.o o.o 426~.1 4080.7 3901.3 
65. 0.0 o.o o.o o.o 4767.6 4543.6 4329.7 4121.8 
70. 0.0 0.0 o.o ~329.4 5055.4 4798.9 4554.0 4316.4 
75. 0.0 0.0 o.o 5ol~.4 5319.2 50l8.9 4752.1 4483.6 
80. 0.0 0.0 62tl3.5 5904.2 5556.8 5231.9 4922.2 4622.3 
85. 0.0 0.0 6572.6 61:51.9 5766.6 5406.3 5063.3 4731.2 
90. 0.0 7350.4 6833.2 6370.5 5946.8 5550.9 5174.1 4809.6 

5. o. -5. -10. -15. -20. -25. -30. 

5. 0.0 0.0 o.o o.o o.o 0.0 o.o o.o 
10. 0.0 o.o o.o o.o 0.0 0.0 o.o 665.9 
15. 0.0 0.0 o.o o.o o.o 1002.8 !nl5.2 96~.8 

20. o.o 0.0 o.o 1354.9 1329.7 1302.6 1273.1 1240.7 
25. 0.0 0.0 1696.4 1660.4 1622.1 J581.1 l!l36.tl 1488.4 
30. o.o 2047.5 19!J8.7 1947.7 1893.9 1836.4 1774.5 1707.0 
35. 2412.6 2'.:148.8 2283.1 2214.8 2142.8 2066.4 1984.2 1894.8 
40. 2715.0 2632.2 2547.4 2459.4 2367.2 2269.4 2164.5 2050.5 
45. 2999.4 2895.6 2789.6 2679.9 2565.2 2443.8 2313.9 2172.9 
50. :r263.7 3137.0 aoo1.8 2874.5 2735.4 2588.4 24;U.3 2260.9 
55. 3505.8 3354.4 3200.4 3041.8 2876.4 2702.0 2515.7 2314.0 
60. 3724.1 3546.4 3365.9 3180.4 2987.3 2783.8 2566.7 2331.8 
65. 3916.7 3711.3 3503.1 :Q8~.3 3067.0 2tl33.1 2583.7 o.o 
70. 4082.2 384ll.O 3610.9 3367.7 3115.1 2849.6 o.o 0.0 
75. 4219.4 3955.5 3688.5 341!1.0 3131.2 0.0 o.o o.o 
80. 4327.2 4032.8 3735.3 3430.8 o.o 0.0 o.o o.o 
85. 4404.7 4079.4 37~0.9 o.o 0.0 0.0 o.o 0.0 
90. 4451.5 4095.0 o.o 0.0 o.o o.o o.o o.o 
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Resolution for 90° ~ a ~ 175°: 

RESOLUl IE.-FACTOR IN EERSTE ORCIE 
OE VOORWERPSAFSTAN(I IS 1837.5 (ltltl 

0.0000 BETEKEND GEEN AFBEELDING OF BEELDAFSTAND >= 100.*Re 
BETA 

45. 40. 35. 30. 25. 20. 15. 10. 

90. 0.0 7350.4 6833.2 6370.:1 5946.8 5550.9 5174.1 4809.6 
95. 8275.0 7627.5 7063.2 6558.3 6096.2 5664.5 5253.9 4856.8 

100. 8573.4 7872.0 7260.8 6714.0 6213.6 5746.3 5302.0 4872.6 
105. 8836.7 15082.2 7424.6 6836.4 6298.1 5795.6 5318.1 o.o 
110. 9062.9 8256.4 7553.3 6924.4 6349.1 5812.1 o.o 0.0 
115. 9250.!3 8393.3 7646.0 6977.5 6366.1 0.0 o.o o.o 
120. 9397.8 8491.8 7701.8 6995.3 0.0 o.o o.o 0.0 
125. 9503.9 8551.2 7720.!3 o.o o.o 0.0 o.o o.o 
130. 9567.8 8571.0 0.0 o.o o.o 0.0 0.0 0.0 
135. 9589.2 o.o 0.0 o.o o.o 0.0 o.o o.o 
140. 0.0 o.o o.o 0.0 0.0 o.o 0.0 0.0 
145. 0.0 0.0 o.o 0.0 0.0 o.o 0.0 o.o 
150. 0.0 0.0 0.0 o.o 0.0 o.o 0.0 o.o 
155. 0.0 0.0 0.0 0.0 0.0 0.0 0.0 o.o 
160. 0.0 0.0 0.0 0.0 0.0 o.o 0.0 0.0 
165. 0.0 0.0 0.0 o.o o.o 0.0 0.0 0.0 
170. 0.0 0.0 0.0 o.o 0.0 0.0 0.0 0.0 
175. 0.0 0.0 0.0 o.o o.o 0.0 0.0 o.o 

5. o. -5. -10. -15. -4!0. -25. -30. 

90. 4451.5 4095.0 0.0 0.0 0.0 0.0 o.o 0.0 
95. 4467.2 o.o 0.0 0.0 0.0 0.0 o.o o.o 

100. o.o o.o o.o 0.0 o.o o.o 0.0 o.o 
105. 0.0 0.0 0.0 0.0 0.0 o.o o.o o.o 
110. 0.0 0.0 o.o 0.0 0.0 0.0 o.o o.o 
115. o.o o.o o.o o.o 0.0 o.o o.o 0.0 
120. 0.0 0.0 0.0 o.o o.o o.o o.o o.o 
12:1. o.o o.o 0.0 o.o o.o o.o 0.0 o.o 
130. o.o o.o o.o o.o 0.0 o.o o.o o.o 
135. o.o o.o 0.0 o.o o.o o.o o.o o.o 
140. 0.0 o.o o.o o.o o.o o.o o.o o.o 
145. o.o o.o o.o o.o o.o o.o o.o o.o 
150. o.o 0.0 o.o o.o o.o o.o o.o o.o 
155. 0.0 0.0 0.0 0.0 o.o o.o o.o 0.0 
160. 0.0 o.o o.o o.o o.o 0.0 o.o o.o 
16:1. o.o 0.0 0.0 o.o o.o 0.0 o.o 0.0 
170. o.o 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
17t1. o.o o.o 0.0 0.0 0.0 0.0 0.0 0.0 
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Maximum contribution of second order coefficients 
0 0 

for 0 ~ a ~ 90 : 

DE TOTALE TWEEDE ORDE BIJDRAGE TOT OE BEELDGROTE 
DE YOORWERPSAFSTANO IS 1837.5 <KH> 

0.0000 BETEKEND GEEN AFBEELDING Of BEELDAFSTAND >=100*Re 

BETA 

45. 40. 35. 30. ~. 20. 15. 10. 

5. 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 
10. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
15. o.oooo 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
20. 0.0000 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 0.0000 
25. 0.0000 o.oooo 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
30. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
35. 0.0000 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 0.0000 
40. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 16.6969 
45. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 17.3082 
50. 0.0000 0.0000 o.oooo 0.0000 0.0000 0.0000 20.5240 17.4379 
55. 0.0000 0.0000 0.0000 0.0000 0.0000 25.0198 20.3759 17.0774 
60. 0.0000 0.0000 . 0.0000 0.0000 0.0000 24.5416 19.6744 16.2355 
65. 0.0000 0.0000 0.0000 0.0000 30.5623 23.4185 18.4373 14.9389 
70. 0.0000 0.0000 0.0000 39.4748 28.8863 21.6789 16.7038 13.2316 
75. 0.0000 0.0000 0.0000 37.0376 26.4733 19.3780 14.5344 11.1742 
80. 0.0000 0.0000 49.5352 33.6812 23.3999 16.5974 12.0093 8.8417 
85. 0.0000 0.0000 44.80J2 2~.5116 19.7769 13.4436 9.2259 6.3214 
90. 0.0000 62.5755 39.0153 24.6813 15.7471 10.0442 6.2958 3./094 

5. o. -5. -10. -15. -20. -25. -30. 

5. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
10. 0.0000 0.0000 o.oooo 0.0000 0.0000 0.0000 0.0000 7.6031 
15. o.oooo 0.0000 o.oooo 0.0000 0.0000 8.1367 9.1828 10.7672 
20. 0.0000 0.0000 0.0000 8.9892 9.416ti 10.20/t 11.4725 13.3981 
25. 0.0000 0.0000 10.4831 10.5631 11.0025 11.8668 13.2730 15.4118 
30. 0.0000 12.1~68 11.7615 11.7719 12.1885 13.0710 14.5263 16.n12 
35. 14.1347 13.1694 12.6619 12.5834 12.9420 13.7806 1fJ.1769 17.2374 
40. 14.9507 13.8018 13.1589 12.9752 13.2386 13.9624 15.1723 16.8720 
45. 15.33'"J2 14.0149 13.2385 12.9343 13.0613 13.5891 14.4648 15.5408 
50. 15.2684 13.8022 12.8978 12.4571 12.4015 12.6400 13.0130 13.1694 
55. 14.7574 13.1702 12.1449 11.5496 11.2582 11.1024 10.7855 9.6986 
60. 13.8161 12.1381 10.9985 10.2268 9.6392 8.9729 7.7639 5.0915 
65. 12.4755 10.7371 9.48/6 8.5125 7.5611 6.2591 3.9464 0.0000 
70. 10.7802 9.0100 7.6505 6.4392 5.0499 2.9816 0.0000 0.0000 
75. 8.7878 7.0091 5.5336 4.0475 2.1418 0.0000 0.0000 0.0000 
80. 6.5665 4.7953 3.1908 1.3859 o.oooo 0.0000 0.0000 0.0000 
85. 4.1930 2.4358 0.6818 0.0000 0.0000 0.0000 0.0000 0.0000 
90. 1.7499 0.0024 0.0000 o.oooo 0.0000 0.0000 0.0000 0.0000 
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Maximum contribution of second order coefficients for 90° ~a~ 175°: 

DE TOTALE TWEEDE ORDE BIJDRAGE TOT OE BEELDGROTE 
OE VOORWERPSAFSTAN[I IS 1837.5 ltltl) 

0.0000 BETEKEND GEEN AfBEELDING OF BEELDAFSTAND >=100*Re 

BETA 

45. 40. ~. 30. 25. 20. 15. 10. 

90. 0.0000 62.5754 39.015J 24.6814 15.7471 10.0442 6.2958 3.7094 
95. 92.2546 54.3024 32.3862 19.3864 11.4809 6.5441 3.3408 1.1075 

100. 80.0095 44.8802 25.1931 13.8604 7.1706 3.0998 0.4876 -1.3811 
105. 66.051::i 34.7163 17.7677 8.3664 3.0228 -0.1270 -2.1368 o.oooo 
110. 51.0082 24.3019 10.4835 3.186J -0.7503 -2.9763 o.oooo o.oooo 
115. 35.64/5 14.1~35 3.7415 -1.3914 -3.9406 0.0000 0.0000 o.oooo 
120. 20.8468 4.9897 -2.0488 -5.0851 0.0000 0.0000 0.0000 0.0000 
125. 7.5565 -2.6965 -6.4887 0.0000 0.0000 0.0000 0.0000 o.oooo 
130. -3.2466 -8.2690 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
135. ******* 0.0000 o.oooo 0.0000 0.0000 0.0000 0.0000 0.0000 
140. 0.0000 o.oooo 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
145. 0.0000 0.0000 . 0.0000 o.oooo 0.0000 0.0000 0.0000 0.0000 
150. 0.0000 0.0000 0.0000 o.oooo 0.0000 o.oooo 0.0000 0.0000 
155. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
160. 0.0000 0.0000 0.0000 o.oooo 0.0000 o.oooo 0.0000 o.oooo 
165. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
170. 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 
175. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

5. o. -5. -10. -15. -20. -25. -30. 

90. 1.7499 0.0024 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
95. -0.6770 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 

100. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
105. 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 
110. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 
115. 0.0000 0.0000 0.0000 0.0000 0.0000 0.11000 0.0000 o.oooo 
120. 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 0.0000 o.oooo 
125. 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 0.0000 o.oooo 
130. 0.0000 0.0000 0.0000 o.oooo 0.0000 0.0000 0.0000 o.oooo 
135. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo o.oooo 
140. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
145. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo o.oooo 
150. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
155. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
160. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 
165. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
170. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 
175. 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 
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Appendix E; Solution of a potentiaal problem wi th Q)nforaal Maooing 

In this appendix a salution is given for a magnette scalar 

potential problem in a region with hyperbalie boundaries (BOE87}. First 

we will tackle the problem given in figure E.l. We will use the 

ma.thema.tical metbod called "conforma.l ma.pping" for the salution of this 

problem. At the end of this appendix a metbod will be given with which 

any arbi trary potenttal problem having hyperbalie baundaries lying 

symmetricaly in the four quadrants of space, can be solved. 

Define a region G within the (x,y}-plane with hyperbalie baundaries 

XY=±1, as in figure E.1. We are going to solve the potential problem 

given by e.1 and e.2. The potential ~x.y} will obey the Laplace 

equation as there is no current flow within the region G. From the 

Acf> = $, + $, = 0 
XX yy 

(e.1} 

[<!J(x,y) = 1 for XY=1, x>O, y>O, and for XY=-1, x<O. y>O 

Qxx,y} =-1 for XY=1, x<O, y<O. and for XY=-1. x>O, y<O (e.2} 

xy=l 

Fig E.l The Regtons G and G1 
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symmetry of tbe problem it's easily derived that tbe potential ~x.y) 

will be an odd function in y, and an even function in x. This enables us 

to restriet ourselves to finding a salution witbin tbe dasbed area 

G1={{x,y)lx>O.y>O.xy<1}. in tbe first quadrant of tbe (x,y)-plane. The 

boundary conditions for G1 are, 

~x.y) = 1 for xy=1, x>O. and y>O; 

~x.O) = 0 for x>O; 

aqxo,y) = 0 for y>O; 
c3n 

In e.3 ~is tbe normal derivative for ~x.y). 

{e.3) 

Trying to solve tbe problem directly in G1 will prove to be 

impossible. Here great profit is acbieved by tbe metbod of conformal 

mapping. This metbo~ uses tbe (x,y)-coordinates as tbe coordinates 

witbin a complex plane. The main aim is trying to obtain a simpler 

geometry of tbe potential problem {if possible a trivia! one) by using 

coordinate transformations. For tbe two coordinates forming a complex 

variable. a coordinate transformation can be given as a conformal 

mapping. When tbe transformation can be wri tten as a conformal mapping 

it is usabie fora potential problem as given in e.3, because Laplace's 

equation is invariant under a conformal mapping. Let tbe two given 

coordinates {x,y) forma complex variabie z by z =x+ iy. Define tbe 

new coordinates (f.~) and tbe complex variabie J = f + i~. We are able 

to simplify tbe geometry of tbe problem given using tbe conformal 

mapping J = ~ z2
• This conformal mapping is equivalent to tbe 

coordinate transformation f = ~ {x2 -y2 ), and ~ = xy. In figure E.2 tbe 

new region G J is drawn. The area wi tb i ts hyperbalie boundaries bas been 

transformed into a strip in the {f.~)-plane. The potential problem is 

rewritten in this new coordinate system as, 
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Fig E.2 
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I 

t: 
'11 

I 

:·~~···: 
~=o A ""-o ~--dn ~-

The region GJ' in the complex coordinate system 

(f,TJ). 

~f.O) = 0 for f>O, ~f,O) = 0 for f<O. 
~f.1) = 1 for ~<f<m 

(e.4) 

We see that indeed laplace's equation is invariant under the 

transformation. The original problem is transformed into a problem which 

is described as; 'The Laplace equation on an open surface with 

Fig E.3 

+I 
V I 

I 

The region G in the complex coordinate system 
w 

(u,v). 
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both von Neuman and Dirichlet border conditions'. We'll solve the 

problem now explicitly with more conformal mapping. 

First we'll give the geometry in which we want to solve the 

problem. This is done in figure E.3. We want to transfarm the problem to 

the (u,v)-plane, where the complex variabie w is written as w =u + iv. 

The region G ={(u,v)lu>O.O<v<1} bas the form of astripstarting at the w 
v-axis and going into ~. We'll try to form to following boundary 

conditions, for the Laplace equation, 

A<P = <P, + <P, = 0 uu vv 

~u.O) = 0 for u>O. ~O.v) = 0 for O<v<1 

~u.l) = 1 for u>O 

(e.5) 

The solution of this potential problem is trivial. The solution is; 

~u.v) = v = Im w (e.6) 

We'll try now to derive a conformal mapping w = f(J), such that the 

region and boundaries in the (f,n)-plane are being mapped in the 

.B 

A A 

Fig E.4 The regions G and G in non further specified a s 
complex coordinate systems. 
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(u,v)-plane. Thus we want the points A. B. and C (resp J:O, J~. and 

J~) to be transformed in the points A, B, and C in the (u,v)-plane 

(resp w:O, w~. and w=i). The conformal mapping we are looking for can 

be constructed from the elementary conformal mappings a= exp{w4}. and 

s = cosh(w;). We'll first examine the conformal mapping a. Under this 

conformal mapping GJ is transformed to the new region 

G ={(Re a,Im a)IRe a>O,Im a>O}, while the points A, B, and C in the a 
(f.~)-plane are transformed to resp. a=1, a~. and o:O. With 

s = cosh(w;) it's possible to transform the region Gw to the region 

G ={(Re s,Im s)IRe s>O.Im s>O}. The points A, B, and C in the region s 
G are transformed into resp. s=1, s~. and s:O. The regions G , and G w 0 s 
are drawn in figure E.4. We see that the two regions are equal, and that 

the points A, B, and C coincide within the regions. From this we may 

draw the conclusion that the complex variables o and s equal each other, 

thus that o = s. 

(e.7) 

From this equation it's easy to derive w = f(J). 

w = ~ log[exp{w~} + Jexp{wJ}-1]. (e.S) 

In this the mean value of the logarithm and the square root have to be 

taken. The inverse transformation is, 

J = g(w) = ~ log[cosh(w;)]. (e.9) 

In which again the mean value of the logarithm bas to be taken. For the 

first transformation the derivative will now be given for later use. It 

is, 

f'(J) 
-1/ = {1-exp{-wJ}) 2 (e.10) 

We've now succeeded in finding an array of conformal mappings needed for 
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tbe transformation from tbe (x,y)-plane to tbe (u,v)-plane, in wbicb tbe 

salution of tbe potential problem is trivia!. In tbe (u,v)-plane tbe 

solution yields, 

4(u,v) = v = Im w (e.6) 

Therefore the salution of tbe problem given by e.4 yields, 

{e.ll) 

The salution of tbe original problem in tbe {x,y)-plane is now given by, 

2 [ 1rZ2 -] 4(x,y) = :;r arg exp{4} + vexp{~2 }-l • 

Witb tbe help of e.12 it's easy to give a numeric solution of our 

potential problem as. given in figure E.l. 

{e.12) 

The metbod given bere is also very suitable for the construction of 

the equipotential and tbe force field lines. First we draw the 

equipotential lines ~ = ~O in Gw. These are represented by Im(w) = ~0 . 

The force field lines are orthogonal to tbe equipotential lines and thus 

are given by Re{w) =a witb a>O. The parameter equation for an 

arbitrary equipotential line is given by w = t + i~0 with t)O, and tbe 

force field lines are given by w =a+ it, with O<t<l. The 

equipotential and force field lines in the GJ region are found by 

transforming the parameter equations according to the confermal mapping 

J = g(w). The equipotential lines and force field lines in the 

(x,y)-plane are derived in a similar manner. 

To find tbe magnetic induction one bas to calculate the spatial 

derivatives of the potential. There is no free current in region G given 

in figure E.l so according to Maxwell -~ = D· Using the Oauchy-Riernann 

equations for analytica! functions, and equation e.6, we obtain, 

{e.l3) 
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using e.10, 

Transforming this equation to the original problem in the (x.y)-plane 

1 2 with the conformal mapping J = ~ • we obtain. 

(e.15) 

So the components of the magnetic induction are given by, 

[ 
2 -1/ ] 

~x=Im z{1-exp{~ }) 2 
[ 

2 -1/ ] 
~y=Re z{1-exp{~ }) 2 (e.16) 

The discussion is continued with some special results. 

1. Given the function w = f(J) as defined by e.S we develop it in the 

environment of J = 0 in a power series in which only powers of J 

are present with a half numbered exponent. Without going into 

detailed calculations this power series is given. 

(e.17) 

z2 T Substi tution of J = 2· and z = r•exp{i9} wi th 0~9~2 • and using 

4(x.y) = Im f(J). we'll find the following power series for 4(x.y) 

in the environment of the origin. 

(e.18) 
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This expansion shows the right symmetry (even in x, odd in y) and 

is therefore valid for 0~9~21r, this is the full enviroment of the 

origin. We will rewrite e.lS in the (x,y)-coordinates. Using, 

we obtain, 

sin(n9) = Im(exp{in9}) = Im(cos9+isin9)n 

= Im[ ~ (~)cos(n-kleA(i)ksinke] 
k=O 

(e.19) 

(e.20) 

According to the earlier quoted Maxwell law v$ = -B we can derive 

the force field components by taking the derivative with respect to 

the coordinates· (x,y) of our potential <P<:x.y). This will resul t in 

the following force field components. 

-By<x.y) = acpc~y) = [~f/2+ ~2 (~f/2 [3x2-3y2)+ 

4~o(~f/2 (5x4-30x2y2+5y4) + .... (e.21) 

and, 

Thus the components of the magnetic induction on the x and y-axis 

are. 
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-BY(x,O) = (~f/2+ ~2(if/23x2 + 4~o[if/25x4 
= (i)_t/2 [t + ~2 + ;;4x4 + ...... ] (e.23) 

and, 

B (x,O) = 0 x 
(e.24) 

for the x-axis. The expansions for the y-axis are, 

-By(O,y) = [~f/2+ ~2[~f/23y2 + 4~[if/25y4 
= [i]-1

/2 [t - §y2 + ;;4y4- ...... ] (e.25) 

and, 

(e.26) 

2. We derive the potential ~f.~) on the boundary of the region 

defined by GJ. On the boundary {(f.~)l~t.~<f<~} we can write the 

complex variabieJas J = f + i. Using this in e.ll we obtain, 

(e.27) 

This is in agreement with the boundary condition given in e.4. On 

the boundary {(f.~)l~.~<f<~} we can write the complex variabie 

as J = f. For this boundary we will derive, 

(e.28) 

and, 

~f,O)~rg[exp{~} + iJl-exp{vf}]-!arccos(exp{~}), for f<O (e.29) 

The result of e.28 is also in agreement with the boundary 

conditions given in e.4. The result of e.29 can be translated with 
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f = y2 /2 into arelation for the potential ~O.y) for the positive 

y-axis for the problem in the original coordinate system. 

~O.y)-2arccos(exp{-wy2/4}). for y>O 
.". 

(e.30) 

3. With the partial derivatives given by e.l3. and e.l4 we·11 derive 

grad~ on the border of the region defined by GJ. On the boundary 

{(f.~)l~t.~<f<m} the following equation is valid. 

Thus. 

-1/ 
~~ + i~f = (1 + exp{-Trf}) 2 

-1/ 
~f(f.1)=0. and ~~(f.l)=(1+exp{-Trf}) 2 

On the boundary {(f.~)l~.~<f<m} we derive. 

and. 

So for this boundary we write. 

(e.31) 

(e.32) 

(e.33) 

(e.34) 

-1/ 
~f(f.O)=O for f>O. and ~f(f.O)=-(exp{-Trf}-1) 2 for f<O (e.35) 

and. 

-1/ 
~ (f.O)={l-exp{-Trf}) 2 for f>O. and ~ (f.O)=O for f<O (e.36) 
~ ~ 

The results for ~f(f.l). and 4f<f.O) have been obtained by 

differentiating equations e.21. e.22. and e.23 with respect to f. 

The result for $. (f.O) is in agreement with the given border 
~ 

conditions in e.4. An ana.logous trea.tment ma.y be given to equations 

e.l7. and e.lS. to obtain grad~x.y) on the boundary of the 
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original problem. For the boundaries defined in figure E.1 of the 

region G1={(x,y)lx>O,y>O.xy<1} we obtain the following results. 

for xy=1, x>O. and y>O (e.37) 

for xy=1. x>O. and y>O (e.38) 

~x(x,O)=O. and ~Y(x,O):x[1-exp{ ;x2
}]-

1

/
2 ror x>O (e.39) 

~x(O,y)=O, and ~y(O,y)=y[exp{~2 }-1]-1 /2 for y>O (e.40) 

Using some standard Taylor expansions we rewrite the equations 

e.39, and e.40 into the form of equations e.25, and e.24, which 

were only valid within a smal! environment of the origin. 

4. The differenttal equation given in e.4, can also be solved with the 

given boundary conditions by Fourier transformation, and the 

Wiener-Hopf technique (see for instance;B. Nobli.Methods based on 

the Wiener-Hopf technique, 1958, p.135, example 3.17(1)). Without 

giving detailed calculations we will present the following results. 

CD 1 
1 \ (2)n 

~f. TJ)= T) + :; L n•n! sin(n'I'T)) •exp{ -mrf}, for f>O (e.41) 

n=1 
CD 1 

1 \ (2)n 1 1 
~f,TJ) = 1 -; L n•n! cos((n~)'I'T))•exp{(n~)Tf}. for f<O (e.42) 

n=O 

In equations e.41, and e.42 use has been made of Pochhammers symbol 

1 
(2)n with stands for; 

The series given in e.41, and e.42 are suitable for numeric 

calculations of ~f,TJ) if lfl is large. We'll check these two 
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series by calculating the derivative $~ + i$f; 

Q) 1 

2 
(2)n 

$.+i$~ = 1 + ~cos(nvn)-i sin(nvn)]•exp{-nvf} 
~ ~ n. 

n=1 
Q) 1 

2 
(2)n -1/ 

= --;-exp{-nvJ} = (1-exp{-vJ}) 2 , for f>O n. (e.43) 

n=1 
and, 

Q) 1 
\ (2)n 1 1 1 

~~+i~f = L ~sin((n~)vn)-i cos((n~)vn)]•exp{(n~)vf} 
n=O 
Q) 1 
\ (2)n 1 -1/ 

=-i L -nr-exp{(n~)vJ} = (1-exp{-vJ}) 2
, for f<O (e.44) 

n=O 

these results are in agreement with the derivative given in e.4. 

Above the solution is given for the potential problem with a 

geometry given in figure E.1. In figure E.5 we have defined three 

potential problems having different geometries. In the first geometry 

Fig E.5 Three possibte geometries for potentiat probtems 

having hyperbatic boundaries. 

(E.5.a) all four hyperbolic borders have been given a potential +1. The 

solution of this potential problem is trivia!. 
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<P{x.y) = 1 (e.45) 

Our second problem (E.5.b) is solved in exactly the same manner as the 

problem given in E.1. We Qnly have to rotate the E.1 problem 90 degrees 

clockwise to obtain this geometry. This is easily done with the complex 

mapping; 

z' = -i•z, with z' =x· + y• (e.46) 

The salution is given rewriting equation e.12; 

(e.47) 

The geometry given in E.5.c is the geometry of an idealized quadrupele. 

The potential is given by; 

Fig E.6 

<P{x.y) = xy 

An arbitrary potentiat probtem with hyperbatic 

borders. 

- 162 -
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The three solutions for the potentials problems given bere, tagether 

with the previous one calculated, form four independent orthogonal 

solutions. This offers the possibility to solve every potential problem 

which is characterized by four equal hyperbalie boundaries. For instanee 

the situation given in figure E.6. This geometry can be separated in the 

four geometries given in the figures E.1, and E.5. The four geometries 

can be written as four vectors, with a basis formed by the unity 

potential given on the hyperbalie boundary in the order of the numbers 

of the quadrants they are related to. Thus; 

E.1: T x = (+1,+1,-1,-1) 

E.S.a: T x = (+1,+1,+1,+1} 

E.5.b: T x = (-1,+1,+1,-1} 

E.5.c: T x = (+1,-1,+1,-1) 

The problem drawn in figure E.6 can be written as a linear combination 

of our basic geometries. 

2 

4 

+1 

+1 

+1 

+1 

-1 

+1 

+1 

-1 

2 = 2 -1 + 1 +1 + 2 +1 + 1 +1 

-4 -1 +1 -1 -1 

Because the solutions are orthogonal and independent we can write down 

the salution of the potential problem of C.6 as a linear combination of 

the partial solutions as given by e.l4, e.46, e.47, and e.48. We obtain 

~x.y} = 2*{e.l4} + {e.46} + 2*{e.47} + (e.48} (e.49) 
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Appendix F: Resul ts f'or the 21 cm circular f'ield obtained by 

"Transport •. 

In this appendix outputs of the program "Transport" are presented 

for the experimental setups presented in figure IV.6. figure IV.7. 

figure IV.S and for the contiguration using the circular field of 21 cm 

drawn in figure IV.12. All outputs are calculated in runs using zero 

momenturn spread. Except for the experimental setup using the 21 cm 

field. Here also a run has been made for a momenturn deviation of a half 

promille and a run bas been made calculating the second order effects. 
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Output belonging to figure IV.6: 
lwodo borld l!tti"! 

lbo al I. 'boa' 0.01!103,.. 
0.000 .. 0.000 0.~ .. 

> 

0.000 ·~ .000 ., 0.000 Hr~r~forll U 
"CC 
"CC 

0.000 ·~-~~~ .. 0.000 0.000 -0.01188~ 0.00000 0.00000 0.00000 0.00000 1.81481 (1) 

0.000 6.1110 •• 0.000 0.000 -0.9'111 -6.00000 -11 •• '5001 0.00000 0.00000 0. 00000 I 0. 00000 ::I 

0.000 0.000 "' 0.000 0.000 0.000 0.000 0.00000 0.00000 1.0~~92 2.33085 0.00000 0.00000 0. 

0.000 0.000 pr 0.000 0.000 0.000 0.000 0.000 0.00000 0.00000 0.67fol7 2.J527l 0.00000 0.00000 
..... 

A 51l I 16. 5. 0.10000lt02 
-0.10000 -0.20~11 0.00000 0.00000 1.00000 -o.09513 

>< 

Uil 16. 1. 0.45000l tOO 
0.00000 0.00000 0.00000 0.00000 0.00000 1.00000 

....., 

I llrl A 16. 12. 0.&00001: -o7 
ldroiU ). •wrp' 7~. 16:16"1 •• 

I llr2 I 16. 13. 0.60000l-o2 
vit!' codt : I 

ldrirU 3. 1 10 I 1875.00000 .. 
2215.07 .. 0.000 10.013 .. 

1875.000 .. 0.000 22.501 .. 
0.000 IJ5.001f ar 1.000 

o.wo 12.000 ., 1.000 
0.000 1.5~ .. 0.000 0.000 

0.000 1.152 .. 0.000 0.000 
0.000 6.180 •• 0.000 0.000 -o. 702 

0.000 0.000"' 0.000 0.000 0.000 0.000 
0.000 0.000 pr 0.000 0.000 0.000 0.000 0.000 

lrol•U 2. 'bot.' 0.00000 ~ 
1875.000 .. 0.000 22.501 .. 

0.000 6.183 •• 0.000 0.000 O.r.ill 

0.000 12.000 •• 1.000 0.000 2.~50 "' 1.000 1.000 0.000 0.000 

0.000 1.1~2 .. o.ooo 0.000 0.000 0.000 pc 0.000 0.000 0.000 0.000 0.000 

0.000 5.92~ ., 0.000 t.OOO -o.669 lqu.-11 5. 'ql (7',;.00000 .. 3.00000 l! lli.OOOOO 11 c 1511.748N • I 

0.000 0.000 "' 0.000 0.000 0.000 0.000 2~00.177 .. 0.000 21.184 .. 

0.000 0.000 pr 0.000 0.000 0.000 0.000 0.000 
0.000 12.67~ ., -1.000 

lbrrtdl ~. 'llfth' 130.8'5970 .. 15.01600 ,, 0.00000 I 166.667 11 , 45.000 dos I 
0.000 ~.011 .. 0.000 0.000 

2005.900 .. 0.000 17.325 .. 
0.000 26.247 ., 0.000 0.000 0.999 

0.000 16.981 •• -1.000 
0.000 2.450"' 1.000 -1.000 0.000 0.000 

..... 0.000 0.156 .. 0.000 0.000 
0.000 0.000 pc 0.000 0.000 0.000 0.000 0.000 

8l 
0.000 5.92~ ., 0.000 0.000 0.005 l~roru J, 'bldj.' 17:>0.00000 .. 

0.000 l.&llll"' -1.000 1.000 0.000 0.000 ~150.777 .. 0.000 0.231• 

0.000 0.000 pc 0.000 0.000 0.000 0.000 0.000 
0.000 12.SN ar 0.022 

ibrrtdl 4. •svt.c' 130.1!r.170 .. IUI&OO l9 1.00000 c 166.667 .. ' 45.000 dos I 
0.000 50.0011 .. o.ooo 0.000 

2136.800 .. 0.000 2.000 .. 
0.000 lli.247 •• 0.000 0.000 1.000 

o.ooo 135.101 ., -1.000 
0.000 2.450"' -o.OIO -1.000 1.000 0.000 

0.000 1.158 .. 0.000 0.000 
0.000 0.000,. 0.000 0.000 o.ooo 0.000 0.000 

0.000 5.914 •• 0.000 t.OOO Oc673 lt•.,.•loro U 

0.000 2.450"' -1.000 1.000 0.000 o.ooo 0.~610 0.00000 0.00000 0.00000 0.00000 -19.32854 

0.000 0.000 pr 0.000 0.000 0.000 0.000 0.000 1.12329 1.05630 0.00000 0.00000 0.00000 ·12.37091 
0.00000 0.00000 24.57:151 !16.6!16!16 0.00000 0.00000 

ltohU 2. 'bU' 0.00000 .. , 

2136.800 .. 0.000 2.000 .. 0.00000 0.00000 12.7eW 29.!1.1661 t.OOOOO 0.00000 

0.000 135.001 •• -1.000 -0.10000 -o.~l7 0.00000 0.00000 1.00000 -o.09513 

0.000 1.151• 0.000 0.000 0.00000 0.00000 0.00000 0.00000 0.00000 1.00000 

0.000 6.113 •• 0.000 0.000 0.706 lil U 10.0 'IU2' -I. 1. 0.00000 10.00010 I 0.001100 I 

0.000 2.450"' -1.000 1.000 0.000 0.000 
0.000 o.ooo ,. 0.000 0.000 0.000 0.000 o.ooo llfn9lhl 4150.77686 .. 

ldrlfU 3. . ,. . 14.11456 .. 
2151.614 .. 1.000 0.022 .. 

0.000 135.008 ., 0.011 
0.000 1.224 .. O.GOG 1.000 
O.GOG 6.113 •• 1.000 0.000 I. 742 ~ 
1.000 2.450<'1 0.010 I.GOG 0.000 0.000 

0.000 0.000 pc 0.000 0.000 0.000 0.000 0.000 
oq 
(1) 

..... 
Ol 
Cl1 



Appendix F 

.. 
r--
> 
..-t 

0 ..., 

~~~~ ~~ 
oo..:o 00 

~~~~~~ §§§ 
-oo-o1:. ..:oo 

:?i 
I • I • ~at: I • I • 
Glil!~~~=~~~i 
~~-=·...:ó ::~,.i.Q 

I 
~~~~~~i~~~~ 
oooooo§oooo 

>é 

..; 

: . -.. 
-"' 
~ 

I 
.; 

leleel!. 

~~~~~~ 
o~:;::w:.oo 

lillil 
öóOöóö 

~ 
0 

!! 
18 
oo 
§I 
..:o 

~~ 
-o 

eI!. 
~~ 
...;...; 

§I 
óÖ 

I .; 
11 
00 

~~~ 
~-ó 

§1§1 
öóöö 

~~~~~ 
-oooo 

I:;, I:; e 15. 

i!~~~~~ 
,....--~-.,._ 

8 8 
.; .; 

og !! 8o 
óO 

lil ~~ ~ .:.oo -o 0 

~~~~ lil I 
oo.:.o oo-;.o 

~~~~~~ ~~~~~ 
-o•-o!:::' 7oo-o 

~ 
I:;, I :;, e 15.~ I:;, I:;, e 15. 

-~lai!l-fi~jj!§ 

I 

I 
~ 

..; 

~~.tl(jNö s:i~:;..:o 
I 

~~~~~~~~~~~~~ ooo••• oooooo 

aê 

!' 

I .; 

I 

I 
oe! 

I I 
.; .; 

11 11 
öó --5§1 

o.-o 
!UI-
,:..:..:f 

1111~ 
o..:ooa 

11111" 
..:c:Oööl ~~~~~ "";""00.-

!i 
lelee11.!1:1:;.e11. 

iiE!~II-11!!~~~ 
s;:~..:.,;oo ...;~...:..nNo 

Page 166 

I 
.; 

§I 
Oö 

lil 
.:.oo 

lllU 
oo..;.c: 

i:§§~§ 
óóö~ó 

Iele!: IS. 

!i!iii!l 
.:~,e;No 

111111 
öóéöéó 

...;-

I I 
.; .. 

;§§!§ ·----~~~~~ 
"too 7 o 

!!!!!! !!!!!!i!!!!!! !!!!!! !!!!!! 
ö 

I 
I 

~~ 
- 166-

i 

I 
.; 

illlil 
..::äöó'f..: 

•••••• ••••-o 

111~11 
öó...:Oöö 

l~llil 
o~oo.;.: 

111111 
:Y~ööiö 

J 
~ 



.. 
00 

> ..... 

0 ..... 

Appendix F ! 
§§ 

§ § § 
Page 167 

00 

~~~~~~ ~~ 
-oo-o~ '":"o 

! 
lêlael1ilal 
~~~~~~=~;q;q 
d~...:..;...:o s:li• 

- I 
~~~~~~i~~~ 
oooooolooo 

lé 

§g§§§ 
Oóöóö 

.; .; 

§i §§ 
Oö óö 

§§§ ~~~ ..:oo .. .... 
~~~~ I§§§ 
0070 oo..;.o 

~~~~~~ !§§§I 
-;-oo-o~ ~óö.:.ö 

~ 
I à I à e 11~ I à I à e lt 
!!iiii!!!iHI.:~iHI!I 
.n~o.,:...:c: ..:...:~~Në 

.; 

~~i~~~=~~~~~~ lil 
óöö 

lillil 
ooooooloooooo óööóóö 

lë 

I I I 

I I I 
~ ~ ~ 

~ '"! 

..; ..; 

I 

4~ 
-=~ t ::lil t ~ 

§ § I .. .; .. 
§§ §§ 11 11 
00 óó öó óö 

~~~ ••• ~~~ lUl-
-föö <fóö f 511 

öóó 

~~~~ 
00 -· 

~~~~ 1111~ 
oooo ööööil 

~~~~~ 
-:-ooïo 

~~~~~ ~!!!!; -oooo 
~~~~~ 
-;-oo-;-• 

!i 

I 
.,; 

I .. 
11 
óö 

!til ··-~~~~ ----
;11~1 
öóööö 

:e:ee~ lêlêel1 lêlêeat!t:;lêel1 lèlêelt lêlêelt 

l .., 
l 
1 

~~~~~~ 
óicit.Döó 

818888 
óóöOOö 

i. 
~ 
~ 

•• 
~ 

..: 

I 

I 
ió 
! 

~~~~~~ ~~~~~1-81!~~~ ll!i~l ~~~i~l 
~~-~oo ~ci..:~öó N~...:~Nö N!~~Nó -~~-Nó 

!!!!!! !!!!!!I!!!!!! !!!!!! !!!!!! 
.,; 

.., -§ 
c; 
~ 

~~~~ 

11111 f I i I 
ööööl I ~ I ! ,n,.:~:!~ .. ;;: .. .. 

.. 
~ ~ .= ~ :" .. 

..... 
"' • .: ..; 

~~~~rt 

I I I I I 

.. ·---~ i~ § I . ... 
~~ 1hi 4 • 

...,.c-::~~,e ::an 
~-'' ... CD -.. !N i;;: ·--;;:- !-.... c .. « 

- 167 -

~---~--2-o'f-

llllll 
•ooo-o 

111~11 
öö~Nöó 

!!~~~~ 
lillil 
-~óó-fó 

1111~1 
:r;.;ooyö 

! 
~ 



Output belonging to figure IV.12 with ö = 0: ~ 
'tS 
(!) 
:::1 
0.. ...... 
>< 

I-elf botld loUo"' "TT 

ll>oul I. ...... 0.07!103 ,.. 
0.000. o.ooo t.2!JO .. 

0.000 12.000 •• 0.000 
0.000 9.824 .. 0.000 0.000 
0.000 4.880 •• 0.000 0.000 -t.9'1.i 
0.000 0.000 ro 0.000 0.000 0.000 o.ooo 
o.ooo 0.000 pr 0.000 0.000 0.000 0.000 0.000 ldroiU J. 'wrp' 74.16:1$2 .. 

vo~r~ todf. : I 
A 9f2 A 16. 5. 0 .IOOOOE +02 
I ll I 16. I, 0.45CICICl+to 

2;>65.535 •• t.OOO 7.7118 .. 
0.000 IO!i.oe5 or 1.000 

I llrl I 16. 12. 0.47t.I'IE-G2 0.000 1.673 .. 0.000 o.ooo 
I l/r2 I 16. IJ. 0.47&19[·02 0.000 4.888 •• 0.000 o.ooo 0.791 
ldriiU J. . .., . 1837.!10000 .. 

1837.500 .. 0.000 22.0'.11 .. 
o.oeo 2.457 .,. 1.000 1.000 0.000 0.000 

0.000 Jl.OOO or 1.000 
0.000 0.000 pr 0.000 0.000 0.000 0.000 0.000 

0.000 1.:103 .. 0.000 0.000 lquodl 5. 'ql 175.00000 .. J.ooooe t3 26.00000 .. I 158.74873 .. I 

0.000 4.880 •• 0.000 t.OOO ..0.&18 i440.535 .. 0.000 17.254 .. 

0.000 0.000 .,. 0.000 0.000 t.OOO 0.000 0.000 ~.153 •• -l.oet 

0.000 0.000 pr o.ooo o.oeo o.ooo o.ooo o.ooo o.oeo 3."" .. 0.000 0.000 

ArohU 2. 'bth' 0.00000., 

..... 1831.:.111100 0.000 22.0!11 .. 
0.000 ll.OOO or 1.000 

m 0.000 1.:103 .. o.oeo o.aoo 
0.000 4.720 ., o.oeo ..... ..0.582 
0.000 0.000 .. o.ooo o.oeo o.oeo o.ooo 0.000 24.UO or 0.000 o.ooo 0.!199 

o.oeo 0.000 pr 0.000 ..... 0.000 o.ooo 0.000 
0.000 2.451 .,. t.oeo -1.000 o.ooo o.oeo 

......... •• 'wUI' m.l&moo IUI7JO k! 0.00000 I 210.013 oo 1 19.1=19 do! I 
0.000 0.000 pr o.oeo o.ooo o.ooo o.ooo o.ooo 

2167.367 .. o.ooo 2.520 .. 
ldroiU 3. 'bid!'' 17:i0.00000 .. 

0.000 10!1.015 •• -1.000 41!10.535 .. 0.000 1.:104 .. 

o.oeo 1.moo o.oeo o.ooo 0.000 t.I&J •• 0.0:10 

0.000 4.1.10 •• 0.000 o.oeo 1.102 0.000 "·'" • 
0.000 0.000 

0.000 2.457 .. ·1.000 1.000 0.000 ..... 
o.oeo 24.440 •• 0.000 o. 000 1.000 

0.000 o.ooo pr o.ooo o.ooo t.ooo o.ooo o.oeo 0.000 2.4~7.,. ..0.010 ·1.000 0.000 0.000 
0.000 0.000 pr o.ooo o.ooo o.ooo o.oeo o.ooo 

ArohU 2. 'bh. 0.00000., 
2167.367• 0.000 2.520 .. 

u ... ,, ... u 

0,000 10!1.0011 •• ·1.000 
1.21nl 0.00000 0.00000 0.00000 0.00000 ·24.12235 

t.ooo a.m. 1.000 1.000 
1.16103 0.82155 0.00000 0.00000 0.00000 ·15.17340 

0.000 ...... o.oeo 0.000 t.l37 0.00000 0.00000 13.01437 54.33810 0.00000 t.ooooo 
0.000 2.457.,. -1.000 1.000 0.000 0.000 0.00000 0.00000 11.5211 28.21!161 0.00000 0.00000 

0.000 o.oeo pr o.oeo t.ooo e.ooo e.ooo o.ooo ·0.10000 ·0.20475 0.00000 0.00000 1.00000 .0.119116 
0.00000 0.00000 0.00000 0.00000 t.OOOOO 1.00000 

ldiiiU 3. ••• . 24.to4&S .. 
2191.Jnoo 1.000 o.o~. 

HoU 10.0 '1112' ·I. 2. 0.00000 10.00010 I 0.00000 I 

0.000 105.005 •• 0.011 l t.ooo 1.404. 0.000 0.000 llong\111 4190.~34&7 .. 

0.000 ...... t.OOO 0.000 0.105 
t.OOO 2.4~7 .,. 0.010 1.000 1.000 ..... 

. (!) 

0.000 0.000 pr t.OOO 0.010 0.000 0.000 t.OOO :< -()) 
u .... ,. .. u 

-G.II42S 1.00000 0.00000 0.00000 o.ooooo 2.34003 

-4.71ill5 -1.74917 0.00000 o.ooooo I. 10000 10.10000 

00 

t.IOOOO o.tooeo 1.0m9 2.33538 0.10000 o.ooeoo 
0.10000 o.ooooe 0,42216 1.14308 0.10000 o.ooeoo 

-G.ItoOO -1.20415 o.tooeo 0.00000 ............. 
0.10000 0.10000 0.00000 0.00000 0.10000 1.10000 



.... 
(j) 
CD 

t .. odo bHld r.u • ., 

AbfHA I, 
0.000 .. 

' g/2 ' 'u' 
' 1/rl ' 
A l/r2 A 
Ad"rU 

1837.!100 .. 

Arouu 
18j7,!100 .. 

AbonciA 
2167.367 .. 

Arouu 
21&7.36711 

Ad"ru 
21s1.~n .. 

16. 
16. 
16. 
16. 
3. 

2. 

4. 

2. 

3. 

'bt•' 0.01!103 ,.. 

5. 0.10000€+02 
1. o.~·oo 

12. 0.41619(-G2 
13. 0.41619l-02 

'10. 1837.50000 •• 

'bl'\1' 0.00000., 

'wil!' 329.116721 .. ll.m·JO lS 

'bt.l. 0.00000., 

. ,. . 24.004n .. 

~ 
~ 

Output belonging to figure IV.12 with ö = 0.05 %: 

0.000 0.250 H 

0.000 12.000 •• 
o.ooo 9.824 .. 
0.000 4.180 •• 
0.000 0.000 .. 
0.000 0.050 P< 

0.000 22.0!11 .. 
0.000 Jl,OOO or 
0.000 1.303 .. 
0.000 4.11110 •• 
0.000 0.000 .. 
0.000 0.050 P< 

0.000 22.0!11 .. 
0.000 12.000 •• 
0.000 1.303 .. 

0.000 
0.000 0.000 
0.000 0.000 -o.t95 
0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 o.ooo 

1.000 
o.ooo 0.000 
0.000 0.000 -o.518 
o.ooo 0.000 0.000 o.ooo 
o.ooo o.ooo 1.000 o.ooo o.ooo 

1.000 
t.OOO 1.000 

0.000 4.120 •• o.ooo ..... -o.!l82 
o.ooo 1.000 
0.000 0.000 n.•...,, 

0.000 0.000 .. o.ooo o.ooo 
o.ooo 0.000 0.000 0.050 P< o.ooo 

0.00000 ( 210.003 .. • 
0.000 2.523 .. 
0.000 105.001i •• 
0.000 1.326 • 
0.000 4.120 •• 
0.000 2.457 .. 
0.000 0.050 P< 

0.000 2.523 .. 
0.000 105.006 •• 
0.000 1.326 .. 
0.000 4.M •• 
0.000 2.457 .. 
0.000 0.050 P< 

0.000 0.120 .. 
0.000 10!1.00& •• 
0.000 1.404 .. 
0.000 4.81hl •• 
0.000 2.4~7 .. 
0.000 0.050 P< 

...", 
1.000. t.OOO 
1.000 ..... 

-o.m 1.000 
0.141 0.005 

-o.!l!l!l 
o.eoo ..... 

U02 
t.OOO t.OOO 
t.ooo 1.000 -o.oo2 

0.000 I .000 U37 
..... 1.000 0.100 0.000 
0.142 1.005 o.ooo 1.000 -o.oo2 

0.107 
t.OOO 0.100 
0.000 0.000 0.1185 
0.000 1.000 0.000 t.OOO 
0.!11 0.005 o.ooo o.ooo -o.002 

AtriftifOrl U 
-o.w~ 0.00000 
-4.161~ ·8.74'1117 
0.00000 0.00000 
0.00000 0.00000 

-0.10000 -o.2om 
0.00000 0.00000 

Ad"fU 3. 'wrp' 
vary rodf t I 

2265.535 .. 

0.00000 0.00000 0.00000 ~.34003 

0.00000 0.00000 0 .0000!1 10.00000 
I.Oi749 2.33538 0.00000 0.00000 
0.42216 I.B4J08 0.00000 0.00000 
0.00000 0.00000 1.00000 -0.11!186 
0.00000 0.00000 0.00000 1.00000 
14.16:/62 .. 

0.000 7.189 .. 
0.000 105.00G •• 1.000 
0.000 1.673 .. o.ooo o.ooo 
0.000 4.81hl •• 0.000 0.000 o. 791 

ä. ..... 
>< 
..,., 

0.000 2.45i .. 1.000 1.000 0.000 0.000 
0.000 0.050 P< 0.020 0.005 0.000 o.ooo -0.002 

·~""' 5. 
'ql • 175.00000 .. 3.00000 lg 16.00000 11 f 1511.74879 oo I 

2440.~35 .. 
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