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Abstract 

In this report the longitudinaJ conductivity Orr of the two

dimensional electron gas (2DEG) on liquid helium is examined, as 

function of a magnetic field perpendicular to the surface. The attention 

was mainly concentrated on the high magnetic field behaviour. 

The conductivity is measured, by using an a.c. measuring method, 

employing a Corbino-type geometry. The interpretation of the 

experimental data is extensively studied, by comparing the usual 

simplified model and a new derived model of the experimental cel!. It is 

shown, that the simplified model is equal to the new model, if certain 

conditions are fullfilled. 

By analyzing only the measurements for which the simplified model 

was valid, Orr is measured in the range where scattering of electrons by 

vapour atoms is dominant. For low magnetic fields, the classica! 

relation Orr "' 1/B2 is confirmed. By entering the quanturn limit, i.e. 

the Landau 1~'''31 l::i~t-~al·ation llwc becomes larger than the thermal energy 

kbT (hwclkbT ~ 4 under the present conditions), a strong deviation from 

the classica! behaviour is observed. The deviation is compared with a 

quanturn transport theory, which however prediets a larger deviation. To 

account for the discrepancy between our measurements and the theory a 

preliminary physical explanation is suggested. 
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Chapter 1 Introduetion 

The two-dimensional electron gas (2DEG) on the surface of liquid 

helium is more and more recognized as an unique system for the research 

in the various fields of physics. It is for only two decades that the 

physicist became interestad in this system, and that the first 

theoretica! predictions of surface states on liquid helium were made by 

Cole and Cohen [1] and independently by Shikin [2]. A number of 

experiments have established that electrans are bound perpendicularly to 

the surface and form a non-degenerata (classica!) electron gas parallel 

to the surface [3]. From this time on great progress has been made and 

various interesting physical phenomena have been reported. 

One of these interesting phenomena is the recently discovered [ 4] 

Wigner crystallisation of the two-dimensional electron gas on the 

surface of liquid helium, i.e. for low enough temperatures, when the 

Coulomb interaction dominatas the kinetic energy of the electroos, the 

2DEG on a liquid heHn.m surface exh5. 1:>its a tl~o-dimensional 

solidification. This 2D phase transition is of great interest, both 

theoretically and experimentally, because 2D phase transitions are 

unlike any seen in the three dimensional systems. Studying this 2D phase 

transition could teil us more about, for example the surface of three 

dimensional solids and of anisotropic solids in which the interactions 

in a plane of symmetry are much strenger than the interplane coupling. 

Since the discovery of the Wigner crystallisation much research has been 

done in this field of critica! phenomena [5]. 

Another important aspect of the 2DEG on a liquid helium surface is 

the fact that the system is very clean, i.e. the motion of the electrans 

parallel to the surface is only determined by three wel! known 

scattering mechanisms. First of all the already mentioned Coulomb 

interaction. However, if the density is low enough this interaction can 
' be neglected and only two mechanisms play a role of importance, i.e. the 

electron vapour atom interaction and the electron-ripplon interaction. A 

ripplon is the quantized version of the gravi ty capillary waves ( the 

same as on the ocean) on the surface of liquid helium. Above 1.1 K the 

vapour atom interaction is dominant, below 0.8 K the electron-ripplon 

interaction is dominant. Because the 2DEG on the surface of liquid 

helium is one of the cleanest examples of the existing two-dimensional 
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electron systems and essential parameters, such as the number of 

scatterers, the electron-ripplon coupling and the electron density, can 

be varled over a considerable range, the 2DEG on the surface of liquid 

helium is very suitable to test electron transport theories. An 

important parameter in these theories is the conductivi ty a of the 

electron gas. 

electrans on He Si-MOS GaAs/AlxGa1-xAs 

Eo (meV) 0.7 5-50 20-40 

no (m- 2 ) 109 -1013 1015_1017 1015_1016 

Er (meV) 1o-7-1o-3 1-50 2Q-100 

J.L ( m2 IV • s) 107 103 105-106 

Table 1 Some typi.oû ual_ues of pa.r'l.meters in 2DEG on a. U.quid hel.ium 
surface and. in sel•ticond'.lctCJi" structures: Eo binding energy, no electron 
density, Er Fermi energy and. J.L mobil.ity. 

In this report the conductivi ty a of the electron gas in high 

magnatie fields perpendicular to the surface is measured as function of 

magnatie field 8. One of the interesting aspects of a high magnatie 

field from a fundamental point of view, is the fact that the motion 

parallel to the surface is confined to Landau orbits, and as a 

consequence the energy spectrum is completely discrete. The system is 

now fully quantized. Electron transport theories in 2DEG in high 

magnatie fields play an important role in the understanding of quanturn 

phenomena such as the quanturn Hall effect (QHE) [33] or the fractional 

quanturn Hall effect (FQHE) [42] in semiconductor devices. The study of 

the conductivity of the 2DEG on a liquid helium surface is therefore not 

only interesting from a fundamental point of view, but could give some 

more insight in the phenomena appearing in semiconductors. Some typical 

differences between 2DEG on a liquid heliurn surface and 2DEG in 

semiconductor structures are shown in table 1 [6]. The accupation factor 

v = 2nn0 22 • which is the nurnber of occupied Landau levels. is for 

typical densities (see table 1) and a magnatie field 8 = 4 T 

approximately 1 % in the case of the 2DEG on a liquid heliurn surface. 
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For a comparable accupation number in 2DEC in semiconductor stnJctures 

this would mean a magnetic field of B = 500 T 

Other interesting non-degenerata systems which are similar to the 

2DEC on a liquid helium surface are the 2DEC on a liquid helium film and 

the 2DEC on solid neon and hydrogen. The first. as stated by Peeters 

[6], could bridge the gap between the degenerata 2DEC in semiconductors 

and the classica! 2DEC on a liquid helium surface because important 

parameters, for example the electron density and electron-ripplon 

coupling, are in a different range than on the liquid helium surface. 

Recently, in the 2DEC on a helium film polaron effects are observed in 

the region where the ripplon scattering is dominant [7]. A polaron is, 

in this case, an electron surrounded by a cloud of ripplons. According 

to Peeters [6] this effect shows that the electron system on a liquid 

helium film is a nice testing ground for field-theoretica! calculations 

in the interaction of the electron with a scalar field, i.e. the surface 

modes of the liquid helium. 

More recently, it has been shown that the 2DEC on solid hydrogen [8] 

is a very suitable system for i:~sting localisation theories, because 

again the parameters can be varled over a considerable range. The random 

potentlal which is needed, is supplied by the frozen surface of the 

solid hydrogen. By introducing a smal! amount of helium vapour above the 

hydrogen surface the localisation effects can be destroyed. 

From the above mentioned properties it is clear that the two 

dimensional electron gas on a dielectric surface, in particular on a 

liquid helium surface, al though "classica!", has been more and more 

recognized as an unique model system of a two-dimensional electron gas. 

In chapter 2 the electron transport theory, both in zero magnetic 

field as in high magnetic fields, wil! be discussed. Chapter 3 gives a 

description of the experimental setup. In chapter -4 the experimental 

methods wil! be analyzed and in chapter 5 the results wil! be discussed. 

In chapter 6, we wil! giv~ the conclusions resulting from the preceeding 

chapters and some suggestions for future research. 
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Chapter 2 Theory 

2.1 Electroos on the surface of liquid helium 

2.1.1 The motion perpendicular to the surface 

An electron, a distance z above the helium surface, polarizes the 

helium atoms of the liquid which results in an attractive force towards 

the surface. The penetratien of the electron into the liquid is 

prevented by a potentlal barrier of height Vb ~ 1 eV which is a 

consequence of the Pauli exclusion principle: the energy of the electron 

inside liquid helium ("a noble gas") would be larger than outside. Since 

the repulsive barrier Vb is large in comparison with the weak attraction 

of the liquid, we can approximate Vb by Vb = co. Because, ·as wlll be 

shown, the mean distance of the electron in the ground state to the 

surface, is large in comparison with the interatomie distance in liquid 

helium, 't is a good approximatio11 to neglect '!'Jlcrosr:opir: pnl:.sisation 

effects and to calculate the attractive potentlal classically. This 

calculation [9] yields 

V(z) = e 2 (ê - 1). 1 
4(ê + 1) 411"êQZ z > 0 (2.1) 

here e is the electrooie charge, êo the permittivity of the vacuum and ê 

the dielectric constant of liquid helium. Together wlth V(z) = co for 

z ~ 0 eq. (2.1) forms a one dimensional wel!. Since the motion parallel 

to the surface is free electron like (we ignore for the present 

interactloos wi th helium vapour atoms or ripplons), the Schrödinger 

equation splits into two parts. One part has the solution 

ik•r iv•r/:hm 
~(r) = A•e = A•e , (2.2) 

where p, v and r are respectively the momentum, the velocity and the 

pos i ti on vector parallel to the surface, and m is the free electron 

mass. This is discussed in the next paragraph. 

The time independent Schrödinger equation for the motion normal to 

the surface reads 
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cz,=11.4 nm 

z(nm} ---
2 

Ff.gu.re 2.1. The image potential. V(z) (I.ower curve) and the ground 
state wave function (upper curve) for an el.ectron above the l.iquid 
he l.ium surface. 

with boundary conditions 

~(0) = 0 

~(z) = 0 for z -+ co 

E~(z) (2.3a) 

(2.3b) 

Thus, in the z-direction, the electron behaves llke a one-dimensional 

hydrogen atom with a reduced nuclear charge Qe = (E.-1)e/4(E.+1). The 

energy levels are easily found to be [14] 

(2.4) 

with n = 1,2, .... The energy of the ground state is equal to 

Eo ~ 0.66 meV ~ 7 K. The normalized wave functlon for the ground state 

is given by 

2 -z/a 
~(z) = ---r-z•e a•va 

(2.5) 
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were a = ao/Q the effective Bohr radius and ao the Bohr radius. Wi th 

é = 1.0572 we find a= 7.6 nm. The mean distance from the surface in the 

ground state is given by 6a/4 = 11.4 nm, which is much larger than the 

interatomie distance in liquid helium (- 0.36 nm). The above mentioned 

results are graphically shown in figure 2.1. 

Since the energy difference between the ground state and the first 

excited state is E2 - E1 ~ 5.6 K while the temperatures used in 

experiments are typically of the order 0.1 K- 2.0 K the electrens are 

mainly in the ground state. 

The existence of these surface states on a liquid helium surface 

were predicted theoretically by Cole and Cohen [1] and independently by 

Shikin [2]. Experimentally they were observed by Crimes and Brown [10] 

in a spectroscopie experiment. They found for the transition frequencies 

v(1 ~ 2) = 125.9 ± 0.2 CHz and v(1 ~ 3) = 148.6 ± 0.3 CP~. This compares 

with the theoretica! predictions v T (1 ~ 2) = 119.3 CHz and v T (1 ~ 3) 

= 141.3 CHz. The small deviations (5.2% and 4.9% respectively) are a 

consequence of two approximations made in the .one dimensional hydrogen 

atom model. First the barrier potentlal Vb ~ 1 eV instead of Vb = oo and 

secondly the Coulomb potentlal V(z) will be disturbed in the neigh

bourhood of the helium surface due to quanturn effects. In order to cor

rect for these effects, several different potantials have been proposed. 

For the interestad reader, we refer to Cole [11], Hip6lito et al. [12] 

and Stern [13]. 

Of practical and special interest for experiments is the influence 

of an external electrical field F n normal to the surface because not 

only the binding energy increases, but it is also possible to "press" 

the electron into the ground state level. The Schrödinger equation in 

the presence of a holding field Fn reads, 

(2.6) 

An exact analytic solution of (2.6) has not yet been obtained. By 

treating eFnz as a perturbation on the original problem eq. (2.3), 

(which is valid for eFna < Eo) it can be shown that, the ground state 

energy shifts linearly with Fn [14] and that for fields of the order 

10 - 20 V/cm, the electron is mainly in the ground state [15]. 

For a more elaborate analysis of the surface states on a liquid 

helium surface, including the electrical holding field Fn. we refer to 
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the extensive literature on this subject [16,17,18,19]. 

We assurne that the above calculations of the one electron model 

still holds in the case of the two dimensional electron gas on a liquid 

heliurn surface. If the electron density is low and thus 

electron-electron interaction can be neglected, the N-particle 

Schrödinger equation of the 2DEG on a helium surface reduces to N 

ene-partiele Schrödinger equations of the type similar to eq. (2.6). We 

only need to replace Fn in eq. (2.6) by an effective mean field 

Feff = Fn +Fm. where Fm is the mean field in the z-direction due to the 

ether electrons (the mean field of the electrens parallel to the surface 

is assurned zero because the densi ty is low and edge effect of the 

electron gas are neglected). 

The total energy of the electron in the ground state is given by 

(2.7) 

where k is the two-dimensional ~~ave number. In a t~o-dimensional 

electron gas the density of states is constant and given by (including 

spin) 

(2.8) 

2.1.2 Electrens on a liquid helium surface: a classica! electron gas 

In this paragraph we shall discuss the motion parallel to the 

surface and we shall show that the 2DEG on a liquid helium surface is a 

classica! 2DEG. 

As mentioned before, the motion is free electron like. The effective 

ma ss me f f of the eléctrori on a 1 iquid hel i urn surface is equal to the 

free electron mass. This has been experimentally confirmed by Edel'man 

[20] and Brown & Grimes [21]. The ratio of the effective mass meff and 

the free electron mass m was measured and was equal to 

!!!ll.!.. = 1 . 00005 ± 0. 0004 
m 

(2.9) 
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for a holding field Fn = 14 V/cm. 

lf we assume, as before, that the electron density na is low, it is 

possible to treat the two-dimensional electron gas on liquid helium as a 

non-interacting fermion gas. The calculation of the Fermi energy Er, at 

T = 0, yields [9,22]. 

Er = tm?no 
m (2. 10) 

The maximum densi ty the surface can sustain before a hydrodynamica! 

instability occurs [17] is of the order 1013 m- 2 and thus Er ~ 10-3 meV 

or a Fermi temperatue Tr ~ 10 mK. This is much lower than the usual 

experimental temperatures and also several orders of magnitude lower 

than for the two-dimensional electron systems in semiconductor 

structures (102 -103 K). The ZDEC on a liquid helium surface thus is a 

classica! electron gas at all practical temperatures. Quanturn 

statistica! effects can be neglected, but become important when the 

density is increased. Higher densi ties can b..; obt.,d_n'3d when a helium 

film is used instead of bulk helium [6]. 

As a consequence, the electron distribution function h(ES) is a 

Boltzmann distFibution and is given by 

(2.11) 

bere ES is the kinetic energy of the electrons parallel to the surface, 

and kb Boltzmann' s constant. The averaged kinetic energy is equal to 

kbT. The normalization is such that 

(2.12) 

More interesting aspects óf the motion parallel to surface are: 

- which mechanisms determine the mobility of the electrons if an elec

trical field is applied parallel to the surface? 

- what is the influence of a magnetic field normal to the surface on the 

conductivity of the electrons? 

In the next paragraphs these aspects wil! be discussed. 
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2.2 The mobility of the 2DEG on a liquid helium surface 

The most important parameter in electron transport theories, is the 

mobility ~· It provides information about the interaction mechanism of 

the electrens with the helium vapour and liquld. If the density of the 

electrens is low enough the electron-electron interaction can be 

neglected and mainly two mechanisms determine the mobili ty. The first 

mechanism is the electron vapour atom interaction which is dominant for 

temperatures above 1.1 K. If the temperature is lowered, the vapour 

density above the liquid helium decreasas rapidly and another mechanism, 

the electron-ripplon interaction, becomes important. The electron

ripplon interaction is dominant for temperatures below 0.8 K. A ripplon 

is the quantized version of the gravity capillary waves. Physically 

speaking, this interaction is caused by the surface roughness of the 

liquid helium created by thermally excited ripplons. Therefore the 

electrens above the liquid helium surface do not "fee!" a perfectly 

smooth surface but "fee!" a ripplecl. surface, and the motion parallel to 

the surface is influenced by this surface roughness. 

There is a remarkable similarity between the 2DEG on a liquid helium 

surface and the 2DEG in semiconductors: the impurity and the 

electron-fonon interaction in semiconductors play an analogous role as 

the vapour atom and electron-ripplon interaction in the 2DEG on a liquid 

helium surface. The situation however is reversed, i.e. the impurity 

scattering in semiconductors dominatas the conductivf ty at low 

temperatures. 

Several theoretica! approaches have been made to calculate the 

mobili ty of the 2DEG on a liquid helium surface by taking both mech

anisms into account. Numerous experiments have been performed and were 

in reasonable agreement with the theoretica! predictions made by 

Monarkha et al. [23], Shikin [24], Platzman [25] et al. and Saitoh [26]. 

One remark has to be, made bere: in the experiments that we have 

performed, we were only interested in the Ohmic mobili ty, i.e. the 

mobility which is independent of the applied electrical field Eo 

parallel to the surface. Physically this means that the electrons, when 

set into motion, stay in the ground state level. The reader who is 

interestad in the non-ûhmic mobility, the so · called hot electron 

effects, is referred to refs. [27,28]. 
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Saitoh [26] has calculated the Ohmic mobility for electrens on a 

liquid helium surface. The remalnder of this paragraph is an adaption of 

his publication. We shall mainly quote the results and give the physical 

interpretation of these results. For details about the derivations we 

refer to the original artiele [26]. 

The electron mobility is determined by solving the Boltzmann 

transport equation (B.T.E) for the electron distribution function f(k) 

in the single relaxation time approximation [29,30], i.e. the cellision 

term in the B.T.E. is written as 

fof(k)J - - ( f(k)-h(~)J - - [kx•g(~)J 
[ 8t coll. - T(~) - T(~) (2.13) 

where the electrical drift field is in the x-direction and T(~), the 

relaxation time is given through 

T(~)- 1 = Tv(~)- 1 + Tr(~)- 1 (2.14) 

The subscripts refer to the ripplon resp. vapeur atom part. Eqnation 

(2.13) states that the non-equilibrium electron distribution function 

kx•g(~) would, in the absence of fields, relax within a time T(~) 

towards the equilibrium distribution function h(~). In principal the 

mobility of the electrens can now be expressed in terms of T(~) by the 

standard text bock methods [29], while explicit farms of T(~) can be 

obtained by evaluating the left hand term in eq. (2.13) for the specific 

interaction Hamiltonian. 

To calculate the left term in eq. (2.13) some details about the 

correct ferm of the interaction Hamil tonlans have to be known. The 

Hamiltonian for the electron-ripplon interaction is, in the adiabatic 

approximation, given by [26,31] 

(2.15) 

here S is the surface area of the system, q the wave vector of a 
t 

ripplon, r the two-dimensional position vector and bq resp. b-q the 

creation resp. annihilation operator of a ripplon wi th wave vector q. 

~r(q) is given by (in the one electron model [26,31]) 
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(2.16) 

here p is the density of liquid helium. and lq is given by 

l = (~J·ln(~J q 2mao ebq (2.17) 

~q is the coupling function between the electron and ripplon, lq and Fn 

in eq. (2.16) are, respectively, the coupling term due to the 

polarization of the helium surface and the coupling term due to the 

applied holding field, and e is the natura! constant. Note that the 

ripplon interaction depends explicitly on the holding field Fn. 

The angular frequency of a ripplon Wq in eq. (2.16), is given by (if 

the heliurn is infinitely deep) 

(2.18) 

where a is the surface tension of liquid helium and g is the 

gravitational constant. The dispersion relation eq. (2.18) is 

essentially the same as for waves on the surface of water [32], however 

in the ripplon case, the wave nurnber q is quantized. 

For the electron vapour atom scattering, a simplified 6-function 

potentlal is assumed of the form 

~-v = Uv• 2 6(r1 - RJ) 
I . j 

(2. 19) 

where r 1 and RJ stand for the position veetors of the ith electron and 

the jth He vapour a torn respectively, and Uv is the strenght of the 

interaction between the electrans and vapour atoms. Equation (2.19) is 

the hard core potentlal wfth zero range. 

Since both Hamiltonlans are known, the colllslon term in eq. (2.13) 

can be calculated. For the interestad reader we refer to Saltoh [26]. 

The calculation yields the followlng results for Tv(ê) and Tr(ê) 

-1 Tv = (2.20) 
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1~]] (2.21) 

here A is the scattering cross section of an electron wlth a helium 

vapour atom. nG the density of the helium vapour atoms, b is the decay 

length of the ground state wave function under both the image potentlal 

and the in paragraph 2.1.1 introduced effective field Feff (replace a in 

eq.(2.5) by b), and Eb= h2 /2mb2
• 

The electron mobility is related to T(~) through 

(2.22) 

Since T(~) has a complicated ~ dependance, ~ is calculated numerically 

on a comruter [22]. Figure 2.2 shows the mobility ~ as function of the 

helium vapour densi ty nG and the temperature T for different holding 

fields Fn. Fm was taken zero, Fm= 0. As seen from fig. 2.2. the 

1o•l---------;1r-o22 ___ -i1F-o" ___ _"1o
28 

10 

10
1 

• J tO 
TIK I 

Ff.gure 2.2 The mobiUty ~ as function of the temperature T for 
different hotding fietds Fn. 
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electron vapour interaction is dominant for temperatures above 1.1 K and 

is nearly independent of the holding field. (the Fn dependenee of Tv is 

a consequence of the smal! Fn dependenee of b). Another main feature can 

be seen from fig. 2.2. Since Tv (eq. (2.20)) is independent of the 

electron energy, ~bas the same temperature dependenee as nG- 1 , i.e the 

mobi li ty ~ is inversely proportional to DG ( the dasbed line in fig. 

2.2). 

For temperatures below 0.8 K the electron-ripplon interaction is 

dominant and varles only slightly with T. The dependenee on F n is 

stronger than in the vapour case, which is a consequence of the explicit 

Fn dependenee of Tr(E-). lf the holding field Fn is increased, the 

mobility ~ decreases. Physically speaking, this is a consequence of the 

fact that the electrons are more pressed against the helium surface, if 

the holding field is increased, and thus "fee!" the surface roughness, 

i.e. the ripplons, more. This results in a decreasing mobility. 

The conductivity a of the electron gas is given by 

a = noeJ.L (2.23) 

The conductivi ty a is a function of the temperature T, the electrical 

holding field Fn. and the electron density no. Note that the 2D 

conductivity bas the dimension siemens with S.l. symbol S. However to 

avoid confusion with the symbol for the second s, we use as symbol for 

the 2D conductivity the mbo ö . 
In the next paragraph we shall consider the transport of the 

electrons in a magnetic field B perpendicular to the surface. 

2.3 The conductivity of the 2DEG in a magnetic field B 

When a magnetic field is applied perpendicular to the surface the 

dynamica! properties of the 2DEG on liquid helium surface change. The 

magnetic field causes the electrons to move in cyclotron orblts parallel 

to the surface. If the magnetic field is high enough i.e. ~cT> 1, where 

~c = eB/m is the cyclotron frequency, the motion is quantlzed into 

Landau levels. The energy spectrum of the electrons is then completely 

discrete (we neglect spin) [33,34] 
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Etol = Eo + (N + l/2)•hwc (2.24) 

hereN= 0,1, ..... Equation (2.24) is graphically shown in fig. 2.3. 

Therefore, in high magnetic fields. quantum mechanica} effects wil! play 

an important role. Before we discuss the high magnetic field 

conductivity, we shall first consider the case of low magnetic fields in 

the sense that flwc < kbT, which means that many Landau levels are 

occupied with a substantial number of electrons. In this case the energy 

quantization turns out to have not many consequences and thus the 

calculation can be done classically. 

Since a magnetic field is present it can be shown that the 

generalized form of Ohm's law reads 

j = a•Eo (2.25) 

hereais the conductivity tensor. In ref. [22] the calculation of the 

E + 
' 

+ 

,.,---- - "~' 
.;---------

, 
-----------Eo ~---------Eo 

k k 

a b 

Ff.gure 2.3 The dispersion relati.on for the 2DEG on a Uqu.id helium 
surface, a: without a magnette field, b: with a magnette field. 

diagonal element a~~ = a~~(B,T) is done for a Corbino geometry (for more 

information about the Corbino geometry see paragraph 3.3) which yields 

(2.26) 
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Here Orr(B,T) measures the conductivity in the direction of the applied 

electrical drift field. Equation (2.26) shows that the conductivity 

decreasas if the the magnetic field is increased, which is a consequence 

of the fact that in the presence of a magnetic field the electrons move 

perpendicular to the electrical field. If there is no scattering 

mechanisms, ~ = ~. consequently Orr(B,T) = 0 This strange behaviour of 

the conductivity, i.e. arr(B,T) is low if the mobility is high, is 

purely a consequence of the used Corbino geometry. 

In the deriviation of Orr in ref. [22], it was implicitly assumed 

that the relaxation time T was not a function of the energy ~ of the 

electrons. We know however that the ripplon relaxation time does depend 

on ~. lf the vapour atom scattering is dominant (during all our exper

iments) eq.(2.26) is correct, in the range where the ripplon interaction 

plays a role, eq.(2.26) has to be replaced by [30] (compare eq.(2.22)) 

(2.27) 

where the brackets stand for the same averaging procedure as in 

eq. (2.22), ~H is the Hall mobility and ~ is consequently the drift 

mobility in the absence of a magnetic field. The ratio R = JJ/~H is 

called the Hall factor and is usually in the order of 1 - 2. The dif

ference between eq. (2.26) and (2.27) is a well known effect in semi

conductors. However in the case of vapour atom scattering R = 1. For 

classica! high magnetic fields, i.e. ~HB > 1, but bwc < kbT. Orr(B,T) is 

equal to 

noe2 1 
arr(B,T) = ::---z-<-( )) 

lll&lc T ~ 
(2.28) 

i.e. the conductivity is inversely proportional to B2
. lt can also be 

shown that the Landau level width is given by (in essence the uncer

tainty relation) 

(2.29) 

with <T(~)> independent of the magnetic field B. The classica! behaviour 

eqs. (2.26-27), has been experimentally confirmed in refs. [35,36]. 

When the magnetic field is high, i.e. bwc > kbT, the situation is 
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more complicated. Since all electrons now occupy the lowest Landau 

level, the conductivity arr(B,T) depends much on the particular form of 

the Landau levels. This can be easily shown qualitatively. 

Consider first the ideal case, i.e. the energy levels are given by 

eq.(2.24). It can be shown that the density of states ~N(~) of the Nth 

Landau level is given by 

(2.30) 

i.e. each Landau level has the form of a ö-function wi th degeneracy 

factor 2eB/m, including spin. This degeneracy factor of the Landau 

levels is calculated by assuming that the energy states in the 

neighbourhood of the Nth Landau level are projected on the Nth Landau 

level (fig. 2.4). In this idealized case therefore only inter-Landau 

level scattering can cause the conductivity (intra-Landau level 

scattering, i.e. scattering within a Landau level, does not contribute 

to the conductivity if the Land~u level has a ö-function fo1m). However 

transition probability of N = 0 ~ N = 1 is 

:J) (E) ~ 

m 
~--+---~~~~~------nn2 

0 -E 

Figure 2.4 The density of states in a 2DEG in a magnette field in a 
idealized system. 

low because bwc > kbT and because the density of states are ö-functions 

(Fermi's Golden Rule). Consequently the conductivity is low. 

In reality however, the Landau level broadens due to collislons of 

the electrons with vapour atoms and rlpplons (flg 2.5). The width of the 

Nth Landau level is rN. Intra-Landau level scattering is now posslble 

(which is more probable ) and therefore the conductivity is larger than 

in the case of a 6-function form of ~N(~). 
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J) (E) f 

0 E 

Figure 2.5 The broadening of the Landau level due to collisions. 

From these qualitative considerations, it can be concluded that the 

conductivity of the ZDEG on a liquid helium surface in a high magnetic 

field depends much on the particular form and width of the Landau 

levels. 

Saitoh [37,38,39] calculated the broadening of the Landau level due 

to collisions with ripplons. Later in this paragraph we shall briefly 

report his results in the case of high magnetic fields . 

.D (e:) 

l 

Q flWG I E -
1 2 I 

1----2-r---! 
Figure 2.6 The calcula.ted densi ty of sta.tes by Ando and Uemura. in the 
self consistent Bom a.pproximation (SCBA). 

So far, theoretica! treatments of the Landau level broadening due to 

helium vapour atom scattering have not been found in the literature. 

However the relaxation time Tv due to vapour atom collisions is indepen-
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dent of the energy (:. of the electrens. As mentioned before, this is 

analogous to the impuri ty scattering in 2DEC in semiconductor struc

tures. Ando and Uernura [40] have calculated the Landau level broadening 

in the case of impurity scattering in a 2DEC in high magnatie fields. 

The broadening of the Nth Landau level is calculated self consistently 

(the deriviation is very curnbersome, for more details of this calcu

lation, we refer to the original publication ref.[40]). The results for 

the density of states in the lowest Landau level ~o((:.), in the case a 

ó-function potenttal is assurned for the impurity scattering is 

(2.31) 

here i = J(hleB) is the Landau orbit radius, and 2•r is the width of the 

lowest Landau level. Note that the densi ty of states ~o((:.) (shown in 

fig. 2.6) is semi-elliptic around bwc/2. The level width is given by 

(2.32) 

were T is the relaxation time of the vapour atom scattering in B = 0. As 

can be seen from eq.(2.32), the level width is proportional to- Jwc/T 

while classically the level width, as mentioned before, - 1/(T((:.)>. For 

Landau levels to exist, it is necessary that the following inequality 

holds 

(2.33) 

which is, after some rearranging of terrns is equivalent to WeT> 1, as 

in the classica! case. 

If in our case the va~ur atom scattering is dominant, the situation 

is analogous to the impurity scattering. Therefore we assume that the 

calculations of Ando and Uernura are applicable to our situation as well. 

The relaxation time in eq. (2.33),has to be replaced by Tv. the 

relaxation time due to vapour atom collisions. 

If only the lowest Landau level is occupied, Ando and Uernura obtain 

for the conductivity (see also [41,42]) 
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(2.34) 

where the integral is over the zeroth Landau level (from flwc-r to 

bwc+r). In our case, f(~) is given by a Boltzmann distribution (not eq. 

(2.11) since the density of states is different and thus the prefactor 

in eq. (2.11) shall be different) 

(2.35) 

where C(B,T) may depend on the magnetic fieldBand the temperature T. 

12 

1000 

500 

am am 

Figure 2.7 and 2.8 In fig. 2.7 the relative change of Urr(B=O)/arr(B) 
as fwtetion of the magnette field B for different temperatures T 
ba.sed on the theory of Ando and Uemura is shoun, fig.2.8 shows the 
relative change of Urr(B=O)/arr(B) as fwtetion of the magnette field 
B for different temperatures T on basis of the theory of Baitoh. 

C(B,T) is determined by the usual condition (see also (2.12)) 

(2.36) 

where the integral is only over the lowest Landau level. The integrals 
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(2.34) and (2.36) can be calculated analytically, using [58], and the 

results for C(B,T) and Urr(B,T) are 

(2.37) 

(2.38) 

where S(r/kbT) is given by 

CXI 

S(rlkbT) = l 
n=O 

(2n)!! = 2n•(2n-2) (2.39) 
(2n)!! (2n+2)!! 

Equation (2.38) only holds in the case that the range of the scattering 

potentlal is zero i.e. a 6-potential is assumed for the vapour atom 

scattering (see ~q.(2.19)). Note that in the limit (r/kbT) ~o. Urr(B) 

has the form 

(2.40) 

i.e. ar r (B, T) "' v13. Equations (2.38) and (2.40) are only valid in the 

case the vapour atom interaction is dominant (T > 1.1 K) and hwc > kbT. 

In fig. 2.7 the ratio Urr(B=O)/arr(B) is shown as function of B for 

several temperatures T, calculated on the basis of eqs. (2.38) and 

(2.23). The mobility ~ = ~(T) and the relaxation time Tv= Tv(T) used to 

calculate Urr(B=O)/arr(B), are determined from the theory of Saitoh [26] 

discussed in paragraph 2.2. As seen from fig. 2. 7 ar r (B=O)/arr (B) is 

nearly linear on B in contrast to the low magnetic field behaviour which 

is proportional to B2 (se~ eq. (2.26)). 

The physical interpretation of the above resul ts is kept for the 

next paragraph. First we shall give the results of the calculation of 

Urr(B,T) in the case that the electron-ripplon interaction is dominant. 

If the ripplons become dominant, the calculation of the broadening 

of the Landau level done by Ando and Uemura [ 40] fails because the 

relaxation time for ripplons Tr(~) depends explicitly on the energy ~. 

Since a magnetic field alters the energy spectrum (see eq. (2.24)), 
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Tr(~) depends explicitly on B. For the ripplon case therefore a 

different calculation of the level broadening is necessary. Saitoh bas 

in a number of articles treated this case [37,38,39]. Because the 

derivation is cumhersome (path integral methods are used) we only give 

the results in the case hwc > kbT. The Landau level broadening is again 

calculated self consistently and the .. high temperature" approximation is 

used, i.e. 

(2.41) 

where Dwq is the ripplon energy. The conductivity is given by (compare 

eq. (2.28)) 

n e2 1 
Orr(B,T) = ~ ( 

IIX&lc Tr B) (2.42) 

bere Tr(B) is the ripplonic relaxation time in the presence of a magnet

ie field. For Tr(B) Saitoh (39] obtains 
1 = TWc9 (2.43) 

Tr(B) ~48kbT 

where 9 and 8 are given by 

(
l 2 ( 64Eblflwc ] 
n exp(14/3-u) + ;2 ~]] (2.44) 

(2.45) 

where u= 0.5772 is the Euler constant. In fig 2.8 Orr(B:O)/arr(B) is 

shown as function of B, in the case the ripplon interaction is dominant 

(T < 0.8 K). Equations (2.44,45) are valid under the condition 

(2.46) 



Physically speaking this means that the coupling energy 8 between the 

ripplons and the electrons, is smal! compared to the thermal energy kbT 

and the characteristic magnatie energy bwc. 

2.4 Simple physical interpretation in a diffusion picture 

In this paragraph we shall give a simple physical interpretation of 

the preceding paragraphs. A qualitative understanding can be obtained by 

consiclering the transport in a diffusion picture [39,40]. 

Relating the mobility to the diffusion constant D through the 

Einstein relation ~ = eD/kbT. the conductivity in case of a 

non-degenerata statistles can be written generally as 

(2.47) 

with 

(2.48) 

where L and T are the characteristic length and hopping time for the 

diffusion proces, and n0 is the total carrier density. Equation (2.47) 

fellows immediately when the elementary expression for the current 

density, j = 2 e•v 1 is converted to an integral over the energy: 

(2.49) 

bere ~(~)is the density of states, f(~) the distribution function of the 

electrens and v(~) the velocity. Only the davlation from thermal equi

librium gives rise to a net current (see fig. 2.9) so that, with 

(2.50) 

where f0 (~) and AU = eE 0 L, Eo the applied drift field and t the mean 
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free path. Using eq. (2.49) a = Eo/j can be written as 

(2.51) 

where average constant values for t, v and T are assumed with v = tiT. 

When f0 (~) is a Boltzmann distribution 

(2.52) 

and eq. (2.47) fellows with 

(2.53) 

For a degenera te electron gas, f0 (~) is the Fermi-Dirac function and 

-8f0 (~)/8~ is a ö-function ö(~-~F) (for T = 0), so that eq. (2.47) 

becomes 

(2.54) 

with ~(~F) the density of states at the Fermi energy. 

Ftgure 2.9 The shifted distributton function as function of the ~ve 
number kx, the applied drift field is in the x-direction. The shaded 
mrt is the electrens uhtch effecttvely contribute to the current. 
ko = mvolfl = mj/noen uitere v0 is the drift velocity in the Drude 
model of conduction in metals. 

For a classically high magnetic field, flwc < kbT but WeT > 1, we 
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have to make modifications in eq. (2.48). The characteristic length L in 

the diffusion proces is now the classica! cyclotron radius lc. lc is 

given by 

l - !!!!. "' ~ 
c - eB eB (2.55) 

where v "' ~kb T/m is the mean thennal veloei ty. Substi tuting 

(2.55),(2.53) and (2.52) in eq. (2.47) with the help of eq. (2.48), we 

obtain 

a(B) noe2 1 
=--·~ m Wc T 

(2.56) 

Equation (2.56) is equal to the classica! magnetoconductance given in 

eq. (2.38). 

In the quanturn limit, bwc > kbT. all the electrans are in the lowest 

Landau level. lf the temperature is not too low, i.e. if kbT > r. the 

average values for L and T are the average values in the lowest Landau 

level. The characteristic lenght is now the quanturn mechanica! cyclotron 

radius of the lowest Landau level which is given by ( one orbi t area 

camprises one flux quantum) 

(2.57) 

Thus classically lc "' 1/B while in the quanturn limit l "' 11-JB. The 

scattering time is to be replaced by T(B) ~ ntr(B), which follows from 

the uncertainty relation as f(B) is the width of the Landau level. 

Substitution of land T(B) in eq.(2.47) yields 

2 noe r a--------
- 1r B kbT (2.58) 

which is equal to the result eq. (2.40), apart from the prefactor. The 

field dependenee of a = ar-r- therefore differs from the classica! 1/82 

behaviour. Because r"' -JB, a 11-JB behaviour would be expected from eq. 

(2.58) in the limit kbT > r. Exact calculations according to eq. (2.38) 

are shown in fig. 2. 7 and 2.8, for the case more relevant to the 
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experiments: r"" kbT. An approximately linear dependenee is found for 

this case. lt should be noted that the different field dependenee in 

both cases is mainly a consequence of the different equations for the 

cyclotron radii. 

In case the electron-ripplon interaction is dominant i t can be 

easily shown from eqs. (2.42), (2.43), (2.44) and (2.45) that the result 

eq. (2.58) is exactly reproduced in the limit a ~m [], i.e. the image 

potentlal term lq in eq. (2.16) is neglected. The image potentlal term 

lq leads to the complex Wc dependenee in eqs. (2.44), (2.45). 

Equation (2.58) can also be written as 

(2.59) 

where v = noh/eB. The first factor in eq. (2.59) is recognized as the 

the inverse of the fundamental resistance unit. v is the so called 

filling factor: the total electron density divided by the Landau level 

degeneracy (excluding_ ~{>in det:;eneracy), i.e. the number of occupied 

Landau levels. For our non-degenerate case v < 1. Except for the factor 

rlkbT. eq. (2.59) is the expression Ando and Uemura [40] obtained for 

the peak value of Orr in a degenerata 2DEC for integral values of v. 

As shown in this paragraph the difficult deriviations of Saitoh 

[37,38,39] and Ando and Uemura [40] of Orr(B,T) in a strong magnetic 

field can be understood qual.ita.tivel.y in a simple diffusion picture. 

However for comparison with the experiments, the exact calculations have 

to be performed. 
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Chapter 3 Experimental setup and methods 

3.1 Outline of the experimental setups 

The experimental setup used to measure the conductivity of the 2DEG 

on a liquid helium surface in the temperature range 1.3- 2.0 Kis shown 

in figure 3.1. 
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1 f\lling capillary 

2 filling capillary (reserve) 

3 radlation shield 

4 cryostat insert 

5 nitrogen cryostat 

6 starage tank 

1 experimentall cel! 

8 superconducting coil 

9 liquid helium (1.3- 4.2 K) 

10 helium cryostat 

11 liquid nitrogen 

12 pump 

Figure 3.1 The expertmentaL setup in the temperature range 1.3 - 2.0 K. 
See text for exptanation. 

The experimental chamber is cooled to 1.3- 2.0 K. This is achieved 

by first precooling with liquid nitrogen in the outer cryostat to 77 K 

and then filling the inner cryostat with liquid helium of 4.2 K. By 

pumping the helium cryostat, we can achleve the necessary temperatures 
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in the range 1.3-2.0 K. At the bottorn of the cryostat insert a cilindri

cal experimental chamber is connected. The experimental chamber is made 

of copper. lnside the chamber an experimental cel! is suspended. From a 

tank at room temperature. helium gas can be condensed into the experi

mental chamber by means of two capillary tubes. A superconducting coil 

is mounted around the experimental chamber and can apply magnetic fields 

up to 4 T. We made sure that the experimental cel! was in the heart of 

the coil and that all the materials used were non-magnetic. Half way the 

cryostat insert, radlation shields were soldered on the current wires to 

cool these wires with the helium vapour. 
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1 3 He circulating capillary 

2 superconducting coil 

3 filling capillaries 

1 constriction 

5 heat contact 

6 liquid nitrogen cryostat 

7 storage tank 

8 mixing chamber 

9 expertmental cell 

10 heat exchangers 

11 still 

12 liquid helium (1.2 K) 

13 1 K bath 

11 liquid helium cryostat 

15 3 He circulating pump 

Figure 3.2 The cryogeni.c part of the di.l.ut i. on refri.gerator. See text 
for expl.anati.on. 

Before we discuss the experimental cel!, we shall first describe the 

experimental setup in the temperature range 0.1-1.5 K, since the exper-
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imental cell used in both cases was the same. 

To achleve temperatures in the range 0.1-1.5 K we made use of a 3 He 

circulating dilution refrigerator. For an extensive description of the 
3 He circulating refrigerator, we refer to ref. [43]. The cryogenic part 

is shown in fig. 3.2. 

The dilution refrigerator is accomodated in a setup consisting of a 

liquid nitrogen cryostat (T = 77 K) and a liquid helium cryostat 

(T = 4.2 K). The part of the dilution refrigerator below 4.2 K is sealed 

in a stainless steel vacuum chamber in the llquid helium cryostat. 

Inside this vacuum chamber the expertmental chamber (a cyllndrical 

stainless tube of 35 mm diameter and 100 mm height) is soldered on the 

top of the mixing chamber. A slntered layer of 90% copper and 10% French 

silver on the exterior top of the mixing chamber facilitates the heat 

exchange between the mixing chamber and the liquid helium sample for the 

experiment. The experimental chamber can be filled in the same manner as 

described earlier. A superconducting coil can be mounted around the 

vacuum chamber. A severe problem in this setup is the liquid helium 

level inside the experimental chamber during au <!xped.nent. This ·shall 

be discussed later in this chapter. 

The temperature in the expertmental setups is measured with carbon 

resistance thermometers. For the temperature range 1.1-2.2 Kan Allen & 
Bradley resistance is used, for temperatures below 1.1 K a thermometer 

of the Speer type is used. The thermometers were placed in the neigh

bourhood of the experimental cell. 

3.2 The experimental cell 

The experimental cel!, shown in fig. 3.3a, is used in both experi

mental setups and is similar to the cell used in the earlier experiments 

[44,45,9,22]. The reason for a new design were the dimensions of the old 

cell which did not fit in the dilution refrigerator. Other consider-
/ 

ations, such as to simplify electrostatle calculations, were also taken 

into account and had mainly consequences for the guard ring (see later). 

The design which resulted is a mixture of the old cel! and a cell used 

in experiments in refs. [9,44,45,55]. 

The experimental cell consist of two parts. The upper part, which is 

made of two brass plates, four spacers and a spring, is used to adjust 
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Figure 3.3 a: the used experimentat cett, b: the structure on the two 
epoxy print ptates. 

the lower part in the hortzontal direction. The lower part consists of 

two epoxy print plates cove:ced wi th copper .md a concentric guard ring 

made of copper. These three parts are isolated from each other and are 

isolated from the upper part of the cell. The whole cell was kept to

gether with eight nuts and is suspended to the flange of the cryostat 

insert. The structure of the two print plates are shown in fig. 3.3b. 

The lower print plate consists of a center part of diameter 2•r0 = 6 mm, 

and a concentric ring part, width 4.82 mm, isolated from each other by a 

spacing of d = 0.5 mm. In this spacing holes are made to make sure that 

liquid helium can enter the experimental cell and cover the ring and 

center. On the upper print plate a copper disc of radius R = 8.32 mm is 

made. A hole in the upper plate is made to put a tungsten filament thro

ugh (an ordinary bulb), which is used to deposit electrons on the liquid 

helium surface. The tungsten filament is directly connected to the guard 

ring of height L = 3.13 ll}ffi• inner radius Rg = 8.4 mm and outer radius 

Rtot = 10.0 mm. 

The guard ring is used as a spaeer between upper plate and center

ring which are therefore parallel within 0.1% . 

The upper plate, ring. center and guard ring are used to confine the 

electrens in horizontal and vertlcal directlon. Ring and center are 

further used to employ a.c. measurements. 
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3.3 Electrical connections, deterrnining the helium height 

Figure 3.4. shows the electrical connections of the lower part of 

the experimental cel!. 

Figure 3.1,.. The e1.ectrica1. col'11l.ections of the 1.ower part of the 
expertmentaL ce1.1.. For expl.anation see text. 

During the coudul:tivi ty measurem::.nts, the guard ring and upper plate 

are at constant potentlal -V0 and -Vp respectively. The ring electrode 

is grounded and is together with the center connected to a conductance

capacitance bridge operatingat bridge frequency f, usuallyin the range 

1 - 10 kHz. The electrans are supported on the helium surface by heating 

the tungsten filament a few times until saturation occurs, i.e. the 

potentlal of the electron layer on the helium surface is equal to -Vp. 

The positive pole of the power supply is connected to the guard ring. 

This makes sure, together with the negative voltage on the plate, that 

the electrans are blown towards the helium surface. In the dilution 

refrigerator this technique may cause problems, since below 1 K the 

necessary helium vapour above the liquid helium level is absent and the 

electrons, when arriving with a kinetic energy greater than 1 eV (see 

fig. 2.1) are shooted into the liquid helium. This problem is solved by 
I 

depositing the electrans on the helium surface when the temperature is 

1.2 K, and then cooling down to lower temperatures. This procedure 

caused an other well known problem which we shall discuss later. 

The superconducting coil (not shown in fig. 3.4) is connected to a 

current supply which can supply currents up to 120 A. The critica! 

current of the coil is 40 A which corresponds to 4 T. 

The upper plate together with the guard confines the electrans in 
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the vertical and horizontal direction. When the ratio Vg/Vp ~ 1, the 

holding field E1 is mainly caused by the upper plate and is equal to 

E1 = Vp/L, where L is the separation between plate and ring electrode 

[46]. 

During the filling of the expertmental chamber with liquid helium, 

the electrical connections are disconnected and the capacitance between 

plate and center-ring is measured with the conductance-capacitance 

bridge. lf we use the plane-plate capacitor as an approximation for the 

cel! we can determine the height h of the liquid helium with the for

mulae derived in ref. [9,44] 

(3.1) 

bere h is the helium height, ~ is the dielectric constant of liquid 

helium, C". is the capaci tance between plate and ring-center without 

helium and C1 the value with helium present. Later we shall discuss a 

possible alternative metbod of measuring the helium height. 

If we assume that the helium height is directly proportional to the 

pressure dropAPin the storage tank (see fig. (3.1)), it is possible by 
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Ff.gure 3.5 The ~neasured inverse capa.citance C1- 1 as function of the 
pressure drop AP in the starage tank. 

measuring C1 as function of AP, with the help of eq. (3.1), todetermine 
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the helium height. By using the value of AP where C1 suddenly changes, 

i.e. liquid helium enters the experimental cell as a gauging point, 

measurements of C1 - AP in different runs can be compared. 

Figure 3.5 shows C1- 1 as function of AP for a typical run. The 

dashed curve is C1- 1 as function of AP lf APIs a llnear function of the 

amount of helium condensed in the expertmental chamber and lf eq. (3.1) 

holds. 

From fig. 3.5 it is clear that the assumed llnear dependenee of C1- 1 

on AP is not experimentally confirmed. The main reason for this discrep

ancy is the fact that the relatlon between AP and the amount of helium 

condensed in the experimental chamber is not linear. This non llnearity 

is caused by first of all adheslve effects just before liquid helium 

enters the experimental cell and just before the cell is completely 

filled. The second reason is the fact that the uncertainty in AP is 

large because the amount of helium which is condensed in the experimen

tal chamber depends much on the particular circumstances (temperature, 

the absolute pressure in the filling tank etc.). For this reason we 

assume that eq. (3.1), although not axperimentally verifi-d, ~tolds. To 

"check" this assumption one can calculate C1 theoretically when the cell 

is completely filled with the help of eq. (3.1). Cw is measured fre

quently and was equal to 

Cw = 0.4694 ± 0.0005 pF (3.2) 

and thus C1(h=d) theoretically (~ = 1.0572) 

C1(h=d) = 0.4962 ± 0.0005 pF (3.3) 

The calculated value eq. (3.3) is in perfect agreement with the measured 

value 

C1(h=d) = 0.4953 ± 0.001 pF (4.3) 

We therefore estimate that the calculated h, starting from eq. (3.1). is 

accurate within 10 %. 

One part of fig. 3.4. has not been discussed i.e. the a.c. measure

ments of the conductivity of the electrons. This topic wil! be discussed 

in the next chapter. 
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Before we shall proceed with the next chapter we shall briefly dis

cuss the problems we have encountered in the dilution refrigerator. 

Since, as discussed earlier, the electrons must be deposited on the 

helium surface at T = 1.2 K, the temperature gradient existing in the 

dilution refrigerator from 1 K bath to mixing chamber changes during 

cooldown. Therefore thermomechanical effects appeared, i.e. the liquid 

helium in hollow parts close to 1 K bath and still could flow trough the 

filling capillaries to the warmer parts of the dilution refrigerator. As 

a re sult, the liquid helium level ins i de the exper i mental chamber was 

not stable. By reducing and removing the hollow parts in the filling 

capillaries close to 1 K bath and still, the helium level inside the 

experimental chamber was stabilized. In ref. [52] the same thermomechan

ical effects were reported. 
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Chapter 4 Analysis of the experimental procedure 

4.1 The a.c. measurements 

To measure the conductivity O'rr (B, T) or the mobility J.L(T) of the 

2DEG on a liquid helium surface, one main problem bas to be solved, i.e. 

one can not make permanent centacts to the electron gas. For this reason 

mainly two types of experiments have been performed based on a.c. 

maasurement techniques ( there have a lso been performed some time of 

flight methods, but this maasurement of J.L is discontinuous and that is 

probably the reason why they are not popular any more [15]). 

In one type of experiments, standing wave resonance are excited by 

driving the electrens wi tb an high frequency e.m. field. Whenever the 

frequency of the e.m. field matches the frequency of a standing wave of 

the electron system in the cell, a power absorption takes place. The 

width of the absorption peak is a measure for the damping of the system 

and thus for the mobility J.L of the electrons. 

In the other type of experiments, the low frequency mobility of the 

electrens parallel to the surface is measured by setting the electrens 

in motion with an a.c. electrical field. By measuring the induced signa! 

in another portion of the cell, one can determine the conductivity of 

the electrens on the surface. 

To the first type of experiments belong plasmon resonance 

experiments (Grimes and Adams [4,60], Marty and Poitrenaud [48]) and 

cyclotron resonances experiments (Brown and Grimes [21], V.S. Edel'man 

[20]) while the second type of experiments were performed by several 

authors [7,35,49,51]. Our experiment belongs to the second type. 

The ring (fig 3.4) is connected to the low side of the conductance

capacitance bridge which is grounded. An a.c. voltage V0 •eiwt is applied 

to the high side of the bridge, which is connected to the center. The 

detector signa! of the bridge is connected to a lock-in amplifier (not 

shown). By phase sensitive dateetion of the detector signa!, the complex 

impedance between center and ring due to electrens on the surface is 

measured. The c-c-bridge is used in the conductance mode, which means 

that the unknown measured impedance Z is monitored as a parallel circuit 

of a conductance Gx and capacitance Cx (fig. 4.1). 
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z 

Figure. 4.1 The m.easured complex impedance is IROnitored as a JXJ.raUel. 
circuit of a conductance Gx and a capacitance Cx. 

The measured conductivity a,.,. is the d.c. conductivity if c.rr < 1, 

where T is the cellision time (= relaxation time) of the electrens 

parallel to the surface. lf the frequency is in the range 1 - 1000 kHz 

this condition is fullfilled for all the temperatures used 

(1.3 - 2.0 K). 

The conductivity is Ohmic if it is independent of the applied 

electric a.c.field. This condition bas been experimentally verified. 

By measuring Gx and Cx as function of magnetic field B 

(perpendicular to the electron layer) and temperature T we can determine 

the conductivity a,.,.(B,T), if we know what the relation is between Gx. 

Cx and a,.,.(B,T,). In the next paragraph we shall discuss two methods of 

analyzing the experimental data. 

4.2 Methods of analyzing the experimental data 

Since the ring-eenter-plate-guard system is cylindrical syumetric, 

we can only measure radi~l induced currents on the ring. Our geometry 

bas great analogy wi th the Corbino geometry. used to measure the 

diagonal element a,.,.(B.T) of the conductivity tensor a [50]. One aspect 

of the Corbino geometry is that only a,.,. can be measured. This can be 

shown quite generally. 

Ohm's law in a magnetic field reads (see eq. (2.25)) 

j = a•Eo (2.25) 
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where j is the current density in the plane of the electrans and Eo is 

the applied electric drift field, which may both depend on the 

coordina tes ( r, lP) . From the Maxwell rel a ti on VxE0 = 0 ( the magnetic 

field is statie), it follows that if (Eo)z = 0 (2DEC !) 

(Eo) = 0 
lP 

1 
(Eo) ""

lP r 

In the plane of the electrans 

(4.1) 

(4.2) 

must hold which leaves (Eo) = 0 as the only solution. Inserting this in 
lP 

(2.25) gives 

j = a • (Eo) r rr r 
(4.3) 

j = a • (Eo) 
lP l#)r r 

Since as mentioned earlier, only Jr can be measured, it follows that 

when knowning (Eo)r only, arr (B,T) can be determined. One can say that 

in a Corbino type geometry, the Hall effect is short circuited. The 

above analysis is only valid when the reactive part of Jr is neglible, 

i.e. WT < 1, and if the self generated magnetic field of the electrans 

is smal! [50]. 

4.2.1.-The old metbod 

The first metbod of analyzing the measured Cx and Cx is by means of 

a simplified circuit shown in fig. 4.2b (compare with fig. 4.1). This 

metbod has been used by Y. Iye [35] and J. Theobald et al. [51] and in 

earlier experiments in our group [9,22,44,45]. 

In fig. 4.2b Co and Co are the measured values without electrons, 

i.e. the direct coupling between ring and center. If electrans are 

present an additional coupling appears which is represented by the upper 

path in fig. 4.2b. C1 represents the capacitance between the ring and 



a 

1 tungsten filament 

2 upper plate 

3 electron layer 

4 guard ring 

5 Iiquid helium level 

6 central electrode 

7 ring electrode 

Analysis I 37 

b 
Ftgu.re 4.2 a: the lower part 
simplified equivalent circuit of 
cell. 

of the expertmental ceH, b: the 
the lower part of the expertmental 

the electron layer above it. C2 a similar quant! ty related wi th the 

central electrode. Ce is the conductance of the electrans in the region 

above the spacing. A simple circuit analysis gives a relation for Cx and 

Cx as function of w =2vf, Ce and Ce=C1C2/(C1 + C2) 

Gx Co + c. 
= 1 + (Ge/wCe) 2 (4.4a) 

Cx = Co + (Ge/w) 2 /Ce 
1 + (Ce/wCe) 2 (4.4b) 

In this analysis the capacitance Ce is considered to depend only on 

geometrical factors and natura! constants. The conductance Ce is a 

function of the electron mobili ty Jl, the eleç:tron densi ty na and the 

geometry. Ge can be written as 

Ge = a,.,.(B,T)/1 (4.5) 

bere 1 is a geometrical factor (the ratio of the width to the circum

ference of the ring shaped electron layer above the spacing, between 

ring and center electrode). 

In his experiment, Iye [35] used a magnetic field to determine the 

mobility of the electrons'in B = 0. The conductivity a,.,. (B.T) for smal! 

B is given by eq. (2.26) (only vapour atom scattering) 

(4.6) 

A seen from eq. (4.6). if the magnetic field is increased at constant T, 
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Grr(B,T) decreases. Iye [35] therefore used the magnetic field for two 

reasons: The first reason is, that with the help of eq. (4.6) ~ can be 

determined from the low magnetic field measurements (Iye does not make a 

difference between ~ or ~H). The second reason is the fact that the 

measured Cx for B = 0 is small (this can be seen from fig. 4.2b, if 

Ce >we •. then Ce can be considered as a short circuiting between C1 and 

C2). so the relative error in Cx is large. By applying a magnetic field, 

one can see from eq. (4.4a) and (4.6) that Cx becomes larger (if 

Ce >we.) as function of B. Ceometrically this is a consequence of the 

fact that the current densi ty j in a magnetic field has a tangentlal 

component, resulting from the Lorentz force. Because of charge 

conservation and since in a Corbino geometry only radial currents can be 

measured, this results in an increasing resistance. Therefore Cx becomes 

larger and thus the relative error smaller. In the earlier experiments 

performed in our group the same problems were encountered [9,22]. 

We see from eqs.(4.4) that the limits for Cx forCe ~mor Ce~ 0 

are both Co (which can be seen directly from fig. 4.2b) while Cx is 

equal to Co for Ce ~ 0 and is equal to c. + Co for Ce ~ m. 

The approximations which are made by using this simplified circuit 

are 1. the coupling of the electron gas to guard ring and upper plate 

are neglected 

2. the capacitance Ce is considered to depend only on the geometry. 

In experiments (see later), it is however observed that Ce also 

depends on B and on w. 

3. by using this analysis to measure a,.,.(B, T) in high magnetic 

fields the implicit assumption is made that the geometrical factor 1 

does not depend on B 

4. the charge which is available is finite, therefore the idealized 

form of Ce wil! in general not be fullfilled. This corresponds with 

the condition Ce/Ce = Re Ce < 1/w. • since this condition expresses 

that displaced charge,is smal! (the RC-time of the system c. and Ce 

is small in comparison with the inverse frequency). The condition 

ReCe < 1/w is used in ref. [51] 

To reduce the geometrical effects, the ratlos Vp/Vg are kept 

constant during all the experiments. 

As mentioned earlier, the experiments showed that for large B the 

capacitance Ce varled as function of B. Since, just in this regime, the 
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conductivity ar r (B, T) deviated from the classica! behaviour, a more 

precise analysis was needed. 

4.2.2 The dynamica! metbod 

The second metbod of analyzing the experimental data is similar to 

the analysis made byE. Andrei [7] and M.L. Ott-Rowland et al. [56]. 

Figure 4.2a shows the experimental cel! in more detail. For the 

present we neglect the guard ring and assume that the electron density 

is a disc of radius R and constant density noe. The disc form is fully 

determined by the static potantials on the upper plate, guard ring, 

center-ring and the potentlal of the electron layer U [53,54,55]. The 

homogeneaus electron density no can be calculated as function of U, Vp. 

~ and the height of the heliurn level h (see Appendix A.2 ref. [9]). We 

assurne that the electrens are in a charge neutrailzing background. The 

magnetic field B is perpendicular to the electron layer and is much 

larger than the magnetic field generatcd by the motion of the electrons. 

We assume that the magnetic field 13 is uniform. The upper plate and 

guard have potentlal -Vp and -Vg respectively. The center and ring are 

equally biased at zero potential. In calculations, we assume that the 

spacing between ring and center can be choosen at zero potential, since 

the width of the spacing is smal! compared to the radius of the cel!. To 
iwt the center a harmonie a.c. voltage Vo•e is applied. 

It can be shown that the linearized dynamica! problem, i.e. the time 

dependent problem, can be reduced to an electrostatle one. The 

generalized Ohm's law and the continuity relation yield 

j = (a + if) •Eo (4.7) 

dn 
edt + Vr•J = 0 [V •J e 2J..r + J.r) 

r éJr r (4.8) 

where a is the conductivf ty tensor, i the imaginary constant and f a 

tensor which takes the reactive properties of the electrens into account 

[7,56,61]. For simplicity we have assurned, because the cel! is 

cilindrical symmetrie, that the electron density n = n(r,t) and the 

current density j = j(r, t) are only a function of the distance r from 

the cylinder axis and the time t. Eo = Eo(r,z,t) in eq. (4.7) is the 

time dependent electrical field inside the cylinder, and bas to be 
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evaluated at the height of the electron layer z = h. 

We assume that all the terms in eq. (4.7) and (4.8) can be written 

in the following linearized form [7,56,57,61] 

iwt n(r,t) =na+ nt(r)•e 

iwt j(r,t) = j(r)•e 

iwt Eo(r,z,t) = Eo(r,z)•e 

(4.9a) 

(4.9b) 

(4.9c) 

The time dependent terms are assumed smal! (harmonie approximation). 

Substitution of eqs. (4.9) in (4.7) and (4.8), neglecting secend and 

higher harmonies, leads to a single dynamica! equation ( (Eo) = 0 see 
cp 

paragraph 4.1) 

(
- enofrrW + ienaGrrW ]·~ = -Vr•Eo(r,h) 

( 2 2 ) ( 2 2 ) na Grr + frr Grr + frr 

(4.10) 

a2 1 a 
where Ar = Br2 + r:--ar anä tt(r,h) the time dependent potentlal inside 

the cell at height h. 

Equation ( 4.10) and the Poisson equation for the time dependent 

potentlal tt(r,z)•eiwt are simultanuous solved to yield nt(r) and 

tt(r,z). The boundary conditlens for the dynamica! problem are: t1 = 0 

on the upper plate, ring and spacing, and t1 = Va at the center. Further 

we assume that the radial component of the current density Jr = 0 at the 

edge of the electron disc [49,56]. The calculation is done in the 

Appendix. 

The potentlal t 1 (r,z) is then used to calculate the induced current 

on the receiving electrodé 

R 

I= i~·~aw•J dttl 2urdr 
dz z=O 

ro+d 

( 4.11) 

Since the bridge is in the conductance mode (see fig. (4.1)), the 

induced current on the ring is equal to 
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(4.12) 

The resulting relations for Cx and Cx are (see A.1) 

Cx = Co + n e2 • \ A • tanh(9 ( L-h)) • [---[_Kq___;;a...:..;..:...:_o:_2....oii~~;..:...:_J _____ ] 0 
Lq q ~·tanh(9(L-h))+tanh(9h) [Kq 2 ]2 L 2 ]2 wnoe frr + wnoe Grr 2 ~2 2 ~2 

Grr + ~rr rr + ~rr 

(4.13a) 

C C 2 \ tanh(9(L-h)) Grr + frr 

[ 

[ w:n0e2a; r ] ] 

x = 0 + noe • Lq Aq • ~· tanh( 9(L-h) )+tanh( 9h)" -[K_q __ ___;:;..:...:._.....IL.:...:.... ____ _ 

wnoe
2
frr)

2 
+ çwnoe

2
Grr]

2 

2 ~2 2 ~2 
Grr + ~rr rr + ~rr 

(4.13b) 

where Aq an Kq are given by 

A _ 4~·~·ro ?t(9ro) (ro+dl.?t(9(ro+d)l 
q - R 1o(9R) R 1o(9R) ( 4. 14) 

= n0 e29. tanh(9(L-h))•tanh(9h) 
Kq ~0 ~·tanh(9(L-h)) + tanh(9h) ( 4.15) 

with In the Besselfunctions of order n, 9 is the wavenurnber given by 

9 - Y._n - R Yn the nth zero of ?1 ( 4. 16) 

First we shall consider some physical elements resulting from eqs. 

(4.13), (4.14) and (4.15). 

If we compare the res~lts of our calculation, in particular Kq. with 

the results of E. Andrei [7] for B = 0, i.e. eg. (4.7) bas the form 

j noefl E 
= 1 +iWT • D 

( 4.17) 

then it is clear that these are equal when we set d = 0 in eq. (3) in 

ref. [7]. This is a striking resul t slnce eq. (3) in ref. [7] was 
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derived for a rectangular geometry. The main differences, i.e. the 

cilinder symmetrical properties are found in Aq and in q. 

Kq can be rewritten as [7] 

2 _ noe2q. tanh(q(L-h))•tanh(qh) _ noe2q N 
Kq = mwq - ~0 ~·tanh(q(L-h)) + tanh(qh} - ~o q ( 4.18) 

bere Wq is the screened plasmon frequency. Equation ( 4.18) is the 

dispersion relation for the plasmon waves inside the experimental cel!. 

The function Nq is of order unity and depends on the spacing between the 

upper plate and center-ring (the background neutrailzing charge is in 

these electrodes), the helium height hand the dielectric constant~. In 

the fully unscreened limit i.e. hiR -+co, Nq -+ 1 and thus Wq ,.. v'q. In 

three dimensions, the plasmon frequency is independent of the wave 

number q [62], because the average restoring electrical field in three 

diroenslons is due to large charged planes. In two diroenslons however, 

the average restoring field is due to infinitely long lines of charges 

and therefore inversely proportional to the wavelength. 

By adjusting the frequency w, it is possibled to excite a plasmon 

wave wi th frequency Wq. The partlcular value of w, for which such 

resonance occurs, depends on the magnetic field and on Wq. The plasmon 

resonance experiments are essentially basedon this effect [4,53,60]. In 

our experiments the frequencies used were much lower than Wq, in fact 

the inequality 

(4.19) 

was valid throughout our experiments, for all the frequencies used. 

It is further easily verified that (from the equation of motion of 

the electron) 

Urr ) frr (4.20) 

if CaJT < 1. The reactive term however becomes important when the mass of 

the electrons becomes larger, for example in the case of Wigner crystal

lization [4] or polaron effects [7]. In further calculations the 

reactive term is therefore neglected. 
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The approximations made in the dynamica! metbod are: 

1. we have neglected the possible r-dependence of no 
2. the equations for Gx and Cx are only valid when n1 < no. This 

condition has been experimentally verified 

3. the coupling to guard ring has been neglected but can be 

incorporated by introduclng an effective radius R = R1 as an 

adjustable parameter, this is similar to the effective length 

introduced in ref. [49] 

Since Gx and Cx also depend on the helium heigth h, eqs. (4.13), 

(4.14) and (4.15) provide an alternative way of determining h. 

The comparison of the old model (eqs. 4.4) and the dynamica! model 

(eqs. 4.13) are kept for the next paragraph. 

4.3 Comparison of the simplified model and the dynamica! model 

This paragraph is dedicated to the comparison of the old simplified 

modeland the new dynamica! model, derived in paragraph 4.2.1. 

The equations which have to be compared are: 

the simplified model 

the dynamica! model 

2.\ • , tanh(q(L-h)) 
Cx = Co + noe L Aq ~·tanh(q(L-h))+tanh(qh) 

q 

(4Aa) 

(4Ab) 

(4.21a) 
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G G + n e2.\ A • tanh(g(L-h)) 
x = 0 0 L q ~·tanh(g(L-h))+tanh(gh) 

q 

(4.21b) 

where we have neglected the reactive termsin eqs. (4.13). Kq and Aq are 

given in egs. (4.14) and (4.15). To compare the two models properly and 

to get more insight in egs. (4.21), we rewrite egs. (4.21) to (dividing 

numerator and denominator by (n0 e2w/u,.,. (8, T)) 2 and using the explicit 

expression of K9 eg. (4.15)) 

C - C + \ A • tanh(g(L-h)) • --q...,......,q ~w-2~~o~~"........, 
[ 

N .u,.,.(B,T) l 
x -

0 ~ q ~·tanh(g(L-h))+tanh(gh) 1 + lqN 9 ·~~~(B,T)] 2 

(4.22a) 

G G + \A • tanh(g(L-h)) 
x = 0 L 9 ~·tanh(g(L-h))+tanh(qh) 

q 

(4.22b) 

where Nq is given in eg. (4.18). Note that the electron density 

dependenee of Cx and Gx only appears through u,.,.(B.T). 

Since q = Yn1R 1 , where R1 is the effective radius of the electron 

disc, introduced in paragraph 4.2.1, we can define a dimensionless 

number Q, which is given by 

Q _ u,.,.(B.T) 
- ~oRt 

Finally eqs. (4.22) can be written in the form 

(4.23) 

(4.24a) 
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c _ c + \ A • tanh(q(L-h)) • [arr(B, T)] 
x -

0 ~ q ~·tanh(q(L-h))+tanh(qh) 1 + Q2B~ (4.24b) 

Since Bq= qR1•Nq is an ascending function of q, it is easily verified 

that if 

Q > 1 noe2 w 
i.e. Kq > (B T) Urr • 

eqs. (4.24) are identical with eqs. (4.4) in the case 

D - ~> 1 
e -we. 

(4.25) 

(4.26) 

Equation (4.26) is therefore the analog of eqs. (4.24) if the simplified 

model is used. 

By camparing eqs. (4.4) and eqs. (4.24) in the limit (4.25) and 

(4.26), we obtain an analytica! expression for the geometrical factor 0 

in eg. (4.5) and the capacitance c •. due to the presence of the elec

trans on the surface 

\ &_ tanh(q(L-h)) 
L B2 ~·tanh(q(L-h))+tanh(qh) 
q q 

• = -----------------------------
[
\ &_ tanh(q(L-h)) ] 2 

L Bq ~·tanh(q(L-h))+tanh(qh) 

(4.27) 

q 

\ ~ tanh(q(L-h)) 
c. = ~0R 1 • L Bq ~·tanh(q(L-h))+tanh(qh) (4.28) 

q 

The sums in eqs. (4.27) and (4.28) are calculated numerically on a com

puter. The values of L, r 0 and d where choosen equal to the diroenslons 

of the cel!. Table 4.1 shows some results for different values of the 

helium height hand the effective radius R1. 

In the simplified model, ; is given approximately by. since the 

conduction of the electron gas only takes place above the spacing 

d (4.29) 1 = v(2ro+d) 
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which is independent of Rt and h. From table 4.1 it is seen that l in 

Rt (mm) h (mm) c. (pF) l 

8.32 1.00 0.221 0.290 

6.26 1.00 0.185 0.255 

4.20 1.00 0.094 0.254 

6.26 0.50 0.356 0.171 

6.26 1.50 0.142 0.270 

Table 4.1 CQlculated values of Ce and l for different helium height h 
and effective radius R1 • 

the dynamica! model is about a factor of 10 larger, indicating that the 

conduction not only takes place above the spacing but in a larger 

region. lf h is lowered l becomes smaller, which means that the simp

lified model is approached. From table 4.1 it is further seen that c. 
has the proper Rt and h dependance, i.e. Ce becomes larger if R1 is 

increased or h lowered. 

As mentioned before, if Q > 1 the two roodels are equal and it is 

possible to analyse the measurements with the simplified model. This has 

much advantages, for example the simplified method is simple, while it 

is difficult to invert eqs. (4.24). Thus analyzing the measured data 

starting from eq. (4.24), one should probably need iterative methods and 

one is forced to use a computer. In principle there are no objections to 

use a computer, however if it can be shown that during the experiment Q 

is always in the range that the dynamica! and the simplified model are 

equal, the simplified method is preferred. Important questions therefore 

are 

- for what range of Q are the dynamica! model and the simplified model 

the same, besides Q > 1 orDe > 1. 

- during the experiments Cx and Cx are measured as function of the 

magnetic field B and the temperature T. The question rises, whether it 

is possible to determine qualitatively, from the behavier of Cx and Cx 

as function of B, in which range of Q or De the measurements are 

performed. Note that both Q and De are functions of the magnetic field B 

through Orr(B,T) and that thus Q and De become smaller in a magnetic 
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field (see for example eqs. (2.26)). Consequently, the low magnetic 

field measurements could be in the range where it is permitted that the 

simplified model is used, while the high magnetic field measurements 

should be analyzed with the dynamica! model. 

The answer to tbe last question is particularly interesting because, 

as already mentioned before, the conductivity Orr(B,T) in a high mag

netic field showed a deviation from the classica! behaviour (see chapter 

5) , when the measured va lues of Cx and Cx are analyzed starting from 

eqs. (4.4). To know whether this deviation is a consequence of the simp

lified model used or a real physical effect, the two methods of ana

lyzing the experimental data should be compared. This is done by syste

matically determining the influence of the parameters 

- Orr 

- Rt 

- h and 

- f = w/2:rr 

In the dynamica! model Cx and Cx are calculated numerically as func

tion of Orr usiug eqs. (4.24). To calculate Cx and Cx in the simplified 

model as function of Orr• Ce and ~have be to known. To cernpare Cx and 

Cx correctly, Ce and 1 are determined from the limi ting behaviour of 

eqs. (4.24), i.e. eqs. (4.27) and (4.28). This is done for each value of 

h, Rt and w. 

Figure 4.3 shows a typical result for Cx and Cx as function of Orr 

for both models (indicated by the different symbols, the symbols are due 

to the used plotting program of the computer). The values of Co. Co. h, 

and w are choosen close to the experimental values. Rt is estimated from 

the formulas given in ref. [53]. L, ro and d where choosen equal to the 

dimensions of the cell. The value of Orr for which Q = 1 respectively 

De = 1 are marked with an arrow respectively a dasbed arrow. Figure 4.3 

is the "standard •• figure, i.e. to determine the influence of the 
I 

parameters h, R1 and w, only one is changed at a time starting from fig. 

4.3. 

Note that Orr is the experimentally important parameter: by 

measuring Cx and Cx as function of BandT we want todetermine Orr(B,T) 

from eqs. (4.4) or (4.24). 

Some important preliminary characteristics are seen from fig. 4.3. 

First of all, the global form of Cx and Cx are in both models the same, 
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i.e. Cx has in both models a maximum as function of Orr. and Cx varles 

from Ce + Co to Co. Secondly, a striking result of the exact calculation 

l 
' .... 

~ ... 
(.) 

2-0!5 

-o •• 

, .. ,. 
f.Ol$ 

... 

c. = 0.185 pF 

1 = 0.255 

f = 10 kHz 

h = 1.00 DID 

• = dynamica! model 

0 = simplified model 

Ff.gure 4.3 The "standard" pl.ot of Cx and Gx in both mod.el.s. The va.l.ues 
of the parameters are tabulated. For explanation see text. 

of Cx in the dynamica! model is, that for particular values of Orr. a 

negative change of Cx occurs, with other words, the change of the 

imaginary part of the measured complex impedance Z (fig. 4.1) is 

negative. In the simplifi~d model this feature is not predicted because 

only capacitive and dissipative terms are taken into account. This is 

principally the bistorical reason why the imaginary part of Z was called 

a capacitance. In the dynamica! model, it appears that for certain 

values of Orr inductive terms play a role. This typical behavior of Cx 

is also observed experimentally, as will be shown in the next paragraph. 

A third characteristic of fig. 4.3 is the fact that for Q > 1 or 

equivalently De > 1, the two models are identical as shown analytically. 
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The maximum of Gx. in respectively the simplified model and the 

dynamica! model, is found in the neighbourhood of respectivily De = 1 
and Q = 1, the value of Cx in both model is then approximately equal to 

(Co + Ce)/2. The conditions De = 1 and Q = 1 differ slightly, which is a 

consequence of the fact that the geometrical factors in De and Q are not 

equal. If Orr is to be determined from Gx and Cx. if they are measured 

in the the neighbourhood of the maximum in Gx, the two models of 

analyzlng the measurements dlffer slightly, the main dUferences are 

found for Q < 1 and D. < 1. In thls region however, the direction and 

the absolute value of the error made in determining the conductivi ty 

from the simplified model, can be estimated by cernparing the measured 

values of Cx and Gx (the intersectien of the simplified and the 

dynamica! model on the left in fig. 4.3, is in the neighbourhood of the 

minimum in Cx). 

To determine if this preliminary characteristlcs of Gx and Cx as 

functlon of arr. are a general feature of eqs. (4.4) and (4.24) h, R1 

and f where varled. The results are shown in fig. 4.4, 4.5, and 4.6 

In fig. 4.4 Cx and Gx are shown as function of Orr· Except for f, 

all the parameters are the same as in fig. 4.3. By cernparing fig. 4.4 

with fig. 4.3, it appears that again the maxima of Gx are in the 

neighbourhood of resp. Q = 1 and D. = 1 and at the same time Cx ~ 

(Co + Ce)/2. As a result fig. 4.3 is shifted to lower values of Orr for 

a higher frequency and to higher values for lower frequencies. The form 

and absolute values of Cx are independent of the frequency f as seen 

from fig. 4.4. For Gx the width of the curve becomes smaller for lower 

frequencies and the absolute values of Gx increase approximately llnear 

with f. This property of Gx as function of f can be used to make the 

absolute value of Gx larger and as a consequence the relativa error in 

Gx smaller. The limit Gx =Ga for Orr ~o. in both models, is earlier 

approached for lower frequencles. 

From fig. 4.4, it is again clear that the two models are equal for 

Q > 1 and De > 1. The differences in the neighbourhood of the maximum in 

Gx seem to be smal!. For Q < 1 or D. < 1 the two models seem to differ 

more for higher frequencies. The "negative" capacitance is again present 

and the absolute value seems to be independent of f. 

Another interesting question is, is lt possible to check the 

valldlty of the use of the slmpllfied model by varying the frequency f. 

As seen from fig. 4.4, if f is varled in the region where Q > 1 or 

De > 1, the calculated Orr wil! not differ because both models are in 
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this region the same. Consequently the calculated Ce and Ge, starting 

from eqs. (4.4) will be the same for different f (Ce and l are 

independent of the frequency eqs. (4.27) and (4.28)). However, if Q < 1 

or De < 1, the calculated value of Urr in both models for different f 
will in general be different. 

Figure 4.5 shows Cx and Cx as function of Urr· Except for Rt all the 

parameters have the same values as in fig. 4.3. Besides the equal 

behaviour of the two models for Q > 1 or De > 1, it is seen from fig. 

4.5 that the values of Gx in the neigbourhood of Q = 1 or De = 1 differ 

slightly for different Rt. The absolute values of Cx in the dynamica! 

model, as in the simplified model, depend much on Rt. For example,if the 

effective radius is increased, the the "negative" capacitance change is 

increased and a maximum arises. This maximum is not observed 

experimentally, which is an indication that the effective radius is in 

the neighbourhood of Rt of fig. 4.3. In both models, the limiting 

behaviour Gx =Go for Urr ~ 0 is earlier approached for smal! Rt. 
Figure 4.6 shows Cx and Gx as function of Urr for different helium 

height h. The other parameters have the same value as in fig. 4.3. 

Changing the helium height h bas no effect on the behaviour of Cx 

and Gx, in both models, for Q > 1 and De > 1. The major differences 

between the two models are again in the region where Q < 1 or D. < 1. In 

the neighboorhood of the maximum the two models seem to differ slightly. 

The two models differ more and the negative change of the imaginary 

part of the measured complex impedance is larger for higher helium 

heights (see fig. 4.3, the sharp bend in fig. 4.6a is due to the number 

of points, which are used to draw the figure). This is probably due to 

screening effects: if the helium height is low, the upper plate is 

screened. Consequently, the simplified model is more approached by the 

dynamica! model (this is also the reason that 1 in table 4.1 is lower 

for lower helium heights). 

The absolute value of Cx increases as the helium height is 

decreased, which is a consequence of the fact that c. is approximately 

proportional to )lh. This· proparty of Cx or equivalently of c. can be 

used to measure the helium height h in an alternative way. 

From fig. 4.6 it is seen that the absolute value of Cx is nearly 

independent of the helium height. However since the electron density no 

is given by 

(4.30) 

the helium height is an important parameter. By keeping Vplh large, i.e. 

large density n0 , the range in which the simplified and the dynamica! 
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model are equal is enlarged. 

From the above systematic analyses of Gx and Cx in both models, it 

can be concluded that it is possible to determine qualttattvely from the 

measured values of Gx and Cx, whether the simplified model is valid and 

can be used to calculate the conductivity a~~(B,T). 

To be sure that the measurements are performed in the range where 

Q ) 1 and De ) 1 (the range where the dynamica! model and the simplified 

model are equal), it has to be verified that the experimentally measured 

Gx increases for decreasing a~~ (B, T), while Cx remains larger than 

approximately (C! + Co)/2, where c! is the measured value of Cx for 

large a~~(B,T). For the present experiments, this can easily be done 

with the only assumption that a~~(B,T) decreases with increasing 

magnetic field, irrespective of the functional behavior. 

The minimum in Cx is only present in the dynamica! model. An 

observation of this negative change of Cx during the measurements of 

a~~(B,T) is a justification of the dynamica! model on qualitative 

ground. 

An independent check of the validity of the simplified model is 

provided by a frequency check, for which one must demand that the 

calculated Ge in the simplified model is independent of f for the whole 

measured range of B. This demand is particularly important if 

measurements are performed near the region where Gx has a maximum. 

The above mentioned arguments, whether the simplified ~el is valid 

or not, wil! be illustrated in the next paragraph on the basis of some 

typical experimental results. 

4.4 Experimental tests of the model calculations 

Note: In constdering expertmental figures as a fWl.Ct ion of B, i t 

should be kept in mind that a~~ = a~~(B) is a decreasing fWl.Ction of 

B with an (as yet} undetermined fWl.Ctional relationship. 

To illustrate in which range Q or D. are during a typical 

maasurement of a~~(B,T), a quick estimate shows that Q and D. are much 

larger than 1 for B = 0 T. For example, if the electron density is 
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saturated, no is given by eq. (4.30) and for a typical helium height and 

upper plate voltage (h ~ 1 nun and Vp = -10 V during our measurements) 

the density is approximately equal to n0 = 6•1011 m- 2
. For B = 0, and 

upper plate voltage Vp = -10 V, Q and De are given by (eqs. (4.25) and 

(4.26)) 

(4.31a) 

Q = (4.31b) 

By substituting typical values of~= 10 m2 /V•s, R1 = 6.26 mm , Ce= 0.1 

pF (experimental), 1 = 0.26 (calculated from eq. (4.27)) and f = 10kHz, 

Q and De are equal to 

Q ~ 275 (4.32a) 

(4.32b) 

and thus for B = 0 the simplified model is valid. If, however, a 

magnetic field is applied normal to the surface and the classica! 

behavior is assumed for Orr(B,T), then Q and De are given by 

(4.33a) 

(4.33b) 

and thus for B = 4 T 

Q(B=4 T) ~ 1 (4.34a) 

De(B=4 T) ~ 2 (4.34b) 

From the values of Q and De for B = 4 T. it is seen that it is important 

to know, whether it is permitted to analyse the experimental data in 

high magnetic fields with the help of the simplified model. 
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Figure ~.7 a: The directly measured Gx and Cx as function of the 
magnetic field B for T = 1.56 K. The ua.l.ues of the other parameters are 
tabulated, b: The cal.culated ua.lues of c. and G.{B=O)/G.{B) as function 
of the magnetic field B forT= 1.56 K by using the simpl.ified model. 
For expl.anation see text. 

In fig. 4.7a Cx and Cx are shown as function of the magnetic field B 

for T = 1.56 K. The va lues of Co, Co, f and h are tabulated in fig. 

4. 7a. It is assumed that the electron densi ty is saturated. From the 

form and absolute values we conclude, on basis of the arguments given at 

the end of paragraph 4.3, that the simplified model is valid for the 

entire range of B in this particular measurement. In fig. 4.7b c. and 

C.(B=O)/C.(B) are shown (by normalizing C.(B) on C.(B=O), the dependenee 

of c. (B) on no and 'l is eliminated and the measurements in different 

runs can be compared), calculated from the values Cx and Cx in fig. 

4.7a. This is done by inverting eqs. (4.4), which yields 

(4.35a) 



C = C C ~Gx - Go)
2 

e x - 0 + W (Cx - Co) 
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(4.35b) 

As seen from fig 4.7b, Ce varles on1y slightly as function of B. This 
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F!gure 4.8 The directly measured Gx and Cx as function of the magnetic 
field B forT= 1.49 K for two different frequencies, a: f = 165. kHz, 
b: f = 16.5 kHz. The ualues of the other parameters are tabu.tated. For 
explanation see text. 

slight B-dependence of Ce is not completely understood but a possible 

reason might be found in a smal! B-dependence of R1 • 
I 

The measurements used to determine the conductivity o~~(B,T) in the 

next paragraph are simllar to the measurements shown in fig. 4.8 and 

thus the use of the simplified model is permitted. 

Figure 4.8a shows Gx and Cx as functlon of B for two different 

frequencies (f = 165 and f = 16.5 kHz), at the same temperature T = 1.49 

K. The values of the other parameters are tabulated in fig. 4.8. Figure 

4.9, where Ge(B)/Ge(B::O) and Ce are shown as function of B, is an 
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illustration of what happens if the simplified model is still used 

although it is not valid. This is easily seen from fig. 4.8, where Gx. 

for both cases, exhibits a maximum as function of the magnetic field B 

(note that the value of De in the maximum is nearly equal to 1), and 

that Cx-cG varles more than 50 X from the initia! value in B = 0. From 
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Ff.gure 4.9 C.(B} and Ge(B=O}/G.(B} for two frequ.enctes (f = 165. and 
16.5 kHz} as fWtetion of the magnetic fi.eld B for T = 1.lt9 K. The 
values of the other parameters are tabulated. c.(B) and G.(B=O}/G.(B} 
are calculated from Gx and Cx, shoun tn fi.g. ft. 8, on th.e ba.sts of the 
stmpli.fi.ed model. For explanatton see text. 

fig. 4.9 it is easily seen that the behavlor of G.(B)/G.(B=O) differs 

very much as function of, f, but the low magnatie field measurements 

differ also. This is explained by the fact that, for high frequencles, 

hot electron effects [15,26,27,35] become important. This is easlly seen 

in fig. 4.2b. The potentlal difference, which the electrons fee! 

effectively, is approximately given by (by a simple circuit analysis) 
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(4.36) 

and thus for increasing f (=w/2r) • the drift field is increased. This 

particular maasurement shows, that in this case the experimental data 

should be analyzed with the dynamica! model, and that it is possible to 

measure hot electron effects by varying the frequency. 
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Figure 4.10 The directty measured Gx and Cx a.s function of the magnette 
field B forT= 1.73 K fÓr two different frequencies, a: f = 4.05 kHz, 
b: f = 40.5 kHz. The values of the other pa.ram.eters are ta.bula.ted. For 
exptana.tion see text. 

Figure 4.11 shows Ce(B)/Ce(B::O) and Ce as function of B for two 

different frequencies at T = 1.73 K. Although Cx as function of B (shown 

in fig. 4.10) exhibits a maximum for f = 40.5 kHz, no differences are 

-

-
. 

4 
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found in the behavior of G.(B)/G.(B=O) for different f. This is probably 

because the differences between the simplified and the dynamica! model 

in the neigbourhood of the maximum in Gx are only small (see paragraph 

4.3, note that the measurements in high B in fig. 4.10 are close to the 

maximum). For this typical measurement, the differences between the two 

models, turns out to be smaller than expected from the theoretica! 

considerations in paragraph 4.3. 
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Figure ~.11 C.(B) and G.(B=O)/G.(B) for two frequencies (f = ~.05 and 
~0.5 kHz) as functton of the magnette field B. The values of the other 
parameters are tabulated. c.(B) and G.(B=O)/G.(B) are calculated from. 
Gx and Cx, shoun in fig. 4.10, on the basis of the shtpUfied m.odeL 
For explanation see text. 

Finally we shall illustrate that the negative changes shown 

theoretically in figs. 4.3-6 are not an artifact of eqs. (4.24) but that 

they where observed experimentally as well. 

Figure 4.12 shows Gx and Cx as function of the magnetic field B for 

T = 1.81 K for two different densities: in fig. 4.12a respectively 4.12b 
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the electron density is saturated respectively unsaturated. The unsatu

rated density is achieved by depositing the electrens at an upper plate 
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Figu.re 1,.12 Gx and Cx as function of the magnetic field B for two 
different densi ties, a: saturated, b: unsaturated. The va.1.ues of the 
other parameters are tabu1.ated. For exp1.anatton see text. 

voltage Vp = -1 V and guard voltage V0 = -2.5 V until saturation 

occurred, and then ra i se the voltage to the usual va lues -10 V and 

-25 V. The measurements shown in fig. 4.12 are performed iDJDediately 

af ter each other, and therefore the condi tions are in both cases the 

same, except for the densities. 

If the surface is not saturated, the density is low and as a 
I 

consequence Q and De. which are proportional to no. are low. Therefore 

it is seen in fig. 12b that Gx bas a maximum as function of B, while in 

the saturated case the maximum is absent. In fig. 4.12b a negative 

change of Cx is seen as the maximum is passed (the dasbed line is Co). 

Note that the value of Cx - Co, for B = 0 in the saturated case, is a 

factor of five larger than in the unsaturated case. Figure 4.12 

therefore, is a qualitative justification of the dynamica! model, and 
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illustrates the importance of the conditions Q > 1 and De > 1 and the 

qualitative arguments given at the end of paragraph 4.3. 

4.5 Influence of the excitation voltage Va 

Figure 4.13 shows the measured Cx and Cx as function of the 

excitation voltage Va for T = 1.38 K, B = 1.0 T and T = 1.79 K, 

B = 2.0 T. As seen in fig 4.13 Cx and Cx are independent of Va for 

Va < 1. V. Consequently, since the simpllfied model is valid for this 

particular measurement, Ce and Ce are independent of Va. This is shown 

in fig. 4.14. Physically speaking this maasurement shows that the Ohmic 

conductivity is measured if Va < 1.0 V (this does not depend on the 

model which is used to analyse the experimental data, since Cx and Cx 
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Ftgure 1,.13 Gx and Cx as function of the exci.tati.on voltage Vo for 
T = 1.79 K, B = 2 T and T = 1.38 K, B = 1 T. The va.lues of the other 
parameters are tabulated. For explanation see text. 

are independent of Va for Va < 1 V). Note that this maasurement also 

proves that the harmonie approximation used in deriving the dynamica! 

model is valid as well, because Cx and Cx are independent of Va, and 

thus nt < na. 

During the conductivity measurements, the excitation voltage Va was 
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in the range 0.1-0.5 V. Together with the fact that the frequencies used 

we re not to high (fig. 4.8 and eq. (4.36)). this ensures that the data 

we re taken in the Ohmic regime. 

I I I I I • T • 1.38 K I I I I I 
f ~ 10.5 illfz 
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_I I 1 I I Ba2T 
I j _l_ _I I 0 

1 . 2 5 1.0 2 . 5. 10 1 2 .5 1.0 2. 5. 10 
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Figu.re 4.14 Ge and Ce as fW1.Ction of the excitation voLtage Va for 
T = 1.79 K, B = 2T and T = 1.38 K, B = 1 T. The va.l.ues of the other 
parameters are tabul.ated. For expl.anation see text. 
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Chapter 5 Results 

To determine from the measured Cx and Cx the conductivity Orr(8,T) 

as function of 8, only those measurements in which the simplified model 

is valid, are analyzed. Since in the simplified model c. and c. are 

determined as function of 8 and thus ~ and R1 are unknown, it is only 

possible to maasure the relativa change of Orr(8=0)/orr(8)=C.(8=0)/C.(8) 

as function of 8, for different temperatures T. This is only valid if 

the geometrical factor is independent of 8. From fig. ~.3-6 it is seen 

that ~ depends only on the helium height hand the effective radius Rt. 

h is constant during a experimental run and Rt is assumed to be 

independent of 8, and thus ~ is independent of 8. 

5.1 Determination of the mobility as a function of the temperature T: 

the classica! magnetoconductance 

From the region where the classica! magnetoconductance is observed 

the mobility Jl can be determined, as fellows. 8y plotting c. -t as 

function of 82
, it is seen from eq. (2.26), that the result should be 

(if bwb < kbT) a straight line. In fig. 5.1, a typical maasurement of 

c.- 1 as function of 82 is shown. The slope of the line is proportional 

-20 c 
~t ·~ 

o~~--~--~--~--~--
o 2 4 6 

B2(Tl) 

Figu.re. 5.1 The mea.sured inverse G; 1 as function of B square.d. For 
explanation see text 
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to ~2 • By determining this slope and knowning the value of Orr(B,T) in 

B = 0, the mobility ~ can be calculated [22,35]. This is done by fitting 

the low magnetic field measurements to a polynomial. In this way the 

value of Orr (B, T) in B = 0, for which the relative error is large, is 

determined with a smaller uncertainty. 

Fora particular value of B (for this temperature B ~ 3.0 T), Ce-l 

deviates from the classical behavior (not shown in fig. 5.1). This wil! 

be discussed later in this chapter. 
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Figur~ 5.2 The mea.sured ~ a.s functi.on of the temperature T. The da.shed 
l.ine is ~ a.s functi.on of T on the basis of the theory of Saitoh for 
Fe f f = 10000 V /m. 

I 

In fig. 5.2 the measured values of the mobillty ~ are shown as 

function of the temperature T. The dashed curve is calculated from 

theory of Saitoh [26] for an electrical field Feff ~ 104 V/m, which is 

the sum of the applied electrical holding field Fn = Vp/L and the field 

of the electrons Fm = Vp/h if the electron density is saturated. In fig. 

5.3 the measured mobility is shown in relation with other experiments of 
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lye [35], Rybalko et al. [64] . 

103 • ., I 
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•lye 
• Rybalko et al. 

101 " 0 Present data 

\ 
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10°• 

.5 .6 . 8 1 . 1. ~ 1.5 

T(K) 

Ff.gure 5.3 The m.easured Jl as fwtet ion of the temperature T, compared 
with the results of Iye f35J and Rybalko et al. [64]. 

Since the lowest temperature which can be achieved in the cryostat 

setup (see paragraph 3.1) is T = 1.3 K, the measurements performed in 

this setup are in the regime where the vapour atom scattering is 

dominant. Figure 5.2 and 5.3 show that our measurements are in 

reasonable agreement wi th the theoretica! calculations of Sai tob and 

with the mobilities obtained in the literature. The absolute values of 

some of our measured Jl in relation to the results of Saitoh [26] and lye 

[35] are tabulated in table 5.1. 

Jl (m2 /V•s) T (K) Jl (m2 /V•s) T (K) 

Present data 16.1 + 2.0 1.41 6.83 ± 1.0 1.56 

lye [35] 17.0 1.35 7.50 1.55 

Saitoh [26] 12.3 1.41 6.-4-4 1.55 
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As seen from fig. 5.2-3, the measured values of ~ deviate more from the 

literature values and theoretica! calculations for higher temperatures. 

This can not be explained by the experimental uncertainties: the error 

made in determining the temperature is estimated to be ± 0.05 K. A 

possible deviation from a saturated density does not explain the 

differences ei ther. because ~ in the vapour atom regime is almost 

independent of the electrical field Feff [22]. Another possible error 

might be caused by the non-linearity of the superconducting coil [22] 

due to flux trapping in the superconducting wires. However this error is 

first of all also present in the low temperature region and secondly it 

is smal! compared to the error in Cx. The non-linearity of the 

superconducting coil can therefore be left out of consideration. The 

deviation for higher temperatures is therefore not fully understood, but 

is probably caused by the small value of ~ for high temperatures. 

Consequently Cx does not increase much, and thus the relative error in 

Cx stays relatively large. 

5.2 The magnetoconductance in the quanturn limit 

In fig. 5.4 the relative change Orr(B=O)/orr(B) is shown as function 

of the magnetic field 8. We have indicated the values of B where WeT = 1 

and hwe = kbT with dasbed respectively with solid arrows. As seen from 

fig. 5.4, Orr(B=O)/orr(B) exhibits the already discussed classica! 

parabalie behaviour for low magnetic fields. When the magnetic field is 

increased a deviation from the classica! behavior is observed. As 

discussed in chapter 2, deviation from classica! transport can be 

expected if hwe > kbT. Note that the condition WeT > 1 must be fulfilled 

but that it is not a sufficient condition to get deviation from 

classica! tranport. This is seen from fig. 5.4 in the region WeT = 1 to 

hwe = kbT where still a classica! behavior is observed. 

In fig. 5.5, Orr(B=O)/orr(B) is shown as a function of the magnetic 

field B. calculated from the theory of Ando and Uemura [40] as discussed 
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Figu.re 5.1, The measured O'r r (B=O)/ar r (B) as functton of th.e magnette 
fieLd B for different temperatures as indicated. For expLanatton see 
text. 
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Figu.re 5.5 The caLeuLated O'rr(B=O)/arr(B) as function of th.e magnette 
fieLd B for different temperatures resuLttng from th.e th.eory of Ando 
and Uemura. The mobU.i.ties Jl are detenai.ned from th.e l.ow magnette fieLd 
measurements shown i.n fig. 5.1,. For expl.anati.on see text. 
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in paragraph 2.3. In the calculation of Orr(B=O)/orr(B), it is assumed 

that only the lowest Landau level is occupied, i.e. flwc > kbT. The 

mobility ~. obtained from the 1ow magnatie field measurements, is used. 

As seen from fig. 2.8 the ripplon interaction can be neglected (in a 

magnatie field the Orr's have to be added since Orr is proportional to 

1/T). 

By cernparing fig. 5.4 and 5.5, we see that there is a discrepancy by 

a factor of one and a half between our measurements and the theoreti

cally calculated values. However the dependenee of Orr(B=O)/orr(B) on B 

is approximately linear in both cases. 

B = 4 T experiment Ando et al. 

T = 1.56 K 2.81 3.21 

T = 1.73 K 13.0 11.1 

T = 1.94 K 56.2 46.6 

B = 2 T experiment Ando et al. 

T = 1.56 K 3.31 3.26 

T = 1. 73 K 18.4 11.2 

T = 1.94 K 100. 49.2 

Table 5.2 The measured rattos of Orr{B=O,T=l.4l)/orr{B,T=l.4l) to 
Orr{B=O,T)/orr(B,T), vhefe B and T are in.dicated in the table, in 
relation with the calculations of Ando et al. For explanation see text. 

In table 5.2 the ratlos of Orr(B=O,T=1.41)/orr(B,T) for B = 2 T and 

B = 4 T are shown, determined from the measurements in fig. 5.4. As seen 

from table 5.2, the functional behaviour of Orr(B=O)/orr(B) on T is in 

reasonable agreement with the theory of Ando and Uemura [40]. For higher 
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temperatures the deviations are larger, which is probably due to the 

fact that in the calculation only the lowest Landau level was taken into 

account. As seen from fig. 5.4 and table 5.2, the experimentally 

observed deviation from the classica! relation is smaller than expected 

from the theory of Ando and Uemura. 

The observed factor of one and a half, between our measurements and 

the theory of Ando and Uemura, is not due to experimental uncertainty in 

the maasurement of Orr(B=O)Iarr(B), as claimed in chapter 4. 

The relative error, made in determining Jl from the low field 

measurements. is roughly 10 - 20% . This should shift the absolute 

values of Orr(B=O)Iarr(B) in the theoretica! calculations about 15 - 25 

% because the Jl dependenee in Orr(B=O)Iarr(B) is mainly caused by 

ar r (B=O). Assume therefore that for example, the mobili ty Jl and the 

temperature T could be used as fitting parameters to fit the 

calculations of Ando and Uemura to our measurements. Then, to fit the 

B = 4 T maasurement of Orr(B=O)Iarr(B) for T = 1.41 K to the theory of 

Ando and Uemura, we would need values of T = 1.50 K and Jl = 20 m21V·s 

respectively. This is not only outside the range of the uncertainties in 

the measurements, but also inconsistent with the literature values of Jl 

and T. Therefore Jl and T can not be used as fitting parameters and the 

discrepancy between the theory of Ando and Uemura [40] and our 

measurements can not be explained by the error made in determining Jl or 

T. 

The fact that only the lowest Landau level is taken into account can 

not explain the discrepancy either, because this approximation is better 

for higher fields. We estimate that the relative error which is made in 

calculating Orr(B=O)Iarr(B), with negleetien of the higher Landau levels 

is of the order e-hwclkbT, which is~ 1% forT= 1.4 and B = 4 T. 

Another point of importance is the fact that the used form of the 

scattering potential, in the calculations of fig. 5.5, was a 6-function. 

Ando and Uemura [40] also, give in this case some equations to correct 

for a finite range of the scattering potentlal (in essence one must 

replace the Landau level width r by r/(1+(Rilo) 2
) • However the range R 

of the vapour atom interaction potential, which is approximately equal 

to the square root of A (eq. (2.20)), is much smaller than the 

characteristic length, the quanturn mechanica! cyclotron radius lo (eq. 

(2.57)). Correctlens due to the finite scattering range of the vapour 

atom scattering can therefore be left out of consideration. 
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Since there are no adjustable parameters in the theory of Ando and 

Uemura, the discrepancy by a factor of one and a half is still 

unexplained. This is rather remarkable because the two-dimensional 

electron gas on a liquid helium surface approaches the ideal 

circumstances in whlch the theory of Ando and Uemura was developed. 

Originally, the theory of Ando and Uemura was derived for 2DEG in 

semiconductor structures (MOSFET's). However, in 1980 K. von Klitzing 

discovered the Quanturn Hall Effect [33]. Before the discovery of the 

QHE, some measurements of a~~(B,T) in high magnetic fields in 

semiconductor structures were reported [41], however degenerata 

phenomena dominated (the Shubnikov-de-Haas oscillations) in these cases. 

Very few measurements of a~~(B,T) in semiconductor structures were 

reported under the condition v < 1, i.e. the lowest Landau level is only 

partially occupied. In 1982, Tsui et al. [42] performed, in a 

GaAs-AlGaAs heterojunction, measurements under this condition, and 

discovered the Fractional Quanturn Hall Effect (FQHE). From these two 

examples i t is clear that the theory of Ando and Uemura is much to 

simple for the 2DEG in semiconductor structures, since both the QHE and 

the FQHE can not be described on the basis of this theory. 

In the case of the 2DEG on a liquid helium surface, there is to our 

knowledge only one maasurement reported in the literature for which the 

condition fu.>c > kb T was fullf illed. Th is maasurement was performed by 

V.S. Edel'man [52]. Edel'man did some cyclotron resonance experimentsin 

the range where the electron ripplon scattering is dominant, and 

determined the relaxation time by measuring the cyclotron resonance line 

width. This experiment is particularly interesting because by measuring 

the cyclotron line width, the Landau level width is directly measured. 

However, Edel'man did not analyse his experiments on the basis of the 

theory of Ando and Uemura [40] (note that the theory of Saitoh 

[37 ,38,39] was not publisbed yet) and the temperatures used were low 

(T < 0.4 K). Therefore a comparison with this experiment is difficult. 

An interesting (preliminary) physical explanation, of the 

discrepancy between our measurements and the theory of Ando and Uemura, 

is suggested by Peeters [65]. The densi ty of states (DOS) derived by 

Ando and Uemura [40] has a semi-elliptic form (see paragraph 2.3 or fig. 

2.6). Peeters showed [65] that the absolute value of o~~(B=O)/o~~(B) was 

almost independent of the particular form of the density of states, i.e. 

a Gaussian form and a Lorentz form lead almost to the same resul t. 
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However, if the DOS has a Caussian form (or Lorentz, semi-elliptic) 

superposed on a constant background, the absolute values of 

Grr(B=O)Iarr(B) shifted in the direction of the classica! values. 

Interestingly, such a constant background DOS has been observed in 

different experiments in 2DEC's in semiconductor structures [64]. These 

systems are degenerata and show the Quanturn Hall effects, implying that 

the constant background must consist of localized (i.e. not-conducting) 

states. In our case however, the constant background states are assumed 

to be mobile and this explains why our measurements are shifted in the 

direction of the classica! behavior. This constant background is poorly 

understood at present. Recent theories however [64], propose 

explanations in terms of some sort of sample inhomogenities, in 

particular an inhomogeneous density distribution. 

If this preliminary explanation of Peeters is true, this would aid 

in the understanding of th~ QHE and two-dimensional electron systems in 

general, because in that case our measurements show that in a system 

which differs so much from the electron systems in semiconductors, a 

similar form of the density of states is found. However the results of 

Peeters are preliminary and additional work, both experimental and 

theoretica!, has to be done. 
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Chapter 6 Conclusions and suggestions 

With the present new designed experimental setup, it is possible to 

measure the conductivity of the two-dimensional electron gas on a liquid 

helium surface. 

A new metbod of analyzing the experimental data is derived which is 

more general than the metbod frequently used in the literature and the 

metbod used in aarlier experiments in our group. By comparing the two 

methods, it is shown qualitatively that the two methods are identical if 

certain conditions are fulfilled. These conditions are: 

- If De > 1 or Q > 1 the two methods are identical. The condition 

De > 1, in the literature frequently used, to characterise the validity 

of the simplified model is thus justified. 

- The measured Cx must be an increasing function of B. In combination 

with this condition a frequency check can be performed. If Ce as 

function of B, calculated on the basis of the old model, is equal for 

different f, for the whole range of B, the simplified model is valid. 

lf these conditions are not fullfilled, the analysis of the experimental 

data has to be done on basis of the dynamica! model. 

The experimental observation of the "negative capaci tance" is a 

justification of the dynamica! model on a quali tative ground. This 

negative capaci tance is not fully understood but is possibly due to 

inductive effects of the electrons. 

A quantitative justification of the dynamica! model can be found in the 

fact that the old simplified model and the new dynamica! model are 

identical for De> 1 or Q > 1. 

From low magnatie field measurements the mobility of the electron 

gas on a liquid helium surface is measured as a function of the 

temperature T. The measurements are mainly performed in the vapour atom 

scattering regime. The mobilities obtained are in reasonable agreement 

wi th the va lues reported in the li terature and with the theoretica! 

calculated values. 
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The relative change of the conductivity a~~(B=O)/a~~(B) as function 

of the magnetic field is measured for different temperatures. For low 

magnetic fields, i.e. flwc < kbT. the classica! parabalie behaviour is 

seen. If the quanturn limit is reached,i.e. flwc > kbT a deviation from 

the classica! behaviour is observed. A comparison wi th the theory of 

Ando and Uemura yields a discrepancy by nearly a factor of one and a 

half, but the predicted functional behavior of a~~(B=O)/a~~(B) on B and 

T. is however approximately confirmed. 

The discrepancy can not be explained 

uncertainties, and is still unexplained. An 

explanation is suggested by Peeters. 

by the experimental 

interesting physical 

Measurements in the dilution refrigerator were not yet performed, 

because problems due to thermomechanical effects were encountered, 

which had to be solved first. 

Some suggestions to proceed this interesting research on the two

dimensional electron gas on a liquid helium surface are 

- To verify the suggestion of Peeters, more experimental research has to 

be performed, both in the range where the vapour interaction is dominant 

and where the ripplon interaction is dominant. 

- To extend the range of the conductlvities a~~ which can be measured 

quanti tatively, a computer program has to be developed, which can 

calculate from a given (measured) Cx and Cx the physically interesting 

parameters a~~(B,T), hand R1 • A computer program is certainly necessary 

if the high magnetic field conductivity is measured in the range where 

the ripplon interaction is dominant, because in this range the mobility 

of the electrens is high and consequently Q decreasas rapidly. Another 

important point of notice, is the fact that in the computer program the 

reactive term should be taken into account because future measurements 

will probably be in the range where Wignar crystallisation occurs. 

An interesting experiment is to determine the influence of a magnetic 

field on the Wigner crystallisation of the two-dimensional electron gas 

on a liquid helium surface. This is interesting, because in the 
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literature the theories on this subject are in conflict with each other: 

some predict a higher melting temperature, others a lower melting 

temperature [59]. 



Raferences 

1 M.W. Cole and M.H. Cohen, 

Phys. Rev. Lett. 23 (1969) 1238 

2 V.B. Shikin, 

Zh. eksper. teor. Fiz. 58 (1970) 1748 

3 See for example; 

R. Williams, R.S. Crandall and A.H. Wills, 

Phys. Rev. Lett. 26 (1971) 7 

R.S. Crandall and R. Williams, 

Phys. Rev. A5 (1972) 2183 

4 C.C. Crimes and C. Adams, 

Phys. Rev. Lett. 42 (1979) 795 

5 See for example; 

Yu. P. Monarkha, 

Sov. ]. Low Temp. Phys. 5 (8) (1979) 451, 

D. Marty, j. Poitrenaud and F.I.B. Williams, 

]. Phys. Lett. ~1 (1980) L 311 

6 F.M. Peeters, 

to be publisbed 

7 E. Andrei, 

Phys. Rev. Lett. 52 (1984) 1449 

8 P.W. Adams and M.A. Paalanen, 

Phys. Rev. Lett. 58 (1987) 2106 

9 M.C.M. v.d. Sanden, 

Stageverslag THE (1985) 

10 C.C. Grimes and T.R. Brown, 

Phys. Rev. Lett. 32 (1974) 280 

11 M.W. Cole, 

Rev. Mod. Phys. ~ (1974) 451 

12 0. Hip6lito, J.D. De F,elicio and C.A. Farcas, 

Solid State Commen. 28 (1978) 365 

13 F.Stern, 

Phys.Rev. B 17 (1978) 5009 

14 See for example; 

V.S. Edel'man, 

Sov. Phys. Usp. 23 (4) (1980) 227 

15 F. Bridges and McCill, 

Phys. Rev. B 15 (1977) 1324 

Raferences I 76 



16 V.B. Shikin, 

Surf. Sci. 73 (1978) 896 

17 Yu.P. Monarkha and V.B. Shikin, 

Sov. J. Low Temp. Phys. 8 (6) (1982) 279 

18 C.C. Crimes, 

Surf. Sci. 73 (1978) 379 

19 F.I.B. Williams, 

J. Phys. C 3 (1980) 249 

20 V.S. Edel'man, 

JETP Lett. 24 (1976) 469 

21 T.R. Brown and C.C. Crimes, 

Phys. Rev. Lett. 29 (1972) 1233 

22 W . van Duyneveldt, 

Stageverslag TUE (1987) 

23 Yu. P. Monarkha, 

Sov. J. Low Phys. 2 (1976) 600 

24 V.B. Shikin, 

Sov. Phys. JETP 31 (1970) 936 

25 P.M. Platzmann and C. Beni, 

Phys. Rev. Lett. 36 (1976) 626 

26 M. Saitoh, 

J. Phys. Soc. Japan 42 (1977) 201 

27 M. Saitoh and T. Aoki, 

J. Phys. Soc. Japan 44 (1978) 71 

28 T. Aoki and M. Saitoh, 

J. Phys. Soc. Japan 46 (1979) 423 

29 See for example; 

Raferences I 77 

Dictaat "Quantumtheorie v.d. vaste stof", Prof. dr. W. v. Hearingen / 

dr. D. Lenstra, TUE 

30 F. Blom, 

private communication, 

31 V.B. Shikin and Yu. P. Monarkha, 

J. Low Temp. Phys. 16 (1974) 193 

32 A.R. Paterson, 

"A first course in fluid dynamics", Cambridge Univarsity Press 

33 K.von Klitzing, 

Rev. Mod. Phys. 58 (1986) 519 

34 S. Casiorowicz, 

"Quantum Physics", John Wiley and Sons, New York 



References I 78 

35 Y lye, 

J. Low Temp. Phys. 40 (1980) 441 

36 M.C.M. v.d. Sanden, R.W. v.d. Heyden, A.Th.A.M. de Waele and H.M. Gijsman, 

to be publisbed 

37 M. Saitoh, 

J. Phys. C 16 (1983) 6995 

38 M. Saitoh, 

J. Phys. C 16 (1983) 6983 

39 M. Saitoh, 

Solid State Comrnun. 52 (1984) 63 

40 T. Ando and Y. Uemura, 

J. Phys. Soc. Japan 36 (1974) 959 

41 O.C. Tsui, H.L. Störmer, A.C. Gossard and W. Wiegmann, 

Phys. Rev. B 21 (1980) 1589 

42 O.C. Tsui, H.L. Störmer, and A.C. Gossard, 

Phys. Rev. Lett. ~8 (1982) 1559 

43 J.C. Wheatley, 

Physics ~ (1968) 1 

44 A.M.W. de Groote, 

Stageverslag THE (1985) 

45 M.G.N. Bartelds, 

Stageverslag THE (1985) 

46 P. Merkus, 

Afstudeerverslag TUE (1987) 

47 W.T. Sommer and O.J. Tanner, 

Phys. Rev. Lett. 27 (1971) 1345 

48 0. Marty and J. Poitrenaud, 

J. Phys. 45 (1984) 1243 

49 R. Mehrothra and A.J. Oahm, 

J. Low Temp. Phys. 67 (1987) 115 

50 O.A. Kleinmann and A.L. Schawlow, 
I 

J. Appl. Phys. 31 (1960) 2176 

51 J. Theobald, M. L. Ott-Rowland and C.A. Williams, 

Physica 1088 (1981) 957 

52 V.S. Edel'man, 

Sov. Phys. JETP 50 (2) (1979) 338 

53 O.C. Glattli, E. Andre!, G. Deville, J. Poitrenaud and F.I.B. Williams, 

Phys. Rev. Lett. 54 (1985) 1710 



54 D.K. Lambert and P.L. Richards, 

Phys. Rev. B 23 (1981) 3282 

55 R. Mehrotra, 

j. Low Temp. Phys. 67 (1987) 123 

Raferences I 79 

56 M.L. Ott-Rowland. V. Kotsubo, j. Theobald and C.A. Williams, 

Phys. Rev. Lett. ~ (1982) 1709 

57 A.L. Fetter, 

Phys.Rev. B 33 (1986) 5221 

58 l.S. Cradsteyn and I.M. Ryzhik, 

"Table of Integrals, Series and Products", Acadamic Press, New York 

59 See for example; 

H. Fukuyama, 

Solid State Commun. 19 (1976) 551 + references, 

H. Fukuyama and D Yoshika, 

j. Phys. Soc. Japan 48 (1980) 1853 + raferences 

60 C.C. Crimes and C. Adams, 

Phys. Rev. Lett. 36 (1976) 145 

61 j.D. Jackson, 

"Classica! Electrodynamics", John Wiley & Sons, New York 

62 A. Dahm and W.F. Vinen, 

"Electrons and Ions at the helium surface, Febr. 1987 43 

63 F.M. Peeters, 

private communication 

64 A.S. Rybalko, Yu. Z. Kovdrya and B.N. Eselson, 

Sov. Phys. JETP Lett. 22, (1976) 280 

65 R.R. Cerhardts and V. Cudmundsson 

Phys. Rev. B 34 ( 1986) 2999 



Appendix I 80 

Appendix Derivation of Cx and Cx in the conductance mode 

In this appendix, we shall derive the equations for Cx and Cx in the 

conductance mode. We assume that the problem is cilindrical synnnetric 

and use cilinder coordinates. The cel! is filled with helium to a height 

h. A homogeneaus charged disc of density no and radius R is assumed to 

float above the helium surface. For the present, the guard ring is 

neglected. To derive the equations for Cx and Cx. the harmonie 

approximation is used, i.e the displaced charge n1, due to the applied 

electrical field is much smaller than n0 . 

First of all, the dynamica! equation,derived in paragraph 4.2.2 are 

(
- enofrrW + ienoarrW ] n1 V E ( h) •- = - r• D r, 

( 2 2 ) ( 2 r2 ) no Grr + frr Grr + ~rr 

(A.l) 

with E0 (r,h) = ~1 (r,h), and Ar and Vr• are defined in 4.2.2. Secondly 

the Poisson equation for the potentlal t(r,z,t) = to(r,z) + t 1(r,z)•eiwt 

inside the cel! is: 

At(r.z) = Ato(r,z) + At1(r,z)•eiwt = en(r,t).6(z-h) 
E-o 

z>h (A.2a) 

z(h (A.2b) 

with A the Laplace operator in cilinder coordinates (cilinder symmetry) 

Substituting the linearized form of l(r,z,t) and of n(r,t) (eq. (4.9a)) 

gives the dynamica! and the static Poisson equation: 

Ato(r,z) = en°•6(z-h) 
E-o 

= 

z>h (A.3a) 

z<h (A.3b) 
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= ~ö(z-h) 
E.o 

z>h 

z h 

The static problem is solved in refs. [55]. 

The boundary conditlens (B.C.'s) for the dynamica! case are: 

the potentlal on the upperplate is zero 

~t(r,L) = 0 

and a harmonie signa! on the center 

~1(r.L) =Va for 0 < r < ro 

= 0 for ro < ~ < R 

(A.4a) 

(A.4b) 

(A.S) 

(A.6) 

here ro the radius of the center. We have assumed that the spacing 

between center and ring can be choosen at zero potential. We further 

assurne that the radial current is zero at the edge of the electron disc 

[49,53,56]. Since in the electron layer, the current is proportional to 

the applied electrical drift field, this results in the boundary 

condition 

<»11 = 0 ar r=R.z=h 
(A.7) 

We start the solving of the problem by spli tting the cell into two 

parts, z > hand z < h. In this way, two Laplace equations result, since 

there is only charge at z = h, one for the upper part and one for the 

lower part. For z = h, we use the usual boundary conditions [61] 

(A.S) 

<»1 ... ar and ~1 continuous in z = h (A.9) 

The general salution of the Laplace equation of the upper part, which 
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fits the boundary condition (A.S) is 

~t(r,z) = l Sq•lo(qr)•sinh(q(z-L)) (A.10) 
q 

where lo(x) is the Bessel function of order zero (only lo(x) appears in 

(A.10) because the problem is cilindrical symmetrie). Aq and q are to be 

determined from the B.C. (A.S-9) and the dynamica! equation (A.1). 

Using eq. (A.1) and (A.11), the following relation for ~ 1 (r,z) for z < h 

is easily found 

e•eo•~ 1 I = eo•\ q•Sq•lo(qr)•cosh(q(z-L))I Bz z=h- L z=h+ 
q 

~ l q2 •Sq•1o(qr)•sinh(q(z-L))'z=h 
q 

(A.ll) 

By integrating eq. (A.11) and keeping in mind that termsof the form 

l Bq•1o(qr)•sinh(q(z-h)) (A. 12) 
q 

are a solution of the Laplace equation as wel! and can be added to eq. 

(A.11) without any consequence, the following form of ~t(r,z) for z < h 

is obtained: 

~ 1 (r.z) = l Sq•lo(qr)• [sinh(q(z-L)) - e•~o·C·cosh(q(z-L)) + 
q 

Dq•cosh(q(z-h))) (A.13) 

We now fit eq.(A.13) and (A.11) to the B.C. 's. First of all, since 

2° = lt(x) 

it follows from B.C (A.7), 

q - l.n 
- R 

(A.14) 

(A. 15) 

with Yn the nth zero of 1 1 (x). From the B.C. 's (A.9) Dq can be obtained 
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Dq = [~ - 1]·sinh(q(h-L)) + q c•cosh(q(h-L)) 
~ ~·~o· 

(A. 16) 

which immediately fits both B.C. 's. 

All the unknown coefficient are now known, except for Aq. Aq is 

determined by fitting (A.13) tothelast B.C. (A.6). 

Vo•9(r-ro) = l Sq•1o(qr)·(sinh(q(z-L))- ~·~o·C·cosh(q(z-L)) + 
q 

Dq•cosh(q(z-h))J (A.17) 

where 9(r-ro) is the unit step function. Equation (A.17) is a series of 

the type 

(A. 18) 
n 

lf certain condi tions are fullfilled, the coefficients Pn are easily 

calculated by using the standard text hook methods (see for example 

ref. [61]) 

(A. 19) 

Applying eqs. (A.18-19) to our case, aftersome algebra, we obtain for 

Sq 

2Vo 1 ro 6 ( J ----"1 qro 2 • 1o(Yn) qR R 
Sq = ---------------------------------------

[-sinh(qL) - q •cosh(qL) + Dq•cosh(qh)] 
~ ~·~q·C 

(A.20) 

Since the time dependent potentlal inside the cilinder is now fully 

determined through eqs. (A.10,13,14,15,16 and 20), G,. and C,. can be 

calculated by 
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R 

= i~·~ow·J ddtt I 2vrdr 
Z z:O 

(A.21) 

ro+d 

where I is the complex induced current on the ring, and we have used the 

fact that the c-c-bridge is in the conductance mode. After some algebra, 

using the expression for C eq. (A.l), the following relations for Cx and 

Cx are determined 

+ noe2• A • tanh(q(L-h)) • lf Grr + frr 
[ 
k _ [ ~oe

2

f;r ] ] 

l q ~·tanh(q(L-h))+tanh(qh) ~ 2f ]2 ~ 2 ]2 q K wnoe rr + wnoe Grr 
q _2 2 

Grr + frr rr + f~r 

(A.22a) 

C x -n e2. \ A • tanh (q ( L -h) ) • [---[ _:~;:.._0_:_.
2

~L.:.;..:...: _) ____ ] 

-
0 

Lq q ~·tanh(q(L-h))+tanh(qh) ~Kq 2 ]2 ç 2 ]2 Wnoe frr + Wnoe Grr 
2 ~2 2 ~2 

Grr + ~rr rr + ~rr 

where Aq an Kq are given by 

_ 4 •• ro lt(qro).(ro+d) lt(q(ro+d)) 
Aq - v ~ R lo(qR) R lo(qR) 

_ noe2q. tanh(q(L-h))•tanh(qh) 
Kq - ~0 ~·tanh(q(L-h)) + tanh(qh) 

(4.22b) 

(A.23) 

(A.24) 

and CÓh, the direct coupling between center and ring (calculated by 

setting no = 0 in eq. (A.l)) is given by 

_ 2v• • \ ro(ro+d).lt(qro) lt(q(ro+d)). 
- ~ ~0 L R lo(qR) lo(qR) 

q 

[~·Nq + 1/[~·tanh(q(L-h)) + tanh(qh))J) (A.25) 

Note that eqs. (A.22-25) are symmetrie in ro and ro+d, in other words it 

makes no difference, whether the harmonie signa! is applied to the 
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center or to the ring. CÓh in eq. (A.25) is the theoretica! fonmulae for 

the direct coupling. During experiments, one always deals with stray 

capacitances. Therefore we replace CÓh. by the measured direct coupling, 

Co and add a measured conductance Co to Gx. Finally Cx and Cx have the 

form 

Cx = Co + [ 
k _ [ 6moe

2
f; r J ] 

n e2• A • tanh(q(L-h)) . 1 ~r + frr 
0 l q E.•tanh(q(L-h))+tanh(qh) ~ 2f J2 ~ 2 ]2 q . K 6moe rr + wnoe Urr 

q _2 2 2 2 
~r + frr rr + frr 

(4.27a) 

[ 
( w:n0e2 a;r ) ] 

2 \ tanh(q(L-h)) Urr + frr 
Cx = Co + noe • Lq Aq • E. • tanh( q(L-h) )+tanh( qh) • -~K-q ___ 2 ......... _J_2........._....._~---2--J-2 

wnoe Err + 6moe Urr 

2 ~2 2 ~2 
Urr + ~rr rr + ~rr 

(4.27b) 

Note that the expression for Co also can be used to determine the helium 

height. 
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