
 Eindhoven University of Technology

MASTER

A model for the convective atmospheric boundary layer during the winter in the Khartoum-
region (Sudan)

Rutten, M.H.B.M.

Award date:
1987

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/dbf64265-0392-48b2-aecd-f4c642416122


TECHNISCHE HOGESCHOOL EINDHOVEN 

Afdeling der Technische Natuurkunde 
Vakg.roeo TRANSPORTFYSICA 

.... 

Titel A model for the convective atmospheric 

boundary layer during the winter 

Auteur 
Vers 1 agno.: 

Datum 

Werkeenheid 
Begeleider(s) 

in the Khartoum-region (Sudan) 

M. Rutten 

R-822-A 

december 1986 

Windenergie groep 

drs E.H. Abu Bakr 

ir P.T. Smulders 

Afstudeerhoogleraar :prof.dr.ir. G. Vossers 



Summary 

As a part of a research to evaluate a methodology to estimate 

the wind potential in tropical regions, the boundary layer at 

Khartoum is analysed. The aim of the analyses is to make a model 

for the wind speed in the boundary layer. 

Khartoum was chosen because it lies in a flat region, so 

topographic effects on the wind are negligible. 

The reliability of the data of Khartoum was tested and seems 

reliable. Upper-air data show that the boundary layer is 

convective. 

For a good description of the boundary layer pressure and 

temperature charts have been made. These charts showed that the 

horizontal temperature gradient is the driving force of the 

wind. 

We have made a model for the convective boundary layer starting 

from the general equations for the atmosphere. The obtained 

model is a modified Ekman layer, in which the wind speed is 

corrected for the existance of thermals. 

The model has been tested for the winter data of Khartoum and 

for data of the Wangara experiment. In both coses the deviation 

between the calculated and measured wind speed is within 10 % 

for a stationary atmosphere. 
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1. Introduetion 

The subject of this graduation thesis is a theoretica! study of 

the tropical boundary layer. This study is part of a research to 

develop a methodology for evaluating the windpotential in 

tropical regions, inparticularly for windenergy application 

[Ref.4]. 
The practical aim of this research is to estimate the surface 

windspeed using the upper air data. The Khartoum region (Sudan) 
is taken as a representative tropical region. 

Similar work was done in the Netherlands (Ref.1] and Denmark 

(Ref.2].In both countries the calculation methods used to obtain 
the windpotential were performed for a high density of 

meteorological stations. 

In Sudan there are only 50 stations for an area of 2.5 million 

square kilometers, while the Netherlands have 50 stations for 33 

thousend square kilometers. For this reasen their methods to 

calculate the windpotential are very inaccurate in Sudan. 

For this investigation the upper-air data from Khartoum airport 

for 1983 and 1984 are used.[Ref 3~ 
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2 Sudan 

2.1 Geography 

The republic of Sudan lies in East Africa. It shares borders 

with Egypt and Libya in the north, Chad and Central Afrika in 

the west, Zaire, Uganda and Kenya in the south and Ethiopia and 

the Red Sea in theeast [fig 2.1]. 

lts total area is 2.5 million square kilometers, and the total 

population is about 22 million in 1984. 

Considering topography and vegetation we can roughly divide 

Sudan into four specific regions [fig 2.1 and 2.2]. 

The first region is the largest. It is formed by the Nubian 

desert in the north-west and the semi-desert and dry savanna in 

the centre of Sudan. This part is rather flat and there is 

little vegetation. 

fig 2.1: Relief map of Sudan ~> 2000 m, • > 1500 m, 
~> 1000 m, f2 > 500 m, 0 > o m [Ref~2] 
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The second region is formed by the hills in the North-East near 

the Red Sea. 

The third region is formed by the humid savanna and marchy lands 

in the South. 
The mountains in the West form the fourth region. 

In our study only the Khartoum region [fig 2.1], which is 

situated in the semi-desert is analysed. There are three reasons 

for this: 

1 The application of windenergy for waterpumping 
is found to be economical in this region. 

2 Most meteorological stations are situated in 

the centre of Sudan, so this is the best region 

for analyses. 
3 In the centre and the North-West of Sudan the 

topographic effects on the wind are neglegible, 

while in the mountain areas this is an 

important factor. 
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2.2 elimate 

The elimate of Sudan mainly depends on the motion of the 

intertropical convergence zone (ITCZ). This is a pressure belt, 
which is aresult of the motion of the sun [fig 2.3]. 

The ITCZ roughly divides the country into two different 

climatological regions. North of the ITCZ it is dry and the 

winds come from the north, while south of the ITCZ it is rainy 

and the winds come from the south-west. 

If we stay in ene place e.g. Khartoum, there will be four 

seasons: 

25"N 

20° 

l5" long dry 
season 

1 Winter (dry season): the ITCZ is far south. 

2 Advancing monsoon: the ITCZ passes northwards. 

3 Menscon (rainy season): the ITCZ is north. 
4 Retreating monsoon: the ITCZ passes southwards. 

fig 2.3: The motion of the sun and the ITCZ [Ref.3] 
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2.3 Available data 

We divide the data into surface and upper air data. 

As was mentioned in the introduetion Sudan has only 50 

meteorological stations. Of these 50 stations 22 record hourly 

windspeeds at 15 m with a Dines tube anemograph [fig 2.4]. The 

other stations estimate the windspeed using the Beaufort scale. [Re~3~ 

For all stations the temperature, pressure and relative humidity 

are measured at one metre above the ground [Ref.6]. 

Upper air data are measured at 12 stations; three radiosonde 

stations and nine stations, where they measure with pilot 

balloons. For radiosonde stations upper-air measurements are 

done once every 24 hours at 11.15 GMT (13.15 LT). 

Temperature, relative humidity, wind speed and wind direction 

are recorded at the surface, 900 mbar, 850 mbar, 800 mbar, 750 

mbar, 7 0 0 mbar, etc. [ Re f 2 9] 
While pilot balloon stations measure only the windspeed twice 

every 24 hours at midday and midnight. 
The windspeed at the surface is measured by a pin-point 

measurement from the anemograph. 

The data available at the TUE are however rather limited. 

The only upper-air data we have are daily measurements at 11.15 

GMT of 1983 and 1984 at Khartoum airport for the surface, 900 

mbar, 850 mbar and 800 mbar. 

Surface hourly wind data are available from Khartoum (1982, 

1983,1984), Atbara (1982, 1983, 1984), Wad Medani (1982, 1983, 

1984), Shambat (1984) and El Obeid (1984) [Ref.29]. 
The data of Khartoum, Wad Medani and Shambat have been corrected 

for the surface roughness and are presented as potential wind 
speeds at standard height of 10 m and. These data have been 

publisbed [Ref.5]. 
In our investigation we also used the Sudan meteorological 

annual report of 1983. This report gives monthly averages of the 

daily minimum and maximum temperature, wind speed and relative 
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humidity at 22 stations in 1983. 

Finally we used the hourly temperature date at 1 m measured in 
1984 at Khartoum airport. 
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fiq 3.4: the stations with a Dines tube anemograph (•) and the 

station withupper-air measurements (0). 
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3 Data reliability and representation 

3.1 Reliability 

A serious problem in tropical countries always is the 

reliability of the data. 

To check the reliability we use two methods. 

1. Comparison of surface data of two stations, 

situated near to another. 

2. Comparison of surface data measured at the 

ground (meteorological measurement box at 1 m 

and anemograph at 15 m) with the surface data 

measured by the radiosonde. 

First we compare hourly wind speeds at Khartoum airport with 

hourly wind speeds of the meteorological station in Shambat. The 

distance between the two places is 8 km. After correction for 
the local surface roughness, monthly average wind data are 

compared in figure 3.1. 

V 6 
KHARTOUM / 

(mts) 
4 

X,. / 
/ / 

/" IDfAL UNE 

~1or. DEVIATION 

2 

0 2 4 6 
V sHAMBAr (m/s) 

fiq 3.1: Monthly average potential wind speeds from Khartoum 

airport versus the data of Shambat meteorological 

station in 1983. 
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The winddata of the stations are in reasonable agreement with 

another, which means that the winddata measured by the 

anemometer at Khartoum airport can be considered reliable. 

A comparison of the monthly average hourly wind data and monthly 

average pin-point data at 11.15 GMT for 1983 (both measured by 

the anemograph) is shown in figure 3.2. Although the data are 

comparable, the deviations in the winter are quite large, i.e. 

the hourly wind speeds are about 30 % higher than the pin-point 

wind speeds. We known that the hourly winddata of the anemometer 

are reliable by comparison with Shambat. Therefore we shall use 

the hourly windspeed in stead of the pin-point windspeed in our 

investigation. 

V 6 
HOURLY 

(m/S) 4 

2 

0 2 

/ 

@
WINTER / / / 

/ // 

/ / 

/ / 

X / !DEAL LINE 

X / "' / ~10% DEYlATION 

x 

4 6 
V PIN-PoiNT (m/s) 

fig 3.2: monthly average hourly wind speeds versus monthly 
average and pin-point wind speeds from 

the anemograph at Khartoum airport in 1983 

The surface pressure from the box is an 3-hourly average and for 

the radiosonde it is a pin-point measurement. The surface 

pressure measured by the radiosonde are on the average 2-3 mbar 

higher than the pressure measured in a box at 1 m [fig 3.3a). We 

do not have an explanation for this difference. 

The surface temperature from the box is an hourly average and 
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for the radiosonde it is a pin-point neasurement. The 

temperature measured by the radiosonde is on the average 2 °C 
lower than the mean daily maximum temperature in the box at 1 m 

[figure 3.3b]. This is very well possible, because in the first 

5 metre near the ground the temperature gradient is quite large 

c~ -0.5 °C/m), meaning that a systematic height difference 
introduces a systematic temperature difference. 
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b 

fig 3.3: pressure and temperature data from the 1 m box 

versus the data from the radiosonde 

3.2 Data representation 

All the data are represented as monthly averages. 

In the upper-air data for the winter season the pin-point wind 

speed is replaced by the hourly average wind speed for the 

reasen given in paragraph 3.1. The winddata are represented in 

the two components u (West-East) and v (South-North) 

[figure 3.4]. 
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fig 3.4: The measured windcomponents at Khartoum airport in 

january 1983. 

The temperature is measured in dagrees celsius [figure 3.5a]. 

In the same figure the potential temperature has also been 

represented. 
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fig 3.5: The temperature measured at Khartoum airport in 

february 1983 (X) and the equivalent potential 
temperature (G>) . 
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lts physical meaning is explained in the following. 

If a packet of air moves up to a lower pressure, the temperature 

of the packet will adapt itself to this pressure according to an 

adiabatic process 

3.31 

with 

The value of K for air is approximately equal to the value of t 

for an ideal gas. Because cp = 7/2 R for an ideal gas, we 

further take K = 2/7. 

Using formula 3.31 we can determine whether the atmosphere is 

stable, neutral or unstable. Stable, neutral and unstable mean 

that, if a packet of air moves up, the adapted temperature will 

be respectively lower than, equal to and higher than the 

temperature of the environment. This means that the air density 

of the packet will be respectively higher than, equal to or 

lower than the air density of the environment. As a result the 

parcel will respectively move down, stay there or move further 

up. 
For analysis of a boundary layer the potential temperature is 

therefore introduced. It is defined by 

4.32 

The advantage of using the potential temperature is that it 

shows immediately whether the atmosphere is stable, neutral or 

unstable. The three situations are described by 

ll 
az > o stable atmosphere 

ae 
az = 0 neutral atmosphere 

ll 
az < o unstable atmosphere 
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There are some situation that differ from the definitions above. 

For instanee a constant potential temperature can also appear in 

a convective boundary layer. The constant potential temperature 

is then a result of the mixing by thermals. 

The representation of the surface data are not dicussed here, 

but they will be discussed in paragraph 4.7. 

3.3 Humidity 

In the former paragraphs the humidity is not discussed. 
Figure 3.6 shows the typical values of the relative humidity 
during the winter and the monsoon. 

During the winter the values of the relative humidity at all 

heights are lower than 30 %, which means that the influence of 

the humidity on the atmospheric conditions is smalle. Therefore 

we shall neglect the humidity during the winter and assume the 
atmosphere to be dry. 

The monsoon gives a different picture. The relative humidity is 

low near the surface (<30%), but increases to values of 50% at 

800 mbar and will probably increase further if we go higher. In 

the monsoon the humidity cannot be neglected. 

In the advancing and retreating monsoon both situations of 

figure 3.6 occur, meaning that the humidity can not be 

neglected. 
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fig 3.6: The relative humidity in february (a) and july (b) 
1983. 
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4 Theory 

4.1 Introduetion 

For our investigation we are interested in a small part of the 

atmosphere, called the atmospheric boundary layer. Its height is 

of the order of one kilometre from the ground. 

In figure 4.1 two specific types of boundary layers are shown. 

m1xmg layer 

friction layer 
friction layer 

viseaus l~er viseaus la~er 
//77 //T//7:7/7/ 

a b 

fig 4.1: Two typical tropical boundary layers 

The first type [fig 4.1a] is typical for a tropical region 

during the night. 

The boundary layer is divided into a viscous layer of a few 

decimetres near the ground and above this a friction layer of 

about 100 metre. The turbulence is caused by the friction of the 

ground. 

The second type [fig 4.1b] is typical for a tropical area during 

the day and is called a convective boundary layer. It is divided 

into three layers. Near the ground we find a viscous layer of a 

few decimetres. Above this there is a friction layer of a few 
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tens of metre~. The turbulence in this layer is caused by 

friction and buoyancy. And above this there is a mixing layer, 

where the turbulence is mainly caused by buoyancy. In the mixing 

layer we find pareels of air, called thermals, rising up to the 

top of the boundary layer. These thermals are caused by the 

intense heating of the surface and are of big influence on the 
structure of the boundary layer. 

The thickness of this layer varies from 100 m up to 2-3 

kilometres. 

Two specific features of the convective boundary layer are 

1. a constant potential temperature from about 

10 m until the top of the boundary layer 

[figure 4.2a] 

2. and a constant windspeed from a few tens of a 
metre until the top of the boundary layer. 

[figure 4.2b] 

The typical temperature profile in this layer is shown in figure 
4.2a. Near the ground there is a layer with a sharp negative 
gradient of the potential temperature. From this layer thermals 
rise up into the mixing layer. Above the boundary layer there is 
a stable layer where the temperature of the thermals will be 
lower than the temperature of the environment, so that the 

thermals will be "destroyed". 

In figure 4.2b the typical windspeed profile for a convective 

boundary layer is shown. The windspeed increase from the ground 

until the bottem (b) of the mixing layer. In the mixing layer 
the windspeed will be constant until the top (h) of the boundary 
layer. Above the boundary layer the windspeed is geostrophic. 
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fig 4.2: a: the potential temperature profile and b: the 

wind speed profile in a convective boundary layer 

The boundary layer measured in Khartoum has the features of the 

convective layer dicussed above [figure 4.3]. 
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fig 4.3: the measured potential temperature and windspeed in 

January 1983 at Khartoum 

This means that the top of the boundary layer is situated at 

the transition point, where the constant potential temperature 

changes to a stable layer. 

In the winter (December, January and February) the top of the 

boundary layer never exceeds a height of 1.5 kilometre [figure 

4.4]. However in the advancing monsoon, monsoon and retreating 
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monsoon the height of the boundary layer exceeds the height of 
the available data. 

For a good analysis of the boundary layer in these three 

seasons, we need at least data until 3 kilometre. 

Therefore we restriet the research in Khartoum to the winter 
season. 

800 
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;{W p p 
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fig 4.4: The potential temperature for every month of 

1983 (Khartoum) 

4.2 survey of literature about tropical boundary layers 

330 

Relatively few books have been publisbed about the weather in 

tropical regions. The two well known books "Tropical 

meteorology" and "Climate and weather in the tropics" are both 

written by Riehl [Ref.8 and 9]. Both books give a survey of 

various subjects in meteorology. This implies directly that the 

subjects are only discussed briefly. These books can be seen as 

general referencebooks. 

Literature more specific about tropical boundary layers is found 

in articals and reports. We will give here a brief survey of a 

number of articles and reports on two groups: boundary layers 
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above sea and boundary layers above land. 

Especially the tropical marine boundary layer has been studied. 

Some big experimental projects on the boundary layer above sea 

are: GATE [Ref.17], IQSY [Ref.18], APEX [Ref.l9], MONSOON77, 

ISMEX, MONEX79 [Ref.20]. 

The first three were executed in the Atlantic ocean, conserning 

the trade winds and the ITCZ. The last three projects were 

executed in the Pacific ocean and were especially interested in 

the menscon and the Somalia jet. 

These projects have given data for further theoretical study of 

the boundary layer above sea. In marine boundary layers the 

humidity has a big influence on the vertical energy flux and 

thus on the windprofile. 

Two projects above land are the Wangara [Ref.21] and the Tsumeb 

[Ref.22-24] experiments. In both experiments the boundary layer 

was studied for 24 hours. 

The Wangara experiment (latitude=35°S) was done in Australia and 

is seen as an ideal experiment. It has been used many times as a 

standard boundary layer to test a theoretical model of the 

convective boundary layer. In these experiments the relative 

humidity has a large influence on the boundary layer. The 

measured profile of the pot~ntial temperature and the windspeed 

however has the features of the convective boundary layer 

descibed in figure 4.2. 
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fig 4.5: The potential temperature and windspeed profile 

measured at 12 h on day 33 during the Wangara 

experiment 
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The Tsumeb (SWA) experiments (la~itude=17°S) were executed 

during the dry and during the rainy season. Though Tsumeb and 
Khartoum lie in different hemispheres, their climates are 

comparable. 
For this reason we would expect the same boundary layer features 

like in Sudan. Measurements however show a boundary layer that 

is different from the boundary layer measured in Sudan [figure 

4.6]. The windspeed in Tsumeb is notconstant in the boundary 

layer and the boundary layer is not overcapped by a stable layer 

(ae;az>O). 
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fig 4.6: The potential temperature and windspeed profile 

measured in Tsumeb 

Beside these experimental projects we will mention two 

theoretica! articles about marine boundary layers, which are 

relevant with regard to our research. 
In 1971 Paul Janota did a study on marine boundary layers near 

the ITCZ. (Ref.12]. In this study hetried to model the measured 
boundary layer by an Ekman layer. He succeeded very well and he 

used typical values for K" of 10 m2;s. 
Krishnamurti has simulated numerically the atmospheric motion of 

the first three kilometres above the pacific ocean (Ref.16]. The 

result of this simulation was that for latitudes larger than 10° 

only the coriolis force, the pressure force and the turbulent 



viscosity term are important in the boundary layer 
[figure 4.7]. 

,?0 

Moreover a study on the MONEX79 experiments (Ref.20] proved that 
in some cases like the Somalia jet, the advective acceleration 
force can play an important role. 

z z 
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15S 10S ss 0 SN 10N 15N 20N 25N 
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fig 4.7: Numerical results of Krishnamurti; P is pressure 

force, H is horizontal accelaration, V is vertical 
acceleration, C is coriolis force 

and F is friction (turbulent viscosity term) 



4.3 Th~ general equations 

In this chapter we shall start from the general equations for 

the atmosphere and by eliminating the non relevant terms we come 

to equations for tropical boundary layers during the dry season. 
The general equations for the atmosphere are 

àe 
the continuity equation dt + p'il.Y. = 0 4.1 

dY. .! .! 
the momenturn equation = - p 'ilp + r['i12Y. + 3 'i1(7.Y.)J 

dt 
- gk - f(kxY.) 4.2 

dT 
the energy equation pep dt = kH'i1 2T + D + pCPRd 4.3 

the equation of state p = pRT 4.4 

with 

p air density 

Y.=(u,v,w) windspeed 

u,v,w 

p 

g 

k 
.. 

windspeed in respectively the x-, y
and z-direction [fig 4.8] 

pressure 

gravitational acceleration 

vertical unit vector 

kinematic viscosity 

coriolis parameter 

rotational speed of the earth 

latitude [fig 4.8] 

heat conduction coefficient 

temperature 

heatcapactiy at constant pressure 
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fig 4.8: The coordinate system 

These equations can be simplified as follows. 

the continuity eguation 

~ 
dt + p?.y = 0 

22 

4.1 

In Sudan the typical temperature and pressure differences over a 

distance of 200 km are 2 °C and 1 mbar, so that 

~ ~T ~ 
p = T + p = 7x1o- 3 

If the wind speed is 5 mjs, the time for an air parcel to move 

200 km is 4x10 4 s. The value of 1/p dp/dt is therefore of the 

order 2x1o- 7 s- 1 • Kiangi and Mpeta [Ref 27] calculated that 
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au;ax + av;ay is of the order 2xlo- 6 s- 1 • This means we can 

simplify the continuity equation to 

7.Y.. = 0 

the momenturn eguation 

dY.. l. l. 
=- p 7p + v[7 2Y.. + 3 7(7.Y._)] - gk 

dt 
-f(kxY..) 

4.5 

4.2 

The term v7(7.Y..) is zero, because 7.Y..=O (continuity equation). 

Since the atmospheric boundary layer is turbulent, we write all 

parameters as a mean value plus a time dependent value. 

Y.. = Y.. + y• 

p = p + p' 

p = p + P' 

If we insert this in formula 4.2 and take the mean, we get 

dy 

dt 

l. 
=- p 7p + 'V7 2Y- gk- f(kXY) - CY'.7)Y..' 

In this way we get an extra term (Y..'.7)Y..'· 
Now we split up formula 4.6 into the three components 

du l. .2R 
dt =-pax+ V7 2U + fV- (Y._ 1 .7)U 1 

dv l. .2R 
dt =- p ay + v7 2v- fu- (Y'."~:J)V' 

dw l. .2R 
dt =- p az- g + V7 2W- ('Y_ 1 .7)W 1 

In a static atmosphere the three formulas reduce to the 

4.6 

4.7 

4.8 

4.9 



hydrastatic equation 

.l..2.Q 
p az = - g 4.10 

This formula gives the pressure at different heights. It is used 

for the correction of the pressure at different altitudes to sea 

level. 

If the atmosphere is non statie, this formula is still valid, 

because the ether terros in formula 4.9 are much smaller than the 

pressure and gravitational force. 

The windspeed is therefore determined by the formulas 4.7 and 

4.8. With the use of the mathematic formula 

~(Ux) = x~u + u.~x 4.11 

with U a vector and x a scalar, it fellows that 

(Y'-~)u' = ~(Y'u') - (~.V')u' 

so that (Y'-~)u' is equal to ~(V'u'), because ~.V'=O (continuity 

equation). The term ~(Y'u') can now be written as 

.L .L .L 
~.(u'V') = ax u 12 + ay u'v' + az u'w' 4.12 

Because turbulence is produced by eddies, we may assume the 

windspeed variatien u•, v' and w' are of the same order. Further 

we know that the horizontal length scale (order of 100 km) is 

much larger than the vertical length scale (order of 1 km) • 

For this two reasens we may assume that the third term on the 

right-hand side of formula 4.12 is much larger than the ether 

terms. This 

means that formula 4.12 reduces to a(u'w')jaz, which is called 

the turbulent viscosity term. 

In the same way we can deduce that (V'.~)v' reduces to 

acv•w•);az. 
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Further the molecular viscosity term r~ 2 u reduces to r a 2u;az2, 

because the horizontal length scale is much larger than the 

vertical length scale. 

For the same reason r~ 2v reduces to r a 2v;az 2 • 

The resultant momentum equation is 

du 1.Q.n .l QJ_x 
dt = - p dX + p az + fv 4.13 

dv 1.Q.n .l hy 
dt = - p ~y + p az - fu 4.14 

.Q.n 
az = - pg 4.15 

with 
.2Y 

Tx = pV az - p u•w• 4.16 

~ 
T = pV az - p v•w• y 4.17 

The equations 4.16 and 4.17 represent the shear stresses in the 

x- and y-direction. 

Later on we shall use the friction velocity u •• It is defined by 

U* = ( T o/ p) 1 I 2 4.18 

with 

total stress at the ground 

Energy eauation 

4.3 

For the same reason as in the former paragraph we write the 

parameters T and y as a mean value plus a time dependent value 
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T = T + T' 
4. 19 

y_ = y_ + y_· 

We insert this in formula 4.3, and take the mean 

4.20 

We get an extra term {V'.~)T', for which holds {formula 4.11) 

{Y'.~)T' = ~{V'T')- {~.V')T' 

The second term on the right-hand side is zero {continuity 

equation), so that 

.L .L 
{Y'-~)T' = ~{Y'T') = ax u'T' + ay v'T' 

.L 
az w'T' 

4.21 

4.22 

The terms u'T', v'T' and w'T' represent the turbulent heat flux 

in respectively the x, y and z-direction. Because the horizontal 

length scale is much larger than the vertical length scale 

formula 4.22 reduces to aw'T'/az. 

For the same reason kH~ 2T reduces to kH a 2T/az 2 • 

The resultant energy equation is 

dT 
pc p d t = 4.23 

wi th 
.2I. 

H = kH az - pep w'T' 4.24 

H represents the sensible heat flux in the z-direction. 
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4.4 Prandtl's mixing-length theory 

Prandtl stated that the turbulent flux of momenturn is related to 

with the velocity gradient by means of the eddy diffusivity 

equations [Ref 13]. 

He therefore introduced the exchange coefficients Kx and Ky, 

which are defined by 

~ 
u'w' = Kx az 

4.25 
h 

v'w' = Ky az 

The values of Kx and Ky are determined from eddy assumptions. 

If a packet of air moves up a distance 1', its windspeed in the 

x-direction will increase with 

h 
u' = u{z+l'}- u{z} = 1' az 4.26 

Because we interprete the turbulence as eddies, the fluctuations 

in the x and z-direction will he the same, so 

au 
w. = -1' az 

This means that 

u'w' 
- (h)2 

= -1. 2 az 

The exchange coefficient Kx is now equal to 

wi th 

au 
= -1' 2 az 

au 
= -1 2 az x 

characteristic displacement length. 

4.27 

4.28 

4.29 
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We can derive in a simular way 4.25 for v'w'. 

Because the eddies in the x- and y-direction are the same the 

values of Kx and Ky are equal and therefore replaced by the 

momenturn exchange coefficient K". Typical values for K" lie 

between t and tO m2/s. 

The ratio between molecular and turbulent viscosity is now given 

by v/K". The value of y is t.5 to-s m2/s. This means that, 

except for the viscous layer, the molecular viscosity is 

neglegible. 

In the same way as for momenturn we can define a heat exchange 

coefficient KH 

ll 
w'T' = KH az 4.30 

The value of KH is of the same order of magnitude as K". The 

value of kH/pcp is 2 to-s m2/s. This means that, except for the 

viscous layer, the heat conduction is neglegible compared to the 

turbulent heat flux. 

The general equations are now 

continuity equation v. Y. = 0 

du 1. h. a 2 

momenturn equations dt = - p a x + KM az 2 u + fv 

dv !. h. L2 

dt = - p ay + KM az 2 V - fu 

h. 
az = - pg 

dT a 2 

energy equation dz = KH az 2 T + D + pcPRd 

equation of state p = pRT 
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Now that we have elaborated the general equations and have 

defined the used parameters, we will derive some solutions for 

the windspeed in different situations. 

4.5 Geostrophic wind 

The most simple salution for the windspeed is the geostrophic 

wind. In this situation only the pressure force and the coriolis 

force are important. The salution follows immediately from the 

momenturn equation 

L .21! 
r P ay 

LaP 
f p ax 

4.31 

The direction of the geostrophic wind is parallel to the isobars 

[fig 4.8]. The geostropic wind describes the wind above the 

boundary layer. Further on it will also be used in the boundary 

layer as a fictive windspeed, if there would be no turbulence. 

-----------------------p+~p 

p 

p 
( 

-----------------------P-4P 

fig 4.8: The geostropic wind 



4.6 The Ekman layer 

The most simple formula that describes an atmospheric boundary 

layer is the Ekman layer. It is derived for a stationary 

atmosphere, when only the pressure force, the coriolis force and 

the turbulent viscosity are important. 

l. ~ a 2 

- p ay - fu + Kl1 az 2 V = 0 
4.32 

l. ~ a 2 

- p a x + fv + Kl1 az 2 u= 0 

These differtial equations will be solved for a pressure 

gradient in the y-direction, which is the same for all heights. 

The boundary conditions are 

1. a windspeed zero at the ground 

u(z=O) = v(z=O) = o 
2. and a geostrophic wind above the boundary layer 

-1 ~ 
u ( z=(l)) = Ug = pf ay 

v ( z=CXl) = v'l = 0 

The solution of formula 4.32 is now 

4.33 

with 

(J_) 1/2 

-y = 2K 11 

Formula 4.33 is called the Ekman layer solution. 

In figure 4.9 we give two graphical representations of the Ekman 

layer. We can see that the winddirection at the surface is 
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different from the winddirection above the boundary layer. 
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fig 4.9: The Ekrnan layer for ug = 10 m;s, vg = 0 m/s, 

KM= 5 m2;s and f = 10- 4 s- 1 , drawn in a normal u-z 

diagram (a) and in a hodograph (b). 

4.7 Temperature and pressure maps 

In the former paragraph we have calculated the Ekrnan layer, 

assuming a constant geostrophic wind at all heights. 

In reality the geostrophic wind varies with the height. We can 

show this by two pressure maps at different heights. 

For a good pressure map the pressure, measured at the various 

stations, has to be corrected to one altitude. 

This correction is described by the hydrostatic equation 

.2.R 
az = -pg 

For a convective boundary layer we know that the potential 

temperature is constant in the mixing layer [figure 4.2]. 

Therefore we use a constant potential temperature for the 

4.10 
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correction of the pressure. For sea level the corrected pressure 

is [Appendix A] 

4.34 

with 

Ps 1 pressure at se a level 

Ps pressure at the surface 

Ts temperature at the surface 

Zs altitude of the meteorological station 

In figure 4.10 pressure maps for two different altitudes are 

drawn. It is clear that the pressure gradient at 1 km is much 

smaller than the pressure gradient at sea level, which means 

also that the geostrophic wind at 1 km is much smaller than the 

geostrophic wind at sea level. 
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fig 4.10: the pressure map a: at sea level and b: at 1 km 

for the Khartoum region in january 1983 
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The pressure and the temperature are connected by the equation 

of state. This means that with formula 4.10 we can also derive 

the correction to sea level for the temperature. 

aT 
az = - 10 °C/km 4.35 

An example of a corrected temperature map is given in figure 

4.11. 

In all maps the isobars and isotherms are drawn in the Khartoum 

region, assuming a linear lapse rate between the stations. 

fig 4.11: The temperature map at sea level for the Khartoum 

region in january 1983. The used data are the daily 

maximum temperatures. 
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4.7 Thermal wind 

The gradient of the geostrophic wind can also be obtained from 

the definition of the geostrophic wind. If we differentiate 

formula 4.31 with respect to z, we get 

au9' L (-1 .2R) g_ .aT l. .2.T L .2R 
az = az pf ay = - fT ay - T az pf ay 

4.36 
av9' L ( 1 .2R) g_ .2.T l. .aT L .2R 
az = az pf ax = fT ax + T az pf ax 

The ratio between the first and second term on the right-hand 

side of the first formula is 

.2.T 
g ay 

.1. .2R aT 
P ay az 

We will calculate the ratio for sea level in January 1983. The 

order of aT;ay is 10 °C/1000 km [figure 4.11], the order of 

apjay is 5 mbar/1000 km [figure 4.10], aTjaz is 10 °Cjkm, g is 

10 ms- 2 and p is 1.2 kgm- 3 • ·with these values the ratio is 24. 

For higher altitudes the ratio only is larger, because ap;ay is 

smaller. 

For the second formula of 4.36 the ratio will also be larger 

than 20. 

Therefore the second terms on the right-hand side of formula 

4.36 can be neglected (Ref 6]. 

Further the gradient of the geostrophic wind is inversely 

proportional to the coriolis parameter. The coriolis parameter 

in the middle latitudes e.g. The Netherlands (f=1.15x1o- 4 s- 1 ) 

is about three times larger than the coriolis parameter in a 

tropical region like the Khartoum region (f=0.39x1o- 4 s- 1 ). This 

means that in The Netherlands (Ref 1] the influence of a 

horizontal temperature gradient on the geostrophic wind is three 



35 

times smaller than in the Khartoum region. In the khartoum region 

the temperature gradient is the driving force of the windspeed. 

If we assume a constant temperature gradient for all heights, 

then the geostrophic wind is described by 

~n 
Ug = Ugo - fT ay 

~n 
Vg = Vgo + fT ax 

with Ugo and vgo the geostrophic wind at the groundlevel. 

4.37 

The secend terros on the right-hand side are called the thermal 

wind. 

4.8 Logarithmic profile 

As described in paragraph 4.1 the first tens of roetres of the 

boundary layer are divided into a viseaus layer near the ground 

and a turbulent layer above it. In the transition between these 

layers the formulas for both layers must be valid. From this 

condition fellows a logarithmic wind profile [AppendixBJ 

with 

y l. 
u* = k ln(z/z 0 ) 

Zo 

k=0.4 

roughness length 

von Karman constant 

4.38 

The roughness length is a measure for the conditions of the 

terrain (Ref 2]. Formula 4.38 is calculated fora neutral 

atmosphere. Fora non neutral atmosphere a term -~(z) must be 

added 
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y l. 
u*= k (ln(zjz 0 ) - ~(z)) 4.39 

The value of ~ is determined experimentally. Its value depends 

strongly on the ratio between the buoyancy production and the 

mean shear production of turbulent kinetic energy [Appendix C]. 

This ratio is called the flux Richardson number Rf. 

For a situation where T=--p u'w'the ratio is 

g/T w'T' 
Rf = 

.2!! 4.40 
u•w• az 

For a neutral situation near the ground 

-p u•w• = To = pU* 
2 

pep w'T' = Ho 

au •u -* 
az = kz 

If we insert this in formula 4.40, we get 

-gH 0 kz z 

Rf = pcpTu* 3 = L 4.41 

with 
L Monin-Obukhov length 

In a non neutral situation Rf and z/L will not be equal anymore, 

but Rf will still be a function of zjL. 

This means that 

~(z) = ~(Rf) = ~(Z/L) 4.42 

The value of ~(z/L) has been investigated by many people and it 

is described by a lot of formulas [Ref 8]. Holtslag [Ref 15] 

tested many of these formulas against experimental data. He 

found that the best fitting formulas are 

~(Z/L) = (1-16 Z/L) 0 • 25 - 1 for z/L < o 4.43 
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~(z/L) = -17(1-exp(-0.29 z/L)) for z/L > o 

4.9 The energy balance at the surface 

We can write for the energy balance at the surface. 

with 

Rdin = Rdout + LE + H + G 

total incoming radiation 

total outgoing radiation 

latent heat flux 

sensible heat flux 

heat flux into the ground 

4.44 

4.45 

We shall use this formula for the dry season. Therefore we can 

assume that LE is zero. 

During the day the total incoming radiation can be described by 

half a sinefunction 

with 

maximum incoming radiation 

time, when the sun rises 

time, when the sun sets 

4.46 

This formula fits very well with experimental data from Khartoum 

[figure 4.12]. 
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fig 4.12: the measured values of Rdin from Khartoum (Ref 30] 

and the fitted formula: 

Rdin = 65 cal.m- 2 .s- 1 sin((t-5.7 hr).~/11 hr). 

The total outgoing radiation is estimated with (Ref 13] 

with 

~=56.7 10- 9 W/(K 4 m2 ) 

A=0.44 } 

B=0.08 

e 

constant of Stefan-Boltzmann 

experimentally determined constants 

humidity 

4.47 

Further we assume that the sensible heat flux and the heat flux 

to the ground are proportional to the nett radiation. 

4.48 

4.49 

with eH and cG constant. 
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5 A model for the convective boundary layer 

5.1 The publisbed roodels fora convective boundary layer 

In this research we try to set up a model for the windspeed in 

the convective boundary layer. This bas been tried many times. 

Probably the most succesfull model bas been used by Andre et al. 

[Ref. 10]. They and also others [Ref .13] assumed that a 

sophisticated treatment of turbulence is neccesary to model this 

layer and that Prandl's mixing length theory is not valid 

anymore. They modelled the boundary layer by elaborating the 

turbulent velocity equations. Their model was tested for Wangara 

day 33 

The results are in good agreement with the test data 

[figure 5.1]. 

The problem of this model is, that a lot of boundary layer 

parameters have to be known. For Khartoum we have a limited 

number of data, which makes it impossible to use the model. 
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fig 5.1: a: the calculated wind profile by Andre et al[Ref.10] 

and b: the measured wind profile 

on Wangara day 33 
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Other people tried to set up a model for an unstable boundary 

layer by varying the value of Km for different heights [Ref.16). 

The result is 

5.1 

For Khartoum this formula cannot be used, because the velocity 

gradient is close to zero. 

5.2 A methodology to estimate the windspeed in the mixing layer 

for Khartoum during the winter 

We tried to model the convective boundary layer by a 

modification of the Ekman layer. 

First we calculate the wind speed using an Ekman layer. For a 

constant geestropbic wind in the x-direction, the salution is 

with 

UEL(z) = Ug (1- e-Yz COS(YZ)) 

VEL(z) = Ug (e-Yz sin(YZ)) 

The existance of thermals in the mixing layer results in a 

constant wind speed (see figure 4.2b). 

i.2 

Therefore the wind speed in the mixing layer is equal to the 

mean value of the windspeed calculated from the Ekman layer • 

UML = • :bJ UEL(z) dz /(h-b) 

5.3 

VML = .:bJ VEL(z) dz /(h-b) 



with 

b 

h 
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components of the windspeed in the 

mixing layer 

bottorn of the mixing layer 

top of the mixing layer 

a. Determination of the top and the bottorn of the mixing layer 

The top of the mixing layer coincides with the top of the 

boundary layer. It is determined by the height where the 

potential temperature starts to increase, see figure 4.2. 

The question that remains is: what is the value of the bottorn b 

of the mixing layer? 

For Khartoum the data are not sufficientto determine the bottorn 

b. To solve the problem we analyse the first 80 roetres of a very 

unstable boundary layer at Cabauw (The Netherlands) [figure 5.2] 

If we define the bottorn limit of the mixing layer as the height 

where the windspeed is 95 % of the windspeed of the mixing 

layer, in Cabauw the bottem would be at about 25 m. 

In the Khartoum region the heating of the ground is much 

strenger than in The Netherlands. Therefore we expect that the 

bottem will be less than 25 m. In case of Khartoum we take the 

bottem at 15 m. This is the same height as the measuring height 

of the windspeed at Khartoum airport. 
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fig 5.2: the measured windprofile in the first 80 metres 

at Cabauw (The Netherlands) for a very unstable 

atmosphere [Ref.1] 

b. Calculation of the geostrophic wind for January 1983 

Figure 5.3 shows us that the top of the boundary layer is 

somewhere between 850 and 900 mbar. The windspeed measured above 

the top of the boundary layer is geostrophic. 

The value of the geostrophic wind at 850 mbar is equivalent to 

the measured windspeed at 850 mbar 

ug(850 mbar) = 0.9 mjs 

vg(850 mbar) = -2.9 m;s 

A pressure of 850 mbar corresponds with an altitude of 1520 m. 

Because Khartoum airport has an altitude of 380 m, a pressure of 

850 mbar corresponds with 1140 m above the ground. 

The geostrophic windspeed for pressures higher than 850 mbar is 

botained by using formula 4.37 

~aT 
Ug = U go - fT ay 

~ aT 
Vg = V go + fT a x 
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We will determine the geostophic wind for every height at 

13.15 LT, at which time the upper-air measurements are done. 

At this time the temperature of the air approximately reaches 

its maximum. Therefore the horizontal temperature gradient at 

13.15 h can be derived from figure 4.11. 

dT/dx = o.87x1o-s K/m 
dT/dy = 0.95x1o-s K/m 

Because the potential temperature in the boundary layer is 

constant, the value of this gradient is the same for all 

heights. 
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fig 5.3: the measured windspeed components u (X) and v (@) 

and potential temperature 

Further the temperature T is taken at the surface, T= 298 K. 

With f=0.39x1o- 4 s- 1 and g=9.78 m.s- 2 the geostrophic wind at 

every height can be determined using formula 4.37 

Ug = -8.2 mjs + z. 8.0x1o- 3 m/s 
5.4 

Vg = -11.2 m;s + z, 7 .3 x1o- 3 m;s 

with z the height above the ground. 



c. Modification of the Ekman layer equation 

In paragraph 4.6 we have calculated the Ekman layer for a 

constant geostrophic wind in the x-direction. 

If the geostrophic wind varies linear with the height as a 

result of thermal wind and is parallel to the x-direction, we 

can write as a first approximation for the boundary layer 

~ll 
Uel = {Ugo- fT ay) {1- e-~z.cos{~z)) 

5.5 

with 

~ll 
Vel = (Ugo -fT ay) {e-~z.sin(~Z)) 

In reality the geostrophic wind however has components in both 

the x- and y-direction. If we want to use formula 5.5, we have 

to make a coordinate-transformation. 

We shall introduce a new coordinate system [figure 5.4]. 

The x'-direction has the same direction as the total geostrophic 

wind. The y'-direction is perpendicular to the x'-direction 

according to a right hand coordinate system. 

u• = u.cosa + v.sina 
5.6 

v• = -u.sina + v.cosa 

This means that the geostrophic wind only has a component in the 

x'-direction. Now we can calculate the windcomponents u• and v• 

using formula 5.5. 
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Vg 

x 

fig 5.4: the new coordinate system 

The value of K" is however not known. A typical value of K" for 

a unstable boundary layer is of 10 m2;s [Ref.4]. We therefore 

choose as a starting value for K" 10 m2;s. 

When we have calculated u' and v', we can determine the 

components u and v by transformating back to x-y coordinates. 

In this way we can calculate a boundary layer without thermals 

[figure 5.5]. The effect of thermals has been discussed in the 

former paragraph (formula 5.3). They will mix the boundary layer 

and the result is a constant winspeed [figure 5.5]. 

The calculated windspeed in the mixing layer using K"=10 m2;s is 

4.5 mjs. We assumed that this windspeed is equal to the 

windspeed at 15 m. The measured windspeed at 15 m is however 

5.2 mjs. 

By fitting we found that for K"=8,3 m2;s, the windspeed 

calculated by the model will be equal to the measured windspeed 

at 15 m. 

In the following paragraph we will use the result of January 

1983 for estimating the K" value for other monthes. 
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fig 5.5: the calculated Ekman layer (YEL) and the calculated 

windspeed in the mixing layer (YML) 

5.3 Application of the model for February and December 1983 

a. Sealing 

From the estimated value of KM for January 1983, we will derive 

the value of KM for February and December by means of sealing. 

We know that 

The vertical length scale in the boundary layer is the height h 

and the horizontal velocity scale is the friction velocity u*. 

This means that the dimensionless exchange coefficient K" is 

equal to 

5.7 

If we want to use this formula we have to know u* and h. 
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b. Determination of the friction velocity u* 

The value of u* can be determined with the logarithmic 

windprofile [formula 4.39], which is valid from the ground upto 

the bottorn of the mixing layer, which is estimated at 15 m for 

Khartoum. 

~. 
V = k {ln{z/z 0 ) - ~{z)) 

~{z) = {1- 16.z/L)- 0 • 25 - 1 

L = 

This formula is solved numerical by an iterative process 

[Ref.15]. We choose a value for u* and if p. T, z 0 and H0 are 

known, we can calculate L. If we know L, we can calculate ~{z) 

and with ~{z), we can determine a new value for u* etc. In this 

way we can determine u* until the error in L is smaller than 

0.1 m. 

Practically we do not know the heat flux H0 . We will try to 

estimate this value in the following paragraph. 

c. Estimation of the sensible heat flux 

The sensible heat flux is equal to pcph.d9/dt [Ref.7]. As a 

first approximation for the heat flux, we can write 

3600 s 2 
with 

5.8 

the potenttal temperature of the mixing 

layer at time t 

ht the height of the mixing layer at time t 

Ht+O.Shr the sensible heat flux at time t+0.5hr 
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This means we have to know the daily course of the potentlal 

temperature and of the height to estimate the daily course of 

the heat flux. 

d. Estimation of the potentlal temperature in the mixing layer 

An estimation of the heat flux from the ground is given by 

[Ref.28]. 

with C 1 an unknown constant 

5.9 

Further we now from formula 4.30 that the heat flux between 1m 

and the bottorn of the mixing layer is 

H 1'1 L = K H ( 9 1 m- 9 1'1 L ) / ~z 5. 10 

with KH the unknown heat exchange coefficient. 

Assuming the heat flux from the ground is approximately equal to 

the heat flux into the mixing layer we can write 

= 
cl. ~z 

Knowing the values of 9gr• 9 1 m and 9 11 L (from upper-air 

measurements) we can calculate C 2 at 13.15 hr. 

We will assume C 2 constant during the day. 

5.11 

This means we can determine e11 L if we know the temperature at 

the surface and at 1 m. 

We expect the temperature at the surface to be half a 

sinefunction during the day [figure 5.6], since the temperature 
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is directly dependent on the incoming radiation [figure 4. 12]. 

fig 5.6: The estimated course of the temperature at the 

surface during the day. 

Such a temperarure course (0.2 cm below the ground level) bas 

been measured in the Tsumeb experiment during the dry season. 

Since we don't have surface temperatures, we will introduce a 

metbod to estimate the surface temperature. 

Because of the strong simularity between the elimate in Khartoum 

and Tsumeb and the simular agriculture, we will use the ground 

temperature measurements in Tsumeb during the dry season to 

estimate the Khartoum surface temperature during the dry season. 

For Khartoum we only have temperature data at 1 cm below the 

ground level. From measurements in Tsumeb we know that the 

temperature at 1 cm below the ground level is described by half 

a sine function with the maximum 1 hour later than at the 

surface. Further in Tsumeb the top at 1 cm is 5 °c lower than 

the top at the surface and the 1 cm temperature at sunrise is 3 

°C higher than the temperature at the surface. 

Because during the dry season in Tsumeb (augustus and september) 

the incoming radiation is approximately equal to the incoming 

radiation during the dry season in Khartoum (December, January 

and February), we used the same temperature differences in 

Khartoum and obtained a sine function as shown in figure 5.8 
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We have got hourly measurements of the temperature at 1 m in 

Khartoum in 1984. For 1983 we only have the mean minimum and 

maximum temperature for every month. 

Since the elimate in Sudan in general is stabie and particularly 

the winter season, which is proved through the years [Ref32J. we 

assume that the daily mean pattern of the temperature, measured 

during a month in 1984, is also valid for the same month in 

1983. By adjusting the temperatures of 1984 so that they fit 

with the measured minimum and maximum temperature in 1983, the 

daily temperature course can be calculated [figure 5.7]. For 

January 1983 this means 
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fig 5.7: The measured temperature course in 1984 and the 

estimation for 1983 

In figure 5.8 both the temperatures at the surface and at 1 m 

for January 1983 are drawn. 

The value of c 2 can be determined at 13.15 h when the potential 
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temperature in the mixing layer is known from the upper-air 

measurement. The value of C 2 for January 1983 is 0.07. 
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fig 5.8: the potentlal temperature at the surface, at 1 m 

and in the mixing layer for January 1983 

e. Determination of the height of the mixing layer 

For 13.15 h the height of the boundary layer h fellows from the 

potentlal temperature measurement [figure 5.3]. 

The stabie layer above the boundary layer can be described by a 

line, which gives a relation between the potentlal temperature 

and the height z in the stabie layer. 

wi th 

e- e13,1sh 
z = + h13.15h 5.12 

{d9/dz) 81 

{d9/dz) 61 the potentlal temperature gradient in 

the stabie layer 

From the Wangara data [figure 5.10] we can see that the measured 

stabie layer is constant after 12.00 hr {5 hrs after sunrise). 

Similar to these data we expect that formula 5.12 will describe 

the stabie layer above the boundary layer after 12.00 hr {6 hrs 

after sunrise in Khartoum [Ref.31]. 
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This means that if we know the potential temperature et in the 

mixing layer we can calculate the height ht of the boundary 

layer [figure 5.9]. 

In this way we can calculate the height h for every hour after 

12.00 h. Using the potential temperature estimated in farmer 

paragraph we can calculated the heat flux H using formula 5.8. 

Because we know the nett radiation we can calculate the value of 

We will assume this value to be constant to be constant during 

the day. 

800 x 
p I (mbar) 

BSO ht x ---/: 
900 

''[' 
I I 

I 

I 

950 I 
I 

290 310 320 
a (K) 

fig 5.9: the measured potential temperature versus pressure 
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fig 5.10: the potential temperature measured on Wangara day 33 

from sunrise {7.00 h) until 15.00 h [Ref.21] 

Using the calculated value of CH we can determine the heat flux 

before 12.00 h. 

Using the estimated potential temperature in the mixing layer 

from the former paragraph, we can determine the height of the 

boundary layer after 12.00 h with formula 5.8. 

The calculated height and heat flux during the day for January 

is shown in figure 5.11. 
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x 
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x 
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fig 5. 11: the calculated height h and heat flux H during the 

day for January 
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Using the heat flux at 13.15 h we can calculate u* for January. 

The value of u* is 0.52 m/s. The height of the boundary layer is 

800 mand KM is 8.3 m2/s. 

This means that 

We will use this dimensionless exchange coefficient as a 

standard sealing parameter for convective boundary layers. 

d. Estimation of the windspeed in February and December 

5.7 

In the previous section we have adjusted the model to January. 

By sealing we will apply the model for February and December at 

13.15 h. 

With our model we want to give an estimation of the windspeed in 

the mixing layer. 

To use the model we have to know KM and thus u* and h. The 

height of the boudary layer h can be determined from the upper

air data for the potential temperature. 

The friction velocity can be calculated if we know the windspeed 

at the bottorn of the mixing layer, in Khartoum 15 m. 

Assuming we do not know the wind speed at the bottorn b, we have 

to use another method to determine u*. The method is based on an 

iterative process. 

We assume a imaginary windspeed at 15 m and calculate u* using 

formula 4.39. With this imaginary value of u* we can determine 

KM. Using the formulas 5.2 and 5.3 and the value of KM we can 

calculate a new value for the components of the windspeed in the 

mixing layer and thus at 15 m. For this wind speed we calculate 

a new value for u* etc. The results of the itterative process 

for the winter compared with the measured wind speed is shown 

in table 5.1. 
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Ïmeas (m/s) vcalc (m/s) 

January 5,2 ±0,3 5,2 :1::0,5 

February 5,5 5,3 

December 5.1 4,9 

table 5.1: the measured and calculated windspeeds 

The deviations between the measured and calculated windspeed are 

within 5 %. 

From the calculated components of the windspeed we can also 

determine the winddirection. The calculated and measured 

winddirections are shown in table 5.2. The deviation between the 

calculated and measured winddirection is always smaller than 

25°. 

January 

February 

December 

di ( 0) rmeas 

352 

16 

32 

di ( 0) re al 

1 

4 

10 

table 5.2: the measured and calculated wind directions 
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5.4 Test of the model using the Wangara experiment 

We applied our model also for day 33 of the Wangara experiment 

[Lit 21]. The tested boundary layer was measured at 12.00 h 

(LT). 

In figure 5.12 the measured potential temperature is shown. It 

is clear that the top lies at approximately 1100 m. The measured 

geostrophic wind and the measured windspeed are shown in figure 

5. 13. 
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fig 5.13: The measured geostrophic wind (from pressure maps) 

and the measured wind components u (X) and v (~) 

We calculate the value of u* with the use of the logarithmic 

profile. The windspeed is measured at 1, 2, 4, 8 and 16 mand 

the roughness length zO is given: zO =0,0012 m. If the 
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measurements are drawn in a ln(z/zO)-V diagram [figure 5.14] the 

gradient of the line will be equal to u*/k. 
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fig 5.14: ln(z/zO)-V diagram at 12.00 h (L.T) 

The calculated value of the friction velocity is 0.215 m/s. 
• - 2 Knowing u* and h, we can calculate K". K".h.u*= 4.7 m /s. 

Using formula 5.2 and 5.3 we have calculated the windspeed in 

the mixing layer. The result for the windspeed is shown in 

figure 5.15. The calculated windspeed agrees well with the 

measured windspeed. The measured hourly windspeed at 16 m by the 

anemometer is 3.07 m/s, while the calculated windspeed in the 

mixing layer is 3.0 m/s. The difference is 3 %. 

Further the mean measured winddirection in the boundary layer 

102° agrees well with the calculated winddirection 90° . 
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fig 5.15: the calculated and measured windspeed 
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5.5 The course of the windspeed at 15 m during the day for 

the winter season in Khartoum 

In the former paragraphs we only used the model at times for 

which upper-air measurements are done. Now we shall try to 

predict the windspeed for the whole day. 

In paragraph 5.3 we have shown a methodology to estimate the 

height of the boundary layer and the sensible heat flux during 

the day. The results of January is shown in figure 5.11. 

These results are of course not very accurate and some remarks 

have to be made. 

For instanee the height of the mixing layer will not go to zero 

at sunrise, but there will be a transition between the night and 

day boundary layer [figure 4.1] 

A similar transition will take place at sunset. 

We will use the model for the whole day in the same way as we 

did for the upper air measurements in February an December. 

We will start with an imaginary wind speed and calculate the 

windspeed in the mixing layer by the iterative process 

described in paragraph 5.3. 

The results of the model for January 1983 are shown tagether 

with the measurements in figure 5.16. After 12.00 h the 

deviation between the model and measurements is smaller than 

10 %. Before 12.00 h the calculated wind speed is smaller than 

the measured wind speed. Only for 8.00 h the calculated value 

agrees reasonably well with the measured value. 

We have tried to explain this deviation with the local 

acceleration term. 

In the morning the height of the boundary layer increases very 

rapid and simultaniously the value of KM increases very rapid. 

As a result our stationary model (the modified Ekman layer) is 

not applicable anymore. 

The morning boundary layer is nonstationary. Therefor we will 

introduce a new model using the insationary equations. 
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.21!. _a2 
at = f(v-v!J) + K,.. az 2 u 

QV a2 
at = f (u !J-u) + K,.. az 2 V 

The numerical solution of this differential equation is 

wi th 

un+l,i = un,i + ~t [f(vn,i- vg,i) 

+ (K,../~z 2 )(un,i-1- 2un,i + un,i+1)] 

vn+l,i = Vn,i + ~t [f(un,i- ug,tl 

+ (K,../~z 2 )(vn,i-1- 2vn,i + vn,i+1)] 

u at time t=n.~t and 

for the height z=i.~z 

5.6 

The solution is stable for K11 < ~z 2/~t. We take ~z=12.5 m and 

~t=6.25 s, so that the solution is stable for K11 <25 m2/s. 

The value of K11 in this formula is a function of the height and 

of the friction velocity and thus a function of the time. 

As a starting layer for January 1983 we use the layer calculated 

by the modified Ekman layer at 8.00 h, because then the night

day transition of the boundary layer is probably over. 

Further u!J and v!J are assumed constant during the day. 

As boundary conditions we take u(O)=O, v(O)=O, 

u(1200m)=ug(1200m), v(1200m)=vg(1200m) 

The results of the nonstationary model are shown in 

figure 5.16. 
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fig 5.16: the measured windspeed (X), the windspeed calculated 

by the modified Ekman layer (o) and the windspeed 

calculated with nonstationary model ~---) 

Until 12.00 h the calculated windspeed by the nonstationary 

model is higher than the windspeed for the modified Ekman layer, 

but after 12.00 h the calculated windspeed is equal to the 

windspeed for the stationary model. 

This means that acceleration force plays an important role in 

the morning, but can be neglected in the afternoon. 

The results for the winddirection for the modified Ekman layer 

and nonstationary model are shown in figure 5.17. Here both the 

modified Ekman layer and the nonstatinary model deviate within 

20° from the stationary model. 

10 
dir ,., 

360 

3~~-----------------------------6 8 10 12 18 

fig 5.17: the winddirection: measured (X). calculated with 

the modified Ekman layer (0) and calculated wth the 

nonstationary model in January 1983(---) 
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In figure 5.18 and 5.19 the results for February and December 

are shown. For both Febuary and December in the morning the wind 

speed calculated by the nonstationairy model is closer to the 

measured values than the modified Ekman layer. 
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fig 5.18: the windspeed and direction: measured (X) 

calculated with the modified Ekman layer (0) and 

calculated with the nonstationary model (----~ in 

February 1983 
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fig 5.19: the wind speed and direction: measured (x). 

calculated with the modified Ekman layer (0) and 

calculated with the nonstationary model ~--~ in 

December 1983 
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Conclusions and discussion 

The obtained data of Sudan is rather limited and not sufficient 

for a detailed study of the boundary layer. 

However the elimate in Khartoum is stable, especially in the 

winter, which makes it possible to work with few data to give a 

good analyses of the boundary layer. This aspect shows clearly 

that a different methodology than those in temperate latitudes 

should be used. 

One of the difficulties we face in the research is that the data 

are received on paper. For analyses these data have to be typed 

in the computer, which took a lot of time. 

Comparison of data from nearby stations (Shambat and Khartoum) 

showed that the reliability of the data is reasanabie [fig 3.1] 

For analyses of the upper-air data the humidity is found to be 

negligible in the winter. 

From pressure and temperature charts [figure 4.10 and 4.11] it 

was found that the horizontal temperature gradient is the 

driving force of the wind in the Khartoum region. 

The upper-air data showed that the boundary layer in Khartoum is 

convective during the winter. 

A metbod is introduced to estimate the windspeed in a convective 

boundary layer using a modified Ekman layer (corrected for 

thermals}. The value of the momenturn exchange coefficient is 

determined using the dimensionless exchange coefficient: 
- -2 KM= KM/(u*.h} = 2.0x10 [formula 5.7]. 

The model was tested for data from Khartoum and data from the 

Wangara experiment. The calculated and measured wind speed are 

in good agreement within 10 %. 

The limited number of data forced us to make a number of 

assumptions [section 5.3] for the 12-hour model. Despite we used 

many assumptions, the model gives reasanabie results for the 

afternoon period. 

In the morning period it is found that the stationary model 
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(modified Ekman layer) is not applicable. 

An elaboration of the nonstationary equations showed that the 

acceleration term is an explanation for this deviation. 

The results of the stationary model contradiets with the idea of 

Andre et al [Ref 10] that a sophisticated treatment of 

turbulence is necessary to describe a convective boundary layer. 
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Appendix A: pressure at sea level 

For the correction of the pressure we use the hydrastatic 

equation 

.aR. 
az = - pg Al 

To solve this equation we have to know the value of the air 

density at every height. This value follows from the equation of 

state. 

p = pRT 

In a convective boundary layer we further know that the 

potential temperature is constant, what means that 

wi th 

Ps 

Ts 

pressure at the surface 

temperature at the surface 

If we insert formula A2 and A3 in Al, follows 

= 

1-t' p 

az R p 
8

- t. T s 

Now we intergrate from the surface z 8 to a certein heigth z 

above sea level 

7 

2 

A2 

A3 

A4 

A5 
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For sea level z=O, so that 

7 gz 
8 

(1 + ) 7/2 
Psl = Ps A6 

2 RT 8 

71 
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Appendix B: logarithmic profile 

In this appendix we shall derive the logarithmic windspeed 

profile. 

Near the surface we have a viscous layer, what means that the 

stress is determined by 

.2!! 
T X = V OZ 

Bl 
h 

Ty = V OZ 

The friction velocity u* and the rougness length zO are the 

sealing parameters in this layer, so that we can write [Lit.25] 

.!:! 
f x(~ 0) u* = 

B2 
Y. 

= fy(~o) u* 

Now we take the coordinate system in such a way that To only has 

a component in the x-direction, so Ty(O)=O. 

If we write the windspeed in a Taylor series, it follows 

v = v(O) + z.Ty(O)/(v.u*) B3 

u(O), v(O) and T(O) are zero, so that by approximation 

B4 

For the turbulent boundary layer the length scale is the height 

of the boundary layer h, with h of the order of u*/f [Lit.26]. 

Beside this the geostrophic wind must be taken into account, 
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because u*/ug depends on the Reynolds number. A good description 

of the windspeed is now given by 

u-u gx(~:) --g 
u* = 

B5 
v-v 

g y (~:) --g 
u* = 

The equations B2 and B5 depend on 3 parameters: the Reynolds 

number, the height parameter t=z/z 0 and the Rossby number Ro 

1 /Ro = z 0 . f /u* . 

From the transition region where the two formulas B2 and B5 both 

must be valid, it follows that the windprofile has to be 

logarithmic. 

In the transition region we can write 

B6 

The values of hand ug/u* both depend on the Rossby number, we 

can write 

B7 

wi th 

Because t and Ro are independent parameters we can differentiate 

to both parameters. From the equation we get, we can eleminate 

wi th 
~ = zO/h 

_g_ !!g 
= dRo u* (

d ln( ~l) -l 

d Ro 

Both the left-hand and the right-hand side are equal to a 

B7 
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constant 1/k (k = von Karman constant), so that 

!! 1._ 
u* = k ln(z/zO) BS 

1._ 
k ln(z/zO + A) B9 

For v follows in the same way 

Yg 

u* = gy(z/h) = B/k BlO 

A and B are both determined experimentally. 

The formulas B9 and BlO are called the drag laws. 
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Appendix C: the Richardson flux number 

If we take the x-direction paralel to the winddirection the 

energy equation for turbulent motion becomes [Ref 7] 

.!. .a_ L ( .!. ..l L ~) .!. .2.!!' 
2 at u' 2 + az 2 u' 2w' - 2 az = p p' a x + 

.2!! Cl 
u'w' az + Eu 

.!. L L ( .!. ..l L -) .!. h' 
2 at V, 2 + az 2 v' 2w' - 2 az V' 2 = p p' ay - Ev C2 

.!. .a_ 
w' 2 

L ( .!. w' 3 
..l L-) .!. .b.' 

2 at + az 2 - 2 az w' 2 = p p' az + 
C3 

g 
w' 8' - Ew 

T 

wi th 

Eu• E V, Ew the turbulent dissipation function for 

the x-, y- and z-direction 

We can see in formula Cl that the shear-production term 

u'w' au/az is a souree term for the turbulent kinetic energy in 

the x-direction and in formula C3 that the buoyancy term 

g/T w'8' is a souree for the turbulent kinetic energy in the z

direction. 

When only the shear-production term is acting, we will get a 

logarithmic profile [Appendix B]. The bouyancy term will provide 

a deviation from the logarithmic profile. In a stable situation 

this term will give a decrease of ~2 and in an unstable 

situation it will give an increase of ~2 . The deviation from 

the logarithmic profile is therefore determined by the ratio 

between the two production terms 
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g 
w. 9. 

T 
Rf = 

~ 
u'w' az 

The ratio between the to production terms is called the 

Richardson flux number. 


