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SUMMARY 

In the cyclotron laboratory of the Eindhoven University of Technology 

a small electron-proton sychrotron/storage ring, called EUTERPE, is 

being constructed. The maximum energy of this ring is 50 MeV for 

protons, corresponding to 300 MeV for electrons. The main purposes of 

EUTERPE will be the use as a proton accelerator in order to extend the 

range of energies available, or alternatively the use as an electron 

storage ring for the production of synchrotron radiation. 

Field measurements using a Hall probe have been performed on a number 

of prototypes of the magnets to be used in the synchrotron. 

For the dipales these measurements have led to a decision on the kind 

of steel to be used for their construction. Furthermore it may be 

concluded that, in spite of their relatively simple design, the 

dipoles provide sufficiently good field properties. 

The field properties of quadrupales depend strongly on their pale 

profile. The profile of one of the quadrupale prototypes appears to be 

satisfactory. An excellent agreement between the measured and calcu

lated fields of this prototype was obtained. 

However, Hall measurements with the available measuring machine have 

proved to be insufficient for adequately characterizing higher order 

contaminants in quadrupale fields. Therefore another well-known 

measuring technique using rotating coils bas been studied. This bas 

led to the design of an appropriate measuring device, a prototype of 

which is being constructed at the moment. 

A computer program has been developed for calculating partiele orbits 

through the measured magnetic fields. Although it has primarily been 

written for EUTERPE, it is intended to be a general purpose program 

suitable for many machines. A thorough investigation of the ion opti

cal properties of EUTERPE with this program has not yet been 

performed; however, preliminary calculations show that the measured 

fields of the prototypes cause no serious deviations. 
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1 INTRODUCfiON 

In the cyclotron laboratory of the Eindhoven University of Technology 

a proposal has been made for building a small synchrotron, named 

EUTERPE (Eindhoven Univers i ty of TEchnology Ring for Protons and 

Electrons). This ring has two major aims. Firstly its construction and 

operation will provide much experience in the field of accelerator 

physics. Furthermore the range of accelerator applications available 

at the cyclotron laboratory will be largely extended. 

As the name already implies, EUTERPE can be used to accelerate and 

guide both protons and electrons. The mini cyclotron ILEC, which has 

been built formerly at the EUT, provides a 3 MeV proton beam which can 

be injected into EUTERPE. These protons may then be accelerated up to 

50 MeV, thus extending the range of energies available for the various 

experiments that are being performed within the cyclotron group. 

Alternatively, EUTERPE may be used as a guide ring for the proton beam 

from ILEC. By suitable RF manipulations then, a possibility of 

reaching very short beam pulses or sharp energy definitions is 

provided. 

The main objective of EUTERPE however is to use it as an electron 

storage ring. The electrous are injected by a 25 MeV linac or micro

tron, after which they are accelerated to and kept at an energy of 

300 MeV. In the bending magnets, the electrous emit so-called synchro

tron radiation, which can be used for various applications such as 

lithograpbics or element analysis. The energy lost as synchrotron 

radiation is compensated by the RF-cavity. The aim is to keep the 

electrous at the end energy for a long time, up to a few hours. 

Various aspects and limitations of this operation mode of EUTERPE have 

recently been studied by de Graaf [GRA 88]. 

The magnetic lattice of EUTERPE has been established in the past by 

Uythoven [UYT 87]. It consists of 12 dipoles for bending the beam, 

32 quadrupales for focussing, and a number of sextupoles for 

correcting chromatic errors (i.e. errors arising from the momenturn 
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spread in the beam). The circumference of the ring is 32 meters. The 

dipoles and quadrupoles are arranged in such manner that the lattice 

has a fourfold periodicity. Furthermore by changing the quadrupole 

settings the lattice can be switched into either of three different 

modes, each with specific tunes. emittances et cetera. 

Figure 1.1 shows the proposed lay out of EUTERPE. A number of machine 

parameters are listed in table 1.1. 

extriiChon 

lil' 

r---
1 

I 
I 

n 

Figure 1.1 Praposed. l.ay out of FIITERPE. The bending magnets 
are indicated by rectangl.es, F stands for focuss
ing quadrupol.e, D for defocussing quadrupol.e, and 
S for sextupol.e. A number of other machine 
el.ements are al.so indicated. 

The magnet dimensions have been specified in studies by Brooijmans 

[BRO 87]. The dipoles and quadrupoles have relatively small apertures 

to keep the overall magnet sizes small. Furthermore they are assembied 

from rectangular blocks of iron in order to reduce the construction 

costs. As a result a number of prototype dipales and quadrupoles were 

manufactured. The dipales have a length of 36 cm and a gap height of 

2 cm. They are excitated by water-cooled coils wound of hollow copper 

wire. The maximum field reached in the gap is about 1.3 Tesla. The 

quadrupoles have a length of 15 cm and an aperture radius of 2.5 cm. 

The maximum pale tip field is about 0.5 Tesla. 
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It is worthwile mentioning here that despite their relatively simple 

design these magnets will be able to campose a high-tech machine like 

EUTERPE. 

Circumference 

Proton energy 

Electron energy 

Number of superperiods/cells 

Proton revolution frequency 

Max. RF voltage 

Electron rev freq/harm. number 

Max. RF voltage 

Di po les length 

gap height 

B /B . max m1n 
Quadrupales length 

aperture radius 

32 m 

3 - 50 MeV 

25 - 300 MeV 

4/16 

0.75 - 2.94 MHz 

200 V 

75 MHz/8 

3 kV 

36 cm 

2 cm 

1.4/0.1 Tesla 

15 cm 

2.5 cm 

max pole tip field 0.52 Tesla 

Sextupoles length 5 cm 

aperture radius 2.5 cm 

max pole tip field 0.26 Tesla 

Focussing structure 

(1 superperiod) 

mode A 

FOBOFO 

OOBOOO 

FOBOFO 

000000 

mode B 
OOBOFO 

OOBOFO 

OOBOFO 

OOOOFO 

mode C 

FOBOOO 

FOBOFO 

OOBOFO 

000000 

Tunes v , v x y 
Max. {3 , {3 (m) x y 

6.8, 2.68 5.24, 4.16 3.76, 2.18 

7.9, 10.3 4.3, 7.5 4.9, 5.4 

300 MeV electrans 

emittance é x (m) 

beam sizes a (m) 
x 

a (m) 
y 

2.4·10-9 1.6·10-8 

7.5·10-5 1.7•10-4 

5.5•10-5 1.3·10- 4 

Table 1.1 Machine parameters of EUTERPE. 

5.8·10- 8 

3.5·10- 4 

2.4•10- 4 

A number of commonty used parameters is inctuded 
which are not expticitty exptained in the text. 



- 8 -

The work described in this report can be divided into two major parts. 

The first part concerns field measurements using a Hall probe that 

have been carried out on the prototype dipoles and quadrupoles. The 

main purpose of these measurements was judging the quality of the 

magnets, and deciding whether the field properties they provide are 

sufficiently good for EUTERPE. 

The second major part concerns the calculation of partiele orbits 

through the measured magnetic fields. A computer program (called 

Hiatt) has been written, which is able to calculate orbits through 

various kinds of magnetic fields. The most important feature of this 

program is that it can handle the magnetic fields in the form in which 

they were actually measured, without the need for any additional 

fitting of the measured fields with some kind of analytica! form. 

Although this program was primarily written for EUTERPE, it may as 

well be used for other systems. 

As this report deals fora large part with dipoles and quadrupoles, a 

short summary of the fields in these magnets is given in chapter 2. 

Chapter 3 describes the field measurements that have been performed on 

the prototypes. These measurements have been performed in cooperation 

with Brooijmans. Furthermore parts of the measurements have been 

carried out by several other undergraduate students; the necessary 

coaching for these students has been provided by us. 

From the discussion of the results of the measurements it will beoome 

clear that measurements using a Hall probe are insufficient for 

adequately judging the quality of quadrupole magnets. Therefore 

another well-known measuring technique which makes use of rotating 

coils has been studied. This technique is introduced in chapter 4. 

These studies were carried out in cooperation with Brooijmans and 

Mutsaers and have led to the design of a measuring device. At the 

moment, a prototype of this so-called Rotating Coil Device is being 

constructed by the central workshop of the universi;y. 
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In chapter 5, a general description is given of the principles 

underlying the raytracing program Hiatt. Furthermore an impression is 

given of the possibilities of this program. 

A few preliminary results of ion optica! calculations on EUTERPE with 

use of Hiatt are given in chapter 6. Due to the long time it took to 

construct the program, a thorough investigation into the ion optica! 

properties of the magnets composing EUTERPE bas not been possible. 

In chapter 7 finally, some conclusions and recommendations for further 

research are stated. 
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2 DESCRYPTION OF MAGNEfiC FIEI.lE 

2.1 Introduetion 

For many purposes, the fields generated by certain types of magnets 

need to be known in some functional form. These purposes include, 

amongst others. calculating partiele trajectories through magnetic 

systems, deriving ion optica! properties, and judging the quality of 

the magnets eomposing such systems. In genera!, magnetic fields can 

conveniently be described by power series in the coordinates. D~riva

tions of these power series can be found at numerous places, e.g. 

[BOT 88, BRO 84, PAU 87]. In the remainder of this report, the power 

series descrihing symmetrie dipole and quadrupole fields will he 

needed. Therefore, a summary of their derivation will be given in this 

chapter. 

From Maxwell's equations it follows that a magnetic field can be 

derived from a magnetie scalar potential V according to 

n = -vv 

with V satisfying the Laplace equation 

AV = 0 

In cylindrical eoordinates (r,f,z) equation 2.2 reads 

éJ2 V 1 éJV 1 éJ2 V éJ2 V --+ --+ ---+ --= 0 
éJr2 r éJr r 2 Öf2 éJz2 

(2.1) 

(2.2} 

(2.3) 

For- descrihing a certain magnetie field, a power sc~ries for V is 

derived whieh satisfies eq. 2.2 as well as the symmetries present in 

the field coneerned. The magnetie induction can then be found with 

eq. 2.1. 
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2.2 Dipole fields 

median plane 

Figure 2.1 Gap region of a symmetrie dipoLe. Indicated are 
the two poLes (shaded}, the median pLane, the two 
coordinate systems used in the description, and 
the gap height d. 

Consider a dipale with perfect twofold symmetry about the z-axis, as 

shown in figure 2.1. This means that the following symmetries for V 

are assumed: 

-1- In the median plane holds V = 0 

-2- V is an 'odd function of r' i.e. V(~) = - V(~+ v) 

-3- V is an odd function of ~ 

Consiclering demand 2 one can develop V into the expansion 

00 
2n-1 

V = ~ r •f (~.z) 
n 

n=1 
(2.4) 

where f is a function of z and a periadie function of ~- Subsequently 
n 

each function f is Fourier analyzed. Symmetry delllfnds 2 and 3 are 
n 

satisfied wi th 

00 

f (~.z) = ~ g (z)•sin(m~) n 
1 

n,m 
m= 

(2.5) 
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Combining eqs. 2.4 and 2.5 gives 

co co 

co 

Substituting eq. 2.6 into 2.3 results in 

co 

AV = ! ~ a (z)sin(m;) 
r m=1 m 

co 
1 ~ m2 a (z)sin(m;) 
r m=1 m 

(2.6) 

co 

+ r ~a (21 (z)sin(m;) 
m=1 m 

co co co 

+ 9r ~ b (z)sin(m;) - r ~ m2 b (z)sin(m;) + r 3 ~ b (21 (z)sin(m;) 
m=1 m m=1 m m=1 m 

co co co 

+ .... = 0 (2.7) 

Eq. 2.7 can only be satisfied when the coefficients of separate powers 

of r all be zero. This yields 

m = 1 --+ a 1 (z) 

m)1--+ a =0 
m 

m = 1 --+ b 1 (z) =- ~ a 1 (
21 (z) 

m = 2--+ b2 = 0 

m = 3 --+ b3 (z) 

m)3--+ b =0 
m 
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m = 1 ---+ c 1 {z} - - _!_ b 12 , 
1 14 , { ) - 24 1 = 192 a 1 z 

m = 2---+ c 2 = 0 

1 ( 2) ) m = 3 ---+ c 3 = - 16 b3 {z 

m = 4---+ c 4 = 0 

m = 5 ---+ c 5 {z) 

m)5--+ c =0 
m 

This results in 

V= r a1 {z)sin{~) 

+ r3b3 {z)sin{3~) 

+ r5c5 {z)sin{5~) 

- ~ r3a 1 12 ,{z)sin{~) 
- 1~ r5b3 12 ,{z)sin{3~) 

+ higher order terros 

1 5 (4){ ) . { } + 192 r a 1 z s1n ~ 

{2.8) 

The terros with a 1 {z), b3 {z), c5 {z) etc. are the primary multipale 

components of the expansion for V; they are called dipole, sextupole, 

decapole etc. respectively. The terros with a 1
12 ,{z), b3

12 ,{z} etc. 

evolve because of the finite lengthof the magnet. The components of 

the magnetic induction thus become 

B =- a 1 {z)sin{~} r 
2 3 2 (2){ ) . { ) - 3r b3 {z)sin{3~) + 8 r a 1 z s1n ~ 

+ 

B~ = - a 1 {z)cos{~) 

- 3r2b3 {z)cos{3~) + k r2a1 12 ,{z)cos{~) 
+ .... 

{2.9a) 

{2.9b) 

In the median plane only a B~-component is present, corresponding to 

the B -component in cartesian coordinates. It is given by 
y 

{2.10} 
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2.3 Quadrupale fields 

Figure 2.2 Aperture regton of a symmetrie quwdrupote. 
Indicated are the four poles (shaded), the rnedtan 
plane, the two coordinate systems used in the 
descrtptton, and the aperture radius R0 • 

Consider a quadrupale with perfect fourfold symmetry about the z-axis, 

as shown in figure 2.2. The following symmetries are assumed: 

-1- On the z-axis holds V = 0 

-2- V is a~ 'even function of r' i.e. V(+) =V(++ T) 

-3- V is an odd function of + 

-4- B+(+) = -B.(+ + ~) 

The derivation of the power series for V follows the one in the 

previous section. For the potential is taken 

00 

V(r.+.z) = r 2 I ~(z)•sin(2m+) + r 4 I b2m(z)•sin(2m+) + 
m=1 m=1 

00 00 

r 6 I c2m(z)•sin(2m+) + r 8 I d2m(z)•sin(2m+) + 
m=1 m=1 

00 

r 10 I e2m(z)•sin(2m+) + ..... 
m=1 

(2.11) 

Substituting eq. 2.11 into 2.3, setting the coefficients of separate 

powers of r equal to zero, and taking into account symmetry demand 4 
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finally gives 

2 1 4 (2)( ) V = {r a 2 (z) - 12 r a 2 z 1 6 (4)( ) + 384 r a 2 z 

{ 
6 ( ) 1 8 (2)( ) 1 10 (4)( ) 12 + r c6 z - 28 r c6 z + 1792 r c 6 z + O(r )} sin(6~) 

+ higher order terms (2.12) 

The components of the magnetic induction can be found with eq. 2.1. 

The resulting B -component in the median plane is 
y 

5 3 7 (2)( ) 3 9 (4)( ) ( 11) - 6x c6 (z) + 14 x c 6 z - 896 x c6 z + 0 x 

(2.13) 

Analogously to the dipole, the terms with a 2 (z) (quadrupele), c6 (z) 

(dodecapole), e 10 (z) (20-pole) etc. are the primary multipale compo

nents, whereas the terms with a 2 c21 (z), c6 c21 (z) etc. evolve because 

of the finite lengthof the magnet. In an ideal, infinitely long 

quadrupale only the a 2 -term is present: in a real quadrupale this term 

is still much larger than the others. This holds analogously for the 

a 1 -term in the dipole expansion 2.8. When exact fourfold (or twofold 

in case of a dipole) symmetry is not maintained, other multipale 

contaminantsenter the expansion 2.12 (or 2.8). Furthermore, in a real 

magnet each term in the expansion for V may have a separate phase. A 

qualitative analysis is given by Cobb and Cole [OOB 65]: quantitative 

POISSON calculations for the EUTERPE quadrupales have been performed 

by Brooijmans [BRO 88]. 

Finally it should be mentioned that the radial coordinate r is usually 

scaled by the aperture radius R0 • This will also be done at various 

places in the remainder of this report. 
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3 FIELD MEASUREMENTS ON 1liE ElTfERPE DIPOLES AND QUADRUPOLES 

3.1 Introduetion 

The design of EUTERPE [UYT 87] is based on simple low-cost magnets, 

which still provide sufficiently good field properties. The dimensions 

of the magnets that will be needed have been specified with the aid of 

POISSON calculations carried out by Brooijmans [BRO 87]. As a result, 

prototypes (three dipoles and three quadrupoles) were manufactured by 

the German Blum company, and equiped with coils and the necessary 

power supplies by the university workshops. The most important charac

teristics of these magnets are listed in table 3.1. The prototypes 

differ in the type of iron and the lamtnation width used. Furthermore, 

the pole faces of one of the quadrupales were tapered in order to 

reduce the higher order contaminants in the field [BRO 88]. 

In order to investigate whether the magnets meet the demands specified 

in their designs, field measurements have been carried out on a 

computer controlled measuring machine. For processing the measured 

data extensive use has been made of the computer codes PLOTDATA and 

OPDATA [OIU 87, BEN 87]. 

The measurements performed on the prototypes are described in detail 

in various internal reports [BEY 88, OPS 88, TEK 88, SPR 88]. This 

chapter gives a summary of the measurements and their results. 

Furthermore a comparison will be made to the initia! POISSON designs. 

Di po les Quadrupales 

length 36 cm 15 cm 

gap height/aperture 2 cm 2.5 cm 

max excitation current 12 kA•turns ~ kA•turns 

max field/gradient 1.35 Tesla 9.5 T·m- 1 

Table 3.1 A few characteristics of the dipale and quadru
pale protot'!:{Pes. 
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3. 2 The measuring set up 

X-Y table positioner amplifier CAMAC system 

~ 
------------- --1 

xt f---

magnet V 

D 
y 

Hall probe 

ADC I 

va I registers 

------ -----

POP 
computer 

Figure 3.1 The computer controLLed measuring set up used for 
fieLd measurements on the prototype dipoLes and 
quadrupaLes. 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

The field measurements to be described in the next sections have been 

performed with aid of a computer controlled measuring machine using a 

Hall probe. This machine is schematicly shown in figure 3.1. Also 

indicated in this figure is the coordinate system defined by the 

measuring machine, that will be referred to throughout this chapter. 

The magnet is placed at a table that can be adjusted in vertical 

direction {the z-direction in figure 3.1). The Hall probe can be 

positioned independently in the x- and y-direction, either manually or 

by computer. In the measurements on the EUTERPE prototypes the Hall 

probe was arranged in such manner that the B -component of the z 
magnetic field is measured. The induced Hall voltage is amplified by a 

high precision amplifier, after which it is fed into a 16 bits Analog 

Digital Converter and via the C(MAC interface read by the computer. 

The amplification factor can be chosen such that the full range of the 

ADC is used, in order to maximize the accuracy of the measured Hall 

voltage. 
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The Hall probe bas been calibrated in the past with aid of an 

NMR-apparatus [SCH 84, REG 86, REG 87]; this calibration bas been 

checked by us. The magnetic field is expressed as a fifth order poly

nomial in the induced Hall voltage. The accuracy of the measured 

field, due to this calibration and the accuracy of the ADC and other 

components, is intended to be 0.01%. 

The accuracy of positioning the Hall probe bas been checked with aid 

of a measuring microscope and is estimated to be 0.1 mm in the 

x-direction and 0.3 mm in the y-direction. Furthermore systematic 

positioning errors in the y-direction were observed by Mutsaers 

[MUT SS]. Figure 3.2 shows the first derivative in radial direction 

taken of ten independent measurements of the same quadrupale field. A 

systematic varlation of the gradient can be seen clearly. Numerical 

simulation indicates tbat the order of magnitude of the variations can 

be well accounted for assuming a positioning error of about 0.03 mm. 

~ 
I 

E 
f-
'-..../ 

L 

""0 
~ 
m 
""0 

11.00 

10.75 

10.50 

10.25 

10.00 
-2.6 -1.3 0.0 1.3 2.6 

r (cm) 

iigure 3.2 Ten independent mea.surements of the gradient of a 
quadrupote fieLd indicating a systematic 
positioning error of the Hatt probe [HUT 88]. 
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3.3 Description of the dipales 

The three prototypes of the EUTERPE dipale all have the same physical 

dimensions, differing only in the type of iron and the width of the 

laminations used. Figure 3.3 gives a schematic side view of the 

dipole, showing the most important characteristics. 

Draw-bolt 

r· .. --------------------------------- ---------- --------- --------
t -- •• :::.·.-:.:..::-:::::·.-.:..:...:..:·.·::.:.:·.--:..:.._- :.·..:.::.::::..._::.-.:=..:........ ...:..-.:.::.:::-:::: 

Coils 
4 

10 6 10 
1--------.:--~1---t-------. 

Figure 3.3 Schematic side vtew of the prototype dtpotes. 
Indtcated are the btocks of tam.inated iron, the 
coits, the spaeer and the draw-botts. Measures 
are in centimeters. 

The dipale consists of five blocks of laminated iron, arranged in the 

manner shown, and clamped tagether by a number of draw-bolts. These 

draw-bolts lie in slots in the iron. The magnet is excitated by a pair 

of water-caoled coils, that are wound of square hollow capper wire 

with a rib of 4 mm and a boring of 2.5 mm. Each coil consists of 6 x 9 

windings. This is less than had been planned in the design because no 

more wire was available at the time. The electri~ resistance of each 

coil is about 0.1 0. The maximum excitation current that could be 

reached with the available power supplies was ample 180 A: the vol~e 

limitation of the power supplies prohibited higher currents. The water 

flow through one coil, when connected to the public water-works, was 



-20-

in the order of 1 liter per minute. At maximum excitation, the cooling 

water was hea. ted to over 60 °C. 

The field strength rea.ched in the gap at maximum excitation of these 

coils was slightly below 1.2 Tesla. This is less than finally will be 

needed for EUfERPE. Therefore an auxiliary coil was wound around the 

yoke of the dipole, merely for measurement purposes. This coil is not 

indicated in figure 3.3. It consists of ample 220 windings of ordinary 

copper wire with a diameter of 3 mm. No means of cooling is provided 

for this coil. By camparing its number of windings to that of the main 

coils, the field generated by the auxiliary coil can be estimated. It 

follows that its excitation current should be scaled by a factor 2.18 

in order to be comparable to an excitation of the main coils. This is 

confirmed by the measurements. Mea.surements have furthermore indicated 

that the field properties inside the gap as produced by the auxiliary 

coil are well camparabie to those produced by the regular coils, 

wherea.s the fringe fields produced by either coils are quite different 

[BEV 88]. 

A schematic top view of the EUfERPE dipales is shown in figure 3.4. 

Draw bolt -

R 
~ r--' 

I 
I 

36 

10 

-- I 
I 

( 
6 

1\ - ~ 

10 

-.- -. -.-. . - .. ------ -------------· -.- ·-·-
a x is 

I 

'----4: 'r--

" ~ Corls 

Figure 3.4 Top vi.e10 of the prototype di.poles. Xeasures are 
i.n centimeters. The centre li.ne through the gap 
i.s indicated by the dashed l ine. 
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The attractive force accuring between the pole faces is given by 

F a 
1 2 = --·B •A 

21-Lo 

with 1-Lo magnetic permeability in vacuum 

B field strength in the gap 

A area of the pole faces. 

(3.1) 

If we take 1-Lo = 4v•10- 7 H·m- 1
, A= 0.36 x 0.10 m2 and B = 1.4 Tesla, 

then the force between the pole faces is about F = 3•104 Newton. This a 
force should he compensated by the frictional force between the iron 

blocks via the pull in the draw-bolts. A simple mechanica! calculation 

indicates that each draw-bolt should in that case supply a pull of 

Fd = 1•105 Newton. For this to he possible, a minimal outer diameter 

of about 20 mm is required for the draw-bolts. The actual diameter in 

the present prototype dipales is 10 mm, hence it will be clear that 

spacers are indispensable to keep the poles apart from each other. 

Various types of spacers were used during the measurements, including 

small aluminium blocks and a long brass bar. 

Two of the three existing prototypes of the EUTERPE dipole have yet 

been investigated. The characteristics of the iron from which these 

are built were not specified by the manufacturer. The lamination 

widths are approximately as follows: 

Dipole # 

1 

2 

lamination width 

0.34 mm 

0.50 mm 
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3.4 Description of the measurements on the dipoles 

The measurements on the dipole prototypes had two major purposes. 

Firstly a decision had to be made about the suitability of the design 

for use in EUTERPE. The demands were that the desired field could be 

reached, and that the field was sufficiently homogeneous. The dipoles 

should be able tobend particles with a Bp-value of about 1 T•m 

{300 MeV electrons, 50 MeV protons) over 30 degrees. The effective 

length is expected to be about 38 cm, from which can easily be deduced 

that the maximum field should be about 1.4 Tesla. Furthermore from 

initia! POISSON calculations a relatively small sextupole component 

followed, which had to be verified experimentally. 

The second major purpose was the measurement of field maps, in order 

to do ion optica! calculations via numerical raytracing. 

Figure 3.5 shows a sectional view in the median plane of the EUTERPE 

dipole. Indicated are the coordinate system used in the description of 

the measurements, two types of spacers that were used, the centre line 

through the gap which will be called the axis of the dipale throughout 

this chapter, and a number of lines perpendicular to the axis along 

which field measurements have been performed. 

YOKE 
Spaeer #2 'Bleeks' 

Spaeer # 1 'Bar' ~· ~~~---""'---""'····""'···""'--""---""-""'·-=t"=--=-=--==-=-=--~-~--~--~--$f 

F'OLE 

) x 

Lines of meesurement 

Figure 3.5 Sectionat vi.ew i.n the medi.an pl.ane of the di.pol.e. 
Indi.cated are the coordi.nate systea, the l.ocation 
of the spa.cers and a JU.IJRber of ~Rea.Sureaent l.i.nes. 
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The measurements are divided into four classes: 

~ measurements of the B-I curve 

The field in the centre of the gap was measured as a function 

of the applied excitation current. This gives inforrnation about 

the saturation of the iron and the maximurn field that can be 

reached. 

Q line measurements along the axis 

The field in the median plane was measured at discrete posi

tions along the axis of the dipole, at various excitations. The 

measurements had a total length of 66 cm and a step size of 

5 rnrn. These give inforrnation about the field shape in the 

homogeneaus region and the fall off in the fringe fields. 

Furthermore the effective length of the dipole can be deter

mined. The effective length is defined as 

(3.2) 

Q line measurements perpendicular to the axis 

The field in the median plane was measured at discrete posi

tions along various lines perpendicular to the axis, at various 

excitations. The measurements were performed over various 

intervals, but the step size was always 2 rnrn. The quality of 

the field can be expressed by ABIB0 , which is defined as 

AB _ B(x=O) - B(x) 
Ba - B(x=O) (3.3) 

where B(x:O) is the field at the axis of the dipole. 
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An equivalent way to express the quality of a dipole field is 

in terms of the amount of sextupole and higher order components 

present in it. Insection 2.2 (eq. 2.10) was derived that the 

field in the median plane of a dipole contains two quadratic 

terms (one of which is the primary sextupole component), as 

well as higher order components. The results of the line 

measurements perpendicular to the axis were fitted with the 

function 

(3.4) 

In this way no distinction can be made between the two diffe

rent quadratic contributions, but in the homogeneaus region one 

of the terms can be expected to be negligible so that only the 

real sextupole component survives. In the fringe fields however 

both contributions are present. The presence of other multipale 

contaminants might be examined by fitting with functions 

containing more terms. 

g field maps 

The field in the median plane was measured on a two dimensional 

grid of points. The step sizes were 6 mm in both directions in 

the homogeneaus field, against 6 mm in the x-direction, 2 mm in 

the y-direction in the fringe fields. These measurements are 

primarily intended for calculation of partiele trajectories. 
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3.5 Resul ts and conclusions of the ~B~.SUrements on tbe dipales 

1 B-I curves 

Figure 3.6 shows the measured B-I curves of the EUTERPE dipales. For 

low excitation currents the dipales behave identically. Above a field 

of about 1 Tesla the iron starts saturating, where the saturation of 

dipale #2 is more pronounced than that of dipale #1. This indicates 

that the iron of dipale #2 is of a lesser quality compared to that of 

dipole #1. A comparison to the B-I curve as calculated by POISSON 

[BRO 87] is irrelevant because the characteristics of the iron types 

from which the dipale prototypes were built are not known in detail. 

~.4 

l.O 

.------, c _8 
~--

t 

j 

3 

CD 0.6 Ë-
1 

t 
t ~ 
f • Oipole # 1 :: 

L<.~. 1,,,,,,,,, 1,,,,,,,,, 1,,,,,, •. Dl;pole,#~', .l 
U.!, 

0.2 

o 50 100 ~~so 200 250 
I (A) 

Figure 3.6 Measured B-I curves of two prototype dipoles. 
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line measurements along the axis 
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Figures 3.7 and 3.8 show field shapes along the axis at various 

excitation currents for dipole #1 and #2 respectively. The most 

important characteristic to be seen in these graphs is the rather 

large bulge of the field at the highest excitation currents. This 

effect is most pronounced for dipole #2. More details can be seen in 

figures 3.9 and 3.10. Figure 3.9 shows the results of line measure

ments at various excitations on dipole #1, in which two different 

types of spaeer were used; figure 3.10 the results of line measure

ments at a few excitation currents on dipale #2. Note that the 

vertical scales in both figures are different. 

0 1 .~36 • • t:.. 
lil 1.194 

I 
/, 
I I 
I I 
I I 

I 

Bar 180 A 

lOJJ 

0 1.0.31 
üi ., 
t:.. 
lil 1.029 

1.027 

150 A 

1.190 .......................... ~ ...... ~ ....... ~ ........ ....., ................ ~...., 1.025 ............................ ~ ...... ~......,~ .............. ~ ................. 
-20 -15 -10 -5 0 5 10 15 2C -20 -·15 -10 -5 0 5 10 15 20 

y (cm) > (cm) 

.828 

0 .826 
üi 

"' t:. 
(IJ .824 

.41.3 

0 .411 • ., 
t:. 
lil .409 

.407 

5 10 15 20 

60 A 

. 405 t..-JI..w.I.~ ............. ....L.. ................... ~.....J ............... ~~ 

-20 -15 -10 -5 0 5 10 15 20 
y (cm) 

.618 

0 .616 
üi 

" t:. 
(IJ .614 

.612 

90 A 

Bleeks 

.610 r.......""'"-L~_...... ................................ ~ ............................. ~ 
-20 -15 -10 -5 0 5 10 15 20 

y (cm) 

.210 ............. ~ ..... ~ ..... ~ ...... ~ ............................ .... 

.208 

0.206 
öi ., 
t:.. 
CD .204 

.202 

30 A 

r(:_=:----_JB~I0~1~~k~s------~~ 
V --~------~~ 

Bar 

.200 t..-lo......I. ................................................... .....J ..................... .... 

-20 -15 -10 -5 0 5 10 15 20 
y (cm) 

Figure 3.9 Detailed coaparison of field shapes along the 
axis of dipale #1 at uarious excitation currents. 
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Figure 3.10 Detailed comparison of field shapes a long the 
axis of dipale #2 at va.rious excitation currents. 

A nurnber of interesting things can be seen in these graphs: 

- The overall field shape as produced with the two different 

spacers is the same (figure 3.9). This means that the spaeer 

bas little to no influence on the field. Note that the 

differences in magnitude of the fields produced witheither 

spaeer are caused by the poor reproducibility of the excitation 

currents, and have nothing to do with the kind of spaeer used. 

- A smal! field dip can be seen at the centre of dipole #1 

(y = 0 cm). This field dip disappears for low excitation 

Lurrents. Rernarkably, this field dip does not occur for 

dipole #2. 
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The bulge of the field increases with excitation. This bulge is 

more pronounced for dipale #2 (remember that the vertical 

scales differ). For low excitation currents (below 90 A), the 

field is nearly flat within the pole regions (-18 < y < 18 cm}, 

and furthermore almast no field dip occurs. Both the bulge and 

the field dip are therefore probably due to saturation effects. 

A strong fall off of the field near the edge of the dipale is expected 

due to bulging of the field lines. However, the bulge of the field 

accuring in figures 3.9 and 3.10 appears rather large to us. 

A possible explanation might be the following: 

As mentioned before, the dipales are built from laminated iron. The 

glue layers between the laminations form high magnetic resistances, 

across which the field lines do not easily pass. At the edge of the 

dipole, the first few laminations receive a much higher flux due to 

the bulging of the field lines (see figure 3.11). Therefore these 

laminations saturate much more rapidly than those in the bulk of the 

magnet, resulting in an extra strong fall off near the edge at 

increasing excitation current. 

Figure 3.11 Enhanced saturation of the first few taminations 
at the edge of the dipote, due t,J butging of the 
field tines. 
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This explanation cannot easily be verified by POISSON calculations 

because this code handles only two dimensional configurations, and 

therefore does not consider end effects caused by the finite lengthof 

a magnet. 

An attempt was made to verify the explanation given above experimen

tally by replacing the first few laminations at one side of the dipale 

by a 1 cm thick steel plate. Test measurements indicated no imprave

ment however: more detailed measurements have not yet been performed 

due to problems with the measuring machine. Therefore no definite 

conclusions can be drawn yet about the bulge of the field. 

The field dip accuring at the centre of dipale #1 might be caused by 

the slots for the draw-bolts that hold the magnet together. In the 

laminations below the slots, the magnetic flux bas to pass through a 

smaller amount of iron. Taking into account that the field lines do 

not easily pass to adjacent laminations, this results in an enhanced 

saturation of the laminations below the slots, and thus in a field dip 

at higher excitation currents. This effect might also contribute to 

the bulge of the field, as there are draw-bolts situated near the 

edges of the dipale too. 

Measurements have been performed on dipale #2 in which one of the 

slots was filled up with an iron bar. The results show a small but 

significant increase of the median plane field below the filled slot 

[OPS 88]. Of course the increase can not be expected being large 

because a good magnetic contact between the iron bar and the lamina

tions can not be realized in this way. 
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In addition, POISSON calculations have been carried out in order to 

estimate the influence of the slots on the field shape. These calcula

tions were performed using two different configurations: the original 

dipale on which the design of the prototype EUTERPE dipales was based, 

and an adjusted dipale that was an amount equal to the depth of the 

slots smaller in height. Bath calculations were carried out using the 

iron as mentioned in Brooijmans [BRO 87, appendix, table 2]: the 

excitation current was 1.25•104 Ampere•turns in both cases. 

Figure 3.1~ shows the calculated field strength at various places in 

the iron of the original dipole; figure 3.12Q the field strength at 

equivalent places in the iron of the adjusted dipole. For the original 

dipale POISSON calculated a central field in the gap of 1.342 Tesla, 

and for the adjusted dipale a central field of 1.239 Tesla. 

Figure 3.12 indicates that the average field strength in the top 

region of the adjusted dipale is considerably higher than in the top 

region of the 'EUTERPE dipole'. This is caused by the fact that in the 

first case the magnetic flux has to pass through a smaller amount of 

iron. Due to saturation then, the resulting field in the gap becomes 

lower. The maximum field dip accuring in the measured profiles is of 

the order of 0.1%; the difference in central field calculated by 

POISSON ample 7%. It should be taken into account however that POISSON 

calculations are performed in a two dimensional geometry, whereas in 

the real three dimensional situation field lines can pass to adjacent 

laminations. It can thus be concluded that the slots for the 

draw-bolts may well account for the field dip appearing in figure 3.9. 
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The effective lengtbs of the dipoles at various excitations were 

calculated according to eq. 3.2. The results are presented in 

table 3.2. 

Excitation Dipole #1 Dipole #2 

current {A) teff {cm) teff {cm) 

15 38.92 38.36 

30 38.89 38.60 

60 38.87 38.72 

90 38.82 38.71 

120 38.74 38.60 

150 38.59 38.35 

170 -- 38.13 

180 38.39 --

Table 3.2 Effectiue tength of the dipales at uarious exci
tations, catcutated from the tine measurements 
atong the axts. 

The effective length tends to decrease a little with increasing 

excitation current. A good explanation for this effect bas not yet 

been found. The influence on the performance of the dipoles is 

expected to be negligible. The bending angle of the particles is 

determined by the integral of the field along the orbit, which can 

easily be adjusted by choosing the excitation current a little bit 

higher. The radius of curvature of the orbit in the dipole will be 

slightly smaller, as a result of which the sagitta will be about 

0.5 mm smaller. Numerical calculations have not yet been carried out. 
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Line measurements perpendicutar to the axis 
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Figure 3.13 FieLd shapes perpendicutar to the axis of 
dipale #1 at uarious excitation currents. 
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Figure 3.14 Field shapes perpendicular to the axis of 
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Figures 3.13 and 3.14 show a survey of the measured field profiles 

perpendicular to the axis for dipole #1 and #2 respectively. These 

profiles were measured in the central region of the dipoles. 

In order to see more details about the quality of the fields, AB/Ba 

and sextupole components were calculated according to eqs. 3.3 

and 3.4. Figures 3.15 and 3.16 show AB/Ba at the central regionsof 

dipole #1 and #2, fora number of excitation currents. Figure 3.17 

shows AB/Ba at a larger region of dipole #1. In figure 3.15 it can be 

seen that at the central region all curves (except the one for the 

highest excitation) have a more or less linear course. Furthermore the 

slope of the curves changes from positive to negative at higher exci

tation currents. This suggests that the pole faces are not aligned 

perfectly parallel, and moreover that the alignment changes with 

excitation current. The latter might be due to the large attractive 

force between the pole faces at high excitation. The AB/Ba curves for 

dipole #2 (figure 3.16) also show a linear course, however with a 

steeper slope than those for dipole #1. This slope is also most proba

bly due to misalignment of the poles. It can be concluded from 

figures 3.13 through 3.16 that the field is sufficiently homogeneaus 

within the region -2 <x < 2 cm, the variations being smaller than 

2•10- 3 %. This region is most important because the larger part of the 

partiele trajectories will be confined to it. 

Figure 3.17 shows the parabola-like trend of the AB/Ba curves accuring 

at a larger interval, caused by bulging of the field lines. The curves 

in this figure are not purely parabolic, which already indicates that 

the field of the EUTERPE dipoles contains multipale contaminants of 

higher order than sextupole. 
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In determining sextupole components a distinction is made between the 

central region of the dipole (the 'homogeneous field'), and the fringe 

field. These sextupole components were calculated by fitting the 

results of the line measurements perpendicular to the axis at various 

intervals around the axis of the dipole, and with various polynomials. 

This fitting was done with the computer code OPDATA. Because of the 

presence of higher order terms in the field the technique of fitting 

is not too reliable. The results depend strongly on the interval at 

which the fit is performed. At a large interval the higher order terms 

influence the calculated sextupole component, whereas at short 

intervals the number of measuring points becomes rather smal! for a 

successful fit. The best results were obtained at the interval 

-4 <x < 4 cm, and with the function given by eq. 3.4. The estimated 

error in the resulting sextupole componentsas indicated by OPDATA is 

in the order of 20%. Adding a linear term to the polynomial sametimes 

increases the quality of the fit; of course this bas no influence on 

the sextupole components because an odd term is added. For determining 

higher order terms in the series for B(x), the number of measuring 

points appeared to be too smal! in most cases. 

The resulting median plane fields and sextupole components at the 

central region of the EUTERPE dipales are listed in table 3.3. 
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Excitation Dipale #1 Dipale #2 

current (A) Co (T) C2 (T•cm-2) Co (T) C2 (T•cm- 2) 

15 0.0970 4.626·10- 5 0.1045 5.328·10-5 

30 0.2025 9.953·10-5 0.2044 1.053·10-4 

60 0.4045 1.961·10-4 0.4117 2.064·10- 4 

90 0.6139 3.304·10- 4 0.6195 3.168·10- 4 

120 0.8133 4.401•10- 4 0.8261 4.356·10- 4 

150 1.0170 6.919·10- 4 1.0264 6.118•10- 4 

170 -- -- 1.1418 7.846·10- 4 

180 1.1922 1.034·10-3 -- --
210 1.3572 1.860·10-3 1.2515 1.163•10-3 

Table 3.3 Sextupole components, calculated from line 
measurements perpendicular to the axis at the 
central region of the EUTERPE dipoles. 

Table 3.3 indicates that the two prototype dipales have camparabie 

sextupole components. At increasing exci tation, an enhanced increase 

of the sextupale component occurs, which is probably due to satura

tion. It should be emphasized however that the results in table 3.3 

have to be treated wi th care. 

From the results of POISSON calculations on the EUTERPE dipole, a 

sextupole component can be obtained also. At the fit interval 

-3 < x < 3 cm the POISSON results predict C2 = 2.037•10- 4 T•cm- 2 for a 

central field of 1.3007 Tesla. From line measurements on dipale #1 at 

the same interval, a sextupale component of C2 = 7.398•10- 4 T•cm- 2 was 

obtained for a central field B = 1.354 Tesla. The difference is 

roughly a factor 3, which can be explained for a large part because 

POISSON uses a better quality steel in its calculations than the iron 

from which the prototypes are actually built. 
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In order to investigate the behaviour of the quadratic term at the 

edge of the dipole, line measurements have been performed at various 

positions along the axis of dipole #2 (see figure 3.5). From the 

results, 'sextupole components' were obtained in the same way as 

described above. Some of the results are given in table 3.4. Note that 

y = 0 cm represents the centre of the dipole, and y = 18 cm the edge. 

y (cm) 

0 

5 

17.5 

18.0 

18.5 

Table 3.4 

I= 90 A I = 210 A 

Co (T) C2 (T•cm-2) Co (T) c2 (T•cm- 2) 

0.6195 3.168·10- 4 1.2515 1.163·10-3 

0.6176 3.149·10- 4 1.2433 1.149·10-3 

0.5632 5.636·10- 4 1.1019 3.205·10- 3 

0.4742 8.349·10- 4 0.9572 3. 720·10- 3 

0.3536 1.101·10-3 0.7351 3.639·10- 3 

'Sextupole components' as a function of position, 
for two different excitation currents. 

In the fringe field both quadratic terms appearing in eq. 2.10 contri

bute to the fitted quadratic component of the dipole field. This is 

clearly reflected by the increase of the quadratic term C2 near the 

edge. Fitting alone does not provide a way to separate both contribu

tions. When the measured field profile along the axis is also regarcled 

the contributions may be separated, as described by [PAU 87]. However, 

this method still suffers the disadvantages of polynomial fitting. 

An alternative way to obtain the higher order contaminants in the 

dipole field is using the rotating coil technique (see chapter 4). 

Unfortunately, in the case of the EUTERPE dipoles the latter technique 

is somewhat difficult to employ because of their r~latively smal! gap 

height. 
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4 fieLd maps 

Figure 3.18 Surface pLot of the field of dipale #1. 

Figure 3.18 shows an impression of the measured field map of dipole #1 

at an excitation current of 150 A. A similar map has been measured for 

dipole #2. These maps are primarily intended as input for a raytracing 

program, which is described in chapter 5. 
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3.6 Description of the quadrupales 

plane 

Figure 3.19 Sectionat view perpendicul.ar to the axis of the 
prototype quad.rupol.es. Indicated are the yoke, 
the coi 1.s and the m.edian pl.ane. Measures are in 
centimeters. The l.ength of the quadrupol.e (not 
indicated) is 15 cm. 

Figure 3.19 shows a schematic sectional view of the EUTERPE quadru

pole. It consists of eight modules of laminated iron, fixed together 

by screws. The three quadrupale prototypes all have the same dimen

sions, which are indicated in figure 3.19. The characteristics of the 

iron (and the lamination widths) were not specified by the manufac

turer, but they are of minor importance because hardly any saturation 

is expected in the operatien range of the quadrupoles. 

Provisional coils, each consisting of circa 105 windings of ordinary 

copper wire, were wound by the university workshop. These coils were 

excitated to almost 20 A, resulting in a field gradient of about 

9 T·m- 1
• Higher excitation currents could not be applied because no 

means of cooling was provided. The quadrupales were designed for a 
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maximum field gradient of 20 T·m- 1
• To reach this, they will ulti

mately be equiped with water-cooled coils wound of hollow copper wire. 

The square pole faces of the prototypes, as produced by the manufac

turer, cause a considerable amount of higher order components in the 

quadrupole field. In order to reduce the magnitude of these multipole 

contaminants, the pole faces have to be tapered. A provisional 16-side 

polygonal profile was developed with aid of POISSON calculations by 

Brooijmans [BRO 88, section 3.2]. It was shaped in such manner that 

the field should contain no dodecapole component, and a relatively 

small 20-pole component. This profile was ground onto the pole faces 

of one of the prototypes. The corners of this polygonal profile were 

slightly rounded to prohibit local saturation [LEE 71]. Furthermore 

this prototype was equiped with a means to achieve an accurate and 

reproducible alignment of the poles. 

Measurements have been performed on two quadrupole prototypes: one 

prototype that had not received any further modification (i.e. square 

pole faces, probably poor alignment; this prototype will be called 

quadrupole #1 in the remainder of this chapter), and the one prototype 

with tapered pole faces and accurate alignment (quadrupole #2). The 

measurements on quadrupole #1 were only performed for reference. The 

main purpose of the measurements on quadrupale #2 was to decide 

whether the pole face tapering provided sufficiently good field 

properties. 

3.7 Description of tbe measurements on the quadrupales 

Analogously to the dipale, the major purposes of the measurements on 

the quadrupale prototypes were judging the quality of the magnet and 

measuring a field map for performing ion optical calculations. The 

desired field gradient of 20 T·m- 1 is expected to be reached easily 

with the appropriate water-cooled coils. As mentioned in the previous 

section, the quality of the field in the quadrupale is mainly deter

mined by the tapering of its pole faces. The predictions of the 

POISSON calculations on the designed pole profile had to be verified 

experimentally. 
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The measurements on the quadrupale prototypes can be divided into two 

classes: 

~ field maps 

The field in the median plane was measured on a two dimensional 

grid of points, with spacings of 2 mm in radial direction and 

5 mm in z-direction. These measurements are primarily intended 

for calculation of partiele trajectories. Furthermore the 

effective length of the quadrupale can be determined. The 

effective length is defined as 

J 8B dz ar 
I! eff = -r.l ~~B,...,J-

Lar ma.x 

(3.5) 

where ~~ is the gradient of the field in radial direction. The 

integral is taken along a line parallel to the optica! axis of 

the magnet, and (8B/8r) is the maximum of the gradient along ma.x 
the integration line. In this way the variation of the effec-

tive length with the distance from the axis can be determined, 

which gives information about the good field region (see 

below). 

Q line measurements perpendicular to the axis 

The field was measured at discrete positions along various 

lines perpendicular to the axis, at various excitations. The 

measurements were performed over various intervals; the step 

size was always 0.5 mm. These line measurements have mainly 

been performed in the median plane; a few measurements on 

quadrupale #2 have been performed at an angle of 9° wi th 

respect to the median plane. 

From these measurements the gradient in radial direction is 

determined. The quality of the quadrupale field can be defined 

by the good field radius R0 • 01 , which is expressedas a frac

tion of the aperture radius Ra. and defined as the region in 

which the field gradient does not change by more than 1% in any 

direction. 
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The quality of the field is determined by the'amount of higher 

order multipales present in it. These multipole contaminants 

were estimated by fitting the results of the line measurements 

with various polynomial functions of the form 

i B(r) =}; C. •r 
. 1 
1 

(3.6) 

3.8 Results and conclusions of the measurements on the quadrupales 

1 Field map 

Figure 3.20 Surface plot of the field of quru:rupole #2. 

Figure 3.20 gives an impression of the measured field map of quadru

pale #2, at an excitation current of ample 19 A. The maximum gradient 

reached is about 9 T·m- 1
• 
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2 Effectiuc length 

Figure 3.21 shows the effective length of quadrupale #2 as a function 

of distance from the optica! axis, as calculated from the measured 

field map. The capriciousness of the curve is due to the rather small 

number of measuring points in radial direction. One can define a good 

field region as the region in which the effective length does not 

change by more than 1%. From figure 3.21 it follows that the radius of 

this region is about 70% of the aperture radius. 
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Figure 3.21 Effectiue length of quadrupale #.2 as a function 
of radtal position, at an excitation current of 
19.2 A. 
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Figure 3.22 Gra.dient in the homogeneaus region of 
quadrupaLe #1, at uarious excitations. 
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Figure 3.23 Gra.dient in the homogeneaus region of 
qua.drupote #2, at uartous exci. tat i.ons. 
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Figures 3.22 and 3.23 show the course of the gradients in radial 

direction in the homogeneaus regions of quadrupale #1 and #2 respec

tively, as calculated from line measurements perpendicular to the 

axis. It is clear that the gradient of quadrupale #2 is fairly 

constant over a much larger interval than that of quadrupale #1. A 

closer look to figure 3.23 learns that the gradient has a small nega

tive slope. This is probably due to misalignment of the poles (see 

next subsection). Because of this slope and the capriciousness of the 

curves, determination of the good field radius is a little compli

cated. From figure 3.23, the good field radius of quadrupale #2 is 

estimated to be R0 01 ~ 0.7, in agreement with the result obtained in . 
the previous subsection. 

Spruijt & Tolsma have performed measurements on EUTERPE quadrupale #1 

using a floating wire technique [SPR 88]. Assuming an effective length 

of 18 cm, they derived from their results a gradient of about 

10.8 T·m- 1 at an excitation current of 19.2 A. This is in fairly good 

agreement with the results shown in figure 3.23 (8B/8r ~ 9.5 T·m- 1 on 

the axis). 

4 Multipale components in the homogeneaus region 

Analogously to the dipole, a distinction is made between the central 

region of the quadrupale (the 'homogeneous field'), and the fringe 

field. An attempt was made to estimate the higher order components 

present in the homogeneaus field of quadrupale #2 by fitting the 

results of the line measurements with various polynomial functions 

given by eq. 3.6. The best results were obtained with the functions 

and 

in which G denotes the gradient 8B/8r 
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The coefficients Ct, C3 and C5 in the above-mentioned fits were rela

tively small compared to C8 • The term with Ct occurs because of the 

slope of the gradient (see previous subsection}. It can easily be 

shown that this slope can not be caused by a misalignment of the 

measurement (see appendix A}. Therefore it should be caused by a 

deviation from exact fourfold symmetry in the quadrupole. POISSON 

calculations have been carried out to estimate the influence of 

various deviations from fourfold symmetry ([BRO 88], section 3.3). The 

results can be summarized as follows: 

The magnitude of the slope may be expressedas Ct/C0 ~ 1%. The coils 

consist of circa 105 windings each, hence one winding more or less in 

one coil results in a current deviation of about 1%. This causes a 

sextupole term of Ct/C0 ~ 0.1%. A tangential displacement of one pole 

by about 1.33 mm causes a sextupole component of Ct/C0 ~ 1%. It can 

thus be concluded that the slope of the gradient is very unlikely 

caused by a current deviation; furthermore, although a displacement of 

one pole by 1.33 mm is rather large, the slope may well be caused by a 

combination of misalignments of the poles. 

The term with C8 corresponds to the 20-pole component in the series 

for the magnetic scalar potential (see chapter 2}. The fit results are 

listed in table 3.5 below (note that the radial distance has been 

scaled by the aperture radius before fitting, so that all coefficients 

Ci have the same dimension}. In this table, the relative strengthof 

the 20-pole component, expressed as the ratio of Ato and A2 in the 

expansion for the scalar potential, is also indicated. 

exci tation Ato/A2 

current (A} Co (T} C8 (T} (%} 

6.0 2.8789 -0.8137 0.63 

12.0 5.5719 -1.5344 0.61 

19.2 8.7443 -2.4730 0.63 

Table 3.5 Multipale coefficients obtained from line 
measurements in the homogeneaus region of 
quadrupo le #2. 
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In order to calculate A10/A2 , the assumption is made'that at the 

central region of the quadrupale the only 20-pole contaminant accuring 

in the power series for V is the primary 2ü-pole component (i.e. no 

other terms with an r 10-dependency). It may then be concluded that the 

homogeneaus field of quadrupale #2 contains about 0.6% 20-pale rela

tive to the quadrupale component. This agrees well with the results of 

POISSON calculations using the palygonal profile of quadrupale #2 (see 

[BRO 88], section 3.2). 
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Figure 3.24 Xeasured gradient (capricious solid line), fitted 
polynomial (straight solid line) and gradient 
derived from. the field calculated by POI~N 
(dotted Une) in the hom.ogeneous field of quadru
pale #2. Th.e polynom.ial with uhich the JRea.Sured 
data was fitted is given at the bottom. of the 
graph. 

Figure 3.24 shows the measured gradient in the central region of 

quadrupale #2 at an excitation current of 19.2 A, tagether with the. 

fitted gradient and the gradient derived from the field calculated by 

POISSON. In this figure. the radial distance has been scaled by the 

aperture radius. Furthermore, the gradients have all been scaled ~ 

their value on the axis. in order to make a comparison possible. This 

is allowed because the values in table 3.5 indicate that no saturation 
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occurs in the range of excitation currents applied. The field measured 

at different excitations contains the same amount of 2Q-pole contami

nant, which means that the field shape depends linearly on the excita

tion current. Figure 3.24 confirms that the measured gradient agrees 

quite well with that predicted by POISSON, except fora small asymme

try in the measured gradient due to misalignment of the poles. 

To verify the conclusion that the homogeneaus field contains a 2Q-pole 

contaminant, a few line measurements have been performed in which 

quadrupale #2 was ti 1 ted at an angle of go. As the primary 2o-pole 

component bas a cos{lû+) dependency, a phase shift of 90° should occur 

at this angle. In genera!, the 2o-pole bas a maximum in the median 

plane [COB 65], so it should be zero at an angle of go. Figure 3.25 

shows the measured gradients in the median plane and in the plane 

tilted by go_ The gradient in the plane tilted by go bas a much more 

constant course than that in the median plane. From figures 3.24 

and 3.25 and the results of the fits, it may therefore be concluded 

that the primary 20-pole component is most probably the dominant 

higher order contaminant in the homogeneaus field of quadrupale #2. 
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5 MuLtipaLe companents in the fringe fieLd 

Several line measurements perpendicular to the axis have been 

performed in the fringe fields of quadrupale #2. These measurements 

have also been subjected to fits with various polynomial functions. 

Here, the best results were obtained with the polynomials 

~d 

The coefficients C1 ~d C6 were again relatively smal!, ~d probably 

due to misalignment of the poles. The results at ~ excitation current 

of 19.2 A are listed in table 3.6; note that z = 0 cm represents the 

centre of the quadrupole, ~d z = 7.5 cm the edge. 

z (cm) Co (T) C2 (T) Ca (T) 

0.0 8.7443 2.914•10- 2 -2.4730 

6.5 8.2516 1.1079 -2.9615 

7.5 6.8437 1.2562 -2.5673 

8.5 4.5069 -1.4890 -0.9627 

9.5 2.4736 -1.4804 -9.303•10- 3 

Table 3.6 MuLtipaLe coefficients obtained from Line 
measurements in the fringe fieLd of quadrupaLe #.2 

The results in table 3.6 suggest that the fringe fields of quadru

pale #2 contain ~ octupole contaminant (r4 -term in the power series 

for the magnetic scalar potential). However, polynomial fitting is a 

rather unreliable technique to obtain results such as the above

mentioned. Because the polynomials used are not orthogonal, adding ~ 

extra term to the function influences the other terms. More definite 

conclusions ~ probably be drawn from measurements using rotating 

coils (see chapter 4). 
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3.9 Concluding remarks 

A number of conclusions can be drawn from the field measurements on 

the prototype dipales and quadrupoles. Several conclusions have 

already been mentioned in previous sections, during the presentation 

of the results of the various measurements. A summary will be given 

here. 

1 Dipales 

From the B-I curves (figure 3.6) it can be concluded that the iron 

type of dipale #1 is most suitable for use in EUTERPE. When the 

dipales are equiped with the appropriate coils, the desired field of 

1.4 Tesla will easily be reached. 

It is not yet clear whether the bulge of the field shape along the 

axis (figure 3.9) is just caused by normal saturation, or enlarged by 

an additional effect. However, this bulge is of minor importance to 

the performance of the dipoles, as the bending angle of the particles 

is determined by the integral of the field along their orbit. The 

major effect caused by the bulge is that the spectrum of synchrotron 

radiation produced varies a little along the orbit in the dipoles. The 

critica! wavelength depends on the curvature radius of the orbit, 

which in its turn depends on the local magnetic induction. The varia

tien of the critica! wavelength is not considered important because 

probably only radlation from a small solid angle will he used in a 

single experiment. 

The slots in the yoke (in which the draw-bolts lie) most probably 

cause small field dips. Although this effect can easily be removed by 

avoiding the use of slots in the yoke, its influence on the beam will 

be negligible. 

The varlation of the effective length with the excitation current 

(table 3.2) is also not completely understood so fnr. Again a negli

gible influence on the performance of the dipales is expected, because 

the field integral is the important quantity. The particles can always 

be bent into the right direction: at large excitations the sagitta 
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will be slightly smaller, which bas hardly an effect on the ion opti

ca! properties of the ring. 

The AB/80 curves (figures 3.15 to 3.17) show that the field is suffi

ciently homogeneaus within the region of importance (-2 < x < 2 cm). 

Some uncertainty still exists ahout the amount of sextupole and higher 

order multipoles in the dipole field, especially in the fringe fields 

(see the discussion following figure 3.17). This will have to he 

further investigated. The sextupole component that was obtained by 

fitting (table 3.3) is certainly much smaller than the fields in the 

sextupole magnets that will be placed in the ring (maximum pole tip 

field 0.1- 0.2 Tesla). Therefore this sextupole component is not 

expected to have much influence. 

A remarkable effect is that the alignment of the pole faces seems to 

vary with the excitation current (figure 3.15). In order to assure a 

constant, reproducible gap height the use of spacers at all four 

corners of the pole faces may be necessary. Furthermore, taking into 

account that the slots for the draw-bolts cause smal! field dips 

(figure 3.9) and that the draw-bolts will not he ahle to provide the 

force necessary to keep the polesapart from each other (section 3.3), 

another means of clamping the modules of laminated iron might be 

considered. 

2 Quadrupol.es 

Because saturation is not expected for the quadrupales (maximum pole 

tip field circa 0.5 Tesla), the desired field gradient of 20 T·m- 1 

will easily he reached when they are equiped with the appropriate 

water-cooled coils. The main concern about the quadrupales is there

fore the development of a proper pole profile. 

The profile of prototype quadrupole #2 provides a good field radius of 

R0 • 01 ~ 0.7 (figure 3.23). This good field radius is mainly restricted 

by the 20-pole contaminant in the field; the 12-pole contaminant is 

too smal! to be measured with the Hall method. The measurements indi

cate that this 20-pole component bas a relative strength of about 

A10/A2 ~ 0.6%, which is in excellent agreement with POISSON calcula

tions using the relevant pole profile (figures 3.24 and 3.25). Besides 
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this the gradient of quadrupale #2 shows a small slope. As this slope 

is most probably caused by misalignment of one or more poles 

(section 3.8.4) it may easily be corrected by a better means of 

alignment. 

With the aid of POISSON calculations an improved pole profile has been 

developed, in which the amount of 20-pole contaminant is also negli

gible ([BRO 88], section 3.2). It is expected that this profile will 

provide a good field radius comparable to that of magnets used in 

other machines. 

Summarizingly it may be concluded that the relatively simple design of 

the dipales provides sufficiently good field properties for use in 

EUTERPE; furthermore the basic design of the quadrupales in combina

tion with a proper pole profile also produces satisfactory fields. 
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4 TI-IE ROTATING O>IL DEVICE 

4.1 Introduetion 

A well-known metbod to determine the quality of a magnet makes use of 

a rotating coil in the aperture region [COB 65, FYV 74, KOB 71, 

CON 87]. In such a coil a voltage is induced, which is a direct 

measure of the multipole components of the magnetic field. With aid of 

the technica! staff of the EUT a measuring device based on this prin

ciple bas been designed (the RCD: Rotating Cbil Device). A prototype 

is now being produced. 

In this chapter first the basic theory will be given. In section 4.3 a 

number of calculations concerning construction tolerances of the 

device are presented. Section 4.4 deals with the alignment of the 

coil. In section 4.5 the preliminary set up of the RCD is described. 

As the RCD will primarily be used to measure the field in a quadru

pole, the calculations presented in this chapter will mainly deal with 

this kind of magnet. 

4.2 Theory 

l 

Figure 4.1 Schematic picture of a singLe wire coit. 

The principle of the rotating coil technique is rotating a coil in the 

aperture region of a magnet. The voltage induced in a closed loop of 

one wire is given by 

d I--E = - dt (B•n) dA (4.1) 
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Suppose we have a rectangular coil with length 2 and width ra (see 

figure 4.1). If the rotation axis of the coil is placed on the magne

tic axis (the z-axis of the magnet) eq. 4.1 reads 

r 

~ = - :t I B~2 dr (4.2) 

0 

in which for simplicity B~ bas been taken independent of z, and 

r = ra/Ra bas been substituted with Ra the aperture radius of the 

magnet. A general form for B~ in a magnet is given by 

B~ = l l rnArnnrn- 1cos(m~ + ~rnn) 
nm 

(4.3) 

with A22 the quadrupale termand n,m > 0 (compare section 2.3 for the 

case of a quadrupole). 

Substituting equation 4.3 into 4.2 yields 

r 

~ = - ddt I ll mAmn2 rn-1cos(m~ + ~rnn) dr 

o mn 

= 2 w l l :2 

Arnn rn sin(m~ + ~rnn) 
mn 

(4.4) 

in which ~ = wt bas been substituted with w being the angular velocity 

of the coil and t the time. So the coefficients in the multipale 

expansion of the field are given by 

(4.5) 

in which ~ are the contributions to ~. The exact values of A are rnn rnn 
not relevant since they depend on the variabie strength of the magnet 

and on w; only A relative to A22 is important. 
rnn 

The induced potentlal can be sarnpled with an Analog Digital Converter 

(ADC). In order to separate~ into its contributions ~ the signa! m 
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will be Fourier analyzed. Separating é into é may be done by 
m mn 

employing coils with different widths r. Unfortunately this has the 

disadvantage that the induced potential é for large n and small r 
mn 

could be very small. As an alternative methad to separate é into é 
m mn 

we propose simultaneously employing multiple coils. Consider for 

example the set of coils shown in figure 4.2, of which the lower coil 

has twice the number of windings of the upper coil. Assume that the 

field contains bath r2 sin2~ and r6sin2~ components. Substracting the 

potentials induced in bath coils yields 

15 6 "n2..1.. "' - r s1 't' lG (4.6) 

In this way the r 2 term (é22 ) is eliminated while the r 6 term (é26 ) is 

hardly affected. 

Figure 4.2 The doubLe coiL that can be used to eLiminate an 
r 2 term. The Lower coiL has twice the number of 
windingsof the upper coiL. 

4.3 Construction tolerances 

As mentioned before, a prototype measuring device (the RCD) is being 

constructed. Several aspects of the construction tolerances of this 

device have been investigated. The aspects to be treated below are: 

-1- The effect of a multiple wire coil on the signal. 

-2- Accuracy of winding the coil. 

-3- Pendulations of the coil. 

-4- The angular velocity stability of the rotation. 
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These effects all contribute to the total error of the obtained multi

pole components A . Therefore it was tried to minimize each contri-mn 
bution to the error to 2%. In the computations that follow Óé means 

the difference between the actually induced voltage and the voltage in 

the ideal situation. 

1 The effect of a muLtipLe wire coiL on the signaL 

When the coil is composed of more than one wire these wires lie in a 

range Ar and A,. In each wire a specific potential is induced 

(eq. 4.4). One can evaluate the effect in both directions (Ar radial 

direction and A' tangential direction) independently. 

Radial direction 

Take for simplicity an odd number (2K + 1) of windings of which the 

central wire has r = r 0 and the spacing in between wires is ór. The 

potential induced by a specific multipole component A can thus be mn 
written as 

K 

~ ~ n é = w i A - sin(m' + 'mn) (r0 + k•ór) mn mn n (4.7) 

k=-K 

The last part of this equation can be written as 

n n [n] n-1 [n] n-2 2 (r0 + k•ór) = r 0 + 1 r 0 k•ór + 2 r 0 (k•ór) + .. 

(4.8) 

Summation over k yields annihilation of terms with odd powers of ór. 

In lowest order approximation the relative error in the induced 

voltage becomes 

(4.9) 

If one takes for example K = 5, r 0 = 2•10- 2 m, ór = 100 ~ and 

consideres the effect on the 20-pole (n = 10) eq. 4.9 gives 

Óé ~ 1.1 %, which is below the 2% demanded. 
mn 
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Tangential direction 

In the case of a coil with 2K + 1 windings in the tangentlal direction 

one can write for the ron-component of the induced potential 

K 
n m2 2 

é = w 2 A r - sin(m(~o + k·ö~) mn mn n + ~ ) mn ( 4.10} 

k=-K 

The last part of the equation reads 

(4.11} 

in which sin x ~ x has been used. 

At summation the last term of eq. 4.11 annihilates in pairs for posi

tive and negative m. To lowest order, the relative error becomes 

K 

Öémn= 1-2K! 1 [1 + 2 2 cos(km ~:>) (4.12} 
k=1 

in which ö~ = ör has been substituted. 
ra 

Again for K = 5, ra = 2•10- 2 m, ör = 100 ~ and n = 10: Öé ~ 1.2 %. mn 

Summarizingly it shows that the influence of a multiwire coil is minor 

and can easily be compensated for if the positions of the wires are 

known. 
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2 Accuracy of winding 

The effect of a positioning error of one winding in either direction, 

radial or tangential, can easily be computed with eqs. 4.7 and 4.10. 

Suppose for example that one wire has a deviation ór in radial direc-

tion from its assumed position r. The relative error in ê becomes 
mn 

Óê 
mn 

n ór =--;;,;;,_;;....;;,__ 

{2K + 1) r 
{ 4.13) 

With the values mentioned before: Óê ~ 0.5 %. In tangentlal direc
mn 

tion an additional phase shift occurs. 

Furthermore one can derive the accuracy by which the coil width r has 

to be known. If a maximum error of 2 % in the measurement of the 

20-pole component in a quadrupele field is allowed, one can derive 

from eq. 4.5 that the difference between the actual width and the 

assumed width should be smaller than 50 ~· 

3 Pendulations of the coil 

The coil will be placed in a tube to avoid bending. During the 

rotating of the tube the coil may pendulate. This affects r in 

equation 4.4. Consider two types of deviations from r: a constant 

deviation ór and an oscillating one ór•sinwt. For simplicity the 

z dependency of ór is not taken into account. The error in the poten

tlal introduced by the first type can be computed analogously to the 

former subsectien yielding the eenstraint ó < 50 ~· The second type 

of deviation is best considered by looking at its effect on the ê 22 

term of equation 4.4, which reads 

{4.14) 

in which again a single wire coil is assumed. Suppose 

r = r 0 + ór•sinwt {4.15) 
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To lowest order in ör this yields an absolute error Öé 

( 4.16) 

If w is assumed to be a integer multiple of w0 these extra two compo

nents have the same frequency as regular components of é. In the case 

of a fairly good quadrupale for example the A22 term is about 103 

larger than the others. This means, in order to have an error < 2 %, 

ör has to be smaller than 0.4 ~· This is a very strict constraint. If 

this constraint cannot be met constructionally, a possibility is to 

use a double coil as mentioned insection 4.1. The quadrupale term é 22 

could be eliminated in this way which means that small oscillations of 

the tube have hardly an effect on the measurements. The A22 term can 

afterwards be measured independently by disconnecting one coil. 

4 The anguLar veLocity stabiLity of the rotation 

Due to the hearing of the tube or the stability of the motor the 

angular velocity of the tube fluctuates during one rotation. This 

could give rise to additional errors. Suppose a harmonie fluctuation 

(4.17) 

Substitution in equation 4.4 yields 

é ~ w(t)•sin(rnw0 t + ~ ) 
mn mn 

(4.18) 

( 4.19) 

in which for simplicity only the time dependency of the first w has 

been substituted. The first component is the regularly induced 

potential. The second component can be written as 
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~- ~0 ö [cos{{rnw0 +w 1 )t + + } - cos{{rnwa-w1 )t + + }] mn mn 
{4.20) 

As shown in the former subsection this could lead to large errors. 

Simulations show that in combination with the neglected time depen

dency of the second win eq. 4.18 this effect yields a constraint 

ö < 10-5
• Of course it is again A22 {in the quadrupole case) which is 

the souree of the largest error. As in the former subsection this 

error could be reduced by employing a double coil but simulations 

indicate still a desired constraint of ö ~ 10-3 in order to have a 

maximum possible error of 2 %. Another solution lies in integrating 

the signal and sampling after each interval A+. Integrating removes 

the first w dependency in equation 4.18. By sampling aftereach angu

lar interval A+ instead of each time interval At the time dependency 

of the second w can be made irrelevant also. For this reason the RCD 

will be equiped with a phase detecter that triggers the sampler. 

4.4 Positioning the coil 

In order to measure the multipoles in a quadrupale magnet correctly 

one has to pasition the rotation axis of the coil on the magnetic 

axis. Fyvie and Lobb [FYV 75] show that if both axes lie parallel but 

separated by a distance ö the largest "false" multipole measured is a 

dipole with amplitude A22ö {with A22 being the quadrupole amplitude). 

Other false multipales arealso measured by this incorrect placement 

but their amplitudes are very small. 

Kobayashi et al. [KOB 71] show that the dipale term can easily be used 

to position the coil. The dipale term is minimized when the centre of 

rotation of the coil lies on the magnetic axis. False multipales are 

still induced if the axis of the coil makes an angle with the magnet 

axis. This can also easily be corrected. The magnetic axis is 

completely determined when the coil is aligned at two separate places. 
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4.5 The set up of the RCD 

In figure 4.3 a schematic lay-out of the RCD is depicted. As the 

project is still in development the set up may be subject to some 

improvements. 

As shown the coil will be placed in a tube. A tube is chosen for 

proteetion and to avoid bending which could introduce pendulations. 

The tube will be large enough to contain two coils in order to keep 

the option of employing two coils simultaneously {if the construction 

constraints cannot be met; section 4.3). The tube will be rotated in 

hearings of which one {the right one in the figure) can be removed 

easily. The magnets that are to be measured will be placed on a table. 

This table will be such that easy position manipulation on the magnet 

will be possible. The on and off going wires of the coil will be 

guided through the tube, on the axis of rotation, to brushes. The 

wires will be twisted to minimize their influence on the signal. The 

signa! will be guided by means of some low noise brushes to the elec

tronic equipment which consists for example of filters, power units 

for the motorand the phase detector {decoder), stabilisation equip

ment for the motor, and possibly an integrator {refer section 4.3.4). 

The ADC will sample the signal, clocked by the phase detector. It bas 

a storage capacity large enough to contain the data of a few rota

tions. The data will be further processed by computer. For this some 

preliminary programs based on Fast Fourier Algorithms have been 

written. 

The whole set up will be such that changing of coils and manipulation 

of magnets can be done without the need to re-adjust the RCD. 
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Electronic 
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Figure 4.3 Schematic representation of the RCD set up. 
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5 CALaJLATION OF PARTia.E TRAJECI'ORIES I Description of the program 

5.1 Introduetion 

Numerous computer programs exist that perform ion optica! calculations 

on various types of partiele accelerators and beam guide systems for 

charged particles. Probably one of the most well-known of these is 

TRANSPORT, written by K. Brown et al. These ion optica! programs 

differ at many points, the most importants of which are the form of 

the equations of motion that is used, the types of ion optica! ele

ments that can be handled, and the degree of accuracy with which the 

fields of these elements can be described. As far as the last point is 

concerned, almost all programs require the fields to be described in 

some kind of analytica! form. 

A lot of ion optica! calculations will have to be performed on the 

minisynchrotron EUTERPE. As was mentioned in chapter 3, field maps 

have been measured in the median planes of the prototype dipoles and 

quadrupoles. Furthermore it followed from the discussion on the 

results of the various measurements that obtaining higher order compo

nents of the field is a difficult task. Therefore it was considered 

convenient to develop a special ion optica! program, which directly 

uses the measured field maps without the need to express the fields in 

some functional form first. 

The resulting program bas been called Hiatt, after the name of an 

American pop singer. Although it bas primarily been developed for 

calculations on EUTERPE, it is intended to be a general purpose 

program. This means that no parameters specific to EUI'ERPE have been 

included in the code. To emphasize the fact that Hiatt be a general 

purpose program, test calculations have been performed during the 

development phase on, amongst others, a mierotren that is probably 

going to serve as electron injector for EUI'ERPE, and magnetic quadru

pele configurations used as mieroprobe systems. 

One of the aims was also that the program can be run on the univer

sity's VAX 8530 minicomputer as well as on the PDP computers belonging 

to the cyclotron laboratory. It bas been written for the largest part 
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in standard Fortran. Furthermore no library routines are used. 

Instead, integration, differentiation and interpolation subroutines 

were written, basedon schemes extracted from literature. The struc

ture of the program is such however that these can easily be replaced 

by calls to standard library routines. 

An extensive documentation has been written on the program, in which 

its usage as well as the underlying formulae, flow diagrams, subrou

tines and meanings of the variables are described in detail. In this 

chapter, the physical basis of Hiatt is explained, after which a 

summarizing description of the program is given. In chapter 6, some 

ion optica! calculations for EUTERPE are presented. 

5.2 Integration of the equations of motion 

1 The equations of motion 

A charged partiele moving in a magnetic field experiences the Lorentz 

force 

with 

q charge of the partiele 

v (relativistic) velocity of the partiele 

B magnetic induction. 

(5.1) 

It is assumed that no electric or other force fields act on the 

particle. Due to the Lorentz force then, the partiele's relativistic 

momenturn p changes according to 

--~-~~ FL - dt - dt (5.2) 

with m the relativistic mass of the particle. 
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In this report, only time-independent magnetic fields are considered. 

In such fields the magnitude of the velocity is preserved (i.e. only 

its direction changes), hence the partiele's relativistic mass is 

constant, and eq. 5.1 becomes 

Written in cartesian components, eq. 5.3 reads 

dv 
x m - = q(v B - v B ) 

dt y z z y 

dv 
m ~ = q(v B - v B ) 

dt z x x z 

dv z 
m --= 

dt 
q(v B - v B ) x y y x 

(5.3) 

(5.4a) 

(5.4b) 

(5.4c) 

At this point, the class of magnetic fields to be considered is 

further restricted to magnetic fields having median plane (also called 

midplane) symmetry. Median plane symmetry means that the magnetic 

scalar potentlal is an odd function in the coordinate perpendicular to 

this median plane ([BRO 82]; see also chapter 2 of this report). Most 

of the optica! building blocks used in accelerator technology, and 

certainly those needed for EUTERPE (e.g. drift spaces, dipoles, 

quadrupales and sextupoles), possess median plane symmetry. Examples 

of elements that vlolate the condition of magnetic midplane symmetry 

are skew quadrupales and solenoids. 

The coordinate system that will be used in the following part is 

depicted in figure 5.1. The x-y planeis defined as the median plane 

of the element under consideration, the z-directiLn being perpendi

cular to this plane. This coordinate system will be called the abso

lute or global coordinate system (in anticipation of other coordinate 

systems to be defined further on). 
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plane orbit _____ --~y-·· median 

_)-~y -- x 

x 

Figure 5.1 Definition of the coordinate system used for 
calculating partiele trajectories. Indicated are 
an arbitrary orbit and its projection onto the 
median plane. 

Next the motion of a partiele is separated into two parts, which will 

be regarded as independent: 

- motion in the median plane 

- motion perpendicular to the median plane. 

These two parts will be referred to as horizontal motion and vertical 

motion respectively in the remainder of this chapter. 

In the median plane of a magnet one has 

B = B = 0 x y 

B # 0 z 

(5.5) 

Hence in the median plane B is everywhere normal to the plane. As a 

result, any partiele trajectory that initially lies in the median 

plane will remain in this plane throughout the sy,tem. The equations 

descrihing the motion in the median plane are obtained by combining 

eqs. 5.4 and 5.5: 



dv 
x 

dt 

dv 

s. V B 
m y z 

-L=-S.v B 
dt m x z 
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{5.6a) 

{5.6h) 

For descrihing the motion perpendicular to the median plane, 

expressions for B and B at a distance z from the median plane are x y 
needed. B and B can be written as Taylor expansions inz. Due to the x y 
assumed symmetry ahout the median plane, these expansions contain only 

odd powers of z 

8B 3 ö3B 
B {z) x z x 

= z -- +--- + x öz z::O 3! öz3 z::{) 
{5.7a) 

8B ö3B 
B {z) z _L z3 __J_ 

= +- + y 
öz z::{) 3! öz3 z::{) 

{5.7b) 

When only small distances z from the median plane are considered, the 

linear terms suffice. The first derivatives occuring in these terms 

can be converted using one of Maxwell' s equations 

vxB=O 
from which follows 

8B 8B x z 

öz éJx 
and 

8B 8B 
_L=~ 
öz öy 

{5.8) 

{5.9a) 

{5.9h) 

Suhstitution of eqs. 5.7 and 5.9 into eq. 5.4c results in the 

linearized equation descrihing the motion perpendicular to the median 

plane: 
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dv 8B 8B z n z z - = ~ z (v - - v ) 
m x y 

d t éJy z=O éJx z=O 
(5.10) 

Equations 5.6 and 5.10 form the basis for the calculation of partiele 

trajectories as performed by the computer program Hiatt. These 

equations are integrated using a fourth order Runge-Kutta scheme, as 

will be described in the next subsection. The magnetic fields of the 

various elements are determined by the B -values in the median plane. z 
Note that no approximations have been made so far in deriving eqs 5.6; 

that is, these equations describe the exact median plane motion of the 

particles. In the derivation of eq. 5.10 the z-dependency of B bas z 
been neglected; furthermore this equation describes the linearized 

motion perpendicular to the median plane. 

2 Integration in absoLute coordinates 

Eqs. 5.6 and 5.10 forma coupled set of second order differentlal 

equations with time t as the independent variable, descrihing the 

motion of a partiele through a magnetic field which bas midplane 

symmetry. In order to integrate this set of equations, firstly a 

change from time t to path length T as the independent variabie is 

made 

T = vt (5.11) 

with 

(5.12) 

The z-component of the velocity is neglected in this transformation, 

which is allowed only for small deviations of the partiele's trajec

tory from the median plane. This is the so-called paraxial approxima

tion. Note that this paraxial approximation only affects the motion 

perpendicular to the median plane; the motion ir the median plane is 

still being described exactly. With transformation 5.11 the equations 

of motion become 



dv x 

dT 
_g_ V B 
mv y z 

dv 8B 8B z oz z z 
-==(v --v -) 
dT MV X 8y y ÖX 
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Next, a vector x is defined, which has components: 

x1 = x 

x2 = x' 

x3 = y 

x4 = y' 

Xs = z 

~ = z 

in which the prime ' denotes differentiation to T. 

(5.13a} 

(5.13b} 

(5.13c} 

(5.14} 

With this definition, the equations of motion (5.13} can be written as 

x1 = x2 

qB 
' z 

x2 = --x4 
mv 

x3 ' x4 = (5.15} 
qB 

' z 
x4 = - --x2 

mv 

Xs ' = X& 

8B 8B 
' 2li. z z 

X& = (-x2 - -x4) 
mv éJy äx 

Eqs. 5.15 forma set of first order differential equations that still 

describe the motion of a partiele through a magnetic field. The 

program Hiatt calculates partiele trajectories by directly integrating 

eqs. 5.15, using a fourth order Runge-Kutta scheme ([VEL 80]; also see 

appendix C). 
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Because the vertical motion has been linearized, it is completely 

determined by two independent starting conditions, e.g. 

z = 1 
(5.16a} 

z = 0 

~d 

z = 0 
(5.16b} 

z' = 1 

For each partiele which is traeed these two starting conditions are 

simult~eously applied. 

The starting conditions for the horizontal motion are specified by the 

initial position (x0 ,y0 } ~d direction (x' 0 ,y' 0 } of the particle. 

3 Calculation in relative coordinates 

Eqs. 5.6 describe the horizontal motion of a partiele in global 

coordinates overlaying the whole system under consideration. In acce

lerator physics it is often more convenient to use so-called relative 

or path coordinates. These are defined as the (horizontal ~d verti

cal} displacement ~d divergence of a partiele's trajectory from a 

certain reference trajectory (which lies entirely within the magnetic 

midpl~e ~d is mostly called the central orbit of the system}. 

Figure 5.2, which has been borrowed from [BRO 82], shows the curvi

linear coordinate system that is used to define the relative coordi

nates (u,a,z.~} 
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real orbit 

------ projection onto 

median plane 

tangent 

/ 

Figure 5.2 CurviLinear coordinate system used for the 
definition of the reLative coordinates u,S,z.~ 
(after K. Brown). 

The relative coordinates {u,S,z.~) describe the motion of a partiele 

in so-called phase space. In the most general case, the three dimen

sional motion of a partiele is represented in six dimensional phase 

space (x,p ,y,p ,z,p ), with x,y,z being the componentsof the parti-x y z 
cle's position vector and p ,p ,p the components of its momenturn x y z 
vector. When the motions in the three transverse dimensions can be 

regardedas independent, they can be represented in separate two di

mensional cross-sections {e.g. x,p ) of phase space. 
x 

In the case of a partiele moving through a magnetic field having 

midplane symmetry, withno other forces acting on it, it is clear that 

the motions are independent; that is, no momenturn transfer takes place 

from one degree of freedom to another. Thus the horizontal and verti

cal movement of a partiele can be represented in (u,S) and {z.~) space 

respectively {Note that tan S = p /p with p being the total momenturn; 
u 

analogously for ~). 
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In general theoriesof partiele opties {e.g. [BRO 82]), trajectories 

are developed in Taylor expansions about the central orbit, which are 

subsequently substituted into a general differentlal equation 

descrihing the motion of a charged partiele in a magnetic field. 

Usually only terms up to second order are retained. Next, the magnetic 

field is written in some expanded form and also substituted into the 

differentlal equation, after which a solution can be found. This 

approach forms the basis for well-known ion optica! programs such as 

TRANSPORT. 

In the program Hiatt, a different approach is followed. It will be 

clear from the foregoing discussion that as far as the vertical motion 

is concerned the two descriptions {global or relative coordinates) are 

equivalent. That is, equation 5.10 directly describes the evolution of 

the vertical displacement and divergence. In order to calculate the 

horizontal relative coordinates, the median plane trajectories of two 

or more particles are calculated simultaneously. One of these 

particles is regarded as the central particle. The displacements and 

divergences of the other particles are then calculated by 'projecting' 

their trajectories onto the trajectory of the central partiele (see 

figure 5.3). In this way, the motion of a partiele in horizontal phase 

space is obtained step by step. One of the main difficulties of this 

approach is that particles may travel different path lengtbs through a 

certain element, so that they may get bebind or ahead of the central 

particle. 

tongent 

Figure 5.3 C'al.cul.ation of the displacement u and 
divergence 8 of an orbit by perpendicul.ar 
projection onto the central. orbit. 
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4 Catcutation of transfer coefficients 

entrance plane exit plane 

~.-----------,/ 

" 
oxial orbit -----

'--.. 

-------

Figure 5.4 Ion optical system in black box representation. 
Indicated are its entrance and exit planes, the 
centrat orbit, and an arbitrary paraxial orbit. 

Consicier a systern containing one or more ion optica! elernents, charac

terized by its entrance and exit planes (also called object and image 

planes) and its entrance and exit central orbits (see figure 5.4). The 

interior of the systern is regarcled as a black box for the moment. 

Denote the starting parameters of a certain partiele in the entrance 

plane as u0 ,80 ,z0 .~0 and ó, where the first four parameters are the 

relative coordinates as defined in the previous subsection, and ó 

rneans the fractional momenturn deviation with respect to the central 

partiele's rnornenturn. After the partiele bas traversed the systern, its 

relative coordinates in the exit plane are given by u 1 ,8 1 ,z 1 .~ 1 • These 

exit coordinates are clearly a function of the entrance coordinates, 

hence they can be written as a Taylor expansion in the entrance 

parameters 

éJu éJu 
+ a~ ~o + aó ó + 

(5.17) 

and analogously for 8 1 ,z1 and ~ 1 • 
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The coefficients in these Taylor expansions are generally denoted by 

(5.18} 

and called transfer coefficients or aberration coefficients. The left 

hand side of the expression in between angle brackets is the dependent 

variable; the right hand side denotes the independent variables on 

which the left hand side depends. The order of a transfer coefficient 

is given by the sum of the powers of the independent variables 

accuring in it. Transfer coefficients are particularly useful for 

characterizing the ion optical properties of systems composed of one 

or more elements. An overview of a number of transfer coefficients up 

to 5th order tagether with their meanings and most frequently used 

narnes is given by Grime and Watt [GRI 84, p. 26]. 

In programs such as TRANSPORT, where both the partiele trajectories 

and the magnetic fields are developed in Taylor expansions about a 

central orbit, a transfer matrix is derived for each element accuring 

in the system under consideration. The transfer coefficients of the 

system then simply follow by matrix multiplication. TRANSPORT for 

example evaluates transfer coefficients up to second order. 

When partiele trajectories are calculated by directly integrating the 

equations of motion, another approach must be followed. Grime and Watt 

[GRI 84] outline a method to obtain transfer coefficients directly 

from the calculated orbits. As this method has been implemented in 

Hiatt, it will shortly be described below. 

For the magnetic fields possessing median plane symmetry considered in 

this report, the horizontal and vertical motions have been completely 

uncoupled, hence horizontal transfer coefficients depending on verti

cal coordinates and vice versa will vanish identically. Furthermore, 

as the v~rtical motion has been linearized, only first order vertical 

transfer coefficients are to be evaluated. When the starting condi

tions of the vertical motion are defined as 



- 77 -

Z1•0 = Zo 

z'1·o = 0 (5.19) 
Z2•o = 0 

z'2·o = .0 

it can easily be verified that the vertical transfer coefficients are 

given by 

<zlz> =~ 
Zo 

<zl•> =~ .0 (5.20) 

<•lz> = z' 1' 1 
Zo 
' 

<•I•> ;:: z 2•1 
.0 

In order to calculate horizontal transfer coefficients, one partiele 

bas to be traeed for each coefficient to be evaluated. Suppose that 

the transfer coefficients depending on variables v 1 ,v2 ,v3 up to 

respective orders n 1,n2 ,n3 are to be calculated. The total polynomial 

for the displacement u in the exit plane is then given by 

(5.21) 

where cijk is a shorthand notation for the coefficient <ulv1iv2 jv3 k). 

A similar expression holds for 8. The total number of unknown 

variables in 5.21 is given by 

(5.22) 

hence N particles have to be traced, with each variabie vi stepping 

through ni+1 different values. This yields N different exit-plane 

displacements urn. Furthermore the starting value for vi of the 

mth partiele is denoted by mvi. The resulting set of N linear 

equations can be written in matrix form 
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(5.23) 

with U being the matrix containing the exit-plane displacements 

C being the matrix of the transfer coefficients 
u 

C = (cooo C1oo u 

(5.24) 

(5.25) 

and V being the matrix containing the polynomial functions of the 

entrance variables 

V= 

1 

1 

A similar equation can be obtained for 8 

with the matrix V being the same as in eq. 5.23. 

The transfer coefficients can then be found via 

and analogously for c8. 

(5.26) 

l5.27) 

(5.28) 

In the program Hiatt, horizontal transfer coefficients up to 3rd order 

depending on u,8 and ö are evaluated. This requires calculation of the 

trajectories of 20 particles with suitably chosen starting parameters. 
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5.3 Representation of the magnetic field 

The program Hiatt bas been developed for calculating partiele trajec

tories through actually measured median plane fields, without the need 

to represent the measured fields in some analytica! form first. Input 

for the program are two dimensional maps of the field in the median 

plane, such as those described in chapter 3. 

The measured magnetic field is generally expressed using a local 

coordinate system attached to the magnet under consideration. A 

partiele accelerator or beam guide system consists of a number of 

magnets, each with a local coordinate system attached to it, separated 

by drift spaces. For the calculation of partiele trajectories, the 

program Hiatt uses two different kinds of coordinate systems: local 

systems associated with each separate component, and a global coordi

nate system overlaying the whole machine {see figure 5.5). Trajecto

ries are always calculated in the local coordinates of the actual 

component. Whcn a new component is encountered, a coordinate transfor

mation to the next local coordinate system is carried out. The calcu

lated trajectories are finally presented in global coordinates, again 

by performing the appropriate transformations. 

Local 
I: 
)' 

·· 'lbs ~ 
coordinate 

systems 

x. 
I 

Global coordinate 
system 

x 
abs 

Figure 5.5 SChematic representatton of local and global 
coordtnate systeas used for calculattng parttcle 
orbtts. 
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The magnetic field of a machine component is specified by the 

B -values on a rectangular grid of points, that is defined in the z 
local coordinate system of the component. The number of grid points 

and the spacings (in two directions} in between the points are usually 

determined by the measurement; these parameters also define the dimen

sions of the element under consideration. Alternatively, the program 

Hiatt offers the possibility of generating field maps belonging to 

simple magnets (e.g. homogeneaus dipole, ideal quadrupole} internally. 

Note that drift spaces also fit perfectly within this scheme, being 

defined as field maps of which all B -values equal zero. z 

~ • • • • Q • • óx * • t,X • 
i-·'.i+2 i,j+2 i+1,j+2 i+2,j+2 

i-1 i+1 i+2 

• • • • 
i-1,j+1 i,j~1- _.."... i+1,j+1 i+2,j+1 

óy I 
I 

• • óx I • • 
; - 1,j i,j i+1,j i+2,j 

t,Y 

• • • t,X • 
i-1,j-1 i,j-1 i+1,j-1 i+2,j-1 

Figure 5.~ part of the two diJRensional. grid of Bz -va.l.ues, 

showing the definitions of Ax,Ay,6x and 6y. 
2 one diJRensional. grid used for deriving interpola

tion and differentintion schemes. 

As follows from eqs. 5. 6 and 5.10, values for B , öB /8x and öB /8y z z z 
are needed in order to calculate partiele trajectories. Figure 5.~ 

shows a part of the grid of B -values. The spacings in between grid z 
points in the x- and y-directions are denoted by Ax and Ay respec-

tively. The actual position (x,y) where the values for Bz. öBz/8x and 

öB /8y are to be evaluated is indicated by the asterisk. The distances 
z 

to the nearest grid points 'below' the actual position are denoted 

by 6x and 6y. The grid points surrounding the actual position are 

numbered as indicated. 
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B -values are calculated via two dimensional third order interpolation z 
in the grid; 16 grid points surrounding the actual position are needed 

for this. For simplicity, one dimensional interpolation is considered 

first. The configuration is shown in figure 5.6Q. The interpolated 

value at position x is given by 

f(x) 

1 1 
+ ( 2 fi-1 - fi + 2 fi+1 

>: 
)(:)2 

( 1 f 1 f 1 f 1 f )(~~)3 
+ - 6 i-1 + 2 i - 2 i+1 + 6 i+2 LlA 

(5.29) 

A derivation of this third order scheme is given in appendix B. 
Extension to two dimensional interpolation is straightforward; it is 

not considered relevant to present the result here. 

The derivatives 8B /8x and 8B /8y are first calculated in the four z z 
grid points directly surrounding the actual position, using a second 

order differentlation scheme (appendix B). For example, the first 

derivative of B with respect to x in the grid point i is calculated z 
via 

(5.30) 

Subsequently, linear interpolation between the four surrounding grid 

points takes place 

8B z -!:.(x,y) 
8x 

= ( 1 _ ~){ ( 1 _ 6x) 8Bz + 6x 8Bz } 
Ay Ax. 8x i, j Ax. 8x i+ 1. j 

~ { ( 1 _ 6x) 8Bz + 6x 8Bz } 
Ay Ax. 8x i, j+1 Ax. 8x i+1, j+1 

(5.31) 
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8B 
A similar expression is found for ~x.y). 

ey 
Thus eight grid points in total are needed for each derivative to be 

evaluated. 

When the position at which B etc. are to be evaluated lies near one z 
of the edges of the field grid, single-sided interpolation and 

differentlation have to be used. This makes the actual implementation 

of the interpolation and differentiation schemes a lot more compli

cated than described above. 

5.4 Input parameters 

The various calculation options and the input structure of the program 

Hiatt are described in detail in the documentation that was written on 

it. A major part of the desired input concerns the parameters of the 

particles to be traced. In order to give an impression of the possibi

lities of the program, a summary of these parameters is given below. 

The set of particles to be traeed can be provided in two basic ways: 

- the parameters of each separate partiele are explicitly defined 

by the user 

- a standard set of particles is generated internally, controlled 

by parameters like mean energy, energy spread, maximum diver

gence et cetera. 

The second input strategy is used for example when transfer coeffi

cients are to be calculated. In case of the first strategy, the 

following input is desired: 

~ the type of particles 

Q parameters of the central partiele 

Q parameters of zero or more other particles. 



- 83-

~ At the moment, the particles that can be traeed are protons and elec

trons. However, this can quite easily be extended to include other 

types. 

Q For the central particle, the following parameters have to be defined: 

- kinetic energy [MeV] 

starting coordinates [cm], given in the global coordinate 

system overlaying the total system under consideration 

- starting direction [degrees], also with respect to the global 

coordinate system. 

Q For the other particles, the quantities to be defined are: 

- energy deviation [MeV or %] from the central partiele's energy 

- displacement [mm] and divergence [mrad] with respect to the 

central orbi t. 

The velocity of a partiele is calculated from its kinetic energy via 

the relativistic formula 

with 

c speed of light 

T kinetic energy 

E0 rest energy of the relevant particle, E0 = m0 c 2 

(5.32) 

The starting coordinates and directions of the 'relative' particles 

are calculated from their displacements and divergences, combined with 

the starting conditions of the central particle. Defining the set of 

equations to be integrated proceeds further as described in 

section 5.2.2. 
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5. 5 Output generateel by the program 

The coordinates of the calculated partiele trajectories are stored in 

various datafiles. The program Hiatt does not contain any routines for 

platting the calculated results. Instead, it generates so-called 

command files for the plot package PLOTDATA which also runs on the 

VAX 8530 minicomputer. This code, written by Chuma [CHU 87], is 

especially suited for platting and manipulating all kinds of data. The 

command files can directly be run by PLOTDATA to produce the various 

desired plots. No additional editing of these command files or data

files is needed so that just an elementary knowledge of the PLOTDATA 

command structure suffices. 

The contents of the various datafiles and command files generated by 

Hiatt are described in detail in the documentation. In this section, 

only a summary is presented of the plots that can be produced. 

Hiatt is able to generate command files for drawing the following 

kinds of plots: 

~ Median plane trajectories in real space (i.e. the global coor

dinate system overlaying the whole machine). In these plots the 

magnetic field boundaries of the various elements are also 

outlined. 

Q Horizontal displacement and divergence versus path length 

~ Vertical displacement and divergence versus path length 

g Motion of single particles in horizontal phase space 

~ Motion of single particles in vertical phase space 

! Evolution of a group of particles in horizontal and vertical 

phase space. A plot of the phase space is produced at various 

positions along the optica! axis of the system under conside

ration. 

A few examples, obtained from test runs through parts of EUTERPE, are 

presented in figures 5.7 to 5.10. 
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Figure 5.7 Trajectories of 5 electrans with an energy spread 
of 4X around. a 11ean energy of .230 lfeV through the 
ntea.SUred field of FllfERPE dipote #1. 
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Figure 5.8 Horizontal disptaceaent versus path tength tn one 

quarter of FIJTFRPE. for electrans having energy 
deviations bet111een -.2% and 2X fraa the centrat 
partiete's energy {230 lfeV). 
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5.6 Accuracy; speed; comparison to other programs 

a Accuracy 

The accuracy of a program like Hiatt is rather difficult to investi

gate because it is influenced by many factors. Amongst these are the 

accuracies of the integration routine and of the interpolation and 

differentiation routines. 

There are two basic facts known about the motion of charged particles 

in rnagnetic fields that provide a way to check the accuracy of the 

integration routine: 

the speed of a partiele moving in a time-independent rnagnetic 

field rernains constant 

- a partiele moving in a constant homogeneons dipole field 

describes a circular orbit whose radius p is given by 

P - ...E.... - qB 
with 

B strength of the dipole field 

q charge of the partiele 

p relativistic momenturn of the partiele 

{5.33) 

The {scaled) components of the velocity of a partiele were in 

section 5.2.2 denoted by x' and y'. From the discussion in that 

section it follows that these cornponents should satisfy 

.2 + .2 1 x y = (5.34) 

The program Hiatt uses a fourth order Runge-Kutta scheme to integrate 

the equations of rnotion. It can be derived {appendix C) that after 

n integration steps the inherent error of this scheme is given by 

where T is the integration step size and K is defined as 

qB 
K=~ 

rnv 

(5.35) 

(5.36) 
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In practical situations K is of the order 1, hence forT= 0.01 cm the 

error is of the order 10- 10% per travelled centimeter. In most 

situations this effect is negligible, but when a partiele is traeed 

over long distances (e.g. many turns in a ring) it may cause 

deviations. 

In order to check the accuracy of the integration algorithm via 

eq. 5.33, orbits of a 100 MeV electron in a homogeneaus dipole field 

of 1 Tesla were calculated using various integration step sizes. 

According to eq. 5.33 the radius of the orbit should be 

p = 0.33526428600317 m. The numerical results are listed in table 5.1. 

The value for T = 0.01 cm in this table is in reasonable agreement 

with the value of 10-10% per travelled centimeter obtained above. 

Remarkable is, that though a fourth order integration scheme was used, 

the resulting convergence order following from table 5.1 is about 2. 

An explanation for this has not yet been found. 

T (cm) 

1.0 

0.1 

0.01 

0.001 

Table 5.1 

p (m) Ap (m) 

0.3352478917355 1.6·10-6 

0.3352641411785 1.4·10-7 

0. 3352642842815 1. 7•10-9 

0. 3352642859855 1.8·10- 11 

Radii of a 100 leV electron moving in a dipole 
field of 1 Tesla, calculated with uarious step 
sizes T. The deuiat ions frDlR the theoret i cal 
radius are also listed. 
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The B -values are obtained using a third order interpolation scheme. z 
For polynomials up to third order, this scheme produces exact values; 

for higher order polynomials the discretisation error is of the 

order Ax4
, which in practical situations is also negligibly small. It 

may therefore be concluded that the accuracy of the calculated median 

plane trajectories is completely determined by the accuracy of the 

measured magnetic fields. 

For calculation of trajectories perpendicular to the median plane, 

second order differentfation {with an error of the order Ax2
} and 

linear interpolation (also with an error of the order Ax2
} are used. 

As the vertical motion has been linearized, these discretisation 

errors are not expected to influence the calculated trajectories. 

b Speed 

Speed was not considered an important item during the development of 

Hiatt. The reason is that the program may possibly be run on a 

PDP computer for which no high computation costs have to be paid. The 

program has been timed to spend about 1.8 to 2.0 msec of cpu time per 

partiele per integration step when run on a VAX 8530 minicomputer. 

c Comparison to other programs 

Another way to get an indication of the accuracy of Hiatt is to 

compare it to other programs. Two well-known ion optica! programs were 

available, namely TRANSPORT and Raytrace. TRANSPORT is a second order 

matrix program which derives a transfer matrix for each element by 

expanding both trajectories and magnetic fields, and retaining terms 

up to second order. Raytrace directly integrates the equations of 

motion (eq. 5.4} through magnetic fields that can be given in various 

functional forms. 
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Figure 5.11 Focussing quadrupale doublet used for comparison 
of Hiatt to TRANSPORT and Raytrace. Distances 
a long the optical axis are in centtJaeters. Tit.e 
parOIReters of the quadrupales are 
Q1: leff = 17.5 ca, G = -4.5881923 T/a; 

Q2 : leff = 17.5 ca, G = 7.2289615 T/m. 

In order to compare Hiatt to TRANSPORT and Raytrace, 3 MeV protons 

were traeed through the focussing quadrupale doublet which is shown 

schematicly in figure 5.11. The exit plane was taken slightly 

off-focus. The first and second order horizontal transfer coefficients 

as well as a few third order coefficients as calculated by the three 

programs are listed in table 5.2. 
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coeff. TRANSPORT Hiatt Raytrace 

<xlx> 0.9799 0.9805 0.9775 

<xl8> 2.132 2.133 2.126 

<xl{j> 0 0 0 

<8lx> -6.6001 -6.591 -6.6313 

<818> -13.3382 -13.32 -13.4016 

<8l{j> 0 0 0 

<xlx2> 0 0 0 

<xl82> 0 0 0 

<xl{j2) 0 0 0 

<xlx8> 0 0 0 

<xlx{j) 8.481·10-3 8.478·10-3 8.566·10-3 

<xl8{j) 1. 923·10-2 1.923·10-2 1.940·10-2 

<8lx2> 0 0 0 

<8182> 0 0 0 

<8l{j2) 0 0 0 

<8lx8> 0 0 0 

<8lx{j) 0.1105 0.1106 0.1113 

<8l8{j) 0.2264 0.2265 0.2278 

<xl83> - ._1.529•10- 4 -1.384·10- 4 

<xlx82> - -2.299·10- 4 -2.341·10- 4 

<xlx28> - -1.146·10- 4 -1.167•10- 4 

<xl82{j) - 3.313·10- 16 0 

<xl8{j2) - -4.374•10- 4 -4.412·10- 4 

<xl{j3) - 4. 103·10- 12 0 

Table 5.2 Comparison of horizontaL transfer coefficients up 
to 3rd order of the quadrupaLe doubLet shown in 
figure 5.11, as caLcuLated by TRANSPORT, Hiatt 
and Rayt race. 
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It should be mentioned that the coefficients calculated by TRANSPORT 

and Raytrace have been transformed to the units used by Hiatt. A 

factor 10 difference in a number of the original coefficients occured 

because of the fact that Hiatt expresses displacements in mm, and the 

other two programs in cm. Furthermore a factor 2 occured in the 

coefficients containing ö calculated by Raytrace. This program 

defines ö as the fractional energy deviatio~. whereas the other two 

programs define ö as the fractional momenturn deviation. These quanti

ties are related by the relativistic formula 

In the classica! limit {3 MeV protons) this reduces to öT/T = 2öp/p, 

which explains the factor 2. 

It may therefore be concluded from table 5.2 that the first and second 

order transfer coefficients as calculated by Hiatt agree very well to 

those calculated by the other programs. The third order coefficients 

calculated by Hiatt and Raytrace also agree quite well, though it is 

not yet clear at the moment why Raytrace does not calculate the 

remaining third order coefficients. 
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6 CALaJLATION OF PARTia..E TRAJECfQRIES II Results for ElJI'ERPE 

6.1 Introduetion 

In the previous ehapter a deseription was given of the raytraeing 

program Hiatt. With this program a number of ion optica! calculations 

were carried out through the measured fields of the EUTERPE dipole and 

quadrupale prototypes (see ehapter 3). In this ehapter a number of 

preliminary results of these caleulations are presented. 

Starting point for the caleulations was mode B {doublet mode) of the 

EUTERPE lattice as designed by Uythoven {[UYT 87], appendix A3). The 

purpose was to replaee the ideal dipole and quadrupale fields in this 

design by the measured field maps of the EUTERPE prototypes, and 

subsequently compare the ion optica! properties of both lattiees. The 

design of Uythoven is based on 300 MeV eleetrons. The measured field 

maps of dipole #1 and quadrupale #2 however have the approximate 

strengths for guiding 230 MeV eleetrons. Therefore the strengths of 

the magnets in the Uythoven design were linearly scaled using the 

Bp-values of 300 MeV and 230 MeV eleetrons. 

The Bp-value of a partiele is given by 

with 

1J:2 2 Bp =- E - Ea c 

e the speed of light 

E the partiele's total relativistie energy 

E0 the partiele's rest energy. 

For eleetrons the relevant Bp-values are 

300 MeV: Bp = 1.0024 T•m 

230 MeV: Bp = 0.7689 T•m 

{6.1) 

In seetion 6.2 a eomparison is made between the ion optica! properties 

of the homogeneaus dipole in the Uythoven design and those of the 

measured fields of dipole prototypes #1 and #2. Subsequently, in 

section 6.3, the ideal fields in the doublet lattiee of EUTERPE are 

replaeed by the measured fields of the prototypes. All calculations 

have been performed using an integration step size of T = 0.1 cm. 
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6.2 The dipales 

In the design of Uythoven a straight, homogeneaus dipole with a length 

of 42.51 cm is used. The field strength of this dipole was adapted to 

a bending angle of 30 degrees for 230 MeV electrons: B = 0.93627842 T. 

The field map of dipole prototype #1 was measured at an excitation 

current of 150 A, and has the approximate strength for bending 230 MeV 

electrons. The field map of prototype #2 was measured at 100 A, 

corresponding approximately to 155 MeV electrons. 

r--~ 
: --........_ 

-------

I --r-~:~ - I ________ /_ -------~ 
'--- -- - 'I -------~-~-=---=---- -~ 

~- --- _J --------- -- - - -

·:--~ -
-------~~ 

Figure 6.1 Definition of the centraLorbit through the 
measured field map of dipale #1. The dashed Line 
approximately tndicates the surface of the poles. 
The sol id t ines indicate the out t ines of the 
measured maps in the homogeneaus field and in the 
fringe fietds. 

In a straight homogeneaus dipole the bending angle of particles is 

independent of their displacement with respect to the central orbit. 

In the measured field maps of the prototypes this independency is lost 

due to the bulge (in radial direction) of the field. Figure 6.1 shows 

an orbit through the measured field of dipole #1, that was used as the 

central orbit throughout the calculations described below. This orbit 

does not run exactly through the central region between the pole 

faces; it extends approximately from x= -1.5 cm to x= -3.4 cm 

(expressed in the coordinate system defined by figure 3.5). It can be 

seen from figure 3.13 however that the field within this region is 

still sufficiently homogeneous. This is confirmed by table 6.1. In 

this table the integrated field along the trajectories of a number of 

electrens is listed as a function of their displacement to the central 
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orbit shown in figure 6.1. The central orbit is only slightly 

displaced with respect to the orbit that experiences the maximum 

integrated field. The same holds for the central orbit through the 

measured field of dipole #2. 

u (mm} /Bds (T•cm} 

12 39.211214 

10 39.774348 

8 40.086321 

6 40.257528 

4 40.341750 

2 40.377542 

0 40.400823 

-2 40.412298 

-4 40.415102 

-6 40.416226 

-8 40.414196 

-10 40.409711 

-12 40.403949 

Table 6.1 Integrated fieLd aLong eLectron orbits through 
the fieLd map of dipaLe #1 as a function of the 
dispLacement with respect to the centraL orbit. 

Transfer coefficients were calculated for the homogeneous dipole field 

and for the two measured fields, using a drift - dipole - drift confi

guration. The maximum starting displacements, divergences and momenturn 

deviations were varied. The resulting transfer coefficients for 

u = 1 mm, 8 = 1 mrad and 6 = 0.1% are listed in table 6.2. max max max 
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coeff. Hom. dipole Dipole #1 Dipole #2 

230 MeV 230 MeV 155 MeV 

<ulu> 1.0000 1.0488 1.0470 

<u IS> 0.6670 0. 7023 0.6823 

<ui{)> 1.9401 2.0534 1.9407 

<ulu2> 0 1.07·10-2 7.21·10-3 

<uiS2> 0 1.44·10-3 1.03•10-3 

<ul{j2) -1.93·10-2 -1.97·10-2 -1.88•10-2 

<u luS> 5.36·10- 4 6.75·10-3 5.81•10-3 

<ulu{j) 1.46·10-3 6.31·10-3 5.36·10-3 

<uiS{j) 5.08·10- 4 2.62·10-3 2.08·10-3 

<ulu3> 0 7.44·10- 4 -7.66·10- 4 

<uiS3> 0 0 0 

<ul{j3) 5.12•10- 4 -2.51·10- 4 8.06·10- 4 

<ulu2S> 0 2.05·10- 4 -2.28·10-3 

<uluS2> 0 2.51·10- 4 1.98·10- 4 

<ulu{j2) 0 0 1.08·10- 4 

<ulu2{j) 0 5.49·10- 4 -1.29·10-3 

<uiS2{j) 0 0 0 

<uiS{j2) 0 1.48·10-4 1.21·10-4 

<uluS{j) 0 3.51·10- 4 3.05·10- 4 

<Siu> 0 0.1241 0.1280 

<sis> 1.0000 1.0368 1.0393 

<SI{j> 5.3590 5.3893 5.3928 

<Siu2> 0 2.80·10-2 1.98•10-2 

<SIS2> -2.68·10- 4 3.54·10-3 2.57·10-3 

<SI{j2> -5.74•10-2 -5.47·10-2 -5.55·10-2 

<SiuS> 0 1.69.10-2 1.51•10-2 

<Siu{j) 0 1.44·10-2 1.23·10-2 

<sls{j> -1.44·10-3 5.10·10- 3 3.74·10-3 

<Siu3> 0 1.87·10-3 -2.13·10-3 

<SIS3> 0 0 0 

<SI{j3> 7.37·10- 4 -1.34·10-3 2.38·10-3 

to be continued ... 
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table 6.2 continued 

<8lu2 8> 0 5.06·10- 4 -6.34·10- 3 

<8lu82 > 0 6.55·10- 4 5.71•10- 4 

<8lu62
) 0 0 2.36·10- 4 

<8lu2 6> 0 1.45·10-3 -3.51·10-3 

<8182 6> 0 1.67·10-4 2.14•10- 4 

<81862 > 0 4.54·10- 4 4.35•10- 4 

<8lu86> 0 9.21·10- 4 9.35·10- 4 

<zlz> 1.0000 0.6669 0.6901 

<zl+> 0.6864 0.6252 0.6127 

<+lz> 0 -o.S201 -0.8044 

<+I+> 1.0000 0.7306 0.7348 

Table 6.2 Comparison of transfer coefficients of the 
measured fietds of dipote prototypes #1 and #2 to 
those of the homogeneaus dipote. 

A number of remarks can be made on the values in table 6.2: 

- To first order the homogeneaus dipole acts both horizontally 

and vertically as pure drift. Horizontally this is expr~ted 

(remember the remark earlier in this section); vertically this 

behaviour occurs due to the fact that Hiatt does not yet take 

into account edge focussing in homogeneaus straight dipoles. 

- The second and third order coefficients of the homogeneaus 

dipole are negligible, except for the second order momenturn 

dependency. 

- To first order the measured dipole fields act horizontally 

defocussing and vertically focussing, as expected. Besides 

this, their first order properties are comparable to those of 

the homogeneaus dipole, especially the first order momenturn 

dependencies. 
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- The second order coefficients of the measured fields are 

slightly larger than those of the homogeneaus dipole. except 

for the second order momenturn dependencies which agree quite 

well. 

- The third order coefficients of the measured fields are small; 

furthermore they depend somewhat on the values of u etc used 
max 

for their calculation. This dependency does not occur for the 

homogeneaus dipole. It suggests the presence of higher order 

terms in the measured dipole fields. 

Overall it may be concluded that the first and second order ion opti

ca! properties of the measured dipole fields compare quite well to 

those of the homogeneaus dipole. It is expected that a slight imprave

ment occurs when the central orbit is moved towards the centre of the 

measured field maps. 

The third order transfer coefficients of the measured fields are 

small. and probably rather inaccurate due to the presence of higher 

order terms. 

6.3 Comparison of the lattices with ideal and measured fields 

As mentioned before. the starting point for the calculations on 

EUTERPE was mode B of the lattice designed by Uythoven. This lattice 

is shown schematicly in figure 6.2. As EUTERPE consists of four iden

tical superperiods. only one of these superperiods is used for the 

calculations. It can be further divided into four cells. which are not 

identical but have a comparable structure. These cells are indicated 

by the dashed lines. 

As indicated. four different quadrupole strengtbs are used in mode B. 

two focussing and two defocussing ones. The focussing and defocussing 

sextupoles also have different strengths. 
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Figure 6.2 Schematic representation of one quarter of mode B 
of EllfFRPE. Indicated are the magnets and the 
eelt boudaries. The positions of the eentres of 
the magnets, measured along the optical axis, are 
expressed in centimeters. 

799 

The dipole strengths were adjusted to a bending angle of 30 degrees 

for 230 MeV electrons. The quadrupale and sextupole strengths were 

initially calculated by sealing the values given by Uythoven from 

300 MeV to 230 MeV electrons. The resulting initia! strengths of the 

various magnets accuring in figure 6.2 are listed in table 6.3. 

element 'field strength' length (cm) 

B 0.9362784 Tesla 42.51 

F1 7.843262 T•m -1 20 

F2 9.399114 T -1 •m 20 

Dl -7.303722 T -1 •m 20 

D2 -8.108330 T•m -1 20 

sf 81.05448 T -2 •m 5 

sd -173.99141 T -2 •m 5 

Table 6.3 Strengths of the .agnets in EllfERPE mode B, for 
230 MeV electrons. 
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The ideal dipole and quadrupole fields in the lattice shown in 

figure 6.2 were successively replaced by the measured field maps of 

dipole #1 and quadrupole #2. It was tried to maintain the double 

achromaticity of the system. A system is called double achromatic when 

a partiele with a momenturn deviation with respect to the central 

partiele starting on the optica! axis leaves the system also on the 

optica! axis. This double achromaticity was studied with the aid of 

the first ar.d second order transfer coefficients. It was tried to 

minimize the four momenturn dependencies <ulö>, <Biö>. <ulö2 > and 

<Biö2 >. Other ion optica! properties of the system have not yet been 

investigated. 

Replacing the ideal fields in the lattice by the measured fields was 

done in a nurnber of successive steps. These steps are shortly 

described below: 

1 Starting point was the original design of Uythoven, with the 

values for the dipoles and quadrupoles listed in table 6.3. The 

sextupoles were not yet added. This system appeared to be not 

exactly double achromatic, i.e. the first and second order 

momenturn dependencies all differed from zero. 

~ The first order momenturn dependencies were minimized by 

slightly increasing the quadrupole strengths. Adding the 

sextupoles resulted in a considerable decrease of the second 

order momenturn dependencies; these coefficients were further 

minimized by adjusting the original sextupole strengths. 

J The ideal dipole fields were replaced by the measured field map 

of dipole prototype #1, adjusted toa bending angle of 

30 degrees. This initially resulted in an increase of all 

momenturn dependencies. 

1 The double achromaticity was restored by adjusting the quadru

pole and sextupole settings. 
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§ The ideal quadrupale fields were replaced by the measured field 

map of quadrupole #2. The focussing strength of a quadrupole is 

determined by the quantity /(8.8/ör}dl. Therefore the measured 

field map was for each different quadrupale in the configura

tion multiplied by a separate sealing factor, in order to equal 

the various original focussing strengths. 

§Double achromaticity was again largely restored by adjusting 

the quadrupole sealing factors and the sextupole strengths. 

The resulting first and second order transfer coefficients fora 

number of these steps are listed in table 6.4. The double achromati

city can also be seen clearly in figures 6.3 to 6.6. In these figures 

the horizontal displacements of particles with energy deviations 

between -o.2% and 0.2% with respect to the central partiele are 

plotted, for a number of the intermediate configurations mentioned 

above. 

In table 6.4 it can be seen that the lattice with ideal fields 

(step ~} acts vertieally defocussing. This is again due to the fact 

that Hiatt does not take into account edge focussing in straight 

homogeneous dipales. When the measured dipale fields are substituted, 

the vertieal action becomes also focussing, as desired. 

It may be concluded from figures 6.3 to 6.6 that the measured fields 

of the EUTERPE prototypes do not cause serious deviations from the 

desired double achromaticity. A small deviation can be seen in 

figure 6.6. However, the momenturn dependencies of the final configura

tion (step §} have not yet been minimized as far as possible. 
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coeff. ~ ~ 1 § 

<ulu> -1.1973 -1.1168 -1.2571 -1.2463 

<ul8> 1.1340 1.2567 1.0862 1.0909 

<ulö> -2.93·10-3 -0.4652 1.47•10-3 -1.50·10-2 

<ulu2> 3.63·10-3 2.20·10-2 3.01·10-2 3.68·10-2 

<ul82> 2.07·10-2 -2.19·10- 3 2.51•10-2 3.33·10-2 

<ulö2> -3.08·10-2 -0.4898 -6.74·10-2 -6.49·10-2 

<ulu8> 2.11·10-2 -2.54·10-2 -4.61•10-2 -3.52.10-2 

<u lui)) 0.1407 0.1845 0.1934 0.1821 

<ul8ö> -2.41•10-2 0.1728 1.11·10-2 -3.04·10-2 

<8lu> -1.3709 -1.3945 -1.4157 -1.4096 

<818> 0.4634 0.6735 0.4277 0.4317 

<8lö> -3.46·10-3 -0.5613 2.18•10- 3 -1.51·10-2 

<8lu2> -7 .18·10- 3 1.30·10-2 8. 78·10- 3 1.32·10-2 

<8182 > 2.33·10-2 8.51·10- 3 4.04·10-2 4.50·10-2 

<8lö2> 3.69·10-2 -0.5350 7.23·10-2 6. 75·10-2 

<8lu8> -7.72·10- 3 -3.42·10-2 -4.69·10-2 -3.48·10-2 

<8luö> 0.1029 0.1227 0.2207 0.2011 

<8l8ö> -7.07•10-2 0.1873 -0.1135 -0.1621 

<zlz> -0.1307 1.3531 1.2921 1.2851 

<zl+> -0.8302 1.5743 1.5516 1.5466 

<+lz> 1.4500 -o. 7829 -0.9288 -0.9115 

<+I+> 1.5594 -0.1719 -0.3414 -0.3188 

Table 6.4 Comparison of transfer coefficients of various confi-
gurations during the reptacement of the ideat fietds. 

2 originat design with adjusted fietds 
~ after reptacing the dipote fietds 
~ after adjusting the quadrupotes and sextupotes of ~ 
2 after reptacing the quadrupotes and some adjustments. 
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Horizontal displacement versus path length 
1. 

7 
Energy spread -0 2 .. 0.2~ 
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Figure 6.3 Displacement uersus path length for four elec
trans with momentua deuiations between -0 . .2% and 
0 . .2%, for the original EUTERPE lattice with 
adjusted fields (after step 2). 
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Figure 6.4 Displaceaent versus path length for four el.ec
trons 10ith 1101aentua deuiations bet10een -o.2X and 
0 . .2%, after repl.acing the ideal. dipol.e fiel.ds 
10ith the llea.Sured field of dipale #1 (step a>. 
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Horizontal displacement versus path length 
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Figure 6.5 DispLacement versus path Length for four eLec
trans with IRDIII.entUJR deviati.ons between -o.2% and 
0.2%, after adjusting quadrupaLe and sextupaLe 
settings in the Lattice of figure 6.4 (step~). 
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Figure 6.6 DispLacement versus path Length for four eLec
trans with IROIRelltua deviations between -0.2% and 
0.2%, for the El!fERPE l.atttce in mtch. aU 
dipales and quadrupales have been repl.aced by the 
aeasured fteLds, and after roughl.y atntatztng the 
aomentUJR dependenet es. 
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6.4 COncluding remarks 

A number of ion optica! calculations have been carried out on the 

measured fields of the dipole and quadrupale prototypes. These calcu

lations were mainly concerned about maintaining the double achromati

city of the EUTERPE lattice designed by Uythoven, when the measured 

fields were substituted into this lattice. The major preliminary 

conclusion that may be drawn at the moment is that the measured fields 

do not cause serious deviations from this desired double achromati

city. 

However, many things still have to be investigated. Amongst these are 

behaviour of particles after many turns in the ring. This 

behaviour can easily be simulated via matrix multiplication, 

using transfer coefficients such as those listed in table 6.4. 

- motion of particles in phase space. In this way places where 

non-linearities occur can easily be detected. 

- influence of positioning errors. By displacing one or more 

magnets over a known distance and investigating the influence 

on the ion optica! properties, estimates can be made about the 

accuracy with which the various elements have to be positioned. 

The raytracing program Hiatt may be a powerful tool for investigating 

such aspects as the ones mentioned above. 
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7 O>NU.USIONS AND REXX>MMENDATIONS 

The main conclusion that can be drawn from the measurements on the 

EUTERPE dipole and quadrupale prototypes is that they satisfy the 

requirements that were specified in the design. However, a number of 

things still have to be investigated. 

The iron type of dipole #1 proved to be the most suitable for use in 

EUTERPE, because the highest field strength can be reached with it. 

Besides this. the field measured in the dipoles shows a few peculiari

ties which are only partly understood yet. Serious ion optica! impli

cations of these peculiarities are not expected however. 

The bulge of the field in axial direction for example is expected to 

be of little importance to the performance of the dipoles. lts major 

implication will be a spread of the critica! wavelengthof the 

synchrotron radiation spectrum along the orbit of the electrans in the 

dipoles. As probably only radiation from a small solid angle will be 

used in a single experiment, this spread is not considered a serious 

di sadvan tage. 

A good explanation for the variation of the effective length with the 

excitation bas not yet been found either. This effect is not foreseen 

to have any ion optica! consequences, though a numerical analysis bas 

not been carried out so far. 

The homogeneity of the field in radial direction appears to be suffi

ciently good. Some uncertainty about the exact amount of sextupole and 

higher order multipale contaminants in the dipole field still exists; 

it is clear however that the sextupole component is much smaller than 

the sextupole fields that will deliberately be introduced in the ring 

(by means of sextupole magnets). Therefore the sextupole components of 

the dipoles are not expected to have much influence. 

The method of clamping the modules of laminated iron may have to be 

revised. The draw-bolts have proved not to be able to provide the 

necessary force to keep the poles apart from each other. Furthermore 

the slots for the draw-bolts in the yoke most probably cause small 
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dips in the field. From the measurements it can also be concluded that 

the use of spacers appears to be indispensable to guarantee a uniform, 

reproducible gap height. 

The third one of the dipale prototypes bas not been investigated so 

far. It is not expected however to provide a better B-I curve than 

that of dipale #1. Measurements on this prototype may be performed in 

order to check whether its field bas the same characteristics as those 

of the other prototypes. Especially an investigation of the higher 

order components in the dipole field may be interesting. 

The type of the iron from which the quadrupales are manufactured is of 

minor importance. As no saturation occurs, the desired field gradient 

of 20 T·m- 1 will easily be reached. 

The pole profile of quadrupale #2 provides a rather good field, which 

contains a negligible 12-pole contaminant and a relatively small 

arnount of 2û-pole component. The measurements are in good agreement 

with POISSON calculations on this profile. The alignment of the pales 

in order to achieve fourfold symmetry bas proved to be an important 

factor for the quality of the quadrupale field. 

POISSON calculations carried out by Brooijmans ([BRO 88], section 3.2) 

have resul ted in an improved pale profile, which is expected to cause 

a negligible 20-pale contaminant also. As one of the quadrupale proto

types bas been unused so far, it may be utilized to verify these 

predictions experimentally. Furthermore an improved means of aligning 

the pale faces might be designed for this prototype. 

Hall probe measurements have proved to be insufficient for adequately 

characterizing higher order components in dipole and quadrupale 

fields. Therefore the rotating coil metbod bas been studied for its 

suitability. A prototype measuring device is being constructed at the 

moment, in order to verify the considerations given in chapter 4. 

A large part of the data processing for this measuring device is still 

to be developed. Ultimately this Rotating Coil Device will have to be 

used for accurate measurements on the EUTERPE magnets, as well as on 

quadrupales used in a microbearn set up. 
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Due to the long time needed for the development of the numerical 

raytracing program Hiatt, a detailed investigation of the ion optica! 

properties of EUTERPE with this program has not yet been performed. 

Provisional calculations indicate that the measured fields of the 

prototype dipoles and quadrupales cause no serious deviations. The 

double achromaticity of the EUTERPE design is quite well maintained 

when the ideal dipole and quadrupale fields are replaced by the 

measured field maps of the prototype magnets. 

Other aspects that may be investigated in the future are, amongst 

others, non-linear effects caused by the measured fields, the stabili

ty of the lattice over many turns, and the influence of positioning 

errors of the magnets on the ion optical behaviour. The program Hiatt 

can be a powerful tooi for performing such calculations. 
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A ALIGNMENT OF MF.ASURDIENTS ON QUADRUPOLES 

Insection 3.8 (figure 3.24) it was seen that the measured gradient of 

quadrupale #2 bas a small slope. Alignrnent of measurements on quadru

pales is quite a difficult task due to the lack of good reference 

points. However, in this appendix will be shown that misalignment of 

the measurement does not cause the slope of the gradient. 

y 

r 

line of maasurement 

Cl mu<Jiun fJiunu 

x 

Figure A. 1 Sect ional view perpendicular to the axis of a 
qu.adrupole. Indicated are two coordinate systems 
used in the description of the field, a line of 
mensurement, and the components of the measured 
induction in a certain point. 

Figure A.1 shows a sectional view perpendicular to the axis of a 

quadrupole. The x-axis of the cartesfan coordinate system is defined 

by the median plane of the magnet. The scalar potential of an ideal 

quadrupale field is given by (see chapter 2) 

Thus the components of the magnetic field are 

B = 2a22Y x 

(A.1) 

(A.2) 
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Suppose that the line of measurement bas a displacement d and an 

angle a with respect to the median plane (see figure A.l). The 

distance along the measuring line is denoted by u. The relation 

between the coordinate u and the cartesian coordinates (x,y) is given 

by 

x = u cosa 

y = u sina- d 

hence 

B (u) = 2a22 ( u sina - d) 
x 

By(u) = 2a22 u cosa 

(A.3) 

(A.4) 

The Hall probe measures the field component B perpendicular to the 
a 

measuring line. This component is given by 

B = B cosa - B sina a y x 

= 2a22 ( u cos2 a - u sin2 a + d sina) 

= 2a2 2 ( u cos(2a) + d sina) 

The gradient is thus given by 

dB a 
G = du = 2a22cos(2a) 

(A.5) 

(A.6) 

It is thus clear that a displacement d does not influence the gradient 

whereas an angle a with respect to the median plane results in a 

decrease of the gradient (as expected). The slope of the gradient 

however is not caused by misalignment. 

Performing an analogous calculation for higher order components in the 

field of a fourfold symmetrie quadrupole (e.g. dodecapole, 20-pole) is 

more complicated. Generally these higher order contaminants are rela

tively small, for which reason they are already excluded to be the 

cause of the slope. 
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B INTERPOLATION AND DIFFERENTlATION &liEMES 

For the caleulation of partiele trajeetories interpolation and 

differentlation sehemes are needed (see seetion 5.3). In this appendix 

a short summary of the derivations of sueh sehemes is given. These 

derivations should not be regarcled as a proof of the relevant sehemes. 

In the following it is assumed that the values of a eertain funetion 

are known at equidistant points x+ ih, i= ... -1, 0, 1, 2 

Expresslons are sought for the value of the funetion in between these 

grid points, and the first derivative of the funetion at a grid point. 

1 Third order interpointion 

Suppose that the funetion is to be evaluated at the point x + öx 

(0 < öx < h), using four points 

f(x + öx) = a_ 1 f(x - h} + a 0 f(x) + a 1 f(x + h) + a 2 f(x + 2h) 

(B.1) 

The eoeffieients a
1 

in this formula can be determined by demanding 

that the diseretisation error vanishes for an as high as possible 

polynomial. It turns out that for the seheme given by eq. B.1 a third 

order polynomial has to be used: 

(B.2) 

Note that using the more general third order polynomial 

- 3 2 f(x) = ax + bx + ex + d (B.3) 

does notprovide any additional eonstraints for th~ eoeffieients a .. 
1 

Substitution of eq. B.2 into B.1 yields 

(x+ öx) 3 = a_ 1 (x- h} 3 + a 0 x3 + a 1 (x + h} 3 + a 2 (x + 2h} 3 

(B.4) 
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This provides four constraints for the coefficients a. 
1 

a_ i + ao + ai + a2 = 1 

+ ai + 2a.2 óx 
-a-i = h 

(~) 
2 

a_ i + ai + 4a2 = 
(B.5) 

-a-i + ai + 8a2 = (ó~) 3 

The salution of this set of linear equations reads 

a_t = 

(B.6) 

Substitution of these coefficients into eq. B.1 results in the third 

order interpolation scheme 

f(x+óx) 1 1 1 óx = f(x) + {- 3 f(x-h) - 2 f(x) + f(x+h) - 6 f(x+2h)} h 

1 1 óx 2 

+ { 2 f(x-h} - f(x} + 2 f(x+h} }(h} 

1 1 1 1 óx 3 

+ {- 6 f(x-h} + 2 f(x} - 2 f(x+h} + 6 f(x+2h}}(h} 

(B.7} 

The discretisation error é of this scheme can be found by substituting 

a fourth order polynomial into eq. B.7. This yields 

Substituting óx = ~ gives finally 

9 4 
é = 16 h 

(B.S} 

(B.9} 
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2 Second order differentiation 

Suppose that a function is given in equidistant points, as mentioned 

above. One can write down Taylor expansions around a point x: 

f(x ± h} = f(x} ± h f' (x} + ~ f' '(x} ± h: f I I I (x} + .. 

etc. 

f(x ± ~~"1} = f(x} ± 2h f I (x} + ~
2 

f I I (x} ± 8~
3 

f I I I (x} + • • 

(B.lO} 

Suppose that the first derivative of the function is to be calculated 

via 

(B.ll} 

The coefficients a 1 (and b} should be chosen such that the order of 

the error (in h} is as high as possible. 

Term with h2 zero~ a_ 1 + a 1 = 0 

ao vanishes 

This gives directly the desired differentlation scheme 

1 f I (x} = 2h {f(x + h} - f(x - h}} 

The discretisation error of this scheme is 

1 2 
E_ "' - h f I I I (f} 

6 

(B.l2} 

(B.l3} 

When more points are used in expression B.l1, terms with higher order 

powers of h can also be made zero. 
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C FOORTil ORDER RUNCE-KUITA saiEME 

In section 5.6 it was mentioned that the (scaled) velocity components 

of a partiele moving in a time-independent magnetic field should 

satisfy 

(C.1) 

When a partiele's trajectory is calculated via numerical integration 

however its velocity is not exactly preserved, as will be shown below 

for the fourth order Runge-Kutta scheme. 

The median plane motion is described by the following set of equations 

(see section 5.2.2, eq. 5.15) 

Xt = x2 

qB z 
x2 = --x4 

mv 

x3 = x4 

qB 
I z 

x4 = - --x2 
mv 

This can be written in general vector form as 

~ 
- = f(~,T) 
dT 

with f(~.T) given by the right hand side of eq. C.2. 

(C.2) 

(C.3) 
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The equations of motion (C.2} are integrated using a fourth order 

Runge-Kutta scheme. For a general differentlal equation, one step of 

this scheme is given hy (see [VEL 80]} 

with 

k2 = Tof(!!, T} 

1 
!! = ~i + 2 k2 

k::~ = Tof(!!, T} 

k4 = Tof(!!, T} 

1 
~i+1 = ~i + ~kt + 2k2 + 2k::~ + k4} 

T 0 integration step size 

~i vector in the previously calculated point 

~i+1 vector to he calculated in the next point 

! right hand side of the differentlal equation C.3 

kt• k2• k::~. k4• !! intermediate vectors. 

(C.4} 

When the equations of motion of a partiele in a magnetic field are to 

he integrated, the right hand side of eq. C.2 has to he suhstituted 

for the function f in eqs. C.4. 

In the following B is assumed to he a constant, and the definition z 
qB 

K = ~ (C.5} 
mv 

is used. Furthermore the components of the partiele's 'state vector' 

will for clarity be denoted hy ~=(x, x', y, y'}. By completely 

writing down eqs C.4 it can then he shown that the partiele's state 

vector in the 'point' i+1 follows from its vector in the point i hy 
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2S:i+1 = x i + TaXi 1 2 K I 

+ 2To yi 
1 3K2 I 

- G'"o xi 
1 4K3 I 

- 24""o yi 

+ ToKYi 
I 1 2K2 I 1 3K3 I 1 4K4 I x. W"o xi -G'"o yi + 24""o xi 1 

yi + ToY i 
I 1 2 Kx 1 

- 2To i 
1 3K2 I 

-gro yi 
1 4K3 I 

+ 24""o xi 

T0 Kxi 
I 

yi 
1 2K2 I 

W"o yi 
1 3K3 I 

+ G'"o xi 
1 4K4 I 

+ 24""o yi 

(C.6) 

From this it can easily be deduced that after n integration steps 

holds 

12 + Y 12 = (x 12 + Y 12)•( 1 1 6 6 + ~ToaKa)n (C.7) x - nro K n n o o 

To lowest order this reads 

x 12 + Y 12 ~ (x 12 + Y 12)•( 1 _ ~ 6K6) (C.S) n n o o 72 ° 

hence the constraint given by eq. C.1 is not exactly satisfied by the 

integration routine. 
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