
 Eindhoven University of Technology

MASTER

Quasi-optical analysis of a multi-reflector demultiplex circuit using Gaussian beams

van Dooren, G.A.J.

Award date:
1991

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/f1ab3bf1-f7c0-42e6-9659-77b01cb29ba9


Eindhoven University of Technology
Faculty of Electrical Engineering

Telecommunications Division

Quasi-optical analysis of a
multi-reflector demultiplex circuit

using Gaussian beams.

by G.A.J. van Dooren

Report of the graduation work performed at ESA/ESTEC, XE-division.

Graduation professor: Prof. Dr. Ir. G. Brussaard.
Eindhoven University of Technology.

Coaches: Ir. C.G.M. van't Klooster, ESA/ESTEC.

Dr. Ir. M.H.A.J. Herben,'

Eindhoven University of Technology.

The facul ty of electrical engineering of Eindhoven University of

Technology takes no responsibil i ty for the contents of graduation and
term of probation reports.



(

- 1 -

Summary.

In this report Gaussian beam theory is studied and applied to

several antenna configurations such as an offset reflector antenna and

a corrugated horn. Gaussian modes are on axis solutions to the

Helmholtz equation. The advantage of using Gaussian modes is the fact

that the Gaussian mode expressions can be evaluated very fast. On the

other hand can the solutions only be used in a confined region near

the axis of propagation.

With the most simple model, a two mode model, the radiation

pattern of an offset reflector antenna can be calculated. In the

calculation, co-polar an cross-polar patterns are determined.

The obtained results are compared with results found in literature

118] and show good agreement.

To calculate the radiation pattern of a corrugated horn, the two

mode model is expanded and eleven radial modes are used in the

calculation. The expanded model is also used with the offset reflector

antenna. In this case 5 angular and 5 radial modes are used. The

results compare favorably with the results from ELAB [28,29], based on

physical optics.

The two mode model was found to be accurate enough if used for

the analysis of a multi-reflector demultiplex circuit. This analysis is

an important result of this work. A configuration like this, which was

developed and built by Farran Technology for ESA, is intended to be

flown in the mm-wave radiometer on the next generation Heteosat.

This satellite will be used to study the specific attenuation of an.
electromagnetic wave propagating through the atmosphere. This

attenuation is caused by gases such as oxygen and water vapor.

The circuit diplexes four groups 'of electromagnetic beams of

different frequency into one beam. The radiation patterns of the

radiometer compare good with preliminary results from £LAB, based on

physical optics.

Also the sensitiVity of the radiation pattern to the position of

the mirrors is stUdied. It is found, that the cross polar level and

the beam width can be influenced.
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Chapter 1L General introduction.

In present telecommunication systems, electromagnetic waves are

guided in various ways. Coaxial cable, circular and rectangular wave

guides are frequently used. One disadvantage of the coaxial cable is

the fact that for high frequencies the losses in the cable can not be

neglected. For this reason, one is apt to use wave guides for the

higher frequencies. However, wave guides show a smooth increase of the

attenuation as a function of the frequency. At very high frequencies,

the walls of the wave guide become rough in comparison with the

wavelength. This causes reflections and scattering in the wave guide,

and hence a higher equivalent attenuation is observed.

One solution to these problems is to make use of a quasi optical

approach. In this approach the electromagnetic wave is gUided in free

space by reflectors and lenses, each with a well defined position. The

governing equation for propagation of the wave is the well known

Helmholtz equation, which is for the source free medium between the

lenses and reflectors.

0-1)

In equation (1-1) E can be either the electric or magnetic field
2nvector, k is the wave number of free space, ;r-' with A the

wavelength of the electromagnetic wave.

A class of solutions to equation (1-1) are the so called Gaussian

beams, for which a special condition applies. The Gaussian beams are a

par-axial solution. They can be found:by expanding equation (1-1) in

cartesian components. Equation (1-2) is called the scalar Helmholtz

equation.

v~ + k~ = 0
p p

(1-2)

In this equation, F is a cartesian component of the electric or
p
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magnetic field.

Solutions to the par-axial approximation of equation (1-2) can be

either Gauss-Hermite or Gauss-Laguerre functions. These solutions are

to be applied for a rectangular or a circular geometry, respectively.

The major advantage of using Gaussian beam description of an

electromagnetic field is the fact, that the Gaussian beam expressions

are easy to evaluate. The major disadvantage of the Gaussian mode

solutions is the fact, that the solutions can only be used in a

confined region near the axis of propagation.

The Gaussian beam description can be applied in several

situations. Choudhary and Felsen [1] consider problems of Gaussian

beams propagating in free space and in media with a parabolic

variation of the refractive index. This applies to beams propagating

in lenslike media such as a glass-fiber. Also beam reflection by

a circular cylinder is considered by the latter authors.

Bogush and Elkins [2] find a way to express the aperture region,

Fresnel and far field region in Gaussian mode expansions.

In this way the radiation pattern of an antenna can be determined as a

function of the scale factors, which follow from the aperture-field

decomposition in Gaussian modes.

Wylde [3] and Lamb [4] calculate aperture efficiency and the

location of the phase center respectively by means of Gaussian beam

theory. Usually, Gaussian beam theory is applied to systems with a

large d/A ratio, i.e. a large aperture diameter to wavelength ratio,

such as lasers and pencil beam antennas.

In this report the analysis of a quasi optical demultiplex

circuit by means of Gaussian beams is discussed. The demultiplex

circuit is designed and built by Farran Technology [27] for the

European Space Agency. The objective of the work by Farran Technology

was, to show the feasability of the front end in the millimeter wave

sounder system. The demultiplex circuit consists of a high frequency

sub system for demultiplexing four electromagnetic waves, propagating
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at different frequencies, into one beam. The demultiplexing is done by

means of ellipsoid reflectors and dichroic plates. For an illustration

of the demultiplex circuit see figure 1.1 and 1.2.

Fig. 1.1: Details of the demultiplex circuit, front view.

In figure 1.1 a dichroic plate is marked with 1 and a reflector is

marked wi th 2.
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Fig. 1.2: Details of the demultiplex circuit, side view.

Again, a dichroic plate is marked with 1; a reflector is marked with

2.

The top view of the demultiplex circuit is given as a schematic

drawing in figure 1.3. It is clear from this figure, that the beams

are extracted at different locations in the circuit.
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Fig. 1.3: Top view of the demultiplex circuit;

schematic drawing. [27]

The circles in figure 1.3 represent holes in the base plate,

where the beams are reflected through with help of so called dropping

mirrors. Below each circle, the hardware for each channel is mounted.

The dichroic plates are denoted by DCPi, while the mirrors are denoted

with mi

The insertion of a channel for a certain frequency is done at a

so called dichroic plate. A dichroic plate is a frequency selective

surface. For this purpose it acts as a high pass filter. If the

frequency of an incident beam is higher than the cutoff frequency of

the dichroic plate, then the dichroic plate is transparent. Otherwise,

the dichroic acts as a reflector. From this and figure (1.3) it can be

deduced, that the beams are split with descending frequency. The

remaining beam after dichroic plate 3 has the lowest frequency. The

demultiplexing is schematically shown in figure 1.4.
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ch.8-10 are separated

refoccussing by mirror 1

ch. 7 is separated

refocussing by mirror 2

ch.1-5 are separated

refocussing by mirror 3

Fig. 1.4: splitting of the channels at the dichroic plates

The main reflector is a certain reflector configuration such as a

Gregorian or a dual offset reflector..

In total there are 4 groups of channels. The frequency of all

channels lies between 110 and 183 GHz. For the precise frequency

allocations is referred to figure 1.5.
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Fig. 1.5: Frequency allocations of the demultiplex circuit.

From this figure can be seen that channels 1-6 are used to study

the oxygen absorption line, while channels 7-10 are used to study the

water vapor absorption line.

Every channel has its own hardware circuit where the incoming

signal is mixed, detected etc. For more details of the feed system one

is referred to figure 1.6, which represents the feed system of channel

1-5 [27].
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38

I
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......_----.....
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Fig. 1.6: Feed system of channel 1-5. [27]

From this figure can be seen, that the wave is reflected at

mirror 6, which directs the beam through the base plate.

The second chapter of this report gives an introduction to

solution methods for a par-axial field description. This approach

includes the conventional ground mode description as the most simple

case. Some characteristic parameters for the field descriptions are

given. Also the description by means of higher order modes is
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considered. Some plots of the latter solutions are shown.

The third chapter deals with an application of Gaussian beam

theory. The radiation pattern of an offset reflector antenna is

calculated using a two mode model. This topic was studied by Gans

[14]. The results obtained in [18] were reproduced using the two mode

model.

In chapter 4. the two mode model is expanded with more radial and

angular modes [3]. This expansion is elaborated to calculate the

radiation pattern of a corrugated conical horn. Again, an offset

reflector antenna is analysed, but now more than two modes are used.

The application of higher order r modes to an offset reflector antenna

is done with a numerically calculated reflection matrix. Also the

effect of an incident first order phi. fundamental r-mode, i.e. a

cross-polar mode, is looked at in detail. No literature references

were found considering the latter topic.

Chapter 5 presents some experimental results of two different

corrugated conical horns and an offset reflector.

In chapter 6 the radiation patterns of the two corrugated horns

used with the experiments. are calculated using aperture integration

and physical optics. In chapter 7 a comparison of the results of

chapters 4 to 6 is given.

The skill gained in chapters 2 to 4, concerning Gaussian modes

calculation, is addressed in chapter 8. In this chapter. an analysis

of the demultiplex circuit is given, which was the main subject of the

graduation work. The two mode model was used, as a first order

analysis. to describe the co-polar and the cross-polar field.The

radiation patterns for the different channels are calculated. It is

found that the results which follow from Gaussian beam theory compare

good with results found by ELAB [28.29). based on physical

optics.

Also the sensitivity of the cross-polar level to repositioning

the mirrors is considered. It is found that the level of cross

polarisation can be influenced by moving the mirrors. However, this is

only a hypothetical situation, while the locations of the beam waists

of the channels change differently for all channels.
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Chapter ~ On the theory about Gaussian beams.

2. 1 Introduction.

If one wants to use Gaussian modes to describe electromagnetic

fields, one has to know how these modes are derived from the Maxwell

equations. In this chapter the modes are derived, and some particular

properties of the Gaussian modes are shown. Also plots from the modes

and a two-dimensional expansion in Gauss-Laguerre functions are

presented. The derivation is based on [8] and [10].

2.2 Derivation of the differential equation of interest.

The starting-point of the derivation is the vectorial

Helmholtz-equation.

(2-1)

In this equation k represents the wave number of free space:

2nk = ----x- and E is the electric field vector. A vector is denoted

with an underlining (_) under the appropriate character.

If equation (2-1) is written in cartesian coordinates, equation

(2-2) is obtained.

e (V~ + k~ ) + e (V~ + k~ ) + e (~ + k~ )= 0-x x x -y y y -z z z-
(2-2)

where e Is a unit vector in the x-direction and E is the x component-x x
"

of the electric field vector, etc.

In this equation one can see, that each term between brackets has to

be equal to O. For convenience the first term is considered.

v~ + k~ = 0
x x

(2-3)

This equation is called the scalar Helmholtz-equation. A solution
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to equation (2-3) is actually the complex amplitude solution for only

one component of the electric field. If equation (2-2) has to be

solved, only two out of three components have to be known, because the

electric field satisfies (div &)=0, while the medium is considered

source free.

If only waves are considered that are propagating in the

z-direction, and assuming there is a structure-function according to

Blok [5, pp.1.2], then a usable form of E is given by equation (2-4).
x

-jkzE (x,y,z) = A(x,y,z) e
x

(2-4)

In this equation (x,y,z) are the usual cartesian coordinates and

A(x,y,z,) is the assumed structure function. In general, A(x,y,z) is

complex. The structure function A(x,y,z) accounts for the change in

phase and amplitude of the wave in comparison with a plane wave. This
jwtform, together with the time dependence assumed, e ,causes the wave

to propagate in the +z-direction, because for constant phase the

following equation must hold: wt-kz=constant. If time increases, z

must increase too for constant phase (Only t>O is considered). If

equation (2-4) is substituted in equation (2-3) then equation (2-5) is

obtained.

2 -jkz 2 -jkzV (A(x,y,z) e ) + k (A(x,y,z) e ) = 0 (2-5)

The first term of the left hand side from equation (2-5) can be

expanded and one obtains with this result and with equation (2-5)

equation (2-6).

2228 A(x,y.z) + 8 A(x,y,z) + 8 A(x,y.z) - 2jk8 A(x,y.z) • 0
~ " u z

(2-6)

-jkzIn equation (2-6) the common term e 1s omitted. Now the

assumption is made that the structure function A(x,y,z) 1s slowly

varying with respect to z, so that the second derivative from A to z,
28 A(x,y.z). can be neglected with respect to the term
zz
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-2Jk8 A(x,y,z). Actually this means that the equation (2-7) must
z

hold.

(2-7)

This is the approximation mentioned in chapter 1. If one takes

into account assumption (2-7). then equation (2-6) reduces to equation

(2-8).

(
8

2 A + 8
2 A - 2Jk8 A = 0

xx yy z
(2-8)

For convenience the arguments of the structure function are omitted.

There are some conditions that the structure function must

satisfy. For instance, if z ~ ~ then the structure function must tend

to zero; i.e. equation (2-9).

lim A(x,y,z) =0
z-+co

(2-9)

Further, solutions to equation (2-8) must have the property that

the energy transmitted in the wave is concentrated near the main

axis. This means that

and

lim A(x,y.z) ~ 0
Ixl-+co

lim A(x,y,z) ~ 0
Iyl-+co .

(2-10)

(2-11)

Notice that equation (2-8) resembles the time dependent

Schrodinger equation for two dimensions with no potential energy for

the particle [6].

h (2 2)j8 t = - - 8 t + 8 t
t 4mn xx yy
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In latter equation the function t is the wave function, h Planck's

constant and m the mass of the particle.

Equation (2-8) also resembles the diffusion-equation in two

dimensions [7],

with D the diffusion constant and n the density of particles.

2.3 Solutions for ~ circular geometry.

Kogelnik and Li [8] state some comprehensible definitions. The

definitions are needed in the following parts of this report, so they

are derived again to provide more insight in the definitions and

characteristic properties of Gaussian beam theory.

2.3.1 The fundamental mode.

If one considers for convenience only the fundamental mode, the

following form of a trial solution is substituted in equation (2-8).

A(x, y, z)= ex~- j [P(Z) + ~~;Z)]} (2-12)

222with r =x +y .

In equation (2-12) P(z) is a complex phase shift an q(z) is a

complex beam mode parameter. By filling in equation (2-12) in equation

(2-8) and comparing terms of equal powers in r, one obtains the

relations (2-13) and (2-14). (Kogelnik &Li [8])

d q(z) = 1z (2-13)

(2-14)
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Equation (2-13) can be integrated to give equation (2-15).

q -= z + q
2 1

(2-15)

Equation (2-15) relates the (complex) beam parameter, q, in one

plane to the beam parameter in another plane. For convenience the

complex beam parameter is split in real and imaginary parts, as in

equation (2-16).

1 _ 1 -J __2__
qTZ) - R1Z1 kw2 (z)

(2-16)

In equation (2-16) R(z) and w(z) are real. If equation (2-16) is

inserted in equation (2-12), the physical meaning of R(z) and w2 (z)

becomes clear. R(z) is the curvature of the wave front that intersects

the z-axis at z, and w2 (z) is a measure of decrease of the field

amplitude with the distance from the axis. The shape of this decrease

1s Gaussian. If r=w, then the field amplitude has dropped to lie times

the value on axis. The parameter w is often called beam radius or

spot size; 2w is the beam diameter. The propagation of a Gaussian beam

can be seen in figure 2.1.
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Fig. 2.1: Propagation of a Gaussian beam.

The solid line in figure 2.1 indicates the lIe amplitude of the beam.

At a certain z the Gaussian beam contracts to a minimum value,

w . The beam diameter is then 2w . The coordinate where w(z)=w is z ,
o 0 0 0

so w(z ) = w . For convenience z is chosen to be equal to O. Also
000

the phase front is plane at this coordinate. This means that R(z )=~

°and that the beam parameter q(z) at z is equal to equation (2-17).
°

2A

2nw
2 (z ) kw2

q(z) = J o_= J_o

° 2A 2

So q(z ) is purely imaginary.
o

Now the general form of q(z) is known.

2nw2
(z )

°q(z) = q(z ) + Z "" j----
o

+ z

(2-17)

(2-18)

After inserting equation (2-18) in equation (2-16) and equating

real and imaginary parts one obtains equations (2-19) and (2-20).

(2-19)
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(2-20)

Equations (2-19) and (2-20) were programmed in the mathematical

program MATLAB as functions width and radcurv, respectively. For later

use, both functions were combined in one function called tomirr. This

function gives an output vector containing the width and radius of

curvature at a certain point for given z, lambda and w .
o

kw
2

By denoting ~ = b
o

equation (2-19) and (2-20) supply

R(z) = Z {I + [ :.n
(2-20

(2-22)

With equation (2-21) and (2-22) some other useful relations can be

obtained.

2
W =

o

R
Z =

These equations give the beam waist and the actual z-coordinate

when the actual beam width and the radius of curvature are known. They

are programmed in MATLAB as one function called frommirr. The output

of this function is the value of the beam waist and actual value of z

for given w, lambda and radius of curvature.
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By writing equation (2-21) slightly different one obtains

(2-23)

Equation (2-23) is the equation of a hyperbola in the r-z-plane.

The hyperbola has asymptotes with an angle ~ with the z-axis.

(
I •

See figure 2.2.

rj

~ = ± arctan(w /b }.
lIe 0 0

(2-24)

Fig. 2.2: Contour of a Gaussian beam.

Van Nie (9) has found a criterio~ that gives a boundary value of

the validity of the so called par-axial approximation. He found that

~ has to be bigger than Al2 1. When this is put in the equation for
o

1Van Nie proves, that a general wave function can be decomposed in

Gauss-Laguerre functions. When the sum of orthogonal modes is

considered, an error-function can be introduced. This error-function
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othe asymptotic value of ~ a value of 54.5 is found for '8 . This
lie lie

means that, given a certain z-coordinate, one can find a maximum value

of r at which the field amplitude is lie times the value on axis. If

the calculated value of the field amplitude should be lower than lie

times the on axis amplitude, the value of ~ has to be less then A/2.
o

This value would introduce too big deviations in the theory, according

to Van Nie. When using ~ mode !§ A solution to equation (2-3)

instead of the infinite amount of modes, one has to be~ that

2~o>~' otherwise the deviation of the approximation to the exact

solution becomes too~

In order to obtain the solution to equation (2-14), equation

(2-18) is inserted in equation (2-14) to obtain equation (2-25).

d P = z
j (2-25)

By writing equation (2-25) slightly different, equation (2-26) is

obtained.

d P = -jz
-j/bo

1 - jZ/bo
(2-26)

( represents the error that is made, when the wave function is

represented by only one mode, instead of an infinite sum of modes.

This error depends on the beam waist of the fundamental mode. If 2~ >~
o

an error is introduced of 1.3~ in amplitude and 0.0007 radians in

phase. If more modes are taken to represent the wave function, another

error-function is found, and it is obvious, that another (minimum)

value of the beam waist is found. This other value of ~ is smaller
o

than in the first case, because the wave function is now better

approximated. This also means, that with more modes, the angular

region where the approximation is valid, is increased. One remark is

that the Van Nie criterion can not be used to obtain an error function for

comparison of two modes with the infinite set of modes.
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With equation (2-26) equation (2-27) follows.

Jd P =-J/bo
z 1-Jz/bo (2-27)

Equation (2-27) can be integrated with respect to z to give equation

(2-28) .

1/2
JP = In(1-jz/b ) = In[(1+(ZIb )2] -j arctan(z/b )

o 0 0
(2-28)

The real part of P(z), arctan(z/b ), represents a phase shift
o

between the Gaussian beam and an ideal plane wave, while the imaginary

part of P(z) produces an amplitude factor (w Iw) caused by the
o

expansion of the beam while propagating. This can readily be seen with

help of equation (2-21) and (2-12). The minus sign in equation (2-12)

turns (w/w ) into (w Iw) by taking the logarithm.
o 0

With these results an useful form of A(x,y,z) is equation (2-29).

(2-29)

wi th t/> = arctan(z/b ).
o

Notice that the form of the fundamental mode obeys equations

(2-9) to (2-11).

If the phase components are

consist of the factors -kz + t/> 

equal phase therefore consist of

considered one sees that these

kr2/ZR, t/> • arctan(zlb ). Surfaces of
. 0

surfaces obeying equation (2-30).

kz-t/>+kr2/ZR =constant (2-30)

For convenience equation (2-30) is written in the form of equation

(2-31) .
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2
kz-~+kr /2R = 0 (2-31)

Equation (2-31) is then reduced by deleting the term ~, while

w »~ in the approximation and thus (b /z) » 1.
o 0

Now equation (2-31) is written in the following form.

(2-32)

Now R(z) is approximated by R(z') while (z-z' )/z'«l. Also, a new

variable is introduced:

~ = z'-z (2-33)

With the substitution of equation (2-33) in equation (2-32),equation

(2-34) is derived.

(2-34)

This is the equation of a parabola in the (~-r)-plane. On the other

hand a circle can be defined

2 [ ]2 2r + R(z' )-~ = R (z' ) (2-35)

Only for a certain condition the parabola can be approximated by

a circle. This condition is that rlR(z')«l. If this holds, then from
2equation (2-35) equation (2-36) follows by neglecting the term ~ .

2 2r + ~ = 2~R(z )
o

(2-36)

So in the par-axial approximation the function R(z) can be

considered to represent the radius of curvature of the fundamental

Gaussian beam.

See figure 2.3.
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I
I
J
I
I
I

~Ci","

Fig. 2.3: Structure of a Gaussian beam.

The formulation of the expressions and definitions of the

ground mode are presented as an introduction to section 2.3.2, where the

higher order modes are considered.

2.3.2 Higher order modes.

In the derivation of the higher modes, the starting point is

equation (2-8).

82 A + 82 A - 2Jk8 A = 0
xx yy z

In this equation, A(x,y,z) was the so called structure function.

If the structure function is known, the component E is also known.
x

See also Casperson [10] and Kogelnik & Li [8].
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Casperson [10] derives equations for A(x,y,z) for a so called

astigmatic beam. Astigmatic means that the beam has different

beam-widths and beam-parameters for x and y. In this case, the same

dependence can be used, so the beam should be considered as

non-astigmatic. The beam parameter is the same for every coordinate.

The following derivation is therefore based on [10], but a

simplification with respect to astigmatism is made. Goal for this

derivation is to obtain Gauss-Laguerre expressions for the function

A(x,y,z).

An useful substitution for A(x,y,z) is equation (2-37).

(2-37)

In equation (2-37) Q(z) is of the form of equation (2-38).

(2-38)

If equation (2-37) is substituted in equation (2-8) and the

derivatives are calculated, equations (2-39) to (2-41) are found.

-2jk8zA=-2jk [8zB-jB (x
2
/2+//2) 8z0.] exp [-jQ (z) (x

2
/2+//2)]

(2-39)

(2-40)

(2-41)

The exponential factors are written in this way to emphasize that the

beam is non-astigmatic: same dependence for x and y.

If the equations (2-39) to (2-41) are added then the left hand

sides of equations (2-39) to (2-41) form the left hand side of
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equation (2-8). So the addition of the right hand sides of equations

(2-39) to (2-41) must equal o. While all three equations have the same

exponential factor, this factor can be omitted. The result is equation

(2-42 ).

(2-42)

Equation (2-42) can be reduced even further. For every x and y

equation (2-42) must be satisfied. By collecting various powers of x

and y, the following equations can be derived.

- (Q2 + ka Q)x2 = 0 ~ Q2 + ka Q = 0
z z

2 2 2'- (Q + ka Q)y = 0 ~ Q + ka Q = 0
z z

a2 B +a2 B-2jQ[xa B+ya B) -2jQB - 2jka B = 0
xx yy x y z

See also Casperson [10, eq.l0).

(2-43)

(2-44)

(2-45)

For further reduction of equation (2-45) new variables are

introduced according to the definitions given in equations (2-46) to

(2-48).

x' = a(z)x, a(z) = (2/w2(z))1/2

y' = a(z)y, a(z) = (2/w2(z))1/2

z' = z

(2-46)

(2-47)

(2-48)

In equations (2-46) and (2-47) w(z) is the beam width, given by

equation (2-19). Now equation (2-45) turns into equation (2-49).

2 2a a B-2(jx' Q + jkx' /a a a) a B +
x'x' z' x'
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a282
••B - 2(jy'Q + Jky' /a 8 a)8 B +

y y z· y'

-2JQB - 2Jk8 B = 0z·

The next substitution is of the form of equation (2-50).

B(x·.y·.z·) = C(x·.y·) exp(-Jp(z,»)

If this equation is substituted in equation (2-49) one obtains

equation (2-51).

a
2
8

2
C - 2[JX'Q + Jkx' /a 8 a]8 C +

x'x' z' x'

a
2
82 C - 2[JY'Q + Jky' /a 8 a]8 C +
y'y' z· y'

-2jQC - 2Jk[8 C - JC8 p]= 0
z' z'

(2-49)

(2-50)

(2-51)

In the last equation the common factor exp [-JPl is omitted. Equation

(2-51) can be (arbitrary) separated into equations (2-52) and (2-53)

-2kCd P -2JQC - 2a2 (2p+l)C = 0
z·

a
2
8

2
.C - 2[JX'Q + Jkx' /a 8 a]8 C +x'x z· x'

a
2
8

2
.C - 2[JY'Q + Jky' /a 8 a]8 C +

y'Y z· y'

(2-52)

(2-53)

By setting the terms between brackets equal to a2x' respectively

a 2y' one obtains equation (2-54) from equation (2-53).

a 2 [82 C-2x' 8 C+82 C-2y' 8 C-2Jk/a28 C+2(2p+l) c]= 0
x'x' x' y'y' y' z·

(2-54)
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2 2By omitting the factor a (a ~O) and reminding that C is not

dependent of z·. equation (2-54) reduces to equation (2-55).

8
2

C - 2x' 8 C + 82 C - 2y' 8 C + 2(2p+l)C = 0
x'x' x· y'y' y'

(2-55)

The constraining equations for reduction from equation (2-54) to

equation (2-55) are relations (2-56) and (2-57).

Jx' Q + Jkx'/a 8 a = a2x'
z'

Jy'Q + Jky'/a 8 a = a2y'
z'

(2-56)

(2-57)

Readily, one can see that the differential equation for a is the

same for both equations (2-56) and (2-57).

2jQ + jk/a 8 a = a
z'

(2-58)

Equation (2-55) can be written in cylindrical coordinates by the

substitutions defined in equations (2-59) to (2-61).

x· = r coscp
(

y' = r sincp

z· = z

(2-59)

(2-60)

(2-61)

For the complete derivation of the differential equation in

cylindrical coordinates see appendix A.

The result from the transformation from cartesian coordinates to

cylindrical coordinates is equation (2-62).

8
2

C + (..!..-- 2r)8 C + ..!..-8
2

C + 2(2p+l)C = 0
rr r r 2 cpcp

r
(2-62)
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In equation (2-62) C is a function of r and ~. Now C(r.~) = D(r)

exp[J~J is substituted in equation (2-62). The result is equation

(2-63).

2 ( 1 ) l28 D + -- 2r aD - - D + 2(2p+l)D = 0
rr r r 2

r

The common factor exp[J~J is omitted.

(2-63)

The following substitution is p = r 2
• This means that equation

(2-63) is transformed in equation (2-64).

2 l2
pd D + (l-p)d D - - D +

pp p 4p
(2p+l) D = 0

2
(2-64)

V2The last substitution is D(p) = p L(p).

With this substitution and equation (2-64) the differential equation

of Laguerre follows. Visually, equation (2-65).

2
pd L + (l+l-p)d L + pL = 0

pp p
(2-65)

The solution for L(p) is noted as Ll(p). So by means of various
p

substitutions equation (2-8) has analytical solutions in the form of

the Laguerre functions of order land p.

In the derivation nothing is said about the arguments of the

different functions. In general the arguments can be complex, but in

this case real arguments are chosen, because all arguments come from a

physical situation. If all the substitutions are collected, the

solution for the structure function Arr,~,z) is found.

(2-66)

The equation for Q(z) was equation (2-38).
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Q(z) = ~_j_2_
R,zJ W(Z)2

If this is substituted in equation (2-66) the final equation for the

structure function is found.

(2-67)

In this equation some specific characteristics can be found.

-) exp (- ::): Gaussian decay with distance to axis.

-) eXP[-J ~~2]: spherical phase front near the axis.

-) exp(j~): sinusoidal variation with ~.

However. the function P(z) is not yet known. To deduce the equation

which P(z) obeys. equation (2-52) is used.

2-2kCd P -2jQC - 2a (2p+t)C = 0z·

By writing equation (2-52) slightly different a useful equation

for d P is obtained.z·

In equation (2-68) Q is the imaginary part of the function Q.
t

2
Q =--

t 2
W

with w(z) the beam width.

(2-68)

(2-69)

2From equation (2-69) can be seen that Q =-a . Now equation
t

(2-69) can be integrated with respect to z. The first term of the

right hand side of equation (2-68) can be evaluated with a result from

Kogelnik and Li I8].
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The term ~ Q gives rise to 2 terms [8], equation (2-28).

1/2
jP = lnCt-jzlbo) = In(0+ (Zlbo)2] - j arctan(zlbo)

The second term from the right hand side of equation (2-69) can

be integrated right away and gives rise to a term

-(2p+l) arctan(zlb ). So the final result for the function P(z) is
o

given by equation (2-70).

1/2
jP(z) = In[0+(Zlbo)2] -j(2p+l+I) arctan(z/bo) (2-70)

In equation (2-70) the imaginary part gives rise to an amplitude

factor (w Iw) and the real part gives rise to a phase factor (2p+t+l)
o

arctan(z/b). (See the explanation in the case of the fundamental
o

mode, equations (2-25) to (2-29).)

With this expression for P(z), the definition of a Gaussian mode

Is made. The equations (2-67) and (2-70) can be compared with the

paper from Wylde [3]. The main difference is that he defines the

coordinate z from the beam waist located at z=z • so z is substituted
o

by (z-z ).
o

While equation (2-67) is a solutlon to a differential equation.

the sum of several solutions is also a solution. Now can be seen that

an arbitrary field component can be consist from a sum of

Gauss-Laguerre-modes !

Hence one can write for a series expansion of the component E :
x
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E (x,y,z)=
x

Lex+ ::)exp[-J{ ~..P(Z)+bp}] (~~r\:( ~~ZJeXp(-jkZ)
p,t

[ ]

112
with jP(z) = In (l+(Z/bo)2 -j(2p+t+1l arctan(z/b

o
).

(2-71 )

From this general derivation can be seen, that for the

fundamental mode in , and r (tEO,pEO) the same expression is found as

equation (2-29), while L~( ~~2) E l.

The real part of equation (2-67) is programmed in MATLAB as

functions FS accounting for the FieldStrength of the i'th order r
iJ

and j'th order phi mode at a certain observation point. In total 4

phi-modes and 11 r-modes are programmed.

2.3.3 Verification of~ assumptions.

In the derivation of the expressions of the higher order modes,

some assumptions are made, concerning two differential equations. The

first assumption to be verified is equation (2-43). Recall this

equation.

Q2 + kB Q = 0
z

Now that the final expressions for the Gaussian modes are

obtained, the validity of equation (2~43) can be checked.

If it is recalled that Q = k/q, and performing differentiations to z,

equation (2-43) gives an identity.

The second equation that was assumed to be valid was equation (2-58).

2jQ + jk/a B a = a
z'

By inserting the expression for a and some straightforward
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mathematics, also an identity is obtained.

2.3.4 The Laguerre differential equation and~ properties of

Laguerre functions.

In this paragraph some basic properties of the Gauss-Laguerre

functions are derived, also the expressions of these functions are

given. For a more detailed consideration see appendix B.

The differential equation which the Laguerre functions obey was

given in one of the preceding paragraphs. Recall equation (2-65).

Solutions to this equation were the Laguerre functions, denoted by

L~(P)' There are a few interesting properties that these functions

have. The first property which is considered is orthogonality.

Consider the following integral, which can be found in Szego [11]

and appendix B:

JCO l l l [n+l]e-xx L (x)L (x)dx = r(l+l) 6 , n,m = 0,1,2,3.
On- n nm

(2-72)

In equation (2-72) r(l+l) is the gamma-function, defined by equation

(2-73).

(2-73)

Further, 6 is the Kronecker-delta function defined by equation
nm

(2-74).
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{

1, n=m

~nm = 0, n~m
(2-74)

2r2

By setting x to --2- equation (2-72) turns into equation (2-75).
w

JCI:I ( 2) 2t 2 2 [n+t]
o exp - ~~ (~;) L~( ~; )L~( ~~ ) :~ dr=r(t+ll n ~nm (2-75)

This integral is unequal to 0 only, when n=m. This means, that

the functions defined by equation (2-76) are orthogonal on the

interval (O'CI:I)'

(2-76)

However, if the general expressions for the Gauss-Laguerre modes

are considered, there is also an angle dependency. See for instance

equation (2-71). Now a second set of orthogonal functions is chosen.

The choice is the function eJ~.

Now, an arbitrary function g, dependent of r and ~, is going to

be expanded into a double series of Gaussian modes. Say that an

arbitrary function is given by equation (2-77).

g(T,9» E t t A"teJt.q>exp[- T:j[ 2;r\~[ 2;2] 12-77)
l=O n=O w w w

The problem is to obtain the coefficients A .
nl

At this point, left and right hand side of equation (2-77) are

J (2) ( 2 2) p/2 (2 2)multiplied with e- Pf>exp -:2 w; L~ w; 4rdrd~.

The result is then integrated with respect to r from r=O to r=CI:I,

and also an integration is performed with respect to , from 0 to 2n.

The result of these two operations is equation (2-78).
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Now, the sequence of integration and summation is reversed, to

give equation (2-79).

LCD J2l[ j (l-p)cp LIIl

Jill ( 2r
2

) ( 2r
2

) (t+p)/2 t ( 2r
2

) p ( 2r
2

)Ate dcp exp - - -- L -- L -- 4rdr
n 0 0 22 n 2 m 2

t=O n=O W W W W

(2-79)

The integration to cp is equal to zero for all i, except i=p. Then

the integral has the value 2n. The second integral is the same as the

Integral in equation (2-75). The result is then equation (2-80).

af:rglr.~)e-J~exp(-::]( ~~2r\:[ ~~14rdrd~ •
A..2. rlp'l) [m:p)W2

In this way all the coefficients for the (double) series

expansion can be computed, whence equation (2-81) holds.

(2-80)
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w-

2

J:rg(r.~)e-J~exp[- ::] [~~2r\~[ ~~}rdrd~
2tt r(p+l) [m:p]

(2-81)

If there is a circular geometry, g(r,~) ~ g(r), the integration

to ~ is only meaningful for pEO. The integration to ~ gives rise to a

factor 2n. The result is equation (2-82).

A = w- 2 IIDg(r)exp (- r
2

)L ( 2r
2

)4rdr
810 0 2 81 2

W W

with w as defined in equation (2-19). This equation is used to

decompose a function g(r) in Gaussian modes.

(2-82)

So, equation (2-81) can be used for circular and non-circular

symmetric functions. A remark to equation (2-81) and (2-82) is that

decomposition into a series representation is dependent on the

coordinate z. It is convenient to decompose the function g(r,~) at a

certain width, where all the characteristics of the function g(r,~)

are known, like for instance the phase front. If z is varied, the

decomposition of the function g(r,~) gives other coefficients. See

also Wylde [3]. This method is used to decompose the radiation

patterns of the corrugated horn, used with the measurements.

Equation (2-81) is more general then an equation found by Wylde

[3], which only takes into account the circular sYmmetric cases, i.e.

equation (2-82).

In trying to make this decomposition more comprehensible, a

schedule can be made:
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increasing m

m=O m=l m=2

p=O: A A A A circular symmetric
00 10 20 .0

p=l: A A A A dep. = e JCP
01 11 21 .1

p=2: A A A A dep. = e J2cp
02 12 22 .2

cp dependence
incr. p

e jpcp
A A A A dep. =op 1P 2P mp

--------~) r dependence

For different functions g(r,cp) one has to calculate coefficients

in different rows and/or columns in the coefficient schedule.

Examples: g(r,cp) ~ g(r): no cp dependence: only the coefficients in the

first row have to be calculated:p=O.

g(r,cp) = fer) e jcp: only coefficients in second row to be

calculated: p=l.

g(r,cp) ~ g(cp): no r dependence: only coefficients in first

column to be calculated:m=O.

A special case is when g(r,cp) = f(r)h(cp); then coefficients in a

sub-schedule have to be calculated: several rows and columns.

Normally, the coefficients have to be normalized, to account for

the limited power in the wave. If the schedule is considered as a

coefficient matrix A, then the normalization is given by equation

(2-83).

(2-83)
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This can also be found in Szego [11].

For the circular symmetric case the normalization becomes

See also Lamb [4] and Sansone [12].

(2-84)

For a graphical representation of some Gauss-Laguerre functions
2

see figure 2.4. Here a presented the functions e-r L (2r2
), 0 ~ m ~ 3.

m
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From this figure can be seen that the Gauss-Laguerre functions
2

-r 2e L (2r ) become zero if x approaches infinity. Also can be seen,..
2

that e-r L (2r2
) becomes 1 at x=O. Hore general Li(O).. ..

( Szego [11], Gradshteyn [13] and appendix B. )

If the expressions for the Gauss-Laguerre functions are observed,

it readily can be seen that d Li(O)= O.
r ID

2F1nally, a Gauss-Laguerre function of order p, L (2r ), has p zeros.
p

The actual expressions for the Gauss-Laguerre functions can be

derived by means of the so called Rodrigues-formula. (See appendix B

for more details. )

This formula states, that functions of the form of equation (2-85)

can be derived by means of differentiation.

(2-85)

In Szego [11] equation (2-86) is found.

(2-86)

The function between parentheses is called the generating

function.

The first four polynomials of the Laguerre function of order n and i

are:

L~(X) = x2/2 - (i+2)x + (i+2) (t+l )/2

(2-87)

(2-88)

(2-89)
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Ll(x) = -x3/3 + (l+3)x2
- (l+3)(l+2)x/2 + (l+3)(l+2)(l+1)/6

3
(2-90)

More general,Gradshteyn [13] and appendix B give equation (2-91).

(2-91)

In this way, the actual expressions for the Laguerre polynomials

are quite easy to obtain.

2.3.5 Graphical presentation of some gaussian modes.

In figures 2.5 and 2.6 some Gaussian modes are graphically presented.

Fig. 2.5: Fundamental r- and phi-mode (left), and first order

phi-mode, fundamental r-mode, (right)
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Fig. 2.6: Fundamental phi-mode, first order rand

first order phi- and r-mode.

The fundamental phi-modes are all rotational symmetric. The

fundamental r-mode has a Gaussian shape and the first order r-mode is

a first order Laguerre function multiplied with a quadratic

exponential function. The first order phi modes are obtained by

multiplying the fundamental phi-expression with a sinusoidal function,

depending on the orientation (sine/cosine).
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2.5 Solutions for ~ rectangular geometry.

In the same way, that Gauss-Laguerre functions are solutions to a

circular geometry, Gauss-Hermite functions are solutions for a

rectangular geometry. While the derivation of the specific expressions

would be too involved, the derivation and expressions concerning

Gauss-Hermite functions can be found in appendix C.

2.6 Range of validity of Gaussian beam theory.

When making use of Gaussian beams, one has to keep in mind that

several approximations are used. One approximation was given by

equation (2-7). Recall this equation.

Because this equation doesn't give any clear information about

the validity of the theory, another criterion has to be used, to check

the validi ty.

In equation (2-24) an asymptotic result is given.

't' = ± arctan(w /b ).
lIe 0 0

With this equation, the asymptotic value of the tie-angle of the

Gaussian beam can be calculated. See figure 2.7.
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Fig. 2.7: Asymptotic lIe angle dependent of value of w.
°

Together with the criterion of Van Nie, see footnote on the same

page as equation (2-24), the maximum lIe-angle can be found. The

maximum value of this angle is found by filling in in this equation

~ >A/2. This gives an maximum asymptotic angle of ~ =54.7°. This
o l/e

value is thus prescribed by Van Nie, who proved that for w/ ~ ~
the expansion of a general wave function into Gauss-Laguerre

polynomials is allowed, i.e. no big errors are introduced in the

°expansion. (when ~ c54.7, the error in amplitude is 1.7r.; the error
l/e

-7 .in phase = 4-10 radians. [9]) However, the criterion of van Nie only

gives information whether the decomposition is allowed. Also, the Van

Nie-criterion is mode dependent.

If the calculation of a radiation pattern is based on 1 component

instead of the magnitude of the total vector, an error is introduced

when calculating the power (or field strength) at large angles from
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bore sight. This is best illustrated with an example. If the

polarisation is linear and the field is propagating, the polarisation

will change as a function of the coordinate. On axis, the polarisation

will still be linear, but off-axis other components have to be added

to ensure that the polarisation vector of the electromagnetic wave is

perpendicular to the direction of propagation.

With Gaussian modes calculation, the field strengths are usually

calculated on a cone with a certain length and opening angle .

.
': eAA!M
~ .

"F/XFo Oi~~CTlcn ()'F (f,4~1AIA..- fYI()DE

Fig. 2.8: Cone for far or near field calculations.

In figure 2.8 zfield is the distance from the observation point

to the radiating aperture and 6 is the half opening angle of the
o

cone.

If the calculation of the pattern is based on 1 component instead

of the magnitude of the whole vector, some restrictions are imposed on

the cone which is used to perform the calculation. Wylde [3] states

that the assumption 1£1=£ , with p a certain component of the wave, is
- p 0

valid as long as the half opening angle a is less than 15 . This means
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that 94% of the power is really carried by the component which is

being used in the calculation. So 6% of the power, which is carried by

another mode, pointing in another direction, is not considered.

If a more accurate calculation is desired, the range of validity

decreases. (1% in other component --+ «s4.1°; 0.5% --+ «S2.9°).

Of course no error is found on axis !!

One has to remember, that the mentioned errors are based on a

scalar calculation. Also the error is dependent on the value of ~ .
°

Resuming: Van Nie gives information whether the expansion is allowed.

The decision to 2r not to apply Gaussian modes can be discussed

with this criterion.

The tolerance with which the pattern has to be calculated gives

information about where the calculation may be performed. Smaller

error means smaller angular area.

In practice, the tolerance plays a more important role than the

criterion of Van Nie, because his criterion is usually satisfied.

Especially, when more than 1 mode is considered, the criterion of van

Nie imposes too rigorous boundaries because he considered only the

error function from 1 mode in comparison with an infinite amount of

modes.

However, when calculating with Gaussian modes. an error of 5% in

power, means a difference of approximately 1 dB in the actual

radiation pattern. (5% error is found with an angle of bore sight of

15°). When the angle of bore sight becomes bigger, the error rises

(20° angle of bore sight: error of 11.7% -+ 2dB error).
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Chapter 3: Gaussian beams with two modes.

3.1 Introduction.

In this chapter, some applications of Gaussian beams are

considered. Gaussian beams are used to model the electromagnetic

fields after reflection from a curved surface. First, the two mode

approximation is considered. With this model, an offset reflector

antenna is analysed.

In this report several coordinate systems will be used. In

general, if a derivation is not dependent on the geometry, a

coordinate system is chosen. However, if the situation occurs, when

the derivation is dependent on the coordinate system, the following

coordinate systems are used. See figure 3.1.

~ ."Fi.D (,-;ti,i)

k" '"~••

I~

Fig. 3.1: Reference coordinate systems, as used in this report.

This figure is a cross section through the plane of symmetry of
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an offset reflector surface. The feed coordinate system, (x,y,z), has

the origin in the focus of the parabola. The y-axis of the feed

coordinate system lies in the plane of symmetry and has an angle of

90
0
-6 with the axis of the parabola. The z-axis lies also in the

o

plane of symmetry and has an angle of ~ with the axis of the
o

parabola. The x-axis is perpendicular to the plane of symmetry, to z

and and to y.

The reflector surface is defined by the focal length f, the

offset angle ~ and opening angle ~ . Depending on the reflection
o c

point at the reflector surface, the coordinate system changes. The

coordinate system of the reflection point will be denoted by

(x',y',z'). The origin of the reflector coordinate system is located

at the reflection point. Here, the x'- and y'-axes are tangential to

the reflecting surface. The y'-axis lies in the plane of symmetry and

the x'-axis is perpendicular to the plane of symmetry. The direction of

the z'-axis can be easily found, because the coordinate system is

right hand orientated.

The z"-axis is parallel to the axis of the parabola and is lying

in the plane of symmetry. The x"-axis is perpendicular to the plane of

symmetry and the axis of the parabola. In this way, the y"-axis can be

found with the vector product. The y"-axis is perpendicular to the

axis of the parabola, but parallel to the plane of symmetry.

Finally, the field coordinate system is a cylindrical

coordinate system associated with the coordinate system after

reflection, (r,~,z"). r is the distance to the axis after reflection,

~ is the angle measured from the x"-axis. The origin of the field

coordinate system is located at a distance zfield from the reflector

coordinate system. The far field coor~inate system can rotate along

the z"-axis, depending on the orientation of the maximum and minimum

curvature at the reflector.

3.2 Reflection from ~ curved surface.

If a Gaussian beam is incident on a reflecting surface, the beam

1s reflected. The physical properties of the reflected beam are
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dependent on the kind of reflecting surface. Consider the following

reflecting surfaces.

, PLANE OF INCIDENCE
, lOEFINED Iy ; AND ~I

.
s,

_'LANE OF
- INCIDENCE

MI;>jiM\.iM
CURVATURE. 1(,

Fig. 3.2: Reflecting surfaces [14).

The geometrical optics law for a perfect conductor is well known

as equation (3-1).

e = (n.e )n - (nxe )xn-r - -I - - -I -
(3-1)

with ~I and ~r unit vectors in the directions of incident and

reflected field polarisation respectively, and n the normal vector at

the reflection point. See for instance [16, p140). Readily can be seen

that equation (3-1) can be written as equation (3-2).

~r - -~I + 2n(n· ~I) (3-2)

If the assumption is made that the incident field has a fixed

linear polarisation, then the reflected beam can be calculated using

equation (3-2). (In chapter 2 also scalar fields were considered.)

From equation (3-2) can be seen that, if (n.e )=0, i.e. if the
- -I



- 54 -

incident polarisation is perpendicular to the normal vector for every

point on the reflecting surface, the reflected beam is reversed in

polarisation. So no cross polarisation is introduced. This is the case

for a plane surface like the left part of figure 3.2.

However, in general a reflector is curved, and the unit normal

vector is no longer perpendicular to ~ at all points of the
1

reflector. This means that cross polarisation is introduced in

different levels across the reflecting surface. In the following

sections different cases of incident polarisation shall be considered.

3.2.1 Incident polarisation perpendicular to the plane of incidence.

Recall the right part of figure 3.2. If the electromagnetic wave

is propagating along the §l direction, then the direction of the wave

is changed due to reflection. If the incident polarisation is as in

figure 3.2, then equations for co- and cross polarisation can be

derived. The assumptions made in the derivation are:

-) at the reflection point, the reflector is considered to be locally

flat. This assumption is allowed for high frequencies.

-) the reflecting surface is considered as a perfect conductor.

Equation (3-2) can now be used to derive equations for co- and

cross polarisation. Recall equation (3-2).

For small displacements Ax' and 6y' along the directions of

maximum and minimum curvature the normal vector will change. However,

locally equation (3-2) must be satisfied.

(3-3)

with n- the (changed) normal vector at another reflection point.

The change in normal vector can be described with help of
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curvatures. For small displacements ~x' and ~y' along the x'- and

y'-axes, the change in normal vector is given by equation (3-4) [14].

~n = -K (~x' )x'-K (~y' )v'
- 1 - 2 •

(3-4)

with K and K the maximum and minimum curvature respectively.
1 2

(Expressions for the maximum and minimum curvature can be found in

appendix D.) This can be seen in figure 3.3.

----4.

Fig. 3.3: Change of the normal vector.

In first order the changed normal vector can be approximated by

equa t1 on (3-5 ).

(3-5)

If equation (3-5) is filled in in equation (3-3) one obtains equation

(3-6).

e = -e + 2n(n.e ) + 2n(~n.e ) + 2~n(n.e ) + 2~n(~n.e )
-r -1 - - -1 - - -1 - - -1 - --1

(3-6)



- 56 -

Because of small displacements ~x' and ~y' the last term in equation

(3-6) can be omitted.

The plane of incidence is defined by the unit normal vector and

the direction of the propagating wave. If the incident polarisation is

perpendicular to the plane of incidence, (n'~i)EO and equation (3-6)

reduces to equation (3-7).

(3-7)

Due to reflector curvature the reflected field varies over the

reflecting surface from that resulting from a flat surface (-~I) by an

additional component 2n(~n'~I)' Part of the additional component is

aligned with the incoming polarisation and part of it represents the

cross polarised signal. At this point the scalar product needs to be

calculated.

To calculate this product, the vector e is needed. This vector
-I

can be deduced from figure 3.2.

e = sinv x' - cosv v' (3-8)
-I - ..

The scalar product can now be easily computed as equation (3-9).

(~n.e ) = -K (~x') sinv + K (~y') cosv
- -I 1 2

(3-9)

The direction of cross polarisation is defined as the portion of

n that is in the plane of incidence and that is perpendicular to the

incoming ray. From figure 3.2 can be seen that this portion is of

magnitude sin~I' because the subtende~ angle between the incident

polarisation and the normal vector is ~ (in the case that the
1

polarisation is located in the plane of incidence, the polarisation
ovector is rotated with an angle of 90 anti clockwise with reference

to figure 3.2.) Another definition of the direction of cross

polarisation is that the direction of cross polarisation is given by

the vector product of ~I and ~I'



- 57 -

Now an expression for the amplitude of the cross polarised field

can be obtained. If the cross-polarised field is denoted by E ,
-cross

the ratio of cross polarised field to the incident field is

found to be given by equation (3-10).

E
-cross

= 2 sin'" [-K (6x') sinv + K(6y' )cosv]
1 1 2

(3-10)

or with c =
E
-cross , it is given by equation (3-11).

Equation (3-11) can be written as equation (3-12).

c = 2 sin'" [-K 6p' 6x' sim'coscp' +K 6p' 6y' cosvsincp']
112

Now, equation (3-12) can be written as equation (3-13),

(3-11 )

(3-12)

(3-13)

The factor in brackets in equation (3-13) can be reduced using a

geometric relationship. In [16, p46-7) a relation can be found to

reduce an equation of the form sinA + m sinB to psinC with

p2 = 1+m2+2mcos(B-A) and tan(C-A) c msin(B-A)/(1+mcos(B-A». For A is

chosen (cp'+n/2), for B is chosen ~. and m is chosen to be -K
2
cotv/K

1
.

2For p equation (3-14) is found.

(3-14)

For C, equation (3-15) is then found.
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c = ~'+ nl2 + arctan(K cotvlK )
2 1

(3-15)

With equations (3-14) and (3-15) equation (3-13) reduces to equation

(3-16).

(3-16)

with tr = arctan(K cotvlK ).
2 1

In equation (3-16) ~p' is the displacement from the beam center

and~' is the angular direction of that displacement relative to the

axis of maximum curvature. (reflector coordinate system. )

A remark is, that equation (3-16) is independent of the type of incoming

beam. It just represents the effect of reflection at the reflector.

Final remark of this ection is that in the preceding theory it is

assumed, that the angular region of interest is so small, that the

direction of incident polarisation and cross polarisation do not

change throughout the beam. The field that is found is not a vector

but a scalar!

3.2.2 Incident polarisation in the plane of incidence.

If the polarisation is in the plane of incidence also an equation

can be derived which gives the ratio of cross-polarised field to the

incident field. First thing in doing this is the decomposition of the

incident field in it's ~'. ~. and~' components. Now ~1 can be written

as equation (3-17).

e = sin~ z· + cos~ [-cosv x' - sinv v.]
-1 1 - 1 - ~

n = ~'

~ = ex' + c v'
- 1- Z-

(3-17)

(3-18)

(3-19)
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with C = -K (~x') and C = -K (~x'). Equation (3-19) is written
1 1 2 2

this way for convenience.

Now equation (3-6) is recalled:

All factors which have n and/or ~n are calculated:

-)2n(n.e ) =2 sin~ z.
- - -1 1 -

-)2n(~n.e ) =2z(-C cos~ cosv-C cos~ sinv).
- - -1 - 1 1 2 1

-)2~n(n.e ) = 2(C x'+C y' )sin~ .
- - -1 1- T" 1

-)26n(~n'~I) can be neglected for small displacements ~p'.

The direction of cross polarisation is defined as the portion of

the reflected field that is perpendicular to ~1 and perpendicular to

the plane of incidence. (Again it is assumed, that the field that is

going to be calculated is not a vector but a scalar.) To find this

portion of the reflected field, the various factors of equation (3-6)

are looked at. If the reflected field has to be perpendicular to the

plane of incidence, it has to have at least an~' or ~' component. If

a component has only a ~'-component, it lies in the plane of

incidence. So from equation (3-6) only the component 2~n(n'~I) has to

be considered. Consider figure 3.4. This figure represents the

decomposition of the projection of the incident polarisation in the ~'

and ~. components.
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Fig. 3.4: Vector decomposition of the incident polarisation.

The part of K (~y' )y' that is in the cross polarisation direction
2

is K
2

(~y' )cosv. The part of K
1

(~x· )~. that is in the cross polar

direction is K (~x· )sinv. The projection of the incident polarisation
1

itself is of magnitude sin~l . So the ratio of cross polarised field

to incident field is given by equation (3-20).

c = 2 sin~ [-K ~p'~x'sinvcos~'~ K ~P'~Y'cosvsin~']
1 1 2

(3-20)

The last equation 1s equal to equation (3-12). So equation (3-20)

can also be reduced to equation (3-16).
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wi th ". = arctan(K cotv/K ).
2 1

See also [14].

3.2.3 Maximum~ polarisation.

For a given amplitude distribution of the incident field, the

maximum value of the cross polarisation can be calculated. This is

actually done in [14]. In this paper a Gaussian amplitude distribution

of the form of equation (3-21) is incident.

(3-21)

w =

This form is actual the zeroth order ~'- and p'-mode compensated

with the factor [1-sin2"lCOs2(~,-V)] for the incident angle ''so (The

compensation factor comes from Pythagoras' law: it provides a Gaussian

variation with a displacement parallel to the reflecting surface).

The variable ~p' is the displacement from the beam center. ~ is the

1/e power beam width. It is related to the 1/e amplitude beam width as

r;~.

With equation (3-21) the maximum cross polarisation relative to

the maximum incident field can be calculated quite easy, because

equation (3-16) multiplied with equation (3-21) gives the equation for

the amplitude distribution of the cross polarised signal. This result

has to be normalized to the maximum incident field which has the value

E on the axis of the beam:
o

. 1/2

C = -2 sin"l p' [(K
1
sinvY+(K2COSV)2] cos(~'+"')·

.e~- ~~. [I-sIn'"I cos' (f>' -Vl]} (3-22)

First, for fixed ~', equation (3-22) is differentiated with

respect to p'. Result from this operation is [14, eq 9+10]:
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c =
-.lIi
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p' = ~
aalli 2 2 1/2(l-sin'6 cos (Ip'-v»

2~ sin'6
1

[(K1sinv) 2+ (K
2

COSV) 2f/2

~ (1-sin2'6 cos2(1p'_v»1/2
1

(3-23)

(3-24)

The maximum amplitude of the cross polarisation as a function of

'P' is [14, eq 11]:

'P' = arctan[malli

2sin '6
1
sin(v+u)cos(v+u)

2 2l-sin '6 cos (v+u)
1

]- v (3-25)

In case of v = 00 or v = 900 a general formulation for the

magnitude of the cross polarisation can be derived. The special case

of v = 00 or v = 900 occurs in case of the beam center ray passing

through the surface focus with quadric surfaces:

v=oo 900 -900
2~sin'6 K

~ Ip' 1 2
~ U = = ~ c =

malli -.lIi

~

v=900 00 = 00
2~sin'6 K

~ Ip' 1 1
--+ U = ~ c =

malli -.lIi J;'

(3-26)

(3-27)

Equation (3-26) and (3-27) can be combined in one formula

(3-28)

with KL the curvature in the direction perpendicular to the plane of

incidence.
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3.2.4 The reflection matrix model.

Now the field after reflection is considered. In [14] is shown,

that the reflected field can be modeled with two Gaussian modes, a

fundamental mode and the first order phi-mode.

The fundamental mode is of form of equation (3-29).

E = (H x' + V v' }/2/n TJ/t •
-00 00- 00· '00

(3-29)

In equation (3-29) H and V are the phasor coefficients for
00 00

horizontal and vertical polarisation respectively. TJ is the free space

impedance. p is the displacement from the beam axis; ~ is the actual
00

beam width; ~ is the value of the beam waist and R is the actualo 00

radius of curvature of the phase front.

The relationships of ~oo and Roo with frequency and z were

already derived in chapter 2. By inserting w = ~~ in the formulas

given in chapter 2 and some minor changes in constants, the definition

of the fundamental mode is the same definition as by [8].

The first higher order mode can ~ow be introduced. In [14] this

is done with help of a drawing. The drawing is given in figure 3.5.
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Fig. 3.5: Two mode decomposition of aperture field £14].

From the drawing, the correct signs can be deduced in an easy

way. Now the cross polarisation can be modeled with the first higher

order mode:

(3-30)

The variables are the same as with the fundamental mode.

From the preceding sections is known, that the cross polarisation

is proportional to cos~'. So, if in the fundamental mode, the
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polarisation is directed in the ~'-direction, the cross polarisation

is directed in the ~'-direction. The change in polarisation is then

proportional to sin~', because of conservation of power. (The total

power in the beam can not depend on the angle~' .) In this way the

correct sinusoidal dependencies are found. The signs of the phasors

can be found in the drawing. The signs are easy found with special

angles ,': ,'=00 and ,'=900
.

The only thing you have to know to calculate the cross talk from

copolar to crosspolar signal are the relationships between the phasor

coefficients. Say A is the input vector with the following elements.

A' = [v H V H ], where the prime denotes the transposed
OOa OOa 01a 01a

vector. Say B is the output vector with the same dimensions as A. B' =
[V H V H ]. A and B are related by the curved reflector

OOb OOb 01b 01b

matrix T:

T T
12

T T
11 13 14

T T T T
23

T
24= 21 22

T T
32

T T
31 33 34

T T T T
41 42 43 44

and

B = TeA

(3-31)

(3-32)

If the assumption is made that at the reflector, the beam widths

of zeroth and first order Gaussian be~ms are the same, then a

reflection coefficient can be deduced from the phasor coefficients.

V H
l' = 01 =~={;c =

Voo Hoo aax
(3-33)

l' is found by looking at the amplitudes of the waves. For the first

order mode this is V /{;. For the fundamental mode this is V .
01 00
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Now the following equation holds: maximum cross polarisation is now

V
01

V-=
00

V
01

---- = C
.ax

r;' V
00

The same derivation is applied with the hori20ntal case. With

this definition of 1 the matrix elements can be deduced. However,

another drawing is needed. See figure 3.6.

REFLECTED

x~-rhIJ + J\..
._~\:))z x_--, -

I ,:r
t , ty y y

tv
I

tt~-·-
INCIDENT

- '-"--1-; ( ....• + .... 4 - -::i::;: -l - 11_--_• "'-:...
_

Iv 'v '1" I,
V Y Y

tv
I......
c_!.~ ••-

Fig, 3.6: Reflector matrix components. [14]

If V is incident, the arrows are reversed in the above part of
00

the drawing. This means that a minus sign is needed to account for the

change of the sign. The magnitude of the cross polarised field is 1,

So T = -1; 1 = 2 sin" K ~.
31 1 1

By conservation of power, the value of T is/ 1-12
" If Hoo is

11
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incident, there is a phase difference of 1800 for the fundamental

mode. This means a minus sign. For the cross polar mode the

reflection coefficient is equal to r. So T = -/1-r2
' and T =r.

22 24

There is no cross talk between horizontal and vertical incident modes

so T =T =T =T =0.
12 21 14 23

The other elements of the matrix T are obtained in a different

way. Gans states in his paper [14] that the transmission from cross

polar mode to fundamental mode is of the same magnitude as the

transmission from fundamental to cross polar mode. In fact this £!n

not be true, because the~ polar~ has another incident

amplitude distribution. But in first order approximation 11 is true.

So the magnitude of reflection coefficient T is r. However, a
13

minus sign is needed to account for the contribution of fundamental to

cross polar: T = -r.
13

Because there is a phase difference due to reflection, a minus

I 2'sign is needed in T : T = -y 1-7 . The same arguments hold for the
33 33
I 2'

incident H : T = Y 1-7 and T = r. T =T =T =T =0:
01 44 42 41 32 43 34

no cross talk from horizontal to vertical.

The reflection matrix has now the form of equation (3-34).

/1-r2
' 0 -r 0

-/1-r2
,

0 0 r
T = -/1-l'

(3-34)
-r 0 0

0 r 0 /1-r2

If the different modes are going to propagate, the phase of the

modes is changing in a different way. For the calculation of the field

strength in a certain coordinate, the phase terms have to be regarded.

However, only differential phases have to be considered: i.e. the
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phase difference between first order mode and fundamental mode. The

longitudinal propagation matrix is then easily computed with the phase

difference between cross polar mode and fundamental mode.

z" z"

At ~ arctan[k:: ]-arctan [k:: ] (3-35)

with z; and z~ the output and input respectively, measured from the

beam waist. Now the longitudinal propagation matrix is computed as

1 0 0 0

TIp
0 1 0 0 (3-36)=
0 0 e jl1t 0

0 0 0
jl1t

e

with l1t defined as in equation (3-35). One remark ~ that the maximum
1lphase difference ~ /2 II

Also a rotation of plane of incidence matrix can be defined [14].

This is actual the definition of a new coordinate system. The

horizontal and vertical incident phasors are then decomposed along the

new axes. The cross-polar mode has two times the phi-dependence as the

fundamental mode.

cosl3" -sin/3" 0 0

T
sin/3" cosl3" 0 0 (3-37).,

rot
0 0 cos213" -sin213 II

0 0 sin2l3" cos213"

with 13" the rotation angle [14].

With these matrices, reflector systems can be analysed by matrix

multiplication. For instance a cassegrainian reflector system can be

characterized with 4 matrices:

-) T reflection at sub reflector.
rent
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-) T : propagation towards main reflector.
Ip1

-) T fl : reflection at main reflector.
re 2

-) Tfleld: propagation to observation point.

So the output phasors can be computed with the following relation:

B=T T T T A
field refl2 Ip1 refl1

(3-38)

Given an input vector A, the output phasors can be computed. The

(compl~x) output phasors can now be inserted in the equations for the

field strengths for the cross polar- and the fundamental mode

(equation (3-29) and (3-30) ) and the field strength at any point can

be calculated. In this way the radiation pattern can be obtained quite

easily.

A very important remark is the fact that with multiple reflection

cross talk occurs from cross polar to co polar signal but also from co

to cross polar signal. In this way it is impossible that the

cross polarisation becomes smaller because the already present

cross polarisation from the first reflection and the induced

cross polarisation from the second reflection ~ not be 1n anti

phase, so that that substract.

The maximum phase difference, as seen from equation (3-35) and

(3-36). is 11/2. This~ that the~ of cross polarisation with

multiple reflection always becomes bigger. (when only one type of

reflector is used: so no combination of convex and concave

reflectors. )

Equations (3-29) and (3-30) are programmed with the already

available functions FS . Also the matrices of equations (3-34) and
IJ

(3-36) are programmed as functions reflect and longitud respectively.

3.3 Application: offset reflector antenna.

The preceding theory can be applied to for instance an offset

reflector antenna. One assumption that is made, is that the radiation
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pattern of the feed, has a Gaussian pattern. Fortunately, dual mode

corrugated horns have this kind of Gaussian variation [17].

The results found with Gaussian modes can be compared with [18].

Here radiation patterns are presented for an offset reflector system

excitated with linear and circular polarisation. In the paper the

crucial data is given: offset angle, edge illumination and flD ratio.

With this data, the essential parameters for the Gaussian modes can be

derived.

This offset configuration has an flD of 0.25. The diameter of the

aperture is 12 inch. This means that D is 609.34 mm. and that f is

152.35 mm . Now the distance to the reflection point can be

calculated. From the polar equation for quadric surfaces is known that

the equation for a paraboloid is given by equation (3-39).

p = 2f
l+cos"

o

(3-39)

with f the focal distance to the apex, " and p spherical coordinates.

See figure 3.7 for a graphical representation.
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Fig. 3.7: Offset paraboloIdal launcher. [14]
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Equation (3-39) is only used to calculate the distance to the

reflecting surface. With equation (3-39) is found that p = 178.48 Mm.

For an edge taper of -10 dB the actual beam width can be

calculated with help of equation (3-40)

(3-40)

and equation (2-19).

In equation (3-40) r is the distance to the axis of propagation.

Of course the variable r is related to the variable p by means of the

opening angle: r = psin" .
o

By taper is meant the difference in power at the edge of the

reflector and on axis.

By means of a numerical technique the value for w can be found.
o

For various opening angles the values of w for a prescribed edge
o

taper can be computed. Some values can be found in table 3-1.



- 72 -

'i' =22.50
'i' =300

'i' =37.50
'i' =450

0 0 0 0

taper f/d=I.065 f/d=0.787 f/d=0.616 f/d=0.500

-25 dB (nd 18.75 14.80 12.57

-20 dB 24.35 16.30 13.10 11.18

-15 dB 19.05 ·13.86 11.25 9.64

-10 dB 14.90 11.80 9.15 (nc:7.85)

-5 dB 10.31 (nc) (nc) (nc)

all widths In am.

'i'
offset

o= 45

Table 3-1: width for prescribed edge taper

In table 3-1 some values can't be calculated. They are marked

(nc). The reason why they could not be calculated is one of the

following:

-) the width that is found is breaking the rule that ~/2~ <1 must
o

hold for a fundamental Gaussian beam. [9]

-) the width that is found is bigger than the radius of the

corresponding reflector. This is not a physical situation.

At the reflector, the cross polar mode is excitated and the

fundamental mode is going to propagate towards the far field. From

figure 3.7 can be seen that the angle'of incidence is half the offset

angle. With these data, and a result from appendix D the reflection

coefficient r can be calculated. r was defined in equation (3-33):
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with K
1

the curvature perpendicular to the plane of incidence: i.e. in

the ~-direction, the direction of revolution; ~ =w/~. K is
~ 1

calculated as 3.03.10 /mm. This is the largest value of the
-3curvature, while K is equal to 2.59.10 /mm. ~ is now equal to

2
0.2328. For more details about curvatures of a paraboloid and an

ellipsoid see appendix D.

With these results the matrix can be calculated. The matrix is

needed to calculate the new phasor coefficients. The radii of

curvature of the phasefront at the reflector are equal to m : the

phase front is plane. This is caused by the unique focusing property

of the paraboloId. The only thing that is needed for the calculation

of the radiation pattern is the new values of the beam widths at the

reflector. These new values are chosen to be equal to the actual value

of the beam width from the first fundamental beam. Now the radiation

pattern can be calculated by calculating the field strengths at

various locations. Remember that the pattern is to be calculated on a

~! (Fig. 2.8) This sphere differs from the actual phase front.

The calculations are performed for two polarisations. A fixed

linear polarisation and a circular polarisation. In the case of the

linear polarisation, a cross polarisation-curve is found. However,

with circular polarisation there isn't any cross polarisation, but

there is a so called beam-squint. This is a shift from the main lobe,

and the shift is caused by the phase shift induced at the reflection

point [18].

The offset reflector has an offset angle of 450 and an opening

angle of 45 degrees. However. from table 3-1 can be seen that the

corresponding beam waist value needed to have the -10 dB taper is not

in the par-axial region:~2w >1 !! Th'is means, that another opening
o

angle has to be chosen to compare the measured results with !!!

Also some offset-angle dependency plots are calculated, like the

maximum cross polarisation for discrete values of the offset angle,

the maximum cross polarisation for offset angles less than 90 degrees.

Also an edge taper dependence can be calculated.
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The calculation program is built up as follows. First the field

interval where the radiation pattern has to be calculated is

determined. Then the routine tomirr is called to obtain the width and

radius of curvature at the reflector. At the reflector the cross polar

mode is excitated in phase. The value of the co and cross polar phasor

is obtained with the routine reflect. Now, both modes can propagate to

the field interval (using the routine longitud), and here equations

(3-29) and (3-30) can be evaluated.

The placing of the beam waist with reference to the focus has to

be considered. The waist has to be placed in such a way, that the

radius of curvature of the phase front at the reflector has the

appropriate value, so that the paraboloid focuses on infinity. In

practical programming, this means that if the distance from focus to

reflection point is larger than 20~, the waist can be placed at the

focus. If this is not the case, p<20~, the waist has to be placed of

focus with such an axial displacement, that the radius of curvature of

the phase front has the appropriate value.

The radiation patterns are calculated in the far field with ~

equal to 45°. This is the plane with maximum cross polarisation.

If not mentioned, the edge taper is -10dS and the offset angle and

opening angle are equal to 45°. The focal length is 152.35 mm. and the

frequency is 18.5 GHz.

The results with a linear y polarisation are given in figure 3.8.

(See figure 3.1 for definition of the feed coordinate system.) In [18]

figure 3.9 can be found. From this article the hardware configuration

is copied, so that the results from (18] can be compared with the

given results here.

The result with circular polarisation is given in figure 3.10.

Figure 3.11 gives the the radiation pattern with circular polarisation

from [18]. Cross polarisation plots for several offset angles can be

found in figure 3.12. For the maximum crosspolarisation as a function

of the offset angle is referenced to figure 3.13. In this figure the

results found in [18] are compared with a theoretical result
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calculated with Gaussian modes. The maximum cross polarisation as a

function of the edge taper can be found in figure 3.14.
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3.4 Discussion 2i the results gf section~

It has to be remembered that the results from section 3.3.1 are

approximations. The results are calculated with only two modes. The

results would be better in accordance with the results from [18) if
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the feed pattern would be expanded in a series of Gaussian beams. Then

the beams are incident on the reflector and they would all excitate

other (cross polar) Gaussian beam. However, at this point, this

analysis would be too involved, but it £!n be performed.

The advantage of Gaussian beam analysis is the fact that the

computing time is a matter of seconds. To calculate a radiation

pattern on a AT-type personal computer with the program HATLAB only 20

seconds are needed for the linear polarisation case and only 45

seconds are needed for the circular case. The computing time is

proportional to the amount of far field-points.

Another remark is, that the par axial approximation has to be

valid to calculate with Gaussian modes. This means that the field can

only be calculated "near" the axis of the beam.

Not much is said about the direction of cross polarisation. In

practical situations, the width of the beam has to have such a value

that the par-axial approximation is valid. That means, that a

restricted area is chosen where to calculate the radiation pattern. In

this report the radiation patterns are calculated within 150 opening

angle. If this is the case, the polarisation direction does not change

over the sphere. This also means that the direction of cross

polarisation remains constant. So when the direction of cross

polarisation is determined, it is implicitly assumed that this

direction (and also the direction of main polarisation), does not

change. It is an scalar calculation.

The theoretical results are better in accordance with practical

results if the edge illumination is low. «-10dB). This means that the

initial beam waist has to be large in comparison with the wavelength.
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3.5 Computing time with Gaussian modes.

As stated earlier, the benefit of calculating with Gaussian modes

is the fact that it takes only a few seconds to calculate a radiation

pattern. For the calculated results in the case of linear

polarisation, it took only 20 seconds to generate a radiation pattern.

For circular polarisation, the computing time ls ideally a factor 2

bigger: 40 seconds. The reason for this ls, that a circular polarised

wave is actually a combination of two linear polarised waves, with a
o 0phase difference of 90 or -90 . Off course, some additional sums have

to be computed, but they do not take that much time.
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Chapter ~ Gaussian beams with~ than two modes.

4.1 Introduction.

In this chapter an expression for the cross talk of the first

order phi-mode to other r- and phi-modes is derived. This first order

phi-mode is present, after reflection from a curved surface: it is the

cross polar mode.

Also the expansion with higher order r-modes is discussed. Some

applications of interest are considered, like a corrugated horn and an

offset reflector antenna.

4.2 Expansion with higher order r-modes.

In this section, the theory about Gaussian modes is expanded with

higher order r modes. It has to be remembered that the fields that are

considered in this report are in general linear, i.e. they have only

one (cartesian) component.

4.2.1 General formulation of the expansion.

In chapter 2, the decomposition of a function in Gauss-Laguerre

modes was considered. Recall equation (2-81).

with r the distance to the axis of propagation and ~ the angular

coordinate. This equation has to be evaluated to obtain the mode

coefficients, as stated in chapter 2. If the function g(r,~) is

rotationally symmetric, i.e. not dependent on~, the integration to ~

gives rise to a term 2n and what results is equation (2-82) [3].
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A = W-
2 ICDg(r)exp (- ~)L ( 2r

2

)4rdr
.0 0 2. 2W W

In this equation w(z) is the actual beamwidth, as defined in equation

(2-19).

4.2.2 Application of the higher order modes with respect to ~

corrugated horn.

From literature is known, that a dual mode corrugated horn

operating under balanced hybrid conditions has a rotationally

symmetric aperture distribution. In [3] is found, that a corrugated

horn carrying a HE -mode produces an electric field in the aperture
11

plane of the form of equation (4-1).

with 2 2 2r = x +y , distance to axis of propagation.

k = 2.405/a, a is aperture radius
c

k = 2n/~, free space wave number.
o

T { Jo(x), if x < 2.405
J (x) =

o o ,if x > 2. 405

(4-1)

R = radius of curvature of curvature at the aperture of
cap

the horn, centered at the horn apex.

EEO
x

So a linear y polarisation is assumed, with reference to figure 3.1.

Now the function in equation (4-1) is taken to represent the

iunction g(r) in equation (2-82). The decomposition is made in such a

way, that the power in the fundamental r- and phi-mode is maximised.

The result of this constraint is that a best w/a-value is found.The

value of w/a is 0.6435, found by Abrams [20] and Wylde [3]. For more

details see [3, eq.6 to 12]. In [22], another value of w/a is found.
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The criterion used here, is that the radiation pattern found with

Gaussian beam theory, compared with the radiation pattern of the HE
11

mode has the smallest error. The value of w/a which accomplishes this

is w/a =0.5960. (In [22] is also concluded that the error, introduced

with w/a = 0.6435 instead w/a = 0.5960 is of magnitude 8. lYe. However,

this analysis is based on 1 mode, instead of multiple modes.)

The following coefficients are found with help of equation (2-82)

in combination with equation (4-1). Two values of w/a are considered,

and with these values of w/a the other mode coefficients are

calculated. Also, the normalised power coefficients are calculated for

both values of w/a.

Wylde/Abrams approximation Rebuffi/Crenn approximation
w 0.6435

w 0.5960-= -=a a

unnormalised normalised unnormalised normalised
mode amplitude power amplitude power

coefficients coefficient coefficients coefficient

A 1. 12979 9.80 10- 1
1. 21538 9.74 10- 1

00
10- 3

A -0.00003 7.67 10- 12 -0.11644 8.94
10

10- 3
A -0.13746 1. 45 10- 2 -0.14651 1. 42

20
10- 5

A -0.04923 1. 86 10-3 -0.00695 3.18
30

A 0.02236 3.84 10- 4 0.04870 1. 56 10- 3

40
10- 4

A 0.03895 1. 17 10- 3 0.03368 7.48
50

10-7
A 0.02283 4.00 10- 4 0.00104 7.13

60
10- 4

A 0.00023 4.06 10- 8 -0.01869 2.30
70

10- 4
A -0.01426 1. 56 10- 4 -0.01995 2.62

80
10- 4 10- 5

A -0.01730 2.29 -0.00989 6.44
90

10- 4 10-6
A -0.01196 1.10 0.00213 2.99

100

Table 4-1: decomposition in r-modes

From this table can be seen, that for the Wylde/Abrams

approximation, 98Y. of the power is carried by the fundamental mode and

that 99.75Y. of the total power is carried by the first five modes. For
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the Rebuffi/Crenn-approximation 98.5~ of the power is carried

by the first five modes. Also, for the higher order modes (A and
90

A
lOO

)' the Wylde approximation carries more power than the

Rebuffi/Crenn approximation.

All of this means, that the mode expansion for the corrugated

horn can be restricted to a certain amount of modes. This is of course

dependent on the required accuracy. A program to calculate the mode

coefficients was programmed in HATHCAD, with help of equation (2-82)

and (4-1). The program is called coeff.mcd.

In figures 4.1 and 4.2 the radiation patterns can be found for a

corrugated horn with no phase difference at the aperture of the horn.

This means that the beam waist (R = m) is located in the
cap

aperture of the horn. Also, the influence of the amount of modes on

the radiation pattern can be seen.

~-ylde approximation.
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Fig. 4.1: Normalized radiation pattern of a

corrugated horn Wylde/Abrams approx.
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This pattern, wich is independent of the wavelength and the

aperture diameter, is calculated in no particulare phi-plane, because

the radiation pattern is rotation symmetric.

Creon approximation.
0

1 mode
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11 modes
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Fig. 4.2: Normalized radiation pattern of a

corrugated horn; Rebuffi/Crenn approx.

From the figures can be seen, th~t the

Rebuffi/Crenn-approximation has less power in the higher order modes

modes than the wylde-approximation. (2nd sidelobe: 6-11 modes). Also

the composition can be seen when adding more and more modes. The

levels of the sidelobes in both approximations are more or less the

same.

When computing with these modes, care must be taken of the fact,
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that there can be a phase difference on the cap of the horn, caused by

the difference in path length. See figure 4.3.

1

1r (&iI(AlA.CrIt~,-., kClln ~

Fig. 4.3: Phase difference at the cap of the horn.

This means actually, the modes have to be transferred to the

phase centre of the horn. (z=z =0 and w=w ) This is done very easily,
o 0

while the phase difference over the cap is known. With this phase

difference, the radius of curvature of the phase front can be

calculated. With this radius of curvature, the phase centre (the beam

waist is located here) can be determined. This transfer causes the

real mode coefficients to become comp~ex, because of the change in

phase.

For a radiation pattern of a corrugated horn with a phase

difference of 900 at the cap, see figure 4.4.
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wylde approximation.
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Fig. 4.4: Radiation pattern of a corrugated horn
owith phase difference of 90 .

The mode decomposition of the co~rugated horn 1s not dependent on

frequency. This aeans, that 1f the .ode decomposition 1s done, the

mode coefficients remain constant for III corrugated horns (working

under balanced hybrid conditions).

To calculate the radiation pattern given in the preceding figures

of this chapter, the longitidunal propagation matrix was adapted. It
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is expanded to 11 modes and is programmed in the function propnew,

which generates the 11 by 11 matrix.

The program to calculate the radiation pattern of a corrugated

horn is called corrhorn. This program has the possibility to choose

from the Wylde/Abrams and the Rebuffi/Crenn approximation, and it

prompts the user to give the phase difference at the cap.

4.3 Expansion l!.Ub higher 2rill phi modes.

In section 4.2 the theory was expanded with higher order r-modes.

In this Chapter, higher order phi-modes are considered.

The way of working is the same as in section 3.2. First, a

certain input amplitude distribution of the incident beam is chosen to

obtain the new value of ~. Then, the maximum of the cross polarisation

is determined. The cross talk of the incident mode to other modes is

then written as a reflection matrix. The scheme to do this is quite

straightforward. First the maximum of the expression representing the

cross polarisation is found. Next, the expression for the cross

polarisation is written as a sum of phirst order phi-modes (different

r-dependence). After this is done, the location (r,~) of the maximum

is filled in in the decomposed expression for the cross polarisation.

The maxima for the mode decomposition are then the scattering

coefficients. This is the same scheme as the scheme that was followed

in chapter 3.

The amplitude distribution that 1s chosen 1s of the form of

equation (4-2).

(4-2)
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This form is chosen, because it is actual the mode which is

introduced with a reflection from a curved surface. [14] The

compensation factor gives the Gaussian variation with displacements

parallel to the reflecting surface. Ap' and ( are the displacement

from the beam center and the 1/e power beam width respectively. Now

the equation for the amplitude distribution for the cross polarized

signal can be obtained:

IE 1--2Sin& Ap' [(K sinv)2+(K cosv)2]1/2cOS(9)+cr).
-ero.. 1 1 2

(4-3)

[
2 2 ] 1/2

with Q - 1-sin ~lcOS (9)-v)

However, this equation has to be normalized to the on axis

incident field. This maximum is not E I To obtain the maximum
o

incident field equation (4-2) is first differentiated to ~p' with

fixed 9>. The derivative is set to zero and a solution is found which

maximizes equation (4-2) as a function of Ap'.

c
~p' •

IIIUI:

Now an differentiation is performed with respect to 9> and the

same procedure is followed. The result is equation (4-5).

9> .-f1'
IIIUI:

(4-4)

(4-5)

With these solutions the aaxiaum incident field is found to be equal

to E /1"';'. Now equation (4-3) can be normalized to the aaximum
o

incident field. The result is equation (4-6).
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• t:.P'Q exJ- t:.p'2Q2}COS9>
~ l 2~2

(4-6)

If only quadric surfaces are considered, v is equal to 90°. With

this assumption equation (4-6) reduces to equation (4-7)

2 rt:.' ~ t:.,22}c = 2 sin" t:.p' K cos VI e -E. P ex - -E..... P
1 1 ~ 2~2

(4-7)

[
2 2]1/2

with P = I-sin "lsin q> •

Now, for fixed q>, equation (4-7) is differentiated with respect

to ~p' to obtain the value of ~p' which maximizes equation (4-7).

Solutlons are:

-) ~ =0; this minimizes c.
1

-) ~ = 90° A ~ _90°: valid solution: minimizes c.
1

-) if I1p' -0:

I1p,2 =
max

(4-8)

If this value of I1p' is filled in in equation (3-34) then is found
max

(4-9)

Now the value of q> which maximizes equation (4-9) can be calculated.

The equation to solve is equation (4-10).

2 2 3sin" sinq>cosq> P = sin~ cos q>sinq>cosq> P
1 1 .

Solutions are:

-) ~l = 0°: minimum.

-) ~ = 90°: only solution if "1 • 90°: minimum.

(4-10)
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if this is filled in, then is found:

4 (sin" K
I 1 (4-11)

If the amplitude distribution had a sinrp dependence instead of a

cosrp dependence, the maximum would be at the same value for ~p', but

at angles of 45°+kn/2. 2

The importance of the extra mode becomes clear when a system is

considered which consists of more than 1 reflector, for instance a

cassegrainian system. After the first reflection, the mode which

accounts for the cross polarization is excitated. When the two modes

come to the second reflector, the fundamental mode will reflect and

will excltate again a "cross-polar"-mode. The first "cross-polar"

mode, which is now a incident mode, will excitate other modes.

The modes that are excitated can be found quite easily. Roughly

spoken, one can say, that the incoming beam is mUltiplied with pcosrp

°in the case of v= -90. If the incoming beam is given by equation

(3-30)

E = [v (x' costp-:i' sintp)-H (x' sinrp+:i' cosrp)]/ 2/n TJp/(2 -
-01 01 - 01 - 01

-exJ-Jkz - L + J[2arctan(2...)- kp2 ]}
~ 2(2 k(2 2R01

01 1

then the result after multiplication ~ould be the directions and

amplitude for the mode accounting for the cross polarisation.

2 Also, the value is a factor 2 smaller, because of the product

° °sinrpcosrp. Actually it is not precise at 45 , but in the region of 44

to 46°. For simplicity, the value of 45° is chosen to give an

analytical solution.
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2 2For V01~'pcosrp this would mean V y' P cos rp. The same with V y' psinrp:
01 01

2
V01~'P sinrpcosrp and also for the H-components. Resuming:

2 2
~' pcoslp -----+ p cos Ip

2 2y' psinrp -----+ p sinlpcoslp = ~' p sin2rp/2

2 2
~' psinlp -----+ p sinlpcosrp = y' p sin2rp/2

y'pcosrp -----+ p2COS21p = ~'p2(1+cos2rp)/2

incoming crosspolar after reflection

The modes after reflection have to consist of Gaussian modes, of

course. This is the reason why the results are written in a way with

sinusoidal functions. The above schedule should be interpreted as

follows: an incoming beam with amplitude dependence pcosrp excitates
2 2another wave with dependence p cos Ip in a direction perpendicular to

it's original direction.
2 2The dependence p cos rp can be composed of Gaussian beams.

Namely:

-) a second order phi, fundamental r-mode.

and

-) a first order r, fundamental phi-mode plus a fundamental
2r and phi-mode in anti phase to make the vactor p .

The general equation for a second order phi. fundamental r-mode

1s given by equation (4-12).

H
±~. Sin2lp) + "2 (±Y' sin21p ±~. COS2rp)}[ 12." ] P: .

..r;. ~02 ~02

(4-12)
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The first order r, fundamental phi-mode is given by equation (4-13).

ex.J- Jkz - L + J [3arctan ( 2-) _ kp
2J}

~ 2~2 k~2 2R1oJ
10 1

(4-13)

The fundamental r- and phi mode is known; it is given by equation

(4-14) .

exJ-Jkz - L + J[arctan(2-)- k P:"'}
~ 2~2 k~2 2RooJ

00 0

(4-14)

The signs, however, have to be determined. One thing is sure, the

signs in the fundamental r- and phi-mode are opposite to those in the
2first order r-, fundamental phi-mode. This is to make the factor P .

Now can be seen what is wrong in the theory of Gans. It does not take

into account the cross talk from fundamental r-, first order phi-mode

to first order r, fundamental phi-mode and to fundamental r-, second

order phi. However, it has to be remembered, that the first order

phi-mode is excitated after a reflection. In general, the excitation

coefficient is very low «-lSdB), so ~o big deviations to the

theory of Gans are to be expected because of the first order phi-mode.

To obtain the signs of the equations, figure 4.5 is looked at.
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Fig. 4.5: Aperture field decomposition.

From the two mode model is known, that in the x-plane maximum

cross polarisation occurs. If a vertical first order phi, fundamental

r-mode is present after reflection, then another field is needed, to

fullfill the constraints at the reflector. The reflector causes

maximum crosspolarisation in the x-pl~ne. The vertical incident mode

together with the right part of figure 4.5 accomplishes that the

fields are orientated in the right way. With the known amplitude

distribution of equations (4-12) to (4-14). the signs kan be easily

determined. The same can be done with the horizontal incident mode.

With these results equations (4-12) to (4-14) can be adjusted.
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(4-15)

(4-16)

(4-17)

At this point the reflection parameter 1 can be calculated. 1 is

defined as the amplitude of the excitated beam divided by the

amplitude of the incident beam. The excitated beam has a amplitude

function like equation (4-18).

(4-18)

with V the phasor for this function.
2 2This function has its maximum for p =2~ ~ ~=O or ~=n. This means

that the excitated wave has a maximum value of e-1
• The incident beam
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3So the following relation for 7 is found.

V e
01

v
-- =

V
01

(4-19)

At this point, the reflection matrix can be composed. Say the

reflection matrix has the following form.

T T T T T T T
17

T
11 12 13 14 15 16 18

T T T T T T T
27

T
21 22 23 24 25 26 28

T T T T T T T T
31 32 33 34 35 36 37 38

T T T T T T T T
T 41 42 43 44 45 46 47 48 (4-20)=

T T T
53

T T T
56

T
57

T
51 52 54 55 58

T T
62

T
63

T T
65

T T T
61 64 66 67 68

T
71

T T
73

T
74

T T Tn T
7872 75 76

T T
82

T T T
85

T T T
81 83 84 86 87 88

The relation between the input- and output vectors was already given

in equation (3-32).

B = T·A

However, now A is given by equation (4-21).

A = [V H V H V .. H V H ]'
00e 00e 01a 01a 02& 02& lOa lOa

(4-21)

where the prime denotes the transposed vector. B is of course given by

3 For a sin~ dependent incident wave the additional factor 2 is put in

the general equations for the fields after reflection. Now the same

value of 1 can be used in the transmission matrix.



- 100 -

a analogous expression, with subscripts b. (Remember that the indices

in equation (4-21) are sequenced as K , representing the i'th order
lJ

r-mode and the J'th order phi-mode of the K-phasor.)

To obtain the matrix elements one can make use of the theory

mentioned in the two mode model accounting for the interaction between

an incident fundamental r- and phi-mode and a first order phi-,

fundamental r-mode. This means that T is equal to vi 1-72
" with 7

11 1 1

the reflection factor accounting for crosstalk from Voo and Hoo to VOl

and H respectively. So T is equal to -vi 1-72
'.

01 22 1

In fact, the most left colums of the reflection matrix in the

two mode model can be placed in the upper left corner of the new

reflectionmatrix.

Since the theory does not account for incident second order phi

and first order r-modes, the right four columns have to be deleted

from equation (4-20).

vll-l ' 7 20 0+-
1 - 2

0 -vll-l i 0
1 2+-

1 - 2

-1
1

0 ±A-2.7
2

i 0
4 2

0 1
1

0 ±A-2.l'
4 2

0 0
7 2 0+- (4-22)TA = - 2

0 0 0
7 2

±T

0 0
7 2 0±T

0 0 0
7 2+-- 2

The carrot (A) denotes, that the matrix only accounts for the

cross talk from the fundamental r- and phi-mode to other modes and

from the first order phi-mode (fundamental r) to other modes. Also,

the constant factor 1/2 is put in the reflection matrix instead of in
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the equations. The signs of the most right two columns have to be

obtained. One thing can be said of the signs in these columns. With

the definition of the beam descriptions as in equations (4-15) to

(4-17) the signs of the modes accounting for the cross polar signal

have the same sign. To obtain the signs in the reflection matrix,

another figure is used. See figure 4.6.

Fig. 4.6: Reflector matrix components.

The relations after reflection are known. Given a present copolar

field, the field accounting for the cross polarisation is known. Only

the relation between incident and reflected copolar field (with the
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changes in axis-definition) have to be determined.

From figure 4.5 can be seen, that, given an incident mode before

reflection, the reflected mode and higher order modes are defined. With

an incident vertical mode like in figure 4.5 the sign of the crosstalk

to other modes in equation (4-22) has to be negative for all

components. For a horizontal incident mode, the sign is always

positive. The result for the reflection matrix is equation (4-23).

-'1 0
1

o -/1-'/ '
1

o +'1
1

'12
0-2

0
'12

+2

-v't- 2. '12 ' 0
4 2

0 +v't- 2. '12
i

4 2

'12
0-2 (4-23)

0
'12

+2
'12

0-2

0
'12

+2

o

o

o

oo

o

o

o

T"" =

This matrix was also programmed as a function in HATLAB. It is

called reflnew. It is going to be used in chapter 8, to See the

differences between the theory of Gans [14] and the expanded theory,

with an incident cross polar mode. It can be said already, that

because of the very low cross polarisation, the crosstalk from the

incident cross polar mode to other modes will be very low. So no

difference will be Seen.

~4 Application 2i higher order r= and phi-modes 12 An offset

reflector antenna.

With the theory developed in section 4.2, the aperture field of a

corrugated horn can be developed in a series of Gaussian modes. If the

horn is illuminating an offset paraboloidal reflector, the aperture
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field of the reflector can also be written in a series of Gaussian

modes. For simplicity, only the first five modes are considered,

while nearly all the power is carried by these five modes.

In chapter 3. section 3, the theory was presented for an incident

fundamental r- and phi-mode. After reflection, a first order phi-mode

was needed to account for the cross polarisation.

From a preceding chapter it is known, that fundamental phi modes

excitate only zeroth and first order r-modes. The desired polynomial

can be built of Gaussian modes with the same phi-index.

So, for a y polarised beam the following reflection matrix is

found by means of numerical calculation. The strange appearance of the

minus signs is caused by the fact that the 'maximum' of an incident

mode with an even index is negative: one should consider the absolute

value.

l' •
0 0 0 0

0

-1'0 -1' ' 0 0 0
1

0 l' • 0 0 0
1

0 1'1 r ' 0 0
2

0 0 r • 0 0
2

T = 0 0 -r -r ' 0 (4-24)
2 3

0 0 0 r • 0
3

0 0 0 r
3

r '
4

0 0 0 0 '1 •4

0 0 0 0 - '14

r = 1.248sin~ Kl~ , r '=0.980sin~ Kl~ and
1 I 1 1 I 1

• ( 1 2 ,2)1/2r = -r-r
1 1 1

• (1 2 ,2)1/2r = -r-r
2 2 2
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1 '=0.883sin~ Kl~ and
313

7 '=0. 828sin~ Kl~ and
4 1 4

• ( 1 2 ,2) 1/2
'1 = -'1-'1

3 3 3

• (1 2 ,2) 1/21 = -1-14 4 4

The scheme to find these values is quite straightforward. First

the expression for the cross polarisation is found. Then the maximum

of this expression is determined. Also, the expression is decomposed

in other Gauss-Laguerre modes, with higher phi-index. Then the value

for which the maximum occurred is filled in in the decomposed

expression. Now the individual reflection coefficients can be found,

by demanding that the decomposed expression gives the same result as

the original expression for the cross polarisation. With this, and the

scaling to the maximum of the separate modes, the reflection

coefficients are obtained. As an example, the values for the first

column of the matrix given by equation (4-24) will be calculated.

This column presents the reflection coefficients for an incident

first order r-, fundamental order phi-mode. From preceding chapters is

known, that this beam excitates some other modes.

Say, that the amplitude distribution of the incident mode is of

the form of equation (4-25).

(4-25)

This is in fact the first order r mode, if u=( ir )2. The effect of

reflection from a reflector was investigated in chapter 2. There it

was found that the incident amplitude distribution was multiplied with

a factor given by equation (3-16). For the case of the ray of the beam

passing through the surface focus, the result from equation (4-25) and

the theory presented in chapter 3 is equation (4-26), which presents

the amplitude distribution of the cross polarisation.

(4-26)
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In this equation, K is the curvature of the reflecting surface,

perpendicular to the incident polarisation, ~ is the l/e-power beam

width and ~l is the incident angle of the ray with the surface normal.

It can be seen, that in the Gaussian mode description, the maximum of

an incident rotation symmetric beam, is found in a plane perpendicular

to the plane of symmetry of the reflector.

To obtain the reflection coefficients, it has to be remembered,

that the cross polar description has a sinusoidal dependence. First

thing to do, is to determine the maximum of equation (4-26) as a

function of u. It is found, that this maximum occurs for u = 1.932 and

the maximum is -0.817. (It is obvious, that the maximum amplitude

should be found, and not the maximum positive value. ) Since the cross

polar description has a sinusoidal variation, equation (4-26) is

decomposed in first order phi-modes. It is found, that with precise

two modes the term U(I-u2)exp (- ~ u2
) can be obtained. If the

functions LI(u} and LI(u} are substracted, the function
I 0

u (I-U
2

) exp (- ~ u
2

) is obtained!

So for the cross polarisation amplitude the follwoing equation

can be used.

c(u} = -2sin~ ~ KU(LI(U} - LI(U})
1 I 0

(4-27)

This function has of course the same maximum as the function

defined in equation (4-26). To obtain the reflection coefficients, the

relation between the phasor coefficients for the incident mode and the

reflected and excitated modes have to be deduced. This is done in a

fairly easy way, by calculating the individual contributions of the

functions LJ(u} for u = 1.932. Regarding the amplitudes of the
1

functions LJ(u}, the reflection coefficients are calculated using the
1

theory presented in section 3.2.3.

With this follows, that 7 c 1.248 sin~ K~ and 7 '= 0.980 sin~ K~.
I I I I

The reflection coefficient for the copolar mode is per definition

given by the remaining power, after that the cross polar modes are
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2 2 1/2excitated: 7· = (1-7 -7') . By reminding that for some functions
111

L:(U), the maximum amplitude is negative, the signs from the

reflection matrix of equation (4-24) can be obtained.

The input vector is defined as A' = [V V V V V ], where
00 10 20 30 40

the prime is representing the transposed vector and V the phasor
lj

coefficient for the i'th order r- and J'th order phi-mode. The output

vector is analogously given by

B' = [V V V V V V V V V V ]. The values of 7 • are
00 01 10 11 20 21 30 31 40 41 1

found using power conservation: the power that is not transferred to

(an)other mode(s) is kept in the original (incident) mode.

When the reflection matrix is known, the radiation pattern can be

easily computed. In the following figure, the radiation pattern of an

offset paraboloidal reflector antenna, illuminated with a corrugated

horn, can be found. In this figure, the Wylde/Abrams-approximation is

used. The antenna parameters were the following:

-) focal length f of 0.75 meter

-)

-)

-)
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Fig. 4.7: Radiation pattern of an offset paraboloidal reflector

antenna, illuminated with a corrugated horn. (Wylde/Abrams-approx.)

In this figure can be seen, that the copolar and the cross polar

signal have sidelobes. The program to calculate this radiation pattern

is called elabrefl. The radiation pattern from figure 4.7 compares

very good with results from £LAB, found with physical optics and

aperture integration. [28,29]

4.4.1 Discussion of the result of section 4.4.

From figure 4.7 can be seen, that the incident higher order

phi-modes cause sidelobes in the radiation pattern. For a circular
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symmetric feed pattern it is fairly easy to decompose it in r-modes.

With the given matrix, the pattern then can be calculated.

A remark from a practical point of view is, that the first 5

modes give a good representation of the power contents of the beam. So

it is not needed to take much more than 5 incident r-modes into

account, for a corrugated horn working under balanced hybrid

conditions. However, if one wants to calculate the radiation pattern

with a better accuracy, more modes are necessary.

In the first part of this chapter, an incident first order phi

mode was considered. Then it was said, that the difference between the

first analysis, based on two modes, and the second analysis, based on

four modes, was very small. The reason for this was, that the

excitation coefficient is very small. However, when a non-rotationally

symmetric function is decomposed in Gauss-Laguerre functions, it is

very weI possible, that the excitation coefficient of the first order

phi-mode is quite big. When this is the case, the adjusted reflection

matrix from equation (4-23) should be used, instead of the reflection

matrix found with equation (3-34).

Equation (4-24) and a modified longitidunal propagation matrix

were programmed in HATLAB as function gerrefl and gerprop

respectively. The program to calculate the radiation pattern of an

offset reflector configuration is called correfl. This program uses

the already programmed FS1j functions and the functions gerrefl and

gerprop.

The CPU-time needed for the calculations with the 10-mode model

are approximately 1 minute, if not too much output points are

required. (200).
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Chapter ~ Experiments.

5.1 Introduction.

To verify the theory of Gaussian modes, some experiments were

carried out. The experiments consist of determining the radiation

patterns of two corrugated horns. One horn has a moderate flare angle

of 20° and the other horn has a small flare angle of 4°. The horn with

the moderate flare angle is measured in frequency from 4 to 6 GHz and

the other horn is measured from 9.5 to 14 GHz. Multi frequency

measurements were carried out, because the design frequency of both

horns was not known.

Also, the radiation pattern of an offset reflector antenna has

been determined. The small flare angle corrugated horn has been used

as feed horn, because the other corrugated horn could not be mounted.

The measurements were carried out at the Compact Antenna Test

Range, (CATR), at ESAIESTEC with help of the staff from the XEE

section.

5.2 Experiment .L.- radiation pattern of ~ corrugated horn with ~ flare

angle of 4°.

The first experiment, was to obtain the radiation pattern of a

small flare angle corrugated horn. A figure of the horn can be found

in figure 5.1.
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Fig. 5.1: Small flare angle corrugated horn.

The physical dimensions of the horn are:

-) flare angle of 4°. (Actually, there is an error introduced with

the determination of the flare angle; the value of the flare

angle lies between 3.8° and 4.2°.)

-) aperture radius of 1.8 cm.

In comparison with the wavelength, the aperture is quite small.

This means that the expected radiation pattern is quite broad.

Concerning Gaussian modes, the criterion of Van Nie gives errors of

1.7% in amplitude and 0.004 radians in phase for 1 mode Since more

than 1 mode is used, the Van Nie criterion is not to be applied.
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The aluminum construction the horn is mounted in, provides that

the center axis of the horn coincides with the polar rotation axis of

the positioner used to rotate the horn. In this way, the horn can be

mounted very accurately to the positioner.

This horn has two orthogonal polarised inputs, but only one is

used.

The radiation patterns are measured in the azimuth plane from

-90° to +90° and in 3 cuts in the polar plane: 0°, 45° and 90°. The

several cuts in the polar plane were taken to check if the radiation

pattern is circular sYmmetric.

When doing the experiments, it was found that this horn had the

best symmetric pattern at a frequency of 13 GHz. The results that

are going to be presented will be at this frequency.

5.2.1 Measured results of experiment ~

In figure 5.2 the radiation pattern of this horn can be found.

in different polar planes. At 13 GHz. the radiation pattern in the

different polar plane were more or less the same.
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Fig. 5.2: Radiation pattern at 13 GHz.

power versus azimuth

The location of the phase center of the horn can be found with

the phase diagram and with help of figure 4.3.

When doing a measurement, the horn is placed in such a way, that

the aperture of the horn and the azimuth rotation axis coincide4

Actually this means, that the distance· of the phase center to the

transmitting horn is varied when rotating around the azimuth axis.

4 for the compensation program is was necessary, that a certain

reference plane is chosen. In all the measurements, the aperture plane

of the horn and the azimuth axis coincide. Also the polar axis and the

axis of symmetry of the horn intersect.
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This variation causes a phase shift in the radiation pattern. To

compensate the data obtained with the measurement, a program was

written by R. Torres of the XEE division of ESA/ESTEC. This program

calculates the actual location of the phase center in the horn and

compensates the data. The output of the program to locate the phase

center was 0 mm. This actually means that the phase center is located

in the aperture plane of the horn.

5.3 Experiment 2: radiation pattern of ~ corrugated horn with ~ flare

angle of 20°.

The second experiment is the determination of the radiation

pattern of a moderate flare angle corrugated horn. A figure of the horn

can be found in figure 5.3.

Fig. 5.3: Large flare angle corrugated horn.

The physical dimensions of the horn are:
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-) flare angle of 20°.

-) aperture radius of 11.1 cm.

The radiation patterns are measured in the azimuth plane from

-90° to +90° and in 3 cuts in the polar plane: 0°, 45° and 90°. The

several cuts in the polar plane were taken to check if the radiation

pattern is circular symmetric.

The radiation pattern of the horn is expected to be narrow, while

the aperture of the horn has a considerable radius to wavelength

ratio. However, due to the large phase difference at the spherical cap

of the horn, the side lobes that are found in the pattern are so called

grated lobes: no nice nulls are found in the angular region of

interest.

When doing the measurements, it was found that the horn had the

best symmetric pattern at 5 GHz. The results that will be given, will

be at this frequency.

5.3.1 Measured results of experiments ~

The pattern at 5 GHz. can be found in figure 5.4.
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power versus azimuth

With the measured data, the location of the phase center could be

obtained. The result after processing the data was, that the phase

center was located 10.9 em within the horn.

As in section 5.2.2, the horn is placed with the aperture

coinciding with the azimuth axis.

The moderate flare angle corrugated horn has a hybrid to give a

90° phase shift to one of the two excitating signals. In this way, the

horn transmits a circularly polarised wave. However, the measurements

in the CATR are per definition linear polarised. For this reason, the

hybrid is taken out of the circuit when doing the measurements. The
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plot given in figure 5.4 is therefore linear polarised.

5.4 Experiment ~ radiation pattern of an offset reflector antenna.

The last experiment that was carried out, was the determination

of the radiation pattern of an offset reflector antenna. The antenna

configuration can be seen in figure 5.5.

Fig. 5.5: Offset reflector with small flare angle corrugated horn.

The reflector is a commercial reflector used nowadays for the

reception of satellite television. The parameters of the reflector are

the following.

-) offset angle {} = 380

off

-) opening angle {} = 28 0

o

-) focal length f=54 em.

-) projected aperture: circular with radius of 30 em.
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°With the opening angle of 28, it can be seen from the radiation

patterns of section 5.2, that the edge illumination of the reflector

will be approximately -JdB. Actually, this value of the edge

illumination is quite high. (It is nearly a uniform illuminated

aperture. )

The expected radiation pattern of the configuration would be

side lobes with a level of approximately -18 dB and a cross polar level

of approximately -20 dB. These expectations are based on the fact that

an uniform illuminated aperture would give side lobes of -17.6 dB [15]

and that an offset reflector antenna with an edge illumination of -10

dB would give cross polarisation of about -20 dB [18].

As stated earlier, the mounting of the antenna to the positioner

needs to be quite precise. However, the used reflector has a very weak

mount and the mounting gave a lot of troubles. Also the mounting of

the feed in (the neighborhood of) the focus of the antenna gave a lot

of problems. The final set-up of the antenna was the following:

-) elevation can be adjusted for a few degrees (±5°)

)
00- azimuth can be adjusted frow. -60 to 60

-) feed is placed off-focus. The phase center is located on the

focal axis to the reflector, however, there is an axial

displacement of the phase center towards the reflector.

The estimation is made, that the axial displacement is

approximately Scm. This displacement needs to be incorporated in the

theoretical check.

5.4.1 Measured results 2f experiment ~

After several alignment procedures, It was decided that the

antenna could be tested. The result is figure 5.6.
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°It was expected, that on axis, azimuth=O , a null would appear in

the cross polar pattern. This is not the case. It is very clear, that

besides an azimuthal displacement of about 2.5°, the feed has also a

lateral displacement [26].

When another polar cut was measured, the whole antenna turned for

at least 5 degrees in the azimuth plane. Then I decided to re-align

°the whole antenna on another plane. The 90 plane was chosen. In this

plane another measurement was done. The result can be found in figure

5.7. (This situation is clearly different from the latter situation:

another polar plane is chosen to do the measurements. )
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It would be expected, that in this plane, n2 cross polarisation

would occur. In the figure can be seen, that there is cross

polarisation. However. it has a maximum on axis. This means. that this

part of the cross polarisation graph is not completely caused by the

reflector. because the reflector is symmetrical to this plane. So the

cross polar pattern in this region is.~lso caused by another source.

Again 1t is obvious, that the feed is lateral defocussed [26].

The big differences of the radiation patterns in the several

polar planes can be explained by the fact. the the feed itself has a

radiation pattern that 1s not rotation symmetric.

After the new alignment. the patterns in other polar planes are

not good at all. This can be expected, while the antenna is aligned
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for best response in the 90° plane, thus (compensated) with the feed

hanging down, etc.

It can be concluded, that with these kinds of measurements, the

mounting of the antenna under test is very critical. In the case of

the corrugated horns, the mounting was no problem, because there were

solid mounting devices. However. with the offset reflector. there was

quite a big problem. At the end, the antenna was mounted with a wooden

plate on the positioner and only a few bolts were used to secure the

position of the whole antenna.

The miss-alignment causes errors in the measurements; these

errors can be found in the radiation patterns quite simple (azimuthal

displacement, etc.). However, there are also other sources that

account for non-ideal situations.

First, the feed pattern is not ideal. It has cross polarisation,

it is not rotational symmetric and the mounting of the feed is also

not precise. Second, the reflector itself is not stiff enough. It

moves and vibrates when the turntable is moving. Also, the strut is

bending because of gravity. Also the reflector has a thick rim.

These sources cause such non-idealities, that the tolerances of

the measurement equipment and the CATR itself can be neglected.

Resuming: when measuring this kind of antenna, you have to be

sure. that the mounting of the hardware (feed+reflector) is good. This

means for instance. that it is desirable to have a stronger mount for

the antenna. (the interface between mount and reflector can be

improved) The results of the measurements can only be seen as an

indication of the performance of the antenna.
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Chapter 6: Results from aperture integration and physical optics.

6. 1 Introduction.

Another method to determine the radiation pattern of an antenna,

or in general: an aperture, is to make use of aperture integration.

With aperture integration, the contributions of the source points in

the aperture to the fieldstrength in the observation point, are added,

regarding phase and amplitudes differences.

Because the method of aperture integration is a numerical one,

the amplitude and phase distribution has to be sampled with a certain

grid. The integration program that is used here, uses a circular grid.

The program that is used to perform the integration is the program

PATT.FOR, as distributed with [23]. In [24] a modified version of this

program is presented.

To apply this method, some things about the horn have to be

known. For instance the physical dimensions of the aperture and the

phase distribution. For these data is referred to section 4.2.2 for

the amplitude and phase distribution, and chapter 5 for the physical

dimensions of both horns and the offset reflector antenna.

The way the integration routine works is as follows. In the

aperture, the sample points are considered as new sources. These

sources all have a certain amplitude and a certain phase. Now a

surface integral is performed with the aperture of the horn as

integration surface. A far field point is chosen, and the integration

is performed. This integration is performed for every far field point.

For more details is referred to [23]. This is an indication that this

method Is very time consuming. In other practical programs, other

methods are combined. (Physical optics, geometrical theory of

diffraction. )
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6.2 Radiation pattern of ~ corrugated horn with ~ flare angle of 4°,

The input for the program PATT is the sampled data of the

electric field at theaperture of the horn. Also the wavelength and the

radius of the horn are input. For the integration 4500 (complex)

sample points were used. For more details about this integration

program is referred to [23] and [24]. The result of the integration

can be seen in figure 6.1.
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Fig. 6.1: Radiation pattern of the 4° flare angle

corrugated horn. (aperture integration)

6.3 Radiation pattern of ~ corrugated horn with ~ flare angle of 20°.

Also the moderate flare angle corrugated horn can be treated in

the same way as the small flare angle corrugated horn. The radiation

pattern can be found in figure 6.2.
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Fig. 6.2: Radiation pattern of the 20° flare angle

corrugated horn. (aperture integration)

6.4 Radiation pattern 2f in offset reflector antenna.

For the radiation pattern of the offset reflector, the program

GRASP is used. GRASP is an antenna an~lysis program made by TICRA for

VAX-like computers. GRASPC is the PC version of the latest version of

GRASP. GRASPC can calculate with physical optics (PO), geometrical

optics (GO) and/or geometrical theory of diffraction (GTD). In this

case the PO calculation is used. The configuration for GRASPC is

chosen to be equal to the configuration of the third measurement. The

result of GRASPC can be found in figure 6.3.
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Fig. 6.3: Physical optics calculation of the radiation pattern

of an offset reflector antenna.

6.5 Discussion of the results 2i sections ~ to~

The use of the routine PATT is only allowed when some conditions

are satisfied. One condition is that the amount of angular samples is

equal or greater than wA/~. with A the radius of the aperture and ~

the wavelength. If this conditions 1s not satisfied. the pattern can

have grating lobes. In the considered cases, this condition was

satisfied: 50 radial samples were taken for each of the 90 angular

cuts. (4500 sample points.) With GRASPC an analogous criterion is

used. In all cases. the validity criteria were satisfied.
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6.6 Computing time with aperture integration and physical optics.

The patterns calculated with PATT, were calculated on an

XT-computer running at 8 MHz with a 8081 mathematical coprocessor. The

computing time for 181 output points is approximately 90 minutes. The
° 0181 output points were distributed in an azimuth angle from -90 to 90

with a step of 2°.

To compare the speed of the XT computer with the speed of an

AT-like computer, a test was made. The result of this test was, that

the speed of the XT computer relative to the speed of the AT-like

computer, (as used in XE-division, ESAlE5TEC) has a ratio of 1:4. This

would mean, that the AT-like computer would need 22.5 minutes.

(practical comparison of the computing time indicates that the ratio

is somewhat bigger, i.e. 1:5 to 1:6, because of the difference in

access time of the hard disk.) So a good estimation is that an AT-like

computer would need 15 to 20 minutes to produce the same plot as given

in 6.1 and 6.2.

GRA5PC was run on an AT-like computer at E5TEC/E5A. The computer

time for a 81 point output file was already close to 4 minutes, so it

may be concluded, that this method of calculation is very time

consuming. One remark to GRASPC is that is very awkward to do 3

actions (preparing an input file, integration, processing data for a

plot) before one can actually see the radiation pattern. On the other

hand, GRA5PC provides accurate methods to calculate the radiation

patterns of antennas and feeds with simple and cheap hardware such as

aK!



- 126 -

Chapter 7: Comparison of the experiments with Gaussian modes

calculation and aperture integration.

7.1 Introduction.

In this chapter. the results obtained with Gaussian modes,

measurements and geometrical optics are compared. Also the actual

calculations with the so called Abrams/Wylde and Rebuffi/Crenn

approximation in Gaussian modes are considered. See section 4.2 for

more details.

The radiation patterns of the horn based on the various methods

can be found in preceding chapter. If a comparison is made between

Gaussian modes calculation, Abrams/Wylde and Rebuffi/Crenn

approximation, aperture integration and the measurement, the following
ofigure is found for the 4 flare angle corrugated horn.
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Fig. 7.1: Comparison of Gaussian modes calculation, ap. integr.
oand the measurement of the 4 flare angle corrugated horn.

From the figure can be concluded that the difference between

aperture integration and Gaussian modes is very small. However, the

difference between the theoretical calculations and the measurement is

quite considerable. This can not be explained by the van Hie

criterion; while 11 modes are used here. The explanation lies in the

inaccuracy with which the flare angle of the corrugated horn has been

determined.

Since the Gaussian beams calculations are based on 11 modes, also

the convergence can be looked at. A result from this comparison is,

that for a minimum RMS error in comparison to the measurement, not the
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full 11 modes need to be used, but less modes. The minimum RMS error

is found with 5 to 6 modes. Also is found, that the Wylde/Abrams

approximation has a less RMS error for every number of modes than the

Rebuffi/Crenn-approximation. From this can be concluded, that for a (small

flare angle) corrugated horn, indeed the power in the fundamental mode

1s maximised.

7.3 The corrugated horn with J!. flare angle of 20°.

For the large flare angle corrugated horn the same procedure can

be followed. A figure of all the theoretical calculations and the

measurement can be found in figure 7.2.
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Again, the difference between aperture integration and Gaussian

modes is small. Now the difference between the measurement and the

theory is smaller than with the small flare angle corrugated horn, at

least within 200 azimuth. The flare angle of the horn could be

determined more accurate.

Also the convergence of the pattern as a function of the amount

of modes is considered. The RHS error of the pattern as a function of

the number of modes is considered. The minimum error is found with 4

to 5 modes. Also the Wylde/Abrams approximation has a less RHS error



- 130 -

than the Rebuffi/Crenn approximation. This means that for a (large

flare angle) corrugated horn, the power in the fundamental mode is at

maximum. So for a corrugated horn the Wylde approximation gives the

best fit results compared with measurements and aperture integration.

7.4 The offset reflector antenna.

The offset reflector antenna was analysed with physical

optics. The comparison of Gaussian modes, physical optics and

measurements is made in figure 7.3.
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and the measurement of the offset reflector antenna.
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From the figure can be concluded that the difference between the

measurement and all three theoretical calculations is quite large.

Also the difference between physical optics and Gaussian modes

is large. This is due to the very high edge taper of the offset

reflector antenna (typ. -3.5 dB.)

7.5 Discussion of the results from sections 7.2 to 7.4.

The agreement between aperture integration and Gaussian modes and

the measurements shows that the calculation with Gaussian modes is

quite accurate for the cases of the corrugated horns. One has to be

sure, that an assumption for the Gaussian mode theory, w »~, is
o

satisfied. Also an accurate determination of the flare angle is

required to obtain good results.

However, for the case of the offset reflector, the agreement is

poor. This is partly explained by the insufficient way of mounting the

antenna on the positioner of the CATR. Also, the feed that is used

with the measurement is not ideal. (no rotational symmetric

illumination of the reflector, cross polarisation of the feed, poor

mounting of the feed to the strut, phase center of the feed not placed

in the focus of the reflector, no low edge illumination, lateral

defocused feed).
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Chapter 8: Analysis of ~ quasi optical demultiplex circuit using

Gaussian beams.

8.1 Introduction.

In this chapter attention Is paid to the Meteosat demultiplex

ciruict. which was the main objective of this work. The skIll gained

with programming the routines used in preceding chapters is now

adressed to obtain the required programs for the analysis of the

demultiplex circuit. The radiation pattern of the last dichroic plate,

DCP1. is calculated for all the clusters of channels. Also the effect

of repositioning the mirrors Is considered.

The analysis Is restricted to the two mode model. because the

effect of higher order r- and phi-mode excitation by the curved

mirrors will be very low because of the very low edge illumination of

the reflectors. (See especially chapters 3 and 4.) The reflection
-2coefficient is of the magnitude 2·10 .

8.2 Radiation patterns of dichroic plate ~

The radiation pattern of the last dichroic plate in the

demultiplex circuit can be calculated using the theory from section

3.3 and further. For a schematic drawing of the demultiplex circuit

see figure 8.1.
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Fig. 8.1: Schematic drawing of the demultiplex circuit.

From this drawing can be seen, that the radiometric signal enters

the quasi-optical circuit indicated with the arrow. At this point all

frequency bands (fig. 1.5) are present. Dichroic plate 1, DCPl, is

only transparent channel 8-10, hence the other frequency bands are

reflected. A similar type of splitting occurs at DCP2 and DCP3. After

reflection at DCP3, the frequency band of channel 6 remains (fig.

1. 4). In this analysis, now and then -the radiation pattern of DCP1"

is mentIoned. This obviously is related to a reciprocal situation,

where transmit and receive function are interchanged.

To get more insigth in the beam waveguide configuration, the

waveguide is unfolded. The reflectors are modeled as lenses. The

results can be found in figure 8.2.
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Fig. 8.2: Unfolded beam waveguide: thin lens model. [27]

From this figure can be seen. that the ellipsoid mirrors are

modeled as thin lenses. Given the physical dimensions of the mirrors,

the equivalent focal length can be calculated. For more details. see

appendix E.
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The way a beam propagates through the beam waveguide can be

explained as follows. (Channel 6 is taken as an example. )

The beam of channel 6 is inserted at the left side of the lower

part of figure 8.2. First, the equivalent beamwaist and the location

of the beamwaist were calculated, while channel 6 is not

inserted at a dichroic plate. This is already done in figure 8.2.

(DCP4)

The beam propagates towards mirror 3. This mirror is modeled as

a lens, wich only refocuses the beam. From chapter 3.3 is known, that

the curvature of mirror 3 causes cross polarisation. After the

reflection at mirror 3, two beams are present. One beam accounting for

the copolarisation, the other accounting for the induced

crosspolarisation by mirror 3. The two beams propagate to dichroic

plate 3, as can be seen from figure 8.1 and 8.2. In the situation of

the unfolded beam wave guide, the dichroic plate is modeled as a

highpass filter. After reflection of the two Gaussian modes by DCP3,

the modes propagate to mirror 2. After reflection at mirror 2, the

modes propagate to DCP2, where they reflect. These actions of

propagation and reflection continue untill the wave arrives at DCP1.

The radiation pattern of this dichroic is calculated.

By recalling the theory of section 3.2.4, the propagation and

reflection of the two modes can be modeled with matrices.

The contents of the co and cross polarisation fields can be

calculated by means of an equation similar to equation (3-41).

The pattern ~t the input of the quasi optical circuit is assumed to be

a fundamental horizontally polarised Gaussian beam.

(horizontal with reference to the base' plate. )

The reflection matrix T is given by equation (8-1).

T = T T ···T T T
C1e 1d refl, depl rerl ,depJ long. prop rerl, 111

(8-1)

In equation (8-1) the terms T are matrices accounting for
1

longitidunal propagation or reflection. The reflection matrix of a
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dichroic plate is modeled as the reflection matrix of a curved

surface, but with the curvature of the surface set to 0 ! This means

that, in the two mode model, the dichroic induces no cross

polarisation.

The relation of input and output vectors can be described as

follows. Say a is the input vector and b is the output vector

accounting for the mode content of the beam before and after the

reflections and propagations respectively. Then b is given by equation

(8-2).

b .. Toa

with T as defined in equation (8-1).

(8-2)

The programs to calculate the matrices were already developed.

They were described in chapter 3. One important remark is that the

channel with the most reflections will have the highest

crosspolarisation level. (See chapter 3: equation (3-35) and (3-36).)

The results for the different channels can be found in figures

8.3 to 8.6 for the channels 1-5,6,7 and 8-10 respectively.
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Or----.,.....----r-----,r--------...---~....._""""""-..........--____,r__--_r__--....,.....--__.

---co polar
·······cross polar

-50

-10

-20

ii
:2-
L.• -30•0
A-•a:

-"0 '.

106 8

11/9/1989

-2 0 2

Theta (degrees)
-41-6-8

-60 L...-..L----.;..L...-__..L-__--L.__---L__......... --lL.--__.L.-.__..J--__,..;...._...l......J

-10
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From the figures can be seen that the channel with the most

reflections has indeed the highest crosspolar level. The

crosspolarisation of channel 8-10 is not calculated, because in this

model the inserted wave at DCPl is crosspolar free and since the wave has no

reflections, the calculated field has no cross polarisation.

From the figures, the following maximum cross polarisation levels

can be deduced.
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Channel Max. cross polar level (dB)

1-5 -32.0

6 -27.4

7 -43.3

8-10 n. c.

Table 8.1: maximum cross polarisation levels.

The radiation patterns of DCP1 for all channels can be compared

with results from ELAB based on physical optics [28,29]. The results

from Gaussian beam theory compare favorably with their results, for

all channels except channel 6. There is found a major discrepancy for

the cross polarisation of this channel. It is being investigated what

is causing the discrepancy between the results from ELAB and results

found with Gaussian modes.

The programmes for the calculation of the pattern of figures 8.3

to 8.6 are called radpat5, radpat6, radpat7 and radpat8, respectively.

They were programmed in HATLAB. The setup of the programs was

analoguous to the program used for the calculation of the radiation

pattern of the offset reflector antenna in chapter 3.

8.3 Effect of repositioning the mirrors to ~ radiation pattern of

DCP1.
'.

In the original situation, the mirrors are positioned with a

constraint on edge illumination at the reflectors {27]. If the

location of a mirror is changed, the location of a beamwaist between

two mirrors will change. The changes in the beamwaist and locations of

beamwaist will affect the radiation pattern of DCP1. This can be seen

from equations (3-34) and further.
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To study the sensitivity of positioning errors, the maximum cross

polarisation levels are calculated for different locations of the

mirrors. The way of changing the position of one mirror can best be

explained with help of figure 8.2.

In figure 8.2 can be seen, that between every two dichroic

plates, there is one mirror. The position of the mirror is now varied

in such ~ ~ that the §.Y!!l of the distances from dichroic plate to

mirror and from the mirror to the other dichroic plate remains

constant. Also the angle of incidence at the reflector and the

dichroic plates remains the same. One can also say that the position

of the dichroic plates is fixed and that ~~ is moving from the

right dichroic plate towards the left dichroic plate. In practice,

this kind of repositioning is hard to fulfill, but here it is done as

a hypothetical case, to show that the cross polarisation level can be

influenced by adjusting the location of a mirror. A restricted traject

for the position of the mirror is used to ensure correct imaging.
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Fig. 8.9: Cross polar level of DCPl when mirror 1 is repositioned.

Channel 6.

One has to keep in mind that. if the position of a mirror is

changed. the location of the beamwaist' at DCPl will change. Worse, it

will change differently for all channels. This implies that the

location of the phase center is dependent on the frequency.

The repositioning of the mirrors can also be carried out for

channels 1-5 and 7. The results are given in figures 8.10 and 8.11 for

channel 1-5 and figure 8.12 for channel 7.
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Channel 1-5.
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Channel 7.

With these figures, a best and a worst case radiation pattern can

be calculated. With best is meant the' lowest cross polarisation. The

radiation pattern will not be given here, only the extracted results.



- 149 -

Cross polar
level (dB. ) 01 02 03 04 OS 06

Ch6 worst -26.9 232 128 178 128 135 237

Ch6 best -28.8 232 128 98 208 185 187

Ch5 worst -30.8 n.l. n.l. 188 118 205 167

Ch5 best -32.6 n.1. n.l. 108 198 105 267

Ch7 worst -42.9 n.l. n.1. n.l. n.1. 205 167

Ch7 best -43.7 n.l. n.l. n.1. n.l. 105 267

all dislances in .m.

Table 8. 2: distances of mirrors for worst/best

case radiation pattern

In table 8.2, distance 01 is the distance from OCP4 to mirror 3,

while 02 is the distance from mirror 3 to OCP3. 02 is the distance

from OCP3 to mirror 2 etc.. The distances marked n.i. are distances

that are not in the path of propagation for that channel.

If the feed systems are considered, for instance figure 1.6, it

can be seen, that moving the feed horn can cause changes in the

beamwidth and the radius of curvature of the phasefront at for

instance OCP3. Because it would be too involved to present those

dependencies here, they are presented in appendix F.

The programmes to reposition the mirrors are called chlvarmj.

This program analysis channel I, while mirror j 1s repositioned. Also

programs called chlbest and chlworst were developed. These programs

present the best and worst case radiation pattern of channel I.The

locations of the mirrors used in the latter programs are deduced from

the programs chivarmj.
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8.4 The use of higher order r= and phi-modes with the demultiplex

circuit.

In section 4.3 higher order phi-modes were discussed. This theory

can also be applied to the multireflector circuit.

While the theory from section 4.3 only accounts for fundamental

r, fundamental phi and fundamental r, first order phi-modes, the

reflection matrix can only be used with this multireflector circuit

for a path with two or less reflections. The channel that was analysed

is channel 7. This channel is inserted at DCP2.

The programs needed some minor adjustments to

incorporate also the effect of the incoming phirst order phi mode. In

fact, the actual expression for this mode had to be inserted, and also

the reflection matrix had to be changed.

With the adjusted program, the radiation pattern was calculated,

but no noticable changes were encoutered. When the individual modes

are studied, one can see that they are present, but their relative

importance is very low.

From this can be concluded, that for a first order approximation

of the properties of the Farran demultiplex circuit, the first two

modes (accounting for co- and cross polarisation) are only

necessary. However, for a more detailed analysis, for instance when the

feed pattern is decomposed in Gaussian modes, it can be necessary to

incorporate incident higher order r- and phi-modes. In this case, the

expanded theory should be used (section 4.2 and further).

8.5 Discussion of the results of sections 8.2 to 8.3.

The radiation patterns of DCP1 of all channels compare good with

the results found by ELAB [28,29]. However, with the very simple setup

of the two mode model, it is desirable to incorporate more modes

excitated by the reflections. Also, it is desirable to use a better

feed model as input for the beam waveguide model. The feed model can

be expanded in r-modes, (and phi-modes), and then a better analysis
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can be performed.

The CPU-time needed for the calculations is still very small. For

channel 6, the channel with the most reflections, only 40 seconds are

needed to calculate the radiation pattern. For the other patterns,

less time is needed. However, for the programs chlvarmj more time is

needed, because for every location of the mirror, an analysis is

performed for the whole circuit.
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Chapter ~ Conclusions and suggestions for further study.

At the end of the graduation work various conclusions can be

drawn. The conclusions and suggestions will be divided into two parts.

One part considering Gaussian beam theory and the other part

considering the analysis of the multireflector demultiplex circuit.

Conclusions concerning Gaussian beam theory.

From this report, the following can be concluded.

-) The two mode model, as developed by [14], is applied to an offset

reflector antenna. The obtained results compare very well with

[18]. Even the beam squint, found in [18], is also found with

Gaussian mode theory, when a circular polarised wave is modeled.

-) The results of Gaussian mode theory are better in accordance with

practice and other calculation methods if the edge illumination of

a reflector is low. An indication is lower than -10 dB. Care must

be taken of the fact, that not too large opening angles are used,

because of the validity region. ( section 2.6, [3,14]).

-) The requirement of small displacements at the reflector surface,

found in [14], is not that important. Calculations were performed

with large displacements in comparison with several wavelengths and

still reasonable results were obtained.

-) The range of validity of the Gaussian mode solutions is dependent

on the required accuracy. Since the' fields calculated in this

report are in general scalar fields, the field strength based on 1

component instead of the whole vector, can only be used in a

restricted angular area. An error of 6% in power is introduced at

°an angle of 15 from bore sight. This means that a maximum error of

6% is introduced when the fields are calculated on the cap of a

cone with a top angle of 30°. (The criterion of Van Nie [9] imposes
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too rigorous boundaries when using more than 1 mode. )

-) The two mode model, as used in [14], was expanded with higher order

r- and phi-modes. The theory can be used to calculate the radiation

pattern of an offset reflector antenna, illuminated by a corrugated

horn. Also, the theory can be used for the calculation of the

radiation pattern of an arbitrary feed horn, with or without

reflector, if the mode decomposition of the aperture field of the

arbitrary feed is known. The mode decomposition can be obtained by

evaluating a surface or line integral, depending on whether the

radiation pattern of the feed horn is sufficiently rotation

symmetric.

-) The theory of higher order r-modes, incident on a reflecting

surface can be expanded very easily to incident r-modes with

r-index higher than 4. (section 4.3, 4.4.) Also higher order

phi-modes can be incorporated in the theory.

-) The calculations done with Gaussian mode theory are very fast. When

10 modes are used to describe the radiation pattern of an antenna,

the CPU-time is still less than 60 seconds, depending of course on

the amount of output points. (An AT-like computer, running at 12 MHz

and using a 80287 mathematical co processor was used for the

calculations.) Also, the programs, when written in HATLAB, can be

very easy developed and changed. When more than 10 modes need to be

used, one can change from PC to VAX. The same type of programs can

be used, because HATLAB is also available for VAX.

-) When modeling the radiation pattern' of a corrugated horn, the full

set of 11 modes, as proposed by Wylde [3], need not to be used, if

the theoretical results are compared with measurements. The minimum

RMS error of the theoretical pattern compared with the measured

pattern occurs when using 4 to 6 modes.

-) The results found with Gaussian mode theory compare very well with
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other calculation methods as physical optics and aperture

integration. (One has to keep in mind the validity region!)

Suggestions for further study, concerning Gaussian mode theory.

-) In the models, a quadric surface is modeled as a thin lens. It

would be very interesting to know, when this thin lens model can,

mayor should be used. (In this report, it was assumed, that for

low edge illumination, <-lOdB, the reflector can be modeled as a

thin lens. )

-) It can be investigated, what the exact result of the incident

higher order r- and phi-modes is. Especially, the use of incident

higher order phi modes is interesting, because it was assumed in

this report, that only the fundamental order phi mode was incident.

The theory~ expanded for the first order phi-mode, but it is not

clear, what the exact impact of this incident mode is. For

instance, a non rotation symmetric aperture field can be used for

illumination of an offset reflector.

-) For a direct comparison of the results from £lAB [28,29], it is

necessary, that the configuration used with Gaussian mode theory,

is the same as used by ELAB. In practice this means, the

decomposition of their cosn(~ /2) function. It is stated [28,29],
o

that for large n, this function approximates the fundamental rand

phi Gaussian mode. How large should n be ? How big are the

deviations for that n ?

Conclusions concerning the analysis of the demultiplex circuit.

-) The results of the analysis of the multireflector demultiplex

circuit, based on the two mode model, compare very good with the

preliminary results from ELAB, based on physical optics. There is

one major discrepancy, concerning the radiation pattern of channel
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6. It is expected that this discrepancy can be explained by the

fact, that ELAB uses another hardware circuit for channel 6.

Especially the curvature Of mirror 3 should be a point of

interest.

-) The determination of the radiation patterns of the demultiplex

circuit were performed on an AT-like computer. The CPU-time is

different for each channel, but less then 30 seconds for every

channel. Of course, the CPU-time is depending on the amount of

output points.

-) The programs made to calculate the radiation patterns, are very

flexible to work with. For instance, the locations of the mirrors

can be changed very easily. In this way, the effect of

repositioning the mirrors was calculated. It was found that, by

moving the mirrors, the cross polarisation level from the radiation

pattern could be influenced. However, this was only a hypothetical

situation, because with moving the mirrors, the location of the

phase center is a function of the frequency.

Also, a program to studye the effect of moving the feed horns, has

been made. The changing location of the beam waist at mirror 3 can

be easy calculated. Also the change in radius of curvature of the

phase front can be studied looked at. (Appendix F. )

Suggestions for further study. concerning the demultiplex circuit.

-) It is necessary. to check the hardware circuit that ELAB uses for

channel 6. to see which adjustments should be made in the Gaussian

mode programs, to come to a straight comparison.

-) Since corrugated horns are used as feed horns in the demultiplex
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circuit, it would be very interesting to use better feed horn

models for the analysis. (Not only a fundamental r- and phi-mode. )

The feed horn patterns can be decomposed in Gaussian modes, and

these modes can be used as incident modes on the first reflector.

For this, the (to be) expanded theory could be used.

-) The Cassegrain antenna configuration, as calculated by ELAB,

can also be programmed with Gaussian modes. It would be interesting

to compare the results from Gaussian modes with the physical

optics results from ELAB [28,29].

-) It is interesting to study the sensitivity of the radiation pattern

to small rotation of the the mirrors. In general, horizontal or

vertical polarisation is used. The theory however is valid for any

kind of linear polarisation. But what is the precise effect of

rotating a mirror, i.e. changing the incident polarisation, to the

radiation pattern?

-) In the theory of Gans [4], it is stated, that for small opening

angles, the width of the generated cross polar mode and the

reflected co-polar mode are the same. However, this is a limit

case. In fact, one can calculate what the difference between the

beam widths is. It is interesting to study what the result of

calculations with no equal beamwidth of co- and cross-polar beam

is. (It is obevious, that the beam waist locations of co- and

cross-polar will be different: see equation (2-21) and equation

(2-22) and the function frommirr. )
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Appendix A: The transformation of ~ differential equation.

In Chapter 2, equation (2-55) is transformed from cartesian

coordinates to cylindrical coordinates. Recall equation (2-55):

82 C - 2x8 C + 82 C - 2y8 C + 2 (2p+t) C = 0
xx x yy y

For convenience the accents (') are omitted.

By the substitutions

x=r COS9'

y=r sin9'

z=z

equation (2-55) can be transformed.

(2-55)

(a-1)

(a-2)

(a-3)

First derive the equation for the first derivative of C with

respect to x.

8C=8C.8r+8C.89'
x r x 9' x

Also the derivative of C to y.

8C=8C 8r+8C 89'
y r y 9' y

Now we derive the second derivative of C to x and also to y.

(a-4)

(a-5)

8 C 82 r + 8~ C
r xx I{)(P

(a-6)

= 8
2

C [8 r]
2

+ 8 C 8
2

r + 8
2

C [8 fJ] 2
+ 8 C 8

2 fJ
rr y r yy f(Jf(J y fJ yy

With the following relations the transform can be achieved:

(a-7)
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8 r = coscp (a-S)
x

8 r = sincp (a-9)
y

8 tp =-sincplr (a-10)
x

8 tp =coscplr (a-ll )
y

82 r 2 (a-12)= sin cplr
xx

82 r = cos2cplr (a-13)yy
2 2 (a-14)8 tp = -2sincpcoscplr

(
xx

82 2 (a-1S)yytp = 2sintpcoscplr

Substituting the equations (a-1) to (a-1S) into equation (2-55) one

obtains:

82 C 2 8 C 2 82 C 2 2 8 C 2cos cp + sin cplr + sin cplr - 2sincpcoscplr +
rr r tpcp cp

82 C 2 8 C 2 82 C 2 2 2sin cp + cos cplr + cos cplr + 8 C 2sincpcoscplr +
rr r tpcp cp

-2rcoscp [8r C coscp + 8cpC -sinCPlr] - 2rsincp[8
r
C sincp + 8 C cosCPlr] +cp

( + 2 (2p+l)C = 0

2 2By reminding that sin tp + cos tp = 1 one obtains

82 C + [1.. - 2r]8 C + _1 82 C + 2(2p+l)C = 0
rr r r r2 fXP

(a-16)

(2-62)
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Appendix B: The generalized Laguerre polynomials and their properties.

In this appendix. the generalized Laguerre-polynomials and their

properties are derived. The derivation is partly based on [19].

lThe generalized Laguerre polynomials. L (x). x>-1 and n=O.1.2•..•
n

are defined by means of the generating function:

110

LL~(X) t
n

=

n=O

-l-1 [ xt](t-t) exp ---1-t (b-1J

With this generating function, an explicit expression for the

Laguerre polynomials can be derived.

-l-1 [ xt](t-tJ exp ---1-t
110 [ ]k-l-1 1 xt= (l-t) \" -exp - -- =L k! 1-t

k=O

= L
k=O

k!
(b-2J

Now the factor (1_t)-k-l-1 is written in a series expansion:

110

(1_t)-k-l-1 • ~

J=O

(b-3J

With equation (b-3) and (b-2) is obtained:

C1-t)-l-1exp [- 1~~] a f f
J=O k=O

k!
(b-4J

Now a new summation variable is introduced. n=k+J. The new

summation variables will be nand J. Now is obtained:
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( ) n-J n-J-1 x

(n-j)!

(n- j+l+1) j I I
----~, t <1

j!
(b-S)

From equation (b-S) can be seen that the factor of t n is

n

I
j=O

( )
n-j n-j

-1 x

(n-j)!

(n-j +l+1)j
----=, so for the expression for Ll(x) is found:

j! n

n

L~(X) =I
j=O

(n- j)!

(n- j+l+1l j

j!
(b-6)

This can also be written as equation (b-7).

n (-1l j (j+l+1l n_j
Ll(x) =I xj

n (n-j)! j!
j=o

(After changing the sequence of summation. )

Equation (b-7) can be simplified even further, by recalling that

(b-7)

(j+l+1l n_j

(n- j)!
(b-8)

lSo the final expression for L (x) is
n

l In (-U
j

[~. + l]
L (x) = -- x

j

n j! n _ j
j=O

This expression can also be found in Gradshteyn [13].

(b-9)

By means of differentiation, also some recurrence relations can

be derived. For convenience, only the results shall be given in this

appendix.
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The first recurrence relation is:

(n+1) Ll (x) + (x-2n-2-l) Ll(x) + (n+l) Ll (x) = 0
n+l n n-l

The second relation is:

The prime (') denotes a derivative to the argument of the

Laguerre function.

n Ll(x) - (x-n-l)Ll , (x) - (n+l)Ll '(x) = 0
n n n-l

n Ll(x) - xLl, (x) - (n+l)Ll '(x) = 0
n n n-l

n Ll(x) + (x-n-l)Ll (x) - xLl '(x) = 0
n n-l n-l

(b-10)

(b-11)

(b-12)

(b-13)

(b-14)

The differential equation which the Laguerre functions obey can

be derived very easy. Differentiate equation (b-13) with respect to x:

(b-1S)

This can be written as:

(b-16)

Equation (b-16) is the differential equation for generalized

Laguerre polynomials.

The orthogonality relations for the Laguerre polynomials can be

derived as follows.

The generalized Laguerre polynomials obey the differential

equation given in equation (b-16). So two different Laguerre functions

obey the same differential equation, i.e.
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x Lt .. (l-x+t) Lt, t 0 (b-17)+ + n L =n n n

X Ltll + (l-X+t) Lt , + m Lt = 0 (b-18)
• • n

The double prime character (") denotes a second derivative to x.
tNow is assumed that m~n; equation (b-17) is multiplied with w(x)L and

t •equation (b-18) is multiplied with w(x)L . The function w(x) is called
n

the weightfunction. The results are substracted to give

Now the weightfunction is chosen to obey the following relation:

~ [x w(x) ] = (I-x-i) x(x)

This choice is made to reduce equation (b-19) further.

If equation (b-20) is evaluated. then is found:

w(x) + x w' (x) = (l-x+t) w(x) ~

w' /w = t/x -1 ~

log w = t log x - x ~

(b-20)

w(x) t -x= x e (b-2U

Now for equation (b-19) can be written

(b-22)
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Integration of equation (b-22) from x=O to x=~ yields

J
~

l -x l l(n-m) x e (n-m)L L dx
On-

So. for n'ltm.

(b-23)

J
eD l -x l l

x eLL dx = O. n'ltm
On-

For n=m, the following intgral has to be evaluated:

(b-24)

By means of a smart substitution of the first recurrence relation,

can be found:

(n+t)(n+t-1) (t+1) J~L~ 2xte-xdx
n(n-1)(n-2) 1 0

(b-2S)

The latter integral in equation (b-2S) can be recognised as r(1+l),

(Ll (x)=l !!)
o

So.

J
~ l -x l l

x e L (x)L (x)dx =
On-

O. if m'ltn

r(t+ll

"

if m=n
(b-26)

This 1s the orthogonality relation for the generalized Laguerre

polynomials.
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Appendix C: The Hermite polynomials and their properties.

In the way that Gauss-Laguerre modes are solutions for a circular

geometry, Gauss-Hermite functions are solutions for a rectangular

geometry. The expressions for the Gauss-Hermite modes will now be

derived. Starting point in the derivation is equation (2-49).

2 2a a B - 2(jx'Q + jkx'/a a ,ala ,B +
x'x' z x

a2a2 B-2(jy'Q+jky'/a a a)a B+
y'y' z' y'

-2jQB - 2jka B = 0
z'

In this equation the following substitution is made.

B(x',y',Z') = C(x',y',z') exp(-jp(Z») (c-1)

If equation (c-1) is substituted in equation (2-49) the following

arbitrary separation is possible:

8 ,P
z

Q
= -j- 

k
(m+n)a

ko
(c-2)

a2a2 C - 2(jxQ + jX/a a a)a C +
z'z' z' x'

a2a
2 C - 2(jyQ + jy/a a a)a ,C +
y'y' z' y

-2jk a C + 2(m+n)a2C = 0
o z'

In equation (c-2) fez) is a (complex) phase parameter.

(c-3)

Equation (c-3) can be reduced if (jxQ + jx/a a a) is set to a2x' and
z'

(jyQ + jy/a a a) is set to a2y'. If this is done, then is obtained:
z'
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a2 (a 2 C-2x' a C+2mc) + a2 (a 2 C-2y' a C+2nc) - 2Jka C = 0
x'x' x' y'y' y' z'

(c-4)

The constraInts for thIs reductIon are the same constraInts as stated

In equatIon (2-58). Indeed, these constraInts are satIsfIed. A

solution to equation (c-4) Is

C(X' •y' •z') II: H (x')H (y')
• n

(c-5)

~Ith H (x') and H (y') solutIons to the HermIte dIfferentIal equatIons
III n

of order m and n respectIvely:

2d , •H - 2x' d ,H + 2mH = 0x X III X III III

2d , ,H - 2y' d ,H + 2nH = 0
Y Y n Y n n

The expressIon for a Is already found In a precedIng sectIon.

with w(z) is the beamwidth of the GaussIan beam.

The expressions for the Gauss-HermIte modes are found by

collecting all the substitutions:

(c-6)

(c-7 )

(c-8)

(c-9)

The actual expressIon for P(z) Is not .yet known. It can be deduced

from equatIon (2-93) in a simIlar way as was done in the case of

Gauss-Laguerre modes. Recall equation (c-2):

8 ,Pz
Q

= -J- k
(m+n)a

ko
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As in the paragraph of the Gauss-Laguerre modes, the factor

-J Q gives rise to two terns [8] (equation (2-28»:
k

1/2
JP = In(l-jzlbo) = In[(1+(Zlbo)2] -J arctang(z/bo)

The second factor, - (m+n)a
ko ,can be directly integrated to give

-(m+n)arctang(zlb). The result is:
o

1/2
JP = In[(1+(Zlbo)2] -j(m+n+l) arctang(zlbo) (c-l0)

The real part of P(z) gives rise to a phase factor

(m+n+l)arctang(zlb ) while the imaginary part of P(z) gives rise to an
o

amplitude factor (w Iw). (See Kogelnik and Li [8].)
o

In general the arguments of the Gauss-Hermite functions can be

complex. However, only real arg~~ents are used here. See chapter 2 for

more details. Equations (c-9) and (c-l0) can be compared with Ramo

et.al. [21,pp.771, pp.767]. The assumptions that are made in this

paragraph are the same as that made in the paragraph about the

Gauss-Laguerre modes.

The differential equation of Hermite was given in equation (c-6):

d2 H - 2xd H + 2mH • 0xx • x • •

(the primes are omitted)

The first thing that is considered is orthogonality

(Szego Ill, pp.l04]). Consider the integral

(c-ll)
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a defined like in equation (2-74).
nm

By setting x to ax = (2/w2
)1/2x in equation (c-11) one obtains:

22 h-a x ne H (ax) H (ax) adx = n 2 n! ~ ; n, m = 0, 1, 2, .
• n ~

(c-12)

This means that the functions

_x
2
/w

2
( )fn(x) = e Hn(ax) are orthogonal on the interval -m,m.

This means that an arbitrary function g(x) can be expanded into a

series.

g(x)

n=O

2 2
e-x /w H (ax)

n
(c-13)

The determination of the coefficients A can be done in the same
n

way as in the paragraph about Gauss-Laguerre modes;

_x2/w2
by multiplying equation (c-13) by e H (ax)a dx and integrating..
with respect to x one obtains equation (c-14).

2 2-a xe H (ax)H (ax)adx
.. n

(c-14)

The right hand side of equation (c-14) is the orthogonality

relation (c-12). By changing the sequence of summation and integration

and by remembering that the right hand' side is unequal to 0 only for

m=n:

h J
m 2 2• -x /wA n 2 m! = g(x)e H (ax)adx.. .

-m
(c-15)

and the final expression for the coefficient A is given by equation..
(c-16).
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J
co 2; 2a -x w

-co g(x)e H.(ax)dx
h 2· m!

(c-16)

The evaluation of this integral is mode decomposition for one

variable. Also DIode decomposition for two variables can be considered.

The way of deriving the expression for the mode coefficient is

quite the same as for one variable, so only the result will be given

here.

1 JCO JCO (2 2); 2A =------ g(x, y)e- x +y w H (ax)H (ay)dxdy
op 2 o+p-l 0 p

w n 2 o! p! -co -co
(c-17)

A special case of the determination of the mode coefficients is, when

the function g(x,y) is only dependent on x or only dependent on y.

Then equation (c-17) turns into a one dimensional mode decomposition.

Now again, a kind of coefficient matrix can be made, but the

general idea of mode decomposition should be clear now. Like in the

part about Gauss-Laguerre modes, special choices for the function

g(x,y) can be made. The result can be the computation of only single

rows and columns in the coefficient matrix or a sub-matrix. For a

graphical representation of the first four Gauss-Hermite modes see

figure c-l.
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The Hermite polynomials, H (x) are defined by means of the generating
n

function

lID H (x)

I n t n
exp(2tx-t

2
) (c-18)=

n!
n=O

By series expansion of the right hand side of equation (c-18) is found

lID H (x) lID

I n t n =I ...:!..- (2tx-t2 )k •
n! k!

n=O k=O

(c-19)

By collecting equal powers of t, the expressions for the Hermite
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functions are obtained.

H (x) = 2x
1

3= ax - 12x

(c-20)

(c-21)

(c-22)

(c-23)

etc.

A recurrence relation is found by taking the derivative of equation

(c-1a) with respect to x:

Q)
H' (x)

I n
t

n = 2t exp (2tx-t
2
)

n!
n=D

or

Q)

H (x)
Q)

H' (x)L2 n t n+! =I n t n

n! n!
n=O n=O

Now, equating equal coefficients of t n yields

2nH (x) = H' (x)
n-l n

(c-24)

(c-25)

(c-26)

Another recurrence relation is found by expressing the differential

equation of Hermite in terms with no derivatives, with help of

equation (c-26) (5zego [11.pp105]):

H (x) = 2xH (x) - 2(n-1)H (x)
n n-l n-2

(c-27)

The orthogonality relations for the Hermite polynomials can be derived

as follows:
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H" - 2xH' + nH = 0
n n n

H" - 2xH' + mH = 0- . .
(c-28)

(c-29)

The prime denoted a derivative to x. The double prime a second

derivative to x. The argument of the functions are omitted. Now

equation (c-28) is multiplied with w(x)H • w(x) is the weight-function, while equation (c-29) is multiplied with w(x)H and the
n

difference is formed

w(x) [H"H -H HII
] - 2xw(x) [H' H -H H'] + (n-m)H H = 0n m n m n m n _ n m

(c-30)

Now, for further reduction of equation (c-30) w(x) is chosen to obey

d w(x) = -2xw(x)x

This is an ordinary differential equation with solution

(c-31)

w(x)
2-x= e (c-32)

So the appropriate weight function is w(x)

(c-30) can be written

2-x= e Now for equation

d {W(X) [H' H -H H']} + w(x) (n-m)H H = 0x n_ n_ n.
(c-33)

The orthogonality relation is obtained from equation (c-33) by

integrating left and right hand side with respect to x

So for m~n

e-
X2

[H'H -H H'] I m = 0n _ n_
-m

(c-34)

J
m 2

e-x H (x)H (x)dx = 0
-m - n

(c-3S)
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For m=n the following integral has to be evaluated:

J
IIO 2-xe H (x)H (x)dx = ??

n n
-110

Starting point for this problem is the generating function for

H (x) and H (x) (equation(c-18»:
• n

110 H (x)

L n
t

n
= exp (2tx-t

2
)

n!
n=O

110 H (x)

L • • ~ eXP (2sx-S
2
) (c-36)s

m!
.=0

Now equation (c-18) an (c-36) are multiplied. The result is equation

(c-37).

110 110

.=On=O

H (x)H (x)
n m

n! m!
(c-37)

2 -xEquation (c-37) is multiplied with e and an integration is

performed to x. The result is equation (c-38).

(c-38)

Then the left hand side of equation (c-38) is written as equation

(c-39).
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_Jexp[-u2
) du = h f

k=O

(c-39)

By comparing the last two series expansion equation (c-40) is obtained

(2st)Jt
k!

(c-40)

Equating equal powers of sand t yields m=n=k and

(2st)k
k!

The final result is

k!k! J
co 2
e-x H (x)H (x)dx

k k
-co

(c-41)

J
co 2-xe

-co
(c-42)

So the final conclusion for orthogonality is given by equation (c-43).

See also Gradshteyn and Ryzhik [13.pp.837].

m=n
(c-43)
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Appendix ~ The curvature of ~ paraboloid and sn ellipse.

In this appendix, the curvature of a paraboloid and an ellipsoid

are derived.

Starting point is the general representation of a geometric

surface of revolution.

In {23] is found, that a surface of revolution can be defined with

equation (d-l).

L = pcos~ ~ + psin~ ~ + f(p)~ (d-l)

2 2 2with P = x +y , ~ = arctan(y/x). L is the vector from the origin to a

point (p,~,z) on the surface. The function f(p) can be manipulated in

such a way, that equation (d-l) represents for instance a circle,

parabolold or an ellipse. In {23] a general formula is given for the two

curvatures that these surfaces have.

First, the normal vector is determined. From equation (d-l) one

obtains equation (d-2) which represents the normal vector.

n=
-f' (p~ + ~

(d-2)
g(p)

with g(p) = 11+[f'(P)]2 and.£.. the unit vector in the p-direction.

The prime denotes a differentiation to the argument.

With this equation the so called mean and Gaussian curvature can

be computed. The mean curvature 1s given by equation (d-3).

K =
III

f' (p)g(p)+pf"(p)

32p[g(p) ]
(d-3)

The Gaussian curvature 1s given by equation (d-4).
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f' (p)fll (p)

4p[g(p) ]
(d-4)

the

With these curvatures the principal radii of curvature can be

found. Per definition Km = CK1+K2 )/2 and Kg = K1K2, with K1 and K2
principal radii of curvature. These values can be obtained from the

mean curvature and the Gaussian curvature. K1 and K2 are represented

respectively by equations (d-S) and (d-6).

K =2

fll(p)

3[g(p)]

f' (p)

pg(p)

(d-S)

(d-6)

Also the directions from the curvatures can be found. These are given

by equations (d-7) and (d-B) .

..E.- + f' (p)~

(d-7)~l =
g(p)

e = .!£... (d-B)-2

From equations (d-7) and Cd-B) can be seen, that the directions

of the pricipal curvatures are perpendicular. (This can be seen fairly

simple, by taking the scalar product of ~l and ~2. )

Applying this theory to a paraboloid, the function f(p) is given

by (f- ~;). This is a paraboloid with the focal point in the origin,

and focal distance f. The apex of the paraboloid is located on the

+z-axis. See figure d.l.



- 181 -

y

)(

Figure d.l: Paraboloid of revolution.

With this function f(p) the expressions for the Gaussian and the

mean curvature can be derived.

(d-9)

The expression for the mean curvature is given by equation (d-l0).

K =m
Cd-l0)

The principal curvatures can now be computed as equations Cd-ll) to

Cd-14 ).

Cd-ll)
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~1 =
P -L.z

- 2f-

(
2) 1/2

l+-P-
4f2

(d-12)

[ [
2 )-1/2]

K2 = - 2f 1+ :~ (d-13)

(d-14)

For an ellipse, the same scheme can be followed. The function f(p)

to use is now given by equation (d-15).

(d-15)

This defines an ellipsoid with the origin in one of the two focal

points, minor axis a, major axis c and focal distance 2d. The other

focal point is located on the +z-axis. The focal length is now defined

as f = (c-d). See figure d.2.
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y

G4 = m.c:..ulr 04J.,t:s

C:' MfJj"or ~&S

Figure d.2: Ellipsoid of revolution

The results are equation (d-16) and (d-l?).

C

2a

[ [1-[ ~n+

2 2
C P

4
a

(d-16)

K
1

is in the tangential direction.

c- 2

K = a
2

[ [1-[ ~n r2 2
+ C P

4a

K2 is in the ~-direction.

(d-l?)

Equations (d-16) and (d-l?) can be generalised by introduction of

the eccentricity. The eccentricity e is defined as the distance

between the two foci divided by two times the major axis, i.e equation

(d-18).

e = d
d + f

(d-18)
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If this is inserted in equations (d-11) and (d-18) the general

formulas for the curvatures of quadric surfaces are found.

Kl is in tangential direction.

(fO+e)r1

[l-
K

2
is in ~-direction.

3/2
(d-19)

(d-20)

For certain values of e expressions (d-19) and (d-20) can be

evaluated. For instance, for eEO, a quadric surface is a circle. For
-1the curvature of the circle is found: Kl = K2 = f . This is the

radius of the circle. For e=1. a quadric surface is a paraboloId. For

e=1, equation (d-19) and (d-20) turn into equation (d-11) and (d-13)

respectively.

..
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Appendix E: Equivalent lens circuits for quadric surfaces

In this appendix equivalent lens circuits are given for the so

called quadric surfaces. These surfaces are used in antenna

configurations: the paraboloid is usually used as main reflector, and

the hyperboloid is mainly used as sub reflector. However, there are

also other quadric surfaces, such as the sphere and the ellipsoid.

Quadric surfaces are defined by means of the following relation.

p = (1+e) f
1- e coslp

(e-l)

with p the distance from the origin to the surface, f is the focal

length and Ip is the angle between an axis and the line from the origin

to a point at the surface. The definition of e is the following.

c
e = -c+f

(e-2)

with c the focal distance, the distance between two foci. See also the

following figure.
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STRAJCHl
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Fig. e.1: Geometry of quadric surfaces [25]

Depending on the parameter e, equation (e-1) defines various (quadric)

surfaces.

focal distance/2 eccentricity type of surface

c=O e=O circle

O<c<co O<e<l ellips

c=c:o e=l parabola

-co<c<-2f 1<e<co hyperbola

c=-f e=c:o . straight line

Table e.1: types of quadric surfaces

The equivalent lens formulas can be derived using the focusing

properties of the mentioned surfaces. It has to be understood, that an

equivalent lens formula does not say anything about cross
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polarisation, but it is actually an equivalent circuit for modeling

the change of beam width and the focusing properties of the surface.

The curvature of the surface accounts for the level of cross

polarisation.

The first surface that is considered, is the circle. It is known,

that the surface from the circle is perpendicular to the line which is

drawn from the center of the circle to the circle itself. So, when a

gaussian beam reflect against a sphere, it depends on the wave front

where the beam is refocused. This dependence can be given be the thin

lens formula.

1 _1_+ _1_
T= R R

1 u

(e-3)

with f the focal length of the equivalent lens. It can be seen

readi ly, that when the radius of the wave front is equal to the radius

of the circle, the beam is refocused in the center of the circle with

the same value of the beam waist. However, the value of f is not the

same as the focal length. f can be derived as follows. f is equal to

the product of the two distances from the two foci to the reflection

point divided by the sum of these distances. (this holds for all

quadric surfaces). f is now defined by equation (e-4). (This is

actually a thin lens approximation. )

(e-4)

So if the radius of curvature of the wave front is equal to f/2.

the the beam is refocused is the same.point: the center. If the radius

of curvature is bigger or smaller, the reflected wave front changes:

the beam is refocused before or after the center with a bigger or

smaller beam waist.

The second surface that is considered is the ellipse. The geometry

of the ellipse provides, that a beam with a waist in a focus is

iocused in such a way, that the new waist is located at the second
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focus, when the radius of curvature of the~ front is equal to the

distance from first focus 12 reflection point. This leads to the value

of the equivalent lens formula according to equation (e-3). Now f is

given by an analogous formula as equation (e-4).

RR
1 2

f = R +R
1 2

(e-S)

with R
1

and R
2

the distance from the first focus to the reflection

point and R
2

the distance from reflection point to second focus. In

general, when a certain kind of reflector is given, the value of f is

known. Depending on the incoming wave front, the reflected wave front

has a certain value which can be found with help of equation (e-3).

One has to keep in mind the definition of the coordinate systems in

practical situations. When the phase front is negative, the value of

the coordinate z is also negative.

The following surface is the parabola. The unique property of the

parabola is that the parabola focuses on z~. This means that the wave

front after reflection is plane if the phasecenter of the incoming

beam is located at the focus of the parabola. If not, the phase front

can vary from negative to positive values depending on the geometry of

the reflector and the location of the waist. Again the value of f is

given by equation (e-S).

But the distance from the reflection point to the second focus is

m, so for the asymptotical value of f the following relation is found.

RR
f = 11m 1 2 = R

R -+cD R +R 1
2 1 2

(e-6)

The equivalent lens is so given with a focal distance of R
1

, the

distance from focus to reflection point. Again, equation (e-3) can be
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used to find the relation between input and output radius of curvature

of the incoming and outgoing wave respectively.

The last practical useful surface is the hyperbola. The hyperbola

can be used in two configurations: a cassegrainian and a gregorian

configuration.

First the cassegrainian configuration is considered. In the

cassegrainian configuration the distance from one focus to the

reflection point is bigger than the distance from the reflection point

to the second focus. The focusing property of the hyperbola is that a

wave with a waist located in the first focus, seems to be coming from

the second focus. This is the reason, why with a cassegrainian

configuration the second focus is coinciding with the focus of the

paraboloid main reflector. Again, the equivalent value of f is given

by equation (e-S). The relation between input and output radius of

curvature is given by (e-3). If the waist of the beam is located in

the first focus, the parameters of the beam is transformed in another

beam which seems to be coming from the second focus, with a bigger

radius of curvature and a bigger value of the beam waist.

The gregorian configuration is only slightly different from the

cassegrainian configuration. First and second focus are interchanged,

and the convex surface from the cassegrainian configuration changes to

a concave surface. Again, the second focus is coinciding with the

focus of the paraboloid main reflector. However, now the parameters of

the first beam are transformed to a beam with a smaller radius of

curvature an a smaller value of the beam waist. The equivalent value

of f and the relation between input and output parameters are given by

equation (e-S) and (e-3) respectively.

The last surface under consideration is the flat surface. Since

the distance from one focus to the reflection point, and the distance

form the reflection point to the second focus, the equivalent value of

f is given by equation (e-S) with R =R = constant = R. f is found to
1 2
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be equal to R/2. The relation between input and output radius of

curvature is again given by equation (e-3). With equation (e-3)

follows that R =R: the incoming and outgoing radius of curvature are
I u

equal. This was expected, of course.

With these equivalent lens circuits a whole range of reflector

configurations can be modeled with lenses. However. one has to keep

in mind. that the approximation work better if the edge illumination

of the reflector is low. If this is not he case. power is lost by

diffraction. and the thin lens equivalent does not hold anymore.

With the thin lens approximation. the (thin) lens acts as a phase

transformer. The width is not affected by the lens.
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Appendix F: Effect of repositioning the feeds to the beam

characteristics.

Now, the effects of repositioning the feeds is considered. The

general way of inserting a beam in the multi reflector circuit, is a

corrugated horn with a lens to give the desired width and location of

the waist.

(All Clima. in mm)

'-----,..
OCP3

to=4.848

Fig. f.1: Feedsystem of channel 6. (27)

When looking at the drawing, it can be seen that, when the feed

is moved, the location of the waist and the beamwaist change.



- 192 -

(Also can be seen, that there is actual a mistake in the drawing ! A

waist is needed between the lens and the flat mirror !!!) When the

position of the feed is changed, the location of the waist changes.

Also the width changes. This causes a change in spillover.

Also the distance of the beamwaist between the lens and the flat

mirror can be computed. This is done in figure f.2.

feed horn dependence: channel 6
70 r----,----.--------,---r-::==:::x:::--.,.----,---...,-----,

e 60E
.5
IIIc 50
Il-
0........
III 40 .............;

•8
Sl
Il 30,&J

~
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.... 200
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t.l
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Sl.... 10fIl.-

"C

85eo75706560555045

OL.....-_-.l..__---I..__...J....__..J...-__L..-_---L__.......L.__...J....__

40

distance of phasecentre to lens in mm.

Fig. f.2: Distance of the new beam waist to lens 8, channel 6.

With these data the change in width can also be calculated, as

function of the displacement of the feed. See figure f.3.
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feed horn dependence: channel 6.
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Fig. f.3: Width at DCP3, channel 6.

Also the distance of the transformed beamwaist from mirror 3 can

be calculated. This is done in figure f.4.



- 194 -

feed horn dependence: channel 6.
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Fig. f.4: Distance of transformed beamwaist from mirror 3,channel 6.

The last channel that is considered, is channel 1-5, because the

feedsystems of channel 7 and channel 8-10 are too complex. They have

Fabry-Perot diplexers and multiple feeds. To model these diplexers and

surrounding hardware with Gaussian modes would be too involveld.

ChannelS has a similar feed system as channel 6. See figure 1.6 for

the feed system of channel 1-5.

First, the width at DCP3 as function of the feed position is

calculated. Second, the location of the waist in the neighborhood of

DCP3 is calculated. The location of the waist is calculated by means

of the radius of curvature of the phase front. If the radius of

curvature approaches infinity at a certian position of the feed, then

the beamwaist is located at DCP3 for that location of the feed. The

results can be seen in figures f.5 and f.6.
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teed horn dependence.
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Fig. £.5: Width of beam at DCP3, channel 1-5.
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x10e feed horn dependence.
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Fig. f.6: Radius of curvature of the phasefront at DCP3,channel 1-5.

From figure f.6 can be seen, that the beam waist is indeed

located at DCP3 for the original ~ocation of the feed. But also, there

is a second position of the feed, for which the beamwaist is located

at DCP3. However, this beamwaist is due to skipping one of the

lenses: the imaging of one of the lenses skips one lens. In the

practical situation this is not possible, because the beam waveguide

is folded.
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From the figures can be seen, that the theoretical calculations

give the same results as found in [21]. This shows that the programmes

were made correctly.

The programs to generate the figures given in this section are

called chi trans, accounting for the changes in the parameters of

channel i.
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