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SUMMARY

Computations in numerical fluid dynamics create large sets of data.

Transmission of these datasets requires a high speed communication link

or, alternatively, the use of data compression techniques.

This report describes the results of a study to the applicability of

data compression techniques. An algorithm is designed that yields favour

able results with sample data.
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1 INTRODUCTION

At the National Aerospace Laboratory NLR research is done on

3-dimensional numerical flow computions. These computations involve the

solution of large non-linear systems of equations and as the computatio

nal load is very heavy in general. the use of a vector computer seems to

be attractive. Vector computers gradually become available at main re

search centers and NLR has access to one of them viz. a CYBER 205 at SARA

in Amsterdam.

The vector computer will be used only as a number cruncher. All pre

processing and postprocessing. such as boundary condition generation and

graphical presentation of the results. will be done at the NLR computing

facilities (Fig. 1). This means that the results. generated by the vector

computer. have to be sent to NLR.

~MUNICATION
~ ~ LINK

.--r--
.--r---

VECTORCOMPUTER

GRAPHICAL
WORKSTATIONS

Fig. 1 Hardware infrastructure

The transmission may take a considerable amount of time, even up to

several days. depending on the database size and the transmission speed

of the communication link (Tab. 1).
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TABLE

Estimated transmission times (including

transmission overhead)

transmission- data base size

speed (bit/s) 640 kbyte 40 Mbyte

110 18.2 hrs. 48.5 days

1200 91.0 mins. 4.0 days

50 k 131 s. 140 mins.

Long transmission delays are intolerable in an environment where regular

runs of the flow calculation program are required.

One solution would be to rent a high speed communication link. High

costs are incurred with little prospect on a definite solution, for the

field of numerical fluid dynamics is rapidly involving with consequently

growing problem sizes.

To use data compression techniques seems to be a more profitable

course and it was subject to a study.

This report describes the findings of that study. A data compression

algorithm is designed that yields favourable results with sample data.

The contents of this report are described briefly:

Chapter 2: Introduction to numerical fluid dynamics. Equations are given

and some flow phenomena are described.

Chapter 3: An elaborate description of the data compression problem.

Chapter 4: The results of a preliminary study.

The feasibility of a number of data compression techniques is

investigated. Furthermore, a description is given of some ex

periments.

At the end of this chapter a proposal for a compression algo

rithm is presented.

Chapter 5: The design of a data compression algorithm for flow computa

tion results.
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Chapter 6: A compilation of results obtained with the designed algorithm.

Chapter 7: Conclusions.

Chapter 8: Acknowledgements.

Chapter 9: Bibliography.

2 NUMERICAL FLUID DYNAMICS

All motion of fluids and gasses is governed by a number of conserva

tion principles and some interrelations between physical quantities.

These principles and relations give rise to a set of equations which, in

their full form, are very complicated. If one wants to obtain solutions

simplifications will havE to be made.

The recent emergence of parallel computers alleviates the restriction of

corr.putational complexity. Up till then, modelling equations had to be

fairly simple. Although the associated theory, called Potential Theory,

has become very refined, many flow phenomena cannot be described ade

quately.

More elaborate models are needed and NLR is putting effort into the use

of one such a model. This model is based upon a set of five equations,

called Euler-equations.

2.1 Flow Equations

In this paragraph a number of equations of fluid dynamics will be

presented. These equations are given for reference and their treatment

will necessarily be brief. An extensive treatment can be found in text

books on fluid dynamics. To cite a few: Bachelor [Bachelor, 1967J and

Liepmann & Roshko [Liepmann, 1956J.

Fluid flow obeys the following three conservation laws:

conservation of mass;

conservation of momentum;

conservation of energy.
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These laws give rise to three equations viz. two scalar equations and one

vector equation. Furthermore, there are equations that characterise the

fluid and some equations that relate physical quantities like strain and

deformation.

The full form of all these equations is

ie.. + div p_v
ch o (l)

dv
P dt = P£ - grad P + grad(n'div v) + div(2n~)

pT ~~ = div(A grad T) + Q + 2n~:~ + n'(div ~)2

(2)

(3)

(4) ; P
ae

(5); e = (s,p) (6)

~ is the deformation tensor i.e. the symmetric part of grad ~.

~:~ is the operation I I
2

D •.
i j 1.J

density -3p = [kg rn J

(v ,v.v ) -1v = = velocity [m s J
x y z

[N m- 2Jp = pressure

e = internal energy [j kg-1 J

s entropy [j kg- K- I J

T temperature [KJ

.& (gx,gy,gz) = acceleration
-2due to mass forces [m s J
-?

n = dynamic viscosity [N m - sJ

n' = 2nd coefficient of

viscosity [N -2 sJm

A heat conductivity [j -1 -1 -I
J= m s K

Q heat production [j -3 s-I Jm

Equation (1) is the well known Continuity equation. (2) is the vec

tor equation and is known more commonly as the Navier-Stokes equation.

Equation (3) is the Energy equation and (4), (5) and (6) characterise the

fluid.
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T. is hardly

complexity.

obtained by ignoring internal friction (described byA more simple set is

v • v • P. e. sandy z
cause of the extreme

This full set of equations. namely 8 equations for the unknowns p. v •
x

ever used for actual computations. be-

the parameters nand n').

A simple calculation yields the following five equations:

1Q + div p v = 0at

dv
p dt = - grad p

de
dt = -(~. grad p)

These equations. in the unknowns p. vx '

Euler-equations.

v • v and e. are known as the
y z

2.2 Flow phenomena

Consider figure 2. It shows an aerofoil in an transonic flow.

Air flows from left to right. At the leading edge of the wing the air

stream splits inte two parts. The air taking the upper path is compressed.

M<1

I
I

M>1 I
I

M =1 SHOCK M<1
I I

I

------..-~~==--==::;::::.. ==
- • • ~ ~AKE ~-_.._-

Fig. 2 Wing cross section in transonic flow

because it bumps against the leading edge of the wing. The flow velocity

increases until the speed of sound waves is reached (Machnurnber M = 1).

When the air expands again the flow velocity exceeds the speed of sound
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(M >1) until at some point it drops sharply to a value well below the

speed of sound. This sudden drop is called a shock and takes places with

in a very small spatial interval (a few molecular distances). Figure 3

shows an instance of such a shock.

The contours drawn connect points with an equal Machnumber. The smearing

of the shock is due to the numerical method used in the computation.

NLR ~
CDlTUl
'HlLla1r..•--..-.•-._-.• -..-
.~-..-..-..• -----1.,.-

1••-...-1._--
1•• ----
1••-
1.111-
1••-
1••-
z••--

Tt "/'1/11'
lllE 11.20...

Fig. 3 Shockwave

--...cE~. I

The wake is another kind of discontinuity called a contact disconti

nuity. Due to the different history of the upper stream and the lower

stream, the flow-velocities need not be the same when they meet at the

trailing edge. The flow-velocity will be discontinuous in a direction

transversal to the wake surface.

As a last example of flow discontinuities consider the wing section

in figure 4. Air flows around the tip of the wing due to the lower pres

sure at the upper side. This results in a sheet of air folded into itself:

a vortex.
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Fig. 4 Vortices

2.3 Numerical Computation [Ames, 1977J

Sets of continuous equations cannot be sdlved on a digital computer,

because of the finite size of a computer word.

In order to get a solution, equations have to b~ discr£tised. All opera

tors have to be replaced by a discrete counterpart e.g.

1!1
Clx (x, y, z ,t)

could become
f(x + ~x,y,z,t) - f(x - ~x,y,z,t)

2~

The number of points (x,y,z) where a solution can be obtained is neces

sarily finite. These points are arranged in a grid and as the final

precision of the solution depends on the spacing of the gridpoints, this

grid has to be chosen in a clever way. Regions, where variations in the

computed solutions are likely to be large, will have a much smaller grid

spacing than others.

Grid generation, that is computation of these points in physical space

that are mapped onto the points in computational space, is done as a part

of the preprocessing (Fig. 5).

The discretised differential equations, together with initial and

boundary conditions, completely specify the final solution. The solution

is obtained by solving the large set of equations, resulting from discre

tisation, for the required quantities at each gridpoint. These quantities

then are taken as approximations to the solution of the continuous equa

tions.
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GRIDGENERATION

•

COMPUTATIONAL SPACE

Fig. 5 Gridgeneration
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3 PROBLEM STATEMENT

This study originated from a need for the reduction of transmission

time. The increase of problem sizes in numerical flow calculation causes

ever growing transmission times. as is shown in table 2.

Fluid dynamicists indicate that allowable transmission times lie in the

order of five minutes [Boerstoel. 1984J. This figure of five minutes will

serve as a guideline hereafter. It should be born in mind. however. that

such a figure depends on many parameters and it is not always possible to

state the effect of a parameter explicitly. e.g. job turn-around time:

What transmission time is allowable for a job that requires 24 hours of

CPU-time?

Commercially available communication links have bit rates ranging

from 1200 bit/s for a standard link to 50 kbit/s for a high speed link.

Table 2 shows transmission times for one complete grid (5 variables).

Transmission overhead. like start- and stop bits. is included in these

figures.

If five minutes is accepted to be a practical transmission time. compres

sion-factors of 145 for a 1200 bit/s link to 18 for a 9600 bit/s link are

required with a medium size grid.

TABLE 2

Transmission times for one grid

(incl. transmission overhead)

line speed grid size (lxwxh)

(bit/s) 64x16x16 128x32x32 256x64x64

1200 91.0 mins 12.1 hrs 4.0 days

9600 11.4 mins 91.0 mins 12.1 hrs

50 k 105 s. 14.0 mins 122 mins

The data compression problem is essentially a complexity problem. The

equations of fluid dynamics together with constraints and initial condi

tions completely specify the final solution. The transmitter. however. is

the only one with enough processing power to determine this solution. To

achieve data compression. the receiver has to be provided with a model of

the data suited to its limited processing capabilities. As a part of the
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information present in the data is implied by the model. less information

needs to be transmitted to reconstruct the data.

In the design of a compression algorithm premises have to be made

upon which the design can be based. Premises that are met by the flow

calculation data are:

At each grid point the following five quantities will be given:

the mass density p. the three components v • v and v of the flowx y z
velocity vector and the internal energy e.

Each of the quantities p. I~I and e will have been scaled to 0(1).

All numbers are floating point reals with a 48 bits mantissa and a

16 bits exponent. This results in an accuracy of about fifteen

decimal digits.

Only 3. or at most 4. digits will be significant most of the time.

Numerical debugging may require knowledge of all 15 digits.

In large parts of the data field computed quantities approximate

second. or even third order continuous functions of space- and time

coordinates.

Discontinuities and steep gradients may occur. due to

shock waves

vortices

contact discontinuities

boundary layers

edges of bodies

program bugs and/or inadequate modelling.

Figure 6 shows a typical 2-dimensional data field containing a shock

wave. Both a contour plot and a 3-dimensional plot of the normalised

velocity I~I are drawn. The grid coordinates are the coordinates used in

computations.
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Fig. 6 Normalised velocity (computational plane)

There are a number of conditions that have to be imposed upon the

compression algorithm.

As mentioned before, computed quantities only have limited accuracy

in general. Thus, errors may be introduced by the compression algorithm,

as long as these are considerably smaller than the truncation errors due

to flow approximations.

A user must be able to select a maximum error that may be introduced

by the compression algorithm. This raises the question as to what error

norm should be selected to qualify the error performance of the algorithm.

Fluid dynamicists demand the use of a uniform error norm, i. e. at no

single point the reconstruction error may exceed a certain bound.

A last ccndition that will be imposed is one of a practical nature.

Actual flow computations are done in a three-dimensional space, but in

order to keep the project manageable, only compression in two dimensions

will be taken into consideration. Consequently, test data that are used

are results of two-dimensional computations. Most problems are not re

stricted to a three-dimensional space, but also oceur in two dimensions,

so these results may be considered as typical for flow computations.

This completes the description of the data compression problem.

Summarising the following objectives will have to be met by the compres

sion algorithm:



Low complexity compared to the flow computations.

User selectable error size; uniform error norm.

Two-dimensional compression. Extension to three dimensions must be

possible.

Large compression factor. in the order of 20 to 150 with a maximum

error in the order of 10-3 or 10-4 •

4 PRELIMINARY SURVEY

This chapter starts with a description of a number of data compres

sion techniques together with a brief evaluation of their merits as

regarded to the data compression problem under investigation.

After that. a number of results will be discussed that were obtained by

a spline data compression algorithm and by using DPCM (Differential Pulse

Code Modulation).

4.1 Description of Relevant Data compression techniques

4.1.1 Predictive Coding

Consider the stochastic process {Xi}' Given an instant t we want to

predict X
t

in terms of the preceding X
t

_
1

, ••. , X
t

_k • Thus. the predic

tion Xt is a function of these stochastic variables

{Et } is the prediction error process. A predictor is called optimum if

some suitable function of the stochastic variable Et is minimised.

The only function that is mathematically tractable, is the mean square

error I(E2). Also. general (non-linear) predictor design is far too dif-
t

ficult, except for some trivial cases. Much research has been done on
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linear prediction with a mean square error criterium and, consequently,

there is a vast amount of literature on this subject (see ego the reviews

of Jain and Makhoul [Jain, 1981, Makhoul, 1975J).

A mean square error criterium is of no use for the flow data compression

and, furthermore, matters are complicated, because a two-dimensional pre

dictor is needed. The question of how to find an optimal two-dimensional

predictor has not been settled yet, not even for a mean square error

criterium.

To achieve data compression with DPCM, the entropy of the distribu

tion of Et has to be lower than the entropy of the distribution of X
t

•

The prediction errors are coded, based on the distribution of Et (Fig.

7). This can be done, for instance, with a Huffman code.

X
t + et ~

aUANTISER CODER
-

" --xt xt
+

PREDICTOR

WITH MEMORY
+

Fig. 7 Basic diagram of a predictive coder

Notice that the diagram in figure 7 contains a feedback loop. This

loop is introduced to prevent the build-up of errors in the prediction

due to an instable predictor (a predictor is called instable if reproduc

tion errors can grow beyond any bound with an increasing number ,of points

processed, see ego [Makhoul, 1975J).

The complexity of predictive coding is low in general. The number of

operations grows as a constant times the number of data points. It fol

lows that predictive coding may be a feasible technique for the compres

sion of flow data, if a suitable predictor can be found!
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4.1.2 Transform coding

Consider again a stochastic process {Xi}' A vector of N random

variables X is mapped into a vector Y

A
+

such that the components of ! will be mutually uncorrelated. This mapping

is a unique linear mapping (for each process {Xi}) and is called Karhunen

Loeve transform.

If each component of ! is normally distributed, then the components of !
will be independent random variables. Therefore, they can be treated in-

dividually (Fig. 8).

In practice, the variables X. will not be distributed normally. Experien
1

ce, however, shows that performance is still very well.

The received vector i is transformed back into! by a mapping B. The

components of the mapping matrices A and B depend on the autocorrelation

function of the process {Xi}'
3 .

Computation of these components requires O(N ) operations and the compu-

tation of the mappings ! + rand i + i requires O(N
2

) operations each.

Other transforffis exist that do overcome this computational burden, at the

expense of not exactly decorrelating the components of the image vector !.
These transforms, e.g. the cosine and the Hadamard transforms, have fixed

matrices A and B that do not depend on the stochastic process involved.

This saves O(N3) operations in comparison with the KL-transform.

What is more important is, that computation of the mappings X + Y

and f + ! requires only O(N logN) operations for these transforms. This

is a significant saving, as this has to be done for each vector X that

has to be coded.

NQUANTISERS

X, Y, Y, x,- X2X2 LINEAR Y2 Y2 LINEAR
XX TRANSFORM TRANSFORM

A B ..
XN YN YN XN

Fig. S Transform coding
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Data compression is obtained by proper quantisation of the components of

! and restricting the word length assigned to the various components.

Transforms are orthogonal mappings and, consequently, the mean square

error will be invariant under a transform. Thus, MSE is the "natural"

error norm for transform coding. With a worst-case analysis of error

superposition, bounds can be given for the maximum absolute error. Use of

these bounds goes at the sacrifice of compression that can be obtained.

This, together with the D(N logN) complexity, makes transform coding less

suitable for flow computation data compression.

4.1.3 Universal Coding

Universal data compression algorithms are capable of encoding data

strings without complete knowledge of the source statistics beforehand.

These statistics are estimated by the algorithm, either adaptively, or

during a pres can of the data string.

Performance of such algorithms can be close to the performance of algo

rithms that do have complete knowledge of the source statistics.

In fact, Davisson [Davisson, 1973 J reserves the term "universal coding"

for those algorithms whose performance converges, with increasing length

of the data string, to the performance of algorithms that do have com

plete knowledge of the source statistics.

Rissanen [Rissanen, 1981ab J distinguishes two functional units in a

universal coding algorithm (Fig. 9).

One is the model estimator, by which a source model is set up, the other

is the encoder, by which code words are generated for the data strings.

COMPRESSED DATA

METERS

MODEL-

ESTIMATOR

MODELPARA

.. ,-

ENCODER

INPUT DATA

Fig. 9 Universal coding
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The structure of the model estimator is determined by the class of

allowable source models. One such a class is the class of (discrete)

Markov sources of a certain, fixed, order.

In that case, the model estimator has to determine the transition proba

bilities of the source.

A wider class is the class of Markov sources of unknown, but finite order.

Now, the model estimator has to determine not only a set of transition

probabilities, but also the order of the Markov source.

An encoder, particularly suited to the split-up of the algorithm, is

the arithmetic encoder. This encoder, which is a modification of the

Elias algorithm, was first described by Langdon and Rissanen [Rissanen,

1981
bJ. It is a flexible encoder of low computational complexity, which

introduces little redundancy.

Before a universal coding algorithm can be used, flow computation

data have to be quantised. If further coding is done without introduction

of errors, quantisation can be done uniformly. Error control is simple in

this case, because only at the quantiser errors are made.

The complexity of universal coding is low (O(N)), furthermore, it is

known to perform well [Rissanen, 1981b J. On these grounds universal

coding seems to offer the best perspective for a solution of the flow

data compression problem.

4.2 Intermediate Results

This paragraph describes results that were obtained, using a data

compression algorithm that was readily available. Furthermore, a DPCM

predictor is derived and results, obtained with this predictor, are pre

sented.

The compression algorithm that was available, is based upon spline

approximation [Renes, 1984J. It was designed for the compression of

remote sensing satellite images. After a brief description of the algo

rithm, some results that were obtained with it, are presented.

Data that were used in the experiments, represent the flow around a

NACA 0012 aerofoil (M = .75, a = 2°). It is the solution of a potential

flow calculation on a 25x65 grid.
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In figure 10 this solution is drawn for the quantity V/V • It contains
co

some steep gradients and a shock discontinuity. To this end the data

field is typical for solutions that might be obtained "'hen using the

Euler equations.

The grid drawn is the computational grid. Minimum and maximum values of

V/V
co

are 0.00 and 1.64, respectively.

Fig. 10 Flow velocity V/V
oo

on the
computational grid

4.2.1 Description of the Spline-algorithm

The spline-algorithm was designed especially for the compression of

satellite images, as produced by e.g. LA~~SAT.

These images contain earth observations and as such, piecewise constant

regions can be discerned. Such regions correspond to various surface

types like water, bare rock, vegetation etc.

The algorithm makes implicit use of this fact. It searches for these

piecewise constant regions (Fig. 11) and subtracts them from the image.

The remaindering contains mainly texture and is processed by a spline

fitting algorithm. The resulting spline coefficients are coded and form,

together with the coded regions, a representation of the image.



IMAGE DATA
REGION REGION

DETECTION ENCODER

SPLINE
FITTING

Fig. 11 The spline algorithm

CODED REGIONS

CODED TEXTURE

Data compression is obtained by a clever encoding of the region in

formation and by restricting the number of spline coefficients used in

fitting the remainder.

The current algorithm processes images in blocks of 240x240 pixels.

Each pixel is assumed to have an integer value between 0 and 255 inclu

sive. In order to meet these requirements, flow computation data were

quantised uniformly to 256 levels and imbedded in an array of 240x240

points of constant level.

4.2.2 Results of the Spline-algorithm

Table 3 and figure 12 show results, obtained with the spline-algo

rithm.

Data were quantised to 8 bits prior to processing with the algorithm.

Thus. the total data reduction (quantisation + application of the algo-
-2 -2rithm) is 27 to 50, with a maximum absolute error of 2.10 to 5.4 10 •

If this is compared with the objectives stated in paragraph 1.2, then it

follows that the reconstruction error is one order too large.
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TABLE 3

Results of the Spline-algorithm

bitrate (bit/pixel) abs. compres-

MSE error sionfactor

texture edges levels (max)

.3333 1.1443 .9322 4.6 10-5 2.0 10-2 3.32

.3333 .9074 .5565 1.2 10-4 3.6 10-2 4.45

.3333 .7054 .2517 2.3 10-4 5.4 10-2 6.20

Fig. 12 Reconstructed data after
spline compression
(compressionfactor 3.32)

As was mentioned in the preceding subparagraph. the spline-algorithm

assumes the presence of piecewise continuous regions in the image. It was

known in advance that the flow data do not meet this assumption. This is

confirmed by the result of figure 12. If this picture is compared with

the original (Fig. 10). then the introduction of "plateaus" in the recon

struction is striking.
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The conclusions are. of course. that the spline-algorithm is not

particularly suited for the compression of flow computation data.

The algorithm operates with a mean square error norm and it is based upon

assumptions about the data that are not met by flow computation data.

If the algorithm had to be adapted to this kind of data, a point of study

should be the region segmentation. This is not pursued any further in

this report.

4.2.3 Application of DPCM

Data are generated by a deterministic process and contain spatial

dependencies. The underlying process. however. is far too complex (in

terms of operation counts) to be usefull. Therefore. a more simple

function has to be derived that approximates the actual dependencies.

It was already noted, that this problem. especially in more dimensions. is

very difficult in general.

For this application a simple two-dimensional predictor can be derived

using the fact that data approximate second. or even third order continu

ous functions (see paragraph 1.2). This means that a Taylor expansion of

such a (unknown) function will be well behaved.

The Taylor expansion can be written as

af af
f(x + ~x.y + ~y) = f(x,y) + ~ ax + ~y ay + R(~x.~y)

The partial derivatives in this expansion can be approximated by [Ames.

1977 ]

li ; f(x + ~.y) - f(x - ~n. y)
ax 2~

Now let x = j~. Y = n~y and f(x.y) be denoted by f
j

.
•n

If we drop the term R(~.~y) then the expansion becomes

f'+1 +1 = f j +1 - f. + f'+1J.n .n J.n J.n

This function can be used as a predictor. It is a causal predictor. for

it uses only points that are already processed (Fig. 13).
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SCANNING ORDER:,
n-1 -----+H--~iH---_+_--

II

n

n + 1 --+---+----+---

j-1

Fig. 13 Points used in the prediction

j +1

The same predictor function also shows up in a different content.

Suppose the data can be modelled by a separable exponential covariance

function, Le.

2
Cov(ui,j' ui +k ,j+1) = a

b
If PI = P2 = 1, then the same predictor function results [Jain, 1981 J.

In this context, the predictor is called a causal minimum variance pre

dictor. The problem with such an approach is to validate the assumption

about the model.

4.2.4 Results of Prediction

Figure 14 shows the prediction errors that result from the applica

tion of the predictor function derived in the preceding subparagraph.
-3Most of the values are in the order of 10 , minimum and maximum values

are -.73 and .74 respectively.

The total range of values has not decreased significantly, the entropy of

the prediction error distribution, however, is lower than the entropy of

the original data distribution.
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This is plotted in figure 15.

Fig. 14 Prediction errors (V/Voo)

The curves represent entropy estimates for the following three dis

tributions

A: the prediction error distribution

B: the original data distribution

C: the uniform distribution

In all of the three cases a uniform quantiser has been used.

The entropy estimates are made by counting symbol occurrances. For small

quantisation errors the estimates A and B approach 10.67 = 10g2 1625.

This is caused by the fact that. as quantisation intervals grow smaller

and smaller. they will contain just a single point. The number 1625 is

exactly the number of data points.

From the results that are presented here. it follows that the

predictor function derived in subparagraph 4.2.3 performs well in a large

part of the data field.

The parts where the prediction errors tend to be large. are exactly the

parts of the data field that contain steep gradients or discontinuities.
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Fig. 15 Entropy estimates (VfV~)

The same results also indicate that the compression that can be

obtained using only a DPCM-predictor. will not be large enough. The

entropy estimates given in figure 15. are under the condition that the

probability distributions are known to both transmitter and receiver.

This means that the probability distribution has to be transmitted as

well. thus lowering the total compression.

It might be argued that a more refined predictor function will give

a compression that lies within the specifications. It was already noted

however. that the derivation of a suitable predictor function is very

hard. In fact, it is more or less a trial-and-error-procedure. For this

reason. compression using only DPCM was not considered any further.

It should be noted, however, that the application of even a simple pre

dictor function, like the one derived, significantly lowers the entropy

of the input data. And, what is important. this goes at virtually no

expense (3 data values to start the prediction).
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4.3 System Set-up

Based upon the results obtained thus far, the following approach to

the flow data compression problem was decided for

Data are quantised first; subsequent processing is done without

introduction of additional errors.

Prediction is applied to reduce the entropy of the data probability

distribution.

Based on the prediction error distribution, regions with steep gra

dients and discontinuities are singled out.

Little effort will be put in trying to obtain compression in regions

with steep gradients and discontinuities.

A universal coding strategy is adopted in the regions where data

values vary smoothly.

Each of these choices will now be motivated briefly.

The first step of the final algorithm will be the quantisation of the

data. In this way a simple and accurate control of the total distortion

is possible. The distorsion measure is a uniform norm. Allowing the

introduction of errors at several places implies, that a worst-case ana

lysis has to be done for the total error, to meet the demand of a uniform

norm. A worst-case analysis tends to overestimate the actual distorsion

and, consequently, less compression will be obtained than is actually

possible.

The use of a predictor to reduce the entropy of the input data

distribution, is motivated by the results of subparagraph 2.2.4. It also

follows from these results that prediction errors are large in regions

with large gradients or discontinuities. Thus, the prediction error dis

tribution can be used to identify these regions.

It is clear that regions where data values change abruptly from one

point to another, contain inherently less spatial dependencies than other

regions. Therefore, it is a waste of effort in trying to obtain much

compression in those regions. They are separated from the rest of the

data field to make it possible to obtain maximum compression.
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Regions where data values vary slowly from point to point, from now

on referred to as "smooth regions", still contain strong spatial depen

dencies after the application of a predictor. Such dependencies can be

modelled by a discrete Markov source. The parameters of the model are the

transition probabilities of the source. These probabilities will have to

be estimated from the prediction error data. In this sense, it is a uni

versal coding strategy. The problems, associated with this approach, will

be dealt with in the next chapter.

This concludes the chapter with intermediate results. The next

chapter describes the design of a data compression algorithm that is

suited for the compression of flow calculation data.

The design will be based upon results obtained in this chapter and upon

results obtained during the design.

5 THE DESIGN OF A DATA COMPRESSION ALGORITHM

This chapter describes the design of an algorithm for the compres

sion of flow computation data.

First of all, a general overview of the algorithm will be presented.

After that, the various subsections will be dealt with in the remaining

paragraphs.

5.1 General Overview

This overview will be given on the basis of the schematic diagram

drawn in figure 16.

Input data of the algorithm consist of 64 bits floating point num

bers. In the first stage of the algorithm, these numbers are quantised

within an accuracy that can be determined by the user.

The total distorsion that is tolerated, is made by the quantiserj after

quantisation, processing is done without the introduction of errors.

The quantised data are processed by a two-dimensional predictor.

Application of this predictor serves two purposes:

Reduction of the entropy by using prediction error data instead of

the original quantised data.
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Gathering of statistics that will be used by both the classifiers

present in the algorithm.

The predictor is followed by a region classifier. Based on the statistics

collected by the predictor. regions that contain steep gradients or

discontinuities (these regions will be referred to as "wild regions" from

now on) are singled out. In these regions. little compression is possible

and they are treated separately to allow maximum compression be obtained

in the remaining regions.

DATA (64 BITS)

~

aUANTISATION

2-DIMENSIONAL F===::;"
PREDICTION

ERROR,SELECTABLE
BY THE USER

PREDICTION ERROR
DISTRIBUTION

REGION
CODING

REGION '
- CLASSIFICATION 1$==:::::6:===i1

REGIONS WITH LARGE
GRADIENTS

1-DIMENSIONAL

PREDICTION

SMOOTH
REGIONS

CLASSIFICATION r---

I

RESIDUALS
CODING

MODEL
CODING

PREDICTlON
ERROR CODING

CLASS DISTRIBUTION
CONDITIONING

CLASS
CODING

MODEL
CODING

Fig. 16 Schematic diagram of the compress10na1gor1thm
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The output of the region classifier is a decision whether a point belongs

to a smooth region or a wild region. The decoder needs the results of

this classification for decoding. Therefore, the edges of the resulting

regions are encoded and sent to the decoder as a part of the overhead.

A point is assigned to a wild region if the error, made by the two

dimensional predictor, is large. This does not preclude that there is no

spatial dependency at all. Therefore, an attempt is made to find a direc

tion in which a one-dimensional predictor yields reasonable results.

The direction and the prediction error are encoded and sent to the de

coder.

Spatial dependencies in the smooth regions are modelled by a dis

crete Markov source. The dependencies are expressed by the values of the

transition probabilities between the various states of the source.

If this model is to be used for encoding data, then its parameters, i.e.

the transition probabilities, have to be known at the decoder.

These parameters can be estimated first and, after tha t, sent to the

decoder, or the model can be built up adaptively. In the latter case, the

parameters are given an initial value and this value is updated after a

data point has been processed. Hence, the decoder can reconstruct the

model exactly, by simulating the encoder.

The number of parameters of the Markov source depends on the number

of neighbouring data points taken into account, and on the size of the

alphabet, that is the set of values that may be taken by a data point.

Suppose p is the number of neighbouring points taken into conside

ration, and let n be the size of the alphabet. The number of model para-
p+lmeters equals n •

The region classifier has diminished the total range of data values

considerably by excluding the large prediction errors. Still, the remain-
2 4ing range is very large (10 - 10 ).

This is prohibitive for a straigthforward implementation of the Markov

model in terms of memory requirements and processing time.

Therefore, in the smooth regions, data values are partitioned into a

small number of classes.

A Markov model can be set up then, using the small class alphabet instead

of the original large one.

In order to be able to completely reconstruct the original data value,

the offset of the data value within its class (referred to as the " re

sidual ") has to be specified too. Therefore, the coding of the smooth

regions amounts to coding of
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i. The model parameters (provided the model is nQt set up adaptively).

ii. The class values.

iii. The residuals.

Almost all of the sections of the algorithm that have been described

up till now, have to do with the modelling. Nothing has been said about

the actual encoding.

In the various modelling sections, probability distributions have been

estimated, according to which codewords will have to be generated.

The latter task is performed by an arithmetic encoder. It is an adapted

version of the well known Elias algorithm and was selected because of its

flexibility and good performance [Rissanen, 1981b , Tjalkens, 1985J.

This completes the general description of the algorithm. The fol

lowing paragraphs each describe a section of the algorithm in detail.

5.2 Quantisation and Prediction

Numerical fluid dynamics demands for a uniform error norm: At no

single point within the data field the difference between original and

reconstructed values may exceed a preset bound.

The quantiser is the only part of the algorithm where errors will be

introduced. All processing after the quantiser is done using reversible

operations, so the quantised data can be reconstructed exactly.

Quantisation has to be done uniformly in order to meet the demand for a

maximum absolute error.

Wi th regard to the further processing, it is advantageous to let the

quantiser map the floating point numbers onto integers.

Let x be the value to be quantised, e the maximum tolerable error

and m the minimum of the data values

m = min

all data

x (x)

The quantiser is given by

x = r(x - m) /2e + ~1
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In this way the floating point numbers are mapped onto a set of integers

{O. 1••••• M}. The value of M depends on the size of the error that was

selected; in practice M is in the order of 100 - 100,000.

The quantiser is followed by a two-dimensional predictor. As was

already noted, the purpose of this predictor is twofold: entropy reduc

tion and collection of statistics for the region classifier.

Based on the results of subparagraph 4.2.4 the predictor function

Xi . = xi 1 j - xi 1 . 1 + xi . 1,J - • - .J- .J-

was adopted. It is a simple function and it performs well in the area of

interest. viz. regions without steep gradients and discontinuities.

While the predictor function is being applied to the data field.

counts of the prediction error are collected. These counts will be used

by the region classifier.

Both the quantiser and the predictor introduce some overhead. The

quantiser scales the input data by subtracting the minimum of the data

values. This minimum value has to be sent to the decoder with a greater

accuracy than the rest of the values. because the reconstruction error of

this value adds to every quantisation error.

The predictor requires three starting values. viz. x 1• 1' x2• 1 and x 1•2 '

Using these values the borders xl" j= 1, 2•... and x. l' i = 1. 2•.•.
,J 1,

can be predicted with a line predictor. viz.

Xl, j = 2x 1• j -1 - x!, j - 2

for the horizontal border and

for the vertical border

These predictor functions can be derived following the lines of subpara

graph 4.2.3. As soon as the borders are known. the two-dimensional

predictor can be applied.

5.3 The Region classification

It follows from both the specification and a "representative sample

of the flow computation data that two types of regions can be discerned.

One is a region where data values vary slowly and smoothly and, thus.

contain a great deal of dependency. The other is a region with steep gra

dients or discontinuities. In such a region. data values are far less

dependent.
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It is very hard, if not impossible, to design an algorithm that has

optimum performance in both types of regions. Therefore, a region classi

fier is applied to separate the two types of regions. Each type of region

will be treated separately with a suitable algorithm.

The region classifier is based upon the observation that a two

dimensional predictor yields large prediction errors in a region with

steep gradients or discontinuities. By setting thresholds in the predic

tion error distribution, such regions can be identified.

Currently, the thresholds are determined by fixing some fraction of the

data points that should be qualified as belonging to a wild region.

Clearly, this is not an optimum strategy and it is a subject for further

study.

For illustratory purposes some results are given in table 4. Varying

the fraction of points belonging to a wild region, the average total code

length per data point was calculated. The fraction .05 appears to be op

timum for this set of data.

TABLE 4

Average code length vs. fraction of points in wild regions
-4(max. abs. error = 5.10 )

Wild fraction Average code length (bits)

.2 3.8280

• 1 3. 1425

.075 3.0208

.06 2.9749

.05 2.9593

.04 2.9903

.025 3.1835

0 8.2112

The partition of the data field that results from application of the

region classifier, has to be sent to the decoder. This is done using a

strategy devised by M.R. Best [Renes, 1984J.

This strategy is based upon the facts that the edges of a region form a

closed contour in the data field, and that the data field is processed

line by line.
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•I
* = GRID POINT

I

* I * • = POINT OF INTERSECTION
I
I

• ,. = EDGE PRESENT

-- --- = NO EDGE PRESENT

* * = EDGES TO BE ENCODED

Fig. 17 Encoding of edges

Edges are encoded, two at a time, using the edges that were al ready

encoded, viz. the ones going up and to the left (Fig. 17).

To be more specific: define a state i as the number of up and left edges

that are actually present (0, 1 or 2); then the remaining edges are en

coded, conditioned upon i.

Table 5 lists the states and the possible edge-configurations.

TABLE 5

Possible edge-configurations

(... = no edge, = edge)

state edges at intersection possible edge-configuration

-

• T ,
I

I e--j Ie--.-. e--r•
, • •
I I I

~ -+- I-r-
II ~

.-1 ·-1-~ --t-
~

III -l ~_.. +~

During a first pass through the data field, counts of occurrences

of the six possible configurations are collected (no distinction is made

between both mirror images in state II).
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Using these counts, the conditional probabilities are computed, with

which the edges can be coded by the arithmetic encoder.

The six counts, together with the coding of the edges, form the overhead

for the region classifier.

TABLE 6

Average code length of the edges

Wild fraction Average code length for

the edges (incl. overhead)

.2 .2719 bits

• 1 .1925 bits

.05 .1181 bits

.025 .0994 bits

-

This overhead is listed in table 6 for several values of the frac

tion of points in the wild regions.

An example of a partition of the data field is shown in figure 18.

10 •••••••••••••••••••••• '" IO ••••••••• IO IO •••• '" ••••••••••••• IO·

• IO •••••• ,.. IO. IO •••••••••••••••••• IO •••••• IO •••• '" •••••••••••••· '" .· '" .
• 10 ••••••••••••••••••••••••

• ••• '" '" IO •••••••••••••••••• IO" ••••••• IO •••

'" •••••• 10 IO" IO •••••• IO ••••••••• I • IO ••••• IO ..

.. .. .. .. .. • • .. .. .. .. .. .. • .. .. • • .. II .. "" .. II • II .. II II .. II .. II II II II II II II •

• ••• '" • IO •••••••••••••••••••••••• 10 ••••• 10 •••••••••••••••••••••••••••

.. .. I I • I I I • I I I I I • I I I I I I I .. I • I I I I I II I .. I I I I .. I II • II II ••• II •

.. .. I I I I II '"" "" II .. II .. II '" II II II

.... I .. II '" '" II II II

............................ II I II • II • '" '" II II II II II .

.. • II .. II .. II I II II II .. II I II II II II II II II ..

Fig. 18 Edges in the data field (fraction=O.l)
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5.4 Coding of the Wild Regions

Data points are classified as belonging to a wild region. if a two

dimensional predictor yields a large prediction error at that point.

This does not mean that spatial dependencies are absent. There may still

be large dependencies in one direction. Consider. for example. the shock

in our sample data (Fig. 10). In one direction there is a discontinuity,

in the perpendicular direction the data values vary smoothly.

Based on this observation. the following strategy was adopted for'

coding the wild regions: At each point of a wild region, two one-dimen

sional predictors are applied. One predictor in the horizontal direction

2x. 1 . - x. 2 .1- oJ 1- oJ

and the other in the vertical direction

X. . = 2x i . 1 - x. . 210J oJ- 1oJ-

For each point, the smaller prediction error is encoded, plus an indica

tion of which predictor was used.

The overhead for this strategy consists of coding the predictor that was

used. In order to save on this overhead, the strategy just sketched was

modified a little.

Consider figure 19. Based on the predictor directions in points A and B,

a predictor direction is selected. The prediction error is coded and the

predictor direction ""hich gives the smaller error, is saved. Note that

this direction may, or may not be the direction with which the data point

was coded. Table 7 gives the rules for selecting a direction.

• • • • • •
B

• • • 0 • •

• • 0 * • •
A

Fig. 19 The predictor direction
is based upon that of
points A and B
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If no decision about the predictor direction can be reached. 1 bit

is assigned to code the predictor direction that yields the smaller

error. In table 8 some results are shown of the original and modified

strategies.

TABLE 7

Selection rules for predictor direction

(H = horizontal. V = vertical. - = no direction:

smooth point)

Predictor direction Predictor direction

selected

at point A at point B

- - code direction

H/V -
- H/V

H/V

H V code direction
V H

V V V

H H H

TABLE 8

Average code length wild regions

(in bits. max. abs. error = 5.10-4)

Wild fraction original modified

strategy strategy

.2 2.6094 2.4254

. 1 1. 3746 1.2768

.05 .7167 .6637

.025 .4049 .3760



-39-

5.5 Coding of the Smooth Regions

Spatial dependencies in regions, where data values vary slowly and

smoothly, are modelled by a discrete Markov source. The dependencies are

reflected in the values of the transition probabilities of this source.

In the usual Markov source model, symbols emitted by the source are

condi tioned upon previous symbols and, the more previous symbols are

taken into account, the more complex the model will be. This raises a

problem if such a model is used for two-dimensional data.

In two dimensions, "past" is related to the order in which the data are

processed. If this processing is done line by line, then points that lie

close to each other, need not be processed directly after each other;

many points may have been processed in between (Fig. 20). E.g. 100 points

have been processed between points 3 and 103.

1
•

101
•

2
•

102
•

3
•

103
•

4

•

104
•

5
•

105
•

100
•

200
•

Fig. 20 Processing order in two dimensions

In a normal model, all the points that lie inbetween, have to be

taken into account, resulting in an extremely complex model.

In order to overcome this difficulty, Rissanen defines a class of, so

called, finitely generated sources [Rissanen, 1983]. In these sources,

the artificially introduced past is effectively ignored and only the

points of interest are taken into account. Following these lines, we will

select our Markov source from the class of finitely generated sources.

The range of values taken by the data has been reduced by the region

classifier. Still, adopting this range as the alphabet for the Markov

source, leads to a model of enormous size. Therefore, data values have to

be divided into a small number of classes. These classes form the alpha

bet for the Markov source.

Using this approach, the complexity of the model can be lowered to a

manageable level. Two problems are raised:



How should the data values be divided into classes?

How must the specification of a value within a class be coded?

The answers to these questions will be given hereafter.

Once the classes are known, a Markov model can be set up. This set-up is

described in subparagraph 5.5.2.

Finally, the model parameters have to be sent to the decoder. How that can

be done efficiently, is described in the last subparagraph.

5.5.1 Selection of the Classes

In this subparagraph the solutions to the two problems stated ear

lier, viz. the classification of data values and the coding of a specifi

cation within a class, are presented.

The most simple solution to the first question would be to have

consecutive values within each class. The overhead associated with this

strategy, is the specification of the bounds of each class. If n classes

are selected, n+l bounds suffice to specify the classification. In the

appendix it is shown that this strategy is not optimum, nevertheless it

is adopted for two reasons. One is, that it is very hard to find an op

timum classification; no strategy is kno~~ to determine such a classifi

cation, apart from an exhaustive search. The other reason is, that the

classification has to be sent to the decoder. It is most likely that the

specification of the optimum classification will require a lot more

parameters than the n+1 bounds in the case of consecutive values.

Let us now turn our attention to the problem of the determination of

the class bounds.

Let P E be the prediction error distribution after the region classi

fier has been applied. Let { b.1 0 ~ i ~ tV be the set of class bounds with
1.

b0 < b 1 < ••• < bn • P C is the probability distribution of the classes:

bi-l

IP(C=i) = L P(E=j)
j=b. 1

1.-

, for 1 ~ i ~ n
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Let Em be a sequence of prediction errors. The sequence of classes Cm is
muniquely defined by E • Therefore, the following holds

H(Em) = H(Em) + H(CmIEm)

H(Cm) + H(Em!Cm)

m
:ic H(Cm) + r H(\.I Ck)

k=l

Taking limits on both sides

lim
m-+-CX)

1
m

m
[H(C

m
) + r H(\.ICk)]

k=l

it follows that

HCX)(E) :ic HCX)(C) + H(EIC)

and, as the classEs will be modelled with a Markov source of order p,

H (E) :ic H (C) + H(E\C)CX) p {3.5.1.1)

The classbounds have to be chosen, such as to minimise the right-hand

side of {3.5.1.l).

This raises two problems: It is very hard to compute H (C), and H(EIC) is
p

but a lower bound to the actual average code length.

Performance of the arithmetic encoder can be close to this bound, pro

vided the conditional probability distributions are knol."l1 at both the

encoder and the decoder. However, data values were divided into classes

to reduce the complexity of the source model. This can only be achieved

if little or no parameters are needed for the specification of the model

that is used for coding within classes.

A solution would be, to use equal-length codewords for the specifi

cation of a value within a class. In that case, the average code length

for a data value in a smooth region is
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n
L W(C=i) log2(b i - bi _1)

i=1
(3.5.1.2)

Another solution, of which better performance is expected in view of

the non-uniform distribution of the data values (Fig. 15), is to use an

adaptive coding strategy. Instead of using the conditional distribution

P
Elc

, which is too complex to be transmitted, a distribution PAIC is used.

Initially, this distribution is set to a uniform distribution, but it is

updated each time a data value is encoded. Thus, the distribution PAIC

gradually approaches the "real" distribution P
EIC

'

With such an adaptive strategy, the right-hand side of (3.5.1.1) has to

be minimised.

In either solution, the function to be minimised contains the term

H (C). Since it would require a large amount of processing to include
p

this term in the minimisation, an alternative has to be sought.

One alternative is to treat H (C) as a constant, excluding it from the
p

minimisation.

Another one, which will be used hereafter, is to use the zeroeth order

entropy H(C) instead.

In that case we have

n
H(E) = H(C) + L P(C

i=1
i) H(EIC i) (3.5.1.3)

Thus, the zeroeth order entropy H(E) is split into two terms, each depen

ding on the subdivision, whereas H(E) does not depend on this subdivision.

Substituting the relation in (3.5.1.2) and ignoring constant terms, it

follows that

n

L ~(C = i) [10g2(b i - bi ) - H(EIC i)J
i=1

has to be minimised over all possible bounds b
i

, i=I, ••. , n, in case

equal-length codewords are used.

Otherwise, with an adaptive strategy,
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n
L P(C = i) H(EIC = i)

i=1

has to be minimised or, equivalently, H(C) can be maximised, as, accor

ding to (3.5.1.3), they add up to a constant, independent of the sub

division.

This problem is equivalent to the classical quantiser design problem [Max,

1960 and Lloyd, 1982J. Unfortunately, the methods used by Max and Lloyd,

cannot be used for a discrete probability distribution, so another algo

rithm is needed.

Obviously. an optimum solution can be found by searching through all

possible configurations, but this will require an excessive amount of

processing time.

A suboptimum algorithm that was suggested by Tjalkens, will be des

cribed now. Consider the cumulative distribution of prediction errors

drawn in figure 21.

The entropy of the probability distribution of the classes H(C) is maxi

mised if all classes have equal probabilities. From this, it follows that

the class bounds have to be chosen, such that the resulting class distri

bution is close tc a uniform distribution.

1.00

IP (i)

i 0.75

0.50

0.25 - - - - - - -

a 8 11 12

15

17

Fig. 21 Selection of the classbounds
( t = bound)
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The dashed lines in figure 21 mark the boundaries of a uniform class dis

tribution. The selection of the class bounds is done as follows:

Consider each value of the prediction error distribution in turn.

If the cumulative distribution crosses one of the marked boundaries. then

the corresponding value is selected as a class bound.

As an example. the selected bounds for a partition into four classes are

indicated in figure 21. An advantage of this algorithm is. that each

class bound is determined independently from all others. Therefore. a

deviation from the ideal distribution. incurred by the discrete steps

that have to be taken. does not propagate.

It still has to be decided. what strategy will be used for coding

the specification within a class. In table 9. a number of results are

collected for both coding with equal-length codewords and using an adap

tive strategy.

The stationary entropy gives the entropy of the data obtained from a

prescan. The adaptive entropy is an average entropy defined by

n
H ~ l L H(A.)

adapt n i=1 1

where n is the number of data points and Ai the probability distribution

prior to the i-th update (AI is the initial. uniform. distribution).

It is a lower bound to the performance of the algorithm (provided the

data are generated by an ergodic source). The actual code length is the

average code length that results. when the adaptive strategy is applied

to the sample data.



TABLE 9

Coding of residuals (bits)

-4 max. abs.max. abs. error 5.10
-5error 5.10

3 classes 5 classes 10 classes 5 classes

equal-length

codewords 1.9044 1. 1869 .4979 4.0676

stationary

entropy 1.2596 .8338 .4151 3.4515

adaptive

entropy 1.2993 .8914 .4354 3.7205

actual code

length (adapt.) 1.3116 .8748 .4391 3.7408

From these results, it follows that an adaptive strategy is to be

favoured. Furthermore, it can be seen that such a strategy has a perfor

mance, that comes very close to the performance that would be possible if

the probability distribution were known completely.

5.5.2 The Markov model

Spatial dependencies in the smooth regions are modelled by a ~~rkov

source. This means, that a values probability of occurrence is condi

tioned upon the occurrences of values at other points.

In the preceding, it has become clear that, in order to avoid a source

model that is too complex, data values have to be divided into a small

number of classes. As a result, data values are represented by pairs of

numbers: the first number gives the class to which the data value belongs;

the second number gives the offset of the data value within that class.
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The Markov model is set up, using only the class number, i.e. the occur

rence of a class is conditioned upon the occurrences of classes at other

points.

The most favourable candidates for the conditioning points are the direct

neighbours. The choice of a set of points is restricted, however, by the

order in which the data field is processed. The classes of all points

that are used in the conditioning, have to be known, so these points

should already have been processed.

Therefore, the allowable points lie in the shaded area of figure 22.

Another restriction concerns the number of points that are used in the

conditioning. If p is the order of the Markov source and n is the number

of classes, then the number of parameters equals nP+1• From this it fol

lows that only a few conditioning points should be selected, for, other

wise, the model will be too complex, even for moderate values of n .

•

•

•

•
•

•
•
•

•

•
•
•

Fig. 22 Conditioning points

The selection of the order of the model and the selection of condi

tioning points are postponed till the end of this subparagraph. Based

upon results presented there, the actual selections will be made.

The conditional probabilities of the Markov source are determined by

counting occurrences of classes at a point and its neighbours. The de

coder has to know the probabilities, as they are required in the decoding

process. Two ways are left open for the algorithm:

Either to use a stationary strategy, or to use an adaptive one.

In the stationary strategy the counts are collected during a prescan of

the data and then sent to the decoder.



With an adaptive strategy all counts are initialised with a value, known

to the decoder. After a data point has been processed, the appropriate

count is updated.

In the latter case no counts have to be transmitted, for the decoder can

reconstruct the counts at any moment. In view of the following, the first

strategy was favoured for the flow data compression algorithm:

As already was noted, the model contains a large number of parameters and

these parameters are determined by counting. Only a limited number of

data points is available and, as the data contain strong dependencies,

many of the parameter counts will actually be zero.

If the parameters are determined from a prescan, then these zero-counts

can be neglected. Otherwise, if the second strategy is used, all para

meter counts will have to be considered.

The results of Bune [Bune, 1984J form another argument in favour of

the stationary strategy. These results show that the number of data

points, that have to be processed by an adaptive algorithm before proper

adaptation is obtained, exceeds the number of parameters by many orders

of magnitude. Therefore, it is not likely that an adaptive strategy will

give better performance than a stationary one.

The question, as to what number of classes would be appropriate, is

far from easy. Increasing the number of classes decreases the cost of

residual coding, but increases the cost of the coding of both the classes

and the model parameters. Therefore, the selection of a particular number

of classes is a trade-off between these increasing and decreasing costs.

Table 10 shows some results obtained by varying the number of classes.

For an error of 5.10-4 the minimum is reached for 3 classes; for an error
-5of 5.10 ,7 classes give minimum total cost.

Notice that, if a fixed number of classes is chosen for all values of the

maximum absolute error, 7 classes would be a good choice.

In table 11 results are compiled, obtained by varying the set of condi

tioning points. The sets of points are specified by the offsets relative

to the point currently being processed, e.g. set I contains the points

marked I, 2 and 3 in figure 22.

It can be concluded, that there is no clear preference for a certain set

of conditioning points. No single set performs best for all choices of

the maximum absolute error and the number of classes.

Furthermore, the reduction in entropy that results from going from order

2 to order 3, is more than offset by the increase in model coding cost.
-4For example, for an error of 5.10 and 4 classes the model cost increases

from .2932 bits to 7190 bits, an increase of .4258 bits, while the entro-
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TABLE 10

Coding cost vs. number of classes (bits)

max. abs. residuals model classes total

error classes

3 1.2137 .1055 .8671 2.1863

5.10-4
5 .8322 .2932 1.0638 2.1892

7 .5062 .5787 1.1736 2.2585

10 .4065 .8233 1.1711 2.4009

3 4.4281 .1024 .5373 5.0678

5.10-5 5 3.4726 .3104 .7393 4.5223

7 2.9567 .5598 .8296 4.3461

10 2.4353 .9820 1. 0047 4.4220

py decreases from 1.1406 bits to .9626 bits, which is a decrease of only

.1780 bits.

The attentive reacEr may have noticed that some values, that should have

been equal, are not, to wit H(C).



TABLE 11

Conditional entropy of the class distribution (bits)

quant. condo H(C) H(C 11) H(Cll,2) H(Cll,2,3)

error classes set

I 1. 5206 1. 0535 .9288 .8156

5.10-4 3 II 1. 5160 1.0606 .8329 .7422

III 1.5163 1.0510 .8432 .7628

I 1.9434 1. 3132 1.1406 .9626

5.10-4
5 II 1.9307 1. 3165 1.0040 .8587

III 1.9323 1. 2970 1.0312 .9039

I 2.3187 1. 1133 .7923 .7222

5.10-5
5 II 2.3183 1.1778 .8687 .7901

III 2.3183 1.0598 .9346 .6507

I 2.3583 1.5404 1. 2509 .9886

5.10-4 10 II 2.3302 1. 5300 1. 0617 .8716

III 2.3333 1.5162 1.1557 .9188

I 3.3004 1.6673 1.0758 .8801

5.10-5 10 II 3.2988 1. 7569 1.1591 .9317

III 3.2989 1.5541 1.2880 .7683

I = {(-I, 0), (0, -I), (-I, -l)}

II = {(-I, 0), 0, -I), (-I, -I)}

III = {CO, -1),0, -I), (-I, O)}

This is a result of the different number of data points used in

obtaining the estimates. For, if one of the conditioning points lies in

a wild region, the data point is treated as if it belonged to the wild

region too. The point itself can be taken as a conditioning point, after

wards, without further consequences.

Points that lie on the upper, left and right boundaries of the data field

are conditioned, if necessary, upon the one conditioning point that is

available.
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Based upon the results obtained in the previous, it was decided to

use a model of order 2 with conditioning points {(-I, 0), (0, -I)}.

5.5.3 Coding of the Markov model

The parameters of the Markov model, to wit the transition probabili

ties, are estimated during a prescan of the data.

The occurrences of a particular set of classes (at a point and its con

ditioning points) are counted, considering such occurrences as joint

events. Finally, after all data points have been processed, these counts

are used to compute the conditional probabilities.

In order to uniquely identify the count that is to be incremented,

every count is associated with a leaf of a n-ary tree, where n is the

number of classes.

The set of classes marks a path in the n-ary tree from the root to a

certain leaf. E.g. the set (2, I, 3) (resp. the value at the point itself,

followed by the values at two conditioning points) gives the path shown

in figure 23. After a particular leaf is identified, its associated count

can be updated.

The counts and, if necessary, the shape of the tree have to be sent

to the decoder. The number of counts that are involved, can be consi

derable and, therefore, it pays off to code them as efficiently as pos

sible. Letting the shape of the tree vary, trading off the cost of a

tree-extension against a reduction of entropy, was not considered any

further. This may be a subject for further study.

ROOT

3

,
LEAF WITH COUNT

Fig. 23 Tree with counts
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As the shape of the tree is fixed. it needs not be transmitted. Only

the counts at the leaves have to be coded.

Straightforward coding in 10g2 (# data points) bits is not efficient. as

is shown in table 12. A better strategy makes use of the fact that the

number of data points is relatively small. Small counts will. therefore.

be more likely than large ones.

Encoding the presence of a non-zero count. followed by the count itself.

already gave a significant reduction in coding cost (Tab. 12. "non-zero

counts").

This strategy is a special case of the problem of approximating an arbi-

TABLE 12

Results of Model coding (max. abs. error = 5.10-4)

number of equal-length non-zero piecewise

classes codewords counts uniform

3 .1772 .1575 .1318

5 .8205 .4809 .3195

7 2.2514 .8890 .6050

10 6.5638 1.5536 .8496

trary probability distribution by a piecewise uniform probability distri

bution. This approximation has to be done in such a way that the extra

extra cost. incurred by encoding with the approximating distribution. is

minimised. In our case. the arbitrary distribution will be the distribu

tion of the model counts. The approximating distributjon results from

setting a number of thresholds in the model count distribution. Each part

can then be coded in codewords of an appropriate length.

The approximation problem will now be stated more precisely:

Let Px be the probability distribution of the discrete random varia

ble X. X £ {a. 1••••• N-l}. This distribution has to be approximated by

a piecewise uniform distribution P
Q

such that the extra costs incurred by

using P
Q

(reflected by an increase of the average' code length) for en

coding are minimised.



Let PQ have jumps at points gi' i=O ••••• K with go a 0 and gk = N

and let

g -1
k

1:
i=gk_l

IP(Q = i) for k = 1. 2••••• K

(see Fig. 24). The increase of average code length is given by the infor

mational divergence D(Pxl IP
Q
). Thus. the problem is to find

min
~• .s.

D(P
X
Ilp

Q
) = min

£. .s.

N-l
1: P(X=j) log (~(X=j»

j=O IP(Q=j)
(5.5.3.1)

subject to the constraints 0

This can be rewritten as

= Nand
K
1: a

k
= 1.

k=1

K
max r
.::• .£ k=1

gk- 1

r IP(X=i)
i=gk_l

(5.5.3.2)

under the same constraints as (5.5.3.1).

IP (X)

I

Fig. 24 Approximating a distribution



Straightforward optimisation of (5.5.3.2), a mixed optimisation over

discrete and continuous parameters, was a far too difficult problem.

Therefore, the following simplification was made:

define Pk =
gk- 1

r P(X=i) for k
i=gk_l

1, 2, ... , K

and let ak = Pk for k = 1, 2, ... , K

Then (5.5.3.2) becomes

K

min H(P*) + r Pk log (gk - gk-l)
~ k=1

(5.5.3.3)

with P* the distribution given by the probabilities Pk , k = 1, ••. , K.

Note that the object function of (5.5.3.3) signifies the average length

of a codeword.

After the number of thresholds K has been selected, the approxima

tion problem can be solved by an exhaustive search. The complexity of

such a search is NK- 1, where N is the number of different model counts.

If n is the number of data points, then the maximum value of N is about

12n (Le. let the counts be 1, 2, 3, 4, etc.). Selecting K = 3 gives a

complexity - n.

Note that this analysis is a worst-case analysis, in practice the number

of different counts will be far less than 12n.

Table 12 shows the results of this strategy. The number of thresholds K

was chosen to be 3.

5.6 The Arithmetic Encoder

In this paragraph, a brief description of arithmetic coding will be

given. More extensive treatments can be found in a paper by Rissanen and

Langdon [Rissanen, 1979J and a recent publication of Tjalkens and Willems

[Tjalkens, 1985J.

Arithmetic coding is an adapted version of the Elias' source coding

algorithm, so first this algorithm will be considered.
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n
Suppose a string of symbols ~ = u l • u2••••• un' with ui £ {sl' ••• , sk}'

i = 1 ••••• n. is to be encoded.

Furthermore, it is given that all probabilities

i.e. the underlying probabilistic model, are known.

The algorithm transforms the input string ~n into a binary string
r r

b £ {O, I} . This is done as follows:

The interval [0; 1) is divided into a number of disjoint intervals.
nEach interval corresponds to a particular string ~ • and has a length

n n
equal to 1P<,~ = ~ ).

Any point within the interval can be chosen as a representation for the

interval and. consequently, for the input string ~n. To do this effi

ciently, we should seek for a point v that has shortest binary represen

tation, i.e. let

v = -i
L v i2 ,

i=1
v.

].
£ {O, I}, vi = O. i > r

then r has to be minimum.

We now have to identify the interval corresponding to the input

string ~n. Notice that the equivalence of intervals and input strings

implies an ordering of the input strings (for the corresponding intervals

lie after each other). This ordering of strings is taken to be the lexi

cographical ordering. It can be seen easily. that the required interval

is given by

with a cumulative string probability

L
n n

w < u
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This interval can be determined recursively using

1P(~i __ ~£) 1'( £-1 £-1) ( I £-1 £-1)
= ~ = ~ • I' D£ = u£ ~ EO ~

where ~£ denotes the substring consisting of the first £ symbols of un.

The recursion is started with ~o EO A, the empty string, and 1P(~o = A) = 1

and ends with £ = n.

Figure 25 shows such a subdiyision for the string ba £ {a, b, c}2.

3/4

1/2

1/4

o
I (X) I (b) 1 (ba)

£= ~ ), but

Fig. 25 Recursive identification of
the interval

A problem with the Elias-algorithm is, that it requires unbounded

precision in the computation of the recursions.

This can be solved by not using the exact probabilities P(Q£

truncated ones.
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Instead of using

we use

The price that has to be paid, is an increase in redundancy.

Multiplication is a rather complex operation. Therefore, in arith

metic coding, this operation is replaced by an addition.

To this purpose, a table is constructed, containing exponentials

Multiplication can now be done by adding indices, i.e.

The table needs only to be N places long, as it can be observed that

ACi J = 2- h/NJ ACi mod NJ , i e: IN

Multiplication by 2-j can be done by an elementary shift operation. Thus,

instead of using multiplications, shift and add-operations are used.

The performance of an arithmetic code depends on the parameters k

and N. It can be shown [Tjalkens, 1985J that the redundancy r of the code

(i.e. the difference between the average code length and the entropy) is

upper bounded by

1 1-k
r ~ N+ 10g2 (1 + 2 )

E.g. if a redundancy of .05 bits is allowed, then Nand k become (spread

ing the redundancy evenly) N = 40 and k = 7.

A program package with an arithmetic coder was supplied by Tjalkens

e.a. It was converted (requiring some minor modifications) to let it run

on the CDC 180-855 computer of NLR.
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6 RESULTS

In this chapter results obtained with the designed algorithm and the

sample data V/V~, are compiled. Table 13 gives an overview of these

results.

In all cases, except one, the number of classes was optimised, to give

minimum final cost. The case 5.10-6 was not optimised because of the

fairly large amount of processing that would be involved.

The coding costs are split up, giving the contribut ions of the

various parts of the algorithm. No contribution is given for the quan

tiser; although in the current implementation the minimum value of the

data is used for scaling, this is not a requirement. In fact, any data

value will do, e.g. one of the three starting values for the predictor.

The values shown under "Total", are also depicted in figure 26.

The shaded areas in the block diagram represent the overhead of the al

gorithm. Part of this overhead can be coded in a fixed length, regardless

of the number of data points. This fraction of the overhead (which be

comes negligible with an increasing number of data points) is shown in

black.



TABLE 13

Overview of Coding Costs

Wild Reg:f ons Smooth Regions Total

Max. Pre- Region Arithm. Final

Error Classes dictor Class if • Overhead Data Classif . Markov Classes Resid. Coder Overhead Data

5.10-3 2 .0222 .1118 .0111 .2529 .0148 .0793 .3829 .4110 .05 .2892 1. 0468 1. 3360

2.10-3 2 .0240 .1278 .0123 .5237 .0154 .0805 .4750 .5741 .05 .3100 1. 5728 1.8828

10-3 3 .0258 .1294 .0135 .6202 .0197 .1505 .9021 .5799 .05 .3889 2.1022 2.4911

5.10-4 4 .0277 .1181 .0148 .6637 .0252 .2485 1.0145 .9564 .05 .4843 2.6346 3.1189

2.10-4 7 .0295 .1176 .0160 .7521 .0332 .6417 1. 1061 1. 2797 .05 .8880 3.1379 4.0259

10-4 7 .0332 .1176 .0185 .8261 .0449 .6378 1. 0016 2.0503 .05 .9020 3.8780 4.7800

5.10-5 7 .0332 .1176 .0185 .8932 .0492 .6061 .8291 2.9548 .05 .8746 4.6771 5.5517

5.10-6 5 .0406 .1176 .0234 1.1839 .0548 .3429 .5343 6.6954 .05 .6793 8.4136 9.0429

I
\J1
00
I
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Fig. 26 Distorsion-rate diagram
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The complexity of the algorithm grows as a constant times the number

of data points, which is rather moderate.

For smaller tolerated errors. the coding of the residuals becomes the

dominating factor in the behaviour of the algorithm. This is true for

the coding cost, as can be seen in table 13. but also for the complexity

of the algorithm.

For the smaller errors. the complexity grows inversely proportional to

the error size, e.g. a ten times smaller error gives a tenfold increase

of processing time. This restricts the usefull range of errors for the
-2 -5algorithm to 10 - 10 approximately. Currently, the processing time

for the algorithm ranges from 2 seconds CPU-time on a CDC 180-855 com-
3 -6puter, for an error of 5.10- • to 180 seconds for an error of 5.10 • In

both cases, 1625 data points were processed.

A quantity of prime importance, is the compression factor (in fact

that is where it is all about). Two figures are shown in table 14 for

every value of the tolerated error.

The noiseless compression gives the compression relative to the quantised

data. The other figure gives the compression factor if the data reduction,

obtained by quantisation, is taken into consideration too. This is the

figure that has to be compared with the figures mentioned in the problem

statement (chapter 3). For convenience, these figures are also shown

graphically (Fig. 27).
-4It follows that for a maximum absolute error ~ 3.10 ,the required com-

pression (~ 18) can be obtained. It should be noted, however, that these

figures are based upon one set of sample data. Actual compression factors

may be larger. depending on the smoothness of the data.

TABLE 14

Compression factors (V/Voo)

Max. Noiseless Compression

Error Compression incl. Quantisation

5.10-3 5.49 47.9

2.10-3 4.61 34.0
10-3 3.89 25.7

5.10-4 3.42 20.5

2.10-4 2.98 15.9
10-4 2.72 13.4

5.10-5 2.52 11.5

5.10-6
1. 92 7. 1
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Fig. 27 Compressionfactors
(including quantisation)

7 CONCLUSIONS

An algorithm was designed for the compression of flow computation

data. This algorithm has the following characteristics:

A uniform error norm. i.e. at all data points the error introduced

by the compression algorithm. is less than a certain value.

-3 -6The usefull range of errors is approximately 5.10 to 5.10 ;

compression factors for a set of sample data range from 48 to 7

respectively.

The complexity of the compression is low. It is proportional to

the number of data points.
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No assumptions about the data are made, other than that data values

approximate second order continuous functions of the grid coordinates at

large parts of the data field. Thus, the algorithm may be usefull in a

much wider context than numerical fluid dynamics. For example, it could

be used for preserving storage for measuring data etc.

The design of the algorithm shows that principles from universal

coding can be applied fruitfully. An error norm, differring from the

usual mean square error norm, can be incorporated easily.

If the results, obtained with the designed algorithm, are compared

with the required compression factors of 18-145, then it follows that,

for a maximum absolute error ~ 3.10-4 , the algorithm gives a compression

factor in the required range for a 9600 bit/s communication link.

It should be noted that the data set, used in obtaining these results,

contains a rather strong shock. ~lore compression can be obtained with

data that vary more smoothly.

The following subjects are recommended for further study:

The two-dimensional predictor function.

The predictor function that is used, yields good results, but is

clearly not optimum.

The region classification.

Currently, a fixed fraction of the data is classified as being

"wild". A better approach would be, to choose a range of values that

contains as much data points as possible. Such a range depends on

the tolerated error and the problem is, as how to choose this range.

The Markov model.

The shape of the tree with parameter counts is chosen to be fixed.

Another approach is, to let the shape of the tree vary, trading off

a gain in compression, when a node is added, against the cost of

coding that node. Especially with a small number of classes (that

is larger tolerated errors), this might be a better strategy.

Interrelations between the physical quantities that are to be en

coded.

Each quantity is encoded separately at the moment. Relations between

the quantities might be exploited, such that, for example, the
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region classification only has to be sent once. The desirability of

such a procedure. however. depends largely on the requirements of

the numerical fluid dynamicists.
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APPENDIX

In this appendix it will be shown that a partition of data values

into classes, containing consecutive values. is not optimum.

This is shown by giving a counterexample.

1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11

1/2 2/3 3/4 4/5 5/6 6/7 7/8 8/9 9/10 10/11

Fig. 28 Markov source

Consider the Markov source of figure 28. The source alphabet is

A = {I. 2. • •• , 12} and the source letter emitted is equal to the new

state reached.

The transition probabilities are

P = 1/1,. '+11.1

Pi . 1 c (i-l)/i
.1-

l::;i~l1

2::;i::;11

P. k
J •

= 0 j;t k + 1. j;t k - 1

1 ::; j ~ 12. 1 ~ k ~ 12

This source has a zeroeth order entropy H (U) = 2.1269 bits and
o

H (U) = .7556 bits.
co

The source letters are divided into 4 classes; a letter is specified

by giving its class and an offset within that class. This means that the

Markov source is approximated by a source Si having only 4 states.

The source SI with classes A = (1. 2. 3). B = (4. 5. 6), C = (7.8.9)

and D = (10. 11. 12) has an entropy Hc:o(Sl) = .5986 bits.

Therefore. by specifying letters of the original source in this way. the

average code length is at least 2.0459 bits.



-67-

The source 52 with classes A = (I, 5, 9), B = (2, 6, 10), C = (3,7,11)

and D = (4, 8, 12) has an entropy of H~(52) = .8601 bits.

This time, the average code length is lower bounded by 1.0891 bits and

this bound can be approached arbitrarily close for long strings of let

ters.

This is a considerable improvement over source 51!
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