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SUMMARY

The model of a MIMO-system (multiple-input/lllUltiple-output) can be based on
the multivariable impulse responses : the Markov-parameters.
For a finite dimensional system it is possible to describe the complete
impulse responses with a start sequence of Markov-parameters and a set of
minimal polynomial coefficients by means of a recurrent relation.
In this report a direct method is derived to estimate these minimal
polynomial coefficients and start sequence of Markov-parameters from a set
of input-joutput-data by using an output error method and by applying the
Least Square principle.
The program uses a hill climbing procedure to find the minimum of a loss
function, which is formed by the sum of squares of the differences between
estimated and measured output signals.
During the iterations of the hill climbing procedure the estimated
parameters are obtained in an alternating way : for each proposed set of
minimal polynomial coefficients the corresponding start sequence of Markov
parameters are calculated explicitly. By doing this the loss function can be
seen as a function only of the minimal polynomial coefficients.
The results from many tests on simulated data have been compared with other
programs.
Compared with an existing program working also with a direct method it can
be said, that with a small loss of accuracy estimations are obtained 20
times faster.
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Chapter 1 Introduction

Within the Philips Glass Division the PICOS group ( Process Identification
and Control Systems ) has been working for several years in a project to
apply modern system control theory in order to improve the quality of
industrial production processes.
The attention is for the moment focussed on glass production processes.
These processes have been controlled until nowadays in a quite empirical
way. On the basis of an experience of many years, control is performed by

operators in an attempt to obtain a satisfying product quality.
Modern control theory tries to give an optimal (for a chosen criterion)
control strategy as a result of better knowledge of the process.
In order to determine this control strategy a "good" model of the process
must be provided.
A model is obtained by identification of the process.
Identification means to find the parameters of a model within a certain
model set, which will describe the relationship between input and output as
well as possible according to a given criterion, when a finite number of
input-joutput-measurements of the system are given.
The processes are assumed to be multivariable. This means, that there are
several inputs and outputs. Each input may influence several outputs at the
same time.
These so-called MIMO-systems can be modelled in several ways.
One way is to describe them with minimal polynomial coefficients and a start
sequence of Markov-parameters.
Within the PICOS group already a program from H. van der weijden
(lit. [7] ) was available, that estimated these coefficients and start
sequence for MIMO-systems. The disadvantage of this program was the
processor time needed for a parameter estimation. So the main object was to
develop a faster program.
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In chapter 2 it will be shown what minimal polynondal coefficients and a
start sequence of Markov-parameters are and how they can be estimated
immediately fram a given set of input/output data.
In chapter 3 something has been written about the Quasi-Newton method to
find a minimum of a function subject to several variables.
Chapter 4 presents the results of tests on simulated data compared with
those of some other estimation programs.
In chapter 5 the results of an estimation on data fram a real process
(Winschoten SO-D) are shown compared with those of the already existing
program.
In chapter 6 some conclusions are formulated.
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Chapter 2 Derivation of the DIRECT METHOD

2.1 Model description

In this report only linear, time invariant, time discrete, causal, stable
systems will be discussed. The systems are also assumed to be multivariable
(MIMe) •
These systems can be described in several ways.
One way is the state space model :

where ~(k)

~(k)

y(k)

A

B

C

D

n

p

q

x (k+1) - A x (k) + B u (k)

Y (k) = C x (k) + D u (k)

the (nx1)- state vector ~ at time instant k
the (px1)- input vector ~ at time instant k
the (qx1)- output vector y at time instant k
(nxn)- system matrix
(nxp)- distribution matrix
(qxn)- output matrix
(qxp) - input-output matrix
dimension of the system
number of inputs
number of outputs

2.1.1
2.1.2

The state space description is not a unique description.
The dynamical input-output behaviour of a system can be completely defined
by many sets of matrices {A,B,C,D}.
From the state space model it is possible to derive a unique description:
the so-called Hankel-model. Substitute therefore eq. 2.1.1 in eq. 2.1.2 with
the result:
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k
1(k) - C Ak~(O) + t C Ai-IS u(k-i) + D ~(k)

i-I -
2.1.3

where ~(O) is the initial state of the system at time instant t-O.
The summation in 2.1.3 can be regarded as the convolution sum of the
multivariable impulse responses and all the previous input signals.

These multivariable impulse responses C Ai-Is are the so-called
Markov-parameters, defined as:

i-l,2 .... 2.1.4

The D matrix is sometimes regarded as the M(O)-parameter.
Although the description of a system with Markov-parameters is unique, it
has the great disadvantage, that the number of Markov-parameters is in
general infinite.
For a finite dimensional system however one can find a recurrent relation
for the Markov-parameters.
Take the characteristic equation of the system

Cayley and Hamilton have shown, that then also holds:

An + a* An- l + *A *1 0n-l + al + aO -

8
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Multiply at the right side with matrices AlB and at the left side with C

C Al +I1a + a~_lc Al +n- 1B + .••• + a~c Al +1B + a~c AlB. 0

Recognize the Markov-parameters in 2.1.7

* * *M(1+n+1) + an_1M(1+n) + •••• a1M(1+2) + aOM(l+l) • 0

Rewrite 2.1.8 :

M(1+n+1) - a1M(1+n) + a2M(1+n-1) + •••••• + anM(l+l)

2.1. 7

2.1.8

2.1.9

Equation 2.1.9 shows, that the impulse response of a finite dimensional

system can be described completely by {ai' M(i)}i_1,2 ••n.

When a system has no multiple poles 2.1.6 is the minimal polynomial, but
when there are multiple poles, which are not distinct, there exists a
minimal polynomial like equation 2.1.6, but of an order r<n. Multiple poles,
which are not distinct, only count one time.

Consequently {ai ,M(i)}i_1,2 •• r is sufficient.

The ai's are called the minimal polynomial coefficients and the M(i)'s the

start sequence of Markov-parameters.
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For the purpose of estimation a state space model in output companion form

is introduced:

A 0 · · 0

0 A · · 0

A-

0 0 · · A A: (qrxqr)

with 0 1 0 · . 0

0 0 1 0 . . 0

A-

0 0 0 0 0 0 1
a

r
a

r
_

1 a2 a1 A (rxr)

Mll (1) . · M1p(1)

Mll (2) . · M1p(2)

8-

Mll (r) . · M1p(r)

2.1.10

2.1.11

2.1.12

8 : (qrxp)
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1 0 . · 0 0 . . • 0 o • . • 0
00. • 0 10. • 0

C - . . . · . 00. • 0 2.1.13
. . . . .

0 0 o • 0 1 0 0 C (qxqr)

011 • . DIp

° -
2.1.14

°ql 0qp ° (qxp)

In appendix A it is shown, that the description of a system with the
equations 2.1.10 until 2.1.14 is equivalent with the one of equation 2.1.4.

Measured input- and output-data of a real process will contain noise.
Therefore it is assumed that noise is added to the outputs of the state
space estimation model.
It is assumed, that the inputs are completely known.
This output-noise is assumed to be white Gaussian noise. This noise has the
following properties:

- the noise samples are uncorrelated in time.

This means, that E{~(i).~T(j)} - 0 for i~j

- ~2I for i-j 2.1.15
- the noise samples are uncorrelated in place.

This means, that E{E.m(i).~(i)} • 0 for ~

2• ~ for Dan

11
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So the model has become

y = s~ M+ ::: '"'

yT(O) ~T(O) 0 MT(O) .sT(O)

= '"' + 2.1.17

yT(l) ~T(l) . ~T(O) MT(l) .sT(l)

with M(i)=CAi - 1B and {A,B,C,O} as defined in eq. 2.1.10 until 2.1.14

This model is shown in figure 2.1-1

S T
m

..
, II

.....
M

... ~+ ...
~ ~ J ~- '+'- ,

y

Fig.2.1-1 Estimation model

The problem is to find estimates {a., R(i)}. 1 for {a., M(i)}. 1 •
1 1- , •• , r 1 1- , •• , r

One of the possible estimation methods is the Least Square estimation.

This means, that with the estimates {ai' R(i)}i_1, •• ,r outputs ~(k) are

'. reconstructed in such a way, that these outputs are as close as possible (in
least square sence) to the real outputs.

The geometrical interpretation of this is the minimization of the Euclidean
distance between y(k) and y(k).
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So the following loss function V is obtained:

1
V - I (~(i) - y(i))T. (~(i) - y(i)) _ tr{(t-y)T.(t-y)}

i-Q
2.1.18

In chapter 2.2 the equations for minimizing this loss function will be

derived.

Another estimation method is the Maximum Likelihood-method.

In 1it.[5l it has been shown, that in the case of white, channel

independent, Gaussian output noise, this method would give the same loss

function to minimize. So no further attention is payed to this method.

13



2.2 Minimization of the loss function V

V z tr{(1-y)T.(1-Y)}

with

2.2.1

Y= - 1-

!iT(O)

-

and !i(k)
k

... 1:
i-I

i-I
CA a~(k-i) + D~(k) 2.2.1a

In 2.2.1a A, a, C and D are formed as in equations 2.1.10 until 2.1.14.
(It is first assumed, that ~(O) = ~ .)
A necessary condition for finding the minimum of V is, that the first
partial derivatives to ai and M(i) are zero (and the second positive):

a V ... 0
a a.

1

a V . a Va ~(i)= 0 (1=1,2 •• r) and a ~(O)- 0 2.2.2

In the loss function V the highest power of M(i) (i-l, •• ,r) and M(O) is 2.
So the derivatives of V to M(i) (i-l, •• ,r) and M(O) will be linear in

there elements ~(i) and Mmn(O) •

In the following pages it will be shown, that these last derivatives form a
set linear equations of the form

2.2.3
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with *- B : (rpxq) containing the elements of the B-matrix ordered in a
different way

- S ((1+1)x(r+1)p) containing input samples ~(k) (k-O, .• ,l) and
all kinds of powers of ai (i-1, .• ,r)

The solution of this set is

[::]- 2.2.4

The partial derivatives to the a-coefficients however don't fonm a nice set
of equations, because these coefficients appear in V with high powers.
It is therefore not possible to give an analytical solution for the
a-coefficients to obtain the minimum.
It is necessary to use a minimization-routine to find the minimum. In
chapter 3 it is shown how a routine, which uses a Quasi-Newton method,
finds the (almost) minimum of a function subject to several variables.
To use such a minimization-routine it must be possible to calculate the
function-value and its derivatives in every point.

For every set {a., M(i)}. 1 r and M(O) it is possible to calculate V and
1 1- , •• ,

its derivatives (eq.2.2.2). So we could use such a minimization-routine.
But this would mean, that we are trying to minimize a function subject to 34
variables, when we have a system of sixth order (r-6), two inputs (p-2) and

two outputs (q=2) 1 This would cost too much computer time.
The solution for this problem is, that V can be seen as a function, which
depends only on the a-coefficients by using eq.2.2.4.
Eq.2.2.4 tells us, what the B- and D-matrix must be for given a-coefficients
to find the lowest possible value of V for these given a-coefficients.

15



We may write now for V :

V(a., B(a.), D(a.)
111

(i-1, •. ,r) 2.2.5

change only slightly , when good startvalues for the minimization
So this simplification is allowed and it saves a lot of computer

Now V depends only on r variables.
Eq.2.2.4 can however practically not be written as an analytical expression
in ai' because the matrix 5 contains so many high powers of ai •

Eq.2.2.4 is therefore only used to calculate a B- and D-matrix during the
iterations of the minimization-routine for every proposed set of
a-coefficients.
So during the k-th iteration of the minimization-routine the parameters,
which must be estimated are obtained in two steps. In the first step the

coefficients alk) are obtained and in the second step M(i)(k) and M(O)(k).

When the derivatives of V to ai are calculated, the dependencies of B and 0

to ai are neglected. In practise it has been noticed, that the Markov-

parameters
are used.
time.
The derivatives of V to ai will be given in chapter 2.3.

First eq.2.2.4 will now be derived.

Instead of calculating the partial derivative to ~(i) the derivative to

Baa will be calculated.

Assume for convenience that l~a~r holds. This simply means that the element
(a,~) of matrix B lies in the first block of size rxp.
This block contains only elements for the transfer from all inputs to
output 1.

16



T
a v ~ 2 tr {1-! (t _ y ) }
a BcxI3 a BcxI3

2.2.6

a ~(O)

a B ,.
cxI3

a ~(l)

• , a B
cx13

2.2.7

k
~ 1:
i~l

i-1 (k .)C A EcxI3.~ -1 =

i-1
(Remark: read Alex as

~

2.2.8
k
1:

i~l

with E
cx13

(qrxp) as:

o 0

o

o

1

o
t

f3

o

o

17



But with l~cx~r 2.2.8 becomes simply:

k i-1 .
t A1cx .ua(k-1)

i-1
o

o

With 2.2.9 2.2.7 becomes:

2.2.9

1
o : t

o

o

i-1 .
A1cx·Ua(1-1)

o

o

2
i-1 (2')

1 i-1 .t AiCX.Ua -1 · · · : t AiCX·U13(1-1)·i-1 i-1
0 · · · · 0· ·

· · ·· · ·
· · · :·

0 · · · · 0· ·
2.2.10

18



Expression for ( ? - y ) :

-

r . 1 P
u.(1-i).t A1

- B . + t D1J··UJ
.(1) - Y1(1)

J s-1 1s sJ j-1

P
t D1j ·Uj (O) - Y1(O)

j-1
1 p
t t

i-1 j-1

1 P
t t

i-1 j-1

r . 1 P
u.(l-i).t A~- B . + t D1J··UJ

.(1) - Y1(1)
J s=1 s sJ j-1

U.(1-i).~ Ai - 1 B + ~ DqJ,.UJ
,(1) - yq(l)

J s-1 1s (q-1)r+s,j j-1

P
t Dqj.Uj(O) - yq(O)

j-1
1 p
t t

i-1 j-1

1 P . r i-1 p
t t UJ.(l-l).t Ais B(q-1)r+1 J' + t ° ..u.(l) - yq(l)

i-1 j-1 s-1 ' j-1 qJ J
2.2.11

19



with 2.2.10 and 2.2.11 2.2.6 becomes (still with l~a~r)

a v a ?T- ,. 2 tr {- (? - y )} -a BcxI3 a BcxI3

p
- 2 • 0 • [I: D1 ' .U ' ( 0) - y1(0)] +

j-1 J J

+ 2 .
1

[ I:
i-I

1 P r
[I: I: u, (I-i) •I:
i-I j-1 J s-l

A
i - 1

B ' + ~ D1J,·uj (1) - Y1(1) ]
Is sJ j-1

+ ••••••

+ 2 .
I '11-[I: Ai .ua(l-i) ]

i-I a ....

I P
[I: I:
i-I j-1

r i-I P
u,(I-i).I: A1s Bs ' +,I: D1J,·UJ

,(I) - Y1(1) ]
J s-l J J-1

- 0 2.2.12

This is one equation obtained for a particular a and ~ •
The equations for all a (l~a~r) and ~ have the following vector in common

20



1 P
1: 1:

i-1 j-1

o

U,(l-i).~ A1
i - 1B, + ¥ D

1J
,·U

J
,(1) - Y1(1)

J s-l s sJ j-1

2.2.13

1 P r i-1 p
1: 1: u,(l-i).1: Ai B , + 1: D1J,·UJ

,(1) - Y1(1)
i-1 j=l J s-l s sJ j-1

Rewriting of this vector:

First exchange the summations:

k P r, 1 p k r i-1
1: 1: u' (k-i ) .1: A1

1
- B . - 1: 1: u , (k-i) .1: Ais BsJ' 2.2.14

i-1 j-1 J s-l s sJ -1 j-1 J s-l

k
1:

i-1

r
u' (k-i) .1:

J s=l
Ai - 1B ,
ls sJ

..

21



o 0Ail· -Air
I I

All· ••••..• ·Air

-

•

k-l k-l
All •.•.••. ·Air

22



T= U. (k-1) • G( k-1) • b.
-J -J

with U .(t) - u
J
' ( t )

- J
, G( t) -

o 0Ail . .. . . .. .. Ai r

1 1Ail· Air

, b.-
-J

2.2.15

Now with summation over inputs j-1 until p:

P 1 r. 1
t t u. (l-i) t At~ B.-

j-1 i-1 J s-l SJ

z ~i(l-l) .G(l-l) • !!~(l-l) .G(l-ll •.....• !!~(l-l) .G(l-l] . El

~2

- 2.2.16

23



*with U (t) = !!1(t) u1(t)-

!!2(t)

.. u1(O)

Pp(t) u2(t)

. h *W1t G (t):

G( t) 0 • 0

o G(t) 0 • 0

o . 0 G( t)

24
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p
Rewri te the terms 1: 01 ,.u . (k) as

j-1 ) )

wi th ~i -~11 • • • •• 0;] and

T
: ~ (k) .~1

~T ( k) - ~1 (k) •••••• up(k'J

Then the following expression is found for 2.2.13:

o

!!*T(0) . G* (0)

!!*T(l) . G*(l)

*T *!! (l-l).G (1-1)

~T(O)

~T(l)

* ~T(2)!?1 ~1

+ -

0 ~T(O) Y1(0)

U*T(O) '" ~T(l) .[::j Y1(1)• G (0)

!!*T(l) * ~T(2) Y1(2)• G (1)

2.2.20

25



Define the matrix S as

o

S - 2.2.21

Returning to eq.2.2.12 a v a rT
- - 2 tr {- (r - y ) }a B~ a B~

A part of eq.2.2.12 changes when ex or f3 is changed.
Now the derivatives to all ex (l~ex~r) and f3 (1~f3s» are listed in a order
with first ex increasing and then f3 increasing.
To this set also the derivatives of V to the D-matrix are appended:

o o

26
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50 we get the set

o
1
1: i-1 (1')All .U1 -1

i-1

1
1:

i-1

• 5 o[!?;]
~1 - -

".----------------------

o

o

1
1:

i-1

1
1:

i-1

1
1:

i-1

1
1:

i-1

i-1 (1')All.Up -1

27



o

o

T
G. l (0) '!h (0)

. s.[~~]
~1 - - 0

~(O) ~(l) ~( 1)

with GT . the transpose of the j-th column of G
.J

This is the same as

2.2.23

28



Eq.2.2.23 is the same as

2.2.24

In a simular way the derivatives of V to Baa and 0 for all possible « can be

formed.
The total set of equations then becomes

ST. s.~; .. ~ Yl (0) • • yq(l) - ST. s.[::] -y • 0

~l .. ~q -

Yl (l) • • yq(l)

This is the set of equations as introduced in eq.2.2.3.
The solution is :

As said on page 9, it is possible with this equation to calculate a B- and
D-matrix for a given set of a-coefficients.
In section 2.3 the derivatives of V to the a-coefficients are now given.

29



2.3 Calculation of V and the derivatives to the a-coefficients

It is assumed, that for a given set of a-coefficients the corresponding
B- and D-matrix for finding a minimum have been calculated with 2.2.4 •
Further it is assumed, that the a-coeffients have been put into an A-matrix
as in eq.2.1.10 and that the C-matrix has the form of eq.2.1.13.
So a state-space model is available.
As said in section 2.2, during the calculation of the derivatives of V to
the a-coefficients the B- and D-matrix are assumed to be constant. So the
contribution of their derivatives is neglected. This is done to save
computer time.
Recall the equation for V :

2.3.1

r will be calculated with the state-space model starting from t-O

y(k) - C ~(k) + D ~(k) -

x1(k) DU U1(k) + + D1pUp(k)

xr+1(k) D21u1(k) + + D2pUp(k)

+ 2.3.2

x(q_1)r+1(k) Dq1u1(k) + + DqpUp(k)

30



~(k+1) - A ~(k) + B ~(k) -

B(r-1)lU1 + .••.•.••• + B(r_1)pUp

Br1U1 + •••••••••••• + BrpUp

+ 2.3.3

X(q-1)r+2

Xqr

a rx(q_1)r+1+ ••.+a1xqr

K

Bqr,lU1 + .

+ Bqr_1 ,lUp

+ Bqr ,lUp

K

Calculation of the derivatives:

31
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a y(k)

a a.
1

- c .
a ~(k)

a a.
1

- a x1(k)

a a i

a xr+1(k)

a a i

2.3.5

a x(k+l)

a a i
=

a Aa a.· ~(k)
1

a ~(k)

+ A • ..,...~-
a a i

2.3.6

First term of 2.3.6:

aAa a.· ~(k) - 0
1

o
xr+1_ i (k)

o

Xqr+1_i (k)

32
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Put 2.3.7 into 2.3.6

a ~(k+l)

a a.
1

-

a x(q-l)r+2
a a.

1

~a a.
1

2.3.8

a x(q-l)r+l +
ar a a.

1

K

With these equations it is quite simple to calculate V and the derivatives
of V to the a-coefficients.
It was assumed that the state vector at time instant t-O , ~(O), was zero.
In chapter 2.4 it is explained what to do, when ~(O))-O does not hold (which
is normally the case ) •
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2.4 Derivation of the initial state

When an estimation is done on the input-output data of a real process, the

state-vector at the time instant t-O will be in general not zero, because

the input-output data is just a cut out of the history of the process.

The question is how to find the initial state ~(O) ?

To solve this problem the available data is separated into two parts.

The first part must have such a length, that the impulse response is in the

order of the machine accuracy at the end of the first part. The user of the

program must supply this length. In practise he is able to do this, because

already much knowledge about the system is available, when this program is

used.

The first part is used to let the unknown ~(O) fade away and to create an

estimation of the initial state "~(O)" of the second part of the data.

Recall eq.2.1.3 :

k k, 1
y(k) - C A ~(O) + E C A1

- B u(k-i) + D u(k)
i-I - -

2.1.3

The term C Ak~(O) will decrease with increasing k (for stable systems).

How quick this decrease will be, depends on the eigenvalues of the system.

The length of the first part must be in convenience with this.

Assume there are l+m+l samples per input (and output). Use the first m input

a ~(m)

samples ~(O) until ~(m-l) ) to calculate ~(m) and with the statea a.
1

space model.

When m has been chosen large enough ~(O) will have practically no

contribution to ~(m). So we have lost the influence of the unknown ~(O).

Replace now for all variables m by 0 . Then ~(m) becomes "~( 0)" and we have

a data set "~( 0)" until "~( l)" and "y( 0)" until "y( l) II •
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ouring the derivation of equation 2.2.16 for the calculation of the B- and
D-matrix it was also assumed, that the initial state was zero.
Now a small correction has to be made to deal with the fact that the initial
state isn't zero. Therefore the outputs at the right side of the equation
are corrected and eq.2.2.4 becomes:

* b* (STS)-1 ST • C ~(O) )T~1 • Y1(O) yq(O)-q

~1 d =- Y1(1) yq(1) c A !(O) )T
-q

Yl(l) yq(l) c AI~(O) )T

2.4.1

When, during the minimization of V, a set of a-coefficients is proposed, the
corresponding B- and D-matrix will be calculated with equation 2.4.1.
In this equation !(O) will be taken as found with the privious set of
a-coeffients. with the new B- and D-matrix V and its derivatives to the
a-coefficients will be calculated and a new ~(O) will be found.
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Chapter 3 Quasi-Newton method

In this chapter the quasi-Newton method for finding the minimwn of a
function of several variables is explained.

Assume a function f(~) is given, with ~ E: Rn•
It is possible to approximate f(~) by a quadratic function q.
This function is obtained from the truncated Taylor series expansion of

f(~) around x(k) , where k is the number of the iteration •

3.1

Iteration (k+1) of the Newton method simply means to minimize q(k) (~) and

to take ~(k+1) _ ~(k)+ ~(k) with ~(k)as minimizer of eq. 3.1.

The minimwn of eq. 3.1 is found by taking the first derivative

This means to solve:

~) (k) G(k) ~a ~ -!] + c - 0 3.2

3.3

Equation 3.3 has only a unique solution if the matrix G, which contains
second derivatives, is positive definite.

It can be proven that if ~(k) is sufficiently close to a local minimizing

* *point ~ and if G is positive definite ,that then the Newton's method is
well defined for all k and will converge.

When G(k)is positive definite, but x(k) is remote from the solution

convergence may not occur.
This can be circumvented by using a Newton's method with line search.
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This means, that from point ~(k) a direction of search s(k) is taken with

~(k) as solution of G(k)~(k) ~ - S(k).

A line search algorithm tries to find a a(k) ,that minimizes f(~(k)+ a ~(k)).

In practice it isn't necessary to find the exact minimizing value of a(k) ,

because x(k+1) is perhaps still remote from ~*. It. is in general also not

possible the find a exact value of a(k) with a finite number of operations.

So normally a partial or inexact line search is used. This line search only

ensures that f is reduced significantly. This is done by forming an

interval of acceptable a-values , namely by requiring:

3.4

3.5

These requirements are necessary to avoid that a(k)is choosen in such a way,

that the decrease of f is too small. In figure 3.1 an example is shown with
p=O.25 .This means, that the acceptable a-values lie between b and c .

Such an interval can allways be found.

ClC 0b

-...

e

-"'----- - - - - - - - - - - - - --

" ....- -- - ---
.... ---

o

Fig.3.1 Example
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A problem still rises, when G(k) is singular. In most cases it is still

possible to compute a direction ~(k) and to search along ~ ~(k) with the
proper sign to ensure a descent direction.

In many applications it is hard to compute the second derivatives of the
function f. So G isn't available.
A solution for this problem is the use of a quasi-Newton method with line
search.

This method uses an approximation of G(k). It is better to sayan

approximation of the inverse of G(k) •

This inverse matrix is approximated by a symmetric positive definite matrix

H(k), which is corrected or updated from iteration to iteration. So the
following steps are done in the kth iteration:

_ compute ~(k) = _ H(k) ~(k)

_ perform a line search along ~(k) giving ~(k+1) • ~(k) + «(k)~(k)

- update H(k) giving H(k+1)

The initial matrix H(1) can be any positive definite matrix. A simple choice

is H(1). I. It is the question how to update H(1) in such a way, that it

becomes a good approximation of the inverse of G(k) after k iterations and

still will be a positive definite matrix. It is important, that H(k)is
positive definite, because then the kth iteration will be in descent
direction :

3.6
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Define the differences :

&(k) ,. ~(k)s(k) _ x(k+1)_ x(k) 3.7
- - - -
X(k) _ g(k+1)_ g(k) 3.8

Then the Taylor series expansion for the gradient of f gives

X(k) _ G(k)~(k)+ •••• 3.9

The higher terms, which are zero for a quadratic function, will be

neglected. The vectors X(k) and ~(k)can only be calculated after the line

search is completed. So the matrix H(k) does in general not relate them

correctly by H(k)X(k)_ ~(k), because H is an approximation of G-1•

A better approximation is then obtained by setting

H(k+1)X(k) _ ~(k) 3.10

To solve this equation the following updating formula can be derivated :
T T

(k+1) ~ ~ H X X H (k)H ,. H + - (with H-H 3.11
~TX XT H X

This formula preserves H to be positive definite.
For more details on the derivation refer lit.[l].
The minimization-routine, which is used to find the minimum of the loss
function V of chapter 2, uses a quasi-Newton method with (inexact) line
search.
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Chapter 4 Results of simulations

4.1 Description of the simulated system and data

In order to test the qualities of the direct method as described in
chapter 2 and to compare them with the results of the direct method of
H. van der Weijden estimations have been done on simulated data.
The use of simulated data is obvious: It enables the user to compare the
estimated parameters with the true parameters of the simulated system.
From a real system the true parameters are not known ( Why else estimate
them? ).
It further makes it possible to choose the properties of the system as
desired.
H. van der Weijden has chosen a strictly proper system, System 4, with
rather small values for the greatest eigenvalues. This is done to ensure,
that the impulse responses after 200 Markov-parameters are of the same order
of magnitude as the accuracy of the VAX-computer. So data sets of 400
samples are large enough for doing estimations.
H. van der Weijden needed small data sets to keep the necessary processing
time for the estimations acceptable.
System 4 was chosen as follows

A - diag(0.08 , 0.60 , 0.10 , 0.55 , 0.50)

1.0
1.0

B - 0.0
7.0
0.0

0.0 -1.0
1.7 0.0
1.0 -1.5
0.0 8.0
7.0 5.0
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c == CoO 3.0 0.0 0.0 Oo~
9.0 1.0 8.0 -0.5 0.5

0- GoO 0.0 Oo~
0.0 0.0 0.0 4.1.1

This means a system of fifth order with 3 inputs and 2 outputs.
with this system data sets have been simulated with 400 input (and output)
samples per channel. For this the program SYSSlMUL was used (See lit.[4] ).
The input signals were sequences of white, channel independent Gaussian
noise with p == 0 and a == 1.0 .
The output signals were disturbed by white, channel independent Gaussian
noise with p - 0 and a per channel set to such a value, that the desired
signal-to-noise ratio was obtained.

Some estimations have been done on another system, System 2, which is used
by H. van der Weijden for estimations with the Gerth-algorithm.
System 2 is defined as:

A - diag(0.7 , 0.6 , 0.2 , 0.1)

1.0 0.0 1.0
-1.0 0.5 0.5

B - 0.0 1.0 -0.5
0.0 0.5 -1.0

C - Uos 0.0 1.0 l.~1.0 -0.5 0.5 -0.5

0- Qoo 0.0 Oo~
0.0 0.0 0.0 4.1.2
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So this is a system of fourth order with 3 inputs and 2 outputs.
The with this system simulated data sets contained 1000 input (and output)
samples per channel.
The input signals were again sequences of white, channel independent
Gaussian noise with p -0 and a - 1.0 .
The output signals were disturbed by white, channel independent Gaussian
noise with p - 0 and a per channel set in such a way, that the desired
signal-to-noise ratio was obtained.

A criterion to judge the results of the estimations is of course whether the
mimimum of the loss function V is found.
Therefore the minimum of V has been calculated for every data set, which
would be found, when the estimated parameters are equal to the true
parameters. This V is called Vt •

This is done by taking the input signals of a data set. With this input
signals and the true system the program SYSSIMUL simulates output signals
without noise added to them. The difference is taken from these output
signals and the output signals contaminated with noise, then for each sample
squared and finally the summation is taken over all samples and outputs.
It is more common to use an expectation of the minimum of V by taking

(l+l).f a~ with a~ the variance of the white noise of output i.
. 1 1 11-

But the values for the variance have not been saved during the sirolations,
so they were not available anymore. Therefore Vt has been used.

It is now possible to define a ratio between the minimum of V found by the
minimization-routine and the expected minimum of V :

4.1.3
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Another measure for the quality of the estimated parameters is the relative
error ERR in the estimated sequence of Markov-parameters.
This sequence of Markov-parameters is built with the estimated start
sequence Markov-parameters and minimal polynomial coefficients.
ERR is defined as:

N
11

21: II M( i) - M( i)
i ...l E

ERR ...
N

11
21: II M( i)

i ...l E

4.1.4

Where M(i)

M( i)

N

E

the true Markov-parameters of the system

the estimated Markov-parameters
the number of Markov-parameters taking in account
stands for Euclidean, so the Eulidean norm is used.

In section 4.3 the results of the estimation with System 4 and System 2 are
shown.
In section 4.2 it will first be shown how startvalues for the minimal
polynomial coefficients are obtained.

For both systems the first 100 samples of the data sets are used to obtain
the initial state ~(O). So for System 4 the actual estimation is done on 300
samples and for System 2 on 900 samples.
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4.2 Creation of startvalues for the minimal polynomial coefficients

The estimation program for the direct method, DIRECTO, needs startvalues for
the a-coefficients. As follows from chapter 2 , there are no startvalues
necessary for the start sequence of Markov-parameters, because they can be

calculated immediate with eq. 2.4.1 •
First the program EXACTMARK must be run (See lit.[S]-4.2 and lit.[6] ) to
obtain a sequence of estimated Markov-parameters (longer than the
startsequence).
This program estimates with an explicit iterative algorithm this sequence
out of the input-output-data. The user must give the desired length of the
sequence. For System 4 a sequence of 8 Markov-parameters is estimated (M(l)
until M(8) ).

With a greatest eigenvalue of 0.60 this sequence contains almost the whole
energy of the impulse responses (0.60**8 =0.017 ).
We want to use these 8 Markov-parameters, which are corrupted with noise,
to get a starting set of minimal polynomial coefficients ai •

This can be done in several ways.
One way is to use the GERTH-ALGORITHM. This algorithm computes an
approximated sequence of Markov-parameters and a set of a-coefficients,
which satisfies the minimal polynomial relation from eq. 2.1.9 and which is
the best fit, in least squares sence, on the given sequence (See lit.[7] and
[8] ).

This GERTH-ALGORITHM has been used in the beginning.
In Appendix B it will be shown, that a discrete system will only have poles
in the right half within the unit circle (in the Z-plane), when the sample
time has been chosen sufficiently small.
The program DIRECTO is constructed in such a way, that the estimated system
won't have poles with a negative real part. Poles with a negative real part
can not occur, because the user has ensured this by chosing the sample time
small enough in all cases.
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Therefore a set of startvalues of a-coefficients is not allowed to form a
system with poles with negative real parts. In the program this has
been implemented by setting the loss function V to a large value, whenever
the minimization-routine proposes a forbidden system.
During testing the GERTH-ALGORITHM produced in several cases sets of
a-coefficients, which belonged to systems with one or more poles in the left
half within the unit circle, although it was clear that these poles could
not be belonging to the true system. So the GERTH-ALGORITHM wasn't always
useful.
Therefore another way has been choosen to obtain startvalues out of the 8

estimated Markov-parameters.
This was done by making use of the Hankel-realization.
This realization is described in lit. [5]-chapter 6 and will be recalled
here.
Assume a sequence of estimated Markov-parameters, M( 1) until M( L), is
available The problem is to find such a set of matrices A, Band C, that

i-Ithe reconstructed sequence of Markov-parameters, formed by M(i) - CAB
(i-l,2 •• ), is in some sense as close as possible to the sequence of exact
Markov-parameters. Such a set {A,B,C} is called a realization.
Define the following Hankel-matrix H[j] :

H[ j] -

M(I)
M(2)

M( 2) •

M( 3) •

M( j)

M( j+l)
4.2.1

M( j) M( j+l) M(L-l)

When the Markov-parameters are noise-free, it is possible to find an exact
realization {A,B,C}, with a minimal dimension n with n-rank H[r] , r being
the order of the minimal polynomial relation. H[r] contains the Markov

parameters M(I) until M(2r-l).
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When the matrix H[r] is enlarged to H[r+k] the rank is still n (in the

noise-free case), because the appended new rows and columns are a linear
function of the old ones (as the minimal polynomial relation says).
Decompose H[r] in the following way, when a finite dimensional realization
exists:

H[r] -

r-1
CA

- 4.2.2

= r[ r] . 6[ r]

with r[r] as the r- observability matrix and
6[r] as the r-controllability matrix.

According to lit.[5] rank r[r] = rank 6[r] - n.
We are only interested in the A-matrix, the system matrix.
Therefore a shifted Hankel matrix is needed

H1[j] -

M(2)
M( 3)

M( 3)

M( 4)

. M(j+1)
• M( j+2)

4.2.3

M( j+1) M( j+2). M(L)
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The matrix Hl[r] can be decomposed as follows
C

CA

CA
2

Hl[r] =

r-l
CA

• A • - 4.2.4

= r[ r] . A • 6( r]

So A can be obtained from eq.4.2.3 and 4.2.2 by using the pseudo-inverses

r+ and 6+ of rand 6 :

4.2.5

The decomposition of eq. 4.2.2 may be extended with an invertable matrix T:

H[ r] = r[ r] . T . T-1 . 0[ r] 4.2.6

* -1This means, that eq. 4.2.5 will give A - T .A.T •

*But this matrix A will have the same characteristic polynondal (and
eigenvalues) .
So it is possible to use the Singular Value Decomposition (SVD) for the
decomposition of the Hankel matrix:

TH=W.S.V
with H is a gxl matrix

p : p = min(g,l)
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•

W is a gxp matrix, consisting of p orthonormal eigenvectors of H.HT

V is a lxp matrix, consisting of p orthonormal eigenvectors of HT.H
5 is a pxp diagonal matrix: diag(a1,a2, ••. ,ap)

a1 ~ a2 ~ ••• ~ a
p

~ 0

and ai called a singular value, is the square root of an

Teigenvalue of H.H.

From the definition of W, V and 5 it follows, that rank 5 - rank H ~ p .
50 the rank of H is equal to the number of non-zero singular values.
Rewrite eq. 4.2.7 as:

with 511/ 2 as:

511/2 =

o o

o

4.2.9

and WI a submatrix of Wwith size gxn and V a submatrix of V with size lxn •

(Wl • 511/ 2) "" r and (511/ 2. V1T) = 6

With eq. 4.2.6 and 4.2.8 we get a system matrix A

(r+, 6+ pseudo-inverse of r , 6)
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Equation 4.2.10 gives an expression for A in the noise-free case.
In the presence of noise the rank of the Hankel matrix will continue to
increase, when Markov-parameters will be appended to it.
The rank of H[ r+k] will be greater than n.
In this case it is still possible to use the SVD.
The matrix S will contain a number of singular values, which are close to
zero. These values should have been zero in the absence of noise.
When the order n of the system is known, it is possible to construct a

submatrix s* of S in the following way:

*S -

o

o o
o 4.2.11

* *Construct also matrices Wand V by dropping all columns except the first

n ones of Wand vT• Then for H is obtained:

* * *H=W.S .V 4.2.12

In the same way as with eq. 4.2.8 until 4.2.10 an expression for A is
obtained. For this system matrix the characteristic equation is formed by
setting IAI - AI to zero. From this equation the a-coefficients can be
easily obtained as shown in the beginning of chapter 2.
These a-coefficients can now be used as startvalues.
During the tests this method also produced sometimes however startvalues
indicating poles with a negative real part as (perhaps) could be expected.
This occured only in bad signal-to-noise situations, but in general in less
cases than with the GERTH-ALGORITHM.
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4.3 Estimation results

4.3.1 The results of the estimations on System 4

There are five signal-to-noise ratio's (SIN) used:

+ 100 dB.

+ 80 dB.

+ 60 dB.

+ 40 dB.

+ 20 dB.

For each SIN 10 different runs have been made with the program DIRECTO.
For each run RTV and ERR have been calculated.
ERR has been calculated for two values of N : 8 and 50.
with N-8 the Markov-parameters M(6) until M(8) must be formed out of the
estimated minimal polynomial coefficients and the start sequence of 5
Markov-parameters.
For N-50 the Markov-parameters M( 6) until M( 50) must be formed.
An average is taken over the 10 runs for RTV and ERR and the standard
deviation is calculated.In table 4.3.1 these values for RTV are given:

SIN in dB average RTV standard deviation n runs RTV>l

100 .947 .061 1
80 .961 .056 2
60 .934 .016 0
40 .923 .020 0
20 .935 .020 0

Table 4.3.1 Results of RTV for System 4 (10 runs, 400 samples)
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In the last column the number of runs is given with at the end a value of V,
which is greater than the theoretical value (so RTV>l).

In these runs RTV was only a little greater than 1 as can also be seen from
the standard deviation.

So it can be said that convergence occurred in all runs.

In table 4.3.2 until 4.3.6 the average values of ERR are given for 10 runs.
In these tables also the average values for the programs EXACTMARK, GERTH

ALGORITHM and DIRECT from H. van der Weijden are shown. Remark however, that
these values are obtained from 20 runs and not from 10 runs.
These values are copied from lit. [7]-Appendix F.

Because EXACTMARK estimated only 8 Markov-parameters no value of ERR is

specified for Nm50 for EXACTMARK.

Results:

N=8 N-50

average ERR a average ERR a

EXACTMARK .684 E-3 .157 E-3 - -

GERTH ALGORITHM .551 E-3 .128 E-3 .592 E-3 .147 E-3

DIRECT (H. v .d •W. ) .105 E-2 .032 E-2 .168 E-2 .054 E-2

DIRECTO .995 E-2 .428 E-2 .105 E-1 .044 E-1

Table 4.3.2 Results of average ERR for System 4 with SjN-20 dB
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N-8 N-50

average ERR a average ERR a

EXACTMARK .824 E-5 .158 E-5 - -

GERTH ALGORITHM .670 E-5 .144 E-5 .716 E-5 .161 E-5

DIREcr (H. v .d.W. ) .106 E-4 .035 E-4 .161 E-4 .054 E-4

DIREC'ro .106 E-3 .050 E-3 .121 E-3 .053 E-3

Table 4.3.3 Results of average ERR for System 4 with S/N-40 dB

N=8 N-50

average ERR a average ERR a

EXACTMARK .151 E-5 .061 E-5 - -

GERTH ALGORITHM .125 E-5 .055 E-5 .138 E-5 .055 E-5

DIRECT (H. v .d.W. ) .104 E-6 .037 E-6 .126 E-6 .045 E-6

DIREC'ro .100 E-5 .046 E-5 .115 E-5 .057 E-5

Table 4.3.4 Results of average ERR for System 4 with SIN-60 dB
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N-8 N-50

average ERR a average ERR a

EXACTMARK .145 E-5 .145 E-5 - -

GERTH ALGORITHM .120 E-5 .056 E-5 .133 E-5 .056 E-S

DIRECT (H.v.d.W.) .914 E-9 .280 E-9 .106 E-8 .04 E-8

DIRECTO .995 E-8 .524 E-8 .128 E-7 .110 E-7

Table 4.3.5 Results of average ERR for System 4 with SIN-80 dB

N=8 N-50

average ERR a average ERR a

EXACTMARK .061 E-5 .061 E-5 - -

GERTH ALGORITHM .120 E-5 .056 E-5 .133 E-5 .060 E-5

DIRECT (H.v.d.W.) .912 E-11 .23 E-11 .106 E-10 .03 E-10

DIRECTO .113 E-9 .070 E-9 .132 E-9 .114 E-9

Table 4.3.6 Results of average ERR for System 4 with SIN-100 dB
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In appendix C additional information is given on the estimations with
DIRECTO, which may be only interesting for those, who want to repeat the
estimations.
There were some problems with the creation of startvalues for S,IN-20 dB.
The Hankel realization on the results of EXACTMARK produced in several cases
a-coefficients belonging to a system with one or more poles with a negative
real part or even to an unstable system.
Therefore 15 runs of EXACTMARK were needed to obtain useful startvalues.
In one case the program DIRECTO was able to find estimates although the
startvalues indicated a pool with a negative real part.
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4.3.2 The results of the estimations with System 2

Here only 2 signal-to-noise ratio's are used :

+ 30 dB
+ 10 dB

The value OdB has not been used (as H. van der Weijden did), because at
SIN-10 dB the Hankel realization on the results of EXACTMARK failed already
several times to produce useful startvalues (14 runs of EXACTMARK were
needed.In two cases DIRECTO could correct a pole with a negative real part).
In table 4.3.7 the average RTV is given from 10 runs:

SIN in dB average RTV a n runs RTV>l

30 0.980 0.012 0

10 0.984 0.003 0

Table 4.3.7 Results of RTV for System 2 (10 runs, 1000 samples)

ERR has been calculated for two values of N: 8 and 30.
The values for EXACTMARK and GERTH ALGORITHM are copied from lit.[7]
chapter 4.2.1. These values has been obtained from 20 runs and instead of
the Euclidean norm the maximum norm has been used for ERR.
For DIRECTO the Euclidean norm has still been used.
For EXACTMARK and GERTH ALGORITHM no standard deviations were available.
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N-8 N-30

average ERR CJ average ERR CJ

EXACTMARK .30 E-2 - - -

GERTH ALGORITHM - - .20 E-2 -

DIRECro .150 E-2 .046 E-2 .180 E-2 .070 E-2

Table 4.3.8 Results of average ERR for System 2 with S/N-10 dB

N-8 N-30

average ERR CJ average ERR CJ

EXACTMARK .87 E-4 - - -

GERTH ALGORITHM - - .10 E-3 -

DIRECro .155 E-4 .068 E-4 .171 E-4 .075 E-4

Table 4.3.9 Results of average ERR for System 2 with SjN-30 dB

In appendix C some additional information is given on the estimations with

System 2.
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4.4 Remarks on the estimations and the results

-As can be seen from table 4.3.1 and 4.3.7 convergence occurred during all
runs with both System 4 and System 2.

-Except from the runs of System 4 with SIN-100 dB , the first iteration of
the minimization-routine reduced the loss function V almost to the
expected value. All the following iterations gave only small reductions.

-When a line search was performed during an iteration the program had
sometimes the property to stay very long in this line search, because the
steps taken were very small and the loss function V continued to decrease.
It is not clear what the cause of this is and it couldn't be changed.

-In more than half of the runs the maximal number of function calls (500)
was not enough to obtain a minimum. This is caused by the fact, that some
conditions checked by the routine were still not met.
In general: how lower SIN, how more function calls are necessary.

-As expected the program never produced estimations with poles with a
negative real part.

-When startvalues are used indicating a system with a pole with a negative
real part, it can not be guaranteed, that the program will produce
meaningful estimates, but it can be tried. The same holds for startvalues

indicating an unstable system.
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-Though the estimation method is an output error method, it is useful to
compare the obtained values of ERR with the other programs.
ERR is in fact a relative distance between the estimated impulse response
and the true impulse response.
In relation to the programs EXACTMARK and GER'IH ALGORI'mM the same can be

said for DIRECT as for DIRECTO: for bad signal-to-noise ratio'S they produce
estimates, which are less good but for high signal-to-noise ratio's they are
superior to EXACTMARK and GERTH ALGORI'mM.
When the loss function V should have been taken as a criterion, EXACTMARK
should have produced the lowest value of V compared to the other methods.
This is so because EXACTMARK has more freedom than the other methods to
incorporate the noise on the real impulse response. The other methods are
restricted in their freedom by the minimal polynomial relation. When ERR is
used as criterion these greater restrictions appear to be an advantage above
a certain SIN, because they prevent these methods from getting away too much
from the real impulse response.
In all cases the estimates of DIRECTO are about a factor 10 worser than
those of DIRECT.
There are few possible causes for this factor 10.

In the first place it can be due to the fact, that the dependencies of the
B- and D-matrix on the a-coefficients during the calculation of the
derivatives have been neglected. This is inherent to the way the program is
constructed.
In the second place the cause can be the treatment of the initial state

~(O). ouring the calculation of the B- and D-matrix allways the estimation
of the initial state obtained from the previous function call is used.
So in general there will be a little mistake in ~{O).

In the third place it is possible in the program DIRECT from H. van der
weijden to produce an estimated system with poles with a negative real part
(or create such systems only during the minimalization as an interim
result) .
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This means that this program has a greater freedom in the space formed by

the a-coefficients.
For DIRECTO several areas are forbidden. To check the influence of this 10
runs have been made with System 4 for S;N-60 dB and 40 dB, during which
negative real parts were allowed. In both tests the average value of ERR was
diminished with about 15 % . So there is some truth in this argument.

In the fourth place there are some doubts about the correctness of the
estimation results of H. van der Weijden.

- For System 4 (fifth order, 400 samples) the needed processor time per
function call was about 10 seconds. So this is a factor 2 less than DIRECT
needed (See lit.[7]-p.33-34). But for DIRECTO the real estimation has been
done on 400-100-300 samples, where DIRECT has used only 200 samples of the
400.
For System 2 (fourth order, 1000) samples) about 1 minute processor time was
needed for a function call (900 samples used).
For a system of sixth order and 1000 samples (500 used) this was about 45
seconds. This is a factor 20 less than DIRECT needed.
In general the difference in needed processor time between DIRECT and
DIRECTO becomes clearer with an increasing number of samples or an

increasing order of the system.
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Chapter 5 Results of estimations on real data

5.1 Process description

An estimation has been done on measured data from a real process.
This process was a quartz-glass tube process of the Philips factory in
Winschoten.
Here an SQ-D furnace is used for the production of quartz-glass tubes.
This process is illustrated in figure 5.1-1 and can be described as follows.
Pure quartz-sand enters the furnace via hoppers and a dosing system and is
melted into glass in the melting vessel. The glass leaves the furnace
through a ring-shaped opening along a nozzle due to the gravity and the
drawing force of a drawing machine. An onion can be created by inserting
pressure through the hollow nozzle on the inside of the tube. The tube is
cut to length after it has passed through the drawing machine.
This process can be seen as a MIMe-process with 2 inputs and 2 outputs.
The inputs are the drawing speed and the nozzle pressure. The outputs are
the wall thickness and the diameter of the glass tube.
In section 5.2 the results of estimations on data from this process are
given.
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Wall thickness

Mixing room

Nozzle pressure

Position of nozzle

Melting vessel

Nozzle

Meltprofile

Onion

Diameter "'1

Drawing speed .... 1

Drawing machine

Tube cutting machine

Fig.5.1-1 SQ-D furnace
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5.2 Estimation results

An estimation has been done on a set of 1000 samples per input (and output).
From available knowledge of the process it has been made clear, that the
choice of an order 6 for the system was proper.
Because the greatest eigenvalue was about 0.94 half of the data set (500
samples) was used to create a ~(O) for the second half.
As startvalues existing values created with GERTH-ALGORITHM have been used.
H. van der Weijden had used the same data set for an estimation with his
program DIRECT.
In the following figures 5.2.1 until 5.2.4 the with DIRECT and DIRECTO
estimated impulse responses are shown.
M(O) until M(6) have been estimated. M(7) until M(99) have been formed with
the minimal polynomial coefficients and M(l) until M(6).

Input 1
Input 2
Output 1
Output 2

nozzle pressure

drawing speed
wall thickness
diameter

Impulsresponse 1 Mll (0-99) (input 1 to output 1)

Impuls response 2 M21 (0-99) (input 1 to output 2)

Impuls response 3 M21 (0-99) (input 2 to output 1)

Impulsresponse 4 M22 (0-99) (input 2 to output 2)
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In table 5.2.1 the estimated minimal polynomial coefficients and start

sequence of Markov-parameters for both programs are given:

DIRECT DIRECTO

a1 4.6767 4.1892

a2 -9.3439 -7.1521

a3 10.3480 6.3761

a4 -6.8035 -3.1774

a5 2.5497 0.8822

a6 -0.4274 -0.1184

Table 5.2.1a Estimated a-coefficients from Winschoten data
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DIRECT DIRECTO

M( 1) · 0.1079 E-1 0.9027 E-3 0.1737 E-1 -0.3945 E-2·
0.2490 E-2 -0.5181 E-1 -0.1359 E-2 -0.3264 E-1

M( 2) · -0.1968 E-1 0.2416 E-1 -0.2014 E-1 0.4153 E-1·
-0.1444 E-1 -0.1300 E 0 -0.1275 E-1 -0.1397 E 0

M( 3) · -0.1311 E-1 -0.5316 E-1 0.4753 E-2 -0.8159 E-1·
0.1041 E-1 -0.1964 E 0 0.2559 E-1 -0.1976 E 0

M( 4) · -0.1311 E-1 -0.1510 E 0 -0.9034 E-2 -0.1598 E 0·
0.5125 E-1 -0.2131 E 0 0.5733 E-1 -0.1976 E 0

M( 5) · -0.3779 E-1 -0.2087 E 0 -0.4806 E-1 -0.1829 E 0·
0.8732 E-1 -0.1864 E 0 0.8064 E-1 -0.1747 E 0

M( 6) · -0.8042 E-1 -0.2118 E 0 -0.8962 E-1 -0.1801 E 0·
0.1115 E 0 -0.1431 E 0 0.1019 E 0 -0.1483 E 0

Table 5.2.1b Estimated Markov-parameters from Winschoten data

In table 5.2.2 the eigenvalues of the estimated systems are given:

DIRECT DIRECTO

0.9400 - 0.0996i 0.9401 + 0.1042i

0.9139 + 0.1984i 0.9084 + 0.1973i

0.4845 + 0.5588i 0.2499 + 0.3032i

Table 5.2.2 Eigenvalues of the estimated systems
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The minimum of V found by the program DIRECT was 91.22144 •
For the program DIRECTO : 96.3270 •
So the estimations on data from a real process enforce the conclusions of
section 4.4 •
DIRECT is able to find a lower minimum for V.

Remark how close the estimated impulse responses are in fig.5.2.1 until
5.2.4 for both estimation programs.
Remark also the resemblance for the four greatest eigenvalues.
For the calculation of V and its derivatives for this system with sixth
order and 1000 samples per channel the program DIRECTO needed only 45
seconds processor time, while the program DIRECT needed for such a function
call about 15 minutes.
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Chapter 6 Conclusions

- The estimation results of the program DIRECTO are in all cases a little
bit worse than those of the program DIRECT from H. van der Weijden as can be

noticed from the estimation results on simulated data.
The possible reasons for this difference are given in section 4.4.

- The program needs substantial less processor time than DIRECT for a
parameter estimation. For estimations on a sixth order system, 2 inputs and
2 outputs, with 1000 samples per input (and output) the reduction is a
factor 20 •

- As startvalues the estimates of the GERTH-ALGORITHM can be used or
startvalues can be obtained from a Hankel-realization out of the estimates
of EXACTMARK.

- During the tests on simulated data the minimum of the loss function V,
which was found by the minimization-routine, was in most cases slightly
smaller than the expected value.

- The program can perhaps be improved by estimating explicitly the initial
state ~(O) instead of offering up a part of the data set to lose the
influence of the unknown ~(O). This inquires, however, the estimation of
more parameters.
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Appendix A Verification of equivalence of models

In this appendix it is verified, that eq. 2.1.4 is equivalent with eq.
2.1.10 until 2.1.13.
For M(I) the verification is simple: C.B -

10. • 0 o . . • 0 o . . . 0 Mll (l) · . . M1p(l)

00. • 0 10. · 0
= o 0 -. . . · . Mll (r) · M1p(r)

0 · 0 0 • 0 10. . 0

Mq1 (1) · . • Mqp(l)

=

- M(I)

Notation : Ai. means row i of A and A. j means column j of A.

~i - (0 •. 010 .• O)T with the 1 at the i-the place and ~i:(qrxl)

For M(2) we get: C.A.B -
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..
~.

Ar+1.

• A. B--1. .p

•

A(q-1)r+1.

= M(2)

A(q_1)r+1.B.1 ..• A(q_l)r+l.B.p

A.2

For higher Markov-parameters we need powers of A.

Because A is diag(A , A , . . • , A ), Ak will be diag(Ak, Ak, • • • , Ak).

When Ak- 1 is multiplied with A the following will happen:

All rows of Ak- 1 will shift to one row higher. The last row must be computed
explicitly and will be:

(ar • . . a1 ) (A~11, • • • , A~~1

For M(r) Ar- 1 is needed. Multiplied with C this gives CAr-I.

..

r-1
Ai.

..

Te-r

A.3

r-1 T
A(q-1)r+1. ~qr
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Then CAr-lB will be eT
-r

• ~.1 ••• B.~ - H(r)

Now for M(r+l): CArB

A.4

a . . . a

a ... a a . . . a

a . . . 0

o . . . 0 A.5

arMll(l)+ ••.+alMll(r)

arM2l(l)+ ..•+alM2l(r)

arMlp(l)+ •••+alMlp(r)

arM2p(l)+ ..•+alM2p(r)

-

- arM( l) + ... + al M( r) A.6

From eq. A.l until A.4 it follows, that the start sequence of Markov
parameters M(l) until M(r) is the same.
From eq. A.6 it follows, that also the minimal polynomial coefficients are

the same.
This can also be seen from the fact, that the minimal polynomial formed from

IAI - A I = a is the same.
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Appendix B Influence of the sample time on the poles

In this appendix it will be shown, that a system will have no poles in the
left half within the unit circle in the z-plane, when the sample time is
chosen small enough.
Assume we have a linear, time invariant, continuous, stable, causal system.
The impulse response of this system will have one or more poles in the s
plane.
Assume sl is a pole of the impulresponse.

When this impulse response is sampled with a sample time T the pole sl in

sIT
the s-plane becomes a pole zl in the z-plane by setting zl· e •

For sl one can write sl= ~ + jal •

For stabil systems ~< 1 will hold.

~T
For the modulus of zl one finds: Izl ' = e < 1 •

For the argument of zl one finds: arg(zl) • alT .

If al • 0 , then arg(zl) - 0 and the pole lies in the right half within the

uni t ci rcle •
When al ~ 0 : Take the sample time so small that lalTI<n/2 holds and zl will

lie in the right half within the unit circle.
So when the frequencies above oos/4 with oos· 2n/Ts have been filtered out of

a continuous signal, one can only find poles within the right half of the z
plane.
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Appendix C Additional information on the estimations

See for the meaning of the variables lit.[3]
Estimations with System 4:

MAXCAL=500
IG=100
Table C.1 shows for the several SjN values the number of runs, which ended
with the several kinds of IFAIL-messages.

SjN in dB IFAIL=-l IFAIL=2 IFAIL-3

20 6 3 1

40 5 2 3

60 4 2 4

80 3 3 4

100 1 3 6

Table C.1 IFAIL-information for System 4 runs
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Estimations with System 2:

Maxcal=500

IG-100

SjN in dB IFAIL--1 IFAIL-2 IFAIL-3

10 5 0 5

30 5 1 4

Table C.2 IFAIL-information for System 2 runs
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