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SUMMARY

This work studies the parameter estimation of multivariable, linear,

time-invariant, discrete systems, where an output error criterion is

chosen. The minimization is done by implementing the quasi-Newton

minimization (QNM). The model used is matrix fraction description (MFD),

which is introduced briefly. Also, the motivation for using an MFD model

in relation to system identification is discussed.

Emphasis is given to problems related to the extension of SISO (single

input single output) estimation algorithms in MIMO situations.

Some practical experience has shown that equation error (derived) meth

ods have poor output error simulation performance for some applications,

so that some theoretical insight into the equation error method versus

the output error method is given. In the model to model adjustment,

four different canonical forms for MFD's are used to test the quality of

the output error method for the purpose of simulation.

The results of the output error method are compared with the in

strumental variable (IV) method. Also practical data is tested where

the time delay problem is studied and solved.

The estimation method is implemented on a VAX-11/750 computer. The

interactive program is written in standard FORTRAN 77.
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Chapter 1 INTRODUCTION

"Identification is the determination, on the basis of input and output,

of a system (= model) within a specified class of systems (= models), to

which the system (= process) under test is equivalent" (Zadeh, 1962).

Here "process" refers to the object (plant, system) under study, a so

called "model" is used to describe the behaviour of the "process".

Mostly such identification has to be done by using only a limited number

of (noisy) experimental data (measurements).

A practical engineering type of approach to the identification is given

as (Eykhoff, 1974):
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Fig. 1. 1-1 An identification scheme

With a set of input-output (I/O) data from a process, if linear models

are to be used, the procedure of identification is mostly:

To chose the mOdel (state space, transfer functions, ••• )

To estimate the structure (or order)

To estimate the parameters.

Because the computations of identifications are done by digital compu

ters, the discrete linear models are very much used.
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At present, 5150 (single-input single-output) system identification

techniques are well developed, but for MIMO (multi-input multi-output)

system identifications, there are many open problems. Modern system

engineering requires MIMO system identification and the tempestuous

development of mini- and micro-computers makes this feasible.

This work studies the MIMO system identification.

In Chapter 2 we will discuss the problem of choosing the model.

Popular models (state space, transfer function, impulse response and

matrix fraction descriptions) will be reviewed and compared.

After some studies on MFD (matrix fraction descriptions) models, we

decided to use this model in our research after considering some of its

nice properties concerned with identification.

The theory about MFD has recently been developed while the most tradi

tional model used for MIMO systems is the state space model.

The structure of the process can be determined by physical (or other)

laws, practical experience, or by some algorithms, but structure identi

fication can still be recognized as a kind of art in many cases. This

problem will not be studied in the research due to lack of time.

As many scientific tools (algorithms) are available for 5150 systems

parameter estimation, it would be very convenient if those algorithms

could be extended in MIMO situations. In chapter 3 the problem of

algorithm extension will be studied and some difficulties will be

pointed out.

A parameter estimation method in general minimizes the misfit between

the model and the process according to certain criterion by using some

technique. The intended use of the model plays a key role in

determining the criterion. In chapter 4 the principles of prediction

and simulation (which represent two classes of use of models) will be

given. Then the equation error criterion method will be compared with

the output error criterion method for the simulation purpose.

The criterion chosen determines, to a large extent, the complexity of

the minization algorithm. In chapter 4, some discussions on the minimi

zation of output error loss function will also be given.

In this work both the simulated data and practical data are used to test

the output error method.



-3-

After the parameter estimation, the next important step is to validate

the results to see if the estimated model is acceptable. In chapter 5

the discussion about the experimental results based on different valid

ation tests is presented.

Finally in chapter 6 some conclusions will be drawn and further research

will be recommended.
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MATRIX FRACTION DESCRIPTION

In this chapter we first give a brief review of different representations

of multi-input multi-output (MIMO), linear, time invariant and discrete

systems in the deterministic case. Then we will give a brief introduction

about MFD and point out its advantages in system identification.

2.1 Descriptions of MIMO systems (Paul V.d. Hof,1985)

The well-known linear discrete system models are the following:

Transfer function

Difference equation (matrix fraction description or ARMA model)

Impulse response (Markov parameter)

- State space

For the purpose of system identification some characters of the model are

of importance:

The number of parameters is as small as possible, this is required by

principle of the uniqueness parsimony.

- The algorithm that minimizes the error function should preferably be

simple. If the error is linear in the parameters and the error function

to be minimized is quadratic in the error, then an analytic solution

of the minimization is guaranteed. In other cases more complex methods

have to be used.

The parameters of the model have some physical meaning and they can be

identified directly from the input and output data.

- The model leads to minimal state realization and the derivation of

minimal state space realization from the model is not difficult. This

is preferred for control purposes, while the main final objective of

the identification is designing or updating the control low.

The different descriptions listed above will be presented and their char

acteristics will be pointed out.

2.1.1 Transfer function model

In the SISO situation we know the process description using a transfer

function in the frequency (z-) domain:

Y(z) = H(z)U(z) (2.1-1)

where U(z) and Y(z) are the z-transformation of the input and output of
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the system, z is the z-domain variable, or in the time domain:

y(k) • H(z)u(k) (2.1-2)

where now z represents the shift operator in the time domain:

zy(k) = y(k+l)

A general form for H(z) is

n n-1
bOz + bIz +...+ bn

H( z) = ------:-----
Zn + n-1al z +.•.+ a

n

(2.1-3)

This model describes completely the dynamic behaviour of a process if the

initial conditions are zero. The order of the process is determined by

the degree n of the denominator polynomial of H(z).

In the MIMO situation a comparable model can be given:

with

l.(k) = H(z)~(k) (2.1-4)

l.(k) = [;~mJ ~(k) = [~~~~~J
y~(k) u;(k)

Now l.(k) and ~(k) are output and input vector with dimensions q and p

respectively.

H(z) = {hij(Z)} (2.1-5)

H(z) is a matrix of size (q x p). The transfer function hij(z), with

(i,j) position in H(z), defines the relation between the input j and

the

the

output i. hij(z) has the similar form as H(z) in (2.1-3).

The transfer function representation has the advantage that its physical

interpretation is simple, it describes the transmittance between each

input-output pair. On the other 'hand, the number of parameters in the

model is large. Also this description has the disadvantage of not being

linear-in-the-parameters due to the ratio of polynomials in H(z). The

model output is a non-linear function of the parameters, consequently a

quadratic error function between process and model output will have a

minimum that can not be easily determined in an analytic way.

The transfer matrix is a unique description of the process under consid

eration, i.e. each system has only one description; a particular process

can not be characterized by two different H(z). This is important in

minimizing error functions.
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Difference equation model

From the SISO situation we know the ARMA (Auto-Regressive Moving-Average)

description in the time domain:

A(z)y(k) = B(z)u(z) (2.1-6)

where z is again the time shift operator, A(z) and B(z) are polynomials.

The extension for MIMO situation is:

P(z)1.(k) = Q(z)u(k) (2.1-7)

where the AR part P(z) is (q x q) polynomial matrix and the MA part Q(z)

is (q x p) polynomial matrix. Such a representation is called a left

matrix fraction description (left MFD). The transfer matrix

-1
H(z) = P (z)Q(z) (2.1-8)

From (2.1-8) it can be noted that this representation is not unique. The

division of H(z) in P(z) and Q(z) can be done in an infinite number of

ways.

Such an ARMA representation seems to be linear-in-the-parameters, because

the quotients of polynomials are split into series. A more detailed dis

cussion about MFD will come later.

2.1. 3 Impulse response model

From the SISO situation we know the representation using a convolution

sum

y(k) = L h(j)u(k-j) (2.1-9)
j=O

where h(j) is the impulse response (j~O), which follows from the transfer

function:

IX> - j
H(z) = L h(j)z

j=O

For the MIMO situation the extension is:

y(k) = L M(j)u(k-j)
- j=O -

with

(2.1-10)

(2.1-11)
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(2.1-12)

CD

H(z) = I M(j)Z-j
j=O

{M(j)} '-0 is a sequence of matrices, called Markov parameters, that
)_ ,CD

provides the various impulse reponses. The element M, ,(k) gives the res
J.)

ponse at the time k of output y. if a pulse is provided at input u. at
J. )

k=O, and if the other inputs are zero.

Such a model in terms of Markov parameters is an input-output model. The

model is linear-in-the-parameters. It is an unique representation of the

process. The number of parameters, however, is infinite. But it can be

stated that for a finite dimensional process the following holds:

S

M(s+j) = I a(i)M(s+j-i)
i=1

j ) 1 (2.1-13)

This means that the impulse response of such finite dimensional process

is completely determined by M(O), {a(i),M(i)}'_1 : there exists a value
J.- ,s

of s such that the first s Markov parameters are independent and all

following parameters can be determined from this initial sequence.

The above three representations provide a direct relation between input

and output variables. The next model gives this relation through an in

termediate step, by way of state space.

State space model

The state space representation is given as follows:

(2.1-14)}x(k+1) = Ax(k) + Bu(k)
y(k) = C~(k) + D~(k)

where A, B, C, D are scalar matrices of the sizes A (n x n), B (n x p),

C (q x n), D (q x p): n is the order of the process, i.e. the dimension

of the state space.

Besides information on the input-output behaviour, this representation

also provides insight into the structure of the process through the state

space. It is well know that state space representation is not unique, for

a non-singular matrix T of the proper dimension the realization

[ T-1AT, T-1B, CT, D ] results in the same input-output behaviour.

The relation between the state space and the impulse response model can
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be shown
k

X(k) = ~ CAi
-

1BU(k_j)
j=1 -

from which follows:
k-1

M(k) = {CA B
D

+ Du(k) + CAkx(O)

k ) 1
k = 0

(2.1-15)

(2.1-16)

We note that state space model also takes into account the initial con

ditions of the process, ~(O), contrary to previous models. Also the

transfer matrix can simply be found from the state space description as

H(Z) = C ( zI - A)-lB + D

Comparison of representations

(2.1-17)

Transformations between the models discussed are all possible; some are

simple, as stated before and some are complicated and will not be

discussed here.

We can compare the number of parameters of the various models:

Representation

Transfer matrix

Difference equation (MFD)

Canonical MFD

Impulse response

State space

Canonical state space

maximum number of parameters

pq(2s+1)

q2 g+pq (I+1)

n(p+q)+pq

CD

n(n+p+q)+pq

n(p+q)+pq

where g is the highest order of polynomials in matrix p(z), I is the

highest order of polynomials in matrix Q(z).

Some remarks:

- In recent years intensive studies on the non-uniqueness of the state

space model have led to the use of canonical forms (see Kailath, 1980).

Within a canonical form, each system has a unique representation.

- In principle, the numb~r of parameters of the impulse response is

infinite. Using the dependence as given by eq. (2.1-12) a finite number

of parameters can be given, but then the linearity-in-parameters is

lost. In practice, however, a big part of the systems have very small



value of the impulse response h(k) when k is big enough. That means we

can neglect this small part of h(k) in applications, then we have

limited number of parameters.

- The difference between different models can be quite large.

As mentioned before, the error function between process and model in the

estimation is strongly related to the type of model chosen and also how

noise is inferred into the model. Every model can be considered as a set

of equations: f(~'X,k,~, where e is a vector containing the model para

meters. The related error function in case of stochastic data can be

given by:

e(k) = f(u,x.,k,!) (2.1-18)

representing the misfit between the data {u, y} and the model

f(u,x.,k,!) = O. For example by using the MFD model,

e(k) = P(z)x.(k) - Q(z)~(k) (2.1-19)

In the following table two important properties of the four models are

compared: the linearity-in-the-parameters of the output, and the unique

ness of the representation. Both properties are important in view of the

error function that has to be minimized for the parameter estimation.

Transfer

matrix

MFD

IOOdel

Canonical Markov state

MFD parameter space

can •state

space

Linearity

Uniqueness +

+/- *) +

+

+

+ +

*) The property of linearity-in-parameters of MFD model is dependent on

the criterion chosen. If the error is chosen as in eq. (2.1-18), where

e(k) is called equation error, we have the linearity. If the error is

given as

with

~(k) = y(k) - X.

y(k) = p-1 (z)Q(z)~(k)

(2.1-20)

(2.1-21)

where e (k) is called output error, we then lose the linearity. In
~

chapter 4 we will discuss both equation error methods and output error

methods.

As it can be seen that there is no model that can generally be denoted as



-10-

being the 'best' in relation to system identification. The impulse res

ponse model has two attractive properties but has. for estimation pur

poses. an infinite (at least very large) number of parameters which is

not practical.

2.2 Matrix fraction description (MFD)

For some time there has been a dicussion on the question whether ARMA

representstions are suitable for MIMO processes. In recent years the

theory of matrix fraction description has been successfully explored and

applied in system identification (Guidorzi. 1975. Kailath t 1980)

2.2.1 Some definitions

Let H(z) be the transfer function matrix of a process having q outputs

and p inputs as described before:

l.(k) = H(z)~(k) (2.2-1)

where y(k) is the output vector and ~(k) is the input vector:

y (k) ]
q

(2.2-2)

and z is the time delay operator.

A matrix fraction description of a (q x p) transfer function matrix H(z)

is a pair of polynomial matrices { P(z)t Q(z) } of dimension (q x q) and

(q x p) respectivelYt satisfying

H(z) = Pi1(k)Ql(z) (2.2-3)

where

[
P1~Z) P1~Z) ••• P14Z)J [q1~Z) q1~z) ••• q1~Z)J

Pl(z)= ~2~Z) P~~Z) ••• P24Z) t Ql(z)= q~~Z) ••• : (2.2-4)

Pq~z) ••• Pq~z) qq\z) qq~z)

with Pi~z) and qij(z) being polynomials of variable Zt the time shift

operator.

To be more precise t the form (2.2-4) is referred to as a left MFD t simil

arly the right MFD can be defined as
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H(z) = Q (z)p-l(z) (2.2-5)
r r

We will concentrate on the left MFD because of its more direct relation

to the ARMA-model for which parameter estimations are performed. We will

omit the subscript 1 from now on.

We have mentioned before that MFD representation is not unique. It means

that given an MFD { P(z), Q(z) }, an infinity of others can be obtained

by choosing any nonsingular (q x q) polynomial matrix W(z) such that

P(z) W-1 (z )P( z) Q(z) = W-1(z)Q(z)

are a new pair of polynomial matrices, then

H(z) = p-l(z)Q(z) = p-l(z)Q(z)

where nonsingular polynomial matrix W(z) is defined as:

det W(z) is not identically zero.

Since

P(z) W(z)P(z) Q(z) W(z)Q(z) (2.2-6)

we call W(z) a left divisor of P(z) and Q(z). Moreover, since

deg det P(z) = deg det P(z) + deg det W(z)

we have

deg det P(z) ) deg det P(z)

(2.2-7)

(2.2-8)

The degree of the MFD is defined as the degree of the determinant of the

denominator matrix, deg det P(z), then (2.2-8) means that the degree of

the MFD can be reduced by removing right divisors of the numerator and

denominator matrices. Therefore we would expect to obtain a minimum

degree MFD by extracting a greatest common left divisor (gcld).

Consider (2.2-7) and (2.2-8) we can define gcld as follows:

let p(z) W(z)P(z) Q(z) W(z)Q(z)=

F(Z) U(Z)F(z) Q(z) = U(z)Q(z)

W( z) is called gcld of P( z) and Q(z) if and only if

deg det P ( z) = deg det P(z) (2.2-9)

for all nonsingular right divisors U(z) of P(z) and Q(z). Eq. (2.2-9)

will clearly hold if and only if all U(Z) have the property

det U(z) = a nonzero constant, independent of z (2.2-10)
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Eq. (2.2-10) gives the definition of unimodular matrix U(z).

Some useful statements follow the above definitions:

- Two polynomial matrices P(z) and Q(z) with the same number of columns

will be said to be left coprime if they only have a unimodular common

left divisor. An MFD H(z)=p-1Q(z) will be said to be irreducible if

P(z) and Q(z) are left coprime.

- Irreducible MFDs are not unique» because if p-1(z)Q(z) is irreducible»

so is [U(z)p(z)]-l[U(z)Q(z)] for any unimodular U(z). For the purpose

of identification» however» we prefer unique forms. We will discuss

canonical forms for MFD's later.

Transformations between different forms of irreducible MFDs» e.g.

transform from an irreducible MFD to a canonical form» are done by

means of 3 elementary raw operations:

1) Interchange of any two rows.

2) To multiply a row with any nonzero real or complex number.

3) Interchange of a row by itself plus any row multiplied by any

polynomial.

All these elementary operations can be described as premultiplication

of the polynomial matrix by a unimodular matrix (Wolovich» 1974).

For a better understanding of the principles given above» we show:

Example 2.2-1:

Let uS consider the transfer function matrix

H(z)
(z+2)2

(2.2-11 )

for which one MFD is

H(z)
= [(Z+l)2

0

(Z+2)2 J-1[Z Z(Z+l)2]

(z+1)2(z+2)2 -z(z+1)2 -z(z+1)2

with

(2.2-12)
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We note that

P,(Z)=[

, o J[(z+')2(Z+2)2

(Z:2) 2 J(z+,)2 0
= W,(z)P

2
(z)

0

Q,(Z)=[

,
(Z+~ )2J [-:

Z(::
n2

J = W,(z)Q2(z)
0

where W, ( z )= [ o o 2J is a left common divisor of P,(z) and
(z+')

Q,(z).

After extracting W,(z) from P,(z) and Q,(z) we lower the degree of the

MFD:

z
[

(z+' )2(z+2)2 0 J-1 [

H(z)= 0 (z+2)2 -z

with

deg det P
2

(z) = 6 ~ 8 = deg det P,(z)

Again we find

(2.2-'3)

where W
2

(z) is a left divisor of P
2

(z) and Q2(z).

Thus we obtain an even lower degree MFD:

with

[
( z+' )2 (z+2)2

H(z)= (z+,)2(z+2)

o -1

Z+2J [ :

deg det P
3

(z) = 5

we can prove that 5 is the minimal degree i.e. MFD [P
3
(z), Q3(Z)] is

irreducible.
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Going on, we find:

1 z+2 0 _( z+2) 2
P

3 = W
3

(z)P
4

(Z)

0 (z+1)2(z+2) z+2

Q
3

z+2 z z
W3(z)PIt (z)=

0 1 0 z2

Another MFD is therefore

-(z+2)2 -1 zo
H(z) =

with

z+2 o

z
(2.2-15)

We note that after extracting left common divisor W
3

, the degree of the

MFD does not decrease; so, W
3
(z) must be a unimodular.

Actually

det W
3
(z) = det o

z+2
= 1

which fit the definition (2.2-10).

One greatest common left divisor (gcld) of P
1
(z) and Q1(z) is apparently

1 o

Here we say~ gcld (instead of~ gcld) to imply that the gcld for a

MFD is not unique because of the ununiqueness of irreducible MFD as shown

in this example.

A way of testing coprimeness is given here (Dickinson, 1974):

The matrices P(z) ( qxq ) and Q(z) (q x p) are left comprime if the rank

of the composite matrix [P(z) Q(z)] is q for every z. using the

method for this example, we find:
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Rank
o

o

(z+2)2 : -z -z
=

(z+1)2(z+2)2 0 • z z(z+1)2
Rank [P

3
(Z) : Q3(Z)] Rank 2

(z+1 )2(z+2) z+2 • 0 z2

for every value of z.

Therefore we have proved that P
3

(z) and Q3(z) are coprime but P2 ( z) and

Q~z) not.

In our study here, we restrict ourselves within the causal systems. If

the linear time-invariant discrete system is (strictly) causal, then each

output is dependent only on the present and past (only past) inputs and

outputs, i.e. there should be no response on any output before an input

is applied.

The (strictly) causal system has a (strictly) proper rational transfer

function matrix H(z), that is:

Proper: lim H(z) < m

~

Strictly proper: lim H(z)
z+<r>

o
(2.2-16)

Eq. (2.2-16) implies that for any transfer function h .. (z), the degree of
1)

the denominator polynomial is (greater than) greater than or equal to the

degree of the numerator polynomial.

Now the question is how the properness of a transfer matrix H(z) reflects

itself in the associated MFD. We have the following lemma (Kailath 1980,

Chap. 6):

Let H(z) be a qxp (strictly) proper rational transfer function matrix and

H(z)=P-1(z)Q(z), where [P(z), Q(z)] is a MFD of H(z).

Then every row degree of Q(z) is (less than) less than or equal to the

corresponding row degree of P(z). #

However, the converse of the result is not always true, the example can

be found in Kailath 1980, p.383.

In order to obtain a necessary and sufficient condition for the proper

ness of p-l(z)Q(z), we introduce a concept which is called row
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(2.2-18)

(2.2-17 )

proper polynomial matrix for left MFD (column proper for right MFD).

Let us define:
t:.

v.- the degree of the i-th row of P(z)
J.

Then it is easy to show

deg det p(z) ( I v.
i= 1 J.

If the P(z) is such that equality holds in the above, i.e.

(2.2-19)V.
J.

deg det P(z) = r
i=1

we say that P(z) is row proper (Kailath calls this row reduced). The

column proper (column reduced) is defined in the same way.

Now we can give the following lemma (Kailath 1980, Chap. 6 ):

If P(z) is row proper, the H(z) = P-1(z)Q(z) is (strictly) proper if and

only if each row of Q(z) has degree (less than) less than or equal to the

degree of the corresponding row of P(z).

When a MFD [P(z), Q(z)] is irreducible with P(z) being row proper, we

call it standard MFD.

However, standard MFD's are still not unique. It is well known that the

uniqueness description is important for system identification.

We are now going to discuss the unique forms of MFD.

2.2.2 Some canonical forms for MFD

Given a transfer function H(z), we can obtain a unique MFD {P(z), Q(z)},

where

H(z) = P-1(z)Q(z)

by specifying either P(z) or Q(z) uniquely. It is more common to require

that the P(z) (which is square) matrix be uniquely specified.

Many canonical forms have been proposed in literature (see H. van Helmont

1983). We will discuss briefly four of them which are used for the

system identification in this research work.

1. The echelon form

This special form was first introduced by Popov (1969). It can be proved
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(see Kailath 1980) that by using only elementary row operations, each qxq

polynomial matrix P(z) can be transformed to its polynomial echelon form.

So with U(z) being an unimodular matrix.

PE(Z) = U(z).P(z) (2.2-20)

where PE(z) has the polynomial echelon from which fulfills:

- The row degree of PE(z) are ordered v
1

) v
2

) ••• )' v
q

- There exist q indices ., called pivot indices fulfilling:
1

if v. v. with i < j than •. < •.
1 J 1 J

-[PE(z)]. is a monic polynomial having degree v.
1.. 1

J

where "monic" means that the highest degree coefficient of the poly

nomial is 1

if j > •. then deg [p (z)] .. < v,
1 E 1J 1

if i 'I j then deg [p (z)], < v.
E J,'. 1

J

It is easy to show that PE(z) is both row and column proper.

If we also apply this unimodular transformation to the Q(z) matrix of an

irreducible left MFD {P(z), Q(z)}, we obtain so called echelon form MFD

(2.2-21)

(2.2-21) means:

PE(z) = U(z)P(z)

It can be proved (see Kailath 1980) that this form is unique.

This means loosely that for any transfer function H(z), there is only one

echelon form which is irreducible. Because we discuss only the (strict

ly) proper transfer functions, then we have

H(z) = PE1(z).QE(z) proper~ 0i.[QE(z)] ( 0i.[PE(Z)]

H(z) =PE1(z) strictly proper¢::::>0i.[QE(Z)] < 0i.[PE(z)]

is similar.
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This means that if we let row degree of QE(z) (less than) less than or

equal to the corresponding row degree of PE(z), the echelon form MFD

{PE(Z), QE(z)} presents always a proper transfer function, i.e. a causal

system.

Example 2.2-2

Suppose a 2 input, 2 output strictly causal system:

- row degrees : v
1

= 4, v
2

= 2

- pivot indices ~1 = 2, ~2 = 1.

have then

P
E,DEG

2

4

QE, DEG =

3 3

where the element of P and Q are the degrees of the correspond-
E, DEG E,DEG

ing polynomials in P (z) and Q (z). The underlined coefficients are the

degrees of the monic polynomials.

2. The Guidorzi form

Guidorzi form is closely related to the echelon form which was introduced

by Guidorzi (1975). Similar to echelon form, for every qxq polynomial

matrix P(z) with U(z) being a unimodular matrix:

PG(z) = U(z).P(z).

where PG(z) is called Guidorzi form and PG(z) fulfills:

[PG(Z)] .. is a monic polynomial having degree v,.
11 1

deg [PG(z)] .. > deg [p (z)]., for j > i
11 G 1J

deg [PG(z)] .. ) deg [PG(z)]ij for j < i
11

deg [pG( z )] ,. > deg [p (z)], . for i j
JJ G 1J

(2.2-22)

It has been proved that the Guidorzi form is unique and it is easy to

show that PG(z) is both row and column proper. If we also apply the same

unimodular transformation on the Q(z) matrix of an irreducible left
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MFD {P(z), Q(z)} then we obtain:

[PG(z), QG(z)] U(z).[P(z), Q(z)]

which is unique.

Let ~(z) be a transfer function matrix

H(z) = P -l(z).G (z).
G G

(2.2-23)

where [PG(z), Q(z)] is the Guidorzi form irreducible MFD. Considering

that P (z) is row proper, we then have:

H( z) = P -1 (z) • Q (z) proper .~0====~" s: [Q (z) .. s: [Q (z)]G G .... y u i * G u i * G

H(z)

It can be shown that the Guidorzi form can be obtained in a unique way

from the echelon form by reording the rows, and vice versa.

Example 2.2-3

Let us use the systems as used in example 2.2-2.

There we have the echelon form with the polynomial degrees

PE, DEG [~ ~] QE, DEG = l: 3]

Now, if we interchange two rows of P (z) and Q (z) in order to let the
- E E

monic polynomials located on the diagonal positions we then get the

Guidorzi form MFD for the system with

=[~1 i

1

]PG,DEG

where the element of P and Q are the degrees of the correspond-
G, DEG E, DEG

ing polynomials in PG(z) and QG(z) respectively.

The underlined coefficients are the degrees of the monic polynomials.

We note that for a q output system, we need only q indices (q row de

grees) to define the Guidorzi form comparing 2.q indices for defining the

echelon form (q row degrees and q pivot indices).

This is why we prefer the Guidorzi form to the echelon form.
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3. Hermite form

It can be proved that each nonsingular qxq polynomial matrix P(z) can be

transformed uniquely by only using elementary row operations to its so

called Hermite form:

matrix and PH(z) fulfills:

j > i PH(z) is lower triangular= 0

= monic polynomial

do not guarantee the row properness of

(2.2-24)

i > j.for

PH(j) ~ U(z).P(z)

where U(z) is an unimodular

[ PH( z)]
ij

[PH(z)]
ii

deg [pH( z)] > deg [pH( z)]
jj ij

We note that the above definitions

PH(z).

If we apply also the same unimodular transformations on Q(z) matrix ofan

irreducible left MFD [P(z). Q(z)], then we have a Hermite form

MFD [PH(z), QH(z)], where

[PH(z), QH(z)] = U(z)[P(z), Q(z)] (2.2-25)

Because the Hermite form is not always row proper, it is possible that we

obtain a Hermite form MFD which corresponds to a noncausal system. In

order to avoid the noncausality problem, it is reasonable to restrict

this form within the area of row proper Hermite MFD for the

identification of causal systems.

Until now, we have presented three canonical forms. They are all irre

ducible, and can be transformed from one to another by elementary row

operations, i.e. by premultiplication with an unimodular matrix. This

class is called equivalent MFD.

The last canonical form to be discussed is not irreducible and does not

belong to the equivalent class, that is:

4. The diagonal form

We can obtain a diagonal left MFD from a transfer function matrix quite

easily as follows:
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transfer function, with all
--- the denomination polynomials

being monic.

= h .. (z)
1.J

a) Find the least common divisor polynomial for each row, then we get

q,,(z) q,p(z)

p,,(z) p,,(z)

H(z) =
q ~(z) qqp ( z)

q

Pqq ( z)
Pqq(z)

where:

p,,(z), ••• Pqq(z) are the least common divisors for each row of

H( z) :

qij(z)

PH (z)

b) Express h(z) by the MFO where P(z) consists of those least common

divisor polynomials. Therefore, we get

l
P,,(Z)

(H(z) = , p (z)
: 22 •
o _

From above procedure we can draw:

(2.2-26)

[PO(z)]i*

[PO(z)]i*

[ Po (z)J is

and [QO(z)]i* are left coprime (, .. i .. q) where

denotes the i-th row of P (z), [Q (z)].* is similar.o 0 1.

a diagonal polynomial matrix with the diagonal polynomials

being monic; Po(z) is row and column proper.

Because P (z) is both row and column proper, we have then
o

H(z) proper < >
H(z) strictly proper~

°i*[QO(z)]

°i*[QO(z)]

.. °i*[PO(z)]

< °i*[PO(z)]
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Due to the diagonal structure, it is easy to find

c,;IZlYl lkl]
= QD(z}

Ulkl]
(2.2-27)

p (z}y (k) u (k)
qq q P

This equation implies that the MIMO system is expressed by q independent

MISO systems.

As it can be seen that diagonal form is not necessarily irreducible. In

the system identifications, this means we have to estimate more para

meters than the minimum number. Apparently, reducibility is a disadvan

tage of the diagonal form MFD. But the diagonal form does have some

properties which are preferred in MIMO system identification~ these will

be discussed later.

We have presented a very brief introduction to MFD and some canonical

forms of MFD, the purpose of which is to allow our reader to follow the

discussions later on. The more detailed and theoretical discussions can

be found in Kailath (1980), Dickinson (1974) and Guidorzi (1975). F.

Bekkers (1985) has presented a rather detailed picture of MFD from the

view of system identification. The relations between MFD and state space

models is an important topic of MFD, which will not be discussed here.

We now draw some conclusions to end this chapter.

2.3 Some conclusions

Compared with other models, MFD Model has some attractive properties in

system identification •

The number of parameters is minimum if irreducible canonical forms

(except the diagonal form) are used.

MFD is an input-output model, therefore the parameters of the model

can be identified directly from the input-output data.

The parameters are linear to the equation error. This property

simplifies the equation error based minimization algorithms.

The transformation from MFD model to minimum state space realiz

ations is possible and easy - the relations between canonical MFD

and canonical state space have been developed in recent years.

All these properties (together with others) give the answer why MFD model

became popular recently in system theory and engineering.
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PARAMETER ESTIMATION ALGORITHMS

(3.1-1)

~ ~e
The MFD model can be seen as the extension of AS ISO ARMA model inAMIMO

case. In the SISO case, a varie ty of successful parame ter

estimation algorithms have been developed for different applications.

*It reasonable to ask: Can those algorithms be extended to~MIMO situa-
the

tion when~MFD model is employed.

In this chapter, we will try to answer the question. Only non-recur

sive algorithms will be discussed, due to the fact that pure iterative

algorithms are generally better than their corresponding recursive

algorithms concerned with the quality.

3.1 Some Notations and Least Squars Method

We first introduce some notations which are useful to describe the

systems and the estimation algorithms.

1. MIMO ARMA model.

If we have a MIMO discrete time-invariant linear system which is des

cribed by MFD model:

P(z)X(k) = Q(z)~(k)

where

uT(k) = [U,(k) u
2

(k). up (k) ] ---- p-dimensional input vector

xT(k) = [X,(k) x
2

(k). . Xq(k)J ---- q-dimensional output vector

it
P(z), Q(z) is a left MFD model; usually

1\
being the forward time shift operator.

Q, •
has canonical form, with

/\

The traditional ARMA models use backward time shift operator z-I.

For this reason we simply change { P (z), Q(z)} into backward MFD tP (Z-I )

Q(z~ )} by following operation:

[z-v,
-v

2
-v

] .p(z)p( z-l ) diag
q (3.1-2)= z z

[z-v,
-v

2
-v

] .Q( z)Q( z-l )
q

= diag z z
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where Vj is the degree of the i-th row.

If the system is causal, we always have MFD {p(z-I), Q(Z-I)} which has

purely backard time shift operator (see last chapter).

We have now:

(3.1-3)

e q. (3.1-3) can be called MIMO ARMA model, with the autoregresive part

..
p (z-l) •••p (z-l)

q1 qq

moving average part

Q(z-l) = ··· .
q, (z-l) ••• q (z-l)

q1 qp

Until now, we have shown only the deterministic model. But for the pur

pose of system identification, we have to introduce the noise, because

generally the system model is determined by minimizing some error

criterion. The criterion is dependent on the noise chosen which can

afect the quality of the estimation results.

Let we introduce the output noise first (see Fig. 3.1-1).

¥... = ~(k) + ~(k)

where 1.. = [ YJ (k)Y2 (k) •.• YlJ (k) J

is the noise dis turbed ou tpu t vec tor.

(3.1-4)



-25-

is the output noise vector.

Substitute eq. (3.1-4) into (3.1-3) we have

or

(3.1-5)

(3.1-6)

The algorithms which minimize the output error are called output error

method. From (3.1-6) we note that the output error are -not lioear in

the parameters. This causes the complexity of the algorithms. The

output error method will be discussed in detail io oext chapter.

The so called equation error is defined as (see Fig. 3.1-2)

(3.1-7)

tJ\u;t
We see immedia tely1\the equa tion error ~ (k) is linear in the para-

me terse

The algorithms which mioimize the equation error are called equation

error methods. The most algorithms in applications are equation error

(or equa tion error based) me thods, due to mainly the simpHci ty in

compu ta tion.

The rela tion be tween e (k) and ~ (k) is

(3.1-8)

The block diagrams for output error model and equation error model are

in Fig. 3.1-1

n(k)

~(k )-=9 Q(z -I) 1--'""7':1 p-, (Z-')] !(k)f$:> I (k)

Fig. 3.1-1o..)output error model
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e(k)

~(k) J-_~ P-, (z -') II--""~> 1.(k)

Fig. 3.1-2 b) Equa tion error model

Now let us use these ootatioos to present the least squares method.

1. SISO case

10 SISO case, the ARMA model 1s

A(Z-I )y(k) = B(z-I )u(k) + e(k) (3. 1-9)

with A(z-I) = 1 -I+ a~z + ... --AR part

where z-l 1s the backward time shit t opera tor,

n is the order of the sys tem

Reordering (3.1-9) we obtain:

y(k) = -a,y(k-l) - a 1 y(k-2) .••-a
ll

y(k-o) + b.. U(k) + b,u(k-l) +

+ ... + bn u(k-o)

I ocreasin, the sample oumber k from n+l to N we ha ve:

1.= Q(u,y) ~ + ~ (3.1-11)

with

rT = [y (n+1) , y(0+2), y(N)]

eT = [ e (0+1) , e(0+2), ... e(N)]

aT = [a" a1 , • •• an' be ' b, ' ... bfl]

(3.1-10)
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-y(n), -y(n-1) ... -y(1) I u (n+1) u(2)
.. I ..

n (u,y) .. .. I ..
I ..
I

-y(N-1) -y(N-n) I u(N) u(N-n+l)

4
Let e denote the least squares estimates of!, we have

where ~ is es tima ted equa tion error series.

A quadratic error criterion is based on ~

1
v=-

N-n

1 N
= -- I: ~2(k)

N-n k=n+1

(3.1-12)

"Minimizing this with respect to~, we obtain the least squares esti-

mator io an explicit form:

,. [T ]-1 T~LS = n (u, y ).n (u , y ) n (u, y )1. (3.1-13)

IS
It can be shown that only when e(k) white noise, the LS can give

1\

consistent estimation, otherwise inconsistent result will be found.

Consistent estimation means:

Plim Ia-a I>£ = 0
k+ CD

Plill1
where 1\ means the proba bili ty limi t.

Practically, equation error can hardly be white, this implies we will

often have a inconsistent estimations result by using LS. But the Least

Squares method is a basis of many other comprehensive estimates

2. Least Squares in MIMO case

Wheo we have a MIMO system (strictly proper):

(3.1-14)
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e.q. (3.1-14) represents, equations, Cf is the number of outputs. The

i-th equation is as

Pi1 (z-1 )Y1(k) + Pi2(z-1 )Y2(k) + ••.

+ ••. + 'iP(z-1)up(k) + ei(k)

+ Piq(z-1)y~(k) • !i1(z-1) u1 +
(3.1-15)

Assume that PH (z-I) is monic, we can have:

Y. (k) = -P'1 y (k-1 )-. ··-P. ylk-v.) - ••• - p .. 1y·(k- j) - •••
~ ~ I 1 1 ~ 1 I vi 1 ~ 1 ~~ I 1

(k-v. ) +
- p. . y. (k-v .) - ••• p. 1Y (k- 1 ) + ••• - Piq v. yq ~q

~~Ivi ~ ~ ~q, q I ~q

+ q'1 u 1(k-u· 1) + ••• q. 1u (k-1)
~ lUi 1 ~ ~PI P

+ ••• +

+ q. u (k-u. ) + e. (k) •
~PIU. P ~p ~

~p

(3.1-16)

According to e If, (3.1-16)s by increasj~k from vi to N, we have the

similar expression to (3.1-11)

and

When

N _

minim.[ I: e 2 (k) ]

k=v
i

(3.1-17)

(3.1-18)

we can have the estimation of the parameters

(3.1-19)

increase i=1 to i=q, we obtain all the parameters of the system by

minimizing

q
V = I:

i=1

N

I:
N - v. k=v.

~ ~

The schematic diagram of Least Squares estimator is in Fig.(3.1-2)
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u
~~ }

1.- ....
Process :>

'"es tima tor

I I
,.,
a, II - ,

--........ Q(z -I)
./ 1\ j;L-

;( P (z-J)
.- ., .....

I ~-

Fig. 3.1-2 Leas t Squares Es tima tor

3.2 Generalized Least Squares (GLS)

1. S1S0 case

GLS assume tha t the equa tion error e (k) is genera ted by a white noise

filteredby a autoregressive filter:

e(k) = ( 3.2-1 )

D(z-l) = 1 + d z-l + d z-2 +••• + d z-n
1 2 n

D(z-l) has the same order as A(z-l).

Then we have,

A(z-l)y(k) = B(z-l)U(k) + 1 ~(k)
D(z-l)

(3.2-2)

B(z-l )~(k) + ~(k) (3.2-3)

where

y(k) = D(z-l )y(k)

u(k) = D(z-l )u(k)
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We note that ~(k) is linear in the parameters if we use filtered input

output data ~(k) and y(k). Because ~(k) is white noise, a least squares

estimator will give consistent estimations of the parameters. But D(z-l)

is usually unknown. We can solve this problem iteratively.

The iterative scheme is as follows.

(j+1)-th iteration

a) perform LS according to (3.2-3) by using yi+1(k), ui + 1 (k)

b) generate the sequence

~j+1(k) = ~j+1(z-1) yj+1(k) + ~j+1(z-1) uj + 1(k)

c) estimate the D(z-l) (di ) parameter by:

where

~j+1(2)

I
~ j+1 (N) __ ~ j+1 (N-n)

d)

e)

-J'+1 1 -i+1 -j+1
filter u(k), y(k) by using D (z-), yielding u (k) and y (k).

go to a) until convergence occurs.

For starting this scheme the ordinary least-squares estimator can be

used.

2. Extention to MIMO case

Let us first use the diagonal form:

(3.2-4)
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where D(z-l) has the same structure as P (z-l), t is a white noise
D -

vector. premultiplying both sides by D(z-l) leads to

(3.2-5)

(3. 2-6a)

o

(3.2-6b)

d (z-l).q 1(z-l )
qq q

Eq. (3.2-6a) and (3.2-6b) means that:

For i-th equations in (3.2-5) we have

p .. (Z-l)di.(z-l) y~(k) =
~~ ~ ...

u (k)
P

+ t. (k)
~

(3.2-7)
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This tells us tha t in order to es tima te Pi! ' ••• , Pill , lIil , ••• , Ilip ,

by minim. [rl;~ (k)] ,we can simply filter I/O data by djj (z-I) and then

use least-squares. The same for other equations in (3.2-5).

Like in 5150 case, D(z-I) matrix is usually unknown, and we have to do

the estimation iteratively.

If now, we use other irreducible caoomical MFD, we have

(3.2-8)

What D(z-I) looks like? it is not reasonable to simply assume that

D(z-I) has a diagonal form. Here we s till Ie t D(z -I) hafe the same

structure as p(z-I). Then, (3.2-8) leads to

(3.2-9)

We can do of course the least-squares according to this equation, but

it is much more complicated if D(z-I) is not a diagonal form. We will

not discuss this further.

3.3 Ex te nded Ma tr ix Me thod

This name is frequently associated to the recursive algorithms. Here we

discuss the corresponding iterative one.

I. SISO case

Let the equation error have a moving average (MA) model,

we ha ve then

A(z-l)y(k) = B(z-l)u(k) + C(z-l) ~(k)

(3.3-1)

(3.3-2)

with ~(k) being white noise and C(z-l) having the same structure as

A(z-l ), we ge t



-33-

~(k) = y(k) + a
1
(k-1) + ••• +any(k-n) - bOu(k) - ••• -bnu(k-n)

- c1~(k) - ••• -cn~(k-n) (3.3-3)

We note that if all the data in the right side of (3.3-3) are available,

we can then estimate the parameters by least squares. But unfortunately

~(k) is not known. The solution is again the iteration.

(i+1)th iteration:

a)

b)

c) go back to a) until convergence occurs

To start the iteration, first use ordinary least-squares to find the

initial value ~O(z-l), ~O(z-l), then calculate the equation error:

~o(k) = ~O(z-l)y(k) _ ~O(z-l)U(k)

Let iO(k) = ~o(k) and start the next iteration.

2. MIMO case

In 8180 case the A(z-l) polynomial is always monic, i.e.

A(z-l) =

-n
+ ••• + a z

n
being the un-monic part.

Because of monic property, as long as we asume that C(z-l) has the same

structure as A(z-l), we have eq. (3.3-3) which makes the iterative scheme

possible.

In MIMO case ,if we look back to the last chapter, we find that the

Guidorzi form, the Hermite form and the diagonal form can bew.ritten as
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p(z-l) = 1+ p*(z-I) (3.3-4)

where V", is the maximum degree of p(z-f) and Hi is the coefficient

ma trix of £1 .

Here I matrix means that the monic polynomials are all located at the

diagonal positions of P(z-'). In general, we have

(3.3-5)

where He has only the element of "0" and "1", and "1" means that the

corresponding polynomial is monic. Note tha t de t. W = 1.

To keep it simple, we assume:

Now, we introduce the equation error with the MA model

~(k) = C(z-l)!(k) (3.3.-6)

where C(z-l) is a polynomial ma trix and has the same s true ture as

p(z-l). We obtain:

[I + p*(z-l)]l.(k) = Q(z-l)~(k) + I + c*(z-\s.(k) (3.3-7)

-+- !(k) = l(k) + p*(z-l)l.(k) - Q(z-l)~(k) - c*(Z-~(k) (3.3-8)

We find that (3.3-8) is the extension of e.g. (3.3-3) in M1MO case, and

the following steps are straightforward.

3.4 Furht's quasi-maximum likelihood method

1. S1S0 case

We still use the previous model:

A(z-l)y(k) = B(z-l)u(k) + C(z-l)~(k) (3.4-1)
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Assume ~(k) is not only a white noise but also has gaussian distribution.

Then, the minimization of the loss function

1 N 2
V=- L ~

N-n
k=n

(3.4-2)

leads to maximum likelihood estimation.

But the error ~(k) is not linear in the C parameters, we usually have

to do the hill climbing to find the minimum. Furht (1973) has used

quasi linearization to find an iterative algorithm. The explicit

algorithm can by developed assuming that the estimates from the i-th

iterations are available.

Linearizing the form:

(3.4-3)

about the solution from the i-th iteration, the expression for the

(j+i)-th estimates may be obtained. The linearization gives

cj(z-l)ij(k)+[Cj+l(Z-l)-cj(Z-l)]ij(k)+Cj(Z-l)[ij+l(k)-ij(k)]=

= ~j+l(z-l)y(k) - i j +1(z-1)u(k) (3.4-4)

In this relation ~j+1(k) is a linear approximation of ~(k) that results
~

from the (j+l)th iterations. SolVing 0.4-4) for ~(~)we obtain

y(k) u(k)
~j+1(k) =ij +1(z-1) _ Bj +1(z-1)

~j (z-l )

~ j(k)

_cj +1(z-1) ------- + ~j(k)

which can be written as

(3.4-5)

,.J

~j+1(k)=~j+1(z-1)yj(k)_;j+1(z-1)~j(k)_~j+1(z-1)~j(k)+~j(k)

With fitered input, output and the errors on j-th iteration:

y(k)

(3.4-6 )

yj (k) = ----
Cj(z-l)

u(k)
} (3.4-7)
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~j(k)

cj (z-l )

eCj. (3.4-6) guarantees that all the parameters are linear to the error,..
~J.' , and the least-squares can be performed to find value of parameters in

(j+1) th i tera tion.

(j+1)th iteration:

a)

b)

1
filter y(k), u(k) and ~j(k) by ---

Cj(z-l)

perform Least-Squares according to (3.4-6) to find the estimates

of this i tera tion

c) go back to a) until convergence occurs.

The initialization can be:

1) use the ordinary leas t-squares to obtain A,0 (z -I), 80(z-f)

2) calcula te the equa tion error:

;O(k) = AO(z-l)y(k) _ ~o(z-l)u(k)

3) assume a autoregressive model for eO (k)

"and estimate O· parameters by Least-Squares

4) filter y(k), u(k), i':(k) by O· (z-I)

5) go to next iteration

2. The Extension to MIMO Gase

In MIMO case, we have:

(3.4-8)

where C(z-f) and p(z-/) matrices have the same structure.

The same linearization gives:

(3.4-9)
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A'
As we know, a general explicit expression of C) (z-I) inverse is not

available. Although we can obtain lei (z-')r' for each special case (for

output number q = 2, 3, etc.), each entry of it will become a very high

order polynomial fraction. Moreover we note that according to ( 3.4-9)
,. "'. I -,

we still cannot filter l.(k), ~(k) and ~(k) directly by [CJ (z- )]
A' ,,-4 .,,'., I

because e.g. between [CJ(z-'b and l.(k) there is PJ (z-), and

polynomial matrice do not commute. We can conclude that the extention

is generally not possible.

If we have diagonal form MFD, what will happen? suppose:

then

e-1 (z-l )
D • 1Ie (z-l ) ]

qq

(3.4-10)

e ,. (3.4-9) becomes now

~j (z-l)
11

o
=

(3.4 11)

~j (z-l)
qq

o
~j+1(k)

q

{ pj+1(z-1 )X(k)-Qj+1(z-1 )~(k)_cj+1(Z-1)~j(k)+€j(k)}

We find that

and i j(k) by

, and the

for i-th equation of (3.4-11), after filtering ~(k), ~(k)

11 C:J(z-l) we have all the parameters being linear to i j +1(k)
II

least-squares will minimize the lossfunction
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We have got the answer that we can extend this method easily by using

the diagonal form.

3.5 The Steiglize-Mc.Bride Method

This method is an output~ method, Le. it tries to minimize the norm

of the output error. We will discuss the output error methods in more

detail in next chapter. We present Steiglize-McBride method here

because the iterative technique is similar to the Furht's method in

previous sections.

1. SlS0 case

Consider the system:

y(k)
B( z-l )

= ---:--
A( z-l )

u(k) + eo(k) (3.5-1)

where eo (k) represents the

are the same as before.

The model to be es tima ted:

B( z-l )
y(k) = u(k)

A( z-l )

output noise of the system, other notations

(3.5.2)

where A(z-l) and B(z-l) are the estimated A(z-() and B(z-f) and ;(k) is

the model ou tpu t.

The error to be minimized:

-y(k) - y(k)

(3.5-3)u(k)
_ B(j-l)
eo(k) = y(k) - -------

A( j-l )

We note that A(z-/) parameters are non linear to the error ~o (k). To

solve this problem, Steiglize and McBride (1965) have proposed

heuristically an algorithm. It says: 1£ ~j (z -I) Bj (z-() are the
A' ,

estimates obtained at iteration j then the refined estimates A,J+ (z-I)
,. '+ ( .

and B) (z -I) are obtained by minimizing:
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N ~. 1
V = r (et (k»2

k=n
(3.5-4)

~ j 1 ~. 1 y( k)
with e + (k) = AJ+ (z-l )1-----o _.

AJ(z-l)
(3.5-5)

This tells us fuat if we
y(k)

use filtered I/O data
u(k)

ij(Z-l)

is linear in the parameters, (3.5-4) is simply a

Y (k) = ---
ij(z-l)

the error ~j+1 (k)then

leas t-squares es tima te •

It has been proved by Stoica and S8derstr8m (1981) that if the additive

output noise is white then all possible estimates give a correct

description of the system transfer function, and in such a case the

method is locally linear convergent to the true parameter. Otherwise,

the system is not identifiable with this method.

2. Extension to MIMO case

The problem we have now is the same as for Furht's method

discussed before, although the filters are different (for SISO

system), Furht usesl1 C)(Z-l) but Steiglize and Mcbride use II Aj(z-l)

. We obtain then the following:

The ex tens ion of Steigli tz-McBride me thod to MIMO sys tem

descri bed by MFD is generally complica ted and difficul t.

If the diagonal form MFD is used, the extension is rather

s traigh tf orward.

3.6 The Ins trumental Varia hie (IV) Me thod

The ins trumental variable me thod is a equa tion error based me thod. It

has some advantages in system identification and is a popular method in

application. The extension of IV method to MIMO system is not

difficult. For detailed information see F. Bekkers (1985) and H. van

Helmont (1983).
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3.7 Some Conclusions

We can draw at this moment some conclusions according to previous

discussion:

Some methods can be extended to MIMO case quite straight

forwardly, e.g. least-squares and Extended matrix method.

Many algorithms have difficulties for the extensions. The maio

obstacle is the prefiltering problem due to the fact that the

polynominal matrices do not commute and finding the explicit

expression of the inverse of a polynomial matrix is difficult.

The prefiltering problem can be solved by using the diagonal form

MFD. ~his is an advantage of the diagonal form.
But this form is not general for equation error based (derived) methods.

Least-squares method is a basis for most of the algorithms

because of the facts

a) for the starting of the iterative algorithms one can use

least-squares

b) the iterative schemes are actually a least-sq~ares using the

processed (e.g. filtered) I/O data.

The experimental work of this research is focused on the output error

method, due to the time limit, and more things about the method will be

discussed in the following chapter.
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THE OUTPUT ERROR METHOD

4.1 Output Error, Equation Error and Prediction Error Methods

Before pointing out the advantages concerned with output error method,

some necessary principles should be given (Damen and co-workers,

1985).

These methods here differ basically in the criterion chosen for

different applications such as prediction, simulation, contral

diag7losis aDd compensator design. Let us start with the S1S0 case.

If the input-output (SIS0) signals of the real system are given by u(k)

and y(k), the equations error and output error criteria cae be

illustrated schematically as fo11o",,'s:

y(k)u ( k )r---~..---.

bO+B(z-l) X l+A(z-l)~--~
- +'-- .... .L.. ...J

a) Equation error criterion

Fig. 4.1-1

u(k)
I ....

y(k)
~..

1+A(z-l)

b) Output error criterion

The corresponding least squares criteria are defined by:

for the output error method (OEM) (4.1-2)

N

vE =- L ;~(k)
N k=o

1 N
;~(k)Vo =- L

N k=o

with

error
for the equation method (EEM)

1\
(4.1-1 )

[HA(Z-l)J Y(k) - ~O+B(Z-l~ u(k)

b +B(z-l)
o

(4.1-3)

eo(k) = y(k) - ------
HA( z-l )

u(k) (4. 1-4 )
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- -
eE(k) = y(k) - yp(k)

with
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as:

(4. 1-5 )

(4.1-6 )

(4.1-6) is a prediction model, which predicts the output based on

previous input and output samples (see Fig. 4.1-2).

It is clear now tha t the equa tion error is, a t the same, time the

pre-diction error which, using a least-squares estimator, gives the

best (in a least squares sense) one step ahead prediction of the

ou tpu t.

1y (k-l)

u(k) I-----~, Yp (k)

Fig. 4.1-2 Prediction Model

More complicated prediction mode~(see Astr6m, 1980) will not be dis

cussed here.

E q. (4.1-4) can be written as

1\ Ae'c (k) = y(k) - y(k)

with

(4.1-7)

b +iH z-l )_ 0

y(k) = ---- u(k) (4.1-8)

(4.1-8) is a simulation model. Based only on input samples, the model
1\ tile

output y(k) tries to approximate"real output y(k) as much as possible.

We find then that the output error method triesto find the best simula-
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tion model (also in a least-squares sense)

"
u (k) i__

M
_

S

y_{k_)~>

Fig. 4.1-3 Simulation Model

We can simply expect that equation error methods will give better

prediction models than output error methods; and output error methods

will be be tter in finding a simula tion model, because th~y minimize the

prediction error and the simulation error respectively. We know, how

ever, that most popular algorithms of system identification are equa

tion error methods or equation error derived methods due to mainly

their simplicity in computation, and those models are often used for

the purpose of simulation in applications. Then, a question arises: do

the prediction (equation error) models have good simulation performance?

4.2 Qual! ty of Ou tpu t Error Me thods in Simula tion

We will answer the question in more detail (see Damen and co-workers,

1985) here.

Analysis of the equation error criterion and the output criterion in

the frequency domain shows that the expressions (4.1-1) and (4.1-2) for

N~CI:) take the form:

1 II
V = --- J H(e- jw ) - H(e- jw

E 2I1-II

2 2

~u(W)dW

(4.2-1 )

the original transfer functions of the process:

1 II
v=---Jo 2I1

-II
H{e-J .... ) is

2
H(e- jw ) - H(e- jw ) • ~u(w)dw (4.2-2)

N . k
1: y(k)e- Jw

lim .........k;o:;=""'O _
N . k

N+<D L u(k)e-Jw
K==O

(4.2-3)

For models generally showing a low pass character the weighting

component 11 + A{e-jUJ ) 1.2 in VE with respect to Vc will favour the
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estimation of the higher frequencies at the cost of an increasing bias

in the lower frequencies.

If we want to see the influence of the position of the poles on the Z

plane, the following theorem can help (see Damen and Hoses, 1986):

Theorem 1

Given a stable equation error model with autoregressive polynomial 1 +

A(z -I) and corresponding reflec tion coefficients K1 , ••• K." v is the

order, then

6E+-
P

where ~(O), ~(O) resp. are the energy in the original and the model

impulse response, 6E is the minimal value of the equation error

criterion and

v
p=TI

i=1

2
(1-K, ).

~

~E
If tp(O) is very small, which implies that the relative predi~tion

error is very small, but this does not guarantee that ep(o) ~ lP(o).

Because P might be very small too, particularly if the poles are close

to the uni t circle (Kj ~ 1, p<.<. 1).
II

The rela tion If (o»>cj> (0) will undoubtedly lead to a poor simula tion

performance of the model.

We need the following theorem to describe the influence of zeros of the

process (see Damen and co-workers, 1985).

Theorem 2

Given a stable linear system represented by its impulse response

{h(i)} '-0 • ~n-th order equation error model fits the first n+1
1.- , •• If»

samples of impulse response exactly, i.e.

-'I
h (1) = h (1) for i = 0, ..• , n

It can be proved that the B-parameters are adjusted in order to

accomplish the exact fit; whereas the A-parameters are used to give some

fit to the tail of the impulse response h(i) i>n.

If the first n+l original impulse response h(O) ..• h(n)
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contain considerably less energy than the rest of the sequence, this

theorem implies that fit to the tail of the impulse response will be very

poor, when the real impulse reponse has "big and oscillating tail" and

the system is not in the model set. But the energy distribution over

sample time is also related to the zeros of the original system. This

problem will be increased if a higher sampling frequency is used.

Moreover, in MIMO case, when the powers of the outputs are different, it

is reported (F. Bekkers, 1985) that the instrumental variable (IV) method

(which is an equation error derived method) has problems with the lower

power output.

All these disadvantages of the equation error (derived) methods imply the

advantages of output error methods for the purpose of simulation.

4.3 Algorithms of Output Error Method

The drawback of the output error method is that the error e (k) is not
o

linear in the parameters:

e (k)
o

y( k) -

b + B(z-l)
o

-~---:---- U (k) (4.3-1 )

The algorithms which minimize the loss function V = E ~2(k) should be
o

mostly some non linear minimization algorithms such as hill climbing

methods. But those algorithms use much more time and memory space of the

computer than equation error (derived) methods. This protects the use of

output error method in on-line identifications.

Then, one may ask: is there any algorithm which is simpler and uses less

time and memory?

We have described the steiglitz-McBride method in last chapter. They have

modified expression (4.3-1) into:

(4.3-2)

where j is the iteration number.

After the prefiltering the error ;j+1(k) is linear in the parameters in

(j+1)th iteration. This algorithm was proposed rather heuristically. If

it converges, we find that ~j+1(k) will obey the same
o
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expression as in (4.3-1), but the convergence is not always guaranteed

(see Stoica and SoderstrOm, 1981) especially with practical data (see Wim

van Beek, 1985). As explained before, we have difficulties by using this

algorithm in MIMO case.

Another heuristical way is to use the same technique as in the extended

matrix method, which can be derived as:

(1) according to (4.3-1):

(b + B(z-l »u(k)
o

~ -
(1 + A(z-l »e (k) = (1 + A(z-l »y(k)

o

~ -
e (k) = y(k) - A(z-l)e (k) + A(z-l)y(k)

o 0
(b + B(z-l »u(k)

o (4.3-3)

(2) the iteration can be carried out according to:

(4.3-4)

We note that in (j+1)th iteration the error ~j+1(k) is linear in the
o

parameters.

The extension to the MIMO case is straightforward.

*If assume p(z-l) = I + P (z-l), we have than:

Unfortunately, the experiments show that this algorithm will hardly

converge. The reason is probably that the error e (k) is "more" non
o

linear in the parameters than in the extented matrix method. Here the non

linearity is on the AR part of the process which dominates the behaviour

of the system; in extended matrix method, the non linearity is only on

the noise model.

Landau has proposed (1978) a recursive output error method and good

results have been reported. We can derive the corresponding iterative

algorithm by assuming that the output noise e (k) has an AR model:
o

Process:

y(k)
b

O
+ B(z-l)

+ A(z-l)

(4.3-6)

eo(k) = ------ ~(k)
+ D(z-l)
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Model:

where l;(k) is a whi te noise sequence

bo + i(z-l)
y(k) K u(k)

1 + A(z-l)
(4.3-7)

the es tima ted ou tpu terror:

1
eo(k) = ~=---

HD( z-l )
~(k) = y(k) - y(k) (4.3-8)

"The error to be minimized is ~(k), and from (4.3-7) and (4.3-8) we have

the following relation:

- -
~(k) = y(k) + ~(z-l);(k) - B(z-l)u(k) + D(z-l)eo(k) (4.3-9)

The same idea as in the extended matrix method leads to the expression

f or the i tera tion:

~j+1(k) = y(k)+ ~j+1(z-1);j(k) _ ~j+1(z-1)u(k) + ~j+1(Z-1)~~(k)
(4.3-10)

The extension to MIMO is easy according to (4.3-10). Somewhat surpris

ingly, the iteration does not converge in the experiment. It is hard to

say why.

More mathematically than the previous tries, Schulz (1968) proposed to

linearize the form (4.3-1): b
o

+ ~(z-l)

eo(k) = y(k) - • u(k)
+ ~(z-l)

about the solution from the i-th iteration. Then the expression for the

+~j (k)

(4.3-11)

u(k)
_ , (4.3-12)
AJ(z-l)

or (4.3-

-, 1 -, 1 u(k)
_ (bJ + +BJ + (z-l» _ ,

o 1+AJ(z-1)

= y(k) then we have

(1+1) th es tima tes maybe obtained. The lineariza tion gives:
-j

- '+1 - '+1 y(k) - e (k)
e~ (k)=(1+AJ (z-l» _,

1 + AJ(k)
We observe tha t if we assume y(k)

y(k)
~j+1(k) = (H~j+1(Z-1» - (b j +1+ ~j+1(z-1»

o 1 + ~ j (z-l ) 0 1 +

this means tha t the Steiglitt and McBride expression (3.5-5)

12) is actually an approximation of Schulz expression.

Schulz method has the same problem during the extension to MIMO case as

the Steiglitz-McBride method and we will not repeat it here.

All the algorithms above try (no matter how) to find an expression

where the error to be minimized is linear to the parameters for each
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i tera tion. Because the ou tpu t error ~o (k) is highly Don linear in the A

parame ters, the quali ty of those linear approxima tion me thods is Dot

guaranteed.In order to see the quality of the output error method, we

have to use some Don linear minimization technique. The experiment is

done by using the quasi-Newton algori thm to find the minimum of the

ou tpu t error loss func tion.

4.4 The Calculation of the First Derivatives for the Minimization

From a starting point, the quasi-Newton algorithm will find a local

minimum of the loss function by using the values of the loss function

aDd first derivatives of the loss function; Sometimes the approximation

of the second derivatives are Deeded. Literature about the algorithm

can be found easily, e.g. P.E. Gill and W. Murray, 1978. We will not go

into the algorithm here.

What we have to do is mainly to supply the first derivatives concerned

with the MFD model. We will derive the relations for the computation.

Assume we have a MIMO process described by MFD:

(4.4-1)

where ~(k) is a p dimensioruhnput vector, r(k) is a q dimeosiona.toutput

vector aod e (k) is a q dimensiooJoutput noise vector, p(z-I), Q(z-f)
-c

are polynomial ma trices.

If we know the s truc ture of P(z-') and Q(z-t ) (the s truc ture identific

ation is not included io this work), we then have the model to be

es tima ted:

A A A

p(z-l ).l(k) = Q(z-l ).!!.(k) (4.4-2)

where ;(z-l), Q(z-l) are the estimates of p(z-l) and Q(z-l) respectively,

.l(k) is the estimated model output (by simulation).

The error to be minimized:
A A

!D(k) = .l(k) - .l(k) = .l(k) - p-l(z-l)Q(z-l)~(k)

A """ #flo A

p(z-l )!:o(k) = p(z-l ).l(k) - Q(z-l )~(k) (4.4-3)
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e( ... )
If we perform ---- for both sides of eq. (4.4-3), we have:

0 ~1

A ee (k)
p(z-l) -0 = Yj~k-l) -E-- i

ePij ,1
(4.4-4)

a ~q

Similarly we have for Q parameters:

0 ~1

A 0 e (k)
-u (k-l) ~ip(z-l) -0 = J (4.4-5)

oqij,l a ~q

where Pij,l is the l-th coefficient in the (i,j) polynomial of the
A

p(z-l) matrix, qij,l is the l-th coefficient in the (i,j) polynomial of

A

the Q(z-l) matrix. Yj(k) is the j-th model output sequence,

and uj(k) is the j-th input sequence.

EC'f. (4.4-4) and (4.4-5) tell us that we can find the derivatives by

doing some AR filtering.

We also note:

o~(k) o~(k-1)

=
op .. 1 1 op .. 1

~J, - ~J ,

} (4.4-6)

O~(k) o~(k-1)

=
oq .. 1 1 O~j ,1~J, -

This means that we can get the derivatives with respect to other coef

ficients in the same polynomial by simply time shifting, in other

words, we need only one filter operation with respect to each poly

nomial (instead of each coefficient). This property saves large amount

of computing time.
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Until now, we have not mentioned the offset on the outputs of the

process in order to keep the discussion simple. We know however, the

offsets often occur in practice. If the estimation of offsets is in

cluded in the algorithm, we have to estimate extra q (the number of

ou tpu ts) parame ters.

The process including the offsets has the expression:

Y+(k) = p-l (z-l )Q(z-l )u(k) + e (k) + c- - --()
(4.4-7)

where: Y+(k) is i h h ffoutput vector w t teo ets,

c = c1 c2 ••• cq ] is the offset vector.

The model to be estimated is then:

where c is the estimate of c

And the error to be minimized:

(4.4-8)

(4.4-9)

(4.4-10)

o( ••• )
Per form --;:---- for both sides of eq. (4.4-10), we have

=

A

- P (z-l)
11

A

P
2i

(z-l )

.
- p (z-l)

qi

(4.4-11 )

OPij,l Oqij,l

expre~ons as in eq. (4.4-4) and (4.4-5).

It is easy to show that
oe (k)

--()
oe (k)

and ---()--- have exactly the same
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4.5 Large Time Delay Problem

Here "large" implies that the process has time delays which are large

compare with the order of the process. And the problem cannot be solved

by increasing the order of the model, for it may lead to a too high order

and less accuracy. Large time delay problem exists in practice.

How can we estimate a MIMO system with large time delays?

Let us study it by using a 3-inputs-2-outputs process (but it is

general). We introduce the time delays by:

y (k)
2

(4.5-1)

where: h, ,(z-l) - transfer function between input j and output i
1)

~" - the time delay between input j and output i
1)

If, by using the MFD model, the following holds:

["
IZ
-
I
) P'2(Z_I] [,(k]

P21 (z-l ) P22(z-1) Y2 (k)

(4.5-2)

then we could do all the calculations by simply shifting the inputs

properly. But IS EQUATION (4.5-2) TRUE? The answer is unfortunately in

general NO !



-52-

But equation (4.5-2) does hold in diagonal form MFD, i.e.

(4.5-3)

This means that the problem can be solved by using the diagonal form MFD,

which implies another advantage of the diagonal form MFD in practical

identification. The price paid for this is the estimation of more (than

irreducible MFD) parameters.

In this chapter more attention has been paid to the output error method.

After pointing out the weakness of the equation error method, we can

conclude now that the output error method will certainly provide better

estimates for the simulation purpose. The problem of large time delay

process estimation has been solved by using the diagonal form MFD.

The improvement in the output error method will be presented in the next

chapter.



-53-

Chapter 5 THE EXPERIMENTS

In this chapter we will implement the output error method with the quasi

Newton minimization on the simulated data and on the practical data, and

discuss the results.

5.1 Model to Model Adjustment

Before we use our method in real apllications, it is necessary to

validate the method by testing the simulated data. This is called model

to model adjustment.

5.1.1 Test process

Instead of performing many runs with different test systems, which often

leads to an enormous and hard-to-digest amount of data, we will build a

system {p(z-I), Q(z-I)} in which several trouble sources arise. The

following requirements were demanded for our test system:

a - 3 inputs

b - 2 outputs

c - 3 "slow poles"

unit circle

d - poles should be

and 2 "fast" poles; some of them are close to the

close to each other (for the fast as well as for

the slow poles)

e - with the testing signals (white noise in our case), two outputs

have different energy.

The poles of the process are:

P1 = 0.08, P2 = 0.9, P3 = O. 1, P4 0.92, P = 0.95
5

The energy on output 1 ... 265

The energy on output 2 '" 823

This process has been used by Carriere (1984) for the state model

identification.

The weak point of this process is that all the impulse reponses of the

transfer functions distribute their energy at the beginning of sequences

and have very small "tails".
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-1 -1 -2
P11(z ) = 1 - 0.98000000 z + 0.07200000 z

-1
P

12
(z ) = 0.0

-1 -2 + 0.03612040
-3

P 21 (z ) = - 0.04043008 z z

-1 -1 -2 -3
P 22 (z ) = 1 - 1.97000000 z + 1.06100000 z - 0.08740000 z

-1 -1 -2
q11(z ) 7.00000000 z 3.84000000 z

-1 -1 -2
q12( z ) = 5.10000000 z 0.40800000 z

-1 -1 -2
Q13(z ) - 4.00000000 z + 3.60000000 z

-1 -1 -2 -3
Q21(z ) = 6.50000000 z - 14.40500000 z + 7.67068900 z

-1 -1 -2 -3
Q22(z ) = 13.20000000 z - 20.34900000 z + 7.2744066 z

-1 -1 -2 -3
Q23 ( z ) = -22.50000000 z - 41.10000000 z - 18.6644800 z

Table 5.!-1
*)

Process parameters

*) The simulation used state space model, the MFD parameter is obtained

by no-noise data estimation.The reconstruction error (the definition

will be given later) are 0.13288E-11 and 0.27269E-7.

Based on the value of the reconstruction error and the observation

that so many "O"'s regularly occur in the parameter values ( e.g.

4.000000 and 3.600000 ) we have the confidence that those MFD

parameters are the true parameters, and the error of the noise free

estimation can be neglected. The transformation between state space

and MFD has shown also that these are the true parameters.
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This process will hide the potential problem for equation error methods

that they have bad fit for the "big oscillating tails" of the impulse

responses (see last chapter).

5.1.2 Some validity tests

In the phase of validity test, it will be determined whether a model

should be accepted or not to describe the behaviour of a system. The

following tests will give the idea about the simulation quality of the

estimated model:

1) - Comparison of the original outputs and the simulated outputs of the

model (both with the original input data). It shoud be noted that

the noise free outputs must be used to compare with the model

outputs, because the noise can impair our view, but this is only

possible in model to model adjustment, for in practical data the

noise free outputs are not available.

2) - Calculation of the reconstruction error. This test is very close to

the previous one. The reconstruction error for i-th output is

defined by:

N - 2
I (Yi(k) - Yi(k»

RE (i) = _k_=_F _
1=1,q N 2

I y. (k)
k=F 1

N - 2
Ie! (k)

1
k=F

=
N 2
I y. (k)

1
k=F

(5.1-1)

where F is the first sample used to calculate the reconstruction

error. F corresponds to an estimate of the length of the impulse

response of the system and is defind by

(the largest eigenvalue of the system)F= 10-4

F was set to 100 in our test calculation.

Assuming that the disturbances are not correlated with the

undisturbed output and the model provides exactly the reconstruction

error,
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e(k) = e(k), (5.1-1) can be written as:

1
~~-=

Re.
l.

N
E ( x.(k)2 + e.(k)2)

k=F l. l.

N 2
E e,(k)

k=F l.

(SIN). + 1
l.

(5. 1-2 )

where xi(k) is the i-th noise free output, (S/N)i is the given

signal to noise ratio on output i.

We can say that the better the Re fulfills the relation (5.1-2), the

better the estimation is.

3) - Calculation of the crosscorrelation between the residuals (estimated

output errors) and the inputs.

When a process is identified with success according to the output

error criterion, it also results in a good estimates of the

disturbances on the outputs. These disturbances were supposed to be

uncorrelated with the process signals. A deterioration of the

estimated model will cause a deterioration of the estimates of

the residuals. Then, the residual will not only contain estimates of

the noises, but also a term corresponding to the input data which

has been filtered by the model. The crosscorrelation between inputs

and outputs will increase when the estimation become worse.

The crosscorrelation function between input i and residual j, for

time shift ~, is defined by:

eR( i ,j ,'t) =
1

N-F

N _

L e, (k+~)u, (k)
k=F l.S l.S

(5.1-3)

(5.1-4 )
standard dev. ( u, )

l.

where subscript s indicates that the signal is sdandardised as in:

u,(k) - mean(u.)
l. l.

u, (k)
l.S

A plot of the crosscorrelation functions for several time shifts

will give an idea about validite of the estimated model. A

reliability interval with 3% risk is defined by [-30, +30J, where 0

is the standard deviation of the crosscorrelation:
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.,I '.f ( 0 )'.f , . (0)
rr 11

a =
.,I L

where: '.f ( 0 )
rr

'.fii(O)

L

autocorrelation of residual r (~=O)

autocorrelation of input i (~=O)

number of samples to be used to calculate the

crosscorrelations.

Because we use standard signals, then a=/L,the reliability interval

is [ -3.,1L, +3.,1L ]. Crosscorrelations inside of this interval can be

considered as been zero (no correlation).

4) - to watch the change of the loss functions (to be minimized) with the

number of iterations, and to compare the true loss function with the

estimated one.This comparison can be done only for model to model

adjustment. If the estimated loss function is very close or even

lower than the true loss function, we may expect a satisfactory

estimation result. In the case of practical data, true loss function

is not available. But by watching the change of the loss function,

we get the idea how much improvement has been achieved by the

minimization from the starting point.

5) - Comparison of the value of the true parameters to that of the

estimated ones. Obviously this is only for model to model

adjustment. Because we minimize the output error instead of the

"parameter error", this validation is rather indirect. We define:

PD =
m - 2
I: (e,- e.)

i=1 1 1

(5.1-5)

to perform this validation, where e, is parameter i and m is the
1

number of parameters.

5.1-3 Presentation of the results

In this subsection the results of model to model adjustment will be

discussed.
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A. Some notations

1) The input signals are Gaussian white sequences.

2) The added output noises are also Gaussian white. If the process is

in the model set the minimization of the output error is actually

maximum likelihood estimation.

3) In most cases the sample number is 700. If not so, the remark will

be given.

4) In simulation and calculations all the initial values of the inputs

and outputs are zero. In order to avoid a transient effect, the data

used start from sample number k=100 instead of k=1.

5) By using VAX 11/750 computer the computation time ranges from 30

minutes to 1 hour, if the operating system is not too busy.

6) In plot figures:

G Guidorzi form

H Hermite form

D diagonal form

PD see (5.1-5)

QNM (output error) Quasi-Newton Minimization

LSF loss function

TLSF true loss function

ITER iterations

LS START to take the equation error least squares estimate as

the initial value of parameters

IV START take the IV result as the initial value

SIN signal to noise ratio (dB)

7) If there is no remark, the estimation has the LS START, and the

output error method is used by implementing the QNM.

B. Results for Guidorzi form ~echelon form

Fig. 1 to Fig. 9 show the results for Guidorzi form.

From the plots of the loss functions (Fig. 1a, Fig. 4a, and Fig. 7a) we

find that the estimated loss functions are either smaller than or very

close to the true ones. This give us the confidence that the global

minima have been found. A big increase in the loss function indicates an

unstable system has been estimated. By comparing the values of the

estimated parameters with the true ones, we find that this validation is
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not reliable. When the energy of the noise is big, say, S!N = 10dB, the

differences between the true and the estimated parameters are quite

large.

The plots crosscorrelation functions tell us that the estimation is of

good quality. We have used 900 samples to calculate the crosscorrelation

functions, then the reliability interval is [ -0.1, +0.1] with 3% risk.

We can not find a difference between the true and model outputs from the

plots when SiN = 20dB. Even when SiN = OdB, the model outputs can follow

the true outputs very well.

In Fig. 4a, we note that the loss function has a peak at iteration 14.

The peak is not caused by instability of the estimated model. It was

reported (Zhu, 1984) that when poles are very close to the unit circle,

the round off operation in computer can generate significant computing

error. The peak is probably caused by this effect.

Because the echelon form MFD in our case comes from the Guidorzi form by

only interchanging the rows in P matrix and Q matrix, the estimation

results have shown that the estimated parameters of the echelon form MFD

are exactly the values of the Guidorzi form but in shifted positions.

c. Results for Hermite form (Fig. 10 to Fig. 18)

The quality of the Hermite form estimates is in general the same as that

of the Guidorzi form. Sometimes by some validation the results can be

seen slightly better. For example, in Fig. 11, the amplitude of the

croscorrelation functions are less than those of the Guidorzi formi in

Fig. 10 we find that less iterations have been used. The reason for

better results is probably due to the fact that the simulated process has

the same structure as Hermite form rather than Guidorzi form.

The number of parameters in Hermite form (22) is less than that in

Guidorzi form (24).

D. Results for diagonal form (Fig. 19 to Fig. 27)

The only thing which should be mentioned is that the differences between

true and estimated parameters is very large even when S!N = 20dB (Fig.

19b), which are very small by using other forms. Other validity tests

show the same estimation quality as in other forms.
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More parameters (28) should be estimated in the diagonal form, because

the second equation (second MISO system) has to take order 5 instead of

order 3 in Guidorzi form and Hermite form. This is the effect of

reducibility.

E. Offset estimation

Following table presents some results of offset estimation:

Guidorzi form offset 1 offset 2

true values 10.000 15.000

S~ = 20 dB 10.016 14.782

S~ = 10 dB 10.509 14.884

S~ = 0 dB 10.7719 17.482

The estimates are close to the true values except when S~ o dB. The

reason might be that the noise level is to high when S~ = 0 dB, and the

sample number (= 700) is not big enough.

F. Output error method versus IV method (Fig. 28 to Fig. 34)

In Fig. 28 we find that starting with IV results the loss function can be

decreased further by output error minimization. The crosscorrelation

functions and the model outputs both show better results of the output

error method comparing with the IV method. In many cases (high noise

level or other sets of simulation data) the IV method does not converge.

According to Bekkers (1985), the reason for this is that outputs have

different energy. In Fig. 33 and Fig. 34 we can see the effect of

differing in output energy for the IV method results. We note that the

quality on output 1 is apparently worse than the quality on output 2, for

the energy on output 2 is more than 3 times as on output 1. But from the

results of the output error method, we can hardly find this effect.

It was also reported by Bekkers (1985) that the IV method has poor

results when use diagonal form MFD which is a reducible MFD model. One

important advantage of IV method is its simplicity of calculation and

therefore fast computation. For the same problem to be solved , the IV

method needs only few minutes instead of one hour.
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G. Local minimum problem (Fig. 35 to Fig. 39)

It happed once that local minimum apparently accurred in the Quasi-Newton

Minimization (see Fig. 35a). This problem was overcome by taking another

starting point (here IV start has been used to replace the LS start).

Then, we get improved estimates with higher quality.

5.2 Test the Practical Data

The practical data that has been used was recorded from the glass

production plant of Winschoten where quartz tubes are manufactured.

This product is used in halogen lamps.

The approxima te dimensions of the tube are:

diame ter = 1 cm, wall thickness = 0.08 cm

The basic components of the final product (silicium and others) are

melted in a tank furnace. Because of gravity effects, the liquefied

glass leaves the tank through an orifice in its bottom. Through a small

tube located in the middle of the orifice a special gas is blown in

order to provide the outcoming, solidifying glass a cylindric form. The

solid glass tube is pulled so tha tits drawing speed and therefore some

of its physical properties can be controlled.

This process can be seen as a MIMO system with 2 inputs and two

ou tputs, which are:

Input 1: gas flow

Input 2: drawing speed

Outpu t 1 : wall thickness of the tube

Output 2 : diame ter of the tube

Other fac tors tha t might influence the process (tempera ture, ambience,

hl.lmidity ... ) are considered as disturbance. It was noted that the

process has time delays which are very large. The time delays can be
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determined by observing the crosscorrelation functions between each

input-output pair.

5.2.1 Data preprocessing

The new data set is obtained by selecting one sample from each 5 samples

of the original data set. The mean value of the inputs and the outputs

are substracted from the original data. After all, about 2000 samples of

I/O data are available.

Only 501 samples (from 200 to 700) are used for the estimation due to the

limit of computer memory space.

The time delays on output one are determined by observing the

crosscorrelation functions (see van Beek,1985) and time delays on output

2 are determined by trial and error method. The time delays to be used

are: ~11= 8, ~12= 6, ~21= 8, ~22= 8.

5.2.2 Discussion about the results

The reconstruction errors are 0.137 and 0.132, which seems to

acceptable. From Fig. 40a we note that the number of iterations is about

2000, the minimization takes about 20 hours which is quite a long time.

From Fig. 40b we see that there are still some correlations between

inputs and estimated residuals. This means imperfection in the estimation

and improvement is expected when more samples are used.

In Fig. 41, simulated model outputs are compared with the real outputs.

We see that output 2 has slightly better results than output 1, which

corresponds with the recontruction errors.

In Fig. 42 we find that many poles are outside the unit circle. This is

not the real case, because the pole-zero calculation are performed in

single precision and there are some problems in the algorithm when some

poles are close to the unit circle. Therefore, the positions of the poles

are not quite correct. From the impulse response plots (Fig. 43 to Fig.

46) we know that only the left side poles (fast poles) are outside the

unit circle. In Fig. 43 to Fig. 46, we note that all the impulse
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responses are unstable with very hith frequences. The cause of the

instability is probably that preprocessing of the I/O data has made the

sampling frequency too low, and the lack of information on high frequency

behaviour leads to the wrong estimation of those "fast poles". It is

hoped that we can solve the problem by using the original sampling

frequency or even increase that frequency.

Why could we not find the instability in the simulation plots (Fig. 41)

?The answer is probably the following:

The inputs are unbiased white-noise-like signals (the original inputs

are M sequences);

The high frequency instability starts when the low frequency response

close to zero (see Fig. 43 to Fig. 46).

Therefore we can say that the high frequency behaviour has been cancelled

out each other due to the properties of the input signals, and the "slow

poles" (together with the zeros) dominate the behaviour of the system.
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Chapter 6 CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusions

This work uses MFD (MIMO ARMA) models for parameter estimation.

After the study in Chapter 2, we see that the MFD model has some

attractive properties for system identification and it is feasible

to use an MFD model in this field.

The investigation in Chapter 3 tells us that many of the SISO

algorithms have difficulties to be extended for MIMO system

parameter estimation. The cause of the difficulties is mainly that

matrices (used by MFD) in general cannot commute with each other and

the inverse of matrices has no general expression. But the diagonal

form MFD has no such difficulties. This is an attractive property

of the diagonal form. We have to remember however, that the

diagonal form MFD is not irreducible, which implies more parameters

to be estimated: and for the equation error derived methods, the

diagonal form is not a general model for modelling the noises.

For the purpose of simulation (not prediction), equation error

(derived) methods have poor estimations when:

1) some process poles are close to the unit circle:

2) original impulse responses have big "oscillating tails":

3) outputs have different energy;

4) when reducible model is used (e.g. diagonal form MFD).

Both theoretical and practical studies show that output error

method can give acceptable results when these difficulties occur.

The experimental results generally correspond with the theoretical

studies. The estimates for four canonical forms MFD (Guidorzi form,

Hermite form, echelon form and diagonal form) are satisfying

results. The output error method is obviously of a higher quality

than the IV method which is an equation error derived method. We

also find that the difference between true parameters and estimated

ones can be great, although other validations show good results.

We can say that with the practical data, we had partial success,

but we are optimistic of better results. We note that all the

difficulties for the equation error (derived) method arise in this

practical process. Only the diagonal form can solve large time
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delay problem. We must admit that the output error minimizations

have big drawbacks, i.e. they are memory- and time-consuming. This

limits itself in the application of on-line identifications.

6.2 Recommendations

After this work, the recommendations for further research can be:

Starting the structure identification for the diagonal form MFD.

This is motivated by the two nice properties of the diagonal form in

the application: extendability of S1SO algorithms and capability of

solving big time delay problem.

Finding some better minimization algorithms which can save computing

time and memory space.

Buiding a simulation process with the impulse response having large

"oscillating tails".

Testing the practical data by increasing the sampling frequency.
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