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C h a p t e r 1

Introduction

In this chapter, I briefly review the motivation, background and aims of the work
presented in this thesis.

1



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

2 Introduction

1.1 Background and Motivation

Classification is a subfield of machine learning that addresses the purpose of
assigning newly observed data to the categories (classes) provided by the data
previously observed. This way, some behaviors of the previously observed data
can be generalized to the new data which provides experts with a sense of
expediency and grasp of the details about the data. A classification technique
seeks patterns and rules that govern each of the classes and assigns unclassified
data to a class according to the extent each data sample conforms to that class’s
rule. Classification algorithms can be distinct on multiple levels. Here, we will
name a few.

The pattern that a classifier finds may be of deterministic nature (such as
the Euclidean distance between some attributes of the class members) or of
probabilistic nature (such as probability distribution of some attributes in each
class). Furthermore, assignment of the new data samples to classes may be
through a probabilistic approach or a hard decision. In the former, the classifier
generates a probability for the membership of the new data sample in each
of the classes, while in the latter, the classifier produces some resemblance
score for the new data sample to each of the predefined classes. On one hand,
some of the deterministic methods, such as k-nearest neighbor classifier, are
easily implementable and fast and their scores sometimes can be recalibrated
to represent probabilities, on the other hand, the probabilistic classifiers solve
the general problem of determining the probability distribution over the set of
classes. By setting a threshold over the scores or probability values, a classifier
can choose one class for each data sample. However, deterministic answers may
not make sense in some applications where classes are not easily separable. A
prominent example for such applications is topic modeling. Consider having
two classes of sports news articles and medical achievements articles. We
would like to classify a new article about the treatment of a recent injury of a
famous sportsman. Independent of the choice of the machine learning method,
it is not clear whether such articles should be categorized as sports news
or medical achievement. In such cases, it is reasonable to use a probabilistic
classifier and assign the new data partly to each of the classes. The methods
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1.1 Background and Motivation 3

developed in this research are probabilistic, however used in deterministic
applications by setting thresholds for probabilities.

Modeling is another source of difference for classification algorithms. Some
classification algorithms may produce a model for the previously observed
data and use that model to determine class membership of the new data
sample. In some applications, this intermediate modeling step leads to a better
vision over the data. We will discuss more about modeling later. There are
many other ways to differentiate between classification methods. For more
discussions on this topic, refer to [1]. Considering the points mentioned above,
classification techniques are enormously diverse.

In a broad sense, classification algorithms can be divided into two groups,
namely transduction and induction methods. In transduction methods, such as
transductive support vector machines [46], all samples of the data are grouped
into a number of classes such that the classification error on a specific set
of data points (equivalent to test points in inductive methods) is minimized
with respect to other possible groupings. In these methods, the inference is
directly made without searching for a rule that separates the input labels [92].
With transduction methods, misclassification of the data points near the class
boundaries occurs less often compared to induction methods. That is because
in induction methods, a data sample near the class boundaries is assigned
to the class of the training data points that are similar to it (given a specific
metric). However in transduction methods, that point is assigned to the class of
the points similar to it, no matter they are training or test data points. The goal
is to have the maximum class homogeneity. Figure 1.1 depicts the difference
between transduction and induction methods in classification of data points
near boundaries.

On the other hand, transduction methods do not suggest a structure over
the data that can be used for generalization and the entire transduction algo-
rithm must run again if a new data point is added. On the contrary, induction
methods which are the focus of this research, search for an inference rule that
governs the relation between the input data and the labels. This rule remains
the same for new data points and there will be no need to run the algorithm
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FIG. 1.1 The goal is to assign the circles with no labels to either class 1 or 2. For
simplicity, we consider Euclidean distance as the similarity metric. (a) Using induction
methods, the grey circle will be classified to class 1 and we will move to the next point
for classification. (b) Using transduction methods, we look at all the points in the data
in one run. Classifying all the unlabeled data at once, the grey circle will be assigned
to class 2.

again. The inferred rule not only helps with classification of other similar data,
but also provides insight over the structure of the data as extra information.

What induction learning algorithms in essence have in common is a method
to infer a relation that makes a connection between the observed data to their
known target values. This inference is performed on a randomly selected
chunk of the data, called the training data. When the target values of some
other chunk of the data are not given to the algorithm (test data), the algorithm
uses the inferred relation to predict target values. Given a specific distance mea-
sure, the challenge is to minimize the difference between the predicted values
and the actual target values. This challenge is referred to as a regression prob-
lem when the target values are continuous and as a classification problem
when the target values are discrete. The method to infer the relation connect-
ing the observed data and the target values is always prone to the hazard of
under-fitting and over-fitting. Under-fitting prevents the inferred relation to
connect all the observed values to the target values properly in the training
data, whereas over-fitting usually results in a good connection between the
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1.1 Background and Motivation 5

observed data and the known target values in the training part while the pre-
dicted values for the test data are far from their target values. The vast research
carried out to compensate under-fitting and over-fitting effects includes reg-
ularization methods [24, 74], model selection methods [3, 11, 28] and model
mixture methods [12, 44, 61, 97].

Regularization methods regulate the difference between the prediction values
and the actual target values in training and test data by tuning some param-
eters. For a review at these methods and the ways to tune regularization pa-
rameters, refer to [67, 69]. In model selection methods, one looks for a function
out of a class of functions to deduce a relation between the input data and the
target values. In order to face the over-fitting and under-fitting problem when
using these methods, complex model structures must be penalized according
to their complexity. An immediate advantage of model selection methods is
that usually the selected model depicts a vision of the characteristics of the
data. The model may produce extra information such as the importance of
the attributes in the data or the importance of specific values for an attribute.
Finally, the model mixture methods can fit the train and test data quite well,
however they do not improve our understanding of the structure of the ob-
served data and exclusively serve the purpose of predicting the target values
for the test data.

In order to learn from a set of observed data, it is a common approach to
extract some properties, commonly known as features, from the training data
and assign a model (or a hypothesis) to the samples of the data in accordance
with those properties. While some models consider these features mostly inde-
pendent, some others grasp complicated dependencies between these features.
The number of these features can grow very large in many applications from
portfolio allocation [83] to image recognition [9] and text mining [89]. Thus,
the number of candidate feature-based models will be very large. This will
give rise to the problem of selecting the right model. Guyon et al. [41] define
two major categories of model selection: Function approximation and Bayesian
methods. Function approximation methods are those that look for the model
in the model class that minimizes the discrepancy between the predictions
and the true values. Bayesian model selection methods maximize the Bayesian
evidence [47] by decomposing the parameter space and adding more levels
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6 Introduction

of inference to the optimization of the parameters. This division of inference
into learning of parameters and hyper-parameters can lead to computational
convenience [10].

Model selection can be performed by heuristic or principled strategies such
as estimation of generalization performance by k-fold cross-validation [26] or
complexity penalization methods such as minimum description length (MDL)
[80]. In hold out methods a model is trained on a portion of the observed data
and evaluated on the rest. This process may be repeated for different parts of
the observed data and the best average performance determines which model
to select. In complexity penalization methods, the performance of the function
that serves as the relation between the observed data and the target values is
evaluated with a constraint over the complexity of that function. The selected
model maintains an acceptable trade-off between performance and complexity.

To avoid the difficulty of selecting the most suitable model that results in min-
imum over-fit and under-fit, it is common in some applications to opt for just
a simple model. The Naïve Bayes model is one of the simplest models which
assumes all the features to be conditionally independent [37]. Because of the
fact that they are easy to implement, Naïve Bayes models are used extensively
[63, 65] but clearly they are too simple to model the structure of data-sets accu-
rately [72]. Since the classifier based on this model, the Naïve Bayes classifier,
performs surprisingly well [32, 101], we are motivated to improve the classi-
fication power by utilizing the potential dependencies between the features.
After all, it is intuitive to assume dependency between some of the features.

As a simple example, suppose we have a number of mushrooms and wish
to determine which ones are poisonous and which ones are edible. Assume
we know the habitat and color of each mushroom. We use the data shown in
table 1.1 to train the Naïve Bayes classifier. After the training, if we test the
classifier with a poisonous white mushroom that grows on river beds (just like
the one in the training set), the classifier predicts it to be edible. That is because,
according to the training data, most of the white mushrooms are edible and
also most of the mushrooms that grow on the river banks are edible. While
such a classifier may still be beneficial, it is not hard to imagine that another
classifier will perform better if it is based on a rule about relation of features,
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1.1 Background and Motivation 7

Table 1.1 An example of a case where the Naïve Bayes classifier cannot grasp the
complicated pattern in the training data.

Type of Mushroom Color Habitat

edible white forest
edible white forest
edible white forest
edible white forest

poisonous white river bed
edible brown river bed
edible brown river bed
edible brown river bed

poisonous brown forest
poisonous brown forest

e.g. "If a mushroom is white and grows in the forest, it is edible". If beside
color and habitat we record for example stalk length, cap shape, smoothness,
etc., the rules can easily get long and complex.

On the other extreme of modeling the relation between the features, one may
construct an overly complex model that assumes all the features are depen-
dent. While such a model may be able to classify the data well, it has a lot of
parameters that need to be calculated/estimated/tuned. For this purpose, a
large number of training data is required. Our aim is to capture a relationship
between the features that is neither overly simple nor overly complex and is
helpful for predicting unknown values. To handel the relationship between the
features conveniently, we use feature-based models.

A feature-based model in essence is a partitioning of the vector of features. The
features that fall in the same partition are considered to be dependent. The
features from different partitions are independent of each other. Feature-based
models are easy to understand and can be depicted by means of probabilistic
graphical models [5, 53]. Probabilistic graphical models are tools for graphical
representation of highly complex relations in a structured way. Beside implic-
itly performing the complex computations, probabilistic networks can provide
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8 Introduction

insight into the conditional dependencies of the data features. The application
of probabilistic networks expands from image and video processing [2, 88] to
risk analysis and assessment [31, 95]. Nonetheless, computational complexity
of probabilistic inference is the major factor that may put viability of Bayesian
networks into question [16]. Therefore, a computationally efficient modeling
method with a clear representation is highly desirable.

The weighted average of different probable hypotheses is another solution
that avoids the complicacy of selecting the most suitable model. The Bayesian
mixture method is a good example that has been used for combining models
corresponding to different probability distributions [35, 44, 50, 71]. In most
mixture methods, either by iteration or a weighting method according to past
observations, the models that best fit the data eventually dominate the mixture.
A good and motivating example is the context-tree weighting (CTW) [97].

1

0
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000

(a)

11

001

101 1

0

10

100

000

(b)

01

011

111

FIG. 1.2 The tree representation of two models. (a) The model corresponding to
suffix set S1 = {000, 100, 10, 001, 101, 11}. (b) the model corresponding to suffix set
S2 = {000, 100, 10, 01, 011, 111}.

In CTW, a model consists of a set of suffixes according to which the next
symbol in a string of symbols is predicted. A tree structure is used to mix
the evidence probability from different models. Since similar parts of the tree
are shared among distinct models, CTW avoids recalculation of probabilities
per model. For an example, consider two models (Figure 1.2), one with the
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1.1 Background and Motivation 9

suffix set S1 = {000, 100, 10, 001, 101, 11} and the other one with the suffix set
S2 = {000, 100, 10, 01, 011, 111}. The context-tree shown in Figure 1.3 includes
the suffixes from both of these models. To calculate the result of the modeling
using any one of the models, one only needs to consider the relevant branches.
For the two models mentioned, the part in the lower half of the tree shown
in Figure 1.3 is shared. This leads to saving on computation if one wants to
predict using both of the models. The mixture model resulting from CTW is
shown to achieve a superior performance in data compression [98]. By realizing
a correspondence between the context in CTW and the partitioning of feature
vectors, we sought to utilize a similar simple idea to mix feature-based models
and optimally predict the class labels for test data [45, 90].

1

0

10

100

000

101

011

111

001

FIG. 1.3 The context tree that includes both suffix sets S1 and S2. Common parts are
marked inside the closed curve.

Contrary to the intuition that more features correspond to more information
and thus accomplish a more accurate classification task, feature selection leads
to improvement in performance of learning algorithms. The reason lies in the
fact that as the number of features increases, the algorithms need more training
data to be able to infer a relation between all those features and the class label
without over-fitting. Overly complex models are prone to incorporate random-
ness (noise) of the training data into the model. Moreover, features that contain
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10 Introduction

no information about the class label can contribute to misclassification and
slow down the learning and decision process. Therefore, developing methods
of selecting a subgroup of features that classify the data more accurately than
the whole feature set, is an effective field of research [43, 75, 96]. A modeling
and prediction algorithm that can easily be adjusted to model only the parts
of the data necessary for the classification, is particularly valuable.

1.2 Scientific Contributions

This work includes the following novel contributions:

• A computationally efficient method for calculating a Bayesian mixture of all
possible feature-based models over tabular data-sets (Chapter 3).

• A method for detecting the penalized maximum likelihood model that is the
most parsimonious among the models that given a predefined fitting measure,
fit the data adequately well (Chapter 4).

• An efficient probabilistic method for detecting irrelevant as well as redundant
features in the data (Chapter 5).

• Extra insight to the structure of the data through a graphical representation of
the feature vector (Chapter 3 through 6).

• Helping experts in extracting information from sensor and log data in real-life
settings (Chapter 6).

1.3 Overview of the Thesis

The remainder of the thesis is organized as follows:

• In Chapter 2, formal definitions for models, features, objects and sequences
are provided. We illustrate how the sequence probability calculation is influ-
enced by the dependencies among features. We describe a Bayesian mixture
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1.3 Overview of the Thesis 11

of models that indicate different feature dependencies and provide bounds on
the regret of using the mixture.

• In Chapter 3, we propose a graphical method to efficiently calculate the mix-
ture of sequence probabilities following the discussion in the previous chapter.
This method consists of a network of connected nodes that are shared among
different models. This way, the network method benefits from the same kind
of efficiency as CTW. This chapter also includes a detailed discussion on the
complexity of the proposed method. A set of experiments show that the se-
quence probability estimated by the network method closely follows the source
sequence probability and clearly outperforms the Naïve Bayes method.

• With a minor change to the proposed method, we prove in Chapter 4 that
the network method can detect dependencies among features given a suffi-
ciently large data-set. Through a set of simulations, we test the capability of
the method in finding the model that resembles the structure of the data source.
We conclude the chapter by comparing the classifier based on the model se-
lected by our method to a few state-of-the-art data classifiers.

• In Chapter 5, we augment the search space of the model selection method
introduced previously by letting the algorithm select the best model among
subsets of the feature vector. Consequently, the algorithm selects some of
the features along with detecting dependencies among them. After studying
the change in the complexity of the algorithm, we test the feature selection
capability of the method through experiments. The results compare favorably
to those of commonly used feature selection algorithms.

• Chapter 6 is dedicated to practical applications and implementation issues.
After reviewing a few notes on utilizing the network method, we use the algo-
rithm on real data-sets for model selection and feature selection. We explain
two of the real-world experiments that have been conducted to assess the ap-
plicability of the network method. The remarkably good results also confirm
the viability of modeling the real world data with feature-based models.

• Finally, conclusions are presented in Chapter 7. The main contributions are
listed in line with the aim of this research.
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C h a p t e r 2

Probability Estimation and

Feature-based Models

In this chapter, notational conventions are explained alongside the definition of fea-
tures, feature-based models and parameters. Furthermore, sequence probability estima-
tion and Bayesian mixture calculation are addressed. The penalty paid for estimating
probabilities and using a mixture instead of the best model is expressed in terms of
the concept of regret. A proof is included showing this penalty is upper-bounded and
comparatively small.

13
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14 Probability Estimation and Feature-based Models

2.1 Introduction

Learning, as we define it, has a certain framework. In this framework, each time
that we make an observation, we look for some informative characteristics or
properties and try to find a structure or relationship between these properties.
Those characteristics are called features and the structure is called model.

Throughout this thesis, we target finite numbers of features and models. In this
chapter, we will discuss about combining the results from all the models in our
definition and compare with the result of the best of them. The procedure starts
by defining a finite class of candidate models and estimating the probability of
the observed data given each of these models. Then, we compare the highest
of these probabilities with the weighted combination of all of them.

2.2 Definitions and Notations

Throughout this thesis, the variables are shown with capital italic letters and
their values with lower case letters. The vectors are bolded and their elements
are denoted by subscripts. An instance of the data is called an object and
is denoted by O. For a supervised classification task, the object consists of a
class indicator C and a vector of features, F = {F1, F2, · · · , Fk}. We regard the
features and the class label as discrete random variables that take values from
finite alphabets. For the probability of an object we can write

P(O) = P(C, F) = P(C)P(F|C) . (2.1)

A sequence of these objects make the data-set. We denote sequences with bold
letters along with a superscript showing the length. The position of the object
in a sequence is marked with a superscript in parentheses. As an example,
F(n)

i refers to the nth realization of the ith feature in the feature vector. Table
2.1 shows how different parts of the data-set are denoted.

If the features Fi and Fj are dependent, we denote them by a single letter Fi,j
and regard them as a single super-feature. The alphabet of this super-feature
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2.2 Definitions and Notations 15

Table 2.1 The notation used throughout this thesis for the components of a data-
set. The first row denotes the sequences of features and class labels which make the
sequence of objects. The rest of the rows show the notation of the object by object
expansion of the data-set.

ON FN
1 FN

2 · · · FN
k CN

O(1) F(1)
1 F(1)

2 · · · F(1)
k C(1)

O(2) F(2)
1 F(2)

2 · · · F(2)
k C(2)

O(3) F(3) C(3)

O(4) F(4) C(4)

...
...

...
...

...
...

O(N) F(N)
1 F(N)

2 · · · F(N)
k C(N)

consists of all the combinations over the symbols of the two original alphabets.
In other words, it is the cartesian product of the two alphabets. A feature-
based model or simply a model M is defined as a partitioning of the feature
vector index set. No partitions are allowed to be empty and the indexes in the
same partition show dependence between their corresponding features. Let us
assume that a sequence of objects ON is generated. For a fixed model, with the
assumption that the objects are independent and identically distributed (i.i.d.),
the probability of the sequence is

P
(

ON
)
=

N

∏
i=1

P
(

O(i)
)
=

N

∏
i=1

P(C(i))P
(

F(i)|C(i)
)
= P(CN)P(FN |CN) , (2.2)

where we have omitted the conditioning on the model. We wish to calculate the
probability of the sequence of feature vectors given their classes, P

(
FN |CN),

and also the probability of the sequence of class labels P
(
CN). For each ran-

dom variable (either feature or class label), we assume that the probability
that a specific symbol from the alphabet is observed is determined by a sep-
arate parameter θ. For example if we want to calculate the probability of the
sequence of the random variable X with the alphabet {x1, x2, · · · , xs}, then
we need to know s− 1 parameters each of which being θi = P(X = xi) : i ∈
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16 Probability Estimation and Feature-based Models

{1, 2, · · · , s− 1} and θs = 1−∑i θi. The parameter vector ΘM is the vector of
all the parameters of features or combination of features corresponding to the
partitions indicated in the model M. As an example, M1 = ({1, 2}, {3}) is a
model on a set of data with three features that breaks the feature vector index
set into two partitions. This model assumes the first and second features are
dependent while the third feature is independent of them. Then,

P
(

FN |CN , M1, ΘM1
)
= P

(
FN

1,2|CN , ΘM1
)

P
(

FN
3 |CN , ΘM1

)
= P

(
FN

1,2, FN
3 |CN , ΘM1

)
,

(2.3)

where the last term is a notational convenience. The model class of k features
Mk, is the set of all possible feature-based models that partition the feature
vector index set of length k. As an example Table 2.2 shows the model class
of three features M3. Note that the size of the model class for three features,
|M3|, is equal to five.

Table 2.2 List of all the feature-based models that can be defined in a model class of
three features along with their corresponding feature sequence probabilities.

Model Index Model Definition Probability

M1 ({1}, {2}, {3}) P
(

FN
1 , FN

2 , FN
3 |CN , ΘM1

)
M2 ({1, 2}, {3}) P

(
FN

1,2, FN
3 |CN , ΘM2

)
M3 ({1, 3}, {2}) P

(
FN

1,3, FN
2 |CN , ΘM3

)
M4 ({1}, {2, 3}) P

(
FN

1 , FN
2,3|CN , ΘM4

)
M5 ({1, 2, 3}) P

(
FN

1,2,3|CN , ΘM5
)

Typically, we are given sets of data but the underlying source model according
to which they were generated is unknown. We call this model the real model.
Here, we make an assumption that one of the feature-based models out of
the model class that we define is similar to the real model to a large extent.
We call that one feature-based model the best model and denote it by M∗. This



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

2.2 Definitions and Notations 17

model assigns a probability to every possible value that the feature vector
can take in each class or basically every observation. In most of the data
modeling and compression algorithms, the goal is to assign a model to the
data so that the assigned probability distribution of the observations matches
the real model’s distribution as accurately as possible. For our case, the goal
is to assign probabilities to the observations that are reasonably close to the
probabilities the best feature-based model assigns without searching for that
model. To measure how well these probabilities match, we use the concept of
regret [60, 85]. In general, regret is defined as the experience after one makes
after a selection when an alternative choice appears to be more desirable. To
frame it scientifically, by the term regret, we refer to the decrease in the total
probability incurred when instead of the best model, another model from the
model class is used.

It is clear that a feature vector index set can be partitioned in different ways.
Each of these ways of partitioning corresponds to a model. That means when
the data-set has many features, the model class includes an extremely large
number of models. Instead of trying to find the best model, we will use a
specific Bayesian mixture over all possible models in the model class and
show that the log-regret for using this Bayesian mixture estimation method
is relatively small. Thus, searching for M∗ may not be always necessary. The
probability of observing a sequence of objects is calculated using the following
Bayesian mixture

P(ON) = P
(

FN |CN
)

P(CN) = P(CN)
|Mk |

∑
i=1

P (Mi) P
(

FN |CN , Mi

)
. (2.4)

Here, P(Mi) is the prior probability for the model Mi, which can serve as the
weighting factor for the probabilities produced by this model. To calculate the
mixture of Eq. (2.4) over all possible models in the model class, a systematic
way is needed when the feature vector is large. For this purpose, an efficient
method will be introduced in Chapter 3 that will enforce a specific set of model
priors. The behavior of this prior probability function will also be discussed
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18 Probability Estimation and Feature-based Models

in that chapter. However, one issue still remains before performing the cal-
culations in Eq. (2.4). Because of the fact that the parameter vectors Θ of the
models are unknown, a sequence probability estimation method is required
to calculate P(FN |CN , Mi) in the mixture of Eq. (2.4). In the next section, the
sequence probability estimation method used in this thesis is explained.

2.3 Sequence Probability Estimation

Throughout our work, we use Bayes mixture with Dirichlet priors to estimate
sequence probabilities. This method, referred to herein as Dirichlet probability
estimation, has some desirable properties among which is a closed form solu-
tion for the probability estimation integral. Suppose we want to estimate the
probability of the sequence XN that contains ni times the symbol xi ∈ X where
i ∈ {1, 2, · · · , s}. The Dirichlet estimated probability with all the parameters
equal to α is defined as

PE(XN) =
∫

Θ

Γ (∑s
i=1 α)

(Γ(α))s

s

∏
i=1

θ
ni+α−1
i dΘ , (2.5)

where Γ(x) =
∫ ∞

0 tx−1e−tdt, the subscript E stands for estimation and Θ refers
to the vector of all the parameters θ. By multiplying and dividing the same
term to the fraction in Eq. (2.5),

PE(XN) =
Γ (∑s

i=1 α)

Γs(α)
· ∏s

i=1 Γ(ni + α)

Γ (∑s
i=1(ni + α))

∫
Θ

Γ (∑s
i=1(ni + α))

∏s
i=1 Γ(ni + α)

s

∏
i=1

θ
ni+α−1
i dΘ .

(2.6)

The integral in Eq. (2.6) is over a Dirichlet distribution with parameters ni + α

and integrates to one according to the definition of probability distributions.
Thus, the closed form is

PE(XN) =
Γ(sα)

Γs(α)
· ∏s

i=1 Γ(ni + α)

Γ (N + sα)
. (2.7)
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2.3 Sequence Probability Estimation 19

We use the Jeffrey’s prior (set the parameters α equal to 1
2 ) for the rest of the the-

sis. Not only the conclusions drawn based on this value for parameters agree
with the MDL principle [39], but also the results show a desirable asymptotic
behavior. This will be discussed more in the next section.

PE(XN) =
Γ( s

2 )

π
s
2
· ∏s

i=1 Γ(ni +
1
2 )

Γ
(

N + s
2
) . (2.8)

Calculation of the closed form solution in Eq. (2.8) only requires the number of
times each symbol is observed. Therefore, it is now simple to estimate P(CN) in
Eq. (2.4). However in the same equation, estimation of P(FN |CN , M) depends
on the feature dependencies listed in the model. The following example shows
the effect of feature dependencies in estimating the probability of a sequence
of feature vectors.

Example 2.3.1. In this example, we want to estimate the probability of the observed
data-set in table 2.3 given two different models. The first model is M1 = ({1}, {2})
and the second model is M2 = ({1, 2}). We do not consider multiple classes for the
moment since it is irrelevant to our discussion here.

The feature vector includes two binary features F = {F1, F2}. The alphabets
of F1 and F2 contain two symbols each. Consider two cases, where in the first
case the two features are independent (model one) and in the second case, the
features are dependent (model two).

Case 1. According to Eq. (2.8), we need to know the number of zeros and ones
in the sequence of the first feature to be able to estimate the probability of the
first sequence. There are seven zeros and three ones in the sequence of the first
feature. Then, the probability for the sequence of the first feature is estimated
as

PE(FN
1 ) =

1
π
·

Γ(7 + 1
2 )Γ(3 +

1
2 )

Γ (10 + 1)
. (2.9)

Repeating this procedure for the second feature,
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Table 2.3 An example set of binary data with 10 objects.

Object Number F1 F2

1 1 1

2 0 1

3 0 1

4 0 0

5 0 0

6 1 1

7 0 1

8 1 0

9 0 0

10 0 1

PE(FN
2 ) =

1
π
·

Γ(4 + 1
2 )Γ(6 +

1
2 )

Γ (10 + 1)
. (2.10)

Since the two features are independent in this case, the estimated probability
for the sequence of the feature vector is

PE(FN) = PE(FN
1 ) · PE(FN

2 ) = 1.60× 10−7 . (2.11)

Case 2. We regard the dependent features as a super-feature the alphabet size
of which equals the product of the alphabet sizes from each feature. For this
example, the super-feature has an alphabet size of four. According to Eq. (2.8),
we need to know the number of times, symbols 00, 01, 10 and 11 are observed
in the data to be able to estimate the sequence probability. For the sample
data-set in table 2.3,

PE(FN) =
1

π2 ·
Γ(3 + 1

2 )Γ(4 +
1
2 )Γ(1 +

1
2 )Γ(2 +

1
2 )

Γ (10 + 2)
= 1.15× 10−7 . (2.12)
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By comparing the two cases, one can easily notice that when the features are
independent, the estimated probability of the sequence of feature vectors is
different from when the features are dependent.

2.4 Bounds on Regret

The probability estimation method described above (Jeffrey’s mixture) has
some interesting properties among which is a uniform bound for parameter
redundancy. We use this property to prove that the log-regret for estimating the
Bayesian mixture in Eq. (2.4) instead of using the best model, is asymptotically
small relative to sequence probabilities. To do so, we break the log-regret
into two penalty terms. (The basis of the logarithms are two, unless stated
otherwise.)

r = log
P(ON |M∗, ΘM∗)

PE(ON)
= log

P(ON |M∗, ΘM∗)

PE(ON |M∗)
+ log

PE(ON |M∗)
PE(ON)

. (2.13)

First is the penalty for not knowing the best model’s parameters and perform-
ing probability estimations. We call this the parameter regret. The second part
is the penalty for not knowing the best model and using the mixture instead.
This regret will be called the structure regret. In the next two sections, we deal
with these two penalties respectively.

2.4.1 Probability calculation vs Dirichlet probability estimation

In this part, we show how the estimated Dirichlet probability compares to
the probability calculated using known parameters, when the number of ob-
served objects grows large. To be more specific, let XN be a sequence of N
realizations of the discrete random variable X with alphabet X and probability
mass function PX = (θ1, θ2, · · · , θs) where θi , Pr{X = xi} and s denotes the
alphabet size. We prove that for a sufficiently long sequence XN , the difference
between the Dirichlet estimated probability for the sequence PE

(
XN) and the



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

22 Probability Estimation and Feature-based Models

probability of the sequence with known parameters P(XN), will be negligible
compared to the probabilities themselves.

Theorem 2.4.1. For a source that produces sequences {XN : X ∈ X} with alphabet
size s = |X | > 1,

∀δ > 0, ∃N0 : Pr
{

N
s−1

2 −δ <
P(XN)

PE(XN)
< N

s−1
2 +δ

}
= 1 , (2.14)

when N > N0.

To study the relation between the probability from the Dirichlet estimation
method and the probability with known parameters, let us make a middle
step and compare both of them to the maximum likelihood probability of the
sequence.

log
P(XN)

PE(XN)
= log

P(XN)

PML(XN)
+ log

PML(XN)

PE(XN)
. (2.15)

For the ratio between the probability with known parameters and the maxi-
mum likelihood probability of a sequence we can write for all XN ∈ X N

log
PML(XN)

P(XN)
= log

s

∏
i=1

(
ni(XN)

N

)ni(XN)

s

∏
i=1

(θi)
ni(XN)

= N
s

∑
i=1

ni(XN)

N
log

ni(XN)
N
θi

= N · D
(

nX(XN)

N
||PX

)
≥ 0 ,

(2.16)

where D(P||Q) is the Kullback-Leibler divergence of Q from P. The term
ni(XN) denotes the number of times X = xi in the sequence XN . Now let
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us keep this equation and move to the second part of the Eq. (2.15), that is

log PML(XN)
PE(XN)

.

Lemma 2.4.2. The ratio between the maximum likelihood probability and the Dirichlet
estimated probability of a sequence is limited by a term polynomial in the sequence
length. The order of the polynomial is related to the sequence alphabet size. Specifically,

s− 1
2

log(N) + c1 ≤ log
PML(XN)

PE(XN)
≤ s− 1

2
log(N) + c2 , (2.17)

where c1 = c1(s) and c2 = c2(s) are constants that only depend on the alphabet size.

A proof of this lemma can be found in Appendix A. The bounds of the form
s
2 log(N) + c have been proved in universal data compression context for dis-
crete memoryless sources too [15, 79, 85, 86].

In the next step, combine Eq. (2.16) and Eq. (2.17) which results in a less strict
lower-bound,

s− 1
2

log(N)−N ·D
(

nX(XN)

N
||PX

)
+ c1 ≤ log

P(XN)

PE(XN)
≤ s− 1

2
log(N)+ c2 .

(2.18)

Eq. (2.18) shows that the log-regret for not knowing the parameter values
is upper-bounded by a logarithmic relation to the sequence length. In [85],
Shtarkov shows that for discrete memoryless sources with finite alphabet, the
maximum regret with the prior distribution Dir( 1

2 , · · · , 1
2 ) differs asymptoti-

cally from the minimax regret only by a constant. The minimax regret is of the
form,

rm =
s− 1

2
log

N
2π

+ log
Γs( 1

2 )

Γ( s
2 )

+ c . (2.19)

We will show that Eq. (2.18) conforms to Shtarkov’s theory as the KL-divergence
term is asymptotically dominated by the logarithm term.
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24 Probability Estimation and Feature-based Models

Our proof is also in accordance with the Minimum Description Length (MDL)
principle to penalize the models with large number of parameters [39]. Out
of all the models included in the Bayesian mixture of Eq. (2.4), M∗ gives the
best description of the data. It is possible that a more complex model in this
mixture describes the data as well as M∗, but because it is more complex,
the description of the model parameters will be longer. In other words, this
model is a more complicated model and has a larger number of parameters
than M∗. That is, its parameter vector Θ is larger in length. So, if a model is
more complex than M∗, it may assign probabilities to the data properly but
the parameter cost for such a model will be higher.

Rewriting Eq. (2.18),

− N · D
(

nX(XN)

N
||PX

)
+ c1 ≤ log

P(XN)

N
s−1

2 PE(XN)
≤ c2 , (2.20)

and dividing all three parts by log N, as N → ∞,

lim
N→∞

−N · D
(

nX(XN)
N ||PX

)
+ c1

log N
≤ lim

N→∞

log P(XN)

N
s−1

2 PE(XN)

log N
≤ lim

N→∞

c2

log N
.

(2.21)

Clearly,

lim
N→∞

c2

log N
= 0 . (2.22)

Also,

Lemma 2.4.3. For any sufficiently large sequence length, the KL-divergence between
the empirical probability distribution and the true distribution of a sequence is of order
o( log N

N ) with probability one.

Appendix B includes a proof for lemma 2.4.3. Using the Lemma 2.4.3, we
know that since the KL-divergence term in Eq. (2.21) is of order o( log N

N ) with
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probability one, we can write

Pr

 lim
N→∞

−N · D
(

nX(XN)
N ||PX

)
+ c1

log N
= 0

 = 1 . (2.23)

Since the limit on the left and right side of Eq. (2.21) evaluates to zero,

Pr

 lim
N→∞

log P(XN)

N
s−1

2 PE(XN)

log N
= 0

 = 1 . (2.24)

According to the definition of the limit in Eq. (2.24), for an arbitrarily small δ,
there exist N0 such that for N > N0,

Pr

{
−δ log N < log

P(XN)

N
s−1

2 PE(XN)
< δ log N

}
= 1 . (2.25)

As N grows large, the term log(N) will be dominated by the exponential term
and

Pr
{

N
s−1

2 −δ <
P(XN)

PE(XN)
< N

s−1
2 +δ

}
= 1 , (2.26)

which proves the theorem. Considering alphabet sizes of at least two, δ is
negligible if δ � 1

2 . Since the probability terms in Eq. (2.26) are exponential

in N, the polynomial difference term N
s−1

2 is not large comparatively. This
convergence holds for all the features and super-features determined by M∗
in Eq. (2.13). This means that as the number of observed objects grows large,
the parameter regret will be comparatively small. Next, the structure regret is
considered.
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2.4.2 Best model vs mixture of models

Now considering the second part of Eq. (2.13) where we know all models’
parameters, the difference between the logarithm of the probabilities when we
use the mixture instead of the best model is

log
PE(ON |M∗)

PE(ON)
= log

PE(CN)PE
(
FN |CN , M∗

)
PE(CN)

|Mk |
∑

i=1
P (Mi) PE

(
FN |CN , Mi

)
≤ log

PE
(
FN |CN , M∗

)
P (M∗) PE

(
FN |CN , M∗

) = − log P (M∗) ,

(2.27)

where we have used the fact that the best model is also included in the sum-
mation of Eq. (2.4). We can see that the difference between the probabilities is
again bounded and only depends on the best model’s prior. If the model priors
are independent of the sequence length, as the number of the objects increase,
the difference between the Bayesian mixture sequence probability and the best
model probability will be relatively small. The bound in the Eq. (2.27) is intu-
itive in the sense that when our knowledge about the best model matches the
reality (when the model prior that we assign to M∗ is large), using a mixture of
models leads to a tight bound on regret. On the other hand, if our knowledge
about the best model is limited and we may assign a low value to P (M∗) in
the mixture, then the regret bound of using such a mixture is loose.

In Chapter 3, we propose a method to make a specific Bayesian mixture of all
the models in the model class efficiently where the model priors are indepen-
dent of the sequence length.

2.5 Conclusion

In machine learning and data mining applications, it is common to attempt to
fit a model to the data-sets so that the the probability distribution generated
by this model resembles the unknown source model’s. We proved that instead
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2.5 Conclusion 27

of searching for one best model out of a finite feature-based model set, it is
possible to reach to satisfactory performance by using a Bayesian mixture over
the same set of models. Using Dirichlet probability estimation method, we
have proven that the regret for selecting a mixture of models instead of the
best model out of a finite set has a relatively small upper-bound.
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C h a p t e r 3

A Mixture of Feature-based

Models

In this chapter, a probabilistic network is introduced and its graph structure and the
Bayesian mixture resulted by it are described. The complexity analysis of the network
method is included followed by an analysis on the priors this method assigns to each
model in the Bayesian mixture. The performance of the method is tested through
simulations in this chapter.

29
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30 A Mixture of Feature-based Models

3.1 Introduction

Probabilistic networks are applied in different fields of study such as biomedi-
cal and genetics [84, 91], social sciences [57], video and image processing [49,
103, 104], speech recognition [64], and more. In all of these fields, learning prob-
abilistic networks and applying major methodologies involve complications
that are categorized [8] into four major parts: learning the network structure,
estimating parameters, hidden variable discovery and missing data recovery.
Our focus will be on the problem of finding the best structure. The problem of
model selection translates to the problem of learning the network structure in
this context. We developed a probabilistic graphical model that is basically the
combination of all possible network structures of its family. This probabilistic
network computes a Bayesian mixture over all the hypotheses that can be de-
fined on the data. This network method provides a way to avoid the model
selection. Furthermore, by making use of the distributive law of algebra, it
saves up on the number of computations required for calculating the Bayesian
mixture. We verify the validity of this method through simulations.

3.2 The Network Method

Based on the proofs derived in Chapter 2, we introduce a graphical method
that calculates a specific Bayesian mixture of all the models in the model
class given a fixed number of features. This method achieves the mixture with
considerably fewer algebraic operations than directly calculating the data-set
probability given each model and summing up. The method is based on com-
municating the probabilities through the branches of a network, see Section
3.2.1, Figure 3.1. In each node of the network, the probability of a sequence of
features corresponding to a partition of a model is calculated. If the partition
corresponds to l features, this probability is calculated in a node in the lth row
of the graph (We start counting the rows from the top of the graph). For ex-
ample, in one of the nodes in the second row, we calculate PE(FN

1,2|CN), which
corresponds to the partition {1, 2}, that is used in M1 = ({1, 2}, {3}, {4}) and
M2 = ({1, 2}, {3, 4}) and any other model that contains this partition. For
a feature vector of length k, there are k nodes in the top row of the graph
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3.2 The Network Method 31

that contain the estimated probability of a single feature sequence PE(FN
i |CN),

where i = 1, 2, · · · , k. The multiplication of the probabilities in these nodes
produces PE(FN |CN , MN), where MN is the Naïve Bayes model. In the only
node in the bottom row of the graph, PE(FN

1,2,··· ,k|C
N) is calculated. That is the

probability of the sequence of the feature vector assuming the fully dependent
model PE(FN |CN , MF). This model has one partition containing all the features
and thus regards all the features as dependent.

With minor changes in the shape of its graph, the network method can be used
for two cases. First is the case of unordered feature vector, where the features
from the data do not have any sequential priorities or the feature vector does
not have any specific ordering. The second case is the ordered feature vector,
where the features from the data can be arranged according to some order. In
this case, each feature may be dependent only on its neighboring features.

P1 P2 P3

N1,2 N2,3

N1,2,3

N1,3

FIG. 3.1 The network graph for an unordered feature vector of length three.

3.2.1 Network method for unordered feature vectors

Here we start explaining the network method in its general form, see Figure
3.1. The calculation in the network starts from the top row. For each class, we
use the probability estimation discussed in Chapter 2 to calculate PE(FN

i |CN)

for feature Fi where i = 1, 2, · · · , |F|, or to calculate PE(FN
i,··· ,j|CN) for a com-

bination of features corresponding to the partition {i, · · · , j}. For the sake of
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32 A Mixture of Feature-based Models

simplicity we show these probabilities with Pi and Pi,··· ,j respectively and refer
to them by the name local probabilities. Each node in the network contains one
local probability. The nodes in the first row contain the probability of observ-
ing the sequence of each feature individually. So each node of the first row
contains only one probability estimation, that is the local probability Pi. In the
nodes of the second row of the network, the local probability Pi,j for any two
features i and j from the feature vector is calculated. The calculation of local
probabilities continue down to all the rows of the network. The local proba-
bilities are all that is calculated in the nodes of the first row. However, that
is not the case for the nodes of row two or more. In a node from row two or
more, we also multiply the probabilities of the nodes from upper rows which
are connected to this node with a pair of branches. For example, in node N1,3
the multiplication P1 · P3 is also calculated. The results from all the multipli-
cations are added together in the node. We also add the local probability of
the node to this summation and denote the sum by N. Note that N is not a
probability. This sum is the content of the nodes in the rows lower than the
first. The branches of the graph are constructed in such a way that the proba-
bilities corresponding to all possible ways of partitioning the feature index set
of a specific node are present in the final summation of that node. Therefore,
the single node in the lowest row contains the summation of the probabilities
corresponding to all possible ways of partitioning the feature vector index set.
In other words, the summation in the last node contains the feature sequence
probability given each possible model. However in this summation, the data
probability estimations per model are not added with equal proportion. The
following example illustrates this summation.

Example 3.2.1. In this example we assume the data-set has only three features. We
will show what each node of Figure 3.1 contains and how the summation in the last
node is built.

We assume that we have a number of objects each containing three features
and a class label. Therefore, to make the mixture of Eq. (2.4), we must consider
all the models shown in Table 2.2. We start the calculations from the upmost
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row of the network graph. In the nodes of the first row, we calculate only the
local probabilities.

N1 = PE(FN
1 |CN) = P1 , (3.1a)

N2 = PE(FN
2 |CN) = P2 , (3.1b)

N3 = PE(FN
3 |CN) = P3 . (3.1c)

The probabilities are estimated according to the Dirichlet probability estima-
tion method explained in example 2.3.1. In the nodes of the second row, we
have

N1,2 = PE(FN
1,2|CN) + N1.N2 = P1,2 + P1.P2 , (3.2a)

N1,3 = PE(FN
1,3|CN) + N1.N3 = P1,3 + P1.P3 , (3.2b)

N2,3 = PE(FN
2,3|CN) + N2.N3 = P2,3 + P2.P3 . (3.2c)

Finally, in the node of the last row, we calculate

N1,2,3 = PE(FN
1,2,3|CN) + N1,2.N3 + N1,3.N2 + N2,3.N1

= P1,2,3 + (P1,2 + P1.P2) .P3 + (P1,3 + P1.P3) .P2 + (P2,3 + P2.P3) .P1

= P1,2,3 + P1,2.P3 + P1,3.P2 + P2,3.P1 + 3P1.P2.P3

= PE(FN |CN , M5) + PE(FN |CN , M2) + PE(FN |CN , M3)

+ PE(FN |CN , M4) + 3PE(FN |CN , M1) .

(3.3)

Clearly, the summation of the last node contains the sequence probability
estimation given each model of the model class (shown in Table 2.2), but not
in equal proportions.
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34 A Mixture of Feature-based Models

The number of times a model is added in the summation of the last node of the
network is named the multiplicity of that model. We divide the sum in the last
node of the network by the sum of all multiplicities to get a weighted mixture
of probabilities. So the summation in the last node of the network of example
3.2.1 must be divided by 1 + 1 + 1 + 1 + 3 = 7. This results in a specific prior
for each model.

P(M2) = P(M3) = P(M4) = P(M5) =
1
7

, (3.4a)

P(M1) =
3
7

. (3.4b)

An interesting fact about the model priors resulting from the network is that
less complex models have a larger prior and thus a smaller structure regret. In
the next section, a closed form for the multiplicity of models in the last node
is provided alongside a discussion of the behaviour of the priors.

3.2.2 Model prior calculation for the network for unordered fea-

ture vectors

The prior of model M is equal to the multiplicity of this model divided by all
the multiplicities from all the models in the model class. Let us consider the
simple case of the data with three features. We would like to calculate the prior
for the model M1 = ({1}, {2}, {3}). There are three paths through which the
nodes corresponding to the partitions of M1 are connected to the bottommost
node of the network. These three paths are shown in Figure 3.2. Other models
from the model class shown in Table 2.2, that is M2, M3, M4 and M5, each have
one path. Thus, the prior for model M1 is P(M1) =

3
1+1+1+1+3 = 3

7 .

Each path in the graph of the network for unordered feature vectors has an
analogous rooted binary tree. The root of the tree corresponds to the bottom-
most node of the network graph and the leaves of the tree correspond to the
nodes representing the partitions of the model in the network graph (That is
P1, P2, and P3 in Figure 3.2). The vertices of the tree correspond to the nodes of
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P1 P2 P3

P1.P2

P1.P2.P3

(a)

P1 P2 P3

P1.P2.P3

P1.P3

(b)

P1 P2 P3

P2.P3

P1.P2.P3

(c)

FIG. 3.2 Three possible paths to the last node of the graph of the unordered network
for partitions of model M1 = ({1}, {2}, {3}). Each path corresponds to a rooted binary
tree.

the graph that are in the path (That is N12 for the first tree, N13 for the second
tree, and N23 for the third tree in Figure 3.2). The multiplicity of a model with
g partitions equals the count of these binary trees inside the network that have
those g partitions as leaves. It is well known that the total number of these
trees with g leaves is |2g− 3|!!, where !! denotes double factorial [30]. Since
a set of k labeled features can be partitioned into g non-empty subsets in {k

g}
different ways, there are {k

g} ways to make a model with g partitions from

a feature vector of length k [52]. It is worth mentioning that {k
g} denotes the

Stirling number of the second kind and{
k
g

}
=

1
g!

g

∑
i=0

(−1)g−i
(

g
i

)
ik . (3.5)
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Consequently, the prior for a model that has g partitions in the feature vector
is

P(M) =
|2g− 3|!!

∑k
i=1 |2i− 3|!!{k

i}
. (3.6)

Clearly, the prior of the model is not a function of the sequence length and
only depends on the number of features in the data-set and the complexity
of the model. Figure 3.3 shows the behavior of the model prior probability
function produced by the network for unordered feature vectors as a function
of the number of features k, and the number of partitions g. The scale of
the model prior axis in Figure 3.3 is set to negative logarithm, so that it also
corresponds to the log-regret of using the mixture instead of the best model
(Eq. (2.13)). It can be seen from Figure 3.3 that for a fixed feature vector length,
the priors for models with more partitions are larger. This desired behavior
particularly favors less complex models with fewer number of parameters.
This means that the regret of using the Bayesian mixture instead of the best
model is high if the best model that could be selected is a very complex model.
In practice, dependencies between numerous features happen less often and
instead, groups of small dependencies are observed more frequently. It means
that the best model of the model class is usually a relatively simple one.

3.2.3 Network method for ordered feature vectors

Even with the computationally efficient network method, the total number
of operations grows rapidly as the number of features increases. Also, the
graph of the network becomes very complex. However, in many applications
such as investigating the structure of chemical compounds or natural language
processing with the help of N-grams, claiming that the features follow a specific
order would not be an invalid assumption. This will limit the dependencies to
the neighboring features but will reduce graph complexity and boost algorithm
speed. What follows next is the discussion on the effect of ordering the features
on the network method performance. We consider the condition in which the
features may only depend on the features that are adjacent to them when the
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FIG. 3.3 The model prior in the unordered network as a function of the number of
features and the number of partitions. The basis of the logarithms are ten.

feature vector is arranged in the right order. For this case, the network of three
features is shown in Figure 3.4.

This network has fewer nodes and branches and consequently the number of
operations is reduced. The summation term for the node in the last row is

N1,2,3 = PE(FN
1,2,3|CN) + N1,2.N3 + N1.N2,3

= P1,2,3 + (P1,2 + P1.P2) .P3 + P1. (P2,3 + P2.P3)

= P1,2,3 + P1,2.P3 + P1.P2,3 + 2P1.P2.P3

= PE(FN |CN , M5) + PE(FN |CN , M2)

+ PE(FN |CN , M4) + 2PE(FN |CN , M1) .

(3.7)

Note that the model M3 = ({1, 3}, {2}) is not allowed in the last node of
this network. It results in a probability P1,3.P2 that appears in Eq. (3.3) but
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P1 P2 P3

N1,2 N2,3

N1,2,3

FIG. 3.4 The network graph for an ordered feature vector of length three.

cannot appear in Eq. (3.7). Here it can be seen that the sum of multiplicities in
Eq. (3.7) is 1 + 1 + 1 + 2 = 5 which is fewer compared to when features were
unordered. Next section contains a discussion on the multiplicities of models
in the summation resulting from the network applied to an ordered feature
vector.

3.2.4 Model prior calculation for the network for ordered feature

vectors

Here, we derive the terms that govern each model’s prior P(M) in the mixture
that is produced in the bottommost node of the network. To find the prior
of a specific model M, we count all the possible paths in the network graph
that connect the nodes corresponding to the partitions of this model to the
bottommost node of the network. The number of paths makes the multiplicity
of the model M. Then, the prior of the model P(M) in the final mixture equals
the multiplicity of that model divided by the summation of all the multiplicities
from all the models. As a simple example, consider the network for ordered
features and a data-set with three features. To calculate the prior for model
M1 = ({1}, {2}, {3}), we count all the paths that connect the partitions {1},
{2} and {3} to the node of the last row. There are two paths which are shown
in Figure 3.5. With a glance at Table 2.2, we notice that there are three other
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models in the model class (We do not count M3 when considering only the
ordered feature vector). Each of the remaining models from the model class,
that is M2 = ({1, 2}, {3}), M4 = ({1}, {2, 3}) and M5 = ({1, 2, 3}), only have
one possible path. Therefore, the prior of the first model is P(M1) =

2
1+1+1+2 =

2
5 .

P1 P2 P3

P2.P3

P1.P2.P3

(a)

P1 P2 P3

P1.P2

P1.P2.P3

(b)

FIG. 3.5 Two possible paths to the last node of the graph of the ordered network for
partitions of model M = ({1}, {2}, {3}). Both paths correspond to planar trees.

Each path in the graph of the network for ordered features makes a planar
binary tree with its root in the bottommost node. By a planar tree, we refer to
a tree that when its leaves have a fixed ordering, it can be drawn in a plane
without its branches crossing each-other. The leaves of this tree correspond to
the nodes representing the partitions of the model in the graph of the network
(That is P1, P2, and P3 in Figure 3.5). The vertices of the tree correspond to the
nodes of the graph that are in the path (That is N12 for one tree and N23 for the
other tree in Figure 3.5). If model M divides the feature vector index set into g
partitions, to calculate the multiplicity of this model, we count the number of
these planar binary trees inside the network graph that have those g partitions
as leaves. There are Cg−1 of these planar binary trees that can be made out of
those specific g partitions, where Cn denotes the nth Catalan number [34] and

Cn =
1

n + 1

(
2n
n

)
. (3.8)

Considering an ordered feature vector of length k, there are up to k− 1 spots to
part the members of the vector and therefore 2k−1 possible ways of partitioning
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the feature vector or in other words making a model. To make a model with g
partitions, we can select g− 1 out of the k− 1 possible spots in the feature vector.
The multiplicity of this model is Cg−1. The summation of all the multiplicities
for all the models is ∑k

i=1 Ci−1(
k−1
i−1). As a result the prior for a model that has

g partitions in the feature vector is

P(M) =
Cg−1

∑k
i=1 Ci−1(

k−1
i−1)

. (3.9)

FIG. 3.6 The model prior in the ordered network as a function of the number of
features and the number of partitions. The basis of the logarithms are ten.

As it was shown for both cases of ordered and unordered feature vectors, the
prior of the model in the final mixture is independent of the sequence length
and it only depends on the length of the feature vector k and the number of
partitions made in this vector using that model. Figure 3.6 shows the behavior
of the model prior as a function of the number of features k, and the number
of partitions g for the case of the network for unordered feature vectors. Just
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like the previous case, we see in Figure 3.6 that for a fixed number of features,
the prior for models that have more dependencies is smaller.

3.3 Complexity Analysis

Here we compare the number of multiplications and additions required in the
network method with the direct calculation of the Bayesian mixture. Let us
start with the case of unordered feature vector. Table 3.1 shows the number of
algebraic operations required for direct calculation of the probability mixture
compared to the number of algebraic operations required in the network for a
data-set with k features. The kth Bell number is denoted by Bk and

Bk =
k

∑
i=1

{
k
i

}
. (3.10)

To have a sense of the order of reduction in the number of algebraic operations
by using the network method, it must be kept in mind that the growth rate
for the kth Bell number is of order O

(
( k

log k )
k
)

asymptotically, which is higher
than exponential in k [21].

Table 3.1 The number of algebraic operations required in the network method com-
pared with the direct computation for the case of an unordered feature vector of length
k.

Algebraic Operation Network Method Direct Computation

multiplications 3k−2k+1+1
2 Bk+1 − 2Bk ≡ O

(
( k

log k )
k
)

additions 3k−2k+1+1
2 Bk − 1 ≡ O

(
( k

log k )
k
)

The proof for the terms used in Table 3.1 is based on the fact that there are
{k

i} ways to partition a set of k labeled features into i non-empty unlabeled
subsets. The total number of possible feature-based models in a model class
Mk is equal to the number of ways the feature index set of length k can be
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partitioned, which is equal to the kth Bell number. Therefore, to add all the
models in a Bayesian mixture, Bk − 1 additions are needed. In a model, if
the feature vector is partitioned into i subsets, then i− 1 multiplications are
required between all the subsets. Counting all the possible models, the total
number of multiplications for direct calculation of the mixture is

k

∑
i=1

(i− 1)
{

k
i

}
=

k

∑
i=1

i
{

k
i

}
−

k

∑
i=1

{
k
i

}

=
k+1

∑
i=1

{
k + 1

i

}
−

k

∑
i=1

{
k

i− 1

}
− 1− Bk

= Bk+1 −
k

∑
i=0

{
k
i

}
− Bk = Bk+1 − 2Bk ,

(3.11)

where we used the recurrence relation for the Stirling numbers of the second
kind [78]. Considering the network for unordered feature vectors, there are (k

i)

nodes in the ith row. In each of those nodes, there are i features and { i
2} ways

to divide those features into two non-empty parts. That is also equal to the
number of the pair of branches going into a node of the ith row. Thus the total
number of multiplications in the network is

k

∑
i=2

(
k
i

){
i
2

}
=

k

∑
i=2

(
k
i

)
(2i−1 − 1) =

∑k
i=2 (

k
i)2

i

2
−

k

∑
i=2

(
k
i

)

=
∑k

i=0 (
k
i)2

i − (k
1)2

1 − (k
0)2

0

2
−
(

k

∑
i=0

(
k
i

)
−
(

k
1

)
−
(

k
0

))

=
3k − 2k− 1

2
− 2k + k + 1 =

3k − 2k+1 + 1
2

.

(3.12)

Since all the algebraic operations start from the second row in the network, the
summation in Eq. (3.12) starts from i = 2. In each node, all pairs of branches
must be added together and since there are { i

2} of them, there are { i
2} − 1
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additions. Finally, the local probability is added to the sum. That makes { i
2}

additions per node. So just like Eq. (3.12), the total number of additions is
equal to the number of multiplications.

Now, let us continue the analysis for the case of ordered feature vector. Table
3.2 shows the reduction in the number of algebraic operations when we use
the network instead of direct calculations.

Table 3.2 The number of algebraic operations required in the network method com-
pared with the direct computation for the case of an ordered feature vector of length
k.

Algebraic Operation Network Method Direct Computation

multiplications (k−1)k(k+1)
6 (k− 1)2k−2

additions (k−1)k(k+1)
6 2k−1 − 1

To prove the terms used in Table 3.2, consider that the feature vector of length
k can be cut in k− 1 spots to make a partitioning. For each spot we have two
choices, namely to cut or not. Therefore, there are 2k−1 different models to be
added together in a mixture. So, the number of additions required for the direct
calculation of the mixture is 2k−1 − 1. Each time that the vector of features is
cut, we require a multiplication to make the model out of the separated parts.
In other words, when we cut the feature vector in i spots out of k, exactly i
multiplications are required to make the model out of the partitioned feature
vector index set. Consequently, for an ordered feature vector of length k, the
total number of multiplications required is

k−1

∑
i=1

i
(

k− 1
i

)
=

k−1

∑
i=1

(k− 2)!(k− 1)
(i− 1)!(k− 2− (i− 1))!

= (k− 1)
k−1

∑
i=1

(
k− 2
i− 1

)

= (k− 1)
k−2

∑
i=0

(
k− 2

i

)
= (k− 1)2k−2 .

(3.13)
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Now, when we use the network method, there are i − 1 pairs of branches
originating from the upper nodes and going into a node in the ith row. Each
pair of branches needs one multiplication and there are k + 1− i nodes in the
ith row of the network. Thus the total number of multiplications in the network
for an ordered feature vector of length k is

k

∑
i=2

(i− 1)(k + 1− i) =
k−1

∑
i=1

i(k− i) = k
k−1

∑
i=1

i−
k−1

∑
i=1

i2

= k
(

k(k− 1)
2

)
− 1

6
(k− 1)k(2k− 1) =

(k− 1)k(k + 1)
6

.

(3.14)

Since all the algebraic operations start from the second row in the network, the
summation in Eq. (3.14) starts from i = 2. In each node, all pairs of branches
must be added together and all together they are added to the local probability.
So, the total number of additions is equal to the number of multiplications.

For ease of comparison, the operation workload of using the network method
and direct calculation are plotted as a function of the feature vector length
in Figure 3.7 for unordered and ordered feature vectors. For the data-sets
that have more than six features with or without an ordering restriction, it is
obvious that using the network method is computationally efficient.

3.4 Experiments

To verify the performance of the Bayesian mixture resulting from the network
method and compare it with the performance of the best model, we run a few
experiments using synthetic data. In the first part, we run a few experiments
to evaluate the performance of the network for ordered and unordered feature
vectors. We compare the performance of the methods when the real model
matches the ordered feature vector assumption and also when this assumption
is not valid. The second part of the experiments is about the effect of the
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FIG. 3.7 workload comparison for unordered feature vectors (a) and ordered feature
vectors (b).

model priors and the size of the dependent groups of features. In all of the
experiments, we choose the real model that generates the data to be a feature-
based model.

3.4.1 Network method performance - parameter and structure re-

gret

First we evaluate the performance of the network for ordered feature vectors. A
sequences of binary objects with a feature vector of length seven are generated.
In order to generate a synthetic data-set, the elements of the parameter vector
Θ are set to fixed values. With the same set of parameters, we run two exper-
iments. One experiment for the case where only adjacent features in the real
model are allowed to be dependent. In this case, the best feature-based model
is included in the Bayesian mixture of the network for ordered feature vectors.
In the other experiment, the features can be dependent without any restrictions.
In this case, we select a real model that is not included in the Bayesian mixture
of the network for ordered feature vectors. For the first case, features two and
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three and also features five to seven are dependent. Therefore, the best model
for this set of data is M∗ = ({1}, {2, 3}, {4}, {5, 6, 7}). The values assigned to
parameters used for generating objects in our experiments are as follows,

θ1 = 0.75, θ2,3(00) = 0.1, θ2,3(01) = 0.5, θ2,3(10) = 0.3,

θ4 = 0.5, θ5,6,7(000) = 0.15, θ5,6,7(001) = 0.1, θ5,6,7(010) = 0.05,

θ5,6,7(011) = 0.15, θ5,6,7(100) = 0.25, θ5,6,7(101) = 0.01, θ5,6,7(110) = 0.09 .

For the second case, features two and six and also four, five and seven are de-
pendent. Then for this case, the best model is M∗ = ({1}, {2, 6}, {3}, {4, 5, 7}).
The second data-set is also created with the previous parameters, but in the
final arrangement, the feature placements are changed. We compare the prob-
ability of the mixture model resulted from the network method over ordered
feature vectors with the Naïve Bayes model in Figure 3.8. Log-likelihoods are
shown normalized with the number of objects. The probability of the data
sequence using the best model without knowing Θ parameters is also plotted.
We have repeated the runs 100 times per point and averaged for sequences
containing 25 to 500 objects.
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FIG. 3.8 Ordered network probability comparison with the best model and Naïve
Bayes model for the case where only adjacent features are allowed to be dependent (a)
and the case where any features can be dependent (b). The basis of the logarithms are
ten.
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The difference between the probability of the best model when the parameters
are known and when they are estimated is shown in both plots of Figure 3.8.
This difference is logarithmically related to the sequence length. One can see
that this difference is decreasing as N increases, since Figure 3.8 depicts the
log probability normalized over sequence length. Furthermore, it can be seen
that the network method for ordered feature vectors follows the best model to
a larger extent when the dependent features in the real model are neighbors.
The difference between the network result and the best model includes two
parts. One is the penalty we pay for estimating the parameters Θ, and the other
one is the cost of not knowing the model. This difference is also reduced with
the increase of N because it is directly related to the logarithm of the number
of objects plus a term which is independent of the sequence length. It is also
clear from Figure 3.8 that the probability produced by the network method’s
Bayesian mixture is closer to the best model probability than the Naïve Bayes
model, no matter how the dependencies in the real model are.

Now we repeat the first set of experiments explained above, this time using the
network method for unordered feature vectors. The best models for the two
cases are the same as the ones from the previous experiments. The difference
between this set of experiments and the previous set of experiments is that as
long as the real model is a feature-based model, it is included in the Bayesian
mixture of the network for unordered feature vectors. The estimated mixture
probability is plotted for 25 to 500 objects in Figure 3.9. Each point in the plot
represents averaging over 100 runs. Estimated probabilities using the Naïve
Bayes and the best model are also included.
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FIG. 3.9 Unordered network probability comparison with the best model and Naïve
Bayes model for the case where only adjacent features are allowed to be dependent (a)
and the case where any features can be dependent (b). The basis of the logarithms are
ten.
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From the plots of Figure 3.9, again we can see that the difference between
the mixture model and the best model performance decreases with N. This
difference is related to the logarithm of the number of objects plus a constant
which is not a function of the sequence length. As expected, unlike the previous
set of experiments, the network method for unordered feature vectors follows
the best model very well even when the real model has dependent features that
are randomly spread in the vector. For both cases, the network for unordered
feature vectors outperforms the Naïve Bayes method by a large margin.

3.4.2 Model priors and dependent features

As shown earlier, the network method forces a special prior on the models
of the mixture. These prior probabilities favor simple models over complex
models. The difference between the most complex model in which all the
features are considered to be dependent and the simplest model (Naïve Bayes
model) can be very large depending on the number of features. Referring to
section 3.2.2, one can see that the ratio of the prior for the simplest model over
the prior for the most complex model in the model class of unordered feature
vectors, equals |2k − 3|!!, where k is the number of features. This motivates
us to perform some tests to see the performance of the network method for
the case where the real model is the most complex model in the model class.
Again, we generate objects with seven features but this time the best model for
the data is M∗ = ({1, 2, 3, 4, 5, 6, 7}). We run the experiment using the network
for the unordered feature vectors. The values for the parameter vector are
generated randomly according to a uniform distribution.
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FIG. 3.10 Network probability comparison with the best model for the case where
the number of objects is not large enough considering the size of the dependent features
group (a) and the case where the number of objects is sufficiently large (b). The basis
of the logarithms are ten.
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As shown in Figure 3.10 on the left side, for the same number of objects as the
previous experiments, the network method hardly performs better than the
Naïve Bayes method. But interestingly, the best model without the known pa-
rameters may perform even worse than the network method. This phenomena
occurs because when there is a large dependent feature group (super-feature),
the size of the alphabet for that group will be large. Therefore, we need to
observe more objects to be able to detect large dependencies. When the num-
ber of observed objects is small, the penalty for not knowing the parameters is
quite large compared to the sequence probability itself. Therefore, the Network
mixture which penalizes the complex models heavily performs well compared
to the best model which is very complex. This is in some sense the expected
behaviour according to the MDL principle. As we observe more objects (Figure
3.10-(b)), the probability of the dependent sequence will be so large that the
effect of the network prior and the penalty for not knowing the parameters
will be comparatively small.

3.5 Conclusion

We showed that the network method is more efficient than direct calculation
of model probabilities. We considered utilizing the network method for two
cases of unordered and ordered feature vectors and gave proofs on the com-
putational efficiency of the method. The optimality of the method in terms
of log-regret was confirmed with results from synthetic data. While the un-
ordered features assumption still results in a computational complexity that
is too high for large feature vectors, the ordered features assumption results
in polynomial complexities. This can be regarded as a trade-off between lim-
iting the applicability of the method and reducing its workload. Moreover, in
practical situations with large feature vectors, it is not always useful to look
for feature dependencies as large as the feature vector itself. It may suffice to
find groups of dependent features of small size. In that case, some practical
complexity improvements are possible by truncating the network and limiting
it to the upper few rows. This topic will be discussed in Chapter 6.
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C h a p t e r 4

Selecting The Best Model

In this chapter, I prove that if the data is generated by a source with a feature-based
model, the network method can find that model with probability one for sufficiently
large data. The proof is supported by experiments on synthetic data-sets. I also intro-
duce and test a supervised classification method based on the results of the network
method.

53
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4.1 Introduction

By introducing some changes to the network method presented in Chapter
3, we form a method for selecting the feature-based model out of the model
class that best fits the observed data. In this chapter, we assume that the source
generates the data according to a fixed feature-based model. In Chapter 6, we
show that modeling the data generating source as a feature-based model is
practical in diverse applications. The computationally efficient network method
can be used to search through the model class and find the model that best
matches the source model. We prove that for sufficiently large data sequences,
this model selection method selects the best model with probability one. Later,
we use the model selected by our model selection algorithm in a classifier.
Experiments on diverse data-sets and the comparison of the accuracy of our
classifier to popular classification methods confirms that the network method
is a superior choice when the source model is feature-based. Aside from the
classification accuracy, a major advantage of this method is that the result
provides an insight to the structure of the data. The dependencies detected
between features can assist experts to explain peculiarities observed in data.

The classifier introduced in this chapter is based on the joint probability of
the features and the class label. These family of classifiers, which are called
generative classifiers, are shown to converge to their asymptotic classification
accuracy faster than discriminative classifiers that are based on the conditional
probability of the class label given the features directly [70]. However, maxi-
mizing the joint probability does not lead to maximizing the probability of the
class given the features all the time [36]. Consequently, the asymptotic error
rate for generative classifiers is on average higher than that of discriminative
classifiers. This topic is further discussed in various literature. The interested
reader is referred to [38, 55, 70, 82].

4.2 Preliminaries

We assume that the source generates the data according to a feature-based
model in the model class. For a set of observed data, our goal is to find the
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probability of the data generated by the source. Therefore, we would like to
calculate

P(ON |Ms) = P(CN)P(FN |CN , Ms) , (4.1)

where Ms denotes the source model. Again, there are two problems in calcu-
lating the probability terms in Eq. (4.1). First, the parameter vectors Θ of the
models are unknown. Second, we do not know the model Ms. Regarding the
first problem, we again use the Dirichlet probability estimation to estimate
each probability term and prove that the difference between the estimated
probability and the sequence probability with known parameters is in our
favor for finding the dependencies among the features. Regarding the second
problem, the best we can do is to find the model M∗ out of the relevant model
class that best matches the source model. We will ensure that if the source
model is a feature-based model, then M∗ = Ms. The best model is calculated
as

M∗ = arg max
M∈Mk

PE(FN |CN , M) . (4.2)

This means that we need to compare the probabilities given each model. We
know that when the feature vector is large, the number of potential models
to choose from is extremely large and one by one comparison of probabilities
under each model assumption is a cumbersome task. Therefore, we reduce op-
erational complexity through adapting the network method for this situation.

4.3 Detecting the Feature Dependencies of the Source

Model

The Dirichlet probability estimation under each model assumption results in a
different probability estimate for the same data. The choices are as many as the
number of models in the model class. If the source can be modeled by feature-
based models, then we are interested in a model from the model class that has



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

56 Selecting The Best Model

the same feature dependencies as the source model. It will be proved that by
using the Dirichlet probability estimation method, the dependencies between
the features can be detected simply by picking the maximum of estimated
sequence probabilities resulting from different model assumptions.

Assume two groups of features with index sets g1 and g2. These two groups
of features can be regarded as two random variables that take values from
alphabets of size

s1 = ∏
i∈g1

si and s2 = ∏
i∈g2

si

respectively, where si is the alphabet size of feature Fi. The union of these two
groups makes a super-feature with index set g that has alphabet size s = s1 · s2.
For simplicity of the proofs, we consider only one class for the moment and
ignore the conditioning on the class label sequence in the equations. We need
to show that for sufficiently large sequences,


PE(FN

g ) < PE(FN
g1
).PE(FN

g2
) when the two groups are

independent in the source model

PE(FN
g ) > PE(FN

g1
).PE(FN

g2
) when the two groups are

dependent in the source model .

(4.3)

If inequalities in (4.3) hold, then to detect dependencies between two groups
of features in the source model, we simply need to compare the estimated
probability of their union and compare with the multiplication of estimated
probabilities from each group. By repeating this comparison for different parts
of the feature vector, we find dependencies between different features.

To prove that inequalities in (4.3) hold, we consider the two cases separately. In
one case, we assume the two feature groups are independent and in the other
case they are assumed to be dependent.

Case 1. In the first case, we assume that Fg1 and Fg2 are independent in the
source model. Therefore,
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P(Fg) = P(Fg1).P(Fg2) , (4.4)

and with the i.i.d assumption for different objects,

P(FN
g ) = P(FN

g1
).P(FN

g2
) . (4.5)

In Chapter 2, Eq. (2.26), we showed that

∀δ > 0, ∃N0 : Pr
{

N
s−1

2 −δ <
P(XN)

PE(XN)
< N

s−1
2 +δ

}
= 1 , (4.6)

when N > N0. Since we regard features as random variables, the following
holds for the group of features under discussion when N is sufficiently large,

Pr

{
N

s−s1−s2+1
2 −δ+δ1+δ2 <

P(FN
g )

PE(FN
g )
·

PE(FN
g1
)

P(FN
g1
)
·

PE(FN
g2
)

P(FN
g2
)

}
= 1 . (4.7)

Considering the independence assumption between Fg1 and Fg2 , this simplifies
to

Pr

{
N

s−s1−s2+1
2 −δ+δ1+δ2 <

PE(FN
g1
).PE(FN

g2
)

PE(FN
g )

}
= 1 . (4.8)

Since s + 1 = s1.s2 + 1 > s1 + s2 and the deltas are negligible when N is
sufficiently large, the left hand side of inequality (4.8) will be larger than one.
Thus,

Pr

{
PE(FN

g1
).PE(FN

g2
)

PE(FN
g )

> 1

}
= 1 . (4.9)

Eq. (4.9) shows that the first part of Eq. (4.3) holds with probability one for
sufficiently large N.
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Case 2. In the second case, we assume that Fg1 and Fg2 are dependent in the
source model. For any fixed ε > 0, the weakly typical set AN

ε (PX) with respect
to probability mass function PX is defined as [17],

AN
ε (PX) ,

{
∀XN∈X N : | − 1

N
log P(XN)− H(X)| ≤ ε

}
, (4.10)

where H(X) is the entropy of X. It is shown [62] that for a weakly typical set
and sufficiently large N,

P
(
AN

ε (PX)
)
≥ 1−

σ2
X

Nε2 , (4.11)

where σ2
X is the variance of the random variable X. This means that log P(XN)

gets arbitrary close to −N.H(X) almost always as N increases. In other words,

Pr
{

2−N(H(X)+ε) < P(XN) < 2−N(H(X)−ε)
}
= 1 . (4.12)

Here, we would like to use Eq. (4.12) in combination with Eq. (4.6). For that,
we need to check if the conditions of Lemma 2.4.3 holds. As discussed in
the proof of that lemma, Eq. (4.6) holds for the sequences that are members
of strongly typical set. The probability of observing a sequence from the set
of weakly typical sequences that are not strongly typical goes to zero as the
sequence length increases. As shown here and in Appendix B, the probability
of the weakly typical set, as well as the probability of the strongly typical set of
sequences XN ∈ X N goes to one with the increase in the number of observed
objects. Therefore, we can use Eq. (4.12) in combination with Eq. (4.6),

Pr
{

2−N(H(X)+ε)−( s−1
2 +δ) log N < PE(XN) < 2−N(H(X)−ε)−( s−1

2 −δ) log N
}
= 1 .
(4.13)

The same holds for our groups of features when N is sufficiently large. Using

Eq. (4.13) for the fraction
PE(FN

g1
).PE(FN

g2
)

PE(FN
g )

,
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Pr

{
PE(FN

g1
).PE(FN

g2
)

PE(FN
g )

<

2−N(H(Fg1 )+H(Fg2 )−H(Fg)−ε1−ε2+ε)−( s1+s2−s−1
2 −δ1−δ2+δ) log N

}
= 1 ,

(4.14)

or,

Pr

{
PE(FN

g1
).PE(FN

g2
)

PE(FN
g )

<

2−N
(

H(Fg1 )+H(Fg2 )−H(Fg)−ε1−ε2+ε+(
s1+s2−s−1

2 −δ1−δ2+δ)
log N

N

)}
= 1 .

(4.15)

The term that contains log N
N goes to zero as N grows large and the entropy

terms dominate the right hand side. From the assumption of dependence
between Fg1 and Fg2 in the source model, H(Fg) < H(Fg1) + H(Fg2). This
means that the right hand side of inequality in (4.15) goes to zero as N grows
large. Since the left side of the inequality only includes probabilities that have
positive values, for sufficiently large N

Pr
{

PE(FN
g1
).PE(FN

g2
) < PE(FN

g )
}
= 1 . (4.16)

Eq. (4.16) shows that the second part of Eq. (4.3) holds with probability one
for sufficiently large N.

We have shown that both parts of Eq. (4.3) holds with probability one for suffi-
ciently long sequences. Therefore, by selecting max{PE(FN

g ), PE(FN
g1
).PE(FN

g2
)}

when the sequence is sufficiently long, we detect the dependency between
these two groups of features with probability one. This result can be general-
ized to any two groups of features from the feature vector. Having observed
enough instances of the data, by selecting the model that has the largest es-
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timated probability for the sequence of data, we select the model that best
matches the feature dependencies of the source model with probability one.

4.4 The Network Method for Model Selection

Up to here, we have shown that by comparing the estimated Dirichlet proba-
bility of a sequence of data given each model in the model class and picking
the maximum, one can select the best matching model to the source model
from the model class. However, the number of models in the model class when
the feature vector is large will be too many and one by one comparison of the
models is not a feasible task. We approach this problem by using the network
method introduced in Chapter 3 with a slight amendment. The graph of the
method is shown again in Figure 4.1 for convenience. As already discussed,
this method is based on calculating the sequence probability of different parti-
tions of the feature vector in different nodes of a graph. In the first row of the
graph, the local probabilities pi = PE(FN

i |CN) : i ∈ {1, · · · , k} are calculated in
the nodes N1 to Nk. Similarly, all the local probabilities pi,··· ,j = PE(FN

i,··· ,j|CN)

are calculated in the nodes of the lower rows. In a node of the second row,
not only the local probability of a sequence of two dependent features is es-
timated, but also the result is compared to the multiplication of two of the
previously estimated probabilities from the first row. The difference between
this network and the one introduced in Chapter 3 is that here, the maxi-
mum of the comparison is set as the value of the node. As an example, in
node N12, the probability p1,2 = PE(FN

1,2|CN) is estimated and is compared to
p1.p2 = PE(FN

1 |CN)PE(FN
2 |CN) and the maximum of the two is selected. This

way, according to Eq. (4.3), we also decide if the features F1 and F2 are depen-
dent. These estimations and comparisons continue in all of the nodes of the
graph. Finally in the bottom-most node of the graph, the maximum PE(FN |CN)

is selected. The following example explains all the calculations.
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N1 N2 N3

N1,2 N2,3

N1,2,3

N1,3

FIG. 4.1 The graph of the network method for unordered feature vectors of length
three.

Example 4.4.1. Suppose the data in table 4.1 is observed. We use the network in Fig.
4.1 to find the model given which the probability of the data is maximum. The set of
possible models is the same as table 2.2.

In node N1 the following probability is estimated,

p1 = PE(F10
1 |C10) .

Since we estimate this sequence probability using the Dirichlet probability
estimation method, we only need the counts of zeros and ones.

p1 = PE(#0, #1) = PE(4, 6) .

Therefore,

N1 : p1 = PE(4, 6) = 2.94× 10−4

N2 : p2 = PE(7, 3) = 5.46× 10−4

N3 : p3 = PE(4, 6) = 2.94× 10−4 .
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Table 4.1 An example set of binary data - 3 features 10 objects.

F1 F2 F3

1 1 1

1 0 1

0 0 1

1 0 0

1 0 0

1 1 1

0 0 1

0 1 0

0 0 0

1 0 1

Next, in the first node of the second row,

p1,2 = PE(F10
1,2|C10) = PE(#00, #01, #10, #11) = PE(3, 1, 4, 2) = 1.16× 10−7 .

Now we need to compare the probability estimated here to the multiplication
of the pair of probabilities that enter the node N12 as shown in the graph. This
yields,

N1,2 : max{p1,2, N1.N2} = N1.N2 = 1.6× 10−7 .

In the same manner,

p1,3 = PE(2, 2, 2, 4) = 6.94× 10−8

p2,3 = PE(3, 4, 1, 2) = 1.16× 10−7 .

and,
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N1,3 : max{p1,3, N1.N3} = N1.N3 = 8.63× 10−8

N2,3 : max{p2,3, N2.N3} = N2.N3 = 1.6× 10−7 .

Finally in the last node, the estimated probability p123 is compared to all the
input probability pairs for node N123,

p1,2,3 = PE(F10
1,2,3|C10)

= PE(#000, #001, #010, · · · , #111) = PE(1, 2, 1, 0, 2, 2, 0, 2) = 7.62× 10−11

N1,2,3 : max{p1,2,3, N1,2.N3, N1,3.N2, N1.N2,3} = p1,2,3 = 7.62× 10−11 .

Since in the maximization of the node N1,2,3, the probability p1,2,3 turned out to
be the maximum, out of all the models of the model class M3, the model M =

({1, 2, 3}) is the best in terms of matching the source model. Consequently, our
verdict is that all three features are dependent.

As discussed in 3.2.3, in many applications assuming an ordering among the
features of the data is reasonable. Ordering among the features means that
only consecutive indices of the feature vector can make a partition for a model.
For convenience, the network graph for data with an ordered feature vector is
shown in Fig. 4.2 again.

In section 3.3, we proved that for both cases of unordered and ordered feature
vectors, the network method reduces the algebraic operation workload tremen-
dously compared to direct probability calculation per model. The same results
as Tables 3.1 and 3.2 hold for the network method that we use in this chapter,
except that all the additions are replaced with one-to-one comparisons.

Now that we are able to select the best estimate of the source model out of the
model class and have the estimate of the data probability under that model
assumption, we can build a data classifier that is based on the selected model.
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N1 N2 N3

N1,2 N2,3

N1,2,3

FIG. 4.2 The graph of the network method for ordered feature vectors of length three.

4.5 Experiments

In this section, first we run a few simulations to test the asymptotic behavior of
the model selection method introduced. In all of the simulations, we assume
that the data is generated from a feature-based model. Therefore, the source
model is a member of the relevant model class. Next, we build a probabilistic
classifier based on the selected model and evaluate its performance over syn-
thetic data-sets. A comparison in accuracy is made to a number of commonly
used classification methods. The evaluation of the network method and a com-
parison to other methods over real data-sets are included in Chapter 6, where
the practicality of the algorithm is discussed in details.

4.5.1 Model selection performance

For this experiment, a feature-based source generates the data and we ob-
serve how the estimated probability from the selected model by the network
method compares to the true data probability. To verify the performance of
the network method for ordered and unordered feature vectors, we run two
tests. In the first test, we generate data-sets with seven binary features ac-
cording to a model that has partitions containing any feature indices without
restrictions. In the second test, only the features that are consecutive are al-
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lowed to be dependent (indexed in the same partition) in the source model.
As an example, we pick Ms1 = ({1}, {2, 6}, {3}, {4, 5, 7}) for the first test and
Ms2 = ({1}, {2, 3}, {4}, {5, 6, 7}) for the second test to be the source model.
Fixed arbitrary values are assigned to the parameters of the source model in
both cases. These values for Ms1 are shown below. The same parameters are
used for Ms2, but the position of the features are sorted.

θ1 = 0.75, θ2,6(00) = 0.1, θ2,6(01) = 0.5, θ2,6(10) = 0.3,

θ3 = 0.5, θ4,5,7(000) = 0.15, θ4,5,7(001) = 0.1, θ4,5,7(010) = 0.05,

θ4,5,7(011) = 0.15, θ4,5,7(100) = 0.25, θ4,5,7(101) = 0.01, θ4,5,7(110) = 0.09 .

In Fig. 4.3 and 4.4, we plotted the log-probability of the data using the source
parameters as a function of the number of objects. The probabilities are nor-
malized by the number of the objects N. A comparison is made between this
probability and the estimated probability resulted from the selected model of
the network for ordered and unordered feature vectors. Each point of the plot
represents the average of 200 runs of the experiment.

Fig. 4.3, in which the features have no ordering restrictions in the source model,
shows that the probabilities calculated by both versions of the network eventu-
ally converge to the data probability with known parameters as the number of
objects increases. The difference between the probability from the network and
the data probability with known parameters reduces as the number of data
instances increases. In the initial parts of the plot where there are few instances,
this difference is mainly because the model selected by the network is not the
same as the source model in all the runs. This means a difference in entropy of
the selected model and the source model. This difference will disappear for the
network for unordered feature vectors as more data is observed, since it will
eventually find the source model. On the other hand, the network for ordered
feature vectors cannot find the source model Ms1, but will pick a model that
has the same entropy as the source model but is more complex than the source,
be it the model with all the features dependent or a less complex model. After
both methods pick a model with the same entropy as the source, the remain-
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FIG. 4.3 Normalized log-probability plots of the data compared to estimations re-
sulted from the two versions of the network method for the case where the source
model has dependent features without any ordering. The basis of the logarithms are
ten.

ing difference is because of the fact that the probability from the network is
calculated by estimating the parameters of the selected model. Therefore, that
remaining difference is the penalty for not knowing the parameter vector θ

of the source and is larger if the number of parameters in the selected model
is larger. As illustrated in Fig. 4.3, this difference will asymptotically go to
zero because the penalty is of order log N and the probabilities in the plot are
normalized by the number of instances N. Since the model selected by the net-
work for ordered feature vectors is more complex than the one selected by the
network for unordered feature vectors, its estimated probability is penalized
more and will converge to the probability with known parameters slower.

As expected and illustrated in Fig. 4.4, when dependent features in the source
model are neighbors in the feature vector, the probability from both of the
network methods converge to the data probability with known parameters as
the number of the data instances increases. In this case, the model classes that
both of the network methods search through, contain the source model Ms2.
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FIG. 4.4 Normalized log-probability plots of the data compared to estimations re-
sulted from the two versions of the network method for the case where the dependent
features of the source model are ordered. The basis of the logarithms are ten.

Note that in small numbers of instances the network for unordered feature
vectors finds a model that suits the data better than the model picked by the
network for the ordered feature vectors because it searches through a larger
set of models. As the number of the instances increase, both methods pick the
source model as the best model. In Fig. 4.5, we have plotted the percentage
of the times the network for ordered and unordered feature vectors select
exactly the source model Ms2 from the relevant model class as a function of
the number of observations. Each plot point represents the average of 100

runs of the experiment. It can be seen that the network for ordered feature
vectors matches the source model more often than the network for unordered
feature vectors at each fixed sequence lengths. That is because compared to the
network for ordered feature vectors at each point, the network for unordered
feature vectors looks through more candidate models that may match the data
better than the actual source model at some of the runs.
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FIG. 4.5 The percentage of times the two versions of the network method detect the
exact source model as a function of the data sequence length.

4.5.2 A classifier based on the model selected by the network

method

Using the network method, we can find the feature-based model given which
the probability of the observed data is maximum. The data classifier based on
the network method is trained over the observed data ON and classifies the
test object Onew = (Cnew, Fnew) into one of the ` categories according to

Cnew = arg max
ci∈{c1,c2,··· ,c`}

{
PE(Cnew = ci|ON)PE(Fnew|M∗, ON , Cnew = ci)

}
, (4.17)

where M∗ is the model selected by the network method. We apply the clas-
sification method based on Eq. (4.17) to a number of data-sets to evaluate
the classification accuracy. For the bench-marking purposes, we also include
some of the well-known supervised classification methods, namely Probabilis-
tic Neural Network (PNN), Support Vector Machine (SVM) and Decision Tree
(DT). The goal was to present a diversity of methods in comparison and to
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choose representative algorithms from Empirical Risk Minimization (ERM)
and Structural Risk Minimization (SRM) approaches. In ERM approaches such
as PNN, the classification problem simplifies to optimizing for a model that
minimizes the average loss function on the training set whereas in SRM ap-
proaches such as SVM and DT, the algorithms optimize a trade-off between
fitting the training and keeping the model complexity low [92]. A PNN is a
multi-layered feed-forward neural network that can handle non-linearities in
the data by an exponential activation function. Beside being faster than percep-
tron neural networks, PNNs tolerate outliers and errors in the training data
relatively well [87]. SVMs are non-probabilistic binary classifiers that search
for the hyper-plane in the data space that maximizes the minimum distance
to the members of each class. SVMs handle non-linearities by transforming
the feature space using a non-linear function which is referred to as the ker-
nel trick [18]. Finally, DTs are graph-based classifiers that decide on the class
according to a number of rules extracted from the feature values. Each rule
splits the feature space maximizing the difference in information between the
class members before and after splitting [7].

A synthetic data-set is used to compare the binary classification accuracy of
the mentioned methods. Again, the source model without any feature ordering
restrictions from the previous experiment Ms = ({1}, {2, 6}, {3}, {4, 5, 7}) is
used to generate data with seven features for two classes. The number of
training data objects and the source model are kept the same for the two classes
but the parameters of the source model are different. In Fig. 4.6, the accuracy
of different methods in classification of 100 objects per class, as a function
of the number of the training objects is shown. In all of the experiments, the
PNN, SVM and DT algorithms used are built-in functions in MATLAB. The
smoothing factor of the PNN algorithm is selected as the best of 0.1 and 1.
With small values of the smoothing factor, the PNN acts as a nearest neighbor
classifier. To run SVM on data with more than two classes, the one-against-all
approach is used. The kernel of the SVM is set to either linear, Gaussian or
polynomial of order three depending on the performance. The DT is selected
as the best of full tree or pruned to half of the maximum length. Clearly, both
versions of the network method perform well in data classification when the
source model is a feature-based model.
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FIG. 4.6 Simulated data classification accuracy comparison for different lengths of
the training data.

4.6 Conclusion

Among supervised classification practices, many include model selection as
a primary step. Selecting a model among a set of candidate models that best
fits the training data not only helps in classifying the test data accurately, but
also provides insight over the structure of the data. We introduced a method
for selecting a model that detects the dependencies between the features of
the data as the number of observed instances increases. We have shown that
a supervised classifier based on this method can be implemented in a com-
putationally efficient manner using the network method. We also proved that
given a feature-based source, the proposed algorithm asymptotically selects
the source model accurately. The results from an extensive set of experiments
show that our classification method compares favorably with other commonly
used classification methods.
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C h a p t e r 5

Network Method for Feature

Selection

In this chapter, I explain how the Dirichlet probability estimation method is utilized to
select features. The network method is further developed to suit feature selection pur-
poses. Extensive experiments are conducted on synthetic data to evaluate the proposed
algorithm and compare it to some of the well-known feature selection algorithms.

71
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5.1 Introduction

In this chapter, we show that the network method can be tuned to help us
handle large data-sets by discarding parts of the data. We propose an update
to the network method that results in selecting the most informative subgroup
of features, in addition to detecting all the dependent features in the data
by comparing every possible feature-based model. The practice of removing
non-informative and/or redundant features from the data is called feature
selection. Feature selection can improve speed and performance of prediction
algorithms and help modeling techniques to provide uncluttered insight into
the data [20, 40].

Feature selection algorithms are numerous and diverse in effectiveness. Here
we discuss a few representative ones and compare their results with our pro-
posed algorithm later. Algorithms such as Ranking filter [23], Relief [51] and
ReliefF [81] effectively reduce the input data dimensionality but are suscepti-
ble to repetitive features since these features change the problem space and
reduce general separability. Other algorithms such as Minimal Redundancy
Maximal Relevance (MRMR) [73] and Mutual Information based Feature Selec-
tion (MIFS) [4] are robust against duplicate features but may remove features
that are not informative individually but are informative in combination with
other features. Suppose the case where the class label is the exclusive OR of two
features. Each of those two features may seem non-informative individually,
but they should be kept in the selected set of features together. Algorithms like
Conditional Mutual Information Maximization (CMIM) [33], Interaction Gain
for Feature Selection (IGFS) [27] and Conditional Mutual Information-based
Feature Selection (CMIFS) [13] deal with the aforementioned problems accord-
ingly. However, in these algorithms the feature selection measure is based on
mutual information. When the features are categorical or discretized, mutual
information distance measure causes the algorithms to favor the features that
have more value levels [42, 102]. Correlation based Feature Selection (CFS)
[42] and Fast Correlation Based Filter (FCBF) [102] are two of the algorithms
that deal with this problem by using symmetrical uncertainty, a normalized
variant of mutual information, as their distance measure. The former uses for-
ward selection to search through the feature set while the latter uses backward
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elimination. In forward selection, the algorithm starts from an empty set of
candidate features and iteratively adds the most informative feature to the
set of the candidates. In backward elimination, the algorithm starts with the
full set of all the features and continues removing the least informative feature
from that set per iteration step. These methods may stop the iteration when the
desired number of features is reached or the change in information is less than
a threshold. In [54], the authors show that when the distance measure is cross-
entropy or Kullback-Leibler divergence, backward elimination outperforms
forward selection.

In this chapter, we propose a feature selection method based on penalizing the
probability of models proportional to their complexity. This method removes
non-informative as well as repeated features and does not select individual
features over more informative groups of features. Using this method, features
that do not contain information about the class label and features with infor-
mation already contained in other features will be removed. With this method,
features with more values will not be favored since they contribute to make a
more complex model. To evaluate the performance of the proposed algorithm,
we run experiments on synthetic data-sets and compare the results with those
of ReliefF, MRMR, CFS and FCBF.

5.2 Feature Selection by Selecting Models

Consider two non-intersecting partitions from the feature vector index set, g1
and g2. Let PE(FN

g1
), PE(FN

g2
) and PE(FN

g1,g2
) be the estimated joint sequence

probability of the features corresponding to g1, g2 and g1 ∪ g2 respectively. For
estimated probabilities using the Dirichlet probability estimation method, we
have proved in Section 4.3 that, for sufficiently large N, with probability one,

PE(FN
g1,g2

) < PE(FN
g1
).PE(FN

g2
) , (5.1)

when the two groups are independent, and

PE(FN
g1,g2

) > PE(FN
g1
).PE(FN

g2
) , (5.2)
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when the two groups are dependent. As mentioned before, the inequality pair
of (5.1) and (5.2) show that the Dirichlet probability estimation method can be
used to find the dependencies between features of the data. Following that,
it will be shown that this estimation method can also detect irrelevant and
redundant features in a similar manner.

An irrelevant feature is a member of the feature vector that is independent of
the class label. If feature F1 is irrelevant,

P(FN
1 , CN) = P(FN

1 )P(CN) . (5.3)

Therefore, according to the inequality pair of (5.1) and (5.2), for a group of
irrelevant features with index set g,

PE(FN
g , CN) < PE(FN

g )PE(CN) , (5.4)

and thus,
PE(FN

g |CN) < PE(FN
g ) , (5.5)

when N is sufficiently large. A redundant feature is a member of the feature
vector that is conditionally independent of the class label given some other
feature(s). Feature F1 is redundant given feature F2, if

P(FN
1 , CN |FN

2 ) = P(FN
1 |FN

2 )P(CN |FN
2 ) . (5.6)

Therefore, according to the inequality pair of (5.1) and (5.2), if a group of
features with index set g1 is redundant given another group of features with
index set g2 where g1 ∩ g2 = ∅, then

PE(FN
g1

, CN |FN
g2
) < PE(FN

g1
|FN

g2
)PE(CN |FN

g2
) . (5.7)

Another form of inequality (5.7) is achieved by multiplying both sides by
PE(FN

g2
|CN)

PE(CN |FN
g2 )

,

PE(FN
g1,g2
|CN) < PE(FN

g1
|FN

g2
)PE(FN

g2
|CN) , (5.8)



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

5.3 Network Method for Feature Selection 75

and thus,

PE(FN
g1,g2
|CN) <

PE(FN
g1,g2

)PE(FN
g2
|CN)

PE(FN
g2
)

. (5.9)

For a data-set containing feature vectors of fixed length, if comparisons similar
to Eq. (5.5) and (5.7) are made for every subset of the feature set, groups of
irrelevant and redundant features will be detected. To make the comparisons
in a uniform way, we update our definition of a model. The models may
now exclude some of the features. For example if we have a feature vector
F = (F1, · · · , F5), the model M = ({1}, {2, 4}) claims that the third and the fifth
features must be ignored, the second and the fourth features are dependent
while being independent of the first feature. For this model, if the third feature
is redundant and the fifth feature is irrelevant, the estimated probability of the
whole data-set is

PE(ON |M) = PE(FN |CN , M)PE(CN)

= PE(FN
1 |CN)PE(FN

2,4|CN)PE(FN
3 |FN

1 )PE(FN
5 )PE(CN) ,

(5.10)

where the conditioning of the sequence of class labels over the model is ignored
because the model does not effect the class label sequence estimation. For the
classification purposes, when we compare the probability of a class given the
features for different values of the class label, the terms PE(FN

3 |FN
1 ) and PE(FN

5 )

will not play a role since they cancel out for all classes.

Now the problem of finding dependent features and removing the irrelevant
and redundant features simplifies to finding the model that results in the
largest estimated probability. However, the number of models that can be
defined over a feature vector of fixed length is so large that makes one by
one comparison of models unfeasible. In the next section, we introduce the
network method for feature selection.

5.3 Network Method for Feature Selection

Here, we show that the network method can be used to select features along
side detecting feature dependencies, by updating the operations performed
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in its nodes. To explain the change in the operations more conveniently, the
graph of the network is shown once more in Figure 5.1. As before, each node
of the network corresponds to a part of the feature vector indicated in the node
index. There are two sequence probability estimations performed per node in
the network. In one, we estimate the probability of the sequence of the features
corresponding to the node given the class label sequence. In the other one,
the probability of the sequence of the same features is estimated without the
conditioning over the class labels. For instance, in the node Ni of the first row,
the probabilities PE(FN

i ) and PE(FN
i |CN) are calculated and compared and the

maximum is selected. The result of the comparison determines whether the
feature Fi is irrelevant according to inequality (5.5). Similar comparisons are
made in all the nodes of the first row and the values are saved to be used in the
lower nodes. In the nodes of the rows below the first, some more comparisons
are needed. For instance, in the node Ni,j of the second row, PE(FN

i,j ) and

PE(FN
i,j |CN) are calculated. Then the following maximization is made.

N1 N2 N3

N1,2 N2,3

N1,2,3

N1,3

FIG. 5.1 The network graph for feature vectors of length three
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Pmax(Ni,j) = max
{

PE(FN
i,j ), PE(FN

i,j |CN),

PE(FN
i,j )PE(FN

i |CN)

PE(FN
i )

,
PE(FN

i,j )PE(FN
j |CN)

PE(FN
j )

,

Pmax(Ni)Pmax(Nj)
}

.

(5.11)

Now we go through all the comparisons in Eq. (5.11) one by one. The compar-
ison between the first two terms,

PE(FN
i,j ) and PE(FN

i,j |CN) ,

determines whether the group of features i, j is relevant according to inequality
(5.5). These two probabilities are the only probabilities estimated in the current
node N1,2. The comparison between the second and the third term,

PE(FN
i,j |CN) and

PE(FN
i,j )PE(FN

i |CN)

PE(FN
i )

,

determines whether feature j is redundant given feature i according to the
inequality (5.9). For this comparison, the two terms PE(FN

i,j ) and PE(FN
i,j |CN)

are the two probabilities estimated in the current node and the other two terms
PE(FN

i ) and PE(FN
i |CN) are the two probabilities that are already estimated

in node Ni and are passed to the current node through an edge in the graph.
Similarly, the comparison between the second and the fourth term,

PE(FN
i,j |CN) and

PE(FN
i,j )PE(FN

j |CN)

PE(FN
j )

,

determines whether feature i is redundant given feature j according to the
inequality (5.9). Again, no extra probability estimation is needed here. Finally,
the comparison with the last term, Pmax(Ni)Pmax(Nj) is to decide whether the
two features are independent. Both Pmax(Ni) and Pmax(Nj) are the results of
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already performed comparisons in Nodes Ni and Nj respectively. These values
are also passed to the current node through the edges in the graph.

We have shown that only the first two terms of Eq. (5.11) are calculated in
the current node Ni,j and the rest of the comparisons are made using these
two terms and the estimations that are already done in Ni and Nj. This way,
the network avoids re-estimating the sequence probability of the parts of the
feature vector that are the same in different models.

The same kind of comparisons and inference on relevance, redundancy and
dependency of features will be carried out in the nodes of the lower rows
of the graph. It is clear that the whole graph of the network is created by
repetition of the base pattern shown in Figure 5.2. The same computations
and comparisons as Eq. (5.11) are performed per each base pattern except
that i and j are replaced by groups of features g1 and g2. Therefore in each
node, decisions are made on the relevance, redundancy and dependencies of
different parts of the feature vector. Finally in the only node of the last row,
the considered part is as large as the feature vector itself.

By making comparisons like Eq. (5.11) for all pairs of branches going to the last
node, it becomes clear either that all the features are relevant/irrelevant or the
feature vector should be divided at a specific place. The best place to divide
the feature vector is determined by the maximum resulted from comparisons
between all pairs of branches. Then, we follow the pair of branches that made
the maximum of the comparisons from the bottom node up to the two nodes
above according to the pattern in Figure 5.2. In turn, we look at the compari-
son results of these new nodes. The comparison results of each of these new
nodes determine whether all the features in the node are relevant/irrelevant
or the feature subset corresponding to the node should be divided again. This
procedure continues until all the relevant feature subsets are detected.

The simplified version of the network method can be used here too when the
features follow some order. With the network for ordered feature vectors, the
assumption is that only features that are adjacent in the feature vector can be
dependent and also features may be redundant given only adjacent features.
That means, models considered in the network for the ordered feature vectors
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Ng1

Ng2

Ng1,g2

FIG. 5.2 The base pattern multitude of which builds the graph for the network
method

cannot have a dependency group like {1, 3}, because F1 and F3 are not adjacent.
Also for the same reason, redundancy of F1 given F3 and vice versa is not
considered. Next, we show in details how much the network method saves
in terms of the number of algebraic operations required for comparing all the
models. We also quantify the extra saving made by the network for ordered
feature vectors.

5.4 Complexity Analysis of the Network for Feature

Selection

Now that we have shown that the network method can be used for feature
selection along with modeling of the feature dependencies, we will examine
how much the network reduces the workload compared to direct calculation
and comparison of all the possible models from the model class. The cases
where features do not have any ordering and where the features are ordered
are analysed separately.

5.4.1 Complexity analysis for feature selection - unordered fea-

ture vector

The number of comparisons required to compare all the models build from
subsets of a vector with k features directly, is equal to the number of possible
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models minus one. To calculate the number of possible models, we assume
that the models are built from i features out of the k features. In Section 3.3,
we have shown that Bi models can be made from exactly i features. Therefore
the number of comparisons required for the direct case is equal to

k

∑
i=1

(
k
i

)
Bi − 1 . (5.12)

The number of multiplications between partitions of models made out of ex-
actly i features is Bi+1− 2Bi as proved in Section 3.3. Consequently, the number
of multiplications required for making models from any subset of k features is

k

∑
i=1

(
k
i

)
(Bi+1 − 2Bi) . (5.13)

It is worth noting that both of the equations 5.12 and 5.13 refer to values that
have orders larger than O

(
( k

log k )
k
)

.

To count the number of comparisons performed in the network, we need to
refer to the Eq. (5.11). The terms shown in this equation are compared per node.
Also, the comparison between the last three terms in the equation repeats per
branch pair going to the node. We already calculated the number of nodes
and the number of input branches to a node in Section 3.3. Therefore, the total
number of comparisons in the network equals

k

∑
i=2

(
k
i

)(
3
{

i
2

}
+ 1
)
= 3

(
3k − 2k+1 + 1

2

)
+

k

∑
i=2

(
k
i

)
=

3k+1 − 2k+2 − 2k + 1
2

.

(5.14)

Eq. (5.11) shows that the network performs three multiplications and two
divisions per input branch pair. Counting the number of multiplications and
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divisions together, the total is

5
k

∑
i=2

(
k
i

){
i
2

}
=

5
2

(
3k − 2k+1 + 1

)
. (5.15)

Table 5.1 summarizes the results. The network method reduces both multi-
plications and comparisons from O

(
( k

log k )
k
)

to O(3k) compared to direct
calculation method.

Table 5.1 The relations for the algebraic operations required in the network method
compared with the direct computation for the case of an unordered feature vector of
length k with feature selection.

Algebraic Operation Network Method Direct Computation

multiplications 5
2 (3

k − 2k+1 + 1) ∑k
i=1 (

k
i) (Bi+1 − 2Bi)

comparisons 3k+1−2k+2−2k+1
2 ∑k

i=1 (
k
i)Bi − 1

To have a better sense of the scale of the reduction in the number of algebraic
operations, the relations in Table 5.1 are calculated for a range of numbers of
features in Table 5.2.

5.4.2 Complexity analysis for feature Selection - ordered feature

vector

To see the efficiency of the network method over ordered feature vectors, we
need to know the number of possible models that can be made from different
subsets of k ordered features. In Appendix C, we show that it is possible to
make F2k+1 models from k input features, where Fi denotes the ith number in
the Fibonacci sequence. Therefore, the number of comparisons required in the
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Table 5.2 The number of algebraic operations required in the network method com-
pared with the direct computation for the case of an unordered feature vector of length
k with feature selection.

Network Method Direct Computation

multiplications comparisons multiplications comparisons

O(3k) O(3k) ≥ O
(
( k

log k )
k
)

≥ O
(
( k

log k )
k
)

k = 5 450 296 269 201
k = 10 1.43× 105 8.65× 104 2.18× 106 6.79× 105

k = 20 8.71× 109 5.23× 109 3.08× 1015 4.75× 1014

k = 50 1.79× 1024 1.08× 1024 4.84× 1049 3.26× 1048

k = 100 1.29× 1048 7.73× 1047 3.79× 10118 1.41× 10117

direct model comparison method is F2k+1 − 1. Knowing that

Fi =
1√
5

(1 +
√

5
2

)i

−
(

1−
√

5
2

)i
 , (5.16)

the number of comparisons required for the direct calculation of all possible
models from k ordered features is approximately O(2.62k). In Appendix C, we
also show that the number of multiplications required to calculate all those
models directly is 1−F2k+1 + ∑k

i=1 FiF2k+1−i. Using the definition stated in
Eq. (5.16), the order of multiplications required for the direct case is approxi-
mately O

(
k(2.62)k

)
.

The network method however requires less algebraic operations for the same
task. At row i of the network, there are k+ 1− i nodes and i− 1 pair of branches
go into each node of row i. For each pair of input branches we need to compare
three values, that is two comparisons. Then all the branch pairs are compared
and the maximum is compared to the local probability of the node, one time
conditioned on the class label and one time not conditioned. Therefore, the
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number of comparisons required is

k

∑
i=2

(k + 1− i) (3(i− 1) + 1) = 3
(
(k− 1)k(k + 1)

6

)
+

k

∑
i=2

(k + 1− i)

=
(k− 1)k(k + 2)

2
.

(5.17)

The number of multiplications required to make these models in the network
according to Eq. (5.11) is five times the number of all the incoming branch
pairs in the network, which is

5
k

∑
i=2

(k + 1− i)(i− 1) =
5
6
(k− 1)k(k + 1) . (5.18)

Table 5.3 summarizes the results for ease of comparison. Compared to direct
calculation, the network method reduces the order of required multiplications
from O

(
k(2.62)k

)
to O(k3) and the order of comparisons from O(2.62k) to

O(k3).

Table 5.3 The relations for the algebraic operations required in the network method
compared with the direct computation for the case of an ordered feature vector of
length k with feature selection.

Algebraic Operation Network Method Direct Computation

multiplications 5
6 (k− 1)k(k + 1) 1−F2k+1 + ∑k

i=1 FiF2k+1−i

comparisons (k−1)k(k+2)
2 F2k+1 − 1

Table 5.4 shows the scale of the reduction in the number of algebraic operations,
for the relations in Table 5.3 for a range of numbers of features.
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Table 5.4 The number of algebraic operations required in the network method com-
pared with the direct computation for the case of an ordered feature vector of length k
with feature selection.

Network Method Direct Computation

multiplications comparisons multiplications comparisons

O(k3) O(k3) O
(

k(2.62)k
)

O(2.62k)

k = 5 100 70 122 88
k = 10 825 540 3.94× 104 1.09× 104

k = 20 6.65× 103 4.18× 103 1.34× 109 1.66× 108

k = 50 1.04× 105 6.37× 104 1.23× 1022 5.73× 1020

k = 100 8.33× 105 5.05× 105 1.99× 1043 4.54× 1041

5.5 Experiments and Results

To evaluate the feature selection and classification capabilities of the network
method, extensive experiments are conducted using synthetic data-sets and the
results of the algorithm are compared to those of well-received and prominent
algorithms, namely FCBF, CFS, MRMR and ReliefF. In all the experiments, the
number of neighbors and the number of samples for the ReliefF algorithm are
set to 5 and 30 respectively as suggested by [81] and [102]. In these experiments,
the goal is to investigate how efficient the network method is in removing
irrelevant and redundant features. Also, we seek to reveal the competence of
the network method in detecting complicated relations between the features.

5.5.1 The CorrAl data-set

A widely-used synthetic data-set which is particularly challenging for feature
selection algorithms is the CorrAl data-set [48]. This data-set consists of a
binary class label and six binary features. The class label of each data instance is
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produced from its first four feature values according to the following relation,

C = (F1 ∧ F2) ∨ (F3 ∧ F4). (5.19)

The fifth feature is uniformly random and therefore irrelevant. The sixth fea-
ture matches the class label 75% of the time and therefore is redundant given
the first four features. Thus, the desired feature selection algorithm removes
the fifth and the sixth feature and keeps the first four features. We run the
network method along with the other feature selection algorithms on different
sizes of CorrAl data-set. Since MRMR and ReliefF are feature ranking algo-
rithms, they do not give information on the number of relevant features. For
these algorithms, the four highest ranked features are regarded as the selected
features. The selected features are used as input to a classifier that classifies
the new object Onew = (Cnew, Fnew) according to the following relation,

Cnew = arg max
c

{
PE(Cnew = c|ON)PE(Fnew|ON , Cnew = c)

}
. (5.20)

Figure 5.3 shows the accuracy of the algorithms as a function of the number of
training objects per class. Each point in the plot represents averaged result of
100 runs of each algorithm. The test data includes 50 objects per class. When at
least 20 objects per class are observed in the training, only the ReliefF algorithm
has a higher classification accuracy than the network method. MRMR cannot
catch the relevant features that are important through the complex relation of
Eq. (5.19). CFS and FCBF are not able to remove the sixth feature (redundant
feature). That is because in both cases of forward selection and backward elim-
ination, these algorithms add/remove features according to the information in
each feature. The redundant feature in this data-set is 75% of the time the same
as the class label and therefore highly informative. This means that this feature
is quickly added to candidate feature subset in forward selection and will not
be removed easily from the candidate feature subset in backward elimination.
However in this case, as shown in Figure 5.3, the effect of that one redundant
feature is not large in the classification accuracy because of the dominance of
the four informative features. Both the ReliefF and the network algorithms on
the other hand, select the first four features and remove the other two when
the training data is sufficiently large.
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FIG. 5.3 Classification accuracy comparison between Network, FCBF, CFS, ReliefF
and MRMR as a function of training size for CorrAl data-set

5.5.2 The effect of repeating features

Feature selection algorithms that score a candidate feature by comparing it to
all the other features are likely to reduce the score of informative features that
are repeated. Therefore, data-sets that have duplicated informative features
are considered challenging for some feature selection algorithms. To test the
capability of the algorithms in such cases, we repeat the previous experiment
with a slightly different data-set. This time, four redundant features are added
to the CorrAl data that are duplicates of the first four features. Hence, a desired
feature selection algorithm still selects four features, one from each of these
four groups: {F1; F7}, {F2; F8}, {F3; F9} and {F4; F10}. Figure 5.4 shows the
classification accuracies of the algorithms for the new data-set as a function of
the number of training objects per class. Clearly, the performance of the ReliefF
algorithm has degraded since in most of the runs, it is unable to select four
features that determine the class label. On the contrary, the classification rate
of the network method remains high and still only four important features are
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selected. No major change is observed in the performance of the three other
algorithms. It is also worth noting that the network algorithm, not only selects
the four relevant features, but also as extra information declares that these four
features are dependent features.
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FIG. 5.4 Classification accuracy comparison between Network, FCBF, CFS, ReliefF
and MRMR as a function of training size for a modified version of CorrAl data-set
that has ten features; the four important features of the original CorrAl data-set are
duplicated

5.5.3 Modulo-p-I problem

Parity domain data-sets have a number of relevant features that make the class
label through exclusive OR relations. Since relevant features have high order
correlations with one another, parity concept creates a difficult domain for fea-
ture selection algorithms and has been frequently used to evaluate algorithms
[6, 51, 59, 77, 81, 100]. Modulo-p-I problems are integer realization of parity
domain problems. For each data-set based on a modulo-p-I problem, the class
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label is determined by the following relation between the features,

C =

(
I

∑
i=1

Fi

)
mod p. (5.21)

The features are integers that can have values in the range [0, p− 1]. According
to Eq. (5.21), a modulo-p-I data-set has p different class labels. It is easy to
see that the binary exclusive OR problem is the special case of modulo-p-I
problems when p and I are set to two.

To evaluate and compare the feature selection algorithms on this kind of prob-
lems, we generate data-sets with nine uniformly distributed random features
where the class label is generated according to Eq. (5.21) from the first I fea-
tures. Different data-sets are created with symbol alphabet size p, ranging from
two to six and relevant features I, ranging from two to eight. The five algo-
rithms are run 50 times on each data-set. The experiments show that MRMR,
CFS, and FCBF are never able to detect the important features in such problems
and therefore a classification method based on the features selected by these al-
gorithms classifies the data randomly. Both ReliefF and network algorithms are
able to detect relevant features in this kind of data-sets, however the network
method requires less training data and achieves successful results on a wider
range of values of p and I. Figure 5.5 shows the rate of selecting the exact set
of relevant features for both algorithms in 50 runs, as a function of the number
of objects per class for two different values of p and I. Note that in all of these
experiments, the first I highest ranked features by the ReliefF algorithm are
regarded as selected features of the algorithm. Clearly, the network method
needs less training data to detect the relevant set of features. The reason for
that is that the ReliefF algorithm divides the problem space into different char-
acteristic regions. The number of these regions grow proportional to pI per
class. For a correct selection of the relevant feature set, the algorithm needs at
least one training data sample per region. However, since the network method
uses the same feature-based model for all the classes, it requires fewer training
data samples.
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FIG. 5.5 Rate of selecting the relevant features in modulo-p-I data-sets as a function
of required objects per class for ReliefF and network algorithms.

A general evaluation on similar data-sets is shown in Table 5.5. This table
shows the number of objects per class required by ReliefF and network algo-
rithms to select the exact relevant features in at least 90% of the runs. The
number of objects required by the network method are shown in bold. The val-
ues in Table 5.5 are calculated with the assumption that the maximum number
of objects available per class is 1000.

According to Table 5.5, in 20% (7 out of 35) of the p-I value pairs, the network
method is the only algorithm that detects the relevant features within 1000 ob-
jects per class range. Furthermore in all these data-sets, the network algorithm
also correctly reveals that the relevant features are dependent, while the other
algorithms do not provide any information on the dependencies.
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5.6 Conclusion

The previously introduced network algorithm is further developed to mark
the dependencies between the features of the data and remove irrelevant and
redundant features, all in one coherent process of selecting the best feature-
based model. We have shown that this algorithm is capable of detecting com-
plicated relations between the features. This also enables the algorithm to
remove redundant features given a group of dependent informative features.
The algorithm is tested through extensive experiments using synthetic data
and compared to common competitive feature selection algorithms. The net-
work method achieves satisfactory results that enunciate its applicability in
detecting relevance, redundancy and dependency of features.
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C h a p t e r 6

Network Method in Practice

In this chapter, I address some concerns when using the network method for real world
applications. I also explain the settings and results of some experiments that I carried
out to check the network method’s applicability.
I show that assuming feature-based models for sources is valid for a wide range of
applications. The chapter also includes an extended discussion on a possible trade-off
between the complexity and the applicability of the network method.

93
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6.1 Introduction

Here, we address the problems that may rise when using the network method
in real-life applications. As discussed in Chapters 3 and 5, the computation
complexity of the network method is exponential in the number of features
for unordered feature vectors and polynomial in the number of features for
ordered feature vectors. While the network for unordered feature vectors still
can be used for data-sets with a limited number of features, we seek a way
to use the network method for data-sets with many features. In this chapter,
we show that by limiting the size of dependent feature groups, many of the
nodes in the graph of the network for ordered vectors can be removed without
effecting the results. Consequently, the computational complexity of the net-
work for ordered feature vectors can be as low as linear. However, the same
does not apply to the network for unordered feature vectors. That is because
the number of nodes that can be removed after limiting the size of dependent
feature groups is insignificant compared to the total number of nodes.

For the reason mentioned above, we use the network for ordered features for
the experiments in this chapter. In Section 6.2, we discuss the applicability of
the network for ordered features. The aforementioned complexity reduction
method is explained in Section 6.3, followed by utilization of the network
method on real-life data in Sections 6.4 through 6.6.

6.2 Ordered Network for Unordered Features

Up to this point, it has been shown that the network for ordered feature vectors
is faster and therefore more desirable for larger data-sets than the network for
the unordered feature vectors. In most real world problems, we do not know
if the source generated the data with a specific feature ordering. This raises
the following question immediately: What happens if we apply the network for the
ordered feature vectors to a data-set without any ordering amongst the features?

The scheme in Figure 6.1 depicts the space of possible models through which
the network for ordered features and the network for unordered features search.
We denote these spaces with So and Su respectively. It is clear that So ⊂ Su. We
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assume that the source model Ms has no ordering among its features. Then,
Ms ∈ Su and Ms /∈ So. The network for unordered feature vectors searches
through its own model space starting with the Naïve Bayes model MNB and
compares it to the other candidate models. The network for unordered feature
vectors will eventually select the model M∗(u) that has the same entropy and
complexity as the source model.

MNB

MF

M∗(u) = Ms

M∗(o)

Su

So

FIG. 6.1 Model search space of the network method for ordered and unordered
features.

The network for the ordered features is a different case. If Ms is outside
the gray zone shown in Figure 6.1, then the model selected by the network
is not exactly the same as the source model M∗(o) 6= Ms. As the num-
ber of observed data points increase, the role of the entropy becomes more
significant than that of the model complexity in the comparisons. As dis-
cussed in Chapter 2, that is because in the relation with the logarithm of
the data sequence probability, entropy is multiplied by the sequence length,
log P(XN) ∝ NH(X), while model complexity is multiplied by the logarithm of
sequence length, log P(XN) ∝ s log(N). Therefore, the network for the ordered
feature vectors starts from the Naïve Bayes model and chooses a model with
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the same entropy as the source but more complex. For example, if the source is
Ms = ({1, 3}, {2, 4}, {5}), the network will select M∗(o) = ({1, 3, 2, 4}, {5}) =
({1, 2, 3, 4}, {5}). In the worst scenario, the model with the same entropy as the
source but more complex will be the fully dependent model MF. For instance,
if Ms = ({1, 3}, {2, 4}), then M∗(o) = MF = ({1, 2, 3, 4}). In this example,
models such as Ma = ({1, 2}, {3, 4}) will not be selected by the network, if the
data sequence is long enough. The reason is that the model Ma has the same
complexity as the source model but its entropy is different. As the number of
observations increase, the entropy will dominate the model comparisons. It
should be noted that in real world applications, the number of data samples at
hand may not be large enough for the entropy to dominate complexity, which
may result in selection of a wrong model. This happens when the number of
observations is very small compared to the number of features and therefore,
the asymptotic theorems in Chapter 2 may not hold.

6.3 Dependent Feature Groups with Limited Size

Our next concern about applicability of the network method is the order of
complexity. We have shown that the order of algebraic operations required
for the network for ordered feature vectors is O(k3). This value may not be
desirable for some applications, specially when the data sequences have large
number of features. Is there any other way to save further on computation?
The answer is yes.

In the model comparison of the network method, even the models that have
dependent feature groups as large as the feature vector itself, are included.
But what if we know that the largest group of dependent features consist of at
most a few features? How can we incorporate into the network method, the
prior knowledge that the size of the dependent groups of features is limited
to some number L? In terms of feature-based modeling, this prior knowledge
means that if the data-set contains at most L dependent features in each group,
then we do not need to compare models that have a partition larger than L.
When the size of feature dependencies is much smaller than the number of
features (L� k), the number of models to be taken into account can be much
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smaller than the size of the model class. As an example, Table 6.1 shows all
the models of the model class when the data-set contains four features. For
the case when at most two features are dependent, the models that need to be
included in the probability comparisons are noted with a tick.

Table 6.1 The list of models over four ordered features. The models that have parti-
tions larger than size two are crossed.

Model Index Model Definition Included in Comparisons

M1 ({1}, {2}, {3}, {4}) X
M2 ({1, 2}, {3}, {4}) X
M3 ({1}, {2, 3}, {4}) X
M4 ({1}, {2}, {3, 4}) X
M5 ({1, 2}, {3, 4}) X
M6 ({1, 2, 3}, {4}) ×
M7 ({1}, {2, 3, 4}) ×
M8 ({1, 2, 3, 4}) ×

In the graph of the network method, the probability of the sequence of a group
of dependent features corresponding to a partition of size L is estimated in a
node of the Lth row. As discussed before, we show this local probability with
pi,··· ,j = PE(FN

i,··· ,j|CN) where the partition of the feature index set shown by
{i, · · · , j} has L members. If we know that the dependent feature group sizes
are limited to L, then there is no need to estimate the local probabilities for
the nodes in the rows lower than L in the graph. In this case, the nodes that
are in the rows lower than L only serve for the purpose of multiplication and
comparison of local probabilities from upper nodes. We will show that for this
purpose, only one node per row is enough. Therefore, to prevent unnecessary
calculations in the network, some of the nodes of the network can be removed
when we have prior knowledge about the maximum number of dependent
features in one group. We call the network that is full in the first L rows and
has one node in the remaining rows, the reduced network. Through the course
of the following example, we prove that when the maximum partition size
is limited to L, it is possible to remove some nodes of the network without
excluding any of the necessary models from the comparison.
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Example 6.3.1. In this example, we consider the case that the data-set contains six
features and the maximum size of the dependent feature groups is two. Figure 6.2
shows the nodes that can be removed from the graph of the network in this scenario
with dotted lines.

L = 2

N1 N2 N3 N4 N5

N4,5N3,4N2,3N1,2

N1,2,3 N2,3,4 N3,4,5 N4,5,6

N1,2,3,4 N2,3,4,5 N3,4,5,6

N2,3,4,5,6N1,2,3,4,5

N1,2,3,4,5,6

N5,6

N6

FIG. 6.2 The graph of the reduced network where k = 6 and L = 2.

To show that the noted nodes can be removed, we use a recursive proof. We
remove the parts corresponding to the last L features from the network and
show that if all the models over the first k − L features can be made by the
remaining part of the network, then the reduced network for all k features
includes all the models. For this example, we remove the part of the network
corresponding to the 5

th and the 6
th feature. This is shown in Figure 6.3 on

the right side of the oblique dashed line. If we assume that all the models that
can be made with the first four features are included in N1,2,3,4, then features
5 and 6 can add to the previous models in the last node N1,2,3,4,5,6 through
three new partitionings: {5, 6} or {5}, {6} or {4, 5}, {6}. By emphasizing the
required edges in Figure 6.3, we have shown that the edges of the reduced
network are enough to connect these partitionings to N1,2,3,4.

In the next step, we repeat the procedure by reducing features 3 and 4 from
the network. We again see that the edges connected to nodes N3, N4, N2,3 and
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L = 2

N1 N2 N3 N4 N5

N4,5N3,4N2,3N1,2

N1,2,3

N1,2,3,4

N1,2,3,4,5

N1,2,3,4,5,6

N5,6

N6

FIG. 6.3 The graph of the reduced network. The connections of the last two features
are bolded.

N3,4 are enough to make all the partitions required in N1,2,3,4. This is the last
step since the network for the first two features is already a full network (not
reduced). This recursive proof for any values of k and L is a straight forward
extension of the discussion above.

Now that it is proved that for limited feature dependencies, some of the nodes
of the network can be removed, let us see how the complexity of the network
method is effected.

6.3.1 Complexity Analysis Revisited

Assuming that we have observed a data-set with k features and the maximum
size of the dependent feature groups is L, we would like to recalculate the
number of multiplications and comparisons required in the reduced network.
For the top L rows of the network, the number of comparisons or multiplica-
tions does not change from what was discussed in 3.3. There is one node per
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row for the rows lower than L. A fixed number of L pairs of branches enter
each of these nodes. Next we consider two cases.

Case 1. Network method without feature selection: For each pair of branches
that enter a node, a multiplication is required and the results of multiplications
need to be compared. Thus, there are L multiplications and L− 1 comparisons
required per node in the rows lower than L. Therefore the number of required
multiplications is

L

∑
i=2

(i− 1)(k + 1− i) +
k

∑
i=L+1

L =
L(L + 1)

2
k− L(L + 1)(2L + 1)

6
, (6.1)

and the number of required comparisons is

L

∑
i=2

(i− 1)(k + 1− i) +
k

∑
i=L+1

(L− 1) =
(L− 1)(L + 2)

2
k− L(L− 1)(2L + 5)

6
.

(6.2)

Case 2. Network method with feature selection: For each pair of branches
that enter a node five multiplications are required (referring to Eq. (5.11) and
counting multiplications and divisions together). The number of required mul-
tiplications is

5
L

∑
i=2

(i− 1)(k + 1− i) + 5
k

∑
i=L+1

L =
5
2

L(L + 1)k− 5
6

L(L + 1)(2L + 1) . (6.3)

Each pair of branches that enter a node correspond to two internal comparisons.
The maximum of each branch pair is compared externally to other branch pairs.
For the nodes in the first L rows, the overall maximum of branch comparisons
must be compared to the conditional and unconditional local probability. Thus,
the total number of required comparisons is

L

∑
i=2

(3(i− 1) + 1)(k+ 1− i) +
k

∑
i=L+1

(3L− 1) =
3L2 + 5L− 4

2
k− L(L2 + 2L− 1) .

(6.4)
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These calculations show that when the size of the groups of dependent features
are limited, the number of algebraic operations required in the network method
is linear in the number of features. However, one should be careful not to limit
the layers too much. A suitable value for L can be found by dividing the
training data and performing cross validation. Another approach is to start
running the algorithm from small values of L and increase the value for the
next runs until the size of the maximum dependent feature group found by
the algorithm stops increasing in consecutive runs.

6.4 The Network Method Evaluated over Benchmark

Data-sets

In all the previous chapters, the network method was only tested on synthetic
data-sets. Now that the concerns relevant for real world applications have been
discussed and the applicability of the network method has been investigated,
we proceed to evaluate this method on real data-sets. The data-sets are bench-
mark data-sets that are recorded from diverse experiments and observations
and are publicly accessible. First the classification accuracy of the network
method is tested, and the feature selection performance test follows next.

6.4.1 Bench Data-set Classification

Here, we test the classification accuracy of the network for ordered features on
real data. The classifier based on the network method is the same as the one
introduced in Section 4.5.2, and does not remove any features. The feature se-
lection performance of the network method on real data-sets will be discussed
in the next section. Several public data-sets are picked from the UCI Machine
Learning Repository [58]. No change is made to the ordering of the features in
the data-sets. In selecting these data-sets, the attempt was to maintain diversity
in number of features, instances and classes. A brief summary of the data-sets
is shown in table 6.2.

The missing values and features with only one value are removed from the
data-sets. The MDL discretization method by Fayyad and Irani [29] is applied
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Table 6.2 Summary of the data-sets from UCI repository

Data-set name Features Instances Classes

Wilt 5 4839 2

Car Evaluation 6 1728 4

Bank Marketing 16 45211 2

Firm 16 10800 4

Parkinsons 22 195 2

Ionosphere 33 350 2

Splice 60 3175 3

Urban land cover 147 675 9

Isolet 617 7797 26

Multiple Features 649 2000 10

to data-sets with features that have continuous values. To be consistent with
the experiments on synthetic data, we use the same competitor algorithms
with the same settings as in Chapter 4. Table 6.3 records the 10-fold cross-
validation accuracy of PNN, SVM, DT and the network method. To analyze the
significance of the difference in classification accuracies of the network method
and the other methods, we also run a two-tailed paired Student’s t-test. The test
is performed over the network and one of the other methods for each data-set.
The p-values are shown in the p-val columns at the right side of each accuracy
column. The lower p-values correspond to more significant differences. The
last row of the table shows the number of times each algorithm wins over, loses
from or makes a tie with the network method (W/L/T) at significance level
0.05.

The results show that the network method can achieve classification accuracy
as high as other algorithms while it is able to provide insight over the depen-
dencies between the features of the data. Furthermore, table 6.3 confirms that
assuming a feature-based model for the source that generates the data is valid.
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6.4.2 Benchmark Data-sets Feature Selection

In this part, we compare the five feature selection algorithms (FCBF, CFS,
MRMR, ReliefF and the network) introduced in Chapter 5 using the ten bench-
mark data-sets from the UCI Machine Learning Repository introduced in the
previous section. The same processing as the previous section is performed
on the data-sets. The objects that include missing values and features with al-
phabet size of one are removed from the data-sets and the MDL discretization
method is applied to the data-sets with features that have continuous values.
The five algorithms run on each of the data-sets and the features selected by
them are used as input to the same classifier as the previous section. For fea-
ture ranking algorithms, ReliefF and MRMR, the number of selected features
is set to the value that leads to the highest classification accuracy.

Table 6.4 shows the 10-fold cross validation accuracy of classification for each
algorithm on each of the data-sets. A two-tailed paired Student’s t-test is per-
formed between the classification accuracy results of the network method and
each of the other methods to assess the significance of the differences in ac-
curacies. The p-value of these tests are shown on the right side of each cell.
The difference in classification accuracy is more significant if the p-value is
lower. In the last row of the table, the number of data-sets on which each algo-
rithm wins from, loses to, or makes a tie with the network method (W/L/T)
at significance level 0.1 is noted.

The results show that the network method achieves high classification accuracy
compared to some of the well-known algorithms. This further reckons that
fitting feature-based models to the data is a reasonable practice for many
data-sets with a variety in size and application.

6.5 Experiment 1

Here, we provide a practical setting where the network method was used and
achieved satisfactory results. In this application, the network method is used to
classifying between false and true alarms of five types of arrythmia in intensive
care unit. Also, the feature selection results of the network method were used
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to take part in the PhysioNet/Computing in Cardiology Challenge 2015 [25,
76].

In case of life-threatening diseases such as arrhythmia, the threshold for the
alarm trigger is set to a relatively low level in intensive care. The reason for
that is to avoid missing the cases where the patient truly needs attendance
(true positives). As a consequence of this high sensitivity, there is often a
steep increase in false alarms rate. A high rate of false alarms is undesirable
since it may eventually reduce the attentiveness of the caregiver [22]. In this
experiment, the goal is to reduce the false arrhythmia alarm with the help of
the network method. The inputs to the network algorithm are physiological
features and signal quality features. The selected features by the network are
used to classify alarms into false and true.

The initial training data included 750 records from monitoring units in inten-
sive care. Each record contained two electrocardiogram (ECG) signals and at
least one of the two signals of photoplethysmogram (PPG) or arterial blood
pressure (ABP). Each record started 16 seconds before an alarm that was la-
beled as either true or false. The records were from patients with one of the
following five types of arrhythmia: asystole (ASY), extreme bradycardia (EBR),
extreme tachycardia (ETC), ventricular flutter (VFB), and ventricular tachycar-
dia (VTA). Depending on the type of arrhythmia, a biomedical expert extracted
12 to 17 features from the initial records. These features included quality mea-
sures such as: ECG skewness, kurtosis, median local noise level, etc. and phys-
iological features such as: maximum blood pressure, number of ventricular
beats, maximum number of consecutive beats with heart rate under 40 beats
per minute, etc.

The extracted features per arrhythmia type were discretized by the MDL
method and then fed to the network. In Table 6.5, the leave-one-out cross-
validation accuracy of the network, along with the true positive rate (TPR) and
true negative rate (TNR) are listed per type of arrhythmia. Eq. (6.5) shows the
definition of true positive and true negative rates.

TPR =
TP

TP + FN
, TNR =

TN
TN + FP

, (6.5)



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

6.5 Experiment 1 107

where TN, TP, FN and FP denote true negative, true positive, false negative
and false positive respectively. Clearly, the best predictor has a TPR and a TNR
equal to one. In case of unbalanced data-sets, a predictor that always labels
the test data with the label of the majority class will have accuracy equal to
the ratio of the majority class over all data samples. This ratio can be very
close to one while the predictor is not reliable. To avoid misinterpretation of
the accuracy, we include TPR and TNR in the performance evaluation. For
a comparison of the performance to Random Forest classifiers on the same
data-set, we bring the results reported in [25].

Table 6.5 Summary of the results from the network method on arrhythmia data-sets.
The results from [25] are included for comparison. All the values are in percents.

Network method Random forest

Arrhythmia TPR TNR Accuracy TPR TNR Accuracy

ASY 80 100 97 85 88 88

EBR 85 91 88 96 79 88

ETC 98 88 97 99 89 98

VFB 83 96 95 75 94 92

VTA 78 79 79 84 74 77

Average 91 88 89 95 82 88

Table 6.5 shows that the average detection rate of true alarms is 91% and in the
case of ETC, it rises up to 98%. For ETC type of arrhythmia, only three features
were selected for classification. This means that there is not a requirement
for large data-sets. However in the case of VTA, a high classification accuracy
could not be achieved by selecting only three features. As the number of the
selected features increase, the number of required data samples grows large.
With the limited data-set at hand, the performance of the network method is
degraded.
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6.6 Experiment 2

We use the network method in a completely different study to substantiate
the broad applicability of this algorithm. In this setting, we aim to predict the
change of the light level made by users in an open office environment and
analyze the importance of the features recorded in this setting, by means of
the network method.

The test bed for this experiment is an office inside a building in Eindhoven,
The Netherlands. Figure 6.4 depicts the layout of this office from a top view.
Inside, there are 14 desks for 14 users, 12 motion and illuminance sensors
on the ceiling (light level is sensed on the ceiling to measure the illuminance
produced by luminaires), 16 dimmable luminaires and 8 illuminance sensors
on desks (to measure the illuminance received by users). The office also has
four windows with controllable blinds to outside open area.

Luminaires 3 through 14 could be dimmed and were coupled two by two. That
means for example luminaires 3 and 4 had the same illuminance level and
dimming one would dim the other too. Consequently, there were six groups
of dimmable luminaires. For a period of six weeks, the users in the office
could control the dimming level of luminaires from 1 to 100% using a personal
device or a widget installed on their PC. Every dimming action is logged
instantaneously along with user ID and luminaire ID. The sensors on the
ceiling record illuminance level every minute and motion instantaneously. The
illuminance on the desks are recorded every five minutes. The hight and angle
of the blinds are logged every four minutes. Furthermore, the information
about outside office illuminance and cloudiness is available from a weather
station every four minutes.

When all the data for this six week period is recorded, we had a few data
tables resulting from each of the recording sources. We took some preprocess-
ing steps to prepare the data for a meaningful algorithmic analysis. In some
recordings, the rows were copied twice. Thus the extra rows were removed.
In some other cases, different illuminance levels were recorded for coupled
luminaires. In these situation, an averaging is performed between the two val-
ues. Among other issues with the data-sets was the high frequency change
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in the luminance level of some luminaires. That means that in some cases,
for a period of few seconds, a number of changes in the dimming level of a
luminaire was recorded. Whether the cause was the device recording dimming
actions quickly or the user changed the dimming level in several short periods,
these series of recording were reduced to a single recording of an action. Fur-
thermore, change of the dimming level from one level to another and back to
the previous level after a period shorter than a minute was removed from the
data-set too. These events were considered user novelty experience with the
controlling devices. Our focus for this experiment were the actions users take,
driven by a preference for a different lighting level. After all of the preprocess-
ing steps were taken, the tables were joined together to make one table with
all the information.

Before using the network method, we need to label the data. We categorize
the user actions into two classes: increasing the light level and decreasing the
light level. There are 80 actions recorded during the six weeks 51 of which are
decreasing the light level and the rest are increasing the light level. Each of
these action recordings have 45 features: userID, luminaireID, device type (PC
or personal device), 8 sensor readings on desks, 12 features from light sensors
on the ceiling, 12 motion sensors readings, 4 windows blinds hight readings,
4 windows blinds angle readings, cloudiness and outdoor illuminance.

The 10-fold cross validation accuracy of the network method for this data-set
turns out to be 83%. The TPR and TNR are 79% and 84% respectively where
we refer to increasing the illuminance level as positive. The reason that the
classification accuracy is not very high has roots partly in the unpredictability
of the human nature, the fact that preference for illuminance is diverse and
varies between 80 to 1500 lux per user [68, 93]. It is worth mentioning that
it has been discovered that introducing individual control for illuminance in
open plan environments will give rise to preference problems [66]. However,
the results of running the network method on a data-set does not limit to clas-
sification accuracy. Next we will investigate the feature dependency, relevance
and redundancy discovered by the network.

Most of the feature dependencies discovered by the network are conforming
to intuition. For example, the userID and luminaireID are dependent and
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that is the result of the fact that normally each user controls the luminaires
around their own desk. Other examples are the dependency between motion
sensors such as motion sensor 1 and 2. The reason is that the coverage areas
for these two sensors are close to each other. Therefore, a user moving in
one area is most probably detected in the other area too (Unfortunately, there
is no information about the precise overlapping of the coverage area of the
sensors). Other types of feature dependencies detected are the dependency
between light level sensed on the ceiling and the light level sensed on the
desks. For example sensors 1 and 2 on the ceiling and the sensor 1 on the desk
were dependent. That is not unexpected, given the fact that the mentioned
sensors on the ceiling are almost above the sensor on the desk. Furthermore,
the features "device type" and "cloudiness" were removed by the network. The
irrelevance of the former and the redundancy of the later given the outdoor
illuminance feature seems to be logical.

As a step further, we applied the network to the data per luminaire group too.
Since the number of samples in the data-set was not large, dividing the data
by the luminaire groups leads to few actions recorded per luminaire group.
Therefore, the results from the feature selection analysis were not meaningful
in all the cases. However, for the coupled luminaires 3 and 4, there were 24

actions recorded (refer to Figure 6.4). Some interesting results were achieved
when the network method was applied to that part of the data. Despite ranking
features is not an outcome of the network method, the number of times a
feature is selected in all the runs of the cross validation can be an indicator of
that feature’s importance. The result of applying the network method to the
data relating to luminaires 3 and 4 shows that the features "sensors 1 and 2 on
the ceiling" are more important than the feature "sensor 1 on desk". This can
be interpreted that no matter how high the illuminance on the desk (caused
by luminaires and outside illuminance), the users on the left side of Figure
6.4 change the dimming to the level they believe is the best. This means that
the users profile themselves to some extent. This interpretation supports the
conclusions by Chraibi et al. [14] over objective and subjective measurements
and analysis of the same office environment, where they state that individuals
can be subdivided into profiles.
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C h a p t e r 7

Conclusions and Future Work

This chapter concludes this thesis by discussing the main contributions along with the
results and providing recommendations for future work.

113
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7.1 Aim of the Thesis

In supervised learning, the aim of a classifier is to infer a relation between the
features of the input objects and the class labels. The inferred relation will be
used to predict the unknown label value for other objects. To our surprise, an
extremely simple classifier that assumes all the features are independent con-
ditioned on the class label, performs generally well. Since the over-simplifying
assumption of this method, commonly known as the Naïve Bayes classifier,
is not necessarily true, we are motivated to develop a method that exploits
the dependencies between the features to improve the classification accuracy.
Exploiting feature dependencies can be carried out in both indirect and direct
manners.

In the indirect approach, we enhance our prediction powers without making
any effort on explicitly detecting dependent features. This is accomplished by
mixing a number of models each of which capturing dependencies between
specific features. Despite bypassing the struggle to find the most suitable
model, a mixing method may not be very convenient if all the models included
need to be updated per new observation. On the other hand, in the direct
approach our goal is to answer the question, "Which features are dependent?",
which leads to the problem of finding the best partitioning of the vector of
features into groups of dependent features. We know that each partitioning of
the feature vector corresponds to a model for the data structure. Therefore, we
would like to find the model that best fits the data structure. To compare how
well each model fits the data, a quality measure is required. Several quality
measures have been proposed in the literature including Akaike Information
Criterion (AIC), Bayesian Information Criterion (BIC) and Minimum Descrip-
tion Length (MDL). A model with a high measured quality is the main building
block for a powerful classifier.

The space that a model selection algorithm searches through is augmented
when the algorithm is allowed to exclude some of the features while construct-
ing models. An augmented search space corresponds to a larger demand on
computational power. However, the selected model is often more parsimonious
leading to a large saving on computation in the prediction phase. Therefore,
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the aim is to design an algorithm that performs feature selection in a compu-
tationally efficient manner as a part of fitting models to the data.

7.2 Main Contributions

• We started by defining feature-based models for discrete data with finite di-
mensions and alphabet size as structures representing (in)dependence of the
features induced by partition of the features. We introduced a novel and com-
putationally efficient graphical method to calculate a specific Bayesian mixture
over probabilistic feature-based models. We proved that the probability of
given data-sets under the new mixture model converges to the probability of
the source model asymptotically.

• Utilizing the computational efficiency of the previously developed graphical
method, we introduced a powerful model selection technique that detects the
structure of the source model asymptotically. We proved that when a source
generates i.i.d. data with a fixed pattern of feature dependencies, the suggested
algorithm can detect the exact feature dependencies in the source model given
a large enough set of data. Also, when the data available is limited, the algo-
rithm selects a parsimonious model since the model complexity is penalized.
Furthermore, the probabilistic classifier based on the model selected by the
algorithm compares favorably with alternative approaches.

• We extended the introduced probabilistic graphical method to combine feature
selection and inference through the modeling of the joint feature and class la-
bel distributions. The resulting algorithm is able to detect both irrelevant and
redundant kinds of non-optimal features and correctly remove them. Through
extensive experiments on simulated and real data, we showed that the pro-
posed algorithm achieves excellent results in feature selection and prediction.

• We introduced extensions of the main algorithm to reduce computational com-
plexity further. This algorithm that has linear time complexity for predefined
feature dependency sizes, is tested on various data-sets in a diverse range of
applications. The remarkable prediction performance of the algorithm con-
firms the applicability of the technique in diverse fields of study, despite the
imposed constraints.
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7.3 Future Work

In this thesis, I introduced a graphical method for modeling labeled tabular
data which can be used for classification and feature selection. Though op-
timizations for handling practical issues, such as large feature vectors, have
been proposed and successfully implemented in Chapter 6 for this algorithm,
missing values in the data still remains a concern that needs to be concretely
addressed. At the current stage, missing values are handled by removing the
pertaining data samples or features. While off-the-shelf methods, such as im-
putation, are frequently-used remedies for data-sets with missing values, an
approach specific to the network method (maybe a weighted average of differ-
ent plausible models per missing value) is assumed to perform superiorly.

An advantageous extension to the current modeling method would be an algo-
rithm to report on the effect of different value ranges of each feature or feature
group. After the network method removes irrelevant and redundant features
and provides the correct partitioning of the remaining features, some extra
processing can be performed to see which values of these feature partitionings
are typical for each class label. This way, per feature analysis will be easier
when we know a specific value of a feature (or a feature partition) has some
kind of a correlation with a specific value of the class label. Such an analysis
would be potentially helpful for fault detection systems and anomaly detection
algorithms.



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

A p p e n d i x A

Maximum Likelihood and

Dirichlet Estimated Probabilities

117



Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016Processed on: 27-10-2016

506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad506205-L-bw-Jalalirad

118 Maximum Likelihood and Dirichlet Estimated Probabilities

Here, we prove that the logarithm of the ratio between the maximum likelihood
probability of a sequence and the estimated probability of that sequence using
the Dirichlet method is bounded on both sides. The bound is polynomial
in sequence length. The order of the polynomial depends on the size of the
alphabet for the symbols of the sequence. The proof for the upper bound and
the lower bound are brought here separately.

A.1 Proof for the Upper Bound

For a sequence that contains ni times the symbol xi ∈ X where i ∈ {1, 2, · · · , s},
the Dirichlet estimated probability with the parameters set to 1

2 is defined as

PE(n1, n2, · · · , ns) =
Γ( s

2 )

π
s
2
· ∏s

i=1 Γ(ni +
1
2 )

Γ
(

N + s
2
) . (A.1)

Here we derive the bounds on the performance of the Dirichlet probability
estimation, based on the proofs by Willems, Shtarkov, and Tjalkens [97] for the
Krichevsky-Trofimov probability estimation [56]. Define

∆(n1, n2, · · · , ns) ,
PE(n1, n2, · · · , ns)

N
1−s

2
( n1

N
)n1
( n2

N
)n2 · · ·

( ns
N
)ns

. (A.2)

We consider the first coordinate n1, taking into account that the same holds for
all the coordinates. The coordinates can not be negative n1 ≥ 0. First we study
the case where n1 ≥ 1. Consider

∆(n1 + 1, n2, · · · , ns)

∆(n1, n2, · · · , ns)
=

nn1
1 (n1 +

1
2 )

(n1 + 1)n1+1 ·
N + 1
N + s

2
·
(

N + 1
N

)N+ s−1
2

. (A.3)

To analyze Eq. (A.3), define the functions
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f (t) , ln
tt(t + 1

2 )

(t + 1)t+1 and g(t) , ln
(
(

t + 1
t + s

2
)(

t + 1
t

)t+ s−1
2

)
, (A.4)

where t ∈ [1, ∞). Taking the derivatives of these functions,

d f (t)
dt

= ln
t

t + 1
+

1
t + 1

2
,

and

dg(t)
dt

=
s
2 − 1

(t + 1)(t + s
2 )

+ ln
t + 1

t
−

t + s−1
2

t(t + 1)
. (A.5)

Set

β =
1
2

t + 1
2

,

so that 0 < β ≤ 1
3 . Then from

ln
t

t + 1
= ln

1− β

1 + β
= −2(β +

β3

3
+

β5

5
+ · · · ) ≤ −2β = − 1

t + 1
2

, (A.6)

we obtain that

d f (t)
dt
≤ 0 .

Therefore

nn1
1 (n1 +

1
2 )

(n1 + 1)n1+1 ≥ lim
n1→∞

nn1
1 (n1 +

1
2 )

(n1 + 1)n1+1 =
1
e

. (A.7)
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Similarly,

ln
t + 1

t
= 2(β +

β3

3
+

β5

5
+ · · · ) ≤ 2(β + β3 + β5 + · · · ) = 2β

1− β2 =
t + 1

2
t(t + 1)

,

(A.8)
along with Eq. (A.5) results in

dg(t)
dt
≤

s
2 − 1

(t + 1)(t + s
2 )

+
t + 1

2
t(t + 1)

−
t + s−1

2
t(t + 1)

=
2s− s2

4t(t + 1)(t + s
2 )
≤ 0 .

Note that the alphabet size s is at least two. As a result,

N + 1
N + s

2
·
(

N + 1
N

)N+ s−1
2
≥ lim

N→∞

N + 1
N + s

2
·
(

N + 1
N

)N+ s−1
2

= e . (A.9)

Inequality (A.7) together with (A.9) implies that

∆(n1 + 1, n2, · · · , ns) ≥ ∆(n1, n2, · · · , ns), for n1 ≥ 1 . (A.10)

Next let us consider the case, n1 = 0. This implies that n2 + n3 + · · ·+ ns ≥ 1.
Consider

∆(1, n2, · · · , ns)

∆(0, n2, · · · , ns)
=

1
2
· n2 + · · ·+ ns + 1

n2 + · · ·+ ns +
s
2
·
(

n2 + · · ·+ ns + 1
n2 + · · ·+ ns

)n2+···+ns+
s−1

2
.

(A.11)

Knowing that

dg(t)
dt
≤ 0 ,
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we see that

∆(1, n2, · · · , ns) ≥
e
2
· ∆(0, n2, · · · , ns) . (A.12)

It can be deduced from (A.10) and (A.12) that,

∆(n1 + 1, n2, · · · , ns) ≥ ∆(n1, n2, · · · , ns), for n1 ≥ 0 . (A.13)

Therefore,

∆(n1, n2, · · · , ns) ≥ ∆(1, 0, 0, · · · , 0) = ∆(0, 1, 0, · · · , 0) = · · · = ∆(0, 0, 0, · · · , 1) .
(A.14)

It is clear that for the special case of all zeros PE(0, 0, · · · , 0) = 1. It is easy to
see that

PE(n1 + 1, n2, · · · , ns) + PE(n1, n2 + 1, · · · , ns) + · · ·+ PE(n1, n2, · · · , ns + 1)

=
n1 +

1
2

N + s
2

PE(n1, n2, · · · , ns) +
n2 +

1
2

N + s
2

PE(n1, n2, · · · , ns)

+ · · ·+
ns +

1
2

N + s
2

PE(n1, n2, · · · , ns) = PE(n1, n2, · · · , ns) .

(A.15)

Therefore,

PE(1, 0, · · · , 0) + PE(0, 1, · · · , 0) + · · ·+ PE(0, 0, · · · , 1) =
1
s

, (A.16)

and
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∆(1, 0, 0, · · · , 0) = ∆(0, 1, 0, · · · , 0) = · · · = ∆(0, 0, 0, · · · , 1) =
1
s

.

Then (A.14) yields,

∆(n1, n2, · · · , ns) ≥
1
s

. (A.17)

This leads to

log
θn1

1 θn2
2 · · · θ

ns
s

PE(n1, n2, · · · , ns)
≤ log

θn1
1 θn2

2 · · · θ
ns
s

1
s N

1−s
2
( n1

N
)n1
( n2

N
)n2 · · ·

( ns
N
)ns

≤ s− 1
2

log N + log(s) ,

(A.18)

or simply

log
PML(XN)

PE(XN)
≤ s− 1

2
log N + log(s) . (A.19)

In [94], the authors come up with an upper-bound of the form s−1
2 log N +

log
√

π
Γ( s

2 )
using the normalized maximum likelihood as the optimal solution to

the minimax problem.

A.2 Proof for the Lower Bound

In the first section we have shown that

∆(n1 + 1, n2, · · · , ns) ≥ ∆(n1, n2, · · · , ns), for n1 ≥ 0 .
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We have also shown that the derivative of ∆(n1+1,n2,··· ,ns)
∆(n1,n2,··· ,ns)

is always negative.
This means that ∆(n1, n2, · · · , ns) is an increasing function with decreasing
steps. Clearly the maximum for this function is when n1, n2, · · · , ns → ∞. We
know that

Γ(α +
1
2
) =

π
1
2 (2α)!
4αα!

. (A.20)

To calculate the limit for ∆(n1, n2, · · · , ns), the Gamma functions are written
in terms of factorials using Eq. (A.20). Considering ∑s

i=1 ni = N, we have

lim
n1,n2,··· ,ns→∞

∆(n1, n2, · · · , ns) = lim
n1,n2,··· ,ns→∞

Γ( s
2 )

(
π

1
2 (2n1)!
4n1 ns !

)
· · ·
(

π
1
2 (2ns)!
4ns ns !

)
π

s
2 N

1−s
2 ( n1

N )n1 · · · ( ns
N )ns Γ(N + s

2 )
.

(A.21)

Stirling’s approximation states that

lim
n→∞

n!√
2πn

( n
e
)n = 1 . (A.22)

Using Stirling’s approximation for all the factorial terms, we have

lim
n1,n2,··· ,ns→∞

∆(n1, n2, · · · , ns) =
2

s−1
2 Γ( s

2 )√
π

=

(s− 2)!!, if s is odd

(s− 2)!!
√

2
π , if s is even .

(A.23)

As a result of (A.23), we conclude
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log
θn1

1 θn2
2 · · · θ

ns
s

PE(n1, n2, · · · , ns)
≥ log

θn1
1 θn2

2 · · · θ
ns
s

2
s−1

2 Γ( s
2 )√

π
N

1−s
2
( n1

N
)n1
( n2

N
)n2 · · ·

( ns
N
)ns

≥ s− 1
2

log N + log
( √

π

Γ( s
2 )

)
+

1− s
2

,

(A.24)

or simply

log
PML(XN)

PE(XN)
≥ s− 1

2
log N + log

( √
π

Γ( s
2 )

)
+

1− s
2

. (A.25)

The bound in (A.25) thoroughly conforms to the equation derived for minimax
regret in [99] for data compression, gambling and prediction.

Putting (A.19) and (A.25) together,

s− 1
2

log N + c1(s) ≤ log
PML(XN)

PE(XN)
≤ s− 1

2
log N + c2(s) , (A.26)

where

c1(s) = log
( √

π

Γ( s
2 )

)
+

1− s
2

and c2(s) = log(s) .
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Here we show that for a sequence {XN : X ∈ X}, the Kullback-Leibler diver-
gence between the empirical probability distribution and the sequence proba-
bility distribution with known parameters is of order o( log N

N ) with probability
one, for sufficiently large sequence length.

Clearly, the condition that the KL-divergence must be of order o( log N
N ), does

not hold for all possible sequences of length N out of the alphabet. As an
example consider the two binary probability distributions P = (p, 1− p) and
Q = (q, 1− q). When the probability p is close to one and the probability q is
close to zero, the KL-divergence

D(P||Q) = p log
p
q
+ (1− p) log

1− p
1− q

, (B.1)

can be very large compared to log N
N if we have observed only a few samples

(small N). However, we prove that the desired condition on KL-divergence
holds for typical sequences and for sufficiently large sequence length, the ob-
served sequence is typical with probability arbitrary close to one. For any fixed
δ > 0, define the strongly typical set AN

δ (PX) with respect to the probability
mass function PX = (p1, p2, · · · , ps) as follows

AN
δ (PX) ,

{
XN ∈ X N : ∀1≤i≤s,

|ni(XN)

N
− pi| ≤ δ, ∧ pi = 0⇒ ni(XN) = 0

}
.

(B.2)

So using (B.2), we may as well assume that pi > 0 because we can safely
ignore any x with Pr{X = x} = 0. Without loss of generality, we assume that
nX(XN)

N = PX + ∆X where

∆X =

(
δ

a1
,

δ

a2
, · · · ,

δ

aM
, 0, 0, · · · , 0,

−δ

b1
,
−δ

b2
, · · · ,

−δ

bN

)
, (B.3)
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and ai’s and bi’s are arbitrary positive real numbers. Since PX and nX(XN)
N are

both probability mass functions, the elements of ∆X must sum up to zero. That
is,

M

∑
m=1

1
am

=
N

∑
n=1

1
bn

. (B.4)

Also, According to (B.2) for XN ∈ AN
δ (PX), each element of ∆X must be smaller

than or equal to δ. This results in,

∀m,n : am ≥ 1 and bn ≥ 1 . (B.5)

The KL-divergence between nX(XN)
N and PX is

D
(

nX(XN)

N
||PX

)
=

M

∑
m=1

(pm +
δ

am
) log

pm + δ
am

pm
+

N

∑
n=1

(pn −
δ

bn
) log

pn − δ
bn

pn
.

(B.6)

Taking the partial derivative of KL-divergence with respect to pm and pn,

∂D
(

nX(XN)
N ||PX

)
∂pm

= ln
pm + δ

am

pm
− δ

am pm
≤ 0 , (B.7)

and

∂D
(

nX(XN)
N ||PX

)
∂pn

= ln
pn − δ

bn

pn
+

δ

bn pn
≤ 0 . (B.8)

So the divergence function is maximal when p’s are minimal. Note that here
we consider the hyperspace 0 < pi ≤ 1 without any constraints. Constraints
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like
M

∑
m=1

pm +
N

∑
n=1

pn ≤ 1,

or
s

∑
i=1

pi = 1,

will lead to a maximum that is smaller than the maximum calculated when
p’s can change independently. Define,

pmin = min pi > 0 , (B.9)

and choose δ such that 0 < δ < pmin. So,

pi ≥ pmin > δ, for i = 1, 2, · · · , s . (B.10)

Then using (B.6),

D
(

nX(XN)

N
||PX

)
≤

M

∑
m=1

(pmin +
δ

am
) log

pmin +
δ

am

pmin

+
N

∑
n=1

(pmin −
δ

bn
) log

pmin − δ
bn

pmin
.

(B.11)

From (B.5) and (B.10) we know that,

0 ≤ δ

am pmin
≤ 1 and − 1 ≤ −δ

bn pmin
≤ 0 . (B.12)

Therefore we can use the Taylor series expansion for the log terms in (B.11),
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D
(

nX(XN)

N
||PX

)
≤

M

∑
m=1

(pmin +
δ

am
)

(
δ

am pmin
− δ2

2a2
m p2

min
+ · · ·

)

+
N

∑
n=1

(pmin −
δ

bn
)

(
−δ

bn pmin
− δ2

2b2
n p2

min
− · · ·

)

= (
M

∑
m=1

1
am
−

N

∑
n=1

1
bn

)δ + (
M

∑
m=1

1
2a2

m
+

N

∑
n=1

1
2b2

n
)

δ2

pmin
+ · · · .

(B.13)

Considering the condition in (B.4), the coefficient for the first order of δ is zero.
Then, the divergence simplifies to

D
(

nX(XN)

N
||PX

)
∼ O(δ2) . (B.14)

This means that for the sequences of length N that are strongly typical with

parameter δ, the divergence term between empirical distribution nX(XN)
N and

the true distribution PX is of order O(δ2). According to the definition of strong
typicality, we almost surely observe one of the members of this typical set if N
is sufficiently large. More specifically, for the probability of the strongly typical
sequences we can write [19],

P
(
AN

δ (PX)
)
≥ 1− s

4Nδ2 . (B.15)

Therefore we are interested in a condition that Nδ2 increases unboundedly
with N such that the probability in (B.15) goes to one, and also simultaneously,
δ is of some order smaller than log N√

N
such that the KL-divergence in (B.14)

is of order o( log N
N ). We show that both of these conditions can be satisfied

simultaneously. For example, consider the following relation between δ and
N,
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δ =
(log N)γ

√
N

where 0 < γ <
1
2

. (B.16)

For the typical sequences

P
(
AN

δ (PX)
)
≥ 1− s

4(log N)2γ
, (B.17)

and regarding the KL-divergence,

D
(

nX(XN)

N
||PX

)
∼ O

(
(log N)2γ

N

)
. (B.18)

This means that the probability of the strongly typical sequences, that the KL-
divergence between their empirical and true probability is of order o( log N

N ),
goes to one with a sub-logarithmic rate as N increases.
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Chapter 6 contains the complete comparison of the workload required by the
network method with that of direct model calculation. Here we would like to
count the number of models that can be made from k ordered features, but not
necessarily including all k features. Let nk be the number of models. To solve
the problem through recursion, we assume nk is known and we are interested
in calculating nk+1. We exclude the empty model (without any features). For
the rest, first we consider a non-empty group containing j features, where
1 ≤ j ≤ k + 1. These are j consecutive features fi, fi+1, · · · , fi+j−1 for i =

1, 2, · · · , k− j+ 2. This group can be followed by any model over the remaining
features fi+j, · · · , fk+1, if i < k− j + 2. The number of the remaining features
is k + 2− i− j. Thus,

nk+1 = 1 +
k+1

∑
j=1

k+2−j

∑
i=1

nk+2−i−j , (C.1)

where the number one is added for the empty model. With a few simplifica-
tions we get,

nk+1 = 1 +
k

∑
j=0

k

∑
i=j

nk−i = 1 +
k

∑
i=0

(i + 1)nk−i . (C.2)

Using Eq. (C.2) for nk+1 and nk,

nk+1 − nk =
k

∑
i=0

ni , (C.3)

and similarly,

nk − nk−1 =
k−1

∑
i=0

ni . (C.4)

by subtracting C.4 from C.3, we get

nk+1 − 3nk + nk−1 = 0 . (C.5)

The solution to the recurrence relation above depends on the roots of the
characteristic equation s2 − 3s + 1 = 0. The roots of the characteristic equation
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are s = 3+
√

5
2 and s = 3−

√
5

2 . Thus, the solution will have the form

nk = α

(
3 +
√

5
2

)k

+ β

(
3−
√

5
2

)k

. (C.6)

The initial conditions n0 = 1 and n1 = 2 are the number of possible models
from zero and one feature respectively. We solve the following linear system
for α and β.

α + β = 1 (C.7)

α
(

3+
√

5
2

)
+ β

(
3−
√

5
2

)
= 2 . (C.8)

We get α = 5+
√

5
10 and β = 5−

√
5

10 . Therefore,

nk =
5 +
√

5
10

(
3 +
√

5
2

)k

+
5−
√

5
10

(
3−
√

5
2

)k

=
1√
5

(
1 +
√

5
2

)2k+1

− 1√
5

(
1−
√

5
2

)2k+1

= F2k+1 ,

(C.9)

where Fi refers to the ith number in the Fibonacci sequence.

To calculate the number of multiplications required for making nk models, we
use the same reasoning. Let wk be the number of multiplications required when
there are k ordered features. First we consider a non-empty group with j fea-
tures where 1 ≤ j ≤ k + 1. We assume this first group to be fi, fi+1, · · · , fi+j−1
where i = 1, 2, · · · , k+ 2− j. Each possible group that is made from the remain-
ing features fi+j, · · · , fk+1 must be multiplied to the first group except when
the second group is the empty model. Furthermore, we should also consider
the number of multiplications required when we make the models out of the
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remaining features. Therefore, we get the following recursion formula

wk+1 =
k+1

∑
j=1

k+2−j

∑
i=1

(wk+1−i−j + nk+1−i−j − 1) , (C.10)

and taking similar steps as before,

wk+1 =
k

∑
j=0

k

∑
i=j

(wk−i + nk−i − 1) =
k

∑
i=0

(i + 1)(wk−i + nk−i − 1) . (C.11)

repeating the equation above for wk and subtracting,

wk+1 − wk = −(k + 1) +
k

∑
i=0

(wi + ni) , (C.12)

and from that,

wk − wk−1 = −k +
k−1

∑
i=0

(wi + ni) . (C.13)

Subtract C.13 from C.12, we get to the recursive relation,

wk+1 − 3wk + wk−1 = nk − 1 . (C.14)

Eq. (C.14) is a non-homogenous recurrence relation. The characteristic equation
for the associated homogenous recurrence relation is again s2− 3s+ 1 = 0. The
complementary solution is of the form,

α

(
3 +
√

5
2

)k

+ β

(
3−
√

5
2

)k

. (C.15)

Since nk − 1 can be written as 5+
√

5
10

(
3+
√

5
2

)k
+ 5−

√
5

10

(
3−
√

5
2

)k
− 1 and both of

the exponential bases are the roots of the characteristic equation, the particular
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solution has the form,

Ak

(
3 +
√

5
2

)k

+ Bk

(
3−
√

5
2

)k

+ C . (C.16)

Solving for the particular solution,

A =
7 +
√

5
20 + 10

√
5

B =
7−
√

5
20− 10

√
5

C = 1 .

(C.17)

The number of multiplications required to build models with zero and one
feature make the initial conditions for our differential equation. Using w0 =

w1 = 0 and solving for α and β, the solution to the recursive relation is

wk = k

 7 + 3
√

5
20 + 10

√
5

(
3 +
√

5
2

)k

+
7− 3

√
5

20− 10
√

5

(
3−
√

5
2

)k


−

5
√

5 + 3
10
√

5

(
3 +
√

5
2

)k

+
5
√

5− 3
10
√

5

(
3−
√

5
2

)k
+ 1 .

(C.18)

It is clear from Eq. (C.18) that the order of complexity for wk is O
(

k(2.62k)
)

. It
should be mentioned that by working out Eq. (C.11), and using the following
three equations,

∑k
i=1 iF2i = kF2k+1 −F2k , (C.19)

∑k−1
i=1 iF2i+1 = kF2k −F2k+1 + 1 , (C.20)

∑k
i=1 i2F2i = (k2 + 2)F2k+1 − (2k + 1)F2k − 2 , (C.21)
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we get to a definition for wk, based on numbers of the Fibonacci sequence.

wk = 1−F2k+1 +
k

∑
i=1
FiF2k+1−i . (C.22)
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Summary

Supervised Learning
Through Feature-Based Models

This dissertation mainly addresses the challenge of supervised classification
and feature selection by investigating the dependencies between groups of
attributes in the data in a computationally efficient manner. For this purpose,
we take the intermediary step of fitting models to the set of observations.

The need to fit a probability distribution to the observed data appears in many
research disciplines. The distribution that best fits the data can be regarded
as a source matching model and thus utilized to describe the data generating
source or predict the future data. However, we know that the distribution that
fits the observed data perfectly is not always the best source matching model.
A model that is too complex over-fits the observation and predicts the future
data falsely. While experts may define discipline-specific evaluation metrics to
find the best model, it is always desirable to have a criterion to maintain the
balance between fitting the data and model complexity. In this research, when
we select models, by striking a balance between complexity and performance,
we make sure that our method is in accordance with a well-known complexity
penalization criterion.

When the goal is to describe the new data, since each candidate model is
basically making an approximation of the reality, it is also a common practice
to avoid the nuisance of searching for one model with the best approximation
and use a mixture of approximations from different models. For either mixing
models or selecting the best of them, the first step is to specify the class of
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148 Summary

models that have similar characteristics but different number and value of
parameters.

Throughout our work, we assume that each instance of data contains a class
label and a group of informative characteristics named features. We define a
class of models that are based on the dependencies between the features of
the data. Each feature-based model corresponds to a specific set of dependen-
cies between the features and when applied to the data, results in a distinct
probability distribution. The members of the feature-based class of models
are different in assuming dependencies between these features. Since the de-
pendencies can be between more than two features, numerous feature-based
models can be defined and each of them leads to a separate estimation for the
probability of observation of the data.

Since the number of possible feature-based models will be large when there
are many features, we introduce a novel graph-based method, which we call
the network, to reduce the number of operations required to calculate prob-
abilities under different model assumptions. We show the efficiency of the
network method by explaining the reduction in the number of algebraic opera-
tions. Through simulations, we show that the mixture of feature-based models
produces a probability estimation not far off the true probability distribution
of the data. With some manipulation of the method, the network can be used
to select the feature-based model that best fits the data in an efficient manner.
Through various experiments, it can be observed that the model selected by the
network marks the dependencies between the features correctly. We provide a
mathematical proof stating that as the number of the instances of the observed
data increases, eventually the network selects a model with the same feature
dependencies as the source model. Furthermore, our extensive experiments on
real and synthetic data support the fact that the supervised data classification
based on the selected model by the network has a high accuracy in comparison
with popular state-of-the-art classification techniques.

Selecting a subgroup of the original features to prevent over-fitting the training
data and to enhance the learning process is an active field of research. Many
well-known feature selection algorithms may not be able to remove repeated
informative features, may erroneously remove features that are informative
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in combination with other features or favor the features that have more value
levels. We address the challenge of feature selection by introducing some
changes to the calculations performed in the network. We prove theoretically
and in practice that the network method is does not have the aforementioned
problems and is able to filter out both irrelevant and redundant features.

A chapter of the dissertation is dedicated to the practical examples of the appli-
cation of the proposed method. The experimental settings and the advantage
of applying the network method to the problem in the framework of projects
in lighting and health-care domain are explained in details. In the lighting
domain, the importance of factors effecting the reaction of people working
in an office to the lighting situation in the environment is analyzed. In the
health-care domain, extracted features from photoplethysmogram and electro-
cardiogram signals are evaluated. A best combination of features is selected
to reduce the false alarm rate of arrhythmia detection devices. The results of
these experiments show improvement in classification accuracy and help the
experts with extra insight about the problems.
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