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A B S T R A C T

Gas–liquid–solid three phase flows are commonly found in (bio-)chemical processes, e.g. in bubble slurry
columns in the Fischer–Tropsch process. In order to facilitate the rational scale-up and the design of such
columns, a detailed understanding of the complex phase interactions is required. In this work, we focus on the
effective drag acting on particles and bubbles, using Direct Numerical Simulations. We combined the Front
Tracking method of Roghair et al. (2013b) and the second order implicit Immersed Boundary method of Deen
et al. (2012). The resulting hybrid Front Tracking Immersed Boundary method is able to simulate dense three
phase flows and is used to study swarm effects in terms of drag. A correlation has been obtained for the drag
coefficient for a system consisting of 2 mm bubbles and 1 mm particles at several phase volume fractions. In
future research, the developed methodology can be applied to study the effect of the bubble and particle size and
their ratio.

1. Introduction

The interest in Fischer–Tropsch processes for the production of
synthetic fuels, methanol synthesis and other gas-to-liquid processes is
growing in recent years, due to the increase in the oil prices. Usually
these processes are performed in slurry bubble columns. To improve
the design and the scale-up of these processes, fundamental under-
standing of the hydrodynamics and the complex three-phase interac-
tions is required (Kantarci et al., 2005; Wang et al., 2007; Yang et al.,
2007; Pan et al., 2016).

When particles are introduced to the liquid phase, the bubbles size
decreases and the void fraction increases. Moreover, an increase in the
solids volume fraction will also reduce the bubble rise velocity
(Kantarci et al., 2005; Wang et al., 2007; Hooshyar et al., 2013;
Baltussen et al., 2013; Pan et al., 2016). Hooshyar et al. (2013) studied
the mechanism of this decrease of the bubble rise velocity for neutrally
buoyant particles. The mechanism depends on the Stokes relaxation
time of the particles. For particles with a relatively small relaxation
time, the particles only influence the bubble rise velocity via an increase

of the apparent viscosity. Although larger particles will also influence
the apparent viscosity, the decrease in the bubble rise velocity is mainly
caused by the collisions of the particles with the bubbles.

To improve our predictive capabilities, a more fundamental under-
standing of the effect of the particles on the bubble rise velocity and the
effect of the bubbles on the particle velocities is needed. Because of the
experimental limitations in terms of optical access and intrusiveness,
Multiphase Computational Fluid Dynamics (MCFD) is an attractive
tool to study these effects. Typically, industrial size bubble slurry
columns are tens of meters tall, while the bubbles and the particles are
in the order of millimeters and tens of micrometers, respectively.
Because of these different length scales and associated time scales,
MCFD is not suited to fully resolve all relevant details using a single
model. To overcome this problem, a multi-scale modeling approach is
adapted. In this approach, the smaller scale models provide closures for
the larger scale models, ensuring accurate representation of the small
scale phenomena while using relatively modest computational power
(van Sint Annaland et al., 2003; Deen et al., 2004; Yang et al., 2007;
Raessi et al., 2010; Roghair et al., 2011; Baltussen et al., 2013; Pan
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et al., 2016).

1.1. Multiscale modeling

In the multi-scale modeling approach, the largest scales are
simulated using Euler–Euler models. These models consider all phases
as continuous interpenetrating fluids, which enables in principle the
simulation of an industrial size bubble column. However, these models
require closure relations to accurately capture the bubble-bubble,
bubble-liquid, bubble-particle, liquid-particle and particle-particle in-
teractions (Yang et al., 2007; Roghair et al., 2011; Baltussen et al.,
2013; Pan et al., 2016).

These closures can be assessed and tested using Euler–Lagrangian
models, which are the intermediate scale models of the multi-scale
modeling approach. In Euler–Lagrangian models, the volume-averaged
Navier–Stokes equations are solved for the continuous phase, while the
bubbles and the particles are tracked as Lagrangian particles. Although
the large scale swarm effects and the effects of coalescence and break-
up can be studied adequately using these models, the models only solve
the volume-averaged Navier–Stokes equations and do not resolve the
dynamics of the dispersed elements (bubbles and/or particles).
Therefore closures still have to be included for the bubble-liquid and
particle-liquid interactions, e.g. drag and lift correlations (Deen et al.,
2004; Yang et al., 2007; Roghair et al., 2011; Baltussen et al., 2013;
Pan et al., 2016).

These correlations for the bubble-liquid and particle-liquid inter-
actions can be generated using the smallest scale models: Direct
Numerical Simulations (DNS). In DNS, all details of the flow field
are fully resolved, i.e. the governing equations are solved without any
rigorous a priori assumptions or simplifications. This leads to a very
accurate description of the flow field, but limits the simulations to
O (10 )2 bubbles due to the high computational costs (Deen et al., 2004;
Yang et al., 2007; Roghair et al., 2011; Baltussen et al., 2013).

1.2. Objectives

In this work, dense gas–liquid–solid three-phase flows will be
studied using DNS. Three-phase DNS methods have been developed by
several authors starting from the available two-phase methods. Li et al.
(2001) combined the Euler–Lagrange approach with a DNS method.
Although this method is able to study three phase flows, closures are
still required for the solid–liquid interactions, because the particles are
taken into account as Lagrangian point particles. Ge and Fan (2006),
Jain et al. (2012) and Baltussen et al. (2016) combined a front
capturing technique to capture the gas–liquid interface and an
Immersed Boundary (IB) method to implement the no-slip boundary
condition. These front capturing techniques reconstruct the interface
instead of directly tracking the interface. Although these models
inherently allow for break-up and coalescence, the obtained break-up
and merging of the bubbles might be unphysical. Therefore, Deen et al.
(2009) and Baltussen et al. (2013) combined a front tracking technique

with an IB method. In these models, coalescence and break-up of
bubbles does not take place, unless it is included via a sub-grid model.

In this work, dense gravity driven particle/bubble swarms will be
studied. To ensure a constant bubble size and to prevent unphysical
merging of the bubbles, the gas–liquid interface is described using the
Front Tracking (FT) method of Roghair et al. (2013a). The particle-
fluid interaction is described using the second order implicit IB method
of Deen et al. (2012), because this method does not require an effective
particle diameter.

This paper is organized as follows. First of all, an explanation of the
applied numerical method is given. Subsequently, the simulation
settings will be discussed whereafter the effect of the void fraction
and the solids volume fraction on the drag coefficient of the bubbles
and the particles will be presented and discussed.

2. Numerical method

The used three phase DNS method is a combination of the FT
method of Roghair et al. (2013a) and the second order IB method of
Deen et al. (2012). This paper contains only a brief discussion of both
methods, particularly focusing on the combination of both methods
and the modification required to enable the calculation of three-phase
systems. The combined FT-IB model solves the continuity equation,
Eq. (1), and the Navier–Stokes equations, Eq. (2), assuming incom-
pressible flow:

u∇· = 0 (1)

ρ
t

p ρ τ ρu uu g F∂
∂

= −∇ − ∇·( ) − ∇· + + σ (2)

Because the velocity field is continuous across the gas–liquid
interface, the Navier–Stokes equations can be solved using an one-
field approximation. The used viscosity in all grid cells is the volume
averaged viscosity. At a three phase interface, the viscosity of the
particle phase is set equal to the liquid viscosity. The surface tension at
the gas–liquid interface is taken into account by an extra force density,
Fσ , which is introduced near the interface. This force density is
calculated using the triangular markers, that represent the gas–liquid
interface. Each marker is subject to tensile forces exerted by the three
neighboring markers. The summation of these tensile forces gives the
surface force exerted on the marker, which is mapped to the surround-
ing cells using a mass-weighing function (Dijkhuizen et al., 2010b;
Roghair, 2012). To alleviate the difference, due to the mismatch
between the discretisation of the surface tension and the pressure
field, the surface tension calculations is augmented with the so-called
“pressure-jump correction” (Renardy and Renardy, 2002; Francois
et al., 2006; Dijkhuizen et al., 2010b), leading to less parasitic currents.

The no-slip boundary condition at the particle surface is taken into
account implicitly at the level of the discretised Navier–Stokes equa-
tions. At this level, each velocity component at a certain node in the
fluid, ψc, can be described as a function of the velocity components of
the neighboring nodes, ψnb, with Eq. (3).

Nomenclature

Roman symbol
a b C, , Coefficient
d Diameter (m)
F Force density or Force (N/m3 or N)
g Gravity acceleration (m/s2)
I Moment of inertia (Kg·m2)
n Normal
p Pressure (Pa)
t Time (s)
r Distance (m)

u Liquid, fluid velocity (m/s)
v Bubble velocity (m/s)
V Volume (m3)
w Particle velocity (m/s)Greek symbols
α Void fraction
μ Viscosity (Pa·s)
ρ Density (kg/m3)
σ Surface tension coefficient (N/m)
τ Stress tensor (Pa)
ϕ Solid volume fraction
ψ Velocity component (m/s)
ω Rotational velocity (1/s)
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∑a ψ a ψ b+ =c c
nb

nb nb c
(3)

where the coefficients anb indicate the coupling of the velocity at node c
with the velocities of the neighboring nodes, nb.

The no-slip boundary condition is implemented using a second
order (1D) polynomial fit for each fluid node which has one neighbor-
ing node inside a particle. Using the local velocity and the velocity at
the particle surface, the fit eliminates the node inside the particle from
Eq. (3) and adjusts the coefficients of the two velocity values involved in
the polynomial fit. Using the same approach, a similar function is
obtained for fluid nodes that are in close proximity of two particles.
Because both equations are singular when the particle surface is close
to the central cell, a linear fit is used when the distance between the
surface and the central point is less than 0.0001 times the grid size.

The velocity field given by Eq. (2) is obtained on a staggered grid
using a projection-correction method. In the projection step, all terms
in this equation are treated explicitly except for the diffusion term,
which is treated semi-implicitly. The implicit part of the diffusion term
is chosen such that it only depends on the velocity component that is
solved for, whereas the remaining (small) terms are treated explicitly.
The diffusion terms are discretised using a second order central
difference scheme, while a second order flux-delimited Barton scheme
is used for the convective terms. The projected velocity field is
corrected to satisfy the continuity equation (Eq. (1)). The equations
in both the projection step and the correction step are solved using a
block ICCG matrix solver, which is parallelised with OpenMP.

2.1. Particles

After the calculation of the velocity field, the positions of the
particles, m, are updated by solving the Newtonian equations of
motion:

∮ ∫ ∫ ∫V ρ d
dt

m τ dS pdV Fw g F n= + − ( · ) + − ∇ +m m
m

Γ Ω
d col,

m m (4)

∮I dω
dt

τ dSr r n= ( − ) × −( · )m
m

Γ
i j k m, ,

m (5)

where the moment of inertia is given by:

I V ρ d= 1
10m m m m

2
(6)

Because the viscosity is not constant in the three-phase system, the
transpose part of the Stokes stress tensor in Eqs. (4) and (5) should be
included. The velocity derivatives required in the evaluation of the
stress tensor and the pressure gradient can be obtained directly from
the second order fit used to apply the no-slip boundary condition.

In the continuous limit, the calculation of the viscous drag can be
performed with either a surface integral or a volume integral, which is
obtained using Gauss's theorem. The volume integral is implemented by
summing all the pressure gradients across the particle volume, starting from
point i0 up to point i1. These indices denote the pressure points located on
opposite sides just outside the particle. By summing all the intermediate
pressure gradients (p i p i dx p i p i dx[ + 1] − [ ]/ … [ ] − [ − 1]/0 0 1 1 ), effectively
the surface integral is retained (p i p i dx[ ] − [ ]/1 0 ). Comparison with the
results of Zick and Homsy (1982) show that the calculation of the form drag
using the surface integral is not able to accurately calculate the drag of a
particle in dense particle arrays. Therefore, volume integrals have been
applied in this paper.

In the simulations, the interactions between the particles are
included using a hard sphere model (Hoomans et al., 1996). Thus,
the computed drag force does not include the collisions with other
particles. However, the collisions with the bubbles are lumped into the
computed drag force experienced by the particles.

2.2. Bubbles

After the update of the particle velocities and positions, the position
of the bubbles is updated. Each of the marker points of the bubble
interface is displaced separately with fourth order Runga-Kutta time
stepping using the local velocity, which is determined with a cubic
spline interpolation from the Eulerian grid. Due to the separate
advection of each marker point, the bubble not only changes its
position, but also its shape. Nevertheless, the separate advection also
changes the distance between the marker points, which leads to a
decrease in quality of the surface mesh. To overcome this issue the
surface is remeshed. This remeshing procedure consists of four
elementary operations: edge splitting, edge collapsing, edge swapping
and smoothing (Roghair, 2012).

The separate advection of the marker points and the remeshing
procedure cause small volume changes of the bubble, which are
significant over the total simulation time because of the large number
of time steps. Therefore, a smoothing procedure described by Kuprat
et al. (2001) is implemented, which locally restores small volume
losses. Moreover, the separate advection of the marker points will also
lead to volume changes, which are compensated by distributing the lost
volume over all the interface cells. This procedure might cause
unphysical overlap with other bubbles and particles. Therefore, marker
points that are close to another bubble or particle, within the maximal
edge length of a marker, are excluded from this operation.

3. Simulation set-up

To generate an initial random packing of the dispersed phases, a
Monte-Carlo method is used. First, the dispersed elements (bubbles/
particles) are placed in a lattice structure in the domain. Subsequently,
each element is displaced slightly 200 times. The procedure is repeated
until no overlap between the elements is found.

To ensure that the finite box size does not cause any artifacts, the
minimum number of bubbles and particles required in a simulation
should be determined. Roghair et al. (2011) and Bunner and
Tryggvason (2002) established that the minimum number of bubbles
needed is 12. To determine the minimum number of particles in a
simulation, a base case simulation was started with 20–100 particles
(see Table 1). Fig. 1.a shows that there is no effect of the number of
particles on the average slip velocity of both the particles and the
bubbles when the number of particles is exceeds 40. To ensure that all
the interactions are captured accurately, the minimum number of
bubbles and particles used in the simulations is respectively set to 16

Table 1
The simulation settings for the base case of the bubble slurry swarms.

Property Value Unit

Void fraction, α 0.30
Solid volume fraction, ϕ 0.05
Computational grid 171
Grid size 1.0·10−4 m

Time step 1.0·10−5 s

Bubble diameter 2.0·10−3 m

Particle diameter 1.0·10−3 m

Liquid density 1.0·103 kg/m3

Liquid viscosity 1.0·10−3 Pas

Gas density 100.0 kg/m3

Gas viscosity 1.8·10−5 Pas

Solids density 2.0·103 kg/m3

Surface tension 0.073 N/m
Normal restitution coefficient 1.00
Tangential restitution coefficient 1.00
Friction coefficient coefficient 0.00
– log(Mo) 10.6
Eo 0.48
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and 60.
Also, the grid resolution was determined to ensure grid indepen-

dent results. Dijkhuizen et al. (2010a) established that the minimum
number of grid cells across a bubble diameter is 20 for the used FT
method. For the particles, the minimum number of grid cells in a
particle diameter was varied between 10 and 20 in the simulation
(simulation details are given in Table 1). Because the results in Fig. 1b
show a negligible effect of the grid resolution of the particles, the
minimum number of grid cells in a particle is set to 10.

The effect of the void fraction and the solids volume fraction on the
bubble drag force is studied with 27 different simulations, which are
grouped in four different cases listed in Table 2. All simulations are
initiated with a time step of 1.0·10 − 5 s and continued for 1 s. To

remove any start-up effects, the first 0.2 s is discarded from the
analysis. Two-phase flow results showed that 0.2 s is sufficient to yield
the time-averaged slip velocity within 2% from the final results
(Roghair et al., 2011). It is expected that due to the even higher void
fractions and the introduction of the particles the time-averaged results
are obtained even earlier, which was also shown by visual observations
of the the time dependent results.

4. Results

4.1. The drag coefficient of the bubbles

First, the effect of the particles on the bubble drag force is
quantified by varying the solids volume fraction and the void fraction.
Subsequently, the drag coefficient of the bubbles was determined, using
a macroscopic force balance on the bubbles as described by Roghair
et al. (2011). At a pseudo steady state, the time-averaged drag will
exactly balance the gravitational force and the hydrostatic pressure
force in the flow direction:

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

V ρ pV ρ C
πd

α ϕ
ρ ρ
ρ ρ

ρ ρ g V

F F F g v< > = < > + < > = − ∇ 1
2 4

= 1 − −
−
−

( − )

D G P b g b l rel b D
b

l s

l g
l g z b

,
2

2

(7)

To define a relative drag coefficient , the drag coefficient obtained from
the simulations is normalized by dividing by the drag coefficient of a
single bubble rising in an infinite part of liquid obtained by Tomiyama
(1998), and given by when the gravitational force is only directed in the
z direction:

R
R

R

⎡
⎣⎢

⎤
⎦⎥C

d ρ ρ g

ρ v
=

4 ( − )
3

= max min 16
e

(1 + 0.15 e ), 48
e

, 8
3

Eo
Eo + 4

D
b l g z

l z b
,∞

,
2

0.687

(8)

Using this definition, the relative drag coefficient is in direct corre-
spondence to the terminal rise velocity of a single bubble with the same
size and the average velocity of the bubbles in the simulation. Because
the hydrostatic pressure is different in the case of a single rising bubble,
the calculated bubble rise velocity has to be corrected with the void
fraction and the solids volume fraction, Eq. (9):

⎛
⎝⎜

⎞
⎠⎟

C C

C α ϕ

v
v u

=
1 − −

=
< >

( < > − < > )D rel
D

D
ρ ρ
ρ ρ

b

b
,

,∞
−
−

,∞
2

2
l s

l g (9)

It is noted that this equation reduces to the same form as derived by
Roghair et al. (2011) in the absence of particles (ϕ = 0) or in case of
neutrally buoyant particles (ρ ρ− = 0l s ).

Fig. 2 shows the relative drag coefficients resulting from the three-
phase simulations, where the bars indicate the computed standard
deviation of the drag coefficient of the bubbles. Both figures show a
combined dependency of the void fraction and the solids volume
fraction. The results for case 2 with a solid volume fraction of 8%
show the effect of two different initial settings. The resulting relative
drag coefficients differ approximately 12%, which is well within the
largely overlapping standard deviations. The obtained standard devia-
tions found in this work are larger than those obtained for gas–liquid
bubble swarms, which is probably due to the interactions with the
(heavier) particles.

The figure shows that the drag coefficient of the bubbles increases
with increasing void fraction and increasing particle volume fraction.
The increase of the drag due to an increasing void fraction on the two-
phase bubbly flow was already determined Roghair et al. (2011) and
Martínez-Mercado et al. (2007). The effects in the three-phase flow are
larger due to the addition of particles, which is in good agreement with

Fig. 1. Time-averaged relative velocities of the bubbles and the particles as a function of
the simulation box size expressed as the number of particles in the simulation box (a) and
as a function of the simulation resolution expressed in number of grid cells across the
particle diameter (b). All simulations are performed with a void fraction of 30% and a
solids volume fraction of 5%. The simulations in figure (a) use 20 grid cells in a particle
diameter, while the simulations in figure (b) use 60 particles in the simulation. The bars
indicate the standard deviations in the velocities.

Table 2
The gas fraction, solids volume fraction and averaging time for the four different cases
studied to determine the effect of solids volume fraction and the void fraction. All cases
have the same settings as listed in Table 1, except for the parameters listed here.

Case α ϕ tavg

1 0.20 0.02…0.14 0.8
2 0.40 0.02…0.14 0.25…0.8
3 0.15…0.45 0.05 0.55…0.8
4 0.15…0.45 0.10 0.8
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the experimentally observed decrease in the bubble rise velocity upon
the introduction of particles (Kantarci et al., 2005; Wang et al., 2007;
Hooshyar et al., 2013; Pan et al., 2016).

The data presented in Fig. 2 was used to derive a correlation for the
bubble drag coefficient. The form of the correlation was chosen such
that it behaves similarly as the correlation of Roghair et al. (2011) in
the limit that there are no particles (ϕ = 0). In addition, it is expected
that the drag coefficient of a single bubble (α = 0) is higher in a liquid
containing particles. Using these constraints and the simulation
results, a fit for the relative drag coefficient was obtained:

C α α ϕ ϕ= 1 + 18
Eo

+ 1.8·10 + 2.7·10D rel,
5 5 1.1 3 2

(10)

The lines in Fig. 2 show that the correlation accurately captures the
trends in the drag coefficient with respect to the void fraction and the
solids volume fraction. When the results are compared in a parity plot,
Fig. 3, it can be concluded that most of the results are within 10% of the
fit. On average, the differences between the correlation and the
simulation results amounts 7.6%, which is less than the spread in
results obtained by using different initial conditions. The maximum
difference between the correlation and the simulation is 20%, which is
found for low solids volume fractions and low void fractions.

4.2. The drag coefficient of the particles

Besides the effect of the particles on the drag coefficient of the
bubbles, the effect of the bubbles on the terminal velocity of the
particles can be determined in a similar manner. However, the drag
coefficient is now normalized with the drag coefficient of a single
particle in an infinite fluid, given by Schiller and Nauman (Clift et al.,
1978):

R
RC

d ρ ρ g

ρ w
=

4 ( − )
3

= 24
e

(1 + 0.15 e )D p
p l p z

l z p
p,∞, 2
0.687

(11)

The resulting relative drag coefficient is given by:

⎛
⎝⎜

⎞
⎠⎟

C C

C ϕ α

w
w u

=
1 − −

= < >
( < > − < > )D rel p

D

D p
ρ ρ

ρ ρ
p

, ,

,∞,
−

−

∞
2

2
g l

s l (12)

Fig. 4 clearly shows that the drag force on the particles occasionally
changes direction. This is because the combination of one bubble and
one particle is buoyant with respect to the liquid, which occasionally
leads to mutual rise of a bubble and a particle. The large standard
deviations show that particles seem two have different modes: almost
free movement and movement that is obstructed by bubbles. Because

the particles appear to switch between these modes, the standard
deviations are much larger than the averaged drag coefficient. To
improve upon the currently obtained drag coefficient, the particles drag
should be calculated for both modes of movement. However, this is
beyond the scope of this work.

Fig. 4 also shows that the difference obtained with different initial
settings is slightly less (8%) than the difference obtained for the drag
coefficient of the bubbles.

Using the obtained drag coefficients, a correlation is fitted to
determine the effect of the void fraction and the solids volume fraction
on the drag coefficient. The fit should meet two criteria. First of all,
when the void fraction and the volume solids fraction approach zero,
the relative drag coefficient of the particles should be equal to 1.
Moreover, it is expected that the drag coefficient of a single particle in a
bubble swarm or in a particle swarm have a relatively higher drag than
a single particle in an infinite liquid. The obtained fit is shown in Eq.
(13).

C α ϕ ϕ α= 1 + 10 + 200 + 1.41·10D rel p, ,
2.5 2 7 4.5 5 (13)

The lines in Fig. 4 show that the fit captures the trends in the drag
coefficient accurately. To examine the accuracy of the fit, a parity plot is
shown in Fig. 5. The average absolute difference between the simula-
tion and the correlation results is 7.1% with a maximum of 22.5%.

Fig. 2. The effect of the solids volume fraction, (a), and the effect of the void fraction, (b), on the normalized drag coefficient of the bubbles. The drag is normalized using Eq. (9). The
lines in the figures represent the fit of Eq. (10). The bars indicate the standard deviation.

Fig. 3. A parity plot containing the relative drag coefficient of the particles obtained from
the simulations and the correlation given by Eq. (10). The dashed lines indicate an error
of 10%.
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4.3. Bubble and particle micro structuring

Both correlations obtained in this work indicate an increase of the
drag coefficient with increasing solids volume fraction and void
fraction. This increase can partly be explained by the micro structuring
of the bubbles. The bubbles cluster in a dynamic system of horizontal
layers, which was also observed by Baltussen et al. (2013) for slurries
and by Roghair et al. (2013b) for bubble swarms, Fig. 6. The horizontal
clustering is probably caused by the lack of large scale circulations. The
particles do not seem to cluster by themselves; particle clustering
prevails due to hindrance by the bubbles. The particles partly cluster on
top of the bubbles effectively hindering the rise of the bubbles. At the
same time the velocity of the particles is decreased or even reversed in
direction. Due to buoyancy forces and the surface tension of the
bubbles, the particles will eventually roll down the side of the bubble.

During the simulations, the particles seem have to two different
modes of movement: particle movement obstructed by the bubbles and
(almost) free movement. The appearance of these two different modes
also explains the large standard deviation in the obtained drag
coefficient of the particles. To obtain a more accurate formulation of
the drag coefficient of the particles, the drag coefficient should be
determined separately for both modes of movement. This, however, is
beyond the scope of this work.

5. Conclusions

In this paper, a combined FT second order implicit IB method was
used to simulate dense bubble/particle swarms. Using a particle
diameter of 1 mm and a bubble diameter of 2 mm, the effect of the
void fraction and the solids volume fraction on the drag coefficient of
the bubbles and the particles was determined. To mimic a sufficiently
large bubble/particle swarm, the minimum required number of
bubbles and particles was found to be 16 and 60, respectively.
Furthermore, grid independence of the drag coefficient was obtained
if the minimum number of grid cells inside a bubble diameter and a
particle diameter are set to respectively 20 and 10. Using these settings
four different cases were simulated.

For both the particles and bubbles, a combined effect of the void
fraction and the solids volume fraction was found on the drag
coefficient. Using the simulation results, drag correlations for both
the bubbles and the particles were developed, which provides an
accurate description for a void fraction between 15% and 50% and a
solids volume fraction between 2% and 14%.

To broaden the range of applicability of the obtained correlations,
the simulation range should be extended. In the current data set, a
constant particle diameter and bubble diameter have been used.
Preliminary results to assess the effect of the bubble diameter show
that similar trends are obtained. In addition, an increase in the bubble
diameter will lead to a decrease in the drag coefficient for both the
bubbles and the particles. It is expected that the size of the particles will
influence the drag coefficient. Because the increase of inertia of the
particles might lead to larger deformation and even to break-up of the
bubbles, it is hard to predict the effect of the particle size on the drag of
both particles and bubbles.

However, we note that the FT-IB model has difficulties with
simulating systems that combine bubbles with a relatively low surface
tension and particles with a high inertia. In such cases, particles can fall
through bubbles, leading to the formation of a doughnut shaped bubble
or even the break-up of the bubble. For these cases a break-up model
would need to be incorporated. Another option is to combine the
currently used FT model with the Volume of Fluid model, which
prevents unphysical merging of the bubbles while break-up is incorpo-
rated in the model (Torres and Brackbill, 2000; Walker et al., 2013).
Another option is to implement FT without connectivity (Shin and
Juric, 2002).

Although the second order IB method is tested thoroughly, the
method has problems with accurate capture of the rotation of freely
moving particles at high Reynolds numbers. It is expected that the
disturbance of the bubbles and the frequent collisions with both

Fig. 5. A parity plot containing the relative drag coefficient of the particles obtained from
the simulations and the correlation given by Eq. (13). The dashed lines indicate an error
of 10%.

Fig. 4. The effect of the solids volume fraction (a), and the effect of the void fraction (b) on the normalized drag coefficient of the particles. The drag is normalized using Eq. (12). The
lines in the figures represent the fit of Eq. (13). The bars indicate the standard deviation.

M.W. Baltussen et al. Chemical Engineering Science 158 (2017) 561–568

566



particles and bubbles will the diminish any effect of unphysical
rotation. However the calculation of the rotational velocity should be
improved to eliminate all effects of the unphysical rotations.

Finally, the currently used ratio between the size of the bubbles and
the size of the particles (d d/ = 2b p ) is much larger than the ratio which
is common in bubble slurry columns (d d/ ≈ 10 − 100b p ). To obtain the
effect of catalyst particles in such a column, the diameter ratio has to be
decreased drastically, which will influence the drag force acting on both
the particles and the bubbles. Clearly this puts challenges on the
allowable number of grid cells, which can probably only be solved by
applying adaptive grid refinement. Finally, the effect of different
physical properties should be assessed.
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