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We extended a mathematical model for the drying of sessile droplets, based on the lubrication approx-
imation, to binary mixture droplets. This extension is relevant for e.g. inkjet printing applications, where
ink consisting of several components are used. The extension involves the generalization of an estab-
lished vapor diffusion-limited evaporation model to multi-component mixtures. The different volatilities
of the liquid components generate a composition gradient at the liquid-air interface. The model takes the
composition-dependence of the mass density, viscosity, surface tension, mutual diffusion coefficient and
thermodynamic activities into account. This leads to a variety of effects ranging from solutal Marangoni
flow over deviations from the typical spherical cap shape to an entrapped residual amount of the more
volatile component at later stages of the drying. These aspects are discussed in detail on the basis of
the numerical results for water-glycerol and water-ethanol droplets. The results show good agreement
with experimental findings. Finally, the accuracy of the lubrication approximation is assessed by compar-
ison with a finite element method.

� 2016 Elsevier Inc. All rights reserved.
1. Introduction

Because of the widespread range of applications, ranging from
inkjet printing [1] and spray cooling [2] to the deposition of protein
molecules on microarray slides [3] and more, the evaporation of
sessile droplets in ambient gas has aroused significant interest in
the latest decades. Although this represents a ubiquitous and clas-
sical phenomenon, the underlying physics, comprising the evapo-
ration rate, the flow in the droplet and the dynamics at the
contact line, is rather complex and still subject of ongoing research.

A substantial contribution to the theoretical understanding of
the drying of droplets was achieved by Deegan et al. [4,5] and
Popov [6]. They found that the evaporation rate is essentially con-
trolled by the diffusion of vapor from the droplet surface to the
ambient, which results in a non-homogeneous evaporation rate
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Fig. 1. Schematic sketch of the axisymmetric droplet. In case of an unpinned
contact line, a precursor film is considered (cf. Section S.4). A Marangoni shear
stress is imposed at the liquid-air interface C.
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with a singularity at the contact line. Based on this model, a variety
of numerical and analytical investigations were carried out [7–14].

While the temperature-driven Marangoni flow or the presence
of solute particles and their deposition to the substrate have been
taken into account in some of these studies, they were confined to
droplets consisting of a pure fluid. In applications like inkjet print-
ing, however, the ink is typically a mixture of a solvent and various
co-solvents, as well as surfactants and possibly colloidal solute par-
ticles. Experimentally, it has been shown that the evaporation of a
binary mixture droplet can exhibit interesting non-monotonic
behavior of the contact angle [15–19], initial condensation of water
from the surrounding air [20] and presumably an entrapped resid-
ual amount of the more volatile component [21,22]. Furthermore,
Christy et al. [23] and Bennacer and Sefiane [24] revealed by parti-
cle image velocimetry that evaporating water-ethanol droplets
undergo flow transitions: initially, in regime I, the preferential
evaporation of ethanol triggers a solutal Marangoni flow that
drives a complicated non-axisymmetric flow with multiple vor-
tices in the droplet. After that, they observed a rapid transition
with an intense velocity peak (regime II) followed by the usual cap-
illary flow to the contact line as in the case of pure droplets (regime
III). Recently, Zhong and Duan showed that the duration of the
transition regime II can also last for rather long time, where they
observed a nearly axisymmetric Marangoni flow [25].

Binary mixture droplets can also be combined with surfactants
and surface-absorbed polymers to create homogeneous deposition
patterns [26]. Beyond that, Cira et al. have recently shown that
neighboring binary mixture droplets can interact through the
vapor phase which allows the assembly of autonomous fluidic
machines [27].

The present study attempts to reveal for the first time the
underlying physical phenomena in a single axisymmetric binary
mixture droplet by mathematical modeling and subsequent
comparison with experiments. A mathematical model for the
evaporation of sessile binary mixture droplets faces two chal-
lenges. On the one hand, the established diffusion-limited
evaporation model has to be generalized to mixtures. As already
mentioned by Guéna et al. [28] and as will be shown in this
work, the local evaporation rate of each liquid will not only
depend on the local liquid composition at the considered position
of the interface, but on the entire concentration distribution
along the liquid-air interface. On the other hand, the physical
properties of the liquid in the droplet, i.e. mass density, viscosity,
surface tension and mutual diffusion coefficient, depend on the
local fluid composition. While these properties can be treated
as constants for pure fluids (except for a temperature-
dependent surface tension), the flow in the mixture droplet is
governed by an interplay of preferential evaporation at the
liquid-air interface, convection and diffusion of the non-uniform
composition and the corresponding spatio-temporally varying
physical properties of the fluid. Of course, all this combined
makes an analytical solution practically impossible.

In this study we present the to our knowledge first model for
the drying of a sessile binary mixture droplet which comprises
all these necessary generalizations. Nevertheless, by considering
axisymmetric droplets with small contact angles and taking advan-
tage of an extended lubrication approximation, the underlying
equations are relatively simple so that the computational effort is
modest, even for full solutions in a considerable time domain.
We will, however, also assess the accuracy of the lubrication
approximation by a comparison with a finite-element model
applied to the full Stokes flow.

The article is organized as follows: the multi-component lubri-
cation theory and the generalized evaporation model are described
in Section 2. Typical results for water-glycerol and water-ethanol
droplets are discussed in Sections 3 and 4, respectively. In Section 5,
we carefully discuss the accuracy of the lubrication approach by
comparing its results with results of finite element simulations.

2. Modeling

2.1. Droplet

The model is an extension of previous work by Siregar et al.
[10]. The droplet is assumed to be axisymmetric and is described
in cylindrical coordinates ðr; zÞ with corresponding fluid velocity
components ðu;wÞ. The contact angle h must be rather small
because of the subsequent lubrication approximation. With this
assumption, the liquid-air interface C can be written in Monge’s
form

CðtÞ ¼ ðr; zÞjz ¼ hðr; tÞf g; ð1Þ
so that the evolution of the droplet shape is given by the height
function hðr; tÞ, where the substrate has been set to z ¼ 0 (see
Fig. 1 for an illustration). For the moment, only the liquid region,
i.e. 0 < z < hðr; tÞ, is considered. The gas phase will become relevant
for the evaporation model in Section 2.4.

2.2. Mixture

The liquid composition is denoted in terms of the mass fractions
yA and yB of liquid A and B, respectively, where A and B are
assumed to be miscible. If the mass averaged velocity v is known,
the mass fractions ymðr; z; tÞ (with m ¼ A;B) evolve according to (see
e.g. [29])

q @tym þ v � rymð Þ ¼ r � qDABrymð Þ � _mmdC: ð2Þ
Here, q is the total mass density of the mixture and DAB is the
mutual diffusion coefficient which are both functions of ym; dC is
the interface delta function and _mm is a sink term which arises
due to the evaporative mass flux. A quantification of the latter will
be given in Section 2.4.

The composition-dependence of the mass density q, the viscos-
ity l, the surface tension r and the diffusion coefficient DAB must
be specified according to experimental data for the actual mixture.
When the functional relationships between the composition and
these quantities are given, the latter can be written as functions
of space and time, i.e. qðr; z; tÞ; lðr; z; tÞ; rðr; tÞ and DABðr; z; tÞ.

2.3. Lubrication approximation

Since the mass density q depends on the local composition, the
derivation of the model has to start with the full Navier-Stokes
momentum equation with non-constant density and the conserva-
tion equations for both constituents, from which (2) and the usual
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continuity equation for q can be derived. For the moment, an
energy equation is not considered, i.e. it is assumed that the latent
heat of evaporation is conducted sufficiently rapidly so that the
process can be considered as approximately isothermal. We briefly
discuss thermal influences later on in Section 4.2.2.

When the droplet is rather flat, i.e. the contact angle h is small,
and in the limit of a low Reynolds number, the so called lubrication
approximation can be applied (see e.g. [30,31]). For the case with
non-uniform viscosity lðr; z; tÞ and mass density qðr; z; tÞ, one
obtains the following set of governing equations:

@p
@r

¼ @

@z
l @u
@z

� �
; ð3Þ

@p
@z

¼ 0; ð4Þ
@q
@t

þ 1
r

@

@r
rquð Þ þ @

@z
qwð Þ ¼ 0: ð5Þ

Here, gravitational forces were neglected by the assumption that
the considered droplet size is small compared to the capillary
length. While the flow is treated in its steady limit, the @q

@t term is
important in the continuity equation to ensure mass conservation
for a mixture with a composition-dependent mass density.

The pressure p in (3) and (4) is given by the Laplace pressure

p ¼ pL ¼ �r1
r

@

@r
r@rhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ð@rhÞ2
q

0
B@

1
CA; ð6Þ

where the square root in the denominator has to be approximated
by unity in the limit of the lubrication approximation.

At the liquid-air interface C, a surface tension gradient will
cause a shear stress that drives a Marangoni flow. To the order of
the lubrication approximation, this boundary condition reads

l@zu ¼ @rr: ð7Þ
Integrating Eq. (3) yields the radial velocity

uðr; z; tÞ ¼
Z z

0

ð�@rpðr; tÞÞ hðr; tÞ � z0ð Þ þ @rrðr; tÞ
lðr; z0; tÞ dz0: ð8Þ

Due to the non-constant viscosity, uðr; z; tÞ depends non-locally on
l. The z-velocity w can be obtained by integrating (5) over z with
wjz¼0 ¼ 0. Finally, employing the kinematic boundary condition at
the interface, @thþ ð@rhÞujz¼h ¼ wjz¼h þwe, the evolution of the
droplet shape can be expressed as

@h
@t

¼ 1
qjz¼h

�1
r
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rqudz�
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0

@q
@t

dz

" #
þwe: ð9Þ

Here,weðr; tÞ is the height change rate caused by evaporation, which
is quantified in the following section.

2.4. Evaporation rate

For the derivation of the evaporation rate, the surrounding air is
considered as additional component C. Furthermore, all quantities
in the gas phase are denoted with a superscript g, whereas no
superscript is used in the liquid. From the continuity equations
for the individual species, the following jump conditions can be
derived for m ¼ A;B;C:

_mm � Jm � nC � ym
X

n¼A;B;C

_mn ¼ 0 ð10Þ

_mm � Jgm � nC � ygm
X

n¼A;B;C

_mn ¼ 0: ð11Þ

Here, _mm ¼ ymq vm � vCð Þ � nC is the evaporative mass flux of compo-
nent m, where vm is the velocity of species m;vC is the interface
velocity and nC the interface normal pointing to the gas phase.
Eqs. (10) and (11) couple the evaporative mass fluxes _mm with the
diffusive fluxes Jm and Jgm in both phases. Air is assumed to be only
present in the gas phase, i.e. yC ¼ 0 and _mC ¼ 0. While in the binary
liquid Jm ¼ �qDABrym holds for m ¼ A;B, a general treatment of the
diffusion in the ternary gas mixture is given by the Maxwell-Stefan
relations. However, when the ambient temperature is far below the
boiling point, the vapor concentrations ygA and ygB are much lower
than ygC, i.e. y

g
A; y

g
B � 1 � ygC. This allows the usage of the Fickian

limit Jgm ¼ �qgDg
mCrygm with the vapor diffusivity Dg

mC [32]. For the
same reason, Eq. (11) decouples to the vapor diffusion-limited
evaporation rates _mm ¼ Jgm � nC for m ¼ A;B.

A time-scale analysis by Deegan et al. [5] and Hu and Larson
[33] revealed that the vapor diffusion for single component dro-
plets can be considered as instantaneous, which results, combined
with the assumption of no air flow, in a Laplace equation for the
vapor concentration. In Section S.5.3, we substantiate that this
assumption can also be applied to mixtures.

By assuming constant gas density qg and using the ideal gas law
qg
m ¼ qgygm ¼ pmMm=ðRuTÞ, the evaporation rate is given by

_mm ¼ �Dg
mCMmpsat;m

RuT
@p̂m
@nC

; ð12Þ

where p̂m ¼ pm
psat;m

has to satisfy

r2p̂m ¼ 0; ð13Þ
with the molar mass Mm, the homogeneous saturation pressure
psat;m, the universal gas constant Ru and the temperature T. For a
droplet consisting of a pure fluid m with a contact line radius rc,
the boundary conditions for (13) read

p̂m ¼ 1 for z ¼ hðr; tÞ and r < rc ð14Þ

@zp̂m ¼ 0 for z ¼ 0 and r > rc ð15Þ

p̂m ¼ RHm for ðr; zÞ ! 1: ð16Þ
Eqs. (14)–(16) represent saturated vapor at the liquid-air interface,
no vapor penetration into the substrate and ambient relative
humidity far away from the droplet, respectively. The evaporation
rate _mm is the same as used in Refs. [5,6,10].

In the case of a liquid mixture, the first boundary condition (14)
has to be replaced by Raoult’s law generalized to non-ideal mix-
tures, i.e.

p̂m ¼ cmxm for z ¼ hðr; tÞ and r < rc; ð17Þ
where xmðr; tÞ is the mole fraction of species m in the liquid and
cðr; tÞ ¼ cmðxmðr; tÞÞ is the activity coefficient, which accounts for
non-ideal interactions of the species.

Since xm is in general non-homogeneous along the interface, the
solution of (13) is more complicated than for a pure fluid. As
depicted in Fig. S.5, a non-uniform composition at the interface
can strongly enhance the evaporation of species m at positions with
high cmxm, whereas even for dry ambient air (RHm ¼ 0) condensa-
tion, i.e. _mm < 0, may in principle happen at positions with low
cmxm.

The evaporation velocity we in (9) can finally be expressed as:

we ¼ � _mA þ _mB

qjz¼h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @h

@r

� �2
s

: ð18Þ

For a rigorous application of lubrication theory, the boundary con-
dition (14) has to be evaluated at z ¼ 0 instead of z ¼ hðr; tÞ and
the square root in (18) is approximated by unity. An outline of
the numerical implementation is given in Section S.1.



Fig. 2. Evaporation of a 100 nL droplet initially consisting of 75% water + 25%
glycerol in terms of mass fractions in dry air. On each panel, the glycerol mass
fraction yB (left side) and the velocity (right side) are shown. The flow direction is
indicated by the arrows.
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3. Results for water-glycerol droplets

While the model is most general, representative results are dis-
cussed on the basis of water-glycerol droplets in this section,
whereas water-ethanol droplets are considered in the next section.
We denote water as component A and glycerol as B. In order to
model the composition-dependence of the physical properties,
we have fitted experimental data for DAB [34], r and q [35] and
used the model of Cheng [36] for the viscosity l. The activity coef-
ficients cm were calculated by the thermodynamic model AIOMFAC1

[37,38]. The resulting functional relationships are depicted in
Fig. S.1.

The temperature was set to T ¼ 25 �C. Due to the very low vapor
pressure of glycerol psat;B ¼ 0:02 Pa [39], the evaporation of glyc-
erol can be neglected on the considered timescales. For water,
the vapor diffusion coefficient Dg

AC ¼ 0:26 cm2=s [40] and the satu-
ration pressure psat;A ¼ 3:17 kPa [41] were used.

In Fig. 2, the spatio-temporal evolution of a 100 nL droplet with
an initial contact angle of h ¼ 25�, a pinned contact line, dry air
(RHA ¼ 0) and an initial composition of 75% water + 25% glycerol
in terms of mass fractions is depicted. At the interface, water evap-
orates leading to an increased glycerol concentration. Due to the
preferential evaporation near the contact line and the fact that
the surface tension decreases with an increasing glycerol concen-
tration, a Marangoni flow from the contact line to the top of the
droplet is induced. We calculated the solutal Marangoni number
Mas by

Mas ¼ rc
lDAB

yAjapex � yAjrc
� � @r

@yA
; ð19Þ

where the viscosity and diffusivity were averaged over the volume.
Typical solutal Marangoni numbers for water-glycerol droplets
were found to be on the order of 104.

When the droplet gets flat, the shape differs from the usual
spherical cap due to the non-uniform surface tension. Therefore,
although a pinned contact line is imposed, the liquid-air interface
temporarily collapses with the substrate. When the surface tension
gradient declines with the vanishing water content, the droplet
relaxes again to the usual shape.

With decreasing water content evaporation slows down.
Together with the vast viscosity increase of the remaining glycerol
content, this results in a stagnation of the flow at later times. A
small residual amount of water that can only reach the interface
by diffusive transport is entrapped by a pure glycerol shell. Since
the diffusion coefficient DAB is reduced by a factor of approximately
50 in the limit of pure glycerol, the diffusive transport in the liquid
is also slowed down.

The corresponding evolution of the droplet volume VðtÞ is
depicted for various relative humidities RHA in Fig. 3(a). For com-
pletely dry air, i.e. RHA ¼ 0, the total volume V asymptotically
approaches the glycerol volume V0

B � 21 nL. For higher relative
humidities, the final volume increases because of the vapor-
liquid equilibrium condition (17). For the same reason, the overall
evaporation is drastically reduced for higher humidity RHA, as can
be inferred from the volume evolution of corresponding pure water
droplets (dashed lines). At RHA � 93:5%, the droplet will not evap-
orate at all since the initial composition coincides with the vapor-
liquid equilibrium.

To quantify the intensity of the Marangoni flow, the averaged
tangential interface velocity is plotted in Fig. 3(b). This quantity
is defined as
1 http://www.aiomfac.caltech.edu.

fractions) with a pinned contact line and hðt ¼ 0Þ ¼ 25 at different relative
humidities (solid lines). (a) Volume evolution, where the dashed lines indicate the
evaporation of a pure water droplet at the same conditions. (b) Averaged tangential
interface velocity �v t as quantification of the induced Marangoni flow.

http://www.aiomfac.caltech.edu
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flow direction is indicated by the arrows.
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�v t ¼ hv � tCiC ¼
R rc
0 tC � v jz¼hðr;tÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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� �2q
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1þ @h

@r

� �2q
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ð20Þ

with the interface average denoted by h. . . iC and the tangential
vector tC pointing from the contact angle towards the apex of the
droplet (cf. Fig. 1). For dry air, �v t is initially the highest, but the
Marangoni flow ceases very quickly when almost only glycerol is
remaining. This fast decay of �v t can be attributed to the vast
increase of the viscosity and the vanishing composition gradient
along the liquid-air interface.

Droplet evolutions with an unpinned contact line are discussed
in Section S.4.2.

4. Results for water-ethanol droplets

4.1. Numerical results

In the previous section, a water-glycerol mixture has been
studied, where glycerol was assumed not to evaporate at all. In this
section, a water-ethanol mixture where both components evapo-
rate with different volatilities will be examined. We denote water
by A and ethanol by B.

The composition-dependence of the physical properties were
again modeled by fits of the corresponding data of Refs. [42–44].
The fits are depicted in Fig. S.2. Most notably, besides the strong
compositional variation of the surface tension, is the activity coef-
ficient of ethanol cB in the limit of pure water, i.e. xB ! 0. Due to
the enhanced activity of cB � 5, ethanol can evaporate rather
quickly even at high dilution. The saturation pressure and vapor
diffusion coefficient for ethanol read psat;B ¼ 7:968 kPa [45] and
Dg

BC ¼ 0:135 cm2=s [40].
The evolution of a 100 nL droplet initially consisting of 50%

water + 50% ethanol in terms of mass fractions with an initial con-
tact angle h ¼ 25� and a pinned contact line is depicted in Fig. 4.
The relative humidities were set to RHA ¼ 20% and RHB ¼ 0. As
in the case of water-glycerol droplets, the more volatile compo-
nent, here ethanol, predominantly evaporates at the contact line.
However, since ethanol has a lower surface tension than the less
volatile water, the Marangoni flow with solutal Marangoni
numbers on the order of �105 is now directed the other way round,
i.e. from the top of the droplet along the liquid-air interface to the
contact line. In a transient time at the beginning, a Marangoni-
Bénard instability (cf. [46]) induces multiple vortices, but these
merge with ongoing time.

In the long-time limit, when the ethanol has almost entirely
evaporated, there is still a considerable Marangoni flow. However,
in this regime, thermal Marangoni flow may also become relevant
(cf. Section 4.2.2). When the droplet becomes flat, the surface ten-
sion gradient leads again to a shape deformation, but here with a
depression at the droplet center. A similar phenomenon has been
observed experimentally in flat alkane mixture droplets, where
the central part actually dried before the remaining liquid ring
[28].

In comparison to the water residual in the water-glycerol
droplet, an appreciable entrapped ethanol residual at later times
cannot be noticed, which can primarily be attributed to the strong
convective mixing due to the fast Marangoni flow. Since the
diffusion coefficient DAB remains moderate in the water-ethanol
droplet, the diffusive transport is also enhanced in comparison to
the final stages of the water-glycerol droplet.

The volume evolution and mean tangential interface velocity �v t

for 100 nL water-ethanol droplets (50% water + 50% ethanol in
terms of mass fractions) with a pinned contact line are depicted
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in Fig. 5. While the total volume VðtÞ is the actual volume of the
droplet, the partial volumes VmðtÞ with m ¼ A;B are defined as

Vm ¼ mm=q0
m

mA=q0
A þmB=q0

B

V ; ð21Þ

wheremmðtÞ ¼
R
VðtÞ ymðr; tÞqðr; tÞdV is the total mass of component m

in the droplet and q0
m is the mass density of the pure liquid m. With

this definition V ¼ VA þ VB holds, but due to the non-ideality, the
droplet does in general not consist of a mixture of the volume VA

of pure water and the volume VB of pure ethanol.
It is apparent from Fig. 5 that the evaporation can be separated

into two stages: initially, the volume loss stems predominantly
from the evaporation of the more volatile ethanol content. This
contribution is basically independent of the relative humidity of
water. After a rather sharp transition in the volume loss, the
remaining pure water droplets evaporate at the expected rates.
This sharp transition can be attributed to the highly non-ideal
activity coefficients, since the same simulations with the ideal case
of Raoult’s law ðcA ¼ cB ¼ 1Þ show a far smoother transition. For
very high relative humidities, i.e. RHA > 84:2% for this particular
mixture, there is condensation of water in the initial stage as
experimentally observed by Innocenzi et al. [20].

Initially, the induced Marangoni flow increases over time,
which can be attributed to three facts: In the first place, the
decreasing contact angle provides a more pronounced singularity
near the contact line and thus a larger composition gradient. Sec-
ondly, the composition-dependence of the surface tension exhibits
a steep slope with vanishing ethanol concentration (cf. Fig. S.2) so
that the surface tension gradient is enhanced and, in the third
place, the viscosity decreases in this limit.

With increasing water humidity RHA, the mean Marangoni flow
becomes in total faster. On the one hand, this is a result of the
enhanced composition gradient. On the other hand, at a fixed time
t, the volume VðtÞ and thereby the height hðr; tÞ will be larger for
higher water humidities. As a consequence, the absolute influence
of the shear stress boundary condition l@zu ¼ @rr in (8) is
enhanced. Although there is virtually no ethanol present at
t > 35 s, a minimal amount of ethanol can still drive a considerable
Marangoni flow.

A water-ethanol droplet with an unpinned contact line is
discussed in Section S.4.3.

4.2. Comparison with experiments

4.2.1. Evaporation rate
There are several experimental studies on water-ethanol dro-

plets in the literature. However, our model cannot be applied to
the experiments where the contact angle h reaches 90� or higher
[16,17,19,22]. The experiments of Christy et al. [23] and Bennacer
and Sefiane [24], however, have contact angles in the range of
6.6–25�. Unfortunately, the ambient conditions are not exactly
specified in these articles. We have chosen reasonable values
T ¼ 20 �C; RHA ¼ 40% and RHB ¼ 0% for the ambient temperature
and the relative humidities of water and ethanol, respectively.
The saturation pressures psat;m were calculated at this temperature
based on the Antoine equation taking the parameters from litera-
ture [45].

The volume losses � _VðtÞ of two 0:12 lL water-ethanol droplets
with an initial ethanol content of 5% and 25% in terms of volume
fraction and pinned base radii of 0:9 mm and 1:0 mm, respectively,
are depicted in Fig. 6 along with the corresponding data extracted
from the experiments of Bennacer and Sefiane [24]. Since the time
scale tf used for the normalization is not explicitly specified in their
article, we set it to tf ¼ 115 s based on the drying time of the dro-
plet with 5% ethanol. It is apparent from Fig. 6 that our model can
reproduce the initially enhanced evaporation rate due to the pres-
ence of ethanol. The following plateau is the evaporation rate of the
droplet almost entirely consisting of water. In this regime, � _VðtÞ is
larger for the droplet with initially 25% ethanol. As already
suspected in Ref. [24], this fact can be attributed to the different
droplet geometries: Since the droplets with initially higher ethanol
concentrations are flatter, the total evaporation rate is enhanced
due to the larger surface area.

Towards the end of the lifetime of the droplet, the evaporation
rate decreases, which can be presumably attributed to a receding
of the contact line in the experiments. In our model, this receding
is a necessary step in order to maintain numerical stability in the
limit of very flat droplets. Due to the initial contact angle of
h � 6:6�, this numerical issue does not allow us to properly simu-
late the 50–50% droplet of Bennacer and Sefiane [24].

In total, however, the model is able to reproduce the experi-
mental data for the volume loss. A better agreement could even
be achievable if the exact ambient conditions of the experiments
were known, the slightly moving contact line of the experiments
would be considered and additional effects, e.g. the evaporative
cooling, would be taken into account.

As shown in a recent study, a generalization of the model to
ternary mixtures is able to reproduce the measured volume
evolution and the onset of the oil emulsification (ouzo effect) of
an ouzo droplet [47].
4.2.2. Concurrence of solutal and thermal Marangoni flow
In the following, the flow regimes in the droplet are compared

with experimental findings. In the experiments of Christy et al.
[23] and Bennacer and Sefiane [24], particle image velocimetry
(PIV) was applied to measure the flow in a cross section parallel
and close to the substrate. They observed an initially unordered
flow with high vorticity in axial direction (regime I). After this, a
short transition (regime II) with a decay of the vorticity and a sharp
radial outward flow peak occured, followed by the usual flow
towards the pinned contact line (regime III).

Opposed to the short duration of regime II in those experiments,
Zhong and Duan showed recently that regime II can actually last
for a long part of the total drying time [25]. During this regime,
they measured an inward radial flow close to the substrate, which
can be attributed to an axisymmetric solutal Marangoni flow from
the apex along the liquid-air interface towards the contact line.

Due to the assumption of axisymmetry, our model is not cap-
able to reproduce the non-axisymmetric flow in regime I. Since
the relative duration of the axisymmetric flows are longer in the
experiments of Zhong and Duan, we focus on these in the follow-
ing. Furthermore, the initial contact angles are moderate so that
they are not affected by the afore-mentioned numerical stability
issue for very flat droplets.
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Until now, the evaporation process was assumed to be isother-
mal. For a detailed comparison with experiments, however, the
latent heat of evaporation has to be considered to account for ther-
mally driven Marangoni flow. For pure fluids, this issue has been
raised by Sultan et al. [48] and was studied for pure sessile droplets
by Dunn et al. [9,49]. In our model, the inclusion of thermal
influences is achieved by considering the temperature equation

qcp @tT þ v � rTð Þ ¼ r � ðkrTÞ � KA _mA þKB _mBð ÞdC; ð22Þ

where cp is the specific heat capacity, k the thermal conductivity
and Km the latent heat of evaporation. The quantities q; cp and k
have different values in the three domains, i.e. droplet, air and sub-
strate. The mass fraction weighted average of the corresponding
values of the pure components were used for cp and k in the
mixture. The appropriate values were taken from literature [45]. A
possible influence of the Soret effect can be neglected due to the
small Soret coefficient on the order of 10�3 [50].

Furthermore, the cooling at the liquid-air interface locally
reduces the saturation pressure psat;m. This can be expressed by
the Antoine equation, but it has to be considered in the derivation
of the evaporation rate in Section 2.4. As a result, the temperature
field and the evaporation rate are coupled. The temperature-
dependence of the physical properties were neglected, except for
the surface tension. We have fitted the experimental data of Ref.
[42] to obtain a functional relationship rðym; TÞ.

The implementation of (22) into our model is a challenging task,
since the thermal diffusivity is usually too large for explicit meth-
ods with feasible time steps. Therefore, we have implemented an
AutoMUG multigrid method [51]. Unfortunately, this method suf-
fers from numerical instabilities caused by the convective term,
but the latter can be neglected, which can be argued as follows:
In the initial regime, the flow is almost entirely constituted by
solutal Marangoni flow so that a detailed consideration of the tem-
perature will have only minor influences (cf. the following compar-
ison of the Marangoni numbers). Once the ethanol content has
almost entirely evaporated, thermal effects become the dominant
driving force. In this regime, we have estimated the effect of the
convective heat transport by finite element simulations of pure
water droplets with and without convective term. It turned out
that for these particular droplets the convective term can safely
be neglected.

As in the experiments, we consider 0.2 lL-water-ethanol dro-
plets with different initial compositions, a relative humidity of
RHA ¼ 50% and an ambient temperature of T ¼ 23 �C [25]. To pro-
vide a direct comparison, the time t is normalized by the droplet
lifetime tdry as in the experiments, i.e. t̂ ¼ t=tdry.

Since the initial contact angle is rather high (� 60�), the droplet
is not well described by the parabolic equilibrium shape of the
lubrication approximation. To that end, the square roots in (6)
and (18) were not approximated by unity and the evaporation rate
was calculated to the full order, i.e. not in the limit h ! 0. Despite
being an inconsistent approximation, finite element simulations
(cf. Section 5) revealed that the results with this generalized lubri-
cation approximation are slightly more accurate for higher contact
angles than the rigorous lubrication approximation.

In Fig. 7, we have depicted the evolution of a droplet with an
initial amount of 20% ethanol in terms of volume fractions. Here,
multiple vortices are initially present in regime I (Fig. 7(a)), but
they merge to a single one later on (regime II). While the model
cannot directly account for this transition due to the assumption
of axisymmetry, we will focus on the following transition, regime
II to III, in more detail.

As can be inferred from Fig. 7(b)-(d), thermal effects become
relevant when almost all ethanol has evaporated. A new thermally
driven vortex with reversed direction emerges near the contact
line and dominates the flow with ongoing time. Due to the high
thermal conductivity of the silicon wafer substrate, the tempera-
ture gradient is not very pronounced and the substrate is virtually
isothermal. The thermal Marangoni number Math, defined by

Math ¼ rcqcp
lk

Tjapex � Tjrc
� � @r

@T
ð23Þ

with the averaged thermal properties of the mixture, is on the order
of 100 at the transition, whereas the solutal Marangoni number Mas
is about �105 in the early stages of the evolution. The transition
happens approximately when both numbers are comparable in
magnitude.

The experimental data is confined to the flow close to the sub-
strate. Therefore, outward radial flow in the entire droplet cannot
be distinguished from a convection roll from the contact line along
the liquid-air interface towards the apex in regime III. If a temper-
ature field is considered in the model, we define the beginning of
regime III as the time, when the thermally driven convection has
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fully developed (cf. Fig. 7(d)). In the isothermal case, the beginning
of regime III is defined at the moment when the typical outward
radial flow throughout the entire droplet occurs.

The extracted data of the relative durations of regime III stem-
ming from the experimental data of Zhong and Duan [25] is com-
pared with the results of the model in Fig. 7(e): With increasing
initial ethanol concentration, a solutally driven flow (regimes I
and II) is present for a longer time during the drying, i.e. the dura-
tion of regime III is relatively shorter. This behavior is also repro-
duced by the model. However, in particular for small initial
ethanol concentrations, the consideration of thermal effects is
important for an accurate prediction of the duration of regime III.
If the thermally driven Marangoni flow is not taken into account,
a very dilute ethanol concentration can still drive a solutal Maran-
goni flow for a long time until the capillary outward radial flow
becomes dominant towards the end of the drying time. We there-
fore conclude that the experimentally observed outward radial
flow near the substrate in regime III is initially caused by thermal
effects.

If thermal effects are considered in the model, the predicted
duration of regime III is slightly longer than in the experiments.
This difference can presumably be attributed to the fact that the
transition time from regime II to III is very sensitive to the surface
tension gradients in the limit of dilute ethanol, i.e. on @r=@yBjyB!0

and @r=@TjyB!0. It is questionable whether the used fit of the
experimental data is sufficiently accurate in this limit. Further-
more, the experimental error bars for the duration of regime III
are not considered in Fig. 7(e), since they are not directly inferable
from the data of Ref. [25].

Due to the high thermal conductivity of the substrate, the local
cooling due to the latent heat has only a minor impact on the evap-
oration rates for the discussed droplets. The corresponding isother-
mal simulation of the evolution depicted in Fig. 7 predicts only
3.6% less time for the total drying.

5. Accuracy of the lubrication approximation

5.1. Comparison with a finite element method

As outlined in Section 2.3, our model takes advantage of a gen-
eralized lubrication approximation (LA) that simplifies the solution
for the evolution of the flow field vðr; z; tÞ inside the droplet. In
order to validate this approach and estimate the error stemming
from this approximation, we have performed a comparison with
a finite element method (FEM). For pure droplets, with and without
temperature-driven Marangoni flow, this has already been done by
Hu and Larson [7,8]. They concluded that the lubrication approach
has an acceptable error for contact angles smaller than about
h ¼ 40�.

Our comparison for binary mixture droplets was done as fol-
lows: At a distinct time t, we used the droplet shape hðrÞ from
the LA simulation to build a mesh with about 50,000 triangles.
On this mesh, we solved the velocity field v ¼ ðu;wÞ without
taking the lubrication limit but considering the corresponding
Stokes flow. The latter reads in its strong form:

�r � TðvÞ ¼ 0 ð24Þ
r � v ¼ 0 ð25Þ
with the stress tensor

TðvÞ ¼ �pIþ l rv þ ðrvÞt� �� �
: ð26Þ

For Eq. (25), we have assumed that the mass density is dominantly
transported by advection, i.e. that Dq=Dt ¼ 0 holds, or, alternatively,
that the mass density is slowly varying in space and time. In order
to eliminate the error stemming from this assumption, we have
recalculated the LA simulations replacing the local mass density
field qðr; z; tÞ by an averaged value stemming from the spatial
average of the mass fractions. The resulting droplet evolutions are
virtually the same, so that a local consideration of the mass density
is a detail of minor relevance. The temporal change of the average
mass density is however important to reproduce a consistent
volume evolution. The viscosity field lðr; zÞ in (26) is taken from
the LA simulation at the considered time. The flow is driven by
the normal velocity vn stemming from the kinematic relation

nC � v ¼ @th�weffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð@rhÞ2

q ¼: vn ð27Þ

and the surface tension gradient @rrðrÞ. The corresponding data is
also taken from the LA simulation. A detailed description of the
FEM implementation can be found in Section S.2.

In Fig. 8(a), (b), representative comparisons of the LA and the
FEM calculations are shown on the basis of the droplet from Figs. 2
and 4, respectively. It can be seen that the LA calculations (left side)
show qualitatively a similar flow field as the corresponding FEM
simulations (right side). The LA results in a slightly higher velocity,
which can primarily be attributed to the approximatively imposed
shear stress (7). While the flow direction is in good agreement in
the general case, a typical misprediction of the LA simulation is
apparent from Fig. 8(b) near the droplet center r ¼ 0, where the
flow is much faster than in the FEM result. Since multiple vortici-
ties are present due to a non-monotonic surface tension rðrÞ, the
characteristic lateral size is not the contact line radius rc, but the
width of a vortex. This leads to a higher aspect ratio by which
the applicability of the lubrication approximation is limited. Since
the flow is strongly coupled with the local composition, the initial
chaotic flow phase of water-ethanol droplets (regime I) is probably
inaccurately predicted by the LA simulation. When the flow has
merged to a single vortex (regime II), the flow direction is qualita-
tively the same in both methods within the entire droplet.

In Fig. 8(c), the relative error of the velocity, defined by

rel: error ¼ hkvFEM � vLAki
hkvFEMki ð28Þ
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s
; ð29Þ

is plotted for the corresponding simulations as a function of the
contact angle h. It can clearly be seen that the relative error for
the water-glycerol droplet is about 12% at the initial contact angle
h ¼ 25�. In comparison, for the thermally driven Marangoni flow of
a 100 nL pure water droplet on a silicon substrate, an error of 12%
can be found at a contact angle of h � 40�. The higher error of the
solutal Marangoni flow stems from the pronounced surface tension
gradient @rr near the contact line, which is less intense for thermal
Marangoni flow. The water-ethanol droplet initially shows a higher
error due to the presence of multiple vorticities.
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Fig. 9. Influence of Marangoni flow on the evaporation rate by comparing the full
simulations (solid lines), simulations without Marangoni flow (dashed lines) and
perfectly mixed droplets (+). (a) Water-glycerol droplets from Fig. 3. (b) Water-
ethanol droplets from Fig. 5.
6. Influence of Marangoni flow on the evaporation

Since the velocity field is coupled via the fluid composition with
the evaporation rates and thus with the volume evolution, the lat-
ter is affected by the Marangoni flow. To investigate the influence
of the convective solutal transport on the volume evolution, two
extreme cases are considered: On the one hand, the solutal
Marangoni flow can be artificially disregarded by replacing the
local surface tension rðr; tÞ by its spatial average. This case
represents the lower bound for the convective transport of the
composition due to the absence of Marangoni flow, i.e. Mas ¼ 0.

On the other hand, one can consider the case of a perfectly
mixed droplet, which represents the case of an infinitely fast
Marangoni flow (Mas ! 1). In this limit, ymðr; z; tÞ ¼ ymðtÞ holds,
which allows to generalize the model of Popov [6] from a pure
droplet to mixture droplets as follows: The total mass of the dro-
plet is constituted by the partial masses, i.e. mðtÞ ¼ mAðtÞ þmBðtÞ.
If the droplet is perfectly mixed and in a spherical cap shape, the
derivation of Popov can be applied to the partial masses mmðtÞ.
The only difference is that Raoult’s law (17) instead of saturated
vapor has to be imposed at the liquid-air interface, i.e.

dmm

dt
¼ �prcf ðhÞ

Dg
mCMmpsat;m

RuT
cmxm � RHmð Þ ð30Þ

with the geometric factor

f ðhÞ ¼ sin h
1þ cos h

þ 4
Z 1

0

1þ coshð2hsÞ
sinhð2hsÞ tanhððp� hÞsÞds: ð31Þ

Eq. (30) can be easily integrated numerically for m ¼ A; B. At each
time step, the mole fractions xm have to be calculated from the mass
fractions ym ¼ mm=m and the contact line rc and contact angle h are
dependent on the volume V ¼ m=q and whether a pinned or an
unpinned contact line is considered.

Fig. 9(a) shows the volume evolution VðtÞ of water-glycerol dro-
plets according to full simulations, simulations without Marangoni
flow and according to the perfectly mixed model (30). Without
Marangoni flow, the volatile water can reach the interface only
by diffusion so that the evaporation is slower than in the full sim-
ulations with a maximum deviation of 5.3% with respect to
V0 ¼ 100 nL. Conversely, the perfectly mixed model (30) cannot
account for the entrapped water at later times (cf. Section 3), so
that the evaporation in this model is faster. Here, the maximum
deviation is 6:7%. Fig. 9(b) shows the curves for water-ethanol dro-
plets. Due to the fast Marangoni flow in the full simulations, the
perfectly mixed model reproduces the volume evolution almost
exactly (< 1:7% deviation). This is remarkable, since the perfectly
mixed model cannot account for the droplet deformation due to
the assumption of a spherical cap shape. The maximum deviation
of the simulations without Marangoni flow is 9:7%.
We conclude that the total evaporation rate is enhanced by
Marangoni flow. In case of high Marangoni numbers Mas, e.g.
water-ethanol droplets, the generalization of Popov’s model pro-
vides an accurate method to determine the volume evolution
VðtÞ by solving the rather simple system of ODEs (30).
7. Conclusion

For the first time we have developed a numerical model for the
drying of sessile binary mixture droplets, which has been
investigated in numerous experimental studies [15–28]. The pres-
ence of two fluid components necessitates a generalization of the
well-established vapor-diffusion limited evaporation model [4–6]
by the incorporation of Raoult’s law extended by activity
coefficients at the liquid-air interface. Furthermore, the preferen-
tial evaporation of the more volatile component induces a
non-homogeneous liquid composition, which couples via the
composition-dependence of the physical properties of the mixture
to a rather complicated spatio-temporal evolution.

We examined the evaporation of both water-glycerol and
water-ethanol droplets. In both cases the enhanced evaporation
of the more volatile component near the contact line induces a
surface tension gradient, which drives a Marangoni flow and can
lead to a deviation from the spherical cap shape for flat droplets.
As a consequence of the Marangoni flow, the more volatile
component is replenished at the liquid-air interface. In the case
of water-glycerol droplets, however, the flow ceases due to the vast
viscosity increase in the limit of pure glycerol. Because of the low
mutual diffusion coefficient, the entrapped remaining amount of
water is hampered to reach the interface and subsequently
evaporate. In contrast, the surface tension gradient in the case of
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water-ethanol droplets is more pronounced and the viscosity
remains rather small. The Marangoni flow, here directed the other
way round, is maintained until the ethanol content has almost
completely evaporated. In this limit, thermal Marangoni flow can
set in which results in a flow direction reversal. The model shows
good agreement with experimental data of Bennacer and Sefiane
[24] and Zhong and Duan [25]. Moreover, a generalization of the
model is capable to reproduce the evaporation of a ternary ouzo
droplet [47].

In a next step, the model will be generalized to take the depo-
sition of colloidal particles and the presence of surfactants into
account. That way, it can serve as a predictive tool for the
production of homogeneous deposition patterns by controlling
the Marangoni flow [25,26,52], which is of utmost relevance in
inkjet printing applications.
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