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Multibody Systems

P.M.E.J. Wijckmans

September 8, 1992

Abstract

Equations of motion for multibody system may be obtained by various formalisms.
The basic approaches are the augmentation method and the elimination method. The
augmentation method generates the descriptor form of the equations ofmotion and results
in a system of differential algebraic equations. A set of ordinary differential equations is
yielded by the elimination method. These methods are reviewed.

Recursive methods for. generating the equations of motion for mechanical systems
significantly reduces computer time needed for generating the dynamical equations. A
recursive formulation for obtaining the equations of motion, both for open loop systems
and closed loop systems, is explained.

1 Introduction

Multibody systems are models of mechanical systems, consisting of a finite number of bodies,
which are interconnected so that large relative motion between the bodies can occur. A wide
variety of mechanical systems can be modeled in this way. Examples of these systems are
vehicles, robots and spacecraft. Multibody models of man have been used for the development
of safety devices, such as seat belts, or for the design of prosthetic limbs. The motion
of multibody systems is described by differential equations, often coupled with algebraic
equations, which must be satisfied by the relative motion of the interacting bodies. The
descriptive equations are highly nonlinear.

The first one who formulated the equations to describe multibody systems was Fis
cher (1906) [5], who derived dynamical equations by modeling the human body as a system
of three coupled rigid bodies. However, he was unable to solve these equations. In the early
sixties the first multibody formalisms, i.e. methods for the generation of the descriptive equa
tions, were developed. There were two impulses for this development. The first was the need
for detailed analysis of mechanical systems in the design of spacecrafts, and the other was
the rise of digital computers. The developments during the last 25 years have led to the
construction of several general purpose multibody programs. These programs generate the
kinematical and dynamical equations, only based on input data describing the way the bodies
are interconnected, the mechanical and geometrical properties of the bodies and the interac
tions between them, together with the system state at initial time. Afterwards they integrate
the equations of motion. A variety of methods is used by these multibody programs. Carte
sian coordinate formulations are the basis for codes like ADAMS [4] and DADS [18], that
are widely used in industry. They result in a large set of highly sparse equations. Roberson
[13] and Wittenburg [19] introduced graph theoretic methods, with cut joint concepts that
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lead to spanning trees and a minimal set of generalized coordinates and constraint equations.
These methods form the foundation for a wide variety of new computational formulations.
They led to the generation of recursive formalisms (c.f. [8], [17], [1], [2] and [14]) that build
upon the topological relative coordinate foundation.

A variety of powerful new algorithms for efficiently generating the highly nonlinear
equations of motion of multibody systems have been created by the developments in multi
body dynamics.

This paper is organized as follows: in section 2 we describe methods for deriving the
equations of motion for multibody systems. In section 3 methods for generating the equations
of motion of these systems recursively are explained. Finally, we give some conclusions.

2 Basic Concepts for Generation of Equations of Motion

In this section, methods for the generation of multibody system equations are discussed.
Multibody simulation programs generate these system equations from a description of the
system elements and the system topology. Multibody system equations can be generated
in various forms. Earlier work in obtaining equations of motion for a mechanical system
can generally be divided into two basic approaches, viz. the augmentation method and the
elimination method.

2.1 Primitive Equations of Motion

Following the concepts of classical mechanics, we postulate that there exists an inertial
frame, such that the equations of motion, based on Newton's second axiom for translational
motions and Euler's axiom of moment of momentum, hold for a system of n rigid bodies
Bll B2 , ••• , Bn • With respect to such an inertial frame, these equations read:

where

fliri = ti,
JiWi = ni - Wi X (JiWi),

i=1,2, ... ,n, (2.1)

mi is the mass of body Bi,

ri is the absolute position vector of the center of mass of body Bi,

fi is the total force acting upon body Bi,

J i is the inertia matrix of body Bi with respect to its centroid,

Wi is the absolute angular velocity of body Bi, and,

ni is the resultant moment on body Bi with respect to its centroid.

These equations can be explained by the following simple example.

Example 2.1 Figure 2.1 shows a pendulum, pivoted at point O. The pendulum consists of a rod of
length 21 with center of mass M and mass m. Its angular moment of inertia with respect to the center
of mass is J =i m/2

• Under influence of the gravity the pendulum will move in the z - 11 plane.
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Figure 2.1: The pendulum

The generalized coordinate vector is q = [:e, 1/, Ip]T, and the dynamical equations are

where r is the reaction force working on the rod in point O.

The equations (2.1) can'be represented as

where Mi is the 6 x 6 positive definite, generalized mass matrix, i.e.

Vi is the global velocity of body Bi,

and, gi is the generalized load! vector, defined as

respectively. The matrix Oi in (2.5) is a skew-symmetric matrix defined by

Le.,

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

1 In most mechanical literature generalized loads are denoted by the symbol Q.
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(2.8)

2.2 Incorporation of Constraints

A multibody system is a collection of rigid bodies, that are arranged such that relative motion
between the bodies is possible. Any set of variables that uniquely specifies the position and
orientation of all bodies in the system, that is the configuration of the mechanism, is called a
set of generalized coordinates. Since rigid bodies that build a mechanism are interconnected
by joints, there are equations of constraints that relate generalized coordinates. Therefore,
generalized coordinates are generally dependent. Incorporation of constraints can be obtained
from applying the variational equations of motion [19] (based on d'Alemberts principle of
virtual work), Le.

n

2: 6qf[M iqi - gil = 0,
i=l

where 6qi, i = 1,2, ... , n, denote arbitrary infinitesimal displacements of the generalized
coordinates qi. Here, Mi is the generalized mass matrix with respect to the generalized
coordinates qi. Because of that, this mass matrix is not the same as the mass matrix used in
equation (2.2). Define a composite generalized coordinate vector, a composite mass matrix,
and a composite vector of generalized loads as

[ T T T]Tq ql ,qz , ... , qn ,

M = diag(Ml, M z, ... , M n), and,

g [g;, gI, ... ,gJ]T,

respectively. Then the variational equations of motion can be written in more compact form

(2.9)

with arbitrary variations 6q.
The generalized loads in equation (2.9) include the generalized constraint loads, which

have to be exerted by the constraints in order to compel the system to fulfil the kinematical
conditions (constraints). These constraint loads are unknown. For that reason, equation (2.9)
is difficult to apply. All loads other than constraint loads are called applied loads. These are
either explicitly known or can be formulated explicitly in terms of the generalized coordinates.
Divide the generalized loads g into the generalized applied loads ga and the generalized
constraint loads gC:

g = ga +gc.

Using the preceding notation, equation (2.9) may be expressed as

6qT[Mq _ gal _ 6qTgc = 0,

(2.10)

(2.11)

for arbitrary 6q. Note that 6qTgC is the total virtual work of constraint loads that act
on all bodies in the system. By Newton's law of action and reaction, constraint loads act
perpendicular to contact surfaces and occur in pairs ofequal magnitude and opposite direction
(if there is no friction in kinematic joints). A virtual (infinitesimal) displacement of a system
refers to a change in the configuration of the system as the result of any arbitrary infinitesimal
change of the coordinates q, consistent with the loads and constraints imposed on the system
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at the given instant t. Thus if attention is restricted to virtual displacements, then the virtual
work of all the constraint loads in the system is zero:

(2.12)

This equation is often called .the principle of virtual work. The constmined variational equa
tions of motion may now be written as

(2.13)

for all virtual displacements 6q. The latter equation is the so called D'Alembert's principle.
We have achieved that the loads of constraint no longer appear, and the superscript " can
now be dropped without ambiguity.

At this point, the well-known classification of constraints into holonomic and nonholo
nomic becomes important. A constraint is called holonomic if the constraint equations can
be expressed as equations connecting the coordinates of the bodies in the following form

4>(q, t) =0,

whereas the nonholonomic constraints can be expressed as

tP(q,q,t) = 0,

(2.14)

(2.15)

Le. they depend on q explicitly. For these nonholonomic constraints it is, by definition,
impossible to set up a number of equations connecting the coordinates and the time like
equation (2.14), since otherwise they would represent holonomic constraints. The simplest
examples of nonholonomic systems occur in problems dealing with the rolling motion of one
body upon another. In most practical problems tP is a linear function of generalized velocities
so that equation (2.15) can be written in the form

tP(q, q, t) =P(q, t)q +p(q, t) =O. (2.16)

The variation of <p caused by a variation of the generalized coordinates (with frozen time) is
zero, whence follows

4>q 6q = O. (2.17)

From the nonholonomic constraints (2.16) it follows that c5q should satisfy the relationship

P6q=0. (2.18)

So, the constmined variational equations of motion state that equation (2.13) should hold for
all virtual displacements 6q satisfying equations (2.17) and (2.18).

By applying the method of Lagmnge multipliers [7], [19], it follows from equation (2.13)
that the equations of motion for the system are

(2.19)

for arbitrary 6q. In this equation .\ is a column vector containing the unknown Lagmnge
multipliers and H is the rectangular matrix [4>~, pT]T. The Lagrange multipliers account
for the unknown constraint loads. The above equations hold for arbitrary 6q. For that
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(2.20)

reason, the coefficient of 6q in (2.19) must be 0, yielding the Lagrange multiplier form of the
equations of motion

In the following, for simplicity, we will consider holonomic constraints only, and therefore the
equations of motion yield

Mq +<P~A = g. (2.21)

2.3 Augmentation Method

By applying the approach of the previous subsection, we derived the Lagrange multiplier
form of the equations of motion (2.21). This system represents a set of 6n equations in the
6n unknown generalized coordinates q and the nh unknown Lagrange multipliers A, which
are related to the constraint forces. Here, nh is the number of holonomic constraint equations
<p{q, t) = O.

In order to describe the motions of the complete system, equation (2.21) has to be
augmented by the position constraints (2.14), the velocity constraints and the accelera
tion constraints. The velocity constraints are obtained by differentiating the position con
straints (2.14) with respect to time, giving

(2.22)

By differentiating the position constraints once more (with respect to time) one obtains the
acceleration constraints

(2.23)

These latter equations together with (2.21) and (2.14) comprise the complete set of con
strained equations of motion for the system. Combining equations (2.21) and (2.23) results
in

(2.24)

This system has a unique solution for the accelerations and the Lagrange multipliers if <Pq
has full row rank. This means that the equations of motion are solvable if the constraint
equations are not dependent. The above method of augmenting the dynamic equations with
the constraint equations is called the augmentation method.

This method keeps the unknown constraint forces, taken into account by the Lagrange
multipliers, in the equations of motion. Augmenting equation (2.21) by one ofthe constraint
equations (2.14), (2.22) or (2.23), one obtains a set of Differential Algebraic Equations (DAEs)
(algebraic, since no derivatives of A appear). This method yields the so called descriptor form
of the mechanical system [9]. These equations are called Lagrange's equations of type one,
and are an often used basis for multibody formalisms, e.g. [6], [10] and [11].

Example 2.2 The kinematic constraint equations for the pendulum of example 2.1 read

IZ-ICOSip]
~(q) = I . = O.11- smip
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The velocity and acceleration constraints are

.I. • _ [Z+I<psin<P] -0='l'qq - . I' - - v,y- <pcos<p

and

.. [z + lcP sin <p ] (A..')' [ 1<p2
cos<p ] _

t/>qq = jj -lcP cos <p = - o/qq qq = - 1<p2 sin <p = "'{.

Applying the method of Lagrange multipliers, the equations of motion are

[
m m ] [ ~ ] + [~ ~] [ ~1 ] = [ ~g ] .

J cP 1sin <p -I cos <p 2 0

Together, these last two equations form the system of equations (2.24).

This approa.cb. has the advantage of generality and results in relatively simple equations,
that can be generated efficiently. The disadvantages are the description by DAEs and the
high number of descriptive equations. Commercial codes like ADAMS [4:] or DADS [18] use
this method to generate the system equations.

2.4 Elimination Method

Another route for deriving the equations of motion is the elimination method. In this approach
the system motion is represented by a minimal set of variables, called the state variables. The
goal of this method is to eliminate both the constraint equations and the constraint loads.
Therefore, the system equations are reduced to so called state space representation [14], Le.
a set of ordinary differential equations (ODEs). The constraint loads may be computed from
a second set of equations. This method is discussed briefly below.

In this method, the kinematics of a system of bodies is described by a set of relative
coordinates. For that reason, the motion of a particular body in the system is defined with
respect to an adjacent body, which motion has previously been defined according to the
topological ordering of all bodies in the system. Note, that in the augmentation method one
uses a global description, Le. motions of all bodies in the system are represented with respect
to an inertial coordinate frame.

Consider two bodies B and B' interconnected by joint with index d. Assume that the
relative motion of the two bodies is constrained by nd, nd $ 6 constraint equations. On that
ground, the number of degrees of freedom of motion of the bodies relative to each other is

(2.25)

So, the motion of the bodies relative to each other can be described by nf independent relative
joint coordinates qd,b"" qd,ftr These coordinates are required to satisfy the constraint
equations automatically. Applying the variational equations of motion (c.f. subsection 2.2)
for these two bodies, a variation c5Qd of the relative joint coordinates must be kinematically
admissible, which means that it may not violate the kinematic constraints between bodies B
and B'. However, since qd contains relative joint coordinates that automatically satisfy the
joint equations, c5Qd is kinematically admissible by definition. This means that variation c5Qd

in equation (2.13) is arbitrary. Because of that, it is not necessary to introduce Lagrange
multipliers as in equation (2.19). We shall elaborate this in section 3.3.
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Example 2.3 The pendulum of example 2.1 has only one degree of freedom, because it is a planar
system. Therefore, its motion can be described as a function of the state space variable cpo Variation
of the generalized coordinates q is

[
6Z] [ -lsincp ]

e5q = :: = IcO; cp 6cp.

The principle of d'Alembert reads

for arbitrary variations e5q. The acceleration of the generalized coordinates can be expressed as

Then the following equation holds

e5qT(Mq:- g) = 6cp[(m12 + J)~ + mglsincp] = 0,

for arbitrary 6cp, and, therefore we find for the dynamical equations for the pendulum

4 .. mg. 0
gmcp+ -l-smcp = ,

where the constraint forces have been eliminated.

The procedure above can be repeated for the whole multibody system. For so called
open loop systems, Le. systems in which all bodies are connected in a unique way, this results in
a system of ODEs. In figure 2.2 an open loop system is shown with the bodies BI, B2,' .. ,B7

linked together. However, difficulties occur when closed loops appear in the system. In that
case the relative (joint) coordinates are not independent any more, because two bodies can be
connected in more than one way. Wittenburg [19] developed the idea of opening the closed
loop, by cutting chosen joints, to form an open loop system. The opened system is called
the reduced system. First, only this reduced system will be considered. Later, all constraints
and all constraint loads which have been eliminated in the process of generating the reduced
system have to be re-introduced. The now re-introduced constraint loads are provided by
adding Lagrange multipliers to the equations of motion. In this way, the original system with
closed chains will be recovered again.

Relative description makes recursive formulation possible [14], [2], and [3]. Within the
context of multibody dynamics, a recursive formulation is a procedure in which elementary
relationships going for an arbitrary pair of contiguous bodies as part of a system of bodies
can be used all along the system. They can be used to generate the kinematical equations
and the system matrices in the dynamical equations.
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Figure 2.2: An open loop system consisting of seven bodies

3 Recursive Formulation for Constrained Mechanical
Systems

In this section, a recursive formulation of the equations of motion of spatially constrained
mechanical systems is derived. Before explaining the resursive method, it is suitable to
introduce some graph theoretical concepts for describing the way the rigid bodies are linked
together by joints. This is done in subsection 3.1. Kinematics of an elementary system
of two bodies coupled by an arbitrary joint is discussed in subsection 3.2. Afterwards, in
subsection 3.3, the dynamics for a single chain, consisting of such elementary systems, is
derived. Using a variational form of the dynamical equations, inertia and right hand side
terms are reduced from outboard body centroidal reference frames to an inboard junction
body centroidal reference frame. This procedure is repeated for general open loop systems in
subsection 3.4 and a recursive algorithm is developed to reduce equations of motion to a base
body. In the closed loop subsection 3.5 this algorithm is extended to closed loop systems.

The work of Bae and Haug [2] and [3] is the basis of this section. Roberson and
Schwertassek [14] obtained the same relations, however their derivation is different. They
applied the concept of modes of motion and corresponding generalized loads, while Bae and
Haug used the variational form of the system equations.

3.1 The Multibody System Graph

To create a computer oriented multibody formalism, one must devise a means for telling
the computer how the system bodies are interconnected, Le. a data structure describing
the system topology. It is most appropriate to define a so called system graph [19], that
represents the connectivity of the mechanical system. The structure of kinematical and
dynamical equations is phrased in terms of this graph.

A graph is composed of edges and nodes. A node represents a body and an edge
represents a joint between a pair of bodies in a mechanical system. Force elements are not
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Figure 3.1: A directed graph representing the mechanical system of figure 2.2

represented as edges. A node that has only one edge connected to it is called a tree end node.
A directed graph is a graph, where an ordering between vertices is given, so each edge

has a direction from the ordering of its endpoints. Body B1 is designated as the base body.
The bodies are now numbered outward from this base body. It is clear that any configuration
of linked bodies can be described in this way. As an example, the directed graph in figure 3.1
represents the multibody system shown in figure 2.2.

There are two fundamentally different types of mechanical systems. One is an open
loop system (d. figure 2.2) and the other is a closed loop system (d. figure 3.2).

cut

1

Figure 3.2: A closed loop system with a cut joint between bodies Bn and Bn+!

If a graph has no closed loops, it is called a tree structure. In dealing with closed
loops a tree is produced by cutting joints of the multibody system graph (c.f. figure 3.2),
thereby opening the closed loop system and forming the reduced system, as explained in
subsection 2.4. This opened system is called a spanning tree [14]. A spanning tree is a
subgraph of the system graph which is a tree graph (cf. figure 3.2), and includes all the nodes
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of the original graph. This implies the division of joints into so called tree structure joints or
primary joints, defining the spanning tree, and into cut joints or so called secondary joints
that close the multibody system. In figure 3.2 the joint between bodies Bn and Bn+1 is a cut
joint, while all other joints are tree structure joints.

H a node is connected to more than two edges, it is called a junction node. For example,
nodes 1 and 5 in figure 3.1 are junction nodes. The general definition of a chain in graph
theory is a path between nodes. However, here the term chain will be used only for paths
between junction nodes or between a junction node and a tree end node. In figure 3.1 chains
{3I, {32, {33, and (34 are shown. In a spanning tree there is a unique path along the graph of
the system from the base body to each body in the system.

3.2 Kinematic Relations

Before describing a recursive formulation for setting up the equations of motion for multibody
systems, the kinematics of these systems is discussed. To derive our kinematical relations,
we need only to examine pairs of linked bodies.

z'!·
I)

Figure 3.3: A pair of linked bodies

z'~·
)1 B·)

Consider the two bodies Bi and Bj interconnected by an arbitrary joint ij, as shown in
figure 3.3. Body Bi is located in space by the position vector ri from the origin of the global
x - y - z reference frame to the origin of the body-fixed x~ - Vi - z: frame, i.e. the center
of mass of body Bi' Its orientation in space is defined by a set of generalized coordinates
that defines the orientation of the body-fixed frame relative to the global reference frame. On
each of the bodies, joint coordinate frames are defined at joint attachment points O~i and O'ji'
to describe the joint between the bodies. These frames are fixed in body Bi and body Bj,
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respectively. Vectors that locate joint attachment points in bodies Bi and Bj are denoted Sij

and Sji in the global reference frame, respectively. The matrix Ai denotes the transformation
matrix from the centroidal frame on body Bi to the global reference frame. Similarly, eij is
the orthogonal transformation matrices from the joint coordinate xii - y~i - .<j frame to the
centroidal frame fixed in body Bi; likewise for body Bj. Relative orientation across the joint
is described by the transformation matrix Aii from the joint coordinate X'Ji - y'li - z'Ji frame
on body Bj to the joint coordinate xii - yii -'<i frame on body Bi.

Usually the motion across an interconnection is constrained because of joints between
the bodies. For each joint, depending on the degrees of freedom, relative generalized coordi
nates can be defined to describe the relative motion of the linked bodies. For example, in a
translational joint the length extension along the translational axis can be used as a relative
generalized coordinate, and in example 2.3 we used the angle cp as relative generalized coor
dinate. In order to avoid appearance of many transformation matrices, vectors in the global
reference frame are used to express velocity, virtual displacement and acceleration relations.

From figure 3.3, the following relationships between the absolute position vectors of
body Bj and body Bi can be obtained

(3.1)

where
(3.2)

Here, the algebraic vector representations of the body-fixed joint attachment vectors Sij and
Sji with respect to the global reference frame are obtained as

(3.3)

where sij and Sii are their algebraic vector representations with respect to the centroidal O~
and OJ frames, respectively. With respect to the global reference frame, the vector represen
tation of the body-fixed d ij between bodies Bi and Bj is obtained as

(3.4)

from its vector representation dij' with respect to the 0i centroidal frame, which is a function
of the vector qij of relative generalized coordinates between bodies Bi and Bj. It is easy to
deduce the relation

Aj = AieijAije~, (3.5)

expressing the transformation matrix from the centroidal frame of body Bj to the global
reference frame, because all transformation matrices are orthogonal.

Now, relationships between the velocities in the system have to be discussed. Relations
between the angular velocities in the system follow from figure 3.3. The absolute angular
velocity Wj of body Bj can be expressed in terms ofthe absolute angular velocity Wi of body
Bi, and the relative angular velocity Wij between bodies Bi and Bj by the following relation

(3.6)
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The relative angular velocity W,j can be expressed in terms of the relative generalized veloc
ities by the following linear relation [7]

(3.7)

where Hij must be calculated for each joint type. Substituting equation (3.7) into equation
(3.6) yields

Wj =Wi +HijClij.

By differentiating equation (3.2) with respect to time, one obtains

(3.8)

(3.9)

Vector Sij is fixed in body Bij for that reason, one finds the absolute time derivative (c.f.
equation (3.3»

. " ( )Sij = A,sij' 3.10

The transformation matrix A, is orthogonal. Because of that, the previous equation can be
written as

. • T
S,j = AiAi Sij' (3.11)

The matrix AiA; is skew-symmetric and the vector Wi is its axial-vector, thus one obtains
the relation (cf. equations (2.6) and (2.7»

and, similarly for Sji

(3.12)

(3.13)

By using equation (3.8) we find

Sji = -Sji(Hi;<W +Wi)'

The derivative of the joint displacement vector dij can be obtained as

d· .. - A' ·d' +A'd', - n.d" + 8dijq' "
') - 'ij 'ij - ~~, ') 8qij ')'

(3.14)

(3.15)

where ~~:~ is the Jacobian of the joint vector dij with respect to the relative joint coordinates
qij·

By differentiation of (3.1) with respect to time and substitution of equations (3.12),
(3.14) and (3.15) into it, the absolute translation velocity of the centroid of body Bj is

- - - 8dij-
rj = ri - (Sij +Dij - Sji)Wi +(~ +SjiHij)Clij. (3.16)

vqij

Note that the first two terms in equation (3.16) correspond to absolute velocity terms, whereas
the last term is expressed in terms of the time derivatives of the relative generalized coor
dinates of joint ij. Equations (3.16) and (3.8) are the kinematic relations for the variables
representing relative translational velocity and relative rotational velocity, respectively. Equa
tions (3.8) and (3.16) may be composed as

(3.17)
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where

Vj = [ ~ ] ,

Aij = [~ (Ii; ~ Rj) ] ,

(3.18)

(3.19)

and

(3.20)
[

ad;. - ]
Bij = 8q;~ +SjiHij •

Hij

For the derivation of the dynamical equations in subsection 3.3 we use the variational form
of the system equations, therefore we need expressions for the virtual displacements. Anal
ogously to the derivation of the velocity equation (3.17) the virtual displacement equation
(3.21) can be derived by replacing the time derivative by the variation operator [7]; i.e.

(3.21)

with

c5u. = [ c5rj ] (3.22)
J c51rj'

where c5ri and c5'7r i denote virtual translation and virtual rotation, respectively, and c5Qij

denotes virtual relative coordinates.
The matrix form of acceleration relations can be obtained by differentiation of equation

(3.17),
(3.23)

where
Cij = AijVi +BijClij,

A.. = [0 (R; - Rj) ]
'J 0 0 '

(3.24)

(3.25)

and

(3.26)Bij = [ tt(~~:~) + S~iHij + SjiHij. ] .

Hij

The matrices Aij and A ij are independent of joint type, while Bij and Bij depend upon the
joint type and its relative coordinates.

Recursive equations include a relation between absolute coordinates of one body on
one hand, and absolute coordinates of another body plus the relative coordinates due to the
joint on the other hand. The essential recursive equations are (3.1), (3.8), (3.17), (3.21) and
(3.23). The method described above shall be demonstrated on a simple example.

(E.3.27)-Sintp] [ 1 ] = [ l~tp ] .
costp 0 Ismtp

Example 3.1 Two heavy, uniform rods B1 and B2 of length 21 and mass ml and m2, respectively,
form a plane compound pendulum as shown in figure 3.4 . The centers of mass of B 1 and B2 are M 1

and M 2 , respectively.
Inertial space is denoted as body Bo. The relative joint coordinates are QOl = tp and Q12 = (J.

Joint reference frames are parallel to centroidal reference frames, so matrices Cij are identities. The
position of the center of mass of rod B1 is given by

r _ [ costp
1 - sintp

14



Figure 3.4: The double pendulum

The velocity of rod B l is found by differentiation of equation (E.3.27)

Therefore, for rod Bl the following kinematical relations hold

VI = BOlCtOl'

VI = B OI qOl + COl, and,

e5ul = BOle5QOl.

For the velocity of rod B2 the following velocity relation is found

where,

[

1 0 -lsin<p-ISin(<p+8)] , [-lSin(<p+8)]
A12= 0 1 Icos <p + lcos(<p+ 8) ,and, B 12 = lcos(<p+8) .

o 0 ' 1 1

(E.3.29)

Summarized, the kinematical relations for velocities, accelerations and virtual displacements are

respectively.

V2 A l2Vl + B l2 Ct12,

V2 = A12Vl + B l2 q12 + Cl2, and,

e5u2 = A l2e5ul + B l2e5Q12'

(E.3.30)

3.3 Equations of Motion for a Chain

Mechanisms may consist of several loops and chains. By cutting joints, one can obtain a
tree structure mechanism consisting of chains only. In figure 3.5, the structure of a typical
chain f3, beginning at junction node I and proceeding to a tree end node n, is shown. The
variational equations of motion for chain f3 are reduced to the equations for a single body,
viz. junction body BI.

15



{3

.(39

. Figure 3.5: A typical chain {3

chain {3, beginning at junction node 1 and proceeding to a tree end node n, is shown. The
variational equations of motion for chain {3 are reduced to the equations for a single body,
viz. junction body BI'

The variational equations of motion for the whole chain are

n

:L c5u;[MiVi - gil = 0,
i=1

(3.31)

where c5Ui, i = 1,1+ 1, ... , n, are kinematically admissible for the constraints between bodies
B/ to Bn in figure 3.5 and any other constraints that may act on junction body BI, where
c5Ui, Mi, and Vi are defined by (3.22), (2.3) and (2.4) ,respectively. Remember that we
suppressed the superscript a in gf for notational convenience So, gi denotes the applied
generalized load.

By using repeatedly the kinematical equations relating acceleration (3.23) and virtual
displacement (3.21) of body Bj in terms of body Bj-l, and, the relative joint coordinates
q(j-l)j between them equation (3.31) for the whole chain can be reduced to (c.f. appendix A
for a detailed explanation)

c5uf[(M/ +Mf)V' - (g/ +gf)] = 0, (3.32)

which holds for junction body BI • In equation (3.32) c5u/ is kinematically admissible for all
external constraints that act on junction body R/. The resultant mass matrix Mf and the
resultant load vector gf for chain {3 are explained in appendix A.

The basic advantage of this process is the fact that the dynamical equations are gen
erated in explicit form (see equations (A.3) and (A.9) in appendix A) with a number of
operations, which increases only linearly with the number n of the system bodies. There
fore, they are called O(n )-formulations [15]. Besides, the small dimension of the matrices
that have to be inverted to obtain these joint accelerations (in equations (A.3) and (A.9» is
advantageous.

16



3.4 Open Loop Systems

In practice, open loop multibody systems are less frequent than systems with closed chains.
However, there are two reasons to treat this class of systems first. One reason is the greater
simplicity of the mathematical description of the interconnection structure and of the kine
matics. The second reason is that, after cutting joints, the equations of motion for a system
with closed chains can be obtained from the reduced system by introduction of Lagrange
multipliers as explained in subsection 2.4. This procedure will be described in subsection 3.5.

In the previous subsection, the reduced variational equations of motion for a chain {3
have been derived. An open loop system consists of several such chains. By combining
variational equations of motion for all chains in a system, one obtains the variational equations
of motion for the whole system.

o

Figure 3.6: An open loop system consisting of three chains

Consider the tree structure shown in figure 3.6, consisting of three chains {31, {32, and {33.
Chain {31 begins at base body B1 and ends at junction body B/. Chains {32 and {33 begin at
junction body B, and end at tree end nodes. The reduction process is applied to each chain
to form a reduced variational equation of motion at node 1. The variational equations of
motion from chain {32 and {33 are reduced to junction node I (c.f. subsection 3.3). This results
in the following equation

(3.33)

where cu, is kinematically admissible for all constraints that act on junction body B" other
than those associated with chains {32 and {33.

This equation can be substituted into the variational equations of motion for chain {3I,
giving

1-1
L:c5u[[M(v, - gil + c5uf[(MI +M~ + Mf3)V/ - (g, + g~ + gf3)] = 0,
,=1

17
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for kinematicall~dmi~ble 6Ui, i =:A..' .. ,1, for constraints between bodies B1 to BI. In this
equation, MI +Mr2 +Mr3 and gl +~~ +gr3 play the same role as M n and gn, respectively,
in equation (3.31). Again, the reduction process of subsection 3.3 can be used. This results
in the variational equations of motion for base body B1

(3.35)

Now, 6Ul is kinematically admissible for the kinematic constraints between the base body
Bl and inertial space, if body Bl were connected to inertial space. Slaats [16] suggests to
regard inertial space as being a body, numbered Bo, with known constant position. The
position of body B1 relative to inertial space can be represented by kinematically admissible
joint coordinates of B1 relative to Bo, just like any other arbitrary joint between bodies
Bi and Bj. The advantage of this procedure is that introduction of Lagrange multipliers
as mentioned by Bae and Haug [2] is not needed. Therefore, it provides the advantage of
maintaining a system of ODEs and avoids having to solve a system of DAEs as in [2].

This reduction process for open loop systems can be explained by the following example.

Example 3.2 The unreduced e9uations of motion for the double pendulum of figure 3.4 read

(E.3.36)

where,

Substitution of the kinematical relations (E.3.30) between rod B1 and rod B2 into the equations of
motion (E.3.36) results in

6uJ(M1Vl - gt} + DuTAT2{M2(A12Vl + B12Q.12 + C12) - g2}+

DQT2BT2{M2(A12Vl + B 12 Q.12 + C12) - g2} = O.

Now, DQ12 is arbitrarily, and therefore we find

(E.3.37)

This can be rewritten as

h(ep + 0) + 2m212epcos 0 + 2m212<p2 sin (} +m212(ep + 9) + m2g1 sin(<p + 0) = O.

Substitution of the equation (E.3.37) for ql2 into the equations of motion gives

6uf[(Ml + Mt}Vl - (gl + gl)] =O.

Use of the kinematical relations (E.3.29) in equation (E.3.38) results in

c5<pB61[(Ml + Mt}(BolqOl + COl) - (gl + gl)] = 0,

where c5<p is arbitrarily. Therefore, one finds

(E.3.38)

(E.3.39)

Equations (E.3.37) and (E.3.39) give the joint accelerations of rod B2 and rod Bl, respectively, in
explicit form.
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3.5 Closed Loop Systems

Most multibody systems found in practice do not have a tree structure, but consist of closed
loops. In subsection 2.4 and 3.1 it has already been mentioned that these systems are quite
different from open loop systems. In setting up equations of motion for such systems the
results of previous subsections can be used.

In figure 3.2 a closed loop system is shown. There, body B, is the junction body. As
explained in subsection 3.1 a spanning tree can be obtained by cutting the joints between
chosen bodies Bn and Bn+!. Two chains, denoted {31 and {32 are defined thereby. For these
chains the variational equations of motion are reduced.

The equations of motion for the unreduced system are

m n+l

L 6unM rVi - gil +L: 6unM(Vi - gi + cP~iA] = 0, (3.40)

i:#n,n+l
i=l

i=n

where 6Ui are kinematically .admissible for the tree structure constraints. The motion of
the bodies must satisfy the constraint cP = 0, representing the constraint for the cut joint
between bodies Bn and Bn+!. As in subsection 2.2, the Lagrange multipliers A account for
the constraint loads for this cut joint.

Following the procedure of appendix B the equations of motion for the closed loop
system can be reduced to

(3.41)

Here, 6u{ is kinematically admissible for all constraints that act on body Bl, other than
those associated with chains {31 and {32, in figure 3.2. Mf, gf, and +f (c.f. appendix B)
denote the accumulated mass, load, and Jacobian of constraints, respectively, resulting from
the recursive elimination along each chain {3 to the junction body B,.

Compare equation (3.41) with equation (2.13). As in subsection 2.3, equation (3.41)
has to be augmented by the constraint equations, resulting in a system of DAEs. Now, the
constraint equations result from the cut joint constraint between bodies Bn and Bn+!. Let
the cut constraint equation be

(3.42)

where Un and Un+! are displacement vectors of bodies Bn and Bn+!, respectively. As in
subsection 2.3 the velocity constraints with respect to the cut are

(P = cPunVn + cPUn+1Vn+l - v = 0,

and, for the acceleration constraints for the cut joint one finds

4> =cPunvn + cPUn+l Vn+l - '"Y =0.

(3.43)

(3.44)

In essence, combining equation (3.40) with any equation of (3.42), (3.43) or (3.44) results in a
solvable system ofequations. The recursive technique as described in the previous subsections
may be a.pplied to the cut constraints (3.42), (3.43) and (3.44), resulting in constraints for
the base body. These reduced constraints together with (3.41) yield a. solvable system.
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For example, consider the cut acceleration constraints (3.44). By using the kinematic
relationships (3.17) and (3.23) and expression (B.9) in appendix B, one can proceed as before
to eliminate recursively the intermediate bodies down to the base body. This results in

(3.45)

where again we have accumulated Jacobian mass 9, load q, and right hand side :y matrices
along each branch. The accumulated matrices are defined as

and

:Yi = :Yi+I - 9i+ICi(i+l) + 9i+IBi(i+I)(B~i+I)(Mi+l +Mi+I)Bi(i+I))-l

T - ~
Bi(i+l){(Mi+1 +Mi+I)Ci(i+l) - (gi+I +gi+I)}'

Combining equations (3.41) and (3.45) gives a system of equations

where

(3.46)

(3.47)

(3.48)

-. -{3-{3
MI = MI +Mil +M I 2,

91 = 9r1 +9r2
,

.T. _ .T.{31 + .T.{32
"¥I- "¥I "¥I'

gl = gl +gr1 +g?2,
:YI = :yr1 +:y~ + '"Y, and

Equation (3.48) has a unique solution for the accelerations VI and the Lagrange multipliers
A if the cut constraints are independent.

EXaIIlple 3.3 Consider the plane crank-and-slider mechanism shown in figure 3.7 on page 21. The
mechanism consists of a crank B i and a connecting slider B2 • which is constrained to move over the
:c axis. This multibody system is a closed loop system.

We can form a spanning tree by removing the joint between the slider and inertial space.
Therefore, we define the cut joint constraint

¢(U2. t) = r2.11 + AiA~2S~3.1I = r2.11 + Isin(ep + 9) = 0,

with U2 = [r2.~, r2.11 , ep +9]. The other kinematical relations are the same as for the double pendulum.
For the crank-and-slider mechanism the unreduced equations of motion are

(E.3.49)

for kinematically admissible displacements c5Ui and c5U2. In the equation above ¢U2 is
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Figure 3.7: The crank-and-slider mechanism

Substitution of the kinematical relations (E.3.30) gives

6ui(Mi Vi -: gd + 6ufAf2{M2(A12Vi + B 12q12 + Cl2) - g2 + <p~~~}+

6qf2Bf2{M2(A12Vi + B 12ql2 + Cl2) - g2 + <p~~~} = o.
Now, 6q12 is arbitrarily, and therefore we find

q12 = jj =-(BI2M2Bl2)-lBl;{M2(A12Vi + Cl2) - g2 + <P~~.\}, (E.3.50)

with the constraint already mentioned. Substitution of the equation for q12 in the equations of motion
gives

By using the kinematical relations (E.3.29) between rod B i and inertial space, the equations of motion
result in

where 61{) is arbitrarily. Therefore,

(E.3.51)

with the constraint
<P(U2, t) =21 sin rp + 21 sin(1{) + 8) =O. (E.3.52)

Combining equations (E.3.50) and (E.3.51) with constraint equation (E.3.52) results in a set of Dif
ferential Algebraic Equations for the unknowns rj;, ii, and, .\.

3.6 Recursive Algorithm

The results of the previous subsections 3.2, 3.3, 3.4, and 3.5 can be summarized as follows.
The reduced forms of the kinematical and dynamical equations of motion of a multibody
system can be generated recursively by the following scheme:

1. Positions and velocities of all rigid bodies in the system can be generated by means of
equations (3.1), (3.2), (3.5), and (3.17) (rjt Vj, for j = 1,2, ... ,nb)'
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2. Generalized loads gj, according to (2.5), can be generated for each body in the system,
and the generalized mass matrix Mj can be composed for each body (j = 1,2, ... , nb).

3. IT closed loops are present in the system, a spanning tree has to be formed by cutting
joints (d. section 3.1).

4. The reduced variational equations of motion for first level junction nodes; Le. junction
nodes with chains that terminate at tree end bodies or cut-joint bodies, can be obtained
by adding contributions from the variational equations of each chain that starts from
each junction node (c.f. subsections 3.3 and 3.5).

5. Repeating this procedure for every chain by working back to the base body, the reduced
variational equations of motion for the base body can be obtained.

6. For closed loop systems the equations of motion have to be augmented by the cut
constraint equations (3.42), (3.43), and (3.44), in reduced form (3.45).

The equations of motion for open loop systems are ODEs (c.f. subsection 3.4). Inte
gration techniques for ODEs ~e well developed. However, the resulting equations for closed
loop systems are DAEs (c.f. subsection 3.5). These equations are not differential equations
[12]. The lack of broadly applicable and robust integration methods for DAEs remains the
fundamental limitation in automated application and effective use of multibody dynamic
simulation methods.

4 Conclusions

The methods for generating multibody system equations have been surveyed here. To describe
the motion, one may select either the descriptor form (c.f. subsection 2.3) or the state space
representation (c.f. subsection 2.4 and section 3). The descriptor form is obtained most
efficiently in terms of absolute variables, describing the motion of the bodies with respect to
inertial space. The resulting equations of motion are a set of DAEs.

For open loop systems, the state space form can be generated most efficiently in terms
of relative variables, representing the motion of interacting bodies relative to each other, by
using recursive formulations (c.f. subsection 3.4). A merit of the use of relative generalized
coordinates is that they automatically satisfy the kinematic constraints between bodies. This
has the effect that the dynamical equations of the system have not to be augmented by extra
algebraic equations for the constraints. On that ground, this method results in a set of ODEs
for open loop systems.

However, for closed loop systems the dynamical equations have to be augmented by
constraint equations, resulting from opening the closed loop by cutting joints. Thus, in the
case of closed loop systems the same recursive computational scheme yields a set of DAEs.

As already mentioned in subsection 3.3 the main advantage of recursive O(n)-formula
tions is the fact that only small mass matrices have to be inverted, thereby obtaining a high
efficiency. Another advantage is the possibility of parallel processing. Parallel processors
can be used to do simultaneous independent computations. Computation of reduced inertias
and right-side terms in different branches of a mechanism are independent, therefore parallel
processors can be used. Also, to recover body and joint accelerations parallel computations
can be applied.
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Appendix

A Reduction of Equations of Motion for a Chain

In this appendix we describe the procedure to reduce the equations of motion for a whole
chain from body Bn to junction body B,. The variational equations of motion for the whole
chain are (c.f. (3.31»

n

~c5ul[M(Vi - gil = 0, (A.1)
i=l

where c5Ui, i = 1,1+ 1, ... ,n, are kinematically admissible for the constraints between bodies
B, to Bn in figure 3.5 and any other constraints that may act on junction body B/, where
c5Ui, Mi, and Vi are defined by (3.22), (2.3) and (2.4) , respectively.

Substituting the kinematical relations, relating acceleration (3.23) and virtual displace
ment (3.21) of body Bn in terms of body Bn - 1 and the relative joint coordinates q(n-l)n
between them, into equation (3.31) yields

n-l

~ c5u[[M(Vi - gi]+
i=l

c5U;-lA(n_l)n(MnA(n-l)nVn-l + MnB(n-l)nq(n-l)n + MnC(n-l)n - gn) +
c5q~_l)nB~_l)n(MnA(n-l)nVn-l + MnB(n-l)nq(n-l)n + MnC(n-l)n - gn) = 0,

(A.2)

for kinematically admissible c5Ui and c5q(n-l)n' Variation of relative joint coordinates q(n-l)n

must be kinematically admissible which means that it may not violate the kinematic con
straints between bodies Bn- 1 and Bn . However, q(n-l)n contains relative joint coordinates
that automatically comply with the constraints. This means that c5q(n-l)n is kinematically
admissible by definition. Further, c5Ui, i = 1,1+ 1, ... , n - 1, and c5q(n-l)n are independent,
and therefore, the coefficients of c5q(n-l)n in equation (A.2) must be zero. As a result, the
second time derivative q(n-l)n of the relative joint coordinates is obtained as

q(n-l)n = -(B(n_l)nMnB(n_l)n)-lBtn_l)n{Mn(A(n-l)nVn-l + C(n-l)n) - gn}, (A.3)

where the existence of (Btn_l)nMnB(n-l)n)-l can be proved according to [2].
Substitution of equation (A.3) into (A.2) gives

n-2

~ c5u;[MiVi - gil + c5U~_l[(Mn-l + Mn-l)Vn-l - (gn-l + gn-l)] = 0, (A.4)
i=l

where c5Ui are kinematically admissible for joints 1,1+ 1, ... , n - 2,

Mn - 1 = Atn_l)nMnA(n-l)n-

Atn_l)nMnB(n-l)n(B(n_l)nMnB(n_l)n)-lBtn_l)nMnA(n-l)n, (A.5)

and,

gn-l - -A(n_l)n(Mnc(n_l)n - gn) +
A~-l)nMnB(n-l)n(Btn_l)nMnB(n_l)n)-lBtn_l)n(MnC(n_l)n - gn). (A.6)
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This reduction process can be continued to an arbitrary body Bm+l. By induction it can be
shown that, in analogy to equation (A.4), the following variational form of the equations of
motion is obtained

m

I:c5uJ[M tVi - gil + c5U;:+l[(Mm+l + M m+1)vm+1 - (gm+l + gm+l)] =0, (A.7)
i=l

where virtual displacements c5Ui, i = 1,1+ 1, ... , m + 1, are kinematically admissible for
joints between bodies Bl to Bm+l. However, they are free from kinematical admissibility
conditions corresponding to constraints between bodies Bm+l toBn, because these constraints
are satisfied by the relative coordinates.

Substituting equations (3.21) and (3.23), with i =mandj = m+ 1, into (A.7) results
in

m-1

I: c5u;(MiVi - gi) + c5u;:[A;:(m+1){(Mm+l + Mm+d(Am(m+l)vm + B m(m+l)qm(m+1)+
i=l

Cm(m+l» - (gm+l + gmH)} + M mvm - gm] + c5q;:(m+l)B;:(m+l){(Mm+l + Mm+d

(Am(m+1)Vm + B m(m+1)qm(m+l) + Cm(m+l» - (gm+1 + gm+1)} = 0,
(A.8)

for kinematically admissible c5Ui, i = I, ... , m, and c5qm(m+l). Once more, c5qm(m+l) is
kinematically admissible by definition. As c5Ui, i = I, ... ,m, and c5qm(m+l) are independent,
the coefficient of c5qm(m+l) in equation (A.8) must be equal to zero, resulting in

.. T - -1 T -
qm(m+l) = -(Bm(m+l)(Mm+l + Mm+l)Bm(m+l» Bm(m+l){(Mm+l + Mm+l) .

(Am(m+1)Vm + Cm(m+l» - (gm+l + gm+t)}. (A.9)

As before, according to [2], the existence of

T - 1(Bm(m+l)(Mm+1 + Mm+l)Bm(m+l»-

can be proved. Substituting (A.9) back into (A.8) gives

m-1
I: c5ul[Miv i - gil + c5u;:[(Mm + Mm)vm - (gm + gm)] =0,
i=l

with

(A.10)

and
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and, c5Ui is kinematically admissible for joints between bodies B, to Bm. This reduction 
process can be continued to junction body Bl. Now, the reduced variational equations of 
motion read 

(A.13) 

where c5UI is kinematically admissible for all external constraints that act on junction body 
Bll and:&if and gf follow from equations (A.H) and (A.12), respectively, with m = 1. 

25 



B Reduction of Equations of Motion for a Closed Loop Sys
tem 

We explain the reduction of the equations of motion for a closed loop system to a junction 
body. Substituting the kinematical relations, relating acceleration and virtual displacement 
of body Bn in terms of body Bn-l and the relative joint coordinates q(n-l)n between them, 
into equation (3.40), one obtains 

71.-1 

L: 6u; (Mi'Vi - gi)+ 
i=l 

6U;_lAtn_l)n(MnA(n-l)n Vn-l + MnB(n-l)nq(n-l)n + MnC(n-l)n - gn + q,~ .. >.) + 
6q[n_l)nB tn_l)n(MnA(n-l)n Vn-l + MnB(n-l)nq(n-l)n + MnC(n-l)n - gn + tP~ .. >.) + 

m 

6u;+1[Mn+1 Vn+1 - gn+1 + tP~"+l>'] + L: 6u[[M,Vi - gil = O. 
i=n+2 

(B.1) 

Here 6u" i = I, 1+ 1, ... , n - 1, are kinematically admissible for the joint between bodies 
BI and Bn , and 6Ui, i = n + 2, ... , m, must be kinematically admissible for tree structure 
constraints in chain Ih. The virtual displacements 6q(n-l)n are arbitrarily. Therefore, the 
coefficient of 6q(n-l)n must be zero, and the following expression for the acceleration q(n-l)n 
of the relative joint coordinates is obtained 

q(n-l)n = -(B[n_l)nMnB(n-l)n)-lB[n_l)n{Mn(A(n-l)nVn-l + C(n-l)n) - gn + tP~n>'}· 
(B.2) 

Substitution of equation (B.2) back into (B.l) yields 

71.-2 

L 6UjT[Mi"Vi - gd + 6U;_1[(Mn- 1 + Mn-1)Vn-l - (gn-l + gn-t) + 9;_1>']+ 
i=l 

m 

6U;+1[Mn+1 Vn+1 - gn+1 + tP~n+l>'] + L: 6u[[MiVi - gil = 0, 
i=n+2 

(B.3) 

for kinematically admissible virtual displacements 6Ui, where Mn - h gn-l and 9~_1 are 
defined as 

Mn- 1 = A[n_l)nMn{A(n-l)n - B(n-l)n(B[n_l)nMnB(n-l)n)-lB[n_l)nMnA(n-l)n}, (B.4) 

gn-l = -A[n_l)n(Mnc(n-l)n - gn) + A[n_l)nMnB(n-l)n(B[n_l)nMnB(n_l)n)-l . 

Btn_l)n(Mnc(n-l)n - gn), 
(B.5) 

and 
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The accelerations of body Bn have now been eliminated. This procedure can be repeated 
down chain f31 to an arbitrary body Bk+1. By induction it can be shown that, in analogy to 
equation (B.3), the following variational form of the equations of motion is obtained 

k 

E 6ul[Mivi - gil + 6uI+1[(Mk+1 + Mk+I)v k+1 - (gk+1 + gk+1) + +I+1>']+ 
i=/ 

m 

c5u~+1[Mn+1Vn+1 - gn+1 + <I>~n+1>'] + E c5u[[MiVi - gil = 0, 
i=n+2 

(B.7) 

where 6Ui, i = I, 1+ 1, ... , k + 1, are kinematically admissible for the joints between bodies 
B/ and Bk+l, and 6Ui, i = n + 2, ... , m, must be kinematically admissible for tree structure 
constraints in chain f32. Equations (3.21) and (3.23), relating the virtual displacements and 
the accelerations of body Bi and Bj with i and j replaced by k and k + 1, respectively, can 
be substituted into equation (B.7), giving 

k-l 
L 6u[[MiVi - gil + 6uf[AI(k+1) {(Mk+1 + M k+I )(Ak(k+1)Vk + B k(k+1)qk(k+1) + 
i=l 

Ck(k+1») - (gk+1 + gk+l) + +I+1>'} + MkVk - gk] + 6qI(k+1)BI(k+1) {(Mk+1 + 
Mk+I )(Ak(k+1)Vk + B k(k+1)qk(k+1) + Ck(k+1») - (gk+l + gk+1) + +I+1>'} + 

m 

6U~+1[Mn+1Vn+1 - gn+1 + <I>~n+l>'] + L 6u[[MiVi - gil = 0, 
i=n+2 

(B.8) 

for 6Ui, i = 1,1+ 1,·· ., k that are kinematically admissible for joints between bodies B/ to 
Bk. As before, 6qk(k+1) is arbitrary, and for that reason the coefficient of 6ql(k+1) must be 
zero. This results in 

T -. I T -. 
qk(k+l) = -(Bk(k+1)(Mk+1 + Mk+1)Bk(k+1»)- B k(k+I){(Mk+1 + Mk+1) . 

(Ak(k+1)Vk + Ck(k+1») - (gk+1 + gk+d + +I+1>'}· (B.g) 

Substitution of equation (B.9) into (B.8) gives 

k-l 
L 6u[[MiVi - gil + 6uf[(Mk + Mk)Vk - (gk + gk) + +I>.]+ 
i=/ 

m 

L 6u[[MiVi - gil + 6u!+1[Mn+1 Vn+1 - gn+1 + <I>~n+1>'] = 0, 
i=n+2 

(B.10) 

where 

(B.11) 
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and 

(B.13) 

This procedure can be performed for each chain in the spanning tree from each cut joint body 
to the first junction body encountered and will result in equation (3.41) for the junction body. 
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