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FOREWORD 

There were always asked two questions: why the Markov parameters and if 

there are no another alternatives for identification of multi variable 

systems? 

Certainly alternatives exist and there have not been only Markov para

meters. It heavily depends on what we expect as a result of an identifi

cation. What can be stated for sure is that: 

Markov parameters can be easily generated from input-output relations. 

Markov parameters deliver a very convenient way 6f estimation of the 

state space model via the realization theory. 

the knowl~dge of Markov parameters helps us to estimate the order of 

the process, which in general is a very complicated problem for mul

tivariable systems. 

there exists a close similarity between estimation procedures of Mar

kov parameters and procedures for estimation of single input - single 

output systems parameters. 

there exists a, coherent with the single dimensional systems, way of 

handling noisy cases while estimating Markov parameters of a dynami

cal multivariable system. 

estimating procedures involving Markov parameters seem to be appliable 

in a broad sense, which means that in a case when we know a transfer 

function matrix, there can be applied for the sake of modelling. 

description of a process in terms of Markov parameters has an advan

tage over the transfer function matrix description in a way that a 

mapping from the state space into the transfer function description 

is unique and quite simple in contrary to the inverse mapping. 

There are also drawbacks of the Markov parameters approach. The generally 

stated objection is a lack of a physical interpretation for the state 

representation. This objection in certain cases can be bypassed by some 

canonical transformations. Another problem exists while estimating the 

lengths of the Markov parameters vector in order to get a good fit to 

input-output data. This problem is referred to as an identification of 

the dynamical system structure and has not been since fully solved. However 

there is a certain progress in this field also. 
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Concluding, there are some spheres of applications where the Markov para

meters approach gives a clear, coherent and elegant solutions in contrary 

to other methods proposed. 

Also, as it will be seen, handling of a multivariable nOLse case will be

come a lot easier and more general. 

That is why Markov parameters. 



iv 

CONTENTS 

Introduction • 

I. The model of the linear, constant coefficient, time-invariant 

dynamical system in terms of the Hankel Representation-H Model. 3 

2. Assumptions and expression of the Ho-Kalman Algorithm. 9 

3. Derivation of the final lnodel based upon the Markov parameters. II 

4. An approximate scheme for estimating the Markov parameters of the 

multivariable. dynamical, linear and constant coefficient system. 15 

An explicit algorithm. 

4.1. Methods for reconstruction of the composite noise covariance 

matrix R. 

5. Results of the simulation 

Example 3 

Example 4 

Example 5 

6. Summary 

7. References 

List of symbols used 

Appendices 

19 

29 

29 

43 

60 

86 

88 

90 

92 



-1-

Introduction 

The linear, constant coefficient, finite-dimensional dynamical system can 

be represented by means of equations: 

~(t) = ~(t) + ~~(t) 

ret) = f!(t) + ~(t) 

in the continuous case, likewise in the discrete case: 

!(k+l) = ~(k) + ~~(k) 

y(k) = f!(k) + ~(k) 

where matrices !, !, C and D in equations (I) and (2) are not the same. 

!(t) or !(k) 

~(t) or ~(k) 

let) or l(k) 

state vector (n x I) 

control or input vector (p x I) 

output vector (q x I) 

let us remember also a basic definition for the realization theory which 

states what the realisation is. 

Definition: The triple of constant matrices {!, !, ~} is called a 

REALIZATION of the linear, constant coefficient, finite

dimensional dynamical system. 

As one can notice the definition of the realization does not cont2in the 

~ matrix, which means that ultimately we are concerned with so called 

"proper" systems. This restriction, however, is not a serious one, because 

it only means that in case when the system is "improper" we can find the 

realization of its "proper" part (which in most cases is also the mos': 

difficult task) and the remaining part can be deduced otherwise. 

For further investigations the most interesting type will be the discrete, 

time-invariant, linear dynamical system. In order not to loose gene~ality 

and to show differences at the beginning we shall handle both discr~te and 

continuous time systems together. 
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Our primary task is to show how the dynamical, linear and time-invariant 

system can be described in terms of matrices ~, !, ~ and input/output 

data in a particular way that differs from the transfer function matrix. 

This will lead to the so called H-MODEL and Markovpatameters description 

of the system under consideration. 1121 
Next we shall show how to estimate the Markov parameters of this system 

and how to get rid of the noise influence by applying a reasoning that 

is very similar to the Extended Matrix and Clarke estimation schemes. 
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I. The model of the linear, constant coefficient, time-invariant dynamical 

system in terms of the Hankel Representation- H-MODEL. 

Let us assume that for both equation sets (I) and (2) the D matrix can 

be neglected; then after applying the Laplace and "z" transforms respec

tively, and after combining the state and the output equation, we can 

write the following relations: 

or 

:l(s) 

:l (z) 

x 
-0 

~(O) 

:l (s) 

-I = f(s!-~) ~~(s) 

-I 
= f(z!-~) ~~(z) 

= ll§o 

= BS 
--0 

-I 
= g(s!-~) ~~(s) 

-I 
+ C(sl-A) x 

- - - -0 

-I 
+zg(z!-~) ~(O) 

where §o = (BTB)-IBTx 
- - --0 

where §o = (~T~) -I~T~(O) 
-\ 

+ C(sl-A) BS 
- - - --0 

Now we can inspect the impulse responses of these systems which are 

simplY the inverse Laplace and inverse "z" transforms of Z(s) and 

Z(z), in case the initial conditions are zero. 

r t ~ 0 

(t) At 
> 0 .J.. = ge- llt t 

(k) =I;l-I~ 
k ~ 0 

~ k > 0 

(3) 

(4) 

(5) 

(6 ) 

(7) 

(8) 

(9 ) 

(IO) 

For the continuous systems a few words of explanation are necessary. 

Expanding the exponential matrix function into a power series gives: 

00 

t;.i t i 00 

g~i~ t i 
~ (t) = g J: 7T B = I IT (II) 

i=o L - i=o 
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The matrix coefficient CAiB is referred to as the i-th Markov parameter and 

is denoted M .• 
-1 

l (t) 

<X> 
t
i 

= l: M. TT 
i=o -1 1. 

( 12) 

For the discrete system we simply have: 

:i. (k) = ~ k-I for k = 1.2.3 •••• , (13) 

Now it is evident that the discrete case is much easier to handle and for 

this reason the H-MODEL will be 'derived first for this type of sys terns. 

Referring again to the equation (8) and applying deconvolution rules we 

get: 

k-I . 
l: Mk-1-l u (i) + Mks 

. - - --0 
(14) 

~=o 

which can easily be rearranged into a matrix notation: 

l(l) = ~!!(O) + ~I §., 
l(2) = ~I!:!(O) + ~!:!(I) + ~2§o 

l(3) = ~2!:!(O) + ~I!:!(I) + ~!:!(2) + ~3~ 

such that after a certain sequence of steps we find: 

l(l ) ~e !:!(O) ~I ~2 M ~o -r 

l(2) ~I ~C !:!(I) ~2 ~3 M 0 -r+1 -p 

l(3) = ~2 ~I ~O !:!(2) + ~3 ~4 M 0 (15) 
-r+2 -p 

where Qp is a (pxp) null matrix 
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We see that our model does not contain the "zero" time instant, so quite 

easily we can introduce the value u(-I) i.e. u(i\=_I' and then obtain 

a full description of the discrete system in terms of the H- MODEL. [ 121 

reo) ~o !!(-I) ~o ~I M -r-I ().o 

r(I) ~I ~o !,!(O) ~I ~2 M 0 
-r -p 

r(2) ~2 ~I ~o !,!(I ) + ~2 ~3 M 0 
(I6) -r+1 -p 

r(3) M M M M !,! (2) ~3 ~2 M 0 -3 -2 -I -0 -r+2 -p 

~O ~I M -r-I 

~I ~2 M -r 

where ~2 ~3 M def 
!!(q>" ) is the generalized Hankel matrix = -r+1 

MO 

MI 110 

MZ MI MO d~f lCO,oo) is the generalized Toeplitz matri 

t!3 !!2 ~ I l!a 

To show the same for the continuous systems is a little bit more difficult 

and in this case we have to make some additional assumptions on the nature 

of the input signals (See also [9] ). Equation (7) can be written now as: 



l(s) = E 

i=o S 

M. 
-~ 

i+I!!(S) + 
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00 M. 
-~ 

.E Si+I~O (17) 

1=0 

Assuming that we are interested in the class of input signals which can 

be represented as an expansion into series. 

~(t) = u _IO(t) + 

we can expect the output vector to be of the form 

:/:(t) 

00 

E 
i=o 

(IS) 

(19) 

where u. for 
-~ 

i = -1,0, I ,2, •••• and l. for i = 0, I ,2,3, .... are the vector 
~ 

coefficients to be found by applying curve fitting methods. Equations (IS) 

and (19) can be transformed by Laplace transformation yielding 

u_(s) = u + E u ~ 
--I . -i~+1 

1=0 s 

00 

:/:(s) 

Substituting (29) into (17) we derive a fundamental relation 

00 M. 00 M. 
:/:(s) = 1: -~ 

si+1 
i=o 

!!-I + E -~ B + 
si+1 -0 

i=o 

(20) 

(21) 

(22) 

Comparing the coefficients of the same powers of s in (21) and (22) it is 

easy, but somewhat tedious, to show that 
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l:o M !;!-I M M ... M ~o -0 -0 -I -r-I 

l:1 ~I M u ~I ~2 ... M 0 
-0 -0 -r -p 

Y2 = !i2 !i l M !!I + ~2 ~3 M 0 
-0 -r+1 -p 

which again leads to the H- MODEL (16). 

Another feature of the H- MODEL is that we can easily generalize all its 

properties for both continuous and discrete systems. Further let us re

member the two definitions: 

Definition: The dimension of the realization will be defined as the 

dimension "n" of the state matrix A. 

Definition: The realization· {!, ~, ~} of the dynamical system is called 

"minimal" realization" if the dimension n of the state matrix 
o 

A is minimal among all possible n. 

For more detailed description of the origin of the minimal realization 

problem we refer to [IOJ, [111. [91. 

If as a process we consider the Rstrom model l2J 

- 1 -2 - 1 -2 
(I - 1.5z + O.7z )Yk = (z + O.5z )~ 

which can be represented also by the transfer function K(z) 

-I 
Y(z) z + O.5z 

K (z) = u (z) = --''''"--_'''':_'-71'::';:;''---:_::02 
- 1.5z +6.7z 
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For such a model we can find exact Markov parameters: 

Mo = I; MI = 2; M2 = 2.3; M3 = 2.05; M4 = 1.465; M5 = 0,7625; ••• 

and the following realization: 

={[2.0 -1.7],[1.0 {6, ~, f} 
1.0 -0.5 0.0 

It can be easily proven that 

which shows correctness of the realization {~, ~, f} 
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2. Assumpcions and expressions of the Ho- Kalman Algorithm 

The method assumes that: 

1. the system is linear 

2. the system can be described in terms of constant coefficients 

3. the system can be represented in the state space form 

4. the initial state of the system is ~(O) = 0 

5. we have noise free data to build the realization 

The realization problem is stated then as follows: 

1. If there is giveI1 ,1 sequence of (qxp) matrices M. for i = 0,1,2, ••• -1. 
such that there are an integer r and constants a. for which 

1. 

M • = 
-r+J 

r 
l: 

i=J 

M •• 
a.-r+J-1. 1. for all j ~ 0 (23) 

the algebraic realization problem is referred to as finding a triple 

of real, finite-dimensional matrices {~, ~. f} such that relation 

(24) 

always holds. Moreover such a realization is a finite dimensional 

one. 

II. We assume that the index r can be estimated in advance or concurrent

ly with estimation of the M. parameters. 
-1. 

Then the minimal realization of {M.} is: 
-1. 

~ = !!p [~(T!!r) g] U
T 

(T denotes a shifting operation) -q 

~ = U [PH ET] 
(25) -p --r-p 

C = [E H gluT -q-r -q 
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where 

M M 
-0 -1 ... M -r-l 

~I ~2 M -r 

H = TH -r -r 
.-

M -r-I M -2r-2 

Hankel matrix 

~ and ~ are chosen such that 

o -n I -

~~rg = --~-r---- = 
n {[ 1 : 0 1 

qr-n { 0 : 0 
o - I -

n pr-n o 0 

n = rank {Hr} 
0 

u = [ 1 oqr-no] -q -n -n 
0 

U = [ 1 ~:-no] -p -n 
0 

E - the block matrix (pxpr) -p 

E=[IOO ... O] -p -p -p -p -p 

E - the block matrix (qxqr) -q 

E = [I 0 0 ... 0 ] -q -q -q -q -q 

~1 ~1 • •• M -r 

~2 ~3 ... M -r+1 

= (26) 

M M -r -2r-1 

shifted Hankel matrix 

(27) 

(28) 

(29) 

(30) 

(31 ) 

(32) 
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3. Derivation of the final model based upon the Markov parameters 

Now, because in this case values of ~(k) and ~(k) are simply samples of 

signals, we shall focus our attention on the discrete time systems. 

Starting with the L-th measurements of ~(L) and stopping at m+L - th 

measurement, via the H- MODEL we derive following relations /9/. 

where 

(33) 

yT = [~(L) •••• ~(L+m) 1 
yT _ 

the estimate of XT (34) 

~T ~ 

Y = [~(L) ........ ~(L+m)l (35) 

~ = [~(O) ~(\) ........ ~(k) 1 (36) 

NT = [~(O) ~(\) ....... ~(k) 1 - estimates of the first (37) 

k+\ parameters 

!!(L-\+m) 

S = 
-m ... 

~ = !!(L-k-2) 

¥(L-k-3) 

!!(-\) 
o 

............. 

................ .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 

. . . 

!! (L-2-k+m) 

!!(L-3-k+m) 

0 ................ _!!,(-I) 

(38) 

(39) 



-12-

For a more extended derivation of these relations .see (9]. 
\~(illsiJering the more re.alistic case we assume that tIle I1l1.1ltivaridble sys

telll is )lUise corrupted and .thus we shall refer to ~II. (40) and tig. I. 

y ~!~+~~+ E (40) 

T 
[~(O) ~(1) ~ = .... ~(k) J exact Markov parameters (41 ) 

E = [~ (L) ~ (L+1) .... ~(L+m) ] (42) 

M = [~(k+1) ~(k+2) !:!(k+m) + .. .. ] 

E 

fig. I. 

Assuming that {!!(i)} and feCi)} are mutually uncorrelated stationary pro

cesses and that £{!! (i)} = Q we can find ~, an estimiite f,f th" sequence of 

the first k+1 Markov parameters. 

This estimate is asymptotically unbiased only if l."v (j) 1 
for j = L, L+1, '" L+m ... and v'="J"') are white nuise Stquences, 

or if d~} = Q. 

( 43) 

(44 ) 

As one can expect this case is met only very soldom in practice, the derived 

estimate gives biased solutions. There still exists a problen, Dt the sub

tracted remainder in the expression for the estimate, whirh ciJncalils the un

known M block matrix. As is discussed in [9), for sufficiently large m and k 

and properly chosen L, the second term of the estimator (43) diminishes for 

stable systems, and always diminishes (regardless '1Il m anJ L) ["r properly 
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chosen k, if the noise is white. Willing to get rid of the unconvenient 

assumption about the noise nature, we have to face the Gauss-Markov Approxi

mate Schemes for estimation of the Markov parameters (3]. [41. (51.Llll, [1:31· 
However if it occures that the mean value of the process is not equal zero, 

there also exists a possibility of getting rid of this inconvenient feature. 

This case is discussed in the Appendix. 

EXAMPLE 2 -------

Let us consider a following multivariable system, described by the transfer 

function matrix. 

1.0 0.2 
z - 0.8 (z-O.8) (z-0.6) 

.\5(z) = 

0.0 1 .0 
z - 0.6 

for which we will try to find a realization with the aid of the Ho- Kalman 

algorithm. 

For this system it is quite easy to find Markov parameters, which are: 

[ 1 .0 0.0 

J 

= [ 0.8 
0.2 J [ O. 64 

0.28 

J 
!:!o = ~I • M .. 

0.0 1.0 0.0 0.6 '-2 0.0 0.36 

[0.521 0.236] [ 0.4096 0.28 J [0.32608 0.24992] 
M = • M = ; ~5 .. 
-3 0.0 0.216 '-11 . 0.07776 0.0 0.129 0.0 

Applying the Ho- Kalman algorithm we look for ~I' ~2 and so on till we find 

fulfilled the condition: 

rank {H } 
-n 

H J 1.0 

-I 10 •0 

rank {~n+l} = 

0.01 
1.0 
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1.0 0.0 0.8 0.2 

!!2 = 0.0 1.0 0.0 0.6 

0.8 0.2 0.64 0.28 

0.0 0.6 0.0 0.36 

It is also easy to show that the rank !!I+k for k = 0,1,2 •••• is always 

equal to two. It means that for the sake of the algorithm we need only 

gl = ~o and Tg 1 = ~I' 

H = [1.0 
-I 0.0 

0.0 ] 

1.0 

Also we find that P = [1.0 0.0] 

0.0 1.0 

Matrices E and E are equal: -p -q 

[ 1 .0 0.0 ] E = = E -p 
0.0 1.0 

-q 

[ 1.0 0.0] and U = U = -p -q 
0.0 1.0 

Applying now relations (25) we have 

A = T [0.8 U [p(TH1)n]u = -p - - "-q 0.0 

= [ 1.0 

0.0 

= [ 1 • 0 

0.0 

= [0.8 

0.0 

= g 

0.2 ] 

0.6 

0.0 ] 

1 .0 

0.0 ] 

1 • 0 

Also in this case it can be easily shown that 

which proves the correctness of the realization. 

0.2 ] 

0.6 
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4. An approximate scheme for estimating the·Markov parameters of the multi

variable, dynamical, linear and constant-coefficient system. 

An explicit algorithm 

Assuming again that {~(i)} and· {~(i)} are mutually uncorrelated stationary 

processes and that £{~(i)}= Q, we also can find an estimate of the sequence 

of the first k+1 Markov parameters minimizing the following loss function 

V : -w 
- T -V = (Y-Y) W(Y-Y) 

-w -- ---
(45) 

where W is the weighting matrix usually assumed to be symmetric. After 

applying the well known relations [9] to achieve an expression for a mini

mal trace of the V we have: -w 

(46) 

This gives: 

N = (~m R ~~)-I ~m R ! - (~ R ~)-I ~ R ~ ~ (47) 

Equation (47) is a fundamental result for our further considerations. 

Expressing N in terms of the equation error E 

T -I T 
we see that the term (~m R ~m) §m R (~ + ~oo M) 

estimate (47). The first part of this expression 

(48) 

is the bias of the 

i.e.(S WST)-I S WE 
-m--m -m--

depends mainly on properties of the noise! and assymptoticaly vanishes 

when c{e(i)} = 0 and there is no correlation between samples of E and S • 
- - - -m 

The second part of this expression i.e. (S W ST)-I S W ST M depends -m--m -m--o:I-
mainly on the initial conditions of the system contained in the ~; matrix 

as on the infinite closure {~}=+I of the finite series {Mk}:' There are 

however three cases in which we can neglect this term. These are: 

I. the initial conditions for the system are zero, which implies that 

~ = Q , or: 

2. the inputs to the system are sequences of white noises which causes 

c{~} = Q, and the term ~~ assymptoticaly vanishes, or: 
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3. if due to decreasing nature of the M sequence for stable systems for k 

( - T)-l T. I ·bl and m great enough, the value of S W SSW S M 1S neg eg1 y -m--m -m-.....(IO-
small. 

If we have to deal with one of the 

be approximated in such a way, the 

above-mentioned cases or cases which can 

term ST M in the relation (40) can be ne-
..." -

glected. This in turn causes that an estimator N of the finite sequence of 

the Markov parameters {N} has a following form: 

N = (S W ST)-I S Wy 
-m - -m -m - -

(45) 

and 
(S W ST)-I N = ~+ S WE -m .... -m -m - -

(50) 

Because those are the only cases to be handled, we shall treat relations (49) 

and (50) as a starting point for further considerations. 

Referring to the relation (40) we can derive the following relations: 

~T (1) e 1(1) 

E = ~T(l+I) = 
e l (l+l) 

'T 
~ (l+m) e

l 
(l+m) 

The covariance matrix of the 

e 2 (1) .. , e (1) q 

e2(1+1) e (1+1) q 

e2 (1+m) e (l+m) 
q 

noise has the form 

'2 
el(l+m) 

. , 
e (l+m)e (1) q q 

(51 ) 

e (l)e (l+m) 
q q 

·2 
e (l+m) 

q 

} 

( 
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~I ei (1) 

where n = ~2 and n. = e· (1+1) (53) -l. 1 

• 
n ei (1+m) -q 

It can also be seen that the trace of <!> is the following sum of squares: 

q l+m 
tr l' = E E E 

i=1 j=1 
(54) 

If an expression: 

(55) 

can be considered as an accuracy criterion for the estimation, we can de

rive expressions resembling very much classical results of the Gauss-Markov, 

estimation theory. [3] [4) [8i 
Using equation (50) we have: 

(56 ) 

If we put d~ ~T} = R and choose W = R- 1 we will see that (56) reduces to • 

the following: 

(57) 

Using Schwarz's matrix inequality (4J ,[6], it can be proven that: 

(58) 

We can treat E as a set of specially arranged samples of the one dimensio

nal noise having a covariance matrix! = £{~ ~T}. This composite noise 

model is but a mathematical creation, having no strictly physical interpre~ 

tation except a property of aggregation of the noise influence on the overall 

system. With this assumption every element of the R matrix can be generated 
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by the single dimensional filter excited by single dimensional white noise 

applying the noise colouring property notion. What is advantegous in this 

case is that the! matrix, playing the same role in the multi variable case 

as the covariance matrix of the noise in the classical single input-output 

Gauss-Markov estimation, can also be generated from the single input-output 

filter. 

This a bit different approach, required by the assumed model of the system 

leads also to an assumptatically unbiased estimate of Markov parameters 

which minimizes (55) and this way can be considered as an efficient estimate. 

It can be explained studying more carefully certain interesting features of 

the R covariance matrix of the composite noise E. 

Writing R in a more transparent form: 

q 2: 
1: e. (1). 

i=l 1. 

q 
1: e. (l)e (1+1) .... 

i= 1 1. 

q q 2 
L e.(l+l)e.(l) L e. (1+1) 

i=1 1. 1. i=1 1. 

q 

q 

1: ei (l)ei (l+m) 
i=1 

q 
1: ei(l+l)e. (l+m) 

• 1 1. 
1.= 

q 2 
................... L ei (l+m) 

i=1 
1: e.(l+m)e.(l) 

i=1 1. 1. 

we see that 

tr R 
q m+1 

£ {L l: e/(j)} 
i=1 j=1 

tr 1> 

(59) 

(60) 

Thus minimizing the £{(~k - ~)(~k - N)T}w ' which appears in the minimal 

tr !., we also minimize the trace of the noise covariance matrix ~ attaining 

this way the main aim of the efficient estimation. 

If all noises corrupting a multivariable system are stationary ones, the R 

matrix has also a very interesting structure. 
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a2 2 2 2 a
l •• t • ,a' J a m- m 

2 2 2 2 a
l a .... a a m-2 m-I 

R= 

a2 2 2 2 
O'm_ I ... a

l 
a m 

because q q 
d I: e.(l)e.(l+I)} 

i=J l. l. 
= d I: e. (l+I)e. (1+2)) 

i=1 l. l. 

(61 ) 

q 
= d I: e. (l+j)ei(l+j+l)} 

i=1 l. 

In practice we have to estimate the R matrix based on a finite number of 

1 k · 2 samp es, ta l.ng as a 

2 1 
m+1 q 

(e. (j»2 a =-- I: I: m+l 
j=l i=1 

l. 
(62) 

and as 2 
ak 

for k = 1 , 2, ... n 

2 . 1 m-k+l q 
a = 

m-k+1 I: I: e. (j)e. (j+k) k j=l i=1 
:t 1. 

(63) 

where e are estimates of e. 

We see that only a first part of the ~ matrix being the estimate of R can be 

estimated with a sufficient degree of accuracy, because in an explicite method 

we have only m+1 input/output and residual error samples. 

Further elements of the R will be decreasingly less accurate.,. 

In such a case there are necessary certain additional assumptions about the 

structure of the! or, alternatively, the method for reconstruction of the 

~ based on a finite number of its initial elements. 

4.J. Methods for reconstruction of the compo.ite noise covariance matrix R 

The first rough approximation can be proposed when it is seen that ele

ments in R will quickly decrease. Thus assuming 'a stationary nature of 

the E noise and the structure (61) for a certain n we have 
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2 a. f 0 
~ 

i ~ n 

m-n+l q 
= 02 

l: l: e. (j)e. (j+n) for n > 1 n m-n+1 
j=l i=1 

1 1 (64) 

2 
0 = --m+1 

2 o. = 0 
1 

m+1 
l: 

j=1 

i > n 

q 
(e. (j» 2 Z 

i=1 
1 

or assuming a number considered equal to zero, for a sufficiently small 

positive number 0 : 

2 o. 
1 

7 < 0 for a certain i 

2 
0i+j = 0 for j = 1,2, ••• m-i+1 

= -.:......,. 
m-n+1 

m-n+1 
l: 

j=1 

q 
l: ei (j) ei (j +n) 

i=l 
for n = 1,2 ••• i 

In such a case an estimate R of the R matrix can be found as [51, (8) --
2 2 2 

02 0 0 0 0 01 02- n 
2 2 2 2 2 0 0 0 1 a 0 1 0 a n-I n 

2 2 2 
R = O

2 0 1 a. 
0 

'2 2 2 
an a n-I a n 

0 

0 0 2 
O2 

2 
0 1 

0 0 0 2 2 2 2 0 . . ·°2 0 1 a n 

(66) 
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If the assumption about a quick decrease of the! matrix elements is not 

fulfilled or is too rough, then, it seems reasonable to assume a certain 

model for a composite noise filter being the colouring filter for a white 

noise and having the covariance matrix R. 

For example if we chose the first order autoregressive model of the noise, 

also having a white noise excitation, the following can be shown: t81 

e(k) = e(k-I)'p + ;(k) (67) 

where /p!<I, ;(k) - a sample of the white noise, then 

P p2 ... pm 

d/~E:/}aa2 p '21-1 .. R P ... P (68) 

P 

pm • • •• p 

Thus if the assumption about such a form of the composite noise can be 
. A 

assumed based upon initial elements of the g taking 

2 2 ·2 
at a2 a 

" p (69) • . .. = .n 

a a2 
2 a2 

n-I 

we can reconstruct a lacking sequence {a~} i-n+I, ••• m according to (68). 
1 

However if the assumption about the order of the autoregressive structure 

of the composite noise is too rough, we can also apply an alternative ap-
A 

proach. Looking at (59), we find an estimate! of ! given the following 

expression: 
A A A A 

'I'ee(o) 'I'ee(t) ... 'I'ee(n) ... 'I'ee(m) 
A d§ §T} !l, • • A A A A (70) 

'I'ee(l) 'I'ee(o) ••• 'I'ee(n-J) .. 'I'ee(m-I) 

• 
• • 
A A 

'l'ee(m) •••••••••••••••••••••• 'I'ee(o) 
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where E is the estimate of the multivariable noise. calculated as a resi

dual error of the L.S. estimation of Markov parameters and 

~ 

'l'ee(o) = m+1 
m+1 

1: 
j=1 

q 
1: 

i=l 

q 
1: 

i=1 

~ 

'l'e.e. (0) 
1. 1. 

(71 ) 

assuming that the noise is generated by the stationary and ergodic process 
~ 

and 'l'eiei(o) is the autocorrelation coefficient of the series ei(o) for 

each of i-th noise channels. 

Thus ;ee(k) can be treated as the autocorrelation coefficient of the com-
~ 

posed noise e(k). and we can also assume that first 'l'ee(k) for k = D.I •... n 

are given with a sufficient accuracy. 

Referring then to our model which assumes that the noise e(k) is generated 

from the white noise ~(k) and that h(k) is the weighting sequence for that 

process. we have: 

k 
e (k) = 1: h (i) ~ (k-I) (72) 

i=l 

Now it is straight forward to show that: 

'l'ee (k) = h (k) • h (-k) ... 'I' ~~(k) (73) 

where * denotes a convolution operation. 

To find h (k) it is only necessary to deconvolve h (k) • h (-k). because f,(k) 

was assumed to be white. 

Moreover. assuming that the noise e(k) is generat~d by the MA filter, we 

can find a very interesting decomposition of the E matrix. 

If 
-I 

e (k) = (Co + C (z » ~ (k) (74) 

then the coefficients ci of C(z-I) are the impulse response samples of the 

filter. In such a case those are also Markov parameters of the composite 

noise e (k). Equation (74) can be written in a matrix notation as: 



where e = e(k) 

e(k+l) 

e(k+n) 

C = c c v-I v-2 

0 c v-I 

0 0 

0 0 

c v-3 

c v-2 

c v-I 

-23-, 

~(k-v) 

~(k-v+1) 

~(k+n) 

· .. c 
0 

· ....... 
0 

Co 

· ..... , ..... 

0 ... 
0 ... 
Co .. 

....................... 

0 

0 

0 

0 

0 0 . . . . . . . . c v-I .......... , .. 
It is very easy to show that 

{ 'I' {T T cov ~} a E{~ ~ } ~ E ! ! } - £ £ U 

(75) 

0 

0 

0 

0 

Co 

(76) 

where n = d~~T}, which means if!! C (12,! ,then with accuracy to the con

stant term, the composite noise covariance matrix is equal to £ fT. However 

for the Gauss-Markov estimation we as a matter of fact need a matrix which is 

only similar to the covariance matrix, so (76) will always produce a re

quired result [a]. 
Assuming v-I=u,;. we can decompose the d§ §T} into C i;r and applying the 

realization theory, find an extension of the tC.} for i=n+I, n+2, ••• m, 
~ 

based on known {C.} i=O,I, ••• n. Because {C.} are samples of the impulse res-
~ ~ 

ponse, for the stable filter it is always possible to apply the realization 
~ AT 

theory and to reconstruct afterwards the full rank E{E E } as a product of 

99T• In turn, this can be used as the weighting matrix-for the estimates 

of Markov parameters. 

However, this decomposition is numerically very difficult to perform and 

it leads to the solution of a set of highly non-linear equations. But be

cause of equivalence of the models of noise being of AR or MA or ARMA type 

and having the same covariance matrix!, if this R matrix is realizable for 

MA model, there is no doubt that it must also be realizable for any other 

model. So knowing some elements of the R matrix and assuming they are given 

with sufficient accuracy we can always try to achieve the realization of a 
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remaining part of elements. For example referring back to equation (70) 

we can attempt to find the realization of the autocorrelation coeffi

cients {o/ee(i)} based on a finite number of those and then to find an 

extension applying one of standard methods [71 [9J. 

Simplest,and in many cases most powerful, seems to be the application of 

the realizability criterion (23) for the time series {o/ee(i)} = i=O,I, ••• m. 

If the last one is realizable, there must exist a certain number q and 

constants ai such that 

q 
o/ee(q+ I) = E i o/ee(q+j-i) 

i=l 
for allp ° (77) 

where q is to be referred to as the "realizability index" achieved from 

the condi don 

~ 

rank {~(o/) q+l} = rank {H(o/)} 
- q 

where 'l'ee(o) o/ee(l) 'l'ee(q-l) 
~ 

H('I') = 'l'ee (I) 'l'ee(2) 'l'ee(q) 
- q 

'l'ee(q-l) ••••••••••• 'l'ee(2q-2) 

is the Hankel matrix for the noise filter. 

If the element {'I'ee(i)} i=O,I, q+s are known, the coefficients ai 

can be found applying ordinary least squares approximation: 

'l'ee (q) = a
1 

'l'ee(q-l) 

'l'ee(q+l) = a
1 

o/ee(q) 

" + a
2 

o/ee (q-2) 

+ a
2 

'l'ee(q-l) 

+ ... + a o/ee(o) 
q 

+ ... + a 'l'ee(l) 
q 

'l'ee(q+s) = a
1 

'l'ee(l+s-l) + a2 'l'ee(q+s-2) + •.• + aq 'l'ee(s) 

If q+s=n is the number of assumed exactly known items in the ~ matrix, 

the reconstruction problem is solved. 

(78) 

(79) 

(80) 
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Substituting 

~ 

'¥ee(q) '¥ee(q-l) •••••• '¥ee(o) 

.2.= '¥ = .. 
'¥ee(q+l) .. 

. 
~ ~ ~ 

'¥ee(q+s) '¥ee(q+s-I) '¥ee(s) 

ell 

CI = Cl2 

Clq 

we have 

CI = (!T!)-I!T~ (81 ) 

In practice we never will know exactly the number q, as well as the num

ber n, and there is necessary to proceed with an order test to know how 
~ 

many terms of the g matrix can give the best realization. However in all 

those cases where the condition 

q + s ~ n (82) 

is fulfilled it will be possible to find a quasi optimal realizat~on, 

depending on accuracy of the estimates of the first terms in the R matrix. 

It is also possible to apply the partial realization approach based on ·:he 

Markov parameters description [7] [15]. 

There also exists an alternative approach to the realization of the com

posite noise covariance matrix starting from the covariance of the least 

squares estimate of Markov parameters. Considering that 

(83) 
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for the ordinary L.S. estimate, and that 

S E = (S ST) (N_ - M_ ) 
-m- -m -m -k 

we have: 

Taking expectations 

T . T T 
(~~) E{(~ - ~)(~ - ~) }(~~) = 

and applying some algebraical operations 

~m (~~!) d (!\ - ~)(~'k - ~) T} (~~)(~!) = 

= s S E{E ET} ST(ST) 
-m-m -- -m-m 

cov·.{J!;} 

T T 
~m d (~'k - ~) (~k - ~) } ~ 

~~ cov {~) S 
--m 

using equations (36), (37) and (50) we can show the following: 

r r r 

(84) 

(85) 

(86) 

(87) 

(88) 

(89) 

(90) 

= [~(o), ~(I) •. ~(r-I), E a'~(r-i), .. E a.~(r+j-i) .. E a"~(k-i)l 
.\1 .\1 "\1 1= 1= 1= 

where r- is the realizability index of the dynamical system, defining 

- def [ M = ~(o), ~(I), .. , ~(r-I) 1 
r r 

f (~,a) = [ E a. M(r-i) , •• 1: a; M(r+j-i) + -1- 1.-
i= I i= I 

r 
•• E a. M(k-i) 1 

i=I 1-
(9 I) 
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T [~' N 1 tlk = ~ : f (~, il) a = a 
- 2 

a 
r 

, 

. T . {T T T ,T 
d (~k - !'!) (~k -!,!) } = E !:!k !:!k - !:!k!:! -!'! ~k + !'! !l I 

(92) 

(93) 

(94) 

Assuming that the estimated system is realizable with the same r and a 
1 

we have: 

where 

~ = [!l(o),!l(l) !l(r-I) ] 

r r 
1: a~N(r-j) , •• 1: a .. N(r+j-i) 

i=l ].- i=l ].-

r 
+ •• + 1: a.N(-i) 

i= I ].-

Performing all multiplications in (94) and using (92), (95), (96) 

we come to the final result 

E{(~ _ !'!)(~ _ !,!)T} = 

f(~Hl-;-(~H:t) T- - -: Ir(R-=m T (f (R,a)-<p (N ,a» ---II 1 
1 1 -- -- --
I I I 1 q·r 
L ________ -.J L ____________ .J ' 

(95) 

(96) 

E = 1--------- r,:-:---------------. (97) 
: [f(g'il)-<PC!~,!!) ~.: l[f(g,!!H(~,!!) J [:f(g,!!)-<P(~,!!)J: ). . 
I • (R-f:!) 1 I I ' 
I - - I I I q(k-r+ I) 
L ________ J L _____________ l 
\- v ".... V oJ 

q(k-r+ I) 

because fcg,!!) and <P(~,!!) are carried with the same r and a 
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}~98) 

where 

Thus 
[ 

MI : tc,T-UJ(1; all . T -- I - -'-

E{(M -N)(M -N) } ~ E ----------~------------- = '-1<- '-1<- T , T UJ (I;,a)-I; ,UJ(I;,a)UJ (I;,a) ---,-- --
cov (99) 

can be expressed completely in terms of the realization of the dynamical 

system i.e. it also can be realizable, and may be used for reconstruction 

of the composite noise covariance matrix R. 

To reconstruct the cov {!} it is necessary only to know elements of the 

t;;t;; T subDiatrix. Those can be easily achieved for are closely related to 

the most accurate part of the ~ matrix, which we assume to know. 

Because 

cov {N} ( 100) 

to find the estimate of QQT it is sufficient to extract the left upper 

most part of the (qr x qr) size from the (S ST)-l S R ST (S ST) matrix. 
T -m-m -m - -m -m-m 

For 1;1; is the real, symmetric matrix it is easy to find Q as a square 

root of QQT. Having known Q and ~ (~ is known from the realization of the 

dynamical system being considered) we can create a complete cov {N} matrix 

and using equation (85) reconstruct the R matrix. 

This procedure, however, is more complicated than a direct realization of 

elements of the covariance matrix R, but shows that, in line with the 

realization of the dynamical system, there exists a realization of the 

composite noise covariance matrix and in this way provides the proof of 

existence of such a realization. 
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5; ReStilts ciftM simulation 

Let us consider fist a·simple example of the single input single output 

model referred to as the Astrom-Wensmark model. 

y(k) - I.Sy(k-l) + 0.7y(k-2) = u(k-I) + 0.5u(k-2) + e(k) 

This model has been identified in terms of Markov parameters under the 

following conditions 

I. the input signal u(k)- is a white noise sequence with a re'ctangular 

amplitude distribution h~tween -I and +1, 

2. the disturbing signal n(k)- is a white Gaussian noise se,!uence. 

n(k); 

u(k) -I -2 
w(k) y(k) .:1; . . + 0.5z r 

I 
-) -2 , - I.Sz + 0.7z ; 

fig. 2. 

This model has been simulated using the Philips P9200 timesh~ring system 

in order to perform the estimation of the Markov parameters in four cases: 

a. there is not an addi tive output noise - pure model; 

b. an amplitude of the n(k) is 10% of the amplitude of the output w(k); 

c. an amplitude of the n(k) is 50% of the amplitude of the output w(k); 

d. an amplitude of the n(k) is 100% of the amplitude of the output w(k). 

ad a.: The ideal Markov parameters of the model can be calculated as the 

samples of the impulse response or analyticaly from the equation 

of the model. Concurrently we can estimate these parameters using 

the H-model and the ordinary L.S.method described formerly. The 

results are compared below: 
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ideal Matkovparametets eStimated 'Markov parameters 

M ] .0000 0.9960 
0 

M] 2.0000 1.9993 

M2 2.3000 2.2980 

M3 2.0500 2.0299 

M4 1 .4650 1.4400 

M5 0.7625 0.7480 

The estimation obtained of the ideal Markov parameters practically 

does not differ from this one achieved from estimated Markov para

meters, because the rank of the model is 2, and we need only three 

first Markov parameters in order to obtain this realization. 

The difference between ideal and estimated Markov parameters is 

caused by an insufficient number of samples used for estimation and 

thus the accuracy of higher indexed Markov parameters is decreasing. 

The estimation has been based upon 25 samples chosen from ]00 input 

and output measurements. The realization is computed as follows: 

I - !~~_~!2~!_!~~! 

det {.!' 1 } = det {M } = 1 
a 

det {~2} = det r~ ~.31 = -1.7 

[ :., 
2 ,., 1 

det { .!'3} = det 2.3 2.05 

2.05 1.465 

for the ideal Markov parameters; 

[

0 996 1.9999 

det {l!.3} = det 1 :9999 2.288 

2.298 2.0298 

for r=1 

for r=2 

= 3.5696 - 3.5696 

for r=3 

2.298] 
2.0288 

1.44 

-0.045 

for the estimated Markov parameters; 

= 0 
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Thus according to the criterion based upon the "almost singu

larity" of the Hankel matrix !! ... we find 

r = 2 - realizability index, and 

n = 2 - dimension of the realization. 

Using the normal form Andree transformation (see[9) we find 

p = 
o 

20 10 
T7 T7 

Q - [ : -: I 
~~11£~~~8_~h~_HO:~~1~~~_~18£E~~hm 

I,e have 

E = [ I oj 
-p 
E = [ I 0] 
-q 

[~ -I. 7] 
A = with eigenvalues 

-0.5 
Al 0.75 + 0.37 = 

A2 = 0.75 - 0.37 

B [J 
C = [ I 0] 

which leads to the state equation: 

r x I (k+ I) I [ : -1.7 ].[ xl (k) 1 = + 
x 2 (k+l) -0.5 x2 (k) 

y(k) = [ I o 1· [ x I (k) ] 

x2 (k) 

i 

i 

[ ~ 1 
u(k) 
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and to the transfer function 

-1-2 
z + 0.5z Y(z) = 

U(z) 
2 

z -1.5z+0.7 
-I I. -2 

- 1.5z + u.7z 

ad b.: The output y(k) is corrupted by the white Gaussian noise n(k) of the 

10% amplitude intensity of the w(k). The ideal and estimated for this 

case Markov parameters are as follows: 

ideal.Markov par. estimated.Markov par. 

M 1.0000 0.9390 
0 

MI 2.0000 1.9600 

M2 2.3000 2.3200 

M3 2.0500 2.0700 

M4 1 .4650 1.4500 

M5 0.7625 0.7300 

The realization of the estimated parameters is found exactly the same 

way as previously: I 

det {HI} = 0,9390 for r=1 

0.9390 1.96 
det {H

2
} = = -1.66312 for r=2 

1.96 2.32 

0.939 1.96 2.32 

det {H
3

} = 1.96 2.32 2,07 = -0,097 for r=3 

2.32 2,07 1.45 
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We can again also assume: 

r=2 

n=2 

We have 

~p= [I oj 

~q = [I 01 

A 
[0.0001 

1.0 

B = [~ ] 
c = [ 0.939 

-0.
7967 1 

1.5654 

1.96] 

which leads to the state equation 

with eigenvalues 

II I = 0.7832 + 0.43 i 

II 2 = 0.7832 - 0.43 i 

[:~::::: 1 = [~::OOI -0.7967 ].[ XI(k)] + [ I] u(k) 

1.5654 x 2 (k) 0 

= [0.939 y(k) I .96 j. [ x I (k) I 
xZ(k) 
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and the transfer function 

Y:(z) 

u(z) 
0.9390 

.,-1 + 0.S219z-Z. 
-I -2 

-1.S664z + 0.7983z 

ad c.: The output y(k) is corrupted by the white gaussian noise n(k) of the 

SO% amplitude intensity of the w(k). The ideal and estimated for 

this case Markov parameters are as follows: 

ideal Markov parameters estimated Markov parameters 

M 1,0000 1,0400 
0 

MI 2.0000 1.96 

M2 2.3000 2,280 

M3 2,OSOO 2,000 

M4 I; 46S0 1,290 

MS 0.7625 0,5770 

The realization based upon estimated Markov parameters is: 

1,04 for r=1 

1.04 1.96 
= -1.47 for r=2 

1.96 2.28 

1.04 1.96 2.28 

1.96 2.28 2.00 = -0.034 for r=3 

2.28 2.00 1.280 

so an identified system still can be considered to be of the 

second order: 

r=2 

n=2 



-35-

II - K~~~~~g_~~~_~E~~~~2~~~~2~~~E~E~~! ~~2 ~ 

Like previously we find! and ~ be: 

[ -1.5509 1. 3331 

1 
p = 

1. 3331 -0.7074 

[ 0 l ~= 
0 

We have 

[-0.0003 -0.8740 I with eigenvalues 
A = 

I .6247 Al = 0.8122 + 0.462 1.0000 

r ~ ] 
A2 = 0.8122 

B = 

c = [1.04 1.96] 

which leads to the state equations: 

[XI(k+I)} [-0.0003 -0.8740 1. [ XI (k) 1 
= 

x2(k+l) 1.0000 I .6247 x
2 

(k) 

y(k) = 1.04 1.96]'[ xI (k) 

x2(k) 

and the transfer function: 

Y(z) = 
U(z) 

1.04 
-I -2 

z . + 0.26z 
-2 1.6244z + 0.8735z 

- 0.46 i 

+ 
[ 2] 

i 

u(k) 

ad d.: This simulation has been performed under very critical conditions of 

the 100% of w(k) amplitude for the n(k) white gaussian noise de

livering following results: 
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ideal .Markov.parameters estimated.Markov parameters 

M 1,0000 0.803 
0 

M1 2.0000 1.810 

M2 2.3000 2.24 

M3 2.0500 2.18 

M4 1.4650 1. 73 

M5 0.7625 0.72 

and the following realization 

det {!! 1 } = 0.83 for r= 1 

[0.803 1.81 1 det {!!2} = det = -1.4774 for r=2 
1,81 2.24 

[ 0,803 1. 81 2,24 

det{!!3} = det 1.81 2,24 2.18 = 0.0513 for r=3 

2.24 2.18 1. 73 

which is also convincing for the second order of the system 

being concerned. 

p = 
[-1.5163 1 .2252 ] 

1.2252 -0.5436 

9.= [ ~ :] 
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We have 

[ 0.0 -0.7256] with eigenvalues 
A= 

AI 0.7797 1.0 1.5594 
= 

AZ 
= 0.7797 

B = 
[ ~ 1 

c = [ O. 803 I. 81 ] 

which leads to the state equation 

[

0.0 

I .0 

y(k) = [0.803 I • 81 j. [ x I(k) 

xZ(k) 

and to the transfer function: 

Y~z) 
-I -Z 

z + 0.79z 
= 

U(z) I -
-I -Z 

1.5594z + 0.7Z56z 

+ 0.34 

0.34 

i 

i 

u(k) 

Reassuming all these four cases in one table we have 



ideal system system identified 

with 10% noise 

M 1.0000 0.9390 
0 

MI 2.0000 1.9600 
III 

" M2 2.3000 2.3200 Q) ... 
~ M3 2.0500 2.0700 

" M4 1.4650 1.4500 <II 
p. 

> M5 0.7625 0.7300 
0 

~ . 
<II 

. . 
:>: . . . 

AI 0.75 + 0.37i 0.7832 + 0.43i 
I III 
<l Q) 

Q) " 00.-< 
.... <II 

A2 0.75 - 0.37i 0.7832 - 0.43i Q) > 

~ ::; -I -2 -I -2 ..... .... z +0.5z z +0.5219z III ... 0.939 <l U -I -2 I -2 <II <l 1-1.5z +0.7z 1-1.5664z +0.7983z 
" " ........ 

system identified 

with 50% noise 

1.0400 

I .9600 

2.2S00 

2.0000 

I .2800 

0.5770 

. 

. 

0,S122 + 0.46i 

0.S122 - 0.46i 

-I +U26z-2 z 1.04 I -2 1-1.6244z +0.S735z 

system identified 

with 100% noise 

0.803 

I.SI 

2.24 

2. 18 

1.73 

0.72 

. 

. 

0.7797 + 0.34i 

0.7797 - 0.34i 

-I -2 z +0.79z 
0.803 -I -2 1-1.5594z +0.7256z 

I 
W 
00 
I 
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fig. 3b impulse responses of the ideal model and the modei identified 

in presence of the 10% noise. 
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presence of the 50% noise 
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Let us consider a following dynamical multivariable system: 

where 

having a 

. LO 
::-0.8 

0.0 

state equation: 

[ xI (k) I [0.8 = 
x2(k) 0.0 

[YJ(k) I = [1.0 
Y2(k) 0.0 

and Markov Parameters: 

M 
-0 [

1.0 

0.0 

M = [0.4096 
-4 0.0 

0.0]. M = [ 0.8 
, -I 

1.0 0.0 

0.28 ] 

0.1296 ' ~5 

0;2 
(z-0.8) (z-O. 6) 

1;0 
(z-O. 6) 

0.2 
] • [ xI (k- I) ] + [1.0 

0.0 ]["1 (k-n I 
0.6 x2(k-l) 0.0 I .0 u2 (k- I) 

0.0 ]-['1 (k) I 
1.0 Y2(k) 

0.2]. M = [0.64 
, -2 

0.6 0.0 

0.28]. M = [0.512 
, -3 

0.36 0.0 

0.296 ] 

0.216 

[

0.32608 

0.0 

0.24992]; ~ = [0.260864 

0.07776 6 0.0 

0.215488] 

0.46626 

The following model has been simulated on the B6700 Burrougs computer: 
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~1 l'ill!) 

KlZ) 

U.(~l ~" 
el.(~) 

U:L(ZI 
Kli!.l ,,\ -

fig. 4 The model of the simulated system 

!!: (z) 
= [U1(Z)}_ 

u
2 

(z) 

So (z) 
[SI(Z)]_ 

= 

S2 (z) 

e(z) [el(z)]_ = 
e2 (z) 

the input vector simulated as a white noise with the 

rectangular density function. 

the noise filter input vector simulated as a white 

gauss ion noise. 

the equation error vector. 

y(z) = [YI (Z)]_ the output vector. 

- y 2 (z) 

This system had been investigated according to: 

- influence of the noise on an exactness of estimation 

influence of the number of Markov parameters on an exactness of estimation 

- estimation of the.covariance matrix of the noise and the covariance matrix 

of estimated parameters. 

- comparison of the L.S. and approximated Gauss-Markov estimation schemes. 

Case A The system simulated under following conditions: 

- zero mean valves of input and output signals 

intensity of the noise - 10% of the output signal amplitude 

(the white noise) 

- number of samples 45-99 

- ordinary L.S. estimation 



..., 
'" 0.. ~ r; >: '" II> "" '" ..... n '" ... 

to rt ;:l '" ;:l 0.. :»- '" 1"- ". ., ;:l II> ., 00 ., 
0 " 0' 
H> '" '" 0 '" :.: ;:l ;:l 
II> ... rt "" ~ ". '" 0 '" ... 
<: H> 

;:l 0 

M ~1 ~2 ~3 ~4 ••• 
-0 

"" ~ 
... 

II> ~ ... 
, II> '" 0.. 

EI ... 
'" rt 

Ideal 1.0 0.0 0.8 0.2 0.64 0.28 0.512 0.296 0.4096 0.28 rt 0 '" '" H> ., ... rt 

Markov paramo 0.0 1.0 0.0 0.6 0.0 0.36. 0.0 0.216 0.0 0.1296 
., 

'" 
., ., 

1"' rt 0 I 
rt 1"- H> .... ., EI Ln 

45 identified 1. 17 0.313 0.801 0.349 0.506 0.28 0.212 O. 161 0.271 0.759 '" II> rt I 

'"" rt ". 
Markov paramo 

-0.0447 0.0607 0.741 0.741 -0.0104 0.375 .-0.0747 0.242 -0.0772 0.0135 
99 samples 

H> '" '" 0.. 
n '" 0 Sf 

., 
S rt 

20 identified 1.06 0.0109 0.823 0.215 0.658 0.303 0.471 0.339 0.36 0.228 
Markov paramo 
99 samples -0.0126 0.955 0.0167 0.657 -0.00723 0.337 0.0151 0.205 -0.507 0.156 

'" ... 1"-
II> ~ EI ... 0 II> 
1"- <: rt 
;:l '" 00 '" 0.. 

II> 

10 identified 1.04 -0.0135 0.727 O. 18 0.66 0.266 0.561 0.365 0.461 0.298 
Markov paramo 
99 samples 0.0371 1.0 0.0153 0.633 0.0294 0.232 0.022 0.237 0.01 0.164 

rt ... ~ ". ~ '" 0.. 

'" '" 1"' rt '"" 0.. '" '" ... H> 
II> ., 1"--- - - -- . - - - - -- ------~~-

'"" rt 
II> 

0 ;:l rt 
;:l 0.. 0 

'" ., II> ., 
'"" 1"-., 

~ 0 

'"" rt II> 

'" rt ., 
'" rt 0.. ., 
0.. 

0 II> 
H> rt 

II> 
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With relatively decreasing number of estimated Markov parameters, there is 

noticable increase of accuracy in values of a finite number of first Markov 

parameters, but it can be achieved at risk of accuracy of the H-model of 

the system, causing an increase of sum of squares for the given number of 

the residual error samples. 

If we consider only the first output of the modelled system and compute 
50 2 
i~lel(i) for different number of Markov parameters We can notice what 

follows 

EL A.2. 
50 50 2 

e~(i) E .: el(i~ 
i=1 .~1. . .. 50 

45 Markov par. 0.7939 0.015878 

20 Markov par. 0.7266 0.014532 

10 Markov par. 2.3216 0.046432 

It means that there exists a certain number of Markov parameters which is 

optimal this way that assures good accuracy of the H-model of dynamical 

system being identified in line with a good quality of the estimate of 

parameters itself. Thus in this case a problem of the system structure 

forecasting (where as the structure we understand the number of Markov 

parameters considered in the H-model) and the order test is of a prime 

importance. 

An optimal choice of the number of Markov parameters is very important in 

case when we need a good estimate of the residual error samples in order to 

reconstruct the noise covariance matrix being afterwards used as the 

weighting matrix in an approximate Gauss-Markov scheme. Then for the sake 

of estimation, the accuracy of the H-model must be good, and for the sake 

of realization, values of Markov parameters must be computed with a suffi

cient accuracy. 

In the case A it is to be noticed that such an optimal property, for a 

given number of samples, has an estimate and an H-model containing 20 Mar

kov parameters. 

Certainly, accuracy of estimation is also dependent on number of samples, 

so to achieve a good accuracy of Markov parameters sometimes it will be 
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necessary to take a redundant number of Markov parameters at cost of in

creasing number of samples (and computational difficulties) such that op

timal ratio NUMBER OF MARK. PAR!NUMBER OF SAMPLES remains unchanged. 

It can be also demonstrated that the optimal index NUMBER OF MARK. PAR.! 

NUMBER OF SAMPLES is approximately reciprocal of the number of exactly esti

mated parameters. 

Choosing combination 20 MARKOV PARAMETERS and 99 SAMPLES which. seems to be 
I· 20 

best in this case we also see that optimal index is about 5 (gg)' while 

accuracy of further than ~4 Markov parameters drasticaly decrease. This 

means that we can be only convinced about correctness of only 5 Markov 

parameters. 

Repeating the estimation over interval of 1000 samples, choosing each time 

99 samples interval, and averaging achieved results over 10 runs, we get 

for that optimal combination following set of Markov parameters: 

[

1.01 
{M}= 
- {0.0156 

M 
-0 

0.0346J 

1. ° I [ 

0.731 0.195] 

-0.0403 0.597 

tll 

[

0.594 0.222] 

0.0353 0.408 

N2 

[

0.052 0.303] 

0.0205 0.202 

kl3 

[ 

0.399 

-0.021 

0.268] ... -} 

0.119 
N4 

Basing on this Markov parameters it is possible to achieve a realization: 

I) order test 

det {!!I} = det M = 1.0195602 
-0 

det {!!2} = det [l!o ~Il = 0.0066346 

~I ~2 

det {H2} 10-3 '6.5073 = 
det {Hll 
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so after passing gl-- gz there is almost constant decrease of the value 

of the Hankel matrix determinant, which means that the order of the sys

tem can be estimated as 

Z) ·Finding the transformation·matrices !·and .9. 

Applying the Andree algorithm or the singular value decomposition method 

we find one of possible ~ and .9. 

! = [ 0.9906 

0.0 

.9.=[1.0 
-0.01545 

-0.0339] 

0.9901 

0.0 

] 1.0 

3) Application of the Ho-Kalman Algorithm 

for such chosen ~ and .9. we have 

[ 0.72 O. 17] 
A= 

-0.05 0.59 

[ 
1.0 

: • 0 ] 
B = 

0.01545 

[ 1. 0095 0.0346] 
C = 

0.0 1.01 

which leads to the transfer function matrix 
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(z~O.59) 0.0343(ZT4.24) 

O.OI53(z+3.96) (Z~O. 72) . 
K(Z)=!(Z) = 
- U(z) 

1. OJ 
(z-0.72) (z-0.59)+0.0085 (z-0.72) (z-O.59)+0.0085 

(z-0.72) (z-O.59)+0.0085 (z-0.72) (z-0.59)+0.0085 

for which the matrix 

0.15 
(z-O.72) (z-O.72) (z-0.59) 

0.06 
(z-O. 72) (z-O. 59) (z-0.59) 

is an excellent approximation. 

Certainly, this result could be a lot better if there were used more input 

and output samples, but even for a very limited information, the realiza

tion provides a very good model of the system being considered. 

Case B The system simulated under following conditions: 

- zero mean values of input and output signals 

- intensity of the noise -10% of the output signal amplitude, the 

colour noise generated from the white gaussian noise (filtrated 

by the transfer function matrix of the identified system). 

- different number of samples and Markov parameters 

- ordinary L.S. estimation. 

TABLE B.I. (see page 50) 

Just like in a previous case we can check the sum of squared errors 

achieving following results: 

TABLE B.2. 

50 
e~(i) 

50 
L: L: el(y 

i=1 i=J 50 

45 Markov paramo 0; 18829 0.003766 
99 samples 

20 Markov par am. 0.669962 0.0133999 
99 samples 

10 Markov paramo 3.36 0.0672 
99 samples 



M ~I -0 

ideal 1.0 0.0 0.8 0.2 

Markov parameters 0.0 l.0 0.0 O.~ 

45 Markov parameters 1.03 0.103 0.789 0.123 

99 samples 0.0405 1.04 0.0466 0.731 

20 Markov parameters 1.04 0.0322 0.84 0.269 

99 samples 0.0485 0.972 0.0178 0.601 

10 Markov parameters 1.0 0.0216 0.702 0.245 

99 samples -0.0114 1.02 0.0249 0.572 

~2 ~3 

0.64 0.28 0.512 

0.0 0.36 0.0 

0.508 0.0674 0.415 

0.0253 0.375 -0.0199 

0.651 0.31 0.466 

0.0314 0.302 -0.00195 

0.615 0.248 0.466 

0.00465 0.397 0.0249 

~4 

0.296 0.4096 

0.216 0.0 

0.0908 0.425 

0.138 -0.120 

0.304 0.345 

0.226 -0.0243 

0.294 0.439 

0.198 -0.00762 

., . 

0.28 

0.1236 

-0.0695 

0.0364 

0.24 

0.09 

0.288 

0.0821 
-_.-

I 
U1 
o 
I 
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And again the same property as in the case A) is observed namely for a 

given number of samples decrease of the accuracy of the L.S. fit with de

crease of the number of Markov parameters in the estimate while values of 

parameters itself are getting closer in numerical values to ideal ones. 

Here also can be observed that number of almost correctly estimated para

meter is close to the ratio NUMBER OF SAMPLES/NUMBER OF ESTIMATED Markov 

parameters. 

The realization has been computed basing upon the experiment involving 20 

Markov parameters and 99 samples 

{M} = {[ 
1. 04 0.0322] [0.84 

0.972 '0.0178 

0.269] [0.651 

0.601 J 0.0314 

0.3IJ[ 0.466 0.304H 0.345 0.24] -

0.30 :-0.00195 0.22~:~0.0243 0.09'" - 0.0485 

I) QE2~E_!~g 

det {HI} det M = 1. 00932 
-0 

det {H2 } = det [~o ~I J = 0.007963 

~I ~2 

det {H2 } 
10-3 7.8995 

det {HI} 

det {H
3

} 10-3 6.9691 = 

det {H2} 

so in this case also after passing HI~g2 there is almost constant de

crease of the value of the Hankel matrix determinant which means that 

the order of the system can be estimated as 

Applying already known operation we have 
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[ 1.00067 -0.03428] 
p = 

-0.015450 1.00067 

[ 1.0 0.0 ] 
Q= 

0.0 0.1 

for such chosen ~ and Q we have 

[ 0.0 0.19 ] 
A = 

-0.0564 0.649 

[ 1.000 -0.03428] 
B = 

-0.015456 1.000 

[ 

1.0 
C = 

0.0 

0.0 ] 

1.0 

which leads to the following transmittance function matrix: 

, (.) - 0.'" [ 

(z-0.6499) 0.03428z+0.217 
(z-0.8)Cz-0.649)+0.01072 (z-0.8)Cz-0.649)+0.01072 

(z-0.789) -0.01546z+0.0664 
(z-0.8)Cz 0.649)+0.01072 (z-0.8) (z-0.649)+0.01072 

for which the transfer function matrix 

0.199 0.915 
(z-0.8) (z 0.649) (z-0.8) 

K (z) = 

0.0608 0.915 
(z-0.649) (z-0.8) (z-0.649) 

is an excellent approximation. 

This result is quite good, especially considering a small number of samples 

used for estimation of Markov parameters. 
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The system simulated under following conditions: 

- non zero mean values of input and output signals 

- intensity of the noise 10% of the output signal amplitude, the 

colour noise generated from the white gaussian noise 

prespecified number of samples and Markov parameters 

- Gauss-Markov estimations without realization of the composite 

noise covariance matrix. 

In these cases constant values are added to the output signal ~ and the es

timate of the covariance matrix of the composite noise is used as a weighting 

matrix. 

This test has been performed in subcases involving a full estimate of the 

covariance matrix, and estimates limited to a given number of diagonals. 

(20 Markov parameters - 90 samples) 

TABLE C.I. (see page 54) 

The corresponding values of the covariance matrix given as the first row 

(according to a regular structure of the covariance matrix) will be used 

for estimation (only first twenty values are shown). 

TABLE C.2. (see page 55) 

Further iterations are aborted by the system because of exceeding of the 

error constraints. It is seen that this experiment results in the diver

gent estimate of the Markov parameters, which is supposingly to be caused 

by inaccurate estimation of the higher indexed items of the covariance 

matrix. 

The next subcase was run under assumption of a quick decrease in value of 

the covariance matrix elements and thus it was assumed that only first few 

diagonals of this matrix are estimated and the remaining diagonals are set 

equal zero. 

2) !h~_~~~i~~~~_2f_~h~_£2Y~Ei~~£~_~~~Ei~_£2~~~i~!~g_~i~_~2~:~~E2_~i~g2~~!~ 

(10 Markov parameters - 90 samples) 

TABLE C.3 (see page 56) 



iteration number M MI 0 

1.0 0.0 0.8 0.2 
exact Markov paramo 

0.0 1.0 0.0 0.6 

initial estimate I. 01 0.0939 0.837 0.265 

0.105 0.945 0.00587 0.610 

1st iteration 0.967 0.0290 0.769 0.169 

O. 150 1.05 0.0377 0.708 

2nd iteration 
0.896 -0.547 0.328 -0.78 

-0.188 1.44 -0.344 1.35 

3rd iteration 3.49 -0.981 6.01 0.0733 

-4.38 2.37 -9. 16 O. 145 

M2 M3 

0.64 0.28 0.512 

0.0 0.36 0.0 

0.575 0.393 0.413 

0.104 0.273 -0.00701 

0.530 0.285 0.421 

0.0892 0.316 -0.0385 

0.357 -0.739 0.30 

-0.208 -0.999 0.0226 

8.30 1.92 7.12 

-13 -3.07 -10.8 

M4 

0.296 0.4096 

0.216 0.0 

0.371 0.248 

0.180 -0.0247 

0.273 0.320 

0.212 -0.0636 

-0.496 0.439 

0.715 -0. 106 

2.58 2.22 

-4.13 -2.65 

0.28 

0.1296 

0.277 

0.00131 

0.215 

0.0317 

-0.53 

0.561 

1.12 

-2.02 

I 
V> .... 
I 
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TABLE C.2. 

initial estimate 1st iteration 2nd iteration 

I 0.0177 0.0332 2.34 

2 0.0124 0.0261 2.02 

3 0.00552 0.0166 1.37 

4 0.0022 0.00809 0.643 

5 0.00155 0.00699 0.0249 

6 0.00169 -0.00014 -0.395 

7 -0.000967 -0.0142 -0.589 

8 -0.004 -0.0193 -0.620 

9 -0.00319 -0.0167 -0.426 

10 -0.000337 -0.0106 -0.0926 

II +0.0012 -0.00408 0.281 

12 +0.00234 0.00151 0.608 

13 +0.00339 0.00773 0.974 

14 +0.00464 0.0137 1.25 

15 0.00486 0.0172 1.39 

16 0.00324 0.0159 I. 26 

17 0.000293 0.009 0.848 

18 -0.00137 0.00192 0.245 

19 -0.000252 0.00134 -0.308 

20 -0.00117 -0.00661 -0.745 



litera tions number M !.II -0 

initial estimate 
1.0 0.0216 0.702 0.245 

-0.0114 1.02 0.0249 0.527 

led iteration 
I .01 0.0205 0.747 0.247 

-0.00693 1.00 0.0203 0.56 

2nd iteration 
1.03 0.0523 0.732 0.277 

0.034 0.933 -0.03 0.514 

3rd iteration 
0.978 0.00485 0.754 0.212 

-0.093 1.0 I 0.0152 0.549 

4th iteration 
1.13 -0.0907 0.741 0.32 

0.00565 1.03 0.00065+ 0.514 

5th iteration 
1.03 -0.0567 0.743 0.233 

-0.036 0.982 0.0785 0.536 

6th iteration 
0.561 0.432 0.973 -0.219 

0.277 0.777 -0.0973 0.765 

~2 ~3 

0.615 0.248 0.466 

0.00465 0.397 0.0249 

0.643 0.267 0.489 

0.00237 0.386 0.0248 

0.675 0.295 0.505 

-0.0461 0.322 0.00296 

0.671 0.265 0.455 

0.0034 0.373 0.0278 

0.74 I O. 128 0.44 

-0.0118 0.401 -0.486 104 

0.677 0.237 0.441 

-0.0389 0.353 0.0862 

0.2 I. 18 0.706 

0.276 -0. 133 -0.0835 

!:!4 

0.294 0.439 

0.198 -0.00762 

0.296 0.457 

0.201 -0.00388 

0.29 0.448 

0.216 0.00149 

0.259 0.432 

O. 186 -0.00112 

0.322 0.528 

O. 170 -0.00628 

0.250 0.453 

O. 156 0.0379 

-0.450 -0.235 

0.541 0.379 

0.288 

0.0821 

0.312 

0.084 

0.336 

0.0597 

0.284 

0.091 

0.242 

0.0983 

0.318 

O. 101 

1.02 

-0.268 

I 
I.n 
~ 
I 
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The corresponding values of the first row in the estimate of the noise 

covariance matrix are: 

TABLE c.4. 

initial 1st 2nd 3rd 4th 5th 6th no 
estimate iteration iteration iteration iteration iteration iteration 

1 0.0801 0.0907 0.132 O. 117 O. 131 O. 134 1.65 

2 0.0535 0.0694 0.0935 0.0826 0.0655 0.0928 -0.877 

3 0.0326 0.0499 0.0843 0.0614 0.0804 0.0790 1,27 

4 0.0188 0.0343 0.0532 0.0554 0.0366 0.0670 -0.676 

5 0.00956 0.0277 0.0470 0.0393 0.0496 0.0413 0.835 

6 0.00396 0.0150 0.0278 0.0293 0.0160 0.0401 -0.394 

and the estimates of the first row of the Markov parameters covariance matrix 

are (few values as an example): 

TABLE C.5. 

initial 1st 2nd 3rd 4th 5th no 
estimate iteration iteration iteration iteration iteration 

1 Q.:.QQ!~1 0.00 I I 0.0015 Q.:.QQ~Q~ 0.00163 0.000642 ------ ------ ------- --------
2 0.00122 -0.0000286 0.000293 0.000260 0.000424 0.00148 

3 0.00121 0.00109 0.00126 0.00116 0.00102 0.00143 

4 0.000382 0.000191 0.00056 0.000344 0.000440 -0.001 

5 0.000952 0.000925 0.00184 0.00106 0.00177 -0.000108 

6 -0.0000588 -0.0000445 -0.00000426 -0.000114 -0.000123 0.00252 

7 0.000439 0.000587 0.000296 0.000866 0.000148 0.00143 

8 0.0000198 0.0000186 0.000143 -0.0001 17 0.00034 -0.00206 

9 0.000051 I .0.000164. .0.00069 I . 0.00047 0.00129 -0.0014 
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:'h~:; t'stimation in general is also dLvergent, but in the 5-th iteration we 

Je', '.""ed [he smallest value of the variance of the 1st Markov parameter, 

.. :.ee!, corresponds to the set of Markov parameters encircled in the TABLE 

~'. '~. l~O'i,.rever it is not possible to deduce any regularity in behaviour of 

(he ::::stimate of the Harkov parameters covariance matrix except that there 

... x:~ rs a cE'rtain set of minimal variances of Markov parameters which cor

rpsponds with the 5th iteration and afterwards the estimation is rapidly 

,1jVl'rgent. 

• s 6 

Fi ~ 5. The variance of the first term in the first Markov parameter M • 
-0 

J) .. 1 ~~ __ ~~!.iI.!!~~~_£~_E!!~_£~~~Ei~!!-~~_~~!!!~_£~!!-!§:!!!fgB_!~!!_E!-~!!:~~!~_~ieg~g§:!~ 
(IO Harkov parameters - 90 samples) 

n"~111ts of the estimation are summarized in the TABLE C.6. (see page 59). 

The corresponding values of the first row in the estimate of the noise 

cQv2riance matrix are (few values as an example): 

TABLE C. 7. (see page 60) 

and the estimates of the first row of the Markov parameters covariance 

matrix are (few values as an example): 

TABLE C.B. (see page 60) 



iteration number M ~1 -0 

initial estimate 1.0 0.0216 0.702 0.245 

-0.0114 I. 02 0.0249 0.572 

1st iteration 
1.01 0.0346 0.731 0.195 

0.0156 I. 0 I -0.0403 0.597 

2nd iteration 
0.890 -0.0456 0.720 O. 112 

-0.148 ,0.934 -0.00561 0.590 

3rd iteration 
1.05 0.0239 0.759 0.188 

-0,0535 0.979 -0.0278 0.552 

4th iteration 
0.993 0.0686 0.699 0.255 

0.0131 0.955 0.0366 0.566 

I, 

I. 09 -0.0869 0.813 0.142 
5th iteration 

-0.0797 I. 03 -0.0936 0.613 

6th iteration 
0.996 -0.0327 0.738 0.201 

... 0.0297 1.06 -0.0172 0.627 

~2 ~3 

0.'615 0.248 0.466 

0.00465 0.397 0.0249 

0.594 0.222 0.509 

0.0353 0.408 0.00632 

0.467 0.140 0.3!;) 

0.130 0.279 0.0331 

0.555 0.0626 0.443 

0.0403 0.503 0.0623 

0.558 0.362 0.447 

0.0354 0.268 0.0986 

0.624 0.149 0.51 

-0.000819 0.489 -0.0229 

0.527 0.247 ,0.427 

0.0476 0.404 0.101 

0.294 0.439 

0.198 -0.00762 

0.305 0.453 

0.203 -0.0301 

0.218 0.524 

0.272 0.0462 

0.261 0.478 

0.241 0.0335 

0.318 0.456 

0.202 -0.0122 

0.313 0.440 

O. 197 0.0121 

0.3 0.440 

0.271 -0.00507 
~ 

~4 

0.288 

0.0821 

0.314 

0.0601 

0.313 

0.0663 

0.404 

0.073 

0.301 

+0.0927 

0.245 

0.168 

0.319 

0.113 

I 

'" '" I 
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TABLE C. 7. 

initial 1st 2nd 3rd 4th 5th 6th no ... est'imiite iterat'iotl . iteration .iteration iteratioii iteration iteration 

1 0.0808 0.101 0.214 0.138 0.121 0.160 0.125 

2 0.0535 0.0703 0.088 0.0848 0.086 0.0925 0.0846 

3 0.0326 0.0524 0.029 0.0513 0.0531 0.0796 0.0668 

4 0.0188 0.0395 0.0358 0.0392 0.0432 0.0566 0.0475 

5 0.00956 0.0240 -0.0126 0.0336 0.0311 0.0638 0.0368 

6 0.00396 0.0151 -0.0311 0.0119 0.0326 0.0262 0.0304 

7 0.00338 0.0151 -0.000119 0.0253 0.0227 0.0462 0.0276 

8 -0.00242 0.0142 0.0432 0.0274 0.0253 0.0371 0.0304 

9 0.00563 0.0198 0.0394 0.0416 0.0282 0.0586 0.0386 

10 0.0157 0.0326 0.0447 0.047 0.0342 0.055 0.044 

TABLE C.8. 

initial 1st 2nd 3rd 4th 5th no estimate iteration iteration iteration iteration iteration 

1 0.00164 0.00176 0.00384 0.00263 0.000504 0.00252 

2 0.0004 0.00112 -0.000324 -0.0004 0.00126 -0.000119 

3 0.00133 0.00108 0.00261 0.00211 0.000184 0.00155 

4 0.000698 -0.00089 0.00128 -0.0000944 0.00193 0.000456 

5 0.000661 0.0000533 0.00125 0.00136 0.000581 0.00129 

In this case even after many iterations values of the estimates for Markov 

parameters and the noise and parameters covariance matrices are oscilating 

around certain averages. It is not possible however to say that the esti

mation is convergent or divergent but only that again after the 4th iteration 
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there was achieved a mininal set of variances of Markov parameters. As an 

example can be given a variance of the first Markov parameter M. 
-0 

va:t! Mau} 

1 , 5 

Fig. 6. The variance of the first term in the first Markov parameter M . 
-0 

Case D The system simulated under following conditions: 

subcase a) colour noise, subcase b) white noise 

non-zero mean values of input and output signals 

- intensity of the noise 10% of the output signal amplitude (the 

colour noise generated from the white gaussian noise) 

- prespecified number of Markov parameters and samples (10 Markov 

parameters - 90 samples) 

Gauss-Markov estimation with a realization of the covariance 

matrix of the noise. 

a) In this case after an initial estimation of the Markov parameters block 

vector there is computed also the estimate of the composite noise covariance 

matrix. In the next step there is calculated a realization of the noise 

covariance matrix and this matrix is used afterwards as a weighting matrix 

for the Gauss-Markov estimation. This procedure is repeated iteratively. 

The first elements of an initial estimate of the composite noise covariance 

matrix are: (for the first iteration) 

{~n} = {0.0808; 0.0535; 0.0326; 0.0188; 0.00956; 0.00396; 0.00388; ••• } 
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Now we proceed with a realization of the covariance matrix. 

det {~I} = 0.0808 

.. d. e.t !!21 = 
det !!I 

I det 

det 
{!!3} 1= 
{!!I} 

det {!!3} 
= 

det {!!2} 

2" 10-1 

[

0.0808 

0.0555 

2.824'10-3 

2.4'10-6 

0.7082'10-4 

0 
\ 
\ 
\ 

t a ~ 

0.0535] = -0.0002282 
0.0326 

I d~i: ~ I:li • .J I 
I d.ett Ij. J I 

'l0f-_'1 

'.82·1O-~ 

\ z, ... ~ 

s .. • t ~ 

Fig. 7. Order test illustration. 

This means that {S } has a second order realization. -n 

4 ~ .. 
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2) f~~E~~~~i~~_~f_~~~ ! ~~£ ~ ~~~Ei£~~ 

Using Andree algorithm we find 

[-142.876 234.474 ] 

[~ :] P = ; ~= 
234.474 -354.121 

3) ~££!~ig8_g£:~~!~~g_~!8~Eith~ 

we have: 

~ = [ 1 0] E = [ 1 OJ -q 

A = !·o!!2Q = ~·o!!2 

[ 0.0535 0.0326] 
oH = -2 

0.0326 0.0188 

r-0' 0000 136 -0.2496464] [ 0.0 -0.25] 
A = 0: 

1.0000144 0.9863776 1.0 1.0 . 

PH ET r9999

" 1 
[LO I B = --2-p 0: 

0.0001873 0.0 

C = Eqg29 = [0.0808 0.0535] 

r· o -0.25 J 
A = 

1.0 1.0 

[ 1. 0 1 B 
0.0 

C = [0.0808 0.0535) 
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which leads to the following transmittance generating the covariance matrix 

~(z) = 0.0808 
(z-0.3379) 

. 2 
(z-0.5) 

The minimal polynamial of the system is 

~(z) = z2 - z + 0.25 

so there exists for n > 3 a following, well known relation between Markov 

parameters of this realization. 

M = M I - 0.25 M 2 -n -n- -u-

Results of the realization are compared with values of the estimate of the 

covariance matrix then. (few values as an example) 

TABLE D.I. - values of the realization and the exact noise covariance matrix 

realization exact values 

M 0.0808 0.0808 
0 

MI 0.0535 0.0535 

M2 0.0326 0.0326 

M3 0.0192 0.0188 

M4 0.0111 0.00956 

M5 0.00627 0.00396 

Application of the realization of the covariance matrix provides us with 

following results: 

TABLE D.2. - subsequent estimates of Markov parameters (see page 65) 

while values of the estimate of the Markov parameters covariance matrix 

are shown in the TABLE D.3 (few values as an example) 



M t!1 -0 

theoretical 1.0 0.0 0.9 0.2 

Markov paramo 0.0 1.0 0.0 0.6 

initial estimate 1.0 0.0216 0.702 0.245 

-0.0114 1.02 0.0249 0.572 

I st iteration I. 0 I 0.0131 0.748 0.25 

-0.00531 1.0 0.0225 0.563 

2nd iteration 
I .01 0.0214 0.75 0.245 

-0.00469 0.998 0.023 0.559 

3rd iteration 
1.01 0.0198 0.748 0.242 

-0.00467 0.996 0.0235 0.558 

4th iteration 
1.01 0.0191 0.747 0.24 

-0.0047I 0.995 0.0238 0.558 

5th iteration -"- _ "-

6th iteration -"- -"-

!!2 ~3 

0.64 0.28 0.512 0.296 

0.0 0.36 0.0 0.216 

0.615 0.248 0.466 0.294 

0.00465 0.397 0.0249 O. 198 

0.642 0.268 0.487 0.296 

0.00454 0.388 0.025 0.200 

0.642 0.265 0.485 0.295 

0.00666 0.384 0.0275 0.200 

0.639 0.262 0.483 0.295 

0.00811 0.385 0.0291 0.201 

0.637 0.261 0.481 0.294 

0.00878 0.385 0.0298 0.201 

_It _ _"-

_"- _"-

!!4 

0.4096 

0.0 

0.439 

-0.00762 

0.449 

-0.00358 

0.443 

-0.000799 

0.44 

0.00059 

0.439 

0.0012 

_"-

_"-

0.28 

O. 1296 

0.288 

0.0821 

0.308 

0.084 

0.313 

0.984 

0.314 

0.0839 

0.315 

0.0839 

I 
a. 
Ln 
I 
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TABLE D.3. - initial values of the first row of the parameter covariance matrix 

initial 1st 2nd 3rd 4th 5th 6th 
est. 

o • ·0·· 

l.teratl.on . iteration .iteration iteration. . iteration . iteration 

1 0.00163 0.00133 0.00129 0.00127 0.00127 0.00127 0.00127 

2 0.000128 0.000112 0.00011 0.000109 0.000109 0.000109 0.000109 

3 0.0012 0.0012 0.00109 0.00108 0.00107 0.00107 0.00107 

4 0.000387 0.000324 0.000316 0.000312 0.000312 0.000312 0.000312 

5 0.000941 0.00103 0.000108 0.00011 0.00011 0.00011 0.00011 

6 -0.0000655 -0.0000162 -0.0000104 -0.0000086 -0.0000078 -0.0000078 -0.0000078 

This estimation shows a very nice and wanted property of decrease of variance 

values of significant estimated H,e! kov parameters, while filtrating with the 

realization of the covariance matrLx of the noise. It is also to be seen that 

this estimation scheme is quickly convergent and gives asymptotically unbiased 

and, in the discussed context, efficient estimate of Markov parameters. 

1 0 10-> ---

Fig. 8. - The variance of H 
-011 

5 6 

N fl[ 1.01 0. 0191 [0.747 0.24 ] [0.637 0.261] [0.481 0.294] [0.439 

=~-0.00471 0.995 0.0238 0.558 0.00878 0.385 0.0298 0.201 0.0012 

which leads to the following realization; 

0.
315 1 

0.0839 .. , 
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A = 
[ 0.78 0.2 ] 

-0.0031 0.S9 

[ 1.0 O.OOISI} 
B 

-0.0041 1.0 

[ 
I .0 0.0 

] C 
0.0 1.0 

and the transfer function matrix: 

(z-O. S941) 
Cz-O.593)Cz-0.777) 

0.00ISI(z-0.S9)+0.2 
(z-0.S93)(z 0.777) 

~(z) = 
0.0041z z-0.78 

(z-0.593) (z-0.777) (z-0.593) (z-0.777) 

for which a very good approximation is: 

A 
~(z) 

(z-0.777) 

0.0 

0.2 
(z-0.593) (z-0.777) 

(z-0.593) 

b) In this case a white gaussian noise can be delivered as an disturbance 

in order to check correctness of assumptions.In such a case, for a 

chosen model. it is suspected to achieve the best estimate already after 

the first weighting. Results of the experiment are following: 

First elements of the noise covariance matrix realization placed in the 

firs t rowl;' are: 

{Snl = {0.064; 0.0254; 0.0234; 0.017; 0.0112; 0.00693; 0.00413 ••• J 

Resul ts of subsequent iterations are grouped in the TABLE D. 4. 



>-l 

~ 
f;; 
t:J 

iteration number M ~I ~2 ~3 ~4 -0 
..,. . 

initial estimate 1.03 -0.00766 0.733 0.158 0.661 0.268 0.571 0.345 0.464 0.272 CJl ., 
0' 

0.0493 0.982 0.0277 0.648 0.0445 0.283 0.0317 0.228 0.0091 0.177 '" co 
.0 ., 
co 

1st iteration 1.05 0.000367 0.766 O. 168 0.684 0.281 0.584 0.346 0.462 0.278 

0.0389 0.994 -0.0165 0.659 0.0338 0.295 0.0271 0.242 0.00801 0.186 

P 
rT 

co 
'" rT ,... 
~ 
rT 

2nd iteration 1.05 -0.0022 0.769 0.169 0.684 0.282 0.583 0.346 0.46 0.28 co 
'" I 

0.0369 7.00 -0.0131 0.665 0.0309 0.301 0.0256 0.246 0.00616 0.188 0 '" .." 00 
I 

:;:: 

'" >1 

3rd iteration 1.05 -0.00341 0.77 0.169 0.684 0.282 0.583 0.346 0.46 0.281 :>C 
0 
<I 

0.0361 1.00 -0.0124 0.667 0.0304 0.302 0.0256 0.247 0.0059 0.188 'd 

'" >1 

~ 
4th iteration 

1.05 -0.00372 0.77 O. 169 0.684 0.282 0.583 0.346 0.46 0.281 co 
rt 
co 

0.0359 1.00 0.0122 0.667 0.0302 0.303 0.0256 0.248 0.00589 0.188 >1 

'" . 
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while diagonal elements of the Markov parameters covariance matrix estimate 

are (for 5 Markov parameters considered as estimated with a sufficient accu

racy). 

TABLE D.4. 

initial 1st 2nd 3rd 4th 
.esdmate. 

.. 
. iteration .. . iteiaHqn I . iteration iteration 

I 0.00166 0.0015 0.00147 0.00147 0.00147 

2 0.0017 0.00152 0.0015 0.0015 0.0015 

3 0.00184 0.00168 0.00166 0.00166 0.00166 

4 0.0019 0.00174 0.00172 0.00172 0.00172 

5 0.00213 0.00214 0.00219 0.00219 0.00219 

6 0.00204 0.00198 0.00202 0.00202 0.00202 

7 0.00216 0.0022 0.00236 0.00236 0.00236 

8 0.00208 0.00209 0.00216 0.00216 0.00216 

9 0.00223 0.00204 0.0025 0.0025 0.0025 

10 0.00207 0.0021 I 0.00218 0.00218 0.00218 

E=0.01981 E=0.01901 1:=0.01976 E=0.01976 E=0.01976 

tr [cov{M} 1 (trace of the parameters covariance matrix) 

1 5 number of iterations 

Fig. 9. The trace of the parameters covariance matrix as a function of 

number of iterations. 
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This experiment shows really expected regularity but also changes of the 

covariance of estimated Markov parameters are quite negligible. This pheno

menon is caused by the fact that generated white noise had a unity co

variance matrix, so ordinary L.S. estimation coincides in this case 

with G-M estimation. 

The realization of this set of Markov parameters is: 

[ 0.73 O. 16] 
A 

0.04 0.66 

[ 0.95 0.0 ] 
B = 

-0.03 1.0 

[ 1.05 0.0 ] 
C = 

0.04 1 .0 

which in t"urn gives a following transfer function matrix 

(,,-0.653) 0.15 " 
(z-O.608) (z-0.782) (z-O.608) (z-0.782) 

K(z) 
0.0085 (z-t39) " (,,-0.734) " 

(z-0.608) (z-0.782) (z-O.608) (z-0.782) 



TABLE D.5. - Comparison of realizations 

IDEAL MODEL CASE A CASE B 

[0.8 0.2 J [ 0.72 O. "] [ 0.8 0.19 j 
fl- fl- A • 

0.0 0.6 -0.05 0.59 -0.0564 0.649 

[,.0 0.0 1 [ 1.0 0.0 

J 
[ 1.00 -0. 03431 

realization B • B - B • 
0.0 1.0 -0.01545 1.0 -0.01545 1.0 

[,.0 0.01 [ 1.0095 0.0346] [ 1.0 o.OJ 
-,,= C - C -

0.0 1.0 0.0 1.0 0.0 1.0 

A, . 0.6 'I " 0.655-iO.0705 'I = 0.725-iO.0705 
eigenvalues 

'2 = 0.8 '2 = 0.655+iO.0655 '2 = 0.725+iO.0705 

1.0 0.2 z-0.59 0.0343(z+4.24) z-0.6499 0.0343z+0.217 
(z-Q.8) (, 0.8Hz-0.6) """'iJ(z) D(z) D(z) D(z} 

transfer 

function 
1.0 

1.0 0.0153(z+3.96) z-0.72 O.OI545z+0.0664 z-O.798 

matrix (z-0.6) D(z) D('Z) D(z) ---oTZ') 

D(z) = (z-0.59) (z-O. 72) + 0.0085 D(z) = (z-0.8)(z-O.649)+O.OI07 

approximation 
1.0 0.15 • Q. 9! 5 0.2 

of the (z-O.72) (, 0.72)(z-0.59 (z-0.8) (, 0.8) (z-0.649) 

transfer - " -
function 0.06 1.0 0.0608 0.915 

matrix (z-O.72)(z-O.59) ~ (z-O.8) (z-O. 649) (z 0.649) 

CASE D a) 

[ 0.78 0.2 I 
A -

-0.0031 0.59 

r 1.0 O.OOISIJ 
8 = 

_ -0.0041 1.0 

r 1.0 
0.01 C " l -

0.0 1.0 

, I = 0.593 

'2 - 0.777 

lz-0.5941) 0.00151 (z-0.59)+0.2 
D(z) D(z) 

0.0041z (z-0.78) 
---n(Z') DCZ) 

D(z) = (z-0.593)(z-0.777) 

1.0 0.2 
(, 0.777) (7.-0.777) (z-0.593) 

0.0 
1.0 

(z-0.593) 

CASE D b) 

r 0.73 0.16 J A = - 0.04 0.66 

[ 0.95 0.0 I B • 
-0.03 1.0 

[ 1.05 0.0 ] ,," 0.04 1:0 

, I . 0.608 

'2 - 0.782 

(z-Q.653) 0.15 
D(z) ""i:i1ZT 

0.OO85(z+3.39) (z-0.73) 
D(z) d (z) 

D(z) .. (z-0.608) (z-0.782) 

1.0 0.15 
(, 0.782) (, 0.608) (z-O. 782) 

0.0 1.0 
(, 0.60B) 

, 
~ 

-; 
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Also as an example there can be compared outputs of realizations and the 

ideal model. The figure shows such a comparison made for 22 samples of 

outputs of the model. 

TABLE D.6. - Comparison of the models outputs in different cases 

(see page 73). 

Illustrations of cases A, Band D are given on figures 11, Ila, 10, IDa 

and 12, 12a respectively. 



,.., 
IDEAL MODEL ESTIMATED MODELS OUTPUTS :» 

'" ,... 
OUTPUTS 

CASE A CASE B CASE D CASE C '" t:1 

'" yl y2 yes I yes 2 yes I yes· 2 yes I yes 2 yes 
. 

I yes 2 

I -0.896 -0.909 -1.137 -1.144 -I .250 -1.138 -I .540 -0.709 -I .540 -0.498 
2 -0.614 0.524 -0.800 0.338 -I. 109 0.222 -0.863 0.701 -0.923 0.600 

() 
0 
S 
'0 

3 -1.166 0.940 -1.464 0.893 -1.510 0.951 -I .290 0.864 -1.440 I .210 " " ,... 
4 -1.626 1.357 -I. 760 I . 173 -2.016 1.276 -1.440 I .21 I -I .720 1.360 

en 
0 
;:l 

5 -0.197 0.568 -0.316 0.664 -0.413 0.597 0.173 0.481 -0. 126 0.890 0 
m 

6 0.105 1.016 -0.052 1.077 0.044 0.970 0.240 0.956 O. 101 I .140 rt ::r 
7 -0.394 0.051 -0.34 0.049 -0.448 0.067 -0.046 0.168 -0.0581 0.108 

8 -0.890 -0.0056 -0.895 -0.013 -0.918 0.020 -0.851 0.035 -0.781 0.065 

9 -0.891 -0.0687 -0.849 -0.162 -0.922 -0.180 -0.613 -0.102 -0.622 -0. 103 

(l) 

8 
p. 

I (l) 

'""' '" en w 
I 

10 -0.430 -0.506 -0.352 -0.526 -0.455 -0.522 -0.005 -0.528 -0.143 -0.542 
0 

" rt 

I I 0.700 -1.16 -0.690 -1.180 0.860 -I .230 0.837 -0.991 0.864 -1.290 
'0 

" rt 

12 0.831 -0.75 0.715 -0.818 0.876 -0.732 0.855 -0.739 0.738 -0.620 

13 0.183 0.376 0.062 0.233 0.417 0.393 0.143 0.263 0.113 0.361 

en 
,... 
;:l 

P. 
1-"' 

14 I. 174 -0. I 70 1.013 -0.372 1.443 -0.172 1.030 -0.095 I .190 -0.378 m 
m 

15 1.500 0.604 1.421 0.477 1.620 0.680 1.300 0.545 I .580 0.530 
(l) 

" ro 

16 0.149 0.578 0.189 0.513 0.361 0.645 0.544 0.656 0.438 0.545 
;:l 
rt 

() 

17 0.975 -0.806 0.896 -0.873 I • 14 I -0.916 I • 130 -0.789 I . 170 -0.697 " en 

18 1.214 -0.598 1.097 0.586 1.344 -0.807 1.250 -0.630 1.460 -0.687 
ro 
en . 

19 -0.327 -0.038 -0.348 0.097 -0.345 0.002 -0.083 -0.2 -0.057 -0.016 

20 -0.631 -0.027 -0.773 -0.052 -0.615 0.168 -0.585 0.0207 -0.579 -0.136 

21 0.040 -0.804 -0.012 -0.829 0.154 -0.791 0.082 -0.827 0.030 -0.867 

22 0.664 0.337 0.730 0.383 0.855 0.272 0.641 0.562 0.696 0.301 
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fig. 10 comparison of the ideal model and the model identified in 

presence of the colour noise. The L.S method without weighting. 
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The system from the example 4 has been simulated again with the 50% output 

signal intensity colour noise. Also three cases have been considered: 

the ordinary L.S. estimation, L.S. weights estimation with the sample co

variance matrix and G-M estimation with the realization of the noise cova

riance matrix. It occured that the ordinary L.S. and the G-M estimation with 

the noise covariance matrix realization delivered certain results while the 

L.S. weighted estimation with the sample covariance matrix resulted in di

vergent estimates. 

Following solutions have been achieved 

Identified set of Markov parameters: 

[

1.35 

0.219 
0.137J [1.12 
1.06 0.0617 

0.589] [0.819 
0.736 O. 116 

0.488] r 0.401 

0.203 1:-0.0232 
0.438] [ 0.187 
0.342 -0. 17 

0.189 

0.012 

which delivers the second order system solution having a following state 

space description 

[ 0.84 0.37 ] 
A = 

-0.12 0.62 

[ 
1.0 0.0 

] B = 
0.0 1.0 

[ 1.35 0.137] c = 
0.129 1.06 

while transformation matrices P and Sl. are 



p = [0.7566073 

-0.1563179 

[ 

],0 
g= 

0.0 

0.0 ] 

]'0 

-0.0977879] 

0.9636036 
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This realization gives the following transfer· function matrix: 

!(z) = 

l.35(z~0;63) . 
(z-0.62) (z-0.84)+0.0444 

0.125(z-0.161) . 
(z-O. 62) (z-O. 84) +0.0444 

0; 137(z+2.81) 
(z-0.62) (z-0.84)+0.0444 

1.06(z-0.795) 
(z-0.62) (z-0.84)+0.0444 

which can be simplified taking a form: 

];35 
(z-O.84) 

. 0.129(z~161) 
(z-0.62) (z-0.84)+0.0444 

0.137 (z+2. 81) 
(z-0.62) (z-0.84)+0.0444 

1.06 
(z-0.62) 

This transmittance co~aring to an ideal model, shows too much influence 

of the first input on the second output, which also can be seen on the 

fig. 13b. Modelling of the first output appears to be a lot better. How

ever even this rough model gives quite a satisfactory fit to the identified 

object. 

2. ~~~~~:~E~2~_~2£E2!~!~~~_~~~~!~~~£~_~~~h_~h~_E~~!~~~~~2~_2£_~h~_~2~~~_£2:_ 

Y!E~!n£~_~~!~ix~ 

Identified set of Markov parameters: 

r 
]'05 

.-0.0619 
0.145] [0.471 0.430J [0.447 
0.992 0.0790 0.429 0.00774 

0.175] [0.120 0.219J [0.324 0.368J 
0.521 0.123 0.155 -0.231 -0.129 

which delivers the second order system solution having a following state 

space description: 
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[ 0.434 0.347J 
A = eigenvalues A

J " 0.64 
O. II 0.454 A " 0.25 2 

[ 1.0 0.0 ] 
B = 

0.0 1.0 

[ 1.05 0.145 ] 
C = 

-0.062 0.992 

This realization gives the following transfer function matrix: 

!.(z) = 

I .05 (z-O. 438) 
(z-0.64) (z-0.25) 

-0.062(z-2.25) 
(z-O.64) (z-0.25) 

0.145(z+2.08) 
(z-0.64) (z-0.25) 

0.99(z-0.413) 
(z-0.64)(z 0.25) 

which can be simplified taking a form: 

= 

[ 

1.05 
(z-0.45) 

-0.062(z-2.21) 
(z-0.64)(z 0.25) 

O. 145 (z+2. 08) 
(z-0.63) (z-0.25) 

0.99 
(z-0.475) 

Results of simulation for ideal model and models identified are collected in 

the TABLE 5.1 and shown on figures 13a, 13b. 
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TABLE 5.1 

IDEAL. MODEL 
.. 

.. t~s ~·.EStJ;»ATEMbDEL . . G"'MESrr»ATE.MODEL 

y 1 . .. YZ· .. yes 1 yes
Z

· yes f . yes
2 

1 -0.896 -0.909 -1.916 -1 .423 -1.820 -0.503 

2 -0.614 0.524 -1. 744 0.726 -0.548 0.754 

3 -1. 166 0.940 -1.822 0.652 -0.629 0.527 

4 -1 .626 1.357 -1.7025 1.097 -0.686 0.801 

5 -0.197 0.568 0.773 0.308 -0.0664 0.816 

6 O. 105 1.016 0.0106 1.027 0.329 1. 12 

7 -0.394 0.051 -0.066 0.640 -0.216 -0.589 

8 -0.890 -0.0056 -0.700 0.104 -1.49 -0.345 

9 -0.891 -0.0687 -0.022 -0.1306 -0.955 -1. 320 

10 -0.430 -0.506 0.193 -0.5014 -0.270 -1 • 160 

1 1 0.700 -1.16 0.217 -0.956 0.897 -1.27 

12 0.831 -0.75 -0.269 0.591 0.940 - -0.769 

13 O. 183 0.370 0.2509 0.085 0.0456 0.292 

14 1. 174 -0.170 1.2572 -0.017 0.605 -0.0104 

15 1.5 0.604 1.5176 0.053 1.512 1 • 110 

16 0.149 0.578 0.292 0.656 0.551 0.154 

17 0.975 -0.806 1.272 -1.037 1.34 -0.709 

18 1. 214 -0.598 1.755 -1. 296 0.935 -0.274 

19 -0.327 -0.038 1.363 -0.807 -0.116 0.233 

20 -0.631 -0.027 0.379 -0.121 -0.302 0.586 

21 0.040 -0.804 0.268 -1. 182 0.415 -0.353 

22 0.664 0.337 1.194 1.014 0.918 .. 0;864 ... 
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6. SUIIlIIlary 

Results presented in this report show correctness of the proposed method 

of identification. The advantage of the Gauss-Markov estimation results 

in assymptotically unbiased and efficient estimates. The realization of 

the noise covariance matrix improves the convergence properties of the 

Gauss-Markov estimation as well as gives a coherent with the realization 

theory approach to multi variable systems identification. 

As it can be observed in the TABLE D.5, besides the minimal covariance 

matrix of the accounted Markov parameters, the G-M estimation results in 

very good eigenvalues estimates of the identified system. 

The innovation in the way of a composite noise notion leads to equally 

good estimates of all output samples and allows to get rid of a very in

convenient assumption about statistical independence of noises corrupting 

a multi variable system. Tests performed on simulated models show really 

a minimality of variances of the Markov parameters comparing to the L.S. 

estimation and the estimation with a sample covariance matrix. 

A drawback of an every explicit algorithm. occuring in a limited number of 

samples used for estimation, can also be in some cases an imposed condition 

under which the estimation has to be carried on (systems where a number of 

samples is limited in a natural way, e.g. economical and social systems, 

special cases of transient states identification and so on). 

However an extension of already existing algorithms into the sequential 

version is straightforward and there is a subject of a further research. 

Also in the case of 50% noise affecting the multi variable system, similar 

as for the Example 4 regularities are observed. 

Parameters obtained via L.S. estimation result in a worse covariance matrix 

and deliver much worse modelling especially of. the first output comparing 

to the G-M estimation with the realization of the noise covariance matrix. 

Outputs of models indentified and the ideal model are compared in the 

TABLE 5.1 and fig. 13a and 13b. The Example 5 shows the less accurate esti

mation in a case of higher signal to the noise ratio, but still the 
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experiment results in fairly good estimates. Also a lot of information 

contained in noisy Markov parameters is lost because of application of 

the Ho-Kalman Algorithm which uses only very few Markov parameters to 

construct a realization and this way neglects information contained in 

remaining parameters identified. However it seems to be possible to use 

all available information in order to achieve better modelling results 

applying a modification of the Ho-Kalman Algorithm basing on a pseudo

inversion and a singular value decomposition method. 

All simulations of multivariable models have been done using the Burroughs 

B.6700 computer in the Computer Center of the Technical University of 

Eindhoven. Simulations for the Example 3 have been carried on the Philips 

P9200 Time Sharing System also there. A short description of subroutines 

used is given in an Appendix 2. 
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E 
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- matrices 

- vectors 

- i-th eigenvalue of the state matrix 

- transfer function matrix 

- transfer function matrix estimate 

- i-th Markov parameter 

- i-th Markov parameter estimate 

- Hankel matrix 

- block matrix containing output vectors 

- estimate of the Y 

- block matrix containing first k+1 Markov 

parameters 

- estimate of the ~ 

- matrix containing all available input samples 

- matrix defining initial conditions for an 

identified system 

- block matrix containing Markov parameters 

neglected during estimation 

- block matrix containing an additive noise vector 



v w 

R 

R 

~ (k) ee 

~(x,y); ~(x,y); f(x,y) ••• 

s * -m 

Y. 
~ 

Y . 
es~ 
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- loss function 

- expected value operator 

- covariance matrix for a composite noise 

- estimate of the R 

autocorrelation coefficient of the k-th 

sample of the noise 

- estimate of the ~ (k) ee 

- two arguments functions 

- transposition operation on the F 

- general pseudo-inverse of the S 
-m 

- i-th output of the multivariable system 

- i-th output estimate 

The rest of the symbols, being in a temporary use, are defined along with 

developed expressions. 
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Appertdix I 

Estimation with acortstarttoff~set 

T Referring back to equation (40) and neglecting the term S M we have 
-00-

where 

and 

y = ST N + E 
-m -

We introduce an off-set block vector Y where 
-<J 

Y = 
-0 

.1!(L+m) 

and 

Thus we have: 

Y + Y = 
-0 

Y I (L) 

Y I (1+ I) 

Y I (L+m) 

Y 2(L) 

Y 2 (L+ I) 

Y (L) 

y (L+I) 
q 

••••••••••• y (L+m) q 

Assuming a constant off-set Y we have: 
-0 

+ 

yT(L) = X.T(L+m) for every Land m 
-0 0 

(AI) 

(Al) 

(A3) 

(A4) 

(AS) 

y IO(L) y 20(L) ••• Y qo (L) 

Y 10 (L+ I ) •••••••••• Y q 0 (L+ I ) 

Y 10 (L+m) •••••••••• Y qo (L+m) 

(A7) 

( 
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which results in the following 

y + Y = ST N + y + E (AS) 
-0 -m - -0 

y + Y = [Y IO Y20 ' . , Yqo] 
+ ST N + E (A9) 

-0 -m -
I· , 

substituting 

y + y = y measured output (AIO) 
-0 -m 

S = [111 .. ,1] ( Ixq) (AI I) -om 

yT 
= [Y 10 Y 20 Y qo ] ( Ixq) (AI2) 

-0 

relation (A9) can be written as: 

y = [ ST ~1[~1 + E (AI3) 
-m om 

y = ST N + E (AI4) -m -0 

where ST 
= [~!m ~!1 N t:] (AI5) 

-0 

Using equation (AI4) as the model for estimation, we achieve as well values 

of Markov parameters as values of the off-set. This kind of estimation was 

carried in the subcase D in the Example 4 resulting in very good estimates 

of the off-set Y , 
-0 



-94-

. . App end ix 2 

The main program of the Markov parameters estimation refers to the 

following non-standard subroutines: 

1) SUBROUTINE READIN 

This subroutine 

up blocks to be 

2) SUBROUTINE COpy 

reads into memory samples of 

filled into the S matrix. -m 

the input ~, setting 

This subroutine copies along diagonals elements of the last block 

row and the last column of the S matrix. 
-m 

3) SUBROUTINE GENYTR 

This subroutine produces the output vector Y as an answer for the 

generated input ~. 

4) SUBROUTINE SIMDIS 

- This subroutine produces the noise vector ~, which disturbs the sys

tem output r. The noise vector is generated from the white Gaussian 

noise. 

5) SUBROUTINE FILYTR 

This subroutine fills in the matrix rT, which is further used to 

calculate an estimate of Markov parameters. 

6) SUBROUTINE COVAR 

This subroutine evaluates first a sample covariance matrix of the 

residual error and after confirming of the realizability criterion 

computes a realization of the noise covariance matrix. 

7) SUBROUTINE PSEUD 

This subroutine has been used with a kind permission of Ir. J.A. Blom 

(Gr. ER T.H.-Eindhoven) and performs an operation of pseudo-inversion 

of a general matrix. 
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Remaining subroutines used were taken from the IBM Programmers Manual, 

System 360 Scientific Subroutine Package (360A-CM-03X) Version II, Pu

blication H20-0205-2 IBM Technical Publication Department, 1967. 

Programmes were run mainly on the B 6700 Burroughs computer. The shortest 

central processor time usage was 11.623 seconds the longest 239.598 

seconds (maximaly extended data matrix and 10 iterations). 
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