
 

Controlling rear wheel steering

Citation for published version (APA):
Veen, J. (2005). Controlling rear wheel steering. (DCT rapporten; Vol. 2005.133). Technische Universiteit
Eindhoven.

Document status and date:
Published: 01/01/2005

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/1eed5053-2bb0-42e5-ad0d-eb400f767d37


Controlling  
rear wheel steering 

 
 

J.Veen 
 

DCT 2005.133 
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
Traineeship report 
  
 
Supervisors: Dr.Ir. A.J.C Schmeitz     

Dr.Ir. I.J.M Besselink 
 
 
Technische Universiteit Eindhoven 
Departement Mechanical Engineering 
Dynamics and Control Group 
 
Eindhoven, October, 2005



2 J. Veen  

 

Summary 
The four wheel steered (4ws) Citroen BX was donated to the Eindhoven University of 
Technology by TNO. To make this vehicle useful for future projects the state of the 
car had to be examined and a controller to steer the rear wheels had to be developed 
and build. 

The aim of this internal traineeship was to design a simple analogue controller 
which steers the rear wheels based on the signal of the front wheels. This controller 
should contain an option to make the car more under- or oversteered. The controller 
must operate without any external control systems, like TUeDACS or D-space.  

Therefore, the following problem statement was defined: How to design a 
controller which can steer the rear wheels without an external control system, like 
TUeDACS or D-space? 

For starters the complete hardware of the vehicle was charted. With this 
knowledge a simple analogue controller was designed. A simulation model was 
made to simulate the 4ws vehicle behaviour. Based on the simulation results, the 
vehicle has less understeer when the rear wheels steer in the opposite direction of 
the front wheels.. When the rear wheels steer in the same direction as the front 
wheels the vehicle has more understeer.  However with a simple analogue controller 
it is impossible to get oversteer. 

Finally the controller was made and built into the vehicle. The controller on its 
own worked perfectly. Together with the other systems it did not work that well, 
because the rear wheels started to oscillate. The biggest problem of the oscillations 
was that they did not consistently appear at the same conditions. 

The origin of these oscillations seemed to be the positioning system of the 
rear wheels. Due to the unavailable specifications of the positioning control system 
and complicated electronics, the problems were impossible to solve within the period 
of the traineeship. 

A recommendation for a future project is to chart the rear positioning control 
device or design a new one.   
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Nederlandse samenvatting 
De vierwielgestuurde (4ws) Citroen BX werd door TNO aan de Technische 
Universiteit Eindhoven gedoneerd. Om deze bruikbaar te maken voor toekomstige 
projecten moest de staat van het voertuig onderzocht worden en moest er een 
regelsysteem voor het sturen van de achterwielen ontwikkeld en gebouwd worden.  

Het doel van dit stageproject was het ontwerpen van een simpele analoge 
regeling, die de achterwielen stuurt op het signaal van de voorwielen. De regeling 
moet een keuzemogelijkheid krijgen waarmee het voertuig meer onder- of overstuurd 
kan worden gemaakt. Daarbij moet de regeling kunnen werken zonder dat daar een 
extern regelsysteem als TUeDACS of D-space voor nodig is.  

De bijbehorende probleemstelling was: Hoe een regeling te ontwerpen 
waarmee de achterwielen kunnen worden gestuurd, zonder dat daarvoor een extern 
regelsysteem als TUeDACS of D-space nodig is? 

Allereerst was alle hardware van de auto in kaart gebracht. Met deze kennis 
was een simpele analoge regeling ontworpen. Ook was er een simulatiemodel 
gemaakt waarmee het gedrag van een 4ws voertuig gesimuleerd kan worden. Uit de 
simulaties bleek dat het voertuig minder onderstuurd wordt wanneer de achterwielen 
meer in de tegengestelde richting worden gestuurd. Het voertuig wordt echter meer 
onderstuurd wanneer de achterwielen meer in dezelfde richting als de voorwielen 
worden gestuurd. Met de simpele analoge regeling is het voertuig echter niet in 
overstuurde toestand te krijgen. 

De regeling was gebouwd en in het voertuig ingebouwd. De regeling op zich 
werkte prima. In samenwerking met de andere systemen werkte deze echter niet 
naar behoren, omdat de achterwielen begonnen te oscilleren. Het grootste probleem 
was dat deze oscillaties niet constant bij dezelfde instellingen optraden. 

De bron van deze oscillaties leek het positioneringsysteem van de 
achterwielen te zijn. Door het ontbreken van de specificaties van dit systeem en de 
ingewikkelde elektronica, was het echter niet mogelijk om dit probleem op te lossen 
binnen de stageperiode.  

Een aanbeveling voor een toekomstig project is om het positioneringsysteem 
van de achterwielen in kaart te brengen of opnieuw te ontwikkelen. 
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1 Introduction 

1.1 Motivation 
The four wheel steered (4ws) Citroen BX started in the 90’s as a project of Citroen, 
TNO Delft and TU Delft. The purpose was to design a vehicle control system with 
active rear wheel steering. This system should stabilize the dynamic behaviour of the 
vehicle, especially the cross wind sensitivity and the turning behaviour at external 
disturbances.  

Despite the years of development, the 4ws-philosophy was outstripped by the 
less complicated ESP (Electronic Stability Program) system and the project ended. 
After that, the four wheel steered Citroen BX was used by TNO in a steer-by-wire 
project. The vehicle was extended with a joystick controlled steering system.  

In 2005 the car was donated to the Eindhoven University of Technology after 
it went out of service at TNO. The vehicle was equipped with sensors and actuators 
of the four wheel steering. However, there was no controller to actually steer all four 
wheels. To make this vehicle useful for future projects a controller needed to be 
build.  
 

1.2 Problem Statement 
The aim of this internal traineeship was to design a simple analogue controller which 
steers the rear wheels based on the signal of the front wheels. This controller should 
contain an option to make the car more under- or oversteered. The controller must 
operate without any external control systems, like TUeDACS or D-space.  

Therefore the following problem statement was defined: How to design a 
controller which can steer the rear wheels without an external control system, like 
TUeDACS or D-space? 
 

1.3 Contents of this report 
The second chapter of this report is about the hardware of the BX on which the 
control system will operate. This hardware contains the added hydraulics to steer the 
rear wheels. The sensors and actuators of the vehicle are also discussed in this 
chapter. The third chapter is about the controller which steers the rear wheels on the 
signal of the front wheels. Because this controller is based on op amp theory, this 
theory is briefly explained. Additionally the laid down requirements and design will be 
discussed. Chapter four is about the simulation model. Simulation results of the 
behaviour of a four wheel steered vehicle are discussed. The vehicle with the 
designed controller has also been tested in reality, which is discussed in chapter five. 
The report ends with conclusions and recommendations.  
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2 The vehicle 
The 4ws vehicle is based on a normal Citroen BX 1.9 Gti from 1988. This vehicle is 
extended with a steering rear axle, which is basically a 180 degree rotated copy of 
the front axle. The wheels are steered by a hydraulic cylinder, which is mounted on 
the rack. This cylinder is normally used for the power steering.  

2.1 Added rear hydraulics  
In Figure 2.1 the added hydraulic system of the rear wheel steering is schematically 
depicted. This is an individual system, which is not connected to the standard 
hydraulic system of the vehicle. The system is supplied by an individual pump and 
reservoir.  

 

Figure 2.1 Hydraulics of the rear wheel steering system [Loon 2005]   

The pump of this system is driven by a cam belt of the engine. Together with the 
accumulator this pump supplies a constant pressure to the system. The pressure is 
limited between 140 and 180 bar by the pressure regulator. This pressure supplies a 
MOOG servo valve, which controls the cylinder to steer the rear wheels. This cylinder 
is mounted on the rack of the steering unit and is basically a power steering cylinder.  
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The cylinder is an asymmetric cylinder, because on one site (left in Figure 
2.1) the area is twice as big as on the other side (right in Figure 2.1). This is because 
at the right side the piston takes half the area. As is shown in Figure 2.1, the servo 
valve controls the pressure of the left area. By increasing the pressure in this area 
the cylinder will move to the right and by decreasing the pressure it will move to the 
left. 

The supplied pressure can be cut off by safety valves 5, 6 and 7 of Figure 2.1. 
Valves 6 and 7 will prevent oil leaking from the cylinder when the cylinder is in the 
desired position. Without them the cylinder can be moved because of forces on the 
wheels while driving the car and will not be kept in the desired position.  

 

Figure 2.2 Picture of the added rear hydraulics 

In reality the system looks like the picture as shown in Figure 2.2. In this figure the 
dotted lines are the pressure supply lines and the dashed lines the return lines. The 
following components are also shown: 

1. MOOG servo valve 
2. Filter 
3. Safety valve 5 
4. Safety valve 6 
5. Safety valve 7 

 
When the car was used for the steer-by-wire project, the front axle was also 
extended with a servo valve to steer the front wheels without an input from the 
steering wheel. Because this device will not be used for the control system of this 
project, it will not be discussed in this report. 

2.2 Sensors 
All outputs from the sensors come together in a 19 inch box, which lies in the boot of 
the car. The sensor signals are filtered and conditioned in this box [Oosterveld 1991]. 

Return Pressure 

1 

2 3 

4 
5 
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The filtered and conditioned signals are the inputs of the control system of the 
actuator.  
The vehicle is equipped with the following sensors: 

• Wheel spin velocity sensor of the ABS system 

• Front LVDT 

• Rear LVDT 
 

The ABS sensors measure the angular velocity of the wheels. These velocities can 
be converted to the longitudinal velocity of the vehicle by multiplying the angular 
velocity with the effective rolling radius. The calculated velocity is not very precise, 
because the effective rolling radius is an approximation. The ABS signal is 
conditioned over a range up to 160 km/h, which linearly corresponds with a 
conditioned voltage range from 0 to 5 V. However this sensor does not work properly 
at low speeds. 

The LVDT (Linear Variable Differential Transformer) is a sensor which 
measures absolute position. The sensor works by means of induction, which is a 
function of the position of the coil. The output voltage is linear over a large range. 
This type of sensor is mounted on the cylinder/rack of the steering devices of the 
front and rear axle. 

      

Figure 2.3 Steering angles and LVDT output signals 

The LVDT at the front axle measures the steering input at the front axle. The position 
of the axle can easily be converted to an angle. At the front axle the LVDT has a 
linear range of -33 to 33 °, corresponding to the maximum steering angles. This 
corresponds to a conditioned output of 0 to 5 V as shown in Figure 2.3. 

The rear LVDT seems to be needed for a closed loop hydraulic positioning 
system at the rear axle. This should keep the steering angle in the desired position 
by closing safety valves 6 and 7 of Figure 2.1, section 2.1. But how this system 
actually works is unknown, due to the unavailable specifications and complicated 
electronics. The range of the rear LVDT corresponds to the maximum steering 
angles: -5 to 5 °. This corresponds to a conditioned output of 0 to 5 V as is shown in 
Figure 2.3. 

There are also connections for a gyro sensor and an accelerometer. These 
sensors are present in the car, but not used for the controller. Also a spare 
connection is available to equip the vehicle with an extra sensor. 



 Controlling rear wheel steering   9
   

 

2.3 Actuators 
Besides the sensors, the vehicle contains a couple of actuators. These actuators are 
steered by output signals from the 19 inch box, which was mentioned in section 2.2. 
Within this box the controller has to be fitted, which will produce these outputs based 
on the inputs from the sensors. The vehicle contains the following actuators: 

• Servo valves  

• Controller valves 

 

Figure 2.4 Steering angles and input signals of the servo valve 

The servo valve steers the asymmetric cylinder. This cylinder has already been 
mentioned in section 2.1. The movement of the cylinder is controlled by a four way 
servo valve. This four way valve is connected as a three way valve. A four way valve 
and an asymmetric cylinder together are unstable around stationary points, because 
of the unequal volumes around the piston. Asymmetric cylinders and three way servo 
valves do not have these problems and are compatible.   

The servo valve will steer the rear cylinder by increasing or decreasing the 
pressure above the piston. When the desired position is reached, the valve will be 
closed. This is controlled by a positioning system, like the one mentioned in section 
2.1. The control system of the rear axle steers over a range of -5 to 5 °. This linearly 
corresponds to an input voltage of 0 to 10 V as is shown in Figure 2.4. Lower or 
higher voltages outside this range will have the same effect as respectively the 0 V 
and 10 V. 
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3 The controller 
The purpose was to design a simple analogue feed forward proportional controller, 
which steers the rear wheels based on the signals of the front wheels. The controller 
must be compatible with the sensors and actuators and must operate without 
external control devices like TUeDACS or D-space.  

3.1 Requirements 
The idea was to make a controller, which transforms the signal from the front wheels 
to a steering signal for the rear wheels. This controller must satisfy the next 
requirements: 

• Be able to steer the rear wheel in the same direction as the front wheels. 

• Be able to steer the rear wheels opposite to the front wheels. 

• Gain between front and rear wheels (K-factor) must be variable. 

• Emergency button to get the rear wheels back to their neutral position. 

• Last but not least, it must be simple. 
 
The output signal of the front LVDT and the input signal to the rear steering system, 
like discussed in chapter 2, are shown again in Table 1. 
 

Table 1: Signals of the front LVDT and rear steering system  

Front wheels Rear wheels  
max. 
left 

neutral max. 
right 

max. 
left 

neutral max. 
right 

Steering angle [°] 
 

-33 0 33 -5 0 5 

Corresponding voltage 
[V] 

5 2.5 0 0 5 10 

 
Looking at the voltages it is remarkable that the voltages are each others opposites. 
Maximum steering to the left at the front corresponds to 5 V, whereas steering 
maximum to the left at the rear corresponds to 0 V. Turning maximum to the right at 
the front will correspond to 0 V, whereas the rear needs 10 V to steer maximal to the 
right.  

It is clear that the signal of the front needs to be amplified with a gain of 2 to 
steer the rear wheels to the maximum in the opposite direction on the maximal 
steering input. To steer the rear wheels in the same direction as the front wheels, the 
signal also needs to be inverted. Using a gain of 2 is the only value where the neutral 
position of the rear will be immediately in the right position.  

When an amplification factor unequal to 2 is used between the front and rear 
wheels, a problem occurs. The neutral position of the front (2.5 V) will also be 
amplified by this factor, which means it will not match the 5 V of the rear wheels. To 
solve this problem, an offset is needed to get the neutral position centre back at 5 V. 

3.2 Op-amp theory 
To get an electronic amplification, one can use an operational amplifier, also called 
op-amp. An op-amp can be used in many ways: non-inverting amplifier, inverting 
amplifier, amplified difference and many more. To make the op-amp theory clear, the 
used circuits are briefly explained.  

The non inverting amplifier, which is represented in Figure 3.1, amplifies the 
incoming voltage with a factor 1+(Rf/R1). By choosing resistors Rf and R1, the 
amplifier gain can be determined. This factor cannot be smaller than 1, which is the 
major drawback of this circuit. 
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In Figure 3.2, the inverting amplifier is depicted. This will amplify the incoming voltage 
with a gain of -(Rf/R1). By choosing resistors Rf and R1, the amplifier gain is 
determined. This amplified voltage is also inverted, indicated by the minus sign. 
Opposed to the non-inverting amplifier, the absolute gain can be smaller than 1, 
although the overall gain is inverted. 
  

 

Figure 3.3 Amplified difference 

Figure 3.3 represents an op-amp connected as an amplified difference circuit. The 
input voltage (V2) will be decreased by voltage V1, like some sort of offset. The 
difference between V2 and V1 will be amplified with a gain (R3/R1). By choosing the 
resistors R3 and R1, the amplifier gain is determined. 

The op-amps need to be fed by a voltage of -15 and +15 V. These voltages 
represent the saturation borders of the output voltages of the op-amps. Op-amps can 
never deliver a larger or smaller output than these feeding voltages.  

3.3 Design of the controller 
With the knowledge of op-amps and the given requirements, the controller system 
was designed. The basic design is shown in Figure 3.4. From the left comes the input 
voltage Vin. This is the output voltage of the front LVDT, which lies between 0 and 
5 V as mentioned in section 3.1.  
  

Figure 3.1 Non-inverting 
amplifier 

Figure 3.2 Inverting amplifier 
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Figure 3.4 Controller design 

The Vin is first reduced by 2.5 V, by an amplified difference circuit, like mentioned in 
section 3.2. This sets the neutral position to 0 V, with the signal of steering to the 
right negative and steering to the left positive. The signal is symmetric around 0 V. 
After this offset, the signal is split into two different circuits. The upper circuit is for 
steering in the opposite direction. The signal on the lower circuit is inverted by an 
inverting amplifier with a gain of -1. This converts the signal to steering in the same 
direction. The switch closes the circuit of either the opposite or the same direction. 
The chosen circuit is connected to another inverting amplifier. This one is supplied 
with a variable resistance, which is indicated with Var. R in Figure 3.4. With this 
variable resistance, the gain of the inverting amplifier can be varied. The amplified 
signal remains symmetric, because the saturation borders of +15 and –15 V are 
symmetric around 0 V too. The amplified signal gets an offset of +5 V to meet the 
neutral position of the rear wheels. This output is also still symmetric, because of the 
borders of 0 and 10 V of the rear steering system. The loss of the signal after these 
borders is also symmetric, which results in a symmetric output. 

To proof this some examples are given. As mentioned in section 3.1, the 
output of the front LVDT is 5 V when steering maximal to the left. This voltage is 
reduced by 2.5 to 2.5 V. When the switch is in the opposite direction, this voltage 
remains the same. In the other position (steering in the same direction) the signal is 
amplified with -1 to -2.5 V. The signal of 2.5 or -2.5 V is amplified by a certain gain 
depending on the value of the variable resistance. After amplification this value lies 
between -15 and 15 V, due to saturation of the feeding voltages of the op-amp. When 
for example a gain of 8 is chosen, there will be a loss of information. Theoretically, 
the output is 20 V (opposite direction) or -20 V (same direction). Due to the saturation 
borders, this is 15 V or -15 V. In both cases this means a loss of 5 V. After the offset 
of +5 V, -15 V becomes -10 V and the 15 V remains 15 V due to the saturation. The 
input of the rear steering device must lie between 0 V and 10 V. Values outside this 
range will be saturated to these borders. Because of this, the opposite steering loses 
another 5 V. Steering in the same direction will have a loss of 10 V. This gives a total 
loss of 15 V in both cases and symmetric steering remains. 

Steering maximum to the right of the front wheels results in an output of 0 V 
from the front LVDT. After the reduction of 2.5 V, this signal is -2.5 V. This means a 
voltage of 2.5 V for steering in the same direction and -2.5 V for steering in the 
opposite direction. These values are the same as mentioned above at steering 
maximum to the left and have the same results, but the negative values are now for 
steering in the opposite direction, because of steering to the right.  

This design is simple. The range of amplification gain is not bounded. In 
combination with a potentiometer the amplification gain is variable. The output 
voltages are symmetric at all gains. Although at higher gains the maximum steering 
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angles at the rear is reached faster in comparison to the front steering angles, but the 
rear steering will always stay symmetric. A problem can be the amplification of 
irregularities of the signal.  

The basic design of Figure 3.4 was checked and extended by electronic 
experts R. v/d Bogaert and P. Hamels. They had simulated the model, before it was 
actually build and they also determined the resistances. The values of these 
resistances were chosen to get a maximum gain of 20, which corresponds to a K-
factor of 1.52. A scheme of the revised design is given in Figure 3.5. The model was 
extended with a voltage divider (1 in Figure 3.5) to get the 2.5 V offset voltage out of 
the 5 V voltage of the 19”-box. The basic design is recognizable in Figure 3.5 as 
block 2.      

The only requirement that was not met in the design was the emergency 
button. This was also added to the final design. The emergency button is shown in 
Figure 3.5 as block 3. When the button is engaged, the amplified voltage is 
connected to earth. This means the steering signals are drained to earth. None of 
these signals reaches the last offset circuit (4 in Figure 3.5). Due to this draining, the 
input voltage of this last offset circuit (4 in Figure 3.5) is 0 V. After the offset this 
results in a Vout of 5 V to the rear steering device. The 5 V returns the rear wheels to 
their neutral position and as long as the emergency button is engaged they stay in 
this position.   
  

 

Figure 3.5 Revised design. 

The final technical drawing is added to this report in the appendix at page 27. This 
drawing was used to make the controller board.  
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4 Simulating 
With the basic idea of the controller that was chosen, the controller was simulated 
together with the car to get an impression of the behaviour of the car in combination 
with the controller.  

4.1 Model 
The simulation model is based on a model of TNO, which was used to test their 
control systems. This model is based on a single track model [Besselink 2003], also 
known as a bicycle model. A schematic view of the model is shown in Figure 4.1.   

 

Figure 4.1 4WS Bicycle model 

Figure 4.1 shows a “four wheel steered bicycle model”. Forces 
1

1yF  and 
2

2yF  are the 

lateral tyre slip forces in the y-direction of the tyre axis system (e1 and e2). Due to 
steering angles these lateral forces are not always oriented in the y-direction of the 
body fixed axis system of the vehicle (e0 in Figure 4.1). These steering angles are 
important in this four wheel steered case. Therefore these angles are not neglected 

and forces 
0

1yF  and 
0

2yF  are introduced.  These are forces oriented in the y-direction 

of the body fixed axis system of the vehicle (e0 in Figure 4.1). Equation (4.1) and 
equation (4.2) are the basic equations of motion derived for this model. 

 ( ) 0 0

1 2y ym v ur F F+ = +ɺ  (4.1) 

 
0 0

1 2y yIr aF bF= −ɺ  (4.2) 

0

1yF  and 
0

2yF  are derived from the lateral tyre forces 
1

1yF  and
2

2yF , by multiplying these 

lateral forces with the cosine of the steering angle (δ) of the axle. The lateral tyre 
forces are derived with a simplified version of the Pacejka’s Magic Formula [Pacejka 
2002]. 

 ( )( )sin tan
y

F D C a B α′= ∗ ∗ ∗  (4.3) 
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In equation (4.3) D, C and B are constants and α’ is the transient slip angle. D is the 
peak factor of the tyre characteristic; this value is calculated by multiplying the static 
vertical load with the coefficient of friction (µ). The C is the shape factor, which 
determines the limit value when x approaches an infinite value. B is the stiffness 
factor of the tyre characteristic, which is calculated by dividing the cornering stiffness 
(C1,2) by the product of the factors C and D. 

Equations 1, 2 and 3 form the basis of the Matlab Simulink model. This model 
is shown in Figure 4.2. The input parameters of this model are the front steering 
angle (steer input), the longitudinal vehicle speed (u) and the rear steering angle 
(Rear angle). The blocks of the equations of motion and lateral forces (obtained with 
the Magic Formula) are clearly visible. 

 

Figure 4.2 Simulink model 

The steering angle front (δ1), steering angle rear (δ2), yaw velocity (r), longitudinal 
and lateral velocity (u and v) are the input parameters of the lateral forces blocks. 
These parameters are used to calculate the front side slip angle (α1) and the rear 
side slip angle (α2) like equation (4.4) and equation (4.5). 

 
1 1

*
arctan

v r a

u
α δ

+ 
= −  

 
 (4.4) 

 
2 2

*
arctan

v r b

u
α δ

− 
= −  

 
 (4.5) 

In these equations, a and b correspond to the length from to the centre of gravity to 
respectively the front axle and the rear axle, like shown in Figure 4.1. The side slip 
angles of equation (4.4) and equation (4.5) are used to calculate the transient side 

slip angleα ′ɺ , like equation (4.6). Because the equation is the same for both the front 
axle and rear axle the indexes are omitted. In this equation σ is the relaxation length 
of the tyre. 

 
( )/ u

α α
α

σ

′−
′ =ɺ   (4.6) 

When α ′ɺ  is integrated, the transient side slip angle (α ′ ) is obtained. α ′ is the input of 
the actual Magic Formula as is shown in equation (4.3). The output of the Magic 
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Formula block is either the lateral force for the front (
1

1yF ) or the lateral force for the 

rear (
2

2yF ). 

Forces 
1

1yF  and 
2

2yF  are used in the function blocks named ΣFy and ΣMz, as 

is shown in Figure 4.2. These function blocks contain respectively equation (4.7) and 
(4.8).  

 ( ) ( )1 2 0 0

1 1 2 2 1 2
cos cosy y y y yF F F F Fδ δ= + = +∑  (4.7) 

 ( ) ( )1 2 0 0

1 1 2 2 1 2
cos cosZ y y y yM aF bF aF bFδ δ= − = −∑  (4.8) 

The forces of equation (4.7) and equation (4.8) are, together with the longitudinal 
velocity, the inputs of the equations of motion block. The output signals are 
calculated on the basis of equation (4.1) and equation (4.2). These output signals are 

the yaw velocity (r orϕɺ ), longitudinal and lateral velocity (u and v). The vehicle 

position is also a calculated output.  

Same direction

Opposite direction
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Rear Angle

dlr

Switch

Saturation

-5 - 5 

Product

K_factor

Gain

-1

Constant

1

steer fr.

 

Figure 4.3 Model of the controller 

Besides the vehicle model there is also a simulation model of the final controller, as 
is described in section 3.3. This model is shown in Figure 4.3. The input signal of this 
model is the steering angle of the front axle. Within this model the input signal is 
multiplied with the K-factor (factor between front and rear steering angles) to get the 
raw steering angle for the rear axle. This angle is saturated under -5 and above 5 
degrees, because these are the maximum steering values of the rear. To get the rear 
wheels steering in the opposite direction of the front wheels, the saturated signal is 
multiplied by -1. A switch is used to choose the steering direction of the rear wheels. 
The resulting output is the steering angle of the rear wheels.  

4.2 Simulation results 
The model of section 4.1 was used for simulations. To get a good view of the 
behaviour of the car, a J-turn was simulated. In this test there was steered to a 
certain steering angle and this angle had to be kept constant. The simulations were 
done with a constant forward vehicle speed of 50 km/h and a steering angle of the 
front wheels of 5 °. This was simulated for seven different K-factors. The results of 
these simulations are shown in Figure 4.4. This figure depicts the x- and y-position of 
the vehicle under the mentioned conditions of the J-turn. The used coordinate system 
of these positions is fixed to the environment, with the origin at the starting point of 
the simulation. 
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Figure 4.4 J-turn with different K-factors 

The dashed line represents the J-turn of the Citroen BX without rear wheel steering 
(K=0). Looking at the figure it is clear that the car is steering much tighter with more 
negative K-factors. The rear wheels are steering in the opposite direction, which 
makes the driving radius of the vehicle smaller. This corresponds to a less 
understeered and maybe oversteered vehicle characteristic; the steering angle can 
be reduced to get the same radius as the normal two wheel steered vehicle. 

Positive K-factors on the other hand makes the car much harder to steer 
around the corner. The rear wheels steer in the same direction as the front wheels, 
which make the driving radius of the vehicle larger. This corresponds to a more 
understeered vehicle characteristic; to get the same corner radius as the normal 
vehicle, the steering angle needs to be increased. 

The lines of the K= -1.0 and K= -1.5 are the same, just like the K=0 and K=1.5 
lines. This is because of the maximum rear steering angle of 5 ° to each side. The 
front steering angle of this test is a constant 5 °, that is why the rear steering angle 
gets stuck at 5 ° at K-factors smaller than -1.0 and larger than 1.0. 

It is also noticeable, that the K=1.0 and K=1.5 lines seem to be straight lines, 
like after some meters there is no steering at all. To find out what happens, the J-turn 
is compared to a steady state cornering test. Since the steady part of a J-turn is 
basically a steady state corner. The steady state cornering model is based on 
equation (4.9), which results of the geometry of the bicycle model of Figure 4.1. 

 ( )
1

1
yal

K
R g

δ η− = +  (4.9) 
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In equation (4.9) δ1 is the steering angle at the front, l is the wheel base, R is the 
corner radius. The ay is the lateral acceleration and g is the gravitational acceleration. 
The η is the understeer coefficient, which is calculated with equation (4.10).  

 1 2

1 2

Z Z
F F

C C
η
  = −   

 (4.10) 

In this equation FZ1 and FZ2 are the load forces of respectively the front and rear axle. 
C1 and C2 are the cornering stiffness of respectively the front and rear axle. The 
figure based on equation (4.9) and equation (4.10) is depicted in Figure 4.5. 

 

Figure 4.5 Steady state cornering 

The dotted line in this figure is the vehicle characteristic, which is a constant 
understeered characteristic because the η is constant positive. This characteristic is 
a straight line under an angle of tan(η) with the y axis. The dash dotted line 
represents the constant vehicle speed of 50 km/h. The difference between the dotted 
and dash dotted line is the overall steering angle, which is the steering angle at the 
front minus the steering angle at the rear, which equals the δ1(1-K) of equation (4.9). 
At K=0 the overall steering angle is 5 °, because only the front wheels steer. Figure 
4.5 shows that the overall steering angle varies with the K-factor. With more negative 
K-factor the overall steering angle becomes larger, which results in a larger lateral 
acceleration and a smaller corner radius as shown before in Figure 4.4.  

It is noticeable that there is no steering at all with K-factor equal or larger than 
1.0. The rear steering angle is limited at 5 °, which is reached with K-factor equal or 
larger than 1.0. Together with the constant front steering angle of 5 ° of this 
simulation, the overall steering angle equals 0. That is the reason why there is no 
steering. This equals the result of the straight line of the K=1.0 and K=1.5 of Figure 
4.4 after a couple of meters. The model of Figure 4.5 is a steady state test, where the 
car is already steered to 5 °. In Figure 4.4, the unsteady transient response in the first 
couple of meters causes the small steering angle where the vehicle is changed from 

tan(η) 

Constant 50 km/h 
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a forward motion into a cornering motion. After a couple of meters the vehicle 
becomes stable and steady, which results in the straight line where there is no 
steering at all. 

However from Figure 4.4 and Figure 4.5 it is still unclear if the car is 
becoming oversteered or remains understeered. To find that out another simulation 
was done, based on equation (4.9). The simulation was done with a constant corner 
radius of 100 m and a variable longitudinal vehicle speed. The front steering angle 
was matched to the constant corner radius. Equation (4.9) was rewritten to get the 
front steering angle depending on the longitudinal vehicle speed (u). This resulted in 
equation (4.11). 

 
( ) ( )

2

1

1 1

l u

R K Rg K
δ η= +

− −
  (4.11)

 

Figure 4.6 Steady state cornering for different lateral vehicle speeds 

The simulation results of equation (4.11) are shown in Figure 4.6. Like the other 
simulations there is no steering at K=1 and larger K-factors. In general with the 
increasing speed, the front steering angle also needs to be increased to match the 
constant corner radius of 100 m. This indicates the car is understeered. It is clear to 
see that the car becomes less understeered with smaller K-factor. However the car 
never becomes oversteered, because in that situation the steering angle should be 
decreasing with increasing speed.  

It is possible to get the car oversteered by using a speed depended controller. 
However this will make the controller more complicated and it probably needs an 
external control system, which does not cope with the aim of this project. 
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5 Testing 
As mentioned in section 3.3, the final controller design was made. The result is 
presented in Figure 5.1. The complete electronic circuit is added to a printed circuit 
board (PCB). This PCB has the exact measures to fit in one of the slots of the 19”-
box. The supply voltages are taken from the 19”-box, which has supply voltages of 
5 V, -15 V and 15 V.  

The connections of the LVDT signal, emergency button and output of the rear 
steering device are all positioned at the back of the 19”-box. Although the signals of 
the front LVDT are filtered in the same 19”-box before they reach the control board, 
this connection is made external. The same goes for the output of the control board. 
This signal is conditioned in the box again to a signal that positions the rear wheels. 
These connections were made externally, to simplify the use of the controller. By 
removing the connections between the controller board and the signals from and to 
the box, the controller is out of use. Another controller can be connected without any 
disturbance from the control board. The drawback is that the emergency button does 
not work anymore, when the control board is disconnected. A switch to control the 
steering in the opposite or the same direction and a potentiometer to adjust the 
amplification factor are placed at the front of the control board. 

 

Figure 5.1 Control board 

Before the control board was mounted into the 19”-box, it was tested intensively. The 
control board and input voltages have been supplied by external voltage supplies. 
During these tests no problems emerged and the controller operated perfectly.  

Thereupon the control board was mounted into the 19”-box and was tested in 
the vehicle. Although all devices worked properly separately, the connection of them 
caused a problem. The rear wheels could only steer to the right and a very small 
angle to the left could be made. Measurements pointed out that the power supply to 
the rear steering device was not large enough to steer the rear wheels to the left 
direction. Normally op-amps had to deliver enough power to steer a control valve. 
According to the specification sheets of the used control valve, the used op-amps 
had to deliver enough power. The problem turned out to be most likely caused by the 
positioning device of the rear wheels. Further research of this problem was difficult, 
because there were no specifications available of this device.  

However, the solution was to use a power op-amp. These op-amps deliver 
more power than normal ones. With the new op-amp the problem was solved; the 
rear wheels steered fully to the left as well. Although this problem was solved another 
one occurred: at amplification factors larger than 10, the rear wheels started to 
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oscillate. At lower factors the wheels only oscillate at large angles to the left. At very 
small amplification factors (<1.5) the oscillation does not occur when there is a fast 
steering input. This oscillation problem was probably caused by the wheel positioning 
device as well. The oscillation did not continuously appear at the same angle or at 
the same amplification factor, so it was very intangible. Despite all attempts to solve 
the problem, the oscillation did not disappear. The lack of specifications of the 
positioning did not help either. 

A compromise was made with an amplification factor of 1.5 (K-factor 0.23) 
and a fast 90 degree steering wheel movement. At various tests no oscillation 
appeared at these settings.  

5.1 Vehicle testing 
The vehicle with the controller had to be tested in reality to find out the influences of 
the rear wheels on the vehicle behaviour. Like mentioned in the previous section this 
was done with the compromised settings. Because the behaviour of the car was 
unpredictable, these tests had to be done on a proving ground. The available proving 
ground, which was found, was a skid course, which consisted of a long straight of 
tarmac and underground with a low friction coefficient half way. The drawback of this 
proving ground was that there was no room to do a J-turn test as simulated before. 
The result was that a handling diagram could not be made. But to test the behaviour 
of the vehicle a severe lane change test was done. 

 

Figure 5.2 Severe lane change [Besselink 2003] 

The purpose of a severe lane change is to test the behaviour of the vehicle by driving 
the vehicle at the path between the cones like presented in Figure 5.2. The speed of 
the vehicle has to be increased until the vehicle cannot be driven according to the 
prescribed path. 

The behaviour of the vehicle was recorded by a couple of sensors and a data 
logging system. The sensors which already were in the vehicle: front LVDT, rear 
LVDT and velocity sensor, were extended with an accelerometer and gyroscope. The 
used data logging system was based on a TUeDACS AQI system. These AQI 
systems have two analogue input connections and two analogue output connections. 
This AQI system was connected to a Matlab model, in which the data was recorded 
on the hard disk of the laptop. The used Matlab model is added to this report in the 
appendix, at page 28.  

This data logging system consisted of 2 AQI systems and a laptop. The use 
of more AQI systems was impossible, because only two systems could be connected 
to one laptop. The battery of the car could not supply enough power to run another 
laptop and AQI system either. The result was that only 4 analogue connections were 
possible for 5 sensors.  

Another feature of the TUeDACS is the possibility to control a system. In this 
case the output of the AQI system was also used to control the rear wheels. Because 
of that, the Simulink model was extended with a controller similar to the one used in 
the simulations of chapter 4, see Figure 4.3. However, the continuous blocks were 
replaced by their discontinuous correspondents, see Appendix B. 
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5.2 Test results 
During the first couple of installation tests the vehicle and controller worked fine. 
When the real testing began disaster stroke; the rear wheels would not steer without 
oscillations anymore. Despite trying to fix it, the oscillations did not disappear. Only 
the emergency button worked as planned. The controller with the TUeDACS system 
did not work as it should either. Like the analogue controller without the power op-
amp, the rear wheels only steered to the right. This could be solved by upgrading the 
power of the output by adding a power op-amp. However this can also lead to similar 
oscillation problems as with the analogue controller. Therefore, further testing was 
done with the 2 wheel steered vehicle to get some experience with testing the vehicle 
in general. The data of this test was used to validate the Simulink model of chapter 4. 

Because the rear wheels did not steer, the 4 connections of the AQI-system 
were used for the front wheels steering angle, lateral acceleration, vehicle speed and 
yaw velocity.  Figure 5.3 shows the test results of the steering angle and the vehicle 
speed at a lane change test. The characteristics of the severe lane change are 
clearly recognisable. At the end of the first couple of cones (1), the vehicle makes a 
left-right lane change (2). When driving into section 3, the vehicle is still steered to 
the right. After a short straight driving, the vehicle is steered to the right again before 
the end of the section. This goes on into a right-left lane change (4), that ends in 
section 5.  

 

Figure 5.3 Test results 

The two resulting signals were used as inputs in the Simulink model of section 4.1. 
The results of these simulations were compared to the measurements and are 
presented in Figure 5.4. This figure shows a small difference between the simulated 
and real yaw velocity, the maximum difference is about 20%. A comment about this 
value has to be made. Due to the problems with steering the rear wheels, the 
settings of the front LVDT were adjusted. The adjustments of the LVDT were 
changed a couple of times. The settings that were used to convert the output 
voltages to the real values did not match the ones of the actual test, because they 
were determined before the test. The actual value would have lied higher and would 
have lowered the difference between the real and simulated test. The figure of the 

1 3 4 52

1 3 4 52
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measurement is also shifted vertically, to remove the non zero value at t=0. 
Nevertheless the characteristics of the real and simulated test matched well. The real 
test only has higher peaks.  
The simulated lateral acceleration on the other hand did not match at all with the 
measurements. The accelerometer produced a noisy signal, which is clearly visible in 
Figure 5.4. Within this noise there were no visible matches with the simulated signal. 
The accelerometer however did produce a clearer signal before it was mounted into 
the car. The conclusion can be made that the accelerometer did not work properly at 
the moment of the test.  

 

Figure 5.4 Comparison between simulation and measurement 
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6  Conclusions and Recommendations 

This internal traineeship leaded to a couple of conclusions and recommendations. 
The aim of this research was to design a simple analogue controller that steers the 
rear wheels based on the signal of the front wheels. This controller should contain an 
option to make the car more under- or oversteered. The controller must operate 
without any external control systems, like TUeDACS or D-space.  

The simulations showed that the vehicle became less understeered when the 
rear wheels were steered in the opposite direction of the front wheels. When on the 
other hand the rear wheels were steered in the same direction as the front wheels, 
the car became more understeered. However, the car would never become 
oversteered with this analogue feed forward proportional controller. To get the car 
oversteered a speed depended controller is needed. 

The designed and built controller to steer the rear wheels theoretically met all 
requirements. In real life it worked properly on its own, but did not work well when it 
was built into the vehicle. The controller and rear steering device did not cooperate 
well, which resulted in oscillations of the rear wheels at certain steering angles and 
K-factors. The biggest problems of these oscillations were the impalpable conditions 
of the oscillations; they did not consistently appear at the same conditions. 

The oscillation problems were impossible to solve within the period of the 
internal traineeship. Due to the unavailable specifications of the rear steering device 
and in particular the positioning control system, the problems were hard to solve. 

A recommendation based on the problems is to chart the whole rear 
positioning control device in a future project. This has to be the key to solve the 
problems. Although the hardware of the device exists, it is still a lot of work to map 
the whole device.  
 Considering the educational value of the project with this vehicle, it can be 
more interesting to build a complete new positioning control system.  At the university 
a lot of knowledge about positioning control systems is available. A future project to 
design and build a new system will lie within the field of activity of the Dynamics and 
Control group.  

Despite all problems, the test results showed that the simulation model came 
pretty close to reality, when the measured speed and steering angle were used as 
inputs. However the accelerometer needs to be checked for future tests, because at 
the test it only delivered a noisy signal. 

This first project with the BX did have a lot of problems. Nevertheless there is 
a lot of potential for future projects. Rear wheel steering is becoming more popular, 
that is why a lot of vehicle dynamical knowledge can be gained with this vehicle. The 
projects with this vehicle are not only interesting for vehicle dynamics students, but 
also for other dynamics and control students.  
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List of symbols 
4ws   Four wheel steering 
α   Side slip angle 
α’   Transient side slip angle 
a   Distance between front axle and centre of gravity 
ay    Lateral acceleration 

b   Distance between rear axle and centre of gravity 
B   Stiffness factor of the Pacejka tyre characteristic 
C   Factor for the limit value of the Pacejka tyre characteristic 
C1    Cornering stiffness front axle 
C2    Cornering stiffness rear axle 
δ1   Steering angle front axle 
δ2   Steering angle rear axle 
D   Peak factor of the Pacejka tyre characteristic 
ex   Axle frame x 
Fy   Lateral force 
FZ   Axle load 
K   Factor between front and rear steering angles 
Ky    Cornering stiffness 
l   Wheel base 
LVDT   Linear Variable Differential Transformer 
m   Vehicle mass 
µ   Friction coefficient between tyre and road 
η   Understeer coefficient 
σ    Relaxation length 
PCB   Printed circuit board 
r   Yaw velocity 
R   Corner radius 
R   Resistance 
u   Longitudinal velocity 
Vin   Input voltage 
Vout   Output voltage 
v   Lateral velocity 
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Appendix A: Technical drawing 
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Terminator14

Terminator13

Terminator12

Terminator11

Terminator10

Terminator1

Terminator

adc 1

adc 2

enc 1

enc 2

ref 1

ref 2

bit 0

bit 1

bit 2

bit 3

TUeDACS/1 QAD/AQI
Inports block

dac 1

dac 2

bit 4

bit 5

bit 6

bit 7

pwm 1

pwm 2

TUeDACS/1 QAD/AQI
Outports block

adc 1

adc 2

enc 1

enc 2

ref 1

ref 2

bit 0

bit 1

bit 2

bit 3

TUeDACS/1 QAD/AQI
Inports block

Scope2

Saturation

Repeating

Sequence

Manual Switch

-1
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Discrete

Transfer Fcn

1

Constant9

0

Constant8

1

Constant7

0

Constant6

5

Constant2

0.5

Constant11

0.5

Constant10

2.5

Constant1

The big grey blocks correspond to the 
real TUeDACS systems. The input 
blocks have connections on the right 
side, these correspond to the input 
connections of the real system. The 
output block has connections at the 
left side, which correspond to the 
output connection of the real system. 
In this project 4 analogue input 
connections were used; adc 1 and 2 
of both input blocks. Also 1 analogue 
output block was used; dac 1, that is 
why only one output block is shown in 
the model. The input blocks are 
connected to the “to file” block to write 
the signals to a mat file. Adc 1of the 
left input block, in this case the front 
steering signal, is also connected to 
the model of the controller which 
corresponds to the model of Figure 
4.3. The main difference between 
these controller models is that the 
continuous blocks of Figure 4.3 are 
replaced by their discontinuous 
equals. The output of this controller is 
connected to dac 1, in this case the 
rear steering signal. After emulation of 
this model, changes of the 
parameters can be made real time, so 
the switch can be used and the K-
factor can be changed. 
 


