
 

Vibrations of cam mechanisms

Citation for published version (APA):
Koster, M. P. (1974). Vibrations of cam mechanisms: consequences of their design. Technische Hogeschool
Eindhoven.

Document status and date:
Published: 01/01/1974

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/5165c8e1-9d92-4654-a529-31f027ecaf2f




Philips Technica! Library 

VIBRATIONS OF 
CAM MECHANISMS 

Consequences of their design 

M. P. KOSTER 

MACMILLAN 

29 AUGBO 2 ~ 261 

T.H. EINDHOVEN 



English edition ©N. V. Philips' Gloeilampenfabrieken, Eindhoven, 1974 

All rights reserved. No part of this publication may be reproduced or transmitted 
in any form, or by any means, without permission. 

SBN 333 17732 0 

First published 1974 by 
THE MACMILLAN PRESS LTO 

London and Basingstoke 
Associated companies in New York Melbourne 

Dublin Johannesburg and Madras 

PHILIPS 

Trademarks of N. V. Philips· Glocilampcnfahrickcn 

Printed in Great Britain by 
Thomson Litho Ltd" East Kilbride 



PREF ACE 

The book is intended both for those who are interested in the theoretical 
backgrounds of machine dynamics and for the engineering designer. 

The book, initiated by the author's design work relating to production 
machines, contains a theoretical analysis and rules of design which are 
applicable in the field of the design of high-accuracy, fast-running machines, 
without recourse to computer-aided programs. 

These rules are formulated in order to design machines which fulfil require
ments concerning positional accuracy and dynamic load ; they can be used by 
the designer without specialised knowledge of the theory of dynamics. 

The dynamic behaviour of machines can be predicted if the mechanism is 
represented by a mathematica! model. In this book, cam mechanisms and their 
driving components, i.e. the camshaft, the reduction gear, and the driving 
asynchronous motor are investigated, but the methods and results are of wider 
applicability. 

îransient vibrations characterise the dynamic behaviour of cam mechanisms. 
In present-day machines the main cause offollower vibration is often inadequate 
shaft rigidity. Several mathematica! models have been developed and tested. 
Detailed analysis of machine vibrations can be obtained by means of a digital 
simulation program based on a model with four degrees of freedom. Follower 
and shaft vibrations and the effects of nonlinear phenomena, i.e. backlash, 
squeeze. and impact are simulated. Based on a model with one degree of freedom 
rul es of design concerning the cam follower linkage and the driving components 
are drawn up. A number of exai:nples are given. 

Eindhoven. 
May 1974 

M. P. Koster 
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SYMBOLS 

Indices of symbols occurring frequently are listed separately at the end of 

this nomenclature. Numbers between parentheses refer to equations in which 
the symbols have been used or defined. 

~me 

'.X, 

y 

,1". 

Il 

Il " . 
1)k 

Ö11m 

e 

1/q 

1/ 
8 

}. 

/1 
v 
t 
" 
!! 
!}p11ch 

aP 
as 
T 

angle of pressure exerted by the cam (2.52) 

(= arctan (hm/R" 2 {J")) mean angle of pressure 
exerted by the cam ( 4. 13) 

angle of pressure exerted by gear teeth (6.71) 
angular position of the cam 

angle of the cam curve 

density 
difTerence: (1) increment (4.28); 

(2) deviation 
slip of the asynchronous motor ( 8.1) 
increment (4.23) 

critical slip (A .5.3) 

maximum allowable slip (8 . 1) 
contact ratio (6.3) 

efficiency of reduction gear (A.5.34) 
dynamic viscosity of lubricant (A.4.2) 

(1) (= .1T/2) half the time step LIT(4.24), (5.21); 

(2) instant of occurrence of maximum nominal 

acceleration of the modified sine cam curve 
(A.2.17) 
cigenvalue (2 .50) 

angle of friction ( 6. 71) 

coefficient of friction (6 . 13) 
constant (4.22) 

radius of curvature of the cam (6.31) 
radius of curvature of the pitch curve (6.30) 
pressure in fluid (A.4. 1) 

shear stress in fluid (A.4.2) 

Te/lm (3.3) 

Tci/lm {A.5.23) 
Tm/lm {A.5.24) 
volume flow (A.4.4) 

( = <p/ f3m) dimensionless angular position of the 
driving machine 

angular position of the driving machine, reduced 
at camshaft 

(rad) 

(rad) 

(rad) 

(rad) 

(rad) 

(kg/m3
) 

(rad) 

(m) 

(m) 

(N/m 2
) 

(N/m 2
) 

(rad) 



(JJ 

Llw 

CV mains 

A 
AA 

b 

cc 
ë 
c 

D 
DD 
d 

E 
E 
F 
Fa 

angular position of the driving· machine 
angular position of the shaft at the side facing the 
reduction gear 
output angle 
angle of rotation (2.1. b) 
( = Wr1c tmf f3m) dimensionless fictitious angular 
cam velocity 
( = rp) angular velocity of driving machine, 
reduced at camshaft (A.5.9) 
= w - w, (A.5.6) 
natura! (radial) frequency 
highest natura! frequency (5.46) 
lowest natura! frequency (5.46) 
highest natura! frequency in uncoupled situation 
(5.45) 
lowest natura! frequency in uncoupled situation 
( = <Pm) angular velocity of motor shaft 
mains (radial) frequency (A.5.3) 
fictitious angular cam velocity (1.3) 
constant angular velocity of camshaft (A.5.9) 
cross-sectional area 
= (rp,- rp)-312 (6.7) 

coefficient (2.28), (2.29) 
component of displacement vector (4.36) 
(= /3!/3m) dimensionless position of cam 
= ( rp + s, - rp,)- 312 (6.8) 
(1) increment of B (5.34); 
(2) ( = ( rp, - /3)//3m) dimensionless shaft wind-up 
length of cylindrical surfaces subject to squeeze 
(A.4.11) 
= (h,'- '1/)- 312 (6.39) 
stiffness matrix (2.48) 
stiffness 
constant stiffness (4.3) 
tangential stiffness (4.4) 
d/dt, differential operator 
= (he' + s,' - h,')- 312 (6.40) 
coefficient of damping 
Y oung's modulus 
unit matrix (2.49) 
force 
shaft-rigidity factor (4.14) 

(rad) 

(rad) 
(rad) 
(rad) 

(rad/s) 
(rad/s) 
(rad/s) 
(rad/s) 
(rad/s) 

(rad/s) 
(rad/s) 
(rad/s) 
(rad/s) 
(rad/s) 
(rad/s) 
(m2) 

(rad- 312) 

(rad) 

(m) 
(m-3'2) 

(N/m) 
(N/m) 
(N/m) 
(N/m) 
(S-1) 
(m- 3/2) 

(N) 



Fb impact force (N) 

F., external force (N) 

Fv ftywheel factor (5.14) 

Fo follower-spring preload (N) 

f displacement of foundation (m) 
G (1) modulus of shear; (N/m2) 

(2) linearised statie characteristic (A.5.1) (Nm s/rad) 
Go slope of tangent to statie characteristic at zero 

torque (A.5.4.a) (Nm s/rad) 
H ( = h' / hm') dimensionless cam-curve displacement 
h cam-curve displacement (A.3.2) (m) 
h input displacement vector (2.48) (m) 

he displacement of the centre of a backlash-free fol-
lower roller (2.52) (m) 

hm stroke at cam (m) 
h, position of the centre of the roller (m) 
l moment of inertia of a cross-section (m4) 

lp polar moment of inertia of a cross-section (m4) 

transmission ratio 
i, transmission ratio of reduction gear (A.5.6) 

Îx transmission ratio of the follower linkage 
J polar mass moment of inertia of the cam (kg m2) 

Jm polar mass moment of inertia of the driving 
machine (A.5.7) (kg m2) 

J( stilfness matrix (2.48) (N/m) 
/.; ( = G lr/11) torsional stiffness (Nm/ rad) 
/ length of bar, beam, or shaft (m) 
M torque in camshaft (A.2.5) (Nm) 
M mass matrix (2.48) (kg) 
M, electromagnetic torque of driving machine (A.5.1) (Nm) 

Mk critica) torque of the eleçtric motor (A.5.4.a) (Nm) 

Mm external torque on the driving machine (A.5.7) (Nm) 
m mass (kg) 
m, modulus of output gear wheel (6.15) (m) 

m1an mass in tangential direction (5.51) (kg) 
N power (8.3) (W) 
n integer 
p ( = Meno! M ma.> ratio of overdimensioning (A.5.15) 

Po ( = M/(fJm cp' Rb' 2
)) dimensionless torque 

p number of pairs of poles (A.5.4.a) 
Q force in a nodal point (2.28), (2.29) (N) 
Q* generalised force (2.27) (N) 



q 
R({J) 

RB 

relative damping (1.2) 
instantaneous pitch radius of cam curve (2.53) 
( = R'({J)/hm') dimensionless instantaneous pitch 
radius 
effective radius of curvature (A.4.8) 
base pitch radius (4.1) 
(= Rb + ihm), mean pitch radius (4.1) 
radius of roller (6.31) 

re ( = vb tmfhm') dimensionless impact velocity (3.16) 
S, (= s,'/hm' ) dimensionless backlash of the roller 

in the cam groove 

s 

V,n 

u 

Uo 

Üo 

v 
v 

( = s,/fJm) dimensionless backlash in reduction 
instantaneous minimum film thickness (A.4.10) 
backlash (3.16) 
instantaneous film thickness (A.4.3) 
initia! position of shaft (6.61) 
initia! position of roller (6.56.b) 
(1) (= t/tm) dimensionless time (A.2.1); 
(2) kinetic energy (2.7) 
period of natura! vibration (3.3) 
electrical time constant (A.5.3) 
mechanica! time constant (A.5.11) 
time 
time of a shaft cycle 
dweil time 
cam rise time (3.2) 
( = u,nf hm') dimensionless impact amplitude 
(3.11) 
(= ü,ntm2/hm') dimensionless amplitude of the 
acceleration at impact (3.12) 
(= U0 /hm') dimensionless positional error (3.5) 
(= ü0 lm 2/hm') dimensionless amplitude of the 
residual acceleration (3.6) 
(= x- hm') instantaneous positional error (3.4) 
impact amplitude (3.11) 
amplitude of the accelcration at impact (3.12) 
amplitude of the positional error (:1.5) 
amplitude of the residual acceleration (3.6) 
potential energy (2.5) 
velocity in fluid film parallel to squeezing surfaces 
(A.4.3) 

gear 

(m) 

(m) 

(m) 

(m) 

(m) 

(m) 

(m) 

(m) 
(rad) 
(m) 

(Nm) 

(s) 
(s) 

(s) 

(s) 

(s) 

(s) 
(s) 

(m) 
(m) 

(m/s2
) 

{m) 

(m/s2
) 

(Nm) 

(m/s) 



VT 

w 

x 

x 

x 
z, 

Indices 

impact speed (3.13) 
squeeze term related to squeeze between the 
roller and the groove wal! (6.38) 
squeeze term related to squeeze in the reduction 
gear (6.6) 
squeeze velocity (A.4.5) 
( = xf hm) dimensionless position of the output 
member 
position of output member (1.2) 
dynamic displacement function 
elastic displacement function (2.2) 
displacement function with dynamic coupling 
neglected 
displacement vector (2.48) 
number of teeth of the output gear wheel (6.15) 

fJ refers to rotation of the cam 
a refers to magnitudes reduced at the camshaft 
e refers to: ( 1) el as tic displacement; 

(2) electromagnetic torque (A.5.1) 
eq refers to equivalent 
f refers to foundation 
I refers to longitudinal motion (2.1.a) 
max refers to maximum 
me refers to mean 
min refers to minimum 
n refers to rated (8.3) 
r refers to roller 
n refers to rigid 
s refers to follower spring (6.45) 

refers to gear-wheel teeth 
tr refers to transverse motion (2.1.c) 
w refers to friction (6.13) 
x refers to displacement of the follower output member 
y refers to tangential defiection 

(m/s) 

(Ns m 312) 

(m/s) 

(m) 
(m) 
(m) 

(m) 
(m) 

z refers to defiection in the direction of motion of the follower roller 
0 refers to initia) condition 

refers to reduced magnitude 
refers to amplitude 
refers to d/dt (s- 1

) or d/dT, for example h = d'h/dt; H = dH/dT 
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1. INTRODUCTION 

1.1. Mechaiiisms 

Mechanisms are devices which convert an input motion into an output 
motion, the Jatter being a desired function of the former. 

There are many ways to generate input motions, e.g. by means of pneumatic 
or hydraulic actuators, which give reciprocating linear motions, or by means 
of shafts driven hydraulically, by a stepping motor, or by a continuously 
rotating motor, which lead to reciprocating, intermittent, or continuous rota
tional motion. 

The output motion is often periodically reciprocating along a straight or 
curved trace. In that case the mechanism to transfer the motion can be of a 
very simple nature, for example a simpte slide in the case of a reciprocating 
input motion generated by an actuator. Another example is the screw spindle 
with nut, carried by a slide to convert a rotational motion into a straight-line 
output motion. As far as rotating input motions are concerned, there are mainly 
two kinds of mechanisms for generating reciprocating motions: 
(l) linkages of the spatial and plane type (fig. 1.1) ; the rotating input motion 

is at A, the output motion may be at B; 
(2) cam mechanisms (fig. 1.2); if the instantaneous centre of curvature A is 

considered to be analogous to A iri fig. l. l, these mechanisms can be re
garded as linkages containing variable lengths. 

Output 

Fig. 1.1. Plane linkage . 

.;# h(I) 
'./ 
\ 
Output 

I 
xro 

Fig. 1.2. Cam mechanism. 
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Either kind of mechanism is mostly driven by a continuously rotating shaft. 1 n 
that case the output motion can be expressed as a function of time, x(t) (figs l . l 
and 1.2). 

Si nee in linkages the transfer function is created by links of fixed length, this 
function cannot be chosen as freely as in cam mechanisms, although approxi
mate dwells of restricted duration are possible 1 

). Sometimes dweil periods are 
constituted by the breaking of contact somewhere in the kinematic chain, e.g. 
on hitting of a dead stop. 

Because of the impact phenomenon taking place on the occurrence of dead 
stops, the dynamic behaviour of the system wil! be poor. This can be improved 
by the application of cams to which contact by the follower is maintained during 
dweil. 

Already widely applied, although of wooden construction, in the Dutch 
industrial windmills of the seventeenth century 2 

), cams are sti 11 popular at 
present: in the valve gear of internal-combustion engines, in automatic machine 
tools, in peripheral computer devices, and in automatic production machines. 
In the Jatter, cam curves are used both for reciprocating motions and for index
ing mechanisms. 

The present investigation will be concerned with the dynamic behaviour of 
cam mechanisms. However, the insights gained will be useful, too, where driving 
takes place by means of the other input-motion-generating devices mentioned 
above. 

1.2. Why the interest in the dynamics of cam mechanisms 

Moving machine elements are subject to accelerations. These accelerations 
consist of a nomina( and of a vibrating component. The nomina( acceleration 
is that which would arise in a follower if moving in conformity with the cam 
curve h = h(t) (fig. 1.2), which rotates at constant angular velocity. But the 
cam mechanism, loaded by inertial farces, is prone also to deflection, consisting 
of a component directly proportional to the nomina] acceleration, and a com
ponent of the vibratory type, which remains after cam rise is completed. 
Dynamic loads induce wear and may perhaps cause damage, but there will 
certainly be some deviation between dynamic and statie output motion. 

If a machine is running relatively slowly, the inertial load is low and will 
cause no appreciable deflection. The output motion will largely accord with the 
kinematically determined (statie) transfer function. At higher speeds, however, 
inertial load will increase and, as shown in this investigation (sec. 3.3), the 
positional error of the vibratory type will increase as the third power of the 
speed. 

Production machines are efficient if they are able to operate at high rates 
with a small percentage of rejects. Therefore all processes and motions which 
constitute the production process must take place with a high degree of pre-
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cision. As far as motions are concerned-, the designer faces the challenge to 
build mechanisms satisfying the requirements of positional accuracy at operat
ing speed and low rates of wear. "Just like the tolerance of a dimension in a 
machine part drawing, the desired positional accuracy of a mechanisro at a 
particular speed has to be established, depending on the functional require
ments" 3). 

The aim of a consideration of the dynamics of a mechanism is to design 
mechanisms which will meet requirements concerning positional accuracy and 
which are not subject to dynamic overload. The designing of mechanisms from 
this point of view will be very useful, since in the author's experience many 
machines suffer from unfavourable dynamic behaviour as far as dynamic load 
and especially positional error are concerned. 

1.3. State of the art 

A bout 1925 cam curves were considered only from a kinema tic point of 
view; little attention was paid to dynamic aspects, and if at all, it remained 
restricted to considerations of maximum nomina! acceleration, aimed to keep 
dynamic loading low. Since only nomina! accelerations were considered and 
the vibratory type of acceleration was not taken into account, the parabolic or 
constant-acceleration curve, having as low as possible a maximum nomina! 
acceleration, was favourite. At increasing machine speeds, however, the dynamic 
properties proved to be rather poor. On regarding the actual follower response, 
one will discover that cam curves such as the parabolic, generating sudden 
accelerational changes, are inf erior. The maximum acceleration of the follower 
output member wilt be twice the nomina! acceleration within the accelerating 
part of the cam rise time; after the decelera~ng part of the cam rise time the 
maximum deceleration, apart from damping, will be between zero and four 
times the nomina! value of the deceleration, depending on the occurrence of 
interference between the period of natura! vibration of the follower linkage 
and the cam rise time 3

). 

The rate of change of nomina! acceleration is often called "jerk". Because 
this term is associated with other phenomena, the designation "rate of change 
of nomina! acceleration" wilt be used instead; it will be represented by the 
symbol 'iz: 

Follower response to the parabolic and the simple harmonie curve, the latter 
ha ving an infinite ïi, too, bas been analysed by Hrones ( 1948) 4

) and tested by 
Mitchell 5). Positional error and au:elerational amplitudes proved to be large, 
due to infinite ii: The use of cam curves which restricted ii'to finite values was 
a great improvement. 

To determine the response of a follower to·a cam-curve command, two kinds 
of considerations find application, based on: (1) a steady-state vibration, and 
(2) a transient type of vibration. 
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h Dweil Return Dweil .......,----------.--
1 Oispiocemenl 

;; 

Shofl cycle Ic 

Fig. 1.3. Pattern of nomina! motions. 

In order to decide which of these two considerations is the more appropriate, 
a Fourier analysis of the input motion, extending along a complete shaft cycle 
(fig. 1.3)', should be made: 

n 

h(t) = L (a1 cos iwst + b1 sin iwst), 
1=0 

(1.1) 

in which w, is the angular velocityof the shaft. If (1.1) is the right-hand member 
of the equation of motion of the follower linkage, 

mi+ 2q (mc) 112 i + c x = c h(t), 

the genera\ solution wil! be 

n 

+ L [A, cos iwst + B, sin iwst], 
l=O 

in which 

b1 (1 - w,*2) + 2q a, w,* 
B, = ----- - - - --

(! - w,*2)2 + (2 q w,*)2 

The solution (1.2) consists of a transient part, 

(1.2) 

IW 5 

W·* = 
' 

exp( - q Wet) { C1 sin [We t(l -q2) 112] + C2 cos [We t(l -q2
) 112

]}, 

and a steady-state part 

n 

L [A, cos iw,t + B, sin iw,t]. 
l=O 

Let us consider the steady-state part first. Because the output motion must 
largely conform to the nomina! input motion, a relatively large number of 
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periods of natura! vibration (Te) have to occur within the cam rise time (tm), 
as will be shown ir'I sec. 3.3. Given r = T8 /tm, this ratio should not exceed 
0·2. Even in high-speed mechanisms, viz. automotive valve gear 6 ), such a 
value of r is not exceeded. Si nee a cam rise time (t m) is only a part of the 
shaft cycle (t" fig. 1.3), there will be several periods of natura! vibration within 
a shaft cycle ((l),/We « 1 ). For low va lues of i, it can be stated that W; * ( = iw,/we) 
is small in relation to 1. For example, if t"' = t Ic and r = 0·2, i = 20 will 
give w 20 • = 1. But the harmonie components of the input motion (1.1), a20 

and b20 , have such small values that they can be neglected. 
Furthermore a relatively small amount of damping is present. The terms 

2 q1 b, w,• and 2 q, a1 w,• play only a negligible role. 
For the reasons mentioned above it will be obvious that the most important 

harmonie components of the output motion, A 1 and B, (where i represents 
small numbers), are close to the corresponding harmonie components of the 
input motion, a, and b,. In other words, there will be no tendency to steady
state vibration. 

Many investigators have treated harmonie analysis, for example Rothbart 7 
• 
8
), 

Schirmeister 9 ), and Nowak 10). Harmonie analysis of torsional vibration of 
the camshaft has been suggested by Dizioglu 11

) and Janssen 12
). None of the 

above workers, however, has taken into account the transient part of the 
solution (1.2), which will be discussed now. 

The transient response consists of free vibrations (we) whi~h decay because 
some damping is always present, as shown in fig. 1.4. The duration of dweil 
periods (fig. 1.4) is of the same order of magnitude as that of the cam rise 
time, hence a considerable number of periods of natural vibration occur also 
within the dweil. Together with the amount of damping (q) which is present, 
the residual vibration wil! have been damped out within the dweil time, so 
that every new cam follower motion starts from rest. In contrast to what has 
been stated by Mercer and Holowenko 13

), who did not take damping into 
account, there will be no interference from vibrations of preceding cam motions. 
In other words, the cam follower vibrations are characterised by transient 

x 

î 

•·• 
•• 

Nominll amleration 
/. -./ Aclllll 1tcti.11ion 

' ' ' ' ' ' 

Te 

Ü1n 

Tf•~t•Jft 
ldilm"l·I 

q=•·• 
0 

In =til 

11t1··~~-~~~----1--~-......... ~--~~--~ 
" tll Hl " .. "' Hl 1-41 fA r• 1·11 1• 

1 
Cam rile tilM lm . ,!. llwlll time'-"1.__ ____ _ 

Fig. 1.4. Damping during dweil. 
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vibrations starting from rest, for which reason the present investigation includes 
a study of the transient type of vibrations. This aspect is illustrated with a 
numerical example in sec. 3.4. 

lt was suggested already by Barkan 14
) that transient phenomena charac

terised the system. Measurements, by the author, of a number of machines 
accord with that suggestion. Calculations of transient responses have been car
ried out by Van der Hoek and D. C. Reddering-Lammens, wno compared the 
positional errors of a great many base cam curves 3

), and by Mercer and Holo
wenko 13), Neklutin 15

), Hebeler 16
), Allais 17

), and Baranyi 18
). 

Both steady-state and transient-response considerations are mentioned by 
Rothbart (ref. 7, p. 236), who suggested the application of'the former if dwell 
periods were short in relation to cam rise times. This suggestion, however, 
should be rejected as incorrect. As stated before, steady-state vibration will not 
occur, since in practice the angular velocity (11JJ of the shaft is low in relation 
to the natura! frequency of the follower ((1),.). lf dwell periods are short, the 
phenomenon of interference from transient vi brations of preceding cam motions 
will occur. Tne initia! conditions of every new cam motion are then determined 
by the vibrations of the preceding motions. 

Within the transient-response considerations, mainly two approaches to the 
design of cam mechanisms, fulfilling requirements concerning their dynamic 
behaviour, are met. Firstly there is the development of a compensated cam 
curve, to counteract the positional error of the follower system. A mechanism
dependent compensation curve is superposed on the nomina! cam curve. The 
actual output motion generated by this curve will correspond to the desired 
output motion. Compensated cam curves expresscd by polynomials are called 
polydyne cams according to Dudley and Stoddart 19

· 20 ); alternatively they 
may be obtained by a method of finite differences, according to Johnson 21

). 

However. good performance of these ··1uned" cam follower systems remains 
restricted to a small region around the design speed, with a particular amount 
of mass and rigidity of the follower linkage 13 · 20 ·

22
). Although the compen

sated cam curve seems to be satisfactory in automotive valve gear for preventing 
jumping and reducing the dynamic Joad at top speed, it is not very suitable for 
automatic production machines in which requirements concerning not jumping 
but residual vibration have to be fulfilled over the entire speed range. Another 
qifficulty is that a small change in mass, caused by mounting of an alternative 
tool in order to hand Ie other objects. necessitates a different polydyne cam curve. 

The second approach is to search for basic cam curves, with satisfactory 
dynamic properties, and to design cam follower mechanisms and their driving 
components which are able to achieve residual vibrational amplitudes not ex
ceeding a certain, limited value throughout the entire speed range. Here the 
art of tuning is abandoned. Many investigations have been carried out to 
establish the optimum basic cam curve. To prevent infinite ï; and keep maxi-
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mum acceleration low, Neklutin 15) introduced his Modified Trapezoid cam 
curve. In order to select the optimum curve many criteria were defined, such 
as maximum acceleration t 3 .lS-l 8 •23) (in COnnectÎOn With dynamic }oad), 
maximum velocity 24

•
25

), and maximum torque 24
•
25

•26). Practically all rele
vant criteria concerning the selection of th.e optimum basic cam curve have 
been investigated by Lucassen 27), but the relative importance of them is dif
ferent in each particular application 27) . A universally optimum cam curve 
seems to be an illusion. 

But one criterion concerning the functional requirements is extremely impor
tant. This is the positional accuracy immediately after the follower has reached 
its dweil position 3

• 1
6
), expressed by the positional error, the amplitude of the 

deviation between the actual position and the position nominally prescribed by 
the cam curve. Since the residual accelerational amplitude is directly propör
tional to the positional error, th.e residual-acceleration criterion is covered by 
the positional-error criterion, together called the residual-vibration crite
rion. Examination of many b~~ic cam curves for til.is criterion has revealed 
that cam curves h.aving finite h (starting and end points inclu.ded) are satis
factory 3

•
4

·
5

•
15

•
17

•
28

•
29

). Excellent curves are the cycloidal·3 •
16

·
23

•
24

•28) and 
the 3-4-5 polynomial 28). 

The optimisation of cam curves to keep residual vibration to a minimum, 
within some range of r, has been developed by Kwakernaak and Smit 30) . 

The most important conclusion from calculations of the tra11:~!ent response of 
follower output members to their cam commands with finite h is that they are 
a function of the ratio of period of natura! vibration to cam rise time, called r. 
Residual acceleration increases in direct proportion to r 13

•
15

-
18

), and posi
tional error increases with the third power of r 3 

· 
16

) as long as small magni
tudes(•< 0·5) are concemed. 

In the publications mentioned hitherto, constant angular velocity of the cam 
has been assumed. Referring to fig. 1.5, the angular velocity of the cam, (J, is 
variable due to torsion of the shaft, rp, - {3. Furthermore there will be a 
tangential deflection y, so that th.e cam centre M wil! move along the y-axis. 
The tangential velocity, the velocity of the cam plane perpendicularly to the 
plane ABR at point R, is equal to iJ R({3) - y. Based on the tangential veloc
ity, a fictitious angular velocity of the roller R relative to the cam-plane 
centre M can be defined: 

. y 
Wc1c = {3- -- · 

R({3) 
(1.3) 

Assuming this velocity to be constant means that the actual displacement of 
the follower roller as a function of time, h(t), conforms to the cam curve as a 
function of the angle of rotation, h({3). Since, however, the shaft is subject both 
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x 
_ _J 

Fig. 1.5. Fictitious angular velocity. 

to torsion and to tangential deflection, the fictitious angular velocity is not 
constant. Moreover, the input angular vclocity <{, is variable, due to backlash 
in the reduction gear between the driving machine and the camshaft and due 
to the variable angular velocity of the driving machine, which is a function of 
the demand of torque. 

Amongst the factors contributing to the variation of the fictitious angular 
velocity, backlash, if traversed, will be dominant. lt is evident that the cam
displacement function is prone to distortion, which affects the dynamic behav
iour of the follower linkage. That effect was recognised already by Cagne 
(1950) 31 ) and Neklutin 22

). Calculations of the effects of backlash and shaft 
flexibility, based on the single-degree-of-freedom system, were carried out by 
Van der Hoek 3

·
28

). Not only the flexibility of the follower linkage (l/cx, 
fig. 1.5) was accounted for but torsional and tangential (y) flexibility and also 
shaft flexibility in the direction of the follower motion (z, fig. 1.5) were taken 
into consideration . 

Dynamic models with fJ as the only degree of freedom (follower linkage 
stiffness ex, fig. 1.5, assumed to be infinite) have been suggested by Dizioglu 11

) 

and Janssen 12
), who considered steady-state torsional vibration. A transient 

type of torsional vibration of this model was treated by Bioom and Rad
cliffe 32

) and Freudenstein et al. 33
). Since in these papers the follower-linkage 

stiffness ex and shaft stiffness in the z-direction c, were assumed to be infinite, 
follower residual vibration was not investigated. Eiss 34

) took only camshaft 
deflection in the z-direction in to account. Si nee tors ion ( <f'r - /3) and tangen
tial (y) deflection were excluded, the effect of the variable fictitious angular 
velocity was left out of consideration. The two-degrees-of-freedom model (x,z) 

used will give responses only slightly different from the single-degree-of-free
dom model, specially because in practice the amount of mass of the cam, m, 
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(fig. 1.5), is small in comparison with th.at of the follower m". Janssen 12) 

proposed a model in which torsion and z-deftection were included but y-de
flection was omitted, although in the case of plate cams the y-stiffness is of 
the same order of magnitude as the z-stiffness. 

Furthermore it should be realised that the usual way of synchronising a 
number of mechanisms is to drive them by a common shaft. Variations of the 
fictitious angular velocity are propagated through the shaft, forming a kind of 
interaction 35). 

Frequently follower linkages are represented by many-degrees-of-freedom 
systems 12

•
21

). In sec. 3.7, however, it wilt be proved that the lowest natura! 
frequency dominates the transient follower response. Hence representation of 
the follower linkage by means of a single-degree-of-freedom model having a 
natural frequency equal to the lowest natura) frequency of the actual system 
will be satisfactory. 

Obviously much attcntion has in recent years been paid to the selection of 
base cam curves generating small residual vibration. As has been stated before, 
the level of residual vibration is governed by the magnitude of T. If certain 
specifications concerning the positional accuracy or the residual acceleration 
in the case of a certain cam rise time have to be met, a certain limiting value 
of the period of natura! vibration of the mechanism must not be exceeded. The 
period of natura! vibration, however, is established by the design of the 
mechanism. The designing of follower mechanisms from this point of view did 
not have the attention which it deserved, as was stated by Cram 36) in 1958. 
Van der Hoek has given rules for the design of lightweight and rigid systems 
having high natura! frequencies. With the required positional accuracy as the 
starting point, the way to design a mechanism that will fulfil this requirement 
has been mapped out 3 •28). Besides a rule for designing follower linkages from 
a point of view of dynamics, a rule analogous to this is wanted to design the 
driving components between the cam and the driving machine, in order to 
keep the unwanted effects of variable fictitious angular velocity on follower 
and shaft vibration suffi.ciently low. 

1.4. The aim of the present investigation 

Transient phenomena take place in all the meèhanisms mentioned in sec. 1.1 
which are required to move intermittently. In many of them the transient re
sponse of the output member is interesting from the point of view of positioning 
accuracy, e.g. in numerically controlled slides driven by stepping motors or 
hydraulic actuators, and in cam mechanisms. 

In the latter, dynamic load has to be taken into account, too. Furthermore 
in all of them the input motion is more or less distorted by the effects of the 
driven member. In cam mechanisms, for example, a dynamic load generated 
in the moving mechanism causes torsion and tangential defl.ection of the cam-
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shaft, in other words there is a kind of interaction between the mechanism and 
its input motion. Therefore it is necessary to consider the mechanism together 
with its driving members. Although transient phenomena of cam mechanisms 
only are dealt with in the present investigation, they are of much wider interest. 

As far as cam mechanisms are concerned, the aim of establishing rules of 
design is to have tools with which to comply with specifications bearing on 
positional accuracy and maximum dynamic load. Based on investigations of 
the single-degree-of-freedom system 3

) mentioned in sec. 1.3, a rule of design 
was derived for follower linkages driven by a cam at constant fictitious angular 
velocity. Starting from the requirement of positional accuracy it is possible l:) 

determine the period of natura! vibration of the follower linkage that will meef 
this requirement at the desired cam rise time. For a certain amount of mass 
the rigidity that will satisfy the requirements can be calculated. A second rule 
of design, based on the single-degrec-of-freedom model, is the relàtion between 
the impact amplitude and the impact speed which occurs when backlash is 
traversed 3

•
28

). A small amount of backlash, in the opinion if the manufac
turer, suffices already for dominating the dynamic behaviour. 

A third rule will be established which concerns the properties of the driving 
elements affecting the dynamic response; for this purpose, a varia bie fictitious 
angular velocity will have to be taken into account. 

Rules of design can quickly provide a general insight and sufficient numerical 
information to permit of designing a machine able to meet the requirements 
of residual vibration. Often.only a limited amount of time is available for the 
design of production machines. In order to save time in the design stage, rules 
of design are preferable to a detailed investigation of the optimum design of 
each mechanism. 

Besides the aim of drawing up rules of design, investigations of the details 
of machine dynamics are necessary. A four-degrees-of-freedom model is de
veloped (chapter 6), including nonlinear phenomena such as backlash and the 
squeeze effect of lubricants, which enables predictions of the dynamic behaviour 
of a cam mechanism to be made in detail, with errors in follower acceleration 
remaining within 20 % (chapter 7). By means of this tool, justified simplifications 
can be introduced (chapter 8), based on simple dynamic models with one or 
two degrees of freedom (described in respectively chapters 4 and 5). Rules of 
design are drawn up in chapter 8. 

1.5. Survey of the present investigation 

The present report deals with theoretica! aspects concerning dynamic models 
and the investigation of their reliability, on the one hand, and practical aspects 
of the interpretation of measured dynamic characteristics and the drawing up 
of rules of design, on the other. Here a survey of the subjects discussed wil! be 
given. 
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Chapter 2 contáins the theoretica! backgrounds of modelling techniques. On 
the basis of considerations of continuously distributed mass and rigidity, a 
dynamic model with many degrees of freedom and lumped masses is presented 
which ha6 the advantage that its mathematica! treatment is relatively simple and 
its accuracy is reasonably satisfactory. The procedure of reduction is discussed. 
Reduction permits of eliminating transmission ratios from the dynamic model. 
Magnitudes of the dynarnic model are transformed to magnitudes relating to a 
particular point of interest of the mechanism. It is such a reduced model which 
makes quantities comparable with each other. Furthermore a variable trans
mission ratio, representing the variable slope of the cam, is introduced. 

Chapter 3 deals with the single-degree-of-freedom model driven by a cam 
with constant fictitious angular velocity. The definition of fictitious angular 
velocity has been given in sec. 1.3, eq. ( 1.3). Details of the properties of this 
model are given insofar as they are of interest to the present investigation. In 
sec. 3.7 the dynamic response of a many-degrees-of-freedom model is analysed, 
showing that the lowest natura! frequency dominates the response. 

Chapter 4 contains an extension to the variable fictitious angular velocity of 
the cam, necessitated by the flexibility of the camshaft and other driving com
ponents. Again a single-degree-of-freedom model, called CAMSHAFT-1, is 
used, but now its stiffness is variable and assumed to be a function of the 
nomina! follower velocity. A measure of the shaft flexibility is the dimension
les.s number Fa. At Fa-values encountered in practice, follower vibration turns 
out to be important. Multiplication by a factor 10 of the residual amplitudes, 
due to shaft flexibility, is no exception. Graphs are presented in which the 
residual amplitudes ( U0 , 00 ) are functions of r and Fa. If the assumptions 
made prove to be justified, then rules of design, based on these graphs, can 
be drawn up. Lastly a simple method ro~- the calculation of the lowest natura! 
frequency is derived (sec. 4.6). 

Chapter 5 presents a two-degrees-of-freedom model in which, in contrast to 
the model of chapter 4, the cam mass is taken into account. Now amore detailed 
mathematica! description is possible, because the roller displacement and the 
slope of the cam can be expressed as functions of the angular position of the 
cam. As far as practical values of cam mass are concerned, the effect of the 
flywheel action on follower vibration proves to be negligible. 

Chapter 6 contains a four-degrees-of-freedom model. The mass of the cam 
is accounted for in all directions of deflection of the shaft and in the direction 
of rotation. Furthermore nonlinear phenomena such as backlash, squeeze, and 
Coulomb friction are taken into account. The equations derived in this chapter 
form the basis of the digital simulation program DYNACAM. 

Chapter 7 shows measurements of statie and dynamic characteristics which 
are interpreted by simulation with the DYNACAM program. A better under
standing is gained of many details of machine dynamics, such as residual vibra-
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tion, backlash, squeeze, impact, damping, and follower vibration. Owing to 
shaft flexibility and backlash, fictitious angular velocity variations of up to 
30 % occur in practice. It is obvious that they greatly influence the follower 
vfüration. The DYNACAM program has proved to be a powerful tool for the 
analysis of machine dynamics. 

In chapter 8 the results of the dynamic models are compared with the actual 
dynamic behaviour. The DYNACAM model is the most reliable model. The 
CAMSHAFT-1 model is a simple model, but sufficiently accurate for the 
drawing up of rules of design . The assumptions made in chapter 4 turn out to 
be justified. The influence of the driving machine, in the author's practice usually 
an electric motor of the asynchronous type, is found to be negligible. Rules of 
design are drawn up, based on the CAMSHAFT-1 model. To the existing rules 
concerning the design of follower linkages and the consequences of the traversal 
of backlash 3 · 28 ) a rule concerning the stiffness of the camshaft and of all other 
driving components and a rule concerning the selection of the driving asyn
chronous motor are added. 

Chapter 9 contains the conclusions, which reveal that the four-degrees-of
freedom model DYNACAM makes detailed analysis of the dynamics of 
machinery possible. Furthermore it appears that the -addition of a rule of de
sign of the driving components is very important, because nowadays machines 
frequently suffer from inadequate rigidity of these components. 
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2. MODELLING 

2.1. Introduction 

In investigations of the dynamics of structures and mechanisms, use is 
made of "dynamic models" which include a mathematica( description of the 
dynamic properties of the system. Although the description imposes no limit 
on the degree of detail, its mathematica( treatment may lead to considerable 
difficulty. The dynamic model should therefore be presented in such a way that, 
on the one hand, practical mathematica! treatment is possible, while on the 
other the accuracy with respect to the actual behaviour is sufficient. The most 
important property of the dynamic model is, however, that it can be used in the 
practice of machine design. 

2.2. Degrees of freedom 

A coordinate needed to describe the motion of a system is called a degree of 
freedom. In the kind of mechanisms here to be considered the number of degrees 
of freedom will be equal to the number of independent coordinates which de
scribe the motion of the system. 

To determine the dynamic behaviour, the response of the output member to 
the input motion has to be calculated . The relation between the output and the 
input motion is called the transfer function ; il consists of the equations of 
motion and geometrie functions that describe the system. ,In the case of a 
system with n degrees of freedom, n equations of motion are needed to describe 
the transfer function . 

2.2.1. Continuous systems 

Since every structure consists of continuous components, which means that 
both mass and stiffness are distributed continuously, the motion can only be 
described by an infinite number of coordinates distributed a\ong the compo
nent. With such systems having an infinite number of degrees of freedom, 
equations of motion can only be written for infinitesimal elements of the com
ponents 37

·
38

). In the case of a uniform bar in longitudinal motion (fig. 2.1) 
the equation of motion for free vibrations is 

(2. la) 

An analogous expression is val id for torsional vibrations (fig. 2.2): 

bt 2 y bz2 
(2.1 b) 

B 
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A somewhat different equation describes transverse vibrations of a uniform 
beam (fig. 2.3): 

è:Jt 2 y A oz4 
(2.1 c) 

Solutions of these equations for single bars and beams, with several boundary 
conditions, are readily obtainable 37 

· 38 · 39) but in the case of complex struc
tures practical computational difficulties are encountered . 

Fig. 2.1. Longitudinal vibration of a bar. 

~ :-1P,... rp+ 15z dz 

Fig. 2.2. Torsional vibration of a shaft. 

Fig. 2.3. Transverse vibration of a beam. 
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2.2.2. Discrete systems 

2.2.2.1. Statie and dynamic coupling 

Considerations of complex continuous systems are simplified if the kinetic 
energy and the elastic energy are expressed as functions of a discrete number of 
parameters, after a discrete number of degrees of freedom has been assumed. 
Rayleigh's method 38 •39 •40) or the Lagrangian equation 40) can be used. The 
former method is suitable for converting a continuous system into a single
degree-of-freedom system. The latter method is suitable for converting the 
continuous system into a many-degrees-of-freedom system. A finite number 
of equations of motion, equal to the number of degrees of freedom, is needed 
to describe the motions of the system. From the infinite number of natura[ 
frequencies a finite number can be calculated. As discussed later on, these will 
be the lowest natura! frequencies, which a:re the most important ones. 

The application of the modelling technique will be demonstrated in accord
ance with the following procedure: 
(1) selection of the degrees of freedom of a number of arbitrary points of the 

structure; usually nodal points are taken; 
(2) assumption of a displacement function of each component; 
(3) calculation of the elastic and the kinetic energy; 
(4) writing down the equations of motion; 
(5) mathematica! treatment of this set of equations. 

This procedure wil! be used with the mechaQism of fig. 2.4, a spring-loaded 
cam-follower mechanism driven by the input motion h(t). 

(1) The degrees of freedom are taken at the nodal points (x4 , x 5 , '1/)6, 1/)1 , x 8 ). 

(2) The disp\acement function, e.g. of the longitudinally moving bar, x(z) 
(fig. 2.5), consists of a displacement of the rigid body and, superposed on it, 
of a vibratory displacement caused by dynamic forces. The displacement of 
the rigid body is characterised by one parameter, e.g. x,1 in fig. 2.5. 

The external forces (FA, F8 ) and the bar's own dynamic forces (.X dm) will 
bring about a dynamic displacement xd. The dynamic displacement has to be 
assumed. As was stated above, only a few of the lowest natura! frequencies are 
of interest, because (sec. 3.7) they govern the dynamic behaviour. Therefore a 
mode of vibration, containing no nodes, is taken into consideration for the 
dynamic displacement xd. Often the external forces, acting in the nodal points, 
prevail over the component's own inertial forces. Therefore the assumption that 
the dynamic displacement wil! conform to the elastic displacement (xe = xd) 

is probably a satisfactory approximation: 

X = X,1 + Xe. (2.2) 

In the examples below, the elastic displacement consists of pure tension, pure 
torsion, or pure bending .. 
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Fig. 2.4. Cam-operated transfer mechanism. 

8 

F'.A --:c-it------'---'-.,.........""""!!!!i::::,....--A-~Fs 

Fig. 2.5. Displacement functions. 
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(3) Calculation of the elastic and the kinetic energies of uniform bars and 
beams. 

a. Longitudinally mo1·ing bar (fig. 2.6) 

Rigid displacement: X1r1 =X11· 

Elastic deformation: 
(X12 - X11) Z 

x,,=-----. 
I 

Elastic energy: E A !1

(dx1e) 2 

V=-- -- dz. 
2 dz 

0 

From (2.4) and (2.5) it follows that 

EA 
V = --(X12 - X11) 2 . 

2/ 

Fig. 2.6. Longitudinally moving bar. 

Kinetic energy: from fig. 2.6 it is apparent that 

l m 
1 

T = Ï / J x/ dz. 
0 

From (2.2) rt will be seen that 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

hence, after differentiation of (2.3) and (2.4), and substitution in (2.7), it fol
lows that 

(2.8) 

b. Rotating shaft (fig. 2.7) 

Rigid displacement at the radius r2 (= i r 1): 

(2.9) 
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L-1+11 

Fig. 2.7. Rotating bar. 

r2 and r 1 are chosen arbitrarily and i is introduced for greater ease of coupling, 
as will be shown below. 

Elastic deformation: 

Elastic energy: 

(VJ2 '2 - Vit ir1) z 
VJef2 = ------

/ 

G lp f1(r 2 dVJe)
2 

V=-- -- dz. 
2r2

2 dz 
0 

(2.10) 

(2.11) 

Si nee (2.10) and (2.11) are analogous to the equations of longitudinal motion 
(2.4) and (2.5), V can be written down directly by analogy with (2.6): 

(2.12) 

Kinetic energy: from fig. 2.7 it is apparent that 

l 

l J f . T = - -- (VJ r 2) 2 dz, 
2 I r 2 

2 0 

(2.13) 

by analogy with (2.7). Evidently T can be written down directly, analogously 
to (2.8): 

c. Transversely moving beam (fig. 2.8) 

Let A be a fixed point, and Jet relatively small displacements be concerned. 
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Fig. 2.8. Transversely moving beam (x1r 2 « 1). 

Rigid displacement : the beam is rotated around A through an angle equal to 
X1r i/l ( « 1). 
Hence 

x,, l z 
X1rrl = --- · 

l 
(2.16) 

Elastic deformation, if the beam is loaded by torque M at A and a force F 
at B: 

---=----
dz2 EI 

· dx 
Boundary conditions: if z = 0, then x,. e = 0 and -

1
-' ~ = O; 

dz 

F 
Xir e = - (-! l z2 

- ! z3
). 

EI 

If z = /, then (2.18) yields 

=-----
EI 13 

Substitution in (2.17) and (2.18) gives 

d 2
X1, e 3 (X1r 2 - Xir 1) 

- -- (/-z) 
dz2 - /3 ' 

3(x 2 -x ) = lr tr l (l / ~2 - l 3) 
X 1, e ~ " ~ Z . 

13 

Elastic energy: EIJ
1

(d
2x"e) 2 

V=-- -- dz. 
2 dz2 

. 0 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 
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After insertion of (2.19) and integration: 

3EI 
V = --(x,, 1- x,, 1)1, 

2 /3 
(2.22) 

which can be derived also from the well-known formula of deflection. 

Kine tic energy: from fig. 2.8 it is apparent that 

(2.23) 

From (2.2) it is evident that x,. = x,. r• + xu e• so that substitution of the 
first derivatives of (2.16) ar.d of (2.20) in (2.23) leads to 

(2.24) 

Obviously for a certain component (i) the elastic and the kinetic energies, 
respectively, can be expressed in terms of the degrees of freedom (x1) and 
(xJ+ 1) in generalised form as 

(2.25) 
and 

(2.26) 

(4) The mechanisms under notice are driven externally, hence work is sup
plied to the system. Therefore the Lagrangian equation will be used, which is 
of the generalised form 40

) 

(2.27) 

in which Q/ is the g~neralised force acting externally at the point j under 
consideration. 

Application of (2.27) to the expressions ~2.25) and (2.26) gives equations of 
motion for two degrees of freedom, x1 and xJ+ 1 : 

t m 1 (2 a 11 x1 + a21 x1+ 1)- c1 (xJ+ 1 - x1) = QJ> 

t m 1 (a21 x1 + 2 a 31 xJ+ 1) + c, (x1+ 1 - x1) = QJ+ 1• 

(2.28) 

(2.29) 

Application of (2.28) and (2.29) to the components of the mechanism of 
fig. 2.4 leads to the following equations of motion, for which the assumptions 
are made (l) that the mutual positions of the structural components hardly 
change during cam rise, and (2) that the components are subject only to purely 
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"x, "x, 
Ll' "a,--<>-: -~ 

b 

o" 

Fig. 2.9. Forces (Q1) in nodal points. 

h{t) 

Iongitudinal or torsional or small transverse motions. Hence the forces in 
the nodal points are acting only as shown in fig. 2.9. 

Component 4: ! m4 (2 a 14 i/ h + ai4i1 i4)- C4 (i1 x4 - Î 1
2 h) = Qh (2.30) 

(Qh in fig. 2.9 is the force exerted by the cam on the roller, and i1 = b/a); 

1- m4 (a24 i 1 h + 2 a 34 i4) + C4 (x4 - i 1 h) = -Q4. (2.31) 

Based on the elastic deformation, c4 in that expression can be calculated by 
the method of (2.22), 

3 (E /)4 
C4 = -3-. -.--2' 

a 11 (1 1 - 1) , 

while the method of (2.24) can be used to give a 14, a24 and a34 from which 
it appears that 

Component 5: With (2.6) and (2.8) borne in mind, it is obvious that applica
tion of (2.28) and (2.29) will lead to the equations 

! ms (f i4 + t is) - ( EIA) 
5 

(xs - X4) = Q4; (2.32) 

! ms (t X4 + fis) + ( E/) 
5 

(xs - X4) = -Qs. (2.33) 

Component 6: In view of (2.22) and (2.24) the equations of motion will become : 

(2.34) 

(2.35) 
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Component 1: With reference to (2.12) and (2.14), 

(in which i2 = le/16); 

-- -tp6l6+-tp1le +- -- (tp1le-lztp6/6)=-Q,. 
l J, (iz .. 2 .. ) l ( G IP) . 
2 le 2 3 3 le2 I 1 

(2.37) 

Component 8: Reference to (2.22) and (2.24), and taking into account the 
follower spring with its stiffness c9 , leads to , 

l .. (E /) 
- me (~ tp1 Is + l4~ Xs)- 3 - (Xe - 1P1 Is) = Q1; (2.38) 
2 /3 8 

l .. [ (E /) J (E /) 2 ms (flö 1P1 Ie + ~ .Xe) + 3 /3 + C9 Xe - 3 /3 1jJ7 18 = 0. 

s 
8 

(2.39) 

A follower spring of the appropriate design is able to keep the roller in contact 
with the cam and prevent traversing of backlash in the pivots. Furthermore the 
stiffness of the spring is very low with respect to the stiffness of any component 
of the mechanism. In further considerations, therefore, c9 wil! be ignored. 

The forces Q1 acting in the nodal points can be eliminated by addition. The 
set of equations thus obtained can also be derived from expressions of Tand V 
for the complete system. Then the farces Q1 need not be eliminated. 

The set of equations thus obtained can be written in matrix form: 

a14 m4 i1
2 -!m4 a24 i 1 0 0 0 0 

. -! m4 a24 i1 

0 
0 
0 
0 

.... .. ..... ..... 
h 

-
i 

• 2 
C4 l1 -C4Ï1ÜÜÜÜ h 

-C4 Ï1 

0 
+ 0 

0 
0 

Qh 
0 
0 
0 
0 
0 

in which x is a displacement vector. Furthermore Mand ë are respectively a 
mass and a stiffness matrix. The matrix equation for x is 

-! m4 a24 i 1 -C4 Ï1 0 
0 0 0 
0 

.. 
h+M.i+ 0 h+ ëx= 0 

0 0 0 
0 0 0 
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Accordingly the set of equations (2.30) to (2.39) can be rewritten in the form 

tm4a24i1 C4 Ï1 

0 0 
.Mi+Cx=- 0 h+ 0 h 

0 0 
0 0 

m4 o" + im, ims 0 0 0 x • 

..... .jm,+ 1~m. .i.:,m, 0 0 x, 

0 
/JZ J, ;JJ, 

;:, 1, :Jom, 1Lm, +Jf;i 0 + 61,' 

0 
1,1, J, 

;;,1, 0 31
1

' + ,J.m, ~m, 61,' 

0 0 0 Jl,m, 1':."'• x, 

)(El), (EA) 
.,.1,v1-1i•~ T, -(E/), 0 0 0 x. 

-(E;~), (En.+3e:). -3(E/) ,. . 0 0 x, 

+ 0 -)(El) ,. . 3(E/) !!_(GI,) _ _2_(GI,) 
I' 1 + I,' 1 1 10 ' I , 

0 v.1, -

0 0 _ !!_(GI,) _!_(G'•) 3(E/) 
/1 ' 1 1 10 ' I 1 + I' 1 

-3(~:). 'fl,I, 

0 0 0 -3(E/) ,, . 3(~:), x, 

! ,,,.""1, 
)(El), 

... 1, (1,- 1)11' 

0 0 

0 ii+ 0 h. (2.40) 

0 0 

0 0 

(5) The mathematica! treatment can readily be carried out by means of 
numerical computing programs available for the handling of matrix equations. 

The drawing up of the mass and stiffness matrix as shown above is prac
tically possible in the case of relatively simple structures, e.g. fig. 2.4, in which 
all componcnts are in series. For more-complex structures finite-element 
methods are recommended 41 

). 
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The off-diagonal nonzero terms in a matrix indicate that there is coupling 
bctween various degrees of freedom. It is evident from respectively the stiffness 
matrix and the mass matrix (2.40) that both statie and dynamic coupling are 
present. 

Some impression of the accuracy of this method may be obtained from the 
following test. Let a unilaterally clamped beam carry a mass m2 (fig. 2.10). 
According to (2.22) its elastic energy is equal to 

3 EI 
V= --x 22 , 

2 /3 tr ' 

z 

A m, 

Fig. 2.10. Unilaterally clamped beam, loade'd with mass m 2 • 

and from (2.24) the kinetic energy can be del'ived by addition of that of m2: 

For free vibrations the equation of motion ((2.28), Q1 = 0) will be 

Hence its natural frequency will be 

As m2 decreases, the deviation between the actual mode of vibration and the 
elastic deflection on which these calculations were based will increase. The 
error is maximum if m2 = 0. Then 

w = = 3·57 -- . ( 
140E/)112 ( El )112 

e l l ml 13 m1 13 

Calculations based on (2.lc) have shown the exact solution 37
•
38

) to be 

( 
E J )112 

We= 3·52 -
ml 13 
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Even in this extreme case, with m 2 = 0, the error in the lowest natura! fre
quency is negligible. 

2.2.2.2. Statie coupling only 

Other assumptions may be introduced for the displacement function. For the 

calculation of T, for example, the displacement function may be approximated 

by a displacement X s (fig. 2.5) of the rigid component, with the same displace
ment on the edge B (x8 ) as before. The kinetic energy of the beam (fig. 2. 10) 

can easily be derived from (2.24). Si nee the component is considered to possess 

infinite rigidity, the following can be introduced : 

and hence 

for the beam only. lts natura[ frequency is then equal to 

( 
E / ) 11

2 

OJ = 3 - -
e /3 

m1 

The error proves to be about 15 % of the exact value in the extreme case of 

no loading of the beam by other inertial forces. This may be the case if the 

component under notice is the output member of a mechanism, such as the 

beam (8) in fig. 2.4. Driven by other fiexible elements, however, the motion 
of the Jatter will be closer to that of a rigid be~m than that of an elastically 

deflecting beam, so that the errors are likely to be rather small. 
Calculation of V by means of the elastic dtsplacement will be retained. T will 

be calculated according to (2.26) with x1 put equal to x1+ 1 for rigid compo

nents; hence 

In the case of longitudinally moving bars, (2.8) yields 

T=tmx-,2, 

while (2.14) gives for rotating shafts 

1 J .!. 2 T= -
2 

2(op2r2). 
r2 

From (2.24) for the beam pivoting around one end, T proves to be 

T= t. tmx,/ . 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

Obviously T is a function of only one coordinate. In other words, there is no 
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question of dynamic coupling in the mass matrix. 
On the basis of this, the equations of motion are again derived for the 

mechanism of fig. 2.4. With the same procedure as described earlier in this 
chapter, the set of equations will be, in matrix form: 

+ 

tm, 0 0 0 0 .Y. 

0 m,+1m6 0 0 0 i:s 

0 0 0 0 0 ~6 /6 + 

0 0 
J, 

0 -I,' 0 v;,1, 

0 0 0 im, x, 

, 3 (E /)4 (EA) 
~i1(i1-l)2 + ,- s -(f), 

(;~). : 3(~:). 
-3 (~.~). 

-(E/), 
0 

0 

3 (E 1), 

a'i1 (i1- l)ï'• 

0 

0 

0 

0 

0 

0 

"· 

0 0 0 x, 

0 0 x, 

_j_ (~~) 0 tp,I, 
1,: I 1 

~.(~,_,_) + 3(:.~) 
la I 7 I , -3(;~). i.p"I, 

-3 (;~). 3(~:), x, 

(2.45) 

As has been statecl above, no dynamic coupling is involved, since the mass 
matrix contains only a nonzero main diagonal. 

A numerical comparison has been made 42
) which has shown that the results 

of the set of (2.45) differ hardly at all from those obtained with the set of (2.40). 
The mass term, belonging to the equation of VJ6 16 , is equal to zero. Hence 

this degree of freedom is of no interest; VJ6 16 can be eliminated. Furthermore 
the term J 7/l8 2, the mass of the shaft (7 in fig. 2.4), lumped at the radius /8 , 

is small in practice with respect to the other masses because of its small diameter 
in relation to /8 • Therefore equating of that mass to zero and elimination of 
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Fig. 2.11. Stiffness of a complete section of the mechanism. 

1/h /8 will introduce hardly any error at all. Such simplification is in fact ad
visable to prevent computational difficulties because of a badly conditioned 
mass matrix . Elimination of 1116 /6 and 1fJ7 / 8 leads to a three-degrees-of-free
dom system. 

However, an easier procedure is to note the elastic energy for the complete 
system between x 5 and x 8 (fig. 2.11). The stiffness of that system is given by 
c678 , measured at the radius /8,: 

V = tc61s(xs-i2xs)2, 

in which i2 = 18/16 • 

The set of equations of the three-degrees-of-freedom system will be 

[

!111. 

m, + !m~ ] [ J [ 
3 (E /)

4 
] x, ali, (i,-1)1 i1 

-~~~ ~ = 0 ~ 

c"18 x 0 

(2.46) 

Neglecting the dynamic coupling has the advantage that calculation of the 
coefficients of the mass matrix is extremely simple. These coefficients represent 
only lumped masses of rigid bodies. For longitudinally translated bodies, to 
which (2.42) refers, they are purely the masses themselves; for rotating bodies, 
in view of (2.43) and (2.44), they are obviously 

J being the polar mass moment of inertia, and r the distance between the point 
under notice and the centre of rotation. 
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X i-/+h;{ f) Xj ..-. ..-
1 1 
1 1 
1 
1 

Fig. 2.12. Many-degrees-of-freedom system. 

A second advantage is that the equations of motion can easily be written 
down, as shown by reference to fig. 2.12. In that model a mechanism is repre
sented by means of a series of lumped masses, m, and stiffnesses, c. This model 
can be obtained by the procedure of reduction discussed in sec. 2.4. In fig. 2.12, 
which contains also the input motions h(t), the equations of motion will be: 

The matrix notation of this set of equations is 

lm1 .x, C1 + Cz -Cz x, 
m2 Xz -Cz Cz + C3 -C3 X2 

.x, + 
C1 + C1+1 m, -c, -C1+1 x, 

mn Xn -Cn Cn Xn 

C1 -C2 h1(t) 
Cz -C3 h2(t) 

c, -C1+1 hi(t) 
(2.47) 

Cn h"(t) 
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which is generally written as 
.. 

M x + ë x = Kh. (2.48) 

The matrix .M is invertible if none of the diagonal coefficients are equal to zero. 
In other words, degrees of freedom should be considered only at those points 
at which mass is present. This wilt always be possible, as shown above. 

lf Eis the unit matrix, the inverted mass matrix fJ- 1 is defined by 

M- 1 M=E. 

After introduction of the differential operator D (- d/dt) it is possible to 
rewrite (2.48) as 

(2.49) 

Now a third advantage of neglecting dynamic coupling should be pointed 
out, which is that inversion of a diagonal matrix is carried out easily, so that 
analytica! treatment of these systems becomes practicable up to a considerable 
number of degrees of freedom, as will be shown in sec. 3.7. 

From (2.49) the output motions x 1 ••• Xn can be determined as functions 
of the input motions '1 1(1) . .. h"(t). On putting the determinant of the charac
teristic matrix equal to zero, and replacing 0 2 by -À, viz. 

l-..l.E+M- 1 Cl= o. (2.50) 

the frequency equation is obtained, the roots of which give the eigerivalues À, 

i.e. the squares of the natura! frequencies. 

2.3. Dynamic model 

As mentioned before, the dynamic model describes the dynamic properties 
of the actual system. Relevant dynamic properties are: 
- mass (m); 

stiffness (c); 
- backlash (s); 

- transmission ratio (i, fig. 2.13); 
- energy dissipation . 
The Jatter can be represented partly by linear velocity-dependent damping (d). 
Furthermore a squeeze effect of the lubricant between surfaces just prior to 
impact will be present, and lastly there wilt be Coulomb friction. 

2.3.1. Transmission ratio 

In linkages (fig. 1.1) the transmission ratio rclates an infinitesimal rotation 
of the output member dx and an infinitesimal rotation at the input d(wt) which 
is the cause. This ratio, the kinematic transfer function, is continuously variable 
and depends on the geometry of the linkage and its instantaneous position. 
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Fora given linkage it is possible to express the transmission ratio as a function 
of the input angle. In cam follower linkages the input member does not rotate 
but carries out only reciprocating motions within a relatively small angle. The 
output motion will then be of the same nature, and it can be stated that the 
transmission ratio, the ratio between output and input angle, is almost constant. 
Then it will usually be considered as being actually constant; in other words, 
a linearised transmission ratio (i) is introduced. lf input and output angles are 
small, it is easy to express input and output motions in terms of the stroke. In 
fig. 2.13 the input stroke (h1n) is small in comparison to the length of the input 
member (a), and also the output stroke (hout) is small relative to the length of 
the output member (b). Hence the linearised transmission ratio is 

hout b 
i=-=-. 

h1n a 
(2.51) 

In cam follower Jinkages the strokes are usually short relative to the lever 
lengths, hence the above condition is fulfilled . For example, although a fol
lower roller is carried by a pendulum (1 in fig. 2.14), the centre of the roller 
is considered to move along a straight line, which usually goes through M, 
the centre of the cam. 

Because strokes are small relative to their lever Jengths, and moreover because 
levers usually move around their position of perpendicularity to connecting rods 
attached to them (fig. 2.15), another assumption is made which concerns the 
motion of these connecting rods. No transverse motion of such rods is taken 
into consideration, because their transverse motions are small with respect to 
their longitudinal motions. Both assumptions have been mentioned already in 
sec. 2.2.2. l in relation to the forces in the nodal points (fig. 2.9). 

Fig. 2.13. Transmission ratio. 
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Fig. 2.14. Trace of follower roller. 

Fig. 2.15. Stroke and lever length. 

Fig. 2.16. Cam displacements. 
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Attention has to be paid to a special kind of transmission ratio, determined 
by the cam-curve slope. From fig. 2.16 it is obvious that the cam, supported 
by a relatively ftexible shaft, has three degrees of freedom. The first is the 
rotation, (3, the second is the tangential displacement, y, due to deftection of 
the shaft in the direction perpendicular to the direction of motion, he, of the 
follower by the action of the tangential component, F tan a, of the force 
exerted by the follower. Lastly a deftection, z, parallel to the motion of the 
follower will occur, due to the force F. 

The displacement of the roller, he, as a function of (3, y and z will then be 

he= h(/3)- y tan a- z, (2.52) 

in which tan a is the linearised transmission ratio of the output (he) and rela
tively small tangential deflections Cl YI « R({J)). Here tan a is assumed to be 
only a function of (3 : 

l dh({J) 
tan a = -----

R({J) d{J ' 
(2.53) 

in which R(/3) is the instantaneous pitch radius, in the absence of any deftection 
in the y-direction (roller at point A, fig. 2.16). In accordance with (2.53) it is 
possible to write, instead of (2.52): 

dhe = (tan a) [R({J) d{J - dy] - dz, 

in which tan a is considered as a variable transmission ratio. The displace
ments he and z are coupled to {J and y by means of the variable degree of 
coupling tan a. Therefore this equation can refer to only infinitesimal displace
ments. To make the equation physically interpretable, it can be written in terms 
of velocity: 

he= (tan a) [ÎJ R({J)- y]- i. (2.54) 

A transmission ratio, whether constant or variable, can be considered as a 
velocity transformer. 

2.3.2. Addition of motions 

Two parallel velocities can be added, as shown diagrammatically in fig. 2.17. 
With b kept at rest, c = a is the output velocity; if a is kept at rest, then 
c = b; hence if both a and b are moving, the output will be c = a + b. 

By means of this rule, the expression for the roller velocity i1c (2.54), can be 
represented as in fig. 2.18. First Ï3 R({J) and -y are added; then the sum is 
multiplied by the variable transmission ratio i = tan a, and finally -i is 
added to the product. Obviously the rotational motion (ÏJ) is expressed at the 
instantaneous pitch radius R({J). 
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a b 

Fig. 2.17. Addition of motions. 

IÎc 
(/12) (/) _J 

Y---~----o--J'~ 
(/) (/) 

i =fan ex 

(/12) (/) 

-0__,..~._____,,...,--<>--Jf .- (/} (/) 
/J R({J) 

Fig. 2.18. Diagrammatical representation of eq. (2.54) for the roller displacement. 

2.3.3. Dynamic models of machine components 

Appendix 1 presents the dynamic models of various machine components, 
and m, c and i are indicated. From these elementary models the dynamic model 
to represent the actual mechanism can be composed. The indicated stiffnesses 
are those based on elastic deformation; the indicated masses are those of the 
infinitely rigid elements, lumped at some points of interest, as discussed in 
sec. 2.2.2.2. 

2.3.4. Example 

From the mechanism of fig. 2.4 a dynamic model has been composed 
(fig. 2.19) with the help of the models of the machine components given in 
appendix 1. In this transfer mechanism the centre of the object to be trans
ported is situated at the radius /8 . At this radius, therefore, the numerical 
values of the dynamic behaviour are required to be known. 

A number of pivots of the follower linkage as well as the camshaft bearings 
are supported by the frame. These supports are assumed to be infinitely rigid, 
mostly a satisfactory assumption because often the frame is very rigid in rela
tion to the mechanism. Otherwise deflection of the supports and of a certain 
amount of their mass will have to be taken into account. This question will be 
discussed in sec. 2.4.3. 
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Fig. 2.19. Dynamic model of the mechanism of fig. 2.4. 
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2.4. Reduction 

Reduction is the procedure for eliminating transmission ratios from the 
dynamic model. Magnitudes ofthe dynamic model are transformed to magni
tudes relating toa particular point of the mechanîsm. Usually a point of interest 
on the output member is taken for such a point. In the reduced model, quan
tities of the same kind can t>e compared with each other, because transmission 
ratios are absent. This transformation is performed in such a way that none 
of the dynamic properties of the model as such will change. 

2.4.1. Reduction of linear dimensions 

Let us take for our example the reduction of backlash. If a transmission 
ratio i ( = b/a) is present, the backlash s at point A (fig. 2.20a) may be replaced 
by a backlash 

s' =is (2.55) 

at point B (fig. 2.20b). This rule is valid for all linear dimensions, and it means 
only multiplication by a factor i. 

a b 

~i· I b 
la a) 

'=a 
S.Js'=is 

af bJ 

Fig. 2.20. Reduction of linear dimensions. 

2.4.2. Reduction of mass 

The mass m at point A (fig. 2.2la) can be replaced by m' at point B, with 
no change in the inertia of the system. With a force Fat B, A is subject to an 
acceleration aA ::c F i/m (fig. 2.21 b). The acceleration at B is then a 8 = F i 2/m, 
which rernains the same if, instead of a mass at point A, we introduce at 
point B 

(fig. 2.21 c). 

m 
m'=

;2 
(2.56) 
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Fig. 2.21. Reduction of mass. 

2.4.3. Reduction of stiffness 

The stiffness c at point A (fig. 2.22a) will now be replaced by c' at point B 
while the elasticity of the system remains the same; a force Fat B will lead 
at A to a displacement / 4 = F i/c (fig. 2.22b). The displacement of B is then 

/ 8 = F i 2/c, which remains the same, if, for c at A, we substitute at B 

(fig. 2.22c). 

c 
c'=-;2 (2.57) 

But either rule of reduction (2.56) and (2.57) is valid only if the frame can 
be assumed to be infinitely rigid with respect to the mechanism. Comparison 
of figs 2.21a and 2.22a reveals that a frame load leads to a deflection at M. 
However, after reduction (figs 2.2lc and 2.22c) M is unloaded, so that its 
deflection is left out of consideration. In the case of relatively flexible frames, 
therefore, frame vibration has to be taken into account by the introduction 
of an extra degree of freedom at M. ~t M a certain amount of mass and 

A 

a b 

a) 

8 F 

--. b) 
fa 

~c~-% 
Ml\-------~ 1 

c) 
~ B 

Fig. 2.22. Reduction of stiffness. 
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rigidity is provided, in accordance with the amounts of frame mass and rigidity 
taking part in the vibration of the mechaoism. In this way, parallel branches 
analogous top and yin fig. 2.19 are introduced. If a relatively small amouot 
of frame mass takes part in the vibratioil, the introduction of extra degrees of 
freedom can be avoided. To a good degree of approximation, only frame 
rigidity is taken into account. The latter is then considered to be part of the 
rigidity of the mechanism and is reduced from M to B by a factor [(a + b)/a]2. 
Section 7.4.1.2 shows an example in which frame mass cannot be neglected. 

2.4.4. Reduction of a linear, viscous damper 

A damper d at point A (fig. 2.23a) is now replaced by d' at point B white 
the damping of the system is kept constant; a force Fat B gives A a velocity 
vA = F i/d (fig. 2.23b). The velocity at B is then v8 = F i 2/d, which remains 
the same if, for d at A, we substitute at B 

(fig. 2.23c). 

d 
d'=

j2 

Fig. 2.23. Reduction of a linear viscous damper. 

2.4.5. Reduction of viscosity 

(2.58) 

Let the viscosity 7J at point A (fig. 2.24a) be replaced by 7J' at the output B, 
while the squeeze phenomenon is kept constant; as is obvious from eq. (A.4.11), 
which describes the squeeze phenomenon, a force Fat B gives A a velocity 

Fi 
WA=-------

12 n 7J b (Ref2s) 312 

(fig. 2.23b). 
Linear dimensions are reduced in accordance with (2.55): 

b' = ib; Re'= i Re; s' =is. 
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a) 

,we 
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c) 
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8 

Fig. 2.24. Reduction of viscosity. 

The velocity at B is We = wA i: 

Fi 3 

We = --------
J 2 :n; 1J b' (Re' /2s')312 ' 

which remains constant if, for 1J at A, we substitute at B 

i3 
(2.59) 

(fig. 2.24c). 

2.4.6. Example 

The transmission ratios of the follower linkage in the model of fig. 2.19 are 
eliminated by reduction, resulting in the reduced model of fig. 2.25. This kind 
of model will be the starting point of further considerations. 

2.5. Details of the dynamic model 

At this stage some details concerning the variable transmission ratio tan ~ 
and variable pitch radius R'({J) should be pointed out. With backlash and 
damping left out of consideration for the moment, the genera! dynamic model 
of cam mechanisms (fig. 2.26) is derived from fig. 2.25. The follower-spring 
stiffness c9 is only very small with respect to the follower linkage stiffness. 
Hence its contribution to the overall stiffness is negligible. In fig. 2.26 it is 
therefore omitted, a valid simplification on condition that the spring force 
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. 1 dh 1(p) 
'J =R'(/J) ~ 

(/) 

y' 
_j 

(1) 

Fig. 2.25. Reduced model of fig. 2.19. 

*a __ J 

z' 
_ _j 
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x 
l __ -EJ 

~Cxn 
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t}J, RifJ} 

R (/12) 

' 1 dh 1({J) 
1=fan o:=-- -- (/) (/) 

R'({J) d{J 

(/12) (/) 

(/) (/) 
y' 

__ J 
z' 
t __ 

Fig. 2.26. Genera! reduced model. 

1 
1 

is sufficiently high to avoid backlash anywhere in the follower linkage being 
traversed and to avoid follower jumping. 

2.5.l. Variable transmission ratio tan a. 

The degrees of freedom /3 R'(/3) and y', on the one hand, are coupled to the 
degrees of freedom x and z', on the other, by means of a variable transmission 
ratio, which is the instantaneous slope of the cam curve tan IX. This coupling 
is a function of the angular position of the cam, {3, and gives rise to a set of 
linear differential equations having nonconstant coefficients, as will be discussed 
in chapters 4 and 5. 

2.5.2. Variab/e magnitudes of mp' and co' 

Since in the case of radial cams the pitch radius R' (fig. 2.26) is a function 
of {3, the reduced cam mass mp' = Jp/R'(/3)2 and the reduced torsional stiff
ness cp' = k/ R'(/3)2 are variable. However, tan IX is also a function of R'(/3), 
hence after elimination of i = tan IX by reduction (fig. 2.27), only m/' and 
c/' prove to be functions of R'(/3); mp'' and cp'' are functions only of dh'(/3)/d/3. 
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(/12) (T) 

(1) (/) 

f1 R'rrn 
t_ __ 

m' d[J 2 m " ___ 'fJ __ J (--) 
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c "-~- k (_!!!!__/ 
f1 - tan 2 ex - dh 1({J) 

(1) 

--1 
•Il y 
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l __ EJ 

(112) 

(1) 

z' 
t__ 

~Cxn 
1 
1 

m "=~ =m '.R'([JJ 2 (_!!!__)
2 

Y tan 2cx Y dh'({J) 

c "= _ï_ = c 'R'({J) 2 (_!.!!__/ 
Y tan2 ex Y dh '([J) 

Fig. 2.27. Elimination of i = tan ix. 
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3. SINGLE-DEGREE-OF-FREEDOM MODEL WITH CONSTANT 
FICTITIOUS ANGULAR VELOCQ'Y 

3.1. Introduction 

A cam follower mechanism is as a rule represented by _means of a single-de
gree-of-freedom model with constant fictitious angular velocity 3 • 13 • 15 • 16 • 17 •

28
). 

Some details of this model will now be explained, as far as they are important 
in further considerations and particularly in respect of the assumptions made 
in order to arrive at this model. 

3.2. Assumptions 

3.2. 1. Constant fictitious angular velocity 

There is no distortion of the cam input motion, since the fictitious angular 
velocity is considered to be constant for the following reasons. 

3.2.l.l. Infinitely rigid camshaft 

The camshaft is infinitely rigid with respect to tangential deftection (y) as 
well as with respect to torsion ({J), so that the dynamic model of fig. 2.26 can 
be converted to fig. 3. la, with which fig. 3. lb is identical. 

x x 

L __ EJ L_EJ 
~~n ~~n 

1 1 

z' 

L_ 

a) b) 

Fig. 3.1. Dynamic model of a cam mechanism with constant fictitious angular velocity. 
(a) Derived from fig. 2.26; (b) after simplification. 



3.2.1.2. Backlash-free transmission 

There is no backlash between the driving machine and the cam. 

3.2.1.3. Constant input angular velocity 

The angular velocity of the driving machine is independent of the demands 
of torque made by the driven machine. 

The above assumptions imply that changes in torque caused by other cam 
mechanisms driven by a common shaft do not lead to variations in the fictitious 
angular velocity. Furthermore the above assumptions have consequences on 
the input motion, which in fig. 2.26 is rp,. 

Since in fig. 3.1 the fictitious angular velocity is constant, the cam curve can 
be expressed as a function of time, /z'(t), and this will now be taken as the 
input motion. 

3.2.2. Lumped mass 

All mass has been Jumped in the output member (m in fig. 3.2) and its value 
is such that its natura! frequency we = (c/m) 112 equals the lowest natura! fre
quency of the model of fig. 3.1. The stiffness is determined by 

-=-+~, 
C Cx C, 

in which 
" 

This simplification has proved to be valid, because the lowest natura! fre 
quency dominates the dynamic response, as will be shown in sec. 3.7. 

x 
t_ __ 

h'(t) 

Fig. 3.2. Single-degree-of-freedom model with constant fictitious angular velocity. 

3.2.3. Decay of residua/ vibration 

A little damping is present, so that the vibrations can decay within the dweil 
time. The output member is completely at rest when a new motion starts 3 • 17 •28). 

In sec. 3.4 it will be proved that in genera! this assumption is justified. 



- 44-

3.2.4. No dampinK during cam rise 

Although the system does contain some damping, its effect will be ignored 
within the cam rise time 3

• 1
7

•28). Accordingly the calculated residual vibration 
will never be exceeded by the actual one. 

3.3. Dynamic response 

The input motion, supplied by the cam rotating at constant fictitious angular 
velocity, may be expressed as a function of time, h'(t). To determine the re
sponse of the output member, x, it is necessary to solve the equation of motion 
corresponding to the single-degree-of-freedom model (fig. 3.2): 

m x + c x = c h'(t). (3.1) 

Let us take as an example a dwell-risc-dwell cam curve of the cycloidal type 
(appendix 2, (A.2.3) and (A.2.11)): 

hm' hm' 2 n t 
h'(t) = - t- --sin -- , 

fm 2n fm 
0< t< tm (rise) : 

(dwell): 
(3 .2) 

with the initia( conditions: if t = 0, then x = 0 and x = 0. The period of 
natura! vibration is T, = 2:r: (m/c) 112

• The ratio of period of natura! vibration 
to cam rise time will be defined as 

T, 
T=-. 

fm 

Within the cam rise time (0 < t < tm), the solution is 

fim' } fim' 2 :r: f T3 fim' 2 7t f 
x = -- t - ----- sin -- + --- -- sin -- . 

fm 1 - T2 2;i: fm 1 - T2 2:r: T lm 

(3.3) 

Figure 3.3 shows X ( = x/hm') and X ( = .~ tm 2//im'). In these diagrams, T = t/tm. 
The deviation of the output motion from the input motion, which is known 

also as the positional error u = x - /r', is given by 

T
2 frm' 2 :r: f T3 Jim' 2 7l 1 

u = - --- -- sin -- + ----- sin -- . 
l-T2 2:r: lm l-T2 27t Tim 

(3.4a) 

As has been stated in sec. 1.2, this deviation consists of a component directly 
proportional to the nomina! acceleration, viz. 

T 2 frm' . 2 :il: t 
- ---

2 
-sm--, 

} - T 2:r: lm 

and a component vibrating at the natura! frequency, 

T 3 frm' 2 :il: I 
--- -- sin -- . 
l - T 2 2n T lm 
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Fig. 3.3. Curves of response to the cycloidal cam curve of the single-degree-of-freedom model 
with constant fictitious angular velocity. X: position of the output member; X! acceleration 
of the output member. 

Now the boundary conditions at t = tm are established, so that the equation 
of motion can be solved for t ~ tm, when h'(t) = hm'· 

After t = tm, the positional error appears to be 

r
3 

hm' n ( n ) u = ----- sin - cos - (2t - tm) . 
1- r 2 n r r tm 

(3.4b) 

c 
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The positional error (3.4b) is only of .the vibratory type (fig. 3.3). The ampli
tude of the residual positional error with respect to stroke, called relative 
positional error, will be 

(3.5) 

For r « 1, the curve, drawn through those points of the curve U0 (-r) (3.5) in 
which 1 sin (n/•JI has a maximum, will increase in direct proportion to the 
third power of r, cf. table 3-1. 

TABLE 3-1 

Calculated U0 and Ü0 of the single-degree-of-freedom model with constant 
fictitious angular velocity 

T = T e/lm Uo Üo 

0·105 3·75 . 10-4 1·34 
0·222 3·5 . 10-3 2·65 
0·286 7·64.10- 3 3·91 
0·4 2·43. 10- 2 5·98 
0·66 16·8 . 10-2 15·2 

The second derivative of (3.4) gives the residual acceleratlonal amplitude. 
The relative residual acceleration amplitude will be 

Üo =-- = --- Stn-. ( 
ü0 lm 

2
) 4 n T 1 · n 1 

hm' l - T 2 T 
(3.6) 

For r « 1, the curve, drawn through those points of the curve Ü0 (r) (3.6) in 
which 1 sin (n/r)I has a maximum, will increase in direct proportion to r 
(table 3-1). Graphical representations of U0 (r) are given in several papers 3 •16•

28
), 

and so are those of Ü0(r) 13 • 15 • 16 ·1
7
). 

It is obvious that the residual vibration of all cam curves ha ving finite Ïi° 
increases at increasing r, in contrast to those having infinite ·h· 3 •28). In the 
latter, the relative residual acceleration is constant, having values between 0 
and 4, depending on whether l/r is an even or odd integer 3

•
4

•
2 8 ). Vibration 

can be controlled by the use of cam curves with finite h. and with r restricted 
to low values, depending on the required limit of positional error or residual 
acceleration. Many basic cam curves have been compared 28) and the 3-4-5-
polynomial and the cycloidal were shown to be best as far as residual vibra
tion (U0 ) was concerned. 
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The important conclusion to be drawn from (3.5) is that low residual vibra
tion is obtained if the stroke hm' is taken as small as possible and if -r is kept 
small (table 3-1). From the designer's point of view this means that at a par
ticular cam rise time, following from the time-sequence diagram of the machine 
and chosen as favourably as possible for each of the cam motions, the mechan
ism supported by the shaft (fig. 3.2) should have a period of natural vibration Te 
low enough to achieve a -r-number giving a satisfactory positional accuracy for 
the particular application. To achieve a low value of Te, the mass should be 
low and the stiffness high. The designer must in fact be familiar with methods 
of lightweight and rigid design 28

). 

3.4. Damping 

From table 3-1 it can be concluded that, in order to satisfy the desired posi
tional accuracy, r has to remain well below unity. In other words, there will 
be quite a number of free vibrations within cam rise time. 

Depending on the duration of the d'Well, which is of the same order of 
magnitude as the cam rise time, and depending on the magnitude of damping, 
some of the amplitude will still be left at the start of the next cam motion. 
Let the duration of the dwell be equal to td (fig. 3.4); the number of free vibra
tions within td will then be n = td/-rtm. With a relative damping q the 
decrement of the amplitude during the dwell time is (fig. 3.4) 

Don ( 2 Tl q ) 
Doo = exp -n (1 - q1)112 • 

(3.7) 

At the usual values of -r = 0· 15, td/tm = l ·5 and q = 0·06, it appears that 

Don 
- = 0·02 (n = 10). 
Doo 

In other words, only 2 % of the residual vibration is left when the next motion 
starts. The assumptions made in sec. 1.3 that every follower motion starts from 
rest is considered to be justified, so that the suggestion of Mercer and Holo-

HD Nomina! acce!erat ion it ---<, Actual acceleration Te î ,. I 
, 

'\\ Üan 
I 

" 
\ 

, .. T(:~):lll 
ldllnfl·I 

•• q:l·K 

Üan=Hl 

1?• 
u 

HD G-20 Hl ~· O·• " 1-20 l·.fl Hl , .• I·• 1-lt 1-41 
Cam rise ti" tm Dwetl 1i"1 

Fig. 3.4. Damping during dweil. 
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wenko 13
), who assumed that damping was zero, cannot be upheld. Measure

ments of about a hundred cam mechanisms confüm this conclusion. 
The transient response, starting from rest, as assumed by Van der Hoek 3 •28), 

Hrones 4
), Neklutin 15

) , Hebeler 16
), Allias 17

), Baranyi 18
), and Eiss 34

), wiJI 
be adopted for further investigations. 

3.5. Maximum and zero points 

Many investigators, assuming the existence of constant fictitious angular 
velocity, have pointed out the importance of zero points to the application of 
tuned mechanisms 13

·
16

•
17

•
34

). 

On consideration of the functions U0 (r) (3.5) and Ü0 (r) (3.6), it appears 
that the amplitudes may be either maximum or zero. This phenomenon occurs 
with all basic cam curves except the triangularly accelerated ones 15

). Jn the 
case of the cycloidal, residual vibration .will be at a maximum at 

r = ~. i (fig. 3.3), ~.~(fig. 3.3), etc.; 

zero values occur at 

r = !, t, -!- (fig. 3.3), t. etc. 

Quite apart from backlash, constant fictitious angular velocity cannot be 
guaranteed because of cyclic variations of load on the driving machine, voltage 
fluctuations if an electric motor is the driving machine 15

), slip of the V-_belt, 
and because of shaft flexibility, as will be proved in sec. 4.7. 

An envelope curve U0{r) 3
•
28

), which is guaranteed not to be exceeded, 
provided that backlash is not traversed, can be drawn through the maximum 
points (table 3-l). 

3.6. Backlash 

Backlash will be traversed when the direction of the force in the mechanism 
is reversed. As far as positive-drive cam followers (not spring-loaded) are con
cerned, such tra versa! may take place at the beginning of the motion, when the 
accelerational force begins to grow, though this will depend on the relatjve 
position of the output member. In this kind of mechanism traversal will cer
tainly take place near the point ofreversal of the acceleration. Van der Hoek 3 •28) 

investigated the impact phenomenon, due to traversal of backlash and due to 
application of <lead stops, by means of the single-degree-of-freedom model. 
The impact was considered as a sudden change in input velocity change 
(fig. 3.5) : 

if t < 0: 6' = 0 and h' = 0, 

if t;;?;O: 6'=v11 and h'=v"t. 
(3.8) 



-49-

"t 

x 

Fig. 3.5. Response (x) to a ramp function (h' = vb t). 

With this function as the right-hand term of the equation of motion (3.1) the 
residual vibration after impact can be calculated: 
amplitude of the positional error (fig. 3.5), 

(3.9) 

amplitude of the residual acceleration, 

(3.10) 

The introduction of re 3
•
28

), i.e. the ratio of the a<.:tual impact speed vb to 
the average speed during cam rise, re= vb tm/hm'• permits of writing down 
dimensionless expressions for the impact amplitude: 
relative positional error 

u =- =-· 
( 

Usn ) re 'l' 

sn hm' 2:n: ' 
(3.11) 

relative residual acceleration 

(3.12) 

U,n and Ü,n appear to be respectively directly and inversely proportional to r. 
As far as impact after the traversal of backlash is concerned, re is calculated 

as follows 3.2 8). Traversing of backlash will start at the instant that the force 
acting on the joint between members having backlash is reversed. At that 
instant, t = 0, the initia! conditions are 
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.. 
the difference in acceleration Llh0 ' = O; 

the difference in velocity Llh0 ' = O; 

the members are still in contact; backlash has not yet been traversed : Llh0 ' = 0. 
At t = 0 the force begins to grow and the members are loosing contact. With 
a rate of change of the nomina! acceleration k the difference in acceleration 
begins to grow: Llii' = h; t. Furthermore the velocity difference wil! be 
Lik = t h; t 2. At the instant of impact, tb, the velocity difference is 

(3.13) 

The relative position of one member to the other at the instant t is 6.h' = ! h' t 3
• 

The backlash s' will be traversed at t = tb : 

s'=ih'tb3· 

With the equations (3.13) and (3.14) the impact velocity proves to be 

vb = t (h')1 ;3 (6s')2 13. 

(3.14) 

(3. l 5) 

In the case of a cycloidal cam curve at the points of reversal of acceleration 
(t = 0, t = ! tm and t = tm) the rate of change of the nomina! acceleration is, 
in accordance with eq. (A. 2.16), 

H(= h' tm 3/hm') = ± 4n 2
• 

At these points, re(= vb tm/hm') is equal to 3
•
28

) 

rc=-IH/' 13 --; =(18n2)1 ;3 --; 
l (6 s')2;3 ( s' )213 

2 hm hrn 

3.7. Many degrees of freedom 

(3.16) 

Usually the follower linkage is represented by a multiple-degree-of-freedom 
system, as proposed by Janssen 12) and calculated by Johnson 2 1) and Eiss 34). 
In sec. 3.2.2, however, the assumption was discussed that the lowest natura! 
frequency predominated in the dynamic response, allowing of representing the 
mechanism by means of a single-degree-of-freedom system, with a natura! fre
quency equal to the lowest natura! frequency of the actual system. A three
degrees-of-freedom system wil! be considered as an example. 

3.7.l. Transfer function 

For the three-degrees-of-freedom model of fig. 3.6, similar to the dynamic 
model with constant fictitious angular velocity (fig. 3.1 b), the output response x 2 

to the cam input motion h'(t) will now be calculated . The system is described 
by the following set of equations of motion : 
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Fig. 3.6. Three-degrees-of-freedom model. 

After introduction of the differential operator D, this set will be of the form 
according to (2.49). Application of Cramer's Rule gives the output motion: 

Cz + c1 + 02 
C1 C1 

- -h'(t) 
m. m. m. 

C1 C1 + C2 c + 02 -
1 

h'(t) 
m1 m1 m1 

0 
C2 

0 
m2 

(3.17) X2 = 
C2 + C1 C1 + 02 0 

m. m. 

C1 C1 + C2 + 02 
C2 

m1 m1 m1 

0 
C2 C2 D2 -+ 
m2 m2 
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Calculation of the determinants will result in the transfer function: 

h'(1) 

(3.18) 

3. 7 .2. Natura/ frequencies 

In accordance with (2.50) the frequency equation is derived from the charac
teristic matrix in the denominator of (3.17): 

The eigenvalues are 
À1=We12; 

3.7.3. Response 

(3.19) 

Once the eigenvalues are known, the sixth-order system (3.18) can be replaced 
by a couple of parallel second-order systems by division into fractions 43

): 

~-=--------------~ 

h'(t) (D2 + w./)(02 + w.z2)(D2 + w./) 

A B C 
-----+ +-----
02 + We12 02 +We/ 02 +We/ 

After calculation of the constants A, B and C it appears that 

x2 c1 c2 ( -w.1
2 + c./m. 

h'(t) = m1 m2 w./ (we/- We/) (we3 2 - We/) 1 + (D/we1)2 + 
we/- c./m. 1 

+ 2 ( 2 2) ( 2 2) 1 + (Dj )2 + We2 We2 - Wel We3 - We2 We2 

-we/ + c./m. 1 ) + (3.20) 
w.3

2 (we32 - w./) (w./- w.1
2) 1 + (D/w./) . 

The response of any second-order system is found by solving the equation 
x, 1 

h'(t) 1 + (D/w.1)
2 

' 
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rewritten as 

Si nee this latter equation is identical with (3.1 ), the contribution to the 
relative positional error, according to (3.5), is 

r,3 ll. nl Uo1 = --2- sm-. 
1-r, n r1 

However, on considering the envelope curve U0 ('r) through the maximum 
points 3

•28) and remembering 1 - r 2 ~ 1 if r « I, then U0 is almost propor
tional to r 3

, which can be written also as 

According to (3.20) the ratio of the contributions U0 1' U02 and U03 to the 
overall positional error, corresponding to the respective natura! frequencies 

Wel> We2 and We3• is 
1-we/ + c,/m,I 

Uo1 : Uo2 : Uo3 ~ - -----------
We15 (we2

2 
- We1

2
) (we/- We1

2
) 

We/ (w,22 - We12) (we32 - w,/) 

l-w,3
2 + c,/m,I 

(3.21) 

With the data given in fig. 3.6 (equal masses and equal stiffnesses), the eigen
values are 

From (3.21) it follows that 

Uo1 : Uo2: U0 3 ~ 1 : 7·3. 10- 3
: 2·1. 10- 3

, 

If the input motion h'(t) were applied at the head of the series (fig. 3.7), the 
numerators of (3.21) would be equa\ to 1. In that case 

Uo1: Uo2: Uo3=l : 1·1 . 10- 2 :7 . 10- 4
• 

Because (l)e, 5 predominates in each denominator, the order of magnitude can 
as a rule of thumb be indicated as follows : 

U01 is inversely proportional to its own we/. (3.22) 

Application of this rule, mentioned also by Eiss 34
), gives 
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Fig. 3.7. Three-degrees-of-freedom model. Input motion at the head of the series. 

Uo1 : Uo2 : U0 3 = 1 : 5·8. 10-3 : 9. 10- 4
, 

and obviously (3.22) is true for all cam curves having finite h-values, because 
for all of them U0 is largely proportional to i-

3
• 

With respect to the impact phenomenon, the response of a single-degree
of-freedom system to a sudden change in velocity (3.9) is equal to 

Substitution in (3.20) will give the ratio of the contributions U,n 1, U,n 2 , U,n3 

to the overall positional error after impact: 

l-w.,2 + c,/m.I 
u,., : v •• 2 : u,.3 = 3 < 2 2) < 2 2) 

ûJe3 Wc2 - Wel We3 - Wel 

1 We22 - c,/m.I 
w./ (w.22 - Wei 2) (w.32 - w.22) 

l-w.3
2 + c,/m.I 

(3.23) 

For thr. eigenvalues corresponding to the system of fig. 3.6 it appears that 

V .• n1 : Usn2 : V,.3 = 1 : 5·7. 10- 2 
: 3·4. io- 2

. 

If the input motion were applied as indicated in fig. 3.7, then again the 
numerators of (3.23) would be equal to 1 and the ratios would be 

U,n, : U,n2: Usn3 = 1 : 8. 10- 2 
: 1·2. 10- 2

. 
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Because we3
3 dominates in each denominator a rule of thumb for the case of 

impact can take the following form: 

U sni is inversely proportional to its own we1
3. 

Application of this rule will give 

Usnl ; U sn2 : U sn3 = l : 4·5 · 10- 2
: 1·5. I0- 2

, 

indicating the order of magnitude. 

(3.24) 

In order to investigate the applicability of a single-degree-of-freedom model, 
one should not only consider the positional error but take into account also 
the residual acceleration. As far as the amplitude of the residual acceleration 
of the single-degree-of-freedom model is concerned, according to which 00 

appears to be directly proportional to r (3.6) or to l/we, one can derive from 
(3.20): 

0 . 0 . 0 ~ 1-we/ + c,/m,I 
0 1 . 0 2 . 03 ~ 3 ( 2 2) ( 2 2) 

Wei W e 2 - Wel W e3 - Wel 

We2 3 (we/ - Wei 2) (we3 2 - w./) 

l-we32 + c,/m,I 
3 ( 2 2) ( 2 2) -' w . 3 We3 - We2 w.3 - W e i 

which is identical with (3.23). Hence in the case of fig. 3.6 

001 : 002 : 003 = l : 5·7 . 10- 2 
: 3-4 . 10- 2

, 

and in the case of fig. 3. 7 

001 : Üo2: Üo3 = 1 : 8. 10- 2 : 1·2. 10- 2• 

Obviously the following rule of thumb is valid: 

001 is inversely proportional to its own we1
3• 

(3.25) 

(3.26) 

Concerning the impact phenomenon, the accelerational amplitude of the 
single-degree-of-freedom model (3.10) is 

Substitution in (3.20) will give 
1-w./ + c,/m,I 

Osnl : Osn2 : Osn3 = - - ----------
Wei (w.2

2 
- Wei 

2
) (w./ - w./) 

w.3 (w.32 - w.22) (we32 - ·Wet 2) 
(3.27) 
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The data of fig. 3.6 give 

v •• 1 : v .. 2 : Üsn3 = 1 : 0·44 : 0·56, 

while the data of fig. 3. 7 yield 

Üsnl : Üsn2 : Üsn3 = 1 : 0·64 : 0·2. 

A rule of thumb is: 

The residual accelerations Ü,n may be of the 
same order of magnitude, the amplitude 
corresponding to the lowest natura! fre
quency being the greatest. 

(3.28) 

In practice, however, the mass of the output member (m 2 , fig. 3.6) will as 
a rule greatly exceed the intermedia te masses, so that there is a greater difference 
between the lowest natura! frequency and the higher ones than in the present 
example. The lowest frequency will therefore be even more dominant, e.g. in 
the mechanism of fig. A.7.3. 

3.8. Conclusions 

The replacement of a multi-degree-of-freedom model by a single-degree-of
freedom model having a natura! frequency equal to the lowest natura\ fre
quency of the multi-degree-of-freedom model is justified. The errors in the 
response quantities do not exceed a few per cent, but the accelerational re
sponse at impact requires some care. 

x 
L_ 

R 1/2) 

. 1 dh 1( {J Jo----'=>----() 
1=fan et=-- --- (IJ (IJ 

R'([J J d{J 

(//2) (/) 

(IJ 
y' z' 

I Jp m -p -R'({JJ2 
_j .-- t__ 

ÎJ R'([JJ 

g,t R'(pJ 

Fig. 3.8. Four-degrees-of-freedom model. 
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In order to simplify the genera! dynamic model of fig. 2.26, the multi-degree
of-freedom follower linkage, m1 •• • mm is replaced by a single-degree-of-free
dom system (fig. 3.8) having the natura! frequency Wex = (cxf mx)112 if it is 
rigidly supported on its roller R. Wex is equal to the lowest natura! frequency 
of the multi-degree-of-freedom system of fig. 2.26 if it is also rigidly sup
ported at R. 
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4. SINGLE-DEGREE-OF-FREEDOM MODEL WITH V ARIABLE 
FICTITIOUS ANGULAR VELOCITY, "CAMSHAFT-1" 

4.1. Introduction 

For predicting the dynamic behaviour of a cam follower mechanism, the 
single-degree-of-freedom model having constant fictitious angular velocity was 
not always satisfactory. Because not all conditions concerning constant fictitious 
angular velocity, which are mentioned in sec. 3.2.1, have been fullfiled, the cam 
input motion is distorted, which affects the follower output motion. The most 
serious factors in this field are firstly backlash in the reduction gear and other 
transmission components between the driving machine and the cam, and 
secondly the shaft flexibi!ity . As far as the latter factor is concerned one meets 
a tendency in production machines, which mostly comprise several mechanisms, 
to use a long common shaft to drive these mechanisms. In this way synchronisa
tion is easily achieved . Since, however, the shafts are generally of small diameter 
with respect to the length, shaft stiffnesses will have rather low values. The shaft 
(fig. 4.1) is deftected, by inertial loads from each of the mechanisms, in th.e 
torsional direction ( <:p, - {3) as well as in the directions of the follower motion (z) 
and perpendicularly to it (y). It is obvious that interaction between the mechan
isms wilt occur. Alttiough this matter wilt not be discussed in detail here, it is 
to be noted that the measures taken' to counteract interaction 35

) are of course 
the same as those to prevent poor dynamic behaviour of a single mechanism 
due to shaft flexibility. 

The first step in solving the problem of variable fictitious angular velocity 
wil! be to -analyse the effect of camshaft flexibility , a problem recognised already 

Fig. 4.1. Diagram of the four-degrees-of-freedom mechanism. 
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by Cagne 31 ) and Neklutin 15
). A method for calculating the effect of camshaft 

flexibility on the residual vibration of follower linkages is given by Van der 
Hoek 3

•
28

). Besides z' -deflection (fig. 4.1) also y' -deflection and torsion, 
rp, - {J, must be taken into account in an appreciation of the stiffness varia
tion during cam rise. 

Considering the two-degrees-of-freedom model (x, z'), in an investigation 
of the effect of shaft flexibility, Eiss 34

) did not take into account distortion 
of the cam input motion, caused by variations of the fictitious angular velocity 
in response to tangent ia! (y') and torsional ( q;, - {J) flexibility. In the multi
degree-of-freedom system proposed by Janssen 12

), y' -flexibility has been 
ignored, although it is of the same order of magnitude as the z' -flexibility. In 
the case of radial cams (fig. 4.1) they are equal. 

4.2. Assumptions 

4.2.1. Constant input angu/ar ve/ocity 

Let the angular velocity of the driving machine, p, (fig. 4.1 ), be independent 
of torque and be of the constant value w,. 

4.2.2. Constant mass 

Figure 4.1 is the diagrammatical representation of the mechanism of which 
fig. 3.8 is the dynamic model. On the basis of this dynamic model a preliminary 
analysis is made in which the higher natura] frequencies are left out of account 
since, as is apparent from sec. 3.7.3, the lowest natura! frequency dominates 

i=lan cr=-1 dh'({J) {I} 
R'((J) d{J 

{1/2) (1) 

, (/) 

9>1 R
1
({J)= Q 5 R

1
({J) 

Fig. 4.2. Dynamic model of the single-degree-of-freedom system with variable fictitious 
angular velocity derived from fig. 3.8. 
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the dynamic response. In fig. 4.2 the mass, m, is defined so that the only natura! 

frequency is equal to the lowest natural frequency of the actual system. The 
slope of the cam curve forms a variable coupling between f3 and y', on the one 
hand, and between x and z', on the other; hence m is not constant. But its 
variation will be small in practice, since mp' and m/ are small in comparison 
to 111_.. Therefore 111 will still be assumed to be constant. The constant magnitude 
of 111 will be determined in the uncoupled position (sec. 4.6). The four-degrees
of-freedom model of fig. 3.8 is thus changed to the single-degree-of-freedom 
model with variable fictitious angular velocity of fig. 4.2. 

4.2.3. Variable stijfness 

The stiffness of the mechanism is a function of the vaçiable transmission 
ratio, viz. the slope of the cam curve, tan :J. (fig. 4.2). A considerable change 
in stifTness takes place during cam rise because of the relatively low value, in 
practice, of c/ and, particularly, cp'. On elimination of the transmission ratio 
tan :J. by reduction, fig. 4.3a is obtained, which can be simplified further to 
fig. 4.3b. 

x x 

t__~ 
ex 

(//2) (1) 

l__ 

(1) (1) 

c 

<ÏJ1 R"([J) = w5 R"([J) 

a) b) c) 

Fig. 4.3. Single-<;legree-of-frcedom model with variable fictitious angular velocity. (a) Elimina
tion of i = tan oc; (b) after simplification; (c) input motion equal to the nomina( follower 
displacement. 

4.2.4. No damping during cam rise 

As stated in sec. 3.2.4 damping durihg cam rise is neglected. 
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Fig. 4.4. Axial cam-follower mechanism. 

4.2.5. Constant pitch radius 

As has been stated in sec. 2.5.2, c/ and tan '.X (fig. 4.3a) are functions of 

the pitch radius R'({J). In the case of axial cams (fig. 4.4) the pitch radius is 

constant, being equal to the radius of the base pitch circle Rb'· But in the 

case of radial cams (fig. 4.1) the pitch radius is variable, being a function of {J. 
Nevertheless a constant pitch radius R 112 ' wil! be assufl}ed, in the hope that 

a satisfactory model can be obtained if only a suitable value of R JJi' is taken. 
An advantage will then be that the same mathematica! expressions can be 

used in the case of both axial and radial cams. 

On consideration of fig. 4.3b it is evident that the overall stiffness (c), ex
pressed by 

- =-+-+- + -
' Il " ' c Cx c, Co Cy 

is not constant, because c0" is a function of dh'/dfi only and c/' is a function 

of both dh'/d{J and R'({J) (fig. 4.3a). As far as cam curves are concerned which 

have a symmetrical acceleration characteristic with .respect to the point {3 = ! f3m, 
the value of d/J' /d(J is at its maximum at this point (A in fig. 4.5). If c / were 
infinite, the minimum overall stiffness would occur simultaneously with the 

minimum of cp'', hence at the maximum of dh'/d{J, at A (fig. 4.5). If, however, 

en' were infinite, the minimum overall stiffness would occur at the minimum 

of c y", at the maximum of dh' / R'({J)d{J, slightly before fJ = -! firn (as far as 
a cam rise motion is concerned) at B (fig. 4.5). Since neither is infinite, the 
actual minimum will occur at C (fig. 4.5), between A and B. At this point 

the rigidity-decreasing effect is feit most seriously. Therefore the constant R112 ' 

shoul<l be taken cqual to the value of R'({J) at C. Determination of the Jatter 

will be a laborious calculation. Since C is close to A, the calculation can be 
approximated by taking the value of R.'({J) at A. As far as cam curves that are 

symmctrical with respect to fJ = ·} {J" are concerne~, at A the follower is 

nominally halfway along its stroke. Hence 



c 

1 'J-1 Cmax={-+1 
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D 

Fig. 4.5. Stifîncss as a function of the slopc of the cam curve. 

Rh' being the radius of the base pitch circle. 

(4.1) 

Of course an error is introduced by this assumption, although it will be 

small if cfl' is small with respect to c»' and if hm is small with respect to Rb'· 

The magnitude of the error will be established in sec. 8.2.7. 

4.3. Description of the model 

4.3.1. Equations 

According to figs 4.3 and 4.5 the overall stiffness is expressed by 

~ = __!__ + __!__ + (-1- + _1_) tan2 (J. 
I I / ' 

C Cx C, Cp Cy 

(4.2) 

which consists of a constant part 

1 1 1 
-=-+-,' 
Cc Cx c, 

(4.3) 

and a part, reduced by the instantaneous slope, called the tangential stiffness, 
viz. 

1 1 l 
--=--+-. 
Cian cp' Cy' 

(4.4) 

Attcntion should be drawn to c11 ', which contains the shaft's torsional stiffness 
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as well as contributions of other transmission components between the driving 
machine and the cam, such as vee or timing beits, chains, reduction gears, and 
shafts in series with the camshaft. On the basis of (4.2) the overall stiffness can 
be expressed by 

1 1 tan 2 a 
-=-+--. (4.5) 
c 

The input motion is the constant angular velocity of the shaft at the input 
side, if!, = ws (fig. 4.1 ). Reduced at the output member (fig. 4.3a) it is written as 

if!, R" ({J). 

Because of R"(/J) = R'({J) tan a, the input displacement is equal to 

W 5 J R'({J) tan a dt. 
0 

With reference to fig. 4.3b, the equation of motion is 

m x = c ( ws/ R'({J) tan a dt - /x d·t} 

Substitution of (4.5) in this expression, and rearrangement, yields 

x = Cc ( ws/ R'({J) tan a dt- X )[ m ( 1 + c::n tan
2 

a) r 1 

(4.6) 

From (2.53) it is obvious that the cam-curve slope is a fi.mction of {J: 

dh' 
tana=-- - . 

R'({J) d{J 

After insertion of this expression, eq. (4.6) can be rewritten as 

X=Cc(wsf R'({J)-
1
- dh~dt-x){m[l +-==-(-1- dh')

2

]}-

1

. (4.7) 
0 R'({J) d{J Ctan R'({J) d{J 

Attention has to be paid to the term. dh'/d{J. The expression (4.7) might be 
simplified if replacement of dh'/d{J by h'/ws were justified, and this will now 
be discussed. dh' /d{J can be rewritten as 

dh' h' 

d{J W 5 + LJ ,8 . . 
in which Ll{J is the difference between the angular velocity of the cam, {J, and 
the nomina! angular velocity, w •. 

If there is close coupling of the follower and the shaft, then there will be a 
phase shift of n/2 radians between the acceleration x and the angular velocity 
difference Ll/J. Close coupling will occur firstly if the cam masses mp' and m/ 
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are very small (a condition that has been assumed already) and secondly if 
the cam is in the region close to maximum slope. As far as the effect of shaft 
stiffness on the vibration of the follower is concerned, this is in fact the most 
important region. 

Because of the phase shift of n/2 radians between x and LJP. the Jatter is 
equal to zero at the instant of a loca\ maximum or minimum of x. Hence, at 
that moment no error will be occasioned by equating dh'f d/3 and Ï1'/w" Moreover, 
dh'/d/3 occurs in the numerat?r and the denominator of (4.7), so that at a local 
maximum or minimum of LJ{J (i.e. at values of·" close to zero) any error may 
be only moderate. 

On the basis of (4.7), the magnitude of the error cannot easily be estimated. 
Jn sec. 8.2 .5 results obtained with a model based on the assumption 

dh' h' 
-~- (4.8) 

d{J W 5 

will be compared with those of a two-degrees-of-freedom model which will be 
developed in chapter 5 and in which this assumption will not be made. 

Substitution of (4.8) in (4.7) gives 

( 
1. ){ [ Cc( 1 /i')2]-l X = Cc f h' dt - X m 1 + - -, -- - } 

O Cian R ({3) W s 

(4.9) 

Instead of R'(/3) the constant R 11/ in accordance with ( 4. 1 ), is introduced: 

i =Cc [h'(t)- x] {m [1 + _::-(-
1 , !!...) 2 ]}-t 

Cian R1 12 Ws 

( 4.10) 

The physical interpretation of ( 4.10) is that the input motion is equal to the 
nomina! displacement, h'(t) (fig. 4.3c) , generated by a cam rotating at constant 
fictitious angular velocity. The input motion is similar to that of fig. 3.2. The 
stiffness of the complete mechanism is a function of the nomina! follower velocity, 
h', and accords with the curve through D in fig. 4.5. 

4.3.2. Dimensionless numbers 

4.3.2.1. lntroduction 

By means of the introduction of dimensionless numbers the results can be 
expressed by a minimum number of characteristic parameters. 

4.3.2.2. Definitions 

Period of natural vibration at the slopc tan ()( = 0 (maximum stiffness): 

(4.11) 
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Fig. 4.6. Mean slope tan O:me· 

in which expression m is calculated from the uncoupled mechanism (sec. 4.6). 
Ratio of period of natura! vibration to cam rise time: 

Te 
T= -. 

Mean slope during cam rise (fig. 4.6): 

hm' 
tan O'.me = . 

R11i' fJm 

(4.12) 

(4.13) 

The ratio of the constant stiffness cc to the tangential stiffness c,20, with the 
mean slope taken into consideration, is 

Cc 
Fa= - tan 2 

O'.mc• 
Crnn 

and this is designated the shaft stiffness factor. 

4.3.2.3. Dimensionless parameters 

Furthermore some dimensionless parameters will be introduced: 

h' 
H=-· 

I , ' 
lm 

x 
X=-· 

I ' ' Îm 

t 
T=-. 

lm 

Frorn the definitions dH/dT = H, dX/dT = X, etc., it is obvious that 

.. X lm2 
X=--

h ' m 

4.3.2.4. Dirnensionless equations 

(4.14) 

Insertion of the dimensionless parameters, together with (4.11) and (4.12), 
in (4.10) will give 

X = ( 2n)2 
(H- X)[l + i-:12 !..:._( hm' )z]-1 

T C1an R112' Ws fm 

If w, lm = fJm and the definitions of mean slope ( 4.13) and F. ( 4.14) are 
remembered, it appears that 
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.. ( 2:n:) 2 
H- X 

X = ----:;- 1 + H 2 F. 

H = H(T), 

H = H(T). 

(4.15) 

(4.16) 

(4.17) 

The dynamic response will be established in the case of the cycloidal cam 
curve (appendix 2, eqs (A.2.10) and (A.2.11)): 

H(T) = l - cos 2nT, 

1 
H(T) = T - -- sin hT. 

2n 

4.4. Methods of solution 

Equation (4.15), of the form 

m :\' + c(t) x = c(I) h(I), 

(A.2.10) 

(A.2.11) 

is called the Hitl's equation 11
) . lf c(I) is a simple harmonie function, the 

homogeneous equation called the Mathieu equation is solved to determine the 
instability regions of parametrically excited vibrations 11 

·
39

A
4

·
45

·
46

). But no 

methods of solution are available for the transient response motion. Hence 
approximative and numerical metl10ds must be applied. 

4.4.1. Approximative method 

Returning to (4.5) we can rewrite this equation as 

C=-------
1 + (c,/c" 0 ) tan 2 

:J. 

The denominator, being of the form of that of (4.6) may be rewritten in the 

form of that used in ( 4.15): 

(4.18) 

Figure 4.5 illustrates c as a function of the nomina! follower velocity, H, i.e. 

the curve through D. At T ~ 0 and T ;;: 1, the stiffness is at its maximum 
because then H = 0: 

at T = i, when the nomina! cam curve velocity is at its maximum, H = 2 

(A.2.10), the minimum stiffness is equal to 
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Cmln = ----
! + 4Fu 

The ratio between cm" and Cmln• called the siiffness dip 3
·
28

), is equal to 

Cmax 
- = 1+4Fu. (4.19) 
Cmln 

An approximative solution can be obtained if the stiffness is kept constant 
during cam rise. This approximation is assumed to be permissible at small 
variations of c. Since H2 has a maximum of 4, this assumption will probably 
be justified if Fu < t. Van der Hoek 28

) takes 

~ = ~ ( C:1n + c: .. ). 
Substitution therein of (4.19) leads to 

l 1 
- = - (1 + 2 F0 ). (4.20) 
C Cc 

Another possible assumption is to take the average of the time integral during 
cam rise. Equation (4.18) yields 

1 1 
1 

. 

- = - f (1 + H 2 Fu) dT. 
c Cco 

Calculation of this for the cycloidal cam curve H = 1 - cos 2nT, eq . (A.2.10), 
yields 

1 1 
- = - ( 1 -:- i Fu). (4.21) 
C Cc 

On insertion of the constant value (1 + .; Fu), whether.; = 2 or~= ~. in the 
denominator of (4.15), its solution will be analogous to that of the single
degree-of-freedom model at constant fictitious angular velocity (3.5), although 
T must be multiplied by (1 + $F.) 112

: 

(4.22) 

For T « I, the envelope curve U0(T, Fa= 0), eq. (3.5), is shifted up by a 
factor (1 + $ F0 )

312 to yield the curves U0 ('r, F0 ), fig. 4.7. 
In practice, dip values of up to Cmax/Cmin = 13 have been met, which means 

F11 = 3, so that U0 is increased by a factor 
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Uo 

t 

~ 02 ~] ~' 
-r 

Fig. 4.7. Rclativc positional error U0 as a function of Tand F"; approximative solution. 

Although Fa = 3 is outside the range of applicability of the approximative 
method, the conclusion is inescapable that shaft flexibility must certainly be 
taken into account. 

4.4.2. Numerical method 

The simple numerica\ calculations of eqs (4.15), (4.16) and (4.17) are carried 
out by means of a finite-difference method which requires only restricted com

puting faciliti~s, such as those of a desk calculator. .. 
Let X 1 and X 1 be the conditions at the instant T 1 (fig. 4.8). The acceleration X 

is assumed to be constant within a time interval LIT and equal to the value at 
half the time interval, 8 = 1 LIT; it is caJculated by the application of eq. 
(4.15): 

(4.23) 

The unknown increment bX is calculated from 

(4.24) 

On elimination of <'iX from (4.23) and (4.24) a simple expression for X is ob
tained: 

(4.25) 
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8 

Fig. 4.8. Numerical method, CAMSHAFT-1. 

The cam displacement H 9 and the velocity H 9 at half the time step are cal
culated by means of respectively (A.2.10) and (A.2.11): 

.. 

H8 = 1 - cos [2n (T1 + 0)], 

1 
H 6 = (T1 + 0)- - sin [2n (T1 + O)]. 

2n 

(4.26) 

(4.27) 

Since X is known, the conditions at the end of the step L1T may be calculated. 
BecauseX is constant within L1T, Xwill be a straight line and Xwill be parabolic . 

.. 
L1X = X L1T, 

X2 = X 1 + L1X, 

L1X = (X1 + t L1X) L1T, 

Xi = X 1 + L1X. 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

The computing process of the CAMSHAFT-1 program is illustrated in 
fig. 4.9. A stable computing process is obtained if L1T does not exceed 0· 1 ?'. 

This means that at least ten computations take place within one dimensionless 
period of natura! vibration. The accuracy of the computing process is satis-
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LlX= x LlT 
x 2 =X1+Llx 

LlX=(X1 +]- LlX)LlT 

X2 =X1 +LlX 

<O ?; 0 

END 

Fig. 4.9. Flow diagram of the CAMSHAFT-1 program. 

factory; if LlTis decreased from O· I r to 0·01 r the calculated amplitude of the 
residual vibration changes by only 1 ·5 %. 

4.5. Results of the CAMSHAFT-1 program 

Response curves of the output member at increasing F0 , as illustrated in 
fig. 4.10, show the typical acceleration diagrams of residual vibration at low 
shaft tangential stiffness, C1an · 

4.5.1. Acce/erarion phase 

During the acceleration phase, the X-curve (3) (at Fa = 2) does not even 
reach the nomina[ acceleration value Il = 2n at T = 0·25, and the transition 
from acceleration to deceleration, nominally occurring at T = 0·5, is delayed, 
both facts pointing to retardation of the cam owing to torsion (v 1 - {J) and 
tangential (y) deflection. 
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Fig. 4. 10. Curves of response to the cycloidal cam curve of the single-degree-of-freedom model 
with variable fictitious angular velocity, CAMSHAFT-1. X: position of the output member; 
X: acceleration of the output member. 

4.5.2. Deceleration phase 

The energy stored in the shaft due to wind-up and tangential deflection 
during the acceleration phase, is released in part during deceleration. The shaft, 
acting rather like a catapult, accelerates the cam. At higher fictitious angular 
velocity the follower deceleration will exceed its nomina! value quite consider
ably, depending on F0 , which expresses the relative tangential flexibility. 

The maximum deceleration occurs at about T = 0·7. Thereafter the ampli
tude of residual acceleration still continues to grow because of the increasing 
stiffness, which originally had its minimum at around T = 0·5. 

4.5.3. Natura! frequency 

Natura! frequency is defined as the frequency of free vibrations of the 
machine blocked at the input ( cp1 = 0) and vibrating at relatively small ampli
tudes around some mean position. The natural frequency will be considered 
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Cc ( h" ) Z. 
F =- \i-

a Cta• R1/1fJ:n 

1 . 1 

Fig. 4.11 . Graphs of the response of the single-degree-of-freedom model with varia bie fictilious 
angular velocity, CAMSHAFT-1, to the cycloidal cam curve. 
(a) Numerically calculated relative positional error U0 as a function of T and F. ; compared 
with the approximative solution of fig . 4.7 (~ = 3/2). Circles : calculated points of the curve 
F0 = 1-5. 
(b) Dimensionless maximum deceleration during cam rise; T indicates the instant of occur
rence. 
(c) Amplitude of the residual acceleration after cam rise (T ;;. 1); circles: calculated points 
of the curve F. = l ·5. 
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as a function of the input angular pos1tton <p, . Because of <p, = w,t, and 
since w, is constant, the natural ~requency will be expressed as a function 
of the nominal follower velocity H. On the basis of (4.18), the natural fre

quency wa at time T is given by 

Wer= - -----
(1 + ifT2 F.)1 12 

( 4.32) 

which becomes minimum, we 0 . 5 , at the maximum nomina! velocity, H 0 • 5 = 2. 
lf F0 is 2, the natura! frequency changes by a factor of 3. Figure 4.10 (curves 2 
and 3) shows a considerable variation of the natura! frequency. 

4.5.4. Residual vibration 

At high values of P0 , i.e. at low torsional and tangential stilfness of the shaft, 
big amounts of cnergy are released in consequence of shaft dellection; they 
bring about severe follower vibration after cam rise (curve 3 in fig. 4. 10), which 
greatly exceeds the nominal acceleration at values of Fa occurring in practice. 
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Fig. 4. 11 (continued). 
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4.5.5. Response graphs 

By means of the CAMSHAFT-1 program graphs have been computed which 
represent the rela~~ve positional error U0 (fig. 4.1 la), the maximum deceleration 
during cam rise X (fig. 4.1 lb), and the amplitude of the residual accelera
tion V0 after cam rise (fig. 4.11 c) as functions of r and F0 • The maximum 
deceleration determines the follower spring_ force. The contact force between 
the roller and the cam consists of the inertial force and, if prèsent, the spring 
force. Figure 4.11 b indicates the instant of the maximum deceleration during 
cam rise; fig. 4.11 c shows the accelerational amplitude after cam rise. With 
both graphs the inertial force can be estimated as a function of the angular 
position of the cam. After addition of the spring force, the contact force as a 
function of fi is obtained. Together with the radius of curvature, which is a 
function of fJ, the maximum contact pressure can be calculated. 

4.6. Simple method for calculating the lowest natura! frequency 

As has been stated in sec. 4.2.2 the masses mfJ' and m/ form variable con
tributions to the lowest natura! frequency. Since in practice mp' and m/ are 
small relative to the follower mass mx, they are ignored in the single-degree
of-freedom model with variable fictitious angular velocity. 

To allow of using the graphs of the output response (fig. 4.11) for predicting 
the dynamic behaviour of a cam follower mechanism, the period of the lowest 
natura! frequency, T," of the uncoupled system, eq . (4.11 ), must be calculated. 
The uncoupled follower system (fig. 4.12) contains the masses of the follower 
linkage mx1 . .. mxn together with the cam mass 111='. 

For application in design practice, a simple method for determining the 
lowest natura! frequency is desirable. In order to avoid the solution of a higher
order frequency equation of the type of eq. (2.50) which gives a number of 
natural frequencies; Rayleigh's method 39

·
40

) can be used for the calculation 
of the lowest one. 

First a lowest mode of vibration is assumed; all amplitudes are expressed 
in terms of .i. (fig. 4.13): 

(4.33) 

Then the maximum elastic and ki net ic energies are calculated and equated: 

n 

Vmax = t ~ clx;-X;-d2
, (4.34) 

i= 1 

in which .\-1 is the displacement amplitude; l, = (I'• .X, is therefore the velocity 
amplitude, hence 

n 

Tmax = -} w/ L m, x/. 
i= J 

(4.35) 
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Insertion of the mode of vibration, eq. (4.33), and equating of Vmau eq. (4.34), 
to Tm.., eq. (4.35), gives the lowest eigenvalue: 

" 

w. 2 = ___ " ____ _ 

~ m1 a,2 
I= 1 

x 

t_ __ G 
~ Cxn 

z, 
t_ __ 

1 
1 
1 

Fig. 4.12. Dynamic model of the uncoupled fol!ower system. 

(4.36) 

~--43------~------~ 
1 1 1 1 

~.x1 ~' x· ' f_. xn 
1 1 
1 1 
1 • 0· 1 i . J 1 0 0 =1 

Mode of vibration : X;=O;Xn 

Fig. 4.13. Lowest mode of vibration. 

~ Ac! A -----~-----~-----~ ~vvv; 
1 

, 
1 

1 1 1 ' 
1 1 1 1 
.__ x1 ~ xj '----+ X; '----+ x n 

Fig. 4.14. Defiection by statie loading. 
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In practice the intermediate masses m1 (1 ~ i ~ n - !) are generally small 
with respect to mm so that the lowest natura! frequency and the lowest mode 
of vibration are mainly determined by m •. The greater m. with respect to the 
intermediate masses, the more the lowest mode of vibration will conform to a 
deflection by a statie load exerted at x. (fig. 4.14). Then the lowest mode of 
vibration is approximately 

L I/c1 
J= 1 

a, = 
" L l/ci 

J= 1 

Insertion in (4.36) yields 

1-1 2 

w/ = L c, 

" L l/ci - L 1/ci 
J= 1 j= 1 

" 
I= 1 

i= 1 

The lowest natura! frequency is equal to 

w -e-

" 

Lm, 
I= 1 

Hence the period of lowest natura! vibration will be 47
) 

T, ~ 2n V [t m, (;i-1 
l/ci)

2

/ Cel . 
•-1 l/cc 

(4.37) 

2 -1 

L I/cj 
J= 1 

" 
L I/c1 
i=l 

(4.38) 

(4.39) 

The expression (4.39) has the advantage that its calculation, is easy; the de
nominator consists of the overall stiffness, expressed by 

n 

:c = L ~I. (4.40) 

t= 1 

The numerator contains the equivalent mass, viz. the sum of the mass con
tributions. A mass contribution is equal to the mass m1 under notice multiplied 
by the square of the ratio 
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i.e. the ratio of the flexibility of the part between the rigid frame and the mass m, 
to the overall flexibility. A difficulty is, however, that (4.39) is valid only in 
the range in which the statie deflection is a good approximation of the actual 
lowest mode of vibration. In appendix 3, in which this method is compared 
with the exact method for calculating natura! frequencies in discrete systems, 
its range of validity is determined for a prescribed accuracy, eqs (A.3.5) and 
(A.3.11). 

Errors in the lowest natura! frequency are less than 4 % if the sum of the 
mass contributions of the intermediate masses does not exceed 25 % of the 
mass at the free edge, on condition that the sum of the intermediate masses 
is less than 3 times the mass on the free edge. In practice this limitation hardly 
restricts the utility of the method. Furthermore a clearer understanding is ob
tained of the re\ative influences, on the period of natura] vibration, of the 
masses and the stiffnesses in the chain. 

To arrive at a single-degree-of-freedom model in this chapter, the cam masses, 
mp' and my', have been ignored and m has such a value that, in the uncoupled 
position (tan a = 0), the only natura! frequency of the model is equal to the 
actual lowest natura! frequency. Further investigation, however, will be neces
sary to answer the question of whether or not the amounts of cam mass occur
ring in practice do in fact influence the dynamic behaviour. 

4. 7. Conclusions 

(1) Since, in present design practice, numbers of Fa up to 3 are met at values 
of r from 0·06 to 0·25, many machines suffer quite considerably from a rela
tively low tangential stiffness of the shaft, increasing positional error, and 
dynamic !oad. For example in fig. 4.10, at a quite usual value of r = 0· 15, 
a shaft stiffness factor Fa= 2 (in other words the stiffness dip Cmax/Cmtn = 9) 
gives rise to a residual vibrational amplitude (curve 3) which is 17·5 times as 
high as that at infinite tangential rigidity (Fa = 0, curve 1 ), i.e. at constant 
fictitious angular velocity. 

(2) Of most mechanisms met in practice, the r-numbers are in the range of 
0·06 to 0·25. At r = 0·2 the magnifying effect of shaft tangential flexibility 
is at its maximum (fig. 4.1 la); at Fa= 2, U0 differs by a factor of 20 from 
that at Fa= 0 (constant fictitious angular velocity). At low r-numbers ( < O· l) 
the follower mechanism appears to be fairly insusceptible to variations in 
fictitious angular velocity. At r = 0·07, magnification of the residual ampli
tude is moderate, a factor of 3·5 at Fa = 2 relative to Fa = 0. 

At high r-numbers (> 0·5, not of practical importance) the response is 
poor; magnification of the residual amplitude due to variations of the fictitious 
angular velocity is relatively low. 

D 
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(3) The approximative method (sec. 4.4. l) for sm~l stiffness variations, ex
tended to practical values of Fa, agrees to some extent with the numerical 
method (fig. 4.1 la) at the higher r-numbers, about T = 0·2, but does not show 
the moderate effect of shaft tangential ftexibility at the Jower r-numbers close 
to O· I. These values of U0 differ by a factor of 2·5 in the case of ~ = ~. a 
more satisfactory value than ~ = 2. 

(4) Except at very low r-numbers, the calculated points U0 (r, Fa) indicated, 
for example, at Fa = l ·5 (fig. 4. l la,c), are situated on the curve and there are 
no "zero points". As has already been stated in sec. 3.5, zero points are of 
no practical interest, owing to fictitious-angular-velocity variations brought 
about by tangential flexibility of the shaft. 

(5) lfthe assumptions made for obtaining the single-degree -of-freedom model 
with variable stiffness turn out to be admissible, the response graphs (fig. 4.11) 
provide useful directives for designing the cam follower mechanism, its driving 
shaft, and the other driving components, in such a manner that the desired 
positional accuracy is achieved and dynamic overload is prevented. 

(6) In order to attain the desired positional accuracy, the required values 
of r and Fa are determined from fig. 4.1 la. Good positional accuracy is ob
tained if both r and Fa are kept small. The dimensionless number, r, which 
refers to the follower linkage, is kept small by means of the measures men
tioned in sec. 3.3. To keep Fa, the dimensionless number referring to the shaft's 
stiffness, small, the shaft should be rigid and the mean slope, tan ixm" the 
effect of which is quadratic, should be small. The consequences from the de
signer's point of view will be discussed in sec. 8.5. 

To avoid interaction between mechanisms driven by a common shaft, F" 
should be kept smaller than 0·3 35). 

(7) Equation (4.39), based on Rayleigh's method, and the assumption that 
the lowest mode of vibration is equal to the statie deflection, yields an easy 
and sufficiently accurate way for calculating the period of natura! vibration, 
whence r can be determined. 



- 79 -

5. TWO-DEGREES-OF-FREEDOM MODEL "CAMSHAFT-2" 

5.1. li1troduction 

In the previous chapter the inertia of the cam in the rotational (/3) direction 
and in the tangential (y') direction was ignored. In the present chapter this 
inertial effect will be investigated . The model (fig. 5.1) contains the degrees of 
freedom x (the motion of the follower) and fJ (the motion of the cam). The 

cam curve, h', and the first derivative, dh'/dp, can be expressed as functions 
of p; hence, there is no need for making the assumption (4.8) of dh'/d{3-::::. h'/w" 

5.2. Assumptions 

5.2.1. Tiro degrees of freedom 

Since in fig. 3.8 the inertial etîects of both mp' and m; are acting in the 
tangential direction, they will be of the same nature. Therefore, as a first ap
proximation, the problem can be simplified by investigating only the inertia 

m/ of the cam in the mechanism of fig. 5. 1. 
Since the shaft is supported immediately by the side of the cam, both in the 

z'- and the y'-direction, only two degrees of freedom, x and {J, need be con

sidered. 
The dynamic model (fig. 5.2a), derivcd from fig. 3.8 by assuming c).' and c; 

to be infinitely rigid, has been simplified in fig. 5.2b. The coupling between the 
two degrees of freedom (x) and (/1) is by means of the varying cam-curve slope 

i = tan '.X. Elimination of this transmission ratio by reduction gives fig. 5.3, 
from which it is obvious that none of the parameters are functions of the 

instantaneous pitch radius. owing to the fact that tan '.X as well as m/ and cri' 
have R'({J) in the denominator. 

x 
_ _J 

ex 

Fig. 5.1. Diagram of the two-degrees-of-freedom mechanism. 
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Fig. 5.2. Dynamic model of the two-dcgrees-of-frecdom system. (11) Derived from fig. 3.8; 
(b) after simplification; (c) elimination of l/R'IP). 
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x 
L_ 

/J dh '({J) 
d{J 

l __ 
dh'({J) 

CJ5--dP 
t __ _ 

11 erf d{J 2 

cp = tan 2 et =k(dh'(p)J 

11 mp ( d{J )2 
mp=tan 2 o:=Jp dh'(p) 

Fig. 5.3. Two-degrees-of-freedom model; elimination of i = tan a. 

5.2.2. Constant input angular velocity 

The constant rotational velocity, <Pr = w" on the driving side of the shaft 
is the input velocity. 

5.3. Description of the model 

5.3. 1. Equations 

Equation of motion of the output member (fig. 5.2c): 

t dh' t 

m" x = c" ( J (3 d dt - J x dt). 
0 {3 0 

(5.1) 

Equation of motion of the cam: 

(5.2) 

Both these equations can be written as 

mx x = c" (h' - x), (5.3) 

P k( /J) "dh'· 
J- = w.t- -m"x d{J. (5.4) 

The cam curve and the cam slope are giveo as functions of the cam angle: 
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dh' dh' 
dj= di({J), (5.5) 

h' = h'({J) (5.6) 

The dynamic behaviour of the two-degrees-of-freedom system is described 
by the set of equations (5.3) to (5.6), containing two linear differential equations 
(5.3) and (5.4), with a nonconstant coefficient (dh'/d{J). 

5.3.2. Dimensionless numbers 

5.3.2.1. Definitions 

Period of natura) vibration of the follower mechanism in the uncoupled 
position (tan a. = 0): 

(5.7). 

Period of natura! vibration of the rotating system, in the uncoupled positiou: 

T.p = 2n J;:' = 2n J~. 
Ratio of period of natura! vibration to cam rise time 

Again Fa is defined: 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

which permits, in fig. 5.3, of the physical interpretation of Fa as the ratio of 
the follower stiffness to the mean shaft stiffness. Furthermore, 

cp' 

tan 2 
ex.me 

Substitution of this in (5.11) gives: 

(5.12a) 

or, si nee cp' = k/ R'({3) 2 in which k = G I"/12 : 

F = Cx ( hm')2 

a k fJm ' 
(5.12b) 

which because of cancellation is independent of the pitch radius R'({J) . 
The expression (5. l 2a) can also be derived from the definition of Fa, eq. (4.14). 

According to eqs (4.3) and (4.4) respectively, Cc = c" and c,.n = cp' are ap-
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plicable in the two-degrees-of-freedom model. Substitution in ( 4.14) yields the 
expression (5. l 2a). 

By analogy with Fa (5.11) Iet the ratio of the follower mass, mx, to the 
mean cam mass, mp me", be introduced: 

which can be written also as 

mx 
Fv=--, 

mp mc
11 

(5.13) 

(5.14a) 

or, given mp' = J/ R'(/3) 2 in which J is the polar mass moment of inertia: 

(5.14b) 

which proves to be independent of the pitch radius R'(/J). Fv represents the 
inertial effect of the cam, so that it may be termed the flywheel factor. 

5.3.2.2. Dimensionless parameters 

Let some dimensionless parameters be introduced also: 

h' 
H=-· 

h ' ' m 

fJ 
B=-· 

/Jm ' 

x 
X=-· 

h ' ' m 

dH dh' /Jm t 

dB = dp hm' ; T = fm • 

According to sec. 4.3.2.3, dX/dT = X, etc., hence: 

· X fm 
X=-· 

h ' ' m 

· /J fm 
B=-· 

/Jm ' 

The dimensionless input angular velocity will then be 

w, fm 
--= 1. 

/Jm 

5.3.2.3. Dimensionless equations 

Insertion of these parameters, together with the definitions of sec. 5.3.2.l, 
in the equations (5.3) to (5.6) will give: 

" ( 2n )
2 

X= ~ (H-X), (5.15) 

" (2n )2 
"dH B = - (T- B)- F"X-, 

-r6 dB 
(5.16) 
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dH dH 
-- = -(B), 
dB dB 

H = H(B). 

(5.17) 

(5.18) 

Again the dynamic response wil! be determined in the case of the cycloidal 
cam curve (A.2.10) and (A.2.11): 

5.4. Method of solution 

dH 
-- = 1 - cos 2nB 
dB ' 

1 
H = B- --sin 2nB. 

2n 

To calculate the transient phenomenon of the two-degrees-of-freedom system 
containing a variable degree of coupling, a numerical method is applied once 
more. The finite difference method adopted wil! not be quite so straightforward 
as with the single-degree-of-freedom system but will include an iterative 
process. 

rx, F0 , and Fv are the characteristic parameters used to express the responses 
of the follower and the camshaft. Tp, occurring in (5.16), is calculated with the 
expression 

(5.19) 

which has ~een derived ~rom (5. 12a) and (5. 14a). 
Let X,, X,, B,, and B 1 be the conditions at the instant T 1 (fig. 5.4). The 

accelerations are assumed to be constant within a time step, LlT, and to be 
eq~~I to the value at half the step (8 = t LlT). 

X is calculated by means of (5.15) : 

.. (2n )
2 

X = -;: [H0 - (X, + öX)]. (5.20) 

The unknown increment l>X is calculated from 
. .. 

öX =XI 8+1-X82
• (5.21) 

.. 
Elimination of óX from (5.20) and (5.21) yields a simple expression for X: 

.. Ho- X 1 -X1 8 
X=~~~~~~ 

(rx/2n)2 + !: 82 
(5.22) 
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Fig. 5.4. Numerical method, CAMSHAFT-2. 

But H0 , a function of B, is still unknown. From (A.2.11) we obtain 

1 
H0 = (B 1 + óB)- - sin [2:n: (B1 + bB)]. 2:n: . (5.23) 

.. .. 
Just as X, the acceleration B will be calculated at the instant T1 + (), for which 
(5.16) is available: 

B = - [(T1 + {})- (B1 + óB)]- F. - X. .. (2:n:) 2 (dH) .. 
Tp dB 6 

(5.24) 

Furthermore it is obvious that 

. " 

<3B=B1 e+1se2
, (5.25) 
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and from (A.2.10) we obtain: 

( dH) = 1 - cos [2:n (B1 + öB)]. 
dB 8 

(5.26) 

There is little point in eliminating IJB from the expressions (5.24) and (5.25), 
with the intention of arriving at an expression for ii si mi lar to that for X (5.22), 
because IJB occurs also in the expressions (5.23) and (5.26). The equations (5.23) 
to (5.26) constitute an iteration loop, indicated in the flow diagram of the 
CAMSHAFT-2 program (fig. 5.5). 

The initial value of IJB at T = 0 is put equal to the increment in time, be
cause certainly the dimensionless angular velocity, iJ, of the cam wil! hardly 
deviate from unity immediately aftl:r T = 0. At the start of every new iteration 
loop the value of IJB is taken to be equal to the value which it had at the end 
of the preceding loop. The accuracy of the iteration process is controlled by 
the conditional expression 

(5.27) 

the number 1Q- 4 being established empirically. Replacement of 1Q- 4 by 10-s 
influences the results by 2.10- 2%. LJT should be less than O·l times the 
smallest value of -r. Changing of LlT from O· I -r to 0·01 -r causes a variation 
of the rcsidual amplitude of 1 ·9 %. Hence the computing process can be con-

sidered to be sufficiently accurate. " " 
After termination of the iterative process the accelerations X and B are 

known, and as they are constant during LIT, the velocities and displacements 
are known, being respectively straight-line and parabolic functions within LIT. 

LIX = X LIT, (5.28) 

X2 = X 1 + LIX, (5.29) 

LIX = (X, + t LIX) LIT, (5.30) 

X2 = X 1 + LIX, (5.31) 
.. 

LIB = B LIT, (5.32) 

B2 = B, + LIB, (5.33) 

LIB = (B, + t LIB) LIT, (5.34) 

B2 = B 1 +LIB. (5.35) 
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Fig. 5.5. Flow diagram of the CAMSHAFT-2 program. 
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5.5. Results of the CAMSHAFf-2 program 

5.5.1. Shaft j/exibility 

Curves (1) in fig. 5.6 show the dynamic characteristics of a cam follower 
system with low cam inertia (F •. = 10) and a rigid camshaft (F •. ~ 0·15). 
From curves (2) it is obvious that the behaviour of the follower (X, X) will 
be poor, due to low shaft rigidity (F0 = 1·5; cm"/Cmin = 7). As far as the 
camshaft is concerned the same can be concluded from the diagrams (fig. 5.6) 
of cam angular acceleration (B), shaft wind-up, L1 B ( = ( cp, - /3)//3m), and 
the variation of the angular velocity, L1 B ( = (/l- w,)/w,) . 

5.5.2. Acceleration phase of the cam rise 

Particulars of the response characteristics in the case of a flexible shaft are 
best illustrated by the curves (2) (fig. 5.6). If we consider the follower acceler
ation X, then the maximum, which should occur at T = 0·25, and the instant 
of reversal of acceleration, nominally occurring at T = 0·5, are delayed, as 
was pointed out already in fig. 4.10, because of retardation of the shaft, which 
is illustrated by the diagram of the shaft wind-up (LJB in fig. 5.6). 

5.5.3. Deceleration phase of the cam rise 

Since the shaft wind-up (LJB, fig. 5.6) reaches its maximum at the point of 
maximum torque (nominally at T = t, eq. (A.2.13)), the angular velocity 
starts to increase at about T = t. The energy stored in torsion (LJ B). is released 
and causes the cam temporarily to exceed its nomina! angular velocity. The 
increased angular velocity effects a large increase of the follower deceleration, X, 
near T = 0·7 and a considerable amount of residual vibration is left after de
coupling (dH/dB = 0 at T > l) both in the follower linkage and in the shaft. 

5.5.4. Residua/ vibration 

lt is obvious that the high-inertia cam (curves (3)) absorbs much of the 
overall residual energy; then the residual vibration of the follower will be 
moderate. It should be pointed out that comparison of the amounts of energy 
is not relevant, because the total amounts of residual energy of the mechanisms 
(2) and (3) are not equal; different amounts of energy are supplied from out
side during cam rise by the driving machine. 

5.5.5. Dynamic behaviour of the shaft 

The error in the angular velocity reaches a maximum of 30 % at practical 
values of r = 0·16, F.= 1·5 and a lightweight cam (LJÉ-curve (2), fig. 5.6). 
At these practical values, the amount of shaft wind-up and, of course, the 
error in timing appear to be 17 % (at T = 0·68, L1B-curve (2), fig. 5.6) ! 

Furthermore it may be pointed out that the X-curve G2) and the LJB-curve (2) 
do indeed show a phase difference of about n/2 during a considerable part of 
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the cam rise, on which the assumption of dh'/d{J ~ h'/ws (4.8) has been based. 
The cakulations of the CAMSHAFT-1 model appear therefore to be justified. 

Although a high-inertia flywheel improves the dynamic behaviour of the 
follower linkage, it has a bad effect on the angular velocity of the shaft, as is 
obvious from fig. 5.6 (curves (3): Ë, L1É and L1B). Violent vibration, with L1B 
up to 30 %, is generated, which is unfavourable from the point of view of 
interaction of other mechanisms driven from a common shaft. 

5.5.6. Response graphs 

The relative positional error U0 as a function of •x, Fa and Fv, computed 
by means of the CAMSHAFT-2 program, is indicated in the graphs of fig. 5.7a 
and b. These again are envelope curves. 
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Fig. 5.7. Graphs of the response of the two-degrees-of-freedom model, CAMSHAFT-2, to 
the cycloidal cam curve. (a) F. = 1; (b) F. = 0·3. 

5.5. 7. Natura/ frequencies 

Natura! frequencies, as defined in sec. 4.5.3, can be expressed as functions 
of the instantaneous mean cam position {J. The lowest one, as a rule observed 
best in the X-diagram (fig. 5.6, curve (2)), is decreasing towards a minimum 
at T = 0·5; the highest one, commonly observed best in the Ë-diagram (curve 
(2)) is increasing towards a maximum at T = 0·5. This phenomenon is effécted 
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by the variable degree or coupling, due to the slope of the cam curve, which 
reaches its maximum at T = 0·5. 

Jr in fig. 5.3 the input motion is blocked (ws = 0), then the equations of 
motion of free vibrations having relatively small amplitudes around some 
position of equilibrium, can be derived. Because small amplitudes are assumed, 
dh' /d/1 is considered to be constant. Hence the following set of equations is 
considered to contain constant coefficients and is derived by reference to 
fig. 5.3: 

.. dh' dh' ( dh' ) 
m,/' /3 dP = -cp'' f3 dP- Cx /3 dp- X ' 

( 
dh' ) 

mx X = Cx {3 d/3 - X . 

(5.36) 

The characteristic determinant of the type of eq. (2.50) is equated to zero: 

c,/' + Cx Cx 
-À+ --

m,/' m,/' 
= 0. 

Expansion of this determinant gives the frequency equation 

(5.37) 

The roots will be the eigenvalues : 

). 2 = - - + ± - - + - 4 ; (5.38) J { Cx C1/' + Cx v[( Cx C1/' + Cx )
2 

C11" Cx ]} 
11 • f I Il Il 

2 nix m/J nix 111/J mo mx 

m,/' and c/' are reduced magnitudes which are respectively equal to 

m,/' = m//tan2 cc and c/' = c//tan2 :x. 

Their insertion in the expression for the eigenvalues (5.38) will give: 

V[(.!:..:._ + c,/' + ex tan
1

2 
cc )

2
- 4 c~' c"]} . 

m" m11 m11 m11 m" 
(5.39) 
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According to the definition in sec. 5.3.2.2, the dimensionless parameter 
dH/dB can be written in the form 

dH tan a 

dB tan Cl.me 

and then inserted in the term ex (tan2 a)/mp', which can be rewritten as 

~-(dH_)2 tan2 Cl. • 
m11' dB me> 

if then the definition (5. l 2a), 

is used, it follows that 

Cx c11 ' (dH)
1 

-- tan2 a = -- -- F. 
' ' d a mp m11 B 

(5.40) 

Furthermore the uncoupled natura[ frequencies (at tan a 00 = 0) are 

(5.41) 

and 

(5.42) 

Insertion of (5.40), (5.41) and (5.42) in the expression (5.39) gives the eigen
valucs 

}.1 2 = ~ ~111"/ -i- [1 -1- (dH_)
2 F.] we/ -1-

. 2 ( . dB 

± ~{ <-•J,-."-
2 
_+_[_1_+_(_:_~_)_2_F_a J-C-•Je_/_}_2 

--4-0-)e-x 2-w-,,'!, (5.43) 

and the natura[ frequencies 

We1.2 = 

~ lw,,' + [ 1 + (:~)'F. J w,,' ± Jllw./ +[ 1 + ( ::r F,] w,,')' + 

- 4 w,/ w,,' l · (S.44) 
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5.5.7.1. Highest natura! frequency 

On application of the + sign in (5.44) the highest natura! frequency w.h is 
obtained, which obviously increases at increasing degrees of coupling (dH/dB), 
reaching a maximum w.h max at maximum couplirig, i.e. dH/dB = 2 (occur
ring at the cam position B = t. as far as cam curves are concerned .with a 
nomina! acceleration symmetrical with respect to B = i). But at dH/dB = 0, 
the motions x and f3 are completely uncoupled and the highest natura! fre
quency, obtained from (5.44), is 

Two cases have to be considered: 

(1) Wex > We/J 

A trivia! solution is obtained from (5.45): 

As indicated in fig. 5.8a, the highest natura! frequency, starting from 
Wrn shifts to its maximum Weh mw which is best 0bserved in the X~dia
gram, for instance fig. 5.6, curve (3). This phenomenon, however, is never 
encountered, because w.x > w.6 does not occur in practice. 

ä-diagrom X-diagram 

Wet min Wetu=We(J Weh max ------
8= 1/2 8=0 8=//2 

a) 

X-diagram ËJ-diagrom 

Wet min Weh u =We(J Weh max ------
8=1/2 8 =0 8=0 B=l/2 

b) 

Fig. 5.8. Natural-frequency shift. 

(2) Wex < We/J 

Another trivia] solution is obtained from (5.45): 

As indicated in fig. 5.Sb, the highest natura] frequency, naw start
ing from w.13 , shifts to its maximum w.h m•u which is best observed 
in the Ë-diagram, for instance fig. 5.6, curve (2). This is the case usually 
met in practice. 
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5.5.7.2. Lowest natura! frequency 

The lowest natural frequency w,1 can be calculated if it is remembered that 

the product of the roots of a quadratic equation 

a x 2 + b x + c = 0 

is equal to c/a. In (5.37) this product is equal to 

therefore 
(5.46) 

which is independent of the degree of coupling. An increase in the highest 

natura! frequency is accompanied by a decrease in the lowest one, the Jatter 

of course reaching its minimum w" mln at B. = 0·5. 

There are again two cases: 

(J) Wex > W , p 

Since w,8 w,_. is constant, w,8 will evidently be the lowest uncoupled 
natura[ frequency, 

As indicated in fig . 5.8a, the lowest natural frequency shifts from weJJ 

to itS minimum Wei mln• observed best in the B-diagram, for instance 
fig. 5.6, curve (3) . As already mentioned, this does not occur in practice. 

(2) Wex < Wep 

Obviously w,x will now be the lowest natura[ frequency, since the product 

w,x w,p is constant. The lowest uncoupled natura) frequency is 

As indicated in fig. 5.8b, the lowest natura! frequency shifts from w," 

to its minimum w,1 mln• which is best observed in the X-diagram, for 
instance fig. 5.6, curve (2). 

Since in the single-degree-of-freedom model the cam mass is assumed to be 

zero, this phenomenon takes place also in the X-diagram of fig . 4. 10. lt is 

commonly met in practice, where w,x < w,.0 . 

5.6. Extension to more degrees o.f freedom 

Hitherto considerations have been based on the two-degrees-of-freedom 

mechanism (fig. 5.1) in which the cam has only one degree of freedom. Although 
this model is certainly satisfactory for cam mechanisms having shaft bearings 

close to the cam, as in internal-combustion engines, for example, many 
mechanisms suffer from considerable y' - and z' -deflections of the camshaft 
(fig. 4.1). Although these degrees of freedom are not accounted for in the 
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two-degrees-of-freedom model, an attempt will be made to use this mode! in 
the case of considerable y' - and z' -deftections. 

In order to calculate the Iowest natura! frequency of the uncoupled sysiem 

(sec. 4.6), the lowest mode of vibration has been assumed to be equal to tht,i 
statie deflection produced by loading of the output mernber. This method will 

now be applied to the four-degrees-of-freedom model in the coupled situation 
(fig. 5.9a), in which i = tan a has been eliminated. The stiffness is expressed by 

1 1 1 l 1 
- = - + - + -- + -- . 
c Cx c; c0" c/' 

(5.47) 

The statie deftection caused by a statie load at mx can readily be expressed in 

terms of the displacement x. The lowest mode of vibration, assumed to be 
equal to the statie deftection, wil! be : 

x; l/c.' 
2 = --x; 

l/c 

, 1/c" 
{3 R"(/3) = -

0 
- x; 

1/c 

, 1/c/' , 
y = --x. 

1/c 

By analogy with sec. 4.6 the equivalent mass can be expressed as 

1 z Il p " y 

( 
l/c ')

2 

( l /c ")
2 

( l/c ")
2 

m.q = mx + mz Jï; + mo ----i;;- + my l /c -

In this relation we can substitute (5.47) as well as m,/' = m1//t;J,ni 'Y., 

cp'' = cp'/tan 2 a, etc., and the stiffness relation (4.5) : 

1 1 tan 2 ix 
- = -+-- . 
c 

Then the equivalent mass can be written as 

_ '( J/c.' )2 [ '( 1/cp')
2 

'(1/cy' )
2
] 2 m.q - mx + mz + m0 -- + my ~ tan rt.. 

\je,+ (tan2 ix)/cun l/c l/c 
(5,48) 

The four-degrees-of-freedom model will now be replaced by the two-degre,e~· 
of-freedom model of fig. 5.9b. The stiffness, reduced at x, is expressed, by 

-=-+--,' 
C Cc C1an 

according to (4.5). The lowest mode of vibration, equal to the statie defleçtipn 

ir the mechanism is loaded at mx, is 

The equivalent mass is 

~ l/c,10' 

x; Wr1c R"({J) = -- x. 
l/cc 
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o) b) 

Fig. 5.9. Representation of a mechanism with y- and z-deflections of its camshaft by means 
of the two-degrees-of-freedom model. 
(a) Four-degrees-of-freedom model; i = tan IX has been eliminated. 
(b) Equivalent two-degrees-of-freedom model; i = tan IX has been eliminated. 
(c) Equivalent two-degrees-of-freedom model. 
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·, 

which can be rewritten as 

( 
lf C10n )

2 
m.q = m + m10n -- tan2 ix . . 

lfc 
(5.49) 

Comparison of (5.48) with (5.49) leads to two conclusions: 

(l) m = m" +m.' z • ( 
lfc' )

2 

1 f ce + tan2 ixf c10n 

Because in pr_actice the second term will be small with respect to the 
first, only a slight error is introduced by putting tan IX = 0. Then the 
value of the equivalent follower mass is equal to that of the uncoupled 
follower and can be considered independept ,of the degree of coupling. 
The expression or the equivalent follower mass, 

m = m" + m.' --· , ( 
lfc ')

2 

!fee 
(5.50) 

is the same as found in (4.39). 

(2) The equivalent cam mass is 

( 
1 fc ' )

2 
( I fc ' )

2 
I 8 I )1 

m10n=m" -- +my -- . 
lfC1an lfC1an 

(5.51) 

The equations (5.50) and (5.51) are the expressions for the equivalent mass 
or the two-degrees-of-freedom model (fig. 5.9c). The expressions (4.4) and (4.5) 
describe the stiffness. 

Based on (5.50) and (5.51) the flywheel factor of the four-degrees-of-free
dom model can be defined: 

m 
Fv = - - tan2 

°'me· 
mcan 

(5.52) 

The assumption or the statie deflection as the lowest mode of vibration is 
possible only ir the dynamic force exerted by m (fig. 5.9c) governs the dis
placement or the equivalent cam mass m1.n'· The question whether this con
dition is satisfied will be investigated at two positions, zero cam slope and 
maximum cam slope, because or the variable degree of coupling. 

The lowest eigenvalue of the model or fig. 5.9b is calculated in accordance 
with (4.38), in which the equivalent masses (5.5Ö) and (5.51) and the equiv· 
alent stiffness (4.5) can be substituted: 

lfce + (tan2 ix)fccan 
<0,,2 = ------------------

m [lfce + (tan 2 oc)fc""]2 + m10n' [(tan2 oc)fC1anl2 



- 98 -

füis can be rewritten as 

[I +Fa (dH/dB)2
]

2 + (F//F,.) (dH/dB)2 
(5.53) 

Let the practical values Fa = 2 and F,. = 2 be taken. Then in accordance 
with (5.53) it appears that 

w,,2 = (J)•x 2 at zero slope (dH/dB = O); 
(J),1

2 = :v ()),/ ;;::: O· I 01 <''•x 
2 at maximum slope (dH/dB = 2). 

1he exact method (5.43) and the expression ((J)exl(J). 11 ) 2 = Faf Fv yield 

we,2 = Wex 2 

w,, 2 = 0· I (J)ex 2 

at zero slope; 
at maximum slope. 

f'or the sake of completeness it should be noted thitt eq. (4.32) of the single
degree-of-freedom model gives 

(J), 1
2 = ~ ü>ex 2 

;;::: 0· 111 w,x 2 at maximum cam slope. 

Since the results of the various methods differ only slightly, it can be concluded 
that the statie deflection is satisfactory as the lowest mode of vibration. This 
àffords justification of the two-degrees-of-freedom model (fig. 5.9b) as far as 
the lowest natura! frequency is concerned. But the amplitudes of the response 
of the four-degrees-of-freedom model, our primary concern, have not yet been 
considered. We have replaced the four-degrees-of-freedom model with its 
parallel branches (J,' y and z (fig. 5.9a), by a two-degrees-of-freedom model 
without such parallel branches, a procedure open to doubt because the re
sponse of models with parallel branches and a variable degree of coupling has 
not been con si de red yet. 1 n sec. 8.2.4 this aspect will be treated. 

S.1. Conclusions 

( 1) Although improvement of the residual vibration of a follower mechanism 
by means of the flywheel effect is possible, this solution is not popular because 
an excessively great amount of mass would be necessary and from the point 
of view of interaction an undesirable change in angular velocity would occur. 
Carns, after all, are no substitutes for flywheels ! 

(2) In fig. 5.7a and b the envelope curves U0 (r, Fa) with constant Fv !ie 
between F,. c-= 0 and F,. = oo. 

F,. == 0 means that the mass of the cam is infinite. The cam is rotating at 
constant fictitious angular velocity. This was the starting point of the model 
of chapter 3. The characteristic F,. = 0 agrees with table 3-1. 
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F0 = oo means that there is no cam mass at all. As this was the starting 
point in chapter 4, the characteristics F. = oo agree with those of the CAM
SHAFf-1 model. 

Table 5-1 contains the characteristic parameters of some machines met in 
practice. Fv-numbers (5.52) have been calculated by means of(5.50) and (5.51). 
With reference to fig. 5. 7 it is obvious that points with the values of the param
eters given in table 5-1 will !ie close to the corresponding curves Fv = oo in 
the U0-graphs. Hence no great error is introduced by neglecting the flywheel 
effect. 

Since some flywheel effect is always present, the actual positional error will 
never exceed that predicted by the curves of Fv = oo. With this approximation, 
an important simplification in the predicting of dynamic behaviour is achieved, 
because the number of relevant parameters can be restricted to two. 

TABLE 5-1 

Values of the characteristic parameters met in practice. 

.. Fa Fv 

0·07 l ·4 1·26 
0· 11 0·4 l · 14 
0·05 l · 16 0·72 
0·085 0·56 3 
0·14 l ·35 l · 14 
0·08 3·35 7·5 
0·21 0·40 0·64 
0·25 3. 10- 3 0·65 
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6. FOUR-DEGREES-OF-FREEDOM-MODEL, "DYNACAM" 

6.1. Introduction 

The previous chapters were concerned with simpte models representing the 
dynamic properties of cam mechanisms. By means of these models an under
standing has been gained of the transient response of these mechanisms, and the 
phenomenon of variable coupling between the camshaft and the follower 
linkage has become familiar. Such understanding will prove to be fundamental 
in the interpretation of the dynamic_ characteristics of actual mechanisms 
and those of simulations by means of a more complex model. 

This Jatter, to be introduced in the present chapter, permits of closer simula
tion of the dynamic behaviour of the system than was possible with the simple 
models. The dynamic models considered hitherto give rise to linear differential 
equations with nonconstant coefficients, because of the variable degree of 
coupling. Their transient responses have been found by means of numerical 
techniques. This will be the case also with the complex model. 

6.2. Assumptions 

6.2. l. Four degrees of freedom 

Let us extend the model first to four degrees of freedom, according to fig. 3.8. 
The mechanism represented by that four-degrees-of-freedom model is shown in 
fig. 6.1. As has been stated before, the follower linkage is represented by means 
of a single-degree-of-freedom system (mx, ex), and its natura! frequency equal 
to the lowest natura! frequency of the actual follower linkage rigidly supported 
at the site of the follower roller. In fig. 6.1, mx and ex have been reduced at 
the output member; the overall transmission ratio (ix) is the stroke ratio of 
output member to follower roller. 

6.2.2. Damping 

As a second extension of our model, let us now introduce damping; it will 
be described by means of a viscous-damping term. 

6.2.3. Backlash and squeeze 

Hitherto only linear systems have been considered, hut now also nonlinear 
phenomena, such as backlash and the squeeze effect of the lubricant between 
surfaces at impact, after traversal of backlash, will be taken into account. 

6.2.4. Follower jumping 

A fourth extension is the introduction of the follower spring, the purpose 
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Fig. 6.1. Cam follower mechanism with four degrees of freedom (/J, x, y, z) driven by an 
asynchronous motor with one degree of freedom (<pm). 

of which is to keep the follower in contact with the cam. Then it will be pos
sible to determine the phenomenon of follower jumping. 

6.2.5. Nonconstant angular velocity of the driving machine 

The dynamic models hitherto investigated were driven by a constant input 
angular velocity, and only fictitious-angular-velocity variations due to shaft 
flexibility were considered. But if the driving machine is an asynchronous 
motor, it may provide a variable angular velocity which is a function of the 
variable demand of torque. This contribution to the variation in the fictitious 
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angular velocity of the cam should be taken in to account. Therefore the dynamic 
beha viour of the asynchronous motor has been incorporated ir.. the system of 
fig. 6.1. The asynchronous motor is represented by means of a single-degree
of-freedom model (appendix 5), hence the DYNACAM model will contain 
five degrees of freedom. 

6.3. Numerical calculations 

Solutions of this complex model can be obtained numerically by the ap
plication of a software package suitable for sets of simultaneous differential 
equations which contain one independent variable (usually time) and in which 
nonlinearities are admitted. Such a package, called Continuous Simulation 
Language, COSILA 48

), is able to simulate continuously the dynamic behaviour 
of systems of which the initia! conditions are known. 

6.4. The purpose of the DYNACAM model 

The points of interest are: 
(1) Is the five-degrees-of-freedom model, with its restricted number of param

eters, satisfactory or will numerous stochastic factors, which can hardly 
be predicted, predominate in actual machines? 

(2) What is the accuracy to be attained by simulations with this model? 

6.5. Equations of the cam mechanism 

The equations describing the cam mechanism are written in reduced param
eters. Reduction takes place by elimination of the follower transmission 
ratio ix. Parameters referring to the rotating parts are reduced at the reduced 
base pitch radius Rb' = Rb ix. The reduced model is shown in fig. 6.2 and is 
obtained from fig. 6.1 by application of the rules of reduction according to 
eqs (2.55) to (2.59). The motor parameters are reduced at a shaft driving the 
camshaft with a transmission ratio i = l, hence rp = rfm i,. 

The equations of which the digital simulation program DYNACAM (ap
pendix 6)consists have been framed in rectangles. They are moreover indicated 
in the block diagram, fig. 6.15. 

6.5.1. Input motion 

The input angular velocity is rp = w, which is not constant. 

6.5.2. Backlash in reduction gear 

The squeeze ·phenomenon between the gear-teeth surfaces will now be con
sidered. Squeeze is the phenomenon of displacement of the lubricant between 
the approaching surfaces when backlash is traversed. Just prior to the impact, 
when the film thickness bas become very small, high fluid pressures are being 
built up, hence a considerable drop of the impact velocity may be expected. 
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Fig. 6.2. Reduced five-degrees-of-freedom model. 

Squeeze is discussed in appendix 4; eq. (A.4.11) describes the phenomenon: 

F = 12 n 'Yj W b _e_ 
( 

R )312 
2s1 

The squeeze phenomenon in the reduction gear is expressed by means of 
parameters reduced at the base pitch radius of the cam, Rb' (fig. 6.2). The 
instantaneous position of the output gear wheel ( <p" fig. 6.3) relative to the 
input gear (<p) is 

(6.1) 
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Fig. 6.3. Squeeze in reduction gear. 

The relative velocity is 
(6 .2) 

The length of the squeezing cylinders depends on the average number of 
teeth meshing simultaneously, indicated by means of the contact ratio e, hence 

b = eb/. (6.3) 

The transmission between the electric motor and the camshaft is often a 
worm gear. In that case the radii of the surfaces are approximately (fig. 6.4) : 

R1 = co, 

R2 = -} m,' z, sin a,. 

According to eq. (A.4.8) 

J Re' = -! m,' z, sin fJ. 1 • 

~.·20ru~. 
Fig. 6.4. Radii of contact in worm gear. 

The torque transmitted by squeeze is equal to 

M = F Rb'· 

(6.4) 

On application of (A.4.11) in which eqs (6.1), (6.2) and (6.3) have been sub
stituted, the torque appears to be 

M = 12:n11,' (rp- rp,) Rb' 112 eb,' e • ( 
R 1 )3/2 

2 (cp, - cp) 
(6.5) 
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The squeeze term i~ written as 

(
R 1 )312 

VT= 12n1Jr' eb/ T (6.6) 

Since any negative press.ure of the lubricant is insignificant with respect to 
the positive pressures that occur, only the squeeze phenomenon on the side at 
which compression occurs contributes to the load transmission. By reference 
to fig. 6.3 let the following definitions be introduced: 

( 

1 )3/2 
AA= -- , 

<ft - <p 
(6.7) 

BB = ( 
1 )3/2 

<p + s, - <ft ' 
(6.8) 

With these definitions, eq. (6.5) can be extended to an equation valid for either 
direction of loading : 

M 

<Pt = ef;- VT (AA + BB) Rb' 112 ; 

if <P > <P" then BB = 0, 

if <P < <Pt• then AA = 0 (fig. 6.3). 

6.5.3. Torsion of the camshaft (fig. 6.5) 

Fig. 6.S. Torsion of the camshaft. 

(6.9) 

(6.10) 
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6.5.4. Deflection of the camshaft parallel to the direction of motion of the fol
lower roller (z', fig. 6.6) 

[]
r; -+ 

z' 
d; c' z 

/ 

Fig. 6.6. Camshaft deflection in z'-direction. 

1 F/ = c,' z' + d,' z'. 1 (6.11) 

6.5.5. Deflection of the camshaft perpendicular to the direction of motion of the 
follower roller (y', fig. 6. 7) 

FJ-L1 
' c' 

y '....J y 

Fig. 6.7. Camshaft deflection in y'-direction. 

(6.12) 

6.5.6. Frictional forces acting on the rotating system 

The rotating system (fig. 6.8) is subject to two kinds of frictional force: 
(1) the friction in the camshaft bearings, and (2) the rolling resistance of the 
roller on the cam and friction rn the roller bearing; together these two kinds 

of forces bring about a frictional force on the cam. The second of these forces 

Fig. 6.8 . Motion of the cam. 
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acts on the radius R({3) which is big in relation to the shaft radius on which the 
first one is acting. Therefore the frictional torque wil! be governed by the 
friction at the radius R({3), determined by the roller load Fx/cos Cl.. Let a 
coefficient of friction, vp, be introduced, so that the frictional force can be 
described by 

Mw= IFxl Vp R'({3) (1 + tan2 Cl.) 112
; 

if {J > 0, then Mw positive, (6.13) 

if {3 < 0, then Mw negative. 

6.5.7. Rotation of the cam (fig. 6.8) 

1 mp' Rb'2 p· = M - Fx (tan Cl.) R'({3) - Mw· (6.14) 

6.5.8. Displacement of the cam parallel to the direction of motion of the follower 
roller (z', fig. 6.8) 

m,' z' = Fx - F,'. (6.15) 

6.5.9. Disp/acement of the cam perpendicular to the direction of motion of the 
follower roller (y', fig. 6.8) 

(6.16) 

6.5.10. Cam curve 

Cam curve h'({3) = hm' H(B), (6.17) 

First derivative 
dh'({3) hm' dH 
-- =--

d{3 f3m dB 
(6.18) 

(B = {3/f3m)· 
d 2 h'({3) hm' d2H 
--=---

df32 f3mz dBz 
Second derivative (6.19) 

H(B), dH/dB and d2 H/dB2 are given in appendix 2. 

6.5.11. Instantaneous s/ope of the cam curve, instantaneous pitch radius, instan
taneous roller displacement, and instantaneous roller velocity 

The instantaneous slope is derived from (2.53): 

1 dh'({3) 
tanCJ.=----. 

R'({3) d{3 
(6.20) 

In order to establish the pitch radius, R'({3), a difference must be made be-
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---v-~' ~--
y' ·-··· 

Fig. 6.9. Instantaneous roller displacement. 

tween the radial cams (fig. 4.1) and the axial cams (fig. 4.4). By reference to 
fig. 6.9, the instantaneous pitch radius is 

for radial cams: R'({J) = Rb' + h'(fJ); (6.21) 
for axial cams, where R'({J) is constant: R'({J) = Rb'· 

The instantaneous roller displacement (fig. 6.9), derived from (2.52), is 

1 he' = h'({J) - [y' tan a + z']. 1 (6.22) 

The instantaneous roller velocity is obtained by differentiation of (6.22): 

he' = Ïi'({J) - (Y' tan (X + y' d ;; (X /3 + z} (6.23) 

Differentiation of (6.20) yields 

d tan a l d 2h' ({J) l dR' ({J) dh' ({J) 
=----------- (6.24) 

d{J R'({J) d{J 2 R'(/3) 2 d{J d{J 

Differentiation of (6.21) leads to 

dR'({J) dh'({J) 
-- = -- for radial cams; 

d{J d{J 
(6.25) 

dR'({J) 
--=0 for axial cams. 

d{J 
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The relations (6.23), (6.24) and (6.25), on being combined lead to 

for radial cams : 

. dh'({J) . { [ 1 d
2
h'({J) 1 (dh'({J))

2
] • • } 

he' = ---;;p {J- y' tan (X + R'({J) ~ - R'(/3)2 ---;;p y' fJ + z' ; 

for axial cams: 

. dh'({J) . ( y' d 2h'({J) . . ) 
he'= --{J- y' tan (X +-----{J + z' . 

d{J R'({J) d{J2 

(6.26) 

6.5.12. Backlash of the roller in its groove 

If a positive-drive cam is used, then there is normally no follower spring, 
and backlash between the cam-groove walls and the roller wilt be traversed 
when the direction of the load on the roller reverses. Eq uation (A.4.11) de
$Cribes the squeeze effect between surfaces just prior to impact. By reference to 
fig. 6, IOa, the instantaneous distance from the roller (h,') to the cam he' is 

sf = (h,' - he') cos (X. (6.27) 

h,' 

b) 

Fig. 6.10. Squeeze between roller and groove wall. 

The squeeze velocity w (=-Sf) is equal to 

w = (he' - h,') cos a + (h,' - he') (X sin a.. 

But since ~ is very small, the second term may be neglected, leaving 

w = (h/ - h,') cos (X. (6.28) 

In order to restrict the amount of calculation concerning the effective radius 
(Re, eq. (A.4.8)), the radii of curvature of the cam (e) at the positions at which 
backlash is commonly tra\'Crsed are approximated. 

E 
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At the start of cam rise ({3 = 0): 

(6.29) 

(R,' is the roller radius.) 
At the point of reversal of the direction of the follower acceleration, fJ = ! Pm. 

the radius of curvature of the pitch curve ((>pitch') of a radial cam is calculated: 

' 1 {R'(/3)2 + [dR'({J)/d{3]2}3'2 1 

ep11ch = R'(/3)2 + 2 [dR'({J)/d{3]2 - R'({J) d2 R'({J)/d/32 . (6.30) 

The radius of curvature of the cam surface is equal to 

(6.31) 

The instantaneous pitch radius (6.21) of a cycloidal cam curve (A~2. l l) is 

(6.32) 

After substitution of (6.32) and its first and second derivatives in (6.30), fol
lowed by substitution in (6.31 ), the radius of curvature of the cam surface can 

be calculated for fJ = ! fJm: 

R ' [I + (h '/2R ')2 + h '/R ' + 4 (h '/R '{3 )2
]

3
'

2 

eiii' = h m b m b m b m -R '. (6.33) 
l + (hm'/2Rb') 2 + hm'/Rb' + 8 (hm'/Rb'fJm)2 r 

Values occurring in practice are next estimated: 

h I 
m 

Rb' 2 

Their insertion in (6.33) gives 

(6.34) 

After cam rise ({J ~ flm): 

(6.35) 

Since as a rule Rb' >> R,', it is obvious from (6.29), (6.34), and (6.35) that 
(.>' » R,' at the points of interest. According to (A.4.8) 

-=-+-~-; 
Re' R,' e' R,' 

Re'~ R/. (6.36) 
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Application of (A.4.11) in which (6.27) and (6.28) are substituted, gives the 
force transmitted by squeeze (fig. 6. IOa) 

Fx = 12 n rJ,' (he' - h,') b,' , e , cos 112 ex.. ( 
R' )312 

2 (h, - he) 

Since in design practice the maximum pressure angle, a.m.., does not exceed 
n/4 rad, cos1' 2 ct. will not be smaller than 0·85. The error introduced by putting 
cos112 ct. = l is negligible, because squeeze will not appear to be a dominant 
factor in the dynamic behaviour. 

The simplified squeeze expression, according to fig. 6. lOb, is 

Fx = 12 n rJ,' (he' - h,') b,' e ( 
R ' )312 

2 (h,' - he') 
(6.37) 

The squeeze term can be written as 

(
R ')312 

VR = l2nrJ,' b,' T . (6.38) 

After introduction of the definitions 

CC= ---( 
1 )3/2 

h,'- he' ' 
(h,' > he'); (6.39) 

DD= ( 
1 )3/2 

he' + s: - h,' ' 
(he' + s,' > h,'), (6.40) 

the squeeze equation (6.37) becomes applicable to either direction of loading: 

. . Fx 
h,' =he' - ; 

VR(CC + DD) 

if he' > h,', then DD = 0, 
(6.41) 

if he'< h,', then CC = 0 (fig. 6.lOb). 

6.5.13. Deformation of thefo/lower linkage (fig. 6.11) 

Fx = Cx (h,' - x) + dx (h,' - x). (6.42) 
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x 
t_ ___ _ 

Fig. 6.11. Deformation of the follower linkage. 

6.5.14. External friction of the follower link age 

Frictional torques are acting between the frame and the follower linkage, 
in the pivots A and B (Mwe• MwA> fig. 6.12). Because they are directly propor
tional to the applied Ioad Fx, they can be replaced by the equivalent frictional 
force Fwx acting on the output side (x). Let an overall coefficient of friction, vx, 
be defined so that the frictional force is 

Fwx = Vx IFxl; 
if x >0, then Fwx pos., (6.43) 

if x<O, then Fwx neg. 

Fx 

8 

Fig. 6.12. Friction in follower linkage. 

Fig. 6.13. Motion of the follower output member. 
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6.5.15. Motion ofthefollower output member (fig. 6.13) 

1 mx x = F"- (F.x + Fwx + F,). 

6.5.16. Follower spring (fig. 6.14) 

(6.44) 

Let F0 be the preload at x = 0, and let c, be the stiffness of the follower 
spring: 

F, = F0 + c,x. (6.45) 

F's x 

_ _j 
x=O---

Fig. 6.14. Follower spring. 

6.5.17. Externa/ forces (fig. 6.13) 

These are assumed to act on the output member, and they can be brought 
about by acceleration of the carried objects, or by cutting, by pressing, or by 
some other mode of processing. They may be functions of time, cam angle, 
or output-member position. 

F." = Fex (t, {J, x). (6.46) 

6.5.18. Damping 

Energy dissipation is partly represented by means of a viscous type of damp
ing. The amounts of damping (d) are calculated from the relative damping 
coefficicnts, the Jatter being known from practice: 

6.5.19. Integrals 

d,/ = 2qp (mp' c/)112
, 

dx = 2qx (mx Cx)lf2, 

dy' = 2qy (my' cy') 112, 

d,' = 2qz (m,' c,') 112
• 

(6.47) 

To complete the set of expressions describing the dynamic properties of the 
cam mechanism, the integrals will now follow. The initia! conditions are ex
pressed by the index 0. 



6.5.20. Initia/ conditions 

- 114 -

<p = J <P dt + <p0 , 

h; = J h; dt + h,0 ', 

<p, = J cp, dt + <p,0 , .. . 
fJ = J {J dt + {30 , 

{J = J P dt + {30 , 

X = f idt + Xo, 

X = f .\: dt + Xo, 

y' = JY' dt + y0 ', 

y' = f j/ dt + Yo', 

t' = J z' dt + i:o'. 

z' = J t' dt + z0 '. 

(6.48) 

lf a follower spring is present, then the cam follower mechanism is preloaded 
so that motions start from deftected positions. Before the motions start, the 
shaft has a constant angular velocity and the follower linkage is at rest. 

From (6.11): 

From (6.15): 

From (6.22): 

(cam rise starts at h'({J) = 0). 
The roller is in contact with the cam, hence 

From (6.42): 

From (6.44): 

From (6.45): 

Fxo = Cx (h,o' - Xo). 

Fxo - FexO - FwxO - F,o = 0. 

Fso = Fo + c,xo. 

From (6.49), (6.50), (6.51) and (6.52) it follows that 

(6.49) 

(6.50) 

(6.51) 

(6.52) 

(6.53) 

(6.54) 

(6.55) 

(6.56a) 

(6.57a) 

An expression for x 0 is obtained by elimination of h,0 ' from (6.53) and (6.56a) : 

(6.58a) 
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and finally the preload of the linkage is derived from (6.54), (6.55) and (6.58a): 

(6.59) 

But if the follower linkage is not preloaded by means of a follower spring 
or some external load, then the initial roller position can be anywhere within 
the groove-roller backlash of the positive-drive cam. This positïon must be 
known: 

(6.56b) 
fig . 6. lOb) . 

Now the cam is unloaded, because the roller does not touch the groove wall: 

1 z0 ' = 0. 1 (6.57b) 

Furthermore the follower linkage is unloaded, hence x0 is equal to h,0 ' (fig. 
6.11), and by reference to (6.56b) : 

(6.58b) 

There is still no tangential deflection, whether the mechanism is spring
loaded or not, because the slope of the cam curve is zero : 

1 Yo' = 0. 1 (6.60) 

For the same reason, if frictional torque is zero, the reduction gear is unloaded 
and the meshing output gear teeth may be anywhere within the backlash : 

<p,o =Spo 

(0 ,:;;;; Spo ,:;;;; S1, fig. 6.3). 
(6.61) 

Because the camshaft is unloaded: 

f3o =Spo· (6.62) 

At time t = 0 the angular position of the driving machine is put equal to zero: 

1 <po= 0, 1 (6.63) 

and furthermore both the unloaded driving machine (<p) and the unloaded 
cam (ft) are running at constant velocity 

<Po= w" 

Po = w •. 

(6.64) 

(6.65) 
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Moreover the follower is at rest and no shaft deflections take place: 

.Xo =0, 

Yo 
I =Û, 

Zo I =0. 

6.6. Block diagram 

(6.66) 

(6.67) 

(6.68) 

The block diagram 43) of fig. 6.15 contains the mathematica! relations which 
describe the system. The output parameter, indicated by an arrow pointing 
away from the block, is obtained by application of the mathematica! operation 
(indicated in the block) to the input parameters, which are designated by arrows 
pointing towards the block. 

6.7. Equations of the asynchronous motor and the reduction gear 

The equations which describe the asynchronous motor have been derived in 
appendix 5. For the purpose of programming, the expression (A.5.6) is divided 
in to two parts: 

Furthermore we need: 

. -(G/i/) Llw- Mea 
Mea= . ' 

T.1 

Mea = J Mea dt + MeaO• 

Meao =0. 

Llw = f Llw dt + Llw0 , 

Llw0 = 0, 

w = w, + L'.Jw. 

(6.69) 

(6.70) 

(A.5.7) 

(A.5.8) 

(A.5.9) 

The reduction gear between motor shaft and camshaft sometimes consists of 
a gearbox, but mostly it is a worm gear. Since the efficiency of a worm gear, 
especially if self-locking, greatly affects the demand of motor torque, it must 
be taken into consideration. 

Driving motor (fig. 6.16): F0 u1 = F10/tan (a, + µ). 

Driven motor: Fou1 = F1n/tan (a, - µ). 
(6.71) 

The transmission ratio, h0 u1/h10 = tan a, (fig. 6.16), is eliminated by reduction. 
In fig. 6.17, F10' is the input force reduced at the output: F10' = F1,Jtan a,. 
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hout 

Fig. 6.16. Forces in worm gear. 

rad. worm wheel 

rad. worm'>----~---< '
4 

------i 
~----- F;n Fout camsha;~ 

worm shoft 

b) 

Fig. 6.17. Ttansmission ratio of the worm helix. 

Insertion in (6.71) will give: 

tan a.1 

Fout= Fin'-----
tan (a.1 ± µ) 

Since both forces have been reduced at a common radius, the expression is 
valid also for torques reduced at a common shaft:• 

M= Mma 
tan a.1 

tan(a.,±µ) 
(6.72) 

if Mma > 0, then + sign, 

if Mma < 0, then - sign 

The block diagram of the asynchronous motor, an extension of fig. 6.15, is 
shown in fig. 6.18. All the framed equations have been incorporated in the 
DYNACAM program (appendix 6). 
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Fig. 6.18. Second-order block diagram of the asynchronous motor. Program DYNACAM. 
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7. ANALYSIS OF MACHINE DYNAMICS 

7.1. Introduction 

Acceleration diagrams of a hundred mechanisms have been rneasured by the 
author. One of these, an indexing table (fig. 7.1 ), will be taken as one example. 
A spring-loaded cam follower mechanism (fig. 7.2) will be another. The latter 
is a test mechanism built specially in order to permit of easy changes c f the 
parameters r and Fa of the mechanism by shifting of the Cäm and one of the 
bearings along the camshaft. 

7 .2. Particulars of the test mechanism 

The camshaft (fig. 7.2) is driven by a V-belt . By means of an extremcly large 
pulley on the camshaft the angular stiffness of the V-belt transmission is kept 
high with respect to that of the shaft, to allow of covering a wide range of 
torsional stiffnesses. 

The absolute motion of the output member depends on the properties of the 
supporting frame. The ideal support is one which is completely at rest, but this 
can be achieved only with infinite rigidity or infinite mass of the s'upport. The 

R500 Indexing table 

·-· 

Fig. 7.1. lndexing mechanism. 
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Fig. 7.2. Test mechanism; spring-loaded cam follower. 

latter can be approximated by the use of a moderately heavy foundation, mf 

(fig. 7.3). 
To keep the natura! frequency of the foundation low and independent of the 

x 
t __ 

f 
t__ 

Fig. 7.3. Two-degrees-of-freedom system representing the cam mechanism on its foundation. 
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rigidity of the floor, the foundation is supported resiliently by inflated tyres 28
) 

(fig. 7.2), indicated by cf in fig. 7.3. The equivalent mass and the stiffness of 
the cam mechanism are represented by respectively mx and cc; h'(t) is the 
input motion generated by the cam. The natura! frequency of the foundation 
is as low as 5 Hz, we11 below the lowest natura! frequency of the êam mechanism 
mounted on it ( l':::i 70 Hz). This ensures, moreover, that vibrations from the 
surroundings above 5 Hz will have practical!y no effect on the mechanism. 

Figure 7.4a illust.~ates the respon:~es of the follower output member, x, and 
of the foundation, f, showing thatf can be neglected with respect to x. Hence 
the follower response can be considered to be hardly affected at a11 by the 
foundation. Although this is obvious in the case of steady-state vibrations of 
objects supported by low-tuned foundations 54), this phenomenon has to be 
discussed in the case of the transient vibrations which are present here. By 
reference to the two-degrees-of-freedom system (/, x) of fig. 7.3, the response 
of the fo11ower output member of the mechanism mounted on the actual foun
dation is compared with that mounted on the ideal foundation, which is com
pletely at rest (f = 0). The procedure of secs 3.7.1 to 3.7.3 can be applied, 
resulting in the transfer function analogous to (3.20) : 

-w 2 + X ( Wef2 - Wel 2 l 
-,-- ex 2 2 2 2 
h (t) We1 (Wez - We1 ) 1 + (D/we1) 

(7.1) 

both we1 and w02 being natura! frequencies. 

Fig. 7.4. (a) Acceleration of foundation and followerJand x," respectively. (b) Free vibration 
of the foundation, after this has been subjected to a jerk. 
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The natura! frequency of the uncoupled foundation is Wet= (c1 /m1 ) 112 , 

that of the uncoupled cam follower mechanism (rigidly supported) is 

Wex = (cc/mx) 112
· 

Because acceleration diagrams are measured, the amplitude of the residual 
acceleration will be considered. The actual follower response consists of an 
amplitude 00 " with a natura! frequency w. 1, and of an amplitude 002 , with 
a natura! frequency w.2 • The residual accelerational amplitude Ooi is, accord
ing to (3.6), 

0 4nr; 1 · nl o; = 1--2 sm-. 
-T; T1 

With this expression the ratio of the amplitudes 001 and 002 of the mechanism 
on its foundation is obtained from (7.1): 

Üo1 : Üo2 = : . (7.2) 

'

we/ (w.,2- w.12) 1'1 l lw./ (w.22_ w.,2) '2 1 
w. 1

2 (w.22- w. 1
2

) 1- -r 12 w./ (w./- w./) 1- r/ 
The natural frequencies are calculated from a frequency equation similar to 

(5.37); the roots, by analogy with (5.38), are: 

2_ 2 2 c 2 2 c 2 2 l { c [( c )2 ]1/2} 
Wel,2 - 2 Wex +Wet + m; ± Wex +Wet + ml - 4 Wex Wet . 

Since the foundation is low-tuned with respect to the follower mechanism 
(w.1 « Wex), the term 4w./w./ is small with respect to (w./ + w,/ + cJm1 )

2
• 

In order to calculate the roots, use is made of an approximation rule for small 
numbers (Llx): 

Hence 

Llx 
(x + Llx) 112 ~ Vx + - . 

2 Vx 

Wex 
2 + We/ + Ccfm1 

(7.3) 

is the lowest eigenvalue (w.1 
2 is only slightly smaller than w./ because 

w./ + w./ + cc/m1 ~ w./); 

( 

C ) Wex2 Wef2 
Wezz = We/ + Wefz + mei - (7.4) 

Wex 
2 + We/ + Ccfrn1 

is the highest eigenvalue (for the same reason, only a little bigger than wex 2 ). 

lf the mechanisms were infinitely rigidly supported, the amplitude of the fol
lower response would, according to (3.6), be 

Üo=1~1-l - .2 (7.5) 

From (7.2) and (7.5), the ratio of the residual accelerational amplitudes will be 
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001 : 002 : Oo = 

l

w.,,,2(we/-we1
2
) T1 11We:/(we2

2
-Wef

2
) Tz 11 T 1 (7.6) 

= We12(We22-We12) 1-T,2: We22(we/-We12) l-T22: 1-Tl . 

The actual data are as follows: 
Cam follower mechanism: m" = l ·875 kg 

Foundation: mf = 180 kg. 

Cc = 0·37. 106 N/m 
lm = 0·088 S 1 

we/= 19·8. 104 S- 2
, 

natural frequency is 71 Hz, 
T = 0·1605. 

The measured natura! frequency (fig. 7.4b) is 5 Hz: w./ = 9·85 . 102 S- 2
• 

Furthermore cc/mf = 20·6. 102 S- 2
• 

The eigenvalues, according to (7.3) and (7.4), are 

from which it follows that 

T 1 = 2·28; r 2 = 0·1595. 

The ratio of the amplitudes is calculated in accordance with (7.6): 

Üo1 : Üo2 : Üo = 3·5. 10- 2 
: 0·99 : 1. 

The actual low-frequency amplitude 001 is only 3·5 % of the amplitude 00 of 
the rigidly supported follower. Moreover its period is Jonger than the cam 
rise time ( r 1 > 1 ). Therefore during cam rise the error is less than 3· 5 % and 
will be of the same order of magnitude as other measuring errors. 

The actual high-frequency amplitude Ü02 hardly differs from Ü0 of the rigidly 
supported follower. Furthermore the frequency shift from w.x to w.2 , about 
0·5 %, is negligible. 

lt can be concluded that a low-tuned foundation, easy to build, is suitable 
for measurements of transient phenomena; this aspect is illustrated in fig. 1.4a. 

7.3. Measuring equipment 

Measurement of the follower acceleration: 
(1) Philips PR9365/E50 linear accelerometer; measuring range from 0 Hz up

ward, natura! frequency 600 Hz 55
). 

(2) Philips PT 1200 measuring bridge. 
Measurement of the angular acceleration of the camshaft: angular accelerom

eter of the Ferraris type by Von Basel 56). 

Recorder: Philips PT 5104 Oszilloscript, bandwidth 0 -:- 300 Hz 55
). 
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7.4. Follower-response measurements explained by means of simulation 

A prediction of the dynamic behaviour of a machine in the design stage can 
be made by means of the DYNACAM program. The input parameters (masses 
and stiffness) are determined according to the formulae belonging to the dynam
ic models of the components (appendix 1) of which the machine is made up. 
Dimensions are taken from the machine drawings. 

For both examples, the indexing mechanism and the spring-Ioaded cam 
follower mechanism, this method has been indicated in appendix 7. 

Furthermore viscosity data of the lubricants used are available. An unknown 
parameter is still the relative damping. Based on a great number of dynamic 
characteristics measured on actual machines, a good estimate of the damping 
number can be made. Finally the amount of backlash that will actually occur 
can in part be calculated from the tolerances indicated on the machine drawings, 
in part they are known from experience. For example, backlash on the output 
shaft of a worm gear will be about 5 . 10- 3 rad. 

Since in the present investigation the dynamic characteristics of existing 
machines will be explained by means of simulation, their actual amounts of 
backlash should be known. The statie characteristics 3 •28 ) must therefore be 
record ed. 

7.4.1. Statie characteristics 

A statie characteristic shows the statie load as a function of the displacement 
along the direction of motion and it is expressed at some point of interest on 
the output member. Diagrams are recorded at two positions of the cam, firstly 
at dwell (ix = 0, figs 7.5a and 7.6a), and secondly at half the cam rise, at 
maximum slope (ix = <Xmm figs 7.5b and 7.6b). 

7.4.U. Backlash 

At dwell (fig. 7.5a) only the backlash of the roller in its groove is traversed. 
From fig. 7.5b it is obvious that the greater part of the backlash at half the 
cam rise is contributed by the reduction gear, as has been indicated diagram
matically in fig. 7.7. 

7.4.1.2. Stiffness 

More information still about a mechanism can be obtained from statie 
characteristics, for example from the slope of the characteristic, which indicates 
the overall stiffness. 

The stiffnesses, calculated in appendix 7, are compared with measured values. 
If the stiffness of a mechanism is relatively high, the measured stiffness may be 
appreciably lower than that calculated. This must be ascribed to the frame stiff
ness, which is usually assumed to be infinite in the calculation but which may 
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in fact be of the same order of magnitude as that of the mechanism. For 
instance in the case of the indexing mechanism (fig. 7.1), the~xial load on the 
camshaft causes a flexural moment in the machine bed via the thrust hearing. 
A rough estimate shows that the reduced frame stiffness is not very high in 
relation to that of the mechanism. In table 7-1 the measured overall stiffness, cc, 
proves to be 25 % lower than that calculated, which points to the reduced frame 
stiffness being about 3 times as high as that of the mechanism. Nevertheless in 
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Fig. 7.5. Statie characteristics of the indexing mechanism. 
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Fig. 7. 7. Backlash of the indexing mechanism at half the cam rise, expressed at R = 500 mm. 
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many cases the calculated stiffness will give the best results in the simulation, 
even though the frame stiffness has been assumed to be infinite. The reason is 
that the frame, although prone to deflection if statically loaded, has such an 
amount of reduced mass that it can hardly be considered to participate in 
vibrations of the mechanism. In the case of fig. 7.1, bed deflection causes ver
tical motions of the masses of the indexing table, of the bed itself, and of all 
the other componcnts mounted on it. Therefore in this case the calculated 
stiffncss is the better parameter, as will be shown in sec. 7.4.2. 

The suggestion, made in sec. 2.4.3, to consider the frame stiffness as a part 
of the stiffness of the mechanism has a restricted validity. If frame stiffness 
must be taken into account, one should decide whether frarrie mass has to be 
accounted for. 

If the frame is very rigid with respect to the mechanism, a structure often 
met in practice, then the effect of frame vibration is very small. This is the 
case, for example, with the indexing mechani"Sm at the cam position of maxi
mum pressure angle, Ct'.mu (table 7-1); calculated values and measured values 
are then in good agreement. 

As far as the spring loaded cam follower mechanism of fig. 7.2 is concerned, 
calculated and measured stiffness values are also in good agreement (table 7-1). 

TABLE 7-I 

Measured and calculated stiffnesses 

measured statie calculation (appendix 7) 
characteristics (frame assumed to be 

infinitely rigid) 

Cc (N/m), Cmtn (N/m), Cc (N/m), Cmtn (N/m), 
Ct'. = 0 Ct'. = Ct'.max Ct'. = 0 Ct'. = Ct'.max 

indexing 2·75 . 106 0·298. 106 3·65. 106 0·253 . 106 

mectianism (fig. 7.5a) (fig. 7.5b) (fig. A. 7.3) (fig. A.7.3) 

spring-loaded 
cam follower 0·354. 106 0·0428 . 106 0·37. 106 0·0405. 106 

mechanism (fig. 7.6a) (fig. 7.6b) (fig. A.7.6) (fig. A. 7 .6) 

7.4.1.3. Hysteresis 

Another interesting aspect is the enclosed area of the statie characteristic. 
In figs 7.5a and 7.6a this area is rather small, or in other words, only a small 
amount of hysteresis is present. The energy dissipation of the vibrating system 
is expected to be relatively moderate. In contrast to this, the indexing cam at 
the position of maximum slope, Ct'. = Ct'.max (fig. 7.5b), shows a considerable 
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amount of hysteresis, hence a considerable amount of energy dissipation 
should be expected at about T = 0·5. Since hysteresis is slight at IX = 0 (fig. 
7.5a), it must be attributed to the rotational ({J) or tangentially (y) deftecting 
system. On looking at the slide bearings which support the camshaft (fig. 7.1) 
it becomes apparent that these are not able to adjust themselves to deflection 
of the shaft (in the y- and z-directions) brought about by forces on the cam 
exerted by the roller. At F = 350 N (fig. 7.5b), the y-displacement of the cam, 
mounted on a camshaft having a length of 780 mm, is as high as l 1i mm. 
Therefore large normal forces (N, fig. 7.8) will be exerted on the edges of the 
bearing. When loaded by a statie force at slopes of IX > 0 the shaft will rotate 
in its bearings due to torsion of the main shaft (fig. 7.1 ). Hence at IX = 1Xmax 

a considerable frictional force ( W, fig. 7.8) generated by the normal forces (N) 

Fig. 7.8. Friction in camshaft bearings. 

F(N) at Rred=500mm 

î 

x=23' 
-x(mm)at Rred= 500mm 

Fig. 7.9. Hysteresis loop. 

a 
Fig. 7.10. Jamming friction. 
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opposes the shaft rotation. Of course, when the shaft is loaded by a statie 
force at a = 0, normal forces (N) are present also, due to z-deftection, but they 
will not affect the statie characteristic, since the frictional forces W are not 
generated because torsion of the shaft is zero. 

The typical hysteresis loop offig. 1.5b, illustrated diagrammatically in fig. 7.9, 
is explained by fig. 7.IÓ. This construction tends to jamming friction when 
moving to the right. Let F _. be the external force in movement to the right, 
and F_ in movement to the left. The normal forces are N; the friction is equal 
to W = v N (v is the coefficient of friction). 
Since N = F b/a, W = F v b/a, 

F_. 

and of course 

LlF = F_. - F_ (fig. 7.9). 

F_. 
--(J - v') = X1 

C1 

b 
y' = 2 v - , 

a 

( 
l 1 y') 

F ... -+-+- =X. 
C1 Cz C1 

After introduction of l/c = l/c1 + 1/c2 it appears from (7.7) that 

Calculation of y' gives: 

Y----± - +1 . ,_c1
{ ex [(cx)2 

]

1

'

2

} 

c LlF LlF 

(7.7) 

(7.8) 

Only with the + sign can real y'-values be obtained. lnsertion in one of the 
equations (7.7) leads to the roots: 

2 F_ (F_/LlF- 1) 

2F_/LlF-1 
(7.9) ex=-------

and x = 0. 
The Jatter root, of course, is not relevant. 

Substitution of the values of fig. 7.9 in eq. (7.9) gives 

c = 0·298 . 106 N/m, 
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and because in the indexing mechanism c 1/c = 3·9, eq. (7.8) yields 

v' = 1·56. 

The calculated value Cmin = 0·253. 106 N/m (sec. A.7.2) differs by only 15 %, 
which may be considered satisfactory. 

7.4.2. Measured dynamic characteristics 

Figures 7.1 la and b show the actual accelerational diagrams (X) of the 
indexing table, measured at the pitch radius of the tools. These characteristics 
are typical of this kind of machines, with traversal of backlash both in the 
reduction gear and of the roller in the cam groove. The impact after the 
traversing of backlash at about T = 0·5 gives rise to a large increase of the 
deceleration. The nomina! cycloidal deceleration cannot even be recognised. 
In fig. 7. 11 b the maximum nomina! deceleration is exceeded by a factor of 2·4 
at T = 0·85, and the residual accelerational amplitude at T = l ·01 is still in 
excess of the maximum nomina! acceleration . Figure A.7.3 illustrates the 
dynamic model; T = 0·08, Fa= 3·34, and s/hm = 1·27. 10- 2 at a = tXmax-

The actual acceleration diagram (X) of the spring-loaded cam follower fig. 
7.12, measured at the follower output member, is typical of cam mechanisms 
free from backlash and driven by a relatively flexible shaft. Figure A.7.6 
illustrates the dynamic model; T = O· 14 and Fa = 2·04. The maximum deceler
ation at T = 0·8 exceeds the maximum nomina! deceleration by a factor of 
2·2. The residual accelerational amplitude at T = l ·05 is still in excess of the 
maximum nominal acceleration . Again the nomina] cycloidal acceleration is 
totally distorted, but now due to variation of the fictitious angular velocity 
because of shaft flexibility. Since the mechanism is spring-loaded, no backlash 
is traversed during cam rise. After cam rise, friction prevents traversal of back
lash in the reduction gear. Hence, in fig. 7.12, the mechanism can be considered 
as absolutely free from backlash. This Jatter type of accelerational curve has 
al ready become familiar in chapter 4 (fig. 4.10) and chapter 5 (fig. 5.6). 

7.4.3. Simulation with the DYNACAM program 

Comparison of the actual and simulated accelerational curves (X) of figs 7.11 
and 7 .12 shows satisfactory agreement. A ttention should be pa id to the fact 
that at T = i ·25 there is hardly any shift between actual and simulated dia
grams, although considerable natural-frequency variations have been taking 
place due to variable degrees of coupling. In the indexing mechanism, Fa is 
3·34, hence the lowest natura! frequency wil! change, according to (4.32), by 
a factor of 1/(1 + 4F.) 112 = 0·264 at T= 0·5. In the cam follower mechanism, 
Fu is 2·04, hence its lowest natura! frequency changes by a factor of 0·33. 

lt can be stated that the four-degrees-of-freedom model for representing 
cam mechanisms (fig. 6.1) is satisfactory. Furthermore the numerical values of 
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mass and rigidity obtained from calculations (appendix 7) based on the for
mulae of appendix l prove to be right, and this is true also of the indexing 
mechanism, for the reasons mentioned in sec. 7.4.1.2. 

7.4.4. Traversing of backlash 

Even small amounts of backlash, from a manufacturing point of view, al ready 
give rise to violent vibration on traversal. In positive-drive cams and indexing 
cams (fig. 7.11) backlash in the reduction gear and of the roller in the cam groove 
is certainly traversed at about T = 0·5, since the directions of the inertial loads 
on the follower roller as well as in the reduction gear (cf. torque diagrams of 
fig. 7.11) are reversing at that point. 

During dweil, the position of the roller in the groove èepends on external 
forces exerted on the follower. 1 r the roller is forced against the deceleration 
groove wall, groove backlash will be traversed just after T = 0, when the 
positive accelerational force exceeds the externa~ farces. For the same reason. 
at the end of the cam rise time, when acceleration is decreasing towards zero, 
groove backlash may again be traversed. Due to friction, a small positive 
torque is necessary to drive the camshaft during dweil, hence as the positive 
torque is increasing due to the cam rise motion immediately after T = 0, 
there will as a rule be no traversal of backlash in the reduction gear. At the 
end of the cam rise the torque changes again from negative to slightly positive, 
hence backlash will be traversed then, even though it is not feit by the follower 
since the slope is meanwhile zero. 

During cam rise of a spring-loaded cam follower, neither roller load nor 
torque wil! change. Hence no backlash is traversed. During the return motion, 
however, backlash will certainly be traversed in the reduction gear shortly after 
the start of the motion, because the slightly positive frictional torque is exceeded 
by the negative torque exerted by the spring. Backlash is again traversed at 
about the end of the motion, when the torque due to the spring is exceeded 
in its turn by the positive frictional torque. In the present investigation no 
examples of return motions of spring-loaded cam followers are given. 

Figure 7.11 b indicates the position of the roller (H,) in the groove of an 
indexing cam ( H ~ H, ~ H + S,) and the position of the output gear-wheel 
teeth (</>,) relative to the driving teeth (</> ~ </>, ~ </> + S,). The dimensionless 
symbols of fig. 7.13 are used to indicate the backlash. Since the greater part 
of the backlash is contributed by the reduction gear (fig. 7.7), the impact of 
the ge'.~r teeth at T = 0·58 (fig. 7.1 lb) causes a large follower-deceleration 
peak (X) at T = 0·68. Towards T = 1, as the slope of the cam curve decreases, 
i.e. as the reduced mass of the cam (mg'') increases (to infinity at T ?: 1) the 
cam needs hardly any driving torque, and together with the effect of the viscous 
1 ubricant the gear teeth do not even touch after T = 0·88 ( </> < ,P1 < c/> + S,). 

Next camshaft vibration will be considered. Violent impact on the gear teeth 
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Fig. 7.lla. Diagrams of the ~:1---"""--------'--~--r--T----."""'-~----

indexing mechanism of fig. 
7.1, at cam rise time tm = 

0·33 s. r = 0·0675, Fa= 3·34, "' 
s'/hm' = l ·27. 10-2 at a = 
CXmax (dynamic model shown 
in fig. A.7.3). X: acceleration 
of the output member; 
ii: angular acceleration of the 
cam; Pp: torque in the cam
shaft. 
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Fig. 7.llb. Diagrams of the indexing mechanism·of fig. 7.1, at cam rise time lm = 0·278 s. 
• = 0·08, F0 = 3·34, s'/hm' = 1·27. 10-2 at cc= 1Xmax (dynamic model shown in fig. A.7.3). 
X: acceleration of the output member; H, - H : position of the roller in the groove; </>,- <f>: 
position of the output gear wheel relative to the driving teeth; ii: angular acceleration of the 
cam; P 8 : torque in the camshaft; ~.: angul~r velocity of the camshaft at the si de facing the 
reduction gear; Y: velocity of the tangent ia! defiection; Ll.Qric : variatioo of the fictitious 
aogular velocity. 
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T = 0·141, Fa= 2·04 (dynamic model shown in fig. A.7.6). 
X: acceleration of the output member; Ë: angular acceleration of the cam; ~,: angular 
velocity of the camshaft at the si de facing the reduction gear; B: an gul ar velocity of the cam; 
Y: velocity of the tangential defiection; LJ.Qnc: variation of the fictitious angular velocity. 
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H 

a) 

b) 

Fig. 7.13. Backlash indicated in dimensionless symbols. (a) Backlash of roller in groove; 
(b) backlash of gear teeth. 

occurs at T = 0·82, as is apparent from the angular-acceleration diagram (B) 
and from the a~gular-velocity diagram of the shaft at the side facing the 

reduction gear, </>1 (fig. 7.1 lb). 

The latter is subject to a variation as high as 26 % of the nomina! angular 

velocity. The maximum fictitious angular-velocity variation (L1Dr 1c) is as high 

as 29 % o~ the nomina! angular velocity at T = 0·82. The tangential deftection 

velocity, Y, makes a considerable contribution to the fictitious-angular-velocity 

variation, as may be expected by reference to the dynamic model (fig. A.7.3) 

in w~ich c/ and c4 / are of the same order of magnitude At T = ~-73, we 

find Y = 23·5 %- lts contribution to the fictitious angular velocity is Y/ Ra. by 

reference to ( 1.3). With RH = l ·53, Y/ RH is 15·3 % at T = 0·73. No angular

velocity variation is caused by the driving motor, since here this is of the 

synchronous type. 

lt is apparent that backlash severely distorts the rotation of the camshaft, 

giving rise to considerable interaction effects on mechanisms driven by a com

mon shaft. This dcmonstrates the need to dcvelop backlash-free reduction 

gears. 

In order to predict the impact response if backlash is traversed Van der 

Hoek ·1 ·
28

) developed a metl10d of calculation, mentioned already in sec. 3.6. 

The relative residual acceleration, according to (3.12) is 

.. 2 lT r,. 
U""=--. 

T 
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Fig. 7.14. Single-degree-of-freedom model of the indexing mechanism derived from fig. A.7.3. 

To apply this method, based on a single-degree-of-freedom model, the four

degrees-of-freedom model (fig. A.7.3) can be simplified to the single-degree-of
freedom model with variable fictitious angular velocity (fig. 7.14) as discussed 
in sec. 4.6. 

Backlash is traversed after T = 0·5. The maximum impact amplitude occlirs 
at T = 0·68 (X-diagram, fig. 7.1 lb) and depends on the instantaneous rigidity. 

lf Tr is the instantaneous value at the instant T, and ris that at T ~ 0 or T )! 1, 
then from (4.32) it is obvious that 

Tr = T (1 + Hr2 Fu)' 12. 

From fig. 7.14 it appears that 

T = 0·08, 

Fa= 3·34. 

Furthermore with the cycloidal cam curve the dimensionless nomina! follower 
velocity (A.2.10) is 

Hr = 1 - cos 2 n T ; 
at 

T = 0·68, 

from which it follows that 

Ho·ós = 1-42, 

To·C>8 = 0·222. 

The dimensionless impact velocity depends on the relative backlash, s'/h"'' 

(eq. (3.16)): 

r" = (18 n 2
)

113 (~)
213 

h,,, 
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Fig. 7.15. Simulation diagrams of the indexing mechanism of fig. 7.1, with zero backlash. 
Cam rise time as in fig. 7. llb: tm = 0·278 s. T = 0·08, Fa = 3·34. 
X: acceleration of the output member; ii: angular acceleration of the cam; Pp: torque in the 
camshaft. 
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Fig. 7.16. Simulation diagrams of the indexing mechanism of fig. 7.1, at zero damping and 
zero viscosity. Cam rise time as in fig. 7.llb: tm = 0·278 s. l" = 0·08, Fa= 3·34, s'fhm' = 
l ·27. 10-2 at IX = 1Xmax• 

X: acceleration of the output member; ii: angular acceleration of the cam; Pp : torque in the 
camshaft. 

-""' -
- -- ·- _-_-__ _ 

--====--- ·- · . .... ····-· 

..... 



- 142 -

The overall backlash (fig. 7.7) is equal to s0 . 5 ' = 1·27. 10- 3 m; the stroke 
of the output member is equal to hm' = O· l m, from which it appears that 

re= 0·31. 

At T = 0·68 the impact amplitude (3.12) wil! be 

2 n re vsn =--, 
To·68 

Üsn = 8·8. 

The overall acceleration at that __ instant is equal to the impact acceleration 
superposed on the acceleration, Xs=O• at T = 0·68 in the absence of backlash: 

.. 
Xo·68 = Xs=O - Usn· 

The diagram. _of the acceleration in the absence of backlash is given in fig. 
7.15, showing Xs =o = - 7-4 at T = 0·68. The overall acceleration is equal to 

io·6s = -16·2. .. 
Figure 7.1 lb shows X0 .68 = -14, and if damping and viscosity of the 

lubricant are put equal to zero, as is the case in fig. 7.16, X0 •68 = -16. Since 
there is good agreement between the simulated X and the calculated X at 
T = 0·68, the method of calculation of the amplitude. immediately after im
pact, by means of (3.12) and (3. 16), is satisfactory. 

Figure 7. 16, in contrast to fig. 7. 1 lb, shows that the amplitude increases 
towards T = 1, because of the increasing stiffness in the absence of damping. 
The increasing amplitude due to the increase in rigidity is in fact counteracted 
by damping, as is obvious from fig. 7.1 lb. Because of damping, the first peak 
immediately after impact is generally the most violent and can be calculated 
by superpósition of the impact amplitude on the instantaneous nomina/ decel
eration. 

lt appears that the simple method of Van der Hoek is satisfactory for cal
culating the impact amplitude immediately after the impact has taken place. 
That method, based on a single-degree-of-freedom model, is adequate in this 
case because the masses of the cam (m3~', m 3/, m3 /, fig. A.7.3) are relatively 
small. Representation by means of a single-degree-of-freedom system does not 
introduce significant errors, and it is fortunate that these circumstances are the 
rule in practice. .. 

Comparison of the X-diagram of fig. 7.15 (zero backlash) with that of fig. 
7.1 lb reveals that, if backlash of the usual magnitude is traversed, the impact 
will be an important factor in vibration. Fortunately, from the point of view 
of dynamic load, the rigidity of the overall system (fig. 7.14) is moderate at 
T = O· 5, because of low torsional and tangential rigidities of the shaft 

(cm"fCmin = 14·4). Due to the moderate stiffness at the instant of impact, 
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the dynamic load on the roller exceeds the. nomina! acceleration merely by a 

factor of 2·55 at T = 0·85 (fig. 7.1 lb). Dut at low torsional and tangential 
stiffnesses, residual vibration due to variable fictitious angular velocity will be 
severe (fig. 7 .15). It has been stated 3

•
28

) that the magnitude of the stiffness 
should be a compromise between dynamic Joad and positioaal accuracy. 

7.4.5. Damping 

The amount of damping of a follower mechanism can be obtained from the 
measured accelerational diagrams. During dweil, the vibration of the follower 
linkage decays, and the relative damping is determined from the logarithmic 
decrement of the amplitude, according to (3. 7): 

if q « ]. 

l Üoo 
q~--ln--

2 :Il n Üon ' 
(7.10) 

As far as the accelerational diagram of fig. 7.17 is concerned, the relative 

damping is q = 2·3% (n = 9, 000/009 = a0 /a 9 = 3·7). Dut since the follower 
and the rotating system have been decoupled during dweil, damping of the Jatter 
has not been included. Rotational damping is determined by means of the 
measured angular acceleration (fig. 7.18); it may be as high as 11 % (n = 2, 
000/ 002 = a0 /a2 = 3·84), which is considerable with respect to the damping 
of the follower linkage; the reason must be sought in the use of a V-belt drive. 
These amounts ofdamping, applied in the simulation of fig. 7.12, lead to satis
factory results. 

This method of determining the relative damping has proved adequate for 
mechanisms of which the statie characteristics represent only relatively small 
amounts of hysteresis, both at zero and at maximum cam slope, as is the case 
in fig. 7.6. An average damping number may be considered to be 

q = 0·06. 

But not all mechanisms show so little hysteresis, as is obvious from the statie 
characteristic of the indexing mechanism at maximum slope (fig. 7.5b). Although 
the enclosed area of the hysteresis loop (fig. 1.5b) may be an indication of the 
amount of energy dissipated in the rotational system, in genera] numerical 
values cannot be derived from it, because this hysteresis loop is true only of a 
machine at rest. When the machine at rest is loaded statically, the direction of 
torsion of the shaft, and hence the direction of the frictional forces in the 
bearings ( W, fig. 7.8), is reversed at the moment that the load is decn:ased 

again. Only then does the hysteresis loop have the form of fig. 7.9. 
lf the direction of rotation of the shaft is not reversed, as is the case in the 

running machine, then the direction of the frictional forces is not reversed. 
Hence the equations (7.7) are modified to 
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Fig. 7.17. Diagram of rneasured··acceleration of the follower output member of fig. 7.2. 
(Machine parameters according to fig. 8.la.) 

Fig. 7.18. Measured angular acceleration, fl, of the cam of fig. 7.2. 

x 
F~ = F~ = ~~~~~~~

l/c1 + l/c2 - P
1/c1 ' 

L1F = F~ - F.,. (fig. 7.9), 
L1F = 0. 

Obviously the area of the hysteresis loop is zero, and no energy will be 
dissipated by the vibrating system by Coulomb friction. Of course energy is con
sumed due to friction, but all this energy is supplied by the driving machine. 

The introduction of constant amounts of linear viscous damping was satis
factory up to a point; in figs 7.19a and b the curves of the simulated and 
measured accelerations exhibit considerable agreement. 

In the case of fig. 7. l l a better agreement between the simulated and the 
actual dynamic characteristics was obtained by the introduction of ::i relative 
damping which increased with increasing velocity, according to the arbitrarily 
chosen function 

q = q0 exp (b 1 H - XI),' 

in which q0 and b are constants, in this case: q0 = 0·013, b = 19. 
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·o.aa 

Fig. 7.19. Simulation diagrams of the indexing mechanism of fig. 7.1, at damping rates 
q" = qy = q, = 0·065 and qp = 0·4. Fa = 3·34, s'/hm' = l ·27. 10--2 at oc = °'max· 

.f: acceleration of the output member; Ë: angular acceleration of the cam. 
(a) Cam rise time as in fig. 7.lla: tm = 0·33 s, T = 0·0675. 
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Fig. 7.19. (b) Cam rise time as in fig. 7. llb: tm = 0·278 s, T = 0·08. 

It is obvious that difficulties will arise if the dynamic behaviour of a 
mechanism is to be predicted in the design stage already and the amount of 
dam.ping has to be estimated in circumstances in which phenomena as de
scribed above are to be expected. Very often they take place in overconstrained 
constructions, as is the case here. 

The mechanism of fig. 7.2 does not present any overconstrained construc
tions, so that its dissipation of energy is relatively low and can be described 
quite easily by linear viscous damping. 

Obviously it is difficult to predict the amount of damping in the design stage. 
But if a mechanism is designed from the point of view of rigidity and light
weight, so as to achieve the desired dynamic behaviour at zero damping by 
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means of the results of chapter 4 (fig. 4.11 ), the mechanism will certainly be 
satisfactory at the actual amount of damping. 

Moreover, mechanisms should be designed with a minimum of hysteresis, 
because large amounts of hysteresis lead to big statie positional errors 3

•
2 8'). 

7.4.6. Squeeze 

The simulations of fig. 7. 11 include the squeeze effect of the lubricant between 
the reduction gear teeth as well as between the roller and the cam. In order to 
determine the magnitude of the squeeze effect, the simulation of fig. 7.20 has 
been carried out at zero viscosity. Comparison of this with that of fig. 7.1.~b 

shows that the squeeze effect has hardly any effect on the follower vibration (X), 
but reduces considerably the high-frequency impact phenomena, as is obvious 
if the diagrams of the traversal of backlash of the roller in the groove (H, - H) 
and of backlash in the reduction gear (</>, - </>) and the angular accelerational 
(B) diagrams are compared. 

7.4.7. Conclusions 

From the above analysis it is apparent that simulation of the dynamics of a 
cam mechanism, by means of a four-degrees-of-freedom model containing a 
variable degree of coupling and nonlinear effects such as backlash and squeeze, 
is possib1ewhh fairly great accuracy. Errors do not exceed 20 %- Even if damp
ing effects, diffi:cult to describe, are present, estimates of a constant amount of 
linear viscous damping give simulations that are satisfactory over quite a wide 
range (fig. 7 .19). The prediction will be on the safe si de if in the simulations an 
amount of damping is used that will certainly be exceeded in practice; q = 0·06 
is a suitable value. 

7.5. Follower jumping 

Although in spring-loaded followers the deceleration allowed by the spring 
Joad exceeds widely the maximum nomina! deceleration, for example in fig. 7.21, 
loss of contact with the cam may occur if the dynamic properties of the 
mechanism or the camshaft are poor. In fig. 7.22, follower jumping of the 
mechanism, spring-loaded according to fig. 7.21, occurs at -c = 0·16 and 
F0 = 2·04. Obviously such a violent vibration is brought about that the iriertial 
forces will exceed the spring load. Even in these conditions the simulation is 
such as to provide good agreement with the diagrams of the measured accelera
tion. 

7 .6. Flexible shaft 

Besides the effect of backlash in the driving system (sec. 7.4.4) the fictitious 
angular velocity of the cam can be distorted by changes in the angular speed 
of the driving machine and by deftection of the shaft, the latter consisting of 
wind-up and tangential deftection. 



----:--_·~--~ 

( 
Fig. 7.20. Simulation diagrams of the index.ing mechanism of fig. 7.1, at zero viscosity both 
in the reduction gear and in the cam groove. Cam rise time as in fig. 7.llb: tm = 0·278 s. 
T = 0·08, Fa= 3·34, s'/h,,,' = 1·27. 10-2 at IX= 1Xmax· 

X: acceleration of the output member; H, - H: position of the roller in the groove; q,, - q,: 
position of the output gear wheel relative to the driving teeth; .ii: angular acceleration of 
the cam; Pp: torque in the camshaft. 
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Nomina/ acce/eratlon 

-4 

-6 

-8 
-8·9 

-10 

-12 
~-__J-128 

-14 

Fig. 7.21. Follower-spring Ioad and nomina! acceleration. 

" . 
The characteristics of the angular acceleration, B, the shaft input velocity, c/>,, 

the cam angular velocity, iJ, and the fictitious-angular-velocity variation, 
Ll.Qr1c, are given in fig. 7.12. Comparison of the actual and simulated angular 
accelerations (Ë) shows that the simulation represents the character of the 
actual behaviour, although there are differences in the amplitudes and fre
quencies. 

From fig. 7.12 it is obvious that the fictitious angular velocity undergoes a 
violent change, up to a maximum of Ll.Qric = 40%. Since Cy is large wit~ 
respect to cp (in fig. A.7.5, Cy/c11 ~ 60), the tangential deflection velocity Y 
plays only a relatively minor role, hence the diagram of Ll.Qric hardly differs 
from that of iJ. 

lt is obvious that big Fa-numbers indicate a big variation in the amount of 
fictitious angular velocity, both of the mechanism under consideration and of 
all other mechanisms driven by the same shaft. In order to avoid this kind of 
interaction between mechanisms driven by a common shaft, Fa should be kept 
low and not exceed 0·3 35

). 

Furthermore there is only a slight change in the angular velocity of the 
driving asynchronous motor, ~r (fig. 7.12). 



0 
V) 

:x 

..... . - -: " 
..... · ..... " .,,., ..... ... ".!.~ 

' ~ .. .. .. . . .. ,, 
~::·: · .. "• 

O.l "!:tt 

." .. " ........ " " ... ". 
" ... . , ."". 

," .- . . ,.. . ,,, ." .. " . "· .. •' 

'·~···· 

i ,, 
1 

\ 
~ 

• f 
~ ~ 

01)'?.I a.i·e 

........ ···~ .. . " "_, .". ", 
:) 

j .,. 
" .. ~· 

."." ••.. ,.,r; 
·/· ···"" 

oa · 11~ oo·e-

c: 
.5! 

~ 
Qi 
8 
" -:il 
$ 
"' " " E 

o<n.1~ 

1-

0 

u 

~ 
0 

c: 

" ·~ ~ 
..; 

Qi 
8 
" -:il 

0 

1ä 
~ 
•;; 

u 

g 
oo ·s1~ 0,)'0l.· :a> .Oi) ' U oa·z1 

Fig. 7.22. Follower jumping of the spring-loaded cam mechanism of fig. 7.2. T = 0·16, F0 = 2·04. 
X: acceleration of the output member; ii: angular acceleration of the cam; H,- H: follower jumping. 

1-

0 

u 



- 151 -

8. COMPARISON OF THE RESPONSES OF THEVARIOUS DYNAMIC 
MODELS WITH THOSE OF REAL MECHANISMS, AND RULES 

OF DESIGN 

8.1. Introduction 

The four-degrees-of-freedom model for cam mechanisms and the single
degree-of-freedom model for the driving asynchronous motor (fig. 6.1), on 
which the DYNACAM simulation program has been based, have proved to 
be a suitable tool for the analysis of the dynamic behaviour of existing machines 
(sec. 7.4.3). Since detailed simulation is possible, a prediction of the dynamic 
behaviour of a machine can be given, with considerable accuracy, even in the 
design stage, as soon as sufficient parameters are known for carrying out the 
simulation. 

But the analysis of the dynamic behaviour of existing machines has not been 
the only aim; the drawing up of rules of design is feit to be equally important. 
These rules constitute a synthesis for the design of mechanisms which will 
fulfil requirements coneerning the positional accuracy and the dynamic load 
at a certain machine speed. The rules of design should be quite simple, in 
order to be suitable in design practice without a great deal of computational 
labour, and they will therefore be based on a simpte dynamic model, and so they 
will, of course, be of restricted accuracy. In the following sections the accuracy 
of the various dynamic models will be investigated and the rules of design 
derived. Moreover, the usefulness of alternative cam curves will be investigated. 
Finally a consistent method for the design of cam mechanisms and their driving 
components will be given, on the basis of the present investigations. 

8.2. Comparisen of the responses of the various dynamic models of cam mechan
isms with those of real mechanisms 

8.2.1 . Four-degrees-of-freedom model 

To permit of investigating the accuracy of the dynamic models, their responses 
must be compared with responses of actual mechanisms, measured in this case 
with a spring-loaded cam follower (fig. 7.2). Two sets of experiments have been 
carried out, firstly at a position of the camshaft bearings relative to the cam so 
that the bending stiffness of the shaft, c,', is low with respect to that of the 
follower, ex (fig. 8.1 a), and secondly at a position so that c/ is large relative 
to ex (fig. 8. lb). The recorded relative positional errors have been indicated 
in the relative-positional-error graph of the CAMSHAFT-1 model (fig. 8.2). 
Apparently the actual positional errors never exceed the values calculated by 
the CAMSHAFT-1 program, those at c,' «ex (marked as a circle with point) 
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Fig. 8.1. Rcduccd dynamic models of the cam follower mechanism. (a) c,' «ex; (b) c,' » Cx 
(idcntical with fig. A.7.6). 
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Fig. 8.2. Measured relative positional error U0 as a function of the calculated parameters t 
and F0 • Circles: c,' « c" (fig. 8.la); rhombs: c,' » c" (fig. 8.lb). 

being more remote from their corresponding U0(r, F.)-curves than those at 
Cz' » Cx (rhomb with point). 

In order to determine the reasons for this, a series of simulations have been 
performed with these dynamic models. The magnitudes of mass and stiffness 
(indicated in fig. 8.1) have been calculated in accordance with appendix 1 (this 
has been done in sec. A.7.3). Determination of the amounts of damping by 
means of the recorded accelerational diagram has been mentioned in sec. 7.4.5 
(eq. (7.10)). Comparison of the actual X-curves (1) in fig. 8.3a and b with the 
DYNACAM (4 degrees of freedom) simulation curves (2) shows that good 
agreement is achieved. Natura! frequencies are in excellent agreement; the 
residual amplitude of the simulation curve (2) in fig. 8.3a exceeds the actual 
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Fig. 8.3a. Curves of response to the cycloidal cam curve of the backlash-free spring-loaded cam follower mechanism of fig. 7.2; machine 
parameters in accordance with fig. 8. la: c, « c" ; T = 0·161, F.= 1·64, F0 = 2-42. 

X: acceleration of the output member; ii: angular acceleration of the cam. 
(!) - Measured acèeleration. 
(2) - - - Simulated acceleration; 4 degrees of freedom. 
(3) - · - Simulated acceleration; 4 degrees of freedom; zero damping. 
(4) · · · · · Simulated acceleration; 4 degrees of freedom; zero damping; no follower spring, 
(5) - - - Simulated acceleration; 2 degrees of freedom ; zero damping; no follower spring, 
(6) --- Simulated acceleration; 1 degree of freedom; zero· damping ; no follower spring. 



Fig. 8.3b. Curves of response to the cycloidal cam curve of the backlash-free spring-loaded cam follower mechanism of fig. 7.2; machine param
eters in accordance with fig. 8.lb: c, » c_.; T = 0·141, F.= 2·04, F0 = 2·68. 

X: acccleration of the output member; B: angular acceleration of the cam. For the description of the curve numbers, sec legend to fig. 8.3a. 
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one ( l) by a factor of 1·13 (at T = 1 ·05); in fig. 8.3b this factor is l · 17 (at 
T = l ·025), obviously due to the fact that the amount of damping during cam 
rise (at large amplitudes) slightly exceeds that at dweil. 

8.2.2. Damping 

The following simulations, which have been made by the DYNACAM pro
gram, are those at zero damping (curves (3)) . Comparison with the curves (2) 
shows the damping effect. Damping reduces the amplitude by a factor of l ·5 
in fig. 8.3a (at T = l ·05) and a factor of l ·6 (at T = l ·035) in fig . 8.3b. 

With reference to the angular-acceleration diagram, Ë (fig. 8.3b), .and on 
comparison of the curves (2) and (3), it appears that damping has a consider
able effect on the shaft vibration . This is firstly because of a rat her high amounr 
of dam ping, namely q0 = 12 %. and secondly because the shaft vibration is of 
a higher frequency than that of the follower. 

8.2.3. Follov.-er spring 

DYNACA M simulations of the same mechanisms have been made in which 
the effects of dam ping and of the follower spring have been omitted (curves (4)). 
Nevertheless the follower roller is kept in contact with the cam by ma thematica[ 
forcing of the roller along the cam curve. Now the shaft is not loaded by the 
torque exerted by the spring load. Therefore the curves (4) have their maximum 
acceleration closer to the nomina! value 2n (at T = 0·25). Furthermore, their 
point of accelerational reversal is closer to the nomina! point of occurrence 
(T = 0·5). Obviously in the curves (4) the retardation of the cam is less severe 
than in the curves (3), because of the absence of the spring load . The "catapult 
effect" due to the release of energy from the shaft is smaller, hence a less severe 
deceleration occurs at about T = 0·7. Besides the occurrencc of some shift of 
the peaks of the curves (4) with respect to the peaks of the curves (3), the 
residual amplitudes of the curves (4) are somewhat lower than those of the 
curves (3), by a factor of I · 36 in fig. 8.3a (at T = l · 15) and a factor of l · I 
in fig. 8.3b (at T = l · 12). 

8.2.4. Two-degrees-of-freedom model 

Simulations have been made by means of the two-degrees-of-frcedom model, 
CAMSHAFT-2, with neither damping nor follower spring taken into account. 
The equivalent follower mass and the cam mass have been calculated in the 
manner discussed in sec. 5.6. Calculations of this model are to be found in 
sec. A.7.3.2. Curves (5) show the responses of such models with neither damp
ing nor follower spring. In fig . 8.3a the X-curve (5) deviate~ from curve (4) 
by a factor of 2·45, while in fig. 8.3b they differ only by a factor of l ·08. 

Strictly speaking, the responses of the four-degrees-of-freedom model (fig. 
8.la) with its parallel branches, (1, y and z, have been compared with those of 
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an equivalent two-degrees-of-freedom model (fig. 5.9c) without parallel 

branches. As stated in sec. 5.6 the amplitudes of the response should be in

vestigated, although the lowest natural frequencies of both models agree. From 

a comparison of the amplitudes it appears that replacement of the four-degrees

of-freedom model by a two-degrces-of-freedom model is not permissible if 

c/ « ex. Then the vibrational level of the four-degrecs-of-freedom model 

(curve (4)) is below that of the two-degrees-of-freedom model (curve (5)), 

which is obvious from both the X- and Ë-diugrams (fig. 8.3a). But if c/ »ex, 
and then of course c/ » c., since both c/ and c/ are determined by the shaft, 

as is the case in fig. 8.3b, then the four-degrees-of-freedom model resembles 

that with two degrees of freedom. The curves (4) and (5) in the X~diagram as 

welf as in the B-diagram of fig. 8.3 exhibit merely slight differences. 

8.2.5. Single-degree-of-freedom model with l'Griable fictitious angular ve/ocity 

For the same reason as mentioned in the preceding section, _ _if c,' « ex 
(fig. 8.3a), the response of the single-degree-of-freedom model, X-curve (6), 

will deviate to a considerable extent from that of the four-degrees-of-freedom 

model, curve (4). Obviously in fig. 8.3b the difference is negligib!e. The curves (6) 

of the single-degree-of-freedom model and those of the two-degrees-of-freedom 

model (5) show hardly any <.liffe~ences, due to the high Fv-numbers, viz. 

F,. = 2-42 in fig. 8.3a, and F,. = 2·68 in fig. 8.3b. In other words, the llywheel 

effect of the cam is negligible. 

Furthermore it may be pointed out that the assumption (4.8), by which the 

overall stilfness is considered to be a function of the nomina[ follower velocity 

and the input motion is considered to be equal to the nominal follower velocity, 

does not introduce severe errors in the CAMSHAFT-1 model, since the re

sponses of the model hardly differ from those of the CAMSHAFT-2 model in 

which this assumption has not been made. 

8.2.6., The enl'e/ope curl'e U0 (r, Fu) 

As has been stated in sec. 3.5, the curves of U0 (r, F.) have been drawn 

through the maximum points. In fig. 4.1 la at high r-values all points are 

seen to be situated on or close to the envelope curves. But at low values of 

r ( < O· I) many points are found to be far be low thcir corresponding curves 

(fig. 8.2), due to the effect of tuning. 

8.2.7. Constant pitch radius 

In sec. 4.2.5 a constant pitch radius (4.1) has been assumed, 

R112 = Rb + ! hm, 

instead of a variable pitch radius R({J), as far as radial cams are concerned. 
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The reasons for this assumption were (1) that the model had been simplified, 
and (2) that it should be applicable to both axial and radial cams. 

The error introduced by this assumption ought to be investigated. By 
reference to fig. 4.5, the actual minimum stiffness will occur between the 
instants A and B. With cy » Cg, it wil! be close to A. By the assumption of 
R(/3) = R 112 the minimum stiffness is supposed to occur at A, hence with 
c)' » cp the error is relatively small and depends on the ratio cy/Cg. Therefore 
a comparison can be made of the responses calculated with variable R(/3) and 
with constant R 112 for a number of cases with a variable ratio cy/Cg. 

This investigation will be carried out on the four-degrees-of-freedom model 
with the parameters mx = 36 kg, ma' = l ·6 kg, my' = 0·8 kg, m,' = 0·8 kg, 
ex= 107 N/m, Cy = c: = 0·75. 106 N/m, cg' is variable, Rb' = 0·113 m, 
hm' = 0·13 m, f3m = 1·47 radians, tm = 0·22 s. Then, according to (4.l), 
R112 ' = 0·178 m. 

The above parameters have been chosen for a number of reasons: 
(1) With these parameters, T = 0·2. At about this value the effect of Fa is at 

its maximum, as is obvious from fig. 4.11 a and c. Hence the effect of the 
replacement of R(/3) by R 112 wil! be at its maximum. 

(2) Furthermore the effect will be great if hm is large with respect to Rb. Here 

we have hm/Rb = 1·15. 
(3) Again the effect will be big at high values of Fa. Therefore the investi

gation should be carried out with a large mean slope (eq. (4.13): 
tan am• = Jzm'/R 112 '/3m). With the above parameters, tan ame = t. which 
is considered to be a maximum for practical design reasons. 

(4) To achieve high Fa-values, the assumption ex » c,' has been adopted, 
which wilt be explained below. 

(5) Finally the flywheel effect is kept small in order to avoid smoothing away 
of the effect by cam inertia. The flywheel factor (5.52) is 

In table 8-1, computed with the DYNACAM program, the residual accelera
tion calculated with R 112 is compared with that calculated with R(/3) for various 
values of cg'. Figure 8.4 shows the responses calculated with R(/3) and R 112 , 

in either case with c//cg' = 1. 
High values of Fa can only be achieved at relatively low values of cg'. By 

means of eq. (4.3), 1/cc = lfcx + l/c:, and eq. (4.4), l/c11n = 1/co' + 1/c/, 
the expression (4.14), F.= (ccfc,.n) tan2 am•• can be rewritten as 

l/cg' + l/cy' 
Fa = tan 2 am•· 

lfcx + l/c,' 

In the case of radial cams, c,' equals c/. To achieve high F.-values, the assump-
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tion ex » cz' was made. Now if cp' » c/ is assumed, then, with tan O:me = -h 
Fa is nearly -!. Hence at high values of cp' with respect to cy' , Fa will not be 
more than :=:::it. High values of Fa will result only if cp' « cy' . 

For the dimensions of the machine this has the following consequences. 
Let the cam be situated at the middle of the shaft (fig. 8.5). Theo 

48 EI 
Cy = -,-3-

G lp 
c/J = 

1- I Rll/ 

cp' c/J 

0·8EI 

1-1 R112 
2 , 

Obviously long shafts with respect to the meao pitcJ.radius (R 112 ) give small 
values of Fa. Values of l/R 112 are given in table 8-I. 

TABLE 8-I 

Comparison of the residual accelerations calculated with R(/3) and R 112 

first maximum or minimum of the residual 
acceleration after T = 1 at T = 0·2 

calculated occurring calculated occurring 

Cy/C/J Fa 1/ R 11 2 with R(/3) at T with R 112 at T 

1 0·255 17·3 + 3·01 1·08 + 1·07 1·06 îO 

t 0·262 15·5 + 2·95 1·08 + 0·974 1·06 

i 0·272 13·5 + 2·89 1·09 + 0·789 !·06 

t 0·29 11 + 2·72 1·09 + 0·442 1·06 

t 0·31 9·5 - 2·83 1·00 + 0·072 1·05 
1 0·35 7·8 - 2·7 1·02 - 0·643 1·065 T 

i 0·41 6·4 - 3·22 1·04 - 2·06 1·08 
1 0·47 5·5 - 4·37 1·06 - 3·6 1·09 
2 0·7 3·9 +11·05 1·00 +II·! 1·015 
3 0·93 3·2 +18·4 I·02 + I8·6 I·03 
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Fig. 8.5. Constant pitch radius, R 112 , and shaft leogth, l. 
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At low values of Fa there is an appreciable difference between the accelera
tions calculated with R(/3) and those calculated with R112 , because the effect 
of tuning (sec. 3.5) plays a role. But U0 calculated with R(/3) always remains 
below the values indicated by the response graphs of the CAMSHAFT-1 model 
(fig. 4.llc). At high values of Fa the agreement between the accelerations cal
culated with R(/3) and those calculated with Rl/2 is very good. Hence it can 
be concluded that the response graphs of CAMSHAFT-1 are suitable for both 
axial and radial cams. 

8.2.8. Conclusions 

The actual relative positional error of the mechanism of fig. 8. la (cz' « c,) 
is a factor of 3· l Iess than that indicated by the graph ('.0 (-r, Fa) based on the 
single-degree-of-freedom model with variable fictitious angular velocity. In the 
case of the mechanism of fig. 8.1 b ( c,' » ex) this deviation is restricted to a 
factor of 2·0. Although all the factors mentioned in secs 8.2.1 to 8.2. 7 con
tribute to these differences the essential fact is that the CAMSHAFT-1 model 
is not very suitable for representing mechanisms having c.' « ex. lt is this 
fact which is responsible for a factor of 2·45 in fig. 8.3a. 

In other words, in order to achieve a certain positional accuracy at some 
machine speed, in the case of fig. 8.la (c.' « ex) based on the graph U0 (r, Fa) 
(fig. 8.2), the above leads to the design of a mechanism which has one third 
of the po~itional error which was allowed. In that case, at r = 0· 16 and 
Fa = l ·64, Fa rnight have been a factor of 2 smaller, as will be obvious from 
fig. 8.2. This means that a shaft thickness has been selected which is a factor 
of 2114 = 1·19 greater than necessary, surely unobjectionable as far as the 
practice of production machines is concemed. The mechanism is therefore 
suitable for running 25 % faster (at r = 0·2 and Fa = 0·8) before reaching 
the limiting value of the positional error. Moreover it is inadvisable to have 
c,' « ex, because of the danger of interaction between tnechanisms driven 
from a common shaft; c,' should be larger than ex to keep interaction 
low 35

). 

Another important factor, as high as 1 ·5 in fig. 8.3a and 1 ·6 in fig. 8.3b, 
is due to the neglecting of damping. The amount of damping is an uncertain 
factor, but in order to be on the safe side, the graphs U0(r, Fa) are based on zero 
dam ping. 

lt can be stated that the response graphs based on the single-degree-of-free
dom model with variable fictitious angular velocity (fig. 4.11) are suitable as a 
rule for designing cam mechanisms and their driving components that fulfil 
requirements concerning positional error and residual acceleration. These 
graphs are valid if no backlash is traversed. A method for the prediction of the 
response on traversing of backlash can be found in sec. 3.6 3 •28). 
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8.3. Selection of the asynchronous motor 

In appendix 5 the conclusion is reached that the dynamic behaviour of 
the asynchronous motor can be described with sufficient accuracy by the first
order differential equation (A.5.27). lts solution (A.5.33), according to which 
the slip b depends on î'm (= Tm/tm), is illustrated graphically in fig. 8.6. It is 
obvious that little slip occurs at big î'm-values. In other words, angular speed 
wil! vary Iess if the cam rise time (tm) is short. 
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Fig. 8.6. Relative slip of the asynchronous motor driving a mechanism with cycloidal cam. 

Big î'm-values can also be achieved if a motor is selected with a big mechanica! 
time constant (Tm). From fig. A.5.3 this proves to be the 3000-r.p.m. motor. 
Of course both these statements are true in the case of a constant overdimen
sioning factor P = Mena/M!"•• (A.5.15). The graph has been drawn for P = 1. 
Because the slip is inversely proportional to P (A.5.33), the value of P required 
in order to achieve the desired degree of constant motor speed, expressed by 
the limit of slip (o11 m), can be calculated : 

Moreover slip is inversely proportional to the efficiency of the reduction gear 
(sec. A.5.4.3 .2) and in sec. A.5.4.3.3 slip is shown to increase by a factor of 
about 5 if a follower spring is used which provides the load required to keep the 
follower in contact with the cam. Hence the following expression is valid: 



if no spring is present, v" = l, 
if a spring is present, v" = 5. 
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) (8.1) 

The requisite motor torque for a cycloidal cam curve, derived from (A.2.14) 
and expressed as a function of P (A.5.15), is 

8·2mh ' 2 

m P. 
w, tm3 

The requisite rated motor power is equal to 

Because w ~ w" insertion of (8.1) and (8.2) in this expression yields 

8·2 m hm' 2 c5(Tm) Vv 
Nn=------

tm 3 c511m 'YJg 

without follower spring, v. = 1, 
with follower spring, vv = 5. 

) 

To prevent overload, slip should not exceed the nomina! slip: 

(8)) 

(8.3) 

(8.4) 

The conclusion must be that by selection of the right motor its angular 
ve!ocity can be kept within narrow limits, so that it will hardly affect the 
dynamic behaviour of the driven mechanism (sec. A.5.4.3.7). Figure 8.6 gives 
all information required for selecting the right asynchronous motor. 

8.4. Altemative cam curves 

Hitherto only cycloidal cam curves have been considered. lt is probable, 
however, that other cam curves may have an improving effect on the dynamic 
behaviour. As has been stated in chapter 4, the variation in fictitious angular 
velocity of the cam, which brings about follower vibration, depends to a con
siderable extent on the stiffness dip Cmax/Cmino according to (4.18) equal to 

Cmax (dH)2 

--= 1 + - Fa. 
Cmln dB max 

As far as cam curves are concerned which have a nomina! acceleration curve 
symmetrical with respect to T = 0·25 and T = 0·75, as for instance the 
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cycloidal curve (fig. 8.7), their nomina! dimensionless peak velocity, or maxi
mum slope, at T = 0·5 is 

Hmax= (dH_) = 2. 
dB max 

Hence in the case of the cycloidal cam curve, the stiffness dip (4.19) is equal to 

Cmax 
-= 1 +4F0 • 

Cmln 

--T 

H 

î f 73 +==+===!==;:s::::::f~:::..... 

8=01 025 05 
--T 

Fig. 8.7. Nomina! cycloidal and modified sine curves. 

Improvement may be expected from the application of the modified sine 
cam curve 24

) (sec. A.2.4), ha ving an asymmetrie acceleration profile and there
fore a moderate peak velocity (fig. 8.7). The more the accelerational peak is 
shifted in the direction of T = 0 and the deceleration peak in the direction 
of T = 1, respectively, the more the maximum velocity is reduced, ma.~.ing 

the mechanism less sensitive to shaft ftexibility. However, the value of H at 
T = 0 and T = 1 is· then increasing, which opposes the improvement. As a 
function of the position e (fig. 8.7) of the acceleration peak, there will be a 
minimum residual vibration. With the relative positional error taken as a 
criterion, the optimum is found at about e = O· l (fig. 8.8). In this example 
the machine parameters have been taken from fig. A.7.6. Obviously the op
timum e depends on T and F •. At big Fa-numbers it is desired to shift the 
acceleration peak to values of e as small as possible; how small, will depend 
on r. As a rule of thumb, one should keep 8 > -!r in order to prevent poor 
follower response because of high values of ii at T = 0 and T = l. An im
provement by a factor of 2·9 in the residual amplitude can be obtained, as is 
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Fig. 8.8. Residual acceleration amplitude (Ü0 ) and the variation of the fictitious angular 
velocity (Ll!.lric) as a function of the instant of occurrence (0) of the nomina! peak acceleration. 

obvious from fig. 8.8. Another interesting aspect is the decrease in the varia
tion of the fictitious angular velocity; at the optimum there is an improvement 
by a factor of 2·7 (fig. 8.8), almost coinciding with the positional-error opti
mum. The mechanism of fig. A.7.6, of which the response diagrams, if driven 
by a cycloidal cam, are given in fig. 7.12, shows the response given in fig. 8.9 
if driven by the modified sine cam with fJ = 0· l. But on looking at the 
graph U0(r, Fa) (fig. 4.lla) one may decide that an improvement by a factor 
of 3 in the positional error might have been obtained also by selection of a 
higher shaft rigidity. At r = 0· 141 and Fa = 2·04 (fig. A.7.6), a reduction of 
Fa by a factor of 2 gives the same decrease in vibration. The shaft diameter 
should be increased by a factor of 2114 = 1·19. 

In fig. 8.10 a simulation is given of the mechanism of fig. A.7.6, hut here 
the shaft diameter has been increased by 19 %- If the X-diagrams of fig. 7 .12 
and fig. 8.10 are compared, it appears that the increase in the shaft diameter 
has decreased the residual amplitude by a factor of 4·8. This shows that a 
considerable improvement can be achieved by application of the modified sine 
cam curve, if the mechanism is free from backlash. But the same improvement 
can be obtained by a slight increase in shaft diameter, which in the practice 
of the design of production machines is not a great objection. 

Another aspect is that of the sensitivity to backlash. The sensitivity to back
lash is expressed by ':'?. (3.16), which is directly proportional to H113

• With the 
cycloidal cam curve, H is equal to 39·4 at the instants T = 0 and T = 1, and 
equal to -39·4 at T = ! (A.2.16); with the modified sine cam curve and 
fJ = O·l at T = 0 and T = 1, ii equals 85 (A.2.21), and at T = 0·5, H equals 
-21 (A.2.22). Hence, at T = 0 and T = 1, re is increased by a factor of l ·3 
if the nomina! acceleration peak is shifted from e =:= 0·25 to e = 0· l; at 
T = 0·5, re is decreased by a factor of 1 ·23. Sirtce close to T = 0·5 more 
backlash can usually be traversed than at T = 0, e.g. in the indexing mechanism, 
indicated in fig. 7.7, such a kind of cam curve may be advantageous. But in 
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1.2a f 

Fig. 8.9. Simulation diagrams of the backlash-free spring-loaded cam mechanism of fig. 7.2, 
driven by a modified sine cam curve (0 = 0·1); machine parameters as in fig. 7.12: r = 0•141, 
F0 = 2·04 (dynamic model shown in fig. A.7.6). 
X: acceleration of the output member; Llilr10 : variation of the fictitious angular velocity; 
Pp: torque. 
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1.lO T 

Fig. 8.10. Simulation 
diagrams of the backlash
free spring-loaded cam 
mechanism of fig. 7 .2, 
with camshaft diameter 
increased by 19 %, and 
driven by a cycloidal cam. 
• = 0·135, F0 = 1·1. 
X: acceleration of the 
output member; Ll.Or10 : 

variation of the fictitious 
angular velocity; Pp: 
torque. 
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order to select a basic cam curve for genera! purpose, more criteria should be 
taken into account 27

) . For the improvement of a particular mechanism of an 
existing machine, however, a low-maximum-nominal-speed cam curve may be 
a solution. 

8.5. Rulcs of design 

The designer faces the challenge to design mechanisms which comply with 
the requirements concerning positional accuracy and service life. The design 
of a mechanism starts with the lay-out of the machine, which shows the stroke 
of the output member AB (fig. 8.11) and the position M of the camshaft relative 
to AB. Further data are the cam angle (/Jm) and the shaft speed, hence the cam 
rise time (tm) is known. In order to meet the requirements of dynamic behaviour, 
a few rules should be observed: 

Follower spring 

A 

lh:n 
---~--8 

Fig. 8.11. Design of cam mechanisms. 

(1) Make sure that the output stroke hm' is as short as possible for performing 
the job. Since, according to (3.5), 

(8.5) 

u0 is directly proportional to hm' 3 •28). 

(2) Try to achieve a backlash-free mechanism by provision of a follower spring 
at such a point of the construction that it preloads all pivots 3 •28); the 
amplitude of the positional error, u,m at impact is directly proportional to 
the backlash raised to the power 1 (eq. (3.16)). 

(3) Select rand Fa from the graph U0 (r, Fa) (fig. 4.1 la), so that the mechanism 
will meet the requirements concerning positional accuracy, and from the 
acceleration graphs (fig. 4.llb,c) in order to prevent dynamic over
load. If a common shaft driving a number of mechanisms is used, Fa should 
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not exceed 0·3, in order to prevent interaction 35). A small value of r is 
achieved at a long cam rise time, 1", hence it is advantageous to draw up a 
sequence-of-motion diagram for distributing the cam rise times optimally 
over the shaft cycle, since according to (8.5) u0 is inversely proportional 

to 1"3
• 

(4) Other important aspects revealed by (8.5) are that the mass m should be 
low and the stiffness c high. As has been stated before, a lightweight and 
rigid design is advantageous. U0 is directly proportional to (c/m) 312 • 

(5) If backlash can not be avoided, a compromise in the select ion of the amounts 
of stiffness has to be accepted: c should be high enough to achieve the 
requisite positional accuracy, u.,n (3. 11 ), on the one hand, and on the other, 
c should not be so high that the accelerational amplitude, ii,. (3.12), and 
hence the amplitude of the dynamic load, will be excessive. 
Furthermore the designer can select a long stroke h" on the cam and a 
relatively small transmission ratio i, on the one hand, or, on the other, a 
short stroke on the cam and a big transmission ratio. In the Jatter case, in 
order to maintain sufficient rigidity, he has to make sure of sufficient rigidity 
of c3 and c1= (fig. 8. 12), because 

The reduction of c3 and c 1 = by i 1 ( = b/a) is a quad ra tic effect. If in cur
rent machines a mechanism with low rigidity is encountered, it is mostly 
because of the rigidities that are reduced by i 1 

2 
( > 1 ), namely the first 

members in the series, for example the camshaft (c 1z'). The easiest way in 
which to achieve high rigidity is to restrict the magnitude of the transmis
sion ratios. Hence: 

(6) The length of the stroke on the cam should be such that i 1 is about equal 
to 1. 

(7) Remember that the reducing effect on stiffness increases with the square 
of the transmission ratio. 
The selection of i 1 and hm (stroke on the cam) has no consequences on the 
relative rigidity of the driving elements. A measure of this is the shaft stiff
ness factor, 

1 n the case of fig . 8.12, 

Cc 
F0 = -- tan 2 txmc· 

Cc an 
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Fig. 8.12. Reduced dynamic model of the mechanism of fig. 8.11. 

F - c -- + -- --'"--( 
1 1 ) ( h ' )2 

• - c c,8 C1y R112 f3m 

Hence F0 depends neither on i 1 nor on""' (stroke on the cam). One should 
strive fora small value of F0 • Once Cc has been selected, this is achieved by: 

!Xl Grcat torsional stiffness. c 1/J = k/R 112
2 (k = G lp/l): 

(9) Great tangential stiffness C1y (obviously then c1z also is great). 
(lû)Big value of R 112 • 

In connection with the last statement, attention has to be paid to the fact 
that F~ is hardly affected by R 112 if c10 « Ciy· 
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Then c,." ~ cu', hence 

which is nota function of R112 • In that case Fa can be kept at low values only 
by sufficient torsional stiffness (k), a short stroke (hm'), and a big cam angle (/3m). 

8.6. Conclusions 

With the requirements concerning dynamic behaviour, positional accuracy, 
and dynamic load as the starting point, one can determine the requisite values 
of the characteristic dimensionlesss numbers -r and Fa by means of the response 
graphs of fig. 4.11. lf the cam rise time is given, the requisite period of natura! 
vibration Te can be determined. By means of the dynamic models of the 
machine components shown in appendix 1 it is possible to compose the dynamic 
model of the mechanism under design and thus to obtain an understanding of 
the required stiffness of these components and their contributions to mass, so 
as to indicate the desired period of natural vibration. The Jatter is calculated 
from the dynamic model by means of the simpte formula (eq. (4.39)) based 
on Rayleigh's method. Only a small amount of simple arithmetic with respect 
to mass and rigidity yields much information about the dynamic properties of 
a design, as is demonstrated in appendix 7. Application of this method ensures 
that a mechanism will operate with the desired positional accuracy and without 
excessive dynamic load at the requisite speed. 

Of course a considerable level of skill will be necessary for the design of 
lightweight - and rigid - mechanisms 28

) that are able to operate well at 
speeds which have to increase all the time. 
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9. CONCLUSIONS 

(1) Although the input motion of cam followers is periodical, transient re
sponses characterise their vibrations (sec. 1.3). 

(2) The Jowest natura! frequency of a mechanism largely dominates the tran
sient response (sec. 3. 7.3). 

(3) Flexibility of the driving members is one of the most important factors in 
cam fol/ower vibrations (secs 4.5.4, 4.7, 5.5.3 and 7.6). 

(4) In practice the ftywheel effect of the cam is negligible, and it should be 
kept so (secs 5.5.5 and 5.7). 

(5) The 4-degrees-of-freedom model DYNACAM permits of detailed analysis 
of machine dynamics by means of simulation. Even nonlinear phenomena 
such as backlash, squeeze and impact can be simulated (sec. 7.4.3). 

(6) The single-degree-of-freedom model CAMSHAFT-1 proves to be an ad
equate tool for predicting the amplitude of the residual vibration of a cam 
follower driven by a relatively ftexible shaft (sec. 8.2.5), despite the fact 
that considerable simplifications have been introduced by the assumptions 
that the stiffness is a function of the nominal follower velocity and that the in
put motion is equal to the nomina) followerdisplacement (secs4.3. land 5.5.5). 

(7) Residual-vibration amplitudes can be reduced by the introduction of cam 
curves with moderate maximum nomina! velocity. The same improvement, 
however, can be achieved by a slight increase of the shaft diameter; hence 
there are no compelling reasons to abolish the well-known cycloidal as a 
basic cam curve (sec. 8.4). 

(8) Rayleigh's method, and the assumption that the lowest mode of vibration 
is equal to the statie deftection, together form a practical way, with satis
factory accuracy, for calculating the lowest natura! frequency (sec. 4.6 and 
appendix 3). 

(9) The rules of design based on the CAMSHAFT-1 model (sec. 8.5) and the 
simple method for calculation of the lowest natura) frequency (sec. 4.6) 
constitute a method for designing machines which satisfy requirements 

/ 

concerning positional accuracy and dynamic load, while laborious calcula-
tions can be avoided. 
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APPENDIX 1 

Dynamic models of machine components 
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APPENDIX 2 

Nomina] characteristics of the cycloidal ·and the modified sine cam curve 

A.2.1. Introduction 

This appendix cóntains a survey of nomina! characteristics of cam curves. 
A nomina! characteristic is a function of time, and it concerns a follower moving 
in conformity with the cam curve, which rotates with constant fictitious angular 
velocity. Because all functions will be expressed in terms of dimensionless 
time T, they can simply be transferred into functions of dimensionless cam 
rotation B, by substitution of B for T. 

A.2.2. Genera/ 

.. hm' •• 
Follower acceleration h' = -H(T), 

t 2 m 

(A.2.1) 

• hm' • 
follower velocity h' = - H(T), (A.2.2) 

tm 

follower displacement h' = hm' H(T). (A.2.3) 

The accelerational force is F = m h'; combination with (A.2.1) leads to 

Torque (fig. A.2.1) 

Slope 

or, in dimensionless form: 

mhm' .. 
F= - -H(T). 

t 2 
m 

M = F R'({J) tan ex. 

dh' 
tancx =----

R'({J) d{J 

hm' dH 
tan ex= -

R'({J) .Bm dB ' 

Fig. A.2.1. Torque. 

(A.2.4) 

(A.2.5) 
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tana=---
R'((J) w. tm dB 

Instead of dH/dB i•, it possible to write 

dH . dT 

dB= H dB' 

and since dB/dT is nominally equal to 1, 

dH . 
-=H. 
dB 

(A.2.6) 

(A.2.7) 

Insertion of (A.2.4), (A.2.6) and (A.2.7) in (A.2.5) gives the expression for the 
torque: 

m hm'2 . " 
M = -- H(T) H(T). 

Ws tm3 

A.2.3. Cyc/oidal cam curve 

By reference to fig. A.2.2: 

acceleration 

velocity 

dis placement 

" 
H = 2n sin 2nT, 

H = 1 - cos 2nT, 

1 
H = T- - sin 2nT. 

2n 

From (A.2.8), (A.2.9), and (A.2.10) it appears that 

2 nm hm'2 

M = (1 - cos 2nT) sin 2nT, 
W, tm3 

rewritten as 

2 nm hm'2 

M = (sin 2nT- -! sin 4nT). 
w, lm3 

Determination of the maximum torque: 

dM 2nmhm'2 

- = 2n (cos 2nT - cos 4nT), 
dT w. tm3 

dM 
- = 0 if T = 0, t. t, 1. 
dT 

(A.2.8) 

(A.2.9) 

(A.2.10) 

(A.2.11) 

(A.2.12) 

(A.2.13) 
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Fig. A.2.2. Nomina! characteristics of the cycloidal cam curve. 

If T = t. 
mhm'2 

M =an 3112 ___ • 
max l! 3 ' 

w, lm 

if T= f, 

Derivative of the acceleration: 

H = 4 n 2 cos 2nT. 

The maximum H occurs at T = 0 and at T = 1: 

H 0 = 39·4; 

the minimum occurs at T = 0·5: 

Ho·s = -39·4. 

(A.214) 

(A.2.15) 

(A.2.16) 
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A.2.4. Modified sine cam curve 

By reference to fig. A.2.3 : 

" nT 
acceleration OA: H= HmaxSÎn--, 

20 

n(T- 0) 
AB: H = Hmax cos , 

1-20 
(A.2.17) 

.. n (20- l + T) 
BC: H=-Hmaxsin------

20 

Maximum acce!eration 

nZ 
Hmax = ------

2- 80+2 n O 
(A.2.18) 

Velocity OA: . 20" ( nT) H = - H 1 - cos --
n mu 20 ' 

AB: H= 
.. (l - 20 . n(T- 0) 20) 
Hmax --- Sin + - • 

n l- 20 n 
(A.2.19) 

Be .
. . . _ 20 " ( n (28 - 1 + T)) 

H - - H max l + COS , 
n 20 

Il 
f 5·4 Acceferation 

-r 
B C 

-5·4 

H 

t 173 

H 

t 
Dispfacement 

-r 
Fig. A.2.3. Nomin:il characteristics of the modified sine cam curve (Il = 0· I). 
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Displacement: 

OA: H= -H T- -sin-28 .. ( 28 :n: 8 
:n: mu :n: 29 ' 

AB: 
.. [ ( 1 - 20)2 

(:n: (T - 9)) 28 1 - 49] 
H= Hm" - -- cos +-T+--, (A.2.20) 

:n: 1- 28 :n: :n:2 

BC: 
.. [(28)2 

. ( :n: (28 - 1 + T)) 28 2 - 89] 
H = Hm" - sm + - T + -- . 

:n: 28 :n: :n:2 

The derivative of the acceleration will be calculated at the points T = 0, 
T = 1 and T = O· 5 for 9 = 0· 1 : 

.. 
Hm":n: :n:T 

OA: H=--cos-· 
28 29 ' 

if T = 0 and T = 1, 

H 0 = +85. 

.. n T- 8 
AB: H=-Hm"--sîn--; 

1 - 2fJ 1 - 29 

if T = 0·5, 

H0.~ = -21·2. 

(A.2.21) 

(A.2.22) 
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APPENDIX 3 

Rayleigh's method for the calculation of the lowest natura) frequency 

A.3.1. Introduction 

In sec. 4.6 Rayleigh's method and the statie deflection as the lowest mode 
of vibration have been introduced, so as to provide a simple method requiring 
only a little calculus to determine the lowest natura! frequency. In this appendix 
the accuracy ofthis method is investigated by comparison with the exact method 
of calculating the natura! frequencies of models with lumped masses. As an 
illustration of the usefu(ness of Rayleigh's method, a comparison is given also 
with an approximative calculation, which neglects the intermecliate masses. 

A.3.2. Ray/eigh's method 

The expression of the lowest natural frequency, according to (4.38), 1s 
rewritten as 

w.' ~ c m.+ I m, (1~1 lfc1 .)2 -1 
I= 1 J/C 

(A.3.1) 

where c is the overall stiffness, for which the following expression is true: 

~= L:,. (A.3.2) 

I= 1 

The denominator of (A.3.1) consists of the addition of the mass of the output 
member m. and the contributions of the intermediate masses. 

A.3.3. Exact method /or lumped masses 

The characteristic determinant of the system, illustrated in fig. A.3.1, is 

'!'1 
c, c,+c1+ 1 

= 0. 
111, 111, m, 

• c n. 

(A.3.3) 
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~El-----------~ 
Fig. A.3.1. Multi-degree-of-freedom system. 

Expansion of the determinant yields the frequency equation 

a. A" + a._ 1 Î.•- 1 + .. . + a1 A1 + ... + a 1 A1 + a0 = 0. 

The eigenvalues are 

A.3.4. Approximative single-degree-of-freedom system 

lf the intermediate masses of the system (fig. A.3.1) are ignored, the only 
eigenvalue is 

(A.3.4) 

in which, according to (A.3.2), 
l=n 

~= I:,. 
t= 1 

A.3.5. The accuracy of Rayleigh's method in the two-degrees-of-freedom system 

In the case of the two-degrees-of-freedom system (fig. A.3.2) let us compare 
the three methods, at a variable value of the intermediate mass m 1 and with 
c1 = c2 • From fig. A.3.3a it is evident that 
(1) the highest natura! frequency (we2 ) is far different from the lowest (we 1), 

even if m1 > m2 ; by reference to sec. 3.7.3 it is obvious that we2 hardly 
affects the follower-output-member response; 

(2) even if m1 > m 2 , the error introduced by the application of Rayleigh's 
method is small; if m1 = 1'4 m 2 , then the error is only 5% (fig. A.3.3b); 

(3) the method according to (A.3.4) is rather inaccurate, as is apparent from 
fig. A.3.3b; hence only Rayleigh's method can claim both accuracy and 
simplicity. 

A measure of the accuracy is needed in order to determine the range of 
applicability from this point of view. For this measure it is proposed to con-

Fig. A.3.2. Two-degrees-of-freedom system with variable m1 . 
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C1=C1=1 
m:>=1 
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- c 
-:-;:;'Rayleigh-ffin 

'}-._ 1 
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Fig. A.3.3. Natura! frequencies of the two-degrees-of-freedom system at variable mass ratio 
mifm2. 

sider the contribution of the intermediate masses to the overall mass in the 
expression (A.3.1): 

Ln-I ( i l/c1)

2 

m, J=I 

----
i= 1 1/c 

If c1 = c2 and m 1 = m2 in the two-degrees-of-freedom system (fig. A.3.2), 

(i l/c,_)
2 

( I/c1 ) 2 

I/c =mi 1/c1 + l/c2 = 4' 

n-1 

I= 1 

i.e. 25 % of m 2 • 

This 25 % will be considered as a limit which must not be exceeded. Then the 
error made by the application of Rayleigh's method is 2·6 %, as is evident 
from fig. A.3.3b. 

A.3.6. Measure of the accuracy of Rayleigh's method 

A.3.6.l. Multi-degree-of-freedom systems 

Let us investigate whether the proposed measure is satisfactory. With the 
condition 
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(A.3.5) 

maintained, furthermore with the intermediate masses m 1 ••• m._ 1 kept 
equal, and with a constant overall stiffness c consisting of equal parts c,, let 
the natura! frequencies be calculated by means of the exact method (A.3.3) 
and by means of Rayleigh's method (A.3.1). 

Two degrees of freedom (fig. A.3.4) 

1 1 1 
- = - + - = 2; hence c1 = c2 = 1; m 2 = 1. 
c C2 

~~~A~ZTA_r:=l 
~ v v v ve___r v v D 

Fig. A.3.4. Two-degrees-of-freedom system. 

Three degrees of freedom (fig. A.3.5) 

1 1 1 1 2 
-=-+-+-=2; he nee 
c C2 

•-1 ( 1 )2 I m, J~t l/c1 = m1 

1; 1 l/c 
( 

l/c1 )
2 

+mi (l/c1 + 1/c2 )
2 

l/c l/c 

Fig. A.3.5. Three-degrees-of-freedom system. 

Four degrees of freedom (fig. A.3.6) 

1 1 1 1 1 
- = - + - + - + - = 2; hence 
C C1 Cz C3 C4 Cz 

4 

4 

2 
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~ ( i_:, l/c1 )

2 

i.__. m, J-1 

1=1 l/c . 

_ ( l/c1 )
2 

(l/c1 + 1/c2 )
2 

(l/c1 + 1/c2 + l/c3 )
2 

- m1 -- + m2 + m3 -
l/c l/c l/c 4 ' 

The lowest eigenvalue of the above systems is, according to Rayleigh (eq. 
(A.3.1)), 

l n-1 ( 1 )21- 1 1: !/ei 
w/ = c mn + L m, J= 1 

• 

1=1 l/c 

Fig. A.3.6. Four-degrees-of-freedom system. 

From fig. A.3.7 it is obvious that the exact lowest natura! frequency (w, 1) 

hardly changes as the number of degrees of freedom increases, if 

Ln-1 ( ' i l/ci )2 
m, ;=1 

- - -

1= 1 l/c 

is kept constant. Apparently this term can be considered as a measure of the 
accuracy with different numbers of degrees of freedom. 

A.3.6.2. Intermediate masses exceed the output-member mass 

Returning to the two-degrees-of-freedom system, fig. A.3.8, we must remem
ber that Rayleigh's method is still valid if m 1 appreciably exceeds m 2 • But if 
m1 continues to increase with respect to m 2 , a point will be reached where the 
actual mode of vibration differs considerably from the statie deflection brought 
about by a Ioad at m 2 • Then, in combination with the statie deflection, the 
accuracy of Rayleigh's method will drop rapidly. Hence one ought to know 
the limiting value of m 1 , above which errors become unacceptable. Therefore 
c1 and m 1 (fig. A.3.8) will both be varied in such a way that 
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Wet. î 
WeJ 

WeJ 
4 

·~ r 

·-
We2 

,.._ ·-·' • _n.1r 
\ - -

w3=r. <R O·• IQ<; O· ni; 

0·4 

2 3 4 5 
1 --,- m1/';12 

FigAJI. Fig.A35 Fig.AJ.6 
- Number of degrees of freedom 

Fig. A.3.7. Natura! frcqucncics as a function of the number ofdegrees offreedom at constant 

•- 1 I 

2: 1111 (c 2: l/c1) 2 = t. 
l= 1 J= 1 

= 1111 

4 
(A.3.6) 

is maintained. 
Furthermore l/c is maintained at 2, hence 

1 1 
-+-=2; 
C1 C2 

Fig. A.3.8. Two-degrees-of-freedom system with constant 

( 
1/c 1 ' 2 1 1 · 1 1 

mi 1/c
1 

+ 1/cJ = 4 and ~ + c2 = 2 
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(A.3.7) 

(A.3.8) 

Since c2 > 0, it follows that m 1 > !. In other words the limiting value (A.3.6) 

cannot even be reached if m 1 < t m 2 • Hence towards small intermediate 
masses there are no limits to the range of applicability. 

According to Rayleigh's method (A.3.1 ), after insertion of (A.3.6), one ob

tains: 
c 

(l)e 2 = ---------
m2 + m 1 [(l/c 1)/(1/c))2 l+t 

w, 2 = 0·4, (A.3.9) 

irrespective of m 1 • 

The eigenvalues o"f (A.3.3), giving the exact natura[ frequencies, are 

Insertion of (A.3.7) and (A.3.8) yields : 

w,1 22 = ~ { 2 + 1.1m1 ± [( 2 + Vm1 )2- 4 1 ]112}· (A.3.10) 
· 2 2 1/ m 1 - 1 2 V m 1 - 1 2 JI m 1 -

Finally the approximative method (A.3.4) will give 

c 
w 2 = -. ' 

m" 

In ~g. A.3.9 the three methods are compared at variable m 1 • lf an error of 
4% is taken as the maximum admissible, then m 1 = 3 is a limit; hence 

It might be stated that any intermediate mass m 1 ••• m"_ 1 should be smaller 

than 3 times the mass of the output member, mn. As yet it is not known what 

the magnitude of the error will be if a considerable number of the masses 
m 1 ••• mn_ 1 reach this limiting value. For safety's sake, therefore, the rule 
can be drawn up that 

n-1 

(A.3.11) 
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Fig. A.3.9. Natura! frequencies of the two-degrees-of-freedom system, with constant 

m1 --- - = - an - + - = - , as a unct1on o m1 m2 • 
( 

l/c 1 )
2 

l d 1 1 1 f . f / 
l/c1 + l/c2 4 c 1 c2 2 

A.3.6.3. Directive for calculation of the lowest natura! frequency 

If errors of up to 4 % are allowed in the lowest natura) frequency, then the 
limit of the range of application of Rayleigh's method, with the statie deflection 
as the lowest mode of vibration, is 

f m, ('~' l/c, )' < 4 m" 

I= 1 l/c 

on condition that 
n-1 

:E m1 < 3 m". 
I= 1 

Application of this method is very useful, because it is sufficiently accurate, 
on the one hand, and on the other only a minimum of calculus is required even 
if a multi-degree-of-freedom system is concerned. 
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APPENDIX 4 

Squeeze 

A.4.1. Two-dimensional, steady-state viscous flow 

Let the pressure (JP be constant throughout the film thickness (ds1 /dx « 1, 
fig. A.4.1), and let the viscosity be constant. For an infinitesimal element of 
the fiuid per unit width (fig. A.4.1) the relation 

( 
00'5 

) ( da P ) a, + bYdy dx- a5 dx + aPdy- aP + dxdx dy = 0 applies, 

from which appears that 

by dx 

In Newtonian fluids (laminar flow) the shear stress is 

dv 
O's= 'Yj- • 

dy 

If this is substituted in (A.4.1), the following equation is obtained: 

d2 v daP 
'Yj-=-. 

dy2 dx 

Integration and satisfying of the boundary conditions: 

if y = 0, then v = 0; 
if y = sJ(x), then v = 0, 

(A.4.1) 

(A.4.2) 

yields an expression for the parabolic velocity distribution of the fiuid: 

V= 
{y- sAx)} y daP 

2'Yj dx 
(A.4.3) 

Fig. A.4.1. Two-dimensional, steady-state viscous ftow. 
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The volume flow per unit width can be calculated : 

·'f(X) 

<Pv = J V dy, 
0 

which can be substituted in (A.4.3); the volume flow then becomes 

s/(x) daP 
</>"=-----. 

12 ri dx 

A.4.2. Squeezc 

Volume balance at approach velocity w = -S1 (fig. A.4.2): 

</>,.- w x = 0. 

After insertion of (A.4.4), the squeeze equation is obtained: 

s/(x) dau 
----=-WX. 

1.2 ri dx 

The local film thickness (fig. A.4.2) is 

sAx) = R 1 (1 - <:os rp 1 ) + Ri (i - cos rp 2 ) + S1 , 

(A.4.4) 

(A.4.5) 

(A.4.6) 

(A.4.7) 

The fluid pressure will be maximum at <p 1 = 0, hence an approximative 

expression for s1(x) at about </ 1 = 0 will describe the process with sufficient 
accuracy. Expansion of the Taylor series for small values of <p 1 yields 

sin cp 1 "'=' cp" 
cos <{'1 ~ 1 - ·} </-'1 2• 

Fig. A.4.2. Squeeze. 
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Insertion of these expressions in (A.4.6) and (A.4.7), elimination of rp 1, and 
application of the same procedure to the second term of (A.4.6) gives 

x2 x2 
s Ax) = -- + -- + sf· 

2R 1 2R2 

The equation can be simplified by the introduction of the effective radius R,: 

1 1 1 
-=--+--. 
Re R, R2 

The local film thickness can then be rewritten: 

x2 
sf(x) = -- +sf. 

2Re 

(A.4.8) 

(A.4.9) 

Substitution of the equation for the film thickness (A.4.9) in the squeeze 
equation (A.4.5) will give the squeeze-pressure gradient: 

daP x 
-- =-961J wR 3 -----
dx e (x 2 + 2 Sf R,) 3 

Since a P is rapidly falling at increasing x, it is permissible to integrate bet ween 
the symmetry plane x = 0 and x = oo 49

). The squeeze pressure wil\ be 

241J w R/ 
a = (A.4.10) 

P (x2 + 2 Sf R,) 2 • 

Now the squeeze force can be determined. On the assumption of a two
dimensional flow, the boundary effect on the edges of the cylinders of length b 
may be neglected. By reference to fig. A.4.2, 

00 

Substitution of the squeeze-pressure equation (A.4.10) will give 

( 
R )312 

F=l2n1Jwb -'-
2Sf 

(A.4.11) 
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APPENDIX S 

Asynchronous motor 

A.5. 1. lntroduction 

It is obvious from sec. 7.6 that large velocity changes of the asynchronous 
motor driving a cam mechanism can easily be avoided. However, in consider
ations of the variations in fictitious angular velocity of the cam one should take 
into account. the velocity variations of the motor, too. 

A .5.2. E/ectromagnetic torque 

The electromagnetic coupling of the rotor to the constantly rotating magnetic 
field generated in the stat or may be considered as a nonlinear damper (fig A.5.1 ). 
At some operating point P the linearised relation between the electromagnetic 
torque and the angular velocity, as far as small statie deviations near the 
operating point are concerned, accords with the tangent to the torque-speed 
characteristic at P, which has the slope 

(A.5.1) 

Habiger 50) derived a fourth-order transfer function for small dynamic 
deviations close to P, which proved to be approximated with sufficient accuracy 
by means of a first-order equation, 

Me - Gp 
(A.5.2) - - = 

Llwm + T.1 D 

M. 
2Mk 

6=1 

Fig. A.5.1 . Statie characteristic of the asynchronous motor. 

H 
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the electrical time constant being 

l 
r •. =---

ök Wmalns 

(A.5.3) 

As far as steady-state phenomena are concerned, it appears from the fre
quency characteristics 50

) that no deviation of the dynamic behaviour from 
the statie behaviour is shown, as long as the disturbing frequency remains 

below 10% of the mains frequency. But if cam mechanisms are driven, then, 
as stated in sec. 3.4, no steady-state disturbance will arise but a transient type 
of disturbance wilt occur in the motor. Because of this transient phenomenon, 
the first-order relation (A.5.2) between torque and velocity will be taken into 
account. lf variations are considered close to zero torque, while they are 
much smaller than the rated torque (M,., fig. A.5.1), then, according to 
Hou ben 46

), Habiger 50 ) and Heinrich 51 
), the statie characteristic can be ex

pressed by 

(dM,) =-Go= __ 2_M_kP_ 

dwm o Ök Wmalns 

(A.5.4.a) 

which is the slope öf the tangent OK at 0 (fig. A.5.1). 
To make the statie linearised characteristic independent of the operating 

point, let a lineariscd characteristic valid over the range from M, = 0 to 
M, = M,. 11

) be introduced: 

dM, M •• p 
--=-G=-----, 
dwm ö. Wmalns 

(A.5.4b) 

represented by the straight line ON (fig. A.5.1) which is nearly parallel to the 
tangent to the motor characteristic at half the rated torque (fig. A.5.1 ), close 
to which the operating point is often situated. In sec. A.5.4.3. I this wil! be 
proved to be a good approximation. 

The rated power, N., is nearly equal to M •• Wmalnsf P, hence 

N.p2 
G=---

o. (wmalns)
2 

(A.5.4c) 

lf Gp in (A.5.2) is replaced by G (A.5.4c), then the following expression for 

the electromagnetic torque arises: 

-G 

+r"D' 
(A.5.5) 

which consisls only of parameters which can be calculated from data met in 
every motor catalogue. 
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A.5.3. Equations of the motor 

The motor parameters are reduced at the camshaft (fig. A.5.2). The trans
mission ratio of the actual reduction gear is 

w 
i, = - (i, < 1). 

By analogy with (A.5.4b) one can define 

Because of w, = i, Wmalns/ P and M ••• = M,./i" it is possible to write 

p M,. 
Ga =-2-~--

i, Un Wmalns 

By refeïence to (A.5.4b) it fellows that 

and, according to (A.5.5), 

G 
Ga =- , 

• 2 
t, 

-G 

i,2 (1 + T.1 D) 
(A.5.6) 

With reference to fig. A.5.2 the equation of motion of the motor is 

with 

Elimination of lma leads to 

Jm 
J =-ma . 2 t, 

M+a -· Mma 
~ 

ma 
Fig. A.5.2. Torques on motor shaft. 

(A.5.7) 
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Furthermore, the program of the numerical solution (sec. 6.7) requires the 
expressions 

Llw = J Llw dt + Llw0 , 

Llw0 = 0, 

w = w, + Llw. 

A.5.4. Methods of so/ution 

A.5.4.1. Motor considered as a second-order system 

A.5.4.1.1. Numerical solution 

(A.5.8) 

(A.5.9) 

In sec. 6.7 the equations (A.5.6) to (A.5.9) have been incorporated in the 
DYNACAM program for digital simulation. 

A.5.4.1.2. Analytica/ solution 

In sec. A.5.3 the equations expressing the dynamics of the motor have been 
derived. By substitution of (A.5.6) the equation of motion (A.5.7) can be 
rewritten as 

T. 1 Jm D 2 Llw + lm D Llw + G Llw = -i/ Mma (1 + T.1 D). (A.5.10) 

Now the mechanica! time constant can be introduced: 

Jm 
T =

m G 

With (A.5.4c) this can be written as 

Jm Ón (Wmalns)
2 

Tm=-----· 
NnP2 

(A.5.11) 

(A.5.12) 

The ratio of the polar mass moment of inertia to the rated power (Jmf Nn) 
proves to be nearly constant for each synchronous speed, and together with 
the rated slip (Ön) this ratio can be taken from the catalogue 52) (fig. A.5.3). 
Since Ön is also almost constant within a certain power range, Tm is approxi
mately constant for each synchronous speed ; its values are indicated in fig. 
A.5.3. The amount of rated slip (ön) is taken from the statie characteristic of 
the type of motor driving the test mechanism (fig. A.5.4). From this charac
teristic it is apparent that the linearised characteristic ON (according to eq. 
(A.5.4c)), 

N pz 
G= n 

On (Wmalns)
2 

' 

is a good approximation of the curve ON. 
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Mechonicol time constant Trn=JnWn~ins 

Synchronous speed 
+ 3000 r.p.m 
EB 1500 r.p.m 
EB 1000 rp.m 
~ 750 r.p.m 

01. 08 

Tm(s) 
0-113 
0·0398 
0·0392 
0{)321. 

12 1-6 

Roted slip ~=8·5% 

20 21. 

750 r.p .m,p=I. 

/000r.p.m,p=3 

1500r p rn,p=2 

ffi 

28 
--NnO<VV) 

Fig. A.5.3. Ratio J"/N. of commercial asynchronous motors. 

Furthermore, since the critica[ slip (Ök) may be assumed to be constant 
within a certain power range, T01 (A.5.3) can be assumed to be constant. 
According to the method of calculation of Habiger 50), the critica! slip would 

be equal to ök = 0·59 in the case of a 0·37-kW motor; this value of the slip 
differs considerably from the measured value ök ~ 0·37 in fig. A.5.4. The 

Jatter value will be accepted, from which according to (A.5.3) one obtains 

r •• = 8·6. 10- 3 s. 

Insertion of (A.5.11) in (A.5.10) gives 

1 1 i,2 Mma 
0 2 Llw + - D Llw + -- Llw = - - - - (1 + T01 D). 

~. ~.~ ~l~ 
(A.5.13) 
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1 

Motor:ACEC 
Synchronous speed n=3000r.p.m. 
Rated power: 370 Wmech 

Du ring dwell, Pis the 
operating point afl,6 %slip. 

riet ion tor ue M =0138 Nm 

1 0 80 60 
ó(%J--

Fig. A.5.4. Measured statie characteristic of the asynchronous motor. 

The relative damping in (A.5.13) is 

q = ~ VTm. 
2 r.1 

(A.5.14) 

In order to solve the equation of motion (A.5.13) it is necessary to know 
whether the system is damped critically or not. With the value of T. 1 men
tioned above and with those of Tm given in fig. A.5.3 it is apparent that 
Tm » T.1• Hence q > l, in other words a motor is damped critically. In the 
case of a 3000-r.p.m. motor: 

q = 1·8. 

On the assumption of an efficiency of the reduction gear of 100 %, then 
according to (6.72) 

and furthermore on the assumption that the fictitious angular velocity of the 
cam is sufficiently constant for the supposition that the actual torque hardly 
deviates from the rated torque (A.2.12, A.2.13), the equation of motion (A.5.13) 
can be rewritten as 
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1 1 
0 2 L1<1J + - 0 L1w + -- L1w = 

T01 T.1 Tm 

i,22nmhm'
2

[ 2nt 1 4nt T01 ( 2 n t 4 n t)] 
= - sin:_ _ _ - sin - -+ 2n --- cos-- - cos - - . 

T.•Jm(IJ.,tm 3 fm 2 1m lm lm lm 

Furthermore the expressions for maximum torque (A.2.14) and for the ratio 
of overdimensioning. 

can be inserted, giving : 

1 1 

Meno 
p = ---

Mmax 

0 2 L1w + - 0 L1w + -- Llw = 
T.1 T.1 Tm 

(A.5.15) 

- sin--- - sin--+ 2n_.'.__- cos--- ·cos-- . 
4i,2 

Meno [ 2nt 1 4nt T01 ( 2nt 4nt)] 
T0 1Jm3312 P lm 2 lm lm lm f,., 

Successive substitution of the expressions 

and 

yields 

M, n 
Menu= -- • 

i, 

10, p 
i, = ---, 

(l)mai n~ 

1 1 4 W, Ón 
0 2 Llw + -- 0 /.1(t) + --- L1w = - X 

T., T.1 Tm T.1 Tm 3312 p 

With 

[ 
. 2 n r 1 . 4 :r r 2 n r •• ( 2 n r 4 n r)J 

x sm -- - - sm -- + --- cos -- -cos -- . 
lm 2 lm lm lm lm 

1 
w,2 = --

T.1 Tm 
and, according to (A.5.14), 

= ~(Tm)
1

12 
q 2 T ' 

el 

(A.5.4b) 

(A.5.11) 

(A.5.16) 

(A.5.17) 
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the solution of the homogeneous equation is 

Llw 
-- = (exp-qw.t) {A [expw.(q2

- 1)112 t] + B [exp-w.(q2
- 1)112 tl}. 

w, 
(A.5.18) 

The particular solution is assumed to be 

Llw 2nt 4nt 2nt 4nt 
-- = C sin -- + D sin -- + E cos -- + Fcos-- (A.5.19) 
W 5 fm fm lm lm 

within the time interval 0 ~ t ~ tm . 

After determination of the first and second derivatives and insertion in 
(A.5.16), a set of equations is obtained : 

( 
4 n 2 l ) l 2n ---+-- C---E=-y 
tm 

2 T.1 Tm T.1 tm 

( 
16 n 2 l ) l 4n ---+-- D---F =ty 

lm2 T01 Tm T0 1 lm 
, C, D, E, and 

F are (A.5.20) 

( 
4 n 2 l ) l 2n 2n 

- --
2

- + -- E + - - C = - -- T01 y, calculated 
lm Tel Tm T 0 1 lm lm 

( 
16 n 2 1 ) l 4n ---+-- F+--D= 

tm 2 T.1 Tm T01 tm 

2n 
--T., y . 

lm 
( 

4 <5" ) 
y = T T 3312 P 

el m 

The genera! solution is the sum of (A.5.18) and (A.5.19). Two initia! bound
ary conditions have to be satisfied: 

if t = 0, then 
Llw = 0, 

and 

Llw = o, 
from which it follows that 

A + B + E+ F= 0, 

[-qw. + w.(q2-1)•12]A + [-qw.-w.(q2-1)•12]B + 

2nC 4nD 
+ -----=0 . 

l m fm 

(A.5.2la) 

(A.5.2lb) 

(A.5.22) 

A and B can be expressed in terms of C, D, E and F. Furthermore the general 
solution can be written in dimensionless form after introduction of the dimen
sionless parameters 
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t 
T =-: 

lm 

_4_'3n (exp- _!_) {A' [exp (-qz - 1)112 r] + 
l'e1 't'm 3312 P 2 't'el 0el 0 m 

[ (
q2 - 1)1 /2 J 

+ B' exp-
001 

•m T } + C' sin 2n T + D' sin 4 nT + 

+ E' cos 2n T + F' cos 4n T, 

2 n C' + 4 n D' + (E' + F')/2i-01 E' + F' 
A' =- . ----, 

2 [(q2 - l)/i-01't'm] 112 2 

B' = 

C'= 

D'= 

E'= 

F'= 

2 n C' + 4 n D' + (E' + F')/2i-01 E' + F' 
----------------

2 [(q 2 
- l)/i-01•mJ112 

-l/oe1°m 

(2n/•e1)2 + (-4n2 + l/•e1•m)2' 

l/2i-e1't'm 

(4n/i-0 1)2 +(-16n2 + l/i-01 •m) 2
' 

2n/i-01 - 2 n i-01 (-4 n 2 + l/i-01 •m) 

(2n/i-01)2 + (-4n2 + l/i-01 i-m)2 
' 

-2n/i-01 + 2ni-01 (-16n2 + l/•e1•m) 

(4n/i-01)2 + (-16 n 2 + l/i-01•m)2 

2 

A.5.4.2. Motor considered as a first-order system 

(A.5.23) 

(A.5.24) 

(A.5.25) 

From the calculations of the characteristic motor constants in sec. A.5.4.1.2 
it is apparent that the electrical time constant (T.1) is very small with respect 
to the mechanica! (Tm). Obviously it may be supposed that it is sufficient to 
describe the motor as a first-order system by putting T01 equal to zero. Physi
cally it means that in the electromagnetic coupling damping is predominating, 
hence the dynamic relation between Men and Llwm (A.5.5) can now be assumed 
to be equal to the statie relation indicated in fig. A.5.1, 

(A.5.26) 
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+ 

Fig. A.5.5. First-order block diagram of the asynchronous motor. 

The first-order block diagram is that of fig. A.5.5. By putting T01 equal to zero 
in (A.5.16) the first-order equation is obtained: 

D Llw +-Llw = - sin--- -sin-- . 
1 4 w, Ón ( 2 n t 1 4 n t) 

Tm Tm 3312 P lm 2 . lm 
(A.5.27) 

The solution of the homogeneous equation is 

Llw ( t ) - = A exp - - Tm . 
W, lm 

(A.5.28) 

The particular solution is assumed to be 

Llw 2nt 4nt 2nt 4nt 
- = B sin - - + C sin -- + D cos -- + E cos -- (A.5.29) 
W 5 lm fm lm fm 

within the time interval 0 ~ t ~ tm. After determination of the first deriva
tive and insertion in (A.5.27) a set of equations is obtaincd: 

2n 1 
-B+--D=O, 
lm Tm 

4n 1 
-C+-E=O, 
lm Tm 

2n 1 
--D+-B=-y, 

lm Tm 

4n 1 
--E+-C=!y . 

lm Tm 

B, C, D, and E are 

calculated 

(A.5.30) 

The genera! solution is the sum of (A.5.28) and (A.2.29). One initia! boundary 
condition has to be satisfied: 
if t = 0, then 

Llw = 0, (A.5.31) 
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from which it follows that 

A=-D-E. (A.5 .32) 

Furthermore the genera! solution can be written in dimensionless form after 
introduction of the dimensionless parameters (A .5.24) <" = T,,,/t,,, and 

T = t/tm: 

L1w 4 On [ ( T) -- = --- A' exp - - + B' sin 2n T + C' sin 4n T + 
Ws <m 3312 P <m 

+ D' cos 2n T + E' cos 4n Tl 
-2n<m2 2n<m2 

A'=-D'-E'= +----
(2n<m)2+1 (4n<m) 2 +1 

B' 
(2 n <m) 2 + 1 

-} <m 
C'=-----

(4 n <,,,) 2 + 
2 n <ml 

D'=-----

-2n<m2 
E' =----

(4 n <m)2 + 1 

A graph of this solution has been given in fig . 8.6. 

(A.5.33) 

A.5.4.3. Comparison of the actual response characteristics of the 
asynchronous motor with those of the various dynamic 
models 

A.5.4.3.1. Second-order dynamic model 

In order to investigate the accuracy of the dynamic models, their responses 
can be compared with the actual responses measured on the motor driving 
the spring-loaded test mechanism of fig. 7.2 and illustrated in fig. A.5.6. Be
cause of some irregularity in the transmission between the motor and the 
camshaft, a trivia! velocity variation, occurring periodicaliy (at 40 mm) and 
present also if the follower is removed from the cam, the angular-speed 
variation is measured between two points that are 40 mm apart; the envelope 
curve o(t) shows a maximum of o ( = L1w/w,) = l ·6 %. 

Curve (1) in fig. A.5.7 reprcsents a simulation by means of the DYNACAM 
program, in which the four-degrees-of-freedom mechanism is incorporated as 
well as a second-order system to represent the motor. The simulation shows 
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>-------- t (tmm:1/4DDsec) 

Fig. A.5.6. Measured slip (<5) of the asynchronous motor; envelope curve through the peaks 
is <5(t). Motor: synchronous speed 3000 r.p.m.; Tm = 0·113 s; P = 5·2; cam rise time 
tm = 0·088 s; Tm = l ·284. 
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(1) 2nd order, with follower spring; with damping; T}g = 0·87 

1 _.L ·-- --- -

~ --,_... 
~ - ~ ...... 

__.-

(2) 2nd order, with follower spring; with damping; T}g = 1 (numerical calculation; 

Fig. A.5.7. Simulated motor responses. l 
(3) 2nd order, without follower spring; with damping; TJ, = 0·87 
(4) 2nd order, without follower spring; with damping; T}, = 1 
(5) 2nd order, without follower spring; no damping; T}g = 1 
(6) 2nd order, without follower spfll)g; no damping; T}g = l} (analytica! calculation; 
(7) lst order, without follower spring; no damping; T}g = 1 shaftassumed to beveryrigid). 
Tm = 1·13 .10-1 s, T01 =8·6.10-3 s, tm = 8·8. 10-2 s, 
Tm = 1·284, T 0 = 9·77. 10-2, P = 5·2, Sn = 0·085. 

a maximum of ~ = l ·8 %. The data of fig. A.5.3 allow only of taking into 
account the polar mass moment of inertia of the motor. If that of the 
pulleys (fig. A.5.8) is taken into account, the overall polar mass moment in
creases by a factor of l ·2, which explains the difference between the measured 
(fig. A.5.6) and the simulated curve. This difference is at the most 12 %, which 
may be considered a satisfactory result. 
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motor rotor: J 

J, 

J , (R')2 
2 = 12 R

2 

= 60.J0- 3 (1/2·73)2 

Total J 

= 40.10- 3 kgm2 

0·14.to- 3 kg m 2 

8.io- 3 kg m2 

""48.10- 3 kgm2 

Fig. A.5.8. Transmission from the motor to the camshaft. 

A.5.4.3.2. Efficiency of the reduction gear 

Curve (2) in fig. A.5.7 shows the simulated (J in the case of 100% efficiency 
of the reduction gear. This efficiency, with the motor performing the driving 
(the case at cam rise with spring-loaded followers), is, according to (6.72), 

tan oc, 
'f}g = . 

tan {et, + µ) 
(A.5.34) 

If et, = 0·36 rad and µ = 0·05 rad s3), 

'f}g = 0·87. 

The ratio of the curves (2) and (l) is equal to this magnitude. 

A.5.4.3.3. Spring /oad 

Curve (3) in fig. A.5.7 is the simulated response in the absence of spring
loading of the follower mechanisms. 

The spring load is indicated in fig. A.5.9. The torque which it brings about 
(curve (1), fig. A.5.9) corresponds to the simulated lJ-curve (l) of fig. A.5.7. 
The torque curve (3) in turn corresponds to the simulated lJ-curve (3) of the 
mechanism without spring. The maximum torque (1) exceeds that of (3) by a 
factor of 3·3, and since (3) has a negative part, the effect on motor speed will 
in fact exceed this factor 3·3. The deviation between the lJ-curves (1) and (3) 
(fig. A.5.7) proves to be a factor of 4·5. 

Curve (4) (fig. A.5.7) is different from (3) because the reduction-gear effi
ciency ('f}g) has now been put equal to 100%. 

A.5.4.3.4. Damping 

Curve (5) in fig. A.5.7 has been obtained by simulation with the same param
eters, but without machine damping; this has now been put equal to zero. 
There is only a slight deviation between the curves (5) and (4). 
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Maximum d•c•l•ralion 
pructib~d by 31Jring laad 

·IO·ar---
·11 

'h O·OJ 
~-__J-1'·J 

t 
0·01 

O·O/ 

·0·01 

Fig. A.5.9. Load and torque of the spring-loaded (1) and the not-spring-loaded (3) follower. 

A.5.4.3.5. Analytica/ ca/culation, second-order system 

Curve (6) in fig. A.5.7 is the result of the analytica! solution (A.5.25) of the 
second-order system, deviating from curve (5) (second-order, numerically cal
culated) by a factor of 1·3. Apart from the fact that in this calculation neither 
follower spring nor damping are present, the actual torque is assumed to be 
equal to the nomina! demand of torque (curve (6), fig. A.5.9). That curve 
differs considerably, however, from that of the actual torque (3), due to 
flexibility of the follower linkage (r = O· 118) and specially due to that of 
the shaft (Fa = 2·75). At small values of Fa and r (slow running or relatively 
rigid machines), this effect plays only a minor role. The actual torque 
then almost accords with the nomina!. The analytically calculated secondr 
order response (6) of fig. A.5.10 (at one tenth of the former speed) hardly 

ó("I.) 

Î 
•6 ., 
•1 

Fig. A.5.10. Slip (<5) at low •m·numbers (relatively long cam rise time or rigid machine). 
(5) 2nd order, numerical calculation; 
(6) 2nd order, analytica! calculation; 
(7) lst order, analytica! calculation. 
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deviates from the numerically calculated response (curve (5)). In these graphs 
the degree of overdimensioning, P (A.5.15), has been put equal to unity. 

A.5.4.3.6. Analytica/ calcu/ation, firsJ-order system 

Cune (7) in fig. A.5. 7 is the result of the analytica] solution (A.5.3.3) of the 
first-order system; it har<lly deviates from the analytica] second-order curve (6), 
and this is true also of curves (7) and (6) in fig. A.5.10. 

As has been supposed also in sec. A.5.4.2, the mechanica! time constant (Tm) 
is the dominant factor in motor response. Hence representation cf the motor 
by a first-order system is a satisfactory procedure. 

A.5.4.3.7. Motor-speed variations affecting the cam follower re
sponse 

In fig. A.5.11 the simulated (DYNACAM) responses of the follower output 
member are illustrated, first driven by a motor ha ving absolutely constant speed 
and then by a motor having the ó-curve (!) of fig. A.5.7 with its maximum 
ó = l ·8 %- Obviously at this fluctuation of the motor speed the follower re
sponse is hardly affected. 

0 
0 

~ 

synchronolis motor ----- ----J 
asynchronous motor - - ---- -----'"' 

.c 
'o~.c-o--c~.:-o-~o.-,o-~o.-Jo--o~,-,--,~.o-o-~o.-r,o--o~.-10--c~.,-c-~o~."-~"-,,-~"-,.--,~.,-o-Î 

Fig. A.5.11. The effect on follower response due to the variable angular velocity of the 
asynchronous motor of fig. A.5.7 (curve (1)). Cam mechanism: T = 0·118, Fa= 2·75. 
Asynchronous motor (3000 r.p.m.): Tm = 1·284, P = 5·2, s. = 0·085, T~ = 9·77. 10--2 • 
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A.5.4.3.8. Conc/usions 

(l) The preceding considerations prove that it is satisfactory to consider the 
dynamic behaviour of the motor by means of the first-order system, accord
ing to (A.5.33), if the actual demand of torque is close to the-nomina!, i.e. 
at relatively small T- and F0 -values. 

(2) From fig. A.5.11 it is apparent that the small angular-velocity variations 
brought within reach by the use of asynchronous motors have hardly any 
effect on the dynamic behaviour of cam follower mechanisms. 
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APPENDIX 6 
Program "DYNACAM" 

••••CONTINUOUS ll"ULATION LA~GUAGl•••• 

•••'R01Ll" IN,UT STATEMENTS••• 

INITIAL 
e INDEX NECHe 
• roLLO•!R LINKAI[ 
'ARAMITER MX•45el , CX•l4e!6 , 1X•le745 
'ARAMIT!R ox.o.o• 
'ARAMET!R VISRl•Oe8 , 8ROLS•t4.1•3 , RROLS•l5 0 1•3 
'ARAMETIR 8ROL1•74•2!•6 
e CAP! 
'ARAMIT!R Rll•0 8 089 , Bl1•l 1 741 1 H"S•56 8 ll!•3 
• IHA'1 
rAltAMITlR "11•3,0 , MYl•6e62 , 11Zl•l 1 1 
'ARAMIT!R CIS•l 8 l6 , CySa0.922!6 , Czl•l,5!7 
,AltAMIT!H R••OolOI , QB•0,06 
rARAMITlR ST•l 0 020!•2 ,VllTW•0,8 ,M0DULW•4eE•3 r8TW•2 8 71•2 1ZT•94 
rARAMITER VV•OoO , RAD•O,O 
• RlVS 'ER HUUR 
'ARAMITEH N•3600o 
INCON TO•O,O , XDOTO•O,O 
INOON YO•o.o ,YDOTo•o,o ZDOTO•O,O 
INOON IXO•O.o , ••o•o.o 
• TYllSCHUL 
••••• IDUTO'IS,O/A 
10-1101111 

T"•l80o,eBP1/C3 1 l4174•N•AI 
rARAMITER ALrA•Oo38 , HU•0,05 , SN•0,015 ,P•loO ,TE•88 8Ee3,TMECH•Ooll3 
r1NAX•lo16•CHN/CiM•TH•RGll••2•HX/C8 
TAUbU/111 
TAUM•TMECH/TH 

IROLelROLl•IX 
VllR•YllRl/111••3 
IROL•BROLl•IX 
RROLaltltOL.l•lx 
"'•"11/IX"2 
MY•MYl/111••2 
PIZ•PIZl/111••2 
ca•caa11X••a 
CY•CYl/IX••2 
CZ•CZl/lh•a 
U•RIS/lhC 
YllT•VllTw/CIX•l81••3 
MODUL•MODULW•IX•IB 
IT•BTW•lhlB 
ltPAUelX 
Hl1•H"S•IX 

'ROCIDURl 1rs•TANDENCZTI 
lf CZT,EO,QI GOTO 25 
Erl•0,99•Zl•C•0,059•SQATC0,0034•0,ll4/ZTll 

IOTO 26 
as E'8•o.o 
26 CONTINU[ 

hilPRO 
!E•MODUL./C0,34•RO•ZTI 
HH•RROL/2 
VT•24,•YlST•IT•SQRTCC0,085eHODUL.•ZTl••31eEPS 
YR•24o•YISH•aROL.•8QRTCI0,5•Rlt0Ll••31 
EN•f;!/811 
HN•HH/HPI 
YT"•Y' 1ce.-""•1ti1tTtfl11•q1"31, 
YRN•YR/CCX•TM•8QATCHH••3JI 
Ul•CXICY 
ua•CX/CZ 
IAl•9T/8M 
R•ICll/HH 
'A•CCX/Cll•CHll/CRS•IM11••2 
TER11&•4,•Cl•CZ•IC1o/CYl•CCRll•0 0 5•HHl/Rlll••2/Cll 
Dl~•lo•TER"l•CHH/CCRl•Oo5•H~l••Mll••2/CCX•CZI 
lt"HR8a&,/1Re8MI 
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NOSOllî 
TB•6,28318b•SQRT!Mij/CBI 
TAul:l•TBIT" 
IF !TAUB•Oo00,l1 11,2 

1 TAUll•0,005 
2 '•16,2831&b/TAUl:ll••2 

TY•6,28J18b•S~HT1nY/CYl 
TAUY•TY/Trl 
IF ITAUY•OoOO,lJ,3,4 

3 TAUY•û,005 
4 G•l6,28318b/TAUY!••2 

TZ•6,28J18b•SQRTIHZICZl 
T..WZ•TZ/TH 
IF ITAUZ•Oo005l5,5,9 

S TAUZ•O,OO!> 
9 J•l6 0 28318b/TAUZ>••2 

TX•6,28J18b•S~RT1~X/CX> 
TAUX•TXITl1 
f' ITAUX•Oo005l11111,1J 

11 TAUX•O,OO!S 
13 E•l6,28J18b/TAUXl••2 

l' l~V,Ew.1,l GOlO 10 
l'O•o,o 
UJ•o,o 
8•SROL/H11 

CIOTU 17 
10 l'O•J,O 

UJ•ITAUX>••2/IP0•6,28Jl 
S•10, 

17 l'XU•(PUJTO+PO•U31/ll+UJ+UJoU2) 
HRO•·PXo•u2 
ZO••llflO 
XO••l'XO• I uua) 
I' ll'XOI 1'116,2u 

U HRU•llRll+I 
XO•XO•S 
CIOTO 20 

16 llRO•SllO/Hr; 
XO•HRO 

ao CONTINU[ 
IORT 
DlCaTAUX•lolX/3,14 
DlaT AUhWB/J, 14 
DY•TAUY•lld/J,14 
DZ•TAUZ•WX/3,14 
DY~~MIC 
11REL•PBHUT/P811AX 
H[DDT••IMTDDT/TAUH+f'IEl/T&UE 
HE•INTGALI01MEDOI) 
DT2DOT•l1~•11REL•SN/(P•TAUA) 
DTDbTalNTOAL10,uT2DDTI 
TDOTa1, O•DTDoT 
l'ROC!DUA~ PRHOT•NRH~STIP81ALFA1MU) 
1' 1,11210,210,220 
UO MUl••f'IU 
flOTO 230 
il40 HQla"u 
230 PBl101•P6•lA~IALFA+H~ll/TA~IALfA) 
lNllPllO 

HlrDHD8rDDHD8•N0KSSl81 
'ROC!DURE GEHHEL•RCORRIAAD,A,HBrGEM~RG,C~D~,Yl 

lf IRAD,E~ol 1 l GCTO 32 
GE11H[LaG[MHRG 
1010 J' 

JI YCllllP•Y•DHUI 
IF IABSIYCUHl'l•1,0E•4lJ4,34,JJ 

JJ 8E"HEL•IR•"8•SQATllR•HBl••2•4•YC0~'•GE~HRGeRll/12•YC0~PI 
CIOTO JS 

~· GE"11ELaR•GiMHR9/(R+HBl 
~15 CONTINUE 

IND,110 
H•"B•IY•DH~B•GEMHEL+Zl 
R8Y•R•NB•Y•DHD8•GE"MEL 



l 
2 
;s 

• !I 
6 
7 

• Il 
10 
ll 
l2 
u 

- 211 -

PROCEDUR~ HDOT•VN0K(OrlOb 1 8DOT,YCOT,GEMrlE~,Y,DOH !Ji,~1Y,ZDOT,RADJ 
lf IRAD.EYo1 0 J G0TO $0 . 
YY•il 0 0 
ovra 85 

ao YY•DHDB•·~·GE~HEL/R~Y 
85 HDOT•DHD8•dDOT•IY~QT•DHDB•GEHHEL•2•Y•IDDH3d•GE~~E~~YYl•~DDT+ZDOTI 

ENDPRO 
PX,HRDOT•PR0L(H 1 X,DX,HOUT,XUOT,rlR 1 S 1 HN,VR~,FCINI 

HH•INTGRL!HR01HRnOTI 
PROC!DUkE P"X•P~HYV!PX,XDOT,FCEXJ 

IF IXDOTI 401 1 402,402 
•Ot FCl••FCEX 

llOJO 403 
•02 fCl•FCEX e 
403 P~X•FC!•A~~IPXI 

ENDPRO 
PB,TAD0T•PR0L(T 1 d,DB,TOOT,SDOT,TA,SA9 1 EN,VTN,FCINI 

TA•lNTGRLldO,TADOTI 
PROCEDURE PHB•HW~YVIPX,&EHHEL,DHDij 1 fA1FCEX1BDOTl 

fF IBDOTI 001,502,~02 
!101 ft;l"FCEX 

GOTO 503 
!502 FCl•FCEX 
!IO;J P~d•ABSIPXl•FA•FCl•SQRTl!l,O/GE~HELJ••2+0HDQ••21 

ENDPRO 
T•INTORLITO,TDOTl 
PY•hUY• Y IJUT 
PZ•Z•DZ•ZDllT 
PXY.PXoU1 
P'XZ•l'X•U2 
l'VX•U:S•IPO+XJ 
82UOT•F•(Pd•PX•FA•0HD8•PWB) 
X2»0T•E•(PX•f'UIT•PwX.PVXI 
YauOT•G•CP'XY•GEHHEL•DrlDB•PYI 
Z2UOT•J•(PXZ•PZJ 

BDOT•INTijR~(9UOT0182D0Tl 

B•lNTGRLlBO,~DOTl 
XDOT•INTDHL!XDOTO,X2D~Tl 
X•INTGRLIX~1XDOTl 

YUUT•l~T~k~lYDOTG1Y2DJTl 
Y•INTGRL(TO,YDOTI 
ZDOT•INTijR~IZUOT01Z2DOT 1 

Z•INTGRL(ZO,zDOTJ 
DEll•B•T 
O~EGA•BD0T•l 0 0•Y~OT•GE~HEL 
JU11P~HR•t1 
HETHOD Ri<.SFX 
PRINT TA1X2Dor,g~uoT,H~,H,HR,X,Ot1EGA 
TIMER DtLT•l.OE•41P~DEL•0o010tf INTl~•1e2510UT~EL•O.OOi5 
ftt1) 
UOP 

SUBROUTINE NO~SSIBl1H81DMDè,ODHD6l 
DOU&LE ~HECJSJON B 
8•81 
'' ce-1110.20,20 

10 H8•B•IU~IN16.233185•Blll6.283l85 
DHD~•1•üCOSl6e283l85•81 
UDH08•&~283l85•DSIN(6,283l65t81 
GOTO 12 

all Hl•1.o 
DHDa•o.o 
llDHDB•OoO 

l2 RETURN 
END 
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1 SUBROUTINE PROLIHl,xl,D~.~DOTI,xDOTl1HRJ,s,HNl,VGN,fC,Px,HRDOTl 
2 DOUBLE ~RECISlON HrXrHDOT,XDOTrHRrHN,HS 
J H•H! 
• X.Xt 
8 HDOT•HDUT! 
6 XDOT•.XllOH 
7 HR•HR~ 

1 HN•HNI 
9 HS•H•S 

10 I'IHDOT•XDOTI ~7,37,38 
11 37 FCI••FC 
tl GOTO 39 
13 39 FClaFC 
U Ji. 1' IHR•Hl•0,4014!5 
10 40 PX•1H•X•DX•(HDOT•XUOT)l/ll.O•FCll 
16 lF IPXl 49r60,60 
17 48 1' tSl 00 1 60 1 !50 
18 4!5 1, tHR•HS)~0 1 !55,5!5 
19 10 PXlaDX•IHDOT•XDOTl•HRwX 
20 '' 1Px11 e2,e2,!5• 
21 &2 DN•DATANtDSQRT(~N/(HSwH~)ll/DSQRTILHS·H~l••Jl 
22 CN•o.o 
23 ~•1,0•FCl 
14 GOTO 06 
28 04 CN•DATAN(DSQRT(HN/(HRwH)ll/DSQRTl(HR•Ml••JI 
ae DN•o.o 
17 ••l,O•FCl 
ae 56 ,,(DX)Sl,&l,62 
29 te 1f (V8NI04,64r62 
JO Il PX•VSH•ICN•DNl•PXl/tDX-VGN•lCN•DNl•~l 
,, H•DOT•W•(V9N•tCN•DNl•HDOT•DX•XDOT•HR•Xl/lnX•V9~•tCN•DNl•~I 
H 80TO 61t 
33 ee PX•tHS•X..DX•(HDOT•XDOTll/(l,O•FCll 
34 l'IPX1 00,eo,48 
30 60 HRDOT•HllOT 
36 eoro oa 
37 64 Px•o.o 
31 HRDOTaXDOT 
39 60 RETURN 
•O END 
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APPENDIX 7 

Calculation of dynamic models 

A.7.1. Introduction 

In this appendix the application and calculation of dynamic models will be 
demonstrated. 

The dynamic model can be composed from the partial models of appendix 1; 
the values of mass and stiffnes can be calculated by means of the corresponding 
formulae. Then the lowest period of natura! vibration can be calculated by 
means of (4.39). Finally the output response can be determined by means of 
fig. 4.11, as far as cycloidal cam curves are concerned. If backlash is traversed,_ 
the impact response can be determined in accordance with the equations (3.11), 
(3.12) and (3.16), as has been done in sec. 7.4.4. 

Two examples wil! be given. The first is the indexing mechanism, the second 
will be the spring-loaded cam follower mechanism. The dynamic behaviour of 
both mechanisms has been discussed in sec. 7.4. 

A. 7.2. Indexing mechanism 

(!) Positional error and acceleration values to be calculated are related to the 

Camshaft 

Fig. A.7.1. lndexing mechanism. 
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radius Rred = 500 mm (fig. A.7.1) of the indexing table, namely the pitch 
radius of the tools. 

(2) The only transmission ratio in the follower mechanism is i = Rrcd/ R 2 

= l ·745. 
(3) The dynamic model of this mechanism is given in fig. A.7.2. lt has been 

composed from the models of appendix !. The corresponding figure num

bers have been indicated. 
(4) Reduction. Figure A.7.2 changes into fig. A.7.3. 
(5) Stiffness of the uncoupled follower system (tan r:t. = 0) : 

1 1 1 
-=-+--;, 
Cc C1 C4z 

Cc= 3·65. 106 N/m. 

(6) The equivalent mass, according to ( 4.39): 

(
l/c4,')

2 

m = m 1 +(mi'+ m3,') - -- , 
l/cc 

m = 45 kg. 

hm =562 mm 

R112=85 mm 

fJm= 1·71. 5 rad 

Af 60 r .p. m. ( W5 =2Jr radls)tm=0·2Î8 s 

,--- - --- - - ---"tF-'=v-:=-=~r 

1 

1 

1 

1 
1 

1 

1 

. 1 
{J Rii} 1 

L_ 
1 

i2=IOn()( 
( /) 

(112) (/) 

1 

1 

1 

1 

~1R11)_ 
c,

1
=0·922.106 Nlm 1 

--- __________ __J 

t_ __ _ Fig.A.1.10 

Fig. A.7.2. Dynamic model of the indexing mechanism of fig. A.7.1. Indicated fig. numbers 
refer to figures of machine components in figs A.1.1-10. 
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(7) Uncoupled lowest period of natura! vibration, according to (4.39): 

Te= 2·2. 10- 2 s. 

(8) Cam rise time: 

(9) 

tm = 0·278 S. 

T = 0·08. 

Te =2·2./0-1s 

1m.o0·278 S 

T:0·08 

Ion Dl.me= 0·379 

fi, =3·31. 

F.,=75 

(112) (1) 

x 
t__ 

• I 
hr 

L __ 
(112) (1) s/=O·IJ mm 

(1) jl) 
z 
L __ 

Fig. A.7.3. Reduced dynamic model of the indexing mechanism of fig. A.7.1. 
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( 10) Tangential stiffness :' 

l 1 l 
- = - + - = 6· 365 . 10- 6 m/N 
C11n c/ C4.,,' 

(cp' is the overall stiffness of the shafts (4) and (5) in fig. A.7.1) 

(l l) Mean slope: 

hm 
tan tXme = , 

R112 f3m 

tan tXme = 0·379. 

Cc 
(12) Fa= - tan2 

tXme• 
C1an 

Fd = 3·34. 
c 

Stiffness dip ~ = 1 + 4 Fa, 
Cmln 

Cmax 
-- = 14·4; Cmln = 0·253. 106 N/m. 
Cmln 

In table 7-1 this calculated value has been compared with the measured 
one. 

(13) The overall backlash at half the cam rise has been indicated in fig. 7.7. 
(14) Residual vibration. Now that r, Fa, and backlash are known, the ampli

tudes of the residual vibration can be determined. In sec. 7.4.4 the 
backlash, calculated in accordance with the equations (3.12) and (3.16), 
proved to be an important factor in the follower response. 

A.7.3. Camfo/lower mechanism 

A.7.3.1. Four-degrees-of-freedom model 

(1) Position of the output member (l) (fig. A.7.4) on the arm (2): Rred = 
175 mm. 

(2) The only transmission ratio in the follower linkage is 

Rred 
i=--, 

R3 

i = 2·06. 

(3) The dynamic model (fig. A.7.5) has been composed from the partial 
models of appendix l. The corresponding figure numbers have been indi
cated. m4 , incorporates the mass of the cam, together with the mass of 
the roller and the rigid part 3, reduced at the radius R3 (fig. A.7.4); 
cp consists of the stiffnesses of the shaft (5), the coupling (6), the shaft (7), 
and the V-belt drive (8). As far as the latter is concerrred, the measured 
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Fig. A. 7 .4. Spring-loaded cam follower mechanism of fig. 7 .2. 

stiffness value (fig. 7.6c) is used. 
(4) Reduction. Figure A.7.5 changes into fig. A.7.6. 
(5) Stiffness of the uncoupled follower system (4.3): 

1 
-=-+-,, 
Cc C2 Cs% 

Cc= 0·376. 106 N/m. 

(6) Equivalent mass, according to (4.39): 

(
1/c ')

2 
. / Sz 

m = m129 + m4 % -- , 

l/cc 
m = 1·46 kg.· 



hmr15mm 

R111•75 mm 

/Jm=<J-436 rad 
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At .:7-5 r.p.m. (CJ5 =0·495 rad Is): fm=(}088 s 
1--- - _FJJJA.l.L 1 

1 m1=0·09 kg 1 

1 1 

1 1 
1 0--.......------0 1 

1 
_____________ r112L-1J.L 

_______ J 
---1 

1 

1 

1 
1 

1 

1 

1 

iJ R112I 

L_t 
. 1 

( 1) 

1/1 R11~ 
l_4_ '-

(1) 

L_ ___________________ _ 

Fig.A.1.9 

Fig. A.7.5. Dynamic model of the cam follower mechanism of fig. A.7.4. Indicated fig. 
numbers refer to figures of machine components shown in figs A.1.1-10. 

.+--;-
fj1R112 

~=1·24.I0-1s 

tm=0·088 s 

T'=0·141 

tani:x.m~=0·458 

Ff,=2·04 

(112) (1) 

x 
t_ __ 

(1) 
z' 

(1) 

t_ __ 

Fig. A.7.6. Reduced dynamic model of the cam follower mechanism of fig. A.7.4. 
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(7) Uncoupled period of natura! vibration, according to (4.39): 

. l/m 
Te= 2n v-, 

Cc 

Te = l ·24. 10-2s. 

(8) Cam rise time: 

/3m 
lm=-, 

w. 

fm = 0·088 S. 

'l' = 0· 141. 

( 10)' Tangential stiffness ( 4.4) : 

1 1 '1 
-=-,+-,, 
C1an Cp C5y 

1 
-- = 26·14. 10- 6 m/N. 
C1an 

(11) Mean slope: 

hm 
tan Cl'.me = , 

R112 f3m 

tan Cl'.me = 0·458. 

Cc 
(12) Fa= -tan2 

Cl'.me> 

C1an 

F0 = 2·04. 

(13) Because no backlash is traversed at cam rise, the residual-vibration values 
can be determined from fig. 4.11. Values calculated in this way are com
pared with actual ones in sec. 8.2. 

A.7.3.2. Two-degrees-of-freedom model 

As discussed in sec. 5.6, the four-degrees-of-freedom model can be replaced 
by an equivalent two-degrees-of-freedom model. Response curves of the latter 
are to be found in fig. 8.3a and b, curves (5). The equivalent follower mass, m 
(fig. A.7.7), has been calculated from fig. A.7.6, according to the relation (5.50), 



T=0-W 

tane<.me=O·l.58 

Fa=2·01. 

F.,=2·68 
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6 
Ctan=0·0383.10 Nlm 

Fig. A. 7. 7. Cam follower mechanism of fig. A. 7.4, represented by means of the two-degrees
of-freedom system. 

and the equivalent mass of the cam has been obtained by means of (5.51), 

m1an = m4/ __ IJ_ + m4/ __ >'_ , 
( 

1/c ' )
2 ( 1/c ' )2 

l/C1an l/C1an 
m,.n = 0· 116 kg. 

Finally the flywheel effect (5.52) is calculated: 

m 
Fu = -- tan2 

<Xm" 

mlan 
Fu = 2·68. 
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