
 

Cochlear nonlinearity and second filter : possible mechanism
and implications
Citation for published version (APA):
Duifhuis, H. (1976). Cochlear nonlinearity and second filter : possible mechanism and implications. Journal of
the Acoustical Society of America, 59(2), 408-423. https://doi.org/10.1121/1.380878

DOI:
10.1121/1.380878

Document status and date:
Published: 01/01/1976

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.1121/1.380878
https://doi.org/10.1121/1.380878
https://research.tue.nl/en/publications/8df428f7-ef94-4184-8bb9-c7ae1afd17c2


Cochlear nonlinearity and second filter: Possible mechanism 
and implications* 

H. Duifhuis 

Institute for Perception Research IPO, Den Dolech 2, Eindhoven, The Netherlands 
(Received 17 April 1975; revised 22 October 1975) 

We indicate that the directional sensitivity of the hair cell together with a directional distribution of 
frequency over the hair cells comprise a possible physiological basis for the second filter. Tuning disparity 
of the first and second filter denotes the difference in tuning frequency; at a given position x the tuning 
frequency of the first filter is a CF, of the second CF, with a > 1. This accounts for the asymmetry in 
location of two-tone suppression areas. The compressive nonlinearity is described by a vth law device with 
v < 1. We analyze implications of this model for two-tone suppression, sharpening, pure-tone masking, and 
combination tone generation. Basic features of these phenomena are described adequately. For combination 
tones the propagation problem needs further study. On the basis of a comparison of literature data and 
theoretical predictions we estimate a = 1.2 and v = 0.6. Regarding accurate shape of the first and second 
filter, the discussed data provide means for a qualitative evaluation only. Possibilities for a quantitative 
analysis are indicated. 

Subject Classification: [43]65.20, [43]65.35, [43 ] 65.42, [43 ] 65.26. 

INTRODUCTION 

Psychoacoustical frequency selectivity appeared to be 
significantly sharper than mechanical traveling wave 
resolution along the cochlear partition (B•k•sy, 1960). 
Therefore B•k•sy proposed a sharpening mechanism 
which would enhance the selectivity as the result of 
lateral inhibitory interactions. This fitted in nicely 
with contemporary findings of lateral inhibition in other 
receptors. However, later auditory work demonstrated 
a sharp tuning of primary auditory fibers (Kiang et al., 
1965). Combined with the subsequent finding of a large- 
ly radial innervation of the inner hair cells by primary 
fibers (Spoendlin, 1972), this leaves neither necessity 
(Small, 1959; Vogten, 1974; Zwicker, 1974a) nor an 
obvious physiological basis for neural sharpening. 

Meanwhile, new data have been obtained on frequency 
selectivity of the cochlear partition (Johnstone et al., 
1970; Rhode, 1971; Kohlliiffel, 1972; Wilson and John- 
stone, 1972). Because these data showed a much higher 
selectivity than B•k•sy had observed, initial specula- 
tions suggested that no additional sharpening would be 
necessary (Johnstone and Taylor, 1970). However, as 
Evans has pointed out repeatedly (1970, 1971, 1972a, 
1972b), an evaluation of a presently larger body of data 
teaches us that a discrepancy still exists between me- 
chani cal (basilar membrane) and neural (primary fibers) 
tuning. The discrepancy is particularly significant for 
the low-frequency slope of the tuning curve. The dis- 
crepancy can be described in terms of a second filter, 
which must be operative between the first mechanical 
filter and auditory nerve fibers. 

An additional need for a second filter comes from 

theories on combination tones and on two-tone suppres- 
sion. Goldstein (1967, p. 688) considered a three- 
element series arrangement of a first linear (mechani- 
cal) filter, an essential nonlinearity either in basilar 
membrane mechanics or in the hair cell coupling, and 
a second filter ("frequency selectivity weighting func- 
tion") a "conceptually useful phenomenological model 
... to account for the properties of the cubic combination 

tones." Pfeiffer (1970) modified an analog model for 
cochlear microphonics by Engebretson and Eldredge 
(1968) to the same general scheme, i.e., a nonlinear 
section between two linear bandpass filters to account 
for two-tone inhibition as observed in single auditory 
nerve fibers by, e.g., Sachs and Kiang (1968). Pfeiffer 
also remarked that the 2ft-f•. combination tone is the 
major cross-product term generated by the model. The 
basic remaining problem was to find a physiological 
basis for nonlinearity and second filter. 

In Sec. I we discuss the general aspects of nonlinear- 
ity and second filter. Section II presents speculations 
about a possible physiological basis for nonlinearity 
and the second filter. In Sec. III the speculations are 
quantified and related to sharpening and two-tone sup- 
pression. Implications for pure-tone masking and for 
combination tones are discussed in Secs. IV and V. It 

is noteworthy that, although the analysis given in Secs. 
III-V is based on specific assumptions made in Sec. II, 
the results can be generalized with little effort. In 
other words, the physiological basis for the second fil- 
ter which is presented in Sec. II is not crucial for most 
of the results derived. Very similar results are pre- 
dicted by more abstract models, like Pfeiffer's (1970). 
It is hoped, however, that the proposed physiological 
basis for the second filter helps to provide insight into 
how the ear works. 

I. GENERAL CONSIDERATIONS ABOUT 
NONLINEARiTY AND SECOND FILTER 

In the course of this paper we will assume that specifi- 
cations and physiological basis for the first filter are 
sufficiently known. In this section we discuss some 
general features of the nonlinearity and of the second 
filter. 

The nonlinear element is crucial for the generation 
of distortion products. Since no evidence exists which 
suggests the temporal buildup of combination tones to 
differ essentially from that of pure tones (Smoorenburg, 
1972), we take the nonlinearity to be time invariant 
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(static). Goldstein (1967) termed the nonlinearity 
essential because the relative amplitude of 2fz-f•. is 
almost independent of the stimulus level. That implies 
that in a power series expansion of the nonlinearity the 
linear term must be negligible. Next the question 
arises as to whether the nonlinearity is compressire 

or expansive. A first general consideration is that a 
compressire nonlinearity is certainly more helpful than 
an expansive one in accounting for the considerable 
dynamic range of the ear. Without loss of generality 
we may restrict ourselves to a consideration of the so- 
called vth law device, defined by y = sgn(x). Ixl v (see 
Fig. 1), because over a bounded interval any continuous 
function can be approximated by a series of vth power 
terms. z The distineition between compressire and ex- 
pansive nonlinearity is then equivalent to the question 
of whether v < 1 or v> 1, respectively. Smoorenburg 
(1072) concludes on the basis of amplitude behavior of 
2f•-fl., and, independently, on the 2fx-J• phase or - 
polarity, that v< 1. He found that the polarity of 2fx -f•. 
is opposite to the polarity of the primaries, i.e. if the 
primaries are described by eos(2•rfxt) and eos{2•rf•t), 
then 2ft-f•. behaves as cos[2•r(2f•-j•)t +•r] (see also 
Schroeder, 1969). This is in accordance with neuro- 
physiological data by Goldstein and K•ang {1968) as 
shown by Goldstein (1972b, his F•g. 4; and 1972a, in a 
repr0cessing of unit 442-7 data). In Pfeiffer's (1970) 
descriptive theory of two-tone suppression the combina- 
tion of compressive nonlinearity and second filter is 
crucial. It appears therefore attractive to assume a 
single time-invariant compressive nonlinearity as com- 
prising the basis of the above-mentioned nonlinear 
phenomena. 

Potential problems are contained in data which sug- 
gest a linearlike relation between an auditory-nerve 
fiber's impulse response and its tuning curve (Gold- 
stein et al., 1071; de Boer, 1067, 1060, 1073). De 
Boer's data show striking similarity between the tuning 
curve and, within some 25 dB of the threshold at CF, 
the Fourier transform of the impulse response of the 
linear elements of the system. 2 This suggests that the 
tuning curve would mirror no nonlinearities. Goldstun 
et al. (1071) show that the average response delay ex- 

v >1/ / 

// 

INPUT SIGNAL r 

FIG. 1. Characteristic of the full-wave rth law device (odd- 
order type), for which R=sgn(r)- It] i'. For r<l the charac- 
teristic represents a compresslye nonlinearity, as used in this 
study, for v> 1 it is an expansive nonlinearity. 

pected from linear minimum phase filters with tuning 
curve frequency selectivity is compatible with the aver- 
age response delay in PST histograms of click re- 
sponses. Again, a description in terms of a linear fil- 
ter appears satisfactory. Two comments are in order. 
For both experiments it is essential to know how sensi- 
tive the tuning curve is to nonlinearities. Regarding De 
Boer's experiment it is then relevant whether the mea-. 
suring accuracy is sufficiently high to enable reliable 
detection of nonlinearities. Offhand it does not seem 

impossible that the nonlinearity effect is of the order of 
magnitude of the measuring accuracy. Moreover, de 
Boer (1969) actually notes that the tuning curve could 
be slightly narrower than the linear response. The 
second comment concerns the Goldstein et al. (1971) 
study. It should be noted that neural responses also 
reflect nonlinearities of the mechanical-to-electrical 

transducing mechanism. Because of the constant rate- 
increment detection criterion used for the tuning curve, 
it seems plausible that the transducing mechanism 
effect shows up more clearly in the click response than 
in the tuning curve. In principle thus, neural data are 
contaminated by at least two seemingly essential non- 
linearities {cf. Pfeiffer et al., 1074, and Smoorenburg's 
comment on that paper). In short, we conclude that 
the fact that tuning as observed in auditory-nerve fibers 
can be described linearly for some purpose does not 
imply that peripheral nonlinearities do not exist. How- 
ever, from the extent to which a linear description is 
adequate, constraints may follow for the degree of non- 
linearity. 

Next we consider some properties of the second fil- 
ter. These are most obviously pertinent to frequency 
selectivity and to two-tone suppression. With regard 
to frequency selectivity the following constraints apply: 
(1) Along the basilar membrane, the tuning frequency 
of the second filter must follow the tuning frequency of 
the first filter, but the tuning frequencies are not 
necessarily exactly equal. This condition might suggest 
a physical coupling between the first and second filter. 
(2) Comparing neural tuning curves to mechanical 
tuning curves (Evans, 1072), we conclude that the see- 
ond filter must have a bandwidth of at most the order 

of magnitude of the bandwidth of the first filter and 
more likely a narrower one, in order to produce the 
required amount of sharpening. These two constraints 
are in line with the requirements for a proper descrip- 
tion of two-tone suppression {Pfeiffer, 1070). It will 
be shown (See. 1II) that the asymmetry in the two-tone 
suppression above and below C F {Sachs and Kiang, 
1068) is most readily described if one assumes {hat at 
a certain point at the basilar membrane the mechanical 
tuning frequency is slightly higher than the tuning fre- 
quency of the second filter. We will designate the 
assumed difference in tuning frequency by the term 
tuning disparity. 

The sequential order of nonlinearity and second fil- 
ter is determined by the need to predict sufficient two- 
tone suppression. A second tone can reduce the spe- 
cific response to a stimulus tone, but at the same time 
it generates additional distortion (intermodulation)prod- 
ucts, and in general the total averaged output of the 
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nonlinearity is not necessarily reduced. Suppression 
will show up if the second filter sufficiently reduces the 
distortion products. This can be achieved if its band- 
width is sufficiently narrow. Clearly, then, the sec- 
ond filter must follow the nonlinearity. 

Several suggestions have been advanced about a possi- 
ble physiological basis for nonlinearity and second fil- 
ter. Interesting results are obtained when a non- 
linearity in the damping of basilar membrane motion 
is assumed (Kim et al., 1973; Hall, 1974). A current 
problem, however, is the apparent disagreement in ob- 
servations of nonli. nearity in basilar membrane motion 
(Rhode, 1971, vs Johnstone et al., 1970, and Wilson and 
.Johnstone, 1972). More directly comparable data are 
needed. A recent study by Robertson (1974) may shed 
new light on this matter. 

The fact that, psychophysically as well as neuro- 
physiologically, combination tones 2f•-f•. behave pri- 
marylike (Goldstein, 1972b) suggests that the low-fre- 
quency distortion products propagate to their proper 
place at the cochlear partition, i.e., to the hair cell 
tuned to the distortion product. This may not neces- 
sarily require a propagation along the basilar mem- 
brane, although that seems most likely (e. g., Hall, 
1974). An alternative medium for propagation could 
be the fluid in the saccular sulcus. Relevant to this 

are cochlear microphonic data in particular from Dal- 
los and co-workers (1969, 1974a, 1974b). In CM there 
is at best a very faint indication for propagation of 
2f•-f•. (Dallos and Cheatham, 1974b). However, it is 
still an open question how well CM reflects basilar 
membrane or hair cell motion. Since CM supposedly 
mirrors intracellular hair cell potentials (Davis, 1965), 
it is presumably contaminated with (part of the) trans- 
ducer nonlinearities, although not to the same extent as 
nerve fiber data are. 

II. A PHYSIOLOGICAL BASIS FOR THE SECOND 

FILTER 

A. Introduction 

Hair cells, insofar as examined, are found to be 
directionally sensitive. Hitherto, this has been estab- 
lished mostly in lateral line and labyrinth organs of 
certain fishes, amphibians, and reptiles (Lowenstein 
and Wers'ill, 1959; Flock, 1965a, 1965b; Wers'ill et al., 
1965). Recent intracellular recordings from inner ear 
hair cells of the alligator lizard (Weiss et al., 1974) 
are consistent with these findings. In general hair cells 
are excited when the cilia are deflected towards the 

kinocilium or centriole. When stimulating at an angle 
• to this direction (Fig. 2), the sensitivity follows 
approximately cos • as long as - •r/2 --< • -< •r/2 and ap- 
proaches zero, or is negative (inhibitory), in the other 
half-plane (Flock, 1965a, 1965b). Since all hair cells 
in the mammalian organ of Corti have a similar morpho- 
logical orientation, which is determined by the centriole 
located at the side of the stria vascularis, it is likely 
that hair cells in the mammalian organ of Corti have a 
similar directional sensitivity. Morphological polariza- 
tion of both inner and outer hair cells (Wers•ill et al., 
1965) implies a a sensitivity in the radial direction 
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(Fig. 2). The uniform radial polarization and unidirec- 
tional sensitivity are, of course, consistent with the 
fact that CM shows no frequency doubling (in contrast 
with lateral line where one finds a polarization into two 
opposite directions, see, e.g., Flock, 1965a). 

A second relevant observation is that the cochlear 

traveling wave sets up a radial vibration component 
which is maximum at a point located basalwards of the 
maximum of the traveling wave enevelope. Also, the 
radial component appears to be more sharply tuned 
(Fig. 3) than the traveling wave pattern (B•k•sy, 1053a; 
Khanna et al., 1068). 

Obivously, the combination of the directional distri- 
bution of vibrations as a function of place, or, at a 
fixed place as a function of frequency, constitutes in 
combination with the directional sensitivity, a frequency 
weighting or filter (see Fig. 4). We assume that it 
constitutes the second filter. Assuming that the direc- 
tional sensitivity behaves as cos•, the selectivity of the 
second filter is determined by the directional distribu- 
tion of vibrations over frequency at the hair cell base 
(cf. also Tonndorf, 1070). 

B. Outline of the theory 

The above considerations inspired the following more 
specific, tentative assumptions concerning the second 
filter- 

(1) A characteristic frequency CF(x) is assigned to 
the hair cell located at x mm from the base. CF(x) de- 
fines the frequency that stimulates the hair cell in its 
most sensitive direction. CF(x) may be interpreted as 
the tuning frequency of the second filter at x. 

(2) Frequencies off CF stimulate the hair cell at an 
angle • with the sensitivity axis and are less effective 
by a factor of cos• (Flock, 1965a, 1965b). We assume 
that • varies monotonically from 0 =- •r/2 for f= 0, 
through 0=0 atf=CF, to 0-•r/2 forf-oo (Fig. 4). (An 
interesting variant applies if one assumes that 0-- •r/2 
+ ½ for f-0, with ½ a small positive number. We will 

symmetry axis 

(direction of sensitivity) 

ci ce 

) "0 '0 "0 

direction of 

sensitivity 
:"" r 

osO 

apical basal 

(a) (b) 

FIG. 2. (a) Morphological polarization of inner and outer hair 
cells (IHC and OHC) in the mammalian Organ of Corti. Dots 
denote the cilia (marked ci), circles the centroiles (marked 
ce). (After WarsKil et al., 1965.) (b) Polar diagram repre- 
senting the cos0 directional sensitivity of the hair cell (HC). 
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•a.•al apic•.• 
• _•_• tectorial -o 

/l//•[••• membrane uJ -10 
o•.-.• Hensen's • •o•• _•?• c e Ils I- 

a_ -20 

inal 

vertical -30 

t r•ng• 
wave - 

envelope 
_ 
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_ 

/ 

// • _ 
/ 

20 30 

DISTANCE x, mm 

(a) (b) 

4O 

FIG. 3. (a) Directional distribution of inner ear vibrations-- 

radial, vertical, and longitudinal--as observed by B•k•sy in a 
top view of the cochlear partition. (After B•k•sy, 1953a). (b) 
Relation between excitation magnitude of the traveling wave 
along the cochlear partition and its radial component, for a 
75 Hz stimulus, as obtained for a theoretical model study. 
(After Khanna ½t el., 1968). 

discuss the variant in Sec. III.) A complex stimulus 
yields the linear vector sum r(t) of the contributions of 
its components (see Fig. 8). 

(3) The tuning frequency of the traveling wave en- 
velope at the hair cell at x mm from the base is aCF(x), 
with the tuning disparity factor a> 1 (cf. B•k•sy, 
1953a; Khanna et el., 1968). In general, a= a(x) will 
be a slowly varying function of x. For most of our pur- 
poses we will assume that a is a constant. The fre- 

EXCITATION BY f RESPONSE AT X 

x(CF) CF •CF 

_• _n: 
2 2 

x(CF) CF •CF 

distance frequency 

FIG. 4. Schematic representation of first filters (upper panel), 
directional distribution of 'hair cell vibration' (middle panels), 
and second filters resulting from directional sensitivity (lower 
panel) in both excitation (as a function of location at the coch- 
lear p•l•on X for • '"'"' •' •x• •/, and response .requency • /"'• 
tion off at a fixed 

s(t) 

i • Hi(co, x) 

- 
0(e ,x) R: r •' cos 0 

R//t) _ 

FIG. 5. Block diagram of our theoretical model. Each 
channel (one of which is depicted) consists of a first filter 
H i (c•; x);. directional distribution • (m; x); the time-invariant 
compresslye nonlinearfry R = sgnr I r l "; and the directional 
sensitivity cos•. Directional distribution and directional sen- 
sitivity together comprise the second filter H 2 (c•;x). 

quency aCF(x) is the tuning frequency of the first filter 
at x. In principle, this filter is constituted by the 
mechanical selectivity of the basilar membrane, plus 
possibly additional selectivity that might be introduced 
in the transformation from basilar membrane vibration 

to vibration at the hair cell base. In other words, we 
cannot (yet) claim that the first filter exclusively re- 
flects basilar membrane selectivity. For the purpose 
of this paper we assume that the first filter is linear, 
with amplitude characteristic H[(f, x). 

(4) Concerning nonlinearity: The resultant mechani- 
cal excitation at the hair cell, r(t), undergoes a non- 
linear compression which is uniform in all directions. 
This means that the compression does affect the mag- 
nitude of the resultant excitation, but not the angle •. 
The nonlinearity is sandwiched between the directional 
distribution of frequency and the hair cell's directional 
sensitivity. This means that it operates before the 
second filter becomes effective, in accordance with the 
requirement in Sec. I. One may think of the nonlineari- 
ty in terms of a nonlinear load to which the linear re- 
suitant stimulus at the hair cell is subjected. We will 
assume that the compressive nonlinearity can be de- 
scribed adequately with a pth law device (Fig. 1), so 
that the compressed stimulus at the hair cell, R(t), is 
given by 

R(t): sgn[r(t)] I r(t) I ". (1) 

The above assumptions are indicated in the block 
diagram of Fig. 5. For comparison, the traditional 
nonlinearity and second filter block diagram (Pfeiffer, 
1970) is presented in Fig. 6. In the course of this 
paper we will discuss some of the differences between 
the two models. At this point we remark that the ma- 
jor difference is that we have proposed a physiological 
basis for our model. 

The properties outlined above meet the requirements 
put forward in Sec. I. Hence this theory will predict 
sharpening, two-tone suppression, and generation of 
combination tones. Ln Secs. III-V we will substanti- 

ate and quantify this statement. 
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Hl(O•;x) R = r ¾ H2(o•-x) 

R*(t) 

FIG. 6. Conventional model for second filter and compressive 
non[inearity (one channel depicted). The compressire non- 
linearity R = sgnr [rl • is located between the two filters 
H i (a•; x) and H 2(c•; x). 

III. SHARPENING AND TWO-TONE SUPPRESSION 

This section deals with sharpening caused by compres- 
slye nonlinearity and second filter, and with several as- 

twu-•o.• suppression r•+^ pects of .... + •^ • 
data). 

The notation is simplified somewhat by writing r v for 
sgn(r) [ r[ • and by using the angular frequency •o instead 
of 2•rf. [Of course, H z(•o; x) = Hz.(f; x), etc.] 

Because we present most of our theoretical predic- 
'tions in the form of average stimulating waveforms, 
we neglect the phase shifts produced by the filters. 

A. Sharpening 

We consider the effect of a stimulus tone s(t) 
=A cos•ot on the hair cell CF(x). The mechanical exci- 
tation will be 

r(t) = A H• cos(•o t), (2) 

which excites the hair cell at an angle • to its sensi- 
tivity axis. The compressed waveform R(t) will be 
R(t) =r•(t) and the stimulating waveform, i.e., the corn 
ponent of R(t) in the direction of the sensitivity axis, 

is 
R// (t)= R(t) cose=rV(t) H•.. (3) 

The time average of the absolute value of the stim- 

ulating waveform, /•= <IR//(t)l>,,, seems a reasonable 
measure for the neural effect of the stimulus. We will 

assume that a constant/• corresponds to a constant 
firing rate in primary auditory-nerve fibers that inner- 
vate the hair cell CF(x). For the above tonal stimulus, 
/• takes the form 

(A 

[The proportionality constant can be shown to equal 

(4) 

•, % •iCF / •CF 
FREQUENCY log 

FIG. 7. Schematic repre- 
sentation of the relation be- 

tween tuning curve (indicated 
by H1H •/•) and the shape of 
first and second filter H i and 
H2, which are indicated in 
the figure, for •=0.6. Note 
that the tuning curve is 
sharper than the product of 
H i andH 2. This is due to 
the nonlinear compression 
(r<l). 
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symmetry axis 
/•(t) l ........... • r(t) 
R//(t)• .... y;--'- 2 -/R(t ) 

FIG. 8. Vectorial summa- 

tion of the first-filter re- 

sponses, r l(t) and r2(t) , to 
the components of a two- 
tone stimulus. Tone 1 is 

at CF, tone 2 is off CF. 
The resultant r(t) is •om- 

pressed to B (t), which 
yields the effective B,,(t) 
at the direction of sensitivity. 
Note that Or depends on 
time because f! • #2- 

I 1 

(1/;T)B(«,• +•y), where B is the beta function]. A con- 
stant value for E is obtained when the right-hand part 
of Eq. (4) is constant, or when 

A =A(•o) cc 1/(Hx H•/") . (5) 

Since the tuning curve is also determined by a constant 
rate increment criterion, Eq. (5) gives our prediction 
for the shape of the tuning curve. Because •< 1, the 
tuning curve is sharper than just the product of H• and 
H•.. Figure 7 shows examples of Eq. (5). We remark 
that the reIatively flat low-frequency taft of the tuning 
curve can be predicted by assuming that for •o- 0 the 
angle •(•o) approaches -•r/2+½, so that H•.= cos•(•o) 
approaches a constant value greater than 0. For very 
low frequencies the tuning curve then parallels the 
first filter. 

B. Constant tone at CF 

First we consider the effect of a second tone on the 

average response to a constant tone at CF, as studied 
by Sachs and Kiang (1968) and Sachs (1969). The con- 
stant tone was termed the CTCF tone by these authors. 

Let the CTCF stimulus be sz(t ) =Az coswzt and the 
second variable tone s•.(t)=A•. cos•o•.t. The resulting 
mechanical excitation consists of the components (Fig. 
S) 

r•(t)=A• H• cos%t, at •x =0 , 

and 

r•.(t)=A•.Hz•. cosmos. t, at (6) 

(the notation H• is used to designate the effect of filter 
i on stimulus j). From Fig. 8 we see that the stim-_ 
ulating waveform can be written as 

(t) It(t)I 
where r(t) is the vector sum of r•(t) and r•.(t), and •(t) 
the component of r(t) in the sensitivity direction. If the 
variable tone approaches the CTCF in frequency, then 
the resultant mechanical excitation occurs primarily 

in the sensitivity direction, so that •(t)-• r(t), and R/(t) 
-• I r•(t) + r•.(t) I •. In this case the average stimulating 
waveform, /•(s: +s•.), increases monotonically when in- 
creasing the amplitude of the variable tone (see Fig. 9, 
the f:--f•. curve). For small values of A•. the increase 
is marginal; for large values of A•. the average stim- 
ulating waveform follows A" i e the second tone 2,, ' ', 

response. The transition occurs at A20, where A2 =Az. 
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VECTOR DIAGRAMS 

FIG. 9. Average response of the model of Fig. 5 to a two- 
tone stimulus. Tone 1, the CTCF, is fixed. The amplitude of 
tone 2 is the independent variable. Suppression occurs in the 
shaded area. ß The right-hand part of the figure shows (sche- 
matized) vector diagrams for situations 1-3, indicated in the 
main figure. At point 4 the average response asymptotically 
approaches the line at arctanu, which represents the response 
to tone 2 alone. Parameters: 01=0; 02---v/2; A20=A1; 
=A1/Hll/H12; A22 =A1HllH21/ (H12H22); 

= 

The monotonic increase implies that we find no sup- 
pression if the variable tone approaches CF. 

If the variable tone is significantly off CF, so that 
cos0.2 -• O, then Eq. (7) modifies to 

R//(t) = r//(t) [•(t) + r•(t) ] (.-t)/•.. (8) 
Because the exponent of the bracket term is negative, 
an increase of the variable tone r2(t) will reduce R//(t) 
(see Fig. 9, inset 3). The suppresion becomes signifi- 
cant when the response of the first filter to the variable 
tone exceeds the CTCF response (A2Ht• >AtHtt). This 
is indicated with the transition value A2t, where A2 
=AtHn/H•2. For very large values of the amplitude of 
the variable tone the contribution of this tone in the 

sensitivity direction, r2(t ) cos02, will no longer be neg- 
ligible. Ultimately the second tone will dominate the 
average stimulating waveform (Fig. 9, point 4). This 
starts at A•, where A2=AtHn/(Ht2H22). At A•3 the 
activity in response to the variable tone equals the 
CTCF response, and we leave the suppression area. 
A23 is defined by A2=AtHtt/(Ht2H127). 

•m 60 

• 4o 

•) 2o 

,,>, o 

-20 
log f 

0.25 0 5 1 2 4 

FREQUENCY OF TONE 2, kHz 

FIG. 10. Theoretical two-tone suppression areas (shaded). 
The suppression areas are bounded by first filter and tuning 
curve. Parameter values for first and second filter are in- 

dicated in the inset. Additional values: u=0.8; c•=1.4. Sup- 
pression conditions: CTCF is 0 dB at 1 kHz; suppression in 
shaded areas > 20%. 
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FIG. 11. Theoretical two-tone suppression as in Fig. 10, but 
with the fixed tone at erCF at 60 dB. The isorate criterion is 

the same as in Fig. 10. Note that the suppression areas have 
virtually disappeared, whereas the isorate contour ("tuning 
curve") is shifted upward. 

Thus, the lower boundaries of the suppression areas, 
defined by A2• values, follow the inverted first filter, 
and the upper boundaries, A23, parallel the tuning 

4 
curve. 

Figure 10 shows an example of the two-tone suppres- 
sion areas for the schematized first and second filters 

specified in the inset. In the shaded areas the suppres- 
sion is •- 20%. Other parameter values are v =0.8, and 
a = 1.4. The latter values are discussed in Sec. VI. 

Because of (1) the asymmetry of the first filter (the 
high-frequency slope is much steeper than the low-fre- 
quency slope); (2) the proper choice of c•; and (3) the 
proper relative location of upper and lower boundaries 
of the suppression areas, one obtains the two suppres- 
sion areas asymmetrically around CF, in accordance 
with theneurophysiological data (Sachs and Kiang, 1968; 
Arthur et al., 1971). The relative location of the upper 
and lower boundaries is not a free parameter but fol- 
lows directly from the theory. For this example one 
can show that at CF the upper boundary is approximate- 
ly 10 dB below the lower boundary. This relative loca- 
tion excludes, of course, suppression around CF. 5 

. 

C. Constant tone at •CF 

Next we consider two-tone suppression where the 
fixed tone is off CF. As an example we will place it at 
c•CF (CTc•CF). This value is of particular interest, 
since it bears some relation to broad-band responses 
of the first filter. 

Figure 11 shows results for this situation. The pa- 
rameter values are the same as in Fig. 10. Apparently 
only one significant suppression area is left, viz., above 
CTc•CF. The major effect of two-tone suppression is 
seen in the upwa/'d shift, due to the CTc•CF, of the 
threshold isorate contour ("tuning curve"), which de- 
termines the upper boundary of the suppression area. 
Figure 10 shows that a tone at c•CF is a very effective 
suppressor. (We have examined the CTc•CF case only 
with the use of a computer simulation of the model. ) 

The results shown in Fig. 11 may explain why Evans 
(1974) observed little or no suppression in the form of 
suppression areas in an experiment where he used 
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FIG. 12. Synchronization coefficients as a function of stimulus 
level. Data from Rose et al. (1974) (AVCN unit 71-213-2) are 
given in (a), predictions from the theory which is extended with 
a saturation mechanism, are given in panel (b). The response 
to tone 1 alone is denoted by •; •l and •2 are elements from 
the two-tone response. Parameters: (a) #l = 0.8 kHz; f2 = 1.2 
kHz; CF = 1.2 kHz; amplitude of tone 2 is 30 dB SPL; ordinate 
values: 201ø1ogA1, respectively; 201ø1og, A1j as defined by 
Rose etal,; (b) cos01=0,5; cos•2=0; C=<p(t)2>avinresponse 
to tone 1 at amplitude AiHii =1; r=0.6; scaling factors: or- 
dinate 2frn•=40 dB, abscissaA2=l=37.5 dB. 

white noise for the fixed stimulus. The response of the 
first filter (at CF) to the noise may be considered an 
amplitude and phase modulated CTc•CF stimulus. 
Evans's observation that the isoresponse contours shift 
upwards with increase in noise level, a phenomenon 
also described by Kiang et al. (1965, Fig. 9.5), re- 
flects-in our opinion-a clear effect of two-tone sup- 
pression. 

D. Damping power 

In a recent study Rose et al. (1974) ø give a descrip- 
tion of the two-tone suppression effect, introducing the 
concept of attenuating or damping power. The damping 
power is defined by the factor by which the primary 
synchronization coefficient in the neural response to a 
low-frequency tone lags the primary amplitude, and it 
is expressed in decibels. At threshold the damping 
power is zero by definition, at saturation it increases 
linearly with tone level. The synchronization coeffi- 
cients cr can be defined as the amplitudes in the Fourier 
spectrum of the period histogram in response to the 
stimulus. The primary cr's occur at the stimulus fre- 
quencies. For a two-tone stimulus the data are de- 
scribed by the algorithm that the largest of the two 
damping powers is effective on both components. 
Figure 12(a) shows data for their unit 71-213-2 with the 
CTCF at 1.2 kHz and a variable tone at 0.8 kHz. At 

small amplitudes of the variable tone the response to 
the CTCF is constant. When the variable tone satu- 

rates, its damping power increases. Eventually it dom- 
inates, and the CTCF response is suppressed. 

An important point made by Rose et al. (1974) is that 
not only firing rate data but also synchronization data 
are pertinent to two-tone suppression (see also Hind 
et al., 1970). However, we are in doubt as to what 
extent the damping power concept--admittedly intro- 

duced as a descriptive concept only--helps to under- 
stand the suppression phenomenon. The point is that 
the damping power primarily describes saturation, 
whi ch is thought to originate somewhere at the hair cell-- 
afferent synaps level (Schroeder and Hall, 1974). As 
outlined in this study, we believe two-tone suppression 
occurs before that level. If our theory is extended by 
an element describing neural saturation, then the data 
from Rose et al. (1974) are readily accounted for. The 
following saturation function, proposed by Siebert 
(1972), gives a useful description: 

2frm•P(t)• 
fr(t) = ½ + (p(t)•.)a, ' (g) 

where p(t) is the stimulating waveform; p(t). • the qua- 
dratie half-wave rectified stimulating waveform; fr(t) 
the firing rate function (for a nonhomogeneous Poisson 
firing process); frma, the saturation rate; and C a con- 
stant. [A proper choice of the averaging time window 
allows for the coverage of time-dependent (adaptation) 
effects. At present this is of secondary interest since 
we restrict ourselves to stationary stimuli. ] Applying 
this saturation function to our model amounts to sub- 

stituting p(t) = It//(t). 

Figure !2(b) gives the results from this substitution, 
thus predicting the data of Fig. 12(a) from Rose et al. 
(1974). We consider the agreement satisfactory. 

IV. PURE-TONE MASKING 

A. Introduction 

In pure-tone masking we have in general four vari- 
ables- probe threshold level L•,, probe frequency 
masker level LM, and masker frequency fM. [We ne- 
glect temporal effects, an obvious oversimplification, 
which is justified for long-duration (~ 1 see) simulta- 
neous masking. ] The independent variable is usually a 
frequency, the dependent variable a level, the other two 
variables being fixed. ,In the classical experiment by 
Wegel and Lane (1024), L• and f• were kept constant. 
We refer to this as an iso-L•f• experiment. In later 
experiments the other conditions have also been inves- 
tigated (iso-L•,f•,- Small, 1959; Vogten, 1972, 1974a; 
Zwicker, 1974a; iso-LMf•,: Vogten, 1972, 1974a; 
Verschuure et al., 1974; iso-L•,f•: Zwicker, 1974a; 
Verschuure et al., 1974). Because of nonlinearities 
in the auditory system, the masking curves obtainable 
from the different types 'of experiments are not each 
other's linear transforms. This can result in differ- 
ences in slopes of the masking curves. If we assume 
that the probe is detected at x•,, then the iso-L•,f•, 
cases are most closely related ot our treatment of the 
tuning curve (Sec. ILIA), which also considers the re- 
sponse at a particular place x. We will therefore, deal 
mainly with iso-L•,f•, data. 

From our theoretical point of view, the non-simulta- 
neous-masking data are simpler to interprete than 
simultaneous-masking data. This is due to the non- 
linearity of the system. The nonlinear response to the 
sum of two signals is in general more complex than the 
sum of the responses to the two signals. Therefore, 
we will start with the more recent pulsation threshold 
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method, followed by forward masking, and finally deal 
with conventional simultaneous pure-tone masking. 
Throughout this section we use the indices P and M for 
probe and masker, instead of the numerical indices 
used in the other sections. Furthermore, we use A for 
(linear) amplitude, and L for the logarithmic represen- 
tation thereof (level). (The choice between A and L is 
largely arbitrary. ) We will also write f instead of 

(= 2f). ' 

B. Pulsation threshold 

A plausible explanation for the continuity effect, on 
which the pulsation threshold is based, is that the ac- 
tivity in the probe channel remains constant (Houtgast, 
1974a). Let us assume that this implies a constant 
firing rate in the primary neurons tuned to the probe, 
and thus a constant E at x r. The iso-Lry r experiment 
implies that E in response to the masker equals •' zn 
response to the probe, which is constant. This is sim- 
ilar to the tuning-curve criterion [Eqs. (4) and (5)]. 
The continuity effect theory thus implies that the 
iso-Lry r pulsation threshold contour must parallel the 
tuning curve, that is 

•rz/.= const (at xr) ß (10) 

Houtgast's (1974a, Fig. 4.2) data are positively sug- 
gestive in this respect. 

In case of iso-L•f• masking, x r is not fixed but be- 
comes the variable. This requires knowledge of ex- 
citation patterns over x for fixed frequencies, which are 
more difficult to measure. Henceforth, we will there- 
fore restrict ourselves to iso-Lrfr masking. 

C. Forward masking 

In this subsection we make a brief excursion to some 

aspects of temporal masking, because it seems tempt- 
ing to relate forward masking data to pulsation thresh- 
old data. We will stress some difficulties which ob, scure this relationship. 

If the forward masking pattern, i.e., probe threshold 
as a function of probe frequency, might be assumed to 
give an adequate linear map of the perstimulatory ex- 
citation pattern, then forward masking data expectedly 
would match pulsation threshold data in shape. Two 
assumptions underlie the condition specified above. 
The first is that the with-time-decaying forward mask- 
ing is due to the recovering perstimulatory adaptation. 
The second assumption is that adaptation reflects the 
excitation pattern linearly. This interpretation meets 
some objections. We have remarked elsewhere 
(Duifhuis, 1973) that forward masking, expressed in 
decibel threshold shift, i.e., after a logarithmic ampli- 
tude transformation, decreases exponentially with a 
time constant of about 75 msec. This implies that the 
half-power bandwidth of the masking pattern during 
forward masking increases with increasing time inter- 
val. If at all, then a linear relation between excitation 
and forward masking can be expected for very brief 
inte. rvals only. An additional complication follows from 
the infference that for such intervals (< 20 msec) forward 
masking contains a significant transient masking corn- 

ponent (Duifhuis, 1973) which directly reflects the de- 
caying excitation. Furthermore, there is evidence that 
the net adaptation follows the square root of the excita- 
tion rather than the excitation itself. 

In short, although forward masking is not contami- 
nated by nonlinear interaction of probe and masker, it 
is more complicated than the pulsation threshold be- 
cause of effects in the time domain. An adequate de- 
scriptive theory of these temporal effects is necessary 
for a quantitative comparison of forward masking and 
pulsation threshold data. We exclude forward masking 
from further discussion in this paper. 

D. Simultaneous masking 

We approach simultaneous masking from two points 
of view, the distinction between which is related to the 
classical difference between "place" theory and "period- 
icity" theory. We will show that the two approaches 
lead to the same predictions, and hence that simulta- 
neous masking data provide no tool for a decision. 

1. Generalized place theory 

We consider again the iso-Lpfp case. Obviously the 
probe can be detected only in the channels responding 
to the probe. It is a convenient simplification to con- 
sider only the channel tuned to the probe, i.e., at Xp, 
as the proper representative of the responding set of 
channels. We refer to this simplification as the single 
channel hypothesis (see Sec. IV E). The probe will be 
detected if the average stimulating waveform at Xp in 
response to probe plus masker significantly exceeds the 
response to masker alone. 

We can analyze this problem using Fig. 9, which we 
have replotted as Fig. 13 using the notation of this sec- 
tion. The heavy dashed lines represent the response to 
masker alone, the heavy full lines give the response to 
probe plus masker, as indicated. We observe that the 
response to probe plus masker exceeds the masker 
alone response for masker amplitudes below A•o for 
f• =fr or below A•2 for f•-•fr. We define these transi- 

E[P] 

E(M) ', .•'i 
• [ E(M) ' t 

MASKER AMPLITUDE, dB 

FIG. 13. Average response of the model of Fig. 5 to probe 
plus masker, F•P + M}, and masker alone, E•M}, for two 
masker frequencies. The probe threshold occurs at the point 
where the difference between r{M} and E{P + M} becomes 

ß .t..1 .c.,. _ neglzgzue: A•2 for -• off fp, and •M0 xu• JM 
stimulus). 
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FIG. 14. Theoretical iso-Lrfr masking curves, Curve 1: 
simultaneous masking; curves 2 and 3: nonsimultaneous mask- 
ing (pulsation threshold) with r=0.8 and r=0.6, respectivelyø 
First and second filter as in Fig. 7. 

tion points as masking criterions. This can be summa- 
rized as AoH• H2o-constant (cf. Sec. ]liB), so that 
the iso-Lrf r curve is determined by the linear combina- 
tion of the first and second filter at x r. Hence, the 
simultaneous masking curve i• broader than the non- 
simultaneous masking curve, where the second filter 
occurs with the power 1/u (Fig. 14). This theoretical 
result agrees at least qualitatively with psychophysical 
data from Houtgast (1974a), who also found that pulsa- 
tion threshold and forward masking curves are more 
sharply tuned than simultaneous masking curves. If 
the compressive nonlinearity can be adequately de- ' 
scribed by a single uth law device (y = constant) and if 
y can be determined independently, then it might be 
possible to separate the first and second filter when 
confronting simultaneous with nonsimultaneous masking 
data. However, we cannot expect a high degree of 
accuracy of such results since the differences may be 
"second-order" effects (cf. Fig. 14). 

It is interesting to note that for values of Ao between 
Aot and Ao2, the value of E(P+M) decreases with in- 
creasing Ao. This implies that the internal probe-to- 
masker ratio decreases not only because of the in- 
crease of the denominator, but also because of a de- 
crease of the numerator. Hence, the perceived probe 
level will decrease faster than suggested by the external 
probe-to-masker ratio (i.e., in the stimulus). In view 
of the results of Sec. n'I this can be readily interpreted 
as a suppression phenomenon, which occurs only if 
fo•fr. This prediction is again in agreement with 
psychophysical observations as reported, e.g., by 
Scharf (1964) and Houtgast (1974a, 1974b). 

We remark that with the use of the pulsation thresh- 
old it seems possible to determine a rather direct cor- 
relate of Figs. 9 and 13. The ratio of the Ao values at 
Ao•. and Aol, Aoz/A•a TM 1/H•.o, then provide a direct 
measure of H•., which can be determined as a function 
of fu. The determination of y, however, presents us 
with a problem. Since the pulsation tone is subjected to 
the same nonlinearity, the pulsation amplitude will be 
proportional to E 1/v. Therefore the slopes of • -1 and 
• modify to 1-1/u and 1, and y can be estimated only 
from the slope in the interval bounded by Ao =Aox and 
Ao=Ao•.. Houtgast (1974a, Chap. 7; 1974b)presents 
data for a 1 -kHz probe tone in a broadband noise 

masker. These data are not in disagreement with 
y • 0.6. The noise masker is not suitable for scanning 
the second filter H 2 as a function of f. 

In this section we have used a simple threshold cri- 
terion. It would, of course, be possible to define more 
advanced criteria, but only at the cost of further specifi- 
cations and it would presumably lead to results differing 
at most only in degree. 

2. Generalized period/city theory 

The alternative to detecting and identifying a supra- 
threshold probe tone on the basis of local rate informa- 
tion (place theory), is to use the temporal information 
which is characteristic for the probe tone. Information 
about the stimulus waveform is to some extent pre- 
served in neural action potentials (see Rose et al., 1967, 
for data; Siebert, 1972, and Duifhuis, 1972, for theo- 
retical descriptions). The neural temporal information 
is conveniently described by synchronization coeffi- 
cients (r, as defined in Sec. n'I D. Detection criterions 
can be based either on absolute values, or on ratios of 
(r. We will use a ratio criterion. Consideration of the 

ratio of synchronization coefficients makes us less 
sensitive to the decrease of synchronization with in- 
creasing frequency. The question arises as to how the 
ratio of the synchronization coefficients of probe and 
masker pro= (r•r/(r•o , depends on place x. ]It is pos- 
sible to show that 

(•) 

or that Pro(x) depends on the ratio of "excitations" pro- 
duced by probe and masker. Figure 15 shows that if 
the logarithmic excitation patterns are parallel, then 
the ratio Pro is maximum at x r. If also, as depicted 
in Fig. 15, xr>xo, or fr <fo, then Pro is constant and 
equal to the maximum value for all x-> xr, and vice 
versa. This implies that, as long as the masker exci- 
tation has slopes not steeper than the probe excitation 
(cf. Sec. IVE), Pro(x) is maximum at x=x r. Integra- 

ß Masker 

x(f•) x(f,) 

DISTANCE x 

FIG. 15. Probe and masker "excitation" AH1H 2 as a function 
of •. For the depicted situation we have f•>fr, and the ratio 
• (Eq. 11) of probe and masker excitation is maximum at and 
beyond •=•r. In the opposite case, i.e., f• <fp and x• =•, 
• is maximum at and below •=•. 
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tion over x, or summation over a number of fibers, 
then does not change the expected value of PpM, it can 
only reduce the variance of ppM. The above considera- 
tions justify the simplification of considering the syn- 
chronization ratio p• in the channel tuned to the probe 
(at x•,). If, as was suggested, the probe threshold is 
specified by p•= constant, then from Eq. (11) it fol- 
lows directly that for iso-œ•,J•, masking A• 
= constant at x•,. This is the same result as obtained 
with the generalized place theory. In other words, the 
generalized place theory and the generalized periodicity 
theory worked out above predict the same shapes for 
the iso-L•f•, masking curve. 

E. Discussion of the single-channel hypothesis 

It should be noted that the results in this section apply 
only in the situation where "internal noise" can be ne- 
glected with respect to the probe plus masker activity 
(but note the following pargraph). Modifications have to 
be made when probe and masker level approach thresh- 
old, in particular for simultaneous masking (see Vogten 

The simplification of considering only the one probe 
channel as being relevant for probe detection in 
iso-Lrfr masking should be regarded with some caution. 
If probe and masker excitation patterns are represented 
adequa(ely by Fig. 15, and if masker slopes are not 
steeper than probe slopes, then the simplification is 
justified as follows. Optimum probe detection would 
require a matched weighting function across the chan- 
nels. This gives maximum weight to the channel in 
which signal-to-noise ratio (internal + external noise) 
is maximum (cf. De Boer and Bos, 1962, and Siebert, 
1968). Taking more channels into account has little 
or no effect on the expected value of probe response 
and it has a second-order effect on probe detection (cf. 
Duifhuis, 1973). However, the condition that masker 
slopes are not steeper than'probe slopes appears to be 
in disaccordance with our assumption of tuning disparity. 
Tuning disparity predicts an increase in the high-fre- 
quency slope at aft (cf. Fig. 14), although actually the 
increase will be more gradual than schematically de- 
picted. This implies that for fr <fM the maximum sig- 
nal-to-(external)-noise ratio occurs at aft. If the 
probe is well above its threshold-in-quiet level, then 
the internal signal-to-noise ratio may also be maximum 
at aft. If probe detection were indeed determined by 
activity in the channel at aft, then the high-frequency 
part of the iso-Lpfr masking curve would become steep- 
er. In the example given in Fig. 14 the less steep 
slopes between fr and aft would disappear and the 
steeper slopes indicated for f> aft would extend down 
to fp. In other words, taking the tuning disparity into 
account, an optimum detection criterion would predict 
a leftward shift of the high-frequency slope of the 
iso-Lrfr masking curve with increase in probe level. 
However, because the high-frequency slopes are very 
steep anyway, it remains questionable whether these 
effects are significant. Thus, the single probe channel 
approach appears to be justified for low probe levels 
and it will provide a reasonable first approximation at 
moderate and higher probe levels. 

V. COMBINATION TONES 

A. Introduction 

It has been understood for some time that aural com- 

bination tones of the type nfl-(n- 1)f•., i.e., the odd- 
order combination tones, reflect an essential cochlear 
nonlinearity (Goldstein, 1967• Smoorenburg, 1972• 
Hall, 1972• see also Sec. I). Smoorenburg (1972, 1974) 
has examined predictions of a •th law device--the non- 
linearity introduced in Sec. I--for combination tones. 
We will present and extend some of his results. 

The •th law device is chosen for the compressive 
nonlinearity for the convenience of analysis. Other 
compressive nonlinearities can be approximated by poly- 
nomials or series of •th law terms. [ We first present 
some general remarks about even- and odd-order non- 
linearities. In Secs. VB and VC we analyze certain ampli- 
tude and phase properties of odd-order combination 
tones. 

The •th law half-wave rectifiers (Fig. 16a) have re- 
ceived considerable attention in the literature (see 
Feuerstein, 1957). The response of the rectifier to a 
two-tone stimulus of frequencies fx and fa is formulated 
in terms of a double Fourier series, which contains a 
dc component, components at the stimulus frequencies 
and their harmonics, and intermodulation products, or 
in general components at frequencies mft + nfa. Odd- 
order products obtain for rn +n is odd, even-order for 
rn +n is even. It is straightforward to show that the 
responses of full-wave odd and even rectifiers [Figs. 
16(b) and 16(c)] contain only odd or only even products, 
respectively (at twice the half-wave response ampli- 
tudes). Thus, the characteristic proposed in Fig. 1 
produces only odd-order combination tones. Any modifi- 
cation in the symmetry of the rectifier characteristic 
can be accounted for by a decomposition into the sum of 
an odd-order and an even-order rectifier. This means 

that the generation of difference tones (re-fx) can be 
predicted by introducing asymmetry in the nonlinear 
characteristic of Fig. 1. Since the analysis is not fun- 
damentally different, we restrict ourselves to the treat- 
ment of odd-order distortion products. 

B. Amplitudes of odd-order combination tones 

If the two component frequencies f• and fa are con- 
tiguous, so that ea = •l: 0 at x•a , then the resultant ex- 
citation becomes R•(t)=[r•(t)+ra(t)] • (cf. Sec. IIIB and 
Fig. 8). This results in a situation which is equal to the 
one treated by Pfeiffer (1970) and Srnoorenburg (1972, 

+ 

_ 

o 
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-/ 
+ 

(c) 

+ 

_ 

RECTIFIER INPUT SIGNAL s(t) 

FIG. 16. Characteristics of half-wave rectifier (a), full- 

wave odd-order rectifier (b), and full-wave even-order recti- 
fier (c)with compressive nonlinearity. 
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1974). It can be shown that for this case as well as for 
the case 82 • 0 (primary frequencies further apart) the 
following asymptotic behavior follows for the amplitude 
of the 2f t -f2 combination tone 

ec r• -• r• if r•. << r•, (13) 

where r• and r2 are the amplitudes of rt(t) and r•.(t), 
respectively [cf. Eq. (6)]. In Fig. 17 we have plotted 
the 2f•-f•. amplitude as a function of the primary ampli- 
tudes (full lines). Significant deviations from the 
asymptotes are restricted to an approximate 20 dB in- 
terval around r• = r•.. [The theory of vth law rectifiers 
gives an exact analytical expression for R•.•,•. over the 
entire amplitude range. A noteworthy aspect is that 
in general the asymptotes do not intersect exactly at 
•'1 TM •"2' ] 

If the primary frequencies f• and f•. are related har- 
monically, then higher-order intermodulation products 
of the same frequency will be generated. If, e.g., 
f• = •a, then we have 2f 1 -f•. = (2 + 4k)f• - (1 + 3k)f•.. Since 
the higher-order terms become decteasingly significant, 
this is only a second-order effect. 

It should be noted that the results given above apply 
to a two-tone stimulus, which means that measurement 
of these amplitudes should be passive, i.e., noninter- 
fering with primaries. This condition can be met in 
physiological measurements of 2ft-f2. In psychephysi- 
cal experiments the probe tone and the cancellation tone 
are subject to the same essential nonlinearity, which 
results in a different value for the amplitudes of distor- 
tion products. 

With the pulsation threshold one has for the probe 
tone 

R•ecr • (14) 

The pulsation threshold condition, /• =/•l_/•., yields 
[as follows from Eq. (13)] 

crrI-Xl "•1" ifr•.<<rx. (15) 

Note that r} follows the primaries linearly as long as 
rt/r•.= constant. The results of Eq. (15) are also given 
in Fig. 17 (dotted lines). Compared with, the results of 
passive measurement [Eq. (13)] all slpoes have been 
increased by a factor of 1/v. . 

Most psychephysical measurements of combination 
tones have used the cancellation method. In that case 

a third tone is added to the stimulus in order to null 

the subjective response to the combination tone. We 
consider the cancellation of 2f•-f•. for the case where 
cosd•-• cosd•.- • cos•, (the index c refers to the cancella- 
tion tone). For this condition it is possible to show ? 
that cancellation can occur if the cancellation tone 

amplitude, represented by r,, follows: 

(a) (b) (c) 

o 
m f ........ • ß 

_• . 

• r I = r 2 r 2 r 1 
'• ß r ß r 1 • r 2 

rc./, 

PRIMARY AMPLITUDES (log) 

FIG. 17. Theoretical amplitudes of the combination tone 2f 1 
-f•. as a function of the level of the primary amplitudes, for 
ri =r 2 in (a), r 2=constant in (b), and r l=constant in (c). The 
full lines represent the internally generated component. The 
dashed-dotted lines give the amplitudes as to be expected 
from the cancellation method, and the dotted lines give the 
predicted pulsation threshold measures for the 2fl- •2 amplitude. 
Vertical shifts are introduced arbitrarily in order to separate 
the curves. One hcrizontal log unit equals one vertical log 
unit. Asymptotic slopes are indicated; we used v=0.6 in this 
figure. 

crr • r;. • if r• + r, << r•.. (16) 
Note that the nonlinearity does not show up in the can- 
cellation amplitude (at least not in its asymptotic 
slopes). The results of Eq. (16) are also given in 
Fig. 17 (dashed-dotted lines). 

The differences between the slopes of r} and r, as 
functions of rt and r•. provide means of estimating v. 
Smoorenburg (1974) shows a comparison of pulsation 
threshold and cancellation amplitude data for the same 
subject. The qualitative differences observed agree 
with the differences between Eqs. (15) and (16). There 
are, however, some marked discrepancies. Both Eqs. 
(15) and (16) predict that the combination tone grows 
linearly with the combined primary level (rt/r•. = con- 
stant). The data show a slope which for the pulsation 
threshold is consistenly lower than for the cancellation 
amplitude (Smoorenburg, 1974, Fig. 5), especially for 
small frequency ratios f,/ft. The cancellation slope 
also appears to be below unity. It appears that this 
problem is related to the question of propagation, al- 
ready mentioned at the end of Sec. I. If we assume 
that distortion products propagate distortion-free from 
the place where they are generated to the point tuned to 
the frequency of the distortion product, and if we as- 
sume further that at that place the distortion product is 
again subjected to the compressire nonlinearity, then 
we wonld arrive at the following results. The 2ft-f•., 
response at x•.f•_f•. would be [cf. Eq. (13)]. 

Rut_•,•. (x•.•_•,•.)o: r • r[ •'-•'" if r•.>> r• 

ec r• •'-v r[ if r•. << r•. (17) 

We have assumed that the direct effect of the primaries 

at x•.•_•. can be neglected. For the pulsation threshold 
one finds, assuming that the pulsation threshold r• is 
determined at x•.•t_•. [ef. Eq. (15)] 

r•'crr[r[ -•', r•.>>r•, 

ec r •-• r•. , r•. << r•. (18) 
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We observe that r•parallels R•.•t_• ' as given in Eq. (13) 
and Fig. 17. In case of cancellation one might suspect 

the interaction at x•.•l_• ' to occur predominantly between 
the propagated distortion product and the cancellation 
tone, the latter being affected mainly by fl. Then the 
cancellation tone contribution is 

• r, r• -• if r• >> r, (19) 

at x•.½1_½•.. Equation (19) can be interpreted as follows: 
For small frequency differences f•.-f•, in general the 
second condition will be fulfilled. For larger differ- 
ences between the primary frequencies the effect of ft 
on the cancellation tone will become insignificant, and 
the upper relation applies. The latter case is similar 
to Eq. (18). However, if f•. approaches ft, then 

• r•'-•'•+• r[ if r•.<< r•. (20) 

We observe that re* follows the combined primary ampli- 
tude with the exponent v •' -v + 1. Since (v - 1) •' >0 for all 
•1, we have •' -• +l >v for•l, This means that 
the cancellation amplitude slope is always steeper than 
the pulsation threshold slope when presented as a func- 
tion of the combined primary level. In a number of as- 
pects the results derived here, taking account of propa- 
gation, agree better with psychophysical data than the 
results of Eqs. (15) and (16). However, because of the 
simplistic treatment of propagation we advocate a 
cautious interpretation of the results of this analy- 
sis. 

We have assumed a nonlinearity in the mechanics at 
the hair-cell location. This raises the question of how 
the presumably relatively low-energetic distortion prod- 
ucts are coupled back into the mechanism in order to 
allow for significant propagation. A first comment on 
this question is that it is not clear how far the distortion 
products have to be coupled back into the system. Al- 
though there is much circumstantial evidence for propa- 
gation to the hair cell, evidence for propagation along 
the basilar membrane (that is, of the distortion proo- 
ucts) appears to be lacking (Wilson and Johnstone, 
1972). The second comment regards the alternative 
location of the nonlinearity. Since the location should 
be between first and second filter (cf. Sec. I) it might 
also be located in the cocklear impedance (membrane 
and/or fluid). Evidence against such a more peripheral 
location of the nonlinearity, which is responsible for 
combination tone generation, might be found in psycho- 
physical data by Smoorenburg (1972). A subject with a 
narrow-band hearing loss (presumably neural or 
hair cell) reported no aural combination tones when 
either of the primaries was presented within the 
dip. 

In conclusion, propagation remains an important 
problem. The results of the present analysis tend to 
add to the evidence in support of the propagation hypoth- 
esis, but cannot be considered conclusive. 

C. Some phase effects 

As long as the propagation problem remains unsolved, 
it will be difficult to interpret psychophysically 
measured phases of combination tones. Goldstein 
(1972b) considers as one of the basic problems the dif- 
ference in phase behavior of combination tones as a 
function of level when measured psychophysically or 
physiologically. In the first case there is a systematic 
change, in the neural data the phase is constant. 

We will leave these problems as they are, and men- 
tion some consequences of our theory for phase effects. 
For a two-component stimulus it can be shown that the 
phase of the combination tone m• +n•. simply is given 
by m• +n•., except for a possible additional factor •r 
which occurs if the minimum of • and • is odd. The 

latter addition rule applies only in case of compresslye 
nonlinearity (• < 1) and odd-order combination tones 
(• +• = odd). Related rules can be derived for three or 
more component combination tones. They are, e.g., 
relevant to the phase effect reported by Buunen ½! al. 

Vl. DISCUSSION 

The questions of the second filter and of cocklear 
nonlinearities have been receiving increasing attention 
over the past few years. Section I presented a number 
of references to those papers that were directly rele- 
vant to our study. [It is worthwhile noting that much 
of the data and questions referred to has been summa- 
rized in a good review paper by M•ller (1972)], In this 
section we first discuss the physiological basis of our 
theory, in the course of which additional references are 
given to some alternative theories. Second, we discuss 
some of the features of the "second filter + compres- 
sive nonlinearity" theory in general and of our theory in 
particular. 

The two basic phenomena on which our second filter 
theory is based, i.e., the directional sensitivity of the 
hair cell and the directional distribution of vibration at 

the hair cell, appear to be fairly well established quali- 
tatively. Thus, it appears plausible that in fact such a 
frequency weighting mechanism is operative. However, 
it remains to be established whether this mechanism 

can quantitatively account for the necessary sharpening. 
No such direct basis, unfortunately, underlies our 
assumption that the relevant nonlinear compression 
occurs at the hair cell base. Using this assumption we 
arrived at functional predictions which in some situa- 
tions are undistinguishable from theories assuming non- 
linear basilar membrane impedance. Depending on the 
question of how and to what extent the generated distor- 
tion products are coupled back into basilar membrane 
motion, direct measurement of distortion products in 
basilar membrane motion might provide a tool for de- 
ciding between the possibilities mentioned. The two 
possible locations for the sources of low-level combina- 
tion tones mentioned above have already been stated 
explicitly by Goldstein (1967). We remark that a third 
possiblity, viz., that nonlinearities arise at both (or 
even more) places, also deserves further attention (cf. 
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Weber and Mellert, 1975). 

The directional distribution of cocklear vibration as 

effective at the hair cell bases, appears a worthwhile 
point for further investigation. A hardware model study 
by Zwicker (1974b) is of interest in this respect. In 
his scale model he observed a radial component in fluid 
flow between tectorial membrane and cuticular plates, 
but unfortunately with a tuning disparity c• < 1. This 
conflicts with our assumption on this point (Sec. ]lB) 
and therefore does not predict the data that can be ac- 
counted for by (• > 1 as, e.g., the relative location of 
low-frequency and high-frequency two-tone suppression 
areas (see Fig. 10). 

Our theory provides no clue as to a possible function- 
al difference and/or interaction of inner and outer hair 
cells as e.g., proposed by Zwislocki and Sokolich 
(1973, 1974) and, with a different interaction hypothesis, 
by Evans (1974). Since little evidence exists in support 
of a direct interaction between the inner and outer hair 

cell's afferent fibers (Spoendlin, 1974), we do not con- 
sider this to be a point to the disadvantage of our theory. 

Regarding the hair cell's directional sensitivity, we 
emphasize that, although the phenomenon appears to be 
well established, little is known about the 
which is responsible for it. In particular, this leaves 
open the possibility that the metabolic situation of the 
hair cell is involved. Therefore, the reversible effects 
of antimetabolic and ototoxic drugs and hypoxia on the 
tuning curve, which effects are believed to provide di- 
rect evidence for the existence of a physiologically 
vulnerable second filter, (Evans, '1974; Evans and 
Klinke, 1974), might be considered as supporting our 
second filter theory. 

So much for the discussion of the physiological basis 
of the model. Next we discuss model predictions. Al- 
though a good understanding of the model deserves a 
thorough analysis, 7 we have tried to present a more 
heuristical approach in this, already comprehensive, 
paper. In line herewith, we have restricted ourselves 
by and large to qualitative verifications, but at several 
points we have indicated possibilities for quantitative . 
verifications. Where we did not pursue a quantitative 
verification this was also because of lack of relevant 

and directly comparable data. This is particularly so 
for first and second filter shape, and hence for the 
distribution of 8 over •c or over f. We can be a little 
more specific about the tuning disparity factor c• and 
the exponent of the compressive nonlinearity y. We 
started most of our calculations with the somewhat 

arbitrary choice of c• = 1.4 and y = 0.8. Assuming that 
our interpretation of two-tone suppression is correct, 
c• is simply the ratio of the"best frequency" of the high- 
frequency suppression area c•CF and CF. The neuro- 
physiological data by Sachs and Kiang (1968) do not al- 
ways give an accurate value for c•CF, but a conserva- 
tive interpretation of their data allows the statement 
that 1.1 < c• < 1.6 for C F's ranging from about 1 to 20 
kHz. The data seems to cluster about c• = 1.2. We 
find no indications for a systematic change of c• with 
CF. From the paper by Arthur et al. (1971) we esti- 
mate c• = 1.22 at CF = 8 kHz. The psychophysical cor- 

relate of two-tone suppression, as measured by Hout- 
gast (1974a) yields c• = 1.22 at CF= 1 kHz. Thus, the 
estimate of c• = 1.2 appears to be more reasonable than 
the original choice of c• = 1.4. For the power of the 
nonlinearity Smoorenburg (1974) proposes y- 0.6, ' 
given as a qualitative fit for combination tone level 
data, and fitted quantitatively to psychophysical two- 
tone suppression data. We have adopted this value for 
y in most of our later calculations. In combination with 

Siebert's (1972) firing rate function [Eq. (9)] it gives 
a very good fit to the two-tone suppression data by 
Rose et al. (1974), as we showed in Fig. 12. The vai- 

l 

ue for y initially chosen by Pfeiffer (1970), i.e., y =•, 
appears to be somewhat too low. 

As we have pointed out in Eqs. (5) and (10), the val- 
ue of y also determines a certain amount of extra 

sharpening. The compressive nonlinearity increases 
the effective slopes of the second filter by a factor of 
i/y, which factor becomes increasingly important as 
y goes from 1 to 0. Thus, the total amount of sharpen- 
ing H•/• (f, x) is sensitive to changes in y (cf. Fig. 14). 
We have mentioned already that y could be obtained 
directly from Figs. 9 and 13. However, psychophys- 
ical measures of E are necessarily affected by the 
same nonlinearity, so that the observed slopes will be 
increased by a factor of i/y, which leaves y only in 
the slope 1 - 1/y in the range between A• and A•. 
(Fig. 13). Houtgast (1974a, 1974b)presents data which 
are not in disaccordance with y = 0.6. Smoorenburg 
(1974, Fig. 7) gives directly comparable data from an 
experiment where the masker level instead of the probe 
level was kept constant, from which data he concludes 
y = 0.6 as we have mentioned above. Available data, so 

far, • appear to be consistent with a compresslye non- 
linearity that can be described with a single yth law 
characteristic with y = 0.6. However, one should keep 
in mind the possibility that an approximation with more 
yth law terms will turn out to be more precise. x 

We have seen in Sec. IV that our theory predicts a 
difference in sharpness of simultaneous masking and 
pulsation threshold curves. The pulsation threshold 
curve benefits from sharpening by the second filter and 
additional sharpening due to the compressire nonlinear- 
ity, whereas the simultaneous masking curve reflects 
only sharpe.ning by the second filter. Also, the re- 
marks in Se•c. IV E apply primarily to simultaneous 
masking and may introduce additional differences (see, 
e.g., Vogten, 1974b). These differences may be de- 
scribed in terms of two-tone interaction. The theory 
explicitly shows the relation between the two phenomena'. 
The manner in which the theory accounts for two-tone 
suppression is basically similar to Pfeiffer's (1970) 
theory. What is new is the introduction of the tuning 
disparity which accounts for the asymmetric location of 
low-frequency and high-frequency suppresion areas. 
Also the description of combination tones is basically 
identical to Smoorenburg's (1972, 1974) theory. A 
major problem about combination tones, which remains 
unsolved, is how propagation occurs and whether it may• 
account for the discrepancy noted by Goldstein.(1972b) 
between the psychophysically and neurophyscologically 
measured phase of the combination tone. Also the pos- 
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sible functional relation between two-tone suppression 
and combination tones had been pointed out by Pfeiffer 
(1970) and Smoorenburg (1974). Our study underlines 
these ideas, giving an explicit formulation of the re- 
lation between the phenomena, including pure tone 
masking, and, moreover, presents a physiological 
basis for the theory. We have indicated possible ex- 
periments for further verification. 

Finally, we speculate that the tuning disparity factor 
• might be related to the critical band (cf. Green- 
wood ½! al., 1974). 
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