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Abstract 

Deep wells for the exploration and production of oil and gas are drilled with a rotary drilling 
system. A rotary drilling system creates a borehole by means of a rock-cutting tool, called a bit. In 
order to gain an improved understanding of the causes for the torsional vibrations, an experimental 
drill-string set-up is built. The set-up consists of a DC-motor, two rotational discs (upper and 
lower), a low-stiffness string and an additional brake applied to the lower disc, which reflects the 
friction force between drill bit and borehole. The DC-motor is directly connected to the upper disc 
and the upper and lower discs are connected via a string with very low stiffness. The angular 
displacements of both the upper and lower disc are measured with encoders. 
During previous researches some problems are encountered with these measurements. The 
difference in measured angular displacement between the upper and the lower disc is not constant 
at constant velocities, which is physically impossible. Therefore, the first aim of this project is to 
find a cause and to solve such measurement problem. 
The second aim of this project is to design an observer with which it will be possible to observe 
angular velocities and the friction torques present at the upper and the lower disc. For such 
purposes a discrete time Kalman filter is designed. The quality of the obtained velocity and friction 
estimations is discussed for different parameters of the Kalman filter. Finally, the obtained friction 
estimations give improved insight in the behaviour of the friction torques in the upper and the 
lower disc of the drill-string set-up. 
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1 Introduction 

Deep wells for the exploration and production of oil and gas are drilled with a rotary drilling system. 
A rotary drilling system creates a borehole by means of a rock-cutting tool, called a bit. The torque 
driving the bit is generated at the surface by a motor with a mechanical transmission box. Via the 
transmission the motor drives the rotary table: a large disc that acts as a kinetic energy storage unit. 
The energy is transported fi-om the surface to the bit via a drill-string. The lowest part of the drill- 
string is the Bottom-Hole-Assembly, consisting of drill collars and the bit. During drilling the drill- 
string mdergoes torsional vibrations. These vibrations can cause damage to the drill-string 
components and can reduce the drilling efficiency considerably. To investigate these torsional 
vibrations an experimental drill-string set-up is built. The set-up consists of a DC-motor, two 
rotational discs (upper and lower), a low-stiffness string and an additional brake applied to the lower 
disc, which reflects the fiiction force between drill bit and borehole. The DC-motor is directly 
connected to the upper disc and the upper and lower discs are connected via a string with very low 
stiffness. The angular displacements of both the upper and lower disc are measured with incremental 
encoders. Within the scope of a PhD research project of N. Mihajlovic the torsional vibrations of the 
set-up are studied. 
In [I] a mathematical model of the drill-string set-up is introduced. However, some problems with 
the measurements of the angular displacements of the upper and lower disc are encountered. The 
difference between angular displacement of the upper and lower disc is not constant at constant 
velocities, but shows drift. Therefore, the first objective in this report is to find a cause and to solve 
this problem. The second aim is to design an observer with which it will be possible to observe the 
angular velocities and the friction torques of the upper and lower disc. 
In chapter 2 of this report the verification of the encoder measurements is discussed and a solution is 
presented for the measurement problems mentioned above. Chapter 3 deals with the velocity 
estimation of the discs. In section 3.1 a discrete time Kalman filter is chosen to serve as an observer 
and the model of the drill-string set-up, which was obtained in previous research, is discretized. In the 
next section the filter parameters are discussed and finally the Kalman filter is evaluated. In chapter 
4, the Kalman filter is used to estimate the fiiction torques at the upper and lower disc. Friction 
curves of the estimated friction with respect to the angular velocity are obtained and compared to the 
friction models obtained in [I]. Finally, in chapter 5,  conclusions are drawn and recommendations are 
given for further research. 



2 Verification of the encoder measurements of the drill-string set-up 

In this chapter, first the drill-string set-up is described and the currently existing problem regarding 
the displacement measurement is explained. Secondly, a solution for this problem is presented and 
implemented. Finally, both encoders are tested and a test is performed to check whether slip is 
present in the motor reduction. 

2.1 The drill-string set-up 

In figure 2.la a schematic representation of the drill-string set-up is given. The set-up consists of a 
power amplifier, a DC-motor, two rotational discs (upper and lower) and a low-stiffness string. The 
input voltage from the computer is fed into the DC-motor via the power amplifier. The upper disc is 
driven by the DC-motor via a reduction. The upper and lower disc are connected via a low stiffness 
string. The angular displacements of the upper and lower disc are measured using incremental 
encoders. The encoder of the upper part measures the angular displacement of the motor shaft, since 
it is placed before the reduction. Further specifications of the set-up can be found in [2]. To 
investigate stick-slip vibrations a brake is implemented at the lower disc. However, in this report all 
experiments are performed without the brake. 

Drill string 
Upper disc 
Supporting construction 
Encoder for the upper disc 
Reduction 
DC motor 
Lower disc 
Encoder for the lower disc 

Figure 2 . 1 ~ :  Schematic representation of the drill- Figure 2.1 b: Picture of the experimental 
string set-up. drill-string set-up. 



The nonlinear model of the drill-string set-up is given in [I]: 

Herein, 01 and 82 are the angular dispiacements of the upper and lower disc, respectively. KeqUcomp is 
the torque, applied to the motor, JI and J;7 are the moments of inertia of the upper and lower disc, 
respectively and k and b are the stiffhess and damping constants of the drill-string. Be,] and Bviscz are 
the parameters for the viscous friction and Beq2, Weql, We+ wd3 and Ws3 are parameters regarding the 
nonlinear, discontinuous friction parts of the discs. Since discontinuities in the fiiction torques are 
present, stick at the upper and lower disc can occur. The values of the parameters are estimated in [I] 
and can be found in Appendix A. Sign(x) in (2.1) is the set-valued sign-function and is defined by: 

(-1) i fx<O 

[- I,I] if x = O (2.2) 
(1) i fx>O 

During previous research a problem with the measurements of the angular displacements is 
encountered: at constant velocities, the difference between the angular displacements of the discs is 
not constant, it always decreases or increases, depending on the direction of rotation. Since the drill- 
string will not wind up fw-ther at constant velocities, this non-constant difference between the angular 
displacements is physically not possible. It means that there is an error in the encoder measurements. 
In order to solve this problem, some possible causes will be examined. 

2.2 Noise reduction in the encoder signals 

A first cause of measurement errors can be a high noise level in the encoder signals. In order to 
examine whether this is the cause, first it is investigated how the position measurements are 
performed. In figure 2.2 a part of an incremental encoder and its slits are shown. When light is 

Figure 2.2: Part of an encoder. 

coming through the encoder slits (white blocks in figure 2.2), the value of the encoder signal is 1, 
otherwise the value is 0. There are two rows with slits in an encoder, of which the lower row is 



shifted somewhat with respect to the upper row. The signal of the lower row of slits (signal C in 
figure 2.2) has a phase shift of 90 degrees with respect to the signal of the upper row (signal A in 
figure 2.2). Since these two signals are present, it is possible to indicate the direction of the rotation. 
Besides signal A and C, an encoder sends out two more signals, namely signals B and D, the 
negations of A and C (see figure 2.3a). 
During previous research, only two encoder signals, A and C, were used and sent to the computer. In 
both signals noise is present. In order to reduce this noise level, signals B and D are now used as 
well. Therefore, additional electronics are implemented (see figure 2.3b). Herein, A and its negation 
B are subtracted: 

Since all signals enter the electronics together in one cable, the noise levels in the signals are almost 
the same. Therefore, the noise level 6 in the subtracted signal is much lower than the noise level of 
the separate signals, vr and vz. After dividing the obtained signal by two, a new signal E, results (see 
figure 2.3b), which is the same as A, but with a reduced noise level. For C and D the same procedure 
is followed and the new signal F with a reduced noise level results. Now, signals E and F can be used 
to perform the angular position measurement, instead of A and C. New measurements of the angular 
displacements of the lower and upper disc show that the difference between these displacements at 
constant velocities is now constant, as it should be. The accuracy of these improved measurements is 
validated in the next section. 

encoder L 
Figure 2 . 3 ~ :  Encoder and its pulses. Figure 2.3b: Schematic representation of electronics. 



2.3 Verification of the encoders 

In order to validate the accuracy of the improved position measurements, the following tests are 
performed: first, both discs are manually set in an initial position of 0". Next, the discs are rotated 
and the numbers of pulses of the motor encoder and the encoder of the lower disc are measured. 
These values are compared to the calculated numbers of pulses. For the encoder of the lower d w ,  the 
calculated value is Nd-Pl, with Nd the number of revolutions and Py40000 the number of pulses per 
revolution of the encoder of the lower disc. For the motor encoder, the calculated value is N,,P,-n, 
with N,, the nlmber of rcvol~tions of the upper disc, P,=4000 the number of pulses per revolution of 
the motor encoder and n=3969/289 the reduction ratio. Each experiment is done six times for 5, 10 
and 20 revolutions. The used constant input voltages from the computer, which are fed into the DC- 
motor via the power amplifier, are 1 V and 2 V. The results are shown in table 2.1 together with the 
standard deviations of the measured pulses. 

Table 2.1: Measuredpulses of the encodersfor dzfferent input voltages and numbers of revolutions. 

From table 2.1, it can be concluded that the relative standard deviations of the measurements are very 
small. Moreover, the relative standard deviations are smaller for experiments when more revolutions 
are applied. This gives an evidence that the position errors are due to the fact that the discs are set in 
the null-position manually. Therefore, the conclusion can be made that both encoders function 
properly. 



2.4 Testing the reduction for slip 

Since the encoder of the upper part of the set-up is not directly connected to the upper disc, but a 
reduction is placed between the encoder and the upper disc, the encoder gives the angular 
displacement of the motor shaft. In the presence of slip in the reduction, the encoder does not give the 
right position of the upper d m .  In order to test whether slip occurs, an input signal as in figure 2.4 is 
created. First the input voltage is 3 V until the system has reached steady state, which here means that 

300 
Time [s] 

Figure 2.4: Input signal sliptest. 

the velocities are constant. Then, the voltage suddenly changes to -3 V. If there is slip in the 
reduction, it will occur at this moment. Now the voltage slowly changes back to the initial value of 
3 V and stays there until steady state is reached again. If the difference between the position of the 
upper disc and the position of the lower disc is the same as the difference before the sudden voltage 
change, it means there is no slip in the reduction. Figures 2.5a and b show that the difference in 
angular position changes back to the initial value so it can be concluded that the reduction has no - 

significant slip. 

I 
0 50 100 150 200 250 300 

tlme [s] 

Figure 2.5a: Difference between 
angular position of the upper and 
lower disc. 

0 50 100 150 200 250 300 
time [s] 

Figure 2.5b: Zoomed in region of 
Jigure 2.5a. 



3 Velocity estimation 

In this chapter a discrete time Kalman filter for the drill-string set-up is designed, with which it will 
be possible to estimate the angular velocities and fiction torques of the two discs. In section 3.1, a 
discrete time model is presented and the Kalman filter is discussed. In section 3.2, values of the 
covariance parameters of the filter and initial conditions are discussed and finally, in section 3.3, the 
quality of the velocity estimates is discussed. 

3.1 The discrete time Kalman filter 

Since measurement equipment for measuring the angular velocities of the upper and lower disc is not 
present, these velocities will be estimated, using a linear discrete time Kalman filter. The filter will 
estimate the states of the system. The estimation of the states will occur online and since online 
integration will take a lot of time, the filter will be discrete time. 
Since the linear Kalman filter will perform state estimations, the nonlinear model (2.1) has to be 
written in the state space form. Hereto, six states are introduced: r = [x, x, x, x, x, x,lT. Herein, 
and x3 represent the angular displacements of the upper and lower disc, respectively and xz and x4 
represent the angular velocities of the upper and lower disc, respectively. The states x~ and xs 
represent the nonlinear, discontinuous fiction torques of the upper and lower disc, respectively. 
Since these friction torques represent the only nonlinearities in the system, a linear model in these six 
states is obtained: 

with x, = - ~ , , ~ i g n ( ~ , ) - 8 ,  W e q ,  -W,,S@Z(B,), 

Herein, w is a normally distributed system noise vector with zero mean and covariance matrix Qk and 
y is a normally distributed measurement noise vector with zero mean and covariance matrix Rk. 



A discrete time Kalman filter will be used. Therefore, the continuous model (3.1) should be 
discretized. The discretization is discussed in Appendix B, where a sample time of 0.001 s is used. 
The discrete time state-space model is given by: 

System model: Xk = Ad Xk-l + Bd Ek- l  + Wk-1, 

Measurement model: zk = Cd xk + ~ k ,  

where Ad, Bd and Cd are defined in Appendx B. The discrete time Kalman filter equations are [3]: 

State estimate extrapolation A ~ ~ - )  - = A, &-I(') + B, lck-1 

Error covariance extrapolation 4'(-) = A d P k-I (+) Ad T + Qk-I 

State estimate update bk(+) = gke) +gk[zk -Cdgk 

Error covariance update pk'" = [I - KkCd kc) 
Kalrnan gain matrix K, = P,(-)c: [c, P,(-)C; + R, ]-I. 

Herein gkC) denotes a prior estimate at time tk and gk(') denotes an updated estimate based on the 
use of the measurements. The initial conditions are i,, which is the estimate of the state at time 

t = 0, and Po, which is the covariance matrix of the error of these initial estimates, 
Po = E [ ~  rT 1 where e = x ( ~ )  - 2, . The choices of $ , Po, Rk and Qk are discussed in the next section. 

3.2 Choice of the filter parameters 

The estimate for the initial condition of the state is io=[O, 0, 0, 0, 0, OIT, because the discs start at an 

initial position of 0" with zero velocity. The initial estimates of the states xs and xb are also expected 
to be zero, because if there are no forces or moments applied to the disc, there is no friction torque. 

Covariance matrix of the measurement noise, Rk 
In order to choose the values of the elements in the covariance matrix, Rk, of the measurement noise, 
the assumption is made that the measurement errors of the motor encoder and the encoder of the 
lower disc are not correlated. This means that Rk is a diagonal matrix with diagonal elements rl and r2  

representing the variances of the measurement error of the motor encoder and the encoder of the 
lower disc, respectively. Let 6, be the mean angle between two neighbouring lines of the encoder; 8, 
is 2n divided by the number of encoder lines. The maximum positioning error of an encoder line is 
6, to the left or to the right. Therefore, the absolute maximum measurement error of the encoders is 
6, as well. Assuming a uniform distribution of the measurement error, the probability density 

1 function of this error is f(e ) = -- , see figure 3.1. Consequently, the variance of the measurement 
" 28, 

error can be calculated with (3.4): 



where 02 is the variance of the measurement error, E[x] = 0 is the mean value of the position of the 
encoder line and .f(x) is the probability density function of the measurement error. For the motor 
encoder the number of encoder lines is 4000 and for the encoder of the lower disc this number is 
40000. This results in a covariance matrix of the measurement noise of: 

Figure 3.1 : Probability density 
function of the measurement error. 

Covariance matrix of the initial error, Po 
First the assumption is made that the initial errors are not correlated. This means that the covariance 
matrix of the initial error, Po, is diagonal with diagonal elements pi, i = 1,. . .,6, representing the 
variances of the initial errors of the states. The estimated initial condition of the state was go = 0. For 
both velocities (x2 and x4) this initial condition is true, because the discs really start with a velocity of 
zero, so the variances of the errors in these initial estimates are zero. The initial position of the upper 
disc is zero with no initial error, which means that variance of this error is zero as well. The lower 
disc however is not exactly in the "null-position", which means that the string between the upper and 
lower disc may be slightly loaded at time t = 0 s. Therefore, the initial position of the lower disc is 
not exactly zero. The maximum error in the initial estimate is dependent on the value of the friction 
in the stick phase and can be calculated with the last equation of (2.1). For = 4 = 4 = 8, = 8, = 0 
this equation becomes: 

This means that the absolute value of the maximum error in the estimate of the initial position of the 

w 3 3  lower disc, e2, is - rad. Assuming uniform distribution of this error, the probability density 
k 

k 
function of the error is f (e, ) = - . The variance of this initial error of x3 can be calculated with 

2 w.3 
(3.4), using ez instead of 0,. The initial error of x5, the nonlinear friction part of the upper disc, is 
zero, since there are no forces and moments applied to the upper disc, when the motor is not running. 
This means that no friction is present at time t = 0 and therefore, the variance of the initial error of x5 
is zero. For X6, the nonlinear friction part of the lower disc, the initial error is dependent on the 
starting position of the lower disc and can be calculated using the last equation in (2.1) or the fourth 
equation in (3.1). For 8, = 8, = 8, = 6 = 8, = 0 the maximum initial error of the state x6 is: 



Again uniform distribution of the probability density function of t h s  error is assumed and (3.4) is 
used to calculate the variance. The covariance matrix of the initial error is now given by: 

0 0  0 0 0  

0 0  0 0 0  0 

Covariance matrix of system uncertainties, Qk 
It is assumed that the system uncertainties are not correlated. This means that Qk is a diagonal matrix 
with diagonal elements qi, i = 1,..,6, representing the variances of the system noise. First, let us 
observe the first en third equation of (3.1). It can be seen that these mathematical expressions are 
true. Consequently, there are no uncertainties in these equations and the variances of the system 

P . .  

noise, qr and q3, should be zero. In reality, the equation that is used in the filter is 6 = b ,  which 
means that the estimated angular velocity is equal to the derivative of the estimated position. This 
means that in the presence of measurement noise this equation is not exactly true. That is why the 
variances q~ and q3 are not set to zero. The initial guess for these parameters is 0.1. In the second and 
fourth equation of (3.1), the adhtional states x5 and x6 are present. It is assumed that these states do 
not only catch the nonlinear friction parts, but also other model uncertainties (parameter 
uncertainties, unrnodelled dynamics). This means that q2 and q 4  are zero. In the fifth and sixth 
equation x5 and x6 are assumed to be constant. As mentioned before, these states contain 
discontinuities. Therefore, the variances of the system noise in these equations should be large 
enough to follow changes in the real friction torques. As an initial guess the value 1000 is taken for 
45 and q6. 



3.3 Evaluation of the Kalman filter 

In order to evaluate the performance of the filter, the real angular positions and velocities are needed. 
The encoder measurements of the angular positions are taken as real positions, because the 
measurement noise is very small. The 'real' angular velocities are reconstructed from the position 
measurements. First, the two position signals are numerically differentiated. A power spectral density 
plot of these velocity signals is shown in figure 3.2. The figure shows that all the interesting 

power spectral dens~b of velocity signal upper disc 
10' - power spectral density of velocity signal lower disc - 

frequency [Hz] 

Figure 3.2: Power spectral density of 
the differentiatedposition signals. 

dynamics occur below about 20 Hz for both signals. The higher frequencies are all noise. Therefore, 
these frequencies are filtered out using a tenth order low-pass Butterworth filter with a cut-off 
frequency of 20 Hz. The signals obtained in this way are supposed to be the real velocities. 
Next. the estimated positions are evaluated. The measured and estimated angular positions are plotted 
together in figure 3.3a for the upper disc and in figure 3.3b for the lower disc. 

time [s] 

Figure 3.3a: Measured and estimated 
angular positions of the upper disc. 

0 2 4 6 8 10 12 14 16 18 20 
time Is] 

Figure 3.3b: Measured and estimated 
angularpositions of the lower disc. 

The input voltage that was used, was a sine wave with an amplitude of 1 V and a frequency of 
1 radls. The error, that is defined by the difference between measured and estimated position, is in the 



order of 0(10") for the upper disc and 0(10-~') for the lower disc. This means that the position 
estimations of the Kalman filter are very good. 
Subsequently, the velocity estimates of the Kalman filter are compared to the real velocities. In 
Appendix C results for different values of Qk are shown. For this experiment a constant voltage input 
of 3 V is used. From these figures it is clear that the results are the best for a covariance matrix of 
system noise of: 

1 0.001 0 0 0 0 

I 
0 0 0 0  0 O 1 O I 

0 0 0 0 1000 

0 0 0 0 0 1000 O 1 
Here, only ql differs from the initial guess of 0.1. With this value the high frequent dynamics of the 
upper disc are not captured in the estimation and therefore, this value had to be reduced till 0.001. 
Results for the velocity estimates for several sine wave inputs are shown in Appendix D. From these 
results, it follows that in the stick region the difference between the real velocity and the estimated 
velocity is larger than in the non-stick region. A certain overshoot exists in the velocity estimation. In 
order to reduce this overshoot, the values of ql and q3 have to be smaller, however for smaller values 
of ql and q3 the noise levels of the velocity estimates of the Kalman filter and the error in the position 
estimates are considerably higher (see figures in Appendix C). The overshoot level for the 
estimations of the Kalman filter with Qk as in (3.7) is acceptable. Hence, the values of the Qk matrix 
are not changed. 
Finally, the Kalman filter is validated with the input signal from figure 3.4. The results of the position 

-5 1 
0 5 10 15 20 25 30 

time [s]  

Figure 3.4: Validation signal. 

and velocity estimates are shown in figures 3.5 - 3.7. Figures 3.5a and 3.5b show that the Kalman 
filter estimates of the angular position of the upper and lower disc are very good. The errors are in the 
order of o(Io-~) for the upper disc and 0(10-") for the lower disc. 
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Figure 3 . 5 ~ :  Measured and estimated angular Figure 3.5b: Measured and estimated angular 
positions of the upper disc. positions of the lower disc. 

When studying figures 3.6a and 3.7a, the velocity estimates seem to be good. Zooming in in the 
marked regions of these figures, it can be see that there is a delay (figures 3.6b and 3.7b). This delay 
however is very small. Therefore, it can be concluded that the quality of the velocity estimates of the 
Kalman filter is good. However, note that the velocity estimation in the stick region shows an 
overshoot that is considerably larger than the estimation errors in the non-stick region. 

7.1 - 
6 - :-. 

, % 

-6 - 

-8 
0 5 10 15 20 25 30 35 12.3 12.4 12.5 126 12.7 128 

time [sl time [s] 

Figure 3 . 6 ~ :  Real angular velocity and Figure 3.6b: Zoomed in region ofjgure 3 . 6 ~ .  
estimated angular velocity of the upper disc. 
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4 Friction estimation 

In this chapter, the state estimates of the angular velocities and the additional states x5 and xs are used 
to estimate the fi-iction torque at the upper and lower disc. In section 4.1, the estimates of the Kalman 
filter are used to obtain a hction curve for the upper disc. The results are compared to the friction 
model presented in [l] and conclusions are drawn. Section 4.2 deals with the friction torque at the 
lower disc. 

4.1 Prictian at the upper disc 

A model of the friction torque at the upper disc is given in [I]: 

with T,, the friction torque and 8, the angular velocity of the upper disc. The values of the 
parameters can be found in Appendix A. Using the state xs fiom (3.1) the friction (4.1) can be written 
as: 

Tup = JlBeqlx2 - J I X ~  (4.2) 
where x2 is the angular velocity of the upper disc and x5 is the additional state reflecting the 
nonlinear, discontinuous friction terms and model uncertainties. With the estimates of xz and x5 an 
estimated friction curve for the friction in the upper disc can be obtained. A sinusoidal input voltage 
is used in order to obtain a velocity signal with both positive and negative velocities. Friction curves 
for input signals with different amplitudes and frequencies are shown in Appendix E. For an input 
signal with an amplitude of 1 V and a frequency of 2x130 radls the result is shown in figure 4.la. 
Here, the estimated hction is plotted with respect to the estimated velocity and the modelled friction 
with respect to the real velocity. 

-4 1 I 
-2 -1 5 -1 -0 5 0 0.5 1 1.5 2 

angular veloc~ty upper disc [radls] 

Figure 4.Ia: Estimated and modelled 
friction in the upper disc with an input 
voltage of U = sin(2d30 t). 
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Figure 4.1b: Estimated and modelled 
~ ~ 

friction of figure 4.la around the stick 
region. 



From Appendix E and figure 4.la the estimated friction curve seems to fit the modelled one. A first 
remark ;that the estimated curve shows a lot of noise. This is due to the estimation of xs. This state 
does not only capture the nonlinear friction terms, it also captures all system noise, i.e. unmodelled 
dynamics, parameter uncertainties, of the second equation of (3.1). A second remark is that in the 
stick region the estimated friction curve differs from the modelled one. Some hysteresis-like 
behaviour occurs (see figure 4.lb). This difference is caused by the velocity estimate of the upper 
disc in the stick region. In figure 4.2, this estimated velocity around the stick region is shown. As can 
be seen in the figure and as mentioned before (chapter 3.3) the estimated velocity shows an overshoot 
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Figure 4.2: Estimated and real velocity of 
the upper disc around the stick region with 
U = sin(2d30 t). 

and stays below the real value of zero. So, when the velocity is positive and decreasing, it crosses the 
value zero. After that point, the real velocity stays zero for some time (curve B in figure 4. lb  and 4.2) 
while the estimated velocity is negative during this time (curve A in figure 4. lb). When the velocity 
changes from negative into positive, the estimated velocity in the stick region stays above the real 
value of zero (curve C in figure 4.lb). This explains the behaviour of the estimated fi-iction in the 
upper disc around the stick region. 
Next a sine wave with a higher frequency and amplitude is used as input. This means that the upper 
disc goes faster through stick. The friction curves are shown in figures 4.3a and b. Now the behaviour 
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Figure 4 . 3 ~ :  Estimated and modelled Figure 4.3b: Estimated and modelled 
friction in the upper disc with an input friction of figure 4 . 3 ~  around the stick 
voltage of U = 3 sin(2dl5 t). region. 



in the stick region is different from the behaviour of figure 4.lb. To explain this we have to take a 
look at the velocity and friction signals with respect to time. In figures 4.4 and 4.5a these curves are 
shown. 
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Figure 4.4: Estimated and real velocity 
of the upper disc around zero velocity. 
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Figure 4 . 5 ~ :  Estimated and modelled 
friction of the upper disc. 
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Figure 4.5b: Estimated and modelled 
fricton when the velocity changes JFom 
positive into negative. 

time [s] 

Figure 4.512: Estimated and modelled 
fricton when the velocity changes from 
negative into positive. 

From figure 4.4 it is clear that the velocity estimate is good. So this cannot be the cause for the 
hysteresis. Figures 4.5b and 4.52 show the friction torque with respect to time around a zero 
velocity. From these figures it is clear that the estimated friction shows a delay. When the velocity 
passes through zero, the modelled friction suddenly changes from a positive to a negative value. 
The Kalman filter is not fast enough to adapt the estimated friction immediately. Therefore, the 
estimated friction stays positive for some time (curve A in figure 4.3b), while the velocity is 
already negative. For a velocity change from negative into positive, the same effect occurs: the 
velocity is already positive, while the estimated friction changes into positive after a while (curve B 
in figure 4.3b). This explains the hysteresis in the friction curves. A way to prevent these delays in 
the friction estimates could be to change the q 5  parameter in the covariance matrix of the system 
noise. A larger value of q5 means that the Kalman filter can adapt the value of x5 faster. However, it 
also means that the noise level in x2 and x5 is considerably higher. Another possibility is to use only 



slow sine waves (i.e. sine waves with a small amplitude and a low frequency) to estimate the friction 
in the upper disc, since these sine waves cause no delay in the friction estimation. There is only the 
hysteris effect caused by the limited accuracy of the velocity estimates in the stick region. However, 
this effect is much smaller than the effect caused by the delay. Therefore, it can be concluded that the 
friction in the upper disc can be estimated well with the use of a slow sine wave input voltage. 

4.2 Friction at the lower disc 

The friction at the lower disc is modelled in [I] by: 

with Go,,, the friction torque in the lower disc and 0, the angular velocity of the lower disc. The 
values of the parameters can be found in Appendix A. Using the state x6 of (3. I), the friction (4.3) 
can be written as: 

T o w  = Bv~sc2x4  - J2x6 , (4.4) 
where xq is the angular velocity of the lower disc and x6 is the state with the nonlinear, discontinuous 
friction terms and model uncertainties. The estimated friction curve of the lower disc can be obtained 
in a similar way as for the upper disc. For different input voltages the results are shown in Appendix 
F. Here, again the hysteresis effect is present for fast sine wave input voltages. The cause is already 
explained in the previous section. To prevent this hysteresis, in the experiments regarding friction 
estimation of the lower disc, only slow sine wave voltages are used. Next, fiiction curves are made 
with a sine wave input, which is applied longer than two periods. The results for two different initial 
positions are shown in figures 4.6a and b. Looking at these curves, several remarks can be made. 
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Figure 4 . 6 ~ :  Estimated and modelled 
friction curves of the lower disc with 
an initial position of 0 4 

angular velocity lower disc [rad/s] 

Figure 4.6b: Estimated and modelled 
friction curves of the lower disc with 
an initial position of 90 4 

First, the friction at the lower disc seems to be asymmetric. However, the asymmetry is not always in 
the same direction of the velocity: sometimes the high friction torque occurs at positive velocities 
(curve is shifted up) and sometimes the high friction torque occurs at negative velocities (curve is 
shifted down). A second remark is that the estimated friction curve shows a certain bandwidth, d, 
indicated in figure 4.6a. A possible cause for these phenomena could be position dependence of the 



friction. To investigate this, new experiments are performed. In these experiments, a constant voltage 
input is used. In order to obtain an almost constant velocity, only the last 30 seconds of the 
experiments are used. For an input voltage of 3 V, the results for the velocity and the nonlinear, 
discontinuous friction part of the lower disc, X6, are shown in figure 4.7 and 4.8. 
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Figure 4.7: Estimated angular velocity Figure 4.8: Estimated nonlinear friction 
with an input voltage of 3 V. part x6 with an input voltage of 3 V. 

From figure 4.8, it is clear that the nonlinear part of the friction (~6)  is not constant, but shows 
oscillations. These oscillations are not due to the oscillations in the angular velocity of the lower disc, 
because they cause much smaller fluctuations in xg. During the experiments it was observed that 
twice per revolution the estimate of the nonlinear friction part showed a peak. To show this, a power 
spectral density plot of the signal of figure 4.8 is made (see figure 4.9). In this spectrum, a peak 
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Figure 4.9: Power spectral density plot of x6. 

occurs at the frequency that is equal to the mean velocity (in Hz) and at twice this frequency. In 
Appendix G, for two more input voltages the power spectral density plots of x6 are shown. Now, we 
have shown that the variations of the nonlinear friction part are related to one and twice the rotational 
frequency, which makes it very likely that these variations are caused by a position dependency of 
the fiiction at the lower disc. In figures 4.10 and 4.1 1 the estimate of the nonlinear fiiction part of the 
lower disc is shown for two more different input voltages. In these figures and figure 4.8, it can be 
seen that the difference between the maximum and minimum value of X6 is almost constant for 



different input voltages, and thus for different angular velocities. This difference, kc6, is always 
about 0.15 rad/s2. For a constant velocity, fiom (4.4) it follows that the maximum difference in the 
friction torque is Jzh6 = 0.005 Nm. This means that the bandwidth of the friction curves of the 
lower disc, d in figure 4.6a, in both directions is 0.005 Nm. This position dependency explains the 
bandwidth of the estimated fiction curves, but not the asymmetry of the curves and the phenomenon 
that the curve is sometimes shifted up or down for different initial positions. During the experiments 
with a constant input voltage, it was observed that, while applying the same input voltage, the mean 
value of the nonlinear friction part was different for different initial positions. Graphical results of 
these observations can be found in Appendix H. An explanation for these results is not found yet. 
Now, it can be concluded that the friction curves give an improved insight in the behaviour of the 
friction at the upper and lower disc, although the behaviour of the lower disc is not fully understood 
yet. 
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Figure 4.10: Estimated nonlinear friction 
part x6 with an input voltage of 0.5 K 
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Figure 4.11: Estimated nonlinear friction 
part x6 with an input voltage of -1.2 K 



5 Conclusions and recommendations 

In this report, first the encoder measurements of the drill-string set-up were verified. The 
measurement error, which was encountered during previous research, turned out to be an 
implementation error. After the implementation of additional electronics, the noise in the encoder 
signals was reduced. Next, the accuracy of the improved measurements was verified and a sliptest 
was performed. The conclusion that can be drawn, is that the accuracy of the measurements is 
significantly improved. 
The second aim of this research was to estimate the angular velocities and friction torques at the 
upper and lower disc. For this purpose, a linear discrete time Kalman filter was designed and 
implemented. The quality of the velocity estimates of the filter with the chosen settings of the 
parameters is good, except for some small deviations in the stick region. Next, the state estimates of 
the Kalman filter were used to obtain estimated friction curves. In order to prevent hysteresis 
behaviour, a sinusoidal voltage input with a low frequency and a small amplitude should be used to 
obtain these friction curves. For the friction at the lower disc, besides the hysteresis behaviour, 
position dependency and asymmetry was found. Finally, these estimated friction curves gave an 
improved insight in the behaviour of the fiiction at the upper and lower disc, although the behaviour 
at the upper disc is not fully understood yet. 

Recommendations for further research are: 
Improve the velocity estimation in the stick region. 
Find an explanation for the asymmetry in the friction curves of the lower disc. 
Repeat the friction estimation experiments for the lower disc with the brake. 
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Appendix A: Values of the model parameters 

rad s-~v" 
Nms 
s-I 
rad s - ~  
kgm2 
Nm rad 
Nm 
s-I 
rad 
k m 2  
Nms 
Nmrad 



Appendix B: Discretization method 

For small At the derivative of a function f(t) can be approximated by f (t + ~ t ) - f  ( t )  
At 

This property can be used to discretize the continuous model (3.1): 

x(t + ~ t )  = ~t ~ ~ ( t )  + ~t ~ ~ ( t )  + &(t) + ~t I&) = (I  + ~t A)&) + ~t ~ g ( t )  + ~ ( t  t) - 

or n,,, = A, x, + B, ZA, + _w, , with 5 ,  = ~ ( t  + kAt), g, = ~ ( t  + kAt), E, = ~ t ~ ( t  + k ~ f ) ,  

A, = (I + At A ) ,  B, = At B and At = 0.001 s the sampling time. 

Moreover, the output equation I( t)  = Cx(t) - + y(t) can also be discretized : 

Z I< = C, x, + - v, , with C, = C and y ,  = ~ ( t  + kAt). 

In Matlab the command 'c2d' can be used to convert continuous-time systems into discrete- 
time. The method described above is called 'zero-order hold'. 



Appendix C: Estimation results for the angular velocities for 
different values of Qk 

In figures C.l and C.2 the real angular velocities of the upper and lower disc are shown, when 
a constant input voltage of 3 V is used. In figures C.3 till C.10 the estimated and real angular 
velocities of the upper and lower disc for different values of Qk are plotted for the region 
indicated in figures C. 1 and C.2. 

Figure C.1: Angular velocity of the 
lower disc for an input voltage of 3 V. 
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Figure C.3: Estimated and real angular 
velocity of the lower disc with ql=O, q2=0, 
q3'o, q4=o, q5=1 000, q6=1 000. 
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Figure C.2: Angular velocity of the 
upper disc for an input voltage of 3 V. 

time [s] 

Figure C.4: Estimated and real angular 
velocity of the upper disc with ql=O, q2=0, 
43'0, q4=0, q5=1000, q6=1000. 
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Figure C.5: Estimated and real angular Figure C.6: Estimated and real angular 
velocity of the lower disc with ql=O.l, velocity of the upper disc with qI=O.l, 
q2'0, q3=0.1, q4=0, q5=1o0o, q6=1o0o. q2=0, q3=0.1, q ~ o ,  q5=~o0o, g6=1o0o. 
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Figure C.9: Estimated and real angular Figure C.10: Estimated and real angular 
velocity of the lower disc with ql=O.OO1, velocity of the upper disc with ql=O.OO1, 
q2=0, q3=0.1, q4=0, q5=1000, q6=1000. q2=0, q3=0.1, q4=0, q5=1000, q 6 = l ~ ~ ~ .  
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Figure C. 7: Estimated and real angular Figure C.8: Estimated and real angular 
velocity of the lower disc with qI=O.l, velocity of the upper disc with qI=O.l, 
q2"0, q3=0.l, q4=o, @=lo, q6=1o. q2"o, q3=o.1, q4=o, q5=10, q6=10. 



Appendix D: Estimation results for the angular velocities for 
sine wave input voltages 

In figures D.l till D.4 the estimated and real angular velocities are shown for the upper and - 
lower disc for two different sinusoidal input voltages. 
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Figure D.la: Angular velocity of the upper - 

disc for U = sin($ r ) .  
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Figure D.lb: Angular velocity of the upper 
disc offigure D.la around a zero velocity. 

Figure D.2a: Angular velocity of the 

lower disc for U = sin -t . (:: ) 
Figure D.2b: Angular velocity of the 
lower disc ofjigwe D.2a around a zero 
velocity. 
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Figure D.3a: Angular velocity of the upper Figure D.3b: Angular velocity of the upper 
disc offigure D.3a around a zero velocity. 
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Appendix E: Friction curves for the upper disc for different sine 
wave input voltages 

In figures E.1 till E.4 estimated and modelled fiction curves for the upper disc are shown for 
sinusoidal inputs with different frequencies and amplitudes. 
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Figure E.1: Estimated and modelled 

-4 1 I 
-2 -15 -1 -05 0 0 5  1 1 5  2 

angularveloc~ly upper d~sc [radls] 

Figure E.3: Estimated and modelled 

friction for U = sin - t (:; ) 

-15 
-6 -4 -2 0 2 4 

angular velocity upper dlsc [radls) 

Figure E.2: Estimated and modelled 

15 

I - estimated frict~on I 
lo  

1 -- modeled f r ~ t ~ m  1 

-6 -4 -2 0 2 4 
angular velocity upper d~sc [radls] 

Figure E.4: Estimated and modelled 

friction for U = 3 sin - t . (:5 ) 



Appendix F: Friction curves for the lower disc for different sine 
wave input voltages 

In figures F. 1 till F.4 estimated and modelled friction curves for the lower disc are shown for - 

sinusoidal inputs with different frequencies and amplitudes. 
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Appendix G: Power spectral density plots for the nonlinear 
friction part of the lower disc 

In figures G.l and G.2 the power spectral density plots for the nonlinear, discontinuous 
friction part of the lower disc, xs, are shown, for different constant input voltages. 

frequency [Hz] frequency [Hz] 

Figure G.l: Power spectral density of xd for Figure G.2: Power spectral density of xd for 
an input voltage of 0.5 V and a mean an input voltage of -1.2 V and a mean 
velocity of 0.72 radh = 0.11 Hz. velocity of -1.93 radh = 0.31 Hz. 



Appendix H: Estimated nonlinear friction part of the lower disc 
for different initial positions 

In figures H.l till H.4 the nonlinear, discontinuous fhction part of the lower disc, xs, is shown 
for four different initial positions and the same constant input voltage of 0.7 V. 
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Figure H. I: Estimated nonlinear friction 
part with an input voltage of 0.7 V and 
an initial position of 0 9 
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Figure H.2: Estimated nonlinear friction 
part with an input voltage of 0.7 V and 
an initial position of 90 9 
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Figure H.3: Estimated nonlinear friction 
part with an input voltage of 0.7 V and an 
initial position of 180 9 
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Figure H.4: Estimated nonlinearfriction 
with an input voltage of 0.7 v and an 

initial position of 270 9 


