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Summary 

Acoustic noise is a problem in industrial societies. Engineers often succeed 
in designing complex machines, that work perfectly, but preventing noise 
pollution is often difficult. Although it is possible to predict sound levels, 
long computation times severely restrict their application in design environ- 
ments. MRI scanners are examples of complex machines, in which noise is an 
undesirable by-product. Lorentz forces are the principal cause of mechanical 
vibrations, resulting in considerable sound levels. Changing the structure 
or the excitation such that the radiated sound is minimal requires a thor- 
ough understanding of their behaviour. This report discusses an approach 
in which the excitation and the dynamic behaviour of the structure can be 
studied independently, but where they can also be combined to give the 
vibrational response. Fundamental insights gained through these analytical 
methods are used to construct an efficient tool for predicting and studying 
vibrational velocities, that can in turn be related to acoustic radiation. 
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Chapter 1 

Introduction 

Magnetic Resonance Imaging (MRI) is a useful tool in medical diagnos- 
tics. However, its excessive acoustic noise production may become a serious 
marketing problem in the future. Improving scanning performance leads to 
ever-increasing sound pressure levels, both inside and outside scanners. This 
is unpleasant, both to patients and operators, and can even be harmful. 

Acoustic noise was an unexpected side-effect; it was not anticipated during 
the early development stage of MRI. Application of sound-absorbing mate- 
rials afterwards does not lead to an acceptable noise level, so noise reduction 
has to be included in the design stage. However, structure-borne sound anal- 
ysis is difficult because of the complexity of the scanners. Also, no tools are 
available to predict the sound pressure levels without requiring considerable 
amounts of modelling effort and computer time with each design change. 

Efficient computational tools need to be developed, that allow parameter 
studies to help understand the effects of design changes. This is the mair, 
topic of the project “Noise Reduction of MRI Scanners” : a cooperative ven- 
ture between Philips Medical Systems and Eindhoven University of Tech- 
nology, funded by the Dutch Technology Foundation (STW). 

Understanding the mechanical vibrations requires a thorough investigation 
of the excitation properties and the dynamical behaviour of particular parts 
of the MRI-scanner. This knowledge is, in turn, required to understand the 
related sound radiation, and is vital for proposing design changes aimed at 
reducing the noise production. 

The purpose of this report is to explain the origin and the characteristics of 
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CHAPTER 1. INTRODUCTION 

those mechanical vibrations in MRI scanners which lead to acoustic radia- 
tion. Starting with a short explanation of MRI, some background informa- 
tion will be provided. This will help to understand the excitation properties 
of the Philips M E  scanners in general, and the T5A Gyïoscan in particu- 
iar. As a preiiminary study, in chapter 3 the radiating structure is modelled 
as a homogeneous cylinder. Fourier analyses are conducted to reveal cer- 
tain characteristics, advantage of which will be taken when a design tool 
prototype is constructed in chapter 4. 
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Chapter 2 

Background to mechanical 
vibrations 

Before the discussion of mechanical vibrations in MRI scanners, this sec- 
tion covers what is needed for a basic understanding of the origin of the 
vibrations, and the complexity of the noise problem. For a deeper under- 
standing of the underlying physics, the reader is referred to the book Basic  
Principles of MR Imaging, published by Philips, or to the literature, for 
example Schild (1990). 

2.1 MRI: a brief outline 

Magnetic Resonance Imaging is a sophisticated scanning technique, relying 
on resonance of protons in molecule nuclei. When placed in an external 
magnetic field, protons align with that field, and start to precess: to  spin 
about the field lines. The precession frequency w depends on the magnetic 
field strength B, as expressed by the Larmor equation (Schild, 1990): 

w = y B  (2.1) 

where y is the material-dependent gyro-magnetic ratio. 

Magnetic field strength dependence of the precession frequency enables slice 
selection in the imaging volume. Gradient coils change the magnetic field 
strength locally, controlling the precession frequency. After slice selection, 
the gradient coil is used to vary the frequency in one direction of the slice, 
and the phase in the other direction. Using Fourier analysis, the origin of 



2.2. Principles of gradient creation 

components in the signal can be reconstructed. High quality images need a 
strong main magnetic field and linear gradients. Compared with the main 
field, the gradient field strengths are small. 

imaging of a three-dimensional volume requires position control along three 
coordinate axes. Philips Medical Systems uses a left-hand Cartesian co- 
ordinate system with the origin at the centre of the cylinder. The z-axis 
coincides with the cylinder axis, as shown in figure 2.l(a). 

(a) Left-hand system (b) Right-hand system 

Figure 2.1: Definition of Cartesian coordinate systems. 

The cylinder itself consists of a set of three gradient coils; one for each 
coordinate direction. Corresponding to their gradient orientation, these are 
termed the z-, y- and z-coils. 

In this report, the more common right-hand system is used, as shown in 
figure 2.l(b). In this system, the “z-coil” produces a gradient in the y- 
direction of the right-hand system, and the “y-coil” produces a gradient in 
the z-direction of the right-hand system. 

2.2 Principles of gradient creation 

Linear gradients in the z-direction can be created using a Helmholtz pair- 
two sets of identical closed loops, with coincident axes, as shown in fig- 
ure 2.2. Both carry an electric current of equal magnitude I, but with 
opposite directions, with their joint fields being linear over a range between 
the coils. Figure 2.3 shows this for coils placed at z = -1 and at z = 1. 
Closed loops produce no field with components orthogonal to their axes. 
Four saddle-shaped coils create gradients in z- and y-directions within a 
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2.2. Princides of gradient creation 

/ QQ 
Figure 2.2: Set of closed circular coils forming a Helmholtz pair. 
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Figure 2.3: Creation of a linear gradient by combining coils. 
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2.3. Trade-offs in gradient coil design 

cylindrical volume. Figure 2.4 shows such a coil combination, functioning 
as an 2-coil. Rotating this coil about the z-axis over i7r radians results in 
an y-coil gradient. The arcs closest to the origin are the gradient creators; 
the outer 2x3 2re return ccnductors. 

Figure 2.4: Combining four saddle shaped coils creates a linear gradient orthogo- 
nal to the axis. 

Combination of similar coils-as with gradient coils-leads to several sym- 
metry conditions. The z-coil is axi-symmetric, and its geometry is symmetric 
in the 2-y-plane. In making calculations, it is often rewarding to make use 
of these symmetries. 

2.3 Trade-offs in gradient coil design 

Linearity of the gradients is not the only requirement for the coils. The 
rapidly switching gradients cause several side-effects, and dealing with these 
results in more complicated conductor patterns. 

Self-inductance of the coils tends to counteract changes in the electric cur- 
rent. For ultra-fast imaging-requiring rapid changes-the self-inductance 
must be as low as possible. This is best achieved by reducing the cylinder 
radius. However, the gradient linearity will suffer, as shown in figure 2.5. 
Using more conductor sections spreads out the current density distribution, 
restoring linearity. Design calculations and production of coils benefit from 
“discrete” conductor patterns; 2- and y-coil sections are laid out step-wise. 
As a result, conductors are oriented either parallel or orthogonal to  the 
z-axis. 

Another way to enable rapid changes in the electrical current is to in- 
crease the current amplitude, but this results in higher power consumption. 
Lorentz forces will increase also, as will be seen later. Since these forces are 
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2.3. Trade-offs in gradient coil design 
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Figure 2.5: Reducing the coil radius reduces the linearity of the flux field. 

the prime cause of the sound level, that should be avoided. 

Return conductors of x- and y-coils cause negative gradients with notable 
non-linear terms, so they should be placed away from the origin. The self- 
inductance, however, increases with larger distance of these return conduc- 
tors. 

Magnetic field lines, created by the switching coils, produce eddy currents 
when crossing metallic parts. Fields of eddy currents disturb the linearity 
of the gradient fields. Using a second set of gradient coils at a larger radius 
counteracts these disturbances. This results in a coil geometry as in fig- 
ure 2.6. The inner coil is a thin-walled cylinder, containing copper windings 
embedded in a epoxy resin matrix. The inner and outer coils are separated 
by a thick-wailed fiber-reinforced epoxy cylinder and a set of I-shaped pro- 
files. Spaces between the profiles are used as channels for air cooling, which 
is necessary because of the heat production of the copper conductors. Wa- 
ter cooled gradient coils are currently under development. The I-profiles are 
then no longer necessary, enabling that space to be used otherwise, which 
could result in a more solid structure. 

To simplify initial analyses, only the inner gradient coils of the total system 
will be modelled in this report. Forces generated by the outer coils are 
not accounted for; these will be considered later when the epoxy cylinder is 
included in the analyses. 
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2.4. Lorentz forces 

Figure 2.6: Schematic cross-section of the NFE5 gradient coil. 

2.4 Lorentz forces 

The Lorentz force on an elemental length dl of conductor in a magnetic 
field B (Kraus and Carver, 1973) is: 

d F  = ( I x  B) dl (2.2) 

where d@ is a force vector on the element of conductor, and f i s  the electrical 
current vector. Conductors of the gradient coils are either straight and 
oriented parallel to the z-axis (f= I e z ) ,  or circular arcs orthogonal to the 
z-axis (f = Iëo). Since the main magnetic field B = Bo Zz is parallel to the 
z-axis, conductors parallel to that axis produce no force: 

In figure 2.7, a Lorentz force producing conductor is shown. The conductor 
carries an electrical current in the circumferential direction between the 
angles 81 and 8 2 ,  thereby producing a force in the radial direction: 

F = IBo (ë‘o x ëz) dl = IBo e‘, RdO = IBo R(O2 - &)Zr - J ’  1 01 1 (2.4) 
where R is the arc radius. All conductors have rectangular cross-sections, so 
the load is uniformly distributed over each conductor area S = 2w R(O2-&), 
resulting in a radial pressure amplitude: 
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2.4. Lorentz forces 

Figiare 2.7: Lorentz force on a circular arc. 

where 2w is the width of the conductor. Since the spatial distribution of 
the electrical current I and the static field flux density Bo are the same for 
all conductors in a coil, the pressure produced by a particular conductor 
is determined only by its width. Note that a negative current (flowing 
in direction -Zo) causes a pressure in the negative radial direction -ëT. 
The total load is the sum of all conductors that guide a current in the 
circumferential direction. 

2.4.1 The x-coils 

The super-conducting magnet of the T5A scanner produces a static field flux 
density Bo of 1.5 [TI. Together with a maximum electrical current amplitude 
in the z coils of 279 [A], this results in strong Lorentz forces, as shown in 
figures 2.8 and 2.9. Axi-symmetry of these distributions enables plotting 
in two dimensions. The pressure distributions are anti-symmetric, because 
the z-coils’s geometries are symmetric in the 2-y-plane and the currents of 
both halves have opposite direction. The maximum inner z-coil pressure 
load is almost 20 [kN/m2]. In the outer z-coil, the direction of the current 
flow is opposite, and so is the direction of the Lorentz forces. Both z-coils 
are electrically connected, and thus driven by the same signal at all times. 
Therefore, their forces should cancel for a large part, provided that both 
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2.4. Lorentz forces 
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Figure 2.8: Amplitudes of the pressure distribution along the the cylinder axis, 
caused by the inner z-coil. 
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Figure 2.9: Amplitudes of the pressure distribution along the the cylinder axis, 
caused by the inner z-coil. 
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2.4. Lorentz forces 

coils are mechanically well coupled. 

2.4.2 The transverse coils 

While all coils are responsible for the acoustic noise, the z-coils and the y- 
coils contribute most (Kooyman et al., 1993). These coils are often termed 
transverse coils for they generate gradients in the directions transverse to the 
cylinder axis. The conductors of these coils are not closed in circumferential 
direction, so the load is not axis-symmetric. However, the load does have 
symmetry properties in the three coordinate planes. Figures 2.10 and 2.11 
show the amplitudes of the load-producing conductors of one half of a saddle 
coil. Load producing conductors of the outer coil are wider than in the 

circumferential coordinate [m] 
axial coordinate [m] O 0  

Figure 2.10: Amplitudes of the pressure distribution of the inner 2-coil. 

inner coil, causing the amplitudes of the outer coil load to be considerably 
lower than the inner coil load. As a consequence, the coil loads are not well 
balanced. 

Geometries of the y-coils are the same as their z-coil counterparts, but 
rotated by 7r/2 radians about the cylinder axis, and so are their load distri- 
butions. 
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2.4. Lorentz forces 

circumferential coordinate [m] 
axial coordinate [m] O 0  

Figure 2.11: Amplitudes of the pressure distribution of the outer z-coil. 
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Chapter 3 

Gradient coil dynamics 

The T5A gradient coil has been modelled (Kooyman, 1994) as a thick-walled 
cylinder. Up to 1000 Hz, admittance curves are in reasonable agreement with 
measured data. At frequencies above 1000 Hz, the gradient coil behaves 
more flexible than the model predicts. Also, measurements show that the 
inner and outer coil appear to be reasonably coupled mechanically up to 
800 Hz. This would suggest that a reduction in vibrations can be achieved by 
balancing the loads of the coils, as demonstrated by Mansfield et al. (1995), 
Chapman and Mansfield (1995) and Petropoulos and Morich (1995). 

To construct a model which is valid at high frequencies, the gradient coil 
will have to be modelled in more detail. For this purpose, the dynamic 
behaviour of its components will be studied separately, starting with the 
inner coil, which is modelled here as a thin-walled homogeneous cylinder. 
Also, this approach leads to a better understanding of the coil’s vibrational 
behaviour. 

Using modal analysis methods, the dynamical behaviour of the structure 
can be studied apart from the excitation. This section demonstrates this 
in an analytical approach. In chapter 4, it will be shown how a design tool 
benefits from such information. 

3.1 Thin-walled cylindrical shells 

Among curved shells, cylindrical shells have the most simple geometry, al- 
lowing analytical studies. Many cylindrical shell theories are published, and 
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3.1. Thin-walled cylindrical shells 

overviews are given by Leissa (1973), MarcuS (1988) and Vinson (1993). Vi- 
brational behaviour of thin-walled cylindrical shells of finite extent is covered 
extensively. 

The most important diEerence between plates and shells is that displace- 
ments in different coordinate directions are coupled in shells. Deformations 
in the radial direction will therefore always be accompanied by deforma- 
tions in the other coordinate directions. Shell modes that have a primary 
radial vibrational amplitude component are often termed bending modes or 
flexural modes in the literature. As stated by Fuller (1981), this is not accu- 
rate, since some ‘bending’ modes have their primary energy in longitudinal 
deformations at low frequencies. 

3.1.1 Modal analysis 

Understanding the vibrational behaviour of thin-walled shells requires a 
comprehension of structural wave phenomena, as covered in Appendix C. 
Determination of the vibrational response of a cylinder in terms of waves, 
however, is not practical. A modal analysis is presented here instead. 

Exciting a linearly behaving structure by a pressure distribution, harmonic 
in time: 

p ( Z ,  t )  = a(.) sin(w t )  (3.1) 

leads to the velocity response (Appendix A): 
cm 

W q., t )  = 4s (P, (2) As (w: - u2) 
s=o 

where A, is the modal mass, w, the angular eigenfrequency, qs the modal par- 
ticipation factor and (ps (2) the mode shape, all of mode s. For a shell, simply 
supported at the ends, and axial motions unrestrained, the eigenmode com- 
ponents for the radial, circumferential and axial directions are (Leissa, 1973): 

where n is the integer number of wavelengths in circumferential direction, 
and m is the integer number of half wavelengths in axial direction. Phase 
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3.1. Thin-walled cvlindrical shells 

shifts of the modes in circumferential direction are denoted by Q,, and de- 
pend on the load distribution, as will be seen in the next section. Radial 
components of some mode shapes, for 6, = O, are shown in figure 3.1. Each 
mode shape is described by: 

These mode shapes are valid for both isotropic and orthotropic material 
behaviour, if the axes of orthotropy coincide with the cylinder coordinates. 
The coefficients ür, üe and U Z ,  as well as the eigenfrequencies can be de- 
termined as in Appendix B. It follows that for each (n,m)-pair, there are 
three eigenmodes and three corresponding eigenfrequencies. For small val- 
ues of n ,  deformation components are coupled, and all three modes c m  have 
a substantial radial component and radiate efficiently. 
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3.1. Thin-walled cylindrical shells 

n = O  

n = 2  

m = 3  

n = l  

n = 3  

(a) Circumferential 

m = 2  

m = 4  

(b) Axial 

Figure 3.1: Radial component of mode shapes. 
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3.1. Thin-walled cylindrical shells 

(a) n=O a n d m =  1 

(b) n = 1 and m = 1 

Figure 3.2: Eigenfrequencies and radial deformations of cylinder modes. Dashed 
shapes are undeformed geometries. 
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3.2. Analysis of the excitation 

3.2 Analysis of the excitation 

Tramsformations of the excitation can provide more insights, provided that 
ine irarisforrnaiioÏis are iIi i-eia”cioÏi ”co tiie sti--üct-üi-a~ lDe~ïavio-ur. Fourier 
transformations in the time domain, for example, are common practice. 

Spatial transformation can be applied to the load distribution. In linear 
systems, this can be useful if the base functions are an orthogonal set, and 
the base functions satisfy the kinematic boundary conditions. In that case, 
components of the transformed distribution are in direct relationship to the 
response. The most obvious choice for the base functions are the mode 
shapes of the structure. Transformation components of the load shape then 
are the modal participation factors. For a pressure load $(i’(.), this transfor- 
mation is the surface integral: 

4s = /fl(.) . cp,(i’(.) d S  (3 .7)  
S 

so the load distribution is described by the expansion: 
co 

s=l 

Since the Lorentz forces only have a radial load component p ( û , z ) ,  only 
the radial components of the mode shapes are of importance for the modal 
participation factors: 

J 
S 

which for the radial component (3 .3 )  of a thin-walled cylinder expands to: 

112 271 

qs = Us,r / / p ( û , z )  cos(n 8 + S,) sin + 1/2) R dû dz 
-112 0 (3.10) 

3.2.1 The x-coil 

As was seen in section 2.4.1, z-coil geometries are axi-symmetric, and so 
are their Lorentz force distributions. Fourier transforms of the z-coil load 
are therefore only non-zero for n = O. As a result, vibration analyses of 
gradient coils subject to z-coil loads are very efficient if Fourier models 
(Fourier elements in finite element analyses) are used. 
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3.2. Analysis of the excitation 

3.2.2 Transverse coils 

The z-coils and y-coils do not have the axi-symmetry property of the z-coil. 
Fourier transformations of their load distributions arp i~sefiul here to detect. 
possible Fourier modes that are not or barely present in their spectra, and 
therefore can be skipped in vibration analyses when Fourier models are used. 

In Appendix D.3, the spatial Fourier transform of transverse coils is derived 
analytically. Since only the Fourier coefficients for which n is odd are non- 
zero, no structural modes for which n is zero or n is even will be excited by 
the transverse coils. This follows from symmetry conditions, and therefore 
applies for all transverse coils. 

The expressions for the modal participation factors (3.10) contain the inte- 
gral: 

271. 

/ p ( B , z )  cos(nOf6,)dO (3.11) 

The load distribution can be seen as a real periodic signal in the circumfer- 
ential direction, which can be written as a Fourier series: 

O 

co 
P(O,.) = Ao(4 + A n ( 4  co+ O + 6n(z ) )  (3.12) 

As is shown in Appendix D.3, the real coefficients A,(z) are the same for 
the z-coil and the y-coil, while 6, = -7r/2 for the z-coil load and 6,  = O 
for the y-coil load. Also, A,(z) = O for n is zero and for n is even for both 
coils. These coefficients can be obtained from the transformation: 

n=O 

A,(z) = - p ( 6 , z )  cos(n6 + d n ( z ) )  d6 (3.13) 
27r l Y  O 

Using this relation in (3.10) shows that the moda! participation factor qs of 
a certain mode s is dependent only of the nth circumferential Fourier coeffi- 
cient A,(z), where n is the integer number of wavelengths in circumferential 
direction for that particular mode: 

112 

qs = 27rRG,,, 1 A,(z) sin ( y ( z  + 1 / 2 ) )  dz (3.14) 
-112 

Some coefficients of the circumferential Fourier transforms of the transverse 
T5A coils are shown in figure 3.3. All coefficients are relatively small com- 
pared to  A l ( z ) ,  leading to the assumption that the response can be ap- 
proximated by neglecting all other terms, so only the n = 1 modes have to 
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3.2. Analysis of the excitation 

be determined. As with the z-coil load, the response to the transverse coil 
loads can then be determined efficiently using Fourier methods in vibrational 
analyses. 

(a) n = i (b) n = 3 

(c) n = 5 (d) n = 7 

Figure 3.3: Spatial Fourier transform of the transverse coil load distribution. 
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Chapter 4 

Design tool 

A design tool should incorporate a flexible model of the structure, so design 
changes can be applied easily. Here a simple tool is constructed, in which the 
vibrational response to the Lorentz excitation can be studied. The structure 
is modelled as a homogeneous cylinder (isotropic or orthotropic). Material 
properties and the shell thickness can be used as parameters. 

Two cylindrical shell models are included: 

o An isotropic model with five independent parameters: shell thick- 
ness h, modulus of elasticity E ,  Poisson’s ratio U specific mass p and 
structural-modal loss factor qs, 

o An orthotropic model with seven independent parameters: shell thick- 
ness h, specific mass p ,  shear modulus G, structural-modal loss fac- 
tor qs and three of the four remaining material parameters Eo, E,, U0 
and v, which are related throcgh: 

which is required by symmetry conditions (Leissa, 1973). 

The result of the calculations is a two-dimensional velocity distribution, 
which is a function of time or of frequency. Ease of interpretation of the 
response is an important aspect of the design tool. One way to present 
these data is by expressing the velocity amplitude distribution as a single 
scalar. Of all the various possible average values, the one of greatest physical 
importance is the spatial average of the square of the velocity (Cremer and 
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CHAPTER 4. DESIGN TOOL 

Heckl, 1988). This quantity, here denoted by (v2), equals the total energy 
content of the vibrating system, divided by the total mass of the system. 
This quantity is usually plotted logarithmically as the velocity level: 

where vo is a reference velocity. 

The radiated sound power P is given by: 

P = p o c a S ( v 2 )  

(4.2) 

(4.3) 
where rho0 and c are the specific mass and the wave speed of the acoustic 
medium, S is the radiating surface area of the structure, and CJ is the radia- 
t ion ef ic iency,  which generally is frequency dependent. The more is known 
about the radiation behaviour of a particular structure, the more can be 
said from a plot containing velocity levels. At this point, however, nothing 
definite can be said about the radiation behaviour at the inside of a cylinder, 
so these kinds of plots in this report can not be related to acoustic radiation 
yet. 

Axi-symmetry allows Fourier expansions in the circumferential direction, 
so the response is evaluated by a loop over n. From the spatial Fourier 
analysis of the excitation, it is apparent that only n = O shapes (z-coil) 
and n = 1 shapes (z-coil and y-coil) have to be included, allowing efficient 
computations. Since in this case mode shapes are defined by n and m, the 
response is determined by summing all modes having fixed n. 

As a demonstration of the tool, the response of a thin-walled cylinder to 
the load of the inner 2-coil is determined, as well as the response after some 
parameter changes so their effect can be shown. The response is calcu- 
lated for a range of harmonic excitation frequencies, all with maximum load 
amplitude. Dimensions and material parameters of the isotropic reference 
cylinder are summarised in table 4.1. Figure 4.1 shows the effect on the 
velocity level of doubling the modulus of elasticity. Both curves show two 
main peaks, the first of which corresponds to the first eigenfrequency, and 
the second is near the ring frequency. Below the first eigenfrequency, the 
velocity level decreases by 7 to 20 [dB] when E is doubled. Peak values, 
however, hardly decrease but shift to lower frequencies. 

Doubling the specific mass has an opposite effect, as shown in figure 4.2. 
Substantially decreasing the velocity level requires high efforts in practice 
when only material parameters are changed. Effective changes are therefore 
to be expected from reducing the net excitation, as changes in dimensions 
are in conflict with design criteria other than acoustic noise reduction. 
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CHAPTER 4. DESIGN TOOL 

iength i 
radius R 
thickness h 
modulus of elasticity E 
specific mass p 
Poisson's ratio v 
loss factor qs 

i.26 [m] 
0.34 [m] 

0.009 [m] 
1.5 . 10" [N/m2] 

2100 [kg/m3] 
0.4 [-I 
0.1 [-] 

. .  . . .  

. . .  

1 o3 
excitation frequency [Hz] 

1 0' 

Figure 4.1: Velocity levels of the reference cylinder and of the same cylinder, but 
with doubled modulus of elasticity. 
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30 

20 

10 - - . v> 

E 
- 0  

1 o2 1 o3 
excitation frequency [Hi.] 

1 o4 

Figure 4.2: Velocity levels of the reference cylinder and of the same cylinder, but 
with doubled specific mass. 
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Chapter 5 

Conclusions & 
recommendations 

5.  i Conclusions 

It is seen that the acoustic noise problem in MRI scanners is caused by 
Lorentz forces, in turn produced by the gradient coils. The complexity 
of scanners hinders noise reduction at the design stage. Spatial Fourier 
analysis gives a more detailed insight into the relationship between the load 
distribution and the vibrations, leading to more efficient analyses if Fourier 
methods can be used. Fourier analysis, both in time and in space, show 
which components of the vibrations will only marginally contribute to  the 
overall behaviour, so they can beforehand be excluded from the response 
determination. 

5.2 Recornmendat ions 

Improvements are to be expected from balancing the loads of the inner coil 
and the outer coil, combined with improving the dynamic coupling between 
the inner and outer cylinder. For this purpose, the design tool should be 
expanded to include the (thick-walled) outer cylinder and profiles that sep- 
arate the two cylinders. As a first approximation, the entire coil may be 
modelled as a thick-walled cylinder, consisting of (anisotropic) layers. Most 
importantly, the tool should aliow application of the ioads at the inside and 
the outside, and modelling the dynamical coupling between these sides. 
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Appendix A 

Eigenrunct ion expansion 
theorem 

The vibrational response of a structure that can be described by a set of 
linear differential equations can be expanded as a series of eigenfunctions: 

co 

n=O 

where (pn(Lc) is an eigenfunction, and ûn is the amplitude of the mode. 
Derivation of the expansion theorem requires the orthogonality relation of 
the eigenfunctions. Here, this relation will be obtained by observing the 
kinetic energy of the vibratory motions: 

(A.2) 

where V is the domain of the solid. Sgppose that a orily a single mode is 
vibrating. The kinetic energy of this motion is: 

The total kinetic energy of two modes vibrating separately must equal the 
kinetic energy of the same modes vibrating simultaneously: 

' / p  (Vn(pn(Z)+.U,cP,(Z)). (&&(IC) +G,cP,(Z))dV (A.4) 2 
V 
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APPENDIX A. EIGENFUNCTION EXPANSION THEOREM 

This can only be valid if: 

/ p(Pn(Z).&(Z)dV=O i f m # n  (A.5) 
v 

which is the orthogonality relation for the eigenfunctions. The equations of 
motion can be written as: 

C(U(Z)) + PU(?) = <(Z) ( A 4  

where C is a differential operator and <(Z) is the external load vector per 
unit of volume. For the time harmonic case, differentiating with respect to 
time gives: 

L(V(Z))  - pw2 i?(.) = j w <(Z) (A.7) 

The eigenfunctions &(Z) and eigenfrequencies w, are defined by the homo- 
geneous equation: 

C(@,(Z)) - pW:(P,(Z) = 6 (A@ 

together with the boundary conditions. If the vibration response is expressed 
as a sum of eigenfunctions, as in (A.l), the inhomogeneous equations of 
motion (A.6) becomes: 

Treating the homogeneous equations (A.8) the same way leads to: 

co 

(6. C(@n(Z)) - P u :  6n M Z ) )  = 0 
n=O 

Subtracting (A.lO) from (A.9) gives: 

co 
P(Wn, - W2).on &(Z) = j w <(Z) 

n=O 

(A.lO) 

(A.ll)  

Multiplying by &(IC) and integrating over the domain V results in: 

co 

(U; - w2)en J p Gn(Z) . ( P ~ ( z )  dV = j w J <(z) . (P~(z )  dV 
n=O V V (A.12) 

From the orthogonality relation, it can be concluded that al terms on the 
left-hand side vanish, except for m = n: 

J V J (A.13) 

2 
(un - w2)Gn p&(Z) . &(Z) dV = j w <(Z) . (Pn(Z) dV 

V 

29 



APPENDIX A. EIGENFUNCTION EXPANSION THEOREM 

If the eigenfunctions are normed such that: 

/p@n(Z) . @n(Z) dV = 1 
V 

then the amplitudes 8, are: 

and the total response is: 

(A.14) 

(A.15) 

(A.16) 
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Appendix B 

Donnell-Musht ari 
. -  approximat ion 

Eigenfrequencies of a closed t hin-walled homogeneous cylinder, with shear 
diaphragm end conditions (Leissa, 1973), can be approximated from a set 
of linear equations by solving: 

where U is a vector containing the displacement components of the mode 
shape: 

and the eigenvalues are the squares of the eigenfrequencies. The compo- 
nents of A depend of the approximation used. For the Donneii-Mushtari 
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APPENDIX B. DONNELL-MUSHTARI APPROXIMATION 

equations, they are: 

c 1 2  

(722 
A 1 3  = A 3 1  = -- X 

A 2 3  = A 3 2  = n 

For an isotropic cylinder, the constants C i j  and Dij are: 

E h  
c 1 1  = c 2 2  = ~ 

1 - Y 2  
u E h  

c l 2  = ~ 

1 - u 2  

c 6 6  G h 
E h3 

D l 1  = 0 2 2  = 

D l 2  = 

12(1- v 2 )  

v E h 3  
12(1 - v 2 )  

Gh3 
12 

D66 = - 

(B.lO) 

(B.ll)  

(B.12) 

(B.13) 

(B. 14) 

(B.15) 
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APPENDIX B. DONNELL-MUSHTARI APPROXIMATION 

Eigenfrequencies of an orthotropic cylinder can be obtained by using: 

E, h (B.16) 
1 - v, vo Cl1 = 

(B.17) 
En h 

1 - u, vo (722 = 

(B.18) vZEoh - v%E,h 
1 - U,  vs c12 = 

c 6 6  = G h  (B. 19) 

(B.20) Dil = 

(B.21) 0 2 2  = 

(B.22) Di2 = 

(B.23) 

-u 

- 

1 - V, vo 

E, h3 
12( 1 - u, vo) 

12(1 - v, YO) 

12(1 - v, YO) 

EO h3 

E, h3 - - 
V, Eo h3 

12(1 - v, vo) 
G h3 

12 
D66 = - 
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Appendix C 

Waves and modes 

In mechanical dynamics, linear problems are usually solved using a modal 
analysis. Equations of motion are uncoupled using the mode shapes and 
eigenfrequencies. 

Mathematically, the mode shapes correspond to the eigenfunctions, while 
the eigenfrequencies are the roots of the eigenvalues. The vibrations are 
decomposed into a set of orthogonal functions: 

co 

U(.’, t )  = u s  (t)  GS (Z) 
s=o 

Every forced or free vibration problem can then be solved from the eigenvalue 
problem, making modal analysis a general approach. 

Physically, a mode is a standing wave, resulting from wave closure in finite 
structures. In resonance, the frequency of the mode vibration is the eigen- 
frequency corresponding to the mode. In free vibrations, only these waves 
can exist. 

In forced vibrations, a mode can be excited at an arbitrary excitation fre- 
quency w .  This does not mean that the same wave is generated in the struc- 
ture as when the mode is in resonance. Only when the excitation frequency 
equals the eigenfrequency, this is the case. 

To demonstrate this, longitudinal vibrations of the beam in figure C.l are 
derived ‘directly’ from the wave equations, and then again using modal 
analysis. The beam is clamped at one end and free at the other. It has 
cross-sectional area A,  modulus of elasticity E and specific mass p. At 
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C.1. Wave motion 

the free end, a force is applied that is harmonic in time. The steady-state 
response is sought. 

l E I 

I 
I 
I 

u 
X 

Figure C.l:  Homogeneous beam excited by a force at one end and clamped at the 
other. 

C. l  Wave motion 

The second-order partial differential equation: 

a"(> 1 a20 = o  
3x2 c2 a t 2  

is a wave equation, where c is the propagation velocity of the wave. Longi- 
tudinal force waves in a beam can be described (Cremer and Heckl, 1988) 
using the wave equation: 

= o  d2N p d2N 
ax2 E at2 

so the propagation velocity of longitudinal waves is: 

Note that the propagation velocity is not the same as the particle velocity u. 

Field variables that have harmonic time variation can be separated into a 
function of space and one of time: 

~ ( 3 ; , t )  = Re (ii(3;) ej4(2) d u t  ) = Re (ii(z) (C.5) 
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C.1. Wave motion 

where c(z) is the spatial distribution in phasor notation. In terms of such 
phasors, the force wave equation (C.3) reduces to the ordinary differential 
equation: 

d2& -+IC2ïj=o 
dx2 

where IC is the wavenumber: 
W 

c 
I C = -  

The longitudinal force in the beam can be considered in terms of two waves 
propagating in opposite directions (Cremer and Heckl, 1988): 

,. 

(C.8) 
- j k X + N  - e j k x  N ( z )  = N+ e - 

The velocity wave travelling in the positive direction has the same depen- 
dence as the force wave (Cremer and Heckl, 1988): 

but the wave travelling in opposite direction has opposite sign: 

-1 
u- = - N -  - p A c -  

((3.10) 

because in this wave energy is transported in the negative direction. At the 
boundary z = 1, the velocity vanishes: 

- qz) = e+ + e- eJ k l  = o (C.11) 

so the force wave phasors are related by: 

N ,jk l  = N  e - j k l  
- -+ - (C.12) 

At the free end of the beam, x = O, the total force must vanish: 

- N ( 0 )  =&++&- = -H (C.13) 

From the boundary conditions (C.12) and (C.13), the force wave amplitudes 
can be derived: 

-F e - j k l  
- N -  = 2cos(kZ) 

N -  
-+ - 2cos(kZ) 

(C.14) 

(C.15) 
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C.2. Modal solution 

Substituting these amplitudes in (C.8) gives the force distribution: 

F COS(k(X - 1 ) )  
cos@ 1 )  

N ( z )  = - (C.16) 

Using (C.9) and (C.10) in relations (C.14) and (C.15) gives expressions for 
the velocity amplitudes: 

?. F IC 1 v- = 
- 2pAc cos(k1) 

2pAc cos(k1) u+ = -F e j k l  

so: 

sin(k(z - 1 ) )  e j w t  

p A c  cos(k1) 

(C.17) 

(C.18) 

(C.19) 

Using: 

Re ( j  e j w t )  = Re (ej(wt+T/2)) = cos(w t + 7r/2) = - sin(w t) 
(C.20) 

the beam velocity is: 

F sin(k(li: - 1 ) )  
V(X:,t) = ~ sin(w t) 

p A c  cos(k1) (C.21) 

C.2 Modal solution 

The response can be written in terms of mode shapes and eigenfrequencies 
as (see Appendix A): 

Mode shapes of the beam are (Cremer and Heckl, 1988): 

pm(z) = COS (km X) m = 1,2,3, .  . 

where the modal wavenumber km is: 

(2m - 1)7r 
k ,  = 

21 

(C.22) 

((2.23) 

(C.24) 
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C.3. Equivalence of the solutions 

Angular eigenfrequencies are: 

wm = km c (C.25) 

where c is the longitudinal propagation velocity. The modai mass is obtained 
from the integral: 

Am = J' p 9; ( z )dv  
V 

which for the mode shapes (C.23) evaluates to: 

1 
2 

Am = p 1 cos2 (km x) Adz  = -p  A I 
O 

(C.26) 

(C.27) 

Modal participation factors are integrals of the product of mode shapes and 
the external force distribution 5 over the beam length: 

O 

There is only an external force at x = O, so: 

I 
1 1 -  

qm = / y m ( z ) F 6 ( z )  dx = - Pm(0)  F = - F 
2 2 

O 

The total response is then: 

or: 

(C.28) 

(C.29) 

(C.30) 

(C.31) 

C.3 Equivalence of the solutions 

Equivalence between the wave solution (C.21) and the modal solution ((3.31) 
can be shown by decomposing the wave solution into the mode shapes: 

(C.32) 
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C.3. Eauivalence of  the solutions 

Since the mode shapes are cosines, this decomposition is a discrete Fourier 
transformation: 

1 
1 

ûm(t) = /a(., t> cos(k, x) dz 
" I I  

O 

which evaluates to: 

-F k 
ûm(t)  = sin(w t )  

p A l c ( k %  - k 2 )  

Substituting for the wavenumbers: 

gives for the coefficients: 

- F W  
ûm(t) = sin(w t )  

p A l  ( w % - w ~ )  

(C.33) 

(C.34) 

(C.35) 

The wave solution in terms of mode shapes is then: 
03 

m=l 
- F w  co cos(k,z) 
 PA^ ,=I ( W m  

- - - c 2 - w 2 )  sin( w t )  

((3.36) 

which matches the modal solution ((2.31). Eigenfrequencies and mode shapes 
can be obtained from the wave solution. The velocity amplitude becomes 
infinite when: 

cos(kZ) = o (C.37) 

which is satisfied for discrete values of k:  
1 3 5  

k E = -7r -7r. -7r,. . . 
2 ' 2  ' 2  

or, for short: 

(2m - l)7r 
m =  1,2,3, . . .  

21 
km = 

(C.38) 

(C.39) 

Substituting these wavenumbers in the sine function of (C.21) gives the 
mode shapes: 

(2m - 1). (2m - 1)T 
2 

sin(k,(z - I)) = sin X -  

= Ij- cos(k, z) 

((2.40) 
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Appendix D 

Discrete Fourier 
Transformation of the 
Excitation 

Any single-valued function that is continuous, except possibly for a finite 
number of finite discontinuities in an interval of length A, and which has only 
a finite number of maxima and minima in the interval, can be represented 
by a convergent Fourier series. Periodicity of the excitation in space and 
time allows for discrete Fourier transformation in both the wavenumber and 
the frequency domain. The reader is assumed to be familiar with the coil 
geometry and the origin of the excitation, as covered in section 2. 

Only the amplitude of the excitation is time-dependent. The excitation 
function can be separated in space and time: 

P(., t) = ((4 P.1) 
where <(Z) is the spatial distribution, and ( ( t )  describes the temporal be- 
haviour. . 

D.l Temporal transformation 

The temporal DFT of a signal p(2, t), having period T ,  is: 

TI2 
p(2, i) ë 2 T 3  T t dt 

Pc " = T ' J  
-TI2 
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D.2. Spatial transformation 

Define the discrete angular frequencies w, F. After separating the 
signal, as in (D.l), the Fourier coefficients are: 

T I 2  

- T I 2  

The temporal coefficients are thus spatial functions, having the shape of the 
original signal p ,  but different amplitude: 

D.2 Spatial transformation 

In a closed circular structure, the period is 27r. The transformation in the 
circumferential direction 6 is: 

-7r 

which simplifies to: 

-7r 

D.3 Spatial Fourier transform of transverse coil 
IOZkdS 

Load distributions of transverse coil loads are functions of both the circum- 
ferential and the axial coordinate. Spatial Fourier coefficients are therefore 
functions of the axial coordinate: 

On each separate conductor, the load is constant, so it is convenient to 
transform the load of each conductor, and then sum all contributions: 
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D.3. Spatial Fourier transform o f  transverse coil loads 

where: 

on conductor i 
O elsewhere 

Since the distribution of the z-coil load is symmetric in the x = O plane, and 
anti-symmetric in the y = O plane, the circumferential integral of four paired 
conductors can be transformed simultaneously, as shown in figure D.l. 

I 
I Y  

Figure D.1: Symmetry of the z-coil load distribution. 

For each conductor the load is constant, so: 

(D.lO) 

(D.l l )  

(D.12) 

(D.13) 
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D.3. Spatial Fourier transform o f  transverse coil loads 

The directions of the Lorentz forces of the contributions (D.lO) and (D.ll) 
are opposite to the contributions (D.12) and (D.13), so their sum is: 

2BI 
3 nwi (1 - (-1)") - (cos(n 6i,i) - cos(n Oi,2)) (D.14) 

When n is zero or n is even, this integral vanishes. The spatial Fourier 
transform of the z-coil load is therefore: 

(D.15) 

where n is odd, N, is the number of conductors in one quarter of the z-coil, 
and &(z)  is unity on conductor i, and zero elsewhere. The geometry of the 
y-coil is the same as the geometry of the z-coil, but rotated by n/2 radians 
about the z-axis. The spatial Fourier transform of the y-coil is therefore 
easily obtained from the z-coil transform by multiplying by j ,  so: 

(D.16) 

where n is odd and NY = N, is the number of conductors in one quarter of 
the y-coil. 

The inverse Fourier transformation is: 
M 

n=-Co 

Adding the equalities: 

(D.17) 

(D.18) 

(D.19) 

gives: 

e j  = cos(n e) + j sin(n 6 )  (D.20) 

Substituting (D.20) into (D.17) shows the inverse transformation in a dif- 
ferent form: 

co 

p ( B , z )  = jn(z)  (cos(n6) + j  sin(nû)) 
n=-m 

(D.21) 
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D.3. h a t i a l  Fourier transform of transverse coil loads 

For every real function, the Fourier coefficients obey: 

"* 
P-n = p n  (D.22) 

or: 

n=l 

where: 

Ao(4 = F o ( 4  
A,(z) = 2Re(pn(z)) for n 2 1 

Bn(z)  = -2Im($,(z)) for n 2 1 

(D.24)' 

(D.25) 
(D.26) 
(D.27) 

Since the Fourier coefficients (D.15) of the 2-coil load is purely imaginary, 
it can be written as: 

co 
p(û , z )  = Bn(z) sin(n8) 

n=l 
n is odd 

where: 

Similarly, for the y-coil: 

co 

p ( 8 , z )  = An(4 cos(nQ) 
n=l 

n is odd 

where: 

(D.28) 

(D.29) 

(D.30) 
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